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Abstract 
Dams are designed and assessed based on traditional factor of safety methodology. Several drawbacks of this 

approach exist; for example varying failure probability for structures where the factor of safety is the same. 

This traditional factor of safety methodology imposes conservative assumptions in terms of both design and 

analysis. A probability-based analysis has been suggested to account for the omission of uncertainties and 

provide a less conservative analysis (Westberg & Johansson, 2014). Through the stability analyses of three 

existing dam structures, a minimum level of reliability or maximum failure probability may be calculated with 

the ultimate goal of defining a target safety index (β-target) for buttress and gravity dams. These analyses shall 

in turn contribute to the formulation of a probability-based guideline for the design and assessment of Swedish 

concrete dams. This probability-based guideline shall be known as the ‘Probabilistic Model Code for Concrete 

Dams.’  

 

The calculations carried out in this study adhere to the methodologies and specifications set out in the 

preliminary draft of the Probabilistic Model Code for Concrete Dams. These methodologies encompass 

analyses within two dominating failure modes for concrete dams; sliding stability and overturning stability. 

Various load combinations have been modelled for each dam structure to account for the probabilistic failure 

of each dam under commonly occurring circumstances.  

 

A parametric study has been carried out in order to provide insight into the contribution that existing rock bolts 

provide to the stability of each dam. Furthermore, a study has been carried out into the existence of a 

persistent rock joint or failure plane in the rock foundation and the effects its presence would have on the 

sliding stability of a dam.  

 

Finally a discussion had been carried out in order to provide suggestions into the formulation of a target safety 

index through the data envisaged by our analyses for the design and assessment of Swedish concrete dams.  

 

Key words: Concrete dams, buttress dams, gravity dams, probabilistic analyses, stability analyses, sliding 

stability, overturning stability, rock bolts, persistent rock joint, dam safety. 
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1 Introduction 

1.1 Background 
Dams play an important role in a country’s development. They represent a considerable value in terms 
of fixed capital assets and future generation profits. Dams provide services such as water supply, 
irrigation, flood control and hydropower energy internationally. If one of these structures failed, the 
result could be devastating in terms of economic and human losses. Dam failure would also prove highly 
consequential to the surrounding environment. For these reasons safety is given the highest priority 
both in the design of new dams and the safety assessment of existing dams. 
 
Dams are designed and assessed based on traditional factor of safety methodology. Several drawbacks 

of this approach exist; for example varying failure probability for structures where the factor of safety is 

the same. This factor of safety methodology imposes conservative assumptions in terms of both design 

and analysis. A probability-based analysis has been suggested (Westberg & Johansson, 2014) to better 

account for the uncertainties. Probabilistic analyses are more accurate and realistic with the inclusion of 

uncertainties than deterministic analyses. 

 

The motivation for development of a probabilistic model code centres on the fact that dams are of an 

increasing age. The construction of new dams does not seem to be an optimal solution to the problem 

of ageing dams. 

 
Several analyses carried out in a small benchmark of gravity and buttress type dams by Alsén & 
Holmberg (2007) demonstrated that the probability of failure varies widely in structures where the 
factor of safety is the same. Alsén & Holmberg (2007) demonstrated that the higher the dam the lower 
the reliability. 
 
In the last years several attempts have been made to establish safety assessments of dams in terms of a 
probabilistic analysis. Some examples are Australia (University of South Wales, ANCOLD, etc.), Canada 
(BC Hydro, etc.), Spain (SPANCOLD) and United States (Bureau of Reclamation, Utah State University, 
United States Army Corps of Engineers, etc.). However, this technique is still in its infancy and many 
questions remain to be answered. A probability-based guideline for the design and assessment of 
concrete dams has been suggested to allow for the use of probabilistic analysis in Sweden.  
 
When a reliability-based assessment of a dam is carried out, the performed calculation does not reflect 
the true probability of failure due to model errors and simplifications; therefore, the calculated 
probability of failure is nominal. As a consequence, it is necessary to calibrate target reliability index 
against existing structures with an acceptable safety. Through the stability analyses of existing dam 
structures, a minimum level of reliability or maximum failure probability may be defined with the 
ultimate goal of defining a target safety index (β-target) and in turn contributing to the formulation of 
the probability-based guideline, which from here on shall be referred to as the ‘Probabilistic Model Code 
for Concrete Dams’. 
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1.2 Objective 
This thesis is part of a research project. The main aim of this research is to define a process where the 
assessment and design of dams is mainly based on probabilistic methodologies. 
The aim of our study is that it will aid in the definition of the            to be included in the 
Probabilistic Model Code for Concrete Dams. 
 

1.3 Limitations 
 This thesis focuses on gravity and buttress dams founded on rock. No consideration has been 

given to other types of foundation material. 
 

 The dams analysed in this thesis are only from Sweden. That means that the methodology 
developed in this thesis is based on Swedish/Nordic conditions alone. 
 

 Only static forces are considered. No attention has been given to seismic loads. 
 

 Thermal effects on the structural systems and its materials have not been taken into 
consideration. 
 

 Sediment loading and accompanying destabilising forces on the structural systems have not 
been taken into consideration. 
 

 Cohesion and the areas of cohesion in the concrete-rock interface for each structural system 

are insufficiently known. Thus cohesive strength has been omitted as a contributing stabilizing 

force against sliding failure. The effects of cohesive force on probabilistic analyses for sliding 

stability must be expanded upon in future studies to contribute to a more accurate definition of 

a β-target. 

 

 Our thesis embodies a less holistic approach to the safety analysis of dams as it does not 

concern itself with a complete risk assessment; this thesis is only concerned with the 

probability of structural failure of the single dam monoliths. 

 

1.4 Outline 
The outline of the thesis is as follows: 
 
Chapter 2: ‘General Principles of Structural Reliability’ describes the theory which was implemented in 
our probability-based analyses of concrete dams. The chapter begins by describing the basis of safety 
analysis and design for structural systems. An insight into the theory behind probabilistic analyses 
follows which includes the methodology behind the calculation of our reliability safety index ‘β’ for each 
dam. A discussion is made into the definition of the β-target to aid in the formulation of the Probabilistic 
Model Mode for Concrete Dams. 
 
Chapter 3: ‘Methodology’ describes in detail the process in which our thesis is carried out. This chapter 
focuses on feasible failure modes of both gravity and buttress dams, the random variables which define 
our load and resistance parameters and how they are formulated & applied.  A ‘rock joint study’ and 
‘rock bolt study’ are also discussed. 
 
Chapter 4: ‘Results’ displays the results obtained from both the probabilistic and deterministic analyses 
of each dam. This chapter provides values in terms of deterministic factor of safety, reliability β-index, 
and probability of failure ‘  ’ against sliding and overturning unique to each dam. This chapter also 
provides a brief description of each dam, accompanying drawings, and the random variables specific to 
each dam. 
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Chapter 5: ‘Discussion’ comments upon the results obtained. This chapter also discusses the formulation 
of a β-target to aid in the development of the Probabilistic Model Code for Concrete Dams. Comparisons 
are made between deterministic and probabilistic results for stability analysis, and a verification of the 
hypothesis behind the development of the Probabilistic Model Code for Concrete Dams is made. 
 
Chapter 6: ‘Conclusions and suggestions for future research’ displays the conclusions made from the 
results in this thesis and also gives some suggestions for future research in the areas where further 
investigations may be needed. 
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2 General Principles of Structural Reliability 

2.1 General Safety Problem 
The basis of structural design is to ensure that all possible loads     do not exceed the resistance     of a 
structure throughout its intended life span. This basic concept of structural design is implemented in the 
safety analysis of a structure. Thus a structure is considered safe if the following condition is fulfilled: 
 

    (2.1) 
 
It is important to recognise all possible failure modes of a structural system. The ways in which a 
structure can fail defines our analysis and greatly influences our structural design. In a dam safety 
analysis, the two governing modes in which a dam can fail are sliding failure and overturning failure. 
Although overturning failure is considered unlikely in most cases, its failure mechanism must be 
analysed in order to encompass a complete safety analysis. 
 
When all feasible failure modes are recognised and all load and resistance parameters are thoroughly 
investigated, two components are then used in a safety analysis in order to find a balance between the 
loads, their response and the uncertainties (Johansson, 2009). The first component is an expression for 
the calculated safety of the structure which may be performed using three types of methods: 
deterministic; probabilistic and semi-probabilistic: 
 

 Factor of Safety:  
A common deterministic approach where the factor of safety is defined by dividing the resisting 
forces     by the loading forces     providing us with a design margin over the theoretical design 
capacity to allow for uncertainty in loading and resistance. In the theoretical sense for a system 
to be considered safe in terms of the factor of safety      the following condition must be 
fulfilled: 
 

  
 

  
 (2.2) 

 
Usually a larger safety factor than unity is required to establish confidence in a system and to 
overcome uncertainties which accompany load and resistance parameters. For example, the 
minimum acceptable factor of safety against overturning failure of a dam under normal loading 
conditions is considered to be equal to 1.5. Factors of safety are selected largely on a joint basis 
of intuition and experience. 
 

 Partial Safety Factor Method: 
A semi-probabilistic development of the factor of safety approach which implies that the 
loading and resistance parameters shall fulfil the relation: 
 

 

  

      (2.3) 

 
where     is the resistance,     is the load, and    and    represent the associated partial safety 
factors (EN 1990, 2004). These partial safety factors serve to keep the load effects well below 
what a structure can resist. It must be noted that whereas the factor of safety method concerns 
permissible stresses, the partial safety factor method concerns limit state methodology. 
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 Probability-based analysis: 
A probabilistic approach where the probability of failure ‘  ’ of a structure and its reliability 
index     is calculated and compared with an admissible ‘target’ probability of failure and an 
admissible ‘target’ reliability index. Thus in order for a system to be considered safe, the 
following conditions must be fulfilled: 
 

            (2.4) 

 
          (2.5) 

 
The production of these          values constitutes the basis of development for the 
probabilistic model code for concrete dams. A reliability analysis is carried out in order to 
calculate the reliability index    ; a process which will be discussed further in detail in the 
coming chapters. 
 

The second component of a safety analysis is the acceptance requirement which is used to determine 
the magnitude of the calculated safety in order to have an acceptable or tolerable risk. 
 

2.2 Probabilistic Analysis 
A probabilistic analysis can be considered objective or subjective. Objective probability is the observed 
frequency of events that happen randomly. This probability is related to random or natural uncertainty. 
Subjective probability is the degree of confidence in a result based on the available information. This 
probability is related to epistemological uncertainty (SPANCOLD, 2012). Our thesis concerns subjective 
probability. This chapter demonstrates how a subjective probability of structural failure can be 
calculated through reliability-based methodology. The probability of failure of a potential failure mode 
may be described as follows: 
 

            ∑                       |            (2.6) 

 
where               is the probability that certain a load combination may occur and 
         |            is the conditional probability of failure given a load combination. 
 

2.2.1 Deterministic versus Probabilistic Analysis 
A deterministic estimation treats all of the random variables as constants during calculation. This 
deterministic method does not allow for variations or uncertainties surrounding these random variables. 
In contrast, a probabilistic analysis treats all input random variables as variables that change according 
to an assigned probability distribution function. The probability distribution function predicts the likely 
behaviour of an input random variable over a range of potential input random variable values. In this 
way our safety analysis can define and incorporate uncertainty. 
 
A deterministic factor of safety may be applied to a failure mode and the probability of failure of the 
limit state function will vary depending on the level of uncertainties associated with the random 
variables which define our load and resistance parameters. For the purpose of analytical method 
comparison, this is demonstrated in the graphs below where the factor of safety remains constant for 
both scenarios of varying uncertainties. 
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Figure 2.1- Distribution of total load Q and resistance R when two different cases have the same value of 

factor of safety: (a) high load and resistance uncertainty (b) low load and resistance uncertainty 
(Johansson, 2005). 

 
Probabilistic analyses yields more comprehensive estimates than deterministic analyses due to the 
range associated with the input variables. This requires a lot more information than required in a 
deterministic analysis in terms of expected variable behaviour and the likely variable probability 
distributions (Muench, 2010). 
 
The purpose of deterministic analyses is to assess the traditional factor of safety against the failure 
modes concerned. The traditional factor of safety approach is considered the most common of 
deterministic calculation methods; the results of which will be utilised for each dam in order to make 
comparisons between, and fundamental judgements on, probabilistic results obtained through 
reliability-based methodology. 
 

2.2.2 Limit State Functions 
Structures must exhibit both safety and serviceability over a predefined period of time. Both of these 
requirements can be idealised into the form of a so called limit state condition: 
 

             (2.7) 
 
where           are random variables. These random variables describe both the problem and 
requirements for a particular basis of assessment. The limit state equation separates the acceptable 
region from that which is characterized as failure: 
 

             (2.8) 
 
Failure is defined by the failure condition as: 
 

             (2.9) 
 
The basis of any safety analysis is that the feasible failure modes are identified and modelled. For 
probabilistic calculations, a failure mode is defined by a limit state function. Therefore probability of 
failure can be expressed as follows: 
 

    [            ] (2.10) 
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The basic variables inputted to the limit state equation should be parameters of importance; random 
variables (including the special case deterministic variables) stochastic processes or random fields (JCSS, 
2001). All essential sources of uncertainties should be integrated, physical/mechanical uncertainty, 
statistical uncertainty and model uncertainty (Westberg & Johansson, 2010). It is assumed that the 
variables in a limit state function are independent of each other. 
 
In normal space, the failure surface which defines the limit state function is described by Figure 2.2 
shown below: 

 
Figure 2.2- Representation of the limit state function. 

 
If we can express the limit state function      as a function of basic variables, load and resistance 
parameters      , it can be said that if the load effect on a structure exceeds the resistance of that 
structure, then the structure is to experience failure. Thus the probability of failure    can be expressed 

as: 
 

          (2.11) 

 
            (2.12) 

 

    (
 

 
  ) (2.13) 

 
                (2.14) 

 
Or in general: 
 

    [        ] (2.15) 

 

2.2.3 Defining Reliability Index,   
In our analyses, the limit state function      is defined by load and resistance parameters      .       
are assumed independent uncorrelated parameters. Thus the probability of failure becomes: 
 

            ∫             
 

  

 (2.16) 

 
This is known as a ‘convolution integral’ whose meaning is demonstrated in Figure 2.3 shown below. 
      is the probability that     or the probability that the actual resistance   of the structural 
system is less than some value  . This represents failure. The term       represents the probability that 
the load effect   acting on the system has a value between   and      in the limit as     . 
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By considering all possible values of  , i.e. by taking the integral over all  , the total failure probability is 
obtained (Melchers, 1999). It should be noted that the lower integration limit should be zero, as 
negative resistance is not possible. 
 

 
Figure 2.3- Basic     problem:            representation (Melchers, 1999). 

 
In a simplified reliability analysis our safety margin,      , is modelled by distributions of random 
variables. With some distributions of these random variables which define parameters       it is 
possible to perform an analytical integration of the convolution integral. The most common case is when 

both       comprise of normal random variables with mean values         and variances   
      

  
respectively. The safety margin       then has a mean and variance given by well-known 
arithmetic rules: 
 

         (2.17) 
 

  
    

    
  (2.18) 

 
Equation (2.16) then becomes: 
 

                       
    

  

  (2.19) 

 
where      is the standard normal distribution of the function (zero mean and unit variance) (Melchers, 
1999).  
This standard normal distribution function has been extensively tabulated in statistics texts. The 
relationship between   and    is given in Table 2.1. 

 
Table 2.1- Relationship between   and Pf (Westberg & Johansson, 2014). 

                                       

β 1.28 2.32 3.09 3.72 4.27 4.75 5,20 
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Using equation (2.19), the probability of failure of the limit state function becomes: 
 

    [
           

   
    

     
]        (2.20) 

 

where   
  

  
 is defined as the reliability index. This reliability index, or  -value, defines the probability 

of failure values which we obtain during our analysis.   can be seen as the number of standard 
deviations    by which    exceeds zero, as illustrated in Figure 2.4 below (Westberg M. , 2010): 
 

 
Figure 2.4- Normal distribution of safety margin      is the mean,    is the standard deviation and   is 

the reliability index. 
 
It may be noted (as can be demonstrated using equation (2.20)) that if either of the standard deviations 
of the load or resistance parameters    and    are increased then the probability of failure increases 
accordingly. Also if the difference between the mean of the loading parameter and the mean of the 
resistance parameter is increased, then the probability of failure,     of the limit state function is 

reduced accordingly. 
 

2.3 Reliability-Based Methodology 
Two methods of calculation were used in this thesis; deterministic and probabilistic. Deterministic 
analyses of each dam were carried out by dam owners and made readily available. Reliability 
calculations were carried out using the computer software COMREL. COMREL is a time invariant 
reliability-based analysis software package. The main probabilistic analysis method utilized was the ‘First 
Order Reliability Method,’ or ‘FORM.’ The second probabilistic analysis method was carried out using a 
‘Monte Carlo simulation.’ The Monte Carlo simulation provides us with insight into the validity of the 
results obtained using FORM and via comparison helps in determining whether discontinuities exist in 
the limit state function. This will be discussed further. 
 

2.3.1 First Order Reliability Method: Hasofer-Lind Transformation 
This method of calculating the reliability index was initially proposed by Hasofer & Lind (1974). A 
linearization of the failure function about a point which lies on the failure surface is proposed. This point 
on the failure surface is known as the design point or point of most probable failure. Approximations 
which linearize the failure function are called ‘first order’ methods. 
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As previously demonstrated, a limit state function may be defined as:  
 

        (2.21) 
 
The limit state function may also be defined as: 
 

  
 

 
     (2.22) 

 
In a basic reliability case, these equations provide a different result which means that the limit state 
function is not invariant. In general, input parameters are not independent normal variables and limit 
state functions are not linear. In that case it is generally not possible to solve the convolution integral 
analytically (Westberg M. , 2010). To overcome this problem, the Hasofer-Lind transformation is used. In 
this technique, all random variables are first normalised and transformed into standard normal space. 
This is carried out by defining a set of transformed variables   ,       using the relation: 
 

   
      

   

 (2.23) 

 
where     and     are the mean and standard deviation of variable      
 
Inserting these transformed variables into a limit state function provides us with a transformed linear 

‘performance’ function    ̅ . This relationship can be seen in Figure 2.5 below: 
 

 
Figure 2.5- Linearization of the limit state function (Kisse, 2011). 

 

The reliability index is the distance from the point of origin of the reduced variables to the design point 
(nearest point) on the failure surface. This distance can also be represented by the equation: 
 

  
          

   
    

     
 (2.24) 
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In standard normal space each variable has zero mean and unit standard deviation, thus Hasofer & Lind 
suggested the safety index could be defined as: 
 

       ∑  
 

 

   

 
 

  (2.25) 

 

subjected to    ̅    where    represents the coordinates of any point on the limit state surface. The 
point on the failure surface at which    has minimum magnitude is the design point (Melchers, 1999; 
Iqbal, 2012). Thus the design point represents the point of greatest probability density for the failure 
domain. Transformed variable    can be expressed as: 
 

         (2.26) 
 

   
     

  
 

    (2.27) 

 
where    are the directional cosines of the design point as illustrated in Figure 2.6. 
 

2.3.1.1 Sensitivity Factors 
The factor     as presented in equation (2.27) is also known as the sensitivity factor of variable   . It can 
be described as the relative measure of the sensitivity of the safety index  . These sensitivity factors are 
considered to be a very important part of our reliability analysis as they provide us with an insight into 
the weighting of each variable to the problem at hand; a representation of the sensitivity of the 
standardized limit state function to the changes in variable     
 

 
Figure 2.6- First order reliability method and sensitivity factors   . ‘ ’ represents the linear failure surface 

after normalization. The shortest distance from the origin to the design point is    the reliability index. 
 
In a reliability analysis, a very small value of    might end up with an assumption of considering its 
corresponding variable as a deterministic variable rather than a random variable, thus simplifying the 
probabilistic analysis (Melchers, 1999).  A higher sensitivity factor suggests a higher sensitivity of  -value 
to the limit state function. It shall be noted that concerning our simplified structural reliability case, the 
sensitivity factors for the load parameters are negative, while for resistance parameters they are 
positive. 
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If a limit state function is differentiable, then the sensitivity factors may be calculated as: 
 

   
 

  

   

√∑ (
  

   
)
 

 
   

 (2.28) 

 

where   is the number of basic variables in the limit state function, 
  

   
 is the partial derivative of the 

transformed limit state function (performance function)    ̅  for the normalised random variable    
(Thoft-Christensen & Baker, 1982). The transformed limit state function can now be defined as: 
 

 (                )    (2.29) 

 

2.3.1.2 Nataf Transformation  
Our reliability analysis with the First Order Reliability Method is carried out using COMREL. This software 
transforms random variables into standard normal space using a Nataf transformation. 
 
