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Abstract

The numerical tracking of interfaces is an important part in simulations of many
physical processes. Three di�erent techniques for interface tracking are pre-
sented: the segment projection, the level-set and the front-tracking methods.
The segment projection method is an altogether new method in which the rep-
resentation of an interface is comprised of a union of overlapping patches. When
the interfaces are curves in IR2, the patches are curve segments, chosen such that
they can be represented as functions of one coordinate variable. These segment
functions are discretized on one-dimensional Eulerian grids. To continuously
track moving and deforming interfaces, dynamic construction and destruction of
segments are employed.

Applications to multiphase ows involving immiscible uids are studied in
detail. The three tracking methods have been integrated into a �nite element
approximation of the two-dimensional incompressible Navier-Stokes equations.
The interfaces separating the di�erent uids introduce singularities to the prob-
lem in the form of discontinuous density and viscosity across interfaces and
singular surface tension forces. These quantities are more naturally represented
numerically in the �nite element setting, which uses a weak form of the equations.

Integrals in the weak formulation include the discontinuous density and vis-
cosity functions. A rigorous analysis of the errors associated with integration of
functions that are discontinuous across curves in IR2 is presented. Regularized
approximations of the discontinuous functions, designed to minimize these er-
rors, are introduced. A similar analysis is made for the integration of singular
functions with support on curves in IR2.

Topology changes of interfaces, such as in the merging of bubbles, are nat-
urally included in the level-set method. This method is however not so well
suited for simulations of physical problems in which merging should not occur.
In the segment projection method, the Eulerian grid facilitates the handling of
merging, although it requires a speci�c algorithm. Di�erent physical conditions
may be used to de�ne if and when merging should occur.

Numerical results are presented and include tests of convergence rates and
comparison of the three methods in the case of one rising buoyant bubble. Runs
with topology changes are presented for the level-set method, and runs with
and without the possibility of merging are presented for the segment projection
method.
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Chapter 1

Introduction

Interfaces or internal boundaries are present in many di�erent applications, such
as high frequency wave propagation, solidi�cation and multiphase ows. In each
of these applications, the interfaces move according to some physical law. In the
numerical simulations of these problems, it is important to keep an updated rep-
resentation of the interfaces but there are often also other numerical challenges.
For multiphase ows, each interface is separating two immiscible uids. The two
uids will in general have di�erent densities and viscosities and these physical
quantities will therefore be discontinuous across each interface. In addition, sur-
face tension forces act at each interface, with a strength that depends on the
interface shape. Furthermore, the interfaces may change topology as separated
volumes of the same uid merge. All these e�ects require careful attention in
the construction of numerical methods for multiphase ow problems.

1.1 Interface Tracking

Interface tracking methods are developed to describe and track moving and de-
forming surfaces or curves that represent various kinds of internal boundaries,
interfaces and fronts. The law of motion of the interfaces might be directly
connected to the shape of the interface as in geometrical applications such as
motions by mean curvature. It might also be a passive tracking, where the in-
terface is moved according to a given vector �eld. Very often the shape of the
interface a�ects the vector �eld of advection, as it is determined according to
some physical law. An example of this is the physics of multiphase ow.

In interface tracking methods, the interfaces are represented by continuously
updated discretizations. These discretizations can be Lagrangian or Eulerian in
nature, depending on the interface tracking technique that is used.

In the Lagrangian approach, marker particles are used to de�ne the interfaces.
This approach was used by Peskin [32], as he applied his immersed boundary
method to calculations of blood ow in the heart. The moving walls of the heart
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2 Chapter 1. Introduction

were treated as internal boundaries. More recent immersed boundary methods
as well as front-tracking methods are also based on Lagrangian markers. Some
parameterization connecting these markers is needed to make the description of
the interface complete, [24, 33, 36, 44].

A di�erent idea is employed in the level-set method, which is based on a �xed
Eulerian grid. This method was introduced by Osher and Sethian [29]. In this
method, the interfaces are de�ned as the zero level set of a continuous function,
and this function is updated in order to follow the position of the interfaces.
The level-set function is discretized on a Eulerian grid that is de�ned on the
computational domain. If the law of motion is such that it only describes the
movement of the interfaces, a vector �eld for updating the level-set function can
be obtained by computing extension velocities everywhere in the computational
domain, starting with the velocities prescribed at the interfaces, see for example
[1, 31, 38]. By embedding the interfaces as a level set of a higher dimensional
function, the dimension of the advection problem is increased by one. Hence, the
computational expense is a drawback of the level-set technique. More localized
level-set methods with lower computational cost have been developed for �nite
di�erence implementations, see [28, 38]. The natural ability of the level-set
method to handle topological changes in the interfaces is for many applications
an important advantage of the method. The level-set method has been applied
to many di�erent problems, such as kinetic crystal growth, Stefan problems,
epitaxial growth of thin �lms and compressible and incompressible ow, [27, 28,
38, 43]. Methods like the level-set method, where the interfaces are not explicitly
discretized, are often refered to as interface capturing techniques. For simplicity,
we refer also to this method as an interface tracking method.

In this thesis, we introduce a new method which can be viewed as a compro-
mise between the front-tracking and level-set methods. The new segment pro-
jection method relies on the partitioning of an interface into several parts. In the
case of two dimensional calculations, the interfaces are curves in the plane. Each
curve is described by a union of curve segments, where the segments are chosen
such that they can be given as functions of one spatial variable. The segments
are overlapping, and the coordinates of points on the curve are either given by
(x; y) = (x; fi(x)) or (x; y) = (gj(y); y). The domain of the independent variable
of each segment is the projection of the segment onto the coordinate axis for this
variable. Information about the connectivity of segments is needed to complete
the description. The segment functions fi(x) and gj(y) are discretized on Eule-
rian uniform one-dimensional grids in the x and y directions. Hence, the curve
is explicitly discretized with points on the curve as in the front-tracking method,
thereby keeping the lower dimensionality, but the discretization is Eulerian as
in the level-set method. One example of a curve and its segment representation
is given in Figure 1.1. The uniform discretizations of two of the segments are
indicated in Figure 1.2.

Interfaces interact quite di�erently for di�erent applications. In some cases,
there might be superposition. For example, if the interfaces represent wave
fronts, one interface might pass over another without interaction. In other cases,
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Figure 1.1. Example of a curve and its segment representation. The x-segments
are functions fi(x), i = 1; 2. The y-segments are functions gj(y), j = 1; : : : ; 4.

two interacting interfaces will reconnect and create one single interface. This
is exempli�ed by multiphase ow, where two separated volumes of the same
uid might merge into one connected volume, as in the case of merging bubbles.
Finally, for some physical parameters in multiphase ow, there will be no merg-
ing, even if separated volumes of the same uid get close. Two viscous drops
might continue to move close together, being subjected to the same velocity �eld,
without ever merging.

If there is a merger, there will be a change of topology of the interfaces. In the
level-set method, the topology is determined by the zero level set of the level-set
function �(x; t). If a change in topology occurs, this is only seen as a continuous
evolution of �(x; t), which changes the pattern of the zero contours, and hence
the topology of the problem. Merging is therefore naturally incorporated in the
level-set method.

In both the front-tracking and segment projection method, each interface has
a separate representation. If merging of two interfaces should occur, the two sep-
arate discretizations of the interfaces must be merged into one, which requires
appropriate modi�cations. This is rather complicated for the front-tracking
method, since there is no restriction in the positions of the discrete points of
the two merging interfaces. For the segment projection method, merging is eas-
ier to perform, since the segments are de�ned as functions of one variable, and
can more readily be compared to each other.

In the case of superposition, or when interfaces should not merge, nothing
special needs to be done in the front-tracking and segment projection methods.
In the level-set method, topological merging will always occur when interfaces
de�ned by the same level-set function get close relative to the resolution of the
grid. Therefore, explicit action must be taken to prevent merging.
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Figure 1.2. The segments are discretized using one-dimensional uniform grids.

1.2 The Multiphase Flow Problem

In multiphase ow simulations for immiscible ows, the exact positions and
shapes of the interfaces separating the immiscible uids contribute strongly to
the physics of the problem. Surface tension forces act at each such interface, and
the strengths of these localized forces are proportional to the local curvature of
the interface. The uids will in general have di�erent densities and viscosities,
and hence discontinuities in density and viscosity occur across interfaces. One
example of a con�guration, involving two di�erent uids is shown in Figure 1.3.

For these kinds of problems, one might consider a method based on interface
�tted meshes. The mesh on which the uid equations are discretized and solved
is updated continuously to �t the deforming uid interfaces. The interfaces are
treated as internal boundaries on which boundary conditions are prescribed.
Drawbacks with this method include the cost of the computation and the inter-
polation errors introduced when remeshing. One example of an algorithm based
on interface �tted meshes is the work of Hu and Joseph, [20]. This approach is
however common for for uid-particle ows, see for example [25].

It is often more eÆcient to keep the grid of the ow variables �xed and to
represent the interfaces by some interface tracking technique. Any such technique
applied to this problem must include a method to compute surface tension forces
and density and viscosity �elds.

Many di�erent interface tracking and interface capturing methods have been
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applied to multiphase ow problems. One early method was the Marker in Cell
(MAC) method [18]. In this method, a number of discrete Lagrangian particles
are advected by the local ow. The distribution of these particles identi�es
the regions occupied by a certain uid. In volume-tracking or Volume of Fluid
(VOF) methods, a fractional volume function is de�ned to indicate the volume
fraction of a certain uid in each grid cell, see for example [19]. A review of
such methods, together with a comparison between some of them is presented in
[34]. In these methods, no explicit representations of the interfaces are de�ned,
instead they are reconstructed locally. In order to model surface tension e�ects,
which is diÆcult in the VOF methods, the continuum surface force (CSF) model
was introduced by Brackbill et al., [7]. More recent implementations of these
methods were made by Wu et al., [45].

�A; �A

�B; �B

�A

�A

�A

�A

�A

�A

Figure 1.3. Example of a con�guration involving two uids A and B, with
di�erent density and viscosity (�A; �A) and (�B ; �B).

A front-tracking method designed to simulate two-phase ow, or more specif-
ically the motion of bubbles in a surrounding uid, was introduced by Unverdi
and Tryggvason, [44]. A �nite di�erence technique was used for the discretization
of the Navier-Stokes equations. In the front-tracking method, the separate data
structures that represent the interfaces are based on a connected set of discrete
points, where these points are advected individually by the local uid velocity.
Parts of the interface might thereby get depleted of points, and new points must
be inserted into the data structure. At other parts of the interface, points must
be removed to avoid clustering. This is a straight-forward procedure in a two-
dimensional simulation, but much less so for three-dimensional calculations. It
is quite hard to implement a merging algorithm in the front-tracking method
due to the unstructured positioning of Lagrangian markers. Software including
interface topology changes and three dimensional tracking has been developed by
Glimm and coworkers, see [13] and the references therein for detailed description
and applications.

The application of the level-set method to multiphase ows has been de-
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scribed by Sussman et al. in [41, 42, 43]. In this formulation, the equations
for updating the level-set function as well as the Navier-Stokes equations were
discretized by �nite di�erence techniques. The interfaces separating two uids
A and B are represented as the zero level set of a continuous function, designed
to be of one sign in uid A, and of opposite sign in uid B. This level-set func-
tion is initialized as a signed distance function, carrying information about the
closest distance to any interface. As the level-set function is advected by the
ow, this property will not be retained. Sussman et al. [43] however showed
that keeping the level-set function as a distance function is critical in order to
obtain an acceptable conservation of mass. They introduced a reinitialization
procedure designed to recover this property. The level-set method easily extends
to three dimensional calculations.

The new segment projection method can also be applied to the multiphase
ow problem. Each curve representing an interface is described as a union of
overlapping curve segments. All the segments are advected by the ow, and
the segment functions are updated in each time step. The geometry of the in-
terface determines how many segments that are needed for the representation.
After each advection step, the segment representation needs to be reinitialized.
Dynamic creation and destruction of segments are necessary for tracking the
deformable interfaces. The domain of de�nition of each segment and the con-
nectivity of segments also need to be kept updated. When two regions of the same
uid merge, the segments must be reconnected to represent the new topology,
which requires a speci�c algorithm. This step gives full control over the merging
process and the surface physics may inuence if or when merging should take
place. The basic principles of the segment projections method extends to three
dimensions, but the implementation is however more complex.

In all three methods, reinitialization between advection steps needs to be
applied. In the front-tracking method, the concern is the distribution of the
Lagrangian markers. In the level-set method, the distance function property
for the level-set function needs to be restored, and in the segment projection
method, the segment structure must be reviewed. The computational costs
of these reinitialization procedures are di�erent, ranging from the inexpensive
insertion of points in the front-tracking method to the reinitialization of the
level-set function.

The immiscible and incompressible ow is described by the incompressible
Navier-Stokes equations. The interfaces separate the uids and thus regions of
di�erent density and viscosity. The surface tension forces are located at the in-
terfaces. The localization of the surface tension forces is de�ned by Dirac delta
functions supported at the interfaces. Both for the front-tracking method in [44]
and the level-set method in [43], the Navier-Stokes equations were discretized
using �nite di�erence techniques. In both cases, surface tension forces are regu-
larized by the use of a molli�ed delta function, as described by Peskin [32].

In the weak form of the Navier-Stokes equations, the surface tension forces are
included as line integrals along the interfaces. Furthermore, the di�erentiation
of the discontinuous viscosity functions is replaced by the di�erentiation of test
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functions, via Green's formula. This reduces the singularity of the problem that
we need to treat numerically.

These advantages motivate a choice of a method based on a weak formulation
of the equations, such as the �nite element method. In addition, the �nite
element method provides the capability to use variable spatial resolution and to
perform computations on domains of various geometrical shapes.

1.3 New Results and Outline

The new contribution with respect to the front-tracking and level-set methods are
their integration into the �nite element framework applied to the Navier-Stokes
equations for incompressible and immiscible multiphase ow. The segment pro-
jection method is an altogether new method. It is also integrated into the same
�nite element framework.

The tracking properties are de�ned for all three methods, including the ex-
plicit discretizations of the interface representations and algorithms for updat-
ing these representations according to the law of motion. For the multiphase
ow applications, the interfaces are advected by the ow �eld. In addition to
the tracking properties, algorithms for the approximation of the surface tension
forces and discontinuous density and viscosity are given for all three methods.

As was discussed earlier, merging and associated topology changes are nat-
urally included in the level-set method. Due to the Eulerian discretization of
the segments, it is feasible to simulate mergers also in the segment projection
method. We have not developed any merging algorithm for the front-tracking
method, since its unstructured distribution of points at the interfaces makes it
less suitable for such operations.

The minimum distance for which two separate zero level-sets of a function
can be resolved, depends on the resolution of the grid on which the function is
discretized. Therefore, in the level-set method, two separate volumes of the same
uid merge when they get close enough compared to the resolution of this grid.
In the segment projection method, when mergers should be allowed, a distance
~d can be set as the given distance at which two separate interfaces should merge.
Since we can control when merging takes place, it is also possible to de�ne other
criteria to determine when it should occur.

Since the methods are integrated into a �nite element framework, the weak
form of the Navier-Stokes equations is discretized. This formulation includes
line integrals along the interfaces, accounting for the surface tension forces, and
integrals over the domain containing discontinuous coeÆcients, in terms of the
density and viscosity �elds. Motivated by the presence of the discontinuous den-
sity and viscosity in these integrals, the errors associated with the evaluation of
integrals of functions discontinuous across curves in IR2 have been analyzed. We
study two approaches for this integral evaluation. In the �rst approach, a special
quadrature method is introduced for the quadrature over triangles a�ected by
the discontinuity. In the second approach, the discontinuity is smoothed out
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over a transition zone of a �xed width. The error for this second approach will
consist of two parts: the analytical error made when replacing a discontinuous
function by an approximation, and the numerical error from the integration of
this approximation. These errors are analyzed, and we show that vanishing mo-
ments of a certain error function are needed to obtain a small analytical error.
The regularity of the approximation is shown to be critical for the numerical
error.

In the same context, we study the evaluation of integrals with integrands
containing a Dirac delta function with support on curves in IR2. As an alternative
to evaluate the equivalent line integrals along these curves, the delta function
is replaced by an approximation with support in small neighborhoods of each
curve, and the integration is performed over the computational domain 
 � IR2.
Speci�c conditions for creating approximations that will yield a certain order of
accuracy are given, and a number of such approximations are computed.

These approximations could be convenient to use to evaluate the integral
over the surface tension forces in the same framework as the other integrals in
the variational formulation. To de�ne the surface tension force in one point,
the delta function is multiplied by the curvature and the normal vector of the
interface, yielding the strength and direction of this force. To use this approach,
the curvature and normal vectors must be computed in the region of support of
the approximate delta function. This is natural for the level-set method, since
the level-set function is discretized on the whole computational domain, but not
for the other two methods, where all the points in the discretization lie on the
interface.

In our study, the function multiplying the delta function is assumed to be
smooth. If the computed curvature and normal vectors are not guaranteed to
be smooth in the region of support of the approximate delta function, there are
however still some concerns about using these approximations for the integration
of the surface tension forces. This is in general the case in the level-set method,
see section 6.3. We have made the choice to evaluate the equivalent line integral
instead of using an approximate delta function in all three methods. This line
integral is evaluated locally in each element intersected by an interface. The
details of this evaluation are di�erent for the three tracking methods.

Since we have smooth functions multiplying the discontinuous density and
viscosity in the integrals in which they appear, the above mentioned concern
does not arise in this case. In all three methods, the discontinuous density and
viscosity �elds are approximated by regularized functions chosen according to the
results of the analysis made concerning integration of discontinuous functions.

The discretization of the Navier-Stokes equations is based on quadratic poly-
nomials on a triangulated domain. The time-stepping scheme for the Navier-
Stokes equations is a combined implicit-explicit second order method, with iter-
ations for the non-linear terms. The resulting problem is solved using an iterated
penalty method that enforces the incompressibility constraint. The system of
equations is solved by a preconditioned conjugate gradient method.

We present computational results for a single bubble rising due to buoyancy.
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The convergence rates of the three methods are computed, indicating essentially
second order spatial accuracy for all three methods. The results from the three
methods show good agreement, in both position and shape of the rising bubble.
It is more diÆcult to obtain a good mass conservation with the level-set method
compared to the other methods.

Furthermore, runs with topology changes including bubbles and a free surface
are presented for the level-set and the segment projection methods. Bubbles
merge while rising due to buoyancy, �nally breaking a free surface.

Two runs of ten viscous drops settling in a box are presented for the segment
projection method. In these runs, no mergers are allowed. The drops are initially
distributed throughout the computational domain, and fall towards the bottom
of the domain, where they settle. In one of the runs, the viscosity and surface
tension of the drops are high enough for the drops to resist deformation, thereby
resembling solid particles.
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(a) Bubble dynamics including topology
changes.
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(b) The sedimentation of viscous drops.

Figure 1.4. Results from runs with the segment projection method. The arrows
represent the velocity �elds. The results are presented in sections 6.4 and 6.5,
respectively.
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The outline of this paper is as follows. In chapter 2, the three di�erent inter-
face tracking methods are described. In chapter 3, the equations for multiphase
ow are presented, together with the extensions needed to make the interface
tracking methods applicable to this problem. The errors associated with the
evaluation of integrals of discontinuous and singular functions are analyzed in
chapter 4. The description and outline of that study is given in section 4.1.
Results from the analysis are used in the evaluation of integrals containing the
discontinuous density and viscosity. The discretizations of the full methods are
given in chapter 5. The discretization of the Navier-Stokes equations is discussed
in section 5.1, followed by descriptions of the discrete segment projection, level-
set and front-tracking methods in sections 5.2-5.4. In chapter 6, the numerical
results are presented. Sections 6.1-6.2 are devoted to a single buoyant bubble: in
section 6.1 the convergence test is presented, and the comparison of the methods
is made in section 6.2. Results from numerical tests of the force calculations in
the level-set method are given in section 6.3, and some remarks regarding these
calculations are given. In section 6.4, the runs with the level-set method and
the segment projection method including topology changes are presented. Fi-
nally, the results obtained with the segment projection method for non-merging
viscous drops are presented in section 6.5.

This thesis is partially based on the following papers.

(i) A-K. Tornberg, R. W. Metcalfe, R. Scott, and B. Bagheri. A Fluid Par-
ticle Motion Simulation Method. In Computational Science for the 21st

Century, pages 312-321. John Wiley and Sons, New York, 1997.
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Meeting 97, 1997.
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Flow Simulations. Licentiate's thesis, Royal Institute of Technology, De-
partment of Numerical Analysis and Computing Science, September 1998.
ISBN 91-7170-317-9, TRITA-NA-9817.

(iv) A.-K. Tornberg and B. Engquist. A Finite Element Based Level Set
Method for Multiphase Flow Applications. To appear in Computing and

Visualization in Science.

(v) A.-K. Tornberg and B. Engquist. Interface Tracking in Two-Phase Flows.
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Chapter 2

Interface Tracking

Introduce the interface  bounding a region 
A that may be multiply connected.
The region 
A is contained in the computational domain 
 � IR2. In general, 
will consist of several separate interfaces, i.e.

 =
[
j

j : (2.1)

Each of the interfaces j encloses a region of 
A, possibly together with parts of
@
, the boundary of 
.

In this chapter we describe three interface tracking techniques, designed to
track the evolution of : the segment projection method, the level-set method
and the front-tracking method.

2.1 The Segment Projection Method

In the segment projection method, each interface j is represented by a union
of overlapping curve segments. The segments are chosen such that they can be
given as functions of one coordinate variable, i.e. the segments are represented
by functions fi(x) and gj(y). The domain of the independent variable of such a
function is the projection of the segment onto its coordinate axis. The coordi-
nates of points at the curve are given by (x; y) = (x; fi(x)) or (x; y) = (gj(y); y).

A simple example is the description of a circle. A circle can be described
by four segments, two `x-segments', i.e. functions f1(x) and f2(x), and two `y-
segments', i.e. functions g1(y) and g2(y). A circle 1 with radius 1, centered at
the origin, is given by 1 = f(x; y); x2 + y2 = 1g. The segment description is

1 =

4[
k=1

sk; (2.2)

11
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where the segments are de�ned by:

s1 = f(x; y); y = f1(x)=�
p
1� x2; jxj � 1g; (2.3)

s2 = f(x; y); y = f2(x)=
p
1� x2; jxj � 1g; (2.4)

s3 = f(x; y); x = g1(y)=�
p
1� y2; jyj � 1g; (2.5)

s4 = f(x; y); x = g2(y)=
p
1� y2; jyj � 1g: (2.6)

The domains of the independent variables are jxj � 1 for f1(x) and f2(x), and
jyj � 1 for g1(y) and g2(y). A sketch of the segments describing the circle can
be seen in Figure 2.1.

f1(x)

f2(x)

g1(y) g2(y)

Figure 2.1. A sketch of the segments describing a circle. The domain of the
independent variable for each segment is the projection of the segment onto the
coordinate axes.

For each point at the curve , there is at least one segment describing the
curve. To make the description complete, information about the connectivity of
segments must be provided.

The number of segments needed to describe a curve depends on the shape
of the curve. An extremum of a function fi(x) de�nes a break point in the y-
segments, as no segment given as a function of y, can continue past this point.
After this point, we again encounter the same y-values, and need another segment
de�ned as a function of y to de�ne this part. Similarly, an extremum of a function
gj(y) de�nes a break point in the x-segments. A sketch of the distribution of
segments is shown in Figure 2.2.

The segments are moved by the equation of motion, and after each advection
step, the segment representation must be reinitialized. Dynamic creation and
destruction of segments is employed to describe the evolution of curves. New
segments should be created if new extrema have appeared, and segments should
be removed when extrema disappear. The connectivity of segments must be kept
updated.
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Figure 2.2. An example of distribution of segments. Extremum in x-segment
yields break point in y-segment and vice versa.

For each segment, the domain of the independent variable must be de�ned.
A segment described as a function of x, an x-segment, is de�ned from ~x0 to ~x1,
and a segment described as a function of y, a y-segment, is de�ned from ~y0 to ~y1.
The segments, together with information about connectivity between segments,
de�ne the structure that represents the curve.

Given the de�nition of an x-segment, create an ordered set containing the
start and end points of the segment, together with the extremum points of the
segment. With the number of extremum points equal toM , denote the positions
of these points by xe0 to x

e

M+1 (x
e
0 = ~x0, x

e

M+1 = ~x1). Then, for each interval

(xem; x
e

m+1); m = 0; : : : ;M; (2.7)

it is necessary to keep track of which y-segment that this part corresponds to.
For the y-segments, in the same manner we de�ne points (ye

m
; ye

m+1), and cor-
responding x-segments for each part.

Given a velocity �eld u = (u; v) by which the curve should move, the segments
y = f(x; t) and x = g(y; t) are updated according to the partial di�erential
equations

@f

@t
+ u

@f

@x
= v; (2.8)

@g

@t
+ v

@g

@y
= u: (2.9)

Note that there is only one spatial variable present in both these equations.
If the curve is open, boundary conditions must be de�ned for the segments

de�ning the start and the end of the curve. However, if it is closed, there is an
overlap of segments de�ned in x and y, and we can update the boundary values
for one segment from the segment in the opposite direction.

After the advection step, we need to review the segment structure. If no
new extrema have appeared, and no old have disappeared, no change needs
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to be made in the structure of the segments. However, we need to update
the positions of the extremum points, and correct the corresponding segment
information according to this.

If new extrema have appeared or disappeared, the structure of the segments
de�ned as functions of the other spatial variable needs to be modi�ed. The
di�erent scenarios are indicated in Figure 2.3.

(a) Segment with one extremum. (b) Segment with three extrema.

(c) Segment with one extremum. (d) Segment with three extrema.

Figure 2.3. The four di�erent cases: Development from a) to b) or from b) to
a). Development from c) to d) or from d) to c).

Below, we describe the four generic cases. For an x-segment, \functions of
the opposite variable", refers to functions of y, i.e. y-segments, while it refers to
functions of x for a y-segment.

Case I: Two new extrema appear around existing extremum.
Two new segments de�ned as functions of the opposite variable need to be
added in between the extrema.
(Illustrated by a)! b) in Figure 2.3).

Case II: Two extrema vanish. One extremum remains in the same region.
The two segments, de�ned as functions of the opposite variable in the
region between the three old extrema, need to be removed.
(Illustrated by b)! a) in Figure 2.3).
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Case III: Two new extrema appear away from existing extrema.
The original segment de�ned as a function of the opposite variable needs
to be split into two parts, and a new segment in this direction needs to be
added in between the two new extrema, i.e in between these two parts.
(Illustrated by c)! d) in Figure 2.3).

Case IV: Two extrema disappear. No extremum remains in the same region.
The segment in the opposite direction, de�ned between the two old ex-
trema, needs to be removed. The two segments in the opposite direction,
de�ned on each side of the segment to be removed, are merged into one
segment.
(Illustrated by d)! c) in Figure 2.3).

When we have updated the structure information, we correct the end parts
of all segments. In a closed structure (i.e. a structure representing a closed
curve), an end point of a segment de�ned in the x-direction, corresponds to an
extremum in a segment de�ned in the y-direction. This extremum may have
moved, and the domain of de�nition of the segment in the x-direction might
need to be extended or decreased. Analogously, the domain of de�nition of each
y-segment may possibly need to be modi�ed.

In the case of an open structure (i.e. a structure representing an open curve),
the same thing holds for all segments, except for the segments that de�nes the
start and the end of this structure. The �rst segment in the structure should
always be de�ned starting from a point at a boundary, and the last segment
should be de�ned so that it ends with a point at a boundary.

2.2 The Level-Set Method

In the level-set method, an interface is represented as a zero level set of a con-
tinuous function, designed to be of positive sign on one side of the curve, and of
negative sign on the other side of the curve. Several interfaces can be represented
by the same level-set function �(x). For many applications, it is useful to de�ne
�(x) as a signed distance function. Then j�(x)j yields the closest distance to any
interface, and the sign of �(x) is determined from some sign convention.

As an example, we again de�ne  as the circle centered at the origin with
radius 1. We de�ne �(x) to be the signed distance function, with a positive sign
inside the circle. We have

�(x) = 1�
p
x2 + y2: (2.10)

This �(x) is shown in Figure 2.4.

To move the curve by a law of motion, the full level-set function �(x) is
updated. Therefore, the vector �eld determining the movement needs to be
de�ned not only at the curve, but for each point x. If the law of motion is such
that it only describes the movement of the curve, the full vector �eld u can be
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(a) The level set function �(x).
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(b) Contours of level-set function

�(x). Solid contour for �(x) = 0.

Figure 2.4. The level set function �(x) = 1�
p
x2 + y2. The zero contour is a

circle with radius 1, centered at the origin.

de�ned as an extension from this de�nition, see for example [38]. In the case of
multiphase ow, the velocity �eld u is naturally de�ned for each point x.

