
Particle-laden Turbulent Wall-bounded Flows
in Moderately Complex Geometries

by

Azad Noorani

December 2015
Technical Reports

Royal Institute of Technology
Department of Mechanics

SE-100 44 Stockholm, Sweden



Akademisk avhandling som med tillst̊and av Kungliga Tekniska Högskolan i
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Particle-laden wall-bounded turbulent flows in moderately
complex geometries

Azad Noorani
Linné FLOW Centre, KTH Mechanics, Royal Institute of Technology
SE-100 44 Stockholm, Sweden

Abstract

Wall-bounded turbulent dispersed multiphase flows occur in a variety of indus-
trial, biological and environmental applications. The complex nature of the
carrier and the particulate phase is elevated to a higher level when introducing
geometrical complexities such as curved walls. Realising such flows and dis-
persed phases poses challenging problems both from computational and also
physical point of view. The present thesis addresses some of these issues by
studying a coupled Eulerian–Lagrangian computational framework.

The content of the thesis addresses both turbulent wall flows and coupled
particle motion. In the first part, turbulent flow in straight pipes is simulated
by means of direct numerical simulation (DNS) with the spectrally accurate
code nek5000 to examine the Reynolds-number effect on turbulence statistics.
The effect of the curvature to these canonical turbulent pipe flows is then added
to generate Prandtl’s secondary motion of first kind. These configurations, as
primary complex geometries in this study, are examined by means of statistical
analysis to unfold the evolution of turbulence characteristics from a straight
pipe. A fundamentally different Prandtl’s secondary motion of the second kind
is also put to test by adding side-walls to a canonical turbulent channel flow
and analysing the evolution of various statistical quantities with varying the
duct width-to-height aspect ratios.

Having obtained a characterisation of the turbulent flow in the geometries
of bent pipes and ducts, the dispersion of small heavy particles is modelled
in these configurations by means of point particles which are one-way coupled
to the flow. For this purpose a parallel Lagrangian Particle Tracking (LPT)
scheme is implemented in the spectral-element code nek5000. Its numerical
accuracy, parallel scalability and general performance in realistic situations is
scrutinised. The analysis of the resulting particle fields shows that even a
small amount of secondary motion has a profound impact on the particle phase
dynamics and its concentration maps.

For each of the aforementioned turbulent flow cases new and challenging
questions have arisen to be addressed in the present research works. The goal
of extending understanding of the particle dispersion in turbulent bent pipes
and rectangular ducts are also achieved.

Descriptors: Direct numerical simulation, wall-bounded turbulent flows, sec-
ondary motion, pipe flow, curved pipe, duct flow, gas-solid flows, spherical
particles, particle-laden turbulent flows, dispersion of inertial particles.
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Partikelbemängd väggdominerad turbulent strömning
i m̊attligt avancerade geometrier

Azad Noorani
Linné FLOW Centre, KTH Mekanik, Kungliga Tekniska Högskolan
SE-100 44 Stockholm, Sverige

Sammanfattning

Väggdominerade turbulenta dispergerade flerfasströmningar förekommer i ett
flertal industriella, biologiska och miljömässiga tillämpningar. Bärarfluidens
och den partikulära fasens komplicerade beteende lyfts till en högre niv̊a d̊a
geometriska komplexiteter s̊asom krökta väggar introduceras. Förverkligandet
av s̊adana flöden och dispergerade faser ger upphov till utmanande problem,
b̊ade fr̊an en fysikalisk och en beräkningssynvinkel. N̊agra av dessa problem
behandlas i denna avhandling, där de studeras ur en kopplad Euler–Lagrangisk
beräkningssynvinkel.

Turbulent strömning i raka rör simuleras genom direkta numeriska simu-
leringar (DNS) med en spektralt noggrann kod nek5000 för att analysera
Reynoldstalets effekt p̊a den turbulenta statistiken. Effekten fr̊an geometrisk
krökning p̊a dessa kanoniska turbulenta rörströmningar adderas sedan för att
generera Prandtls sekundära rörelse av den första typen. Som primär komplex
geometri, undersöks dessa konfigurationer genom statistisk analys för att av-
slöja hur turbulensens egenskaper utvecklas fr̊an ett rakt rör. En fundamentalt
annorlunda Prandtls sekundära rörelse av den andra typen, är ocks̊a undersökt
genom att lägga till sidoväggar till en kanoniskt turbulent kanalströmning,
och analysera förändringen av diverse statistiska storheter, med avseende p̊a
varierande storleksförh̊allande hos kanalen.

Efter att ha erh̊allit en karakterisering av den turbulenta strömningen
i krökta rör och kanaler, modelleras dispersionen av sm̊a tunga partiklar i
dessa konfigurationer som punktpartiklar, vilka är enkelriktat kopplade med
strömningen. För detta ändam̊al är ett parallellt Lagrangiskt partikelsp̊ar-
ningsschema (LPT) implementerat i den spektrala koden nek5000. Dess nu-
meriska noggrannhet, parallella skalbarhet och allmänna prestation i realistiska
sammanhang granskas. Analysen av de resulterande partikelfälten visar att
även en l̊ag grad av sekundär rörelse har en avsevärd inverkan p̊a dynamiken
hos den partikulära fasen och dess koncentrationsfördelningar.

För vardera av de ovannämnda turbulenta strömningsfallen har nya och
utmanande fr̊agor uppst̊att, som tas upp i detta forskningsarbete. Målet att
utvidga först̊aelsen för partikeldispersionen i turbulenta krökta rör samt rek-
tangulära kanaler har ocks̊a uppn̊atts.

Nyckelord: Direkta numeriska simuleringar, väggdominerad turbulent ström-
ning, sekundär rörelse, rörströmning, krökt rör, kanalströmning, sfäriska par-
tiklar, partikelbemängd turbulent strömning, dispersion av tröga partiklar.
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Preface

In this thesis, the transport of dilute micro-size inertial spherical particles in
turbulent straight pipe and curved pipe flows of different curvature, and tur-
bulent square and rectangular ducts is studied by means of direct numerical
simulation of the carrier phase with one-way coupling of Lagrangian particle
tracking. Particular attention is given to the analysis of the turbulent flow in
bent pipes and ducts to have a proper overview of the effect of the secondary
motion on the near-wall dynamics in these moderately complex geometries prior
to injecting particles. The first part of the thesis introduces some methodolog-
ical considerations, validation and verification of the implementations and a
general overview of the results. The second part consists of eight journal arti-
cles and a technical report. For the published papers, the layout of the paper
has been adjusted to match the format of the thesis, but their content remains
unchanged with respect to the published versions.

Paper 1. G.K. El Khoury, P. Schlatter, A. Noorani, P.F. Fischer,

G. Brethouwer & A.V. Johansson, 2013. Direct numerical simulation of
turbulent pipe flow at moderately high Reynolds numbers. Flow, Turb. Com-
bust. 91: 475–495

Paper 2. A. Noorani, G.K. El Khoury, & P. Schlatter, 2013. Evo-
lution of turbulence characteristics from straight to curved pipes. Int. J. Heat
Fluid Flow. 41: 16–26

Paper 3. A. Noorani & P. Schlatter, 2015. Evidence of sublaminar
drag naturally occurring in a curved pipe. Letter to Phys. Fluids. 27 (3):
035105

Paper 4. A. Noorani & P. Schlatter, 2015. Swirl-switching phenom-
enon in turbulent flow through toroidal pipes. Submitted to Int. J. Heat Fluid
Flow.

Paper 5. A. Noorani, G. Sardina, L. Brandt, & P. Schlatter, 2015.
Particle transport in turbulent curved pipe flows. Under revision for publication
in J. Fluid Mech.

Paper 6. A. Noorani, G. Sardina, L. Brandt, & P. Schlatter, 2015.
Particle velocity and acceleration in turbulent bent pipe flows. Flow Turb.
Comb. 95 (2-3): 539–559

Paper 7. R. Vinuesa, A. Noorani, A. Lozano-Durán, G.K. El Khoury,

P. Schlatter, P.F. Fischer & H.M. Nagib, 2014. Aspect ratio effects in
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turbulent duct flows studied through direct numerical simulation. J. Turb. 15: 677–
706

Paper 8. A. Noorani, R. Vinuesa, L. Brandt. & P. Schlatter, 2015.
Aspect ratio effect on particle transport in turbulent duct flows. Technical Re-
port.

Paper 9. A. Noorani, A. Peplinski & P. Schlatter, 2015. Informal
introduction to program structure of spectral interpolation in nek5000. Techni-
cal Report.
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Part I

Overview and summary





CHAPTER 1

Introduction

1.1. Eulerian v. Lagrangian

The Eulerian and the Lagrangian specifications are the two fundamental frames
to describe the dynamics of the flow field. The former is based on the contin-
uum hypothesis in classical field theory concerning the fluid properties within
a control volume (see for example: Batchelor 2000) while in the latter one con-
siders the movement of individual particles of the fluid. The observer in the
Eulerian frame of reference is fixed in space and locally different fluid particles
appear to be described through time. Such an Eulerian field is, for instance,
recorded by stationary sensors such as hot-wires or pitot-static tubes. On the
other hand, the observer in the Lagrangian frame of reference follows individual
fluid parcels in time, and as it happens the instantaneous particle velocity and
position characterise the motion in space and time. The probes mounted on
atmospheric balloons can be considered as a classical example of Lagrangian
sensors as they are travelling with the fluid (Guyon et al. 2001). While New-
ton’s second law directly applies to each fluid particle in the Lagrangian frame,
one can apply the same universal law for a continuum flow field to arrive at
the Navier–Stokes equations in the Eulerian frame. Having considered the fluid
flow as continuous medium both alternatives to describe fluid motion lead to a
unique description. However, tracking each and every individual particles for
complex flow systems might be quite costly.

While most considerations in fluid flows are related to the Eulerian frame-
work, there are situations where having a clear Lagrangian view is necessary
and almost crucial. Dispersed multiphase flow is a well-known instance that
widely appear in industrial, biological and environmental applications. Sand-
storms in the desert or emulsified petrochemical droplets suspended in water
are good illustrations of such dispersed particulate phases. One particularly
celebrated example is the eruption of the Icelandic volcano Eyjafjallajökull in
the year 2010 which formed a jet in cross flow laden with inertial heavy solid
particles (figure 1.1), resulting in an unexpected and long air traffic shutdown
in the same year. Related aspects of multiphase flows include the treatment
of deformable “particles” such as droplets or bubbles, or the advection of large
non-spherical particles such as fibres or disks in suspensions (see e.g. Chal-
labotla et al. 2015; Andersson et al. 2012).
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4 1. INTRODUCTION

Figure 1.1. (Left) Eruption of the Icelandic volcano Ey-
jafjallajökull in April 17th, 2010 forming a jet in cross flow

laden with inertial particles (Picture by Árni Fridriksson from
www.wikipedia.org). (Right) NASA’s Aqua satellite view
of dispersed volcanic ash plume on April 19th (Picture by
NOAA/NASA from www.nasa.gov).

1.2. Direct numerical simulation of turbulence

By and large, the most widely observed regime among the particulate and non-
particulate fluid flows is the state of turbulence. This complex and chaotic flow
regime is central to the typical industrial and environmental processes such
as heat and mass transfer, mixing and reactions, particulate dispersion, solid
suspension an so forth. These phenomena are dramatically affected by the
presence of turbulence (see Paul et al. 2004). Turbulent flows are characterised
by being random, rotational, dispersive and often highly intermittent (Pope
2000; Davidson 2004). This three-dimensional process contains a large range of
spatial and temporal scales that transport and eventually dissipate the kinetic
energy via a cascade process. Thus far, no analytical theory of turbulence is
available due to the complex interactions between the various temporal and
spatial scales dictated by the nonlinear Navier–Stokes equations. It is impor-
tant to note that, however, the Navier–Stokes equations are valid both in the
laminar and turbulent state of the fluid, and have as such embedded a rich set
of different solutions, controlled by a few parameters of the flow. Therefore,
a general mechanistic description of this physical phenomena is not available
(Paul et al. 2004).