In some reliability cases only the marginal cumulative distribution functions and the correlation matrix 
are available instead of the complete joint cumulative distribution function. Therefore an approximation 
based on a joint normal distribution to the complete distribution can be made using a Nataf 
Transformation (Melchers, 1999). The Nataf model assumes that all specified marginal distribution can 
be transformed into standard normal variables.  
 
In our reliability analysis all random variables are uncorrelated. This greatly simplifies the Nataf 
transformation and allows it to follow basic Hasofer-Lind theory for transforming random variables into 
standard normal space. It must be noted that if correlations exist, the Nataf transformation can only be 
used for a restricted range of correlation coefficients depending on the marginal distributions and their 
parameters. The matrix of correlation coefficients must be positive definite (RCP, 1998). 
 

2.3.2 Monte Carlo Simulation 
A Monte Carlo simulation involves ‘sampling’ at ‘random’ to simulate artificially a large number of 
experiments and to observe the results. In the case of analysis for structural reliability this means 
sampling each random variable    randomly to give a sample value   ̅. The limit state function    ̅    
is then checked. If the limit state is violated (i.e.   ̅   ) the structure or structural element has 
‘failed’. The experiment is repeated many times, each with a randomly chosen vector  ̅ of   ̅ values. 
If   trials are conducted, the probability of failure is given approximately by: 
 

   
      ̅    

 
 (2.30) 

 
where       ̅     denotes the number of trials   for which     ̅   . The total number of trials    is 
directly related to the accuracy of the probability of failure (Melchers, 1999). The higher the number 
of   trials performed, the closer the solution will converge to the absolute correct solution. 
 
A ‘Crude Monte Carlo Integration’ is carried out by the reliability-based analysis software, COMREL. 
Otherwise known as ‘Direct Sampling’, this method does not impose any restriction on the vector  ̅ and 
the formulation of    ̅ . This method approximates the probability of failure by: 
 

    ∫   ̅  ̅ 
   ̅   

  ̅  ∫  [   ̅   ]   ̅  ̅   ̅ (2.31) 

 
where   ̅  ̅   is the cumulative distribution function and  [   ̅   ] is an indicator function. 
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If the value of the indicator function is equal to 1 then    ̅    indicates failure, otherwise it is equal 
to 0. If there are   realisations of vector  ̅ with   ̅ values: 
 

    
 

 
∑ [    ̅   ]

 

   

 (2.32) 

 
where          . 
 
The main purpose of this Crude Monte Carlo Integration is to investigate the validity of the results 
obtained from the First Order Reliability Method approach. By comparison, these two results will 
provide us with insight into the condition of the limit state functions and as to whether discontinuities in 
the limit state functions exist. The downside to using the Monte Carlo simulation for determining the 
probability of failure of the structural system it that it does not provide us with sensitivity values of the 
random variables like that produced with the First Order Reliability Method. 
 

2.4 Target Safety Index 
In order to determine if the calculated safety index for a structural system is acceptable or sufficient, i.e. 
if the structure is safe enough, comparisons to a target safety index is necessary. As previously stated, in 
order for a system to be considered safe, the following conditions must be fulfilled: 
 

                 (2.33) 

 
               (2.34) 

 
The safety of a structural system is expressed in terms of an acceptable minimum safety (reliability) 
index           or the acceptable maximum failure probability            (Westberg M. , 2007). 

 
A         is calculated for the failure modes of each concrete dam with the primary goal of formulating a 
representative          for both buttress and gravity dams under various load combinations to aid in the 

development of the Probabilistic Model Code for Concrete Dams. 
 
The derivation of a target safety index is very complex and should be made by scientists, designers and 
politicians in cooperation. However idealised the concept, it must be emphasized that decisions on 
tolerable risk and target safety have an impact on society as a whole and should not be performed solely 
on the basis of engineering judgement (Westberg M. , 2007). The estimated failure probability 
associated with a project is very much a function of the understanding of the issues, modelling and data- 
it follows that any comparison to acceptance criteria must take at least some account of the context 
within which the estimate of the probability of failure is made. 
 
Our thesis embodies a less holistic safety assessment as it is only concerned with the probability of 
structural failure of the dam. The application of a complete risk assessment may otherwise prove that 
the risk associated with the structural system is high; contradicting our structural failure probability. This 
will lead to analyses where a large number of consequences must be assessed. This process is not 
feasible for all dams, thus our analyses are simplified. 
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2.4.1 Target Safety Index as demonstrated in the Eurocode 
Target safety indices have been defined for structures in various structural design codes globally. This is 
not the case for Swedish dams.  Target safety indices have been developed for Chinese dams (China 
Electricity Council , 2000)  but this is the only exception. To demonstrate, Eurocode (EN 1990, 2004) 
provides target values for the reliability index β for structures designed to the ultimate limit state with 
reference periods of 1 and 50 years. Three reliability classes RC1, RC2, RC3, may be associated with 
three consequence classes CC1, CC2, and CC3 respectively. 
 

Table 2.2-Definition of consequences classes, from Eurocode (EN 1990, 2004). 

Consequences Class Description Examples of buildings and civil engineering works 

CC3 
High consequence for loss of human life, or economic, social 
or environmental consequences very great 

Grandstands, public buildings where consequences of failure are 
high (e.g. a concert hall) 

CC2 
Medium consequence for loss of human life, economic, social 
or environmental consequences considerable 

Residential and office buildings, public buildings where 
consequences of failure are medium (e.g. an office building) 

CC1 
Low consequence for loss of human life, and economic, social 
or environmental consequences small or negligible 

Agricultural buildings where people do not normally enter (e.g. 
storage buildings), greenhouses  

 
Table 2.3- Target safety index, from Eurocode (EN 1990, 2004) 

Reliability Class Maximum values for β 

RC3 5.2 

RC2 4.7 

RC1 4.2 

 

2.4.2 Calibration of the target safety index 
The calibration of the target safety index falls outside the scope of this thesis; it is the responsibility of 
the developers of the Probabilistic Model Code for Concrete Dams to interpret data scatters of resulting 
reliability        values and develop methodology based on intuition or existing practices for the 
formulation of a        . 

 
We carry the assumption that existing dams which fulfil deterministic requirements are considered safe 
enough. Through this assumption the corresponding reliability         of each dam is determined under 
varying load combinations. The results of which are plotted against corresponding deterministic safety 
factors and from this a         may be defined. See Figure 5.1 and Figure 5.2 in chapter 5 for data 

scatters. 
 
It is possible for the target safety index to be calibrated to existing practices assuming that they are 
acceptable. A way to proceed in the calibration of          is to design a set of typical structures or 

structural elements according to existing design codes with random parameters (loads and resistance) 
and uncertainties fixed. From these assumptions the reliability    of each of the elements with respect to 
their requirements can be calculated. Iteration back and forth will result in a set of  -values within 
acceptable bounds and within these bounds a target reliability level         can be found. This 

procedure has been used to calibrate national codes in many countries as well as the Eurocode (see e.g. 
EN 1990, 2004) (Westberg M. , 2010). 
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An example of a systematic procedure for the calibration of the target safety index is defined in the 
Chinese guidelines (China Electricity Council , 2000; Westberg M. , 2010): 
 

i. Select typical structures or structural elements and divide them into three groups in 
accordance with their safety grade (consequence class). 
 

ii. For each structure or structural element a coefficient    is assigned, according to 
frequency of use, cost and experience of the structural type, and for each group: 

 

∑    

 

   

 (2.35) 

 
iii. The typical structures are designed according to current codes and the amount of material 

used is minimized. 
 

iv. Stochastic parameters and probabilistic distributions of actions and resistance are used as 
input to determine     for each of the typical structures. 

 
v. The weighted reliability index,      of a group of structures with the same safety level is 

determined. This reliability index is an index calibrated at this safety level according to 
relevant codes. 

 
vi. Existing typical structures are grouped according to safety level and the reliability index is 

determined for each structure. For each group of structures of the same safety level, a 
weighted reliability index    is determined. 

 
vii. The target reliability index    is determined for each safety level according to         (i.e. 

taking account of both existing structures,      and typical “designed” ones,    ) and taking 
account of the optimal balance of safety and economy. 
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3 Methodology 
The methodology described in this thesis is based on information provided by the ‘Probabilistic Model 
Code for Concrete Dams’ and previous research by the authors Fredrik Johansson and Marie Westberg. 
 

3.1 Failure Modes in Concrete Dams 
Failure in a dam can be categorised into three different failure modes (Westberg & Johansson, 2014; 
Westberg M. , 2010): 
 

 Sliding Stability: Sliding of the entire dam, a monolith or part of it along the concrete-rock 
interface, construction joints in the concrete, or in the rock mass due to the existence of planes 
of discontinuity in the material. 

 

 Overturning Stability: Overturning of the whole dam, a monolith or part of it. 
 

 Overstressing: This occurs when the stresses in the dam foundation or the dam body exceed 
the ultimate strength of the material. 

 

3.1.1 Sliding Stability 
The analysis of this failure mode has been carried out based on the Mohr-Coulomb equation where the 
maximum allowable tangential stress   for each point on the sliding plane is described as (Westberg M. , 
2010): 
 

               (3.1) 

 
where   is the cohesion,     is the effective normal stress to the sliding plane and   is the friction angle. 
 
When the previous equation is integrated along the sliding plane it is possible to obtain the total parallel 
force along the plane. Thus the new condition becomes: 
 

  
          

  
 (3.2) 

 
where   is the total force parallel to the sliding plane,   is the resultant of the vertical forces over the 
plane,   is the friction angle,   is the cohesion,   is the total contact area and    is the safety factor 
applied. 
 
The Mohr-Coulomb criterion works with ductile materials, but in many cases sliding interfaces may be 
considered as brittle (Gustafsson, Johansson, Rytters, & Stille, 2008; Westberg M. , 2010). 
 
In this thesis two distinctions have been made when analysing this failure mode; sliding along the 
concrete-rock interface and sliding in the rock mass. Sliding along the concrete part is not considered in 
this thesis. 
 

3.1.1.1 Sliding along the concrete-rock interface 
According to Gustafsson et al. (2008) the failure of a concrete-rock interface where cohesion exists is a 
brittle failure and will occur at no or very small relative displacement to the failure plane. Until failure 
occurs, the shear resistance can be described by the Mohr-Coulomb criteria mentioned above. 
 
The shear resistance when the contact between concrete and rock is intact can be described as 
(Westberg & Johansson, 2014; Westberg M. , 2010): 
 

                 (3.3) 
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where   is the base area,    is the effective normal force to the sliding plane (      , where   is 
the uplift pressure) and    is the internal friction angle in the concrete-rock interface. 
 
However, the sliding surface may not be intact; it may be so that the bond within the concrete-rock 
interface may not exist or a failure surface may be present. In this case the shear resistance is given by a 
total friction angle which is the sum of a base friction angle    and a dilation angle   which are 
estimated by the asperities which exist on the foundation surface. These asperities commonly exist due 
to man-made asperities introduced during the construction of the dams (Westberg M. , 2010). 
 
The shear resistance when the bonded contact does not exist or has previously failed can be described 
by the following equation: 
 

                  (3.4) 

 
Gustafsson et al.(2008) recommends that only an intact concrete-rock bond may contribute to the shear 
resistance. If failure occurs or if large uncertainties exist concerning the quality of the concrete-rock 
bond, then the contribution that the concrete strength may provide to the shear resistance shall be 
overlooked. In this thesis the analysis for the sliding failure mode is carried out omitting cohesion within 
the concrete-rock interface. 
 
The reasons for this decision are: 
 

 Lack of information and large uncertainties concerning the tests performed when estimating 
the cohesion. 

 

 Omitting the cohesion from the calculations will underestimate the level of stability for both 
the deterministic and probabilistic analysis. It becomes a conservative assumption. 

 

3.1.1.2 Sliding in the rock mass 
It is advised that sliding within the rock mass should be analysed as a feasible failure mode as failure in 
sliding may first occur within the rock mass due to the existence of a persistent joint or different families 
of joints/discontinuities (Westberg & Johansson, 2014; Westberg M. , 2010). 
 
According to Gustafsson et al. (2008) the shear capacity of the rock mass could be expressed by the 
Mohr-Coulomb criterion as: 
 

                    (3.5) 
 
where    is the cohesion of the rock mass,     the intact area of the rock mass and    the friction 
angle of the rock mass. 
 
However, in this thesis the existence of a persistent joint beneath the dam foundation was assumed. In 
our case equation (3.5) is not completely valid. It is found to be more conservative to use the following 
expression: 
 

                    (3.6) 

 
where     is the basic friction angle and    the contribution from surface roughness of the rock joint. 

  



Reliability-Based Analysis of Concrete Dams 
 

19 
 

3.1.1.3 Limit State Functions for Sliding Stability 

3.1.1.3.1 Sliding along concrete-rock interface 
Two limit state functions are identified for sliding failure (Westberg & Johansson, 2014; Westberg M. , 
2010). 
 
When the contact surface is intact the equation can be described as: 
 

                      (3.7) 
 
where   is the cohesion,   is the total area,    is the total effective normal force,    is the internal 
friction angle and   is the total force parallel to the sliding plane favourable to failure. 
 
When the contact is not intact the following limit state function is utilised: 
 

                      (3.8) 
 
where    is the base friction angle and   the inclination angle of large asperities. 
 
The limit state function, as described in equation (3.8), is that which we use in stability calculations for 
this thesis which omits the cohesive resistance force as discussed in 3.1.1.1. 

3.1.1.3.2 Sliding along rock mass 
For sliding failure along the rock mass there are also two limit state functions based on the failure 
equations demonstrated in the previous chapter (Westberg & Johansson, 2014; Westberg M. , 2010). 
 

                          (3.9) 
 
where    is the cohesion in the rock mass,     is the total area,    is the total effective normal force, 
   is the internal friction angle of the rock mass and   is the total force parallel to the sliding plane 
favourable to failure. 
 
When a persistent joint exists the following limit state function is utilised: 
 

                          (3.10) 

 
where     is the base friction angle of the joint and    the contribution from surface roughness of the 

joint. 
 
However, in this thesis, no analyses have been performed for an actual existing persistent joint in the 
foundation, since this requires information from performed investigations of the rock foundation. No 
such investigations had been performed for the dams analysed. Therefore a sensitivity study was 
performed with an assumed horizontal persistent rock joint under the dam foundation at varying 
depths. A more thorough description of that study is presented in chapter 3.5. 
 

3.1.2 Overturning Stability 
Overturning failure will occur when the destabilising moment (supplied primarily by water pressure, ice 
loads and uplift), is greater than the stabilizing moment (supplied by the self-weight of the structure). 
The failure criterion often used in the deterministic calculations is as follows (Westberg & Johansson, 
2014; Westberg M. , 2010): 
 

  

  

    (3.11) 

 
  



Reliability-Based Analysis of Concrete Dams 
 

20 
 

where    are the stabilising (resisting) moments and    are the destabilising (overturning) moments 
and    is the safety factor. These moments are usually calculated choosing a point of rotation about the 
dam toe. This makes it very important to check the stresses in the foundation in order to detect the 
existence of cracking in the concrete base, both upstream and downstream. 
 

3.1.2.1 Adjusted overturning 
Overturning moments cause high stresses to develop in the concrete or in the rock mass downstream, 
which in many cases could be unrealistic when the dam is modelled as a rigid body. One solution to this 
problem is that proposed by Fishman (2009) which is based on the idea that crushing in the concrete or 
in the rock mass may occur in the toe due to these high stresses. 
 
This leads to the assumption that as overturning failure occurs, the point of rotation around which the 
moments act shall adjust and change location due to the crushing in concrete or rock mass. This 
adjustment can be estimated according to the following equation (Westberg & Johansson, 2014): 
 

     (
  

     
   

  

     

) (3.12) 

 
where     is the compressive strength of the concrete,     is the compressive strength of the rock mass 
and   is the width of the structure section or the thickness of the buttress. 
 
This crushing in the downstream part will also reduce the resistance area in the base of the dam and in 
turn the stress distribution must be recalculated. 

 
Figure 3.1-Definition of limit overturning from Fishman (2007). 

 

3.1.2.2 Cracking in the base 
According to RIDAS TA (2008) and many other dam regulations, cracking in the base will occur when 
tensile stresses appear in the concrete. For a rectangular shaped base this happens when the resultant 
vertical force falls outside the mid-third of the base area. An exception is made in RIDAS TA (2008) 
accepting those cases where the resultant vertical force falls inside the mid 3/5

th
 of the base area 

(exceptional load combination). 
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Figure 3.2- Limits of the resultant vertical force (RIDAS, 2012) 

 
If the resultant force does not comply with any of the previous two conditions, tensile forces will appear 
in the upstream heel of the dam and full uplift must be considered along this damaged part. Further 
details about the treatment of the uplift will be given in 3.2.4. 
 

3.1.2.3 Limit State Function for Overturning Stability 
The limit state function for overturning stability is as follows (Westberg & Johansson, 2014; Westberg M. 
, 2010): 
 

        
    

  (3.13) 
 
where   

  are the stabilising (resisting) moments and   
   are the destabilising (overturning) moments 

around the point   which can be estimated according to the equation (3.12). 
 

3.2 Random variables 
In this chapter, the random variables which comprise the limit state equations are defined. The 
assumptions and values recommended for the different random variables are primarily based on 
Westberg & Johansson (2014), Johansson (2009) and Westberg M. (2010). 
 

 
Figure 3.3-Main forces acting on a dam (Westberg M. , 2010). 
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The random loading and resistance variables that can be considered in dam stability are: 
 

 Self-weight* 
 Shear strength in the base* 
 Compressive and tensile strength of concrete and rock* 
 Earth pressure* 
 Head water* 
 Uplift pressure* 
 Ice* 
 Temperature loads 

 
Other loading parameters could be considered such as sediment loading and the effects of dynamic 
loading such as that supplied by an earthquake or ground motion. This thesis only deals with the 
parameters listed above marked with *. Earthquakes and ground motions are phenomena unlikely to 
happen in Sweden. Thus they are predominantly omitted from the stability analyses of concrete dams.   
 
In each section of this chapter the input of each variable in the probabilistic analysis is explained. 

3.2.1 Self-weight 
The self-weight of a concrete dam is determined by the relation between its concrete volume and the 
unit density of the concrete (Westberg & Johansson, 2014). 
 

   ∫     
   

 (3.14) 

 
where   is the volume of the structure and    is the unit density of the material. 
 
Concrete volume and concrete density can both be described as random variables, but it is considered 
difficult to model them separately. The values shown below which are used in the calculations of this 
thesis include both volume and density variability.  
 
According to JCSS (2001) the uncertainty concerning the magnitude of variation in self-weight is 
generally small in comparison to other types of loads and its variability with time is normally negligible. 
 
The concrete density and concrete volume of a dam, or part of a dam, have both been assumed to have 
Gaussian distributions. To simplify the process in order to calculate the self-weight, this variable may 
also be assumed to have a Gaussian distribution. 
 
According to CIB (1989), the mean value of this variable may be taken as 23.5 kN/m

3
 and COV of 0.04 for 

concrete with compressive strength of 20 MPa, and 24.5 kN/m
3
 and COV of 0.03 for concrete with 

compressive strength of 40MPa. 
 

Table 3.1- Compressive resistance values for concrete. 
Material Mean Value (kN/m3) Coefficient of Variation COV 

Ordinary concrete (without 
reinforcement), fcc= 20 MPa 

23.5 0.04 

Ordinary concrete (without 
reinforcement), fcc = 40 MPa 

24.5 0.04 

 

3.2.2 Strength of concrete-rock interface and rock joints 
The strength of the concrete-rock interface or in persistent joints in the rock mass depends mainly on 
cohesion and the friction angle. As previously explained, this thesis maintains the hypothesis that an 
intact contact has not been considered and the use of cohesion as a resistance parameter has been left 
out. Basic friction angle and contribution from roughness for both concrete-rock interface and rock 
joints were included in the calculations as resistance parameters instead. 
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3.2.2.1 Basic friction angle and dilatation 
According to Westberg & Johansson (2014), in order to determine the basic friction angle shear tests of 
drill core samples should be performed. The best results are obtained from cracked surfaces when the 
measured friction angle is corrected for small-scale dilation (the dilation must be measured during a test 
where the rate of shear displacement must be low in relation to the dilation). 
 
According to Lo et al. (1991) the basic friction angle    is generally found to be between 30

o
 – 39

o 

without any differences between different types of rock. In this thesis a basic friction angle value of 35
o
 

with a COV of 0.05 was considered to be appropriate for the stability calculations of the different 
structures analysed. 
 
To estimate the contribution from roughness    knowledge concerning the rock surface along the 
foundation (or joint) is necessary (Westberg & Johansson, 2014; Johansson, 2009; Westberg M. , 2010). 
For dilatation to occur in the interface, the size of the asperities must be large enough in order to 
prevent shearing along the base of the asperity or through the concrete. Gustafsson et al. (2008) 
estimates that for a typical Swedish dam with heights between 10m-30m the length of an asperity in the 
concrete-rock interface must be at least in the region of 5% of the dam height in order to be accounted 
for. 
 