Given a velocity �eld u, the advection of the level-set function �(x; t) is given
by

@�

@t
+ u � r� = 0: (2.11)

For multiphase ow simulations, it is critical that �(x) remains a distance func-
tion, in order to obtain acceptable conservation of mass for the di�erent uids,
[43]. This property is however in general not preserved during advection.

If one wishes to restore the level-set function as a distance function in regions
close to a zero level set (only there is it an important property), a reinitialization
procedure can be applied as part of the calculations.

The following procedure was suggested by Sussman et al. [43]. Let  0(x) =
�(x; t�) be the level set function obtained at the time step ending at t = t�.
It will be somewhat distorted from a distance function, and to obtain a true
distance function  that has the same zero level set as  0, the following problem
is solved to steady state:

@ 

@�
= S( 0) (1� jr j); (2.12)

 (x; 0) =  0(x); (2.13)
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where S(t) is a sign function, given by

S(t) =

8<
:

�1 for t < 0,
0 for t = 0,
1 for t > 0.

(2.14)

Finally, �(x; t�) is replaced by  (x;1). Alternatively, equation (2.12) can be
written as

@ 

@�
+w � r = S( 0); (2.15)

where

w = S( 0)
r 
jr j : (2.16)

Hence, w is a unit vector, always pointing away from the interface, and infor-
mation is propagated out from the contour with a speed of one. In practice,
the equation does not need to be solved to steady state. The distance function
property does only need to be restored in regions close to a zero level-set.

Both the advection and reinitialization equations are hyperbolic partial dif-
ferential equations. We have used a streamline di�usion method for the dis-
cretization of the level-set equations. This is discussed in section 5.3.1.

The most robust and accurate schemes for such equations are only available
for the �nite di�erence method, such as the essentially non-oscillatory (ENO)
schemes [30]. The equations for some physical problems, in which the level-set
technique is used to capture interfaces, are however better discretized starting
from their weak form. This was our motivation for using the �nite element
method for the multiphase ow problem. There are advantages also of using
unstructured triangulated meshes for more complex geometries or local mesh
re�nement. Barth and Sethian [3] have developed numerical schemes, inspired
by the techniques used in �nite di�erence methods, for the level-set equations on
triangulated domains. One �nite element based level-set method for two-phase
ows is presented in [26], without including surface tension. In that paper, the
author compares di�erent schemes for the level-set equations.

2.3 The Front-Tracking Method

In the front-tracking method, each curve is described by a set of discrete points
fx(l)gNI

l=1 � IR2, together with a parametric description connecting these points.

Let again  be the circle centered at the origin with radius 1. To represent
, we introduce an uniform distribution of points,

x(l) = (cos(�l); sin(�l)); �l =
2� l

NI

; l = 1; : : : ; NI : (2.17)
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In Figure 2.5, this set of points is shown for NI = 40. This is an ordered set of
points, and a parametric description, is calculated to connect these points. As
will be discussed in section 5.4, a cubic spline has been used in this implemen-
tation, but other descriptions are possible as well.
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−0.5
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0.5
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x(1)

x(3)x(l)

x(N
I
)

Figure 2.5. The discrete points fx(l)gNI
l=1

, NI = 40, as de�ned in (2.17). The
interface  is represented by this set of discrete points, together with a parametric
description connecting these points.

When the curve should be advected by the law of motion, each point is
moved individually, as a Lagrangian marker. Given a vector �eld u(x; t) by
which a curve should be moved, each discrete point is advected by u(x; t),

dx(l)

dt
= u(x(l); t) l = 1; : : : ; NI : (2.18)

After the points have been advected, a new parametric �t is calculated. This is
done for each separate curve.

Since there is no constraint on the movements on the Lagrangian markers,
modi�cation of the distribution of points is in general needed to avoid clustering
or depletion of points. New points can be added where necessary by using the
calculated parameterization, and points on other parts of the interface can be
removed.



Chapter 3

The Multiphase Flow

Problem

In this chapter, the Navier-Stokes equations are presented, and the weak form
of these equations is introduced. The requirements on the interface tracking
techniques speci�c to this application are discussed, followed by descriptions of
how these requirements are met in the di�erent methods.

3.1 The Navier-Stokes Equations

The equations describing this immiscible multiphase ow are the Navier-Stokes
equations for incompressible ow. The contribution of the surface tension forces
and the gravity forces are added as source terms.

In this presentation, we assume that we have two di�erent uids, uid A and
uid B. The density and viscosity at a �xed time are given by

(�(x); �(x)) =

�
(�A; �A) for x in uid A,
(�B ; �B) for x in uid B.

(3.1)

In general �A 6= �B and �A 6= �B , so that �(x) and �(x) are discontinuous across
each interface separating uid A and B. Refer to Figure 1.3 for an example of
a con�guration of the two uids A and B. The Navier-Stokes equations can be
written

�

�
@u

@t
+ u � ru

�
= �rp+r � (� (ru+ruT )) + f + �g; (3.2)

r � u = 0; (3.3)

in 
 � IR2, together with boundary conditions u = � on @
. In addition,
we need to specify some appropriate initial condition u(x; 0) = u0(x), for the
velocity �eld u(x; t). The pressure �eld is denoted by p(x; t). Buoyancy e�ects

19
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arise from the source term �g, where the gravitational force g is multiplied by
the discontinuous density �(x; t). The source term f on the right hand side is
the surface tension force.

As seen in (2.1),  will in general consist of several separate interfaces j ,
where each interface can either be closed or attached to the boundary of the
domain. The domain 
A enclosed by , is in this case the regions of the domain
occupied by uid A. The surface tension force is given by

f = ��n̂Æ ; (3.4)

where Æ is a measure of Dirac delta function type with support on , i.e the
union of all interfaces j . Its action on any smooth test function '(x) is given
by Z




Æ ' dx =

Z


' d =
X
j

Z
j

' d; (3.5)

where the last quantity denotes the sum of the line integrals of '(x) along the
interfaces j . The interfaces j are advected by the ow �eld u(x; t), and change
with time. The coeÆcient � 2 IR in (3.4) is the surface tension coeÆcient, � 2 IR
is the curvature and n̂ 2 IR2 the normal vector to . The direction of this force
is towards the local center of curvature.

In order to give a weak formulation of the equations in (3.2)-(3.3), introduce
the spaces

V = H1(
)�H1(
) = fv = fvig2i=1 : vi 2 H1(
)g; (3.6)

� = fq 2 L2(
) :
Z



q dx = 0g; (3.7)

where

H1(
) = fv : v is de�ned on 
 and

Z



v2 + jrvj2dx <1g; (3.8)

L2(
) = fv : v is de�ned on 
 and

Z



v2dx <1g: (3.9)

We de�ne the subspaces

V� = fv 2 V : v = � on @
g; V0 = fv 2 V : v = 0 on @
g; (3.10)

where � is the boundary condition for u(x; t).
Multiplying equation (3.2) by v 2 V0, (3.3) by q 2 �, and integrating over

the domain using Greens' formula, the following variational formulation of (3.2)-
(3.3) is obtained:

Find u(x; t) 2 V� and p(x; t) 2 � such that 8t 2 [0; T ]

m(�;
@u

@t
;v) + ~a(�;u;v) + b(v; p) + c(�;u;u;v) = f(v) +m(�;g;v); (3.11)

b(u; q) = 0; (3.12)
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hold for all v 2 V0, and for all q 2 �, respectively. The bilinear form ~a(�; �; �) is
de�ned as

~a(�;u;v) =

Z



�(x) ftr(ruT : rv) + tr(ru : rv)g dx

=

Z



�(x)

2X
i;j=1

�
@ui

@xj

@vi

@xj
+
@ui

@xj

@vj

@xi

�
dx; (3.13)

where tr(ruT : rv) denotes the trace of the dyadic product of ruT and rv,
and similarly for tr(ru : rv). Moreover, the forms b(�; �), c(�; �; �; �) and m(�; �; �)
are de�ned by

b(v; q) = �
Z



(r � v)q dx; (3.14)

c(�;u;v;w) =

Z



�(x)(u � rv) �w dx; (3.15)

m(�;u;v) =

Z



�(x) u � v dx: (3.16)

The interfacial force term f(v) evaluates as a sum of line integrals along the
interfaces j ,

f(v) = �

Z


�n̂ � v d = �
X
j

Z
j

�n̂ � v d; (3.17)

according to (3.5).

3.2 Interface Tracking Methods Applied to the

Multiphase Flow Problem

In the multiphase ow problem, interfaces are advected by the ow �eld. This
velocity �eld is however a�ected by the con�guration of the volumes of di�erent
density and viscosity and the surface tension forces, which are all determined by
the positions and shapes of the interfaces.

In order to complete the formulation of this problem, we therefore need not
only to de�ne how the interface  is represented and how the evolution of  is
determined. In addition, de�nitions of the density and viscosity �elds using the
information from the interface tracking methods are needed, as well as calculation
of surface tension forces. These de�nitions and computations are made somewhat
di�erently depending on which interface tracking method that is used. The
de�nition and advection of , for each of the three interface tracking methods,
have already been discussed in sections 2.1-2.3.
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The density and viscosity have one set of values in uid A, (�A; �A) and
another set of values in uid B, (�B ; �B). At a �xed time, given a characteristic
function I(x), where

I(x) =

�
1 for x in uid A,
0 for x in uid B,

(3.18)

we can write the density and viscosity as

�(x) = �B + (�A � �B) I(x); (3.19)

�(x) = �B + (�A � �B) I(x):

An algorithm for computation of I(x) must be de�ned for each interface tracking
method.

The de�nition of the surface tension forces were given in (3.4) as f = ��n̂Æ ,
and in their weak form in (3.17) as a sum of line integrals along each interface.
To evaluate this interfacial force term, we need to have a representation of each
interface, the curvature � and normal vector n̂ along that interface. In the
following sections, we discuss these de�nitions for the segment projection, level-
set and front-tracking methods.

3.2.1 The Segment Projection Method

In order to de�ne the characteristic function I(x), two additional variables are
assigned to each segment. The coordinates of an x-segment is (x; f(x)). The vari-
ables F lhc and F llc, each with value 0 or 1, indicate which uid an x-segment has
for coordinates (x; y) with y > f(x), and with y < f(x), respectively. Similarly,
for a y-segment with coordinates (g(y); y), these variables indicate which uid
one �nds for coordinates (x; y) with x > g(y) and x < g(y), respectively. The
value of each of F lhc and F llc is set to 1 for uid A and to 0 for uid B.

The characteristic function I(x) can be de�ned by using the union of the
segments and the indicator variables F llc and F lhc that are de�ned for each
segment. The de�nition of the characteristic function for a point x�, based on
the segment representation of an interface j can be described as follows:

1. Given a point x� = (x�; y�), set l = 0, Fs = 0.

2. For each x-segment whose domain includes x�, set l = l + 1.
The coordinates are (x�; fi(x

�)).
If fi(x

�) > y�, Fs = Fs + F lhc, else Fs = Fs + F llc.

3. For each y-segment whose domain includes y�, set l = l + 1.
The coordinates are (gj(y

�); y�).
If gj(y

�) > x�, Fs = Fs + F lhc, else Fs = Fs + F llc.

4. If Fs > bl=2c, then I(x�) = 1, else I(x�) = 0.
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Fluid A

Fluid B

(a) Segment de�ned as a function of x

(x-segment), with indicator variables
F llc = 1 (uid A), F lhc = 0 (uid B).

Fluid B Fluid A

(b) Segment de�ned as a function of y

(y-segment), with indicator variables
F llc = 0 (uid B), F lhc = 1 (uid A).

Figure 3.1. The two indicator variables, F llc and F lhc are used when the
characteristic function is de�ned.

If several interfaces exists, de�ne separate characteristic functions Ij(x) ac-
cording to the algorithm above. The characteristic function I(x) is then at each
point de�ned as the maximum over all the Ij(x)'s. We assume that uid A is
inside each closed area such that I(x) = 1 in those regions.

To evaluate the interfacial force term, given in (3.17) we need to have a
representation of the interface, and the product of the curvature � and the normal
vectors n̂ at the interface. Since we have overlapping segments, we need to de�ne
which part(s) of each segment should be used to de�ne the interface, and in
which order they should be used. For details about the implementation of this
procedure, see section 5.2.3.

The curvature and normal vectors can be computed from the de�nition of
the segments. The product � n̂ that is included in the surface tension forces is
de�ned by

�(x) n̂(x) =
f 00(x) (�f 0(x); 1)
(1 + f 0(x)2)2

; (3.20)

for the x-segments, and

�(y) n̂(y) =
g00(y) (1;�g0(y))
(1 + g0(y)2)2

; (3.21)

for the y-segments.

The discretization of this method is discussed in section 5.2.
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3.2.2 The Level-Set Method

The level-set function �(x; t) is initialized as a signed distance function, carrying
information about the closest distance to any interface separating the two uids.
It is advected by the velocity �eld u and reinitialization is applied to restore the
distance function property, since this property is not retained during advection.

The sign convention is de�ned as �(x) > 0 for x in uid A, and �(x) < 0
for x in uid B. Since the level-set function �(x) is of di�erent sign in the two
uids, the density and viscosity �elds are easily de�ned in terms of �(x). We
can simply write the characteristic function I(x), de�ned in (3.18) as

I(x) = H(�(x)); (3.22)

where H(t) is the Heaviside function,

H(t) =

8<
:

0 for t < 0,
1=2 for t = 0,
1 for t > 0.

(3.23)

The density and viscosity �elds are de�ned through (3.19) using this de�nition
of I(x).

For evaluation of the interfacial force term (3.17), the level-set function �(x)
is needed to de�ne all parts of the interface . The curvature � and normal
vectors n̂ can be calculated as

n̂ =
r�
jr�j ; � = �r � n̂: (3.24)

The unit normal vector n̂ always point into uid A (where �(x) > 0). The sign
of � determines the direction of the product �n̂, i.e the direction of the surface
tension force. When �(x) is an exact distance distance function, it holds that
jr�j = 1.

The discretization of this method is discussed in section 5.3.

3.2.3 The Front-Tracking Method

In contrast to the level-set method, where the characteristic function I(x) =
H(�(x)), the front-tracking method does not provide any pointwise information
about whether a point is inside uid A or uid B. Instead, the parametric
description of each interface j needs to be used to determine I(x). This can
be done with the notion of the orientation of a curve. Here we assume that
each curve, or interface, is closed, with uid A inside the interface, and uid B
outside.

Denote the parameterization of j by s = (x(s); y(s)), s 2 [smin; smax]. To
evaluate I(x0), x0 = (x0; y0), the following algorithm is used:
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i) Find s� 2 [smin; smax] that minimizes

min
s2[smin;smax]

((x(s) � x0)
2 + (y(s)� y0)

2); (3.25)

that is, �nd s�, such that x� = (x(s�); y(s�)) is the point on s closest to
x0.

ii) De�ne xd = x0 � x�, and take n̂I(s
�) to be the normal vector at x�,

pointing into uid A. This yields

�
I(x0) = 1 if n̂I(s

�) � xd � 0;
I(x0) = 0 if n̂I(s

�) � xd < 0:
(3.26)

If several interfaces exists, de�ne separate characteristic functions Ij(x), and let
the total characteristic function be I(x) = maxj Ij(x).

Using the parameterization s = (x(s); y(s)), the force term (3.17) �rst in-
troduced in equation (3.11), can be evaluated as

f(v) = �
X
j

2X
i=1

Z
(j)s

�n̂ivi d

= �
X
j

2X
i=1

Z (sj)max

(sj)min

�(s)n̂i(s)vi(x(s))q(s) ds; (3.27)

where the scaling factor q(s) = (x0(s)2 + y0(s)2)1=2. Here, v with components
fvig2i=1 are the test functions from the weak formulation. At any point along
the interface, the product of the curvature � and the unit normal vector n̂ =
fn̂ig2i=1 points towards the local center of curvature. Introducing the vector
r(s) = (x(s); y(s)), the tangent t̂(s) to s can be evaluated as

t̂(s) =
r0(s)

kr0(s)k : (3.28)

The product �(s) n̂(s) determines the surface tension force up to a multiplicative
constant. It is given by

�(s) n̂(s) =
t̂0(s)

kr0(s)k : (3.29)

In order to be able to calculate curvature and normal vectors, second derivatives
x00(s) and y00(s) need to be evaluated.

The discretization of this method is discussed in section 5.4.
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3.3 Discontinuities and Singularities

The di�erential form of the Navier-Stokes equations (3.2) includes, in addition to
the discontinuous �elds �(x) and �(x), also derivatives of �(x). The weak form of
the equations has the advantage that the derivatives on �(x) can be moved over
to the test function by applying Green's formula. The Navier-Stokes equations
(3.2) furthermore include the singular surface tension forces as a source term.
The localization of these surface tension forces to the interfaces is formalized by
the Dirac Delta function Æ . In the weak form of the equations (3.11), where the
equation has been multiplied by a test function and integrated, the contributions
of the surface tension forces are included as line integrals along the interfaces
(3.17). This reduces the singularity of the problem.

We have not yet discussed how to discretize these quantities. What deter-
mines the accuracy of the treatment of the discontinuous density and viscosity
is how well we evaluate the integrals where they are included. The errors associ-
ated with the numerical integration of discontinuous integrands are analyzed in
chapter 4. Regularized approximations to discontinuous functions, designed to
minimize these errors, are introduced. The implementation of these results into
the three interface tracking techniques de�ned in this chapter, will be discussed
in chapter 5.

The evaluation of the line integral along the interfaces including the surface
tension forces will also be discussed in chapter 5 for the segment projection,
level-set and front-tracking methods. This approach has been chosen for all
three methods. In the level-set method, it would be natural to use instead an
approximation of the Dirac delta function, since the interfaces are not discretized
explicitly. The construction of such approximations, yielding high order of accu-
racy in the numerical integration, is similar to the construction of approximations
for discontinuous functions (chapter 4). The concerns for using this approach in
practice for the level-set method is mainly due to the curvature included in the
integral. This is more carefully discussed in section 6.3.



Chapter 4

Numerical Integration of

Discontinuous and Singular

Functions

4.1 Introduction

The equations governing multiphase ow contain two discontinuous physical vari-
ables, the density and the viscosity, as well as singular surface tension forces.
This poses extra diÆculties when solving these equations. In discretizations
based on the di�erential form of the equations, discontinuities are most com-
monly smoothed out over a few grid cells, and Dirac delta functions are replaced
by molli�ed approximations, thereby introducing approximation errors to the
discretization [43, 44]. We work with a �nite element discretization of the equa-
tions, and we therefore need to study the weak form of the equations. This
formulation includes the integration of functions discontinuous across a curve 
in 
 � IR2 and of singular functions with support on .

As in (2.1), we introduce a curve , bounding a region 
A, that may be
multiply connected. The region 
A is contained in the computational domain

 � IR2. In general,  will consist of several separate interfaces, i.e.

 =
[
j

j : (4.1)

Each of the interfaces j encloses a region of 
A, possibly together with parts of
@
, the boundary of 
. De�ne the characteristic function

I(x) =

�
1 for x 2 
A,
0 for x =2 
A.

(4.2)

27
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For our multiphase ow application, 
A is the region occupied by uid A.
The weak form of the Navier-Stokes equations (3.11)-(3.12) includes integrals
containing the discontinuous density �(x) = �B + I(x)(�A � �B) or the discon-
tinuous viscosity �(x) = �B + I(x)(�A � �B), with the characteristic function
I(x) de�ned as being 1 in uid A and 0 in uid B. In general, we want to
evaluate Z




~F (x) dx; (4.3)

where ~F (x) is a general function that is discontinuous across . This function
can be written as

~F (x) =

�
f1(x) x 2 
A;

f2(x) x =2 
A;
(4.4)

or, equivalently

~F (x) = f1(x) + I(x) (f2(x) � f1(x)); (4.5)

using the characteristic function I(x) (4.2). The functions f1(x) and f2(x) are
assumed to be smooth.

The weak form of the equations also includes the integral over the surface
tension forces (3.17), which is of the typeZ




f(x) Æ dx =

Z


f(x) d: (4.6)

Since we work with a weak form of the equations, it is not directly the
pointwise values of the discontinuous and singular functions that are important,
but rather how accurate the integrals including these quantities are evaluated.

The objective of the study in this chapter is to evaluate di�erent methods for
the calculation of the type of integrals given above. Generally speaking, we want
to analyze the numerical integration of functions discontinuous across curves in
IR2 and of singular functions with support on curves in IR2.

Two main approaches for the evaluation of integrals of discontinuous func-
tions are considered. These are: i) keep the characteristic function discontinuous
and modify the quadrature procedure, and ii) replace the characteristic function
by a more regular approximation.

For the integration of singular functions with support on curves, as formalized
by the Dirac delta function Æ , it is natural to evaluate the line integral that
is obtained, instead of explicitly discretizing the delta function. However, if
one want to evaluate integrals containing the Dirac delta functions with the
same procedure as is used to evaluate other integrals over the domain, one can
replace the delta function by an approximation. The analysis of this procedure
is similar to the analysis of approach ii) above. For quadrature rules and smooth
approximations to delta functions in the context of vortex methods, see [5, 39].
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We perform our integration on a triangulated two-dimensional domain, and
in order to easily vary the size of the quadrature triangles close to the disconti-
nuities, adaptive quadrature (to be described in section 4.1.2 ) has been used.

To de�ne the position of  in (4.1), we use a signed distance function d(x).
Denote by ~d(x) the closest distance from x to any interface j , ~d(x) � 0. The
signed distance function d(x) is de�ned as

d(x) =

�
~d(x) if x 2 
A,

� ~d(x) if x =2 
A.
(4.7)

The zero level set of d(x) de�nes . The characteristic function I(x) (4.2), can
be written as I(x) = H(d(x)), where H(t) is the Heaviside function,

H(t) =

8<
:

0 for t < 0,
1=2 for t = 0,
1 for t > 0.

(4.8)

Using the signed distance function d(x), the discontinuous function given in
(4.5) can be written as

~F (x) = f1(x) +H(d(x)) (f2(x)� f1(x)): (4.9)

For the Dirac delta function, localized to , we can write Æ = Æ(d(x)). Any
function with this type of singularity can be written f(x) Æ(d(x)).

The �rst approach for integration of a discontinuous function, where the
characteristic function is kept discontinuous and the quadrature procedure is
altered, is studied in section 4.2. The predicted order of accuracy for two di�erent
quadrature rules are obtained in numerical tests.

In section 4.3, we study the second approach, where H(d(x)) is replaced by
an approximation with more regularity. A formula for the error made when
replacing the characteristic function by an approximation is derived, and simple
conditions on the approximation that reduces this error are deduced. Moreover,
we show that the order of accuracy for the quadrature of this approximative
characteristic function depends on the regularity of the function, i.e. the number
of continuous derivatives. In this framework we also study the approximation
of Æ(d(x)), and the same type of results are obtained. Numerical results for
di�erent approximations are presented in section 4.4.

4.1.1 Preliminaries

For the integration of a function F (x) over a triangulated domain, the integral is
simply written as a sum of integrals over each triangle. Denote the approximation
to
R


F (x) dx by quad(F (x)), i.e.

quad(F (x)) =
X
e

X
q

we

qF (�
e

q); (4.10)
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where �e
q
and we

q
are the quadrature points and weights for element e, and we sum

over all elements and quadrature points. In practice, all triangles are mapped to
a reference triangle, where the calculations are performed.

The basic quadrature formula that we use (points and weights are given
in Appendix A) is designed to integrate polynomials up to degree 12 exactly.
The error made by the quadrature rule will depend on how well F (x) can be
approximated by a polynomial of this degree. Using this quadrature rule, the
quadrature errors for a general smooth function is kept small. Discontinuous
and singular functions are however not well approximated by polynomials and
the quadrature error will be large if special care is not taken.

The �rst part in the expression of the discontinuous function in (4.9) is
smooth. Therefore, what we are interested in analyzing is the integration of
the second part, H(d(x))(f2(x) � f1(x)). With G(x) = f2(x)� f1(x), this part
can be written as

F1(x) = H(d(x))G(x); (4.11)

where G(x) is a smooth function.
In terms of singular functions, we want to study the integration of functions

of the form

F2(x) = Æ(d(x))G(x); (4.12)

where G(x) is again a smooth function.

4.1.2 Numerical Test Case

The numerical tests have been performed on a regularly subdivided mesh on
[�1; 1]� [�1; 1], with interval size �e. The triangles in the mesh will be isosceles
right triangles with the longest side

p
2�e. Since we work with quadratic basis

functions, the closest distance between two nodes in the mesh will be �x = �e=2.
In order to easily vary the size of the quadrature triangles, we have used

adaptive quadrature, i.e. a local re�nement of triangles to which the quadrature
rule is applied. At each level of the adaptive procedure, selected elements are
split into four sub elements. Denote the (user de�ned) depth of the adaptive
quadrature, i.e. how many splits into sub-triangles that are made, by l. Then
the triangles at this bottom level are of size h? = �e=2l. The length of the
longest side of a triangle is denoted by h, and so h =

p
2h?. The elements

selected for re�nement in the quadrature procedure are typically elements in
some neighbourhood of .

The curve  is initialized as a circle with radius a centered in (xc; yc), and
the distance function d(x) is de�ned by

d(x) = d(x; y) = a�
p
(x� xc)2 + (y � yc)2: (4.13)

Summarizing the di�erent measures of the element size that we will use, we
have h as the length of the longest side of the triangle. In the special case
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of a right isosceles triangle, we also use the length of the two shorter sides
h? = h=

p
2. These two measures are the size of a triangle over which the

quadrature is performed, and they are reduced by adaptivity. This is not the
case for �e and �x, introduced above, which are parameters of the �xed mesh.

4.2 Integration with Modi�ed Quadrature

4.2.1 Integration of the Characteristic Function H(d(x))

First, we consider the integration of a piecewise constant function, i.e let G(x) �
1 in (4.11), so that F1(x) = H(d(x)). Integration of the characteristic function
H(d(x)) over the domain yields the area enclosed by the zero contour of the
distance function d(x), i.e. the area enclosed by .

In an uncut element, the value of the integral will simply be the value of
H(d(x)) (constant over the element) times the area of the element. For adaptive
quadrature, the same holds for uncut sub-triangles. The only sub-triangles (or
elements if there is no adaptivity) that will need some special care is therefore the
sub-triangles on the bottom level that are still intersected by the zero contour.

The simplest rule is to use a one-point rule for these triangles, i.e to take the
value in this one point and multiply it with the area of the triangle. The local
error for one triangle T is then

EM =

����
Z
T

H(d(x))dx �H(d(x�))AT

���� � c1AT +max j�jh
3

12
; (4.14)

where AT is the area of the triangle, � is the curvature of the zero contour (which
we assume to be bounded), and h is the longest side of the triangle. Depending
on whether we choose x�

ref
= (1=4; 1=4) or x�

ref
= (3=8; 3=8) as the evaluation

point on the reference triangle, we have c1 = 3=8 and c1 = 21=64 respectively.
The �rst term is the maximum error made by the one-point rule when a straight
line is cutting through the triangle, the second term adds on the error from
approximating the zero contour by a straight line. We have AT � h2=2, and the
local error is of order 2. The number of triangles intersected by the zero level set
is proportional to 1=h, hence one would expect a global error of O(h). However,
since the sign of the local error is not monotone, cancellation of errors yields an
improvement compared to this estimate.

The next approach is to approximate the part of the zero contour intersecting
a triangle by a straight line, and then calculate the area inside the contour. If
this is done, only the second term in the error formula (4.14) is retained, and we
have

EL � max j�jh
3

12
; (4.15)

where max j�j is the maximum curvature of the segment of the zero contour
intersecting the triangle. With this local error proportional to h3, the number
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of triangles intersected by the contour being proportional to 1=h, the predicted
global error is O(h2).

In these tests we use the mesh described in section 4.1.2 with �e = 0:05
and with d(x) as in (4.13) with a = 0:5. In order to reduce mesh e�ects, the
center of the circle has been shifted N times by small irrational shifts, and it is
the maximum of the error over all these shifts that is plotted. The error in the
integral value, i.e the area of the circle, is plotted versus the number of adaptive
levels. For each additional level, the size h of the bottom triangle decreases by
a factor of 2, and so the error should decrease by a factor 2p, if p is the order of
the global error.

The result for the one-point rule with the evaluation point x�
ref

= (3=8; 3=8)
is shown in Figure 4.1a). The dashed line indicates a decay of (1=2l)1:5, and we
�nd the order of the the global error for this method to be close to 1:5. The
random distribution of the local errors does really improve the order of the global
error. To reduce mesh e�ects, the error plotted in Figure 4.1a) is the maximum
error taken over N = 144 shifts of the position (xc; yc). In Figure 4.1b the same
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(a) Evaluation by one-point rule. x�
ref

=

(3=8; 3=8). N = 144. Dashed line indi-
cates the decay rate (1=2l)1:5.
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(b) Evaluation by the \approximation by
line" approach. N = 16. Dashed line
indicates the decay rate (1=2l)2.