In an effort to perform qualitative or quantitative analysis in the field of
turbulence, corresponding experimental analysis techniques have largely im-
proved during the last decades. Probably the most basic tools that have been
proven extremely valuable for fluctuations measurements are the so-called hot-
wire probes. These thermo-anemometers instruments are thin wires in the
flow which provide an approximation to the fluid velocity by measuring the
heat transfer (i.e. cooling) exerted onto the wire by the flow (Bradshaw 1971).
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More recent methods such as image sensors in particle image velocimetry (PIV)
employ computer-based capabilities. These techniques can be used to examine
a much wider range of scales (Raffel et al. 2007). It is interesting to note in this
context that with PIV, in fact, the motion of Lagrangian particles is observed,
based on which an approximation of the underlying Eulerian field is estimated.
The optical tracking of tracers (fluid particles), also known as particle-tracking
velocimetry (PTV), is the most prominent technique in realising turbulence via
a Lagrangian technique. The passive tracers, inertial micro-particles, or even
larger particles (larger than the smallest spatial scales of the flow) also can be
used in this method (Toschi & Bodenschatz 2009). While the first systematic
set of measurements applying this technique in wind tunnels and water tun-
nels with grid turbulence is reported by Snyder & Lumley (1971) and Sato &
Yamamoto (1987), experimentalists actively keep developing the PTV to be
applied for three-dimensional high Reynolds-number turbulent flows.

In the light of the various techniques to measure a flow, both in laboratory
and also in the field, it has been an attractive alternative trying to compute
solutions to the governing equations of the fluid motion more or less directly.
Of course, a range of useful analytical tools have been employed, mainly to
describe flow phenomena either in asymptotic limits, or to derive scalings or
statistical relations. However, in the 1920s the idea developed to directly com-
pute solutions to the Navier–Stokes equations, with or without so-called tur-
bulence models. Such trials were performed, e.g. by the famous meteorologist
L. Richardson (see Richardson 2007). With the invention and development of
digital computers the computational techniques became feasible for more and
more relevant flows. Notwithstanding, the direct numerical simulation (DNS)
remains unrivalled in providing accurate numerical solutions for the Navier–
Stokes equations with resolving all relevant temporal and spatial scales of the
problem. This technique provides a sumptuous level of details in describing the
various aspects of flow physics without applying a turbulence model. However,
the range of these excited scales in turbulent flow is rapidly growing with in-
creasing Reynolds number of the flow; defined generically as Re = UL/ν, where
U and L are the integral velocity and length scale of the flow, respectively (e.g.
bulk velocity ub and diameter of the pipe D for a pipe flow), and ν is the
kinematic viscosity. As a result, performing DNSs are highly expensive and
mostly restricted to canonical flow geometries. Nevertheless the accuracy of
the underlying numerical methods has been significantly valued, in particular
within academic research.

The improvements in spectral methods for solving Navier–Stokes equations
performed by Patterson & Orszag (1971) was intertwined with the availability
of required computer power for performing a DNS in the 1970s and 1980s. As
a result, Rogallo (1981) performed a DNS of homogeneous isotropic turbulence
in a three-periodic box with, at that time enormous, 128×128×128 grid points.
The results showed a good agreement with the available experimental data at
the time. The potential of the flow simulations was soon realised not only to
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reproduce experiments but also to provide an unprecedented insight into the
flow, and the possibility to evaluate all kinds of terms that were just available
as approximations previously. This has established that simulation results can
provide data bases for examining existing (and new) turbulence models and
further understanding of turbulence.

In the context of wall-bounded turbulent flows, channels and boundary
layers were put to test applying the spectrally accurate DNS methods which
were performed by Kim et al. (1987) and Spalart (1988). The turbulent scaling
rules such as the law of the wall were examined now also from DNS results, and
a range of statistics of the turbulent flow were computed and discussed in detail.
Although from the experimental point of view, realising turbulent pipe flow is
the most straight-forward among the wall-bounded canonical flows, mainly due
to its geometrical enclosure and the lack of any side-wall effect complications, it
was not until 1990s that the first DNS in the pipe configuration was performed
by Eggels et al. (1994). The numerical approach necessary for this configuration
requires to cast the Navier–Stokes equations into a cylindrical polar coordinates
which causes numerical singularity at the centreline of the pipe. Although there
are a number of techniques developed to deal with this singularity, as of today
the turbulent pipe flow remains as the only wall-bounded canonical flow that
has not been studied thoroughly as a function of Reynolds number. However,
a number of ongoing research activities (including a paper in this thesis) try to
tackle this apparent shortcoming in the literature.

1.3. Towards geometrical complexity

Studying canonical wall-bounded flows (e.g. plane channels, straight pipes and
zero-pressure gradient boundary layer) provide extremely valuable insights into
the inner workings of turbulence, and thus into turbulence research as such.
The geometries of these flows, hence, are largely simplified in order to avoid
losing the generality. This simplification facilitates also the analysis of particle
dispersion, deposition and mixing in these cases. Internal flows relevant to
industrial applications, on the other hand, often contain parts with geometrical
complexities such as curved sections or converging/diverging compartments
leading to e.g. secondary flows, separation bubbles etc. To date, very little is
known about particulate phase dispersion in turbulent flow inside the majority
of these configurations.

The advancements in simulation methodology allows researchers to use
similarly high-accuracy methods as employed for the above-mentioned canon-
ical flows to be used in more complex flow situations. Among these more
suitable simulation techniques, in this thesis we focus on the spectral-element
method (SEM) which facilitates performing DNS of turbulent flows in mod-
erately complex geometries. The basic idea of SEM, introduced by Patera
(1984), is essentially a high-order weighted residual method that provides both
the high accuracy and geometrical flexibility simultaneously. In other words,
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SEM can be considered as combination of the already discussed spectral meth-
ods and the more general, but mostly low-order finite element method (FEM).
Originally, Patera (1984) introduced SEM as a straight-forward combination of
multiple subdomains individually discretised based on Chebyshev polynomials
with suitable matching conditions. Soon, however, SEM was evolved towards a
discretisation based on Legendre polynomials which are taken from the family
of high-order orthogonal polynomials (similar to the Chebyshev polynomials).
It is in effect this orthogonality which is crucial for SEM as it leads to diagonal
mass matrices and provides a set of accurate integration and derivation rules.

An important aspect that is beneficial for SEM in particular with the cur-
rent development of massively parallel computer architectures is the fact that
with SEM there is a large amount of work local to each element, and only the
global communication (i.e. the exchange of boundary data and the pressure
coupling) to be done on the global mesh. This has led to a number of very effi-
cient implementations of SEM in computer programs, commonly referred to as
codes. In this thesis, one particular code will be considered, namely nek5000.
This code directly originated from the initial efforts by the group that was led
by Patera at MIT, at that time in a code named Nekton. It is worthwhile to
note that the computer power roughly doubles every 18 months (this is usually
called Moore’s law which however related to the number of transistors on a
chip). However, this increase in computer power does not imply that codes will
directly become twice as fast every 1.5 years; the code needs to be able to use
the latest developments in computer architectures in a beneficial way. Initially,
powerful single (vector) processors were used in large (mainframe) computers
where parallelisation was mostly limited to a few processors, usually employing
shared memory. Arising the concept of distributed memory in the 1990s meant
that programs had to communicate explicitly with each other. This develop-
ment has continued to date, and one can state that the speed of an individual
core (the computing unit in modern processors) is not increasing any longer,
but rather the number of concurrent cores and nodes is the decisive factor.
Nekton was one of the first codes that was both accurate, three-dimensional,
and could take advantage of the new parallel architectures.

1.4. Simulation of particle-phase dispersion

A computational investigation of dispersed phase behaviour in turbulence can
be conducted with a number of methods described in the literature. One could
use the treatment via an Eulerian–Lagrangian approach where the fluid flow
is computed in macro-scale and the particulate dispersion transport is incor-
porated using models (Balachandar & Eaton 2010). Ideally, directly simu-
lated solutions of the Navier–Stokes equations of the carrier phase can be com-
bined with boundary condition corresponding to each individual particle. This
method requires to resolve all the scales near the surface of the particle which
makes it suitable for studying the transport of finite-size particles although due
to its cost this may not be computationally feasible for a large number of par-
ticles (Crowe et al. 2011). There are several other computational techniques
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proposed in the past to model the dispersion of particulate phase in turbulent
flows. The method of dusty gas, equilibrium Eulerian and Eulerian–Eulerian
(two-fluid) approach appear as popular techniques to model dilute particulate
suspension – see, among others, the reviews by Balachandar & Eaton (2010)
and Crowe (1982) for additional information. Nevertheless, the Lagrangian
point-particle approach has proven to be one of the most useful techniques in
modelling the micron-sized particle-laden turbulent flows which covers a good
range of inertial particle size and relaxation times. The level of interaction
between the particles and their carrier phase may vary with the volume occu-
pied by the dispersed phase in comparison to fluid volume and particle to fluid
density ratio (Balachandar & Eaton 2010).

1.5. Scope of the current work

The primary objective of this work is to implement, validate and employ an
efficient variant of Lagrangian particle tracking (LPT) suitable for complex ge-
ometries. Such LPT then will be used to simulate the complex dynamics of
particle dispersion in turbulent wall-bounded flows with moderate geometrical
complexity that imposes the secondary motion. At first stage, we simulate the
turbulent canonical straight pipe at moderately high Reynolds numbers and
add the lateral curvature to this geometry to analyse the skew-induced sec-
ondary motion on the near-wall dynamics of turbulence. This will be followed
by the injection of inertial micro-particles in these geometries to study the ef-
fect of the secondary motion on particulate-phase dynamics in curved pipes.
Later the turbulence-driven secondary motion in duct is examined. Varying
the width-to-height ratio in this geometry the influence of the side-wall bound-
ary layer and the cross-flow vortices on the turbulence and particle dynamics
will be studied. In the spirit of DNS, the required modelling will be kept at a
minimum level in order to obtain accurate solutions of benchmark quality, both
for the flow carrier phase, but also for the particulate phase. Therefore, the
current approach will be limited to very small particles, which still have inertia
but can be treated as being affected by the flow without direct back-reaction
onto the flow (one-way coupling of point particles).

In the remainder of these introductory sections we will discuss in more
detail the employed numerical methodology for the Eulerian phase. The newly
implemented solver for the Lagrangian phase is described together with a proper
validation, and a study of the numerical efficiency. Finally, a number of results
are summarised from the papers that are appended to this introduction. These
summaries serve as an outline of the work in this thesis, and try to couple
together the various aspects. Conclusions and an outlook of the works will be
given last.



CHAPTER 2

Computational methodology

The fluid flows considered in the current research are simulated by means of the
direct numerical simulation technique using the massively parallelised spectral
element code nek5000. This solver originated as the high-performance version
of the code Nekton and is actively developed by Fischer et al. (2008) at the
Mathematics and Computer Science Division of the Argonne National Labo-
ratory (ANL), located outside of Chicago. A parallelised Lagrangian Particle
Tracking (LPT) module was implemented in the DNS solver in order to simulate
the particle motion. In this chapter the spectral-element method implemented
in nek5000 is briefly described, followed by a thorough discussion of the LPT
module and its validation and verification.

2.1. Flow solver and governing equations

The governing incompressible Navier–Stokes equations (NSE) written in their
non-dimensional form read

∇ · u = 0, (2.1)

∂u

∂t
+ (u · ∇)u = −∇p+

1

Re
∇2u , (2.2)

where u denotes the velocity vector and p is the pressure. Obtaining a nu-
merical solution for such a nonlinear system of equations of mixed parabolic-
hyperbolic type is challenging. For high Reynolds-number turbulent flow, a
large portion of the flow structures are advected for a long period in time and
space before they are subjected to the inherent dissipation of turbulence and
viscosity. Hence it is usually advisable to use schemes with high accuracy and
low numerical diffusivity. Classical spectral methods representing the NSE solu-
tion via global Fourier or Chebyshev expansion are very accurate and converge
rapidly with increasing degrees of freedom. However, there is a major draw-
back for these schemes; namely, they are only applicable to relatively simple
geometries, which can be usually described as boxes (or bricks), possibly with
some simple coordinate mappings (Canuto et al. 1988).

