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Abstract

This thesis consists of six papers in algebraic geometry –all of which have
close connections to combinatorics. In Paper A we consider complete smooth
toric embeddings X � PN such that for a fixed positive integer k the t-th
osculating space at every point has maximal dimension if and only if t ≤ k.
Our main result is that this assumption is equivalent to that X � PN is as-
sociated to a Cayley polytope of order k having every edge of length at least
k. This result generalizes an earlier characterisation by David Perkinson. In
addition we prove that the above assumptions are equivalent to requiring that
the Seshadri constant is exactly k at every point of X, generalizing a result
of Atsushi Ito. In Paper B we introduce H-constants that measure the neg-
ativity of curves on blow-ups of surfaces. We relate these constants to the
bounded negativity conjecture. Moreover we provide bounds on H-constants
when restricting to curves which are a union of lines in the real or complex
projective plane. In Paper C we study Gauss maps of order k for k > 1, which
maps a point on a variety to its k-th osculating space at that point. Our main
result is that as in the case k = 1, the higher order Gauss maps are finite on
smooth varieties whose k-th osculating space is full-dimensional everywhere.
Furthermore we provide convex geometric descriptions of these maps in the
toric setting. In Paper D we classify fat point schemes on Hirzebruch surfaces
whose initial sequence are of maximal or close to maximal length. The initial
degree and initial sequence of such schemes are closely related to the famous
Nagata conjecture. In Paper E we introduce the package LatticePolytopes
for Macaulay2. The package extends the functionality of Macaulay2 for com-
puations in toric geometry and convex geometry. In Paper F we compute the
Seshadri constant at a general point on smooth toric surfaces satisfying certain
convex geometric assumptions on the associated polygons. Our computations
relate the Seshadri constant at the general point with the jet seperation and
unnormalised spectral values of the surfaces at hand.
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Sammanfattning

Den här avhandlingen utgörs av sex artiklar inom algebraisk geometri
som är nära kopplade till kombinatorik. I artikel A betraktar vi kompletta
inbäddningar av glatta toriska variteter X � PN sådana att för något fixt
heltal k är det t-te oskulerande rummet i varje punkt av maximal dimension
om och endast om t ≤ k. Vårt huvudresultat är att detta antagande är ekvi-
valent med att den polytop som motsvarar inbäddningen är en Cayleypolytop
av ordning k, vars samtliga kanter har längd åtminstonde k. Detta resultat
generaliserar en tidigare känd karaktärisering av David Perkinson. Vi visar
även att ovanstående antagande är ekvivalent med antagandet att Seshadri-
konstanten är lika med k i varje punkt i X. Därmed generaliserar vårt resultat
ett tidigare resultat av Atsushi Ito. I artikel B introducerar vi H-konstanter,
vilka mäter negativiteten av kurvor på uppblåsningar av ytor. Vi relaterar
dessa konstanter till den begränsade negativitetsförmodan. Vidare erhåller vi
begränsningar för konstanterna när vi enbart betraktar unioner av linjer i det
reella och komplexa projektiva planet. I artikel C studerar vi Gaussavbild-
ningen av ordning k, för k > 1, som avbildar en punkt i en varitet på det k-te
oskulerande rummet i samma punkt. Vårt huvudresultat är att, i likhet med
fallet k = 1, är dessa högre ordningens Gaussavbildningar ändliga på glatta
variteter vars k-te oskulerande rum är fulldimensionellt överallt. Vidare ger vi
konvexgeometriska beskrivningar av dessa avbildningar för toriska variteter.
I artikel D klassificerar vi scheman av tjocka punkter på Hirzebruchytor vars
initalsekvenser är av maximal eller nära maximal längd. Intitialgraden och ini-
tialsekvensen för sådana scheman är nära relaterade till den välkända Nagata-
förmodan. I artikel E introducerar vi paketet LatticePolytopes till Macaulay2.
Detta paket utökar funktionaliteten i Macaulay2 för beräkningar inom torisk
och konvex geometri. I artikel F beräknar vi Seshadrikonstanten i generella
punkter på glatta toriska ytor som uppfyller vissa konvexgeometriska villkor
på de associerade polygonerna. Våra beräkningar koppplar samman Seshadri-
konstanten i en generell punkt med jetsepareringen och det icke-normaliserade
spektralvärdet hos ytorna.
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1 Introduction

Algebraic geometry is a vast research field dealing with very broad range of ques-
tions. Much focus in the field is on finding solutions to systems of polynomial
equations. Furthermore a great deal of effort is put into understanding the ge-
ometrical and algebraic structure of such solution sets. Irreducible such solution
sets are called varieties and are often of relevance to applications in science and
engineering. Applications are often of computational nature and tools coming from
neighbouring fields such as combinatorics and statistics are essential. This thesis
consists of six papers in algebraic geometry with strong connections to combina-
torics. A great benefit of having a combinatorial interpretation of the theory is that
it makes it considerably more concrete. This more concrete description can serve
as an important stepping stone in finding applications outside of mathematics. As
an example, most of the papers in this thesis deal with toric varieties which is a
class of varieties that can be understood in terms of convex geometry. Because
of their convex and combinatorial nature, such varieties serve as useful models in
string theory, biochemistry and phylogenetics. In the following we describe the
three main concepts used and studied in this thesis.

1.1 Local positivity

Papers A, C and F deal with local positivity of polarized varieties. A polarized va-
riety is a variety X together with an embedding into a complex projective space PN

C
given by an ample line bundle L . Local positivity is the study of properties of the
embedding and thus the line bundle L , giving a finer understanding of how X sits
in Pn

C via L . As an example consider the twisted cubic C ⊆ P3
C, which is a curve

that is the solution set of the following set of equations

���������
x0x3 − x1x2 = 0,
x0x2 − x2

1 = 0,
x1x3 − x2

2 = 0.

