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c©Carl Häggmark 2000
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Abstract

A separation bubble flow is considered in wind tunnel experiments. An exper-
imental set-up is utilized in which steady two-dimensional laminar boundary-
layer separation occurs on a flate plate due to an adverse pressure gradient.
The pressure gradient is produced by a curved ceiling in the wind tunnel test
section.

In a low disturbance level environment, high frequency instability waves
grow in the separated shear layer, which reattaches and transition to turbulence
occurs. Detailed investigations of the disturbance development are carried out
using controlled forcing of low-amplitude instability waves. Their development
and growth in the separation bubble flow is investigated with hot-wire anemom-
etry, flow visualization technique and particle image velocimetry (PIV). Con-
ventional hot-wire measurements have been performed in the laminar boundary
layer upstream of separation, in the separated shear layer and in the reattach-
ment zone. A region with exponential disturbance growth is observed in the
separated shear layer associated with a highly two-dimensional flow. A local
maximum in the disturbance amplitude develops at the inflection point in the
mean velocity profile, indicating an inviscid type of instability. Further down-
stream, in the reattachment region, a complex three-dimensional flow structure
develops including reverse flow near the wall. Details of the flow field in this
region have been obtained.

A hot-wire technique, sensitive to the flow direction, has been developed
for measurements of reverse flow near the wall. The operation of the direction
sensitive probe do not differ significantly from conventional hot-wire technique.
Measurements have been carried out with the probe inside the laminar sepa-
ration bubble, providing information on the reverse flow region.

Finally, measurements of the mean flow and disturbance growth have been
compared with direct numerical simulations.

Descriptors: Laminar separation bubbles, instability waves, adverse pressure
gradient, reverse flow, laminar-turbulent transition, boundary-layer separation,
hot-wire anemometry, PIV, reattachment.
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CHAPTER 1

Introduction

When the titanium faced head makes proper contact you perceive a particular,
‘metallic’ sound. An indeed powerful feeling rushes through your body as your
‘ammunition’ is fired off at a speed of 75 m/s. Looking up you observe a tiny
object in the unclouded blue sky before it disappears out of sight on its flight
to the undulating fairway.

Even if many a player put their faith in the gods of the game of golf two
physical fluid flow phenomena have a great influence on the path of flight of
the golf ball: boundary layer separation and laminar-turbulent transition.

The boundary-layer concept was put forward by Prandtl (1904), who rec-
ognized the importance of internal friction of a fluid flow in the region near a
solid wall - the boundary layer. In the same paper Prandtl also explained how
the boundary layer could be brought to break away from the surface due to
an increasing pressure in the direction of the flow, a positive pressure gradient,
whereby a region with reverse flow follows.

Along with the occurrence of separation on a body is often the formation of
irregular fluid motion, eddies, and even large wakes which change the pressure
distribution on the body and thereby both the lift and drag forces. The effect
can be dramatic. Figure 1.1 illustrates the impact of separation in terms of
drag. Two bodies, a cylinder with a diameter d, and an airfoil with chord
length 167d and a thickness of 35d, travel with the same speed, V , through the
air. For a certain range of velocities the drag force on the much larger airfoil is
the same as on the cylinder. For a cylinder the drag coefficient, based on the
cylinder diameter cD,diameter, is approximately equal to one in the Reynolds
number range 104−105. For the airfoil in figure 1.1 the Reynolds number based
on the chord is approximately two orders of magnitude larger, however in that
case, assuming that the boundary layers are laminar, the drag coefficient based
on the chord, cD,chord, is approximately 0.006. This seemingly preposterous
result is explained by the fact that separation occurs on the cylinder, leaving
a large wake behind it, which is not the case on the streamlined airfoil. Since
separation alters the pressure distribution, pressure forces strongly contribute
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2 1. INTRODUCTION

cylinder diameter: d

airfoil chord: 167d

thickness: 35d

V

V

Figure 1.1. Circular cylinder and airfoil travelling with the
same speed V , experiencing the same drag force in the case of
laminar boundary layers on the airfoil.

to the drag on the cylinder besides frictional forces which are present on both
bodies. On cylinders and spheres the effect of separation on the flow is large,
which means that the theory for a frictionless fluid do not give a good prediction
of the flow outside the boundary layer in the region where separation occurs.

The history of research on laminar-turbulent transition traces back to the
classical experiments of Osborne Reynolds in 1880 on the flow of liquids in
glass pipes. Reynolds (1883) determined a non-dimensional parameter, a num-
ber later given his name, which is the the most important number in fluid
mechanics. Reynolds found a critical value of the Reynolds number below
which the flow was stable and regular (laminar). However, at the critical value
the flow suddenly changed and became unordered and irregular (turbulent).
Laminar and turbulent flows have different properties. If we return to our golf
player and take a closer look on the golf ball being launched in the first lines,
we find that the surface of a modern golf ball is not smooth but equipped with
a large number of dimples. Without dimples boundary layer separation is lam-
inar and occurs at the windward side of the ball, almost at the ‘waist’, whereas
on a dimpled ball boundary-layer transition occurs before separation due to the
dimples. Since the turbulent boundary layer withstands the positive pressure
gradient better than the laminar one, separation is delayed to the leeward side.
The wake of the ball is hereby reduced and so is the drag force. The golf player
can enjoy longer shots.

This thesis deals with a flow in which both the above illustrated phenom-
ena, laminar boundary-layer separation and laminar-turbulent transition, occur
- the laminar separation bubble flow.
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1.1. Aim and method

The transition process in laminar separation bubble flows has been given mod-
erate consideration in the literature in relation to its importance in engineering
applications. As a matter of fact transition in adverse pressure gradient laminar
separation bubble flows is not well understood in comparison with many other
types of transitional flows. The transition process in the Blasius boundary
layer has for instance attracted much attention, both of theoretical, numerical
and experimental nature, which has lead to a detailed understanding of the
physics of the flow, involving close descriptions of several different transition
scenarios, in which agreement between theory and experiments has promoted
an increased understanding. The same holds for instabilities and transition in
free shear flows where a high level of detail of the interaction of wave distur-
bances has been established.

One aim with the current work is to experimentally study a laminar sepa-
ration bubble flow at controlled conditions, in order to extend the knowledge of
the development of disturbances leading to laminar-turbulent transition. An-
other aim with the work has been to obtain accurate and detailed experimental
information on the separation bubble flow, suitable for comparisons with and
evaluations of numerical computations and models. The method used is a fun-
damental approach not only within research on laminar-turbulent transition
but within physics in general. Known disturbances, created artificially, are in-
troduced into the flow field and by studying their development and response
information on the highly complex separated flow can be extracted.

Hot-wire anemometry has been the primary tool in these investigations, in
order to measure low-amplitude instability waves. A hot-wire technique has
been developed by which flow reversal in the separation bubble can be de-
tected and measured. Flow visualization and particle image velocimetry have
also been used, whereby both spatial and temporal information have been ob-
tained. Finally, the experimental set-up has been modelled in a direct numerical
simulation.



CHAPTER 2

Aspects of laminar separation bubble flows

2.1. Laminar separation bubbles in engineering flows

Laminar separation bubbles may occur in a variety of flows in engineering
applications, may it be in turbomachinery flows, on the rotor blades of a wind
power plant or on hydrofoils. It is however within the field of low-Reynolds
number aerodynamics that separation bubbles traditionally are to be found.
Separation bubbles are indeed a controlling phenomenon in airfoil flows in
terms of exerted lift and drag. Associated with the laminar separation bubble
is a substantial growth of the boundary layer and fluctuations therein, which
will govern the boundary layer structure and hereby the losses comprising the
airfoil drag. Separation bubble flows are highly unstable and as a result of the
formation of a separation bubble, transition to turbulence often occurs, strongly
affecting the behaviour of the boundary layer downstream the separated region.
Such a global impact on the flow has to be accounted for if accurate predictions
of lift force, drag force or heat transfer are desired.

The laminar separation bubble is a characteristic feature of flows in low
Reynolds number airfoil applications, where Rechord < 106. In many situa-
tions it is desirable to reduce the large changes in velocity and pressure in the
reattachment region of the bubble that cause a large growth in momentum
thickness causing a larger drag of the airfoil. This is of primary concern within
low Reynolds number airfoil design, where an ‘optimal’ shape of an airfoil un-
der different operating conditions and constraints is sought, see Drela & Giles
(1987), Drela (1988), Liebeck (1992).

A laminar separation bubble on an airfoil can be eliminated completely by
enforcing transition upstream of the point of separation. In many applications
this is not desirable since the turbulent boundary layer present over a larger
portion of the airfoil as a result of such action gives an increased skin friction
leading to even larger total drag of the airfoil. Therefore, the aim is often to
control the separation bubble in the sense that it should not be removed by
promoting transition upstream of separation; instead, through careful design of
the airfoil shape or by placing roughness at the surface transition should occur
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2.2. CLASSIFICATIONS OF SEPARATED FLOWS 5

sufficiently close after separation. This in order to avoid a situation where the
separated shear layer fails to reattach, leading to global separation and severe
loss of lift. We will see that harmonic forcing of low amplitude instability waves
in the boundary layer upstream of separation has favorable effects in controlling
the bubble in that respect.

A key element in boundary layer computations of engineering flows with
laminar separation bubbles is prediction of the point of transition. The tran-
sition point determines the size of the bubble and the development of the
boundary layer. Correct information on the location of the separation point is
therefore decisive in numerical computations of flows with transitional bubbles.
To predict the point of transition in aeronautical flows with separation bubbles
several models and engineering methods have been proposed in the literature.
Several of these methods are inspected in Hildings (1997).

2.2. Classifications of separated flows

Flow separation is indeed a phenomenon which is characterized by particularity
- in some sense one separated flow is not any other alike. However, some general
characterizations and distinctions among separation bubble flows are given in
this section to provide an overview and place the current work in its context.

Alving & Fernholz (1996) make a distinction between separation caused by
sharp gradients in the surface geometry, denoted geometry-induced separation,
and separation from smooth surfaces caused by adverse pressure gradients -
adverse-pressure-gradient-induced separation (APG-induced separation) - and
discuss in general terms differences between these two cases (see figure 2.1).
The former category includes the forward- and backward-facing step geome-
tries which have been extensively studied and which in much experimental and
numerical work on separated flows serve as cornerstone test cases. One reason
for this is the fact that the point of separation is fixed in space and time and
that separation occurs for all Reynolds numbers (except creeping flow). This is
in contrast to the latter category where both the separation and the reattach-
ment points can move in the streamwise direction as a response to variations of
the flow environment. Alving & Fernholz also distinguish between ‘strong’ and
‘mild’ separation bubbles on the basis of the height of the shear layer upstream
of separation relative to the height of the separation bubble. A separation
bubble is referred to as a ‘strong’ bubble when the height of the shear layer
preceding separation is of the same size or smaller than the height of the bub-
ble, whereas, conversely, in a ‘mild’ separation bubble the height of the bubble
is considerable smaller than the pre-separated shear layer.
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P(x)

x

Figure 2.1. Two classes of separation: geometry-induced and
adverse pressure gradient-induced separation

A separation bubble flow can also be classified according to the status of
the boundary layer at the separation and reattachment points as being either
laminar, transitional or turbulent. In a laminar separation bubble the bound-
ary layer is laminar at both the separation and reattachment points, while in
the transitional bubble the boundary layer is still laminar at separation but
turbulent at reattachment. If the boundary layer is turbulent at both sepa-
ration and reattachment the separation bubble is called turbulent. In older
aeronautical literature the term ‘laminar separation bubble’ is used to denote
a bubble where the boundary layer is laminar at separation but turbulent at
reattachment, i.e. a transitional separation bubble according to the above def-
initions.

In the present work we will adhere to the traditional nomenclature and
the term ‘laminar separation bubble’ refers to a bubble which is formed by the
separation of a laminar boundary layer followed by a development of instability
leading to laminar-turbulent transition, unless otherwise explicitly stated.

Another distinction is sometimes found in the literature on separation bub-
bles between ‘short’ and ‘long’ APG-induced transitional separation bubbles
occurring on airfoils. The actual separation to reattachment length is not deci-
sive whether a bubble should be termed long or short but rather the effect of the
bubble on the static pressure distribution at the surface. A long bubble strongly
alters this pressure distribution compared with the inviscid distribution and a
distinct suction peak does not appear. Instead the pressure distribution at the
leading edge is smeared out and it returns gradually downstream to the inviscid
one. A short bubble on the other hand causes only a minor perturbation to the
inviscid pressure distribution with a retained suction peak which can increase
with an increasing angle of attack. The length of a short bubble, sometimes
referred to as a leading edge separation bubble, is usually only a few percent
of the chord length. Nevertheless, Tani (1964) gives examples of bubbles with
lengths of 20 % of the chord which are termed short due to the presence of
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a sharp suction peak upstream of separation. In this case the effect on the
pressure distribution is considerable.

Related to the distinction between these two types of separation bubbles
is the bursting phenomenon, which we will return to in section 2.4.

A sketch of a laminar separation bubble flow over a smooth, curved surface
is shown in figure 2.2, in which the vertical scale is exaggerated for clarity. The
figure shows the flow over a smooth, curved surface and two solid lines are
drawn, marking the dividing streamline, Ψ=0, where Ψ is the two-dimensional
stream function, and the outer edge of the separated shear layer, δ. At a certain
position upstream of the bubble the pressure gradient, dP/dx, changes from
being negative to becoming positive. Downstream of this minimum pressure
point the laminar boundary layer separates at the separation point, S, subjected
to an adverse pressure gradient, and a shear layer detaches from the surface.
In a steady two-dimensional flow over a fixed wall the separation point agrees
with the point of zero wall shear stress, τw, which is therefore often used as
a definition of the point of separation. This definition is not by any means
general and do not apply in other types of separated flows, such as in cases
with three-dimensional separation or unsteady two-dimensional separation. At
a position further downstream, R, the separated shear layer reattaches to the
surface and a turbulent boundary layer develops. In this way a region with
almost stagnant fluid becomes located beneath the separating and reattaching
shear layer - the laminar separation bubble.

δ

γ

h

l

S R

Figure 2.2. Basic parameters of a laminar separation bubble.

The height, h, of the bubble is usually taken as the maximum distance be-
tween the wall and either the dividing streamline or the zero velocity line. The
total length of the separation bubble, i.e. the distance between the separation
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and reattachment points is denoted by l in figure 2.2. A length scale, ltr, equal
to the distance between the separation point and a transition point, assumed
to be located slightly upstream of R, is often used in empirical transition pre-
diction methods. Another characteristic lengthscale of the separation bubble
appearing in the literature is the momentum thickness at separation, θs. θ is
found to be fairly constant in the bubble, at least upstream of the transition
point where the shear stress at the wall is low. The separation streamline em-
anates from the wall and makes an angle, γ, with the wall. This separation
angle is given by

tan (γ) = −3(
dτw/dx

∂p/∂x
)x=xs (2.1)

see e.g. Lighthill (1963). The static pressure, p, is here a function of both the
streamwise and wall normal coordinates.

Figure 2.3 shows a photograph of a smoke visualization of an APG-induced
separation bubble on a flat plate in a wind tunnel. The smoke enters the
boundary layer upstream of the separation point through a narrow slit in the
plate, perpendicular to the free stream. A sideview of the flow over the plate
is captured in the photograph. A layer of smoke detaching from the surface
is clearly visible, as is its mirror image reflected from the polished aluminum
surface of the plate. The smoke sheet, located in the separated shear layer, is
fairly intact up to the point of maximum deflection from the surface. However,
the laminar separation bubble flow is unstable, and disturbances, growing in
the separated shear layer, cause the thin, homogeneous, smoke sheet to rapidly
disperse into an irregular flow downstream of reattachment.

Figure 2.3. Flow visualization by Häggmark (1995) of a lam-
inar separation bubble flow over a flat plate (unpublished
work).
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2.3. Experimental considerations

Laminar separation bubbles present experimental obstacles originating from the
properties of the physics of the flow field as well as difficulties with measurement
techniques which can provide accurate experimental data. In this section some
general features of separation bubbles is pointed out which deserve attention
from an experimental point of view.

Laminar separation bubbles occur in general on curved surfaces and their
physical size is small, circumstances which makes traversing of a measurement
probe in the bubble difficult and delicate since the measurement probe can
disturb the flow. The fact that, generally, the growth rates of disturbances are
much higher in laminar separation bubbles compared to transitional boundary
layer flows raise the requirements on the accuracy of measured flow quantities
since the flow develops and changes in a shorter streamwise distance.

At the same time, the presence of reverse flow in the separated region
close to the wall, especially in the reattachment region, puts a restriction on
the applicability of the single hot-wire technique. In the separated flow region
back-flow is present which implies that a single hot-wire probe cannot in that
case correctly measure the flow velocity, since the technique is based on the
physical principle of measuring the convection of heat. It cannot separate
forward moving fluid from fluid moving in the upstream direction. For example,
in a harmonically oscillating flow in a pipe, figure 2.4, where the mean flow is
zero, the measured mean velocity from the anemometer will yield a nonzero
positive value, whereas the r.m.s. velocity will be underestimated.

ω

u

Linearized hot-wire signal

tt

0 0

Figure 2.4. Oscillating pipe flow. Comparison between ac-
tual velocity and a possible result of a measured output veloc-
ity signal from a single hot-wire.
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Dovgal et al. (1995) estimated the error in measured amplitude of a har-
monic disturbance in an axisymmetric geometry-induced separation bubble flow
with a small amount of back-flow (1.3 %) and conclude that close to the loca-
tion where the mean flow is zero, large errors occur in the measured amplitude
of the forced frequency component, an error which increases with increasing
disturbance amplitude. Still, these errors were by far too low to explain the
discrepancies between measured amplitude profiles and eigenfunctions obtained
from the Orr-Sommerfeld equation (see chapter 3 for theoretical details).

Laminar separation bubbles show a natural unsteadiness and high sensitiv-
ity to external disturbances in the flow, originating for instance from different
parts of the wind tunnel. Pressure gradient fluctuations can without notice al-
ter the position of separation, in the streamwise or spanwise direction, or even
change the entire flow field. The unstable nature of the flow makes it therefore
difficult to accurately determine basic parameters of the bubble, figure 2.2, such
as the point of separation and reattachment, and integral parameters at these
locations.

2.4. Bubble bursting

A phenomenon associated with the unsteady features of laminar separation
bubbles, and which has been a matter of controversy in the literature, is the
bursting of a short separation bubble. Bursting in this context denotes a process
in which the separation bubble experience a rapid change in length and expands
in the streamwise direction as a response to changing flow conditions, usually
changes in the angle of attack or free stream velocity. On an airfoil this causes
a drastic change in pressure distribution and hence in lift. Therefore, it has
been of large interest to predict and understand the bursting phenomenon.

Prediction of bubble bursting involved questions such as: Under what con-
ditions do bursting occur in a given flow situation? Which parameters control
bubble bursting and which are their critical values? Can a general criterion for
bursting be found?

Owen & Klanfer (1953) distinguished between short and long separation
bubbles in terms of their length, l, in displacement thicknesses at the position of
separation. For short and long bubbles l/δ∗s ∼ O(102) and O(104), respectively.
They suggested a value of a critical Reynolds number, Reδ∗s , for bursting in the
range 400-500.

Horton (1969) suggested a method to predict bursting based on a pressure
gradient criterion and a correlation between the separation to transition length
and the momentum-thickness Reynolds number at separation. Roberts (1980)
proposed a similar method in which the free-stream turbulence was included.
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In the analysis of Gaster (1966) two parameters, the momentum-thickness
Reynolds number at separation, Reθs , and a nondimensional pressure gradi-
ent parameter P , where P = (θ2

s/ν)∆U/∆x, govern the bursting process and
Gaster proposed a unique relation between them at bursting conditions - a
bursting line. ∆U is the velocity difference over the bubble length, ∆x, of the
inviscid flow distribution, present in the absence of separation. Gaster used an
airfoil to induce an adverse pressure gradient on a flat plate and measured the
inviscid pressure distribution by tripping the laminar boundary layer, thereby
creating an attached turbulent boundary layer along the plate. By varying
the free stream velocity, angle of attack of the airfoil and its streamwise and
wall-normal position relative to the plate, separation bubbles in which P and
Reθs varied over a broad range could be studied in a (P -Reθs)-plane. Gaster
observed a correlation between these parameters from different bubbles and
different experiments, however the relation was not unique. Gaster concluded
that additional effects should be important in the bursting process of separation
bubbles.

Pauley, Moin & Reynolds (1990) investigated numerically the unsteady fea-
tures of 2D separation by studying the response of a laminar boundary layer on
one of two walls in a channel, to a suddenly imposed adverse pressure gradient,
applied by suction through a slot in the opposite wall of the channel. When a
weak pressure gradient was applied a steady separation resulted but at higher
strengths of the adverse pressure gradient the separated shear layer started to
shed vortices. Pauley et al. proposed a criterion for the onset of vortex shedding
based on a non-dimensional pressure gradient, Pmax = θ2

s

ν
(dU
dx

)max ≈ −0.24 at
the onset of vortex shedding. The non-dimensional pressure gradient used by
Pauley et al. differed from that used by Gaster (1966) only in the choice of
evaluation of the inviscid velocity gradient where Pauley et al. used the maxi-
mum negative gradient whereas Gaster used an averaged value. They compared
Gasters data with this criterion and suggested that the ‘bursting’ phenomenon
observed by Gaster corresponded to the demise of vortex shedding. In other
words the ‘short’ bubble corresponded to a bubble exhibiting vortex shedding
while the ‘long’ bubble corresponded to a steady separation bubble.

Pauley et al. (1990) found a Strouhal number, defined as Stθ = fθs

(Ue)s
, where

f is the shedding frequency, θs the momentum thickness at separation and
(Ue)s the local edge velocity at separation, to be constant in the computations
independent of Reynolds number, Stθ=6.86×10−3. In a later paper, Ripley &
Pauley (1993), modelled the experiment by Gaster (1966) in a numerical study
by tailoring the boundary conditions at the upper boundary to produce the
inviscid pressure distributions in Gaster’s experiment. The Strouhal number
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was again found to be constant for the cases computed, Stθ=5.5–5.7×10−3,
independent of Reynolds number, but differed from the value found in Pauley
et al. (1990). Ripley & Pauley concluded that the Strouhal number is a function
of the pressure distribution.

Watmuff (1999) evaluated Gasters modified pressure gradient parameter,
P , and found that the bubble studied was, in Gasters terminology, a short
bubble, far from the conditions at bubble bursting. The same holds for the
separation bubble studied in the present investigation. We will come back
to the experimental work by Watmuff in chapter 4.3 when reviewing work
on the development of three-dimensional flow structures in laminar separation
bubbles.

In a paper by Hammond & Redekopp (1998) a model separation bubble
flow is theoretically and numerically studied with respect to local and global
instabilities using the Orr-Sommerfeld equation. Velocity profiles consisting of
Falkner-Skan profiles with reverse flow (Stewartson 1954) with an additional
term containing two perturbation parameters, enabling a larger and indepen-
dent variation in the amount and extent of the reverse flow in comparison with
the pure Stewartson family, are analyzed. The amount of maximum reverse
flow is found to be decisive whether an inflection point instability mode turns
absolute unstable or not and a level of maximum back-flow of the order of
30 % is required. Hammond & Redekopp suggest a possible connection with
the onset of large-scale vortex shedding observed in Pauley et al. (1990) when
the strength of the applied adverse pressure gradient was increased in their
simulations.



CHAPTER 3

Stability considerations

As has been shown previously adverse pressure gradient flow is sensitive to wave
disturbances which in general are amplified in the adverse pressure gradient
region and in particular in the separation bubble. In the bubble they reach
large amplitudes, but despite this it is possible to use linear stability theory to
describe several of the wave characteristics. A good review of the use of linear
stability theory for separated flows is given by Dovgal et al. (1994). In the
following stability equations are derived and some results are given which are
pertinent for the flows studied here.

3.1. Basic flow equations

The continuity equation for an incompressible flow is in vector notation

∇ · u = 0 (3.2)

whereas the Navier-Stokes equations can be written

∂

∂t
u+ (u · ∇)u = −ρ−1∇p+ ν∇2u (3.3)

We now assume that the velocity and pressure can be written as a steady
field (U(y)ex and P (x)) with small time dependent fluctuations ((u′, v′, w′)
and p′). The basic flow field is here assumed to be in the x-direction with
a variation normal to the surface (in the y-direction).1 If this is introduced
into the continuity and NS-equations, the non-linear terms are dropped (as
well as the primes for the fluctuating components) and we make the equations
non-dimensional in a suitable manner, we obtain,

∂u

∂x
+

∂v

∂y
+

∂w

∂z
= 0. (3.4)

1With this assumption for the basic velocity field we assume that the flow is parallel, however

this may be a questionable assumption for separated flows.

13
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∂u

∂t
+ U

∂u

∂x
+ vU ′ = −∂p

∂x
+

1
Re

∇2u (3.5)

∂v

∂t
+ U

∂v

∂x
= −∂p

∂y
+

1
Re

∇2v (3.6)

∂w

∂t
+ U

∂w

∂x
= −∂p

∂z
+

1
Re

∇2w (3.7)

where Re is the Reynolds number. In these equations and in the following a
prime (′) denotes a y−derivative. By taking the divergence of eqs. (3.5)-(3.7)
and using the continuity eq. (3.4) we obtain

∇2p = −2U ′ ∂v

∂x
. (3.8)

This may be used together with eq. (3.6) to eliminate p, resulting in an equation
for the normal velocity, v:[

(
∂

∂t
+ U

∂

∂x
)∇2 − U ′′ ∂

∂x
− 1

Re
∇4

]
v = 0. (3.9)

For a boundary layer flow the boundary conditions are

v = v′ = 0 at y = 0 (3.10)

v, v′ → 0 at y → ∞ (3.11)

A normal-mode ansatz is introduced, i.e. wave disturbances of the type

v(x, y, z, t) = v̂(y)ei(αx+βz−αct) (3.12)

where α and β are the streamwise and spanwise wave numbers respectively and
c = cr + ici is the complex phase speed. An unstable disturbance is obtained
if ci > 0. Introducing (3.12) into (3.9) yields[

iα(U − c)(D2 − k2) − iαU ′′ − 1
Re

(D2 − k2)2
]
v̂ = 0, (3.13)

where k2 = α2 + β2 . This equation is the so called Orr-Sommerfeld equation.
In the above derivation the wave instability was seen as a temporal problem,

i.e. the wave disturbance was assumed to grow (or decay) with time. However,
many flows have a spatial rather than a temporal development (e.g. boundary
layer flows) and it is more correct to consider disturbances which grow (or



3.3. PRESSURE GRADIENTS AND SEPARATION 15

decay) in space. For this case the disturbance may be described with a real
frequency and a complex streamwise wave number. Such a disturbance can be
expressed as

v = v̂(y)ei(αx+βz−ωt)

where α = αr + iαi.