The spectral-element method (SEM), however, combines the geometrical
flexibility of a low-order method such as finite-element method (FEM) with
the fast convergence (and thus high accuracy) of spectral methods simulta-
neously. In SEM the weak formulation of the problem (incompressible NSE)

9
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is derived by multiplying the governing equations by test functions and inte-
grating over individual elements in the physical domain. The spatial discreti-
sation is then performed applying the Galerkin projection onto a sub-space
of orthogonal polynomials, following the PN − PN−2 formulation of Maday &
Patera (1989). Here, the highest order of the polynomials for the velocity is
two degrees larger than that for the pressure expansion. This is analogous to
the staggered grid strategy normally used in finite-element or finite-difference
schemes to avoid spurious pressure (checker-board) modes. Later studies of
Tomboulides et al. (1997) showed that this problem can be avoided in SEM,
and proposed the PN−PN scheme where the Lagrangian interpolants pertaining
to spatial discretisation for both velocity and pressure sub-spaces are defined
on the same Gauss–Lobatto–Legendre (GLL) nodes. While both algorithms
are implemented in the code nek5000, the PN − PN−2 scheme is used for the
current straight pipe and duct flow simulations. The bent pipe flow simulations
are performed with the PN −PN scheme. A documentation of implementation
and method verification can be found in Tufo & Fischer (1999) and Fischer
et al. (2008a).

The high-order splitting technique of Maday & Rønquist (1990) is used
to discretise the equations in time. Whereas the viscous terms are allowed
to be treated implicitly by a third-order backward difference scheme (BDF3 ),
the nonlinear convective terms are treated using a third-order extrapolation
(EXT3 ). The former scheme is reasoned to ensure stability whereas the latter
is mainly to reduce the computational cost.

It is important to note that the non-linearity of the advective terms in the
NSE results in aliasing errors. These are characterised by generating smaller
and smaller scales that might not be represented on the mesh any longer.
Similar to pseudo-spectral methods an 3/2-dealiasing rule can be used to correct
for these errors. This scheme that is conventionally used in nek5000 is usually
referred to as overintegration scheme in the context of physical-space methods
(see Maday & Rønquist 1990). It is recently shown by Ohlsson et al. (2011)
that dealiasing might not be sufficient in particular not in the context of curved
geometries, since the related mapping might lead to another step in the order
of quadrature. An additional filter-based stabilisation procedure, hence, is also
implemented and used in the code which allows for performing well-resolved
high Reynolds number turbulent flows where a smooth damping of the highest-
order mode will be considered in the expansion (Mullen & Fischer 1999; Fischer
& Mullen 2001).

The pressure and velocity are eventually decoupled and solved iteratively
applying a conjugate gradient method with a scalable Jacobi and GMRES
method with Schwarz preconditioners. According to Tufo & Fischer (1999)
and Fischer et al. (2008a) a fast parallel coarse grid solver used in the latter
scheme is scaling up to millions of processors. The code nek5000 employs
a standardised and portable message-passing interface (MPI) platform for its
parallelism based on FORTRAN and C. For the simulations in the current thesis, a
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Figure 2.1. Wall-clock time per time step of the simulation
of a turbulent pipe case with 1264032 elements and 2.184×109

grid points. HECToR (EPCC Edinburgh, UK): • , full node;
◦, half node. Lindgren (PDC, Sweden): �, full node; +, linear
scaling. Taken from El Khoury et al. (2013).

maximum of 65535 cores were used on a Cray XE-6 machine in Edinburgh. In
Sweden, both flagship machines of Triolith (with up to 16k cores) and Lindgren
(with up to 32k cores) were employed. The scaling is measured by means
of strong scaling where the actual problem size is fixed while the number of
processors is enhanced. This implies that for larger numbers of processors
the workload will be reduced which has inherently an adverse effect on the
performance. An overview of the parallel scaling of the largest straight pipe
flow simulations is given in figure 2.1.

2.2. Particle-phase solver

In an Eulerian–Lagrangian approach, the smallest scales of the fluid flow around
a particle surface can be resolved with DNS once one imposes the boundary
conditions corresponding to each individual particle. Having solved the com-
plete velocity field around a given particle, the forces arising on the surface can
be evaluated and employed in the advection of the particle. This approach has
been previously performed by, for example, Burton & Eaton (2005) using an
overset grid technique to resolve the interaction of a fixed particle with homo-
geneous isotropic turbulence. In similar fashion (but with some more approxi-
mations) the coupling between the two phases can be obtained with immersed
boundary method (IBM), adding a force field in the right-hand side of NSE
to mimic the actual boundary condition at the moving particle surface. To its
advantage, this IBM does not require to adapt the mesh to the current particle
position. Balachandar & Eaton (2010) and Bagchi & Balachandar (2003) give
an overview of the additional techniques applicable to fully resolved simulations
of particle-laden flow systems. Although these methods may provide a detailed
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view of the flow around the particles, they are mostly useful in studying the
transport of comparably large, finite-size particles.

Modelling the dispersed phase by means of Lagrangian point particles is,
however, a suitable way of approximating micro-particles, and is widely used
in the realm of turbulent dispersed multiphase flows. In this approach the
equations of motion due to the position, mass, momentum, and energy of each
individual particle are solved, as e.g. derived by Maxey & Riley (1983). As the
size of particles does not directly enter the equations, analysing poly-dispersed
systems is also feasible. On the contrary, the other modelling techniques such as
Eulerian approaches requires the existence of a unique field representation for
particle velocity and temperature (Balachandar & Eaton 2010). This implies
a strict limitation for the ratio of the particle time scale to flow time scale
that can be considered with these methods (Ferry & Balachandar 2001). The
Lagrangian point particle approach is fundamentally free from such restrictions.
Theoretically the point-particle assumption is valid when the particle diameter
is smaller than the smallest scale of the fluid in motion. As mentioned above, for
larger particles the finite-size point particle approach must be adopted which
is out of the scope of the current research.

According to Elghobashi (1991, 1994) the level of interaction between the
dispersed phase and its carrier phase can be determined via the mass-loading
(Φm) and volume fraction (Φv) parameters. Using these characteristics of the
particulate phase one can classify the regime of particle-laden flows to dilute
and dense suspension which determines the level of interaction between the
dispersed and the carrier phase. The volume fraction of particles with respect
to the fluid is defined as Φv = NpVp/V where Np is the number of particles,
Vp is the volume of one particle and V is the global volume occupied by the
carrier phase. The particle-to-fluid density ratio, defined as ρp/ρf where ρp
and ρf are the particle and fluid density, links Φm and Φv as

Φm =
Φv

1− Φv

ρp
ρf

. (2.3)

Considering a sufficiently small volume fraction Φv . 10−6 and large enough
density ratio (around ∼ 103) the dynamics of the particles is essentially gov-
erned by the turbulent carrier phase (Elghobashi 1991, 1994). In fact, for
dilute small particles the feedback force acting on the fluid phase and the inter-
particle collisions can be considered negligible (Balachandar & Eaton 2010).
In this case the inertial particles are so-called one-way coupled with the car-
rier (Eulerian) field. Considering such dilute suspensions, this force must be
fed back to the system when Φm is larger (& 10−3). This poses additional
challenging problems from a numerical point of view. The previous attempts
providing a feasible two-way coupling method are discussed in Eaton (2009)
and Zhao & Andersson (2011).

For a dense suspension regime (Φv & 10−3) four-way coupling needs to be
considered, which includes mutual fluid-particle interaction, inter-particle colli-
sions and hydrodynamic interaction of particles. In particular, particle-particle
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collisions play a key role in the dispersion process (Sommerfeld et al. 2008). In
order to simulate inter-particle collisions two models are normally used; namely
the hard sphere model applicable to a binary collision and soft sphere model or
discrete element method (DEM) applicable to a wide range of collisions such
as non-binary interaction or agglomerations (Crowe et al. 2011). In the former
a restitution coefficient e can be defined as the ratio of pre- and post-collisional
relative speeds of the particles. In a purely elastic collision, the total kinetic
energy is assumed to be conserved during the collision process. Therefore, only
the mechanical behaviour associated with the process of particle-particle inter-
action is considered. This hard-sphere model can be embedded within either
a stochastic (Sommerfeld 2001) or a deterministic (Sundaram & Collins 1996)
collision model. The particle-wall interaction can also be simulated with a sim-
ilar approach in which a coefficient e can be defined as |vn,2/vn,1| where vn,2
and vn,1 are the wall-normal pre- and post-collisional velocities of particles,
respectively.

Maxey & Riley (1983) equation of motion for a spherical rigid particle
immersed in a non-uniform flow includes various forces acting on the individual
particles; namely:

• the particle buoyancy force,
• force due to the fluid acceleration,
• force due to the added mass (accounts for the surrounding fluid accel-
eration due to the particle acceleration),

• the aerodynamic Stokes drag (a force due to the fluid flow viscous ef-
fects),

• the Basset force (a history force term where the memory effects with
regards the boundary layer lagging on the particle surface are collected).

These formulae have been subjected to various corrections; among which the
semi-empirical nonlinear coefficients for Stokes drag corrections and the Faxén
correction terms due to the non-uniformity of the conveying flow (e.g. curva-
ture of the velocity profile) are the most prominent ones. Assuming rotating
particles one needs to add the Magnus force and Saffman lift (due to the flow
shear) to this equation to complete the fluid dynamics force on a particle. A
more detailed description can be found in Crowe et al. (2011).

Considering heavy inertial spherical point particles (e.g. gas-solid systems),
the studies conducted by Armenio & Fiorotto (2001) and Elghobashi & Trues-
dell (1992) already showed that the only effective forces on these particles are
the Stokes drag and the buoyancy force. The effect of the rest is negligibly small
in comparison to these two. Within this very common approximation, the set
of (non-dimensional) equations of motion for the spherical particles effectively
reduces to

dvp

dt
=

u(xp, t)− vp

Stb
f(Rep) +

(

1− ρf
ρp

)

g, (2.4)

dxp

dt
= vp, (2.5)
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where xp is the particle position, vp and u(xp, t) are the particle velocity
and the fluid velocity at the particle position, respectively, and g is the non-
dimensional gravitational acceleration vector. The particle relaxation time τp
is defined as

τp =
1

18

ρp
ρ

f

d2p
ν

, (2.6)

where dp is the particle diameter. The dimensionless form of the particle relax-
ation time which expresses the ratio of the particle inertia to the fluid inertia,
can be computed as

Stb =
τp

(U/L) , (2.7)

which is usually referred to as bulk Stokes number Stb. In that regard, the
particle Reynolds number Rep can be also obtained via

Rep =
|vp − u(xp, t)| dp

ν
. (2.8)

The first term on the right-hand side of the equation (2.4) describes the particle
acceleration (ap) due to the steady-state drag force acting on the spherical solid
particle in the velocity field. The coefficient f(Rep) =

(

1 + 0.15Re0.687p

)

is the
nonlinear correction of this value due to the finite size of the spherical particle
according to Schiller & Naumann (1933). Similarly, the equations for a tracers
(fluid particles) can be formulated such that the modified evolution equation
(2.5) simply becomes

dxp

dt
= u(xp, t) . (2.9)

2.2.1. Implementation, validation and verification

In the current research, the dilute suspension of micron-sized heavier-than-
fluid particles are considered to be modelled via an Eulerian–Lagrangian DNS
approach. Such Lagrangian particle tracking is performed via integration of
the equations (2.4) and (2.5) (and also (2.9) for tracers) using the classical
3rd order Adams–Bashforth (AB3 ) method as an explicit multi-step temporal
discretisation. The verification of the implemented time-stepper is performed
by means of modelling a drifting particle in an otherwise still fluid. Ignoring
the nonlinear correction in the Stokes drag, an analytical solution can be easily
derived. Figure 2.2 displays the results using the numerical implementation in
nek5000 compared to the analytical solution. It can be seen that the simple
integration of the particle results in the expected third-order behaviour.

As for the carrier phase solver the time step (∆t) is fixed such that the
Courant–Friedrichs–Lewy (CFL) condition is always below 0.5, the particle
time step ∆t is set to be equal to the flow solver time step. Checking the
maximum possible time step for the AB3 method and the relevant right-hand
sides in the particle equations indicates that the mentioned choice for the time
step is always within the region of absolute stability of the AB3 scheme. It is
worthwhile to note that the AB3 is an explicit linear multi-step method which



2.2. PARTICLE-PHASE SOLVER 15

t

X
p

0 2 4 6 8 10

0.8

1

1.2

1.4

1.6

∆ t−1

ε

10
1

10
2

10
3

10
4

10
−10

10
−5

10
0

Figure 2.2. Validation of time-integration scheme (AB3 ) ap-
plied for particle tracking in nek5000. (Left) Inertial particle
drift in a still fluid in time (t); analytical solution,
simulation results. (Right) Error (ǫ) from the time integration;
• the error in the final time of the simulation, 3rd order
behaviour.

performs the forward time integration using the information from the three
previous time steps; in that sense it is similar to the 3rd order extrapolation
(EXT3 ) scheme used in the flow solver. The lack or an error in the information
of one of these previous steps may compromise the accuracy of the method. To
avoid losing the accuracy in a restart of a simulation, a proper restart procedure
is implemented such that the particle data of the last three time steps of the
simulation is saved properly. The next session of the simulation is continued
using these information. A similar procedure is also used for the integration
of the flow field; in that case it has been shown that the reduction of order
in a restart might lead to severe ramifications in the future flow development,
including the generation of numerical instabilities or even a blow-up of the
simulation for flow at comparably high Reynolds number (low viscosity).