In the subset of P3
C where x0 ≠ 0, the curve C can be parameterized as

„ ∶ t� (1 ∶ t ∶ t2 ∶ t3).
1



2 CHAPTER 1. INTRODUCTION

Thus C can be visualized as the curve t� (t, t2, t3) in C3, see Figure 1.1. Therefore
to simplify notation we will write (a, b, c) to denote the point (1 ∶ a ∶ b ∶ c). In
these local coordinates the curve C can be approximated at any given point p by
its tangent line. A parametrization of the tangent line can be obtained via the
derivative of the paramaterization of C evaluated at the p. For example let p be
the origin (0, 0, 0) in C3, which corresponds to the point (1 ∶ 0 ∶ 0 ∶ 0) in P3

C. Then
the tangent line is the line throught the origin with direction „′(0) = (1, 0, 0). This
corresponds to the projective line given by the equations x2 = x3 = 0, that is tangent
to C ⊂ P3

C at the point (1 ∶ 0 ∶ 0 ∶ 0).
One problem with such an approximation is that the tangent line has a different

curvature than the curve C at the origin, i.e. C is bending away from the tangent
line at the origin. A classical way to get a better approximation is to consider the
osculating circle of the curve C at the origin. The osculating circle is a circle with
the same curvature as C at the origin, i.e. that bends in the same ways as C. As
the osculting circle is a plane curve in C3, it is contained in a plane which we will
denote T 2(0,0,0). That plane is the plane containing the tangent and the normal
direction of C at the origin. Here the normal of C is given by the second derivative
of the paramaterization at the origin, „′′(0) = (0, 2, 0) and can be though of as the
direction in which C is bending. Thus the plane T 2(0,0,0) is the x1x2-plane which in
P3

C corresponds to the projective plane T2(1∶0∶0∶0) given by the equation x3 = 0. We
will call T2(1∶0∶0∶0) the second osculating space of C at the point (1 ∶ 0 ∶ 0 ∶ 0).

1
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Figure 1.1: The twisted cubic with a tangent line and osculating circle.

Observe that there is a whole 1-dimensional family of planes containing the
tangent line of C at the point (1 ∶ 0 ∶ 0 ∶ 0). This is also what we would naively
expect since containing a point and being tangent at the same point impose 2

conditions on the set of hyperplanes in P3
C. In contrast the second osculating space

is the unique plane containing the tangent and normal direction, which again is
what we would expect by counting conditions.

In general, the second osculating space of a variety in a projective space at a
point p is given as the space spanned by all partial derivatives of order at most 2

evaluated at p. Often one is interested in exceptional cases, where the dimension of
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the osculating space is not the expected one. As an example consider the surface
S ⊂ P6

C given by the following parametrization in the subset where x0 ≠ 0:

(s, t)� (1, s, t, st, s2, s3, s4).
By counting conditions we would expect the second osculating space of S at the
point (1 ∶ 0 ∶ 0 ∶ 0 ∶ 0 ∶ 0) to be given by a unique hyperplane, since passing through a
point and containing all partial derivatives of the parametrization of order at most
2, impose 6 conditions. However the second osculating space is not full dimensional
for this variety as the partial derivative ˆ2�ˆt2 of the parametrization is identically
zero. Thus it is reasonable to belive that the surface at hand has some unexpected
geometry. In fact it is a ruled surface meaning that there is a straight line through
every point of the surface. Indeed for the point p = (1 ∶ a ∶ b ∶ ab ∶ a2 ∶ a3 ∶ a4) on S,
the line given by (1 ∶ a ∶ bt ∶ abt ∶ a2 ∶ a3 ∶ a4) is a line in S containing p. By mapping
S to a curve C which passes through exactly one point on each such line, it follows
that S can be thought of as a projective bundle over C. In this case that means
that S locally looks like the product of C with a line. Both projective bundles and
osculating spaces will play key-roles in Paper A.

Figure 1.2: A ruled surface.

In Papers A and C we study osculating spaces of smooth polarized toric varieties.
Polarized toric varieties are particularly interesting since they correspond to convex
geometric objects called polytopes. A polytope is a higher dimensional analogue of
a polygon. One key property of polytopes is that they are convex sets in Rn, which
means that if p and q are points in a polytope P , then the line segment between p
and q lies in P .

The main result of Paper A is that the corresponding polytope of a smooth
polarized toric variety (X,L ) satisfying certain strong assumptions on the oscu-
lating spaces has a Cayley structure. That a polytope P has a Cayley structure
means that P is the smallest convex set containing a finite set of points lying in
two parallell hyperplanes. For example, if P has dimension 2, then P is either a
triangle or a quadrilateral. Clearly this is a very strong condition on P . Therefore
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this imposes equally strong assumptions on the pair (X,L ). In fact if (X,L ) is
a smooth polarized toric variety of dimension at most 3, then (X,L ) is associated
to a polytope with a Cayley structure if and only if (X,L ) is a projective bundle
over a smooth toric base. That (X,L ) is a projective bundle over some base Y ,
essentially means that X locally looks like a product of an open subset of Y and a
projective space. One example of a projective bundle is the surface S ⊂ P6 consid-
ered earlier.

Figure 1.3: The Cayley polytope corresponding to the surface S ⊂ P6

given by the map (s, t)� (1, s, t, st, s2, s3, s4).
Osculating spaces also play an important role in Paper C, where we study higher

order Gauss maps. The Gauss map of order k is defined by sending a point on a
variety to the k-th osculating space at that point. Our main result is that if the
k-th osculating space is full-dimensional everywhere on a smooth polarized variety(X,L ), then the Gauss map of order k is finite, unless X is the k-th Veronese
embedding of a projective space. The finiteness of the Gauss map of order k means
geometrically that there are only finitely many points of X having the same k-th
osculating space.

1.2 Intersection numbers

In Papers B and F , we study the behaviour of certain intersection numbers on
surfaces. Given two curves C and D on a surface, the intersection number C ⋅D
describes the intersection C ∩D with multiplicity. Such an intersection is invariant
under certain deformations of either C or D. For example if C and D are two
distinct lines in P2

C, then C ⋅ D = 1 since C and D will intersect in exactly one
point. More generally if C and D are distinct curves in P2

C, then a classical result
called Bézout’s Theorem states that C ⋅D equals the product of the degrees of the
curves. Thus if for example C and D are both given by a quadratic polynomials
then C ⋅D = 4.