3.2. Inviscid linear stability theory - the Rayleigh equation

The inviscid part of equation (3.13) is usually called the Rayleigh equation and
can be written as

(D2 − k2)v̂ − U ′′v̂

U − c
= 0 (3.14)

By multiplying eq. (3.14) with the complex conjugate of the solution and
integrating over the flow interval it is possible to give a statement of the stability
of inviscid flows. The imaginary part of the resulting expression becomes

ci

∫ δ

0

U
′′

|U − c|2 |v̂|
2dy = 0 (3.15)

from which it follows that a necessary condition for instability, ci > 0, is that
the mean velocity has an inflection point (U

′′
= 0). This condition is known as

Rayleigh’s inflection point criterion (Rayleigh 1880). Fjørtoft (1950) considered
the real part of the expression and showed in addition that the shear has to
have a maximum at the inflection point in order for the profile to be unstable.
These results are of special interest in the context of adverse pressure gradient
boundary layers, since such flows have an inflectional point of the kind giving
instability according to these criteria.

3.3. Pressure gradients and separation

Falkner-Skan profiles are similarity solutions to the boundary layer equations
when the boundary layer edge velocity varies as Ue ∼ xm. For a favourable
pressure gradient, i.e. a flow with an increasing boundary layer edge velocity,
m > 0, whereas for an adverse pressure gradient with a decreasing edge evlocity,
m < 0. Neutral curves for several values of m were calculated by Obremski
et al. (1969) (see Landahl & Mollo-Christensen 1987). A negative pressure
gradient give a higher critical Re (i.e. the Reynolds number for which wave
disturbances first become amplified increases), whereas for a positive pressure
gradient the critical Re decreases. It can be noted that flows with m > 0 are
stable in the inviscid limit, i.e. for Re → ∞, since such profiles do not exhibit
an inflection point.
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Once the adverse pressure gradient becomes large enough, flow separation
occurs. For such a case the assumption of parallel flow is less accurate. How-
ever, direct numerical simulations by Rist & Maucher (1994), have shown that
growth rates for wave disturbances obtained with linear parallel theory, agree
well with the non-parallel computations if the basic flow field is taken from the
steady laminar bubble.

Dovgal et al. (1994) showed, for a model profile, typical behaviour of the
instability developing on an inflectional profile and on profiles with backflow at
the wall. The following characteristics may be noted

• The phase velocity of the waves are, for not too long wave lengths, ap-
proximately equal to the mean velocity at the inflection point.

• The amplitude distribution of the streamwise disturbance velocity show
three maxima, the middle one is found approximately at the inflection
point.

• The differences in both growth rate and amplitude distribution are fairly
small between the viscous and inviscid case, showing the importance of
the inflection point.

3.4. Secondary instability of wave disturbances

In the Blasius boundary layer flow, the devlopment of wave disturbances of
small amplitude agree fairly well with linear theory (so called Tollmien-Schlichting
(TS) waves). However, the experiments of Klebanoff et al. (1962) showed that
such waves become three dimensional when the amplitude increases. This is
usually called a K-type secondary instability and the three dimensional pattern
is described as peak and valley regions. The peak regions have instantaneous
inflectional velocity profiles in the normal direction and large amplitude; short
duration events which were called “spikes” were observed there in the stream-
wise velocity signal.

This process may be explained by interaction between the 2D TS-waves
and three-dimensional waves. Secondary instability has been found to occur
when the amplitude, i.e. the amplitude of the maximum of the TS wave reaches
approximately 1% of the free stream velocity. Several flow visualization studies
show that during this process the instability takes the form of Λ-shaped struc-
tures which are aligned in the streamwise direction. In this case the frequency
of the secondary instability is the same as that of the primary wave. This
transition scenario is called K-type secondary instability.
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A subharmonic instability which occurs at lower amplitudes of the primary
TS-wave than the K-type has also been observed.2 Since this instability occurs
at lower amplitudes one may assume that it is this instability that would first
be observed for natural disturbances. Similar Λ-shaped structures as during
K-type instability have been observed through flow visualization, but these are
here in a staggered pattern. When observed with a fixed hot wire the frequency
will be half of the frequency of the primary instability, i.e. a subharmonic
frequency.

2This type is usually called subharmonic, H-type (after Herbert) or N-type (after

Novosibirsk).



CHAPTER 4

Studies on laminar separation bubbles

In this chapter a brief survey of work related to instability and transition in
laminar separation bubbles is given, with main focus on experimental results.
We will however begin by looking back at a small selection of the early in-
vestigations of laminar separation bubbles besides those already mentioned
previously.

4.1. Early work

The first study where we have found the term “bubble” was that of Jones
(1934), who performed experiments in a wind tunnel on the stalling phenome-
non of airfoils. Jones used a force balance, pressure measurements and a small
tuft attached to the tip of a needle which could be positioned in the flow. Pre-
ceding stall on an airfoil Jones discovered the presence of a “kind of shallow
bubble”, in which the pressure was uniform. Jones considered the presence of
the bubble as a warning that airfoil stall was approaching, but did not consider
it to be crucial in the practical problem of stall.

von Doenhoff (1938) made experiments on a separating laminar boundary
layer on a flat plate. Separation was caused by an adverse pressure gradient
obtained by placing the plate in a divergent channel. von Doenhoff suggested
that the distance from the separation point to the transition point could be
determined from the Reynolds number based on the edge velocity at the point
of separation and that this Reynolds number was ∼ 50000. He also discussed
the applicability of the flat plate separation results to the situation at the lead-
ing edge of an airfoil. von Doenhoff argued that separation occurred with a
tangential path to the curved surface at the separation point and that transi-
tion occurred a distance downstream given by the above criterion. A turbulent
region spread from here on at a constant angle of 15◦, thereby forming a trian-
gular bubble region. Whether or not reattachment of the shear layer occurred
could by this method be geometrically determined.

McCullough & Gault (1951) investigated different airfoils with respect to
their stalling characteristics and made a classification into three different types.

18



4.2. INSTABILITY AND TRANSITION 19

They could observe laminar separation bubbles from pressure measurements
and liquid film technique prior to stall and realized the importance of the
stability of a separated laminar shear layer in the process of stall.

The review by Ward (1963) summarizes results on laminar separation bub-
bles and their connection to airfoil stall. Ward also discusses and reviews some
work on the process of transition in the separated shear layer, which was as-
sumed to occur from either amplification of Tollmien-Schlichting waves or from
a process with turbulent spots. Further experimental results on separation
bubbles can be found in Tani (1964), including results for circular cylinders.

4.2. Instability and transition

Modern work of relevance to the present investigation has been carried out
at the Institute of Theoretical and Applied Mechanics in the State Univer-
sity of Novosibirsk, where fundamental theoretical, numerical and experimen-
tal work on instability and transition in laminar separation bubbles has been
ongoing since the 1980’s. Results from this research has been reported in Eng-
lish mainly in proceedings from several IUTAM symposia, focusing both on
laminar-turbulent transition and on boundary-layer separation, but also in the
review article by Dovgal et al. (1994). A brief summary of the experimental
results is given below.

4.2.1. Experimental studies

Kozlov (1985) reports from several experiments dealing with instability of sepa-
ration bubbles in different experimental configurations using hot-wire anemom-
etry in a low turbulence free stream environment. In one experiment with
separation on an airfoil, a separation bubble caused by an adverse pressure
gradient on a smooth surface is studied. The growth of artificial disturbances
at a certain frequency, generated both by means of a vibrating ribbon and
with a loudspeaker placed in the wind tunnel diffusor downstream the test
section, are investigated and both means of excitation are found to produce
disturbances with approximately the same growth rate. 3D-disturbances are
also considered by studying the evolution of a wave packet generated from a
point source upstream of separation. An influence on the mean velocity profiles
resulting from the disturbance forcing is observed both for 2D and 3D artificial
forcing, leading to fuller velocity profiles. An effect on the mean flow when
forcing a wave packet is observed even at spanwise positions outside the region
of propagation of the wave packet.

The effect of acoustic waves on a symmetrical Joukowski airfoil at 11◦

angle of attack and at Rec ≈ 95 000 is also reported in Kozlov (1985). At
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these conditions the separated shear layer formed on the suction side of the
airfoil do not reattach to the surface. When applying monochromatic acoustic
waves in a certain frequency range from a loudspeaker mounted in the diffusor
disturbance waves of the same frequency appears in the boundary layer and
separation is completely suppressed. Kozlov notes an interesting hysteresis
effect which manifests itself in the dependence of the range of frequencies which
causes elimination of the separated region on the history of excitation. This
range of frequencies spans from 200 Hz up to 1125 Hz when monotonically
increasing the frequency of the acoustic waves. However, if the frequency is
decreased the effective frequency range for separation control is 600 Hz down
to 200 Hz.

In a later study by Kozlov et al. (1991) of a globally separated flow over
an airfoil at a different flow condition (Rec ≈ 500 000) it was noted that sup-
pression of separation, once initiated by high intensity sound, can be sustained
after switching off the sound excitation.

The same sort of impact on the mean flow in a separation bubble as men-
tioned above is found in still another experiment reported from Kozlov (1985)
considering a flow over a fractured wall composed by two joint flat plates in-
clined away from each other, fixing the point of separation at the joint. In
this setup artificial disturbances are also generated by sound from the diffusor.
The intensity of the sound level generated by the loudspeaker is 88 dB. The
growth rate of the forced disturbances are found to be independent of their
initial amplitude at the investigated frequency.

Dovgal (1985) considers a transitional separation bubble in a similar frac-
tured wall configuration, where the two plates are inclined towards each other,
forming a dent. Artificial forcing with the vibrating ribbon technique is per-
formed and the behaviour of small amplitude disturbances in the flow is studied.
Amplification curves show that the growth rate of the forced disturbances are
independent of the initial amplitude for amplitudes less than approximately 1
% of the free stream velocity. Hereby spatial amplification rates could be cal-
culated for a range of frequencies. A difference in growth rate is observed for
the boundary layer upstream of separation compared to the separated region,
which is attributed to the difference in stability characteristics of the two flows.
Wall normal r.m.s. profiles of the disturbance waves show a two-peak structure
upstream of separation and a three-peak structure in the separation bubble.
A strong effect on the mean flow profile in the separation bubble was further
found as a response to low-amplitude disturbance forcing, implying a reduction
in the height of the bubble. This influence by the excited wave on the mean
flow was found to increase with the wave amplitude of the forced wave.
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The mean flow influence was also seen from a substantial change in the
wall pressure distribution. The change in pressure distribution that took place
when applying forced disturbances compared to the natural flow case was much
stronger than the effect of varying the amplitude of the forced waves between
the linear and nonlinear region. Without artificial forcing the wall pressure dis-
tribution is independent of the streamwise position beginning upstream of the
separation point extending downstream to reattachment, whereas a maximum
in the pressure distribution existed between the separation and reattachment
points at all forcing conditions (the amplitude of the forced disturbances varied
between 0.34 to 2.34 %).

In Dovgal et al. (1987) further experiments on instability and transition
in separation bubbles are reviewed including 3D-separation. Separation of the
boundary layer on an axisymmetric body is also discussed.

Experiments with separated regions occurring at surface roughnesses such
as steps and humps are described in Dovgal & Kozlov (1990). Low-amplitude
2D-disturbance waves are introduced with a vibrating ribbon in a Blasius
boundary layer upstream of a 1.65 mm high rectangular hump with a stream-
wise length of 10 mm (h/δ = 0.35, where δ is the boundary layer thickness).
Profiles of the disturbances in the separation bubble formed downstream of
the hump displayed three local maxima and the corresponding phase profiles
showed two shifts, similar to what was found by Dovgal (1985). After reattach-
ment, which in this experiment was laminar, the amplitude profile regained the
shape it had in the Blasius boundary layer.

In this separation bubble the same type of mean flow influence as in Dovgal
(1985) and Kozlov (1985) resulted from the artificial forcing with an increase
in mean flow distortion with increasing amplitude of the forced disturbances,
although in this case transition was not initiated by the separation bubble and
reattachment was laminar.

Further investigations on the development of instability waves in separation
bubbles behind humps have been carried out by Boiko et al. (1991). Two
experimental configurations are used, one being the same as in Dovgal & Kozlov
(1990). In the second configuration a rounded hump is mounted on the flat
plate (h = 1 mm, h/δ = 0.40). In both configurations the separation bubbles
are completely laminar, i.e. transition occurs far downstream of reattachment.
The aspect ratios (bubble length to height) of the separation bubbles in the
two configurations at the experimental flow conditions are approximately 50
and 100, respectively.
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In the first configuration the development of a low-amplitude wave packet
in the separation bubble is studied. The wave packet is introduced upstream of
separation by localized excitation. It is found that the dispersion of the wave
packet in the separated region is much smaller than is the case for the Blasius
boundary layer obtained when removing the hump.

In the other configuration an investigation is undertaken of the interaction
between a 2D fundamental instability wave and an oblique subharmonic wave.
Two vibrating ribbons are used to generate the disturbances. The oblique wave
is generated by turning one of the ribbons in the xz-plane at an angle to the
direction of the leading edge of the plate. In the middle of the separation bubble
the amplitude of the subharmonic wave varies periodically in the spanwise
direction due to resonance between the fundamental and subharmonic wave.
Amplification curves of the subharmonic disturbance along spanwise resonance
points show little difference for three different wave angles, ψ = 0◦, 20◦ and 37◦

(ψ = arctan(λx/λz)).
Boiko et al. (1991) further observed a suppression of low-frequency velocity

fluctuations in the region close to the separation point, which was connected to
artificial forcing of a low-amplitude fundamental 2D-wave. The amplitude of
the 2D-wave at this location was 0.22 %. The same effect was found when the
wave was forced both by a vibrating ribbon and by external acoustic waves.

4.2.2. Numerical studies

Direct numerical simulations of laminar separation bubbles under the forcing
of various artificial disturbances have been carried out in Germany by Rist and
co-workers. Some results of their work with relevance to the present study are
presented here and in the next section.

In Rist & Maucher (1994) computations of a laminar separation bubble on
a flat plate are performed, and the development of different 2D- and 3D-wave
disturbances is considered. The separation bubble flow is obtained by pre-
scribing a streamwise decreasing free stream velocity. The separation bubble
appears as a local ‘perturbation‘ on the laminar flow and the Blasius bound-
ary layer upstream of separation is re-developing downstream of reattachment.
Two-dimensional instability waves are found to experience the highest growth
in the flow. Comparisons of growth rates between linear stability calculations
performed on velocity profiles taken from the laminar base flow with results
from direct numerical simulations, DNS, suggest that non-parallel effects were
small.

In another DNS-study of separation bubbles on airfoils, Maucher et al.
(1994), the boundary condition in the free stream was prescribed according
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to an experimental velocity distribution taken from the midchord region of
an FX66-S-196 airfoil at an angle of attack of 9◦ and Rec=1.5×106. When
prescribing the streamwise velocity component low frequency oscillations of
the separation bubble appeared, oscillations which could be damped using a
viscous-inviscid interaction method. Maucher et al. conclude that the lin-
ear development of 2D-instability waves could be captured with the numerical
method but that three-dimensional simulations are needed in order to capture
further details of transition in laminar separation bubble flows.

Pauley and co-workers have numerically studied two-dimensional separa-
tion in a series of papers (Pauley et al. 1990; Ripley & Pauley 1993; Lin &
Pauley 1996), focusing among other things on the unsteady features of separa-
tion bubbles, including the complex problems associated with bubble bursting
(section 2.4). One conclusion of their work is that two-dimensional vortex shed-
ding plays a strongly dominant role, in comparison with small-scale turbulence,
leading to reattachment of the separated shear layer, and thereby controlling
the size of the bubble. The vortex shedding is found to be the result of an
inviscid, inflectional instability mechanism of Kelvin-Helmholtz type.

4.3. Development of three-dimensional disturbances

The development of three-dimensional flow structures in nominally two-dimen-
sional separated flows is a puzzling issue in studies of laminar separation bub-
bles.

Rist & Maucher (1994) investigated by DNS the development of different
combinations of 2D- and 3D-instability waves by suction and blowing at the
wall, upstream of the separation bubble, and found a strong influence on the
mean flow in the reattachment region when large amplitude disturbances were
introduced. They found that the introduction of a pair of oblique waves re-
sulted in mean flow profiles in better agreement with experimental observations
compared to a disturbance case where a large amplitude 2D-wave together with
a pair of low-amplitude oblique waves were introduced.

In a study by Maucher et al. (1997) the development of 3D-disturbances in a
two-dimensional separation bubble flow on an airfoil is investigated by prescrib-
ing an ‘inviscid’ experimental edge velocity distribution at the upper boundary
of the computational domain. The inviscid free stream velocity distribution was
obtained in the experiment by ‘tripping’ the laminar boundary layer, thereby
preventing separation, a technique previously used by Gaster (1966). In the
separation bubble secondary temporal amplification of low-amplitude 3D-waves
is observed originating from the reattachment region when the 3D-waves are
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generated together with a large-amplitude 2D-wave. The 3D-waves give rise to
longitudinal vortices which dominate the flow in the reattachment region.

Recent simulations (Maucher, Rist & Wagner 1999; Maucher, Rist, Kloker
& Wagner 2000) have provided more information on this instability mechanism
which seems to set in at higher Reynolds numbers in the reattachment region
of laminar separation bubbles.

Wilson & Pauley (1998) studied the experiment of Gaster (1966) using
two- and three-dimensional large eddy simulations. They investigated the for-
mation and development of Görtler vortices, which had been predicted by Inger
(1987) to occur in separated shear layers at operating conditions of low Rey-
nolds number airfoil flows, and which had previously been investigated in the
direct numerical simulations by Pauley (1994). When a steady low-amplitude
spanwise harmonic velocity perturbation was generated at the inlet of the com-
putational box better agreement with the separation bubble data of Gaster
(1966) was obtained.

Recent experimental studies on the development of three-dimensional dist-
urbances involves Ablaev et al. (1998) and Watmuff (1999). Ablaev et al.
investigated the development of a pair of oblique, travelling waves in a sepa-
ration bubble behind a small, sharp edged bump. The waves were generated
by suction and blowing from two slits in the flat plate, inclined 45◦ to the
direction of the incoming stream, and located upstream of separation. They
conclude that the transition process in the separation bubble shows similari-
ties with the oblique transition scenario studied previously by other authors in
boundary-layer and channel flow.

In Watmuff (1999) a detailed experimental study of a two-dimensional
separation bubble is reported. The experimental set-up consists of a curved
test section ceiling, producing an adverse pressure gradient on the floor of the
test section. A laminar separation bubble flow, with a highly two-dimensional
separation line, forms on the floor and the flow field is studied with flying hot-
wire anemometry and X-wire technique. Flow visualization of the bubble is
carried out using the naphtahalene sublimation technique. Watmuff introduces
a low-amplitude wave packet at the minimum pressure point, (cf. Gaster &
Grant 1975), upstream of separation by activating a electromagnetic shaker
connected to a diaphragm and a 0.6 mm hole in the test section floor. The
development and growth of the wave packet is investigated from the position
at the point source, throughout the separated region and far downstream of
reattachment. The phase averaged spanwise vorticity in an x-y-plane shows the
appearance of a Kelvin-Helmholtz cat’s eye pattern supporting the idea that
the growth of the wave disturbance is due to an inviscid instability mechanism.
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Wall normal r.m.s. velocity fluctuations in a y-z-plane above the bubble
show a spanwise regular structure, both with and without forcing of the wave
packet, and with local maxima right downstream of reattachment. In detailed
measurements of the reattachment region, involving 31 365 measurement points
being measured two times with an X-wire probe, all three velocity components
were measured. Contour maps of the phase averaged vorticity magnitude show
the formation of three-dimensional vortex loops in the reattachment region.
Initially, the vorticity is oriented in the spanwise direction, but further down-
stream a deformation occur and large vortex loops evolve, which are still found
to exist far downstream in the turbulent boundary layer.

Alam & Sandham (2000) studied laminar separation bubbles on a flat plate
by fully three-dimensional direct numerical simulations, prescribing a positive
wall normal velocity distribution at the upper boundary of the computational
domain. This approach was used by Hildings (1997) in a 2D-simulation study
on laminar separation bubbles. Two- and three-dimensional instability waves
were generated upstream of separation. Staggered Λ-vortices are observed in
the flow prior to breakdown. Comparisons between two-dimensional and three-
dimensional simulations show large differences in the mean structure of the
separation bubble flow.

In another 3D direct numerical simulation of a laminar separation bubble
flow by Spalart & Strelets (2000), also prescribing the wall-normal velocity
at the upper boundary of the computational domain, no artificial forcing of
instability waves upstream of separation is considered. A separation bubble in
a channel is studied, similar to the study by Pauley et al. (1990).

A rapid three-dimensional development of the separated shear layer is found
in the computations. Spalart & Strelets (2000) conclude that the transition pro-
cess is different from a Görtler instability or a secondary instability related to
high amplitude TS-waves. They find no presence of Λ-vortices in the compu-
tations.

The view taken in Spalart & Strelets (2000) on transition in a laminar sepa-
ration bubble flow is somewhat different compared to the approach in which the
development of incoming artificially generated disturbances is studied. Incom-
ing disturbances are considered to be of minor importance. Spalart & Strelets
argue that the flow is completely governed and specified by three parameters:
the fraction of mass-flow removed from the upper boundary, and two Reynolds
numbers based on the channel height and streamwise distance between the vir-
tual origin of the inlet Blasius boundary layer and the center of the suction
slot, respectively.



CHAPTER 5

Separation control

Related to the separation bubble is the issue of separation control, which is
of great technological importance. With separation control is generally under-
stood means by which separation can be prevented or postponed. In certain
applications provoking separation may also be desirable. The subject of sep-
aration control is considered by Chang (1970) and Gad-el Hak & Bushnell
(1991). There are several methods to accomplish such control, both passive
and active ones, e.g. shaping of surface geometry, fluid suction/injection or
wall heating/cooling. Here one method related to the instability of separated
shear layers is considered - excitation of the flow by sound.

The possibility to substantially reduce the separated region over airfoils at
large angle of attack and at subsonic speeds by excitation of acoustic waves
from a loudspeaker mounted inside the wind tunnel has been shown in several
experimental studies. Sound waves as an effective way to control separation
on an NACA 0018 airfoil was investigated by Häggmark (1995). The dramatic
effect on the flow field is illustrated in figure 5.1, in which the flow is visualized
by four wool-tufts, attached onto the suction side of the airfoil. The two-
dimensional airfoil spans the width of the test section.

In the top picture of figure 5.1 no acoustic control is applied and the flow is
almost completely separated, from the leading edge and onwards, and the three
rearmost tufts are pointing in the upstream flow direction, while the foremost
tuft is elevated from the surface. When sound is excited by a loudspeaker
mounted at the test section roof above the airfoil at a frequency of 1.39 kHz,
separation is prevented and the tufts become aligned with the outer flow.

26
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Figure 5.1. Visualization of the flow over an NACA 0018 air-
foil by tufts. Flow direction from right to left. Rec=1.2×105

and α ≈ 16◦. Upper photograph, no control, lower photo-
graph, with control, f=1.39 kHz.
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Figure 5.2, top, shows mean velocity profiles on the suction side, down-
stream of the leading edge, for the same airfoil in the cases without and with
control. At the chord positions shown, the flow remains attached when the
forcing is on. Without control forcing a detached shear layer develops and at
x/c=0.37 the low-velocity separated region extends more than 10 mm from the
surface. An increase in the edge velocity is observed due to the drag reduction
from the control. The urms profiles in the no-control case shows a maximum in
the separated shear layer which is deflected further out from the surface with
increasing x. With control applied this maximum remains close to the wall.

Similar results were obtained by Collins & Zelenevitz (1975) who investi-
gated the effect of sound on the flow over a wing and found that lift and stall
angle enhancement, as well as drag decrease, were possible. Effects of acoustic
waves on separated flows have been studied by Dovgal, Kozlov and co-workers,
see section 4.2 for some of their results.

In a series of experimental studies Zaman and co-workers have investigated
the effects of the external acoustic technique on airfoils.

Zaman et al. (1987) found that at low angles of attack low level acoustic
forcing could suppress laminar separation on the suction side of the airfoil,
whereas significant levels of forcing were required beyond stall in order to ob-
serve an effect. They also identified the importance of acoustic resonance in
form of standing waves inside the wind tunnel for additional improvement of
lift from acoustic excitation. In this respect wall normal velocity fluctuations
induced by cross resonance standing waves in the test section, proved beneficial,
especially at high levels of excitation.

Zaman (1992) notes that the excitation Strouhal number based on the
optimum excitation frequency, i.e. the frequency which produces the largest
lift increase, varied considerably between different experiments at high angles
of attack, although the conditions were similar. Furthermore, in experiments
applying external excitation the Strouhal number was consistently higher, al-
though with exceptions, with a value of typically 10, compared with studies
using ‘internal’ excitation, which showed values of an optimal Strouhal num-
ber of the order of 1. Internal excitation refers to methods directly producing
velocity perturbations in the boundary layer, e.g. sound waves excited through
holes or slots in the airfoil surface, or the usage of vibrating ribbons or wires.

Further studies on the external acoustic control technique involves Nishioka
et al. (1990), who studied a flat-plate airfoil and found that external acoustic
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Figure 5.2. Mean (top) and r.m.s. fluctuating velocity pro-
files (bottom) on an NACA 0018 airfoil at different chordwise
positions with and without acoustic control. Rec=1.2×105,
α=16◦ and fe=1.39 kHz. The y-coordinate direction is per-
pendicular to the incoming stream. Consecutive profiles in x

are shifted 25 m/s in U and 0.3 units in urms/U∞.
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excitation could decrease the size of a leading edge separation bubble. A reduc-
tion of the reverse flow region was detected by using two closely spaced single
hot-wires.

Bar-Sever (1989) used an oscillating wire positioned shortly upstream of
the leading edge of an airfoil to control the separated flow at high angles of
attack. A wide band of forcing frequencies was effective but an optimum forcing
frequency was found at a Strouhal number of approximately 1.5.

Hsiao et al. (1990) studied the internal acoustic excitation method by trans-
mitting sound through surface slots in an airfoil and circular cylinder. Forcing
at frequencies close to the frequency of the unexcited shear layer over the airfoil
and at a position close to the separation point proved to be the most effective
in achieving lift increase. For both the cylinder and airfoil model the most
effective excitation frequency was in the Strouhal number range 1 - 3 for the
Reynolds numbers investigated.

At even higher angles of attack, α > 24◦, the internal forcing technique
can be effective provided the forcing frequency is appropriately chosen, Hsiao
(1994). In this case the effective Strouhal number was less than 1, correspond-
ing to the bluff-body vortex shedding frequency.

The mechanism of control at high angles of attack is not well understood.
Dovgal et al. (1994) point out that promotion of the linear instability of low
amplitude wave disturbances due to the acoustic forcing, provoking laminar-
turbulent transition cannot explain the results obtained with internal acoustic
forcing. Zaman (1992) state that “The instability mechanism responsible for
the effect in this case must be complex due to nonlinearity associated with high
amplitudes, as well as due to the presence of the wall.”.

Zaman et al. (1987) made an observation regarding the unsteady properties
of the separating boundary layer on an airfoil, which was pursued in Zaman
et al. (1989). He found an unusually low frequency range of the natural velocity
fluctuations in the flow, but could not identify its origin.