The particle-wall collision also requires similar treatment assuming the par-
ticle interaction with solid walls is simulated by means of purely elastic rebounds
(restitution coefficient e = 1). In that, the collided particles are reflected back
to the computational domain with total kinetic energy conservation in the
collision process. Therefore, the reflection requires changing the wall-normal
velocity component of the particle. For collided particles, the corresponding
stored data of the previous time steps must also be changed to enable a proper
high-order time integration according to AB3. This is shown in the figure 2.3
where a solid spherical particle is initiated with a non-zero velocity component
perpendicular to the wall. The particle is tracked in a still fluid (similar to the
previous validation case) such that it collides with the wall and reflects back
to the computational domain. The particle drift and the velocity switching
process is illustrated in the figure. Evidently the error is decreasing with 3rd

order behaviour suggesting that the time integration method is implemented
properly also for the wall collisions.
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Figure 2.3. Verification of particle–wall collision scheme in
the context of AB3 time integration for tracking the particle.
(a) Particle position in the wall-normal direction (Yp) versus
time t (thin solid line indicates the wall which is located at
Yp = −1); analytical solution, simulation results.
(b) wall-normal velocity component of the particle Vp before
and after the collision; simulation data; zero-velocity
indication. (c) Error analysis of the time integration; • the
error at the final time of the simulation (ǫ), 3rd order
behaviour.

The particulate-phase data is required to be obtained at arbitrary positions
within the computational domain in each time step of the simulation. The ac-
curacy of the interpolation method is important for the correct evaluation of
the hydrodynamic forces. According to van Hinsberg et al. (2013) this has
a direct consequences, for instance, on the acceleration spectrum of the fluid
particles and therefore evaluation of the hydrodynamic forces e.g. for almost
neutrally buoyant particles. A spectrally accurate interpolation scheme, hence,
is applied in the current research to evaluate fluid velocity at the centre of the
spherical particle. Since in each time step the particle tracking is performed
after updating the fluid phase, the Lagrange/Legendre basis functions and the
corresponding expansion coefficients are already available for each element.
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Therefore, without losing the accuracy of the simulation, the fluid properties
can be determined at arbitrary positions inside each element. The order of ac-
curacy of this interpolation, thus, is equal to the order of the employed spectral
elements.

According to Amdahl’s law, it is necessary for all routines of a parallel
code to be parallelised, otherwise serial parts will become the bottleneck when
increasing the number of concurrent processors. Considering nek5000 that is
massively parallelised, the particle tracking solver also should be fully parallel.
At present, every particle is handled by a certain processor. This mapping
remains the same during the whole simulation. Due to the lack of particle–
particle interaction, the integration of the particle equations is embarrassingly
parallel. The only workload in this computation is the interpolation of the
fluid velocity at particle positions, for which a situation might arise that the
processor performing the fluid element computations differs from the processor
that is allocated for particle computations. In that case, communication is
required for exchanging the data between the processors. This communication
load might be even larger than the (local) velocity interpolation workload.
Presently, the search for the processor ID on which the particle velocity data is
located is performed in every time step of the simulation. Hence, increasing the
number of particles for fixed number of processors enhances the total workload
more or less linearly.

By means of simulating a (standard) particle-laden turbulent channel flow
in a large box, the current implementation was closely examined in order to
quantify the impact of the LPT on the overall performance of the code in a
real situation. The box size is chosen to be (12π, 2, 6π) in (x, y, z) directions
respectively with (100, 10, 100) elements distributed in each of these directions.
Each spectral element is resolved with 83 internal GLL points which results in
51 200 000 grid points. A total of 1 530 000 inertial particles are distributed uni-
formly in the computational domain. The case is continued until the particle
dispersion reached a statistically stationary state. Thereafter, strong parallel
scaling is evaluated by increasing the number of processors while monitoring
the workload measured as the averaged wall-clock time per time step during
the simulation. The values for the entire solver, the flow solver nek5000 and
the LPT module are shown in figure 2.4 where fluid part shows an excellent
linear scalability for all considered number of processors. However, increasing
the number of processors the LPT solver slowly deviates from the linear scaling
(figure 2.4 b) and correspondingly the whole solver (figure 2.4 c). On the other
hand, due to the fact that the total time that is spent in the LPT module is
merely 10% of the total simulation time per time step, this deficit is barely
visible in the total timing shown in figure 2.4 (c). It is worthwhile to note that
more than 95% of the wall time spent in the LPT module is due to the evalu-
ation of the fluid velocity at particle positions (interpolation). The remaining
5% are spent to advect the particles; a comparably cheap and in particular
completely parallel operation.
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Figure 2.4. Averaged wall time per time step of the simula-
tion for different number of processors (�) performed by (a)
fluid solver nek5000, (b) LPT solver, (c) the whole code. The
test is a turbulent channel with a large box (51 200 000 grid
points) laden with 1 530 000 inertial particles in statistically
stationary state. (d) Simulation wall time for different number
of particles per processor at a fixed 256 processors performed
in a small-box turbulent channel. The particles are distributed
uniformly. The solid line illustrates linear scaling.

In a similar test a turbulent channel flow with box size of 4π×2×2π laden
with uniformly distributed particles is examined. In this case the number of
processors is fixed and set to 256 and, the number of particles per processor is
increased. As shown in figure 2.4 (d), it is obvious that the workload increases
linearly as expected. This merely confirms that the particles are essentially
independent of each other. The current scaling tests are all performed on a
Cray XE-6 machine at PDC (KTH).

In the following a few possibilities are mentioned that might help improv-
ing the efficiency of the tracking scheme. The most straight-forward option is
to reduce the search time for the processor ID that is handling a certain parti-
cle. Assuming the time step of simulations is small, the particles might spend
relatively long time (many time steps) in a specific subdomain that belongs to
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a specific processor before traversing to another processor territory. The search
for the processor IDs, then can be postponed to occasional failure of processors
in providing particle information. This, however, might not be applicable if the
time steps are large or particles are traversing quickly from one sub-domain to
another. On the other hand, the CFL condition applicable for the fluid limits
the time steps anyway to reasonable amounts. Similar assumption can be used
to apply a history scheme. While each particle possesses a unique ID, it is
possible to track down the particle IDs per processor ID. The fact that parti-
cles move into the neighbouring blocks can be taken into considerations, which
makes it possible to search the particle information only on those processors
which handle these neighbouring blocks. Naturally one could also allow for
local particle evaluations i.e. the particle computations are performed exactly
on the same processor that handles its position. Problems arise in this scheme
if the majority of particles accumulate in a small region where it needs to be
handled by few processors while the rest of the processors are particle free. In
this case the amount of local workload might be large and a more sophisticated
load balancing is required. Defining a threshold after which the workloads are
distributed to the other processors with less particles might be useful. This
re-shuffling could be also costly at times, but does not need to be performed
every time step. Finally, a simpler possibility to reduce the overall cost of the
particles is to use different time steps for the fluid and particle phase. Experi-
ence shows that the maximum possible time step is lower for the fluid, which
means that particulate phase could be updated less frequently in comparison to
the fluid phase. This update can be performed as a function of Stokes number;
i.e. the heaviest particles allowing the largest time step.

Finally, a general validation of the LPT implementation is performed for
a classical particle-laden turbulent channel flow. For the carrier phase, DNS
is performed at Reτ = 180 (based on friction velocity and channel half-height
h) in a standard domain of size 4π × 2 × 4/3π. The Eulerian statistics of the
particulate phase are validated against the literature data by Sardina et al.
(2012). These simulations were performed by means of the pseudo-spectral
code SIMSON (Chevalier et al. 2007) in which the LPT is implemented by a 2nd

order Adams-Bashforth time integration (AB2 ) and a tri-linear interpolation
scheme. A total of four particle populations are considered with Stokes numbers
(St+ = 0, 1, 10, 100; + indicates viscous scaling) where ρp/ρf = 770. The two
simulations share the same set-ups in terms of initial conditions, start- and end-
time of the Lagrangian particle tracking. Initially the particles are uniform and
randomly distributed in the computational domain after the turbulent flow field
is already fully developed inside the domain. The simulation is continued for
2000 convection time units (tub/h). In both simulations, the computation of
Eulerian statistics for the Lagrangian data is started after the particles reached
a statistically stationary state approximately at 1500h/ub units from the start.
A visualisation is provided at the final time of the simulation by nek5000 in
figure 2.5, where both the turbulent flow field and the particle phase (St+ = 10)
are shown. Figure 2.6 shows the normalised particle concentration and axial
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velocity profiles as a function of wall-normal direction. Obviously the two
completely different codes with independent implementations provide almost
identical results. Having validated the present implementation, we are ready
to perform LPT in more complex geometries.

Figure 2.5. Visualisation of the particle distribution and the
carrier phase in the turbulence channel at the final time of the
LPT simulation. The particles belong to the population with
St+ = 10. The pseudocolours indicate the streamwise velocity
of the fluid with the value of 1.25 as dark red and 0.25 as dark
blue.
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Figure 2.6. (a) Averaged wall-normal particle concentration
normalised with uniform particle distribution in the domain.

St+ = 0, St+ = 1, St+ = 10, St+ = 100;
� is the SIMSON, and • is the nek5000 data. (b) Wall-normal
distribution of the inner-scaled streamwise velocity for differ-
ent Stokes numbers. • St+ = 0, St+ = 1, St+ = 10,
� St+ = 100. blue is the SIMSON, and red is the nek5000

data.



CHAPTER 3

Turbulent wall-bounded flows with secondary motion

In order to understand the complex dynamics of a turbulent multiphase flow
it is crucial to have a clear overview and sufficient understanding of the basic
characteristics of the fluid phase. Only in this way, the impact of turbulence
onto the particles can be understood and described. This is even more crucial in
the case of non-passive particles that interact with the flow (two- and four-way
coupling regimes) to assess the changes due to the particles. In the context of
turbulent wall-bounded flow research in very complex geometries, it is necessary
to simplify the geometry as much as possible without losing the generality
and the important physical aspects due to the geometrical complexity. In
this way the flow configuration will be comparable to a potentially previously
studied canonical flow. This, thus, enables us to realise the evolution in the
flow characteristics from canonical to complex geometries.

In general, there are three simple geometrical configurations which are re-
ferred to as canonical wall-bounded flows: the spatially developing boundary
layer, the plane channel (Poiseuille) flow and pipe flow. Adding lateral curva-
ture results in the development of clear secondary motions in a plane perpen-
dicular to the axial/streamwise flow direction. This skew-induced cross-flow
motion (due to an inviscid process) is usually referred to as the Prandtl’s sec-
ondary motion of the first kind. A fundamentally different kind of secondary
flow appears when side walls are added to a channel flow, leading to duct flow.
The local gradients of the Reynolds stresses in each corner force mean stream-
wise vortices. This cross-flow motion is known as Prandtl’s secondary motion
of the second kind (see Bradshaw 1987). The primary objective of this work
is then to study the micro-particle dispersion in turbulent flow in these two
geometries – bent pipes and ducts – to analyse the effect of various secondary
motions with different magnitudes on the dynamics of inertial particles. To
achieve this, the turbulent flow in both bent pipes and duct flows are simulated
and analysed before adding inertial particles to these systems.

As a first step, however, DNSs of the turbulent flow in straight pipe are
performed (El Khoury et al. 2013). This is mostly due to the rarity of prop-
erly resolved simulations in this configuration. Naturally, due to its enclosed
geometry, turbulent flow in pipes stands out as the easiest geometry to realise
in experiments compared to boundary layers and channels; however, because
of a numerical singularity in the pipe centre, performing numerical simulations
in this configuration has been challenging. Most of previous simulations were,

21
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thus, limited to short pipes at low Reynolds numbers (see e.g. Eggels et al.
1994; Orlandi & Fatica 1997; Wagner et al. 2001; Fukagata & Kasagi 2002;
Walpot et al. 2007).