In this thesis, for the concrete-rock interface a value for the contribution from roughness of 5

o
 was 

utilised when the bedrock foundation is naturally occurring/unaltered and 15
o 

when the bedrock 
foundation is blasted.  
 
Both values have an assumed COV of 0.2 based on the studies and data obtained from preceding tests 
by Johansson (2009). 
 

 
Figure 3.4-Diagram of the calculation of the dilation angle. 

 

3.2.2.2 Basic friction angle and contribution from roughness of rock joints 
Since no information was available concerning the existence of possible persistent rock joints in the 
dams analysed, we maintained a conservative approach and assumed a value of 30

o
 with a COV of 0.05 

for the basic friction angle of the rock joint in the sensitivity study. For the contribution of roughness 
from the joint surface, an angle of 0

o
 was assumed. 
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3.2.2.3 Compressive and tensile strength of concrete 
For concrete, the compressive strength may be estimated according to CIB (1989) using the following 
formula: 
 

                       (3.15) 
 
where    is the coefficient of variation. 
 
The value of    may be unknown. In this case a standard deviation           may be representative. 

The in-situ 28-day concrete strength may be calculated as (Westberg M. , 2010): 
 

              (3.16) 

 
where           and          . 
 
The increase in the compressive strength of concrete due to ageing is usually described under the 
assumption of a mean temperature of 20

o
C and depends on the type of cement and curing conditions 

utilised (Sustainable Bridges, 2007). The recommendation is given by the following expression: 
 

                   (3.17) 
with 

           [ (  (
  

 
)
  ⁄

)] (3.18) 

 
where     is a coefficient which depends on cement type: 
 
 0.2 for rapid hardening high strength cements (R) 
 0.25 for normal hardening cements (N) 
 0.38 for slow hardening cements (S) 
 
The uncertainty in this parameter may be taken as: 
 

                    (3.19) 

 
The tensile strength of the concrete in bending may be calculated using the expression (Carlsson & 
Thelandersson, 2006): 
 

               
  ⁄  (3.20) 

 

3.2.3 Head water 
Horizontal water pressure and uplift both depend on the upstream water level of the dam. In most cases 
this water level varies between the retention water level (rwl), which is the maximum operating level of 
the dam, and the lower limit. However, phenomena exist such as large floods and malfunctioning of the 
gates which may cause the upstream water level to exceed the retention water level. This chapter 
demonstrates the methodology required to include the head water level in a reliability analysis focusing 
on the hydrologic scenario (SPANCOLD, 2012). 
 

3.2.3.1 Calculation of the design flood 
The aim of a hydrologic study in a reliability analysis is to estimate a series of complete flood 
hydrographs associated with certain return periods (SPANCOLD, 2012). The most common way to define 
floods is through their peak flow discharge   , which concurrently can be related to a certain 

probability of occurrence by its annual exceedance probability     or its return period        
 

   
  

(SPANCOLD, 2012). 
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According to the “Swedish Guideline for Design Flood Determination for Dams” (Flödeskommittén, 
2007) the determination of a design flood can be classified in two different categories depending on the 
consequences that would cause dam failure. 
 
‘Flood Design Category I’ should be applied to dams whose failure could cause loss of life or personal 
injury, important damage to infrastructure, property or environment, or other large economic damage. 
The determination of the design flood for this first category should be based on hydrological modelling 
techniques under the most unfavourable conditions occurring concurrently (extreme precipitation, 
snow melt and wet soils). 
 
In addition, dams with Flood Design Category I must withstand and be able to discharge: 
 

 A flood with a return period of at minimum 100 years at normal retention water level. 

 

 A design flood without suffering important structural damage. The return period of this flood is 

approximately between 5000-20000 years. Normally a 10000-year flood is accepted. 

 
‘Flood Design Category II’ should be applied to dams whose failure may only cause damage to 
infrastructure, property or the environment. 
These dams must withstand and be able to discharge a flood with a return period of at minimum 100 
years at normal retention water level. In addition, dams with Flood Design Category II should also be 
adapted to a flood determined by a cost-benefit analysis. 
 
There are different approaches to derive the design flood: 
 
The methods used to calculate design floods are mainly based on the terms PMP (Possible Maximum 
Precipitation) and PMF (Probable Maximum Flood). PMP refers to the theoretically maximum 
precipitation physically possible on a certain area during a given period of time and at a certain time of 
the year (Flödeskommittén, 2007). The definition of PMF could be different depending on the country, 
but mainly refers to the most critical and reasonable combination of meteorological conditions in a 
given region (Flödeskommittén, 2007). 
 
The methodology proposed by the Flödeskommittén for Flood Design Category I structures is based on 
the HBV-model. In this method the combination of extreme phenomena such as high soil moisture, large 
quantity of snow and a 14-day design precipitation based on observed data is assumed for the specific 
area (Flödeskommittén, 2007). More details about the steps to calculate a complete hydrological 
analysis can be found in Flödeskommittén, (2007). 
 
For Flood Design Category II, the 100-year return period flood is calculated through frequency analysis 
according to Flödeskommittén (2007). The procedure is to adapt a frequency distribution function with 
a time series compiled by the maximum inflow for each year producing the 100-year return period 
flood. According to Flödeskommittén (2007), the Swedish conditions are well described by distribution 
functions such as Gumbel, Gamma, Lognormal; all of which with two parameters. 
 

3.2.3.2 Treatment of headwater level 
According to Westberg & Johansson (2014), the yearly maximum water level may be described as: 
 

            (3.21) 
 
where    is the yearly maximum water level at the dam,      is the water depth at retention water 
level and    is the water depth exceeding the retention water level, which as intended may be 
described by a probabilistic approach. 
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According to the information above, two different cases can be identified (Westberg & Johansson, 
2014): 
 

1.         . This is the normal case where the annual exceedance probability       is close to 

1. It is considered as a deterministic parameter with     . 

 

In this thesis the calculations regarding the headwater level have been simplified allowing for 
the water level at the dam to be at the retention water level. According to SPANCOLD (2012) 
this assumption overestimates the probability of failure by being conservative. 
 

2.         . The probability of occurrence of this case is usually quite low and depends on the 

phenomena described above (rainfall, snowmelt, malfunctioning gates, etc.). In this case    

 . It is possible to approach this variable by a probabilistic distribution as explained below. 

 

 
Figure 3.5-Definition of the variables hw. hrwl, de and s. 

 

3.2.3.3 Probability density function 
In order to study the probabilistic distribution of the variable    two different approaches may be 
distinguished. In the first (albeit simplified) approach only floods are assumed to provide higher water 
levels. In the second approach events such as gate malfunction and power station failure are also added 
to the analysis (Westberg & Johansson, 2014). 
 
In this thesis, only the simplified procedure has been calculated due to the second approach is only 
possible to use for dams where the downstream water level does not affect directly the dam and the 
information regarding the gate(s) reliability is normally not available (Westberg & Johansson, 2014). 
 

3.2.3.3.1 Simplified procedure 
Concerning different dams analysed in this thesis, the variable    was well-fitted by a trapezoidal 
distribution: 
 

                          |          (3.22) 
 
where         are the parameters of the probabilistic distribution and the symbol “|” represent the 
conditional probability of this event to occur. 
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The cumulative density function may be written as: 
 

     

{
  
 

  
 

                                 
      

          
      

  
      

          
         

                                   

 

 

(3.23) 

 
Figure 3.6-PDF and CDF of trapezoidal distribution. 

 

3.2.3.3.2 Estimation of water levels     
The procedure to obtain this function is as follows: 
 
The total flow       through the gates and over the dam crest (if the crest level is reached) is calculated 
for different water levels starting at retention water level when     . 
 
Consideration must be given to the hydraulic conditions yet depending on the water level; the discharge 
through the gate(s) could be free or pressurised. In case of radial gates, the following expressions may 
be used (U.S. Army Corps of Engineering, 2010): 
 

 Free discharge through the gate(s) or over the dam crest may be described as (U.S. Army 

Corps of Engineering, 2010): 

 

               ⁄   (3.24) 

 
where    is a weir flow coefficient,   is the length of the spillway crest and   is the 
upstream energy head above the spillway crest. 
 
In this thesis, free discharge through the gate(s) was considered when the ratio between 

the headwater energy depth above the spillway and the opening of the gate was equal 

to or less than 1.25. 

 
Figure 3.7-Free discharge scheme from U.S. Army Corps of Engineering, (2010). 
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 Pressurised discharge through gate(s) or bottom outlet(s) may be described as (U.S. Army 

Corps of Engineering, 2010): 

 

        √      (3.25) 

 
where    is a weir flow coefficient,   is the area of the gate opening and   is the 
difference between the water energy upstream and the water energy downstream. 
 
Pressurised discharge was considered when the ratio between the headwater energy 

depth above the spillway and the opening of the gate was greater than 1.25. 

 
Figure 3.8-Pressurised discharge scheme from U.S. Army Corps of Engineering, (2010). 

 
In these calculations, overflow over the dam crest is considered assuming that the dam is capable of 
withstanding this event. Omitting the possible discharge over the dam crest will overestimate the water 
levels. Thus it is recommended to include the    probability density function calculations even if it is 
known that the dam would fail provided this event occurs (Westberg & Johansson, 2014). 
 
The next step is to estimate the return period of each flow. If detailed information is not available, an 
approximation may be used demonstrated in the equation (3.26). From this equation it is possible to 
estimate the return period of a determined flow comparing with the 100-year flood (Westberg & 
Johansson, 2014). For example from the expression below and the discharge capacity at retention water 
level, it is possible to estimate the return period of this flow     . The same procedure is applied to find 
the return period of each flow in each water level considered. 
 

         

    

  
       

     
 (3.26) 

 
where   is the return period that results from an input discharge associated to a water level   above the 
retention water level      , and      is the 100-year return period flood. 
 
With this information, it is possible to estimate the probability of having a water level above the 
retention water level and the probability of occurrence for each water level. 
 

        
 

    

 (3.27) 

 
According to Westberg & Johansson (2014), the equation (3.26) provides a good approximation in the 
hydrological study for those dams located at the beginning of a river system. For dams in lower parts of 
a river system, or when inflow is to a large extent affected by larger reservoirs, the expression above 
normally provides an overestimation of about 20 % of the design flow; allowing for a conservative 
assumption. 
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However, it is recommended to check that the inflow obtained for the 10000-year return period flood 
with the equation (3.26) is close to the design flow         obtained from the hydrological analysis 

according to Flödeskommittén (2007). 
 
It is also recommended to consider a complete hydrological study if the reliability analysis gives a large 
sensitivity to the parameter   . 
 

3.2.3.3.3 Obtaining the probability density function 
Once the return period has been calculated for each water level above retention water level, it is 
possible to obtain the conditional probability of a water level when     . 
 

      |       
       

       
 (3.28) 

 

where         comes from equation (3.27) and is equals to  
 

    
 for one year. 

 
The function obtained when representing the formula above for all the water levels may be 
approximated as a trapezoidal distribution as explained in the previous chapter. 
 
In most cases       |      must be divided into several parts due to changes in flow conditions 
such as the transition between free/pressurised flow through the gate(s), changes in the length of the 
overflow, etc. (Westberg & Johansson, 2014). 
 
The total probability of failure for the load combination which incorporates the variable    may be 
calculated by following the next steps according to Westberg & Johansson (2014). 
As explained in the beginning of this chapter, two differentiations may be assumed: 
 

1.          

                        |              
             |                  

(3.29) 

 
In most case           is close to 1, and may be approximated as 1 instead. 

 
2.          

                        |              (3.30) 
 

where            |      may be calculated as 
 

           |       
              |                   
             |                       
             |                          

(3.31) 

 
where            |      is defined by the different parts in which the probability density 
function is truncated. 
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An example where the    function is divided in two different parts is shown below: 
 

 
Figure 3.9-Example of probability density function for   . 

 
The blue line is the obtained from       |      and the red and green lines are the trapezoidal 
distributions with parameters                          and                                   
respectively. 
 

3.2.3.4 Operational or functional failures 
Events exists, other than extreme events such the maximum flood, that may provide a significant 
contribution to the overall risk of the structure and in many cases could be of major importance. Events 
such as the malfunction of the gates or any other technical aspect of the dam must be taken into 
account when it comes to a complete risk analysis (Westberg & Johansson, 2014). 
 
In this thesis, as will be explained in 3.3 one load combination considers the possibility of having water 
levels above the retention water level due to malfunctioning gate(s). However, reliability information 
about the gate(s) of the different dams analysed was not available. 
 

3.2.4 Uplift 
Uplift pressure is produced in a dam rock foundation. This phenomenon is caused by water permeating 
through fractures or pores in the foundation rock or soil (Westberg & Johansson, 2014). On the 
upstream side of a dam the uplift is assumed to be proportional to the head water level in the reservoir. 
On the downstream side of the dam the uplift is assumed to be proportional to the tail water level. 
Between these points, the uplift pressure varies depending on different factors such as geological 
features, the existence of drainage system and its degree of operation, loads acting on the dam and 
even the temperature in the surroundings (Grenoble et al., 1995; Guidicini & Andrade, 1988; EPRI, 
1992). 
 
Uplift pressure is difficult to estimate due a lack to of data/information readily available concerning the 
condition of many of the dams. This parameter has a very important influence on the stability of these 
structures, especially with regards to gravity and buttress dams (Grenoble et al. , 1995). 
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3.2.4.1 Basic design assumption in deterministic analysis 
In the deterministic calculations the basic assumption is that the uplift pressure has a linear reduction 
from upstream to downstream according to Darcy’s law. Most of the dam regulations (RIDAS, 2012; 
USACE, 2003, etc.) also include possible reductions of the uplift pressure when functional drains or grout 
curtains exist. 
 
Some of these assumptions are the following: 
 
In the case where an inspection tunnel is present at the rock surface and drilled drainage holes exist, the 
uplift downstream of the tunnel may be assumed to be reduced by 30% of linear distribution at that 
point. In the case where an inspection tunnel is located higher in the dam body a reduction of 50 % of 
the linear distribution at that point may be assumed (Westberg & Johansson, 2014; RIDAS, 2012). A 
grout curtain may, according to RIDAS, be assumed to reduce the uplift by approximately 50%. This may 
only be assumed as an extra margin of safety in case uplift pressure monitoring and re-grouting with 
predefined time intervals is not performed. USACE (2003) include drain effectiveness in the calculation 
of uplift. Uplift at the location of functioning drains is given by equations such as:  
 

      (     (
   

 
))    (3.32) 

 
where        .  
 
According to USBR the drain efficiency is between                 and consequently              
 
According to USACE (2003) the drain efficiency is between           , but is assumed to be 25-50%. 
If foundation testing provides supporting justification 67% drain effectiveness may be assumed 
(Westberg & Johansson, 2014). 
 
The distributions assumed in this thesis according to RIDAS (2012) are as follows: 

 
Figure 3.10-Gravity dam without drains (RIDAS, 2012). 

 
Figure 3.11-Gravity dam with drains (RIDAS, 2012). 



Reliability-Based Analysis of Concrete Dams 
 

32 
 

 

 
Figure 3.12-Gravity dam with drains (RIDAS, 2012). 

 

 
Figure 3.13-Buttress dam (RIDAS, 2012). 

 
Figure 3.14-Spillway dam (RIDAS, 2012). 
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3.2.4.2 Monitoring of uplift pressure 
In some cases monitoring of the uplift pressure is available. It is often stated that these measurements 
should be preferably used in the calculations instead of the empirical assumptions (Ruggeri 2004a, 
2004b; U.S. Army Corps of engineers 2005). The reason for this is that by measuring the uplift pressure, 
it is possible to disregard conservative assumptions for calculations. To be sure about the reliability of 
this data, drains must maintain full functionality for both the present and the future (Westberg & 
Johansson, 2014). 
 
Some studies such as Spross et al. (2013) revealed that the probability of failure of a dam against sliding 
is highly dependent on the functionality of the drainage system and the grout curtain. 
 
The use of uplift monitoring results is not usually recommended for stability analysis, but the use of this 
technique is necessary to verify that drainage and grout curtain system work as intended (Westberg & 
Johansson, 2014). 
 

3.2.4.3 Uplift for buttress dams 
According to RIDAS (2012), the uplift pressure exerted on a buttress dam is applied beneath the whole 
front plate and also beneath ‘thick’ columns. Uplift pressure is not considered under columns with a 
thickness “b” less than 2 m. For larger thickness, uplift reduction must be considered over a distance of 
“b/2”. 
 

3.2.4.4 Uplift in rock joints 
If a persistent rock joint exists in the rock mass which follows through the rock foundation beneath the 
upstream part of the dam, uplift along the persistent joint is considered to be distributed similar to that 
of a gravity dam structure. If drains exist and they are constructed deep enough to penetrate the joint, 
uplift reduction may be considered (Westberg & Johansson, 2014). 
 

3.2.4.5 Cracking in the dam heel for deterministic analysis 
An analysis of the stresses in a dam foundation is very important in order to detect possible cracks. If 
tensile stresses appear in the foundation, cracks are considered to appear and the uplift pressure must 
be recalculated accordingly (Westberg & Johansson, 2014). 
 
A common assumption is that full uplift pressure is considered along the whole crack length. If cracking 
propagates beyond the drains then the drains shall be considered non-functioning (Westberg & 
Johansson, 2014; USACE, 2003). 

 
Figure 3.15-Design assumption if tensile stresses exist in the heel (RIDAS, 2012). 
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3.2.4.6 Basic design assumption for probabilistic analysis 
The methodology used in this thesis to model the uplift pressure in a reliability analysis for concrete 
dams is based on Westberg & Johansson (2014) and previous studies such as “Geo-statistical approach 
for statistical description of uplift pressures: Part I & Part II” (Westberg M. , 2007). 
 
In these studies, the uplift is obtained by solving the partial differential equation for Darcy’s law for a 
hydraulic conductivity field. The hydraulic conductivity field was assumed possible to be described as a 
stochastic field with a certain mean value and variance of the hydraulic conductivity. The hydraulic 
conductivity field was also assumed to have a correlation distance (range), i.e. the variation is not 
completely random. By solving the partial differential equations of a large number of different 
realizations of one set of in-data for the hydraulic conductivity, a mean value and estimate of the 
variability was possible to obtain. The resulting histograms for uplift force and uplift moment were best 
fitted to a Beta distribution. However, for increasing range, the uplift force distribution transforms from 
narrow and normal-like to wide and rectangular in shape, while the uplift moment distribution becomes 
more triangular. 
 
The uplift is now described as follows (Westberg & Johansson, 2014; Westberg M. , 2010): 
 

        (3.33) 
 
where   is the uplift force,     is the uplift force in the linear case (which is the result of a homogeneous 
foundation) and C is a random variable with mean value and standard deviation. The results indicate 
that                  , where         are parameters. 
 
Similarly, the moment due to uplift, calculated through rotation about the downstream toe, was 
described as follows (Westberg & Johansson, 2014; Westberg M. , 2010): 
 

           (3.34) 
 
where   is the moment of uplift pressure, is      is the moment in the linear case and    is the uplift 
parameter.                    . 
 
  is described as a Beta distribution with parameters              and    as a Beta distribution with 
parameters             .  
 
For a gravity type structure without functioning drains   may, due to physical limitations, never become 
less than 0 and never larger than 2. The limits for    are 0 and 1.5. For practical reasons it may be 
assumed that the following limits apply for   [        ] and for    [        ] (Westberg & 
Johansson, 2014). 
For a gravity type structure with functioning drains the limits are somewhat different, but the general 
application of   and    variables is conservative. For buttress type structures   is the same as that for a 
gravity type structure, while the limits for    depend on the width and length of the front plate, and the 
width and length of the column according to Figure 3.16 (Westberg & Johansson, 2014). 
 
The complete description of   and    thus becomes:  
 

                              
                              

(3.35) 

 
where           for gravity type structures. The parameter    for buttress type structures is obtained 
from Figure 3.16 (Westberg & Johansson, 2014). 
  



Reliability-Based Analysis of Concrete Dams 
 

35 
 

 
Figure 3.16-a) Uplift distribution assumed for buttress dam b) Limits of Cm for varying t and b from 

(Westberg M. , 2007). 
 

3.2.4.7 Cracking in the dam heel for probabilistic analysis  
As demonstrated in the deterministic calculations, stresses in the dam foundation must be checked in 
order to detect possible cracks which could alter the uplift pressure distribution. If tensile stresses 
appear full uplift pressure shall be considered beneath the cracked area. The equations are as follows 
(Westberg & Johansson, 2014): 
 

           
               

(3.36) 

 

Figure 3.17- A definition of Uc and Ud which depend on the length of the crack propagation from 
Westberg & Johansson (2014). 

 
In this case, the area considered to have full uplift is not affected by the Beta distribution in the 
reliability analysis. 
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3.2.5 Ice Load 
In Sweden the ice load is an important variable to take into account when analysing the dam stability. 
When the temperature variation is large between day and night (spring: the sun heat the ice layer while 
clear nights may still be cold) the expansion of the ice creates on the dam a horizontal force whose 
magnitude must be considered in the stability analysis. 
 