Looking from an engineering point of view external excitation can be ap-
plied in devices with confined flow e.g. diffusors. However larger interest for
technological applications is the internal excitation technique which could be
applied in a wider range of applications. Internal forcing is also attractive from
the perspective that lower sound pressure levels are required compared to the
external technique.



CHAPTER 6

Summary of Papers

Paper I

This paper considers a two-dimensional laminar separation bubble on a flat
plate caused by an adverse pressure gradient. The adverse pressure gradient
is obtained by a curved wall insert installed in the ceiling of the wind tunnel
test section. Suction applied at a section of the leeward side of the curved wall
allows for control of the adverse pressure gradient on the plate. The size and
location of the bubble are hereby fixed in the experiment. In flow conditions
with a low free stream turbulence level, referred to as natural conditions, high
frequency instability waves are identified in the separated shear layer, which
are not present in the attached boundary layer upstream of separation. Hot-
wire spectra from measurements in the separated shear layer reveal two high
frequency peaks in addition to a low frequency band, the latter being character-
istic for separated flows in general. Hot-wire anemometry and flow visualization
are used to study the development of these waves both at natural conditions
and when they are forced artificially. The instability waves develop amplitude
profiles in the separation bubble, with three local maxima, where the location
of the middle maxima corresponds to the inflection point of the mean velocity
profile. This is the case for both natural and forced disturbances. The insta-
bility waves grow exponentially in the separated shear layer and increase three
orders of magnitude throughout the separation bubble region, which leads to
a rapid transition process. Flow visualization reveals three-dimensional flow
structures in the reattachment region of the separation bubble.

Paper II

A hot-wire technique is presented which measures the instantaneous flow veloc-
ity in the same way as a conventional single hot-wire and which also detects the
instantaneous flow direction in highly parallel flows, such as in the vicinity of a
solid wall. The probe has three in-plane and parallel wires. The centre wire is
operated as a conventional single hot-wire in CTA mode whereas the two outer
wires act as sensors and are operated as resistance wires. A calibration of the
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probe in the forward and reverse flow direction, performed in a turnable wind
tunnel calibration rig, shows that the probe is highly sensitive to changes in the
direction of the flow. Measurements are performed inside a laminar separation
bubble and regions of reverse flow is detected. It is found that regions with
reverse-flow are mainly found in the reattachment region. The response of the
probe is sufficient for measuring natural, high frequency disturbances occurring
in the flow field.

Paper III

This paper is the main paper in the thesis and is focussed on controlled dist-
urbances (in contrast to natural disturbances which were studied in paper
I). Controlled forcing of two-dimensional waves was made in the boundary
layer upstream of separation by suction and blowing through a slit in the flate
plate. Hot-wire anemometry, smoke-visualizations and particle image velocime-
try (PIV) are used in the investigation of the flow. The study was focussed
on the disturbance development and growth upstream of and in the separation
bubble, but also the complex flow in the reattachment region was explored.
An exponential growth of two-dimensional wave disturbances is found in the
separated shear layer. These waves remain two-dimensional in the linear am-
plification region whereas further downstream, approaching reattachment, a
three-dimensionality of the waves is observed. The forced instability waves
have an influence on the mean flow of the separation bubble which contracts
both in the streamwise and wall normal direction. The main effect is found
at the reattachment region whereas the region in vicinity of separation is less
affected. A technique was proposed where PIV data can be used to find the
average reattachment position. Also some measurements with free stream tur-
bulence are presented. It seems that the transition process for this case is
different and does not depend on the development of 2D-waves.

Paper IV

A numerical and experimental study of a transitional separation bubble has
been carried out. The separation bubble in the experiments is reproduced in
direct numerical simulations by prescribing the wall normal velocity distribu-
tion at the boundary of the computational domain, which cannot be achieved
when prescribing free stream boundary conditions in the streamwise velocity.
The development of two-dimensional instability waves is studied by artificial
forcing upstream of separation. The rapid growth of these disturbances in the
separated shear layer leads to transition in the flow. Good agreement between
experimental results and simulations is obtained in this respect.
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Division of work between authors

Häggmark (CH) developed, constructed and tested the experimental set-up
which is used in all papers. In paper I CH and Bakchinov made the measure-
ments; almost all evaluation of data in paper I was made by CH and most of
the writing. Alfredsson contributed to the original idea and during the writing
of the paper. In paper II CH developed the three wire probe and the associated
electronics. CH and Bakchinov carried out the measurements. CH analyzed the
data and wrote the main part of the paper. Alfredsson contributed the idea of
the three wire probe and commented on the manuscript. Paper IV is based on
Hildings licentiate thesis. Hildings made all the calculations, whereas CH con-
tributed all measurement data. The rewriting of this work into paper IV was
the responsibility of CH where Henningson and Hildings made contributions.
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Phil. Trans. R. Soc. Lond. A 358, 2000 (in press)

A two-dimensional separation bubble on a flat plate is studied experimentally
by means of hot-wire anemometry and flow visualization. Separation of the
laminar boundary layer on the plate is caused by an adverse pressure gradient
imposed by a curved wall opposite to the plate. The instability of and transition
process in the separation bubble are focused on. The bubble is found to be
highly susceptible to high frequency two-dimensional instability waves, which
are studied both under natural and forced conditions. A similar development
of these instability waves in the separation bubble are found in both cases.
The exponential growth of the two-dimensional disturbances dominates the
flow except for the reattachment region where large scale three-dimensional
structures appear. Some difficulties associated with experimental investigations
of boundary layer separation bubble flows are discussed.

1. Introduction

This paper is concerned with the separation of a laminar boundary layer due
to an adverse pressure gradient and the transition from laminar to turbulent
flow. The laminar (transitional) separation bubble has earlier been studied with
different approaches - theoretical, numerical and experimental - which have
given insight into this complex flow field, but a description of the transition
process in the separation bubble is far from complete. In fact, experimental
studies focusing on the transition process in adverse-pressure-gradient-induced
laminar separation bubbles are scarce, despite the importance of this flow in
many engineering applications. This can probably partly be explained by the
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difficulties with and shortcomings of the available measurements techniques for
separated flows in general.

A schematic picture of the flow studied is given in figure 1, in which the
wall normal direction has been stretched for clarity. A low velocity region,
termed the separation bubble, is surrounded by a separated shear layer which
reattaches to the surface downstream of the bubble. Separation of the laminar
boundary layer is caused by a retardation of the external flow due to an adverse
pressure gradient. The point of separation and the forward portion of the
bubble are steady compared to the highly unsteady flow in the vicinity of
the reattachment point. The separation bubble depicted in figure 1 should be
distinguished from the case where boundary layer separation is caused by sharp
gradients of the wall surface - geometry-induced separation. The differences in
the physics of the flow between these two cases of separation are discussed by
Alving & Fernholz (1996) and Dovgal et al. (1994).

boundary layer edge

2D separated 
shear layer

separation reattachment

separation bubble

3D unsteady flow 

turbulent boundary layer
2D wave disturbances

Figure 1. Laminar separation bubble flow due to an adverse
pressure gradient.

In early experimental work on laminar separation bubbles much effort was
devoted to determining empirical correlations between global quantities of the
bubble and boundary layer properties at the point of separation, and devising
semi-empirical theories for prediction of what kind of bubble that would occur
in a given flow situation. A review is given by Tani (1964). Also the effect of
laminar separation bubbles on the stalling characteristics of different airfoils
was focused on (see Ward 1963).

Gaster (1966) investigated laminar separation bubbles on a flat plate caused
by an adverse pressure gradient for a broad range of Reynolds numbers and
pressure distributions. The pressure gradient was established by an airfoil
mounted above the flat plate. The airfoil was equipped with a system for
blowing through a slot at the surface in order to prevent stall. In contrast to
the present investigation, where a curved wall with suction was employed to



Experiments on a two-dimensional 43

produce the adverse pressure gradient, this arrangement causes disturbances
in the external stream, originating from the jet and the trailing edge wake of
the airfoil, which can influence the separated region at the plate. Gaster found
that the length of the separation bubble suddenly increased when the adverse
pressure gradient and/or the Reynolds number exceeded certain critical values
- so called bubble bursting. Pauley et al. (1990) studied numerically separation
bubbles by modelling Gaster’s experiment and found that the bursting was
due to periodic vortex shedding from the bubble, and that the longer bubble
in Gaster’s experiment was the result of time-averaging of that shedding. Fur-
thermore, Pauley et al. (1990) found that the shedding frequency agreed with
the predicted most amplified linear inviscid instability of the separated shear
layer.

Recent experiments and direct numerical simulations have shown that in-
stability and unsteadiness of laminar separation bubbles arise from the growth
of low-amplitude instability waves in the boundary layer, a process which can
begin already upstream of separation (Dovgal et al. 1994; Gruber et al. 1987;
Rist & Maucher 1994; Hildings 1997).

2. Some difficulties associated with experiments on laminar
separation bubbles

The experimentalist investigating laminar separation bubbles encounters sev-
eral particular problems due to the complexity of separated flows. As a back-
ground we will briefly bring up some of these difficulties.

Hot-wire anemometry has been successfully used to give accurate and de-
tailed measurements with high time and space resolution in transition experi-
ments featuring high frequency disturbance waves with low amplitudes. How-
ever, conventional measurements with single hot-wire technique in reverse flow
regions give erroneous results due to the insensitivity of the sensor element to
the direction of the flow. In regions with reverse flow the velocity signal will be
folded, resulting for instance in a too high mean velocity. Nevertheless, using
hot-wire technique in laminar separation bubbles requires proper design and
size of the hot-wire probe in order to avoid interference with the bubble. At
the leading edge of a low Reynolds number airfoil separation will take place
downstream of the suction peak where the boundary layer is very thin. A typ-
ical size of a leading edge bubble could be only a fraction of a millimeter in
height and a couple of millimeters in length.

Another difficulty arises from the fact that the laminar separation bubble is
highly sensitive to various kinds of perturbations in the flow, both disturbances
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in the external stream such as mean flow variations, acoustic disturbances, free-
stream turbulence, etc., as well as surface vibrations and roughness. This puts
high demands on the quality of the ‘natural’, i.e. unforced, flow in wind tunnel
experiments in order to be able to isolate and quantitatively compare the effects
of different types of artificially generated disturbances on the separated flow.

The laminar separation bubble flow also shows an intrinsic unsteadiness.
A small variation in inflow conditions can result in unsteadiness and a consid-
erable movement of the separation point in the streamwise direction, but also
in global changes of the flow in the form of stochastic oscillations between sepa-
rated and non-separated flow. This can be caused by fluctuations in the adverse
pressure gradient, which is usually applied by an auxiliary displacement body
or suction slot. Even if the separation point is steady, the two-dimensionality
is sensitive to pressure gradients in the spanwise direction which will cause the
separation line to be curved.

In separated flows strong hysteresis effects can prevail, a complex phe-
nomenon of which little is known. The structure of the separated flow then
depends on the flow history, for instance initial variations in pressure gradient
and Reynolds number at the start-up of the experiment.

Together these factors make it complicated to establish experimental con-
ditions enabling accurate and reproducible measurements.

3. Experimental set-up and measurement technique

The measurements were carried out in the MTL wind tunnel at KTH, Stock-
holm. This wind tunnel is designed for transition experiments, providing a low
free stream turbulence level (Tu = 0.02 % 1) and acoustic noise level. In figure
2 a sketch of the present test section set-up is shown. The height of the test
section is 0.8 m and its width is 1.2 m.

In the test section a flat plate with an asymmetric leading edge and a
trailing edge flap is installed. Further details about the wind tunnel and the flat
plate can be found in Klingmann et al. (1993). An adverse pressure gradient is
imposed on the laminar boundary layer on the plate by an adjustable contoured
wall mounted in the test section. The contoured wall consisted of an aluminum
rig in which a 1 mm thick aluminum sheet was attached in one end and free
to slide in the other end. The shape of the inserted wall could be changed by
manually displacing a threaded rod in the vertical direction. The end of this rod
was connected to an iron bar, horizontally aligned and positioned perpendicular

1The free stream turbulence level of the tunnel was determined with an empty test section at

25 m/s, for frequencies above 10Hz, corresponding to scales smaller than 2.5 m, see Johansson

(1992).
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continuous suction

separation bubble
A
A
A
A
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x z

contoured wall

traversing mechanism and probe support

U

disturbance 
source

Figure 2. Experimental set-up in the MTL wind tunnel

to the flow direction. This bar spanned the width of the test section and kept
the aluminum sheet under tension and parallel to the flat plate.

In order to prevent separation at the curved wall suction was applied thr-
ough a 1.2 by 0.3 m2 porous section of the aluminum sheet at the leeward
side of the contraction. The fraction of the flow in the test section removed
through the porous section was roughly 0.5 - 1.0 %. By applying suction the
flow remained attached all along the curved wall.

The adverse pressure gradient, imposed by the contoured wall, causes the
laminar boundary layer at the plate to separate. Reattachment of the unstable
separated shear layer further downstream results in the formation of a laminar
separation bubble of an average length and height of approximately 200 mm
and 3 mm respectively. This fairly large size of the separation bubble made
detailed measurements with a hot-wire in the bubble possible.

The streamwise velocity component of the flow in the separation bubble
was measured with a 2.5 µm platinum single hot-wire which could be traversed
by a five-axis traversing system. Calibration was performed upstream of the
contraction against a Pitot tube connected to a highly accurate pressure trans-
ducer. During calibration of the probe and during measurements the ambient
air temperature in the wind tunnel was kept constant within ±0.1 ◦C by the
cooling system of the wind tunnel.

A Cartesian coordinate system is adopted with its origin on the centreline
at the leading edge of the plate. The velocity components in the streamwise, x,
wall normal, y, and spanwise, z, directions are denoted u, v, andw, respectively.

The boundary layer on the plate was traversed with the single hot-wire and
time traces of the anemometer signal were recorded at each measurement point
at a sampling frequency of 2.0 kHz. The streamwise spacing, ∆x, between two
consecutive profiles was ∆x = 25, 20 or 10 mm with the denser spacing used in
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the latter part of the bubble. ∆x = 10 mm corresponded to approximately 5 %
of the total length of the separation bubble and a typical series of measurements
consisted of 30 vertical profiles, each containing 20 - 40 points depending on x.

Controlled disturbances could be generated in the boundary layer by suc-
tion and blowing at the wall through a 330 mm by 0.8 mm slot in a flush-
mounted plug in the plate. The slot is located at x = 189 mm, approxi-
mately three bubblelengths upstream of the point of separation, perpendicu-
larly aligned to the direction of the flow. At the lower side of the plug 40
inlet pipes are mounted, connected by flexible hoses to loudspeakers. Feeding
the loudspeakers with phase and amplitude controlled signals generated by a
computer, different types of wave disturbances can be generated (see Elofsson
1998). Both the disturbance wave generation, the data acquisition and the
traversing of the hot-wire probe were fully computer controlled.

4. Results

4.1. Mean flow

The variation of the edge velocity, Ue, i.e. the velocity in the outer inviscid
flow, along the plate is shown in figure 3. Ue is normalized with a reference
velocity at the leading edge, Ue(x=0)=Ue0=7 m/s, which was kept constant in
these experiments. The laminar boundary layer on the plate is first accelerated,
reaching a maximum velocity approximately at the throat of the contraction
at x ≈ 550 mm. Thereafter the flow is decelerated, followed by separation.
Outside the separation bubble Ue becomes fairly constant, a region referred
to in the literature as the ‘pressure plateau’ since the static pressure at the
wall becomes constant there. Further downstream an abrupt decrease in Ue

occurs, which is associated with reattachment. Here the separation point does
not coincide with the beginning of the ‘pressure plateau’, but is located further
upstream.

Figure 4 shows profiles of the streamwise mean velocity component, nor-
malized with the edge velocity, Ue, at several downstream positions. The actual
separation bubble appears as the part of the velocity profile near the wall where
the velocity seems to be independent of y and not approaching zero. This is
due to the inability of the single wire to detect the flow direction. Comparing
e.g. the profiles at x = 860 mm and x = 900 mm the vertical extent of this
constant velocity region is seen to increase downstream.

Due to the behaviour of the single wire in reverse flow regions mentioned
above, the hot-wire measurements could only give an approximate location of
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Figure 3. Streamwise variation of the edge velocity, Ue/Ue0.

the separation and reattachment points. These were more accurately deter-
mined from smoke visualizations. Separation and reattachment were hereby
found to occur at xs ≈ 700 mm and xr ≈ 900 mm respectively. The Reynolds
number based on Ue0 and the distance from the leading edge to the point of
separation, xs was Rex = Ue0xs/ν = 3.3 · 105.

The variation with x of the integral flow parameters, i.e. the displacement
thickness δ∗, the momentum loss thickness θ and shape factor, H = δ∗/θ is
illustrated in figure 5. The Reynolds numbers based on the edge velocity at
separation, Us, and the displacement thickness, δ∗s or momentum thickness
at separation, θs were Reδ∗s = 1390 and Reθs = 417 respectively. Inside the
region of the bubble θ remains fairly constant in comparison to δ∗. Not until
x ≈ 870 mm, does θ increase as the unstable separated shear layer reattaches
and a turbulent boundary layer develops. δ∗ on the other hand, grows already
upstream of the separation point, reaching a maximum value at x = 860 mm,
and from there on decaying as the mean velocity profile gets fuller. The shape
factor reaches a maximum value of approximately 5 in the separation bubble.
Since no backflow is measured in the reverse flow region in the bubble, δ∗ will
be underestimated and θ overestimated in the numerical integrations of the
mean velocity profiles in the bubble. The values in figure 5 should therefore be
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Figure 4. Mean velocity profiles along the plate centreline.
Streamwise positions are given in millimeters from the leading
edge.

considered as indicative and should not be used for determining the points of
separation and reattachment.

4.2. Natural velocity fluctuations

The natural, i.e. unforced, laminar separation bubble flow in the present in-
vestigation is highly unstable. Initially disturbances in the boundary layer are
damped in the favourable pressure gradient region upstream of the bubble, but
further downstream the rapid disturbance growth in the adverse pressure gra-
dient boundary layer and in the separated shear layer causes transition and a
turbulent boundary layer is established after reattachment.
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In figure 6 amplitude spectra of the streamwise velocity inside the separated
shear layer at x=830, 840 and 850 mm are shown. The dominating natural
velocity fluctuations in the separated shear layer in the bubble have disparate
timescales. The natural fluctuations can broadly be divided into low frequency
oscillations (here frequencies less than 20 Hz) and high frequency oscillations (in
this case frequencies in the range 60-120 Hz). The presence of low frequency
fluctuations in the separation bubble is a characteristic feature of separated
flows in general, and is not restricted to the case where separation is caused
by an adverse pressure gradient (Cherry et al. 1984). The origin of this low
frequency motion is not fully clear but may be due to a global instability which
is especially manifested in the reattachment region and gives rise to an overall
‘flapping’ motion of the separated shear layer, observed among others by Dovgal
et al. (1994). The high frequency fluctuations in figure 6 are seen to increase
downstream and illustrates that naturally occuring disturbances within this
frequency range are rapidly growing.
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Figure 6. Amplitude spectra of streamwise velocity, Au(f),
in the separated shear layer at x = 830, 840 and 850 mm and
y = 5.2 mm under natural conditions. The spectra are shifted
in amplitude a factor 0.5 x 10−3 for clarity.

4.3. Artificially forced instability waves

The development of low-amplitude two-dimensional instability waves in the
separation bubble was investigated further by means of controlled generation
by suction and blowing through the transverse slot in the plate located at
x=189 mm. When using artificial excitation a phase reference exists, and the
downstream development of the phase of the instability wave can be measured
with one probe. The frequency of the forced instability wave was chosen to
agree with one of the most amplified frequencies in the natural bubble, f∗ =
83.3 Hz.

Close to the disturbance source the instability wave resembles a TS-wave
in the Blasius boundary layer with two local maxima in the amplitude dis-
tribution of the fluctuating streamwise velocity. When entering the separated
region the amplitude distribution of the instability wave changes shape and
develops a third local maximum in the shear layer. A similar behaviour was
observed for the naturally excited high-frequency waves prior to reattachment.
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Figure 7. Amplitude profiles of natural and forced instability
waves prior to reattachment. Measurements at x = 880 (− ◦
−), 890 (−∗−) and 900 mm (−�−) in the natural flow case
(left), and at x = 830 (−◦−), 840 (−∗−) and 850 mm (−�−)
in the forced case (right).

Figure 7 compares the wall normal distribution of the amplitude of the forced
wave at three streamwise positions close to reattachment with a filtered rms-
distribution of the fluctuating streamwise velocity in the natural case, where
the time signals were bandpass-filtered in the range 40 to 133 Hz. The cor-
responding mean velocity profiles are plotted in the same graphs. The three
maxima are both in the natural and the forced case located at the edge of the
low-velocity region, at the inflection point of the separated shear layer and at
its edge, respectively.

Figure 8 shows the wall normal phase profile of the forced instability wave
at x = 840 mm (right) together with the streamwise phase variation of the
middle amplitude maximum of the wave (left). Two phase shifts exist in the
phase profile at x = 840 mm, located in between regions of constant phase
which corresponds to the three local amplitude maxima seen in figure 7. From
the downstream phase development of the middle amplitude maximum the
phase speed, c, of the instability waves can be determined as c = ω/∆φ

∆x
, where

ω = 2πf∗. c is found to be nearly constant in the region where the separation
bubble is located until reattachment occurs. At x = 840 mm, c/Ue = 0.39. This
is lower than the mean velocity at the inflection point at the same streamwise
position which equals 0.60Ue. One may have expected that the phase speed
of the waves would be closer to the mean velocity at the inflection point as
would be the case in a free shear layer flow, however, as Michalke (1990) has
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Figure 8. Phase development (the phase is determined at the
middle maxima) in the streamwise direction (− ◦ −) and wall
normal phase profile at x = 840 mm (− ∗ −) of 2D-instability
wave in the separation bubble. The frequency is 83.3 Hz

shown, the influence of the wall reduces the wave speed quite significantly for
wavelengths which are larger than the distance of the inflection point to the
wall. In fact our measured phase speed is close to values corresponding to his
numerical results.

In figure 9 the streamwise growth of the forced two-dimensional wave is
shown. The instability wave grows exponentially between x ≈ 700 − 825 mm
and saturates after reattachment at an amplitude above 10 %. This growth
starts upstream of separation, in the adverse pressure gradient boundary layer,
where a factor 5 increase in amplitude is observed from x ≈ 600 mm to xs ≈ 700
mm.

The disturbance growth in the bubble is quite high; the separation bubble
has the ability to amplify the wave almost three orders of magnitude in a
streamwise distance of 200 mm, corresponding to approximately 5 wavelengths.

4.4. Flow visualizations

The flow in the separation bubble was visualized by introducing a thin layer of
smoke through a narrow slot in the plate 212 mm downstream of the leading
edge. A photograph of the flow in case of natural transition is shown in figure
10. The flow is from left to right and the scale in the upper part of the
photograph is in mm, with zero at the leading edge. In the laminar boundary
layer ahead of the bubble the smoke sheet is smooth and unperturbed. The
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Figure 9. Amplification curve of forced 2D-instability wave
in the separation bubble with f∗=83.3 Hz.

separation line can be seen around x = 700 mm. The bubble remains fairly two-
dimensional and steady from the point of separation up to x ≈ 860 mm. Before
the reattachment region two wave crests can be distinguished, whereafter the
smoke sheet is dispersed, although a weak three dimensional structure is visible.

In figure 11 the flow is forced through the slot at x =189 mm with a fre-
quency of 102 Hz. For this case several waves can be seen, which initially are
highly two-dimensional. The breakup occurs at an almost constant x across the
full span of the smoke sheet and here a three-dimensional streamwise oriented
pattern is clearly seen in and after the reattachment region. From video record-
ings it was observed that the three-dimensional structure was fairly steady in
the spanwise direction and had a spanwise wavelength of approximately 30 mm.
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Figure 10. Instantaneous smoke visualization of the separa-
tion bubble under natural conditions.

Figure 11. Instantaneous smoke visualization of the separa-
tion bubble when forcing a 2D-instability wave. Ue0 = 5.0 m/s
and the forcing frequency is 102 Hz.
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5. Summary and conclusions

A two-dimensional laminar separation bubble induced by an adverse-pressure
gradient was experimentally studied in a wind tunnel. The set-up employed
a contoured wall with boundary layer suction to induce the pressure gradient
and resulted in a bubble with a stable, two-dimensional separation line. The
present experiments combine flow visualization, hot-wire measurements and an
accurate wave disturbance forcing technique, to make detailed measurements
of the evolution of single frequency two-dimensional instability waves in the
separating and reattaching boundary layer as well as naturally occurring wave
disturbances.

The present investigation is in qualitative agreement with previous studies
on laminar separation, but is unique in its set-up and level of detailed mea-
surements. Several new interesting aspects of disturbance growth were also
observed. We summarize the main results below:

• The streamwise velocity disturbance distribution for both natural and
forced disturbances shows three maxima. The largest amplitude corresponds
to the inflection point in the mean velocity, indicating an inviscid origin of the
disturbance.

• The phase speed of the disturbance is lower than the velocity at the
inflection point. This is probably an effect of the wall, which has theoretically
been shown to lower the phase speed as compared to a free shear layer (Michalke
1990).

• The growth rate of wave disturbances in the bubble was found to be
exponential, and the wave amplitude of the forced wave reaches a value of
around 10 % of the edge velocity before it saturates. These results are in
excellent agreement with theoretical results by Hildings (1997) (both DNS and
linear stability calculations) where the base flow was obtained from the present
experiments.

• The flow visualization shows the formation of three-dimensional well-
ordered structures before reattachment. These structures have a spanwise
wavelength which is about the same as the wavelength of the two-dimensional
wave.
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Measurements with a Flow Direction
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Measurements with a directional sensitive hot-wire probe have been carried out
in a two-dimensional laminar separation bubble caused by an adverse pressure
gradient. The probe has three parallel, in plane wires and can be traversed
in the boundary layer in all spatial directions. The central wire, operated as
a conventional hot-wire in CTA mode, and two surrounding resistance wires
measure the instantaneous magnitude and direction of the flow, respectively.
The probe is calibrated and operated in a similar way as a single hot-wire
probe for boundary layer measurements. The frequency response is high enough
for measurements of naturally occurring instability waves in the bubble. The
flow direction intermittency was measured inside the bubble and regions with
reversed flow were mapped out. Prior to reattachment periodical oscillations
of the flow direction are found associated with shedding of vortical structures
from the bubble.

1. Introduction

A conventional hot-wire probe cannot distinguish the direction of the flow due
to the directional symmetry of the wire element. As a consequence measure-
ments with such a probe in separated flows, displaying regions with reverse
flow, will give erroneous results. One such flow case that has been extensively
studied both experimentally and numerically over the past decades is the lami-
nar separation bubble flow caused by an adverse pressure gradient. For a recent
review on laminar separation bubbles see Dovgal et al. (1994).

The insensitivity of the single hot-wire to the direction of the flow will in
the laminar separation bubble give erroneous measurements of the mean and
the rms of the streamwise velocity in the low velocity region close to the wall

61
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where reverse flow occurs. In transition experiments where the evolution in
the separation bubble of different types of artificially generated deterministic
disturbances is studied the directional insensitivity will lead to an uncertainty
of the behavior and structure of these disturbances.