After that, we move on to study the evolution of the flow characteristics
in a bent pipe, highlighting the effect of curvature on a number of turbulence
statistics. In comparison to turbulent straight pipes, there are even less studies
available for the bent pipe configuration, so that a careful analysis may con-
stitute an important reference for future studies. For that purpose, we have
put online the data for all our pipe simulations (Noorani et al. 2013) on the
homepage of the FLOW Centre (www.flow.kth.se) for other researchers to
validate their simulations, experiments and modelling efforts. The duct flow
study is unique in the sense that never before such wide range of aspect ratios
has been studied using DNS technique. The included documentation (Vinuesa
et al. 2014) gives a good overview of the applied simulation technique, the flow
tripping and the expected results. Finally, we inject inertial particles in each
of these geometries. The corresponding simulations and their key findings are
discussed in the following chapter. The remainder of this chapter is devoted
to short summaries of the studies of turbulence in straight and bent pipes and
ducts geometries. The corresponding papers are appended in full at the end of
this thesis while a few sample figures are reproduced in the following chapters.

3.1. Flow in a straight circular pipe

Well-resolved direct numerical simulations of turbulent pipe flow at low to
moderately high Reynolds numbers, covering the range of Reτ = 180, 360, 550,
and 1000, based on friction velocity and pipe radius R are performed. This data
is intended to be of reference quality, which is the reason why the domain length
for all pipes has been chosen comparably long, i.e. 25R. This axial extent of
the computational domain is chosen such that all the turbulent structures are
included within the represented pipe. At the time these simulations were set up,
the largest available simulations for turbulent pipe flow were the data by Wu
& Moin (2008) reaching slightly over Reτ = 1100 in a pipe with 15R length.
There are a number of other simulations that have reached up to and over
Reτ = 1000 recently, including Chin et al. (2010); Boersma (2011); Ahn et al.
(2013). Since the spectral element code nek5000 is used in the present study,
the equations of motions are solved in a Cartesian system which automatically
resolves the problem of the numerical singularity in the pipe centre. In other
works based on cylindrical coordinates, more elaborate measures have to be
taken to solve for the velocity at or in the vicinity of the axis, see e.g. the very
recent article by Lenaers et al. (2014).

The employed spectral-element mesh is set up in such a way that current
guidelines regarding resolution are fulfilled, as e.g. discussed by Spalart et al.
(2008). In terms of raw numbers, this leads from 18.67 × 106 to 2.184 × 109

grid points for the smallest to the largest Reynolds number. For all the cases,
the largest grid spacing is chosen to be less than 5, 5 and 10 plus units in the
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Figure 3.1. Pseudocolour representation of the instanta-
neous streamwise velocity normalised by the bulk velocity of
the flow in straight pipe. From left: Reb = 5300, 11700, 19000,
and 37700 (based on the bulk velocity ub and pipe diameter
D). The colours vary from 0 (black) to 1.3 (white). Taken
from El Khoury et al. (2013).

radial, azimuthal and axial directions, respectively. For all the cases the com-
plete Reynolds-stress budgets (including pressure terms) along with low and
high-order moments are obtained which allows us to perform an extensively
comparative study with respect to other simulation data including pipes, chan-
nels and boundary layers as well as examining the Reynolds number effect on
the mean and turbulent characteristics of the pipe flow.

The instantaneous cross-sectional views of axial velocity at an arbitrary
axial position are illustrated in figure 3.1 and show that how the characteristics
of the flow field is changing with increasing Reynolds number. Evidently the
range of scales is increasing with Reynolds number throughout the cross-section
of the pipe. It is expected that the average spacing between near-wall low-
speed streaks to be about 100 viscous units in each case which appears to be
nicely compatible with the pattern observed in the figure. Interestingly, one can
relate the shown Reynolds numbers to real examples. For instance, Reb = 5300
approximately corresponds to the flow in a straw when drinking from a can,
whereas Reb = 50000 can be seen as a lower limit for the flow of oil in pipeline
systems.

The variation of the mean axial velocity and the streamwise turbulence
intensity with the Reynolds number is shown in figure 3.2. It is readily observed
that at Reb = 5300 the mean streamwise velocity largely deviates from the log-
law which is more pronounced than for channel and boundary-layer flows at
similar Reynolds numbers. Such behaviour has also been addressed by several
previous works on pipe flow, as for instance in Eggels et al. (1994). While
these mean profiles collapse in the viscous sublayer following the U+

z = y+ rule
(U+

z being inner-scaled mean axial velocity and y+ to be the wall distance in
viscous units), at larger distances from the wall and essentially for y+ > 30,
they do not collapse onto one single curve. Although with increasing Reynolds
number a better agreement with the log-law can be observed. Considering the
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Figure 3.2. (Left) (Vertically shifted) profiles of mean axial
velocity U+

z at Reb = 5300, 11700, 19000 and 37700 in inner
scaling. The law of the wall U+

z = (1 − r)+ (in viscous sub-
layer) and U+

z = κ−1 ln(1 − r)+ + B (in logarithmic region)
with classical values of κ = 0.41 and B = 5.2 is given as
dashed lines. (Right) Wall-normal distribution of inner-scaled
axial turbulence intensity u+

z,rms. Taken from El Khoury et al.
(2013).

axial/streamwise turbulence intensity, the profiles collapse merely in the viscous
sub-layer. Although the maximum is consistently located around y+ = 15
similar to channel and boundary layers, its value enhances with Reτ . According

to del Álamo & Jiménez (2003) this is related to the growing importance of
large-scale structures at higher Reynolds numbers which leaves their footprint
at the wall.

3.2. Skew-induced secondary motion (Prandtl’s 1st kind)

Lateral curvature of the main flow subjects the flow field to an in-plane pressure
gradient which, in turn, generates secondary motion in the plane perpendicular
to the primary flow direction (Bradshaw 1976). Such quasi-inviscid in-plane
motion is maintained in both laminar and turbulent regimes. In bent pipes,
at any flow rate, the imbalance between the cross-stream pressure gradient
and geometry-induced centrifugal forces, leads to the formation of a pair of
counter-rotating vortices, so-called Dean vortices. Consequently, the stream-
wise velocity is distributed non-uniformly in the cross-section. As a result,
the cross-sectional mixing is enhanced and the devices with bent pipes usually
possess higher heat and mass transfer coefficients (Vashisth et al. 2008).

Curved pipe geometries can be commonly classified as helically coiled tubes
where the flow is fully developed inside the curved geometry, and spatially
developing bends such as U -bends or 90◦ bends where a fully developed flow
from a straight pipe enters the bend section. Usually, the pitch of the resulting



3.2. SKEW-INDUCED SECONDARY MOTION (PRANDTL’S 1st KIND) 25

coil in the first category causes an additional force which is the torsion acting
alongside the centrifugal force on the fluid flow. However, when the coil pitch
is small compared to the coil diameter, which is the case in most practical
applications, the influence of the torsion is negligibly small with respect to
the effect of the curvature (see Manlapaz & Churchill 1981; Germano 1982).
This reduces the geometry to that of a toroidal pipe. The spatial bends with
small curvature where the entry flow region is short compared to the length
of the pipe in the bend section can also be modelled as toroidal pipes. Such
toroidal pipes – constant curvature and zero pitch – are thus pseudo-canonical
configurations that provide a unique opportunity to isolate the effect of the
curvature on the turbulent characteristics and also to study the influence of
the centrifugal forces and the secondary motion on the near-wall features.

Due to the complexity of the flow field in curved pipe configurations very
limited efforts have been made in the past to unfold the intrinsic dynamics
related to the turbulent flow in toroidal pipes. Boersma & Nieuwstadt (1996)
used LES to examine the effect of curvature on the mean flow and fluctuations,
while Hüttl & Friedrich (2000) performed the first DNS in the framework of
Germano’s coordinates (Germano 1982) to test the curvature and torsion ef-
fect on turbulence at a friction Reynolds number Reτ = 230 (based on the
azimuthally averaged friction velocity and pipe-section radius). Using DNS,
the primary objective of our study is therefore to investigate the turbulent flow
in toroidal pipes over a range of Reynolds numbers and curvatures. In order to
gain a better understanding of the secondary motion effect on near-wall turbu-
lent in these configurations, the mean primary and secondary flows and their
turbulent fluctuations are analysed. Moreover, the coherent structures of the
turbulent fields are investigated using modal decomposition techniques to have
a better understanding of the turbulent flow dynamics in bent pipes.

The simulations are performed in Cartesian coordinates using nek5000.
Similar to the straight pipe, the streamwise direction is assumed to be homo-
geneous and thus periodic boundary conditions are applied in that direction of
the curved geometry. The streamwise periodicity is applied in the local toroidal
coordinate system. The driving force of the flow is adapted to keep the mass
flow rate fixed throughout the simulations.

A schematic overview of a curved pipe is given in figure 3.3. The toroidal
coordinates (R, s, ζ) are shown together with the local (in-plane) poloidal co-
ordinates (r, θ). In the following the subscripts r, θ and s denote the vector
components in the radial (wall-normal), azimuthal and streamwise/axial direc-
tions. The plane of symmetry of the pipe, the so-called equatorial mid-plane, is
defined by θ = π/2, and indicated as vertical cut. The horizontal cut at θ = 0
is also displayed in this schematic view. The curvature parameter κ is defined
as Ra/Rc, where Ra is the radius of the pipe cross-section and Rc is the major
radius of the torus at the pipe centreline.

The present simulations are carried out at fixed bulk Reynolds numbers
(Reb = 2Raub/ν) when curvature of the pipe is varied. At a given Reb, the
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(a) (b) (c)

Figure 3.3. (a) Schematic front view of the curved configu-
ration with toroidal (R, s, ζ) and in-plane poloidal (r, θ) coor-
dinates. (b) Schematic picture of a general section of a curved
pipe, with locations of the cross-sections (θ = 0 as horizon-
tal line, and θ = π/2 as vertical/equatorial mid-plane). (c)
Side view of the curved pipe geometry and associated coordi-
nate systems, (X,Y, Z) as reference Cartesian coordinates and
(R, s, ζ) as attached toroidal coordinate system. Taken from
Noorani et al. (2015b).

grid resolution of the curved pipe configurations is chosen to be the same as
that for the straight pipe. Apart from the validation case (against DNS data of
Hüttl & Friedrich (2001)) and the cases of full-torus the length of the domain
is set to be 25Ra along the pipe centreline. For the simulations with κ = 0.3
the full length of the torus (L = 20.93Ra) are considered. In this document,
the cases with κ ≈ 0.01 are referred to as mildly (weakly) curved pipes and
strongly curved configurations are the cases with κ ≈ 0.1.

Statistics of the turbulent flow are computed based on averages (denoted
by 〈·〉) in time (t), and along the axial direction (s) which is the homogeneous
direction of the flow. The statistical sampling is started approximately after
200Ra/ub to make sure the flow is fully developed in the turbulent state. Fur-
ther details on how to obtain statistical averages via tensor transformations
under rotation from Cartesian coordinates to toroidal/poloidal coordinates are
given by Noorani et al. (2013). The verification of the method and the val-
idations of the simulation setup along with statistical analysis for the carrier
phase is also performed by Noorani et al. (2013).

In the curved configurations the mean friction velocity uτ is defined
as

√

τw,tot/ρf where τw,tot is the total mean shear stress over the wall
and ρf indicates the fluid density. The mean shear stress is obtained as
√
(〈τw,s〉

2
+ 〈τw,θ〉

2
) where overbar denotes averaging along the circumference

of the pipe section of the streamwise mean shear stress 〈τw,s〉 and its azimuthal
component 〈τw,θ〉. For the straight pipe, due to symmetry 〈τw,θ〉 vanishes.
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Reb 3400 5300 6926 11700 19000
k = 0.00 - 180 228 360 550
k = 0.01 120 176 230 368 568
k = 0.10 - - - 410 626
k = 0.30 - - - 470 690

Table 3.1. Simulation parameters of the present DNSs of tur-
bulent flow in bent pipes. The non-dimensional friction Rey-
nolds number Reτ , defined as uτRa/ν, is shown for each case.

The resulting uτ is used to compute the viscous scaling of the bent pipe. The
non-dimensional friction Reynolds number Reτ is therefore can be defined as
uτRa/ν. The computed Reτ for each of the simulations at different Reb and κ
are shown in table 3.1.