Figure 4.1. The error in integration of the Heaviside function plotted versus
l, the number of adaptive levels for the quadrature. �e = 0:05, h? = �e=2l.
Maximum of error taken over N shifts of the circle position.

plot is shown for the \approximation by line" approach. Here, the global error
is of order 2. No improvement compared to the predicted order is achieved here
since the error in this case is additive { in this special case of a circle, the area
fraction of the circle will be underestimated in each cut triangle of the mesh.
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4.2.2 Integration of the Product H(d(x))G(x)

To apply the adaptive quadrature procedure to the product G(x)H(d(x)) instead
of to H(d(x)) alone, only the treatment at the bottom triangles need to be
modi�ed. For all other elements and sub-triangles, the 13-point quadrature rule
is used.

Inside a triangle at the bottom adaptive level that is still intersected by the
interface, the intersecting zero contour is approximated by a straight line, cutting
two of the edges of the triangle. The case of the zero contour curving in and
cutting only one edge is not considered here, it is assumed that the scale of these
sub-triangles is small enough for this not to be a signi�cant source of the error.
The triangle is then cut in two parts, one triangle and one quadrilateral. Denote
the full triangle by T , the cut triangle part by TA, and the rest by TB. Denote
the corresponding values of the Heaviside function by HA and HB respectively.
The integral over T can be writtenZ

T

G(x; y)H(d(x; y)) dx = HA

Z
TA

G(x; y) dx+HB

Z
TB

G(x; y) dx

= (HA �HB)

Z
TA

G(x; y) dx+HB

Z
T

G(x; y) dx: (4.16)

Writing the integral in this way, we are able to perform the calculations only
on triangles, and TA can be mapped to the reference element as can any other
triangle.

The approximation of the curve by a straight line again yields an O(h3)
local error, although with an error constant depending on G(x). The number
of triangles intersected by the zero contour is proportional to 1=h, so the global
error is O(h2).
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Figure 4.2. Error in integration of G(x; y)H(d(x; y)) versus the number of
adaptive levels (l). G(x; y) = (x�xc)2 +(y� yc)2. �e = 0:05, h? = �e=2l. The
dashed line indicates the decay (1=4)l. N = 16.
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Figure 4.2 shows the error of the integration with d(x) as in (4.13) with
a = 0:5 and with G(x) = G(x; y) = (x � xc)

2 + (y � yc)
2. The integration of

G(x) over uncut triangles is performed exactly for this G(x) with the quadrature
rule used, and does not contribute to the total error. The error is plotted versus
the number of adaptive levels, and should be proportional to (1=2l)2 = 1=4l

where l is the number of levels. The error shows the predicted slope.

4.3 Integration with Regularized Integrands:

Error Analysis

Instead of integrating a discontinuous function or a singular function directly,
such functions might be replaced by more regular approximations. We shall
analyze the numerical integration of functions of the type H(d(x))G(x) and
Æ(d(x))G(x), where G(x) is assumed to be smooth.

As an approximation to H(d(x)), we introduce the function Hw(d(x)), where
Hw(t) is de�ned as

Hw(t) =

8<
:

1 t > w;

�(t=w) jtj � w;

0 t < �w;
(4.17)

where �(�) is a smooth transition function such that �(�1) = 0 and �(1) = 1.
Similarly, for the delta function Æ(d(x)), we introduce the approximating

function Æw(d(x)), using Æw(t),

Æw(t) =

�
1
w
'(t=w) jtj � w;

0 jtj > w;
(4.18)

where '(�) is a smooth function such that '(�1) = 0 andZ 1

�1

'(�)d� =

Z
w

�w

Æw(t)dt = 1: (4.19)

The requirement (4.19) ensures that Æw(t) has the same mass as Æ(t).
In general, introducing an approximating function fw(d(x)) to the function

f(d(x)), the total error in the integration of the product of fw(d(x)) and a
smooth function G(x) is

Etot;G(fw) =

Z



f(d(x))G(x) dx � quad(fw(d(x))G(x))

= (

Z



f(d(x))G(x) dx �
Z



fw(d(x))G(x) dx) (4.20)

+(

Z



fw(d(x))G(x) dx� quad(fw(d(x))G(x)) )

= Ew;G(fw) +Equad;G(fw):
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where Ew;G(fw) is the analytical error made by replacing f(d(x)) with fw(d(x)),
and Equad;G(fw) is the numerical error made in the integration of fw(d(x)). Both
Ew;G(fw) and Equad;G(fw) depend on the particular choice of fw(t). In general,
the numerical error is large for w small compared to the mesh size, and decreases
with increasing w. Except for special situations when there is no analytical error,
this error increases with increasing w, i.e. as the transition zone is made larger.
In the case when G(x) � 1, we denote these errors by Etot(fw), Ew(fw) and
Equad(fw), respectively.

We start by discussing the analytical errors Ew;G(Hw) and Ew;G(Æw). In
section 4.3.5, the numerical errors Equad(Hw) and Equad(Æw) are analyzed.

4.3.1 Introduction of Moments

The analytical error made when replacing a function with an approximation to
that function is obtained by taking the di�erence of their integrals. This error is
the �rst part of the total error in (4.20). For f(d(x)) approximated by fw(d(x)),
we have the analytical error

Ew;G(fw) =

Z



f(d(x))G(x) dx �
Z



fw(d(x))G(x) dx: (4.21)

Since fw(d(x)) is di�erent from f(d(x)) only in the region where jd(x)j � w, the
integrals over 
 can be replaced by integrals over 
w � 
, where


w = fx 2 IR2 : jd(x)j � wg: (4.22)

To perform the integration of a function u(x) = u(x; y) over 
w, we param-
eterize this region. Assume that the zero contour of d can be parameterized by
s = (x(s); y(s)), where s 2 [0; 2�] and q(s) =

p
x0(s)2 + y0(s)2 6= 0. The normal

to this curve is given by

n̂ =
1

q(s)
(�y0(s); x0(s)): (4.23)

Let nx(s) and ny(s) denote the x and y components of this normal vector. The
region 
w can be parameterized by


w = fx = (x; y) : x = X(s; t); y = Y (s; t); s 2 [0; 2�]; t 2 [�w;w]g; (4.24)

where

X(s; t) = xc + x(s) + tnx(s);

Y (s; t) = yc + y(s) + tny(s):

In order to integrate an arbitrary function over this domain, we introduce a
change of variables to (s; t), so thatZ


w

U(x; y) dx dy =

Z 2�

s=0

Z
w

t=�w

U(X(s; t); Y (s; t)) q(s) j det J j dt ds: (4.25)
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The Jacobian determinant for this transformation is given by

det(J(s; t)) = XsYt �XtYs

= x0(s)ny(s)� y0(s)nx(s) + t(n0x(s)ny(s)� n0y(s)nx(s)); (4.26)

where the subscripts s and t denote partial derivatives. Using the de�nition
(4.23), the �rst term in (4.26) evaluates as

x0(s)ny(s)� y0(s)nx(s) = q(s);

and the second term as

t (n0x(s)ny(s)� n0y(s)nx(s)) = �t x
0(s)y00(s)� x00(s)y0(s)

q(s)2
:

Identifying the curvature

�(s) =
x0(s)y00(s)� x00(s)y0(s)

q(s)3
; (4.27)

the factor j det(J(s; t))j can be written as

j det(J(s; t))j = j q(s) (1� t�(s)) j:

This transformation will be non-singular as long as j q(s) (1 � t�(s)) j 6= 0, i.e.
1 � t�(s) 6= 0, since we have already assumed q(s) 6= 0. Therefore, we need to
require

wmax
s
j�(s)j < 1: (4.28)

The integral (4.25) can be written

Z

w

U(x; y) dx dy =

Z 2�

s=0

Z
w

t=�w

U(X(s; t); Y (s; t)) q(s) (1� t �(s)) dt ds: (4.29)

Assume that the function to be integrated is of the form U(x) = f(d(x))G(x).
In order to write this function as a function u(s; t) = U(X(s; t); Y (s; t)), we note
that d(X(s; t); Y (s; t)) = t, and therefore f(d(x)) = f(t). Denoting g(s; t) =
G(X(s; t); Y (s; t)), we can write

U(X(s; t); Y (s; t)) = u(s; t) = f(t) g(s; t): (4.30)

The integration formula (4.29) yields the integral over this function as

I
w (f(t)g(s; t)) =

Z 2�

s=0

Z
t=w

t=�w

f(t)g(s; t) q(s) (1� t �(s) ) dt ds: (4.31)
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Since t 2 [�w;w], w small, we can expand g(s; t) in a Taylor series for t,
centered in (s; 0), i.e

g(s; t) =

1X
i=0

ti

i!
git(s; 0); (4.32)

where the index i in git denotes the number of partial derivatives with respect
to t. We have here assumed for convenience that g(s; t) = G(X(s; t); Y (s; t)) =
G(x; y) is analytic. A truncated series with a remainder term could also be used.
Inserted into (4.31), this yields

I
w (f(t)g(s; t)) =

Z 2�

0

q(s) g(s; 0) ds

Z w

�w

f(t) dt+

1X
�=1

C�;G

Z w

�w

f(t) t� dt;

(4.33)

where

C�;G =
1

�!

Z 2�

s=0

q(s) g�t(s; 0) ds� 1

(�� 1)!

Z 2�

s=0

q(s)�(s) g(��1)t(s; 0) ds:

(4.34)

C�;G will be bounded, as long as all the partial derivatives of g(s; t) stay bounded.
The requirements made earlier guarantee that q(s) and �(s) are bounded. At
this point, we introduce what we henceforth call the moments of a function f(t),

M�(f(t)) =

Z w

�w

f(t) t� dt: (4.35)

Using this notation, (4.33) can be written as

I
w (f(t)g(s; t)) =M0(f(t))

Z 2�

0

q(s) g(s; 0) ds+

1X
�=1

C�;GM�(f(t)); (4.36)

where again g(s; t) = G(X(s; t); Y (s; t)). This formula will be used to derive the
analytical error for the approximations Hw(d(x)) and Æw(d(x)), where the mo-
ments of E(t) = H(t)�Hw(t) and Æw(t) are important. For another application
of moment conditions, see [6].
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4.3.2 Analytical Error for Discontinuous Functions

The analytical error in the integration of H(d(x))G(x) that is made when re-
placing the Heaviside function H(t) by an approximation Hw(t), is given by

Ew;G(Hw) =

Z



(H(d(x)) �Hw(d(x)))G(x) dx: (4.37)

With Hw(t) as de�ned in (4.17), the domain 
 can be replaced by 
w, as given
in (4.22). The parameterization of 
w is given in (4.24).

Transforming to the variables (s; t), again using that d(X(s; t); Y (s; t)) = t,
and therefore H(d(x)) = H(t), we introduce the error function

E(t) = H(t)�Hw(t); (4.38)

and g(s; t) = G(X(s; t); Y (s; t)), so that the function to be integrated can be
written

H(d(x))G(x) = (H(t)�Hw(t))G(X(s; t); Y (s; t)) = E(t) g(s; t); (4.39)

in correspondence to (4.30).
Using the notion of moments of the error function M�(E(t)) as de�ned in

(4.35), the integral formula (4.36), were g(s; t) has been expanded into a Taylor
series yields

Ew;G(Hw) = I
w (E(t)g(s; t))

=M0(E(t))

Z 2�

0

q(s) g(s; 0) ds+

1X
�=1

C�;GM�(E(t)):
(4.40)

If G(x) � 1, then C�;G = 0 for � > 1, and we obtain the simpli�ed error
formula

Ew = I
w (E(t)) =M0(E(t))

Z 2�

s=0

q(s) ds+ C1;GM1(E(t)): (4.41)

The error formula (4.41) reveals that for any choice of �(�) in (4.17) such that
M0(E(t)) = 0 and M1(E(t)) = 0 no analytic error will be introduced if G(x) is
equal to a constant.

The moments of the error function E(t) evaluates as

M�(E(t)) =

Z
w

�w

E(t) t� dt = w�+1

�
1

�+ 1
�
Z 1

�1

�(�) �� d�

�
; (4.42)

where �(�) is the transition function in the de�nition of Hw(t) (4.17). This
expression, together with the expression for the error in the general case (4.40),
shows that the error will be proportional to higher powers of w the more moments
of the error function that vanishes. Since w is small, this is a desirable property.
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The equality (4.42) gives the conditions for �(�) to yield vanishing moments for
the error function of the corresponding Heaviside approximation. Considering
that the Heaviside approximation will be integrated numerically, the number of
continuous derivatives of the approximation will also be important. The number
of continuous derivatives of the Heaviside approximation is simply given by the
number of derivatives of �(�) that are zero at � = �1.

One C1-approximation of the Heaviside function seen in the literature [43] is
Hs
w(t) de�ned by

�(�) = �s(�) =
1

2
( 1 + � +

1

�
sin(��) ); (4.43)

together with (4.17). The integral over the error function Es(t) = H(t)�Hs
w
(t)

with respect to t evaluates to zero (M0(E
s(t)) = 0), and

M1(E
s(t)) =

Z
t=w

t=�w

Es(t) t dt = (
1

6
� 1

�2
)w2: (4.44)

Furthermore, M�(E
s(t)) = 0 for � even, and M3(E

s(t)) = O(w4), which to-
gether with (4.40) yields

Ew;G(H
s

w
) = (

1

6
� 1

�2
)w2C1(s) +O(w4): (4.45)

For G(x) � 1,

Ew(H
s

w) = �(1
6
� 1

�2
)w2

Z 2�

s=0

q(s)�(s) ds; (4.46)

from (4.41). This is a rather low order approximation, yielding an analytical
error proportional to w2, where w is the width of the transition zone.

There are di�erent classes of functions from which a function �(�) with a
certain number of vanishing moments and continuous derivatives could be de-
�ned. We will study polynomials, and proceed by introducing the de�nition of
a transition polynomial.

De�nition 4.1. Denote by �m;k(�), the transition polynomial of lowest degree

such that

�m;k(�1) = 0; �m;k(1) = 1; (4.47)

and

(�m;k)(�)(�1) = 0; � = 1; : : : ; k; (4.48)

and furthermore,

�m;k

�
=

Z 1

�1

�m;k(�) �� d� � 1

�+ 1
= 0; � = 0; : : : ;m: (4.49)
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Theorem 4.2. The transition polynomial �m;k(�) exists and is uniquely deter-

mined by the conditions in De�nition 4.1. It is of degree r = 2 b(m+ 1)=2c +
2k+1. Furthermore, �m;k(�) = 1=2+ p(�), where p(�) is a polynomial of degree

r, containing only odd powers of �.

Proof Let �(�) be a polynomial whose derivative satis�es

�0(�) = c (1� �)k (1 + �)k Q(�) = c (1� �2)k Q(�); (4.50)

where Q is a polynomial and c is a constant. This a necessary and suÆcient
condition for � to obey (4.48). Integrating partially using (4.47), we have

Z 1

�1

�(�) �� d� =

�
�(�)��+1

�+ 1

�1
�1

�
Z 1

�1

�0(�)��+1

�+ 1
d�

=
1

�+ 1
� 1

�+ 1

Z 1

�1

�0(�)��+1 d�;

and this, together with (4.49) yields

Z 1

�1

�0(�)��+1 d� = c

Z 1

�1

(1� �2)k Q(�) ��+1 d� = 0; � = 0; : : : ;m; (4.51)

where we have replaced �0(�) using (4.50). De�ne an inner product with the
positive weight function (1� �2)k ,

hf; gik =
Z 1

�1

(1� �2)k f(�) g(�) d�; kfkk = hf; fi1=2
k
:

Using this notation, (4.51) yields

hQ; ��+1ik = 0; � = 0; : : : ;m

and therefore

Q ? Rm+1 = spanf�; �2; : : : ; �m+1g;

with respect to this inner product. Note that

h�a; �bik = 0; when a+b is odd. (4.52)

Let Pm+1 = spanf1; �; �2; :::; �m+1g and note that Rm+1 � Pm+1. There
exists a subspace R?

m+1, orthogonal to Rm+1, such that Pm+1 = Rm+1 �R?
m+1.

The polynomial Q must be in R?
m+1, a space of dimension 1, and is therefore

de�ned up to a multiplicative constant. This is the Q of the lowest degree
possible, since any other space orthogonal to Rm+1 contains powers of � higher
than m+ 1.
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Finally, to satisfy (4.47), we must have

Z 1

�1

�0(�)d� = c

Z 1

�1

(1� �2)k Q(�)d� = 1;

and so,

c =
1R 1

�1
(1� �2)k Q(�)d�

=
1

hQ; 1ik :

This is well de�ned since 1 =2 Rm+1 and therefore hQ; 1ik 6= 0. The product
cQ = Q=hQ; 1ik is hereby uniquely determined. Hence, the desired � exists and
is uniquely given by

�(�) =

Z
�

�1

�0(�) d� =
1

hQ; 1ik

Z
�

�1

(1� �2)k Q(�) d�: (4.53)

Now, we need to determine the degree of Q. Using the Gram-Schmidt or-
thogonalization procedure, we can construct an orthonormal basis frjgm+1

j=1 for
Rm+1. We de�ne r1 = �=k�kk, and proceed by de�ning

vj+1 = �j+1 �
jX

i=1

h�j+1; riik ri; rj+1 =
vj+1

kvj+1kk j = 1; : : : ;m:

This construction yields that
i) The degree of rj is j.

ii) Because of (4.52), the basis functions fr2j+1gbm=2c
j=0 contain only odd powers

of �, while the basis functions fr2jgb(m+1)=2c
j=1 contain only even powers of �.

Q 2 R?
m+1 is given by

Q(�) = 1�
m+1X
j=1

h1; rjik rj : (4.54)

Splitting the sum over the basis functions in odd and even terms, and noting
that h1; r2j+1ik = 0; 8j = 1; : : : ; bm

2
c due to ii) and (4.52), this yields

Q(�) = 1�
b(m+1)=2cX

j=1

h1; r2jik r2j ;

so Q is at most of degree 2n, n = bm+1
2
c. We want to show that the degree

of Q 6= 0 is equal to 2n. Assume Q is of degree � 2(n � 1). In that case,
�2Q 2 Rm+1, and therefore we must have Q ? �2Q. Since we have

hQ; �2Qik = h� Q; � Qik = k�Qk2k;
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this yields k�Qkk = 0, and therefore Q = 0, a contradiction. This yields that
v0(�), as de�ned in (4.50), is of degree 2k+2bm+1

2
c. The degree of v(�) is simply

one higher than the degree of v0(�), i.e. r = 2k + 2bm+1
2
c+ 1.

Denote by �(�) the primitive function of (1 � �2)k Q(�). Using that �(�) is
an odd function, we have

�(�) =

R �
�1
(1� �2)k Q(�) d�R 1

�1
(1� �2)k Q(�) d�

=
[�(�)]

�

�1

[�(�)]
1
�1

=
�(�) � �(�1)
�(1)� �(�1)

=
�(1)

2�(1)
+

�(�)

2�(1)
=

1

2
+

�(�)

2�(1)
:

The second part of the theorem holds with p(�) = �(�)

2�(1)
.

2

Remark 4.3. In addition to (4.49), the quantity �m;k
�

= 0 for all � even, since
�m;k(�) = 1=2 + p(�), where p(�) is an odd polynomial. This yields that the
transition polynomial �n�1;k(�), n even, is equal to �n;k(�).

To each transition polynomial �m;k(�), we assign a Heaviside approximation
Hm;k
w

(t), and a corresponding error function Em;k
w

(t). We have the following
de�nitions:

De�nition 4.4. Denote by Hm;k
w (t), the Heaviside approximation de�ned by

Hm;k

w
(t) =

8<
:

1 t > w;

�m;k(t=w) jtj � w;

0 t < �w;
(4.55)

where �m;k(�) was de�ned in De�nition 4.1. De�ne the corresponding error

function Em;k
w

(t) by

Em;k

w
(t) = H(t)�Hm;k

w
(t): (4.56)

Using the de�nition of �m;k(�), we can show the following:

Corollary 4.5. Let Hm;k
w (t) and Em;k

w (t) be as in De�nition 4.4. Then it follows

that the Heaviside approximation Hm;k
w (t) has k continuous derivatives, and

M�(E
m;k

w (t)) =

Z w

�w

Em;k

w (t) t� dt = 0; � = 0; : : : ; 2 bm+ 1

2
c: (4.57)

In addition, M�(E
m;k
w (t)) = 0 for all � even.

Proof The number of continuous derivatives is simply given by the number
of vanishing derivatives of �m;k(�) at � = �1, which is k by de�nition. Moreover,

M�(E
m;k

w (t)) =

Z w

�w

Em;k

w (t) t� dt

= w�+1f 1

�+ 1
�
Z 1

�1

�(�) �� d�g = ��m;k

�
w�+1:
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From the de�nition of �m;k(�), the quantity �m;k
�

= 0 for 0 � � � m, and (4.57)

follows for 0 � � � m. In addition, �m;k

�
= 0 for � = 2b(m+ 1)=2c, since � is

even (Remark 4.3).
2

We now have all the necessary tools to state and show the following theorem
concerning the analytical error for these polynomial approximations:

Theorem 4.6. Let Hm;k
w

(t) and Em;k
w

(t) be as in De�nition 4.4. Assume that

, the zero level set of d(x), can be parameterized by  = (x(s); y(s)), with the

curvature �(s) de�ned by (4.27). If (wmaxs j�(s)j) < 1, then the analytical error

for the integration of H(d(x))G(x) made when replacing H(d(x)) by Hm;k
w

(d(x)),

Ew;G(H
m;k

w ) =

Z



fH(d(x))�Hm;k

w (d(x))gG(x) dx; (4.58)

is given by

Ew;G(H
m;k

w
) =

1X
�=�=2

C2�+1;GM2�+1(E
m;k(t))

= �C�+1;G �m;k

�+1 w
�+2 +O(w�+4); � = 2 bm+ 1

2
c;

(4.59)

with C�;G de�ned by (4.34) and �
m;k

�
de�ned by (4.49).

Proof The general error formula is given in (4.40). According to Corollary
4.5, the moments M�(E

m;k
w

(t)) = 0 for � = 0; : : : ; � and all � even. The terms
retained are therefore those in (4.59), and the �rst non-vanishing moment is

M�+1(E
m;k

w
(t)) = ��m;k

�+1 w
�+2;

with the second non-vanishing moment M�+3(E
m;k
w (t)) � w�+4.

2

Remark 4.7. Theorem 4.6 can be generalized. It refers to the approximation
Hm;k
w

(t), which is de�ned using the transition polynomial �m;k(�), as de�ned
in De�nition 4.1. However, the theorem holds also for approximations based
on transition functions �(�) from other function classes, that ful�ll the same
conditions as �m;k(�).

Remark 4.8. If G(x; y) = G(X(s; t); Y (s; t)) = g(s; t) is such that g(s; t) is a
polynomial in t of degree n for all �xed s, then C�;G = 0 for � � n+ 2. For m
such that � = 2 bm+1

2
c � n+ 1, it follows that Ew;G(H

m;k
w ) = 0.
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The Heaviside approximations H2;k
w

(t), with two vanishing moments and
k = 0; 1; 2 continuous derivatives, are de�ned using the following transition poly-
nomials

�2;0(�) =
1

2
+
1

8
(9� � 5�3); (4.60)

�2;1(�) =
1

2
+

1

32
(45� � 50�3 + 21�5); (4.61)

�2;2(�) =
1

2
+

1

64
(105� � 175�3 + 147�5 � 45�7): (4.62)

These approximations all have two vanishing moments. The regularity of the
functions are important for the numerical error. Comparing the above approxi-
mations, H2;2

w
(t) will have the best numerical properties.

If more vanishing moments (m = 4) are required, the approximationsH4;k
w (t),

k = 0; 1; 2 are de�ned using the following transition polynomials

�4;0(�) =
1

2
+

1

128
(225 � � 350 �3 + 189 �5); (4.63)

�4;1(�) =
1

2
+

1

256
(525 � � 1225 �3 + 1323 �5 � 495�7); (4.64)

�4;2(�) =
1

2
+

1

2048
(4725 � � 14700 �3 + 23814 �5 � 17820 �7 + 5005 �9): (4.65)

A plot of these two sets of transition polynomials is shown in Figure 4.3.
Note that the transition polynomials are not monotone.
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(a) Transition functions �2;k(�), k = 0; 1; 2.
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(b) Transition functions �4;k(�), k = 0; 1; 2.

Figure 4.3. Plot of di�erent approximations of �(�) versus �. The polynomials
�2;k(�) and �4;k(�) have two and four vanishing moments, respectively, for all
number of continuous derivatives k.
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The exact integration of the functions H2;k
w

(t) and H4;k
w

(t) yield the same
result as the integration of H(t), i.e. there is no analytical error for any of
these approximations as long as the domain of integration covers the area in
which Hw(d(x)) is variable. To achieve this, it is necessary to have at least two
vanishing moments, i.e. Ew(H

m;k
w ) = 0 if m � 2.

According to Theorem 4.6, the errors for the three approximations H2;0
w (t),

H2;1
w

(t) and H2;2
w

(t) (de�ned through (4.60)-(4.62) together with (4.55)), when
multiplied by a general smooth function G(x) are

Ew;G(H
2;k
w ) =

1

3!
M3(E

2;k
w (t))C3;G +O(w6) = � 1

3!
�
2;k
3 C3;G w

4 +O(w6);

(4.66)

where �2;k3 , k = 0; 1; 2, can be computed from (4.49). For the approximations
H4;k
w , we have

Ew;G(H
4;k
w

) =
1

5!
M5(E

4;k(t))C5;G +O(w8) =
1

5!
�
4;k
5 C5;G w

6 +O(w8):

The analytical error for these approximations with four vanishing moments will
for a general smooth G(x) be of order 6 in w, compared to order 4 for the
approximations with two vanishing moments (m = 2).

4.3.3 Analytical Error for Singular Functions

The analytical error in the integration of Æ(d(x))G(x) that is made when re-
placing the Dirac delta function Æ(t) by a smooth approximation Æw(t) is given
by

Ew;G(Æw) =

Z



Æ(d(x))G(x) dx�
Z



Æw(d(x))G(x) dx: (4.67)

With Æw(t) as de�ned in (4.18), the domain 
 can be replaced by 
w, as given
in (4.22). The parameterization of 
w is given in (4.24).

Using the integration formula (4.31), and the de�nition of Æ(t), the integral
over the product Æ(d(x))G(x) = Æ(t) g(s; t) evaluates as

I
w (Æ(t) g(s; t)) =

Z 2�

s=0

Z
t=w

t=�w

Æ(t) g(s; t) q(s) (1� t �(s) ) dt ds (4.68)

=

Z 2�

s=0

g(s; 0)q(s)ds:

This is the line integral around the zero contour of d(x), parameterized by s =
(x(s); y(s)). The scaling factor q(s) is given by q(s) =

p
x0(s)2 + y0(s)2.
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In the integration of the product Æw(d(x))G(x) = Æw(t) g(s; t), the integration
in t is retained. To evaluate this integral, we use formula (4.36), obtained by the
Taylor series expansion of g(s; t). We have

I
w (Æw(t)g(s; t)) =M0(Æw(t))

Z 2�

0

q(s) g(s; 0) ds+

1X
�=1

C�;GM�(Æw(t));

(4.69)

with C�;G given in (4.34). The moments of Æw(t) are de�ned as in (4.35). The
mass requirement on Æw(t) (4.19) can be written M0(Æw(t)) = 1. Subtracting
(4.69) from (4.68), we obtain

Ew;G(Æw) = I
w (Æ(t)g(s; t))� I
w (Æw(t)g(s; t)) = �
1X
�=1

C�;GM�(Æw(t)):

(4.70)

If G(x) � 1, the factor C�;G = 0 for � > 1, and we obtain the simpli�ed formula

Ew(Æw) = I
w (Æ(t)g(s; t))� I
w (Æw(t)g(s; t))

= �M1(Æw(t))

Z 2�

0

q(s)�(s)ds: (4.71)

The moments of Æw(t) evaluate as

M�(Æw(t)) =

Z w

�w

Æw(t)t
�dt = w�

Z 1

�1

'(�)��d�; (4.72)

where '(�) was introduced in the de�nition of Æw(t) (4.18). This expression,
together with the error formula (4.70), yields that the integration error will be
proportional to higher powers of w, the more moments of Æw(t) that evaluates
as zero. Since w is small, it is an advantage to have many zero moments. The
equality (4.72) gives the conditions on '(�) to yield zero moments of Æw(t).

One approximation of the delta function that can be found in the literature
is de�ning Æw(t) by

'(�) =
1

2
(1 + cos(��)); (4.73)

together with (4.18). This approximation was introduced by Peskin in 1977 [32].
It obeys the mass condition (4.19). Moreover, it has one vanishing moment and
one continuous derivative.