1.1. Hot-wire techniques for reverse flow

Several different hot-wire techniques have been developed trying to circumvent
the directional ambiguity of the single wire probe for measurements in and
detection of reverse flow in both laminar and turbulent flows.

The pulsed-wire probe of Bradbury & Castro (1971) uses two resistance
wires placed at right angles to a central wire to detect a pulse of heat released
from the central wire. This probe is sensitive to the direction of the flow and
from the measured time of flight for the heat pulse to travel between the emitter
and sensor wires the magnitude of the velocity is determined. The pulsed wire
technique can be used in highly turbulent flows but is not equally suited for
measurements in a low turbulence intensity environment. Another drawback
is the low frequency response, especially at lower flow velocities.

In a theoretical analysis of the pulsed-wire technique Bradbury & Castro
(1971) found that in order to obtain high sensitivity of the probe to the velocity
in the low velocity range the Péclet number, P = Ul

κ
, should not be lower than

approximately 50, in order to avoid effects of thermal diffusion. This criterion
puts a restriction on the minimum distance between the heated wire and the
sensor wires. For a flow velocity of 1 m/s this would correspond to a distance
between the heated wire and the sensor wire of 1.25 mm which Bradbury and
Castro recommended as the minimum spacing. The theoretical analysis did not
account for effects of the viscous wake of the central wire. From experimental
measurements with the pulsed probe Bradbury and Castro concluded that the
influence of the viscous wake seemed to somewhat compensate for the thermal
diffusion effects and in that way extend the low velocity limit.

Downing (1972) determined the magnitude and direction of a pulsating one-
dimensional flow in a pipe using a hot-wire anemometer probe. The geometrical
wire arrangement of the probe was similar to the pulsed probe of Bradbury and
Castro except for a smaller distance (0.8 mm) between the sensor wires and
the central wire. The central wire was continuously heated and operated as a
conventional single hot-wire. The two sensor wires (d = 5 µm), operated as
resistance wires, were connected in a Wheatstone bridge. The bridge output
was differentially amplified and sent to a voltage comparator and a switching
amplifier which inverted the anemometer signal during periods of time with
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reverse flow. The probe was operated successfully for mean velocities ranging
from 0 to over 20 m/s and frequencies in the range of 0 to 50 Hz.

The thermal tuft technique has been used by several authors mainly in
studies of reattachment and the near wall region in turbulent separation to
determine the instantaneous flow direction. In the wall-flow direction probe
of Eaton et al. (1979) the temperature wake of a continuously heated central
wire (d = 125 µm) was detected by two surrounding sensor wires (d = 5
µm). All wires were parallel and in plane and mounted perpendicular to the
flow between prongs entering the flow through holes in an insert plug, flush
mounted at the wall. The sensor wires, operated as resistance wires, were
balanced in a bridge at the same temperature. Temperature variations of the
resistance wires, related to the direction of the flow, will unbalance the bridge.
The instantaneous flow direction was obtained from the amplified bridge output
voltage.

This probe was used in the separated flow of a backward-facing step where
the mean reattachment point, corresponding to the point close to the wall where
the flow was reversed 50 % of the time, could be determined within ± 10 % of
the height of the step. Adams & Johnston (1988) used this probe in a study of
the effects of the separating shear layer on the structure of flow reattachment
behind a backward-facing step.

Shivaprasad & Simpson (1982) developed a modified wall-flow direction
probe sensitive to cross flow. This probe had, except for the central heated
wire and the two surrounding sensor wires, another two heated wires, one on
each side of the central wire, which covered the range of cross-flow directions
that would fail to intersect with the sensor wires in the unmodified probe
configuration. Measurements of the upstream-downstream flow direction in-
termittency in a separated turbulent shear flow caused by an adverse pressure
gradient were compared with intermittency data deduced from LDV measure-
ments. The thermal tuft probe gave 5-10 % higher values than LDV except
for intermittency values near 0 and 1, where the difference was smaller. Mea-
surements of the spanwise intermittency showed a high sensitivity to the actual
geometrical asymmetry of the probe.

Carr & McCroskey (1979) used a direction-sensitive hot-wire probe to in-
vestigate the unsteady separated flow of an oscillating airfoil up to Mach num-
bers of 0.3. The probe consisted of three parallel wires all operated in CTA
mode. The central wire was operated at a much higher overheat than the two
sensor wires and the distance between one sensor wire and the central wire was
0.127 mm. In this way the probe could be operated in a wide range of mean
velocities and a high frequency response was obtained. The sensor wire signals
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were electronically conditioned and compared whereby the instantaneous flow
direction could be determined.

1.2. Present work

The boundary layer probe described in this paper is designed to operate simi-
larly to a conventional single hot-wire probe, but with the ability to determine
the instantaneous flow direction. The probe can be used for measurements in
transitional and low turbulence intensity two-dimensional flows at low speeds
and in boundary layer transition experiments with artificially excited low am-
plitude instability waves. The probe can similarly to an ordinary hot-wire
probe easily be traversed in the streamwise and wall normal direction and in
tunnel calibration is performed in much the same way as a conventional hot-
wire probe operated in CTA mode. The basic principle for detection of flow
direction is the same as for the thermal tuft probe of Eaton et al. (1979).

2. Boundary layer probe design

The boundary layer probe, figure 1, has three parallel and in plane 2.5 µm
platinum wires soldered between six prongs. The prongs are attached with
insulating glue and pass through a ceramic cylinder containing six separate
channels. At the end of the ceramic cylinder, which constitutes the probe body,
the prongs are bent an angle to the probe body enabling near wall traversing
and measurement. The length of the prongs and probe body are 10 mm and 55
mm respectively, and the diameter of the probe body is 2.5 mm. The central
wire (l = 0.5 mm) is heated and operated in conventional CTA mode with 50
% overheat corresponding to an overheat temperature of 138 ◦C. The heated
wire is positioned inbetween two sensor wires (l = 1.1 mm) operating as cold
wires or resistance wires. The distance between the heated wire and one sensor
wire is 0.9 mm. The sensor wires are connected in a Wheatstone bridge, figure
2, connected to a power supply providing a constant current, I. The bridge
voltage is fed into a differential amplifier and the output signal S from this
amplifier contains the information of the instantaneous flow direction. At zero
fluid velocity the bridge is balanced by adjusting the bridge potentiometer. Any
non-zero fluid velocity will unbalance the bridge due to the increased resistance
of the one sensor ‘feeling’ the thermal wake of the heated wire, and the sign of
the amplified bridge voltage S will therefore show the direction of the flow. In
the bridge configuration used, S < 0 whenever the flow was reversed.
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3. Calibration and measurement procedures

The directional sensitivity of the boundary layer probe was initially investi-
gated in a turnable test rig mounted in the MTL wind tunnel at KTH. This rig
consisted of a vertical suspension bar connected to a horizontal flat plate. The
prongs of the probe passed through a sealed slot in the plate and were posi-
tioned outside the laminar boundary layer on the lower surface of the plate. By
turning the rig and probe 180 ◦ relative to the incoming air stream calibration
could be performed under the same steady flow conditions in both the upstream
and downstream flow direction. A Pitot tube connected to an accurate pres-
sure transducer served as velocity reference during calibration. Figure 3 shows
typical results from calibrations in the upstream and downstream flow direc-
tion. The anemometer signal, E, and the directional signal, S, exhibit a fairly
symmetrical and anti-symmetrical response respectively, to the flow velocity,
U . Differences in the two flow directions are present due to non-symmetries in
the actual probe geometry.

Attached to a five-axis traversing system the probe was calibrated in the
free stream in the downstream flow direction before measurements in a laminar
separation bubble were carried out. Both during calibrations and measure-
ments the bridge current I was kept constant in the range of 0.8 to 2.0 mA to
keep a low sensitivity of the resistance wires to velocity fluctuations.

The centre hot-wire was calibrated against velocity and a calibration func-
tion of the form

U = k1(E2 −E2
0)

1
n + k2(E −E0)

1
2 (1)

was fitted to the data, where E is the anemometer output voltage, E0 the
anemometer output voltage at zero velocity, k1 and k2 calibration constants
and n the exponent in Kings law. This calibration function has previously
been used by Johansson & Alfredsson (1982) and has proved accurate at low
velocities. The deviation of the calibration points was typically within 1 %
except for velocities below 0.5 m/s where it was up to 5 %. During calibration
and measurements the air temperature in the test section was kept constant at
23±0.1 ◦C by the wind tunnel cooling system.

Before calibration or measurements were undertaken, both E0 and S0, the
anemometer output voltage and the directional signal, both at zero velocity,
were determined. At each measurement point the anemometer signal E and the
directional signal S were lowpass filtered and then sampled at 2 kHz with a 12
bit resolution of the ADC-board. The total sampling time at each measurement
point equaled 24 seconds. A Macintosh computer was used to control the data
acquisition and the five-axis traversing system.



Measurements with a Flow 67

-10 -5 0 5 10

0

0.2

0.4

-10 -5 0 5 10

-3

-2

-1

0

1

2

3

U (m/s)

S (V)

E − E0 (V)

Figure 3. Typical calibration curves for the directional
boundary-layer probe. E is the anemometer output voltage,
E0 the anemometer output voltage at zero velocity and S is
the directional signal voltage.

4. Results

The boundary layer probe was used in an investigation of a transitional two-
dimensional separation bubble on a flat plate in the MTL wind tunnel at KTH.
The free stream turbulence level was 0.04 % in the measured velocity range.
An adjustable contoured roof mounted in the test section, figure 4, formed a



68 C.P. Häggmark, A.A. Bakchinov and P.H. Alfredsson

contraction which induced an adverse pressure gradient at the plate, forcing
the laminar boundary layer there to separate. The shape of the roof could be
changed with a vertical rod displacing the roof at the position of minimum cross
section area of the contraction. Hereby the strength of the adverse pressure
gradient could be varied. In the experiments reported one geometry of the
contoured roof was used where the minimum plate to roof distance were 70 %
of the plate to roof distance at the leading edge. To prevent separation at the aft
side of the contraction continuous suction was applied there through a porous
section of the roof. The fraction of the flow in the test section removed through
this porous section was roughly 0.5 - 1.0 %. In this way the flow remained
attached all along the contoured roof. The separated shear layer at the plate
reattaches and forms a shallow separation bubble. The time averaged length
and height of the bubble are approximately 200 mm and 3 mm, respectively,
yielding a length to height ratio of approximately 70. The separation point is
located at x ≈ 700 mm.

continuous suction

separation bubble

A
A
A
A

y

x z

contoured 
adjustable roof

traversing mechanism and probe support

Figure 4. Schematic view of the test section in the MTL wind
tunnel with an inserted adjustable roof.

4.1. Mean flow results

The variation of the streamwise component of the boundary layer edge velocity
along the plate is shown in figure 5. After an acceleration of the flow the
boundary layer edge velocity is decelerated. A region with a fairly constant
velocity followed by a region with a sharp velocity decrease can be observed,
both characteristic features of the laminar separation bubble.

Smoke visualisations of the separation bubble were carried out by intro-
ducing a sheat of smoke in the boundary layer from a narrow slit in the plate
upstream of the bubble. From video recordings and photographic pictures of
the flow the point of separation and the size of the separation bubble were de-
termined. Smoke visualisations further showed that the separation line and the
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Figure 5. Boundary layer edge velocity along the plate nor-
malized with value at x = 50 mm from the leading edge.

foremost part of the bubble were nearly two-dimensional and steady whereas in
the reattachment region large scale three-dimensional vortical structures were
periodically shed. Beneath the separated shear layer a wedge shaped region
of low velocity fluid, known as the dead air region, could be observed. These
general features of two-dimensional low Reynolds number separation bubbles
have been reported by several authors, e.g. see Dovgal et al. (1994).

The boundary layer at the plate was traversed in the wall normal direction
and the streamwise velocity component together with the flow direction were
measured at several x-positions both upstream, inside, and downstream of the
separation bubble. Hereby the extent of the region where reverse flow occurs
could be mapped out.

In the first part of the bubble the enclosed layer of fluid near the wall is
very thin and almost stagnant and therefore the probe cannot detect any flow
reversal in that region. As the separated shear layer moves away from the wall
the strength and region of the reverse flow increase and flow reversal can be
detected. This is in agreement with the measurements of Fitzgerald & Mueller
(1989) who found small differences in mean velocity profiles measured with LDV
and single hot-wire anemometry in the beginning of a transitional separation
bubble on an NACA airfoil. These small differences extended up to roughly
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Figure 6. Distribution of the directional signal in the sepa-
rated region at x = 860, 880 and 900 mm and y = 0.8 mm (for
location in the bubble see figure 7). Ntot equals 48 000 sam-
ples.

65 % of the transition length (defined as the distance between separation and
the maximum height of the bubble). First after that they found significant
influence of the reverse flow on the mean velocity profile.

Distributions of the directional signal, S, in the separated region are shown
in figure 6, all measured at y = 0.8 mm but at three different x-positions
(x = 860, 880, and 900 mm) for which the time fraction of reverse flow, γ, was
0.03, 0.16 and 0.37 respectively. The directional signal is measured in Volts,
where S = 0 is the demarcation between the reverse and the ordinary flow
direction. The distributions were obtained from 48000 samples, corresponding
to a sampling time of 24 seconds, and they are normalized with the total number
of samples, Ntot. Figure 6 clearly shows how the distribution of the directional
signal changes character and develops a bi-modal shape at x = 900 mm, where
one of the two maxima corresponds to flow in the downstream direction and
the other to reverse flow. This occurs at a position which coincides with the
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Figure 7. a) Backflow intermittency of the streamwise ve-
locity versus y. b) Mean velocity profiles at four streamwise
positions in the bubble. The profiles are shifted 5 mm respec-
tively for clarity.

region where the onset of shedding of 3D vortical structures from the bubble
can be observed in the smoke visualizations.
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In figure 7 the time fraction of reverse flow or the upstream flow direction
intermittency, γ, is plotted versus the wall normal distance at four different
streamwise positions in the bubble (a), together with the corresponding mean
velocity profiles (b). γ was determined from the probability density function of
the directional signal. At x = 860 mm the region in the boundary layer with
non zero γ extends to y = 1.8 mm. This region, with reversed flow present,
grows downstream and at x = 900 mm, where the height of the recirculation
zone reaches a maximum, the intermittency vanishes at y = 3 mm. The inter-
mittency distribution shows a clear maximum near the wall at a fairly constant
position throughout the aft part of the bubble. The magnitude of the maxi-
mum in the intermittency distribution increases downstream and reaches 37 %
at the maximum height of the bubble.

The measured mean velocity profiles in the bubble, figure 7(b), have similar
shapes with a separated shear layer and an inflection point. The mean velocity
was determined from the anemometer signal and eq. (1) directly, as would have
been the case using an ordinary single hot-wire. Thus the direction of the flow
was not taken into account. While the profiles at x = 860 mm and x = 880
mm almost fall on top of each other a change occurs at x = 900 mm with a
higher mean velocity near the wall. This is connected with the rapid growth
in intermittency from a peak value of 16 % at x = 880 mm to 37 % at x = 900
mm. In the part of the boundary layer where reverse flow occurs the hot wire
signal is folded and the magnitude of the measured mean velocity will be too
high. This effect will increase with increasing intermittency.

4.2. Time resolved results

A representative part of time traces of the velocity and directional signals
measured in the separated shear layer at x = 880 mm and y = 5.5 mm, where
urms reaches a maximum, are shown in figure 8(a). Figure 8(b) shows power
spectra of the velocity and directional signals calculated from these time traces.
In this part of the flowfield no flow reversal occurs. The flow in the bubble is
dominated by low frequency oscillations below 30 Hz and high frequency wave
packets in the range of 60-120 Hz. The selectivity in frequency of the most
amplified disturbances in the bubble is strong and a dominating frequency of
97 Hz can be found in the shear layer. In figure 8(b), a spectrum from the
corresponding directional signal is also shown. This spectrum displays a peak
in the same high frequency range as the power spectrum of the velocity signal
indicating a sufficiently high frequency response of the boundary-layer probe.

Closer to the wall the rectifying effect of the hot-wire signal in reverse flow
is clearly seen. Time records of the output signals from the probe and the
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Figure 8. a) Time traces of the velocity signal and directional
signal at x = 880 mm and y = 5.5 mm. b) Power spectra of
velocity signal and directional signal in the separated shear
layer at x = 880 mm and y = 5.5 mm. The spectrum of the s-
signal is shifted vertically one unit for clarity. f∗ corresponds
to the most amplified frequency in the shear layer in the bub-
ble.
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corresponding power spectra are shown in figures 9(a) and 9(b) at a position
x = 900 mm and y = 0.7 mm. As in the shear layer the two spectra show a
peak at the most amplified frequency of the naturally occurring wave packets
of the bubble. The velocity spectrum displays however also another peak at
twice the natural frequency due to the folding of the velocity signal. This peak
is absent in the spectrum of the directional signal. From the time records of
the two signals the velocity signal is seen to show large fluctuations and it is
also seen to be folded at times when S < 0. The directional signal shows a
regular periodic variation in time with alternating positive and negative flow
direction at the same frequency as the instability waves which are amplified in
the bubble. These regular fluctuations in velocity and direction of the flow is
caused by steady and unsteady vortical structures being shed from the bubble.

The influence of the vortex shedding on the velocity signal is clearly seen
when comparing the magnitude of the velocity fluctuations in figure 9(a) with
the ones in figure 10. Both time traces are measured at the same distance from
the wall. In figure 10 the streamwise location is x = 860 mm. The amplitude
of the fluctuations in the velocity signal is an order of magnitude larger at
x = 900 mm, prior to reattachment, compared to the level at x = 860 mm.

The clear changes in the structure of the directional signal and the velocity
signal from x = 880 mm to x = 900 mm demonstrate not only the ability of the
bubble to strongly amplify disturbances in the shear layer but also the fact that
the development of vortex shedding from the bubble is a rapid process evolving
during a distance shorter than a typical wavelength of the natural instability
waves of the bubble.

A time lag between the two signals in figure 9(a) is present due to the time
needed for a heated fluid element to travel from the central wire to one of the
sensor wires. This time lag, which in figure 9(a) is of the order of 0.5 ms, has to
be accounted for if both the instantaneous sign and magnitude of the velocity
signal should be obtained.

5. Conclusions

With the boundary layer probe described in this paper the streamwise veloc-
ity component can be measured in a similar way as with a single hot-wire
anemometer. A second output from the probe is a continuous signal related
to the direction of the flow. Hereby the boundary layer probe can be used to
map out regions in the boundary layer where a single hot-wire probe would
yield erroneous results. Measurements in a laminar separation bubble showed
that regions with flow reversal were confined to a shallow region in the aft part
of the bubble and to the unsteady reattachment region. In the reattachment
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Figure 9. a) Representative time traces of the velocity signal
and directional signal at x = 900 mm, y = 0.7 mm. b) Power
spectra of velocity signal and directional signal at x = 900
mm and y = 0.7 mm. The spectrum of the s-signal is shifted
vertically one unit for clarity. f∗ corresponds to the most
amplified frequency in the shear layer in the bubble.
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Figure 10. Representative time traces of the velocity signal
and directional signal at x = 860, y = 0.7 mm.

region a strong periodic shedding of vortices was found. The operation of the
probe does not differ significantly from conventional single hot-wire technique.
Some specific difficulties encountered concerning measurement and calibration
have however been identified.

• Performing measurements close to the wall, say at y < 0.8 mm, require
accurate alignment of the probe parallel to the wall in order to avoid
wall contact with the prongs. Because of the relatively large size of the
probe and the high pitch angle of the prongs this is a more difficult
task than compared with a single hot-wire probe for boundary layer
measurements.

• To obtain high accuracy of measurements in the low velocity region of
the bubble, where reverse flow occurs, proper calibration of the probe
is crucial. If the instantaneous magnitude and sign of the local velocity
is sought the hot-wire anemometer signal has to be correctly unfolded.
This can be done with the information from the directional signal pro-
vided that i) the time lag between the velocity signal and the directional
signal is accounted for and ii) in-tunnel calibration at low velocities is
carried out in both flow directions, for instance by using a jet flow from
a movable nozzle positioned upstream and downstream of the probe.
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• The combination of the in plane geometrical arrangement of the wires
and the low heating of the central wire restrict the applicability of the
probe to laminar and low turbulence intensity flows.

• The flow of the laminar separation bubble investigated is dominated by
a shedding frequency at 97 Hz. Under these conditions the boundary-
layer probe is seen to respond well to changes in the direction of the
flow.
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An experimental study of instability waves in a

laminar separation bubble

By C.P. Häggmark

Dept. of Mechanics KTH, S-100 44, Stockholm, SWEDEN

Abstract

The transition process in a laminar separation bubble caused by an adverse
pressure gradient is studied experimentally in a wind tunnel. A contoured
wall in the wind tunnel ceiling creates an adverse pressure gradient on a flat
plate. Disturbances which develop in the flow are strongly amplified, and dist-
urbances growing in the separated shear layer lead to transition in the flow.
Controlled disturbance waves are generated in the boundary layer upstream
of the separation bubble and their development is studied in the separated re-
gion, with focus on the development of three-dimensionality in the transition
process. The waves are introduced in the boundary layer through a slit in
the plate by the suction and blowing technique. Both single and multiple fre-
quency low-amplitude two-dimensional instability waves and a case with three
dimensional waves are considered. Hot-wire anemometry, particle image ve-
locimetry (PIV) and flow visualization technique are used in the experiments.
The separated shear layer show a strong preference for two-dimensional in-
stability waves, which grow exponentially and maintain their two-dimensional
form in the foremost part of the separation bubble flow. In this region a middle
maximum in the wall normal amplitude profiles of the waves appears at the
inflection point of the mean flow, suggesting that the disturbance growth is
inviscid in origin. In the reattachment region the two-dimensional waves de-
velop a three-dimensional pattern and the disturbance amplitude vary strongly
in the spanwise direction. Instantaneous velocity field measurements with the
PIV-technique provide information on the complex flow development in the
reattachment region of the bubble.
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1. Introduction

Laminar boundary layers can under certain conditions separate before transi-
tion occurs, whereby a small region with recirculating fluid is enclosed beneath
a separating and reattaching shear layer - a so called laminar separation bub-
ble. This complex flow field is characterized by large sensitivity to disturbances
in the flow, unsteadiness and hysteresis effects. The high degree of sensitivity
to disturbances implies that as a result of the separation bubble transition to
turbulence usually occurs in the flow.

Laminar separation bubbles often occur in the vicinity of the leading edge
of airfoils and they can strongly affect the aerodynamic performance. From
the viewpoint of flow stability the importance of the inviscid Kelvin-Helmholtz
type of instability mechanism as the dominant instability mechanism for these
flows is supported by both experimental and numerical studies, Dovgal et al.
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(1994), Watmuff (1999), Pauley et al. (1990), Rist & Maucher (1994). However,
differences have also been observed as regards for example growth rates and
phase speeds of low-amplitude instability waves, Rist et al. (1996), Dovgal et al.
(1994), as compared with the free shear layer instability mechanism.

A striking feature of experiments on two-dimensional separated flows with
reattachment is the development of three-dimensional structures in the flow,
causing large-sale spanwise mean flow variations. The details of this three-
dimensional development in nominally two-dimensional separated flows are not
well-known.

Watmuff (1999) investigated an adverse pressure gradient separation bub-
ble flow experimentally. Separation occurred on the wind tunnel test section
floor using a contoured roof in the test section ceiling. Watmuff studied the
evolution of a low-amplitude three-dimensional wave packet in the separation
bubble, carrying out extensive X-wire measurements in the reattachment re-
gion and downstream of the bubble in the developing turbulent boundary layer.
Watmuff found that the growth of the wave packet was associated with the
appearance of Kelvin’s cat’s eyes in the spanwise vorticity in the separated
shear layer. Separation was highly two-dimensional, whereas the flow in the
reattachment region showed three-dimensional structures both in the mean
and disturbance flow field, both with and without forcing of the wave packet.
From contour maps of the magnitude of the vorticity Watmuff observed three-
dimensional waves forming vortex loops in the reattachment region. These
vortex loops maintained their structure in the turbulent boundary layer the
entire length of the test section.

Alam & Sandham (2000) report on a direct numerical simulation in 3D
of a laminar separation bubble on a flat plate, with the aim of studying the
natural transition process. A prescribed wall normal velocity distribution with
Gaussian shape along the upper boundary of the computational domain forces
separation at the plate. Wave disturbances are introduced upstream of sepa-
ration by suction and blowing in a short streamwise region at the wall. Alam
& Sandham observe staggered Λ-structures in the separated shear layer prior
to breakdown, which occurs in the vicinity of reattachment.

In the present study hot-wire anemometry, particle image velocimetry and
smoke visualization technique are used to investigate an adverse pressure gra-
dient induced two-dimensional separation bubble on a flat plate. The develop-
ment of artificially generated two-dimensional and three-dimensional instability
waves in the separated flow is monitored in order to shed light on the instability
and transition process.
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2. Experimental set-up and measurement techniques

2.1. Wind tunnel set-up

A laminar separation bubble flow on a flat plate is obtained by an imposed
adverse pressure gradient caused by a curved wall with suction, mounted in the
test section of the KTH MTL wind tunnel, opposite to the flat plate. Figure 1
shows the geometry of the set-up. The height of the test section is 0.80 m and
the width is 1.20 m. The plate and the curved wall span the entire width of
the test section. The leading edge of the plate is 1.30 m downstream of the end
of the contraction. The full test section length is 7 m and the working part of
the plate is 2.16 m. The plate is the same as the one used by Klingmann et al.
(1993). Downstream the working part the plate is prolonged by an additional
3 m long flat plate section. At the trailing edge of the plate a 0.45 m long
flap is attached. With the flap the stagnation streamline was located to be
slightly above the leading edge of the plate. The plate is mounted on beams
and the distance, H , from its upper surface to the flat wind tunnel ceiling is
0.534 m. The displacement of the curved wall at the position of minimum
height, ∆, is equal to 0.3H and the streamwise extension, L, equals 1.7H . The
reference velocity, U0, was measured 0.20 m upstream the plate leading edge
with a Prandtl tube and was kept constant during the measurements at 7.0
m/s.

The curved wall forms a contraction in the test section. It is made from a
1 mm thick aluminum plate which is fixed at the upstream end and free to slide
in the downstream end. The shape of the inserted wall could be changed by
manually displacing a threaded rod in the vertical direction. The end of this rod
was connected to an iron bar, horizontally aligned and positioned perpendicular

L

∆

H
h

d

x

U0

Figure 1. Flow geometry.
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to the flow direction. This bar spanned the width of the test section and kept
the aluminum sheet under tension and parallel to the flat plate.

The set-up allows for different pressure distributions to be induced on the
plate, however in the present study only one geometry was used. The geometry
was chosen in order to obtain a separation bubble which was large enough to
allow detailed measurements of the mean and disturbance flow development.

The flow geometry, figure 1, can be approximated by a fifth order polyno-
mial given by

h(x)
H

=

=
{

1 − 0.29( x
L
) − 2.40( x

L
)2 + 3.20( x

L
)3 + 1.98(x

L
)4 − 2.49( x

L
)5, 0 ≤ x

L
≤ 1

1, xL ≥ 1
(1)

where x, y and z refer to the axes of a Cartesian coordinate system with its ori-
gin on the centerline of the plate at the leading edge, denoting the streamwise,
wall normal and spanwise directions respectively.