3.2.1. Statistical analysis

The statistical analysis for the cases with Reb = 5300− 11700 at κ = 0.00− 0.1
is presented by Noorani et al. (2013). The instantaneous cross-sectional views
of the axial velocity in Reb = 11700 cases are shown in figure 3.4. It is clear
that with increasing κ the bulk flow is deflected farther towards the outer bend
of the curved pipes and the flow loses its azimuthal homogeneity which leads
to a sharp decrease of the turbulence activity in the inner bend.

Evidently increasing κ also results in a highly non-trivial evolution of the
shape of the mean Dean vortices, displayed in figure 3.5. As such the Dean
vortices in the strongly curved configurations are squeezed towards the wall,
leading to thinner and much stronger side-wall boundary layers. At the same
time a bulge appears in the secondary-motion map close to the centreline which
causes enhancement of turbulent kinetic energy in this region. As is shown in
figure 3.5, the magnitude of the secondary motion in κ = 0.1 case is as strong
as 15% of the bulk flow while for the mildly curved pipe it is merely reaches
up to 5% of the bulk velocity.

The distribution of the wall-shear stress along the circumference of the
pipe is displayed in figure 3.6. Unlike the straight pipe where the mean axial
wall-shear stress 〈τw,s〉 is constant in azimuthal direction, this value changes
considerably in the curved configurations. Generally 〈τw,s〉 is larger near the
outer bend compared to the inner side because of the mean-flow deflection
and the corresponding larger gradients of the axial velocity. This difference
grows with increasing the curvature from κ = 0.01 to κ = 0.3. The mean
azimuthal component of the wall-shear stress 〈τw,θ〉 is non-zero in the curved
pipes. In fact, it is large enough to noticeably affect the local vectorial wall-
shear stress (

√
(〈τw,s〉2 + 〈τw,θ〉2)) for the strongly curved configurations where

the secondary motion is stronger.
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Figure 3.4. (Top) Pseudocolours of axial velocity in a cross-
section of mildly and strongly curved pipes at Reb = 11700;
(from left: κ = 0.01, 0.1, and 0.3 as full torus); (Bottom)
Velocity magnitude in the plane of symmetry of various curved
configurations for the same Reynolds number and curvatures.
Taken from Noorani & Schlatter (2015b).

Figure 3.7 (left) shows the mean axial velocity component of the flow at
Reb = 11700 in the plane of symmetry of the pipe with different κ. While the
profile is symmetric for straight pipe (κ = 0), around the vertical plane it be-
comes increasingly asymmetric as κ increases. In highly curved configurations,
from the centre down to r/Ra = −0.5 towards the inner bend, the streamwise
velocity gradient suddenly surges. This separates a low-speed core region found
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Figure 3.5. Pseudocolours of mean streamwise velocity of the
turbulent flow at Reb = 11700 with iso-contours of the stream
function, Ψ (Left-half ), along with pseudocolours of mean in-

plane velocity of the flow
√

(〈ur〉2+〈uθ〉2) with a vector plot of
the in-plane motion of the carrier phase; (from left: κ = 0.01,
0.1, and 0.3).
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Figure 3.6. Mean wall-shear stress components normalised
with the mean vectorial wall-shear stress for the cases with
Reb = 11700. (from left: κ = 0.01, 0.1, and 0.3). 〈τw,s〉

〈τw,θ〉
√
(〈τw,s〉2 + 〈τw,θ〉2).

near the inner side of the pipe from a high-speed region close to the outer bend.
The existence of such a feature at higher Re in turbulence is clearly linked to
the bulge in the streamlines discussed previously.

The turbulent kinetic energy (TKE) defined as k = 〈u′
iu

′
i〉/2 (the prime

indicates the fluctuating part of the velocities) for the same cases is shown in
figure 3.7 (right). Both the straight and mildly curved pipes exhibit a peak
close the the inner and outer walls. In the case of higher curvatures, however,
the peak near the inner wall is strongly attenuated and only a very low level of
k remains. The inner bend position of strongly curved pipes is, subsequently,
quiescent. Of course, low-frequency oscillations remain as evidenced by visual-
isations such as figure 3.4. The flow in that region is very intermittent as can
be quantified by the flatness factor of the axial velocity component (not shown
here).
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Figure 3.7. (Left) Mean streamwise velocity component
(normalised by uτ ) at the equatorial mid-plane of the
toroidal pipe (vertical mid-plane) at Reb = 11700 and κ =
0.00, 0.01, 0.10, 0.30, with r/Ra = −1 denoting the inner
side and r/R = +1 the outer side. (Right) Normalised turbu-
lent kinetic energy along the vertical cut of the pipe section
for the same cases. Results for κ = 0.00 are plotted in green,
κ = 0.01 in blue, κ = 0.1 in red, and κ = 0.3 in grey.

3.2.2. Sublaminar and substraight drag

From an engineering point of view, the friction factor is an important single-
point statistic for pipe configurations. This parameter essentially describes how
much pumping power needs to be applied to drive the flow. In straight and
mildly curved pipes, the Fanning friction factor f = 8(Reτ/Reb)

2 is obtained
for three different Reynolds numbers of 5300, 6900 and 11700 in mildly curved
pipe with κ = 0.01 (see figure 3.8) which clarified the experimental observations
of Cioncolini and Santini (2006) that for a specific range of flow rates in mildly
curved pipes friction factor is reduced to a value even lower than the straight
pipe flow, at the same flow rate. We call this lower drag value sub-straight
drag. What is however unexpected and can be observed in the experimental
data is the fact that within the transitional regime of mildly curved pipes
the hydraulic resistance of the curved pipe decreases below the laminar value
for the same curved pipe configuration. This observation is thus entirely due
to the curved geometry, and as no specific external control strategy is used,
this unexpected behaviour hints towards a regime with naturally occurring
sublaminar drag. The flow, that is examined by Noorani & Schlatter (2015a),
however is turbulent in this Reynolds number. The physical reasons for this
sublaminar drag in mildly curved pipes is provided by Noorani & Schlatter
(2015a). Using modal decomposition, a wave-like structure is identified. This
coherent motion that naturally arises in a turbulent mildly bent pipe is linked
to the drag reduction mechanism.
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Figure 3.8. Fanning friction factor (f) at various Reynolds
numbers where • indicates straight pipe data and ◦ coiled pipe
with κ = 0.00964 (data from Cioncolini and Santini (2006)),
laminar and turbulent correlations by Ito (1959) are illustrated
by (for straight pipe) and (for curved pipe). The
current DNS results are also included: Laminar flows obtained
in curved pipes with short length (L = 2Ra) are indicated with
�. The open symbol ♦ illustrates sublaminar drag of the flow
in weakly turbulent curved pipe with Reb = 3400 and κ =
0.01, in long pipe (L = 100Ra). DNS results of Noorani et al.
(2013) for fully developed turbulent flow at different Reynolds
numbers (Reb = 5300, 6900, 11700) in straight pipe (�), and
curved pipe with κ = 0.01 (�) are also included. Taken from
Noorani & Schlatter (2015a).

3.2.3. Swirl-switching phenomenon

The interaction of near-wall turbulence with Dean vortices in bent pipes is
poorly understood. For turbulent flow in spatially developing bends, it is
known that although the Dean cells are symmetric with respect to the plane of
symmetry of the pipe in the mean flow, they exhibit an oscillatory behaviour
instantaneously. Such oscillations were observed by Tunstall and Harvey (1968)
performing flow visualisations in a mitred bend. They showed that the flow was
dominated by a single vortex (swirl) that was switching the rotation between
clockwise (CW) and counter-clockwise (CCW) with a low frequency. This
phenomenon leads to alternating dominance of one of the Dean cells which
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in turn could cause mechanical and thermal fatigue in industrial applications.
To date, there has been only limited agreement on the underlying mechanism
responsible for the unsteady behaviour of Dean vortices. While Tunstall and
Harvey (1968) suggested that the swirl switching is due to the presence of flow
separation in the inner bend, Rütten et al. (2001, 2005) performed large-eddy
simulations in a 90◦ bend with moderate curvature where the flow is fully at-
tached and illustrated that this unsteady mechanism still exists. Some of the
more recent attempts were mostly focused on applying proper orthogonal de-
composition (POD) to particle image velocimetry (PIV) of turbulent flow in
the exit of sharp bends in order to identify the switching motion of the Dean
vortices (Kalpakli Vester et al. 2015). In a recent publication, Sakakibara and
Machida (2012) suggested that the swirl switching phenomenon is due to tur-
bulent super structures (see e.g. Guala et al. 2006) in the upstream portion of
the bend which was later supported by Hellström et al. (2013).

Based on DNSs of turbulence in infinitely long toroidal pipes with var-
ious curvatures, the effect of the curvature on the near-wall turbulence can
be isolated i.e. no separation bubble or upstream-condition dependency ex-
ists. The results are then examined by means of POD, and it turns out that
the associated flow structures are identical to those expected from the swirl
switching phenomenon (Noorani & Schlatter 2015b). Figure 3.9 displays the
most energetic POD mode for flow in the κ = 0.1 and 0.3. Out of 3D velocity
components, here the in-plane stream function is illustrated, particularly to
emphasise the role of vortical structures in 2D. The mode shape in this figure
represents a family of modes governing the fluctuation part of the turbulence in
strongly bent pipes. This coherent structure essentially consists of two vortical
cells with the much more dominant vortex having a support on the outer bend.

The cell in the inner side is weaker and is a composite of smaller vortices.
The in-plane representation of this mode is very similar to the most energetic
POD modes found by Kalpakli & Örlü (2013) and Carlsson et al. (2015) close
to a pipe-bend. Also the second most energetic POD mode in spatially de-
veloping 90◦ bends in Sakakibara et al. (2010), Hellström et al. (2013) and
Kalpakli Vester et al. (2015) that is normally referred to as tilted Dean cells is
very similar to the current structure. The existence of such structure in toroidal
pipes may clarify that the swirl switching is most probably due to the effect of
the curvature and thus independent of upstream or downstream conditions.

3.2.4. RANS modelling

As previously shown, the secondary motion may substantially alter the char-
acteristics of the turbulent flow field. From a turbulence-modelling point of
view, secondary-flow prediction constitutes a demanding test (Durbin & Pet-
tersson Reif 2011). Turbulence models are known to perform well in straight
pipes as they are normally calibrated for those cases. On the other hand, they
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Figure 3.9. A cross-sectional view of the in-plane stream
function Ψ(r,θ) of the most energetic POD mode for κ = 0.1
(left) and κ = 0.3 (right) at Re = 11 700. In order to em-
phasise the vortical structure of the mode, the positive and
negative iso-values of Ψ are shown by solid and dashed lines
projected on top of the pseudocolours of the same quantity.
Taken from Noorani & Schlatter (2015b).

show a poor performance when there is a lateral curvature in the domain. Cur-
rent industrial practices still heavily rely on eddy-viscosity models (EVMs).
Classical EVMs require an equilibrium state which most certainly is absent in
the wall-turbulence systems with secondary motions. For the cases with such
complexities some adjustments were proposed to resolve the EVMs limitations;
for instance, curvature correction or non-linear eddy-viscosity approach (see
e.g. Durbin & Pettersson Reif 2011).

In this new and unpublished study, the performance of first and second-
moment closure models is examined on a periodic flow in toroidal pipes, for
various curvature parameter κ at Reb = 11700. The availability of detailed
budgets from DNS results of Noorani et al. (2013) for the individual Reynolds
stresses allows a deeper analysis of the models’ performance. In a collaboration
with Dr. Sylvain Lardeau of CD-adapco we try to elucidate a number of issues
that pertains to this particular test cases.