To illustrate deformations consider a smooth quadratic curve C and a tangent
line C ′ to C in a point p in P2

C. The line C ′ will only intersect C in p, but we
can slightly move C ′ to a new line D which intersects C in two distinct points
with multiplicity 1. As intersection numbers are invariant under such deformations
C ⋅C ′ = 2, since C ⋅D = 2.
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C ′C

D

Figure 1.4: The intersection of the circle C with the lines C ′ and D.

By the invariance of intersection numbers under deformation we can make sense
of the self intersection of a curve C. For example let C be a line in P2

C, then
C2 = C ⋅C = 1 since if we slightly moves a copy of C to a new line D, then C and
D meet in a point, i.e. C2 = C ⋅D = 1. However on surfaces different than P2

C it
can happen that C2 < 0. This implies that C cannot be deformed in the fashion
described above. Consider for example a smooth surface X and let E be a curve
in X such that E2 = −1. Then, a famous theorem of Castelnouvo says that, there
exist a morphism fi∶X →X ′, called a blow-down, such that X ′ is a smooth surface,
fi is an isomorphism on X ′ � E and fi contracts E to a point p. Moreover the
converse holds, so that for any such morphism E2 = −1. In this setting X is called
the blow-up of X ′ in the point p.

In paper B we consider for a given configuration of lines L in P2
C, the self-

intersection of a curve L̃. Here L̃ is a curve, corresponding to L, in the blow-up
of P2

C in the singular points of L. The curve L̃ is called the proper transform of
L and our main result is that the self intersection of L̃ divided by the number of
singular points is at least −4. One motivation why such a result is of interest is that
curves with negative self intersection are in many ways not well understood. For
example it is a longstanding open question if for every smooth projective surface
X there exist an integer N , such that C2 ≥ N for all reduced curves C on X. As
a consequence of our result this question has an affermative answer for blow-ups of
P2

C and curves which are proper transforms of line configurations.

1.3 Seshadri Constants

On a surface X a line bundle L can be thought of as a finite formal linear combina-
tion of curves D0, . . . , D

r

with integer coefficients a1, . . . , a
r

. Therefore we can for
a curve C define the intersection number L ⋅C by taking the sum of the numbers
a

i

(D
i

⋅C), where D
i

⋅C is the intersection number of the two curves D
i

and C on
the surface. Similarly we can make sense of the interesection number L ⋅ C for a
line bundle L and curve C on a variety of any dimension.

A line bundle L on a variety X is nef if it satisfies the property that L ⋅C ≥ 0

for all irreducible curves C on X. For example if L corresponds to a single curve
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D1 on P2 with a1 ≥ 1, then L is nef since, for any other curve C it holds that

L ⋅C = a1(D1 ⋅C) = a1 deg(D1) ⋅ deg(C) ≥ 0,

by Bezout’s Theorem. Nefness relate closely to ampleness via the Seshadri criterion
for ampleness. This condition states that a nef line bundle L on a variety X is
ample if and only if there exist some ‘ > 0 such that for any point p ∈X it holds that
L ⋅C ≥ ‘mult

p

(C) for any irreducible curve C, where mult
p

(C) is the multipliticty
of C at p. The Seshadri constant ‘(X,L ; p) at a point p in X is the largest number
‘ such that L ⋅C ≥ ‘mult

p

(C) for all irreducible curves C passing through the point
p. For example if X = P2

C, L corresponds to a single line D1 and a1 = 1, then the
Seshadri constant at any point of X is 1. To see this note that on the one hand
L ⋅ C = deg(C) ≥ mult

p

(C), thus ‘(X,L ; p) ≥ 1. On the other hand intersecting
L with a line shows that ‘(X,L ; p) ≤ 1. In general the Seshadri constant of a
line bundle L at a point p measures in some sense by what margin L is ample at
p. Thus they are of interest in understanding the local positivity properties of an
embedding. Unfortunately Seshadri constants are in general very hard to compute.
The topic of Paper F is Seshadri constants on smooth polarized toric surfaces,
where they can be described via combinatorics. Our main results allows for the
computation of these constants using other invariants which are easier to compute
for this class of varieties.



2 Background

In this section we will provide a short summary of the background material needed
for the papers that constitute this thesis. We will start by giving a brief introduction
to toric geometry. The following section will deal with negativity and positivity of
intersection numbers which is the topic of papers A, B, C and F . In the final
section we will give a short account of initial degrees which describe properties of
configurations of so called fat points, that play a key role in Paper D. Throughout
the background we will keep the discussion short and omit most proofs. We will
assume that the reader is familiar with some basic algebraic geometry but hope that,
at least in part, the text will be accessible for mathematicians working outside this
area.

2.1 Toric Geometry

Toric geometry is the study of toric varieties and their combinatorial counterparts.
A great benefit of the theory is that many abstract constructions in algebraic ge-
ometry have concrete interpretations using combinatorics. For this reason toric
geometry is often an excellent place to test out new theories, concepts and conjec-
tures. In this thesis we construct classifications and compute invariants for toric
varieties which are still unknown for general varieties. The main reference for this
section is [CLS11] where proofs and formal definitions can be found unless stated
otherwise. Two other good references are [Ful93] and [Ewa96].

An (algebraic) torus T is an affine variety isomorphic to (C∗)n = Cn�V(x1�x
n

).
Via the multiplicative action inherited from (C∗)n, any torus is equipped with a
group action, called the torus action.

Definition 2.1. A toric variety is a variety X containing a torus T as a Zariski
open subset such that the torus action on T extends to an action on all of X.

Here we assume all varieties to be irreducible and basic examples of toric vari-
eties are (C∗)n, Cn and Pn. Let M be the character group of T = (C∗)n, defined as
the set of morphisms, called characters, ‰∶T → C∗ which are group homomorphisms.
If A = {‰1, . . . , ‰

r

} ⊂ M , then the closure of the image of the map „
A

∶T → (C∗)r
defined by t � (‰1(t), . . . , ‰

r

(t)) is a toric variety. However it is clear that if

7
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m = (m1, . . . , m
n

) ∈ Zn, then any morphism of the form ‰m∶ (t1, . . . , t
n

)� tm1
1 �tmn

n

lies in M . It is a standard fact, see [Hum75], that every element of M has this
form for some m ∈ Zn. Thus any finite subset of Zn corresponds to an affine toric
variety. Moreover any affine toric variety comes from some subset of M in this
manner [CLS11, Thm 1.1.17]. To instead construct projective toric varieties we
can compose the map „

A

∶T → (C∗)r with an inclusion of the torus (C∗)r in Pr and
take the closure in Pr. Due to this correspondence we will denote an affine toric
variety associated to a set A of characters by Y

A

and the associated projective toric
variety with X

A

.
An alternative way of describing normal toric varieties are via polyhedral cones.