The results presented in this paper are based on measurements obtained
from several different experiment sessions in the wind tunnel where both the
plate and the upper curved wall were demounted in between these sessions.
Despite the fact that great care was taken to obtain the same geomerical set-
up from session to session, the separation and rettachment points varied slightly
for the different sessions. However within one session, which sometimes spanned
a 12 week period, the experimental set-up produced stable conditions.

Suction was provided through a porous section at the leeward side of the
curved wall which prevented separation there and maintained an attached flow
along the curved wall. This region was 0.3 m long (in x) and consisted of
approximately 3000 holes of a diameter of 1.2 mm. On the backside of the
suction panel two different suction compartments were attached to a piping
system and a centrifugal fan which allowed adjustment of the suction strength
along the panel. The fraction of the flow that was removed by the suction was
about 0.5 % of the flow in the test section.

In a preliminary study of a 2D laminar separation bubble flow on a flat
plate where different displacement bodies were used to produce the adverse
pressure gradient the bubble showed to be highly sensitive to spanwise pressure
gradients and a steady two dimensional separation line proved hard to obtain.
Therefore, care was taken in this study to obtain homogeneous suction in the
spanwise direction and a 2D shape of the contoured ceiling in order to avoid
pressure gradients in the spanwise direction.
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2.2. Hot-wire anemometry

The main part of the velocity measurements presented here was carried out
with a constant temperature hot-wire anemometer (A.A. Lab Systems Ltd.,
model AN-1003) using a single 2.5 µm platinum wire. The probe body was
of boundary layer type constructed in-house. The traversing system used is
movable along the test section and the probe is mounted on a 1.6 m long carbon
fibre sting, see figure 2. Some measurements were made with two single wire
probes, where one was fixed and the other could be traversed in the spanwise
direction.

continuous suction

separation bubble

A
A
AA
AA

y

x z

contoured roof

traversing mechanism and probe support

Figure 2. Sketch of test section with traversing system.

In the separated near wall region reverse flow is present and the hot-wire
will not be able to correctly measure the velocity. Therefore care has to be
taken when interpreting data near the wall, especially close to the reattach-
ment region. Some attempts to obtain correct hot-wire data were presented in
Häggmark et al. (2000b) using a three-wire probe. However, as was shown in
that study, most of the flow field can be correctly measured with the conven-
tional technique.

The hot-wires were calibrated upstream of the plate against a Prandtl tube
by varying the speed of the tunnel. The following expression was fitted to the
calibration data,

U = k1(E2 −E2
0)

1
n + k2(E −E0)

1
2 , (2)

where E is the anemometer output voltage, E0 the anemometer output voltage
at zero velocity and k1, k2 and n calibration constants chosen to obtain an
optimal fit of the calibration curve.
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Care was taken to allow an accurate determination of E0, i.e. the voltage
at zero velocity, by allowing the flow in the tunnel to become zero. The tem-
perature variation in the wind tunnel could be regulated by the wind tunnel
cooling system, and it was maintained, both during calibration and measure-
ments, within ±0.1◦C.

The wall normal position of the hot-wire in the separation bubble was
determined from traversing the boundary layer with the curved wall raised and
the suction at the leeward side switched off. In this case no separation occurred
at the plate, and the position of the hot-wire relative to the plate surface was
determined from the measured mean velocity profile near the wall.

2.3. Particle image velocimetry, PIV

Some velocity measurements were obtained using Particle Image Velocimetry
(PIV), giving the possibility to obtain the instantaneous two-dimensional ve-
locity vector field. From the PIV measurements in the separation bubble mean
velocity profiles could also be determined including the reverse flow region near
the wall.

The incoming air stream in the test section was seeded with smoke particles
generated by a smoke generator (JEM Smoke Machine Co. Ltd., model ZR-20
Mk II), positioned at the floor of the stagnation chamber, inside the wind
tunnel circuit. The smoke was injected during approximately 30-60 seconds,
wherafter the smoke injection was shut of and the tunnel was operated for
approximately 15 minutes in order to obtain proper mixing and size distribution
of the smoke particles. This gave the possibility to obtain good quality data
for approximately 15 minutes. This procedure was repeted several times and
resulted in a homogenous distribution of smoke particles in the flow.

The smoke was illuminated with a two 400 mJ pulsed Nd:Yag laser with
532 nm wavelength (Spectra Physics, model Quanta-Ray). The laser beam was
converted into an approximately 1 mm thick laser sheet by a system of mirrors
and lenses, mounted in a movable arm (Dantec Measurement Technology).

Images of the illuminated smoke particles in the flow field were recorded
by a charge coupled device (CCD) camera (Kodak ES 1.0).

Two configurations of the laser sheet and CCD camera positioning were
used in order to measure the flow field in both a wall normal, xy-plane, and
a wall parallel, xz-plane, in the separation bubble. When measuring a wall
normal plane the laser arm was mounted inside the wind tunnel, downstream
of the contoured roof insert, figure 3. For measurements in the xz-plane the
measurement were performed non-intrusively, the laser sheet being transmitted
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Figure 3. Experimental set-up for wall normal and wall par-
allel PIV measurements.

parallel to the plate with the CCD camera mounted above the wind tunnel
ceiling.

A digitized image consisted of 1008 × 1018 pixels. Cross-correlations of
image pairs, separated in time by 20 - 200 µs, were carried out with an interro-
gation area size of 32 × 32 pixels and 50 % window overlap, yielding a vector
field of 62 × 62 vectors. The field of view could be varied by using different
lenses. In the wall normal and wall parallel measurement modes the field of
view was typically 18.5 × 18.6 mm2 and 85.8 × 86.6 mm2, respectively, us-
ing lenses with focal lengths of 200 and 60 mm respectively. Measurements in
the wall normal plane required an extension tube in between the CCD camera
and the lens for optimal resolution of the boundary layer. An example of an
image pair captured by the CCD camera during measurements in an xy-plane
including the separation bubble and the outer flow is given in figure 4. The
two images are captured with a time separation of 20 µs.
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Figure 4. Image pair of illuminated smoke particles in the
separation bubble flow. The field of view is in the xy-plane at
x = 903 − 921.5 mm and y = −0.4 − 18.2 mm. The wall is
located at the line shown in the bottom of the figures.

The PIV-processor (Dantec Measurement Technology, model Flowmap PIV
2000 Processor) is a purpose built processor for evaluation of PIV data. The
processor allows the operator to choose different validation criteria, using the
FlowManager software, and presets the data in the form of two dimensional
vector maps. It is also possible to export the velocity data to other software.
Some of the data obtained was processed in MATLAB. PIV raw vector maps
were validated according to two criteria. First, validation based on the ratio
between the highest and the second highest correlation plane peak value was
performed, rejecting vectors where this quotient was below 1.2. Second, a
criterion enforcing the requirement that the mean particle displacement within
an interrogation area should be equal or less than a quarter interrogation area
length, was applied to the velocity vector maps. Velocity vectors not fulfilling
this requirement were rejected.

This validation procedure implied that typically 10-15 % of the aquired
velocity vector samples in a region in the separated shear layer was rejected.
The time separation between two pulses was preset according to the require-
ment that the mean particle displacement within an interrogation area should
be equal or less than a quarter interrogation area length.

In figure 5 two instantaneous vector fields in an xy-plane at x = 903−921.5
mm and y = −0.4 − 18.2 mm are shown, obtained from processing the images
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Figure 5. Typical velocity vector maps in the xy-plane in
the vicinity of reattachment, obtained from cross-correlation
processing of the images in figure 4 by the PIV 2000 processor.
Left, no validation applied. Right, peak height ratio equal to
1.2.

in figure 4. The vector field to the left represent a raw vector map without
any validation of the data. The corresponding vector map after a peak height
ratio validation is shown to the right. The streamwise location of the field of
view is close to the reattachment point. The separated region appears at the
wall where the length of individual velocity vectors are small. A sharp eye
can observe velocity vectors directed towards the wall, outside the low velocity
region, in the rearward part of the validated vector field in figure 5. The result
of the validation is clearly to discard erroneous data.

During one measurement series typically 400 individual vector maps were
acquired. Measurements were performed at natural conditions and also under
the forcing of two-dimensional and three-dimensional instability waves.

2.4. Generation of instability waves

Controlled disturbances are generated in the boundary layer by suction and
blowing at the wall through a 330 mm by 0.8 mm slit in a flush-mounted plug in
the plate. The slit is located at x=189 mm, approximately three bubble lengths
upstream of the point of separation, perpendicularly aligned to the direction
of the flow. A detailed description of the disturbance plug is found in Elofsson
(1998). At the lower side of the plug 40 inlet pipes are mounted, connected by
flexible hoses to loudspeakers. The inlet pipes enter a mixing chamber in the
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disturbance plug in order to minimize end-effects from the individual pipes. A
schematic sketch of the setup used for disturbance generation is shown in figure
6.