The magnitude of the ice load also depends on other variables such as the velocity and magnitude of the 
ice movement towards a structure (Westberg M. , 2010). The properties of the ice load depend on, 
among other things: 
 

 Type of ice load (sea ice, lake ice or river ice) 

 Formation development 

 Extent of cracking 
 
The treatment of the ice load as a random variable has been carried out accordance with the 
recommendations of Westberg & Johansson (2014) and research performed by Adolfi & Eriksson (2013). 
 
Adolfi & Eriksson (2013) collected measurements of year-maximum values of ice loads available from 
literature and historical data. The conclusion of this study stated that the ice load may be assumed to 
have a lognormal distribution with mean value              and with a coefficient of variation COV = 
1.07 (which means a standard deviation            ).  
 

Figure 3.18-Ice load distribution (Adolfi & Eriksson, 2013). 
 
The values shown above were applied in this thesis. It should be noted that this assumption provides a 
large probability of having extremely high ice loads that could be considered unrealistic. For this reason, 
it seems to be reasonable to truncate the ice load to a maximum value which may be approximated by 
the following expression supplied by Carter et al. (1998). This expression proposes that the maximum ice 
load acting on a concrete dam is limited by the buckling capacity of the ice. 
 

         ⁄  (3.37) 

 
where    is the horizontal ice load on the dam and   is the ice thickness in centimetres. 
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The maximum ice thickness in different regions of Sweden may be approximated by figures from Eklund, 
(1998) 

Figure 3.19-Maximum ice thickness in mid March (right) and mid April (left) (Eklund, 1998). 
 
The following table may also be used according to RIDAS,(2012): 
 

Table 3.2- Maximum Ice Thickness from Westberg & Johansson (2014). 
Position Maximum ice thickness (cm) Maximum Ice Load (kN/m) 

Götaland 60 118 

Svealand 80 181 

Norrland 100 253 

 

3.2.6 Earth Pressure 
Existing earth pressures, whenever applicable, were modelled as stabilising forces. If an earth fill was 
located upstream of the dam, then the earth pressures would act as destabilising forces. The earth 
pressures acting on the dams were modelled according to RIDAS Section 7.3, which concerns Concrete 
Dams. Where a concrete dam is supported or loaded by earth or rock fill, earth pressure at rest against 
the dam shall be assumed (RIDAS, Avsnitt 7.3, 2011). This application of earth pressure at rest is the 
maximum theoretical pressure that can be assumed. The slightest movement of the dam in opposition 
to the earth pressure at rest will provide increased resisting pressure from the earth filling. If the earth 
load was applied as a destabilising force (against the dam) then the earth pressure from the fill will be 
reduced if any movement in the dam or structure is experienced. 
 
Unit weight of the earth fill and its corresponding earth pressure coefficient are adopted in accordance 
with the performed investigations on the filling material or otherwise with respect to the fill type and 
properties. If no other data exists, values according to Table 3.3 seen below are used (RIDAS, Avsnitt 7.3, 
2011). 
 

Table 3.3- Values of unit-weight, friction angle and earth pressure coefficient. 

  
Material 

  
Rockfill Gravel Sand Packed Morain 

  
Mean Value COV Mean Value COV Mean Value COV Mean Value COV 

Unit Weight 
kN/m3 

Over Water Level 17,5 0,1 18 0,1 18 0,1 21 0,1 

Under Water Level 11 0,1 11 0,1 11 0,1 13 0,1 

 
Friction Angle 42 0,05 35 0,05 32 0,05 34 0,05 

Earth Pressure 
Coefficient 

Rest - K0 0,33 0,15 0,43 0,15 0,47 0,15 0,45 0,15 

Active - Ka 0,2 0,15 0,27 0,15 0,31 0,15 0,29 0,15 
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The method of calculating the earth pressure was also demonstrated in RIDAS, but follows the principles 
of basic soil mechanics and basic calculations for lateral earth pressure against a wall or impermeable 
vertical/inclined surface. RIDAS demonstrates lateral earth pressure calculations in terms of three 
separate design scenarios for concrete dams: 
 

a. Loading from water pressure and inclined earth fill acting against a vertical dam: 
 

 
Figure 3.20- Lateral earth pressures against a vertical dam surface. Variable     denotes the earth 

pressure coefficient at rest,    denotes the saturated unit weight of the earth fill,   denotes the unit 
weight of the earth fill,     denotes the water density and   denotes the internal friction angle of the 

earth fill. 
 

b. Loading from water pressure and inclined earth fill acting against an inclined dam 
c. Loading from water pressure and inclined earth fill acting against a retaining wall 

 
In our study, scenario a) is the only loading scenario that applies to our analysed dams. 
 
It must be noted that since our calculations envisage lateral earth pressures at rest, it is considered that 
there is no friction or adhesion considered between the vertical/inclined dam surface and the earth fill. 
Thus friction forces between the two are considered negligible. It must also be noted that out of all 
dams thus far analysed in our study we have only encountered rock fill as a stabilizing force located on 
the downstream side of the dam. Thus soil water pressure is disregarded in these calculations as rockfill 
is regarded as a permeable cohesive soil. 
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3.3 Load Combinations 
This chapter displays the different load combinations assumed in the reliability analyses performed on 
each dam. The following table shows the name and the assumptions considered in the application of 
each load combination (Westberg & Johansson, 2014). 
 

Table 3.4-Load Combinations (Westberg & Johansson, 2014). 
Load Combination U/s WL (hw) Ice Uplift D/s WL Spillways 

1 rwl Y 
a) Efficient drains 

Normal Closed 
b) Inefficient drains 

4 
1) rwl 

N 
a) Efficient drains 

Normal Opened 
2) rwl + de>0 b) Inefficient drains 

5 Dam Crest N 
a) Efficient drains 

Normal Closed 
b) Inefficient drains 

 

 Load Combination 1 is modelled when the water level is at retention water level. Ice load is also 
taken into consideration. 

 

 Load Combination 4 deals with the scenario where water level is above the retention water 
level due to floods, snow melt, etc . In this load combination, the variation of the water level 
above retention water level is analysed probabilistically. More details concerning the 
probabilistic distribution of the water levels are provided in 3.2.3. 

 

 Load Combination 5 deals with the possibility of having gate failure and the water level located 
at the dam crest. In cases where the failure of the structure is extensive due to malfunctioning 
gates the reliability of the gates themselves should be investigated. 

 
It must be noted that the probabilities of failure provided in the results of this thesis are those 
corresponding to the conditional probability of each load case. This means that each value should be 
multiplied by the probability of each load combination considered to occur. This methodology was only 
considered for load combinations 1 and 4. Consideration to failure in the gate(s) was not included in 
load combination 5. 
 

3.4 Rock Bolt Study 
Rock bolts (anchor rods) are normally present in the concrete/rock interface. A dam stability analysis is 
carried out for each load combination with the inclusion of rock bolts so long as information concerning 
the geometry, orientation, material type and classification of the rock bolts are readily available and can 
be easily modelled.  
 
A numerical calculation is carried out to determine the ultimate mode of failure for the system of rock 
bolts unique to each dam. From this calculation, the most critical case is analysed and inputted into our 
COMREL script in order for the stabilizing forces to contribute against sliding and overturning failure for 
our reliability analysis. Ekström et al (2013) describe the different failure modes: 
 

1. Failure in the rock 
2. Failure in the contact between rock and grout 
3. Failure in the contact between grout and steel 
4. Failure in the steel section 
5. Failure in the contact between the steel and concrete 

 
Appendix E demonstrates in detail the calculation process for determining the critical failure mode. 
Uncertainties exist concerning the contribution that the rock bolts provide to the system stability. These 
uncertainties centre on the unknown condition of the rock bolts and the grouted bond. Variations in the 
total effective area of the rock bolts and relevant uncertainties are analysed by carrying out a 
parametric study within the program COMREL. This study demonstrates how our   safety index and 
probability of failure vary with the changing degrees of contribution that the rock bolts provide to the 
system stability. 
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Concerning rock bolt properties, it may be noted that for all dams analysed, steel section classification 
Ks40S was utilised. Ks40S has characteristic yield strength     of 380 MPa. According to research by 
Carlsson, (2006), when modelling the characteristic yield strength of the steel bars, a normal standard 
distribution with a mean value of 464 MPa and a standard deviation of 30.4 MPa may be used. The 
reason for this large discrepancy between     and mean value is that the characteristic value     is the 
5% fractile. 
 
According to RIDAS (2012) rock bolts may be included in stability calculations: 
 

 For low consequence dams. 

 When the failure criteria for shear is not reached          (when bolts are not included). 

 When the resultant of forces is within the base area (when bolts are not included).  
 

3.5 Rock Joint Study 
The aim of this chapter is to describe the methodology to analyse failure against sliding along a 
persistent rock joint. Geotechnical tests do not always cover all of the uncertainties in the rock mass, 
and sometimes a lack of information exists regarding the existence of discontinuities which should be 
considered in the safety analysis. Thus for these reasons a rock joint study is carried out in order to 
determine at which depth a horizontal persistent rock joint no longer results in an unacceptable sliding 
stability. 
 
There are two different approaches to model failure against sliding in rock joints, plane sliding and 
wedge sliding. The methodologies used in each case are the same in most cases, with the difference that 
in the case of wedge sliding, the geometry of the wedge is three dimensional and the process to solve 
the problem analytically becomes more complicated and cumbersome. More information about these 
methodologies can be found in Hoek & Bray, (1981).  
 
In this thesis the first approach has been used to calculate the possible failure against sliding in 
persistent rock joints. The following information is based on the methodologies described in Johansson 
(2009), Spross et al (2013), Nicholson (1983) and Underwood & Dixon (1976). 
 
The rock joint & wedge geometry used in our rock joint study is the same as that provided by 
Underwood & Dixon (1976): 
 

 
Figure 3.21-Sliding along a horizontal joint ending in the rock mass plus passive wedge resistance from 

(Underwood & Dixon, 1976). 
 
The calculations have been carried out under the assumption of the existence of a horizontal persistent 
rock joint, ending with a passive resistance supplied by a passive rock wedge. These calculations have 
been applied to ‘Load combination 1’ with the aim of obtaining the minimum depth at which the rock 
joint is no longer considered dangerous to the sliding stability of the dam. The results show different β-
values for a joint study where the maximum depth analysed is the corresponding dam height. 
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The limit state function used is based on the limit state functions demonstrated in 3.1.1.3 for sliding 
along the rock mass, and in the example provided by Spross et al. (2013). As discussed in 3.1.1.1 the 
cohesion is not taken into account, assuming little displacement in the weakest part of the rock 
foundation. 
 

             (       )      (3.38) 

 
where    the effective normal force to the sliding plane,     is the basic friction angle of the joint,    is 

the contribution from roughness of the joint due to large asperities,   is the resistance force provided 
by the passive rock wedge and   is the total force parallel to the sliding plane favourable to failure. 
 

                            (3.39) 

 
where    denotes the volume of the passive wedge,    denotes the unit weight of the rock mass,    

denotes the uplift pressure affecting the passive wedge and      denotes the inclination of the wedge 

(Nicholson, 1983). 
 
Some limitations exist according to Underwood & Dixon (1976) and Nicholson (1983): 
 

 To develop full passive resistance, movement of the rock mass must occur to obtain peak shear 
strength in the joint under the dam (Johansson, 2009). 
 

 There are mathematical limitations; the expression                can be infinite if      

         . 
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4 Results 
Three Swedish concrete dams were analysed. The results presented below for each case study 
correspond to the deterministic and probabilistic analysis for the failure modes of sliding and 
overturning. In the probabilistic analyses the results correspond to “First Order Reliability Methods” and 
the random variables assumed are provided. A ‘rock joint study’ as well as a ‘rock bolts study’ has been 
performed to complement the results previously obtained. 

4.1 Dam 1 

4.1.1 Description of the Dam 
‘Dam 1’ is a concrete gravity dam with a trapezoidal cross section where the spillways are located. Dam 
1 has an inclined downstream slope of 2.5:1 and a vertical upstream slope. The dam crest is at an 
elevation of 127.3m and the rock foundation is at an elevation of 112.5m upstream and 111.8m 
downstream. The length of the total dam crest is 315m. The length of crest of the monolith analysed for 
stability was 21m, which includes a spillway and a pillar. The length of the dam foundation is 23.5m. 
 
The upstream water levels considered in the calculations correspond to the retention water level 
(125.3m) and the crest level (127.3m). Downstream water levels are also considered at an elevation of 
114.3m. Rock bolts are included in Dam 1 adding stability to both spillways and pillars (Ø25 s 1m). 
 

 
Figure 4.1-Cross section Dam 1. 
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4.1.2 Dam Specific Assumptions 
The random variables used for this dam are shown in the following table. All of these variables are 
assumed to be uncorrelated. 
 

Table 4.1-Input random variables for the analysis in Dam 1. 
Random Variables Unit Notation Distribution Mean Value Standard Dev. COV Comments 

Unit weight concrete kN/m3    Normal 23,5 0,94 0,04 
 

Unit weight rock mass kN/m3    Normal 27 0,27 0,01 
 

Basic friction angle, concrete-rock °    Normal 35 1,75 0,05       ) 

Dilation angle, concrete-rock °   Lognormal 15 3 0,2        

Basic friction angle, joint rock mass °    Normal 30 1,5 0,05         

Uniaxial compressive strength, concrete MPa     Lognormal 31,5 7,3 0,23 
 

Ageing compressive strength -      Normal 1,27 0,08 0,06 
 

Characteristic yield steel strength MPa    Normal 464 30,4 0,07 
 

Ice Load kN/m   Lognormal 81 86 1,06 Trunc. at 253 kN/m 

 
Random Variables Unit Notation Distribution r t a b 

Uplift load random variable -   Beta 1,96 1,95 0,08 1,9 
Uplift moment random variable -    Beta 2,22 1,33 0,11 1,49 

        
Random Variables Unit Notation Distribution a b c d 

Water above rwl/Part1 m    Trapezoidal 0 0 0 7,2 
Water above rwl/Part2 m    Trapezoidal 1,1 1,1 1,1 3,5 

 
Ice Load Specification 

As explained in 3.2.5, the random variable ‘Ice Load’ should be truncated to a maximum value given by 

the equation          ⁄ . This dam is located in the north of Sweden, which means that the 
maximum ice thickness is of 1m, giving a maximum ice load of 253 kN/m. 
 

Uplift Load Specification 
The parameters of each      distribution for uplift load random variables   and   correspond to those 
suggested for gravity structures as explained in 3.2.4.6. No cracking has been considered along the base 
of Dam 1 due to the resultant vertical force falling inside the mid-third of the base area according to the 
deterministic calculations. 
 

Head Water Specification 
Dam 1 corresponds to ‘Flood Design Category II’ according to Flödeskommittén (2007) with a 100-year 
return period flood of 1786 m

3
/s. The probability density function    was calculated to these 

specifications. 
 
The dam has three spillways with the following characteristics: 
 

Table 4.2-Spilway parameters Dam 1. 
Spillway I & II Spillway III 

Width (m) 17 Width (m) 14 
Spillway Level (m) 115,5 Spillway Level (m) 118 

Max Gate Level (m) 123,5 Max Gate Level (m) 123,5 
    parameter (m) 8 ‘a’ parameter (m) 5,5 

   0,54    0,6 

   0,441    0,55 

 
Where the     parameter is the distance from the maximum spillway level and the maximum gate level 
and    and    are weir flow coefficients for free and pressurised discharge respectively. 
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Discharge over the dam crest is also considered when the water level is over 126.8m on one side of the 
dam and all over the dam crest when the water level reaches the maximum level at the dam, 127.3m. 
 

Table 4.3- Dam 1 crest parameters. 
Over Dam Crest 1 Over Dam Crest 2 

Width (m) 170 Width (m) 145 
Crest 1 Level (m) 126,8 Crest 2 Level (m) 127,3 

   0,6    0,6 

 
The probability density function    for Dam 1 is obtained from the calculations shown in Appendix B. 
 

 
Figure 4.2-Probability Density Function Dam 1. 

 
The blue line is the obtained from       |      and the red and green lines are the trapezoidal 
distribution with parameters                         and                               
respectively. The change witnessed towards the beginning of the 1st function is due to the transition 
from free to pressurised discharge. The change witnessed at the commencement of the 2

nd
 function 

‘Trapezoidal 2’ is due to the water level reaching the dam crest. 
‘Load Combination 4’ which considers the probability density function    is not included in the 
deterministic analysis because it is specifically a probabilistic case.  
 

Drainage Specification 
All load combinations were analysed for Dam 1 with both functioning and non-functioning drains. 
 

Rock Bolt Analysis Specification 
All load combinations were analysed for Dam 1 with the inclusion of rock bolts. 
 

4.1.3 Results 

4.1.3.1 Deterministic Analysis 
The factors of safety for the different load combinations analysed are as follows:  
 

Table 4.4-Results from deterministic analysis Dam 1-No Drains. 

  
Dam 1 - No Drains 

  
Deterministic Analysis 

  
Sliding Overturning 

LC Comments Result Requirement Result Requirement 

1 
No Drains 0,88 < 0,75 Not OK 1,2 > 1,5 Not OK 

+Vertical Rock Bolts 0,85 < 0,75 Not OK 1,24 > 1,5 Not OK 

5 
No Drains 1,2 < 0,9 Not OK 1 > 1,35 Not OK 

+Vertical Rock Bolts 1,14 < 0,9 Not OK 1,06 > 1,35 Not OK 

  

0,0

0,1

0,2

0,3

0,4

0,5

0,6

0,7

0,8

0,9

1,0

0,0 0,5 1,0 1,5 2,0 2,5 3,0 3,5

F(
d

e)
 

de (m) 

F(de)

Trapezoidal 1

Trapezoidal 2



Reliability-Based Analysis of Concrete Dams 
 

46 
 

According to RIDAS (2012) for the case where drains are not functioning, all load combinations fail to 
satisfy safety requirements. 
 

Table 4.5- Results from deterministic analysis Dam 1-Drains. 

  
Dam 1 -Drains 

  
Deterministic Analysis 

  
Sliding Overturning 

LC Comments Result Requirement Result Requirement 

1 
Drains 0,66 < 0,75 OK 1,54 > 1,5 OK 

+Vertical Rock Bolts 0,65 < 0,75 OK 1,57 > 1,5 OK 

5 
Drains 0,71 < 0,9 OK 1,57 > 1,35 OK 

+Vertical Rock Bolts 0,7 < 0,9 OK 1,6 > 1,35 OK 

 
According to RIDAS (2012) for the case where drains are functioning, all load combinations satisfy safety 
requirements. 
 

4.1.3.2 Probabilistic Analysis 
The results from the ‘First Order Reliability Method’ for the β-value and the probability of failure for 
each load combination are displayed below. 
 
Reliability analysis for Dam 1 where drains are non-functioning: 
 

Table 4.6- Results from probabilistic analysis (FORM) Dam 1-No Drains. 

  
Dam 1 - No Drains 

  
Probabilistic Analysis (FORM) 

  
Sliding Overturning 

LC Comments β pf β pf 

1 
No Drains 0,39 3,50E-01 0,93 1,80E-01 

+Vertical Rock Bolts 1,08 1,40E-01 4,48 3,82E-06 

*4 
No Drains 2,91 1,82E-03 3,02 1,26E-03 

+Vertical Rock Bolts 3,10 9,75E-04 3,81 6,95E-05 

5 
No Drains -0,08 5,30E-01 0,23 4,10E-01 

+Vertical Rock Bolts 0,48 3,20E-01 2,09 1,83E-02 

 
Load combination 4 comes from applying the equations shown in 3.2.3 to calculate the total probability 
of failure when the probability density function    is divided into several parts as shown in equation 
(3.31). 
 

                            |              
 
Where              |      may be calculated as 
 
             |      

                |                   
               |                       
               |                          

 
       ,           ,             ,…,               comes from the calculations to 
obtain the probability density function of   . 
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The results for each part of the load combination 4 are shown in the following table: 
 

Table 4.7- Results from probabilistic analysis for the different parts considered Dam1-No Drains. 

  
Sliding Overturning 

  
β pf β pf 

*4(1) 
No Drains 0,24 4,10E-01 0,68 2,50E-01 

+Vertical Rock Bolts 0,86 1,90E-01 3,29 5,01E-04 

*4(2) 
No Drains -0,10 5,40E-01 0,20 4,20E-01 

+Vertical Rock Bolts 0,45 3,30E-01 1,73 4,12E-02 

 
P(de>0) =  3,91E-03 

P(0<de<1,5 I de>0) =  5,76E-01 

P(de>1,5 I de>0) = 4,24E-01 

 
Where 1.5m is the water level where the discharge over the dam begins. 
 
Reliability analysis for Dam 1 where drains are functioning: 
 

Table 4.8- Results from probabilistic analysis (FORM) Dam 1-Drains. 