To this end we will fix a lattice M ≅ Zn and let N denote its dual lattice. Recall
that a polyhedral cone is defined as the positive span of a set of vectors in Rn. Such
a cone in Rn ≅ N ⊗R R is called rational if its spanning set can be taken to lie
in N and strongly convex if the cone contains no line through the origin. For our
purposes a key observation is Gordan’s lemma, see [Ful93, Prop. 1]. It states that if
‡ is a rational cone in NR = N ⊗R R, then ‡∨∩M is a finitely generated semi-group,
where ‡∨ = {x ∈ MR∶ �x, y� ≥ 0, ∀y ∈ ‡} is the dual cone of ‡. Furthermore ‡ is
strongly convex if and only if dim(‡∨) = rank(M).

(3, 1)

(1, 3)

Figure 2.1: A rational and strongly convex cone

Let ‡ be a rational and strongly convex polyhedral convex cone. By Gordon’s
lemma ‡∨∩M has a finite generating set A and the natural map C[‡∨∩M]→ C[M]
is characterized by how it acts on the elements of A. As C[M] is the coordinate
ring of the torus, the map C[‡∨ ∩M] → C[M] can easily be seen to coincide with
the map of semi-groups induced by the map „

A

∶T → (C∗)�A�, [CLS11, Thm 1.1.17].
It follows that the maximal spectrum of C[‡∨ ∩M] is exactly Y

A

. Moreover since
‡ is strongly convex ‡∨, and therefore Y

A

, is full-dimensional
A common procedure to construct varieties in general is to glue together affine

varieties. Since normal affine toric varieties can be described in terms of cones we
could then hope to describe abstract toric varieties by describing how they appear
on each affine patch. A combinatorial construction that allows for transition from
one affine patch to another making the resulting variety toric is that of a fan.
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Definition 2.2. A fan � is as a finite collection of strongly convex rational poly-
hedral cones such that if ‡, ‡′ ∈ �, then ‡ ∩ ‡′ ∈ � and if · is a face of ‡ ∈ �, then
· ∈ �.

Let U
·

be the affine toric variety associated to the cone · . One can readily
check that given two cones ‡1 and ‡2 in some fan �, the affine toric variety U

‡1∩‡2

is a Zariski open subset of both U
‡1 and U

‡2 . Furthermore glueing along all such
intersections yield a normal abstract toric variety X� [CLS11, Thm 3.1.5].

From a combinatorial perspective a natural place where fans appear are in
relation to the normals of the facets of convex lattice polytopes.

Definition 2.3. A subset P ⊂ M ⊗R R ≅ Rn is called a convex lattice polytope if
there exist finitely many points x1, . . . , x

n

∈M ≅ Zn such that P is the convex hull
of x1, . . . , x

n

.

Throughout this thesis we will, unless stated otherwise, refer to a convex lattice
polytope simply as a polytope. We next construct the so called inner-normal fan of
a polytope, which is explained in more details in [CLS11, p.75-77]. If we for a given
polytope P fix a vertex v, then the direction vectors of the edges through v span
a cone ‡

v

, with apex at v. Now for every vertex v of P we translate ‡
v

so that its
apex is at the origin and consider the set �‡

v

, where the union is taken over all
vertices of P . It can be checked that �‡

v

is a fan, which we will denote by �

∨
P

,
since we are most interested in the dual fan �

P

. The latter being defined by taking
the dual of all cones in �

∨
P

. As an effect of the construction the cones in �

P

are
generated by the inner-normals of the facets of P . Furthermore we will denote the
toric variety associated with �

P

by X
P

, which turns out to be a projective variety,
see [CLS11, Cor 2.2.19].

Figure 2.2: The polytope �2 = Conv(0, ê1, ê2), the fan �

∨
�2

and the dual fan ��2 .

An alternative natural approach to defining a toric variety given by a polytope
is to consider the set P ∩M ⊂ Zn of lattice points in P . One could then think of
these lattice points as being the characters of an n-dimensional torus. Which makes
it natural to define X

P∩M

as the toric variety given by the closure in P#(P∩M)−1

of the map defined by the characters P ∩M . A natural question is then whether
X

P

≅X
P∩M

. It turns out that a sufficient condition for the answer to this question
to be affirmative is that P is either normal or smooth [CLS11, Prop. 2.2.18 & 2.4.4].
A polytope P is defined as normal if kP + lP = (k + l)P for all k, l ∈ N, which in
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algebro geometric terms means that the underlying variety is projectively normal.
Furthermore P is smooth if the shortest lattice vectors in the direction of the edges
at every vertex form a basis for M as a Z-module. It is worth pointing out that a
long standing open conjecture in toric geometry is that every smooth polytope is
normal.

An important fact about projective toric varieties is that there exists a bijection
between the set of torus invariant prime divisors and 1-dimensional cones (rays)
in the fan. Furthermore the class group of a toric variety is generated by the
torus invariant prime divisors, [CLS11, Thm 4.1.3]. Thus any Weil-divisor D on a
projective toric variety X� associated to a fan � can be written as ∑

fl∈�(1) a
fl

D
fl

where �(1) is the set of rays in �, D
fl

is the prime divisor associated to fl and
a

fl

∈ Z. Such a description determines a polytope

P
D

= {x ∈MR ∶ �x, fl� ≤ −a
fl

,∀fl ∈ �(1)}.
By construction � is a refinement of the inner-normal fan of P

D

, whenever the
latter is full-dimensional. A key result, see [CLS11, Thm 4.3.3], is that

H0(X�,O
X�(D)) = �

m∈PD∩M

C‰m.