SR

Loudspeakers

Amplifier

Computer
with A/D 
and D/A 
boards

Hot-wire
anemometer

2D-wave

U

flat plate

separation bubble

wind tunnel wall

x=0x=189x   710x   900

0

~~~~

Figure 6. Schematic sketch of system for disturbance generation.

In the reported experiments 4 loudspeakers were used, each one connected
to 10 inlet pipes. By feeding the loudspeakers with phase and amplitude con-
trolled signals generated by a computer, different types of 2D- and 3D-wave
disturbances can be generated. In this investigation two main types of 2D-
waves are considered: 1) a fundamental 2D-wave of constant amplitude and
a single frequency, 2) amplitude modulated 2D-waves consisting of multiple
single frequency waves of equal amplitudes. One case with excitation of three-
dimensional waves in form of two oblique waves was also studied (see Appendix
1).

The disturbance wave generation, the data acquisition and the traversing
were all fully computer controlled. The update rate of the digitally generated
signals driving the loudspeakers was exactly the same as the sampling frequency
of the hot-wire signal whereby an integer number of periods of all generated
individual frequencies could be sampled at each measurement point.

The amplitude and phase of the instability waves were determined from the
time traces of the anemometer velocity signal using FFT-technique, averaging
over typically 20 sets containing 100 periods of the disturbance wave at a forcing
frequency of f = 83.3 Hz.

Measurements in the separation bubble were mostly performed during con-
tinuous generation of instability waves. However, in order to quantitatively
compare the effect of artificial forcing of 2D-instability waves of both constant
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and modulated amplitude on the natural, unforced flow, several measurement
series were carried out where the forcing was alternatingly turned on and off
at each measurement point.

2.5. Visualization technique

In order to get a clear overall view of the separation bubble, flow visualization
was made by introducing smoke at the wall in the boundary layer upstream of
separation. This gave both a clear view of the two-dimensionality and steadi-
ness of the separation line, the development of instability waves in the shear
layer, as well as a picture of the three-dimensional structures appearing in the
reattachment region. A sketch of the set-up employed for the smoke visualiza-
tions is shown in figure 7.
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Figure 7. Experimental set-up for smoke visualizations

After generation by the smoke generator, the smoke was led from a mix-
ing tank through 5 flexible hoses, evenly spaced in the spanwise direction and
attached to the lower side of the plate, into a cavity from where it entered the
boundary layer through a slit in the flat plate at x=212 mm. The dimensions
of the slit were 0.5 and 300 mm in x and z, respectively. The slit and cavity
were placed in the same plug that was used for the generation of controlled
disturbances. The smoke in the mixing tank was kept pressurized by a fan en-
abling a steady leakage of smoke into the boundary layer. In the visualizations
a 0.5 mm thick black-painted steel plate was placed onto the surface of the flat
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aluminum plate for higher visibility of the white smoke. A mirror mounted at
the ceiling of the test section downstream of the contoured roof gave an ontop
view of the flow from the side, outside of the test section. A 500 W halogen
lamp mounted downstream of the contoured roof provided adequate light for
visually capturing the flow with videorecordings and photography.
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3. Smoke visualizations of the separation bubble

Smoke visualization gives a good overview of the different flow features and
development of the separation bubble. In this section some still photographs
are shown, however also video recordings of the flow were made. In the case of
controlled forcing the forcing frequency was chosen to be slightly higher than
a multiple of the video camera image rate, in order to easily follow the spatial
development of the instability waves.

In figure 8 smoke visualizations of the separation bubble are shown for
the case without artificial forcing of disturbances, i.e. in a low level disturbance
environment, referred to as natural conditions. The smoke slit is seen at the top
in figure 8(a) and the direction of the flow is from top to bottom. Downstream
of the smoke slit the smoke layer can be seen to be smooth and unperturbed.
The thickness of the smoke layer is here less than 1 mm and the width of the
layer is 300 mm. At separation the smoke sheet is deflected from the surface.
To the right of the deflected smoke sheet a tail of smoke is seen. This almost
stagnant, or slowly upstream moving smoke close to the wall is known as the
‘dead air’ region and is a well known feature of laminar separation bubbles
(Dovgal et al. 1994). Further downstream the smoke sheet rapidly breaks up
into a irregular three-dimensional pattern and the entire boundary layer is filled
with smoke.

Figure 8(b) gives a close-up view of the separation bubble at natural con-
ditions. At the top of the figure a horizontal ruler attached to the surface in-
dicates the streamwise position in millimeters from the leading edge. Another
ruler, aligned with the z-direction, is marked every 20 mm. The separated
shear layer is seen to be highly two-dimensional but at the reattachment region
large-scale three-dimensional structures appear before the smoke is dispersed
downstream of reattachment in the developing turbulent boundary layer. At
x ≈ 880 mm wave crests of fairly two-dimensional waves are seen, prior to
breakup into irregular motion.

For forced disturbances, where the separation bubble is subjected to artifi-
cial forcing of low-amplitude two-dimensional wave disturbances, several waves
are clearly observed (figure 9). The waves are two-dimensional and stretch
across the full width of the smoke layer. Two different frequencies are shown,
in figure 9(a) the frequency is 51 Hz whereas in figure 9(b) it is 102 Hz. In both
cases the initial amplitudes are the same. The ratio between the wave lengths
can be seen to be approximately 2:1, which is reasonable if we assume that in
both cases the wave speed is the same. This assumption is based on the fact
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that for velocity profiles with an inflection point the phase speed is close to the
local velocity at the inlection point independent of wave length.

The break-up region in figure 9(a) is characterized by a three dimensional
structure and the break-up is clearly along a fairly well-defined line. The three-
dimensional structures at the higher frequency (102 Hz) are less pronounced
in the smoke picture. Also the break-up line is not as two-dimensional as in
figure 9(a).
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Figure 8. Instantaneous smoke visualization of the separa-
tion bubble at natural conditions. U0 = 5.0 m/s. a) overview
picture b) close-up picture
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Figure 9. Instantaneous smoke visualization of the separa-
tion bubble when forcing a 2D-instability wave with a) the
frequency equal to 51 Hz and b) the frequency equal to 102
Hz. U0 = 5.0 m/s.
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4. Mean flow

The present study is focused on the development of disturbances in a laminar
separation bubble. These disturbances are strongly coupled to the mean ve-
locity distribution. Determination of the velocity and disturbance fields were
mainly carried out with hot-wire anemometry. In the present paper mainly sin-
gle wire probe measurements are reported. However in order to make compar-
isons with Direct Numerical Simulations, (Hildings, Häggmark & Henningson
2000), measurements with an X-probe have also been carried out in the outer
flow region in order to provide data that can be used as boundary conditions
for the numerical calculations.

4.1. Falkner-Skan similarity boundary layer solution

There is a possibility to describe boundary layer flows, where the outer (edge)
velocity varies as

Ue ∼ xm

in terms of a similarity solution. These solutions are known as the Falkner-
Skan family of boundary layer profiles. The solutions are valid both for m > 0
(accelerating flow) and for m < 0 (decelerating flow). The boundary layer
equation governing these flows can be found in most fluid dynamic text books.

If we define a streamfunction

Ψ = (νUex)
1
2 f(η) (3)

where η is a similarity coordinate defined as

η = (Ue/νx)
1
2 y (4)

the boundary layer equations can be written as

mf ′2 − 1
2
(m + 1)ff ′′ = m + f ′′′ (5)

with the boundary conditions

f(0) = f ′(0) = 0, f ′(∞) = 1

For m=0 the equation reduces to the Blasius equation and it can be shown
that m = −0.0904 corresponds to a profile with zero skin friction, i.e. the flow
is on the verge of separation. Stewartson (1954) found a second set of solutions
for −0.0904 < m < 0, fulfilling f ′′(0) < 0 and these flows show backflow in the
region close to the wall corresponding to a separated flow. From the solution
it is possible to determine the displacement thickness
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m δ∗/(νx/Ue)1/2 H12

-0.0904 3.37 4.07
-0.0900 3.15 3.81
-0.0800 2.56 3.22
-0.0700 2.33 3.03
-0.0500 2.06 2.82
-0.0300 1.89 2.70
0.0000 1.72 2.59
0.0300 1.60 2.52
0.0500 1.54 2.49
0.1000 1.41 2.42

Table 1. Boundary layer parameters for Falkner-Skan profiles

δ∗ =
∫ ∞

0

(
1 − u

Ue

)
dy (6)

and the momentum-loss thickness

θ =
∫ ∞

0

u

Ue

(
1 − u

Ue

)
dy (7)

as well as the shape factor

H12 =
δ∗

θ
(8)

The displacement thickness can be obtained as

δ∗ = (
νx

Ue
)

1
2

∫ ∞

0

(1 − f ′)dη (9)

whereas the momentum loss thickness is

θ = (
νx

Ue
)

1
2

∫ ∞

0

f ′(1 − f ′)dη (10)

Note that the integrals depend on the parameter m. The values of the
integrals can be obtained from table 1 for some values of m.

It may be useful to put the flow under study into the context of Falkner-
Skan profiles, despite the fact that the boundary layer flow is not self-similar.
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In order to do that one has to determine the relevant x-position of the flow.
A possible method to do this is to use a measured value of H12 to determine
the parameter m. Thereafter the measured value of δ∗ at the same position is
used together with eq. (9) to determine x. We will use this method both to
characterize the outer flow and to show some velocity profiles in terms of the
similarity coordinate.

4.2. Outer flow field

In the present flow the adverse pressure gradient is the cause of the separation.
The pressure was not measured at the wall since this would require a large
number of pressure tappings. Instead the velocity was measured at the edge
of the boundary layer and the Bernoulli equation was used to evaluate the
pressure variation, i.e.

p+
1
2
ρU2 = pref +

1
2
ρU2

ref (11)

which gives for the pressure coefficient

cp =
p− pref
1
2ρU

2
ref

= 1 − U2

U2
ref

(12)

and where Uref is chosen as the maximum velocity found at the throat. This
method was previously used by Klingmann et al. (1993) to determine the pres-
sure gradient near the flat plate leading edge. The result of such a measure-
ments is shown in figure 10 where the pressure coefficient is plotted and the
edge velocity was determined with a single hot-wire probe. Data are also shown
from X-wire measurements, however for this case all measurements were taken
at a constant distance from the plate (y =20 mm). As can be seen the general
agreement between the two measurement series is excellent. The separation line
is at approximately x =700 mm. In the reattachement region there are slight
differences. This may be explained by the fact that for the single wire measure-
ments the boundary layer was excited by a two-dimensional wave which leads
to earlier transition in the bubble and thereby earlier reattachment, whereas
for the X-probe measurements no artificial forcing was applied.

Figure 11 shows the detailed velocity distribution in the region 600< x <1000
mm for the same data as in figure 10.

In figure 12 both U and V velocities measured with an X-probe at various
constant y are plotted. The y-positions vary from 8 to 56 mm. It is seen in
the favourable pressure gradient region that the streamwise velocity is fairly
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Figure 10. Pressure coefficient along the flat plate measured
with hot-wire anemometry and evaluated with eq. 12, ◦: single
wire measurements, ×: X-probe measurements.
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Figure 11. Edge velocity in m/s measured with single wire
probe (same data as in figure 10).
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independent of y but that the normal velocity becomes more negative further
from the plate. The variation is consistent with the continuity equation

∂U

∂x
+
∂V

∂y
= 0

both qualitatively and quantitatively. It is interesting to note that all V -
measurements cross each other at the same x-position which is close to the
position of maximum U , which is again a consequence of the continuity equa-
tion. In the adverse pressure gradient region V becomes positive, whereas in
the reattachment region it becomes negative again.
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Figure 12. U and V measured along the plate at 8 different
y-positions (8, 10, 12, 20, 26, 36, 46 and 56 mm). Arrows
indicate increasing y.
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4.3. Boundary layer measurements

Some representative velocity profiles are plotted in figure 13. Here the velocity
is normalized with the edge velocity, Ue. The measurements were made for
the case when a single 2D-instability wave was excited at 83.3 Hz. The fact
that a single hot-wire cannot detect the direction of the flow is reflected by the
relatively large positive velocity close to the wall and the fact that U does not
tend to zero for all profiles when approaching the wall.

At the position of maximum edge velocity the boundary layer thickness
is around 4 mm. The profiles at x=800 and 900 mm show sign of reverse
flow near the wall, whereas at x=980 mm turbulent reattachment has taken
place and the velocity profile has changed character. In order to more clearly
evaluate the boundary layer development the displacement and momentum
thickness were calculated and they are plotted in figure 14 together with the
shape factor H12. The figure shows that in the favourable pressure gradient
region the shape factor is rather constant and slightly below the Blasius value
of 2.59. In the adverse pressure gradient region there is a steep increase of the
displacement thickness as well as of the shape factor which is consistent with
the behaviour of the Falkner-Skan similarity solution. The shape factor at the
separation point (x ≈700 mm) is 3.24 which is lower than the Falkner-Skan
similarity solution on the verge of separation (4.07).

In figure 15 we plot a few profiles in terms of the Falkner-Skan similarity
coordinates. The shape factor of a Falkner-Skan profile is directly related to
the acceleration or decelaration of the edge velocity and by first determining
this parameter and thereafter using the measured displacement thickness it is
possible to determine an effectice value of the x-coordinate. In the present case
the values of both m and x will change for different profiles, but the resulting
profiles are in good agreement with the measured profiles.

A parameter sometimes used in separation criteria is the so called Thwaites
parameter,

Λ =
θ2
s

ν
(
∂Ue

∂x
)s.

Watmuff (1999) found in his experiment a value of Λ=-0.092. In the present
study we estimate Λ to −0.10 at x=700 mm. This value is therefore in good
agreement with the estimated separation point. For the Falkner-Skan profile
with m = −0.0904, Λ is −0.062.
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Figure 13. Mean velocity profiles at different streamwise po-
sitions in the separation bubble in case with excitation of a
single 2D-instability wave, a) x =200, 300, 400, 500 and 600
mm, b) x =600, 700, 800, 900 and 980 mm.
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Figure 14. Development of boundary layer parameters. ◦:
δ∗, �: θ, —: H12. δ∗ and θ are given in mm.
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Figure 15. Mean velocity profiles plotted in Falkner-Skan
similarity variables. ◦: x=600 mm, +: x=650 mm, ×: x=700
mm. The solid lines correspond to Falkner-Skan similarity
profiles with m=-0.044, -0.065 and -0.080, respectively. The
corresponding effective x-positions are 486, 511 and 565 mm.
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4.4. Determination of the mean reattachment point

The mean reattachment point cannot be directly measured with conventional
single hot-wire anemometry due to the large rectification errors on the hot-wire
signal present in the reattachment region of the bubble, caused by reverse flow,
cf. Watmuff (1999), Häggmark et al. (2000a). This is illustrated in figure 16
where two mean velocity profiles are plotted, measured at x=910 mm with a
single hot-wire and with PIV. The agreement is good except in a region near
the wall where reverse flow occurs. Here, the PIV measurement yields the
correct behaviour of the velocity profile close to the wall.
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Figure 16. Mean streamwise velocity profiles measured with
single hot-wire and PIV-technique at x=910 mm.

An estimate of the mean reattachment point was determined from several
PIV mean velocity profiles obtained at different streamwise positions, shown
in figure 17. Each profile is an average of 400 individual PIV-fields.

In the vicinity of a separation (or an attachment) point, where the inertial
forces become small, it can be shown from the Navier-Stokes equations that
the angle between the wall and the dividing streamline, γ, is

tan (γ) = −3(
dτw
dx

/
∂p

∂x
)x=xs , (13)
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where τw is the shear stress at the wall, see Lighthill (1963) or Batchelor (1967).
From numerical simulations (Hildings, private communication, see also Hildings
et al. 2000) which model the present case the angle was estimated to about 2.5◦.
This implies a shallow bubble and as a first approximation we use the boundary
layer equations and make a power series expansion in y of the streamwise
velocity component, u, which gives

u =
τw
µ
y +

1
2µ

∂p

∂x
y2 + Dy4 , (14)

where D is a constant. The solid lines in figure 17 represent least square fits of
the PIV measurements to eq. 14.
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Figure 17. Wall normal mean streamwise velocity distribu-
tions in the vicinity of reattachment measured with PIV. (◦),
x=905.4 mm; (∗), x=915.1 mm and (�), x=921.5 mm. The
profiles are shifted 1 m/s for clarity. Solid lines represent a
least square fit to the expression u = Ay + By2 + Dy4 .

In figure 18 the value of A = (∂U/∂y)y=0 is plotted versus the streamwise
location, x. From the intersection of a linear curvefit with A=0 an estimation
of the point of reattachment is obtained, xr ≈ 927 mm.
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Figure 18. Estimation of the mean reattachment point.
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5. Wall normal amplitude profiles of 2D-instability waves

Separation bubbles have been found to be very sensitive to any natural distur-
bances and are prone to develop instability waves. In most of the measurements
in the present study forced disturbances with a given frequency are generated
artificially. The forcing comes from the slit which is located at x=189 mm (x=0
is at the leading edge). The slit x-position is in the favourable pressure gradi-
ent part of the boundary layer. Driving the loudspeakers which are connected
to the pipes inside the slit with a harmonic signal gives rise to wave distur-
bances. Due to the favourable pressure gradient in the region x < 500 mm,
i.e. upstream of the throat of the contraction, the instability waves are initially
damped, typically two orders of magnitude from the position of the disturbance
slit to the throat of the contraction. Thereafter the flow is decelerated and the
disturbance waves start to grow in the adverse pressure gradient boundary
layer. Experiments were made for different frequencies but the results shown
here are for a frequency which was approximately equal to the frequency of the
most amplified natural instability waves of the bubble (f1=83.3 Hz).
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Figure 19. Amplitude and phase of instability wave with fre-
quency f1 = 83.3 Hz at x = 200 and y = 0.8 mm.

Care was taken to excite only two-dimensional disturbances in the bound-
ary layer by individually adjusting the amplitude of the signals to the different
loudspeakers. In figure 19 a typical spanwise variation in amplitude and phase
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of the wave at x = 200 mm and y = 0.8 mm is shown. This position cor-
responds to that of the near wall amplitude maximum of the wave 11 mm
downstream of the disturbance slit. The small variation along z is due to a
slightly non-parallel movement of the traversed probe over the plate (∆y=0.1
mm).

A wide range of initial amplitudes were used in the investigation spanning
from u′ = 0.03 % to u′ = 3 % maximum amplitude at x=200 mm. The ampli-
tude of the instability waves was normalized with a reference velocity measured
upstream of the flat plate denoted U0, equal to 7.0 m/s. In most cases the max-
imum amplitude was u′ = 0.21 % in the vicinity of the disturbance source and
an order of magnitude lower at the point of separation. The amplitude distri-
butions shown in the following were obtained by filtering the hot-wire signal at
the disturbance frequency.

Figure 20(a) shows the initial development of the disturbance wave close to
the slit. In this region the amplitude profiles of the 2D-instability waves exhibit
two maxima similar to TS-waves in a Blasius boundary layer. Note that the
amplitude decreases with more than a factor of 4 from x=200 to x=275 mm.
Note also that the streamwise wavelength of the disturbance is approximately
35 mm, so this decay occurs over only two wave lengths. At x=275 mm the
maximum is approximately 0.05 %.

Figure 20(b) shows the instability wave just in front of the separation
bubble. At x=625 mm the amplitude is only around 0.002 %, but as can be seen
there is a rapid growth when approaching the separation bubble. At x=700 mm
a third maximum, in between the other two evolves, and further downstream,
outside the bubble this maximum becomes the dominating one (figure 20c,d).
In this region the growth of the disturbance amplitude is dramatic, from x=720
to x=780 mm the amplitude increases with a factor of 10. Further downstream
the middle maximum disappears and the largest amplitude is found close to
the wall. Note that at x=900 mm this maximum has an amplitude larger than
10 % (figure 20f).

Further downstream (x >940 mm, see figure 20g,h) the disturbance ampli-
tude seems fairly homogeneous across the region close to the wall. From the
data presented in section 4 we know that reattachment occur around x ≈925
mm, and that the mean velocity distribution (figure 13) shows a completely
changed character.

Figure 21 shows wall normal amplitude and phase profiles at four different
streamwise positions. At x=200 mm the profiles are close to what would be
expected for a Tollmien-Schlichting wave in a Blasius boundary layer with
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Figure 20. Amplitude profiles, u′/U0, of 2D-instability wave
with f1 = 83.3 Hz.

an amplitude maximum close to the wall and a second smaller maximum at
the boundary layer edge. There is a phase shift π at the minimum in the
amplitude distribution. At x=700 mm, which is close to the separation line,
a third amplitude maximum can be observed, and there is a gradual change
of the phase inside the boundary layer. At x=800 mm the middle maximum
has become the largest and the phase is almost constant at each of the two
maxima. However, there is a phase jump between the inner maximum and
the middle maximum of approximately π/2. Downstream of reattachment, at
x=980 mm, the phase and the amplitude are fairly constant inside the inner
part of the boundary layer, but there is a phase jump of π, much in the same
way as for x=200 mm.

The development of a third maximum in the amplitude profile in the sepa-
ration bubble is associated with the inflection point in the mean velocity profile.
This can be seen in figure 22 which shows both amplitude and mean velocity
profiles at three downstream positions in the separation bubble together with
∂U/∂y and ∂2U/∂y2 . The first and second order derivatives were determined
from a ninth order polynomial fit of the central part of the mean velocity pro-
file, indicated with a solid line through the circles in figure 22. A solid line is
also drawn at the inflection point y = yi.p. for each streamwise position, clearly
coinciding with the locations of the middle local amplitude maximum of the
instability wave in the shear layer.
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Figure 21. Wall normal amplitude and phase profiles at dif-
ferent streamwise positions. ◦: u′/u′max, �: φ/π:
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Figure 22. Amplitude profiles of a 2D-instability wave plot-
ted together with mean velocity profiles and their wall normal
derivatives at three streamwise positions in the bubble. ◦:
U/U0, �: u′/U0, − ·− ·−: ∂U/∂y, ——: ∂2U/∂y2 . a) x = 700
mm, b) x = 810 mm and c) x = 840 mm.
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6. Disturbance spectra and spanwise correlation

In this section the spectral development of velocity fluctuations in the sepa-
ration bubble flow is considered when forcing low-amplitude instability waves.
Furthermore, spanwise correlation measurements are presented, revealing fea-
tures of the spanwise structure of the disturbance flow field.

6.1. Disturbance spectra

Velocity spectra for different excitation cases are presented, which are calcu-
lated from hot-wire velocity records obtained at four downstream positions in
the bubble. Three cases of excitation of 2D-waves are considered; a single fre-
quency 2D-wave, a 2D-wave consisting of the sum of two single frequency waves
and a case with a 2D-wave consisting of 20 single frequency waves with equal
initial amplitudes. In figure 23 the mean velocity profiles at these four stream-
wise positions are shown for the single and multiple frequency instability wave
excitation cases. The wall normal positions for which the amplitude spectra
are shown in the different excitation cases below are indicated with circles. It
is seen that the particular disturbance influences the mean flow field. We will
come back to this issue in section 8.

Figure 24 shows disturbance spectra for the single frequency case. Even
though the amplitude of the wave upstream of the separation point is low and
well within the linear regime the path to transition is characterized by the
growth of higher harmonics of the fundamental wave.

In the vicinity of the separation point, figure 24(a) the amplitude of the
forcing frequency, f1 = 83.3 Hz, is small and the fluctuations in the bubble are
dominated by low frequency oscillations. Further downstream, approximately a
distance of half the bubble length, figure 24(b), f1 is the dominating frequency.
Higher harmonics to the fundamental appear upstream of reattachment, figure
24(c). After reattachment, figure 24(d), a gradual filling of the spectra occurs
but the fundamental wave and the higher harmonics are still the prominent
feature of the spectra.

Hot-wire measurements in the separation bubble performed under natural
conditions, i.e. corresponding to the background disturbance environment of
the MTL-wind tunnel, revealed two peaks in the amplitude spectrum of the
streamwise velocity component corresponding to the frequencies of the most
amplified instability waves in the natural bubble, Häggmark et al. (2000a),
f1 ≈83 Hz and f2 ≈100 Hz. The development of such amplitude modulated
2D-instability waves was studied under controlled conditions by forcing the
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Figure 23. Mean velocity profiles at x = 700, 780, 850 and
980 mm in the cases with forcing of a single frequency insta-
bility wave,(✷), and an instability wave with 20 frequencies,
(∗).
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loudspeakers with the sum of two waves with the frequencies f1 and f2, respec-
tively.

The downstream development of velocity spectra in the shear layer of the
bubble in the case of excitation of a double frequency wave is shown in figure
25. Spectra are shown for the same locations in the bubble as in figure 24
where a single wave was excited. Upstream of separation the two peaks of the
forced frequencies are now observed. In the middle of the bubble these have
been strongly amplified as in the case with a single 2D-wave. Approaching
the reattachment zone and the end of the linear region, nonlinear interactions
cause new, both high and low frequency components to appear in the spectra
in figure 25(c). In this case they are found to be multiples of the difference
between the two fundamental waves, i.e. n∆f , where n is an integer number
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Figure 24. Development of velocity spectra in the separation
bubble, with forcing of a single frequency 2D-instability wave,
f1 = 83.3 Hz. Spectra taken at the position of maximum total
urms in the shear layer. x and y are given in mm.

and ∆f = fd = f2 − f1 = 16.67 Hz. The fundamental frequencies f1 and f2

correspond to 5∆f and 6∆f respectively.
Compared to the previous case when a single frequency 2D-instability wave

was excited the bubble will in this case amplify both low and high frequency
waves. It has been recognized that the flow in the natural laminar separation
bubble is characterized by a strong selectivity in frequency of naturally excited
instability waves of both high and low frequency.
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The frequency selectivity of the bubble to forced 2D-instability waves with
both high and low frequencies was investigated further by generating a 2D
wave consisting of the sum of twenty single frequency waves, all having the
same initial amplitudes. The frequencies of the single waves ranged from 10
Hz to 166.6 Hz. The initial amplitude spectrum of the disturbance close to the
disturbance slot is shown in figure 26.

In figure 27 the development of the fluctuations in the shear layer with a
multiple frequency 2D-instability wave present is shown. Compared with the
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Figure 25. Development of velocity spectra in the separation
bubble under the forcing of a double frequency 2D-instability
wave, f1 = 83.3 Hz and f2 = 100 Hz. Spectra taken at same
locations as in figure 24. x and y are given in mm.
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Figure 26. Amplitude spectra at x = 200, y = 0.5 mm of
2D-multiple frequency instability wave.

other two disturbance cases where one and two frequencies were generated,
transition is strongly enhanced. Figure 27 shows that the randomization oc-
curs much earlier in this case and that low frequency components are amplified
in the reattachment region. Figures 27(a) and 27(b) show similarities with the
natural bubble in that a high frequency ‘bump’ together with low frequencies
are amplified in the bubble, the high frequency ‘bump’ now consisting of dis-
crete frequencies. In fact frequencies that have not been generated within the
high frequency band are suppressed in the separation bubble.

6.2. Spanwise correlation measurements

Spanwise correlation measurements were performed in order to get information
on the three-dimensional wave structure. The measurements were made by
using two single-wire probes, one of them being attached onto the plate with
the possibility to adjust its height above the plate, while the other could be
traversed in the spanwise direction. The stationary probe was located at z =
−56.5 mm and y=5 mm. Four streamwise measurement locations were covered
at x=800, 860, 900 and 960 mm, with a spanwise range of more than 150 mm.
Some measurements were also made at larger z in order to investigate the region
outside the disturbance slit. The spanwise spacing between two measurement
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Figure 27. Development of velocity spectra in the separation
bubble under the forcing of the sum of 20 single frequency 2D-
instability waves. Circles denote frequencies of the generated
instability wave. x and y are given in mm.

points, ∆z, was ∆z=3 mm at all streamwise positions, except for x=800 mm,
where ∆z=5 mm.

Figure 28 shows the result of a two-probe measurement at different stream-
wise locations downstream of separation. At x=800 mm, the correlation of the
fluctuating velocity, Ruu, is higher than 0.78 across the whole measured range,
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Figure 28. Spanwise cross-correlation coefficient of stream-
wise velocity fluctuations, top graph, and correlation at the
forcing frequency, f , lower graph, versus the spanwise probe
separation distance, ∆z, at y=5 mm. Both correlations ob-
tained under the forcing of a 2D-instability wave, f=100 Hz.
Streamwise positions: (◦) x=800 mm, (∗) x=860 mm, (�)
x=900 mm, (×) x=960 mm. The correlations in the lower
graph are shifted consecutively 2 units for clarity.
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implying a strongly two-dimensional disturbance flow field in the spanwise di-
rection. Comparing with the bottom graph in figure 28, which shows the cor-
relation at the forcing frequency of the 2D-wave, Rufuf , the two-dimensional
forced wave is the dominating disturbance at this location.

Furher downstream, at x=860 mm, an oscillatory behaviour in Ruu is ob-
served, Ruu still remaining above 0 in the whole range measured. Yet 40 mm
downstream, at x=900 mm, the oscillations in the spanwise direction become
stronger, reaching values below 0 for Ruu, and changing between -1 and 1 for
Rufuf .

Downstream of reattachment, x=960 mm, Ruu decays rapidly towards zero
with increasing probe separation but is still regularly assuming negative values.

Associated with the oscillations in the cross-correlations Ruu and Rufuf is
the appearance of dislocations in the spanwise phase distribution of the insta-
bility wave. This is illustrated in the lower graph in figure 29. At x=900 mm
and x=960 mm shifts of approximately π radians are found at probe separation
distances corresponding to the positions where shifts between 1 and -1 occur
in Rufuf . Initially, at x=800 mm and x=860 mm, the phase is constant across
the span.

Also the wave amplitude develops a regular variation in the spanwise di-
rection, top graph of figure 29. At x=800 mm the amplitude is constant in
z. Beginning at x=860 mm, a spanwise variation in amplitude occurs. It is
noted that at this position the phase distribution of the wave is still constant.
The spanwise peaks in amplitude is larger at x=900 mm in order thereafter to
decrease at x=960 mm.

In the next section the streamwise growth of 2D-disturbances will be con-
sidered in more detail. The spanwise development of instability waves is further
considered in section 9.
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Figure 29. Spanwise amplitude u′/U0 (top) and phase dis-
tribution φ/π (bottom) of 2D-wave with frequency f=100 Hz
at y=5 mm. Streamwise positions: (◦) x=800 mm, (∗) x=860
mm, (�) x=900 mm, (×) x=960 mm. The phase distributions
are shifted consecutively 2π for clarity.
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7. Amplification curves

There is no objective way to describe the growth of wave disturbances in either
attached or separated boundary layers (e.g., Fasel & Konzelmann 1990). Both
the streamwise and the wall normal velocity can be used and the result will
be different depending on which component is used. The result is also depen-
dent on at which normal position the disturbance is evaluated. The reason
for this is of course that in boundary layer flows a wave disturbance develops
in a streamwise non-homogeneous mean flow field where the Reynolds number
also is changing. In the case of the separation bubble the situation becomes
even more complex since a third maximum develops in between the two max-
ima occurring for a wave in a zero-pressure-gradient boundary layer, and this
maximum reaches the largest amplitude in the separated region (see figure 20).
In experiments dealing with TS-waves the inner maximum of the streamwise
velocity is usually used to determine the growth rate, however in a separated
boundary layer this maximum is in a region where hot-wire measurements
become inaccurate. In the following presentation about experimentally deter-
mined growth rates, the experimentally determined profiles have been used to
determine a maximun value at a certain streamwise position. In the favourable
and adverse pressure gradient boundary layer upstream of separation the near
wall maximum of the individual profiles has been used to obtain the maximum
value of the streamwise fluctuation velocity. In the separated region the centre
local maximum was followed, even though the near wall maximum sometimes
was larger, until reattachment where the centre maximum vanishes and the
near wall maximum again is chosen.

7.1. Single frequency disturbances

The behaviour of forced two-dimensional disturbances in terms of the amplitude
growth of the streamwise velocity disturbance was initially investigated. Figure
30 shows amplification curves for a fixed frequency of the waves, but with a
varying inital amplitude. Measurements were performed in a streamwise range
x = 200 mm (11 mm downstream of the disturbance slit) to x = 1100 mm,
downstream of reattachment.

The amplification curves shown in figure 30 and subsequent figures of am-
plification of 2D-waves were determined from amplitude profiles as those in
figure 20. In transition experiments the growth of a traveling disturbance is
often based on the maximum streamwise component of the amplitude of the
wave, u′max. Here this would lead to erroneous results due to the presence of the
thin region with reverse flow in the bubble. In this region the hot-wire signal is
folded, resulting in errors in the near wall maximum of the amplitude profile.
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Instead the local wall normal amplitude maximum in between the maximum
closest to the wall and the one at the layer edge, was chosen as a measure of
disturbance growth in the separation bubble. This maximum is located outside
the reverse flow region. This choice of growth measure will affect the ampli-
fication curves for higher harmonics to the fundamental instability wave. We
will come back to that further on.

Initially, in figure 30, an exponential decay of the waves occurs for x =
200 − 400 mm which is in the favourable pressure gradient region. Except
for the largest amplitude case, where the initial amplitude exceeds 3 %, the
rate of decay is the same, indicating linear disturbances. After separation
an exponential growth takes place, x ≈ 700 − 800 mm, which is followed by
saturation. The growth rate in the separation bubble is independent of wave
amplitude for sufficiently low initial amplitude. This feature of the laminar
separation bubble was found by Dovgal et al. (1994) for separation behind a
hump on a flat plate.
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Figure 30. Streamwise growth of 2D-instability wave for dif-
ferent initial amplitudes. f = 95 Hz.