  
Dam 1 -Drains 

  
Probabilistic Analysis (FORM) 

  
Sliding Overturning 

LC Comments β pf β pf 

1 
Drains 2,02 2,17E-02 6,16 3,75E-10 

+Vertical Rock Bolts 3,93 4,23E-05 8,57 5,42E-18 

4 
Drains 3,37 3,82E-04 4,49 3,58E-06 

+Vertical Rock Bolts 4,02 2,92E-05 9,14 3,15E-20 

5 
Drains 1,07 1,40E-01 4,21 1,29E-05 

+Vertical Rock Bolts 2,38 8,71E-03 10,78 2,25E-27 

 

  
Sliding Overturning 

  
β pf β pf 

4(1) 
Drains 1,62 5,20E-02 5,65 8,05E-09 

+Vertical Rock Bolts 3,21 6,63E-04 12,00 1,77E-33 

4(2) 
Drains 1,01 1,60E-01 2,85 2,16E-03 

+Vertical Rock Bolts 2,13 1,67E-02 8,42 1,90E-17 

 
P(de>0) =  3,91E-03 

P(0<de<1,5 I de>0) =  5,76E-01 

P(de>1,5 I de>0) = 4,24E-01 

 
The results from the ‘Crude Monte Carlo Simulation’ and the ‘Sensitivity Factors’ are included in 
Appendix C and D. 
  



Reliability-Based Analysis of Concrete Dams 
 

48 
 

4.1.3.3 Rock Bolt Study 
As explained previously in section 3.4, a dam stability analysis with the inclusion of rock bolts was 
carried out for those dams were rock bolts exist.   
 
The main aim of this parametric study is to demonstrate how the   safety index and probability of 
failure pf vary with the changing degrees of contribution that the rock bolts may provide to the stability 
of the monolith due to possible degradation of the rock bolts. 
 
The failure modes considered and the calculation process for determining the critical failure mode is 
demonstrated in Appendix E.  
 
The results for ‘Load Combination 1’ are as follows: 
 
Dam 1 
Non-Functioning Drains 
 

Table 4.9-Results from rock bolts study Dam 1-No Drains. 

 
LC1-Vertical Rock  Bolts 

 
No Drains 

 
Sliding Overturning 

Ƙ = Aeff/A β β 

0 0,38 0,93 

0,1 0,45 1,14 

0,2 0,51 1,39 

0,3 0,58 1,68 

0,4 0,65 2,02 

0,5 0,72 2,41 

0,6 0,79 2,80 

0,7 0,86 3,21 

0,8 0,93 3,62 

0,9 1,01 4,05 

1 1,08 4,48 

 
Drains Functioning 
 

Table 4.10- Results from rock bolts study Dam 1-Drains. 

 
LC1-Vertical Rock  Bolts 

 
Drains Working 

 
Sliding Overturning 

Ƙ = Aeff/A β β 

0 2,02 6,16 

0,1 2,20 7,01 

0,2 2,39 7,81 

0,3 2,58 8,55 

0,4 2,78 9,24 

0,5 2,98 9,87 

0,6 3,17 10,46 

0,7 3,36 11,00 

0,8 3,56 11,49 

0,9 3,74 11,96 

1 3,93 12,38 

 
The results for ‘Load Combination 4’ and ‘Load Combination 5’ are shown in Appendix E. 
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4.1.3.4 Rock Joint Study 
For a reliability-based analysis of sliding stability for a persistent rock joint with changing depth, the 
following limit state function (3.38) is used as demonstrated in chapter 3.5. 
 

             (       )      (3.38) 

 
where    represents the total load normal to the sliding plane,     is the base friction angle of the joint, 

   is the contribution from roughness of the joint due to large asperities,   is the resistance force given 

by the passive wedge and   is the total force parallel to the sliding plane favourable to failure. 
 

                      (4.1) 
 
where      is the dam volume,    is the concrete density,    is the vertical water pressure,    is the 
volume of the rock mass under the dam,    is the rock density and    is the uplift. It should be noted 
that the volume of the rock mass and the uplift are dependent on the depth of the rock joint  . 
 
The uplift pressure beneath the rock joint was modelled as if it were acting on a gravity dam (full uplift). 
Reductions in the uplift pressure due to the effect of functioning drains or grout curtains were not 
considered. 
 

                            (3.39) 

 
where    and    are the volume and the uplift acting on the passive rock wedge respectively. Both are 

dependent on the rock joint depth.      is the inclination of the passive wedge. 

 
        (4.2) 

 
where   is the horizontal water pressure acting on the dam which is dependent on the rock joint depth, 
  is the ice load and   is the sum of resistant horizontal forces such as water level downstream, earthfill 
pressures or both. 
 

As explained in 3.5, the inclination of the passive rock wedge      comes from the fact that    
   

 
 is 

the inclination of the wedge when the passive resistance is at its minimum as illustrated in Figure 3.21. 
 
The results from the rock joint study for ‘Load Combination 1’ are as follows: 
 
Dam 1 
 

Table 4.11-Results from rock joint study Dam 1. 

 
LC1-Joint Study 

 
Sliding 

Joint Depth (m) β pf 

1 -0,25 6,00E-01 

2 0,004 5,00E-01 

3 0,28 3,90E-01 

4 0,58 2,80E-01 

5 0,90 1,10E-01 

6 1,25 5,46E-02 

7 1,60 2,56E-02 

8 1,95 1,13E-02 

9 2,28 1,13E-02 

10 2,58 4,91E-03 

11 2,85 2,16E-03 

12 3,10 9,69E-04 

13 3,32 4,51E-04 

14 3,52 2,19E-04 

15 3,69 1,10E-04 
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4.2 Dam 2 

4.2.1 Description of the Dam 
´Dam 2´ is a concrete buttress dam with a triangular cross section and a total dam crest length of 773m. 
Dam 2 consists of 61 similar monoliths with an inclined downstream slope of 1.4:1 and an inclined 
upstream slope of 4.5:1. The monoliths are 8m in width and have 2m thick pillars. The front plate 
thickness varies between 1.2m – 1.7m and the dam is reinforced with rock bolts under the front plate 
(Ø25 s 1m) which are embedded 4m into the rock and 1m into the concrete. 
 
Two differing monoliths, designated types 1:3 and 2:1, have been analysed corresponding to those with 
the best and the worst deterministic factors of safety against sliding and overturning. 
 
Monolith 1:3 has an elevation at the crest of 223m and the rock foundation is at an elevation of 210m. 
The length of the dam foundation is 12.7m and the water levels considered in the calculations 
correspond to the retention water level (221.4m) and the crest level (223m). Moreover, this monolith 
considers an earth-fill with a height of 10m located downstream which is applied as stabilising load. 
 

 
Figure 4.3- Cross section Dam 2-Monolith 1:3. 
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Monolith 2:1 has an elevation at the crest of 221.6m and the rock foundation is at an elevation of 216m. 
The length of the dam foundation is 6.6m and the water levels considered in the calculations correspond 
to the retention water level (221.4m) and the crest level (221.6m). 
 

 
Figure 4.4- Cross section Dam 2-Monolith 2:1. 

 
Water levels downstream are not considered for either of the monoliths. 

4.2.2 Dam Specific Assumptions 
The random variables used for this dam are shown in the following table. All of these variables are 
assumed to be uncorrelated. 

Table 4.12-Input random variables for the analysis in Dam 2. 
Random Variables Unit Notation Distribution Mean Value Standard Dev. COV Comments 

Unit weight concrete kN/m3    Normal 23,5 0,94 0,04   
Unit weight rock mass kN/m3    Normal 27 2,7 0,1   

Unit weight soil kN/m3    Normal 17,5 1,75 0,1   
Earth Pressure Coefficient -    Normal 0,33 0,05 0,15   

Basic friction angle, concrete-rock °    Normal 35 1,75 0,05       ) 

Dilation angle, concrete-rock °   Lognormal 5 1 0,2        

Basic friction angle, joint rock mass °    Normal 30 1,5 0,05         

Crack length m        Normal 1,3 0,1 0,08   

Uniaxial compressive strength, concrete MPa     Lognormal 31,5 7,3 0,23   
Ageing compressive strength -      Normal 1,27 0,08 0,06   

Characteristic yield steel strength MPa    Normal 464 30,4 0,07   
Ice Load kN/m    Lognormal 81 86 1,06 Trunc. at 253 kN/m  

 
Random Variables Unit Notation Distribution r t a b 

Uplift load random variable -   Beta 1,96 1,95 0,08 1,9 
Uplift moment random variable (1:3) -    Beta 2,22 1,33 0,11 1,91 
Uplift moment random variable (2:1) -    Beta 2,22 1,33 0,11 1,84 

        Random Variables Unit Notation Distribution a b c d 

Water above rwl/Part1 m    Trapezoidal 0 0 0 2,13 
Water above rwl/Part2 m    Trapezoidal 0,12 0,12 0,12 1,084 
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Ice Load Specification 
As explained in 3.2.5, the random variable ‘Ice Load’ should be truncated to a maximum value given by 

the equation          ⁄ . This dam is located in the north of Sweden, which means that the 
maximum ice thickness is of 1m, giving a maximum ice load of 253 kN/m. 
 

Uplift Load Specification 
The parameters of each      distribution for uplift load random variables   and   correspond to those 
suggested for buttress dam structures. These parameters change depending on the characteristics of 
the monolith analysed for buttress dams. 
 
For the   distribution the parameters are the same for both monoliths 1:3 and 2:1 as outlined in 3.2.4.6. 
For    the final input parameter was estimated according to Figure 3.16 in the same chapter. 
 
Cracking has been considered along the base of monolith 1:3 due to the resultant vertical force falling 
outside the mid-third of the base area according to the deterministic calculations. Thus full uplift is 
considered along the crack length as explained in 3.2.4.7. 
 

Head Water Specification 
Dam 2 corresponds to ‘Flood Design Category II’ according to Flödeskommittén (2007) with a 100-year 
return period flood of 1193 m

3
/s. The probability density function    was calculated to these 

specifications. 
 
These dams consist of two different sections, spillway-dam and crest-dam, with the following 
characteristics: 

 
Table 4.13- Spilway parameters Dam 2. 

Spillway II Spillway IV Spillway I Spillway III 

Width (m) 20 Width (m) 20 Width (m) 264 Width (m) 224 
Spillway Level(m) 214,02 Spillway Level(m) 217,2 Spillway Level(m) 221,6 Spillway Level(m) 221,6 

Max Gate Level (m) 221,4 Max Gate Level (m) 221,4    0,6    0,6 

a parameter (m) 7,38 a parameter (m) 4,2 
       0,6    0,6 
       0,5    0,5 
     

where “Spillway II” and “Spillway IV” correspond to the part of the spillway-dam section and “Spillway I” 
and “Spillway III” correspond to the crest-dam section. 
 
The     parameter is the distance from the maximum spillway level and the maximum gate level and  

   and    are weir flow coefficients for free and pressurised discharge respectively. 
 
The probability density function    for Dam 2 is obtained from the calculations shown in Appendix B. 
 

 
Figure 4.5- Probability Density Function Dam 2. 
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The blue line is the obtained from       |      and the red and green lines are the trapezoidal 
distribution with parameters                          and                                    
respectively. The change witnessed at the commencement of the 2

nd
 function ‘Trapezoidal 2’ is due to 

the water level reaching the dam crest. 
 
‘Load Combination 4’ which considers the probability density function    is not included in the 
deterministic analysis because it is specifically a probabilistic case. 
 

Rock Bolt Analysis Specification 
All load combinations were analysed for Dam 2 with the inclusion of rock bolts. 
 

4.2.3 Results 

4.2.3.1 Deterministic Analysis 
The factors of safety for the different load combinations analysed are as follows: 
 
Monolith 1:3 
 

Table 4.14-Results from deterministic analysis Dam 2-Monolith 1:3. 

  
DAM 2-MONOLITH 1:3 

  
Deterministic Analysis 

  
Sliding Overturning 

LC Comments Result Requirement Result Requirement 

1 
No Drains 0,62 < 0,75 OK 1,44 > 1,5 Not OK 

+Vertical Rock Bolts 0,57 < 0,75 OK 1,56 > 1,5 OK 

5 
No Drains 0,54 < 0,75 OK 2,09 > 1,5 OK 

+Vertical Rock Bolts 0,5 < 0,75 OK 2,26 > 1,5 OK 

 
According to RIDAS (2012) for monolith 1:3, the safety factor against overturning for load combination 1 
fails to satisfy safety requirements. All remaining load combinations satisfy safety requirements. 
 
Monolith 2:1 
 

Table 4.15-Results from deterministic analysis Dam 2-Monolith 2:1. 

  
DAM 2-MONOLITH 2:1 

  
Deterministic Analysis 

  
Sliding Overturning 

LC Comments Result Requirement Result Requirement 

1 
No Drains 1,59 < 0,75 Not OK 0,81 > 1,5 Not OK 

+Vertical Rock Bolts 1,21 < 0,75 Not OK 1,07 > 1,5 Not OK 

5 
No Drains 0,61 < 0,75 OK 2,7 > 1,5 OK 

+Vertical Rock Bolts 0,48 < 0,75 OK 3,58 > 1,5 OK 

 
According to RIDAS (2012) for monolith 2:1, the safety factors do not satisfy safety requirements for 
load combination 1 against sliding and overturning. The results obtained for load combination 5 satisfy 
safety requirements against sliding and overturning. 
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4.2.3.2 Probabilistic Analysis 
The results from the ‘First Order Reliability Method’ for the β-value and the probability of failure for 
each load combination are displayed below.  
 
Monolith 1:3 
 

Table 4.16- Results from probabilistic analysis (FORM) Dam 2-Monolith 1:3. 

  
DAM 2-MONOLITH 1:3 

  
Probabilistic Analysis (FORM) 

  
Sliding Overturning 

LC Comments β pf β pf 

1 
No Drains 3,24 5,90E-04 8,19 1,31E-16 

+Vertical Rock Bolts 5,01 2,66E-07 14,98 5,03E-51 

*4 
No Drains 5,82 2,93E-09 16,40 9,99E-61 

+Vertical Rock Bolts 7,51 2,94E-14 - 0,00E+00 

5 
No Drains 3,64 1,35E-04 14,61 1,20E-48 

+Vertical Rock Bolts 5,61 1,02E-08 20,56 3,69E-94 

 
Load combination 4 comes from applying the same probabilistic equations used for Dam 1. 
The results for each part of the load combination 4 are shown in the following table: 
 

  
Sliding Overturning 

  
β pf β pf 

*4(1) 
No Drains 6,12 4,62E-10 17,66 4,46E-70 

+Vertical Rock Bolts 8,02 5,28E-16 - 0,00E+00 

*4(2) 
No Drains 5,09 1,79E-07 16,15 6,11E-59 

+Vertical Rock Bolts 6,95 1,80E-12 - 0,00E+00 

 
P(de>0) =  1,99E-02 

P(0<de<0,2 I de>0) =  1,79E-01 
P(de>0,2 I de>0) = 8,21E-01 

 
where 0.2m is the water level where the discharge over the crest-dam begins. 
 
Monolith 2:1 
 

Table 4.17-Results from probabilistic analysis (FORM) Dam 2-Monolith 2:1. 

  
DAM 2-MONOLITH 2:1 

  
Probabilistic Analysis (FORM) 

  
Sliding Overturning 

LC Comments β pf β pf 

1 
No Drains -0,36 6,40E-01 1,20 1,20E-01 

+Vertical Rock Bolts 2,12 1,71E-02 8,54 6,92E-18 

4 
No Drains 3,01 1,32E-03 12,48 4,89E-36 

+Vertical Rock Bolts 7,77 3,79E-15 - 0,00E+00 

5 
No Drains 3,30 4,91E-04 14,92 1,24E-50 

+Vertical Rock Bolts 9,58 5,16E-22 - 0,00E+00 

 

  
Sliding Overturning 

  
β pf β pf 

4(1) 
No Drains 3,56 1,85E-04 15,04 2,04E-51 

+Vertical Rock Bolts 9,72 1,21E-22 - 0,00E+00 

4(2) 
No Drains 1,40 8,08E-02 12,15 2,99E-34 

+Vertical Rock Bolts 7,24 2,32E-13 - 0,00E+00 

 
P(de>0) =  1,99E-02 

P(0<de<0,2 I de>0) =  1,79E-01 
P(de>0,2 I de>0) = 8,21E-01 
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The results from the ‘Crude Monte Carlo Simulation’ and the ‘Sensitivity Factors’ are included in 
Appendix C and D. 
 

4.2.3.3 Rock Bolt Study 
Following the same procedure as demonstrated in section 4.1.3.3, the results of the rock bolts study for 
‘Load Combination 1’ are as follows: 
 
Dam 2 
 
Monolith 1:3 
 

Table 4.18- Results from rock bolts study Dam 2-Monolith 1:3. 

 
LC1-Vertical Rock Bolts 

 
No Drains 

 
Sliding Overturning 

Ƙ = Aeff/A β β 

0 3,22 8,19 

0,1 3,43 9,13 

0,2 3,61 10,03 

0,3 3,79 10,87 

0,4 3,97 11,65 

0,5 4,15 12,36 

0,6 4,33 13,00 

0,7 4,51 13,58 

0,8 4,68 14,10 

0,9 4,85 14,57 

1 5,01 14,98 

 
Monolith 2:1 
 

Table 4.19- Results from rock bolts study Dam 2-Monolith 2:1. 

 
LC1-Vertical Rock  Bolts 

 
No Drains 

 
Sliding Overturning 

Ƙ = Aeff/A β β 

0 -0,36 1,20 

0,1 0,10 1,50 

0,2 0,44 1,80 

0,3 0,72 2,15 

0,4 0,96 2,72 

0,5 1,17 3,72 

0,6 1,36 4,89 

0,7 1,55 6,00 

0,8 1,73 6,97 

0,9 1,92 7,82 

1 2,12 8,54 

 
The results for ‘Load Combination 4’ and ‘Load Combination 5’ are shown in Appendix E. 
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4.2.3.4 Rock Joint Study 
Following the same procedure as demonstrated in section 4.1.3.4 the results of the rock joint study for 
‘Dam 2’ are as follows: 
 
Dam 2 
 

Table 4.20- Results from rock joint study Dam 2-Monolith 1:3. 
Monolith 1:3 

 
LC1-Joint Study 

 
Sliding 

Joint Depth (m) β pf 

1 -0,68 7,50E-01 

2 -0,31 6,20E-01 

3 0,10 4,60E-01 

4 0,53 3,00E-01 

5 0,98 1,60E-01 

6 1,42 7,80E-02 

7 1,83 3,36E-02 

8 2,19 1,41E-02 

9 2,51 6,09E-03 

10 2,78 2,76E-03 

11 3,01 1,33E-03 

12 3,20 6,80E-04 

13 3,38 3,70E-04 

14 3,53 2,12E-04 

15 3,66 1,28E-04 

 
Table 4.21- Results from rock joint study Dam 2-Monolith 2:1. 

Monolith 2:1 

 
LC1-Joint Study 

 
Sliding 

Joint Depth (m) β pf 

1 -1,34 9,10E-01 

2 -0,20 5,80E-01 

3 0,76 2,20E-01 

4 1,61 5,35E-02 

5 2,31 1,04E-02 

6 2,85 2,16E-03 

7 3,27 5,42E-04 

8 3,58 1,71E-04 

9 3,83 6,55E-05 

10 4,02 2,95E-05 

11 4,17 1,51E-05 

12 4,30 8,52E-06 

13 4,41 5,22E-06 

14 4,50 3,41E-06 

15 4,58 2,32E-06 
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4.3 Dam 3 

4.3.1 Description of the Dam 
´Dam 3´ consists of two sections. The first section of the dam is a concrete buttress dam where the 
power station is located. This section is comprised of 10 monoliths, with a total length of 120.3m and is 
equipped with two spillways. This section of the dam is to be analysed.  
 
The second section of the dam is an embankment dam built on either side of the adjoining concrete 
monoliths with total lengths of 220m and 185m respectively.  
 
Three monoliths (monoliths designated by numbers 3, 6 and 9) have been analysed corresponding to 
the locations where dam gates are located. All of the monoliths have a trapezoidal cross section with an 
inclined downstream slope of 1.8:1 and a vertical upstream slope. The dam crest is at an elevation of 
182.5m and the rock foundation is at an elevation of 163.5m both upstream and downstream 
respectively. The length of the dam foundation is 25m for each monolith. The water levels considered in 
the calculations correspond to the retention water level (181m) and the crest level (182.5m).  
 
Water levels downstream are not considered for any of the monoliths. 
 

 Monolith 3 is 3.75m in width. For the stability calculations, a loading effect on half of a gate 
(9m) and half of an arch wall (9.35m) which are both attached to the monolith has been 
included. 
 

 

 
Figure 4.6-Cross section Dam 3-Monolith 3. 
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 Monolith 6 is 2.65m in width. A loading effect on one gate (18m) which is attached to the 
monolith has been included in the stability calculations. 
 

 
Figure 4.7-Cross section Dam 3-Monolith 6. 