Given the physical aspects to be computed within the curved pipe, we
initially tried two of the most common eddy-viscosity models, the SST k − ω
model of Menter (1994), and the realizable formulation of the k − ε model
proposed by Shih et al. (1995). It turns out that both were ill-adapted for
the present case, for different reasons. The former is a complex version of the
standard k−ω model, with many blending functions which complicates greatly
the analysis of the model performance. A rationale for using such blending
function is the high sensitivity to free-stream turbulence, which is not present in
the bent pipe case as a confined flow. However, for this model (SST k−ω) there
is also, as yet, no Reynolds-stress equivalent, while an RSM-ω was formulated
based on the standard k − ω model. The second model (k − ε of Shih et al.
(1995)) is normally tuned for high Reynolds-number cases. The addition of a
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Figure 3.10. Normalised mean streamwise velocity in hori-
zontal and vertical cuts of the pipe section (denoted in this
plot with U+

s ). DNS and model results are respectively in-
dicated by ◦ and for the outer bend of the equatorial
midplane, ◦ and as the inner bend of the same plane,
and ◦ and for the horizontal cut (from left: κ = 0.01,
κ = 0.1, κ = 0.3). (Top) The EB-k − ε model is indicated as
green where the standard k − ω model is shown in red. (Bot-
tom) The EB-RSM model is shown as blue and the RSM-ω
model is denoted by magenta.

two-layer approximation in the viscous and buffer-layer regions is not helpful
in the present case, since the length-scale defining parameter (ε) is imposed
algebraically, instead of being solution of a transport equation. This might
degrade the performance considerably in the inner bend for strongly curved
pipes, where the flow experiences a minor relaminarisation in Reb = 11700.

The models chosen for this study are thus the standard k−ω model (Wilcox
2008), and its RSM version (RSM-ω), and the k − ε with elliptic-blending
model (EB-k − ε) of Billard & Laurence (2012), and its RSM counter-part,
the elliptic-blending Reynolds-stress model (EB-RSM) of Manceau & Hanjalić
(2002). Those models have been tested on a number of canonical and industrial
cases, and offers another important advantage compare to the other models:
they are independent of the wall distance, an obvious advantage when those
models are applied to complex geometries, where the wall-distance calculation
can contribute significantly to the overall computational cost.

Among some preliminary results, the mean streamwise velocity in hori-
zontal and vertical cuts of the bent pipe cross-sections (at Reb = 11700) is
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displayed in figure 3.10. The local friction Reynolds number (Reτ ) is also dis-
played in the next figure. For the mildly curved pipe (κ = 0.01), the EVM
models perform well in capturing the streamwise velocity features in this low-
curvature configuration. This agrees with the findings of Noorani et al. (2013)
(c.f. section 3.5 therein). From figure 3.10 it is obvious that the both EB-k− ε
and the standard k−ω model predict the streamwise velocity in the outer bend
properly. Although the results of EB-k−ε slightly deviates from the DNS data
when moving towards the inner bend, it is obvious that the standard k − ω
model still preforms well even in the horizontal cut and near the inner bend
position. This is further emphasised in figure 3.11 (b) where the local friction
velocity is predicted satisfactorily by the standard k − ω. The dashed lines in
this figure indicate the influence of the curvature correction (Arolla & Durbin
2013) for this model which is negligible. The wiggles in figure 3.11 (a) indicates

(a) (b)

(c) (d)

Figure 3.11. Local friction Reynolds number for (a) EB-k−ε
model, (b) the standard k−ω model, (c) EB-RSM model and
(d) RSM-ω model. Results for κ = 0.01 are plotted in black,
κ = 0.1 in red, and κ = 0.3 in blue. The dashed lines in (b)
shows the results with curvature correction (Arolla & Durbin
2013) also. DNS is indicated by the symbols.
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that the results for EB-k − ε model might not be converged. What is, how-
ever, surprising and yet unclear is the fact that both RSM models are failed in
capturing the flow features accurately in the weakly curved pipe. This readily
leads to misprediction of the wall-shear in this case for both RSM models.

For the strongly curved pipes (κ = 0.1 and 0.3), almost all the models fail
to predict the flow features accurately in one way or another. The wall-shear
stress is predicted incorrectly by RSM-ω model all over the κ = 0.3 pipe. This
model also over-predicts Reτ on the outer bend of the other cases. This is also
the case for the EB-RSM model. All in all, it appears that a-posteriori analysis
of the flow in curved pipe is necessary in order to improve on the EVM part,
and to highlight the potential deficiencies of Reynolds-Stress modelling in these
configurations.

3.2.5. Higher Reynolds numbers

Basic statistics including the 1st to 4th order moments along with the complete
Reynolds-stress budgets are also computed for bent pipes at higher Reynolds
number of Reb = 19000. A similar procedure as in Noorani et al. (2013) is
followed in this case to evaluate statistics by tensor rotations, avoiding cum-
bersome evaluations of the components in orthogonal toroidal coordinate sys-
tems (c.f. Hüttl et al. 2004). These new unpublished statistical data which has
not been available previously can be further helpful for tuning and improving
turbulence models. This is particularly important for the strongly curved con-
figurations where traditional models based on the eddy-viscosity assumption
are known to fail.

Figure 3.12 shows similar data as figure 3.4 but at higher Reb of 19000.
The general increase in the range of scales with larger Reynolds number is
obvious throughout the cross-section of the pipes. Comparing figures 3.7 and
3.13 (left), the Reynolds-number effect on the mean streamwise velocity at the
plane of symmetry of the curved pipes is obvious as the profiles are squeezed
further towards the wall. The change in the gradient of 〈us〉 beneath the pipe
centreline is, however, still present and the plots for both κ = 0.1 and 0.3 shows
almost identical values in this bulge region. Interestingly, a near-wall peak at
the inner bend of the case with κ = 0.1 starts to develop. This position was,
however, almost laminarised in the κ = 0.1 case with Reb = 11700 (c.f. figure
3.7 right).

3.3. Turbulence-driven secondary motion (Prandtl’s 2nd kind)

While looking at the turbulent flow in rectangular ducts, Nikuradse was the
first to observe that the isocontours of the axial velocity having bumps which
were protruded towards the corner (Nikuradse 1926). This is later postulated
by Prandtl (1926) that transverse velocities which bring high momentum fluid
towards the corners cause such distortion. He suggested that the large turbu-
lent fluctuations along the isocontours of the axial velocity results in centrifugal
forces and push the flow towards the duct corner. Prandtl reasoned that this
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Figure 3.12. Similar to figure 3.4 but at Reb = 19000.

mechanism causes the secondary motion in the duct. The secondary stream-
lines envisioned by Prandtl was shown experimentally by Nikuradse using milk
injection into the water flow in a turbulent duct. Since then, numerous ex-
perimental and numerical attempts have been conducted to achieve a complete
understanding of the secondary flow in a straight non-circular duct. This is due
to the fact that the information on flow in ducts is required in many branches
of engineering, including aeronautical, mechanical, chemical and civil engineer-
ing (Ward Smith 1971). For instance, civil engineers have long been interested
in sediment flow in rivers and canals. This sediment transportation and de-
position is influenced by secondary flows. Of course, this application involves
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Figure 3.13. (Left) Mean streamwise velocity component
(normalised by uτ ) at the equatorial mid-plane of the
toroidal pipe (vertical mid-plane) at Reb = 19000 and κ =
0.01, 0.10, 0.30, with r/Ra = −1 denoting the inner side and
r/R = +1 the outer side. (Right) Normalised turbulent kinetic
energy along the vertical cut of the pipe section for the same
cases. Results for κ = 0.01 are plotted in blue, κ = 0.1 in red,
and κ = 0.3 in grey.

turbulent flow in open channels; however, the secondary flow phenomena in
open and closed channels are much alike (Hoagland 1960).

The canonical turbulent channel flow is a generalised form of turbulent duct
flow with rectangular cross-section and high enough aspect ratio AR = W/H
(where W is the total duct width and H is the duct full height). A suitable
range of the AR parameter in which the flow can be considered as a channel
with periodic condition in spanwise direction was previously debated (Vinuesa
2013). The presence of the side walls on which boundary layers are growing
leads to enhanced momentum in the core of the duct flow, which eventually
results in increased wall shear compared to a spanwise-periodic channel. On
the other hand, momentum is extracted from the centre plane to the corner
bisectors by the secondary motion vortices which reduces the wall shear stress.
The two competing mechanisms elevate the complexity of turbulence in ducts
to a higher level.

The primary objective of our study regarding the turbulent flow in non-
circular ducts is to provide detailed and accurate data for both primary and
secondary flows in ducts with different width-to-height aspect ratios. This is
also intended to analyse the effect of turbulence-driven secondary motion on
the near-wall turbulence dynamics in these geometries. In order to gain a
better understanding of these three-dimensional effects, turbulent duct flows
at various aspect ratios of 1, 3, 5 and 7 are simulated by means of DNS using
the code nek5000. A schematic overview of a typical computational domain
for the duct simulations is given in figure 3.14. The duct centre is located at
the origin of the Cartesian system (x, y, z). The corresponding flow velocity
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Figure 3.14. Schematic view of the computational domain
for a typical rectangular duct geometry and its associated
Cartesian coordinates, (x, y, z). The locations of the verti-
cal plane of symmetry (the horizontal wall bisector or duct
centreplane) at z/h = 0 and the horizontal plane of symmetry
(the vertical (side) wall bisector) at y/h = 0 in the rectangu-
lar geometry is also shown in the figure. Here, h indicates the
duct half-height. The streamwise velocity is illustrated on each
plane.

components are ux, uy and uz. The vertical plane of symmetry which is also
the horizontal wall bisector (duct centreplane: z/h = 0) and the horizontal
plane of symmetry (that is the vertical (side) wall bisector, y/h = 0) in the
rectangular geometry is also shown in the figure; h indicates the duct half-
height. The total duct width (W ) is therefore adjusted according to the aspect
ratio under consideration. The length of the horizontal walls (bottom/top
plates) is, therefore, 2h × AR. Similar to our previous DNSs of straight pipe
and curved pipe flows, the streamwise length of the computational domain was
chosen to be Lx = 25h for all cases.

For all the cases, we fix the conditions at the duct centreplane (horizontal
wall bisector in the case with AR 6= 1), so that it is possible to assess the effect
of secondary flow and side-wall boundary layers on the flow. More precisely,
we have the same Reb,c = ub,ch/ν at the centerplane, where the subscript c in-
dicates the value at the centreplane z/h = 0. A summary of the characteristics
of the cases is presented in table 3.2.

The flow is assumed to be fully developed and homogeneous in the stream-
wise direction, and therefore periodicity is imposed in x. No-slip and no-
penetration conditions are imposed at the four walls of the ducts. Starting
from the laminar duct flow profile, the flow is perturbed via a volume force
tripping (Schlatter & Örlü 2012). Figure 3.15 shows the evolution of the flow
field from laminar to fully developed turbulence in the course of 100 convective
time units after the flow was tripped. The way that turbulence penetrates into
the corners is clearly represented. The simulation data are monitored for vari-
ous averaging start times and averaging periods to evaluate when a statistically
stationary state and converged statistics for all the cases were achieved.
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Channel AR=1 AR=3 AR=5 AR=7
2800 180 2796 178 2786 178 2775 176 2747 177
5600 330 5605 323 - - - - - -
6240 360 6253 357 6273 363 - - - -

Table 3.2. Summary of turbulent duct flow cases computed
in the present study. Each panel includes the Reb,c (left) and
the Reτ,c (right). The target values for the corresponding
channel cases are mentioned also.

The volume rendering of the instantaneous streamwise velocity from the
AR = 3 duct at Reτ,c ≈ 360 (figure 3.16) illustrates the details of a velocity
field obtained in the present simulations. The structures close to the walls
are shown in blue. These elongated structures are the near-wall streaks from
wall-bounded turbulence, which are also adequately represented in the present
DNSs. According to Kim et al. (1987) the average spanwise separation of two
consecutive near-wall streaks of different sign is around 50+ units, which is
roughly the case in our simulations. Note that close to the corners the forma-
tion of streaks is constrained by the presence of the side wall, a phenomenon
which was also observed at lower Reynolds numbers by Pinelli et al. (2009).
According to Huser & Biringen (1993), the corners are of special interest due
to the interaction between the bursting events from the vertical and horizon-
tal walls, which is the basic mechanism responsible for the appearance of the
secondary flow. It is worthwhile to note that in these ducts the limited width,
combined with the moderate Reynolds number put a restriction on the number
and the location of the near-wall streaks that can be found on the four walls.
Close to the corners, hence, the geometry determines the location and the sign
of the streaks. However, with increasing the AR at high-enough Reynolds
numbers as the inner-scaled width is increased, the near-wall dynamics start
to behave more similarly to a spanwise-periodic channel. The instantaneous
streamwise velocity in the outer layer of turbulence (in red) shows large scale
organisations of structures in the middle of the duct. These scales are roughly
of the order of the duct half-height.