To construct approximations with more moments equal to zero, and if one
so wish, more continuous derivatives, we now choose '(�) as a polynomial. We
make the following de�nition (similarly to De�nition 4.1 for the Heaviside ap-
proximation).
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De�nition 4.9. Denote by 'm;k(�), the delta polynomial of lowest degree such

that

'm;k(�1) = 0; (4.74)

and Z 1

�1

'm;k(�)d� = 1; (4.75)

which are the requirements for any function '(�), de�ning an approximation

Æw(t) through (4.18). In addition, 'm;k(�) obeys

('m;k)(�)(�1) = 0; � = 1; : : : ; k; (4.76)

and furthermore,

�m;k

�
=

Z 1

�1

'm;k(�) �� d� = 0; � = 1; : : : ;m: (4.77)

Theorem 4.10. The delta polynomial 'm;k(�) exists and is uniquely determined

by the conditions in De�nition 4.9. It is a polynomial of degree r = 2 (bm=2c+
k + 1), containing only even powers of �.

Proof This proof is made in analogy to the proof of Theorem 4.2. Many
details are however di�erent, and the proof is therefore written in its full length.

Let '(�) be a polynomial whose derivative is given by

'0(�) = c(1� �)k (1 + �)k Q(�) = c(1� �2)k Q(�); (4.78)

where Q is a polynomial and c is a constant. This is a necessary and suÆcient
condition for ' to obey (4.76). Integrating partially, we have

Z 1

�1

'(�) �� d� =

�
'(�)��+1

�+ 1

�1
�1

�
Z 1

�1

'0(�)��+1

�+ 1
d�

= � 1

�+ 1

Z 1

�1

'0(�)��+1 d�;

(4.79)

where the �rst part evaluates to zero due to (4.74). We again (as in the proof of
Theorem 4.2) use the inner product with the positive weight function (1� �2)k,
i.e.

hf; gik =
Z 1

�1

(1� �2)k f(�) g(�) d�; kfkk = hf; fi1=2
k
: (4.80)

For � > 0, (4.79) together with (4.77) yieldsZ 1

�1

'(�) �� d� = 0; � = 1; : : : ;m;
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or, equivalently

hQ; ��+1ik = 0; � = 1; : : : ;m: (4.81)

The condition (4.74) yields

'(1) =

Z 1

�1

'0(�) d� = c

Z 1

�1

(1� �2)k Q(�)d� = chQ; 1ik = 0: (4.82)

The orthogonality conditions in equations (4.81) and (4.82) give that

Q ? ~Rm+1 = spanf1; �2; :::; �m+1g; (4.83)

with respect to the inner product de�ned in (4.80). Note that

h�a; �bik = 0; when a+b is odd. (4.84)

Let Pm+1 = spanf1; �; �2; :::; �m+1g. Note that ~Rm+1 � Pm+1, and hence there
exists a non-empty subspace ~R?

m+1, orthogonal to
~Rm+1, such that Pm+1 =

~Rm+1� ~R?
m+1. The polynomial Q must be in ~R?

m+1, a space of dimension 1, and
is therefore de�ned up to a multiplicative constant. This is the Q of the lowest
degree possible, since any other space orthogonal to ~Rm+1 contains powers of �
higher than m+ 1.

Using (4.79) (with � = 0) together with (4.75), we have thatZ 1

�1

'0(�)� d� = �1: (4.85)

This condition determines the coeÆcient c in the expression for '0(�) in (4.78)
as

c = � 1

hQ; �ik ;

so that

'0(�) = � 1

hQ; �ik (1� �2)k Q(�): (4.86)

This is well de�ned since � =2 ~Rm+1, and therefore hQ; �ik 6= 0. Hence, the
desired ' exists and is uniquely given by

'(�) = � 1

hQ; �ik

Z �

�1

(1� �2)k Q(�) d�: (4.87)

Now, we need to determine the degree of Q. Using the Gram-Schmidt or-
thogonalization procedure, we can construct an orthonormal basis frjgm+1

j=1 for
~Rm+1. We de�ne r1 = 1=k1kk, and proceed by de�ning

vj+1 = �j+1 �
jX

i=1

h�j+1; riik ri; rj+1 =
vj+1

kvj+1kk ; j = 1; : : : ;m:
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This construction yields that
i) r1 = 1=k1kk.
ii) The degree of rj is j, j > 1.

iii) Because of (4.84), the basis functions fr2j+1gbm=2c

j=1 contain only odd powers

of �, while the basis functions fr2jgb(m+1)=2c
j=1 contain only even powers of �.

The lowest order Q that obeys (4.83) is Q 2 ~R?
m+1 given by

Q(�) = � �
m+1X
j=1

h1; rjik rj : (4.88)

Splitting the sum over the basis functions in odd and even terms, and noting
that h�; r1ik = 0 and h�; r2jik = 0; 8j = 1; : : : ; bm+1

2
c due to i), iii) and (4.84),

this yields

Q(�) = � �
bm=2cX
j=1

h1; r2j+1ik r2j+1; (4.89)

so Q is at most of degree 2n + 1, n = bm
2
c. We want to show that the degree

of Q 6= 0 is equal to 2n + 1. Assume Q is of degree � 2n � 1. In that case,
�2Q 2 ~Rm+1, and therefore we must have Q ? �2Q. Since we have

hQ; �2Qik = h� Q; � Qik = k�Qk2k;

this yields k�Qkk = 0, and therefore Q = 0, a contradiction.

This yields that '0(�), as de�ned in (4.78), is of degree 2k + 2bm
2
c + 1.

The degree of '(�) is simply one higher than the degree of '0(�), i.e. r =
2(k + bm

2
c+ 1).

2

Remark 4.11. In addition to (4.77), the quantity �m;k
� = 0 for all � odd, since

'm;k(�) is an even polynomial. This yields that the polynomial 'n�1;k(�), n
odd, is equal to 'n;k(�).

To each delta polynomial 'm;k(�), we assign a delta function approximation
Æm;k
w (t). We have the following de�nition:

De�nition 4.12. Denote by Æm;k
w (t), the delta function approximation de�ned

by

Æm;k

w (t) =

�
'm;k(t=w) jtj � w;

0 jtj > w;
(4.90)

where the delta polynomial 'm;k(�) was de�ned in De�nition 4.9.

Using the de�nition of 'm;k(�), we can show the following corollary.
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Corollary 4.13. Let the delta polynomial 'm;k(t) be as in De�nition 4.12. Then

it follows that the delta function approximation Æm;k
w

(t) has k continuous deriva-

tives, and

M�(Æ
m;k

w
(t)) =

Z
w

�w

Æm;k

w
(t) t� dt = 0; � = 1; : : : ; 2 bm

2
c+ 1: (4.91)

In addition, M�(Æ
m;k
w

(t)) = 0 for all � odd.

Proof The number of continuous derivatives is simply given by the number
of vanishing derivatives of 'm;k(�) at � = �1, which is k by de�nition. Moreover,

M�(Æ
m;k

w
(t)) =

Z
w

�w

Æm;k

w
(t) t� dt

= w�+1

Z 1

�1

'm;k(�) �� d� = �m;k

� w�+1:

From the de�nition of 'm;k(�), the quantity �m;k
� = 0 for 1 � � � m, and (4.91)

follows for 1 � � � m. In addition, �m;k
�

= 0 for � = 2b(m+ 1)=2c, since � is
odd (Remark 4.11).

2

We now have all the necessary results in order to give the following theorem
concerning the analytical error:

Theorem 4.14. Let Æm;k
w

(t) be as in De�nition 4.12. Assume that , the zero

level set of d(x), can be parameterized by  = (x(s); y(s)), with the curvature

�(s) de�ned by (4.27). If (wmaxs j�(s)j) < 1, then the analytical error for the

integration of Æ(d(x))G(x) made when replacing Æ(d(x)) by Æm;k
w

(d(x)),

Ew;G(Æ
m;k

w ) =

Z



fÆ(d(x))� Æm;k

w (d(x))gG(x) dx; (4.92)

is given by

Ew;G(Æ
m;k

w
) =

1X
�=�=2

C2�;GM2�(Æ
m;k

w
(t))

= �C�;G �m;k

�
w� +O(w�+2); � = 2 (bm

2
c+ 1);

(4.93)

with C�;G de�ned by (4.34) and �
m;k

�
de�ned by (4.77).

Proof The general error formula is given in (4.70). According to Corollary
4.13, the moments M�(Æ

m;k
w

(t)) = 0 for � = 1; : : : ; 2bm=2c + 1 and all � odd.
The terms retained are therefore those in (4.93), and the �rst non-vanishing
moment is

M�(Æ
m;k

w (t)) = �
m;k

�
w� ;

with the second non-vanishing moment M�+2(Æ
m;k
w

(t)) � w�+2.
2
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Remark 4.15. Theorem 4.14 can be generalized. It refers to the approximation
Æm;k
w

(t), which is de�ned using the delta polynomial 'm;k(�), as de�ned in De�ni-
tion 4.1. However, the theorem holds also for approximations based on functions
'(�) from other function classes, that ful�ll the same conditions as 'm;k(�).

A few examples of polynomials 'm;k(�) de�ning approximations Æm;k
w (t) through

(4.90) are given below. The polynomials with one vanishing moment (m = 1)
and with k = 0; 1 and 2 continuous derivatives, respectively, are

'1;0 =
3

4
(1� �2); (4.94)

'1;1 =
15

16
(1� 2�2 + �4); (4.95)

'1;2 =
35

32
(1� 3�2 + 3�4 � �6): (4.96)

The polynomials with three vanishing moments (m = 3) and with k = 0; 1 and
2 continuous derivatives, respectively, are

'3;0 =
15

32
(3� 10�2 + 7�4); (4.97)

'3;1 =
105

64
(1� 5�2 + 7�4 � 3�6); (4.98)

'3;2 =
315

512
(3� 20�2 + 42�4 � 36�6 + 11�8): (4.99)

These polynomials are plotted in Figure 4.4. Note the di�erence in the shape
of the functions depending on whether they have one or three vanishing moments.
In addition, more continuous derivatives will give a function which is more at
in the beginning and the end of the interval, with its mass squeezed more to the
middle.

The analytical error for the corresponding delta function approximations are

Ew;G(Æ
1;k
w ) = �C2;G �1;k2 w2 +O(w4);

for the approximations with one vanishing moment, and

Ew;G(Æ
3;k
w

) = �C4;G �3;k4 w4 +O(w6);

for the approximations with three vanishing moments. The coeÆcients C�;G and
�m;k
� are de�ned in (4.34) and (4.77), respectively.

A di�erent approximation of the Dirac delta function is based on de�nitions
in the Fourier space. Introduce the approximation

ÆF (t) =
1

~w
'F (t= ~w);
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(a) Delta approximations with m = 1
vanishing moments.
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vanishing moments.

Figure 4.4. Plot of polynomials 'm;k(�), de�ning delta approximations Æm;k
w (t)

through (4.90). Note that the y-axis is scaled di�erently in a) and b).

with 'F (�) de�ned by

'F (�) =
1

2�

Z 1

�1

'̂F (!)e
i!�d!; (4.100)

where '̂F (!) 2 C1(IR) has support on (�1; 1). The requirement of the mass of
the delta function, and similarly on higher moments of the delta function can be
expressed as conditions on '̂F (!) in Fourier space.

In correspondence to (4.100), '̂F (!) can be found from the Fourier transform

'̂F (!) =

Z 1

�1

'F (�)e
�i!�d�: (4.101)

If we require '̂F (0) = 1, we haveZ 1

�1

ÆF (t) dt =

Z 1

�1

'F (�)d� = '̂F (0) = 1;

and so the condition that the mass is 1 is ful�lled.
The number of vanishing moments Mp(ÆF (t)) determines the power of the

analytical error. These moments evaluates as:

Mp(ÆF (t)) =

Z 1

�1

ÆF (t)t
pdt = ~wp

Z 1

�1

'F (�)�
pd�:

Since

@p

@!p
'̂F (!)j!=0 = (�i)p

Z 1

�1

'F (�)�
pd�;
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it follows that

@p

@!p
'̂F (!)j!=0 = 0 () Mp(ÆF (t)) = 0: (4.102)

It is possible to de�ne functions '̂F (!) such that (4.102) is true for all p. There-
fore, there exist approximations ÆF (t), so that all moments are zero, and no
analytic error is introduced by replacing the Dirac delta function by such ap-
proximations. The approximation ÆF (t) however also needs to decay rapidly to
be practically useful. Since we have assumed '̂F (!) to have compact support on
(�1; 1), in addition to be at on top, i.e have all it derivatives zero at ! = 0, the
decay of the corresponding delta approximations are in general not satisfactory
for practical applications.

4.3.4 Relation Between Heaviside and Delta Function

Approximations

The Dirac delta function Æ(t) is de�ned as the derivative of the Heaviside function
H(t). There exist such relations also between the polynomial approximations
Hm1;k1
w

(t) and Æm2;k2
w

(t) for speci�c relations between m1 and m2 and between
k1 and k2. This is formalized in the following theorem:

Theorem 4.16. If m � 0 and k � 1, then

d

dt
Hm;k

w (t) = Æm+1;k�1
w (t); (4.103)

with Hm;k
w (t) and Æm+1;k�1

w (t) de�ned in De�nition 4.4 and De�nition 4.12, re-

spectively.

Proof Let Hm;k
w (t) be as in De�nition 4.4. Using the polynomial �m;k(�) in

the de�nition of Hm;k
w (t), we de�ne

~'(�) =
d

d�
�m;k(�); (4.104)

and furthermore,

~Æw(t) =

�
1
w
~'(t=w) jtj � w;

0 jtj > w:

Since �m;k(�1) = 0 and �m;k(1) = 1, we have

1 =

Z 1

�1

d

d�
�m;k(�) d� =

Z 1

�1

~'(�) d�; (4.105)

which is a requirement for any delta polynomial (4.75).
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From Hm;k
w

(t) 2 Ck(IR), we get the following conditions on the derivatives
of �m;k(�),

(�m;k)(�)(�1) = 0; � = 1; : : : ; k: (4.106)

For ~'(�) de�ned in (4.104), it then holds

~'(
~�)(�1) = 0; ~� = 0; : : : ; k � 1: (4.107)

From De�nition 4.1, we also have that

�m;k

�
=

Z 1

�1

�m;k(�) �� d� � 1

�+ 1
= 0; � = 0; : : : ;m: (4.108)

Since

Z 1

�1

�m;k(�) �� d� =

�
�m;k(�)��+1

�+ 1

�1
�1

�
Z 1

�1

d

d�
�m;k(�)��+1

�+ 1
d�

=
1

�+ 1
� 1

�+ 1

Z 1

�1

d

d�
�m;k(�)��+1 d�;

we have that

�m;k

� = � 1

�+ 1

Z 1

�1

d

d�
�m;k(�) ��+1 d� = � 1

�+ 1

Z 1

�1

~'(�) ��+1 d�; (4.109)

using condition (4.104). From this equation, condition (4.108) yields

Z 1

�1

~'(�) � ~� d� = 0; ~� = 1; : : : ;m+ 1: (4.110)

Equations (4.107) and (4.110), together with (4.105) yield the same conditions

as equations (4.74)-(4.77) for ' ~m;~k(�) in De�nition 4.9, with ~m = m + 1 and
~k = k � 1. The degree of the polynomial �m;k(�)(t) is 2bm+1

2
c + 2k + 1. The

degree of ~'(�) is one less, i.e. 2(bm+1
2
c+ k).

The lowest possible degree of ' ~m;~k is (according to Theorem 4.10) 2 (b ~m
2
c+

~k + 1) = 2 (bm+1
2
c+ k), and a polynomial of that degree, obeying all conditions

of De�nition 4.9 is unique.

Therefore, it holds that ~'(�) = 'm+1;k�1(�) and so,

~Æw(t) = Æm+1;k�1
w (t);

which completes the proof.
2
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4.3.5 Numerical Error

The numerical error in the integration of a function fw(d(x)) is given by

Equad(fw) =

Z



fw(d(x)) dx � quad(fw(d(x))); (4.111)

where quad(fw(d(x))) is evaluated as a sum of integrals over each triangle, and
each local integral is approximated by a quadrature rule, see (4.10).

If the function fw(d(x)) is smooth, the order of accuracy for the integration
depends simply on the order of the quadrature rule that is used. A quadrature
rule is designed to integrate a polynomial up to a certain degree exactly, and
the order of accuracy of the quadrature rule is determined by how well a general
smooth function can be approximated by a polynomial of this degree.

If the function is not smooth, the error will be larger, since this function can
not be as well approximated by a polynomial. The numerical integration of a
continuous function with a discontinuous p'th derivative will not obtain the full
order of accuracy of the quadrature rule applied, as long as p is too small.

We now study the integration of fw(d(x)). The function fw(t) is assumed to
consist of di�erent parts, pieced together at t = �w, as is the case for the Heav-
iside approximations Hw(t) and the delta function approximations Æw(t). We
assume fw(t) 2 Cp, p � 0. If the (p+ 1)'th derivative of fw(t) is discontinuous,
then partial derivatives of order p + 1 of fw(d(x)) will be discontinuous across
the curves in 
 � IR2 de�ned by d(x) = �w.

The quadrature error for integrals over triangles intersected by d(x) = �w
must therefore be investigated more carefully. Denote by ET the quadrature
error made over the triangle T . We have the following theorem:

Theorem 4.17. Let

quadT (g(x)) =

qX
k=1

wkg(xk) (4.112)

be a quadrature rule that is exact for polynomials in P
n(T ), the set of polynomials

of degree at most n on a triangle T . Introduce the quadrature error over T ,

ET (g) =

Z
T

g(x) dx� quadT (g(x)):

Then, if

min
pn2P

n(T )
max
x2T

jg(x)� pn(x)j � Cn; (4.113)

it holds that

jET (g)j � Cn(1 + Cq) area(T );
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where

Cq =
1

area(T )

qX
k=1

jwk j:

Proof. Let pn 2 P
n(T ). We have that

ET (g) =

Z
T

g(x) dx�
qX

k=1

wkg(xk)

=

Z
T

(g(x)� pn(x)) dx+

Z
T

pn(x) dx�
qX

k=1

wkg(xk)

=

Z
T

(g(x)� pn(x)) dx+

qX
k=1

wk(pn(xk)� g(xk));

where the last equality follows fromZ
T

pn(x) dx =

qX
k=1

wkpn(xk):

This yields,

jET (g)j � j
Z
T

(g(x)� pn(x)) dxj+ j
qX

k=1

wk(pn(xk)� g(xk))j

�max
x2T

jg(x)� pn(x)j (
Z
T

dx+

qX
k=1

jwkj):

From (4.113), we can choose pn(x) such that maxx2T jg(x) � pn(x)j � Cn, and
introducing Cn and Cq , this proves the theorem.

2

One can note that Cq = 1 if all the quadrature weights are positive. In order
to apply Theorem 4.17 on the integration of a function fw(d(x)) which depends
on x through d(x), we need to estimate minpn2Pn(T )maxx2T jfw(d(x))� pn(x)j.
Using a auxiliary function q(d), this quantity can be split in two parts

min
pn2P

n(T )
max
x2T

jfw(d(x)) � pn(x)j

� max
x2T

jfw(d(x)) � q(d(x))j + min
pn2P

n(T )
max
x2T

jq(d(x)) � pn(x)j

= max
d2[dmin;dmax]

jfw(d) � q(d)j+ min
pn2P

n(T )
max
x2T

jq(d(x)) � pn(x)j;
(4.114)

where the �rst part is now cast as a function of d. The variables dmin and dmax

are the minimum and maximum of d(x) for x 2 T . To proceed, we state the
following theorem from Jackson [21]:
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Theorem 4.18. Assume that f(t) 2 Cp(a; b), and that f (p+1)(t) is bounded in

(a; b). Then there exists a polynomial qn(t) of degree n, n � p such that, for

a � t � b,

jf(t)� qn(t)j � C(n; p) max
�2(a;b)

jf (p+1)(�)j(b� a)p+1;

where

C(n; p) =
6p+1pp

p!np+1
(p+ 1):

This theorem can be used to estimate maxd2[dmin;dmax] jfw(d)� q(d)j. Since
d(x) is assumed to be a distance function, dmax � dmin � h, where h is the
length of the longest side of the triangle. Assuming that fw(d) has p continuous
derivatives, the theorem states that we can choose q(d) as a polynomial of degree
n, such that

max
d2[dmin;dmax]

jfw(d)� q(d)j � C(n; p)max
t2IR

jf (p+1)w (t)jhp+1: (4.115)

This estimate will however over estimate the error as w ! 0 since jf (p+1)w (t)j
contains some power of 1=w. For w = 0, we can choose q(d) = 1=2 and the error
will never exceed 1=2. Therefore, we use the estimate

max
d2[dmin;dmax]

jfw(d)� q(d)j � min(1=2; C(n; p)max
t2IR

jf (p+1)w (t)jhp+1): (4.116)

Now, we need to estimate minpn2Pn(T )maxx2T jq(d(x)) � pn(x)j. We have the
following lemma:

Lemma 4.19. Let ! be a simple domain such that maxx0;x12! jx0�x1j � ~h, and

maxx0;x12! jy0 � y1j � ~h, where xi = (xi; yi), i = 0; 1. Introduce the multi-index

� = (�1; �2), j�j = �1 + �2. Let  (x) 2 Cn+1(!), such that

j @j�j 

@x�1@y�2
j � c; j�j � n+ 1: (4.117)

Let q( ) be a polynomial in  of degree n. Then there exist a pn(x) 2 P
n(!)

such that

max
x2!

jq( (x)) � pn(x)j � Cn max
j�j=n+1

max
x2!

j@
j�jq( (x))

@x�1@y�2
j ~hn+1; (4.118)

where Cn depends only on n.

Proof. The result follows from the Taylor expansion.
2
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Since d(x) is a distance function, and we have assumed (wmaxs j�(s)j) < 1
(4.28), d(x) ful�lls the criteria (4.117). Denoting, as before, the length of the
longest side of the triangle T by h, Lemma 4.19 yields

min
pn2P

n(T )
max
x2T

jq(d(x)) � pn(x)j � Cn max
j�j=n+1

j@
j�jq(d(x))

@x�1@y�2
j hn+1 = ~Chn+1:

(4.119)

From (4.114), (4.115) and (4.119) we have

min
pn2P

n(T )
max
x2T

jfw(d(x)) � pn(x)j

�min(1=2; C(n; p)max
t2IR

jf (p+1)
w

(t)jhp+1) + ~Chn+1:
(4.120)

Once we have this estimate, we can use Theorem 4.17 with g(x) = fw(d(x))
to obtain

ET (fw(d(x))) � (1 + Cq)fmin(h
2

2
; C(n; p)max

t2IR
jf (p+1)w (t)jhp+3) + ~Chn+3g;

(4.121)

since area(T ) � h2. This is the local error produced over an element which is
at least partly inside the transition zone where jd(x)j � w. For elements totally
contained in this zone, fw(d(x)) 2 C1(T ), and ET = O(hn+3). If fw(d(x)) has
p continuous derivatives on T , with p < n, the �rst term will be the dominating
error term. This will in general be the case for all elements intersected by the
curves described by d(x) = �w.

The global error is the sum over all the local errors, and it will be dominated
by the contribution from the elements intersected by the contours d(x) = �w.
If h is representative of the size of all the elements in the mesh, the number of
such elements will be proportional to 1=h. Therefore, the global error will be
one order lower in h than the local error in (4.121).

Making the assumption p < n, and assuming also that w is not too small
compared to h, so that it is in the range where estimate (4.115) holds (compare
estimates (4.115) and (4.116)), we get the following estimate for the global error:

Equad(fw) � C max
t2IR

jf (p+1)
w

(t)jhp+2:

For the Heaviside approximation Hw(t) (4.17) de�ned using the transition func-
tion �(�), we have

max
t2IR

jH(p+1)
w (t)j = 1

wp+1
max

�2(�1;1)
j�(p+1)(�)j: (4.122)

If we de�ne �(�) so that Hw(t) has k continuous derivatives, we have

Equad(Hw) � C
1

wk+1
max

�2(�1;1)
j�(k+1)(�)jhk+2; (4.123)
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as an estimate of the error for the integration of Hw(d(x)) over 
 � IR2.
For the Dirac delta function approximation Æw(t) (4.18) de�ned using the

function '(�) in the zone where jd(x)j � w, we get

max
t2IR

jÆ(p+1)w (t)j = 1

wp+2
max

�2(�1;1)
j'(p+1)(�)j: (4.124)

If we de�ne '(�) such that Æw(t) has k continuous derivatives, we have

Equad(Æw) � C
1

wk+2
max

�2(�1;1)
j'(k+1)(�)jhk+2; (4.125)

as our estimate of the numerical error in the integration of Æw(d(x)) over 
 � IR2.

4.4 Integration with Regularized Integrands:

Numerical Results

4.4.1 Integration of the Approximation Hw(d(x))

From (4.111), the numerical error for integration of Hw(d(x)) is de�ned as

Equad(Hw) =

Z



Hw(d(x)) dx� quad(Hw(d(x))): (4.126)

For the approximations H2;k
w (t), k = 0; 1; 2, introduced in the previous section,

the analytical error Ew(H
2;k
w

) = 0, and so the only contributing error is the
numerical error Equad(H

2;k
w

).
For the polynomial approximations H2;k

w (t), k = 0; 1; 2, of the Heaviside
function introduced in section 4.3.2, we have the following bounds for the (k +
1)'th derivatives. For t 2 IR

j(H2;0
w

)(1)(t)j �9

8

1

w
; (k = 0);

j(H2;1
w )(2)(t)j �15

4

1

w2
; (k = 1);

j(H2;2
w )(3)(t)j �105

4

1

w3
; (k = 2):

Using the 13 point quadrature rule given in Appendix A, polynomials up to
degree 12 can be integrated exactly, i.e. n = 12 and we have k < n. Given that
the triangles in the decomposition of 
 is rather similar in size, assume that w=h
is in the range where the second part of the estimate (4.116) holds. These were
the assumptions used to derive the error estimate (4.123), and the global errors
Equad(H

2;k
w

) are predicted to show the following dependence:

Equad(H
2;0
w

) � h2

w
; Equad(H

2;1
w

) � h3

w2
; Equad(H

2;2
w

) � h4

w3
: (4.127)
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In Figure 4.5a the errorsEquad(H
2;0
w

), Equad(H
2;1
w

) and Equad(H
2;2
w

) are plotted
versus the quadrature element size h? for d(x) as in (4.13) with a = 0:5. The
coordinate (xc; yc) in (4.13) is shifted N times by small irrational shifts, and the
error is taken as the maximum over these shifts. A mesh with �e = 0:1 has been
used, with the number of adaptive levels from l = 1 to 5, de�ning h? = �e=2l.
Since the analytical error is zero for these approximations, this is the total error,
i.e. Etot(H

2;k
w

) = Equad(H
2;k
w

), for all k. From the plot, we can deduce that the
errors decreases at least by the predicted rates in (4.127). Next, we investigate
the dependence on w. In Figure 4.5b, the errors Etot(H

2;0
w

), Etot(H
2;1
w

) and
Etot(H

2;2
w

) are plotted versus w=h?. The lines are not straight, but do however
approximately follow the slopes predicted in (4.127) when w=h? is larger than
1. Approaching smaller values of w, the error does not increase with this rate as
w=h? ! 0. In this region, these estimates overestimate the error made, as was
discussed when the predictions were �rst introduced.
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Figure 4.5. Plots of errors Etot(H
2;0
w ), Etot(H

2;1
w ) and Etot(H

2;2
w ). For each

set of parameters, the error has been determined as the maximum error over N
irrational shifts of (xc; yc) in the de�nition of d(x) (4.13).

The analytical error for the approximation Hs(d(x)) is given by (4.46). With
our choice of d(x), q = a and � = 1=a and this formula evaluates as

jEs

w
j = (

�

3
� 2

�
) w2: (4.128)

This analytical error will contribute to the total error, which can be seen in Figure
4.6. The numerical error decreases as w increases, but the analytical error in-
creases with w. This is why the optimal w to choose is the w minimizing the sum
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of these two errors. This value will depend on h?. ComparingEtot(H
s
w
) to the er-

10
−1

10
0

10
1

10
−8

10
−7

10
−6

10
−5

10
−4

10
−3

10
−2

| Etot(H
s
w)

�� Ew(Hs
w)

� � � Equad(H
s
w)

w=h
?

Figure 4.6. Plot of the errors Equad(Hs
w), Ew(H

s
w) and the sum of the two,

Etot(Hs
w) versus w=h?, where h? = 0:025. N = 16.

rors for the polynomial approximations, Etot(H
2;0
w

), Etot(H
2;1
w

) and Etot(H
2;2
w

),
we can conclude that the polynomial approximationsH2;0

w (t), H2;1
w (t) andH2;2

w (t)
are clearly superior to the sine-approximationHs

w
(t) in the sense that these yields

a much smaller error Etot(Hw(d(x))) =
R
H(d(x)) � quad(Hw(d(x))). In the

next section, we will study the integration over these di�erent approximations
multiplied by an arbitrary smooth function.