The same linear behaviour was observed by Watmuff (1999) for a wave
packet in an adverse pressure gradient induced separation bubble on a flat
plate. The behaviour of the generated 2D-waves in this experiment is in that
respect in agreement with previous findings.
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The amplification curves of the 2D-disturbances exhibit a minimum slightly
upstream of separation in order thereafter to start to increase. The develop-
ment of the growth of the wave packet studied by Watmuff (1999) also displayed
a minimum at a streamwise position, in that case located slightly downstream
of the separation point.

The growth of a single frequency 2D-instability wave in the separation bub-
ble was tracked on a finer measurement grid (figure 31) in a shorter streamwise
region, x = 600−980 mm. The initial amplitude at x = 200 mm corresponds to
the third lowest amplitude case in figure 30, i.e. well within the region of linear
amplification. The region of exponential growth covers a large portion of the
extent of the separation bubble. An exponential growth of the 2D-wave is ob-
served from x ≈ 700 mm (in the vicinity of the separation point) up to x ≈ 830
mm. From the smoke visualizations and from spanwise hot-wire measurements
this region corresponds to the highly two-dimensional part of the separated
flow. Further downstream the growth rate decreases, but the wave continues
to grow up to x ≈ 910 mm until saturation occurs at an amplitude above 10 %.
Overall, an amplification of three orders of magnitude occurs in the separation
bubble, entailing transition to occur in a short streamwise distance.

The development of higher harmonics to the forced instability wave is also
shown in figure 31. These are beginning to grow rapidly midway between
separation and reattachment with higher growth rates. Since a typical wall
normal amplitude profile of a higher harmonic frequency component displays
a sharp maximum in the reverse flow region close to the wall, figure 32, the
amplification curves following the middle amplitude maximum will differ from
those obtained when choosing the maximum of the amplitude profile across
the entire boundary layer. This should be kept in mind when comparisons are
made with numerical computations.

7.2. Multiple frequency disturbances

Figure 33 shows the amplification of a double frequency 2D-wave with frequen-
cies f1 = 83.3 Hz and f2 = 100 Hz. These frequencies were chosen to be in the
range of the most amplified naturally occurring disturbances of the separated
flow. The amplification curves of f1 and f2 coincides upstream of the separa-
tion point, but differ in level in the the separation bubble in favour of the f1

component. The region of exponential growth of these components agrees with
the region of exponential growth of the single frequency wave in figure 31. In
this case the low frequency component fd experiences rapid growth at x ≈ 800
mm and onwards, i.e. in the linear amplification region of f1 and f2.
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Figure 31. Streamwise growth of single frequency 2D-
instability wave, ◦: f = 83.3 Hz, and higher harmonics, ∗:
2f , ∇: 3f , ✷: 4f .
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Figure 32. Wall normal amplitude profiles of the forcing fre-
quency, (◦): f = 83.3 Hz and the first harmonic, (∗): f = 166.6
Hz, of 2D-instability wave at x = 850 mm.
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Figure 33. Streamwise growth of double frequency 2D-
instability wave with frequencies f1 = 83.3 Hz (− ◦ −) and
f2 = 100 Hz (− ∗ −). Amplitude of the frequency component
fd = f2 − f1 = 16.67 Hz (−� −).

The possibility to force the separation bubble with a multiple frequency
disturbance was also tried. Wall normal amplitude profiles of eight frequency
components, f = 40, 50, 62.5, 66.6, 83.33, 100, 125 and 166.6 Hz, are shown
in figure 34 for the position x = 200 mm, i.e. 11 mm downstream of the
disturbance slit. The shape of the profiles are similar with approximately the
same magnitude of the maximum amplitude (0.4 %), and they all resemble the
shape of a TS-wave in a Blasius boundary layer with two amplitude maxima;
one near the wall and one further out at the boundary layer edge. All the
generated frequency components decay exponentially in the region x = 200
mm to x = 300 mm but with different rates of decay, figure 35. Initially the
highest frequency components f = 100, 125 and 166 are damped the least.

When the forced disturbance approach the separation bubble, a strong
frequency selection has occurred. This is evident from figure 36 which shows the
amplification curves for different frequencies of the forced two-dimensional wave
in the region x = 700− 1000 mm. The frequency components in the frequency
range of the most amplified naturally occurring waves, f = 62.5, 66.6, 83.3 and
100 Hz enter the separation bubble at a higher level than the other components.
The former components grow with approximately the same growth rate. The
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Figure 34. Amplitude profiles on the centreline at x = 200
mm for different frequency components of a 2D-instability
wave with 20 frequencies
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Figure 35. Amplification curves for multiple frequency 2D-
instability wave in the favourable pressure gradient region.
Same frequency components as in figure 34.
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region of exponential amplification now reaches from x ≈ 700 mm to x ≈
800 mm. Within experimental accuracy the growth rate of these frequency
components is the same as for the single frequency wave in figure 31 suggesting
an initial linear behaviour in the separation bubble. However, saturation takes
place earlier, at x ≈ 870 mm and at a lower level in the multiple-frequency
forcing case, compared to the single-frequency forcing case.
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Figure 36. Amplification curves for multiple frequency 2D-
instability wave in the separation bubble flow. Same frequency
components as in figure 34.
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8. Effects of harmonic forcing on mean flow and flow
unsteadiness in the separated region

The forcing of a low-amplitude 2D-wave has a global impact on the mean
flow in the separation bubble, an effect not observed in the attached boundary
layer upstream of separation. This effect has been observed previously both
in experimental and numerical studies of laminar separation bubbles (Dovgal
et al. 1994; Gruber et al. 1987; Rist & Maucher 1994; Hildings 1997).

8.1. Mean flow alteration

Figure 37 compares the mean flow in the separation bubble for natural con-
ditions, i.e. without disturbance forcing, and with forcing of both a single, a
double and a multiple frequency 2D-wave. Three contours of constant mean
streamwise velocity are shown for each case corresponding to the levels 0.2U0, 0.6U0

and 1.0U0. All disturbance cases, except for the multi frequency disturbance
case, were measured consecutively before the hot-wire probe was traversed to
the next position in the shear layer which enabled an accurate quantitative
comparison.

Due to the presence of the forced instability waves the location of reat-
tachment will move upstream and the height of the bubble will decrease. If
the 0.2U0 contour is taken as a measure of the height of the separation bubble
the reduction in bubble height by controlled forcing of a 2D-instability wave
is in this case 35 %. Figure 37 indicates that the effect on the time averaged
reattachment point is considerable. An important fact is that the point of
separation will to a large extent remain unaffected by the controlled forcing.
The difference between the two cases with single and double frequency forc-
ing is clearly negligible. However, when forcing a multiple frequency wave a
considerable reduction in bubble length is found, compared to the other cases.

In the main part of the separation bubble, up to the reattachment region,
the effect of the harmonic forcing on the mean velocity profile is a shift in the
wall normal direction closer to the wall, with the shape of the profile and the
edge velocity, Ue, remaining the same. This is illustrated in figure 38, where the
mean velocity profile at x = 830 mm is shown for natural and forcing conditions.
This mean flow influence is in agreement with Dovgal et al. (1994), who also
found a shift in the mean velocity profile when artificial forcing was applied.
When approaching the reattachment region an influence on the boundary layer
edge velocity is found because of the earlier reattachment of the separated
shear layer under artificial forcing conditions. The result is a shorter region of
constant Ue, i.e. a shorter pressure plateau, figure 39.
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Figure 37. Contours of mean streamwise velocity in the sep-
aration bubble. Levels: 0.2U0, 0.6U0 and 1.0U0. Natural sepa-
ration; ——, with controlled forcing of 2D-wave with frequency
f1; −−−, with forcing of double frequency 2D-wave with fre-
quencies f1=83.3 Hz and f2=100 Hz; −·−·−, and with forcing
of a multiple frequency wave with twenty frequencies; · · · · · · .

The mean flow effect in figures 38 and 39 resulted from the generation
of an instability wave with a fixed initial maximum amplitude of 0.21 % after
generation (measured at x = 200 mm). The dependence of the distortion of the
mean flow in the bubble on the amplitude of the forced wave was checked by
performing several series of measurements with constant frequency and varying
the amplitude of the waves. In figure 40 four mean velocity profiles are shown,
all measured at x = 800 mm, for different amplitudes of a single frequency 2D-
wave with f = 95 Hz. An increase of the mean velocity at a given y-position
in the separated shear layer with increasing wave amplitude is observed. This
is consistent with a shorter bubble when the disturbance amplitude increases.

The level of forcing in figure 40 varies from 0.12 %, where there is no
influence on the natural mean flow profile, to 3.7 % where the separated flow
is drastically changed. The case with the highest forcing corresponds to the
highest amplitude curve in figure 30, whereas the forcing case with the lowest
amplitude of the 2D-wave corresponds to the second lowest curve in figure 30.
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Figure 38. Mean velociy profiles at x = 830 mm, with (×)
and without (◦) forcing of a low amplitude 2D-instability wave,
f1 = 83.3 Hz. The solid line is the forced mean profile shifted
0.85 mm outwards.

However already at 0.21 % there is a strong effect (corresponding to the third
lowest curve in figure 30).

8.2. Change of flow unsteadiness

The rapid growth of the fundamental 2D-wave has a profound influence of the
separation bubble in rearranging the mean flow due to a promotion of instability
resulting in earlier reattachment. Another important influence on the separated
flow by periodic forcing is manifested by a reduction of the natural unsteadiness
of the separated shear layer. Low-frequency velocity and pressure fluctuations
are frequently observed in separated flows, yet details of their origin is presently
unknown. The natural low frequency motion of the separated shear layer in
the present separation bubble is strongly affected by the phase locked high
frequency 2D wave.

Figure 41 shows two velocity spectra obtained from time records from the
hot-wire measured in the shear layer in the forward part of the bubble at
x = 740 mm and y = 2.2 mm with and without forcing. The resolution in
frequency in the spectra is 0.83 Hz. Forcing a low-amplitude 2D-wave results
in a considerable reduction in the low frequency components of the spectra
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Figure 39. Edge velocity variation with streamwise distance
at natural conditions (◦) and with forcing of low amplitude
2D-instability wave, (×).

compared to the natural bubble. Besides the peak of the forced wave at 83.3
Hz a peak at 21 Hz appears both with and without forcing. This frequency
was found to correspond to vibrations of the sting supporting the probe.

In figure 42 the streamwise growth of the maximum total urms in the sep-
aration bubble, with and without forcing a low-amplitude 2D-wave, is plotted.
A quantitative comparison was made possible by switching the forcing on and
off at each measurement point, with a time delay of 5 seconds between acqui-
sition of data, before moving the probe to the next position. Upstream of the
separated region the influence on the rms-level is small, whereas in the forward
portion of the bubble, from the point of separation and onwards, the urms is
lower in the forced case compared to the natural bubble. This probably corre-
sponds to the damping of the low frequency fluctuations. Further downstream
urms grows exponentially in both cases but saturation is reached earlier in the
case with controlled forcing of a low-amplitude 2D-wave, i.e. flow instability is
enhanced.

A reduction of low frequency oscillations in the first part of the bubble
when it is subjected to low-amplitude harmonic forcing has also been observed
by Dovgal et al. (1994) who considered it reasonable to relate it to a response
from the changed behaviour of the reattachment region caused by the forced
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Figure 40. Streamwise mean velocity profiles at x = 800 mm
in cases of different amplitudes of the forced 2D-wave. Initial
2D-wave amplitude at x = 200 mm: 0.12, 0.21, 1.61 and 3.73
%. f = 95 Hz.

instability wave, i.e. an effect of upstream influence from the reattachment re-
gion on the disturbance spectra in the shear layer at the forward part of the
bubble. The flow visualizations in section 3 show indeed a dramatic change
in the unsteadiness of the flow in the reattachment region due to harmonic
forcing. The main effect seems to be that the vortical structures present in the
reattachment region are more stationary located in the spanwise direction in
the forced case compared to the natural case where they appear randomly in
the spanwise direction. This issue of the separation bubble is related to the de-
velopment in the spanwise direction of the initially two-dimensional instability
waves in the separation bubble.
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Figure 41. Amplitude spectra taken at x = 740 mm and
y = 2.2 mm. Natural bubble: —–; forcing of single 2D-wave
with initial amplitude u′ = 0.21 % and f1 = 83.3 Hz: +.
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Figure 42. Streamwise development of the maximum total
urms in the bubble at z = 0. Natural bubble: ◦; forcing of
single 2D-wave with initial amplitude u′ = 0.21 % and f1 =
83.3 Hz: +.
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9. Spanwise development of two-dimensional instability waves

The amplification curves in section 7 were all determined from measurements
at the centreline, z = 0. However, the linear growth of low-amplitude 2D-
instability waves is associated with a highly two-dimensional separated shear
layer as has been shown in the flow visualization results in section 3. In this
section the development of three-dimensionality of the wave disturbances is
illustrated.
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Figure 43. Amplitude of single frequency 2D-wave at x =
720, 740, 760, 780, 800 and 820 mm, y-positions at U/U0 = 0.55
contour.

Figure 43 shows the growth in amplitude of a single frequency (f =83.3
Hz), two-dimensional wave where the measurements cover a streamwise and
spanwise distance of 100 by 160 mm, beginning at x = 720 mm, i.e. down-
stream of the separation line. The streamwise spacing between two consecutive
spanwise measurements was 20 mm. The measurements were carried out in a
plane tilted with respect to the x-axis so as to follow a mean velocity contour
line U/U0 = 0.55. The amplitude distribution in the spanwise direction is
highly two-dimensional and an exponential growth in the streamwise region is
observed from the consecutive, equally large, shifts in amplitude between dif-
ferent x-positions (since the vertical scale is logarithmic). Downstream of the
linear amplification region x ≈ 700− 830 mm, approaching the position where
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Figure 44. Amplitude of single frequency 2D-wave at x =
840, 860, 880, 900, 920, 960 and 1000 mm (from bottom to
top).

saturation of the instability wave takes place, x ≈ 900 mm (see figure 31), a
spanwise variation of the amplitude distribution of the forcing frequency of the
two-dimensional wave appears and it remains beyond reattachment, figure 44.

This spanwise development in the separated shear layer and in the reattach-
ment region was investigated in more detail in the case of forcing a multiple-
frequency 2D-instability wave in hope of gaining insight into the appearence of
the three dimensional vortical structures observed in the flow visualizations.

In two xz-planes, at y = 2.4 mm and y = 4.6 mm, limited by the lines
x = 800 mm, x = 960 mm, z = −40 mm and z = 80 mm, single hot-wire
measurements were performed with a streamwise and spanwise spacing between
the measurement grid points of ∆x = 10 mm and ∆z = 2 mm, respectively (in
total 17 by 61 measurement points). In figures 45-47, phase averaged contours
of the wave amplitude at different forcing frequencies in these two planes are
shown. The frequencies are chosen to be in the frequency band of naturally
amplified instability waves of the separation bubble. They all share the same
general streamwise development with a rapid change from a two-dimensional
distribution to a three-dimensional state.

Looking at figure 45, which shows the amplitude at f = 62.5 Hz, the
amplitude distribution is highly two-dimensional in the region x = 800 − 840
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mm (the exponential amplification region extends from x = 700 − 800 mm,
compare figure 36). Further downstream, in the region x = 840− 880 mm, the
amplitude contours exhibit a wavy structure in the spanwise direction before
spanwise regularly spaced amplitude peaks develop at an amplitude of 5-6 %
in figure 45(a).

Figure 46 for the frequency 83.3 Hz is very similar to figure for 62.5 Hz. A
similar, although less pronounced, spanwise three-dimensional pattern is visible
in figure 47 for the frequency f = 100 Hz, however at f = 125 Hz (not shown)
no clear pattern was discernible. The reason for this may be that the f = 125
Hz component do not obtain the same growth in the separation bubble as the
lower frequencies.
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Figure 45. Contours of wave amplitude at f = 62.5 Hz for
2D multiple frequency instability wave in xz-plane at a) y =
2.4 mm. Contour spacing equals 0.59 %. Maximum contour
level 5.9 %, b) y = 4.6 mm. Contour spacing equals 0.51 %.
Maximum contour level 1.0 %.
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Figure 46. Contours of wave amplitude at f = 83 Hz for
2D multiple frequency instability wave in xz-plane at a) y =
2.4 mm. Contour spacing equals 0.66 %. Maximum contour
level 6.0 %, b) y = 4.6 mm. Contour spacing equals 0.60 %.
Maximum contour level 1.0 %.
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Figure 47. Contours of wave amplitude at f = 100 Hz for
2D multiple frequency instability wave in xz-plane at a) y =
2.4 mm. Contour spacing equals 0.34 %. Maximum contour
level 3.4 %, b) y = 4.6 mm. Contour spacing equals 0.28 %.
Maximum contour level 2.8 %.
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10. Three-dimensionality of the flow downstream of
reattachment

As was shown in section 9 the originally two-dimensional wave developed a
three dimensionality. In the reattachment region we can see from the flow
visualization results that the three-dimensionality becomes quite strong and
complex. Watmuff (1999) reported persistent vortical structures after reattach-
ment which were observed to exist in the turbulent boundary layer throughout
the whole length of the test section. In this section we describe hot-wire and
PIV measurements which were made in order to quantify some of the features
of this region.
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Figure 48. Streamwise mean velocity profiles at x = 840,
880, 920 and 960 mm.
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10.1. Hot-wire measurements

In figure 48 wall normal mean velocity profiles are shown at 4 streamwise po-
sitions, x = 840, 880, 920 and 960 mm. At each streamwise location measure-
ments at three different spanwise positions are shown, z = 0, 8 and 18 mm. At
x = 840 mm, the top left graph of figure 48, the three profiles coincide for the
three different spanwise positions, while proceeding downstream, from x = 880
mm and onwards, they deviate with the profile measured at z = 8 mm being
fuller than the other two. This devation in the U -profiles remains and is still
present at x = 960 mm. It is noted that the dimensional edge velocity at all
streamwise positions is the same for the three spanwise positions measured.

An inspection of total rms velocity profiles, urms, figure 49, measured at
the same positions as in figure 48, shows large spanwise variations present de-
spite the short spanwise region, ∆z=18 mm, for which the measurements were
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Figure 49. R.m.s. streamwise velocity profiles at x = 840,
880, 920 and 960 mm.
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performed. Looking at figure 49, upper right (x = 880 mm), the urms-profiles
differ in shape, both in the near wall maximum, ranging from urms/U0 = 16.5
% at z = 8 mm to urms/U0 = 20.5 % at z = 18 mm, as well as further out
from the wall. The urms-profile at z = 8 mm show the lowest rms-level and
corresponds to the spanwise position with the fullest mean velocity profile in
figure 48. From x = 880 mm and downstream the rms-velocity at z = 18 mm is
larger than the profiles at z = 0 and z = 8 mm, in a region y ≥ 4 mm. Further
downstream the near wall maximum creeps towards the wall and approches a
constant value but the spanwise differences of the profiles in a region further
out from the wall remain and are still present at the last measurement location,
x = 960 mm, even though they are decreasing.

Figure 50 shows contours of constant total urms in the xz-plane at y = 2.4
mm. At x = 880 mm the wall normal urms-profile at the centreline, upper
right graph in figure 49, displays its maximum value at this y-position. The
distribution in figure 50 is clearly two-dimensional in the region x = 800− 840
mm. At x = 860− 900 the contours become more closely spaced and begin to
show a wavy appearance. Yet furher downstream a fairly regular 3D-pattern
is visible showing local maxima at a spanwise spacing of roughly 20 mm at
x ≈ 940 mm. Further out from the wall, at y = 4.6 mm, the development is
similar as seen from the contour plot in figure 50. The waviness of the countour
lines in the region x = 860−920 mm is now more pronounced and its amplitude
increases downstream. The same 3D-pattern can be observed as for y = 2.4
mm, with spanwise maxima at x ≈ 940 mm.
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Figure 50. Contours of r.m.s. streamwise velocity fluctua-
tions in xz-plane at y = 2.4 mm (top). Contour spacing equals
1.37 %. Maximum rms level 20.6 %. y = 4.6 mm (bottom),
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From the mean velocity profiles shown in figure 48 a spanwise variation
across a large region of the layer in the reattachment region was observed in
the forced separation bubble flow. To further illustrate this variation figure 51
shows the mean velocity U , normalized with the reference velocity U0 at several
y-positions at x = 960 mm. It is seen that U varies periodically throughout
the boundary layer.

Figure 52 provides additional information on the distortion downstream
of reattachment of the initially two-dimensional mean flow. It contains the
same experimental data as in figure 51 but presented as excess/deficit contours
relative to the average velocity at each y-position. A spanwise periodic pattern
of alternating low and high mean velocity regions emerges in figure 52(a). A
close-up view of the data is also shown, figure 52(b), which is plotted with
correct physical aspect ratio. It is seen that the spanwise extent of a high
and low velocity region is approximately the same as the local boundary layer
thickness, δ, where δ ≈ 20 mm, whereas the wall normal scale is approximately
δ/2, i.e. half the boundary layer thickness. Furhermore, local maxima are
found approximately at a distance δ/4 from the wall, with the individual shape
of a mean flow excess or deficit perturbation being approximately circular. In
figure 52(c) we also plot a cross stream plane of the rms of the streamwise
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Figure 51. Mean streamwise velocity at x = 960 mm, y =
1, 2, . . .8 mm.
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Figure 52. Measurements in a cross stream yz-plane at x =
960 mm. (a): Mean streamwise velocity surplus and deficit
contours, normalized by U0. Contour levels:± 0, 0.01, 0.02,
. . . 0.08, (b) Close up of previous figure, with correct physical
aspect ratio, (c) Contours of rms streamwise velocity. Contour
spacing 1.36 %. Maximum and minimum contour level at 19.5
and 5.9 %, respectively.
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velocity. It is seen that regions of large rms are associated with low speed
regions, whereas at the high speed regions the fluctuation level is small.

10.2. PIV-measurements in the reattachment region

In this section results from PIV measurements in planes parallel to the plate
are presented, in the case with low-amplitude forcing of a 2D-wave, f=83.3 Hz.
Figure 53 shows typical instantaneous vector fields for these measurements, at
two wall normal positions. In the top vector plot, measured at y = 2 mm,
the low velocity region of the bubble is seen in the left hand side with regions
where data has been rejected by the validation procedure. At x=900-920 mm
the velocity field is highly parallel with few data rejected. Further downstream,
almost at the same streamwise position across the entire span three-dimensional
structures appear, which deflect the flow in the spanwise direction, i.e. w �= 0.
In figure 54, instantaneous velocity components are shown, extracted from two
spanwise rows of the velocity vector map (top graph of figure 53). Clearly,
the flow is two dimensional at x=902 mm in figure 54, but at x=943 mm a
spanwise sinusoidal variation in both u and w can be obseved.

A similar spanwise development in u and w is observed at y=5 mm. Even
if a larger number of rejections are present in the lower vector map of figure
53, spanwise distributions in u and w can be extracted and are shown in figure
55. At x=902 mm u is fairly constant across the span and approximately equal
to 5 m/s, whereas w is approximately zero in this region. At x=933 mm large
variations in both w and u occur, u varying between approximately 2 and 5 m/s
and the variation in w is appproximately between -2 and 2 m/s. The spanwise
distributions of u and w in figures 54 and 55 are observed to be shifted to one
another, roughly a quarter of a wave length in z.

A contour plot of u, from the data of the upper vector field in figure 53,
is shown in figure 56. The rapid break-up of the two-dimensional wave occurs
in a distance comparable with the streamwise wave length of the 2D-wave. A
waviness in the contour lines is observed at x=940 mm prior to spanwise local
maxima.
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Figure 53. Instantaneous velocity vector fields in a xz-plane
at y=2 mm (top) and y=5 mm (bottom).
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Figure 54. Spanwise distribution of u (◦) and w (�) at
two streamwise positions, x=902 mm (top graph), x=943 mm
(lower graph). Obtained from figure 53, top.
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Figure 55. Spanwise distribution of u (◦) and w (�) at
two streamwise positions, x=902 mm (top graph), x=933 mm
(lower graph). Obtained from figure 53, bottom.
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Figure 56. Contors of the instantaneous streamwise velocity,
u. Same data as in the top picture of figure 53.
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11. Summary and conclusions

We have developed an experimental set-up which generates a two-dimensional
adverse pressure gradient separation bubble on a flat plate. The set-up has
been found to generate stable conditions for the bubble which allows accurate
measurements of disturbance development in the flow field. Flow visualiza-
tion, hot-wire measurements and PIV have been used for exploring the bubble
characteristics. The measurements complement other studies but also give new
information on the disturbance development and the reattachment region.

Velocity measurements with hot-wire techniques have given a good overall
view of the bubble development. Inside the bubble, where reverse flow occurs,
this technique cannot be used. PIV measurements in a plane normal to the wall
show that back-flow is present in the separation bubble, however the strength is
small - of the order of a few percent. In the reattachment region the accuracy
of hot-wire measurements is also questionable, however with the use of PIV
measurements a method was devised to determine the averaged reattachment
line.

A boundary layer in an adverse pressure gradient develops an inflectional
velocity profile for which wave disturbances become amplified. If the adverse
pressure gradient is strong enough the boundary layer separates and the growth
of the wave disturbances increases. Flow visualizations show that under nat-
ural conditions, i.e. corresponding to the low level disturbance environment of
the wind tunnel, two-dimensional instability waves grow in the separated shear
layer. By generating wave disturbances the structure and development of these
waves can be studied in detail. The flow visualizations demonstrate that the
two-dimensional waves in the favourable pressure gradient boundary layer up-
stream of separation, maintain their two-dimensional structure in the upstream
part of the separation bubble. Flow visualizations also show that these waves
develop a three-dimensional structure across the entire span of the region visu-
alized. This development is rapid and takes place in the reattachment region
ahead of the region downstream of reattachment where the smoke is dispersed.

Wall normal amplitude profiles of single-frequency instability waves de-
velop a third, centre maximum in the separated shear layer associated with
the inflectional mean flow profiles in the foremost part of the separated region.
This maximum agrees with the location of the inflection point of the mean pro-
file. Also the wall normal phase distribution changes gradually in the bubble
and shows three regions with constant phase corresponding to the three local
amplitude maxima.
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When the separation bubble is forced with low amplitude instability waves
an ‘interaction’ with the mean flow appears, resulting in a reduction in bub-
ble height and faster reattachment of the shear layer, which gives a shorter
separation bubble. This interaction has a strong effect on the mean flow in
the reattachment region whereas the influence on the boundary layer in the
vicinity of separation is small. The reduction in the separation bubble length
is increasing with increasing wave amplitude of the disturbance. In the case
with excitation of a multiple frequency instability wave a reduction in mean
bubble length of the order of 30 % in terms of the distance between separation
and maximum bubble displacement is observed in comparison with the natural
separation bubble.

The spectral development in the separation bubble is dominated by har-
monics to the fundamental wave. In the case with forcing of multiple frequency
disturbances, both high and low frequency components are being amplified.
Spanwise correlation measurements show that the instability waves are highly
two-dimensional in the linear amplification region of the bubble. Downstream
of this region the disturbance growth is reduced and a spanwise structure ap-
pears in the hot-wire measurements. This structure is characterized by a sinu-
soidal variation in the spanwise wave amplitude distribution, and also by shifts
of 180◦ in the phase distribution.

Contours of the disturbance amplitude, measured in planes parallel to the
plate in the reattachment region, show how the three-dimensional disturbance
development is manifested by a waviness of the initially straight contour lines.
This development takes its beginning after the linear amplification region prior
to the position of amplitude saturation in the amplification curves, and a strong
three-dimensionality can be observed after the 2D-wave has reached large am-
plitudes, of the order of 5 % or higher.

Further downstream spanwise local maxima in the wave amplitude emerge.
Phase averaged measurements in a cross-sectional plane downstream of reat-
tachment show that high and low velocity regions appear. Their spanwise scale
is approximately the same as the local boundary layer thickness, whereas their
wall normal extent corresponds to half the boundary layer thickness. In the
same plane the r.m.s. velocity exhibits a spanwise periodic structure with local
maxima at the low mean velocity regions. Such periodic structures can also
be observed in instantaneous PIV measurements in the reattachment region.
These structures show how local regions in the flow field appear with a strong
spanwise velocity component.

One main feature of the transition process in the separation bubble flow
studied is the growth and development of two-dimensional disturbances. This
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applies to the transition process at natural conditions, i.e. when the ambient
disturbance level is low. At these conditions the separated laminar shear layer
is particularly receptive to such disturbances. Therefore, controlled forcing of
two-dimensional disturbances seems as an adequate approach in order to en-
hance the understanding of laminar-turbulent transition in separation bubbles
at low disturbance levels. However in the case of high levels of free stream tur-
bulence the disturbance development is different and streaky structures seem
to dominate the flow field (Appendix 2).
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13. Appendix 1: 3D-instability waves

In what is called the oblique transition scenario (Schmid & Henningson 1992)
two three-dimensional waves with opposite wave angles form the embryo of
transition. In this case non-linear interaction between the two waves gives rise
to disturbances with zero streamwise wavenumber (α=0). Such disturbances
may grow algebraically (even at conditions where the original wave disturbances
would decay) which is denoted as “transient growth” or “non-modal growth”.
When the disturbances reach high enough amplitude secondary instability sets
in and breakdown occurs. This transition scenario has been studied in bound-
ary layer and channel flows both numerically and experimentally (e.g. Berlin
et al. 1999; Elofsson & Alfredsson 1998).

In the present investigation one case with a pair of forced 3D-waves was
investigated. The frequency of the waves, f , was chosen in the frequency
band of naturally amplified disturbances, f=83.3 Hz, and their spanwise wave-
length, λz, was 32 mm, corresponding to a phase shift of 90◦ in the forc-
ing signal between two adjacent pipes in the disturbance plug, see Elofsson
(1998). The streamwise wavelength, λx, equalled 37 mm, yielding a wave angle
ψ = arctan (λx/λz) = 49◦. In figure 57 the development of the wave ampli-
tude is shown. The amplitude is obtained from the middle maximum of the
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Figure 57. Streamwise growth of single frequency 2D-
instability wave, and a pair of 3D-waves, f = 83.3 Hz.
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disturbance profile at a position where a low-velocity streak develops. Initially
the wave amplitude decreases (the 3D disturbance decays faster) but in the
separation bubble it seems that the growth is approximately the same. This is
in accordance with results presented in Dovgal et al. (1994).

In figure 58 the spanwise distribution of the mean velocity as well as the
amplitude and phase distribution at the forcing frequency are shown in the
separated shear layer downstream of separation at x = 750 mm. The mean
velocity is seen to have maxima and minima and the spanwise separation be-
tween two maxima (or minima) is approximately 16 mm. This is in accordance
with the spanwise wavelength of the original waves, which was 32 mm, since the
non-linear interaction gives rise to a streaky disturbance with half the spanwise
wave length (double the spanwise wave number), as compared to the original
wave pair. The maxima of the disturbance velocity is found at the low veloc-
ity regions. In the study by Elofsson (1998) it was observed that the phase
changes with π between each amplitude maximum (i.e. adjacent maxima ex-
hibit an out of phase oscillation). The same tendency can be discerned in figure
58, although the expected amplitude maximum at z ≈ 6 mm is barely visible.
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Figure 58. Mean velocity distribution, U/U0, top graph, in
case with forcing of two 3D-waves. Amplitude u′/U0, middle
graph, and phase distribution φ/π, bottom graph, of a pair of
3D-waves at x=750 mm, y=3.15 mm. f=83.3 Hz, λz=32 mm.
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Figure 59 shows contour plots in an xz-plane measured at y=4.5 mm of
both the mean and the disturbance velocity. In this figure the absolute velocity
is plotted, and two high velocity regions can be distinguished around z = −20
and +30 mm. In these regions the disturbance amplitude is small, whereas it
reaches large amplitudes in the low velocity regions. This picture is similar to
what one would expect for oblique transition in a zero pressure gradient bound-
ary layer, and it seems that in this case the development of two-dimensional
waves does not play a dominant role for transition in the separation bubble.
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14. Appendix 2: Effects of free stream turbulence on the
separation bubble

The results reported in the main body of the paper were obtained for ambient
flow conditions with low levels of free stream turbulence, such as would be
present at free flight conditions. In other applications, such as in turboma-
chinery and compressors, the flow environment contains levels of free stream
turbulence which are several orders of magnitude larger, which strongly in-
fluence laminar separation bubbles, occurring for instance at the leading edge
of a compressor blade. The influence of free stream turbulence on separation
bubble flows is therefore of great importance in these applications.

The role of free stream turbulence in the context of laminar-turbulent tran-
sition in a boundary layer has been studied by e.g. Westin et al. (1994) and
by Alfredsson & Matsubara (1996). A dominating feature of boundary layers
with imposed free stream turbulence is the appearance of elongated low and
high velocity regions, known as streaky structures. Such structures grow al-
gebraically in the boundary layer, and give rise to r.m.s. levels of the order of
10% before breakdown to turbulence occurs.

Although the effect of free stream turbulence on laminar boundary layers
has been studied quite extensively during the last 5-10 years, there are only few
studies which deal with the effect of free stream turbulence on the transition in
laminar separation bubble flows. Walraevens & Cumpsty (1995) investigated