 

 Monolith 9 is 1.85m in width. For the stability calculations, a loading effect on half of a gate 
(8m) and a sidewall (3.15m) which are both attached to the monolith has been included. 
 

 
Figure 4.8-Cross section Dam 3-Monolith 9. 
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4.3.2 Dam Specific Assumptions 
The random variables used for this dam are shown in the following table. All of these variables are 
assumed to be uncorrelated. 
 

Table 4.22- Input random variables for the analysis in Dam 3. 
Random Variables Unit Notation Distribution Mean Value Standard Dev. COV Comments 

Unit weight concrete kN/m3    Normal 23,5 0,94 0,04   
Unit weight rock mass kN/m3    Normal 27 2,7 0,1   

Basic friction angle, concrete-rock °    Normal 35 1,75 0,05       ) 

Dilation angle, concrete-rock °   Lognormal 5 1 0,2        

Basic friction angle, joint rock mass °    Normal 30 1,5 0,05         

Uniaxial compressive strength, concrete MPa     Lognormal 31,5 7,3 0,23   
Ageing compressive strength -      Normal 1,27 0,08 0,06   

Ice Load kN/m   Lognormal 81 86 1,06 Trunc. at 253 kN/m 

 
Random Variables Unit Notation Distribution r t a b 

Uplift load random variable -   Beta 1,96 1,95 0,08 1,9 
Uplift moment random variable (M1) -    Beta 2,22 1,33 0,11 1,49 
Uplift moment random variable (M2) -    Beta 2,22 1,33 0,11 1,49 
Uplift moment random variable (M3) -    Beta 2,22 1,33 0,11 1,49 

 
Random Variables Unit Notation Distribution a b c d 

Water above rwl/Part1 m    Trapezoidal -0,25 -0,25 -0,25 1,82 
Water above rwl/Part2 m    Trapezoidal -1 -1 -1 3 

 
Ice Load Specification 

As explained in 3.2.5, the random variable ‘Ice Load’ should be truncated to a maximum value given by 

the equation          ⁄ . This dam is located in the north of Sweden, which means that the 
maximum ice thickness is of 1m, giving a maximum ice load of 253 kN/m. 
 

Uplift Load Specification 
Each monolith consists of a single pillar and no front plate, the parameters of the      distribution for 
uplift load random variables   and   corresponds to those suggested for gravity dam structures. The 
length of the uplift distribution was considered to be equal to the pillar thickness or 2m when the 
thickness is less than 2m. 
 
No cracking has been considered along the base of Dam 3 due to the resultant vertical force falling 
inside the mid-third of the base area according to the deterministic calculations. 
 

Head Water Specification 
Dam 3 corresponds to ‘Flood Design Category I’ according to Flödeskommittén (2007) with a 100-year 
return period flood of 828m

3
/s. The probability density function    was calculated to these 

specifications.   
 
This dam consists of two spillways with the following characteristics: 
 

Table 4.23- Spilway parameters Dam 3. 
Spillway I & II 

Width (m) 18 
Spillway Level(m) 175,4 

Max Gate Level (m) 181 
a parameter (m) 5,65 

   0,75 

   0,6 

 
The     parameter is the distance from the maximum spillway level and the maximum gate level and  

   and    are weir flow coefficients for free and pressurised discharge respectively. 
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Discharge over the dam crest is considered when the water level exceeds the concrete dam crest 
elevation (182.5m). It is also considered when the water level reaches its maximum level as the 
embankment dam crest (183.5m) is overtopped. 
 

Table 4.24-Dam 3 crest parameters. 
Over Concrete Dam Crest 1 Over Dam Embankment Crest 2 

Width (m) 96,1 Width (m) 405 
Crest 1 Level(m) 182,5 Crest 2 Level(m) 183,5 

   0,6    0,6 

 
The probability density function    for Dam 3 is obtained from the calculations shown in Appendix B. 
 

 
Figure 4.9-Probability Density Function Dam 3. 

 
The blue line is the obtained from       |      and the red and green lines are the trapezoidal 
distribution with parameters                                      and            
              respectively .The change witnessed at the commencement of the 2

nd
 function 

‘Trapezoidal 2’ is due to the water level reaching the dam crest, coinciding with the transition between 
free and pressurised discharge through the gates.  
 
Load combination 4 which considers the probability density function    is not included in the 
deterministic analysis because it is specifically a probabilistic case. 
 

Rock Bolt Analysis Specification 
No consideration has been given to the inclusion of rock bolts for stability calculations of Dam 3.  
 

4.3.3 Results 

4.3.3.1 Deterministic Analysis 
The factors of safety for the different load combinations analysed are as follows: 
 
Monolith 3 
 

Table 4.25-Results from deterministic analysis Dam 3-Monolith 3. 

  
DAM 3-MONOLITH 3 

  
Deterministic Analysis 

  
Sliding Overturning 

LC Comments Result Requirement Result Requirement 

1 
No Drains 0,74 < 0,75 OK 2,29 > 1,5 OK 

+Vertical Rock Bolts - - - - -   

5 
No Drains 0,68 < 0,9 OK 2,93 > 1,35 OK 

+Vertical Rock Bolts - - - - - - 
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Monolith 6 
 

Table 4.26-Results from deterministic analysis Dam 3-Monolith 6. 

  
DAM 3-MONOLITH 6 

  
Deterministic Analysis 

  
Sliding Overturning 

LC Comments Result Requirement Result Requirement 

1 
No Drains 0,56 < 0,75 OK 2,1 > 1,5 OK 

+Vertical Rock Bolts - - - - - - 

5 
No Drains 0,43 < 0,9 OK 3,11 > 1,35 OK 

+Vertical Rock Bolts - - - - - - 

 
Monolith 9 
 

Table 4.27- Results from deterministic analysis Dam 3-Monolith 9. 

  
DAM 3-MONOLITH 9 

  
Deterministic Analysis 

  
Sliding Overturning 

LC Comments Result Requirement Result Requirement 

1 
No Drains 0,73 < 0,75 OK 2,07 > 1,5 OK 

+Vertical Rock Bolts - - - - - - 

5 
No Drains 0,64 < 0,9 OK 2,68 > 1,35 OK 

+Vertical Rock Bolts - - - - - - 

 
According to RIDAS (2012), monoliths 3, 6 and 9 satisfy safety requirements against sliding and 
overturning for load combinations 1 and 5. 
 

4.3.3.2 Probabilistic Analysis 
The results from the ‘First Order Reliability Method’ for the β-value and the probability of failure for 
each load combination are displayed below.  
 
Monolith 3 
 

Table 4.28- Results from probabilistic analysis (FORM) Dam 3-Monolith 3. 

  
DAM 3-MONOLITH 3 

  
Probabilistic Analysis (FORM) 

  
Sliding Overturning 

LC Comments β pf β pf 

1 
No Drains 2,47 6,70E-03 12,37 1,89E-35 

+Vertical Rock Bolts - - - - 

*4 
No Drains 3,70 1,08E-04 12,65 5,91E-37 

+Vertical Rock Bolts - - - - 

5 
No Drains 1,78 3,73E-02 14,44 1,53E-47 

+Vertical Rock Bolts - - - - 

 
Load combination 4 comes from applying the same probabilistic equations used for Dam 1 and Dam 2. 
The results for each part of the load combination 4 are shown in the following table: 
 

  
Sliding Overturning 

  
β pf β pf 

*4(1) 
No Drains 2,66 3,86E-03 14,70 3,33E-49 

+Vertical Rock Bolts - - - - 

*4(2) 
No Drains 0,35 3,60E-01 11,99 2,14E-33 

+Vertical Rock Bolts - - - - 

 
P(de>0) =  2,61E-03 

P(0<de<1,5 I de>0) =  8,94E-01 
P(de>1,5 I de>0) = 1,06E-01 
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where 1.5m is the water level where the discharge over the dam crest begins. 
 
Monolith 6 
 

Table 4.29- Results from probabilistic analysis (FORM) Dam 3-Monolith 6. 

  
DAM 3-MONOLITH 6 

  
Probabilistic Analysis (FORM) 

  
Sliding Overturning 

LC Comments β pf β pf 

1 
No Drains 5,24 8,14E-08 11,53 4,59E-31 

+Vertical Rock Bolts - - - - 

*4 
No Drains 6,19 3,01E-10 13,15 8,07E-40 

+Vertical Rock Bolts - - - - 

5 
No Drains 7,39 7,25E-14 15,37 1,46E-53 

+Vertical Rock Bolts - - - - 

 

  
Sliding Overturning 

  
β pf β pf 

*4(1) 
No Drains 7,84 2,27E-15 15,62 2,65E-55 

+Vertical Rock Bolts - - - - 

*4(2) 
No Drains 4,74 1,09E-06 12,52 2,92E-36 

+Vertical Rock Bolts - - - - 

 
P(de>0) =  2,61E-03 

P(0<de<1,5 I de>0) =  8,94E-01 
P(de>1,5 I de>0) = 1,06E-01 

 
Monolith 9 
 

Table 4.30- Results from probabilistic analysis (FORM) Dam 3-Monolith 9. 

  
DAM 3-MONOLITH 9 

  
Probabilistic Analysis (FORM) 

  
Sliding Overturning 

LC Comments β pf β pf 

1 
No Drains 2,77 2,85E-03 11,69 7,13E-32 

+Vertical Rock Bolts - - - - 

*4 
No Drains 3,92 4,47E-05 12,31 3,98E-35 

+Vertical Rock Bolts - - - - 

5 
No Drains 2,76 2,92E-03 14,17 7,75E-46 

+Vertical Rock Bolts - - - - 

 

  
Sliding Overturning 

  
β pf β pf 

*4(1) 
No Drains 3,52 2,20E-04 14,43 1,65E-47 

+Vertical Rock Bolts - - - - 

*4(2) 
No Drains 1,01 1,60E-01 11,63 1,44E-31 

+Vertical Rock Bolts - - - - 

 
P(de>0) =  2,61E-03 

P(0<de<1,5 I de>0) =  8,94E-01 
P(de>1,5 I de>0) = 1,06E-01 

 
The results from the ‘Crude Monte Carlo Simulation’ and the ‘Sensitivity Factors’ are included in 
Appendix C and D. 
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4.3.3.3 Rock Bolt Study 
No consideration has been given to the inclusion of rock bolts for ‘Dam 3’.  
 

4.3.3.4 Rock Joint Study 
Following the same procedure as demonstrated in section 4.1.3.4 the results of the rock joint study for 
‘Dam 3’ are as follows: 
 

Table 4.31- Results from rock joint study Dam 3-Monolith 3. 
Monolith 3 

 
LC1-Joint Study 

 
Sliding 

Joint Depth (m) β pf 

1 -1,94 9,70E-01 

2 -1,49 9,30E-01 

3 -1,08 8,60E-01 

4 -0,71 7,60E-01 

5 -0,36 6,40E-01 

6 -0,04 5,20E-01 

7 0,27 4,00E-01 

8 0,57 2,90E-01 

9 0,86 2,00E-01 

10 1,14 1,30E-01 

11 1,41 7,90E-02 

12 1,67 4,75E-02 

13 1,91 2,80E-02 

14 2,13 1,64E-02 

15 2,34 9,67E-03 

 
Table 4.32- Results from rock joint study Dam 3-Monolith 6. 

Monolith 6 

 
LC1-Joint Study 

 
Sliding 

Joint Depth (m) β pf 

1 0,41 3,40E-01 

2 0,53 3,00E-01 

3 0,69 2,50E-01 

4 0,87 1,90E-01 

5 1,06 1,40E-01 

6 1,27 1,00E-01 

7 1,49 6,87E-02 

8 1,70 4,45E-02 

9 1,92 2,78E-02 

10 2,12 1,69E-02 

11 2,32 1,02E-02 

12 2,51 6,06E-03 

13 2,68 3,64E-03 

14 2,85 2,21E-03 

15 3,00 1,37E-03 

 
  

-2,5

-2,0

-1,5

-1,0

-0,5

0,0

0,5

1,0

1,5

2,0

2,5

3,0

0 5 10 15 20

Sa
fe

ty
  I

n
d

e
x-

β
 

Depth (m) 

LC1-Joint Study 

LC1-Joint
Study

0,0

0,5

1,0

1,5

2,0

2,5

3,0

3,5

0 5 10 15 20

Sa
fe

ty
  I

n
d

e
x-

β
 

Depth (m) 

LC1-Joint Study 

LC1-Joint
Study



Reliability-Based Analysis of Concrete Dams 
 

64 
 

Table 4.33- Results from rock joint study Dam 3-Monolith 9. 
Monolith 9 

 
LC1-Joint Study 

 
Sliding 

Joint Depth (m) β pf 

1 -1,73 9,60E-01 

2 -1,22 8,90E-01 

3 -0,81 7,90E-01 

4 -0,45 6,70E-01 

5 -0,12 5,50E-01 

6 0,19 4,20E-01 

7 0,49 3,10E-01 

8 0,79 2,20E-01 

9 1,08 1,40E-01 

10 1,36 8,66E-02 

11 1,63 5,15E-02 

12 1,88 3,00E-02 

13 2,11 1,74E-02 

14 2,32 1,01E-02 

15 2,51 5,97E-03 
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5 Discussion 

5.1 On the formulation of the target safety index for the Probabilistic 
Model Code from results 

The results obtained from the deterministic and the probabilistic analyses have been represented in two 
comparative ‘data scatter’ graphs shown in Figure 5.1 and Figure 5.2, for sliding and overturning 
respectively. These graphs are also included more in detail in Appendix F. 

Figure 5.1-Data scatter, Sliding Stability. 
 

Figure 5.2-Data scatter, Overturning Stability. 
 
The representation of the results in these graphs could be helpful in the formulation of a β-target for 
both failure modes analysed, for specified load combinations, and for specified dam types. 
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From the figures above, we can validate the motivation for the development of the Probabilistic Model 
Code for Concrete Dams. It can be seen that in many occurrences, the safety factors between two or 
more data points would lie within very close range of each other but the β-values would vary greatly; 
demonstrating the variance in the calculated failure probabilities due to the inclusion of uncertainties. 
 
From Figure 5.1 it can be seen that the relationship between the deterministic factor of safety and the 
β-values follows an almost linear pattern. Figure 5.2 demonstrates a curved pattern. Perhaps with a 
larger population of results a more definite solution can be made in contribution to the formulation of a 
β-target. With a more populated, more accurate display of these trends, mathematical functions may be 
developed to describe their shape and relationship for the development of a β-target; although mere 
speculation. The process of defining a β-target now falls in the hands of the developers of the 
Probabilistic Model Code for Concrete Dams. 
 

5.2 The deterministic factor of safety and reliability β-index 
The first question that emerges from the results is that if any relationship can be established between 
the deterministic and the probabilistic analyses. The following discussion will differentiate between the 
failure modes in question and will also compare the performance of the different load combinations 
with respect to the results: 
 

 Sliding Stability 
Concerning the dams analysed, dams exist which both satisfy and do not satisfy deterministic 
safety requirements (Chapter 4). 
 
For the sliding failure mode, in cases where a dam does not satisfy deterministic safety 
requirements from RIDAS (2012) we are provided with calculated reliability β indices which are 
lower than 1. 
 
Naturally, the probabilistic results were found to be much better when the dams analysed 
satisfied deterministic safety requirements. However, these β-values could be considered as 
low if they are compared with those presented in the Eurocode. Eurocode proposes target 
safety indices between 4.2 and 5.2 for structures, whereas the results obtained in this thesis for 
calculated safety indices are between 1.5 and 3, perhaps due to the omission of cohesion which 
may include additional strength. In addition, it may also exists conditional probabilities that are 
not included in this thesis, such as the probability of having a leakage in the grout curtain for 
the non-functioning drains case, etc. So the calculated probability in this thesis corresponds to 
the nominal probability of failure and not to the real one. 
 
This means that lower target safety index values may be acceptable for existing Swedish 
concrete dams, when the draft of the probabilistic model code suggested by Westberg & 
Johansson is used. 
 
The rock bolt study revealed that small increments in the deterministic factor of safety 
provided by stabilising forces and moments from the presence of rock bolts resulted in larger 
variations in the calculated reliability β-value (Dam 2, Monolith 1:3). From Figure 5.1 shown at 
the beginning of the discussion, it can be seen that the results which include rock bolts do not 
have a very large factor of safety. However, they present high β-values, even if the factor of 
safety do not comply the safety requirements. 
 
It should be noted that results from load combination 5 were concurrently less favourable both 
in the deterministic and in the probabilistic analysis. This means that the dams analysed seem 
to be sensitive to water levels above the retention water level. However, the results received 
from this load combination correspond to the existence of a conditional probability of failure. 
This means that they must be multiplied by the probability of having a gate malfunction to 
obtain the total probability of failure against this load combination. 
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Load combination 4 provided favourable probabilistic results in terms of the reliability β-
indices. These results were more favourable than those obtained for load combinations 1 and 
5, being close in comparison to those target safety indices established in the Eurocode (EN 
1990, 2004). 

 

 Overturning Stability 
Results from safety analyses for the different dams against overturning stability differentiated 
greatly from those received for sliding stability. The β-values obtained from probabilistic 
analyses were found to be high in magnitude when compared with both those obtained against 
sliding, and the β-targets defined in the Eurocode for structures. The β-values were high even in 
those cases where the deterministic factor of safety satisfies safety requirements according to 
RIDAS (2012). 
 
The inclusion of rock bolts had a larger impact on the calculated β-value for overturning than 
for sliding; providing in many cases unrealistic results of the conditional probability of failure. 
As seen for sliding, according to Figure 5.2, shown at the beginning of the discussion, results 
exist where the factor of safety is low in magnitude or do not satisfy safety requirements and 
high corresponding β-values were received. 
 
These interpretations may allow us to conclude that overturning failure is (in most cases) not 
the most feasible failure mode for concrete gravity and buttress dams. 

 

5.3 The Sensitivity Factors 
The purpose of the sensitivity factors, demonstrated in Appendix D, is to identify those variables which 
most contribute to the variation of the limit state function. Identifying the most important variables 
could have the advantage of reducing the process within the probabilistic analysis; the inclusion of those 
variables with higher sensitivity values as the only random variables may provide similar values of the 
safety index β. 
 
The variables found to demonstrate the higher contribution to the variance of the limit state function 
are the ice load in load combination 1, the variable    in load combination 4, the uplift pressure 
represented by the variables   and    for sliding and overturning respectively, the concrete density and 
the friction and dilation angle for the sliding failure mode. 
 
It should be noted that according to the sensitivity values obtained, the uplift pressure has a larger 
contribution for gravity type structures than for buttress structures. Special attention to this variable 
should be given, since possible cracking in the dam base should be analysed and included in the model 
in order to obtain more realistic results. 
 
The results from the probabilistic analyses in this thesis against sliding and overturning failure for 
buttress dams were more sensitive to the ice load variable than gravity dams. It was also noted that for 
the ice load, the lower the height of the dam the larger the sensitivity against both sliding and 
overturning failure. 
 
As it was explained in the methodology chapters and shown in Appendix E, the effect of the rock bolts 

on the failure modes was considered. According to the sensitivity value of this variable, the 

characteristic yield steel strength had a large contribution to the variance of the limit state equation. 

This variance was bigger when analysing structures against overturning failure. This means that the 

inclusion of rock bolts should not be a first priority, due to the existence of many uncertainties. For this 

reason a parametric rock bolt study is included to investigate their contribution to dam safety. 
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6 Conclusions and Suggestions for Future Research 
According to the results and analyses carried out in this thesis, probability-based methodologies may be 
used for the analyses of both concrete gravity and buttress dams in the assessment phase against sliding 
and overturning failure.  
 
The main advantage observed during this thesis concerning the implementation of probabilistic 
methodologies is that it is possible to model uncertainties of the different load and resistance 
parameters. The results obtained from probabilistic analyses seem to be, in principle, more accurate and 
uniform than those obtained from deterministic analyses. Probabilistic analyses enable the identification 
of those parameters that contribute a higher weighting to dam stability or instability through the use of 
sensitivity factors.  
 
These conclusions represent the main motivations behind this research and the development of a 
‘Probabilistic Model Code for Concrete Dams’ in Sweden, reducing the limitations of the presently 
utilised guidelines which are based on deterministic analyses. 
 
Despite the fact that the benefits surrounding the development of a ‘Probabilistic Model Code for 
Concrete Dams’ may be many, there are still several areas that require further research in order to 
present and develop a consistent holistic methodology. These areas are as follow: 
 
Strength of concrete and rock 
As it was explained in several sections of this thesis, cohesion was not considered as a stabilising force as 
regards to dam stability. This limitation poses the question: how should cohesion be included in the 
probabilistic analysis with a mean value and standard deviation? Also, how may cohesion be included 
with minimum uncertainties? Cohesion of the concrete-rock interface may be modelled probabilistically 
and included in a future study combined with our work for a more holistic formulation of a probabilistic 
model code for concrete dams. 
 