4.4.2 Integration of the Product Hw(d(x))G(x)

In this section, we study the integration of the function Hw(d(x))G(x), where
G(x) is a smooth function. The total error for this integration (Etot;G(Hw)) is
the sum of the analytical error (Ew;G(Hw)) and the numerical error (Equad;G(Hw)),
as was de�ned in (4.20). As was discussed in section 4.3.2, the analytical error
is proportional to some power of w, and increases as this width of the transition
zone gets larger. The numerical error on the other hand, decreases with increas-
ing w. The numerical error is also decreased as the size h? of the quadrature
triangles decreases.

We again de�ne d(x; y) = a�
p
(x� xc)2 + (y � yc)2, with a = 0:5.

Two di�erent functions G(x) will be considered. The �rst one, G(x; y) =
(x�xc)2+(y�yc)2 is a second order polynomial, and can without multiplication
of Hw(d(x)) be integrated exactly by the 13-point quadrature rule used. The

other function is G(x; y) = e
p
(x�xc)2+(y�yc)2 . The numerical integration of this

function will always produce a quadrature error.

The analytical error for the sine approximationHs
w
(t) (4.43) is proportional to

w2, as given by (4.45). The numerical error will therefore be negligible compared
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to the analytical error for all but very small values of w, as was the case already
for G(x) � 1, see Figure 4.6.

The polynomial approximations H2;k
w , k = 0; 1; 2 introduced no analytical

error for G(x) � 1. Figure 4.7 shows the total error for these approximations
with G(x; y) = (x�xc)2+(y�yc)2. Two di�erent resolutions have been used, and
it is clear that the numerical error decreases as h? is decreased. The analytical
error for the approximations H2;k

w
(t) (4.55) is proportional to w4, as given by

(4.66). Since this error increases with w, the total error will start to increase
with w as soon as the analytical error is dominating. This will happen for a
smaller w the smaller the numerical error is.
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h? = �e=22 = 0:0125.

Figure 4.7. Etot;G(H
2;k
w ) plotted versus w, for the polynomial approximations

H
2;0
w (t), H2;1

w (t) and H2;2
w (t). G(x; y) = (x�xc)2+(y�yc)2, �e = 0:05. N = 16.

In the adaptive procedure, triangles that are intersected by the transition
zone where H2;k

w
(d(x)) varies are split into sub-triangles. The triangles in which

H2;k
w (d(x)) takes a value of one contributes however also to the integral value, in

di�erence to the triangles where H2;k
w

(d(x)) is zero. This part of the quadrature
is performed over triangles of size �e. In the case of the polynomial G(x),
which can be integrated exactly by the quadrature, this part introduces no error.
Therefore, only the sub-elements intersected by the transition zone contribute
to the quadrature error, where the sub-elements intersected by the boundaries
of the transition zone, i.e the level sets for d(x) = �w, will contribute with
the dominating part, since the approximation only has k continuous derivatives
in these elements. In conclusion, the numerical error does not depend on the
basic element size �e, and the only resolution parameter is h?, the size of the
quadrature triangles in the region where Hw(d(x)) varies.
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For integration of the product of H2;k
w

(d(x)) and the exponential G(x), this
previous remark is not valid. In addition to the error produced by triangles that
are intersected by the the transition zone, the quadrature over non-intersected
triangles where H2;k

w
(d(x)) = 1 produces an error, since this G(x) cannot be

integrated exactly. These triangles of size �e in the interior produce an error
which de�nes a lower limit for what numerical error that can be achieved, in-
dependently of how small h? is. Therefore, the error depends both on �e and
h?.

The total error for the approximations H2;k
w

(t), k = 0; 1; 2, with G(x; y) =

e
p
(x�xc)2+(y�yc)2 is plotted in Figure 4.8. Two di�erent meshes with �e = 0:05

and �e = 0:1 have been used. The level of adaptivity in the quadrature has
been chosen such that h? is the same in both cases. Comparable to Figure 4.7,
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Figure 4.8. Etot;G(H
2;k
w ) plotted versus w, for the polynomial approximations

H
2;0
w (t), H2;1

w (t) and H
2;2
w (t). G(x; y) = e

p
(x�xc)2+(y�yc)2 . N = 16.

the total error �rst decreases as the numerical error decreases, but then starts
to increase with w as the analytical error becomes dominating. The di�erence
in this case is that the error curve attens out before it starts to increase with
w. This is explained in the previous paragraph, there is a lower limit for the
numerical error that depends on �e. In agreement with this, the at zone is
more pronounced for the larger value of �e in the plots in Figure 4.8.

In section 4.3.2 a second transition polynomial of degree 5, �4;0(�) (4.63)
de�ning the Heaviside approximation H4;0

w
(t) through (4.55) was introduced in

addition to �2;1(�) (4.61) with corresponding Heaviside approximation H2;1
w (t).

In Figure 4.9, we compare the results for these two polynomial approxi-
mations, H2;1

w (d(x)) with an analytical error of O(w4) and with one continuous
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derivative, andH4;0
w

(d(x)) with an analytical error of O(w6) with a discontinuous
�rst derivative. This has been done for both the polynomial and the exponential
G(x). In the case of the polynomial G(x), the analytical error for H4;0

w (d(x)) is
actually zero due to vanishing derivatives. It is found that H2;1

w
(d(x)) yields a
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(a) G(x; y) = (x� xc)2 + (y � yc)2.
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Figure 4.9. The total error plotted versus w for the polynomial approximations
H
2;1
w (t) and H

4;0
w (t). 2 adaptive levels for quadrature, h? = �e=22 = 0:0125.

N = 16.

lower total error for moderate w, even if the analytical error is higher, since the
discontinuous �rst derivative yields a larger numerical error for H4;0

w (d(x)). As
w increases further however, the total error for H2;1

w
(d(x)) will eventually grow

larger than the total error of H4;0
w (d(x)) due to its more rapidly growing ana-

lytical error. For the exponential G(x), where H4;0
w

(d(x)) has a non-vanishing
analytical error, the total error Etot;G(H

4;0) should start to increase, although
at a slower pace, as w is increased even more.

The integrals in the variational formulation (3.11) including the discontinuous
density and viscosity, will be evaluated with a G(x) which will be a product of
a few quadratic Lagrange interpolants, de�ned on the mesh. Therefore, G(x) is
always polynomial, and the quadrature error will only originate from triangles in-
tersected by the transition zone of Hw(d(x)). There will therefore be no quadra-

ture error depending on �e of the type present for G(x; y) = e
p
(x�xc)2+(y�yc)2 .

Theoretically, one can de�ne transition polynomials �k;m(�) of higher and
higher degree, so that more and more moments for the corresponding error func-
tion Ek;m(t) is zero, thereby decreasing the analytical error. The number of
continuous derivatives of the Heaviside approximation Hk;m

w
(t) can also be in-

creased by using polynomials of higher order, thereby improving the numerical
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properties of the approximation. If a higher order transition polynomial is used,
one need to make sure that the quadrature rule used is of high enough order.

4.4.3 Integration of the Delta Function Approximation

The numerical error for integration of Æw(d(x))G(x) is de�ned as

Equad;G(Æw) =

Z



Æw(d(x))G(x) dx � quad(Æw(d(x))G(x)): (4.129)

In section 4.3.5, the error expression for G(x) � 1, was found to be

Equad(Æw) � C
1

wk+2
max

�2(�1;1)
j'(k+1)(�)jhk+2: (4.130)

where k is the number of continuous derivatives of the approximative delta func-
tion, de�ned using '(�) as in (4.18). We have that

j('(m;k))(k+1)(�)j � C;

for some constant C, independent on h and w.
This error expression was derived assuming that w=h is in the range such

that the second part of the estimate (4.116) holds. The numerical error for a
general G(x) is expected to have the same asymptotic behavior, that is

Equad;G(Æ
m;k

w
) � hk+2

wk+2
: (4.131)

The analytical error for a delta approximation Æm;k
w

(d(x)) with m vanishing
moments is bounded by

��Ew;G(Æ
m;k

w )
�� � Cw� ; � = 2 (bm

2
c+ 1): (4.132)

The total error is the sum of these two errors. The cosine delta approxima-
tion, de�ned by (4.18), together with (4.73), has one vanishing moment, and
one continuous derivative, i.e. m = 1 and k = 1. It will have no analytic er-
ror when integrated by itself, but will in general have a second order analytical
error. The error for this approximation is very similar to the error of the poly-
nomial approximation with m = 1 and k = 1, as is shown in Figure 4.10, where
G(x; y) = (x�xc)2+(y� yc)2. For small values of w, the numerical error domi-
nates, but it decreases as w gets larger. The analytical error, which is negligible
for small w increases as w gets larger, and will soon become the dominating
source of error. This error is proportional to the width w of the transition zone,
and does not depend on the grid size, which can clearly be seen in the �gure.

If we choose a delta approximation with at least three vanishing moments,
m � 3, then the integration of Æm;k

w
(d(x))G(x), with G(x; y) = (x � xc)

2 +
(y � yc)

2 will yield no analytic error. In this case, the total error will be the
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Figure 4.10. Etot;G(Æw) with G(x; y) = (x � xc)2 + (y � yc)2 plotted versus
w for two di�erent approximations. In both �gures, the error is plotted for
h? = 0:0025 and h? = 0:00125. Maximum of error taken over N = 36 di�erent
positions (xc; yc).
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numerical error. In Figure 4.11, the error is plotted for the approximations
Æ3;k
w

(t), k = 0; 1; 2. The distance function d(x) is again as in (4.13), and the
error is taken as the maximum over N shifts of (xc; yc).

The slopes marked in the plots are the predicted rates of decay, as a function
of h? in Figure 4.11a), and as a function of 1=w in Figure 4.11b). The errors
decay as a function of h at least by the predicted rates. Due to cancellation of
errors, the slopes are not completely straight. In the right plot, the e�ect of error
cancellation is even more apparent, even though the error has been taken over
a maximum of 36 shifts in the mesh. Since the mesh is regularly divided, and
all triangles are of the same size, some values of w will yield more cancellation
of errors than others. The lines do however approximately follow the slopes
indicating the predicted decay rates.

As can be seen, the behavior of the numerical results found for the integration
of Æw(d(x)) and Æw(d(x))G(x) is very similar to the behavior of errors in the
integration of approximations Hw(d(x)) and functions Hw(d(x))G(x), which
were thoroughly discussed in the previous section.

4.5 Summary of the Quadrature Analysis

In this chapter, we have studied the integration of discontinuous and singular
functions. The study of the integration of discontinuous functions was moti-
vated by the integrals arising in the variational formulation of the Navier-Stokes
equations (3.11), including the discontinuous density and viscosity �elds. The
functions are discontinuous over a curve  in 
 2 IR2. The numerical inves-
tigation has been applied to the integration of discontinuous functions over a
triangulated two-dimensional domain. The analysis could be extended to three
dimensions, in which case one would expect similar results, although exact error
expressions would be di�erent.

Two main approaches have been studied for the integration of discontinuous
functions. In the �rst approach, a special method is used for the quadrature
over triangles intersected by , as was discussed in section 4.2. In the second
approach, the discontinuity is smoothed out over a transition zone of a �xed
width by introducing an approximation to the Heaviside function.

The �rst approach for the discontinuous functions, where the quadrature rule
is modi�ed, yields an O(h2) error when  is approximated by a straight line in
each triangle. Higher order accuracy could be obtained if instead  would be
approximated by a second degree curve etc. This would however increase the
complexity of the algorithm.

The total error for the second approach for the discontinuous function is
the sum of the analytical error made when replacing H(d(x)) in the integral of
H(d(x))G(x) by a smooth approximation Hw(d(x)) (4.17), and the numerical
error made when integrating Hw(d(x))G(x).

The approximationHw(d(x)) is in the transition zone�w � d(x) � w de�ned
by a transition function �(d=w) varying smoothly from �(�1) = 0 to �(1) = 1.
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We have shown that for a general smooth G(x) the analytical error in the inte-
gration of G(x)H(d(x)) when H(d(x)) is replaced by Hw(d(x)) is proportional
to w ~m, where the exponent ~m is determined from the number of vanishing mo-
ments of the error function E(t) = H(t)�Hw(t) (Theorem 4.6). The quadrature
error for Hw(d(x))G(x) will contrary to the analytical error decrease with in-
creasing w. The important property for Hw(t) concerning the numerical errors
produced is the number of continuous derivatives, as was shown in section 4.4.1.
The uniqueness of the lowest degree transition polynomial, constructed to yield
a corresponding approximation to the Heaviside function with m vanishing mo-
ments for the corresponding error function as well as k continuous derivatives,
was shown in Theorem 4.2. The construction of this polynomial is straight for-
ward.

Comparing the two approaches used for discontinuous functions, we consider
the second approach, where H(t) is replaced by an approximation Hw(t), to
be more convenient to use. It can also more easily be adopted to di�erent
requirements on the accuracy, by using approximations to the Heaviside function
with more vanishing moments of the corresponding error function, reducing the
analytical error, and more continuous derivatives, increasing the numerical order
of accuracy.

It is not possible to give a choice of the width of the transition zone w yielding
the minimum of the total error in every case. To start with, this depends on
the Heaviside approximation used, and also on the function G(x) multiplying
this approximation. In each such case, the optimal w will also depend on the
resolution of the calculations, i.e. the size of the quadrature triangles.

An analytical error proportional to w ~m is achieved for a Heaviside approx-
imation for which the corresponding error function has m = ~m � 2 vanishing
moments, m even. The numerical error is proportional to hk+2=wk+1, where k is
the number of continuous derivatives of the Heaviside approximation. If a good
choice of w has been found for a certain problem, and one wishes to change the
resolution h, then w should scale with h as w � h(k+2)=(m+k+3), in order to keep
the balance between the analytical and numerical error.

A practical recommendation is to use a Heaviside approximation with an
analytical error w ~m with ~m � 4, so that the analytical errors do not to grow too
fast, and to choose an approximation with at least one continuous derivative. In
most cases, h � w � 2h is a reasonable choice of w.

The study of integration of singular functions is motivated by the presence
of localized surface tension forces, and thereby the need to evaluate the integral
(3.17) in the variational formulation of the Navier-Stokes equations. The natural
way to evaluate the integral including the singular forces, is to evaluate the line
integral along . The order of accuracy of these calculations depends simply on
the order of the 1D quadrature rule used for each segment of the curve. If one
prefers to evaluate these integrals over 
 instead of evaluating the line integral,
explicit discretization of the delta function is needed. The analysis of the error
made in this case is very similar to the error analysis for discontinuous functions
for the second approach described above, where the function is replaced by a more



4.5. Summary of the Quadrature Analysis 69

regular approximation. This study is also of value for the numerical methods
that are based on the strong formulation of the di�erential equations (3.2), (3.3).

The results for the approximation Æw(d(x)) are similar to the results obtained
for the approximation Hw(d(x)). Also here, the analytical error is proportional
to some w ~m, where the exponent ~m in this case is determined from the number
of vanishing moments of the approximation Æw(t). The order of the quadrature
error is determined by the number of continuous derivatives of the approxima-
tion Æw(t). The uniqueness of the lowest degree delta polynomial, constructed
to yield a corresponding approximation to the delta function with m vanish-
ing moments as well as k continuous derivatives, was shown in Theorem 4.10.
The construction of this polynomial is straight forward. The relation to the
polynomial Heaviside approximation Hm;k

w
(t) with m vanishing moments of the

corresponding error function and k continuous derivatives, was shown to be that
the derivative d

dt
Hm;k
w (t) de�nes the polynomial delta function approximation

with one more (m + 1) vanishing moments, and one less (k � 1) continuous
derivatives.

This analysis has been made assuming that the functions multiplying the
Heaviside and Dirac delta functions are smooth.
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Chapter 5

Discretization

5.1 Discretization of the Navier-Stokes Equations

The discretization of the Navier-Stokes equations is presented in the following
way. The time discretization, including iterations for the nonlinearity is pre-
sented �rst. This discretization results in a Stokes-like problem. The iterated
penalty method used to enforce the incompressibility constraint when solving this
problem is briey discussed in section 5.1.2. The choice of piecewise quadratic
polynomials for the spatial discretization, together with the choice of quadrature
rule for evaluation of the integrals, are presented in section 5.1.3. We conclude
with a brief discussion about how to solve the resulting linear system of equations
by a preconditioned conjugate gradient method.

5.1.1 Time Discretization

The scheme used to advance the Navier-Stokes equations in time includes a
combination of implicit and explicit terms and an iteration over the nonlinearity.
The discretization of the time derivative is given by:

@u

@t

����
tn+1

=
3un+1 � 4un + un�1

2�t
+O((�t)2); (5.1)

where the indices indicate the time levels. The source terms of equation (3.11)
are discretized explicitly. We introduce the notation

Fn(v) = 2fn(v) � fn�1(v) + 2m(�n;g;v)�m(�n�1;g;v): (5.2)

Furthermore, denote

Gn(�;v) =
2

�t
m(�;un;v) � 1

2�t
m(�;un�1;v); (5.3)
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and

d(�; �;u;v) =
3

2�t
m(�;u;v) + ~a(�;u;v): (5.4)

Using this notation, the full scheme for the discretization of the variational for-
mulation (3.11) reads

d(�n+1; �n+1;un+1;v)�Gn(�n+1;v) +

b(v; pn+1) + c(�n+1;un+1;un+1;v) = Fn(v) (5.5)

To resolve the nonlinearities, we introduce a �xed point iteration, where we
initialize un+10 = un, �n+10 = �n and �n+10 = �n and consecutive iterates un+1

k
,

k = 1; 2; : : : are computed from

d(�n+1
k

; �n+1
k

;un+1
k+1 ;v) + b(v; pn+1) =

� c(�n+1
k

;un+1
k

;un+1
k

;v) +Gn(�n+1
k

;v) + Fn(v):
(5.6)

After each iteration, the density and viscosity �elds are updated by computing
a new temporary bubble position. When the di�erence between two consecutive
velocity �elds is small enough, the iteration is terminated, i.e. the stopping
criterion used for this iteration process is

kuk+1 � ukk1
kuk+1k1 < �; (5.7)

where � is a tolerance limit.

5.1.2 Incompressibility

The time discretization discussed in the previous section results in a Stokes
problem (5.6) to solve inside each �xed point iteration. Move all terms that can
be computed to the right hand side, and denote the sum of all these terms by
F (v). Dropping the indices, this problem can be stated as: Given �(x) and �(x),
�nd u(x) 2 V� and p(x) 2 � such that

d(�; �;u;v) + b(v; p) = F (v) 8v 2 V; (5.8)

b(u; q) = 0 8q 2 �; (5.9)

where d(�; �;u;v) is as de�ned in (5.4).
The divergence-free constraint (5.9) is enforced using an iterated penalty

method (described by Brenner and Scott in [8]). With this method, the problem
is reformulated as an iterative procedure, where the divergence of the velocity
�eld is removed as the pressure is obtained through iterative updates.

Choose a w0 2 V, and iterate

d(�; �;ul;v) + r(div ul; divv)� = F (v) + (div v; divwl)� 8v 2 V;
wl+1 = wl � r ul; (5.10)
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until

k div(ul)k� � �kulkV: (5.11)

The penalty parameter r is a large number to be chosen. The pressure is de�ned
by pl = divwl.

Let Wh denote the space of piecewise polynomials of degree two on a trian-
gular mesh, and let Vh denote the subspace of Wh with the additional constraint
that any member of Vh vanishes at the boundary. Denote by Vh = Vh � Vh and
let �h = divVh. The space �h does not need to be constructed, since there
are no functions belonging to this space retained in the variational formulation
(5.10), and the pressure can be computed from w 2 Vh where w is obtained
from the penalty iterations. For homogeneous boundary conditions, it holds
that p = divw with w 2 Vh, whereas for inhomogeneous boundary conditions, a
�-projection of divw has, in general, to be made onto �h in order to obtain the
pressure. This can however be done by introducing a z 2 Vh such that p = div z,
and it is not necessary even in this case to construct a basis for �h.

Since the pressure is not solved for explicitly, the system of equations will be
smaller compared to methods requiring direct solution of the pressure, with the
number of unknowns determined solely by the dimension of the approximation
space for the velocity. The two velocity components are however coupled, both
in the divergence operator and in d(�; �; :; :) in (5.10). The coupling in d(�; �; :; :)
(5.4) is due to the second part of ~a(�; �; �), de�ned in (3.13).

Using a large enough penalty parameter, this method usually converges within
the �rst few iterations even with a very restrictive tolerance �. With the equa-
tions normalized so that �B = 1, the range of values for the penalty parameter r
has been 104� 106, and the tolerance � has been kept in the range 10�4� 10�6.

5.1.3 Spatial Discretization

As was indicated in the previous section, piecewise quadratic polynomials have
been used for the discretization. Assume there is a triangulation of 
, in which
the elements are indexed by e, and denote the corresponding triangle by Te. The
elements used here are quadratic Lagrange triangles. The number of local nodes
is 6, and the set of the local nodes is denoted by L. The Lagrange interpolant
of any continuous function f(x) in Vh can be written as

fL(x) =
X
e

X
�2L

f(x{(e;�))'
e

�: (5.12)

The index {(e; �) relates the local (or element) node number � on a particular
element, indexed by e, to its global node number p = {(e; �). On triangle Te,
f'e

�
: � 2 Lg denotes the set of basis functions. Each basis function 'e

�
takes

the value of 1 at the local node � and 0 at all other nodes.
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To illustrate the evaluation of integrals, using this notation, we expand

Z



� tr(ruT : rv) dx =
X
e

2X
i=1

Z
Te

� rui � rvi dx =

2X
i=1

2X
j=1

X
e

X
�;�2L

u
{(e;�)

i
v
{(e;�)

i

Z
Te

�(x)
@'e

�
(x)

@xj

@'e
�
(x)

@xj
dx: (5.13)

For continued evaluation each element is mapped onto a \reference" element � ,
thereby relating all \element" basis functions 'e

�
to a �xed set of basis functions

on the reference element � . This is done via an aÆne mapping � ! x = Je�+xe
of � to Te, so that

'e
�
(x) = '�((J

e)�1(x� xe)) = '�(�): (5.14)

The Jacobian for the inverse mapping (x! � = (Je)�1(x� xe)) is given by

(Je)�1
mj

=
@�m

@xj
: (5.15)

The integral in (5.13) is evaluated as

Z
Te

�(x)
@'e

�
(x)

@xj

@'e
�
(x)

@xj
dx =

2X
m;m0=1

@�m

@xj

@�m0

@xj

Z
�

�(Je� + xe)
@'�(�)

@�m

@'�(�)

@�m0

j det Jej d�: (5.16)

The integrals over the reference element are then evaluated by using a 13-
point quadrature formula (cf. Strang and Fix [40], section 4.3). The points and
weights for this formula are displayed in Appendix A. Denoting the quadrature
points by f�qgq2Q and the corresponding weights by f!qgq2Q, the integral of
any function f(�) can be evaluated asZ

�

f(�) d� =
X
q2Q

!qf(�q): (5.17)

The evaluation of integrals containing the discontinuous density and viscosity
is made following the theory formulated in chapter 4. As in (4.7), the signed
distance function d(x) is de�ned as the closest distance from x to any interface
j , with a positive sign if x is in uid A and a negative sign if it is in uid B.
Introduce the modi�ed Heaviside function

Hw(t) =

8<
:

1 t > w;

�(t=w) jtj � w;

0 t < �w;
(5.18)
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where �(�) is a smooth transition function such that �(�1) = 0 and �(1) = 1.
The approximate characteristic function is de�ned as

Iw(x) = Hw(d(x)); (5.19)

similarly to the de�nition of the characteristic function I(x) = H(d(x)).
To complete this de�nition, the transition function �(�) in the de�nition of

Hw(t) must be chosen. The important property for Hw(t) is its integral prop-
erties. The numerical evaluation of integrals with I(x) = H(d(x)) replaced by
Iw(x) = Hw(d(x)) should yield a result that di�ers as little as possible compared
to the exact evaluation of the integral containing H(d(x)). This error can be
split into two parts, the analytical error made by replacing H(d(x)) by Hw(d(x))
and the numerical error made when evaluating the integral containing Hw(d(x)).
Both these parts of the error were analyzed in chapter 4.

The density and viscosity is de�ned through (3.19), with I(x) replaced by
Iw(x). To be able to use this de�nition, the signed distance function d(x) needs
to be de�ned in a region of width w on both sides of the zero contour. That is,
the closest distance to the zero contour for each point in this region is needed,
together with a sign de�ning which uid the point is in. De�ne the modi�ed
signed distance function

dw(x) =

�
d(x) for jd(x)j � w,
sign(d(x))w for jd(x)j > w.

(5.20)

Then it holds that Hw(d(x)) = Hw(dw(x)). The de�nition and calculation of
dw(x) are made di�erently in the three methods.

The integral over the surface tension forces (3.17) is evaluated by calculating
the line integral along each i, i.e. each interface separating the two uids. The
algorithms for this evaluation are di�erent in the three methods, which will be
described in sections 5.2-5.4.

5.1.4 Solution of the Linear Algebraic System

In order to enforce equation (5.10) to hold for all v 2 Vh, it needs to be enforced
for all basis functions in Vh. Practically, the equations are assembled for all
	pêi, i = 1; 2 (x and y direction), p = 1; ::; N , where N is the number of nodes
in the mesh, and

	p =
X
e

X
�

'e
�
; with (e; �) such that {(e; �) = p. (5.21)

The element basis functions 'e
�
were introduced in section 5.1.3. The equations

do not include the unknown pressure, but the two velocity components are cou-
pled, as was discussed in section 5.1.2. We therefore solve for the two velocity
components in each node, and the resulting algebraic system has 2N unknowns.

The matrix for this system depend on �(x) and �(x), and will therefore not be
constant, since �(x) and �(x) depend on the con�guration of the uids A and B,
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which is changing with time. The system is symmetric, and can be solved using
a conjugate gradient method. For the system to converge in a reasonable number
of iterations, a good preconditioner is however needed. One straight-forward way
to de�ne a preconditioner is to assemble the system matrix assuming constant
density and viscosity (�B ; �B), factor it once, and use it as a preconditioner for
the cost of a back solve in each conjugate gradient iteration. This works well when
the jumps in density and viscosity are relatively small. Another approach is to
assemble a matrix with �(x; t�) and �(x; t�) at one instant in time, factor it, and
keep it as a preconditioner until the number of iterations needed for convergence
exceeds a certain limit. Fortunately, since the structure of the matrix does not
change, symbolic information from the �rst factorization can be used to speed
up the refactorization after update of the matrix. This approach is favorable
compared to the constant preconditioner approach when the jumps in density
and viscosity are large.

5.2 The Discrete Segment Projection Method

5.2.1 Discretization of Segments

We de�ne a uniform x-discretization from the minimum x-value of the compu-
tational domain (xmin), to the maximum x-value of the domain (xmax). The
number of intervals is Nx, and the distance between two discrete points is �x.
The same is done in the y-direction, with Ny intervals, and a grid size of �y.
For the x-discretization, we have

xk = xmin + k�x; k = 0; : : : ; Nx; (5.22)

and for the y-discretization

yk = ymin + k�y; k = 0; : : : ; Ny: (5.23)

In the continuous description in 2.1, an x-segment is de�ned from ~x0 to ~x1. In
the discrete case, corresponding integer variables k0 and k1 are de�ned so that
xk0�1 < ~x0 � xk0 and xk1 � ~x1 < xk1+1. The discretized x-segment is de�ned
from xk0 to xk1 . Similarly, we de�ne k0 and k1 also for each y-segment.

For each x-segment, the points on the curve are then given by

(xk ; fi(xk)) = (xk ; fk); k = k0; : : : ; k1; (5.24)

and for each y-segment

(gj(yk); yk) = (gk; yk); k = k0; : : : ; k1: (5.25)

The discrete points are in general di�erent for an x-segment and a y-segment
describing the same part of the curve. The variables k0 and k1 are in general
di�erent for each segment.
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Figure 5.1. A sketch of the segments describing a circle. The segments are
discretized using an Eulerian, uniform discretization. The domain of de�nition of
each segment is the domain of de�nition for the independent variable. Compare
with Figure 2.1.

The representation with segments in the continuous case was exempli�ed
with a circle in section 2.1. In Figure 5.1, the discretizations of the segments
representing the circle are indicated.

In addition to the discretization of the individual segments, the connectivity
of the segments needs to be de�ned, as has already been described for the con-
tinuous case (section 2.1). In the discrete case, the points xe

m
in (2.7), will be

points of the discretization, and not arbitrary x coordinates.
In the case when two extremum points xe

m
and xe

m+1 are so close relative to
the slope, that a segment discretized in the opposite variable (y) would be less
than two points long, then no segment in the y-direction will be discretized for
this part, and the corresponding opposite segment is set to be what we call an
empty segment. The use of empty segments is discussed further in section 5.2.2.

5.2.2 Advection and Reinitialization

The advection equation for segments y = f(x; t) and x = g(y; t) were given in
equations (2.8)-(2.9). These equations are on the form

@w

@t
+ a

@w

@x
= b: (5.26)

Assume that the velocity components, here denoted by a(x; y; t) and b(x; y; t), are
given for times tn and tn+1. Each segment needs to be advected from its position
at tn to the new position at tn+1. Denote an

j
= a(xj ; w

n

j
; tn) for an x-segment,

and an
j
= a(wn

j
; yj ; t

n) for a y-segment. The de�nition for bn
j
is analogous.