This equality provides a link between the toric variety associated to a fan and
the toric variety associated to a polytope via its lattice points. Furthermore, that
O

X�(D) is very ample is equivalent to that X� is embedded via the global sections
of H0(X�,O

X�(D)) and to that X
PD∩M

≅ X�. When this is the case, � is the
inner-normal fan of P

D

, [CLS11, Thm 6.2.1].

2.2 Intersection theory

Intersection theory is a fundamental tool in algebraic geometry. In this thesis we
will mainly deal with intersections of divisors on a surface. While intersecting
two distinct divisors, e.g. curves, might be intuitively clear, intersecting a divisor
with itself is less intuitive. In particular there are divisors having negative self-
intersection. Therefore, both negativity and positivity play an important role in
the general theory. For an introduction to intersection theory we refer to [Ful98].

Negativity

Let X be a smooth projective surface and let C ⊂X be a reduced curve. A glance
into the geometry of how C sits inside X is given by the self-intersection of C.
A general technique when computing the self-intersection of a curve C is to move
a copy of C in its linear equivalence class to a new curve C ′ such that C and
C ′ intersect transversally. One can then readily compute the self-intersection C2

as C ⋅ C ′, since intersection numbers are invariant under such deformations. For
example the self intersection of a line L in P2

C is 1, since we can move a copy of L
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within its linear equivalence class to a new line L′ that intersect L transversally in
one point. Thus that a line L in P2

C has self-intersection 1 reflects the fact that L
can be moved within P2

C.
In the current section we are mostly interested in curves with negative self

intersection on surfaces. To motivate how such self-intersections can occur we
consider the exceptional divisor E

p

in the blow-up �P2
C of P2

C in a point p. The
exceptional divisor is a rigid line in �P2

C and this is reflected in the fact that E2
p

= −1.
In general a rational curve E on a smooth surface X̃ has E2 = −1 if and only if
there is a blow-down morphism X̃ → X with X smooth, that contracts E to a
point, [Har77, V. Thm 5.7]. Thus E

p

is the only irreducible and reduced curve on�P2 with negative self-intersection as Pic(�P2) has a basis given by the pullback of the
hyperplane bundle and the exceptional divisor. In particular it holds that C2 ≥ −1

for any reduced curve C on �P2. Trying to find such a bound for a general smooth
surface, leads to the following open conjecture.

Conjecture 2.4. (Bounded Negativity Conjecture (BNC)) For every smooth pro-
jective surface X, there exist an integer N

X

such that C2 ≥ N
X

for all reduced
curves C ⊂X.

Example 2.5. Observe that it is indeed necessary to have the bound in the BNC
depend on the surface. To see this let C be a curve passing through s points
p1, . . . , p

s

in P2
C with multiplicity m1, . . . m

s

. The proper transform of C under the
blow-up at the points p1, . . . , p

s

is C̃ = fi∗C −∑m
i

E
i

. Hence, C̃2 = C2 −∑m
i

, by
the projection formula [Ful98, Thm 8.1.1].

A natural approach to the BNC taking Example 2.5 into consideration, is to
make the following definition.

Definition 2.6. Let X be a smooth projective surface and P = {p1, p2, . . . , p
s

} ⊂ X,
be a set of distinct points. The H-constant of X at P is defined as

H(X; P ) ∶= inf

C

C̃2

s

where the infimum is taken over all reduced curves C ⊂ X. Here C̃ denotes the
proper transform of C under the blow-up of X in P . Moreover we define the
H-constant of X as

H(X) ∶= inf

s≥1
inf

P

H(X; P )
where the outer infimum is taken over all natural numbers s and the inner infimum
is taken over all sets P of s distinct points in X.

Remark 2.7. We remark that if the H-constant of X is finite, then it holds that
C2 ≥ sH(X) for any irreducible curve C on X. Thus if the H-constant is finite on
X, then the BNC would hold for blow-ups of X.
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To initiate a study of H-constants we might first restrict to curves C that are
unions of lines.

Definition 2.8. Let P = {p1, p2, . . . , p
s

} be a set of distinct points in X. The linear
H-constant at P is defined as

H
L

(X; P ) ∶= inf

L

L̃2

s

where the infimum is taken over all configurations of lines L on X. Here L̃ denotes
the proper transform of L under the blow-up of X in P . Furthermore we define the
linear H-constant of X as

H
L

(X) ∶= inf

s≥1
inf

P

H
L

(X; P )
where the outer infimum is taken over all natural numbers s and the inner infimum
is taken over all sets P of s disjoint points in X.

Example 2.9. Let k be a positive integer. For a regular k-gon P
k

we let L
k

be
the line configuration of 2k lines given by all supporting lines and lines of bilateral
symmetry of P

k

. The configuration L
k

has one k-tuple point at the center of P
k

,
given by the intersection of the lines of symmetry. The configuration L

k

further
has �k2� triple points, corresponding to the choices of 2 supporting lines l1 and l2
of P

k

, whose intersection point will also be the intersection of l1 and l2 with a line
of symmetry. Lastly L

k

will have k double points given by the intersections of the
supporting lines with the perpendicular bisectors.

Figure 2.3: The line configuration L4. Note the two triple points at infinity.

As a consequence by considering all intersection points p1, . . . , p
s

of the config-
uration L

k

we have that

�L
k

2

s
= 2k − 2t2 − 3t3 − kt

k

t2 + t3 + t
k

= −3 + 4k + 6

k2 + k + 2

,
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where t
m

denotes the number of m-tuple points. As the above quantity tends to −3

as k →∞ we conclude that H
L

(P2
R) ≤ −3.

In Paper B we show that H
L

(P2
R) = −3. For the complex projective space we

prove that H
L

(P2
C) ≥ −4, but we do not know if this bound is strict.

As a final remark we note that in [Rou14] the author gives an example of a
family of configurations of smooth cubic curves {C

n

} such that �C
n

2�s
n

→ −4 as
n→∞ where s

n

is the number of singular points of C
n

. Thus H(P2
C) ≤ −4.

Positivity

A line bundle L on a variety X is called ample if L ⊗N gives a closed embedding for
N large enough. That a line bundle L ′ defines a closed embedding implies that the
natural map H0(X,L ′)→H0(X,L ′ ⊗O

X

�m2
x

) is onto for all points x ∈X, where
m

x

is the maximal ideal corresponding to x. Ample line bundles are also positive
in the sense that L ⋅C ≥ 1 for any irreducible curve C on X. In Papers A, C and
F we deal with line bundles subject to higher positivity constraints, i.e. subject to
higher bounds on the form L ⋅C ≥ k for some integer k > 1. More precisely we deal
with jet separation and Seshadri constants.