Head water 
Several difficulties were found in the inclusion of this parameter as a probabilistic variable. The main 
reason was that this variable is unique for each case, since the dam basins and the geometry of the 
dams vary. How may guidelines be modelled for the inclusion of the head water so that the 
methodology is not specifically unique to each dam?  
 
Ice Load 
Difficulties were found in the inclusion of this variable regarding maximum value and the mean and 
standard deviation. According to the sensitivities shown in Appendix D, the ice load is one of the most 
important parameters concerning dam stability. For this reason both moments and statistical 
distributions should be chosen carefully and revised in order to reduce uncertainties.  
 
Target safety index 
Since the main aim of this thesis is to contribute to the definition of the target safety index for both 

sliding and overturning the next question needs to be posed: How shall we define this target safety 

index? A wider study with a broader scatter of results will help provide a clearer insight into the 

development of a target safety index. A higher population of both buttress & gravity dams should be 

analysed which may help in the formulation of unique, more calibrated          for both gravity and 

buttress dams. Finally, a methodology or procedure for the formulation of these target safety indices 

must be defined. 
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Appendix A: Probabilistic Calculations 
This appendix shows the COMREL scripts utilised in the probabilistic analysis for dam stability. 
 

Dam 1 
//Dam 1-Load Combination 1 

 

FLIM(1){Sliding/No Drains}=(FUNC(36)*FUNC(62))-FUNC(38) 

FLIM(2){OT/No Drains}= FUNC(39)+FUNC(40) 

FLIM(3){Sliding/Drains Working}=(FUNC(56)*FUNC(62))-FUNC(58) 

FLIM(4){OT/Drains Working}= FUNC(59)+FUNC(60) 

 

//Friction Angle 

 

DEFFUNC(62)(){tan(phi+ic)}=(tanphi+tanic)/(1-tanphi*tanic) 

 

//Adjusted overturning- Point of rotation 

 

DEFFUNC(63)(){fcm=fck*exp(1,64*Vx}=fck*exp(1.64*Vx) 

DEFFUNC(64)(){fcm(t)=beta*fcm}=beta*FUNC(63) 

DEFFUNC(65)(){a=max(N'/fcc ; N'/sigma)}=FUNC(56)/FUNC(64)//Assume 

failure in the concrete 

 

//Self-Weight 

 

DEFFUNC(1)(){Self Weight Pillar}=Ap*bp*dc 

DEFFUNC(2)(){Self Weight Spillway}=As*bs*dc 

DEFFUNC(3)(){Self Weight Bridge}=Ab*(bp+bs)*dc 

DEFFUNC(4)(){Moment Pillar}=FUNC(1)*(dp-FUNC(65)) 

DEFFUNC(5)(){Moment Spillway}=FUNC(2)*(ds-FUNC(65)) 

DEFFUNC(6)(){Moment Bridge}=FUNC(3)*(db-FUNC(65)) 

 

//Water Pressure 

 

DEFFUNC(7)(){H1 Spillway}=bs*(FUNC(8)+FUNC(9)) 

DEFFUNC(8)(){Rectangle Surface H1}=dw*(FUNC(14)-SL)*(SL-BL) 

DEFFUNC(9)(){Triangle Surface H1}=dw*(1/2)*(SL-BL)^2 

DEFFUNC(10)(){H2 Pillar}=dw*bp*(1/2)*(FUNC(14)-BL)^2 

DEFFUNC(11)(){H3 Gate}=dw*bs*(1/2)*(FUNC(14)-SL)^2 

DEFFUNC(12)(){H4 Downstream S&P}=-dw*(bs+bp)*(1/2)*(WLDS-BLDS)^2 

DEFFUNC(13)(){H1 Vertical Spillway}=dw*bs*AHV 

 

DEFFUNC(14)(){hw=hrwl+de}=RWL+de 

 

DEFFUNC(15)(){H1 Moment}=-FUNC(7)*FUNC(20) 

DEFFUNC(16)(){H2 Moment}=-FUNC(10)*FUNC(23) 

DEFFUNC(17)(){H3 Moment}=-FUNC(11)*FUNC(24) 

DEFFUNC(18)(){H4 Moment}=-FUNC(12)*FUNC(25) 

DEFFUNC(19)(){H1V Moment}=FUNC(13)*(dHV-FUNC(65)) 

DEFFUNC(20)(){dH1}=(((FUNC(8)*FUNC(21))+(FUNC(9)*FUNC(22)))/(FUNC(8)+F

UNC(9)))+(BL-BLDS) 

 

DEFFUNC(21)(){G Rectangle Surface}=(SL-BL)/2 

DEFFUNC(22)(){G Triangle Surface}=(SL-BL)/3 

DEFFUNC(23)(){dH2}=(1/3)*(FUNC(14)-BL)+(BL-BLDS) 

DEFFUNC(24)(){dH3}=(1/3)*(FUNC(14)-SL)+(SL-BLDS) 

DEFFUNC(25)(){dH4}=(1/3)*(WLDS-BLDS) 
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//Ice Load 

 

DEFFUNC(26)(){H Ice Load}=FUNC(61)*(bs+bp) 

DEFFUNC(27)(){dH Ice Load}=(FUNC(14)-BLDS)-1/3 

DEFFUNC(28)(){Moment Ice Load}=-FUNC(26)*FUNC(27)  

DEFFUNC(61)(){Truncation of the ice load}=itruncm(3,X,0,253,81,86,0,0) 

 

//Uplift-No Drains 

 

DEFFUNC(29)(){Uplift No Drains}=-(bp+bs)*(FUNC(30)+FUNC(31)) 

DEFFUNC(30)(){Triangle Surface U}=(((FUNC(14)-BL)-(WLDS-BLDS))/2)*dw*l 

DEFFUNC(31)(){Rectangle Surface U}=(WLDS-BLDS)*dw*l 

DEFFUNC(32)(){dU}=((FUNC(30)*((2/3)*l))+(FUNC(31)*(l/2)))/(FUNC(30)+FU

NC(31)) 

DEFFUNC(33)(){U Moment}=FUNC(29)*(FUNC(32)-FUNC(65)) 

DEFFUNC(34)(){U=Ud*C}=FUNC(29)*C 

DEFFUNC(35)(){Um=Udm*Cm}=FUNC(33)*Cm 

 

//Total Forces-No Drains 

 

DEFFUNC(36)(){N'=Vertical Forces-Uplift No Drains}=FUNC(37)+FUNC(34) 

DEFFUNC(37)(){Vertical Forces}=FUNC(1)+FUNC(2)+FUNC(3)+FUNC(13)+GATE 

DEFFUNC(38)(){H=Sum Horizontal 

Forces}=FUNC(7)+FUNC(10)+FUNC(11)+FUNC(12)+FUNC(26) 

DEFFUNC(39)(){Positive Moments No 

Drains}=FUNC(4)+FUNC(5)+FUNC(6)+FUNC(19)+FUNC(18)+(GATE*(dG-FUNC(65))) 

DEFFUNC(40)(){Negative Moments No 

Drains}=FUNC(15)+FUNC(16)+FUNC(17)+FUNC(28)+FUNC(35) 

 

//Uplift-Drains 

 

DEFFUNC(41)(){Uplift Drains Working}=-(bp+bs)*(FUNC(45)+FUNC(48)) 

DEFFUNC(42)(){0.3*(H-h)+h}=0.3*((FUNC(14)-BL)-(WLDS-BLDS))+(WLDS-BLDS) 

DEFFUNC(43)(){A1 Before Gallery}=dw*lbg*FUNC(42) 

DEFFUNC(44)(){A2 Before Gallery}=dw*lbg*(1/2)*((FUNC(14)-BL)- 

DEFFUNC(45)(){Area Before Gallery}=FUNC(43)+FUNC(44) 

DEFFUNC(46)(){A1 After Gallery}=dw*lag*(WLDS-BLDS) 

DEFFUNC(47)(){A2 After Gallery}=dw*lag*(1/2)*(FUNC(42)-(WLDS-BLDS)) 

DEFFUNC(48)(){Area After Gallery}=FUNC(46)+FUNC(47) 

DEFFUNC(49)(){dU1 Before Gallerie}=(FUNC(43)*(l-

(1/2)*lbg)+FUNC(44)*(l-(1/3)*lbg))/(FUNC(45)) 

DEFFUNC(50)(){dU2 After 

Gallery}=(FUNC(46)*(1/2)*lag+FUNC(47)*(2/3)*lag)/(FUNC(48)) 

DEFFUNC(51)(){U1 Moment}=-(bp+bs)*FUNC(45)*(FUNC(49)-FUNC(65)) 

DEFFUNC(52)(){U2 Moment}=-(bp+bs)*FUNC(48)*(FUNC(50)-FUNC(65)) 

DEFFUNC(53)(){U Moment}=FUNC(51)+FUNC(52) 

DEFFUNC(54)(){U=Ud*C}=FUNC(41)*C 

DEFFUNC(55)(){Um=Udm*Cm}=FUNC(53)*Cm 

 

//Total Forces-Drains 

 

DEFFUNC(56)(){N'=Vertical Forces-Uplift Drains 

Working}=FUNC(57)+FUNC(54) 

DEFFUNC(57)(){Vertical Forces}=FUNC(1)+FUNC(2)+FUNC(3)+FUNC(13)+GATE 

DEFFUNC(58)(){H=Sum Horizontal 

Forces}=FUNC(7)+FUNC(10)+FUNC(11)+FUNC(12)+FUNC(26) 

DEFFUNC(59)(){Positive Moments Drains 

Working}=FUNC(4)+FUNC(5)+FUNC(6)+FUNC(19)+FUNC(18)+(GATE*(dG-

FUNC(65))) 

DEFFUNC(60)(){Negative Moments Drains 

Working}=FUNC(15)+FUNC(16)+FUNC(17)+FUNC(28)+FUNC(55) 
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//Rock Bolts Study to be added to the previous part 

 

DEFFUNC(62)(){Steel Section}=(PI*d^2)/4 //d must be included in meters 

DEFFUNC(63)(){Vertical Force per Bolt 

U1&2}=(Fsteel*1000)*FUNC(62)*((FUNC(72)*sin(alpha))+cos(alpha)) 

//Fsteel must be introduced in MPa 

DEFFUNC(64)(){Total Vertical Force U1&2}=nutskov*FUNC(63) 

DEFFUNC(65)(){Moment Total Vertical Force U1&2}=FUNC(64)*(dutskov-

FUNC(75)) 

 

DEFFUNC(66)(){Steel Section}=(PI*d^2)/4 //d must be included in meters 

DEFFUNC(67)(){Vertical Force per Bolt 

Pelare2}=(Fsteel*1000)*FUNC(66)*((FUNC(72)*sin(alpha))+cos(alpha)) 

 

//Fsteel must be introduced in MPa 

DEFFUNC(68)(){Total Vertical Force Pelare2}=npelare*FUNC(67) 

DEFFUNC(69)(){Moment Total Vertical Force Pelare2}=FUNC(68)*(dpelare-

FUNC(75)) 

 

DEFFUNC(70)(){RockBolts Total Vertical Force}=FUNC(64)+FUNC(68) 

DEFFUNC(71)(){RockBolts Total Moment}=FUNC(65)+FUNC(69) 

 

//Rock Joint Study to be added to the previous part 

 

DEFFUNC(22)(){tan(phi+ic)}=(tanphi+tanic)/(1-tanphi*tanic) 

DEFFUNC(23)(){tan(phi+omega)}=(tanphi+tanomega)/(1-tanphi*tanomega) 

 

//Passive Wedge -Uplift 

DEFFUNC(24)(){Length Wedge}=joint/tanomega 

DEFFUNC(25)(){Volume Wedge}=(FUNC(24)*joint*0.5)*(bs+bp) 

DEFFUNC(26)(){Up Passive Wedge}=-dw*(bp+bs)*(FUNC(27)+FUNC(28)) 

DEFFUNC(27)(){Up Passive Wedge rectangle}=(WLDS-BLDS)*FUNC(24) 

DEFFUNC(28)(){Up Passive Wedge triangle}=(1/2)*joint*FUNC(24) 

 

//Passive Wedge -Rock wedge weight 

DEFFUNC(29)(){Rock wedge weight}=FUNC(25)*drock 

DEFFUNC(30)(){Resistance from Passive 

wedge,P}=(FUNC(29)+(FUNC(26)*cosomega))*FUNC(23) 

 

//de part 1 to be added to the previous part 

 

DEFFUNC(66)(){Truncation de part 1}=itruncp(13,Y,0,1.5,0,0,0,7.2) 

 

//de part 2 to be added to the previous part 

 

DEFFUNC(66)(){Truncation de part2}=itruncp(13,Y,1.5,4,1.1,1.1,1.1,3.5) 
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Figure A. 1-Input variables Dam 1 in COMREL. 
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Dam 2 
//Dam 2-Load Combination 1-Monolith 1:3 

 

FLIM(1){Sliding/No Drains}=FUNC(42)*FUNC(47)+FUNC(44) 

FLIM(2){OT/No Drains}= FUNC(45)+FUNC(46) 

 

//Friction Angle 

 

DEFFUNC(47)(){tan(phi+ic)}=(tanphi+tanic)/(1-tanphi*tanic) 

 

//Adjusted overturning- Point of rotation 

 

DEFFUNC(48)(){fcm=fck*exp(1,64*Vx}=fck*exp(1.64*Vx) 

DEFFUNC(49)(){fcm(t)=beta*fcm}=beta*FUNC(48) 

DEFFUNC(50)(){a=max(N'/fcc ; N'/sigma)}=FUNC(42)/FUNC(49) //Assume 

failure in the concrete 

 

//Self-Wieght 

 

DEFFUNC(1)(){Self Weight Pillar}=Ap*bp*dc 

DEFFUNC(2)(){Self Weight Spillway}=As*bs*dc 

DEFFUNC(3)(){Self Weight Front Plate}=Af*bf*dc 

DEFFUNC(4)(){Self Weight Toe}=At*bt*dc 

DEFFUNC(5)(){Moment Pillar}=FUNC(1)*(dp-FUNC(50)) 

DEFFUNC(6)(){Moment Spillway}=FUNC(2)*(ds-FUNC(50)) 

DEFFUNC(7)(){Moment Front Plate}=FUNC(3)*(df-FUNC(50)) 

DEFFUNC(8)(){Moment Toe}=FUNC(4)*(dt-FUNC(50)) 

 

//Water Pressure 

 

DEFFUNC(9)(){hw=hrwl+de}=RWL+de 

DEFFUNC(10)(){H1 Buttress}=-bf*dw*(1/2)*(FUNC(9)-BL)^2 

DEFFUNC(11)(){HV1 Vertical Pressure Triangle}=dw*bf*(1/2)*(FUNC(9)-

BL)*((FUNC(9)-BL)/4.5) 

DEFFUNC(12)(){HV2 Vertical Pressure Rectangle 

(Toe)}=bt*dw*(0.5)*(FUNC(9)-BL) 

DEFFUNC(13)(){H1 Moment}=FUNC(10)*FUNC(16) 

DEFFUNC(14)(){HV1 Moment}=FUNC(11)*(dHV1-FUNC(50)) 

DEFFUNC(15)(){HV2 Moment}=FUNC(12)*(dHV2-FUNC(50)) 

DEFFUNC(16)(){dH1}=(1/3)*(FUNC(9)-BL) 

 

//Earth Pressure 

 

DEFFUNC(17)(){J1 Horizontal Earth Pressure}=dj*K0*(JL-BL)^2*bf*(1/2) 

DEFFUNC(18)(){J2 Vertical Earth Pressure (Pillar)}=dj*(7*10)*bp*(1/2) 

DEFFUNC(19)(){dJ1}=(1/3)*(JL-BL) 

DEFFUNC(20)(){dJ2}=((1/3)*(7))-FUNC(50) 

DEFFUNC(21)(){J1 Moment}=FUNC(17)*FUNC(19) 

DEFFUNC(22)(){J2 Moment}=FUNC(18)*FUNC(20) 

 

//Uplift 

 

DEFFUNC(24)(){Uc No Drains}=-dw*bf*FUNC(26) 

DEFFUNC(25)(){Ucm No Drains}=FUNC(24)*FUNC(27) 

DEFFUNC(26)(){Area Uc}=(FUNC(9)-BL)*lcrack 

DEFFUNC(27)(){dUc}=(l-FUNC(50))-(1/2)*lcrack 
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DEFFUNC(28)(){Ud1 Beneath Pillars}=-dw*bp*FUNC(30) 

DEFFUNC(29)(){Udm1 Beneath Pillars}=FUNC(31)*FUNC(28) 

DEFFUNC(30)(){Area Ud1}=(1/2)*(FUNC(9)-BL)*(t+(B/2)-lcrack) 

DEFFUNC(31)(){dUd1}=(l-FUNC(50))-lcrack-(1/3)*(t+(B/2)-lcrack) 

 

DEFFUNC(32)(){Ud2 Beneath Spillway}=-dw*bs*FUNC(34) 

DEFFUNC(33)(){Udm2 Beneath Spillway}=FUNC(35)*FUNC(32) 

DEFFUNC(34)(){Area Ud2}=(1/2)*(FUNC(9)-BL)*(t-lcrack) 

DEFFUNC(35)(){dUd2}=(l-FUNC(50))-lcrack-(1/3)*(t-lcrack) 

 

DEFFUNC(36)(){U=Uc+Ud*C}=FUNC(24)+(FUNC(28)+FUNC(32))*C 

DEFFUNC(37)(){Um=Ucm+Udm*Cm}=FUNC(25)+(FUNC(29)+FUNC(33))*Cm 

 

//Ice Load 

 

DEFFUNC(38)(){H Ice Load}=-FUNC(41)*bf 

DEFFUNC(39)(){dH Ice Load}=(FUNC(9)-BL)-1/3 

DEFFUNC(40)(){Moment Ice Load}=FUNC(38)*FUNC(39)  

DEFFUNC(41)(){Truncation of the ice load}=itruncm(3,X,0,253,81,86,0,0) 

 

//Total Forces 

 

DEFFUNC(42)(){N'=Vertical Forces-Uplift No Drains}=FUNC(43)+FUNC(36) 

DEFFUNC(43)(){Vertical 

Forces}=FUNC(1)+FUNC(2)+FUNC(3)+FUNC(4)+FUNC(11)+FUNC(12)+FUNC(18) 

DEFFUNC(44)(){H=Sum Horizontal Forces}=FUNC(10)+FUNC(17)+FUNC(38) 

DEFFUNC(45)(){Positive Moments No 

Drains}=FUNC(5)+FUNC(6)+FUNC(7)+FUNC(8)+FUNC(14)+FUNC(15)+FUNC(21)+FUN

C(22) 

DEFFUNC(46)(){Negative Moments No Drains}=FUNC(13)+FUNC(37)+FUNC(40) 

 

 

//Rock Bolts Study to be added to the previous part 

 

DEFFUNC(62)(){Steel Section}=(PI*d^2)/4 //d must be included in meters 

DEFFUNC(63)(){Vertical Force per Bolt 

U1&2}=(Fsteel*1000)*FUNC(62)*((FUNC(47)*sin(alpha))+cos(alpha)) 

//Fsteel must be introduced in MPa 

DEFFUNC(64)(){Total Vertical Force U1&2}=nbolts*FUNC(63) 

DEFFUNC(65)(){Moment Total Vertical Force U1&2}=FUNC(64)*((l-

FUNC(50))-0.2) 

 

 

//Rock Joint Study to be added to the previous part 

 

//Friction Angle 

DEFFUNC(22)(){tan(phi+ic)}=(tanphi+tanic)/(1-tanphi*tanic) 

 

//Passive Wedge -Uplift 

DEFFUNC(24)(){Up Passive Wedge}=(FUNC(26)*dw)*cosomega 

DEFFUNC(25)(){Length Wedge}=joint/tanomega 

DEFFUNC(26)(){Volume Wedge}=(FUNC(25)*joint*0.5)*bf 

//Passive Wedge -Rock wedge weight 

DEFFUNC(27)(){Rock wedge weight}=FUNC(26)*drock 

DEFFUNC(28)(){tan(phi2+omega)}=(tanphi2+tanomega)/(1-

(tanphi2*tanomega)) 

DEFFUNC(29)(){Resistance from Passive wedge, P}=(FUNC(27)-

FUNC(24))*FUNC(28) 

  



Reliability-Based Analysis of Concrete Dams 
 

79 
 

//de part 1 to be added to the previous part 

 

DEFFUNC(51)(){Truncation of de Part 1}=itruncp(13,Y,0,0.2,0,0,0,2.133) 

 

//de part 2 to be added to the previous part 

 

DEFFUNC(51)(){Truncation of de Part 

2}=itruncp(13,Y,0.2,1.5,0.12,0.12,0.12,1.083) 

 

Monolith 1:3 
 

 
Figure A. 2- Input variables Dam 2- Monolith 1:3 in COMREL. 
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Monolith 2:1 
 

 
Figure A. 3- Input variables Dam 2- Monolith 2:1 in COMREL. 