We use the following Lax-Wendro� scheme to discretize the equations. First
compute

~wn+1
j

= wn

j +�t
�
bnj � anjD0w

n

j

�
: (5.27)
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Proceed by computing ~an+1
j

where ~an+1
j

= a(xj ; ~w
n+1
j

; tn+1) for an x-segment

and ~an+1
j

= a( ~wn+1
j

; yj ; t
n+1) for a y-segment and in a similar manner, compute

also ~bn+1
j

. We then de�ne

wn+1
j

= ~wn+1
j

+
�t2

2

�
anj ( (D0aj)(D0w

n

j ) + anjD+D�w
n

j )�D0b
n

j

�
(5.28)

+
�t2

2

 
~bn+1
j

� bn
j

�t
� ~an+1

j
� an

j

�t
D0w

n

j

!
:

Here, D0, D+ and D� are the usual discrete divided di�erence operators. This
scheme is second order in both space and time.

The surface tension forces have a regularizing e�ect on the interfaces. As the
interface deforms, the ow will respond to the modi�ed surface tension forces.
The ow does however not act on scales smaller than the resolution of the �nite
element mesh. If the segment discretization is chosen much �ner than the reso-
lution of the �nite element mesh, then this e�ect is in general not suÆcient to
keep the interfaces smooth. In that case, the di�usion term

�D+D�w
n

j ; (5.29)

where � = 0:25�t�d2 kuk2, is added to the right hand side in (5.28). The grid
size �d = �x for an x-segment and �d = �y for a y-segment, and u is the
velocity �eld.

The segment structure needs to be updated after each advection step, as was
described in section 2.1 for the continuous case. If new extrema have appeared
and/or if extrema have disappeared in an x-segment, the structure of the y-
segments needs to be modi�ed, and vice versa. A segment might need to be split
into two parts, or two segments might need to be merged into one. The di�erence
compared to the continuous case is that no short segments are added or removed
in this process. Instead of keeping very short segments, an empty segment is
referenced instead. An empty segment is a segment that can be referenced as a
corresponding segment, but that contains no information.

Therefore, we need to monitor the use of empty segments. Using the notation
introduced around equation (2.7), for each interval�

xem; x
e

m+1

�
; m = 1; : : : ;M � 1; (5.30)

we need to check if there should be a segment discretized in the y-direction, or
if there should only be a reference to an empty segment. Denote the value at
xem by fem. If jfem � fem+1j < 2�y, there should not be an opposite segment
(i.e. y-segment) in this interval. If such a segment exists, it should be removed,
and an empty segment should be referenced instead. On the other hand, if
jfem � fem+1j > 2�y, there should be an opposite segment corresponding to this
interval. If there is no such segment, then it should at this point be created by
interpolation from this segment, and added to the structure. For each interval
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(xe
m
; xe

m+1), we make a reference to the corresponding y-segment, or to an empty
segment. The same procedure is made for each y-segment, where jge

m
� ge

m+1j is
compared to 2�x.

As was described in the end of section 2.1, the domain of de�nition of a
segment might need to be extended or reduced after the advection. The extension
of this domain is de�ned by the position of extrema in segments in the opposite
direction. If it is extended, so that new values of the discretization need to be
de�ned, these values are interpolated linearly from the corresponding segment
discretized in the opposite direction. In this process, we update k0 and k1 for
all segments. In the case of the open curve, i.e. a curve that is attached to a
boundary at both ends, the same thing holds for all segments, except for the
segments that end at the boundary. Those segments should always be de�ned
all the way out to the boundary.

For each part of the structure, there is at least one segment de�ned. A
segment will yield the most accurate description of a part of the interface if the
slope of the segment is small. For two overlapping segments, both segments
de�ne the same part of the interface, and we can not allow for any discrepancies
to develop in the representation. Therefore, we need to interpolate between the
overlapping parts of segments discretized in x and y.

For a given point xk, the x-segment has the value fk = f(xk). Denote by
~fk, the value at xk , interpolated from the segment discretized in the y-direction.
Cubic interpolation is used. Compute the slope of the segment function at xk
by sk = 0:5 jD0fk +D0

~fkj. The new value at xk is set to

fnewk = fk + �(sk) ( ~fk � fk); (5.31)

where the weighting function �(s) is a function of the slope s, and is given by:

�(s) =

8<
:

0 for s < 1=�,
�

�2�1
(s� 1=�) for 1=� � s � �,

1 for s > �.

(5.32)

Note, that a slope of � in the segment discretized in the x-direction, corresponds
to a slope of 1=� in the segment discretized in the y-direction. We have used
� = 2:0, in which case no inuence is taken from the opposite segment if the
slope of the discretization is less than 0:5, and where the value is set to be the
value interpolated from the opposite segment if the slope is larger than 2:0. In
between, the new value is a weighted sum of the original value and the value
interpolated from the opposite segment. The same weighting of original values
and interpolated values is done for both the part of the x-segment and the part
of the y-segment that de�ne the overlap.

The advection and reinitialization process for a structure of segments, repre-
senting a curve , can be summarized as follows:

(i) Given a velocity �eld u = (u; v), advect all x- and y-segments.

(ii) Update the segment structure. For each segment do the following.
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{ Check if any new extrema have appeared, or if any extrema have
disappeared. Split or merge corresponding segments in the opposite
direction if necessary.

{ Review the use of empty segments. Add and/or remove short seg-
ments, as described in connection to (5.30). Set references to corre-
sponding segments in the opposite direction, and/or to empty seg-
ments.

{ Use the position of the extrema to update the start index k0 and/or
the stop index k1 of opposite segments, (5.24)-(5.25).

(iii) For each segment, whose domain of de�nition (xk0 to xk1 , or yk0 to yk1)
has been increased, new values need to be de�ned. These are interpolated
from the corresponding segment in the opposite direction.

(iv) Interpolate between overlapping parts of x and y segments. The new values
are assigned using a weight function based on the slopes of the segments
(5.32).

5.2.3 Evaluating the Interfacial Force Term

To evaluate the interfacial force term (3.17), we need to have a representation of
the interface, and the product of the curvature and normal vector �n̂ at points
around the interface.

Since we have overlapping segments, we need to de�ne which part(s) of each
segment that should be used to de�ne the interface, and in which order they
should be used. In general, a segment holds a good representation of a part of
the interface if the slope of the segment is small at this part.

For this algorithm, we need to distinguish between the interfaces that are
closed, and the ones that begin and end at boundaries. For a segment structure
that represents a closed curve, we start in the middle of one segment, where we
have a small slope. We let the segment de�ne the interface, until the slope gets
too large. Then we shift to the segment in the opposite variable. We continue
like this, shifting between segments de�ned in x and y, respectively, until we are
back at the starting point. We have now de�ned in which order segments should
be visited, and which part of the segment that should be used at that visit.

In the case of an open structure, we need to start at a segment connected to
a boundary. We start at the boundary point, and the switches between di�erent
segments are done as before. We stop when we have reached the end of this
curve, at another boundary point.

The output of this procedure is a list, where each object contains a reference
to a segment and integers de�ning an interval, (p0; p1), for which the segment
should be used. The same segment can appear in the list more than once, with
di�erent intervals (p0; p1).

The curvature and normal vectors can be computed from the 1D-discretization
of the interfaces by divided di�erences. The formulas for calculation of the prod-
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uct � n̂ are given in (3.20)-(3.21). We approximate the derivatives in these
formulas by f 0(xk) � D0fk and f

00(dk) � D+D�fk and similarly, g0(yk) � D0gk
and g00(yk) � D+D�gk.

The contribution of the surface tension forces in the weak form of the equa-
tions was given in (3.17). The de�nition of the structure gives us a set of ordered
points that describes each interface, and we can also calculate the curvature and
normal vectors at these points. The line integral can therefore be calculated by
approximating the curve as a straight line between each two points (second order
approximation).

However, the basis functions de�ned on the mesh are included in the integral.
Since the basis functions have a discontinuous �rst derivate across element edges,
the integration will only be �rst order accurate if we integrate across these edges.
Therefore, we de�ne the intersection points between the interface and the ele-
ment edges. At these points, we interpolate the value of the normal vector and
curvature linearly from the two closest points. This gives us an overall accuracy
of second order for the evaluation of the line integral over the surface tension
forces.

5.2.4 Density and Viscosity Fields

In the end of section 5.1.3, we introduced the modi�ed characteristic function
Iw(x) = Hw(d(x)) = Hw(dw(x)). In order to de�ne this function, we need to
compute the modi�ed distance function dw(x) (5.20), and to choose the transi-
tion function �(�) in the de�nition of Hw(t) (5.18).

The transition function used in the calculations is the �fth order polynomial

�(�) =
1

2
+

1

32
(45 � � 50 �3 + 21�5): (5.33)

This polynomial has two vanishing moments (m = 2) and one continuous deriva-
tive (k = 1), referring to the notation in chapter 4. The integration of a function
f(x)Iw(x) yields a total error as the sum of the analytical error proportional to
w4 and the quadrature error proportional to h3=w2, where h is the size of the
quadrature triangles, i.e. the elements in the �nite element mesh, and w is half
the width of the transition zone.

Introduce the modi�ed unsigned distance function ~dw(x),

~dw(x) =

� jd(x)j for jd(x)j � w,
w for jd(x)j > w,

(5.34)

where d(x) is the signed distance function, such that ~dw(x) gives the closest
distance to any interface if the distance is not larger than w. De�ne also the
characteristic function I(x). The modi�ed signed distance function dw(x) (5.20),
can be computed by

dw(x) = (2I(x)� 1) ~dw(x); (5.35)
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where I(x) is the characteristic function. The algorithm for de�ning I(x) was
described in section 3.2.1.

In the computation of dw(x), we �rst compute ~d ~w(x), where ~w > w. The
reason for choosing ~w > w will become clear in the description of the algorithm.
The calculation of closest distance is made with an algorithm that is second
order accurate.

To calculate the closest distance, we make use of the list de�ned in section
5.2.3. In this list, each object contains a reference to a segment and integers
de�ning an interval (p0; p1) for which the segment should be included. We loop
over all such segment parts. To have an overlap between segment parts, we de�ne

M =

�
1:2 ~w

�d

�
+ 1; (5.36)

where �d = �x for x-segments, and �d = �y for y-segments. We set

s0 = max(k0; p0 �M); (5.37)

s1 = min(k1; p1 +M); (5.38)

where k0 and k1 are the integers de�ning the extension of the discretization of the
segment (5.24)-(5.25). Without this overlap, we cannot guarantee an accurate
de�nition for points in the area where we switch segment.

Given a point (x�; y�), the �rst step is to de�ne the closest distance to any
discrete point on the part from s0 to s1 of each segment. We then choose the
segment that yields the closest discrete distance.

If this distance is large enough, so that the true distance is at least larger
than ~w, then we set ~d ~w(x) = ~w. Otherwise, we need to do a more accurate
calculation. Assume that the selected segment is an x-segment. Denote the
closest interval of the selected segment by xk; xk+1. The distance of (x�; y�)
to this segment is approximated by the distance to the straight line through
(xk ; fk) and (xk+1; fk+1). The procedure is analogous if the selected segment
is a y-segment. This is a second order approximation. Another candidate for
computing this distance function is the fast marching method, see e.g. [38].

De�nition of Signed Distance Function

Once we have the characteristic function I(x), and the unsigned modi�ed dis-
tance function ~dw(x), we can de�ne the modi�ed signed distance function dw(x)
from (5.35).

In practice, we de�ne I(x) and ~d ~w(x) on a regular grid, where the discrete
points are based on the 1D discretizations in x and y for the segments. The
values of dw(x) will however be needed in the quadrature points of the elements
in the �nite element mesh, when the evaluation of integrals containing density
and viscosity is made. The values of dw(x) in these points are obtained by linear
interpolation from d ~w(x) = (2I(x) � 1) ~d ~w(x) as de�ned on the regular grid.
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Therefore, we need ~w > w, so that the interpolation is accurate also for values
of dw(x) close to �w. We use ~w = w + 1:1

p
�x2 +�y2.

If there are more than one interface, and we have distance functions diw(x),
i = 1; : : : ;m, de�ned for the distance to these interfaces, then the resulting
distance function is given by

dw(x) = max
i

di
w
(x): (5.39)

Here, we have used that di
w
(x) > 0 inside closed structures (containing uid A).

5.3 The Discrete Level-Set Method

The level-set function �(x) is discretized on a triangulation of the computational
domain, using piecewise quadratic polynomials.

5.3.1 Advection and Reinitialization

Two di�erent equations need to be considered for the update of the level-set
function �(x). First, the equation for advecting the level-set function �(x) which
is given by (2.11), and second, equation (2.15) which reinitializes �(x) to reinforce
the distance function property. These level-set equations are discretized using
piecewise quadratic polynomials, as described in section 5.1.3.

The two partial di�erential equations are both of the form

@c

@t
+ u � rc = f: (5.40)

This equation has the ordinary weak formulation to �nd c(x; t) 2 H1(
) such
that �

@c

@t
; v

�
+ (u � rc; v) = (f; v) 8v 2 H1(
); (5.41)

where

(f1; f2) =

Z



f1 f2 dx: (5.42)

The advection and reinitialization are given by hyperbolic equations. The pure
Galerkin formulation of these equations (5.41) does not yield stable numeri-
cal methods, and in order to stabilize the formulation, the streamline di�usion
method has been used, see e.g. [23]. The streamline di�usion method for (5.40)
is as follows: Find c(x; t) in some space de�ned on 
 � In, In = [tn�1; tn] such
that Z

In

(L(c); v + �L(v)) dt+
�
[cn�1]; v

+
n�1

�
=

Z
In

(f; v + �L(v)) dt; (5.43)
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where L(c) = @c

@t
+ u � rc, and � is a parameter to be chosen. Here, the basis

functions and test functions are discontinuous in time, and v+
n�1 indicates that

the value of vn�1 from the time interval (n� 1; n) should be evaluated. Approx-
imating these functions as being piecewise constant in time, this yields: Given
cn�1(x) 2Wh, �nd c

n(x) 2 Wh such that

�
cn � cn�1

�t
; v

�
+ (u � rcn; v + � u � rv) = (f; v + � u � rv) 8v 2Wh;

(5.44)

where Wh is the space of piecewise polynomials of degree two, de�ned on a
triangulation of 
. This method is �rst order accurate in time. The parameter
� is chosen as

� =
1

2
p
(�t)�2 + juj2h�2 =

1

2
p
(�t)�2 + jJ�1uj2 ; (5.45)

where J�1 is the inverse Jacobian for the mapping from the reference element,
de�ned in (5.14).

This is an implicit scheme. Since the stability requirements does not pose very
restrictive limitations on the time step, we have chosen to do this explicitly. After
each advection step, we perform M reinitialization \time"-steps, in arti�cial
time � . In algorithmic form, this reads: Given a velocity �eld u 2 Vh and
�n�1(x) = �(x; tn�1) 2 Wh, �nd ~�n(x) 2Wh such that

(
~�n � �n�1

�t
; v) + (u � r�n�1; v + � u � rv) = 0 8v 2Wh: (5.46)

Set  0(x) = ~�n(x), and for m = 1; : : : ;M , solve

(
 m �  m�1

��
; v) + (�r m;rv) =

� (wm�1 � r m�1; v + � wm�1 � rv) + (S�( ); v + � wm�1 � rv)
8v 2Wh: (5.47)

Set �n =  M .

The quantity w = S�( 0)r =jr j (2.16). For numerical purposes, the sign
function S( ) has been replaced by a smooth approximation S�( ) given by

S�( ) =
 p

 2 + �2
: (5.48)

The parameter � is on the order of the grid size. Because of this smoothing,
w(x) will not be a unit vector for x inside the smoothed zone of the sign function,
where its magnitude will be given by jS( 0)j < 1.
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Natural boundary conditions are imposed on the boundaries for the advec-
tion. This would normally cause disturbances at the boundaries if only the ad-
vection equation was solved, but the reinitialization procedure propagates such
disturbances out of the domain, as long as w points outwards at the boundaries.
There are cases where this is not true. One simple example is when �(x) is the
distance function to a at horizontal surface, in which case w is parallel to the
vertical boundary. In cases like this, a small modi�cation to w is added close
to the boundary, to ensure that information is propagated out of the domain. If
this is ensured, disturbances at the boundaries are not a problem for this cou-
pled advection-reinitialization procedure. At inow boundaries, the amount of
reinitialization needed in each time step to keep the level-set function free from
disturbances, depends on the inow velocity and the size of the advection time
step.

In the reinitialization equation (5.47), extra numerical di�usion has been
added (� > 0). This is needed to stabilize the calculations, since the streamline
di�usion modi�cation gives an insuÆcient di�usion e�ect close to the zero con-
tour, where S( 0) is small, and where w therefore is small in magnitude. As
described above, reinitialization is performed after every advection time step.
This reinitialization does however not need to be done until a steady state is
reached, since we only need for the level-set function to be a distance function
in a neighbourhood of each zero level-set. There are two main reasons to keep
down the number of reinitialization steps. First, it obviously increases the com-
putational cost. Second, with more reinitialization time steps, more di�usion
e�ects will accumulate, altering the level of �(x). Such a change a�ects the con-
servation of mass, i.e. the conservation of the area fractions of uid A and B,
de�ned by the positions of the zero level sets.

5.3.2 Evaluating the Interfacial Force Term.

The interfacial force term in (3.11),

f(v) = �

Z


�n̂ � v d;

is evaluated through a local process. An element will yield a non-zero contribu-
tion to this term only if some part of a zero level set of �(x) (i.e a part of ) is
intersecting the element.

For each element, the values of �(x) at the six nodes determines whether the
element is intersected by the zero contour or not. If it is intersected, then the
element is split into four sub-elements, and a piecewise linear approximation of
the zero level set (linear in each sub element) is de�ned locally on the present
element. The curvature �, normal vector n̂ and the basis functions are evaluated
at the end points of each linear part, and the trapezoidal rule is used on each
such piece to evaluate the integral. As two interfaces separating uids A and
B get very close, i.e when two zero level sets get closer than �e=2, �e being
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the element size, they might no longer be detected by this procedure. There
will always be a discrete e�ect for when this will happen, since it depends on
the positions of the interfaces relative to the discrete nodes. The merging of
interfaces should however happen at this time too, since the two zero contours
can no longer be resolved.

The curvature is given by (3.24), and it is needed in points around the zero
level set. There are diÆculties associated with these calculations, emerging from
the form of �(x). As an example, assume that �(x) is the distance function to
a circle with radius a with �(x) > 0 inside the circle. This corresponds to a
circular bubble or drop of uid A immersed in uid B. Then �(x) = a in the
center of the circle, and the gradient of �(x) is discontinuous at this point, and
the curvature is singular. The oscillations that this discontinuity cause in the
curvature spread over the elements adjacent to the discontinuity. As long as the
radius a is large enough compared to the element size, the curvature at the zero
contour of �(x) will not be a�ected by these oscillations.

There is another e�ect arising from this discontinuity in the derivative. As
�(x) is advected, it will create some high frequency dispersion errors of a small
magnitude. All oscillating components of the error will be magni�ed when deriva-
tives are calculated. To avoid this, the high frequencies in �(x) is �ltered out,
and (3.24) is applied to that �ltered function. We calculate

(~�; v) + (�r~�;rv) = (�; v) 8v 2Wh; (5.49)

and from here,

n̂ =
r~�

jr~�j ; � = �r � n̂: (5.50)

This procedure e�ectively �lters out high frequencies from �(x) to create ~�(x),
and the curvature calculated from ~�(x) is much smoother than the curvature
calculated directly from �(x). The function ~�(x) is only used as a step in the
curvature calculations, and not elsewhere.

The curvature calculations are discussed more in detail in section 6.3.1.

5.3.3 Density and Viscosity Fields

The density and viscosity �elds can be de�ned using their values in the di�erent
uids, together with the characteristic function I(x). In the end of section
5.1.3, the modi�ed characteristic function Iw(x) (5.20) was introduced. It was
de�ned as Iw(x) = Hw(d(x)) = Hw(dw(x)), where dw(x) gives the signed closest
distance to a zero contour if that distance is less than w, and �w outside of that
region.

As in the segment-projection method, we use the transition polynomial

�(�) =
1

2
+

1

32
(45 � � 50 �3 + 21�5); (5.51)
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and de�ne Hw(t) through (5.18).
In order to use Hw(�(x)) for Hw(dw(x)), where �(x) is our level-set function,

it is important that it closely approximates a distance function in transition
zones, i.e. up until a distance of w on both sides of each zero contour. Also for
this reason, the reinitialization procedure described in section 5.3.1 is important.

5.3.4 Advection and Reinitialization on a Re�ned Grid

The most time consuming part of the calculations is the solution of the Navier-
Stokes equations. The calculations for advection and reinitialization of the level-
set function �(x) only take a fraction of the total computer time for each time
step, and this fraction decreases as the number of unknowns grows.

Therefore, if higher resolution of �(x) is wanted, in order to resolve small
scales better in a merging process or to increase the quality of the curvature cal-
culations, only the resolution in the advection and reinitialization is increased.
This requires much less work than also increasing the resolution in the solu-
tion for the velocity �eld. Of course, this increase in the resolution of �(x)
is however much more expensive than a comparable increase in the resolution
of the one-dimensional interface representations in the segment projection and
front-tracking methods.

In addition to the mesh on which we solve the Navier-Stokes equations, we
de�ne a re�ned mesh, which is obtained by regular subdivision of the �rst mesh,
i.e. by splitting each element into four sub-elements. From these meshes, using
quadratic basis functions, we de�ne the spacesWh andWh=2. Initially, we de�ne
the velocity �eld u 2 Wh �Wh and the distance function �f (x) 2 Wh=2. The
procedure for advection and reinitialization can then be described as follows:

Given u 2 Wh �Wh, de�ne uf 2 Wh=2 �Wh=2 by uf (x
i) = u(xi), for all

nodes xi in the �ne mesh. In the cases where xi does not coincide with a node
on the coarse mesh, the basis functions for Wh are used for evaluation.

The level set function �n�1
f

(x) 2 Wh=2, is then advected with uf , and reini-
tialized, as given by (5.46)-(5.47), with Wh replaced by Wh=2. This de�nes
�n
f
(x) 2 Wh=2.
To de�ne �n(x) 2 Wh from �n

f
(x) 2 Wh=2, we perform a L2-projection.

Formally, this reads: Find �n(x) 2Wh such thatZ



�n(x) v dx =

Z



�nf (x) v dx 8v 2 Wh: (5.52)

The re�nement of the level-set function calculations a�ects the velocity cal-
culations by the increased accuracy of the force term f(v). The evaluation of
this term was discussed in the previous section. The gain of an increased resolu-
tion of �(x) is both that the zero level sets of �(x) are determined with higher
resolution and that the curvature is more accurately calculated. In addition,
less di�usion is needed to stabilize the reinitialization procedure (5.47) when the
calculations are done on the �ner mesh, and it is possible to obtain a better
conservation of mass.
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5.4 The Discrete Front-Tracking Method

5.4.1 Discretization and Advection

As was described in section 2.3, a set of discrete points fx(l)gNI

l=1 are introduced to
represent each interface separating uid A and B. To complete the description,
we need a parametric description connecting these points. Using an independent
parameter s, x(s) and y(s) are de�ned through a spline-�tting algorithm. This
gives an approximation to the interface in parameterized form s = (x(s); y(s)).

The spline is a piecewise polynomial curve, with third order polynomials
de�ned on each interval (x(l);x(l+1)). The polynomials are constructed in such a
way that the spline, as well as its �rst and second derivatives, are continuous at
all points on the curve. The coeÆcients for these local third-order polynomials
are obtained by solving a system of linear equations. For a closed curve, the
system matrix is essentially tridiagonal, but with additional non-zero entries in
the corner positions. Exploring the Sherman-Morrison-Woodbury formula (cf.
Golub and van Loan [17]), the solution of the linear system can be obtained by
an algorithm which includes solving a tridiagonal system with two di�erent right
hand sides. Thus, the system can be solved in O(NI ) operations.

To yield a good parameterization (x(s); y(s)) of the curve, the parameter
s must reect the distance along the curve. Therefore, we want s to be the
arclength of the curve. In an iterative process, we de�ne new spline approxima-
tions, with s de�ned using the arclength computed from the previous one. The
iteration is terminated when the di�erence between consecutive iterates is small
enough.

The discrete interface points are advected by the ow, as was given in (2.18).
To de�ne the velocities u(l) = u(x(l)) at the discrete interface points, the basis
functions de�ned on the �nite element mesh are used to evaluate the vector value
of the velocity �eld at each x(l). In general, x(l) is not the position of any vertex
in the triangulation of 
.

The time-stepping scheme chosen is based on the implicit Crank-Nicolson
scheme,

x(l);n+1 = x(l);n +
�t

2
(u(l);n + u(l);n+1); l = 0; : : : ; NI ; (5.53)

where the second index denotes the time levels, and u(l);n+1 = un+1(x(l);n+1).
In the term un+1(x(l);n+1), the interface point positions are unknown a priori,
so this implicit scheme cannot be used as it is written. Instead, an iterative
procedure is used. Introducing a subscript iteration index, the initial value is
de�ned as

x
(l);n+1
0 = x(l);n; (5.54)

and, for each l = 0; : : : ; NI , from k = 0 to convergence, the iteration

x
(l);n+1

k+1 = x(l);n +
�t

2
(u(l);n + un+1(x

(l);n+1

k
)); (5.55)



5.4. The Discrete Front-Tracking Method 89

proceeds to �nd the new positions of the interface nodes. In each iteration, when
the positions of the interface nodes have been corrected, the velocity �eld un+1

is used to evaluate the velocities at these updated positions if another iteration

is to be made. The convergence criterion is max
l

kx(l);n+1
k+1 � x

(l);n+1

k
k < �, for an

appropriate choice of � > 0. When convergence is reached, set x(l);n+1 = x
(l);n+1

k+1 ,
for l = 0; : : : ; NI . After the advection of the points is completed, a new spline
�t is calculated. This time-stepping scheme has been found to provide a good
conservation of mass for the two uids.

In this advection procedure, each discrete interface node is individually ad-
vected by the local ow. No restrictions are made on the movement of the points.
Depending on the ow, points might cluster at parts of the interface, while other
parts might get depleted of points. Two di�erent algorithms have been used to
keep the discrete points more evenly spaced along the curve. The �rst approach
is local. A point is added in between two others if the spacing is determined to be
too coarse, and a point that is closer than some minimum distance to its neigh-
bors will be removed. The second approach is more global. A speci�ed number
of points are distributed uniformly along curve, using the spline representation
to position the points.

These \repointing" and \redistribution" algorithms have both been used.
Since the �rst algorithm does not rede�ne all interface nodes, but just adds or
deletes points in regions as needed, this algorithm has been used more often than
the latter, minimizing the interpolation errors made. Depending on the ow, it
might however be useful to do a full repositioning of the nodes at some point.

The number of interface nodes can be chosen independently, but it is best to
set their number such as to roughly match their spacing to that of the nodes in
the backgroundmesh. As the interface deforms, surface tension forces will adjust,
and the ow will respond to these forces. It is obvious that too few points, i.e. a
coarse discretization of the interface would cause a loss of information. On the
other hand, with a spacing of the interface nodes much less than the resolution
of the background mesh, the interface representation is given the freedom to
introduce details on a scale so small that the ow cannot respond properly.

5.4.2 Evaluating the Interfacial Force Term.

For simplicity of notation, we assume that there is only one interface separating
uid A and B. Using the spline approximation s = (x(s); y(s)) of the interface
, the form f(v), as expanded in (3.27), can be evaluated by splitting the
spline into its segments and calculating the integral over each of these segments.
Denoting the number of segments by NIs, this yields

f(v) = �

2X
i=1

NIsX
j=1

Z sj+1

sj

�(s)n̂i(s)vi(x(s))q(s) ds; (5.56)

where NIs = NI and x(sNI+1) = x(s1) if s is closed. If s is close to the
arclength of the curve, then q(s) should be approximately 1. Each of these
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segment integrals are evaluated using a three-point Gauss quadrature formula
(Appendix A). Since we do not break integration intervals at intersections with
element edges in the �nite element mesh, the presence of the test functions v(x)
will reduce the order of accuracy for the quadrature process.

The product �(s) n̂(s), given by (3.29), can be unambiguously calculated
at any point along the interface since the second derivatives x00(s) and y00(s),
determined from the local third degree polynomials, are continuous along the
curve.