Definition 2.10. Let L be a line bundle on a projective variety X. We say that
L is k-jet spanned at a point p ∈X if the natural map

jk

p

∶H0(X,L )→H0(X,L ⊗O
X

�mk+1
x

)
is onto. Moreover we call the projectivisation of the image P(im(jk

p

)) the k-th
osculating space of (X,L ) at p.

In fact, the spaces H0(X,L⊗O
X

�mk+1
x

) fit together as the fibers of a vector bun-
dle called the k-th Jet bundle Jk(L ), and there is a natural map jk ∶L → Jk(L ).
On the level of stalks, the map jk induces the map jk

p

which sends (the germ of) a
section s to the terms of degree at most k in the Taylor expansion of s around x.
For a more concrete description consider the matrix

(J
k

(L )
x

)
i,j

∶= (ˆ �a��ˆ
xa1

ˆ
xa2
�ˆ

xan
(s

i

(x)))0≤i≤N,0≤�a�≤k

,

where a = (a0, . . . , a
n

), �a� = ∑a
i

and H0(X,L ) = Span{s0, . . . , s
N

}. Then L is
k-jet spanned at p if and only if J

k

(L )
x

has maximal rank when evaluated at x = p.
We also remark that L is 0-jet spanned at a point p if and only if L is globally
generated at p.

Example 2.11. Consider the line bundle O(d) on Pn, with d ≥ 1. The associated
embedding Pn � PN can, in an affine patch, be described as mapping a point
p = (p1, . . . , p

n

) to the vector of all monomials of degree at most d in n-variables
evaluated at p. Because of the way partial derivatives act on monomials it then
easily follows, up to a possible rearrangement of rows and columns, that J

k

(L )
p
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is given by a triangular matrix with non-zero entries along the diagonal. Thus,
J

k

(L)
p

is of full rank and L is k-jet spanned at p. By the same technique it is also
clear that L is not (k + 1)-jet spanned.

A second measure of local positivity is Seshadri constants. Seshadri constant
are motivated by the Seshadri criterion, [Laz04, Thm 1.4.13]. This condition says
that a line bundle L is ample if and only if there exists a number ‘ > 0 such that
L ⋅C > ‘mult

p

(C) for all irreducible curves C and all points p ∈X.

Definition 2.12. Let L be a nef line bundle on a projective variety X. For a
point p ∈X the Seshadri constant of L at p is defined as

‘(X,L ; p) = inf

C

L ⋅C
mult

p

(C)
where the infimum is taken over all irreducible curves C on X passing through p
and mult

p

(C) denotes the multiplicity of the curve C at p.

Example 2.13. Consider again the line bundle O(d) on Pn. Since O(d) = dO(1)
it holds that O(d) ⋅ C = d deg(C), thus if C is a line, then O(d)⋅C

multp(C) = d. Moreover
mult

p

(C) ≤ deg(C), so it follows that ‘(Pn,O(d); p) = d for all points p ∈X.

An equivalent definition of Seshadri constants can be made in terms of blow-ups.
If fi ∶ X̃ → X is the blow-up of X at the point p and E

p

is the exceptional divisor,
then ‘(X,L ; p) =max{‘ ∈ R ∶ fi∗L − ‘E

p

is nef on X̃} [Laz04, Prop 5.1.5].
We will outline the proof of the equivalence of these two definitions. One first

shows that it is enough to consider intersections of fi∗L −‘E
p

with proper transforms
C̃ of curves C on X. Next we recall that E

p

⋅ C̃ =mult
p

(E
p

) and by the projection
formula fi∗L ⋅C̃ = L ⋅C. As a consequence fi∗L −‘E

p

is nef if and only if ‘ is chosen
in accordance with the first definition.
Remark 2.14. As fi∗L −‘(X,L ; x)E is nef, it holds that (fi∗L −‘(X,L ; x)E)n ≥ 0.
As a consequence it then follows from the projection formula that

‘(X,L ; x)n ≤L n ⇐⇒ ‘(X,L ; x) ≤ n
√

L n.

This somewhat naive bound carries some theoretical meaning. When X is a smooth
projective surface it is in fact known that if ‘(X,L ; x) is irrational, then it equals
n
√

L n. It is however unknown, even for surfaces, if the Seshadri constant can be
an irrational number. If instead ‘(X,L ; x) ≠ n

√
L n, then there is some curve C so

that ‘(X,L ; x) = L ⋅C
multp(C) ∈ Q [BS08]. Moreover for any rational number q there

exists a surface X, a line bundle L and a point x ∈ X such that ‘(X,L ; x) = q
[BS11].

As both jet separation and Seshadri constants are generalisations of ampleness
it is natural to ask how they relate. One answer, given in [Dem92], is that

‘(X,L ; p) = lim

n→∞
s(nL , p)

n
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where s(nL , p) denotes the largest integer k such that nL is k-jet spanned at
the point p. In Papers A and F we will more directly study the relation between
s(L , p) and ‘(X,L ; p) in the case when X is a smooth polarized toric variety.

The Gauss map

The Gauss map is a classical object of study both in algebraic and differential
geometry. For a non-degenerate projective variety X � PN

C , the classical Gauss map
is defined as the rational morphism “∶X ⇢ Gr(n, N) that sends a point x ∈X to the
projective tangent space at that point. Here Gr(n, N) denotes the Grassmanian of
n-dimensional projective subspaces in PN

C and the morphism is rational since it is
only defined outside the singular locus of X.