  



Reliability-Based Analysis of Concrete Dams 
 

81 
 

 

Dam 3 
//Dam 3-Load Combination 1 - MONOLITH 3 

 

FLIM(1){Sliding/No Drains}=FUNC(19)*FUNC(24)+FUNC(21) 

FLIM(2){OT/No Drains}=FUNC(22)+FUNC(23) 

 

//Friction Angle 

 

DEFFUNC(24)(){tan(phi+ic)}=(tanphi+tanic)/(1-tanphi*tanic) 

 

//Adjusted overturning- Point of rotation 

 

DEFFUNC(25)(){fcm=fck*exp(1,64*Vx}=fck*exp(1.64*Vx) 

DEFFUNC(26)(){fcm(t)=beta*fcm}=beta*FUNC(25)//44 YEARS 

DEFFUNC(27)(){a=max(N'/fcc ; N'/sigma)}=FUNC(19)/FUNC(26) 

 

//Self Weight 

 

DEFFUNC(1)(){Self Weight Pillar}=Vc*dc 

DEFFUNC(2)(){Moment Pillar}=FUNC(1)*(16.2-FUNC(27)) 

 

//Water Pressure 

 

DEFFUNC(3)(){hw=hrwl+de}=RWL+de 

 

DEFFUNC(4)(){H1 Pillar}=-(bp*dw*(1/2)*(FUNC(3)-BL)^2 + 

(1/2)*(bw/2)*dw*(FUNC(3)-BLVD)^2) 

DEFFUNC(5)(){H1 Moment}=FUNC(4)*FUNC(6) 

DEFFUNC(6)(){dH1}=(1/3)*(FUNC(3)-BL)+(BL-BLNS) 

 

DEFFUNC(7)(){H2 Gate}=-bg*dw*(1/2)*(FUNC(3)-GL2)^2 

DEFFUNC(8)(){H2 Moment}=FUNC(7)*FUNC(9) 

DEFFUNC(9)(){dH2}=(GL-BL)+(BL-BLNS) 

 

//Uplift 

 

DEFFUNC(10)(){Uc No Drains}=-(1/2)*dw*(bp)^2*(FUNC(3)-BL)  

DEFFUNC(11)(){Ucm No Drains}=FUNC(10)*FUNC(12) 

DEFFUNC(12)(){dUc}=(l-FUNC(27))-((1/3)*bp)  

DEFFUNC(13)(){U=Uc+Ud*C}=FUNC(10)*C 

DEFFUNC(14)(){Um=Ucm*Cm}=FUNC(11)*Cm 

 

 

//Ice Load 

 

DEFFUNC(15)(){H Ice Load}=-FUNC(18)*(bp+bg+(bw/2)) 

DEFFUNC(16)(){dH Ice Load}=(FUNC(3)-BLNS)-1/3 

DEFFUNC(17)(){Moment Ice Load}=FUNC(15)*FUNC(16)  

DEFFUNC(18)(){Truncation of the ice load}=itruncm(3,X,0,253,81,86,0,0) 

 

//Total Forces 

 

DEFFUNC(19)(){N'=Vertical Forces-Uplift No Drains}=FUNC(20)+FUNC(13) 

DEFFUNC(20)(){Vertical Forces}=FUNC(1) 

DEFFUNC(21)(){H=Sum Horizontal Forces}=FUNC(4)+FUNC(7)+FUNC(15) 

DEFFUNC(22)(){Positive Moments No Drains}=FUNC(2) 

DEFFUNC(23)(){Negative Moments No 

Drains}=FUNC(5)+FUNC(8)+FUNC(14)+FUNC(17) 
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//Rock Joint Study to be added to the previous part 

 

//Passive Wedge -Uplift 

DEFFUNC(17)(){Up Passive Wedge}=(FUNC(19)*dw)*cosomega 

DEFFUNC(18)(){Length Wedge}=joint/tanomega 

DEFFUNC(19)(){Volume Wedge}=(FUNC(18)*joint*0.5)*bp 

 

//Passive Wedge -Rock wedge weight 

DEFFUNC(20)(){Rock wedge weight}=FUNC(19)*drock 

DEFFUNC(21)(){tan(phi2+omega)}=(tanphi+tanomega)/(1-(tanphi*tanomega)) 

DEFFUNC(22)(){Resistance from Passive wedge, P}=(FUNC(20)-

FUNC(17))*FUNC(21) 

 

 

//de part 1 to be added to the previous part 

 
DEFFUNC(28)(){Truncation of de Part 1}=itruncp(13,Y,0,1.5,-0.25,-

0.25,-0.25,1.82) 

 

//de part 2 to be added to the previous part 

 

DEFFUNC(28)(){Truncation of de Part 2}=itruncp(13,Y,1.5,3.25,-1,-1,-

1,3) 

 

Monolith 3 
 

 
Figure A. 4- Input variables Dam 3- Monolith 3 in COMREL. 
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Monolith 6 
 

 
Figure A. 5- Input variables Dam 3- Monolith 6 in COMREL. 

 
Monolith 9 
 

 
Figure A. 6 Input variables Dam 3- Monolith 9 in COMREL. 
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Appendix B: Results from Probability Density Function 
Dam 1 
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Dam 2 
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Dam 3 
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Appendix C: Results from Monte Carlo Simulation 
Dam 1 
Non-functioning drains 
 

Table C. 1-Results from Crude Monte Carlo Simulation Dam 1-No Drains. 

  
Dam 1 - No Drains 

  
Probabilistic Analysis (Monte Carlo) 

  
Sliding Overturning 

LC Comments β pf β pf 

1 
No Drains 0.37 3.60E-01 0.91 1.80E-01 

+Vertical Rock Bolts 1.09 1.40E-01 4.47 4.00E-06 

*4 
No Drains 2.91 1.83E-03 3.02 1.25E-03 

+Vertical Rock Bolts 3.10 9.75E-04 3.87 5.54E-05 

5 
No Drains -0.08 5.30E-01 0.23 4.10E-01 

+Vertical Rock Bolts 0.49 3.10E-01 2.23 1.27E-02 

  
    

  
Sliding Overturning 

  
β pf β pf 

*4(1) 
No Drains 0.24 4.10E-01 0.71 2.40E-01 

+Vertical Rock Bolts 0.89 1.90E-01 3,54  2.00E-04  

*4(2) 
No Drains -0.12 5.50E-01 0.19 4.30E-01 

+Vertical Rock Bolts 0.45 3.30E-01 1.83 3.34E-02 

 
Functioning drains 
 

Table C. 2-Results from Crude Monte Carlo Simulation Dam 1-Drains. 

  
Dam 1 -Drains 

  
Probabilistic Analysis (Monte Carlo) 

  
Sliding Overturning 

LC Comments β pf β pf 

1 
Drains 2.05 2.04E-02 - 0.00E+00 

+Vertical Rock Bolts 4.12 1.90E-05 - 0.00E+00 

*4 
Drains 3.38 3.66E-04 4.61 1.97E-06 

+Vertical Rock Bolts 4.08 2.27E-05 - 0.00E+00 

5 
Drains 1.09 1.40E-01 4.29 9.00E-06 

+Vertical Rock Bolts 2.48 6.52E-03 - 0.00E+00 

  
    

  
Sliding Overturning 

  
β pf β pf 

*4(1) 
Drains 1.70 4.46E-02 - 0.00E+00 

+Vertical Rock Bolts 3.37 3.70E-04 - 0.00E+00 

*4(2) 
Drains 0.99 1.60E-01 3.04 1.19E-03 

+Vertical Rock Bolts 2.22 1.32E-02 - 0.00E+00 
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Dam 2 
Monolith 1:3 
 

Table C. 3-Results from Crude Monte Carlo Simulation Dam 2-Monolith 1:3. 

  
DAM 2-MONOLITH 1:3 

  
Probabilistic Analysis (Monte Carlo) 

  
Sliding Overturning 

LC Comments β pf β pf 

1 
No Drains 3.36 3.84E-04 - 0.00E+00 

+Vertical Rock Bolts - 0.00E+00 - 0.00E+00 

*4 
No Drains - 0.00E+00 - 0.00E+00 

+Vertical Rock Bolts - 0.00E+00 - 0.00E+00 

5 
No Drains 3.67 1.20E-04 - 0.00E+00 

+Vertical Rock Bolts - 0.00E+00 - 0.00E+00 

      

  
Sliding Overturning 

  
β pf β pf 

*4(1) 
No Drains - 0.00E+00 - 0.00E+00 

+Vertical Rock Bolts - 0.00E+00 - 0.00E+00 

*4(2) 
No Drains - 0.00E+00 - 0.00E+00 

+Vertical Rock Bolts - 0.00E+00 - 0.00E+00 

 
Monolith 2:1 
 

Table C. 4- Results from Crude Monte Carlo Simulation Dam 2-Monolith 2:1. 

  
DAM 2-MONOLITH 2:1 

  
Probabilistic Analysis (Monte Carlo) 

  
Sliding Overturning 

LC Comments β pf β pf 

1 
No Drains -0.40 6.60E-01 1.19 1.20E-01 

+Vertical Rock Bolts 2.21 1.37E-02 - 0.00E+00 

*4 
No Drains 3.07 1.08E-03 - 0.00E+00 

+Vertical Rock Bolts - 0.00E+00 - 0.00E+00 

5 
No Drains 3.41 3.28E-04 - 0.00E+00 

+Vertical Rock Bolts - 0.00E+00 - 0.00E+00 

      

  
Sliding Overturning 

  
β pf β pf 

*4(1) 
No Drains  3.95 4.00E-05 - 0.00E+00 

+Vertical Rock Bolts - 0.00E+00 - 0.00E+00 

*4(2) 
No Drains 1.51 6.60E-02 - 0.00E+00 

+Vertical Rock Bolts - 0.00E+00 - 0.00E+00 
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Dam 3 
Monolith 3 
 

Table C. 5- Results from Crude Monte Carlo Simulation Dam 3-Monolith 3. 

  
DAM 3-MONOLITH 3 

  
Probabilistic Analysis (Monte Carlo) 

  
Sliding Overturning 

LC Comments β pf β pf 

1 
No Drains 2,58 4,94E-03 - 0,00E+00 

+Vertical Rock Bolts - - - - 

*4 
No Drains 3,72 9,96E-05 - 0,00E+00 

+Vertical Rock Bolts - - - - 

5 
No Drains 1,82 3,44E-02 - 0,00E+00 

+Vertical Rock Bolts - - - - 

      

  
Sliding Overturning 

  
β pf β pf 

*4(1) 
No Drains 2,82 2,43E-03 - 0,00E+00 

+Vertical Rock Bolts - - - - 

*4(2) 
No Drains 0,43 3,40E-01 - 0,00E+00 

+Vertical Rock Bolts - - - - 

 
Monolith 6 
 

Table C. 6- Results from Crude Monte Carlo Simulation Dam 3-Monolith 6. 

  
DAM 3-MONOLITH 6 

  
Probabilistic Analysis (Monte Carlo) 

  
Sliding Overturning 

LC Comments β pf β pf 

1 
No Drains - 0,00E+00 - 0,00E+00 

+Vertical Rock Bolts - - - - 

*4 
No Drains - 0,00E+00 - 0,00E+00 

+Vertical Rock Bolts - - - - 

5 
No Drains - 0,00E+00 - 0,00E+00 

+Vertical Rock Bolts - - - - 

      

  
Sliding Overturning 

  
β pf β pf 

*4(1) 
No Drains - 0,00E+00 - 0,00E+00 

+Vertical Rock Bolts - - - - 

*4(2) 
No Drains - 0,00E+00 - 0,00E+00 

+Vertical Rock Bolts - - - - 
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Monolith 9 
 

Table C. 7- Results from Crude Monte Carlo Simulation Dam 3-Monolith 9. 

  
DAM 3-MONOLITH 9 

  
Probabilistic Analysis (Monte Carlo) 

  
Sliding Overturning 

LC Comments β pf β pf 

1 
No Drains 2,92 1,76E-03 - 0,00E+00 

+Vertical Rock Bolts - - - - 

*4 
No Drains 3,97 3,62E-05 - 0,00E+00 

+Vertical Rock Bolts - - - - 

5 
No Drains 2,81 2,47E-03 - 0,00E+00 

+Vertical Rock Bolts - - - - 

      

  
Sliding Overturning 

  
β pf β pf 

*4(1) 
No Drains 3,69 1,14E-04 - 0,00E+00 

+Vertical Rock Bolts - - - - 

*4(2) 
No Drains 1,14 1,30E-01 - 0,00E+00 

+Vertical Rock Bolts - - - - 
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Appendix D: Sensitivity Factors for Random Variables 
Dam 1 Non-Functioning Drainage 
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Dam 1 Functioning Drainage 
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Dam 2 Monolith 1:3 
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Dam 2 Monolith 2:1 
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Dam 3 Monolith 3 
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Dam 3 Monolith 6
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Dam 3 Monolith 9
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Appendix E: Results from Rock Bolts Study 
Dam 1: 
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Dam 2 Monolith 1.3: 
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Dam 2 Monolith 2.1: 
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Parametric Rock Bolt Study (K-Function): 
Dam 1 
Non-Functioning Drains 
 

Table E. 1-Results from rock bolts study Dam 1-No Drains. 

 
LC1-Vertical Rock  Bolts 

 
No Drains 

 
Sliding Overturning 

Ƙ = Aeff/A β β 

0 0,38 0,93 

0,1 0,45 1,14 

0,2 0,51 1,39 

0,3 0,58 1,68 

0,4 0,65 2,02 

0,5 0,72 2,41 

0,6 0,79 2,80 

0,7 0,86 3,21 

0,8 0,93 3,62 

0,9 1,01 4,05 

1 1,08 4,48 

    

 
LC5-Vertical Rock Bolts 

 
No Drains 

 
Sliding Overturning 

Ƙ = Aeff/A β β 

0 -0,08 0,23 

0,1 -0,03 0,35 

0,2 0,03 0,48 

0,3 0,08 0,61 

0,4 0,14 0,75 

0,5 0,20 0,91 

0,6 0,25 1,09 

0,7 0,31 1,29 

0,8 0,36 1,52 

0,9 0,42 1,78 

1 0,48 2,09 

    

 
LC4 (1)-Vertical Rock Bolts 

 
No Drains 

 
Sliding Overturning 

Ƙ = Aeff/A β β 

0 0,24 0,68 

0,1 0,30 0,84 

0,2 0,36 1,01 

0,3 0,42 1,20 

0,4 0,48 1,40 

0,5 0,54 1,64 

0,6 0,60 1,90 

0,7 0,67 2,20 

0,8 0,73 2,54 

0,9 0,80 2,90 

1 0,86 3,29 
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LC4 (2)-Vertical Rock Bolts 

 
No Drains 

 
Sliding Overturning 

Ƙ = Aeff/A β β 

0 -0,10 0,20 

0,1 -0,05 0,32 

0,2 0,01 0,44 

0,3 0,06 0,56 

0,4 0,12 0,70 

0,5 0,17 0,84 

0,6 0,23 0,99 

0,7 0,28 1,16 

0,8 0,34 1,33 

0,9 0,39 1,52 

1 0,45 1,73 

    
Dam 1 
Drains Functioning 
 

Table E. 2- Results from rock bolts study Dam 1-Drains. 

 
LC1-Vertical Rock  Bolts 

 
Drains Working 

 
Sliding Overturning 

Ƙ = Aeff/A β β 

0 2,02 6,16 

0,1 2,20 7,01 

0,2 2,39 7,81 

0,3 2,58 8,55 

0,4 2,78 9,24 

0,5 2,98 9,87 

0,6 3,17 10,46 

0,7 3,36 11,00 

0,8 3,56 11,49 

0,9 3,74 11,96 

1 3,93 12,38 

    
 

 
LC5-Vertical Rock  Bolts 

 
Drains Working 

 
Sliding Overturning 

Ƙ = Aeff/A β β 

0 0,99 2,88 

0,1 1,10 3,40 

0,2 1,21 3,96 

0,3 1,32 4,56 

0,4 1,44 5,16 

0,5 1,55 5,73 

0,6 1,68 6,27 

0,7 1,81 6,78 

0,8 1,94 7,25 

0,9 2,07 7,68 

1 2,20 8,09 
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LC 4 (1)-Vertical Rock  Bolts 

 
Drains Working 

 
Sliding Overturning 

Ƙ = Aeff/A β β 

0 1,62 - 

0,1 1,76 - 

0,2 1,90 - 

0,3 2,04 - 

0,4 2,20 - 

0,5 2,36 - 

0,6 2,52 - 

0,7 2,69 - 

0,8 2,86 - 

0,9 3,03 - 

1 3,21 - 

    

 
LC 4 (2)-Vertical Rock Bolts 

 
Drains Working 

 
Sliding Overturning 

Ƙ = Aeff/A β β 

0 1,01 2,85 

0,1 1,11 3,38 

0,2 1,21 3,96 

0,3 1,31 4,57 

0,4 1,42 5,19 

0,5 1,53 5,79 

0,6 1,65 6,37 

0,7 1,76 6,93 

0,8 1,88 7,45 

0,9 2,00 7,95 

1 2,13 8,42 

    
 
Dam 2 
Monolith 1:3 
 

Table E. 3- Results from rock bolts study Dam 2-Monolith 1:3. 

 
LC1-Vertical Rock Bolts 

 
No Drains 

 
Sliding Overturning 

Ƙ = Aeff/A β β 

0 3,22 8,19 

0,1 3,43 9,13 

0,2 3,61 10,03 

0,3 3,79 10,87 

0,4 3,97 11,65 

0,5 4,15 12,36 

0,6 4,33 13,00 

0,7 4,51 13,58 

0,8 4,68 14,10 

0,9 4,85 14,57 

1 5,01 14,98 
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LC5-Vertical Rock Bolts 

 
No Drains 

 
Sliding Overturning 

Ƙ = Aeff/A β β 

0 3,64 14,61 

0,1 3,86 15,62 

0,2 4,08 16,51 

0,3 4,29 17,29 

0,4 4,49 17,97 

0,5 4,69 18,57 

0,6 4,88 19,09 

0,7 5,07 19,55 

0,8 5,26 19,94 

0,9 5,44 20,28 

1 5,61 20,56 

    

 
LC4 (1)-Vertical Rock  Bolts 

 
No Drains 

 
Sliding Overturning 

Ƙ = Aeff/A β β 

0 6,12 - 

0,1 6,35 - 

0,2 6,56 - 

0,3 6,77 - 

0,4 6,97 - 

0,5 7,16 - 

0,6 7,34 - 

0,7 7,52 - 

0,8 7,69 - 

0,9 7,86 - 

1 8,02 - 

 
 

 
LC4 (2)-Vertical Rock  Bolts 

 
No Drains 

 
Sliding Overturning 

Ƙ = Aeff/A β β 

0 5,09 - 

0,1 5,30 - 

0,2 5,51 - 

0,3 5,71 - 

0,4 5,90 - 

0,5 6,09 - 

0,6 6,27 - 

0,7 6,45 - 

0,8 6,62 - 

0,9 6,79 - 

1 6,95 - 
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Dam 2 
Monolith 2:1 
 

Table E. 4- Results from rock bolts study Dam 2-Monolith 2:1. 

 
LC1-Vertical Rock  Bolts 

 
No Drains 

 
Sliding Overturning 

Ƙ = Aeff/A β β 

0 -0,36 1,20 

0,1 0,10 1,50 

0,2 0,44 1,80 

0,3 0,72 2,15 

0,4 0,96 2,72 

0,5 1,17 3,72 

0,6 1,36 4,89 

0,7 1,55 6,00 

0,8 1,73 6,97 

0,9 1,92 7,82 

1 2,12 8,54 

    
 

 
LC5 -Vertical Rock  Bolts 

 
No Drains 

 
Sliding Overturning 

Ƙ = Aeff/A β β 

0 3,30 - 

0,1 4,35 - 

0,2 5,28 - 

0,3 6,08 - 

0,4 6,78 - 

0,5 7,39 - 

0,6 7,92 - 

0,7 8,40 - 

0,8 8,83 - 

0,9 9,22 - 

1 9,58 - 

    
 

 
LC4 (1)-Vertical Rock  Bolts 

 
No Drains 

 
Sliding Overturning 

Ƙ = Aeff/A β β 

0 3,56 - 

0,1 4,60 - 

0,2 5,50 - 

0,3 6,29 - 

0,4 6,97 - 

0,5 7,57 - 

0,6 8,10 - 

0,7 8,57 - 

0,8 8,99 - 

0,9 9,37 - 

1 9,72 - 
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LC4 (2)-Vertical Rock  Bolts 

 
No Drains 

 
Sliding Overturning 

Ƙ = Aeff/A β β 

0 1,40 - 

0,1 2,15 - 

0,2 2,88 - 

0,3 3,58 - 

0,4 4,25 - 

0,5 4,86 - 

0,6 5,42 - 
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Appendix F:  -value data scatter 

 
Figure F. 1-Data scatter, Sliding Stability. 
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Figure F. 2-Data scatter, Overturning Stability.
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