When  is a closed curve enclosing uid A, the area AA occupied by this
uid can be calculated as

AA =

Z



I(x)dx =
1

2

Z


x dy � y dx =
1

2

Z smax

smin

(x(s)y0(s)� y(s)x0(s)) ds;

The center of mass xc = (xc; yc) can then be calculated as:

xc =
1

AA

Z



x I(x) dx =
1

2AA

Z


x2 dy =
1

2AA

Z smax

smin

x(s)2y0(s) ds; (5.57)

yc =
1

AA

Z



y I(x) dx = � 1

2AA

Z


y2 dx = � 1

2AA

Z
smax

smin

y(s)2x0(s) ds:

The characteristic function I(x) was de�ned in (3.18). The practical evaluation
of these integrals is made as described above.

5.4.3 Density and Viscosity Fields

The algorithm for de�ning the characteristic function I(x) was given in section
3.2.3. In practice, the exact solution of the minimization problem (3.25) is
however usually not needed for determining I(x).

The point x� on the curve , closest to the point x0, only needs to be de�ned
accurately enough to produce the correct sign of n̂I(s

�) �xd. Therefore, an ~x� is
de�ned as the discrete interface node that is closest to x0. With ~xd = ~x0 � ~x�,
we evaluate

� = n̂I(~s
�) � ~xd

k~xdk : (5.58)

If the absolute value of � is large enough, this approximation will give the correct
I(x0), and there is no need to proceed further. On the other hand, if the absolute
value of � is less than some �0, then x0 is close to the curve, with ~xd almost
tangential to the curve, and ~x� is not a good enough approximation to x� to
ensure a correct de�nition of I(x0).

Then, a �ner search is performed, splitting the spline segment where the
closest point is located into four intervals, for a more accurate determination of
~x�. This re�ned search continues until � > �0. Once a suÆciently large � is
obtained, the closest distance between the point and the curve can be taken as
k~xdk.
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The characteristic function Iw(x) is not regularized in the same way as in the
segment-projection and level-set methods. Instead, this characteristic function
simply varies linearly over a thin transition zone, with a width comparable to
some fraction of the node spacing in the mesh. This is done to avoid a discrete
change in the integral evaluations as a quadrature point xq very close to the
interface falls in one uid in one time step, and in the other uid in the next. In
this way we avoid the need to accurately determine the distance to the interface
for all quadrature points in the elements close to the interface. However, the
error in the integral evaluation will of course be larger compared to the error if
a more careful smoothing was applied, as discussed in chapter 4.

In that framework, this can be seen as performing the calculations with a
small w, for the modi�ed characteristic function Iw(x) = Hw(d(x)), with Hw(t)
de�ned through (5.18), using the linear transition polynomial

�(�) =
1

2
(1 + �): (5.59)

Only the zeroth moment is vanishing for this choice (m = 0), and the �rst
derivative is discontinuous (k = 0).

5.5 Interaction Between Interfaces

In di�erent applications, there might be di�erent rules for interface interaction.
In the case of multiphase ow, two bubbles might merge, or a bubble might burst
through a surface. But for some physical parameters, there might not be any
merging, even though two volumes of the same uid (e.g. two bubbles or drops)
get very close.

If we do not want to allow merging in a simulation, nothing special needs
to be done in the segment projection and the front-tracking methods. Each
interface is de�ned as a separate structure, and can get arbitrarily close without
merging. In the level-set method, two interfaces are described as two di�erent
zero contours of the same level-set function, and these interfaces will always
merge once they get close enough, relative to the spatial resolution of the mesh
where the level-set function is de�ned. At this point, the two di�erent zero
contours can no longer be resolved, and the part of the zero contours that are
closest together will vanish. The two interfaces will be connected at both sides
of this zone, merging into one single interface. To avoid the merging between
two interfaces, the algorithm must be modi�ed. The interfaces can for example
be de�ned as the zero level sets of two di�erent level-set functions.

For the same reasons, the level-set method most naturally handles problems
where mergers do occur. Once two interfaces get close enough, a part of the zero
contour of both interfaces vanishes, and they reconnect. This is only seen as a
change in values of the level-set function.

In both the segment projection and the front-tracking methods, each inter-
face is described as a separate structure, which is convenient for non-merging
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interfaces. A merging of interfaces on the other hand means that modi�cations
of these structures are needed. This is rather complicated in the front-tracking
method, where the discrete points are Lagrangian markers which, during the
simulation, move in both spatial directions. In the segment projection method,
this is not as complicated thanks to the uniform one dimensional Eulerian dis-
cretizations in the x and y-coordinate, respectively. See [13] for a presentation
of di�erent front-tracking methods.

For the above mentioned reason, we have not implemented any merging al-
gorithm in the front-tracking method, but we have done so in the segment pro-
jection method. The algorithm for merging interfaces in the segment projection
method is described in the next section and some comments regarding the level-
set method are given in section 5.5.2.

5.5.1 Merging Interfaces for the Segment Projection

Method

When two interfaces are advected by the same ow �eld, they can never overlap.
Furthermore, when the calculations are performed discretely, the resolution of the
calculations will determine how close they can actually get. Once two interfaces
are close enough, relative to the resolution, they will move with essentially the
same speed, and will not get any closer together.

Therefore, in our calculations, we set a parameter ~d as the given distance
for when two structures merge. To determine if there should be a merger, we
compare the x-segments with each other, and the y-segments with each other,
so that the segments that are compared are discretized at the same points.
If the di�erence is less than ~d for three consecutive points, the segments are
determined to be close enough for a merger to take place. The parameter ~d is
chosen proportional to the resolution of the background mesh, usually somewhat
smaller than the size of a typical triangle in the mesh. It is possible to replace
or complement this distance condition with some other physical condition.

If a merger is indicated both from segments discretized in the x-direction and
segments discretized in the y-direction, we choose the ones that have smallest
slope in the merging region to be the reference segments. The segments in the
other direction will be the dependent segments. For simplicity of description,
assume that the reference segments are the x-segments.

When the interval where the x-segments should merge is determined, we need
to arrange the segment de�nition so that we have two ends of x-segments on each
side of the gap, both for the lower and the upper structures. Before the merger,
an x-segment might be de�ned over the merge interval and continue on the other
side, in which case it needs to be split into two, leaving a gap over the merge
interval. If this is not the case, then we instead have a break point inside the gap,
and two x-segments meet inside the gap. In this case, we just need to rede�ne
the end point of these segments. Figure 5.2 shows the simple segment structure
before the merging of two circles. Now, we have four x-segments ending at the
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gap: Two segments from the upper and lower structures on the left side, and
two segments on the right side of the gap.

Physically, when bubbles merge, we have a singularity at the merging point,
where the surface tension forces are in�nite. This stage is passed over in an
in�nitesimal short period of time, resulting in a curve that is smooth, but which
still has a high curvature. Therefore, we make no attempt to model this phe-
nomenon with our limited (discrete) resolution. We make our structure smooth
by inserting an arc of a circle in the reconnecting zone. The radius of this circle
is chosen considering the size of the smallest scales that can be resolved on the
background mesh. The resolution of the segment discretization should be so
much �ner than the resolution of the background mesh, so that such a circle arc
can be discretized.

The insertion of the arc has to be done so that the curve is continuous and
smooth. Therefore, we start at the upper x-segment at a certain point, continue
with a tangent that has the same slope as the segment at this point, connecting
with the arc of the circle such that we get a continuous derivative. At the
maximum x-value of the circle, the de�nition of this segment ends. The de�nition
of the end of the lower x-segment is done analogously, and the two x-segments
meet at a point on this arc.

Given a point xkl on the lower x-segment and a point xku on the upper
x-segment on the same side of the gap, the two tangents, starting at points
(xkl ; fkl) and (xku ; fku), will intersect at some point (x�; y�), assuming that
they are not parallel. De�ne a straight line through (x�; y�), splitting the angle
between the two tangents in half. Then, we call the orientation of the points
(xkl ; fkl) and (xku ; fku) orthogonal to the gap, if a straight line through these
points is perpendicular to the line through (x�; y�) that we just de�ned, or, in
the case where the tangents are parallel, perpendicular to those.

Before the insertion of the circle arc is made, we apply an iterative procedure
to �nd the points at the two x-segments from which the tangents of the curve
should connect to the circle arc. We want the orientation of these points to
be orthogonal to the gap in the sense described above. The points are only
accepted if they will yield a radius of curvature of the inscribed circle arc in the
predetermined range.

Once the insertion of the circle arc is made in the reference segments, we
need to update also the segments in the opposite direction. In the two regions
where the circle arcs have been inserted, all the values must be rede�ned. It
might be that there are no extrema in the two reference segments in this region
where we have inserted the circle arc. If this is the case, the two segments in the
opposite direction can merge into one. In the general case, there will however
be two x-segments and two y-segments meeting in this region. The number of
points in the overlap of the x-segments and y-segments depend on the resolution
of the segment discretizations �x and �y relative to the radius of curvature
of the inserted circle arc. This relation needs to be such that there is at least
two to three points overlap. After these modi�cations are made, we need to
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(c) The y-segments.

Figure 5.2. Before merging. There are two segments in the x-direction and two
segments in the y-direction for each interface.
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(c) The y-segments.

Figure 5.3. After merging. The two structures have merged into one. There
are 6 segments in the x-direction and 2 segments in the y-direction.
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(c) The y-segments.

Figure 5.4. At a later stage. The structure has become smoother, and there
are only 2 segments in both directions.
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Figure 5.5. The bubble has become more deformed. New segments have been
added in the y-direction. There are now 2 segments in the x-direction, and 4
segments in the y-direction.
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update the structure of the segments in this region, and set correct references to
corresponding segments in the opposite direction.

Thereafter, the calculation proceeds as usual, with two previously separate
structures merged into one. In Figure 5.3, the situation is shown a while after the
merger of the structures plotted in Figure 5.2. Figures 5.4 and 5.5 are included
to indicate how the distribution of segments can change as this simulation is
allowed to proceed.

5.5.2 Merging Interfaces for the Level Set Method

In the level-set method, no explicit distance between interfaces, determining
when merging should occur, is given. Implicitly, there is however such a distance,
that depends on the resolution of the mesh on which the level-set function is
de�ned. The resolution determines the smallest distance between two zero level
sets of the level-set function for which they can still be distinguished as separate
zero contours.

When the interfaces get close, there is only a thin region where the level-set
function is of di�erent sign, such that the two zero contours are still separated.
An e�ect that can make interfaces merge faster is therefore the di�usivity of
the numerical methods used for advection and reinitialization of the level-set
function.

In practice, this yields a minimum distance ~d > 0 between two interfaces, for
which they can stay separate. For any distance smaller than ~d, the two interfaces
will merge. This ~d will mainly depend on the resolution, directly and through
the di�usion, but can also be somewhat a�ected by other factors, such as the
curvature of the interfaces in the region where they get close.

5.6 The Algorithm in Summary

The algorithm has been presented in detail in the previous sections. Here, a short
summary is made, in order to emphasize the overall structure. For the parts
where the calculations di�er according to which of the three methods that has
been used, we indicate the remarks by an S, L or F , for the segment projection,
level-set and front-tracking methods, respectively.

0. Initially, assume that for the description of , the union of all interfaces,

S) the segment discretization,

L) the level-set function �(x),

F) the front-tracking discretization,

is known, either from initial conditions or the previous time step.
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The algorithm can be described as follows:

i) Compute the interfacial force term and the density and viscosity �elds.

S) Evaluate f(v) using the segment discretization, as discussed in
section 5.2.3. The density and viscosity �elds are de�ned through
Iw(x) = Hw(d(x)), where the computation of d(x) is discussed in
section 5.2.4.

L) Evaluate f(v) using the level-set function �(x), as discussed in
section 5.3.2. The density and viscosity �elds are de�ned through
Iw(x) = Hw(�(x)), as described in section 5.3.3.

F) Evaluate f(v) using the spline parameterization(s), as discussed in
section 5.4.2. The density and viscosity �elds are de�ned based on a
modi�ed indicator function Iw(x) de�ned by using the spline
representation(s) to determine the closest distance to any interface
(section 5.4.3).

ii) With the information from i) available, solve the time discretized
Navier-Stokes equations (5.5) through an iterative procedure, as given in
(5.6), to obtain the velocity at the next time level. The contributions
from i) are included in these equations.

iii) Advect and reinitialize the interface representation.

S) Advect the segments in the discretization by the velocity �eld (5.28).
Go through the reinitialization procedure, as described in section
5.2.2, to update the segment structure.

L) Advect the level set function d(x) by the velocity �eld (5.46). Do
one or more reinitialization step(s) as de�ned in (5.47), to restore the
distance function property in the region close to the zero level set.

F) Advect the discrete interface points, by the local velocities, as
de�ned in (5.55). Calculate a new spline �t for each interface, based
on these updated positions. If needed, modify the distribution of
points either by the \repointing" or \redistribution" algorithms,
described in section 5.4.

iv) This completes one time step, repeat i)-iii) to advance further.

If mergers are allowed, there is one more step added in the segment projection
method: After each advection step, check if any mergers should occur. If so, use
the merging algorithm described in section 5.5.1. No merging algorithm has
been implemented for the front-tracking method, and for the level-set method
no speci�c algorithm is needed, see section 5.5.2.
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Some comments regarding ii):

1. Equation (5.5) is obtained by discretizing the variational form of the Navier-
Stokes equations (3.11) using a combined implicit-explicit time-stepping
scheme. The solution of this equation is obtained by performing �xed-
point iterations, until convergence is reached. After each �xed-point itera-
tion (5.6), a temporary advection of the interface representation needs to
be done, in order to update the density and viscosity �elds included in the
left hand side of the equation.

2. In each �xed-point iteration (5.6), a Stokes-like problem is solved. To
enforce the incompressibility constraint, the Stokes-like problem is refor-
mulated using an iterated penalty method (5.10).

3. This iterated penalty method is in itself an iterative procedure. With a
large enough penalty parameter, it converges within a few iterations. In
each penalty iteration, a symmetric system of linear equations must be
solved.

4. This system of linear equations is solved using a preconditioned conjugate

gradient method.

The basic tools for using high-order �nite elements are available in the library
Albert, written in C++. Some ideas for the implementations in this library
were discussed in [2]. For example of numerical simulations performed with this
software, see [35].

Many of the features used in our algorithms, such as the streamline di�usion
modi�cation, evaluation of the interfacial force term and evaluation of integrals
with non-constant density and viscosity are however not available in this library.
The software for these algorithms have been written in C++. All simulations
presented in this paper have been performed on di�erent Sun workstations, and
typical CPU times are 10� 20 hours.
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Numerical Results

6.1 Convergence Results for a Buoyant Bubble

In this section, we perform runs on three consecutively re�ned meshes, to test
the spatial convergence of the three methods. The runs we make are simulations
of a single buoyant bubble, rising in an initially quiescent uid due to the e�ects
of buoyancy.

This problem can be characterized with a few non-dimensional parameters
together with the geometry of the problem. In addition to the viscosity and
density ratios, �B=�A and �B=�A, we use the Morton numberM and the E�otv�os
number Eo. The Morton number and the E�otv�os number are de�ned as

M =
g�4

B

�B�3
; Eo =

�Bgd
2

�
: (6.1)

Here, �B and �B denote the viscosity and density of the outer uid, respectively,
g is the gravitational constant and � is the surface tension coeÆcient. The
length d = 2

p
A=�, where A is the area of the bubble. For an initially circular

bubble, d is the diameter of the bubble. The E�otv�os number is also called the
Bond number, and is sometimes alternatively de�ned with the density di�erence
between the two uids instead of the density of the outer uid. The typical
initial con�guration for a single buoyant bubble is shown in Figure 6.1.

The Reynolds number, Re = �BUd=�B , will in this case be a dependent
parameter, based on the rise velocity U of the bubble, and might vary with time.
The same is true for the Weber number, We = �BU

2d=�, another parameter
often used in problems of this kind. We also introduce Re1 = �BU1d=�B , where
U1 is the maximum velocity in the domain. Due to the time-dependence of the
velocity, it is diÆcult to give a time scale for this problem, based on the length

and velocity scales. We therefore use a viscous time scale �Bd
2

�B
to normalize the

time.
For the simulations in this section, we use a regularly subdivided mesh on

[�1; 1]� [0; 3], with interval size �e. The triangles in the mesh will be isosceles
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Figure 6.1. Initial con�guration for a singular rising bubble. The uids are
quiescent, i.e u = 0 at t = 0.

right triangles with the longest side
p
2�e. Since we use quadratic basis func-

tions, the distance between two neighbouring nodes in the mesh is �x = �e=2.
We have used three meshes with �e = h, h=2 and h=4, where h = 0:2. Periodic
boundary conditions are imposed for the velocity �eld in the horizontal direction,
and no-slip conditions are imposed on the top and bottom walls.

The time-stepping in the coupled problem includes a splitting between the
calculation of the velocity �eld and the subsequent advection of the interfaces,
either represented by the segment discretization, the level-set function �(x) or
by the front-tracking discretization. This gives a �rst order e�ect, and the total
order of convergence of the time stepping cannot be expected to be fully second
order.

Two sets of runs are presented for each method. In the �rst sequence, we
divide the time step size by a factor of four, as we reduce the mesh size with
a factor of two. With �t0 = 5 � 10�3, we use �t = �t0 for �e = h, we use
�t0=4 for �e = h=2 and �t0=16 for �e = h=4. In the second set, we reduce
both the mesh size and the time step with a factor of two, and use �t = �t0=4
for �e = h, �t = �t0=8 for �e = h=2 and �t = �t0=16 for �e = h=4. That is,
the run with the �nest resolution is the same in the two sets.

Initially, we start with a circular bubble of uid A with diameter d = 1:0,
immersed into uid B, as indicated in Figure 6.1. The velocity is zero (u = 0)
at t = 0. We run the simulations up to t = 0:15, where the bubble has moved
almost half a diameter and deformed somewhat. At this point we check the
convergence.

The physical parameters for these runs are M = 0:1, Eo = 10, �B=�A = 100
and �B=�A = 2. The numerical parameters are h = 0:2, �t0 = 5 � 10�3. In the
segment projection method, we set the resolution of the segment discretizations
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to �x = �y = �e=10. In the front-tracking method, the initial number of points
is set to 50, 100 and 200 points, for the coarsest to �nest run. The smoothing
parameter w in the Heaviside approximation (5.18), as well as the smoothing
parameter for the sign function in the level-set reinitialization procedure (5.48),
is set to �e.

In the reinitialization procedure for the level-set function, extra di�usion is
added (5.47). The coeÆcient for this di�usion has been kept the same (� =
8 � 10�3) in all three runs, and we study the convergence for this �xed problem.

The results from the runs with the segment projection, level-set and front-
tracking methods can be found in Figures 6.2-6.4.
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(a) The bubble contours. The dotted
contour indicates the initial bubble
position.
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(b) Velocity �eld for �e = h=4.
Re1 = 14:55.

Figure 6.2. Results from the segment projection runs at t = 0:15. The bubble
contours taken from set 1, with �t = �t0 for �e = h, �t = �t0=4 for �e = h=2,
�t = �t0=16 for �e = h=4. �t0 = 5 � 10�3, h = 0:2.

We de�ne the discrete L1-norm of a vector valued function u as

kuk1 = 1

N

NX
i=1

((uix)
2 + (uiy)

2)1=2; (6.2)

where N is the number of discrete nodes. Denote the velocity �elds at time
t = 0:15 by uh, uh=2 and uh=4, indexed by the spatial resolution. In Table
6.1 we study the convergence of the velocity �elds from the runs in set 1. The
di�erence in L1-norm of consecutive velocity �elds, and the order of convergence
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obtained are given for all three methods. The convergence rate for the velocity
�eld is closest to second order for the segment projection method, and lowest for
the level-set method. In Table 6.2, the convergence of the velocity �elds for the
runs in set 2 is studied. The order (p) obtained is slightly lower compared to the
results in Table 6.2, where the time step was divided with a factor of 4 as the
spatial resolution was re�ned with a factor of 2. For the level-set method, the
obtained order is however slightly higher in this second case.
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(a) The bubble contours. The dotted
contour indicates the initial bubble
position.
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(b) Velocity �eld for �e = h=4.
Re1 = 14:62.

Figure 6.3. Results from the level-set runs at t = 0:15. The bubble contours
taken from set 1.

The results from these two set of runs indicate that spatial errors are domi-
nating. The time step used is small compared to the element size �e.

It is diÆcult to point out the di�erent sources of errors in the three methods,
since there are many parts put together. Essentially all parts should however be
second order accurate in space. This can however not be expected in the curva-
ture calculations in any of the three methods, and the contribution of this e�ect
yield a somewhat lower total order of convergence. The curvature calculations
in the level-set method was discussed in section 6.3.1.

It is somewhat surprising that the front-tracking method yields as good con-
vergence rate as it does, given the fact that the integration over the discontinuous
density and viscosity �elds are less accurate than in the other methods.

This convergence study has been based on the velocity �elds. It is more
complicated to measure the error in the position of the bubble. In the front-
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(a) The bubble contours. The dotted
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(b) Velocity �eld for �e = h=4.
Re1 = 14:55.

Figure 6.4. Results from the front-tracking runs at t = 0:15. The bubble
contours taken from set 1.
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Figure 6.5. The velocity �eld plotted in the reference frame of the bubble.
Reynolds number based on rise velocity Re = 2:33. Result taken from �nest
front-tracking run. �t = �t0=16, �e = h=4 with �t0 = 5 � 10�3, h = 0:2.
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Method kuh � uh=2k1 kuh=2 � uh=4k1 kuh�uh=2k1

kuh=2�uh=4k1
p

Segment projection 4:06 � 10�2 1:07 � 10�2 3:78 1:92
Level-set 3:29 � 10�2 1:03 � 10�2 3:20 1:68

Front-tracking 3:61 � 10�2 1:04 � 10�2 3:48 1:80

Table 6.1. Measured order of convergence p for the three di�erent methods.
Runs from set 1, such that �t = �t0 for �e = h, �t = �t0=4 for �e = h=2,
�t = �t0=16 for �e = h=4. �t0 = 5 � 10�3, h = 0:2.

Method kuh � uh=2k1 kuh=2 � uh=4k1 kuh�uh=2k1

kuh=2�uh=4k1
p

Segment projection 3:73 � 10�2 1:04 � 10�2 3:58 1:84
Level-set 3:28 � 10�2 1:01 � 10�2 3:26 1:70

Front-tracking 3:38 � 10�2 1:00 � 10�2 3:37 1:75

Table 6.2. Measured order of convergence p for the three di�erent methods.
Runs from set 2, such that �t = �t0=4 for �e = h, �t = �t0=8 for �e = h=2,
�t = �t0=16 for �e = h=4. �t0 = 5 � 10�3, h = 0:2.

tracking method, the discrete points describing the contour will be distributed
di�erently in the three runs, and it is diÆcult to get any meaningful measure of
the di�erence in the bubble position. In the level-set method, the convergence
of the level-set function �(x) can be studied. However, the largest di�erence
between consecutive solutions is usually found in the interior of the bubble,
around the discontinuity in the gradient of �(x). That is not a good measure of
the convergence of the problem, since it is only the zero level set of �(x) that
determines the bubble contour.

In the segment projection method, some comparison can be made if we select
the parts of the interface from each run that are based on the same discrete
x-points, and the parts that are based on the same discrete y-points. Each such
part from the three runs can be compared, since the values f(xj) or g(yj) should
converge for a given xj or yj . We compare four di�erent parts of the bubble
interface for the three resolutions. The norm that has been used is the L1 norm
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of the Euclidean distance, and the distance for part of a segment l, with M

points (li
x
; li
y
), to part of a segment ~l with M points (~li

x
; ~li
y
) is measured by

kl�~lk1 = 1

M

MX
i=1

((li
x
� ~li

x
)2 + (li

y
� ~li

y
)2)1=2: (6.3)

For set 1, this yields values for p between 1:88 and 2:05. For set 2, this yields
values for p between 1:63 and 2:05, as measured for di�erent segments.

6.2 Comparison for Single Buoyant Bubble

The convergence of the methods for the case of a single buoyant bubble was
studied in the previous section. The comparison was done at an early time,
when the bubble had not risen very far.

Now, we change the mesh to an irregular mesh de�ned on a taller domain,
and let the bubble rise further. The results from the segment projection, the
level-set and the front-tracking methods are compared.

The initial con�guration is the same as in Figure 6.1, where an initially cir-
cular bubble of uid A with diameter d = 1:0 is immersed in uid B. The
velocity is zero initially, i.e. u = 0 at t = 0. The computational domain is
[�1:5; 1:5]� [0; 8:0], and the mesh is shown in Figure 6.6. It is constructed with
�ner resolution in the middle of the domain where the bubble rises, and large
triangles are used to extend the domain. Periodic boundary conditions are im-
posed for the velocity �eld in the horizontal direction, and no-slip conditions are
imposed on the top and bottom walls. We use the following physical parame-
ters: M = 0:2, Eo = 10:0, �B=�A = 100 and �B=�A = 10. We use the time step
�t = 10�3. In the simulations presented here, the advection and reinitialization
of �(x) are made on a re�ned mesh, as was described in section 5.3.4.

The segment discretization is made with �x = �y = 0:005 in the segment
projection method. The smoothing parameter in the Heaviside approximation
(5.18) is set to 0:1. The results shown for the level-set method are obtained with
the time step in the reinitialization set to �� = 2:5 � 10�3, with the di�usion
parameter � = 5 �10�4, performing two reinitialization time steps for each advec-
tion time step. In addition to these regular reinitialization steps, we perform two
additional time steps with the sign function in (5.48) multiplied by Hs

�(�2���),
� = 0:15, where Hs

�
is de�ned by (4.17) together with (4.43). These boundary

reinitialization time steps a�ects only the level-set function outside of the zero
contour, and is made to ensure a smoother level-set function free from boundary
disturbances. The smoothing parameter for the sign function in (5.48) is set to
0:075.

The uid interfaces support dispersive interface waves. These phenomena
may introduce a CFL-type restriction on the time step, see [7]. In our compu-
tations, other conditions also limit the time step size and we have not seen any
instabilities that could be traced to CFL interface conditions.
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Figure 6.6. The mesh used in the simulation. The domain is [�1:5; 1:5]�[0; 8:0].
There are 1755 elements in the mesh, with 6 nodes in each element.

In Figure 6.7, the bubble contours from the three di�erent methods are plot-
ted at a sequence of di�erent times. A close up of the contours from the three
methods at time t = 1:25 is shown in Figure 6.8. The contours from the three
methods are in good agreement, both when it comes to position and shape of the
contours. The bubble in the level-set simulation has however lost most mass (i.e
area since �A is constant). At the last time plotted, the decrease compared to
the initial area is 2:26%. For the segment projection method, we have a decrease
of 0:76%. The front-tracking method yields the best mass conservation for this
run, the area is increased by 0:15%.

In general, the mass conservation (or equivalently the area conservation) of
the bubble is good for the front-tracking method. It is also in general satisfying
for the segment projection method, even though it was not as excellent as for the
front-tracking method in this case. In the level-set simulations, it is more diÆcult
to get a good conservation of mass. The area of the bubble will shrink to an ex-
tent determined by the numerical di�usion present in the calculations. The main
part of this arti�cial viscosity originates from the reinitialization procedure, and
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Figure 6.7. The bubble interface plotted at di�erent times. The dotted contour
at the bottom indicates the initial position. Results for all three methods are
plotted on top of each other. M = 0:2, Eo = 10:0, �B=�A = 100 and �B=�A =
10. �t = 10�3.

−0.6 −0.4 −0.2 0 0.2 0.4 0.6
3.8

4

4.2

4.4

4.6

4.8

5

||

� � �

�� �

Segment projection

Level-set

Front-tracking

Figure 6.8. A close up of the bubble interface at t = 1:25, the last solution
plotted in Figure 6.7.
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is determined by the amount of dissipation added in the reinitialization equation
(5.47) together with how much reinitialization that is performed. The arti�cial
di�usion needed to stabilize the equations decreases as the spatial resolution is
increased, which results in improved mass conservation with reduction in mesh
size.

The velocity �elds for all methods at this time are shown in Figures 6.9-
6.11. The velocity �elds have been plotted both in an absolute frame, and in
the reference frame of the bubble. The velocity �elds are very similar for all
three methods. We have Re1 = 3:93, 3:92 and 3:94 for the segment projection,
the level-set and the front-tracking methods respectively. The di�erence is a bit
larger for the rise velocity based Reynolds number Re. The rise velocities at a
certain time are computed by calculating the movement of the center of mass in
the last time step.
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(a) Re1 = 3:93.
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(b) In the reference frame of the
bubble. Re = 2:87.

Figure 6.9. The velocity �eld at time t = 1:25 for the segment projection
method. Only a part of the domain is shown.

Note that the periodic boundary conditions in the horizontal direction and
the symmetry e�ectively restrict the ow to be vertical at these boundaries. The
allowed size of the recirculation zone with uid turning to move downwards will
therefore be limited by the size of the domain. To see the recirculation zones
inside the bubble, the velocity �eld has been plotted in the reference frame of the
bubble in Figures 6.9b), 6.10b), and 6.11b). Since the velocities are smaller inside
the bubble than outside, we have only plotted the interior ow to create a better
visualization. This state is a relatively steady state, i.e the bubble continues
to rise with approximately the same shape and the same velocity. If we study
the velocity �eld at time t = 1:25 (Figures 6.9-6.11), the maximum velocity and
the rise velocity of the bubble is only slightly lower compared to the values at
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(a) Re1 = 3:92.
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(b) In the reference frame of the
bubble. Re = 2:81.