separation bubbles on single turbomachine blades with circular and elliptical
leading edge shapes in a low speed wind tunnel. Free stream turbulence levels,
Tu, in the range 1.9-10 %, decreased the length of the pressure plateau and
increased the suction peak for both types of nose shapes. The authors note
that the largest difference in pressure distribution on the suction side resulted
when comparing natural conditions, i.e. without any turbulence grid installed
(Tu = 0.5 %), with the case with the turbulence grid producing the lowest
level of free stream turbulence installed, Tu = 1.9 %.

The purpose of this appendix is to provide some experimental results on
the effects of free stream turbulence on an adverse pressure gradient induced
laminar separation bubble flow, and to point at differences as compared to the
low disturbance environment case.

Free stream turbulence was generated by a grid spanning the test section at
the end of the contraction, 1.3 m upstream of the leading edge of the plate. The
free stream turbulence level at a reference point at the plate leading edge was
Tu=1.5 %. Figure 60 shows a smoke visualization photograph of the separated
region. Streaky structures, similar to what have been observed in attached
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boundary layers, can be seen in the boundary layer upstream of separation and
in the separated shear layer of the bubble. These structures are not observed in
figure 8(b) at natural conditions. On the other hand there is no strong evidence
of the appearance of two-dimensional waves in the flow visualization picture,
as was the prominent feature in the low disturbance environment. Neither did
spectra obtained from hot-wire measurements in this region reveal any signs
of frequency peaks above 40 Hz (see below). Flow visualization photographs
where free stream turbulence were combined with forced waves did however
show waves near the breakup region.

Figure 60. Smoke visualization of a laminar separation bub-
ble with grid generated free stream turbulence. Tu=1.5 %.

The development of mean velocity profiles under free stream turbulence
is shown in figure 61. The profile development is qualitatively similar to that
of a low disturbance environment. The total r.m.s. disturbance profiles are
shown in figure 62. The disturbance development is on the other hand quite
different as compared to the case where two-dimensional waves dominate the
disturbance field. The disturbance profiles have in this case only one maximum
which is located in the central part of the shear (boundary) layer.

Figure 63 clearly shows how the bubble size decreases under free stream
turbulence. Note here that the initial boundary layer was not exactly the same
in the two cases since with the turbulence grid the stagnation line changed
slightly.
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The spectral development of velocity fluctuations in the separation bubble
flow changes character when free stream turbulence is present in comparison
with the natural case. In the FST-case high frequency velocity fluctuations
are not present in the separated shear layer as is the case in the natural flow.
Instead, low velocity fluctuations in the streamwise velocity, f <50 Hz, are
dominating, figure 64. The disturbance level is higher for the FST-case up-
stream of separation, but the growth of the total urms, figure 65, is different
in the shear layer for the two cases, where the growth for the natural wave
disturbance case is higher. From figure 65 it is observed that the growth in
urms in the FST-case is close to algebraic up to x=850 mm.
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Häggmark, C. P., Bakchinov, A. A. & Alfredsson, P. H. 2000a Experiments

on a two-dimensional laminar separation bubble. Phil. Trans. R. Soc. Lond. A.

358, (in press).
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A combined numerical and experimental study of a transitional separation bub-
ble due to an adverse pressure gradient is reported. The experiments have been
performed in the MTL wind tunnel with a contoured wall imposing an adverse
pressure gradient on the flow over a flat plate. The separated shear-layer is
highly unstable and transition to turbulence occurs in the flow. The experi-
mental separation bubble flow is modelled numerically using direct numerical
simulations (DNS). Prescribing free stream boundary conditions in the wall
normal velocity the experimental bubble is reproduced. The development of
artificially forced two-dimensional instability waves is investigated and good
agreement is found between experiments, simulations and linear stability theory
(LST). The performance of several engineering transition predictions methods
applied on the present separation bubble is presented. Methods based on sim-
plifications of the en-method yield predictions in accordance with experiments
and DNS.

1. Introduction

Separation on a smooth surface is a consequence of the finite adverse pressure
gradient a boundary-layer can sustain. If a separated shear-layer reattaches
downstream, a separation bubble is formed. Separation bubbles can be di-
vided into three main types - laminar, transitional and turbulent - depending
on the status of the boundary layer at separation and reattachment. The lam-
inar separation bubble has both laminar separation and reattachment. For
the transitional separation bubble only separation is laminar, while reattach-
ment is turbulent, whereas a turbulent separation bubble arises in a turbulent
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boundary-layer. The transitional separation bubble is often denoted laminar in
earlier aeronautical literature. Here however, the above definitions are adopted
in order to distinguish between separation bubbles with laminar and turbulent
reattachment, respectively.

Separation bubbles are common in several engineering applications, e.g.
airfoils, turbine blades and curved surfaces in general. Their prescence has
often undesirable effects, as in low Reynolds number applications like human
powered aircraft, Drela (1988). The highly unstable nature of the bubble leads
to the development of a turbulent boundary-layer at lower Reynolds numbers,
resulting in higher drag. In other situations the bubble may cause a thicker tur-
bulent boundary layer than would prevail if transition had occurred upstream
of the bubble. This is due to the rapid growth of the momentum thickness in
the latter part of a transitional separation bubble.

One problem associated with separation bubbles that has gained much
attention is of computational character. To accurately predict the performance
of airfoils the transition location in the separation bubble has to be known,
see for instance Cebeci (1992). Some applications, like high-lift airfoils, are
especially sensitive to problems with transition prediction. For such systems
the airfoil often consists of several elements like slats and flaps, where the
Reynolds number for some parts may be quite low in spite of a large chord
Reynolds number. Transition in a leading edge separation bubble on a slat may
change the characteristics of the main airfoil considerably, as it experiences the
turbulent wake of the slat. In such cases simple transition prediction metods
used in older airfoil analysis codes, are not sufficient (Davis & Carter, 1984).
There is therefore a need for better understanding of transition in separation
bubbles and better prediction models. As a background a brief overview of some
of the existing models and methods used in transition prediction in separation
bubbles is given below. In Hildings (1997) several existing methods in the
literature are described in more detail.

1.1. Engineering transition prediction methods for separation bubbles

Most transition models for transitional separation bubbles are presented as a
part of a program designed to calculate the flow and performance characteris-
tics of an airfoil. A correctly predicted transition point in the bubble and the
following evolution of turbulence is one of the most important factors, as recog-
nized by for instance Vatsa & Carter (1984), Drela & Giles (1987) and Cebeci
et al. (1986). To a first approximation, transition in the separation bubble can
be assumed to occur at the point of separation (Eppler 1986; Kusunose & Cao
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1994; Vatsa & Carter 1984). Several other methods explicitly predict the dis-
tance between the separation and transition point, among them von Doenhoff
(1938), Horton (1969), O’Meara & Mueller (1987) and Roberts (1980).

In the field of transition prediction the en-method is widely used. One
of the developers of the en-method, van Ingen, has extended the method to
separation bubble flows (van Ingen 1975, 1977, 1991; van Ingen & Boermans
1986). To be a valuable engineering tool for transition prediction a method has
to be computationally fast. To achieve this most methods using the en-method
are based on stability calculations of families of known velocity profiles. These
results are then included in a simple criterion for transition. Thus the model
given does not depend on the actual flow but rather a simplified flow, believed
to approximate the real flow. For separation bubbles the family of velocity
profiles most often used is that of Stewartson (1954). This is a second set of
solutions to the Falkner-Skan equation with reverse flow. Similar methods have
been devised by Cebeci et al. (1986) and Cebeci & Chen (1990) and for use in
airfoil codes by Drela (1988).

1.2. Present study

In this study we use wind tunnel experiments and direct numerical simula-
tions to study a transitional separation bubble flow. The development of two-
dimensional wave disturbances is investigated with the main emphasis put on
a detailed modelling of the experiment in the computations enabling detailed
comparisons. Furthermore, the performance of excisting transition prediction
methods for separation bubbles is evaluated and discussed.



176 C. Hildings, C. P. Häggmark and D. S. Henningson

2. Experimental and numerical technique

2.1. Description of the experiment

The experimental part of the work was carried out in the MTL wind tunnel at
KTH, Stockholm. The MTL wind tunnel features a low noise and disturbance
level, Tu = 0.02 %, qualities which are important for transition experiments in
general and for experiments on separation bubbles in particular.

A curved wall insert, mounted at the upper wall inside the test section,
establish a steady adverse pressure gradient on a flat plate, positioned opposite
to the curved wall. A sketch of the experimental set-up is shown in figure 1. In
order to avoid separation at the curved wall suction is applied at the leeward
side through a porous section of the wall. Hereby, the flow over the flat plate
will separate due to the adverse pressure gradient and reattach to the surface
further downstream. Figure 2 shows a smoke visualization of the separation
bubble in the experiment.

continuous suction

separation bubble

A
A
A
A

y

xz

curved wall 

disturbance source
for generation of
instability waves

Flow

Figure 1. Schematic picture of the experimental set-up in
the MTL wind tunnel. The dimensions of the test section
cross section are 1.2 x 0.8 m2.

The free stream velocity at the test section inlet was held constant in the
experiments and served as a reference velocity for the numerical computations.
A Cartesian coordinate system is used with its origin at the leading edge cen-
terline and with axes x, y and z, corresponding to the streamwise, wall normal
and spanwise directions, respectively. The velocity components in these direc-
tions are u, v and w, respectively. An overline denotes dimensional quantities
and capital letters denote mean quantities.

2.1.1. Measurement technique. The instantaneous flow velocity was determined
with hot-wire anemometry. A single hot-wire probe was used for measurements
of u in the separation bubble and in the separated shear layer as well as in
the boundary layer upstream and downstream of the bubble. Measurements
of both the streamwise and wall normal velocity components, u and v were
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Flow

Figure 2. Smoke visualization picture of the separation bub-
ble in the experiments. Top streamwise ruler labelled in mm
from the leading edge. 20 mm marks indicated on right hand
side spanwise ruler. Separation and reattachment approxi-
mately at 700 and 900 mm, respectively.

made with an X-wire probe in a region further out from the wall, confined
by the lines x = 0 mm, x = 1800 mm, y = 7 mm and y = 55 mm. The
number of measurement gridpoints in this region was 47 by 25 in the streamwise
and wall normal direction, respectively. The streamwise spacing between two
measurement points, ∆x, was ∆x = 50, 25, 20 or 10 mm, with the denser
spacing at the reattachment region. The measurement grid for the X-wire
measurements is marked in figure 3. These data do not give information on the
bubble itself but provides boundary conditions for the numerical simulation.

The single wire measurements reached from x = 0 mm to x = 1000 mm,
one measurement series typically contained 40 wall normal velocity profiles each
with 25 measurement points, with ∆x = 10 mm in the rearward part of the
separation bubble. All the reported hot wire measurements were made at the
centerline plane, z = 0.

The hot wires were calibrated in a position upstream of the curved wall
against a Pitot tube. For the single wire calibration a modified Kings law
was fitted to the calibration data, (Johansson & Alfredsson, 1982). An angle
calibration was carried out for the X-wire probe, with a variation of the angle
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Figure 3. Measurement grid for X-wire measurements of U
and V . The separation bubble and the boundary layer edge are
indicated with solid lines. The location of the computational
domain and fringe region is marked with solid boxes for the
case with a boxlength of 1000.

of attack of 24◦ in steps of 2◦ and two fifth order polynomial surfaces were
fitted to the calibration data. The accuracy of the calibration was within 1 %
for all calibration points except at velocities below 1 m/s where it increased up
to 5 %.

The hot-wire probes were attached to a computer controlled five-axis travers-
ing mechanism which enabled automatic traversing during measurements and
angle calibration of the X-wire.

Controlled two-dimensional wave disturbances could be generated in the
boundary layer at x = 189 mm by suction and blowing through a slit in the
plate. For this purpose loudspeakers and power amplifiers were used. Flexible
hoses transmitted the forced perturbations from the loudspeakers to a number
of individual pipes mounted below the slit in the plate. A detailed description of
the wave disturbance generation technique is found in Elofsson (1998). In this
study low-amplitude two-dimensional single-frequency waves were generated.
The forcing frequency f of the waves was chosen in the frequency band of the
most amplified disturbances of the natural separation bubble flow at unforced
conditions, Häggmark et al. (2000). The frequency in the experiments was
f = 95 Hz. The amplitude was measured by the rms value, filtered around the
forcing frequency, of the fluctuating streamwise velocity component.

The disturbance generation, the data aquisition and the traversing equip-
ment were all controlled by the same computer.
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2.2. The numerical code and modelling of the experiment

For all the calculations a modified version of the spectral code of FFA/KTH,
developed by Lundbladh et al. (1992, 1994, 1999), has been used. It solves
the Navier-Stokes equations in the velocity-vorticity formulation using Fourier
series in the spanwise and streamwise directions and Chebyshev series in the
normal direction. The algorithm is similar to that of Kim et al. (1987). Time
advancement is carried out with a semi-implicit scheme. The advective terms
are discretized using a third order four stage Runge-Kutta scheme, while the
diffusive terms uses a second order implicit Crank-Nicholson scheme. The time-
step is regulated at 90 % of the spectral CFL limit. The modifications made
for this investigation consisted in new boundary conditions that improved the
possibilities to prescribe the streamwise free-stream velocity.

A Cartesian coordinate system is used in the computations which is trans-
lated a distance x0 = 400 mm in relation to the experimental coordinate system.
The velocity components in the streamwise, x, and wall-normal direction, y,
are denoted u and v, respectively. The flow variables and governing equations
are expressed in non-dimensional form by using a length scale δ∗0 and a velocity
scale U0, corresponding to the boundary layer displacement thickness and the
streamwise edge velocity in the experiment at the origin of the computational
coordinate system, x = x0, together with a Reynolds number Re = U0δ

∗
0/ν.

Thus,

x =
x− x0

δ∗0
, y =

y

δ∗0
, u =

u

U0
, v =

v

U0
. (1)

In the computations δ∗0 = 1.185 mm, U0 = 8.15 m/s and Re = 644.
Controlled wave disturbances were introduced in the computations by an

oscillating volume force. The amplitude and frequency in the computations
were scaled to match the experimental values, using

F = ω/Re, ω = 2πfδ∗0/U0, (2)

where f is the dimensional forcing frequency, f=95 Hz. The amplitude of
the disturbance, û, was prescribed to match the corresponding value in the
experiment.

To efficiently generate harmonic wave disturbances their wavelength has
to be known. It was calculated from αr, using λx = 2π/αr, which in turn
was computed using linear stability theory on the boundary-layer profile at
the point of generation. From the measurements urms was known which, for
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box resolution
length nx ny
1600 2048 97
1200 3072 97
1000 2048 97
1000 3072 97

Table 1. The different numerical parameters used for the calculations

sinuous disturbances, corresponds to û/
√

2, where û is the amplitude of the
disturbance.

The flow at the end of the computational box is returned to the specified
inflow boundary condition by the fringe region technique Lundbladh et al.
(1999). The fringe is a volume force applied in a part of the computational box
which is added to the physical region. The Navier-Stokes equations, together
with the fringe formulation can be written,

Du

Dt
= NS(u) − Λ(x)(u − u∗), (3)

where u = (u, v) is the velocity field solved for. u∗ denotes the solution forced
to in the fringe region and Λ is the strength of the fringe, which is zero in
the computational domain. For an analysis of the fringe region technique see
Nordström et al. (1999).

In table 1 the different numerical parameters used for the results presented
are shown. Note that for the cases with controlled forcing of disturbances the
strength of the fringe was lower and the length increased. These changes were
necessary for the fringe to work well. The location of the computational domain
and the fringe in relation to the experiment is shown in figure 3.

2.3. Boundary conditions

Inflow and outflow conditions are periodic, which are enforced by the fringe
technique. The inflow boundary condition in the computations was deter-
mined by fitting the free stream velocity distribution in the favourable pres-
sure gradient region in the experiment to a Falkner & Skan similarity solution,
U = Cxm, where the virtual origin of the similarity solution can be determined
from knowledge of the displacement thickness calculated from the experiment.
A value of m = 0.0909, equivalent of a 30◦ wedge, gave good agreement with
the experimental free stream velocity distribution and was therefore chosen to
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prescribe the inlet velocity profile corresponding to the forced solution in the
fringe, u∗.

At the wall of the flat plate no-slip boundary conditions are used, i.e. v=0,
∂v
∂y=0 and ω2 = 0.

Several free stream boundary conditions were investigated. It was found
that by using the boundary condition, proposed by Coleman & Spalart (1993),
prescribing the normal velocity and zero spanwise disturbance vorticity, it was
easier to obtain a separation bubble in agreement with the experiment. For
the two-dimensional cases reported here these boundary conditions read

Du − vx = DU − Vx , v = V. (4)

A second boundary condition used is the Neumann condition, which can
be described by,

Du = DU , Dv = DV. (5)

where U and V are the base flow velocity components.
A third boundary condition prescribes the flow to asymptotically approach

the solution of the inviscid linearized equations. This boundary condition has
proved to be effective as it allows the use of a lower computational box when
TS-waves are generated. This becomes

Du+ αu = DU + αU , Dv + αv = DV + αV. (6)

where α is the streamwise wavenumber.
A fourth boundary condition, used less frequently, prescribes the stream-

wise free stream velocity as well as vanishing spanwise disturbance vorticity at
the upper boundary, i.e.

u = U ,
∂u

∂y
− ∂v

∂x
= DU − Vx (7)

A problem with boundary conditions prescribing the normal velocity is that
it is very difficult to know what kind of in- or outflow that will take place in the
fringe part of the upper boundary. This was usually handled by calculating a
bubble of similar size using the boundary condition prescribing the streamwise
velocity. The resulting v at the upper boundary of the fringe was then used in
the boundary condition prescribing the normal velocity. In the physical part of
the computational domain new values for v can then be prescribed, e.g. using
the measured values. Due to the streamwise periodicy, it is necessary that the
total mass flow through the upper boundary is zero, i.e. the integral of v at the
upper boundary with respect to x must be zero. To ensure this, v needed to
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be slightly adjusted in the physical part of the domain when measured values
of v was used as boundary conditions.

2.4. Code verification for boundary layer flows with separation

The numerical code has been extensively used in treating transitional boundary
layer and channel flows, (see e.g., Henningson et al. 1993; Berlin et al. 1994).
In the present study the code was modified in order to deal with separated
flows and it was verified against the DNS-study of a separation bubble flow in
Rist & Maucher (1994).

In the work of Rist & Maucher a varying free-stream velocity is prescribed
over a flat plate. A reference length L=0.05 m is introduced, which is used to
scale all variables and to define a global Reynolds number Re = U0L/ν=105

(U0=30 m/s, ν=1.5·10−5 m2/s, L=0.05 m).
The computational box defined starts at x0 = 0.37L and a decrease of the

free-stream velocity of 9% is prescribed using a fifth order polynomial from
x1 = 0.71L to x2 = 2.43L. The spectral code uses a scaling based on the
displacement thickness at the inflow of the computational domain. The step
in free-stream velocity would therefore start at x = (x1 − x0)/δ∗0 and end at
x = (x2 − x0)/δ∗0 . Using

δ∗0 = 1.72
√
νx0

U0
(8)

one finds that Reδ∗0 = 1.72
√
x0Re/L = 331 and that the step will start at

(x1 − x0)Re/(Reδ∗0L) and end at (x2 − x0)Re/(Reδ∗0L), i.e. x1 = 103 and
x2 = 622. The height of the computational box was 18δ∗0 . The numerical
parameters used in this test simulation are not contained in table 1.

For these computations the initial condition was a Blasius boundary layer.
In the beginning of the computation the streamwise free-stream velocity of
Rist & Maucher is instantaneously introduced. This gradually changes the
flow field, until a laminar separation bubble is formed. This bubble continues
to grow until it becomes larger than the bubble reported by Rist & Maucher.
As the bubble attains its maximum size it starts to shed vortices.

The development of the separation bubble is very sensitive to parameter
variations, such as size and shape of the prescribed free-stream velocity. For
example, if this step is governed not by a fifth order polynomial, but instead
by a third order polynomial, no bubble appears at all. This is a result of the
lower gradient in the third order polynomial. The evolution of the bubble is
also influenced by the boundary condition used at the upper boundary. If one
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Figure 4. Growth rates for most amplified wave length. ∗:
Rist & Maucher (1994), —–: computed with present code, ◦:
computed with linear stability theory.

uses the boundary condition with vanishing derivatives at y = ymax, eq. (5), a
quicker growth of the bubble is found than with the use of the condition with
vanishing vorticity and prescribed streamwise free-stream velocity at the upper
boundary, eq. (7). The asymptotic boundary condition, eq. (6), is not possible
to use from the start of a calculation as one needs to know the correct base flow
for it to work. It is however possible to impose this condition at a later time,
after the bubble is established. The growth of the bubble is then stabilized.
By changing boundary condition in this manner it was possible to achieve a
stable bubble very similar to the one reported by Rist & Maucher.

As the last part of these computations, low-amplitude wave disturbances
were introduced upstream of the bubble by an oscillating volume force.

In figure 4 the growth rate for the frequency found to be the most un-
stable by Rist & Maucher is plotted together with the findings of this inves-
tigation. Also shown are results from linear stability calculations using an
Orr-Sommerfeld solver with mean fields extracted from the computations. The
good agreement shows that the bubble of Rist & Maucher is well reproduced.
It should be noted that Rist & Maucher also used the asymptotic boundary
conditions in their calculation.
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3. Results

3.1. Mean and disturbance flow fields

3.1.1. Velocity distribution above the bubble. The streamwise and wall normal
mean flow variations in the flow outside the separation bubble and the sepa-
rated shear layer is shown in figure 5. These distributions were measured with
an X-wire probe at a constant height, y = 15.9 mm, above the plate, corre-
sponding to one row of the gridpoints shown in figure 3. The U -component
reaches a maximum value shortly downstream of x = 0, in order to level out
after x = 300, in a region known as the ‘pressure plateau’. Further down-
stream a strong velocity decrease occurs associated with reattachment. The
V -component, the lower curve in figure 5, increases beyond separation and
exhibit a sharp minimum in the vicinity of reattachment.

0 200 400 600 800 1000

0.8

0.9

1.0

0 200 400 600 800 1000

-0.03

-0.015

0

0.015

U

V

x

Figure 5. Streamwise (o) and wall normal (∗) experimental
mean velocity distributions outside the boundary layer edge.
The dashed lines represent the smoothed prescribed distribu-
tions used as free stream boundary conditions in the compu-
tations.
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Based on measurements of U and V at various wall normal positions in
the outer flow, free stream boundary conditions could be prescribed in the
computations. Smooth velocity distributions used in the computations are
shown in figure 5. There are some variations in velocity between neighbouring
positions in the measurements; these are not well suited to use directly in the
expressions for the boundary conditions. To smooth the distribution of U an
adjusted curve was calculated using a least square fit. A typical result of this
treatment is shown in the top graph in figure 5. For the measured data of V
slight changes of certain values were made individually. Most of the altered
points are at the end or just downstream of the separation bubble, as is seen
in figure 5, bottom graph.

3.1.2. Experimental findings. In figure 6, displaying contours of U , the mean
flow structure at the centerline in the experimental separation bubble is shown.
The natural separation bubble flow, top graph of figure 6, exhibit a low velocity
region, the actual separation bubble, bounded by a separating and reattaching
shear layer. The lower graph in figure 6 shows the same contour levels for
the disturbed bubble, i.e. with controlled forcing of low-amplitude instability
waves present. In the disturbed separation bubble a clear change in mean
flow structure is observed, in terms of a reduction in both length and height
of the separated region. The region in the vicinity of the separation point is
however largely unaffected. This mean flow effect has been documented before
in separated flows, see Dovgal et al. (1994); Rist & Maucher (1994); Häggmark
et al. (2000).

The unforced experimental separation bubble is inherently unstable, with
growing natural wave disturbances in the separated shear layer, which eventu-
ally lead to turbulent breakdown, figure 2. A quantitative picture of the growth
of disturbances at natural conditions is given in figure 7, showing contours of
the overall urms in the flow. The locations of the separating and reattaching
shear layer are indicated for reference by two U -velocity contours at the levels
of 0.2 and 0.8, marked with dashed lines. A strong exponential growth of urms

is found in the flow with a maximum in the separated shear layer. The r.m.s.
fluctuations reach a maximum downstream of the bubble at a level of 17 %.

3.1.3. Computational results. The first attempts to reproduce the experimen-
tal bubbles were done by prescribing the measured streamwise velocity at the
upper boundary, which resulted in a bubble placed downstream of the experi-
mental bubble. Prescribing the normal velocity instead, which was done using
the procedure described at the end of section 2.3, was found to give much bet-
ter agreement. However, the size of the bubble computed this way was smaller
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Figure 6. Mean streamwise velocity contours in the experi-
ment at natural, unforced conditions (top graph) and at forced
conditions (bottom graph). Contour levels of U0: 10, 20, 30 ,
40 ,50, 60, 70, 80 and 90 %.

than the measured one, without added artificial disturbances. To achieve better
agreement the measured values of v were multiplied with the factor 1.4. The
measured bubble with disturbances, however, are much closer to the computa-
tional bubble obtained without multiplication with the factor 1.4, while the size
of the computational bubble with and without disturbances is approximately
unchanged.

It was found that a stable bubble was possible to obtain by repeatedly
computing the time averaged bubble and use this field as the initial condition
in a new calculation. This iterative procedure leads to very small background
disturbances. As a result it is possible to introduce controlled disturbances in an
accurate way. The bubble obtained in the computations with the measured V

multiplied by 1.4 will be denoted large while the one obtained by the measured
values directly will be denoted small.
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Figure 7. Contours of overall streamwise r.m.s. velocity fluc-
tuations in the experiment at unforced conditions. Contour
spacing in logarithmic scale. The dashed lines represent U -
velocity contours at levels 20 and 80 %.

3.2. Development of controlled wave disturbances

In the experiments a disturbance of 95 Hz was found in the frequency range
of the most amplified disturbances. A disturbance with the corresponding
frequency and amplitude was introduced in the computations. This was done
at the streamwise position were the measured disturbance showed the smallest
amplitude, i.e. x=500 mm or x=84 in the computational box. Disturbances
were generated with v prescribed directly from measurements. In figure 8
an undisturbed field is shown together with a disturbed and a time-averaged
disturbed field. It is apparent that the bubble gets both shorter and somewhat
thinner due to the introduced disturbance.

The amplitude evolution of the introduced disturbances is compared with
the experiment in figure 9. In the computations of the the small bubble it was
possible to study a disturbance that remained linear through the whole bubble.
As is seen the agreement with the experiment is exellent.

The agreement is explained by the change in size of the experimental bub-
ble, associated with the introduction of disturbances. As pointed out previ-
ously when a disturbance is introduced, the bubble in the experiment shrinks
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Figure 8. Contours of streamwise velocity with and without
forced disturbances. Top figure, time averaged stable bubble
resulting from prescribing a normal velocity distribution ad-
justed for best fit with the measured displacement thickness.
Middle figure, instantaneous picture of the same bubble. Bot-
tom figure, time averaged disturbed bubble.
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Figure 9. Amplification curves for controlled instability
waves in the separation bubble flow. ∗: experiment, —–: DNS
with the same disturbance level as measurements, −−− linear
disturbance from DNS and (− · − · −) linear stability theory.
For the linear disturbance and LST the levels have been nor-
malized to the same level as the measured one.

to roughly the same size as the smaller computed bubble where the normal ve-
locity is prescribed directly from measurements. In the computations a much
smaller change takes place for the time-averaged disturbed bubble. This is
shown in figure 10.

Comparisons between the disturbed larger bubble and the experimental
bubble are made in figure 11. A case when the asymptotic boundary condition,
eq. 6, is used for the upper boundary is also included. In this case small
disturbances are eventually sufficiently magnified to give vortex shedding. With
shedding this boundary condition permits a global change of size of the bubble
closely matching that obtained in the experiment. It is apparent that the
asymptotic boundary condition, eq. 6, gives a good description of the change in
the bubble characteristics when disturbances are introduced, while prescribing
v fix the size of the bubble. In all cases the agreement with local linear stability
theory is excellent. Non-parallel effects are therefore not considerable.
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Figure 10. Displacement thickness with and without forcing
of 2D-waves in experiment and computations. Experiments,
+: unforced bubble, ∗: with harmonic forcing. DNS, ——
: unforced bubble, − − −: forced bubble. In the DNS, free
stream boundary conditions in V were prescribed from mea-
surements.

3.3. Evaluation of transition prediction methods

Several transition prediction methods used in engineering applications were
applied to the present flowfield, including both simple empirical correlations
but also more sophisticated methods based on the en-method. The result of the
evaluation is shown in figure 12, where the vertical lines indicate the predicted
transition location, xtr. The correlations by Horton (1969) and Roberts (1980)
predict transition at xtr = 768 and 839 mm, respectively, that is upstream of
the maximum displacement of the bubble. Experimentally, the location of the
maximum bubble displacement, xδ∗

max
, has been chosen as a criterion for the

transition point, see Brendel & Mueller (1988) and Ripley & Pauley (1993). In
the present flow, xδ∗

max
= 863 mm, which is close to the position x=867 mm

where the two amplification curves from DNS in figure 9 start to deviate, due to
nonlinear development in the case when the inital wave amplitude is matched
to the experiment. Figure 12 shows that the point of maximum displacement
corresponds to the position where a sharp rise in the experimental momentum
thickness occurs, caused by a rapid skin friction increase due to transition.
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Figure 11. Displacment thickness as function of x. —–: com-
puted with v set for best agreement with undisturbed measure-
ments, −−−: computed time averaged bubble when a distur-
bance is introduced, ∗: disturbed measured bubble, − · − · −:
computed time-averaged bubble when the asymptotic bound-
ary condition is used.

The method of van Ingen (1991) predicts xtr = 855 mm, close to the value
of xδ∗

max
= 863 mm, whereas the method of Drela & Giles (1987) and the shape

factor formulation of the method of Cebeci et al. (1986), predict xtr = 933
and 968 mm, respectively. In the comparison between the different methods
transition is assumed to occur when the n-factor reached the value of n = 12,
suggested by Mack (1977) for a wind tunnel free stream turbulence level of 0.02
%.

However, adopting the definition of the point of transition as above, xtr =
863 mm, and applying linear stability theory on velocity profiles from DNS,
matching the experimental profiles, a critical n-factor of n = 13 is obtained. On
these premises the van Ingen method predict xtr = 872 mm and Drela & Giles
xtr = 1144 mm. The method of Cebeci et al. give the same prediction since
the n-factor do not explicitly enter in the prediction formulation; calibration
of the method is based on the assumption of a critical n-factor equal to 9.



192 C. Hildings, C. P. Häggmark and D. S. Henningson

400 500 600 700 800 900 1000
0

1

2

3

4

5

6

Horton            
Roberts           
van Ingen         
Drela & Giles     
Cebeci et al.

δ∗, θ (mm)

x (mm)

Figure 12. Predicted transition locations in the separation
bubble by several engineering methods, prescribing n = 12 at
transition. Displacement, (+), and momentum thickness, (∗),
from experiment. Solid and dashed curves from DNS.

For the bubble presented here it is clear that the method of van Ingen
gives the best prediction of the transition point. In general, from the close
correspondence of the linear stability results and the computed and measured
values of the disturbance growth, it is clear that a method based on the lin-
ear exponential growth (en-method) is preferred to the older correlation type
methods discussed earlier.
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4. Summary and conclusions

A transitional separation bubble flow was studied computationally and exper-
imentally using hot-wire anemometry and direct numerical simulations. Low-
amplitude two-dimensional instability waves experience a rapid growth in the
separated shear layer, leading to transition in the flow. Good agreement is
found between experiment and DNS in this respect.

Modelling the experimental bubble numerically it was found that prescrib-
ing free stream boundary conditions in the streamwise velocity is not sufficient
in order to reproduce the streamwise location and size of the separation bub-
ble. Rather, boundary conditions in the wall normal velocity are needed. In
both experiments and DNS the introduced wave disturbances result in a global
change in the mean flow. A boundary condition in the simulations prescribing
the solution to asymptotically approach the linear inviscid equations captures
this behaviour qualitatively. Furhermore, calculating flows involving transi-
tional separation bubbles using a spectral method requires the best possible
damping of disturbances in the fringe region.

The amplification of disturbances in the bubble is in general very large,
quickly leading to vortex shedding in the computations.

Application of several transition prediction methods for separation bubbles
show that the en-method predict transition in accordance with experiment. The
critical n-factor is higher than what is generally found for attached boundary
layer flows. Of the models based on simplifications of the en-method, the
method of van Ingen gives best agreement with the results found here. Also,
the empirical correlation of Roberts predict transition close to the experimental
location.
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