To illustrate how the geometry of the embedding is encoded in properties of
the Gauss map, we briefly outline an argument showing that the Gauss map of
a smooth variety has finite fibers, which is a classical result due to Zak, [Zak93].
To this end, let X be a smooth variety. Then “ is a well defined map on all of
X as the tangent space is full-dimensional everywhere. Let — be the composition
of the Gauss map with the Plücker embedding. Expressed in local coordinates
at a point p, the map — is given by sending (the germ of) a section s at p to
the wedge product of s(p) and all partial derivatives of s evaluated at p. We
then check that — is also the map given by the global sections of the line bundle
det(J1(L )), where J1(L ) is the first jet-bundle. Next we proceeds by showing that
det(Jk(L )) is ample, unless (X,L ) = (Pn,O(1)). As a consequence, — must have
finite fibers since otherwise there would exist some subvariety V of say dimension m
that is contracted by — so that det(J1(L ))n−m ⋅ V = 0. However, the latter would
contradict the ampleness of det(J1(L )). As a direct consequence we conclude that
the Gauss map has finite fibers. Observe that the core of the argument above is
considering the composition of the Gauss map with the Plücker embedding and
showing the ampleness of det(J1(L )).

Geometrically speaking the above means that, any projective tangent hyper-
plane of X is tangent at finitely many points, unless X = Pn and X is linearly
embedded in PN . If instead X = Pn and X is linearly embedded in PN , then the
Gauss map sends all of X to a single point in Gr(n, N), as the projective tangent
space coincide for all points in X. Furthermore it is a classical result that the
fiber of the Gauss map is a linear space [GH79, 2.10]. As a direct consequence the
fiber of the Gauss map for any smooth varieties, different from a linear spaces, is a
singelton and therefore the Gauss map is birational.

In Paper C we consider varieties X � PN which are k-jet spanned at the general
point. For such a variety the Gauss map of order k is defined by sending a point
x ∈ X to the k-th osculating space at that point. Recall that the k-th osculating
space of X at the point x ∈X is defined as the projectivisation of the image of the
k-th jet map jk

x

∶H0(X,L )→H0(X,L ⊗O
X

�mk+1
x

). Thus if X is k-jet spanned at
the general point, then the dimension of the k-th osculating space is �k+n

n

� − 1 at
the general point. Therefore we can consider the k-th osculating space as a point in
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the Grassmaninan Gr

��k+n

n

� − 1, N� and define the Gauss map of order k as a map
“k ∶X → Gr

��k+n

n

� − 1, N�. We show that, in analogy to the classical Gauss map,
the Gauss map of order k has finite fibers on any k-jet spanned embedding X � PN

of a smooth n-fold X, unless the embedding is the k-th Veronese embedding of Pn.

Initial degree

A fat point on a variety is a point together with a prescribed multiplicity. A zero
scheme is a finite collection of such points. Zero schemes appear, for example, in
the well-known Nagata conjecture.

Conjecture 2.15 ([Nag59]). Let p1, . . . , p
s

be a set of s > 9 fat points on P2
C with

multiplicities m1, . . . , m
s

. Any curve C vanishing on p1, . . . , p
s

with multiplicities
m1, . . . , m

s

has degree

deg(C) ≥ 1√
s

s�
i=1

m
i

.

The initial degree was introduced in [BC11] and is a natural invariant to consider
in relation to the Nagata conjecture. For a reduced zero subscheme Z of P2

C the
initial degree –(Z) is defined as the minimal degree of a plane curve vanishing
at Z. Similarly for a natural number m, –(mZ) is the minimal degree of a plane
curve vanishing to order m at all points in Z. Let I

Z

be the homogenous ideal
of Z, then we let I

(m)
Z

denote the homogenous ideal for mZ. It is then clear that
–(mZ) > –(Z) since if f is an element of minimal degree in I

(m)
Z

, then by definition
its derivative lies in I

(m−1)
Z

but not in I
(m)
Z

. In particular –(2Z) ≥ –(Z) + 1. The
extreme cases when –(2Z) = –(Z) + 1 and –(2Z) = –(Z) + 2 were classified in
[BC11]. In fact if –(2Z) = –(Z)+ 1 there are only two possibilities: either Z is the
intersection points of �–(Z)2 � lines or –(Z) = 1 and the points are collinear. This
classification has motivated generalizations to other classes of varieties, see [BS13],
[DSTG13], [Jan15]. In this more general setting the initial degree can be described
by the following generalization.

Definition 2.16. Let X be a smooth projective variety, L be an ample line bundle
on X and Z a reduced zeroscheme of X associated to the ideal sheaf I

Z

⊂ O
X

. For
a natural number m we define the initial degree of mZ (with respect to L ) as

–(mZ) =min{d ∶H0(X,L d ⊗I m

Z

) ≠ 0}.
In Paper D we study initial degrees on Hirzebruch surfaces F

r

. Recall that F
r

is defined as the projectivisation of the vector bundle OP1 ⊗OP1(r). Thus there is
a natural projection „

r

∶ F
r

→ P1. Let F
r

be a fiber and E
r

a section of „, with
E2

r

= −r. The effective cone of F
r

is then spanned by F
r

and E
r

, [Har77]. The
notation E

r

is motivated by the fact that F1 is the blow-up of P2 in one point with
E1 as the exceptional divisor. As a side remark it is also worth mentioning that the
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surfaces are toric varieties given by the fan with primitive generators e1, e2, −e2
and −e1 − re2.

The definition of initial degree given above depends on the choice of an ample
line bundle L . The results on P2

C is a motivation to choose the ample line bundle
of minimal degree and volume. For F

r

there is a unique such choice namely the line
bundle L

r

= (r + 1)F
r

+E
r

. However there are classes of varieties where the choice
of such a minimal line bundle is not unique, such as abelian varieties.





3 Summary of results

3.1 Paper A

Let k be a positive integer. The dimension of the k-th osculating space, Tk

p

(X,L )
of a smooth polarized variety (X,L ) at a point p is a measure of the local positivity
of L around p. Prescribing the dimension of Tk

p

(X,L ) for all k, at all points of X
impose strong conditions on (X,L ). An example of this is given in [FKPT85] where
it is shown that (over any algebraically closed field) the k-th Veronese embedding
of Pn is the only smooth irreducible n-fold X � PN , where N = �n+k

k

�−1, such that
Tk

p

(X,L ) is full dimensional. Furthermore, for any positive integer s, all smooth
polarized toric varieties (X,L ) of dimension at most 3, such that T k

p

(X,L ) is full
dimensional if and only if k ≤ s, has been classified in [Per00]. It can readily be
checked that if one only considers those embeddings obtained by a complete linear
series �L �, then all such varieties in the classification of [Per00] are projective bun-
dles. Via the toric dictionary projective bundles over a toric base are associated to
strict Cayley polytopes. The main result of Paper A generalizes this characteriza-
tion and says that, for any dimension n and for any positive integer s, any complete
embedding of a smooth toric n-fold, such that, Tk

p

(X,L ) is full-dimensional if and
only if k ≤ s, corresponds to a generalized Cayley polytope of order s, where every
edge has lattice length at least s.