Figure 6.10. The velocity �eld at time t = 1:25 for the level-set method. Only
a part of the domain is shown.

−1.5 −1 −0.5 0 0.5 1 1.5
3

3.5

4

4.5

5

5.5

(a) Re1 = 3:94.
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Figure 6.11. The velocity �eld at time t = 1:25 for the front-tracking method.
Only a part of the domain is shown.
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t = 0:5, where we have Re1 = 4:04, Re = 2:87 for the segment projection
method, Re1 = 4:03, Re = 2:85 for the level-set method, and Re1 = 4:05,
Re = 2:85 for the front-tracking method.

The results we have presented here show good agreement between all three
methods. In order to obtain good area conservation with the level-set method
with the present reinitialization technique, high resolution is needed to reduce
the amount of arti�cial viscosity required to keep these calculations stable. The
front-tracking method is well suited for this kind of simulations, where a single
bubble is treated, and there is no merging or splitting. The area conservation
is good, and in these two-dimensional calculations, the insertion and deletion of
points along the interface that is needed to keep the interface evenly resolved is
quite simple.

The front-trackingmethod is however not as suitable for simulations including
changes in topology, and such an algorithm has not been implemented. For
simulations including mergers of bubbles etc, only the segment projection method
and the level-set method will be used.

6.3 Remarks on Force Calculations in the Level-

Set Method

The interfacial force term f(v) (3.17) can either be calculated as an integral
over 
 � IR2,

f(v) = �

Z



(�n̂ � v) Æ dx; (6.4)

where Æ is the Dirac delta function with support on , the union of the interfaces.
It can also be evaluated as a line integral along ,

f(v) = �

Z


�n̂ � v d: (6.5)

The second formulation has been used in all practical simulations, and this algo-
rithm was discussed in section 5.3.2. In the level-set method, it would however
be natural to use the �rst formulation with Æ replaced by an approximation
Æw(�(x)), since  is not discretized explicitly. Such approximations were derived
in the analysis in chapter 4. The problems of using this approach arise mainly
due to the non-smoothness of the curvature. In this section, we compare the
numerical implementation of the two formulations. We will however begin by
studying the e�ect of advection on the accuracy in the location of the interface
 and in the value of the computed curvature �.
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6.3.1 Curvature Calculations

In this section, we study the convergence of the curvature calculations in con-
nection to the advection of the level-set function �(x; t). To advect the level-set
function, a velocity �eld u = (u; v) for rigid body rotation is imposed,

u(x; y) = �c sin(�); (6.6)

v(x; y) = c cos(�); (6.7)

with c de�ned as c = 2�R=Tlap with R = 1:5 and Tlap = 8:0. The parameter
� is the argument of the complex number x + iy. The level-set function �(x) is
initialized as the signed distance function to a circle of radius a = 0:3, centered in
((xc)0; (yc)0) = (�1 +R cos(�=8);�1 +R sin(�=8)) (�(x) > 0 inside the circle).
The initial level-set function, together with the time-independent velocity �eld,
has been plotted in Figure 6.12. Regularly subdivided grids on [�1; 1]� [�1; 1]
with 2=�e intervals in each direction are used to perform the simulations. Since
the basis functions are quadratic, the closest distance between two nodes in the
mesh will be �e=2. As the level-set function is advected by this velocity �eld,
the zero contour should remain a circle of radius a, only translated. Therefore,
the curvature at any point of the zero contour should at all times be �E = 1=a.
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(a) The initial level-set function.
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(b) The velocity �eld.

Figure 6.12. The level-set function �(x) is initially de�ned as the distance
function to a circle with radius a = 0:3 centered in ((xc)0; (yc)0), and advected
by the time independent velocity �eld given in (6.6)-(6.7).

Natural boundary conditions are speci�ed on the boundaries when the level-
set function is advected by the velocity �eld, and to keep the level-set function
free from disturbances at inow boundaries, we need to use the reinitialization
procedure. In the reinitialization calculations, information is propagated toward
the boundaries and out of the domain. The amount of reinitialization needed to
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yield the correct values of �(x) at the boundaries subject to inow in the ad-
vection calculations depends on the inow velocity and the size of the advection
time step. No reinitialization is however needed elsewhere to keep �(x) as a dis-
tance function, since this is a rigid body rotation. Therefore, we only reinitialize
outside of the zero contour. This is done by multiplying the sign function in
(5.48) by Hs

�(�2���(x)), � = 0:1, where Hs
� is de�ned by (4.17) together with

(4.43). Before we start the advection, we calculate the curvature and measure
the error of the curvature along the zero contour. The curvature �(x) is calcu-
lated according to (3.24), i.e � = �r � ( r�

jr�j
). To de�ne a linear approximation

to the zero level-set locally in each element, we use the approach described in
section 5.3.2. Denote the points at the interface, de�ning this approximation,
by fxigNh

i=1. The number of discrete points Nh will mainly depend on the spatial
resolution h, but also on the explicit position of the zero contour in the mesh.
The curvature �h is evaluated in each of these points, and the error is de�ned as

k�h � �Ek1 = 1

Nh

NhX
i=1

j�h(xi)� �E j: (6.8)

The exact value of the curvature, �E = 1=a is constant since the zero contour
is a circle. The error in the curvature will arise partly from the error in the
position of the discrete points de�ning the approximation of the zero level-set
and partly from the curvature calculations. The curvature evaluated at the
discrete points fxigN�e

i=1 approximating the zero contour has been plotted for two
di�erent resolutions (�e = h and �e = h=2) in Figure 6.13. We denote the
curvatures calculated at t = 0 by �0

h
and �0

h=2
.

Now, we advect �(x). In the run where �e = h = 0:1, we use �t = 0:01,
and perform 100 time steps up to t = 1:0. In each advection time step, 4
reinitialization time steps with �� = 0:01 are performed. To make sure that
time stepping errors are not a dominating source of error, the size of the time
step is reduced with a factor of 4 for the higher resolution run. (�e = h=2 = 0:05,
�t = 2:5 � 10�3). The time-step for the reinitialization is reduced by a factor
of 2 in order not to change the stability of those calculations (�� = 5 � 10�3).
No extra di�usion is added (� = 0 in (5.47)). Denote the center position of the
circle de�ning the zero contour by (xc; yc). The segments are plotted starting at
(xc+a; yc), following the contour counter clockwise. We �nd that k�0

h
��Ek1 =

4:8 � 10�2, and k�0
h=2 � �Ek1 = 1:1 � 10�2. This yields a convergence order for

the curvature of hp with p = 2:18, at the initial time.
The exact solution �E(x) at t = 1:0 is known, and we measure the error of

the computed �h(x) by

k�h � �Ek1 = 1

N

NX
i=1

j�h(xi)� �E(xi)j; (6.9)

where the sum is over all the nodes xi in the mesh. We �nd that k�h � �Ek1 =
8:70 � 10�4, and k�h=2 � �Ek1 = 1:54 � 10�4. This yields that the error for �(x)
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Figure 6.13. The curvature �(xi) at t = 0 plotted versus i for i = 1; ::;N�e.
The segments are plotted starting at (xc + a; yc), following the contour counter
clockwise.

is proportional to hp with p = 2:50. This order of convergence is supported by
the theory of the streamline di�usion modi�cation, see [23].

The magnitude of the error in �(x) converges well and is small, but it contains
an oscillating component. This is illustrated in Figure 6.14, where the error is
plotted along the line x = �0:1. Since the level-set function �(x) is de�ned as
the signed distance function to a circle with its center in (xc; yc), it is a circular
cone with its top in (xc; yc). The derivatives of �(x) will be discontinuous at this
point. The advection of the non-smooth �(x) introduces oscillatory errors.

If the oscillating error component in the error of �(x) is not �ltered out, it
will be magni�ed in the curvature calculations. The curvature along the zero
contour at time t = 1 is plotted in Figure 6.15. The errors due to this oscillating
component is most pronounced for the higher resolution, where other errors are
smaller. The errors in the curvature are larger on parts of the zero contour that
have been advected behind the top of the level-set function, as could be expected,
since that is where the dispersion errors spread most. Denote the calculated
curvatures at time t = 1:0 by �h and �h=2. We �nd that k�h��Ek1 = 6:9 �10�2,
and k�h=2��Ek1 = 2:9 � 10�2. This yields a convergence order for the curvature
of hp with p = 1:24. Due to the errors that arise when we advect the level-
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Figure 6.14. A contour plot of the level-set function at t = 1:0 is shown in a).
Figures b)�d) show plots versus y for x = x

� = �0:1 (the dashed line in a)). The
exact solution �E(x

�; y), and the computed solutions �h(x
�; y) and �h=2(x

�; y)
have been plotted on top of each other in b). In c) and d) we plot the error of
�h(x

�; y) and �h=2(x
�; y). Note the di�erent scales on the axes.
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set function �(x), we have lost the second order convergence for the curvature
calculations that we had before the advection started.

Now, we apply the �ltering described in (5.49) to �(x) to de�ne a function
~�(x), from which the curvature ~� is calculated. The result is shown in Figure
6.16, where ~� is plotted for the discrete points along the zero contour. The
large oscillating errors are greatly reduced, while the average level of the cur-
vature is well preserved. Denote the mean value of the calculated curvatures
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(a) �e = h = 0:1.
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(b) �e = h=2 = 0:05.

Figure 6.15. The curvature �(xi) at t = 1:0 plotted versus i for i = 1; ::;N�e.
The segments are plotted starting at (xc + a; yc), following the contour counter
clockwise.

f�h=2(xi)gNh=2

i=1 and f~�h=2(xi)gNh=2

i=1 by ��h=2 and �~�h=2. The deviation from these
mean values to the exact curvature �E are j��h=2 � �E j=�E = 2:0 � 10�4 and
j�~�h=2 � �E j=�E = 4:7 � 10�5. The error of ~�h=2 is k~�h=2 � �Ek1 = 1:2 � 10�2,
as compared to k�h=2 � �Ek1 = 2:9 � 10�2, which was the error without any
smoothing of �(x). The error for ~�h=2 is actually only slightly larger than the
error in the calculated curvature before advection (k�0

h=2
� �Ek1 = 1:1 � 10�2).

The de�nition of ~�(x) is done only as a part of the curvature calculations, and
~�(x) is not used elsewhere.
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Figure 6.16. The curvature calculated from ~�(x), ~�h=2(xi) at t = 1:0 plotted
versus i for i = 1; ::;Nh=2. Compare to Figure 6.15b). Note the di�erent scales
on the y-axes.

6.3.2 Force Evaluations

In our implementation, the interfacial force term is evaluated by computing the
line integral (6.5), as was described in section 5.3.2. In this procedure, a linear
approximation of the zero level sets of the level set function is determined on a
sub element level in each element that they intersect. Since the zero level-set is
not explicitly described by the level-set function, it might seem more natural to
evaluate the integral (6.4), if we could only do that with reasonable numerical
accuracy.

In chapter 4, we studied how to choose approximations to Æ , the Dirac delta
function with support on a curve , such that the sum of the analytical error and
the numerical error (quadrature error) is kept small. Therefore, approximations
of Æ , which are candidates to yield any desired accuracy in the integration of
the surface tension forces are available.

The study was however carried out assuming that the function multiplying
Æ is smooth. In the integral (6.4), the delta function is multiplied by the normal
vector and the curvature of the interface. These quantities are obtained by dif-
ferentiating the level-set function. In the previous section, the evaluation of the
curvature was discussed, proving it necessary to apply �ltering to �(x) as a step
in the curvature calculations, to avoid magni�cation of small oscillatory compo-
nents present in �(x). Even with this procedure for the curvature calculations,
the curvature will not be smooth. Therefore, the evaluation of (6.4) with some
otherwise good choice of delta function approximation, will not yield as good a
result as was indicated in our study, where the functions multiplying the delta
approximation were smooth.

The assembly of the system of equations when solving the Navier-Stokes
equations was discussed in section 5.1.4. The equations are assembled for all
	pêi, i = 1; 2 (x and y direction), p = 1; ::; N , where N is the number of nodes
in the mesh. The function 	p is the sum of all element basis functions that is
1 in node p, as was given in (5.21). Therefore, to evaluate the contribution of
the surface tension forces to resulting system of equations, we need to evaluate
f(	

pêi) for i = 1; 2 and p = 1; ::; N .
Given a �(x) obtained in a simulation of a single rising buoyant bubble, we
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compute these quantities both by evaluating the line integral (6.5), and by eval-
uating the integral over 
 (6.4). The line integral is evaluated as was discussed
in section 5.3.2. The integral over 
 is computed using the delta approximation
Æ3;1
w
(�(x)), as described in section 4.3.3 (equation (4.98) together with (4.18)).

We use two di�erent values of the width w of the zone of support of Æ3;1w (�(x)).
In Figure 6.17, the results from these calculations are plotted.
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(a) The level-set function.
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(b) Evaluation of line integral. Maximum
arrow length 0:31.
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(c) Using Æ3;1w (�(x)) with w = 0:05. Max-
imum arrow length 0:32.
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(d) Using Æ3;1w (�(x)) with w = 0:1. Max-
imum arrow length 0:26.

Figure 6.17. Integrated force contributions (f(	pê1); f(	pê2)) for a given
function �(x). The contributions are de�ned to be node values for a Lagrange
interpolant F , which is then interpolated onto a regular grid and plotted.

The results of the evaluation of the integrated forces, displayed in Figure
6.17 look very similar for the di�erent methods of evaluation. Of course, they
will never be identically the same, since the bu�er zone de�ned by j�(x)j � w
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will intersect more elements than the zero contour de�ned by �(x) = 0, thereby
yielding non-zero contributions for more node numbers p.

However, if we sum all the f(	
pêi) together, the result should ideally be

the same for the two di�erent approaches. In the case where �(x) has just been
initialized and contains no dispersion errors, this works �ne. But in the case
plotted in Figure 6.17, this yields a positive contribution in the y-direction for
the evaluation with the delta function approximation, while it is close to zero for
the line integral evaluation. We compare the results from the evaluation of the
line integral and the delta function approximation with w = 0:1. The di�erence
in the sum of the y-components is 2:8 � 10�1 at this later time, compared to
5 � 10�4 for the initial �(x).

Errors like this come into the calculations at many consecutive time steps,
and will have an e�ect on the �nal result. In Figure 6.18, the solution of the
Navier-Stokes equations are compared for two di�erent ways of evaluating the
force contributions. Reinitialization is performed in every time step, to ensure
that �(x) is a good approximation to the distance function d(x) in the support
zone of the delta approximation, jd(x)j � w.
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Figure 6.18. The full Navier Stokes equations have been solved to simulate the
rise of a buoyant bubble. The solid line is the contour obtained when the force
contribution was calculated by evaluation of the line integral, and the dashed line
is the contour obtained for the delta approximation Æ

3;1
w (�(x)) (equation (4.98)

together with (4.18)) with w = 0:1. The bubble was circular initially with its
center in (0:0; 1:0). The mesh is shown in Figure 6.6.
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6.4 Bubble Dynamics with Topology Changes

In this section, we present results from numerical experiments including topology
changes. The same simulation has been performed with both the level-set and
the segment projection methods.

In the initial con�guration, we have three bubbles of uid A of di�erent sizes,
immersed in uid B, with a layer of uid A on top of uid B. The con�guration
is shown in Figure 6.19. The mesh that has been used in the simulations is shown
in the same �gure. We impose no-slip conditions on the top and bottom walls,
and periodic boundary conditions in the horizontal direction.

(a) The mesh used in the simula-
tions.
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(b) The initial con�guration.

Figure 6.19. The mesh used for the simulations has 1554 elements. Each
element has 6 nodes since quadratic basis functions are used. The velocity �eld
is quiescent initially, u(x; 0) = 0.

The parameters for this run are the Morton numberM = 0:1, and the E�otv�os
number Eo = 10:0. These numbers were de�ned in (6.1), here they are based
on the diameter of the largest bubble. The density ratio �B=�A = 100 and the
viscosity ratio �B=�A = 2.

The uids are quiescent initially. The bubbles rise due to buoyancy. The
smallest bubble will rapidly merge with the largest bubble. Eventually, the
lowest bubble will catch up with this merged bubble, and yet another merge
will occur, creating one single larger bubble. The merged bubble deforms as
it continues to rise, approaching the surface. The drainage of uid B from the
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region between the two bubble and the surface starts. Finally, the bubble merges
with the surface.

The numerical parameters for the runs are as follows: The time step is �t =
5 � 10�4, the width of the transition zone for the Heaviside function is set to
w = 0:075. For the level-set run, the equations for the level-set function are
solved on a re�ned mesh, obtained by splitting each triangle in the mesh (Figure
6.19) into four triangles. This procedure was described in section 5.3.4. In each
advection step, one reinitialization step with step size �� = 0:01 is taken, with
di�usion parameter � = 4 � 10�3. In the simulation by the segment projection
method, the segments are discretized on uniform one-dimensional grids with grid
size h = 5 � 10�3, both in the x and y directions.

The results from the level-set run are shown in Figures 6.20-6.22, and the
results from the run with the segment projection method are plotted in Figures
6.23-6.26. The segment representation for the interfaces in Figure 6.23b) (at
t = 0:25), is shown in Figure 6.24.
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(a) At t = 0:10, kuk1 = 7:36.
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(b) At t = 0:20, kuk1 = 9:31.

Figure 6.20. Run with initial con�guration as in Figure 6.19. Results from the
level-set run.

In the level-set method, di�erent interfaces are represented as zero level-sets
of the same function, and merging occurs when two interfaces get so close, relative
to the resolution of the mesh, that they cannot be distinguished anymore. When
two volumes of uid A get close, there is a thin region of uid B between two
interfaces. The level-set function is positive in uid A, negative only in this thin
region occupied by uid B. In this region, the gradient of the level-set function
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(a) At t = 0:30, kuk1 = 5:02.
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(b) At t = 0:35, kuk1 = 5:53.

Figure 6.21. Results from the level-set run.
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(a) At t = 0:45, kuk1 = 2:53.
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(b) At t = 0:55, kuk1 = 1:13.

Figure 6.22. Results from the level-set run.
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(a) At t = 0:10, kuk1 = 6:11.
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(b) At t = 0:25, kuk1 = 8:45.

Figure 6.23. Run with initial con�guration as in Figure 6.19. Results from the
segment projection run.
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(a) The x-segments.
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(b) The y-segments.

Figure 6.24. The segments used to represent the two interfaces in Figure 6.23b).
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will be discontinuous along the line of equal distance to the two interfaces. Such
a region will be subject to more di�usion of the numerical method, which speeds
up the merging process. The change in topology is a natural part of the level-
set method, the level-set function �(x) simply evolves continuously during this
process.

In the segment projection method, some criterion must be used to determine
if and when merging should occur. Here, we have used the the distance between
the interfaces. When a merger occurs, a special algorithm needs to be evoked,
connecting the two structures representing the involved interfaces, creating one
new modi�ed structure. This algorithm was described in section 5.5.1.

What distance ~d that is set as the merging distance will a�ect when merging
takes place. It might also a�ect the merging shape, since with a smaller merging
distance, the interfaces merge later and might have deformed more before this
happens. The merging distance ~d should be set with consideration of the resolu-
tion of the mesh, and should never need to be larger than the size of an element.
Since the di�usive e�ect in the level-set method, that was described above, has
no correspondence in this method, the mergers generally occur at a later point
in time in simulations with the segment projection method.

Compare Figures 6.20b) and 6.23b), showing the interfaces and velocity �elds
after the second merger for the two methods. The bubbles in the level-set method
have merged earlier, and surface tension e�ects have made the remaining large
bubble approach a more regular shape. In the segment projection run, the
bubbles deformed more before the second merger, which occured later in time.
Another di�erence is found after the bubble has merged with the surface. The
�laments left after this merger get thinner and disappears more quickly in the
level-set method. The results of the two methods are however qualitatively
similar.

The curvature calculations are not very accurate along the �laments after the
bubble-surface merge. In the level-set method, the curvature calculated from 5.50
is cut o� at a maximum value of 15:0. This maximum value is motivated from
the fact that structures with larger curvatures, i.e. with such small scale details,
can not be represented with the resolution of the mesh used in the simulation.
The high frequencies of this cut curvature is thereafter �ltered out equivalent to
(5.49).

In the merging process in the segment projection method, circular arcs have
been inserted to reconnect merging structures. The radius of curvature of these
arcs have been chosen considering the smallest scales that can be represented
on the mesh, and because of this, there are resolution e�ects in the curvature
calculations. The curvature is calculated using divided di�erences for the one
dimensional segment discretizations. Since the resolution of the segment dis-
cretizations is �ner than the resolution of the mesh and the interface is smooth,
these calculations are however rather accurate.

When a merger takes place, there are sub-grid scale e�ects. The curvature
gets in�nitely large at a point connecting the two previously separated interfaces.
The surface tension forces however regularize the interface in an in�nitesimal
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(a) At t = 0:35, kuk1 = 3:86.
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(b) At t = 0:375, kuk1 = 6:54.

Figure 6.25. Results from the segment projection run.
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(a) At t = 0:55, kuk1 = 3:99.
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(b) At t = 0:65, kuk1 = 0:55.

Figure 6.26. Results from the segment projection run.
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short time. No numerical method can fully resolve these sub-grid phenomena,
and some approximation must be made.

We have discussed the merging process for the level-set and segment projec-
tion methods. The approximation of the merging process is di�erent in the two
methods, and it is diÆcult to know what the correct behavior should be. The
results from the two runs are however qualitatively similar, showing the same
type of behavior after each merger.

6.5 Sedimentation of Viscous Drops

In this section, we present the results of simulations of ten viscous drops, settling
in a box due to the e�ects of buoyancy. The segment projection method has been
used, and no merging between drops is allowed.

We use a regularly subdivided mesh on [�1; 1] � [0; 3]. The element size is
0:05, i.e the distance between two neighbouring nodes in the mesh is 0:025, since
we use quadratic elements. The segments are discretized on uniformly divided
one-dimensional grids, with grid size h = 6:25 � 10�3 in both directions. We
impose no-slip conditions on all four walls. Initially, ten drops with diameter
d = 0:25 are immersed into the surrounding uid. The con�guration is shown in
Figure 6.27.
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Figure 6.27. Initial condition. Ten drops of uid A immersed into uid B. All
ten drops have radius 0:125. The velocity �eld is quiescent initially, u(x; 0) = 0.
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We present two runs, with di�erent physical parameters. In the �rst run, the
viscous drops deform as they settle at the bottom of the box. In the second run,
the viscosity and surface tension of the drops are high enough for the drops to
resist deformation.

Denote the uid inside the drops by uid A, and the surrounding uid by
uid B. For the �rst run we use the Morton number M = 0:1 and the E�otv�os
number Eo = 0:02. These numbers were de�ned in (6.1), and are based on the
drop diameter d = 0:025. The ratio of the density of the drops to the density
of the surrounding uid is �A=�B = 100 and the viscosity ratio is �A=�B = 10.
For the second run, the parameters are M = 0:1, Eo = 0:002, �A=�B = 100 and
�A=�B = 20.
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(a) At t = 6:25, kuk1 = 0:190.
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(b) At t = 12:5, kuk1 = 0:247.

Figure 6.28. Numerical simulation with initial con�guration as in Figure 6.27.
The physical parameters are M = 0:1, Eo = 0:02, �A=�B = 100, �A=�B = 10.
The time step is �t = 0:025.

The time scales of the two runs are quite di�erent. Although the �rst run is
very viscous, the drops do deform somewhat. In the second run, the viscosity
of the drops is increased, as well as the surface tension. The drops resist any
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deformation, and move essentially like rigid bodies. This slows down the time
scale of the problem substantially. The settling times are about 30 times longer
than in the �rst simulation. In the �rst run, we use �t = 0:025, and in the
second run �t = 0:5.

Results from the �rst simulation are presented in Figures 6.28-6.29, and re-
sults from the second run are presented in Figures 6.30-6.31.

All drops are of equal size, and have the same density and viscosity. The
settling velocity of a drop will however depend on the con�guration of drops.
A drop might move with a higher velocity if it travels in the wake of another
drop. It might also be slowed down by uid recirculating due to the fall of other
drops. The three drops in the top of Figure 6.28 move slower than the other
drops to begin with. As the other drops starts to settle close to the bottom, and
the velocities in this region decrease, the settling velocities of the three drops
increase, and they fall faster towards the bottom.
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(a) At t = 18:75, kuk1 = 0:106.
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(b) At t = 25:0, kuk1 = 0:046.

Figure 6.29. Plots at later times for the same simulation as in Figure 6.28.
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In Figure 6.29, all drops have reached the lower part of the domain. The
velocities decrease, as the drops slowly move to obtain a more densely packed
con�guration.

The results for the sti�er drops are shown in Figures 6.30-6.31. Also here,
the drops fall with di�erent speed. The time scale in this simulation is however
much slower compared to the previous run. As in the �rst simulation, three
drops fall behind, but increase their settling speeds as the uid velocities created
by the other drops get smaller.
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(a) At t = 125, kuk1 = 5:90 � 10�3.
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(b) At t = 375, kuk1 = 7:43 � 10�3.

Figure 6.30. Numerical simulation with initial con�guration as in Figure 6.27.
The physical parameters are M = 0:1, Eo = 0:002, �A=�B = 100, �A=�B = 20.
The time step is �t = 0:5.

The drops in this simulation do hardly deform at all, mainly due to the high
surface tension. They are very viscous, and move essentially like rigid bodies.
Because of this, the velocity �eld inside a drop in the reference frame of the
drop is almost zero. The e�ective boundary conditions on these drops therefore
very much resembles the no-slip conditions associated with solid particles. In
the case of solid particles, the detailed tracking of interface shapes is redundant.
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The �ctitious domain technique has been successfully applied to the simulation
of particulate ows in [15]. The existence of solutions for the motion of solid
particles immersed in a viscous uid is studied in [11].

The con�guration of the drops in the end is somewhat di�erent in the two
runs. Since the drops in the second run resist deformation, they will not be
packed as densely as the drops in the �rst run. The mass conservation is very
good in the last run, each drop has lost less than 0:5% of its mass. It the �rst
run, the mass conservation is not as good. A typical drop has lost 3� 5% of its
mass in the end of the simulation.
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(a) At t = 500, kuk1 = 3:64 � 10�3.
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(b) At t = 750, kuk1 = 1:90 � 10�3.

Figure 6.31. Plots at later times for the same simulation as in Figure 6.30.

In many important physical problems, the number of drops in the ow is
so large that it is not feasible to perform simulations resolving each drop. To
simulate such problems, e�ective equations, based on a macroscopic description
of the problem, needs to be formulated. Such formulations make use of a function
de�ning the volume fraction of drops. The objective is to study the behavior of
the mixture, rather than the interaction of individual drops. To complete this
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formulation, one must de�ne some bulk variables, such as the viscosity of the
mixture.

Bulk models are used in many simulations, in one, two and three spatial
dimensions. In many cases, it is diÆcult to perform physical experiments such
that bulk variables can be measured. Numerical experiments where a relatively
large, yet limited, number of drops is considered, could be used to measure such
bulk variables. Simulations of the type presented here could therefore be used
to verify physical models formulated for di�erent properties of the mixture.



Appendix A

Quadrature Rules

The quadrature rule used for evaluation of integrals in the variational formula-
tions of the Navier-Stokes equations and the level-set advection and reinitializa-
tion equations is given in Table A.1.

Quadrature points Quadrature

x y weights

0.333333333333333 0.333333333333333 -0.149570044467670
0.479308067841923 0.260345966079038 0.175615257433204
0.260345966079038 0.479308067841923 0.175615257433204
0.260345966079038 0.260345966079038 0.175615257433204
0.869739794195568 0.065130102902216 0.053347235608839
0.065130102902216 0.869739794195568 0.053347235608839
0.065130102902216 0.065130102902216 0.053347235608839
0.638444188569809 0.048690315425316 0.077113760890257
0.638444188569809 0.312865496004876 0.077113760890257
0.048690315425316 0.638444188569809 0.077113760890257
0.048690315425316 0.312865496004876 0.077113760890257
0.312865496004876 0.048690315425316 0.077113760890257
0.312865496004876 0.638444188569809 0.077113760890257

Table A.1. Quadrature points and weights for the 13-point quadrature formula.
This formula integrates polynomials of degree 12 exactly on the triangle with
nodes (0; 0), (1; 0) and (0; 1).

The three-point Gauss quadrature rule, used to evaluate the line integral in
the front-tracking method (section 5.4.2) is given in Table A.2.
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Quadrature Quadrature

points weights

0.1127016653792582 5/18
0.5 8/18
0.8872983346207417 5/18

Table A.2. Quadrature points and weights for the 3-point Gauss-quadrature
formula. This formula integrates polynomials of degree 5 exactly on the interval
(0; 1).
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