Furthermore we relate our result to Seshadri constants by showing that a smooth
polarized toric variety (X,L ) satisfies the assumptions in our main theorem for the
positive integer s if and only if the Seshadri constant is s on all points of X. This
generalizes a previous results in [Ito15, Thm 1.2] in the special case s = 1. Finally
for a given polarized toric variety (X,L ) we provide three algorithms relevant to
our main result. The first algorithm computes the largest k such that T k

x

(X,L ) is
full-dimensional. The second algorithm computes bounds for the Seshadri constant
at the general point. Finally the third algorithm checks if a given polytope satisfies
the assumptions of our main result.

19
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3.2 Paper B

In paper B we introduce and investigate the basic properties of the so called
H-constant on the real and complex projective plane. Let C̃ denote the proper
transform of a curve C on a surface X under the blow-up X̃ → X at the points
p1, . . . , p

s

∈ X. The H-constant of X is the infimum of the quotient C̃2�s over all
reduced curves C and all sets of finitely many points p1, . . . , p

s

on X for all s ≥ 1.
As a first step to understanding them we focus on the linear H-constant which
describes the same bound restricted to curves which are union of lines. For the real
projective plane we show that the linear H-constant is exactly −3. Furthermore
for the complex projective plane we show that the linear H-constant is bounded
from below by −4. In the case of the complex projective plane we provide examples
showing that the linear H-constant for P2

C is at most −225�67 ≈ −3.36. This upper
bound is obtained by considering the so called Wiman configuration which consists
of 45 lines intersecting in 120 triple points, 45 quadruple points and 36 quintuple
points. In particular this configuration is not realizable as a configuration of lines
in P2

R.

3.3 Paper C

A well-known property of the classical Gauss map is that it is a birational morphism
on any smooth non-degenenarate variety X other than projective space. Geometri-
cally one can interprete this as saying that the projective tangent spaces of any two
distinct points on X are distinct. The birationality of the Gauss map follows from
the fact that the map is finite and that the fibers are linear spaces. In Paper C we
consider the corresponding statement for Gauss maps of higher order. We prove
that if the k-th osculating space on a smooth n-fold, other than (Pn

C,O(k)), is full
dimensional at every point, then the Gauss map of order k is finite. Thus geomet-
rically there are only finitely many points on such an n-fold having the same k-th
osculating space. However unlike the classical case the Gauss maps of higher order
need not be birational when finite as the fibers can contain more than one point
[FI01]. Moreover we provide combinatorial descriptions of the fiber and image of
the higher order Gauss map for toric varieties, based on similar descriptions for the
classical Gauss map in [FI14]. Using these descriptions we then obtain an alterna-
tive proof of our main result in the toric setting using combinatorics. Furthermore
it follows that if the k-th osculating space is full dimensional at all points of a
smooth toric n-fold, other than (Pn

C,O(k)), then the Gauss map of order k is not
only finite but also birational.

3.4 Paper D

In paper D we study fat point schemes on Hirzebruch surfaces, F
r

polarized by the
unique ample line bundle L

r

of minimal volume and degree. Let Z be a finite set
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of reduced points on F
r

with ideal sheaf I
Z

, we show that if

–(Z) = . . . = –((r + 1)Z) = –((r + 2)Z) = –,

where –(mZ) = min(d ∶ H0(X, Ld

r

⊗I m

Z

)), then – = 1, –((r + 3)Z) ≠ – and Z is a
single point contained in E

r

. Furthermore under the weaker assumption

–(Z) = . . . = –((r + 1)Z) = –

either

i) – = 1 and Z is contained in a single fiber of the projection „

or

ii) r = 1, and the image of Z under the blow-down fi∶F1 → P2
C is the points of

intersection between – general lines in the pencil through the point fi∗(E) and
– additional lines in a general star configuration.

This result generalizes similar classifications on P2
C in [BC11] and on P1

C × P1
C ap-

pearing in [BDH+14].

3.5 Paper E

Paper E introduces the package LatticePolytopes for Macaulay2, which is available
as of version 1.8. This package allows for computations of most quantites relating to
polytopes and toric geometry appearing in this thesis. More precisely the package
includes methods to list smooth polytopes and investigate Cayley structures, jet
separation, Seshadri constants, blow-ups and higher order Gauss maps for toric
varieties.

3.6 Paper F

The topic of Paper F is Seshadri constants at general points of smooth polarized
toric surfaces. We relate the Seshadri constant at the general point to invariants
from local positivity and adjunction theory. We show that under certain mild
assumptions the Seshadri constant at the general point on smooth polarized toric
surfaces can be computed using combinatorics.

Let (X,L ) be a smooth polarized toric variety and let s(L , 1) denotes the
largest integer s such that L is s-jet spanned at the general point. Our first result
is that if (X,L ) is a projective bundle or s(L , 1) ≤ 2, then ‘(X,L ; 1) = s(L , 1),
where ‘(X,L ; 1) denotes the Seshadri constant at the general point. Let K

X

denote the canonical bundle on (X,L ), then the unnormalized spectral value of(X,L ) is defined as

µ(L ) = sup�s ∈ Q � dim(H0(X, m(K
X

+ sL )) = 0 for all integers m > 0

such that m(K
X

+ sL ) is an integral Cartier divisor
� .
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Our second result is that if dim(H0(X, (µ(L ))−1K
X

+L )) ≠ 1 and µ(L ) > 1�3,
then ‘(X,L ; 1) = 2�µ(L ). Finally we characterize smooth polarized toric sur-
faces such that dim(H0(X, µ(L )−1K

X

+ L )) = 1 by showing that they can be
constructed by a sequence of consecutive equivariant blow-ups of P2

C or P1
C × P1

C.
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