The statistics of the mean flow for the square and the AR = 3 rectangular
duct at Reτ,c ≈ 180 and 360 are displayed in figure 3.17. The left panel shows

the magnitude of the in-plane velocity,
√

(〈uy〉2 + 〈uz〉2), which represents the
intensity of the secondary flow. The quiver plot is projected on top of the mag-
nitude of the in-plane motion in a quadrant of the duct cross-section to show
the direction of the secondary flow. These cross-flow vortices convect momen-
tum from the core of the duct towards the duct bisectors. The characteristic
eight-fold symmetry about the two wall bisectors and the corner bisector can
be seen for the square duct. The loss of symmetry with respect to the corner
bisector in rectangular ducts is also obvious from the stream function in the
right panel.
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Figure 3.15. Front view of instantaneous axial velocity in a
turbulent duct for the case with AR = 3 at Reb = 2581. (From
top) Flow snapshot at t = 4, 16, 32, 52 and 100 convective
time units (tub/h) from the start of the simulation. The trip
forcing was active during the first 50 convection time units of
the simulation. Adapted from Vinuesa et al. (2014).

Although the magnitude of the secondary flow is largest near the walls and
at the corner bisectors in the square duct case, the portion of the secondary
vortices located near the longer side is modified when increasing the aspect
ratio. In fact, these vortices stretch in the spanwise direction, and introduce
an asymmetry in the flow. This asymmetry is also observed in the locations of
the cores of the secondary cells, as well as in the streamline patterns. Another
manifestation of the effect of the in-plane motion, i.e. convecting momentum
from the core towards the corner of the duct, is observed in the isocontours of
streamwise velocity shown on the right panel. In the square duct case, the mean
profile is lifted up at the core (with the corresponding slight reduction in wall
shear), and the isocontours are deformed towards the corner by the effect of the
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Figure 3.16. Volume rendering of the instantaneous stream-
wise velocity from the AR = 3 duct at Reτ,c ≈ 360. Only
the lower half of the computational domain is shown. The fast
moving fluid at the outer layer of the duct is illustrated in red
while blue denotes the slow motion of the fluid at the edge of
buffer layer. In effect, the large scale motion of the fluid at the
centre and the near-wall streaky structures are emphasised in
red and blue, respectively.

secondary motion vortices. The lack of symmetry in the rectangular duct case
leads to a slightly more complicated scenario, although with a similar result of
momentum convected from the core towards the corner of the duct.

For both Reynolds numbers, in the AR = 3 duct, the region with most
intense secondary flow is across the horizontal walls, followed by the vertical
walls, and then across the tangent line between the two vortices on each corner.
The position of these maxima and the core of secondary cells, however, alter
for both aspect ratios when increasing the Reynolds number. In fact, on the
wall mid-planes of the square duct and the horizontal symmetry plane of the
rectangular geometry, the magnitude of the cross-flow motion intensifies with
Re. The position of the peak values on the corner bisector, near the wall
of the square duct and at the side-wall of the AR = 3 duct traverses much
closer to the corners with increasing the Reynolds number. On the contrary,
with increasing Re, the peak value of the magnitude of secondary motion near
the horizontal plates traverses much closer to the horizontal wall bisector. The
effect of Reynolds number on the core positions of the secondary motion vortices
is also non-trivial such that in the AR = 1 duct the core positions are moving
away from the corners with increasing Reynolds number. For the rectangular
duct (AR = 3) as Re increases the cores of the smaller vortices squeeze towards
the corner as opposed to the larger vortex whose core position moves farther
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Figure 3.17. (Left panel) Pseudocolours of the magnitude of

mean in-plane velocities of the carrier phase (
√

(〈uy〉2+〈uz〉2))
with corresponding velocity vectors in the two ducts under
consideration. (Right panel) Pseudocolours of the stream-
wise component of the mean fluid velocity and iso-contours
(〈ux〉 ∈ [0.5, 1.3]/0.1) in light-gray. Isocontours of the cross-
flow stream function (Ψ) (black). White dots indicate the core
of the secondary flow vortices.(Top) Reτ,c ≈ 180; (Bottom)
Reτ,c ≈ 360.

away from the corner. The non-trivial variation of these statistics highlights the
complexity and non-monotonic mechanisms present in the flow with changing
aspect ratios.

Furthermore, in this study, the relative contributions of side-wall boundary
layers and secondary flow to the centerplane skin friction of the duct Cf,c, in
terms of the aspect ratio is characterised. The two competing mechanisms,
i.e. increase in the wall-shear stress due to the side-wall boundary layers and
decreases of the shear stress produced by the secondary flow, lead to an inter-
esting non-monotonous evolution of Cf,c with AR in similar Reb. This study
was further extended to aspect ratios up to 18 by Vinuesa et al. (2015b), who
also characterised the homogeneous region at the core of the duct. More pre-
cisely, the mean kinetic energy of the cross-flow decays with averaging time at
the same rate as the one of a spanwise-periodic channel. In addition to this, the
spanwise evolution of the secondary flow mean kinetic energy is systematically
analysed for aspect ratios between 1 and 10, at Reτ,c ≈ 180 by Vinuesa et al.
(2015a).



CHAPTER 4

Particle dispersion in turbulent bent pipes and ducts

In the previous chapter the turbulent flow in bent pipes with mild and strong
curvature is analysed. Turbulent duct flow with different aspect ratios was also
examined. These simulations give a reasonably refined overview to the effect
of the turbulence-driven and skew-induced secondary motions on the near-wall
turbulence. The second part of the current work consists of analysing the effect
of secondary motion on inertial particle dynamics in turbulent bent pipes and
ducts. In this study, therefore, seven particle populations with different Stb are
simulated by means of one-way coupling in the following set-ups: straight pipe,
mildly bent pipe (κ = 0.01) and strongly curved pipe (κ = 0.1) at Reb = 11700
(based on the pipe section diameter), and a square and a AR = 3 rectangu-
lar duct with Reb = 5693 and Reb = 5817 (based on the duct half-height),
respectively. All these cases correspond to approximately Reτ ≈ 360, when
considering the shear Reynolds number based on radius or duct half-height.
The particle-to-fluid density ratio is fixed to ρp/ρf ≈ 1000, for each particle
population. Therefore, Stb is varied by changing the radius of the particles.
The bulk Stokes number of each population is fixed for the various configu-
rations which implies fixing the physical characteristics of particles (i.e. the
particle density and radius) when varying the geometry. This makes it possible
to compare the results directly in terms of the effect of different kinds of sec-
ondary motions on particle transport. The code names of particle populations
and their corresponding parameters are presented in table 4.1.

The Eulerian statistics from the Lagrangian particle data are obtained
dividing the computational domain into wall-parallel slabs. This generates 2D
cells in the duct cross-section and forms axisymmetric slabs in the pipe. The
curved-pipe data is treated by an additional grid in the azimuthal direction.
The resulting mesh for this geometry consists of cells (in the in-plane poloidal
space) extended in the axial direction. The results are then binned in these cells
and averaged in time and streamwise direction. The results of the straight pipe
and duct are also averaged in azimuthal direction and over the four quadrants
of the duct cross section, respectively.

44
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Case dp/h Stb rp
+
(Reτ=360) St+(Reτ=360)

Stp0 n/a 0.0 n/a 0.0
Stp1 3.727× 10−4 0.0451 0.0671 1.0
Stp5 8.333× 10−4 0.2257 0.1500 5.0
Stp10 1.179× 10−3 0.4514 0.2121 10.0
Stp25 1.863× 10−3 1.1284 0.3354 25.0
Stp50 2.635× 10−3 2.2569 0.4744 50.0
Stp100 3.727× 10−3 4.5139 0.6708 100.0

Table 4.1. Parameters for the particle populations: Number
of particles per population Np = 1.28 × 105, and the density
ration ρp/ρf is fixed to 1027.58 and 1005.67 for all populations
in square and rectangular duct, respectively. For other geome-
tries the ρp/ρf is 1000.00. The bulk Stokes number Stb and
particle diameter dp/h (or dp/Ra for pipes) of each population
is fixed while the geometry is changed in each flow configura-
tion. The canonical channel or pipe values are normalised for
Reτ = 360, ρp/ρf = 1000.

4.1. Toroidal pipe

The case of turbulent dispersed multiphase flow in curved-pipe configurations
is commonly observed in various industrial and biological applications. Typ-
ical examples are membrane ultrafiltration hydraulic processes or engineer-
ing systems used for mixing in the pharmaceutical industry. In general, the
particulate-phase transport is affected by the near-wall turbulence of the carrier
phase, the secondary motion of mean Dean vortices of the flow and volumetric
geometry-induced centrifugal force. The general effect of these phenomena on
the particle clustering due to the wall turbulence, i.e. so-called thurbophoresis,
is still to some extent unknown. For instance, previous studies by Winzeler &
Belfort (1993) testing the membrane filtration modules indicate the reduction of
near-wall concentration of the particles in curved configurations in comparison
with a straight geometry. Recent experimental measurements and theoretical
calculations of Wu & Young (2012) examined the inertial-particle dispersion
rate in a spatially developing mildly curved duct. They reported a significant
increase in the dispersion rate at the outer bend compared to their straight
duct. This study indicated that large heavy inertial particles are mainly driven
by the centrifugal force and turbophoresis plays a minor role even in this mildly
curved configuration. Numerical computations of Breuer et al. (2006); Berrouk
& Laurence (2008) also tried to evaluate aspects of the particle transport in
90◦ pipe bends using large-eddy simulations. The important erosion effects of
the wall-particle collisions in the curved geometries were also recently tested
by Huang & Durbin (2010, 2012) with DNS of particle dispersion in a strongly
curved S-shaped channel. These authors reported a region with high particle
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(a)

(b)

Figure 4.1. An open-cut view of the particles (Stp50) dis-
tributed in the viscous sublayer for pipes with different cur-
vatures; (a) curved pipe with κ = 0.01; (b) curved pipe with
κ = 0.1. The ordinates represent the azimuthal direction of
the pipe and the abscissae are the pipe lengths with the flow
being from left to right. Taken from Noorani et al. (2015a).

concentration elevated above the outer bend of the curved channel. This so-
called reflection layer is linked to the re-bouncing of heavy inertial particles
from the wall via a simple model. Here, these features and the dynamics of the
solid phase in turbulent curved pipes will be further analysed.

The instantaneous near-wall distribution of particles in bent pipes at the
final time of the simulations t = 3000Ra/ub is shown in figure 4.1. The Stp50
population has been chosen, merely for illustration purposes. The geometry of
each pipe configuration is unwound azimuthally and unfolded into the s − θ
plane to illustrate the particle streaks in the viscous sublayer. The particle
streaky structures are clearly not aligned with the axial direction of the pipe,
but rather inclined in the azimuthal direction to point towards the inner bend.
In fact, these streaks are aggregated with a certain angle to resemble fish-bone
like structures. The inclination angle of these helices is almost three times larger
in the strongly curved configuration compared to the mildly curved pipe. This
can be explained by the fact that the in-plane motion of the carrier phase in
the strongly curved pipe is almost three times stronger than that of the mildly
curved pipe. More importantly, the large-scale organisation commonly seen for
the straight pipe (or spanwise-periodic channel) is absent for the bent pipes. In
fact, the inclined particle streaks are much more uniform. This indicates that
the duration a particle spends in the near-wall region might be too short to be
organised over spatial scales O(Ra). The signature of the near-wall streaks in
the strongly curved pipe is even weaker, which could be associated with the
stronger secondary flow.
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The particle concentration C is defined as the number of particles per unit
volume normalised with the mean (bulk) concentration at uniform distribution.
This is shown in logarithmic scale for the Stp5 and Stp50 particles in figure
4.2 to illustrate the particle accumulation in strongly and mildly curved pipes.
Such a concentration map in the bent pipe is determined by the combination
of multiple effects such as geometry-induced centrifugal acceleration, Dean-
cell centrifugation, turbulent dispersion and particle–wall collisions. Although
particles in curved configurations still largely accumulate in the near-wall re-
gion, the mean particle concentration is strongly non-homogeneous even at the
smaller curvature configuration. The Stp5 particles mainly aggregate near the
inner bend stagnation point while the majority of the pipe section is almost
depleted of the particulate phase. With increasing particle inertia, the particle
accumulation reflects more clearly the secondary motion, for instance a plume
of higher concentration can be observed rising from the inner bend towards the
outer bend along the plane of symmetry of the pipe. This in turn creates a
region of higher concentration near the outer bend. The core of the mean Dean
vortices of the carrier phase is a stable highly-vortical region which remains at
the lowest concentration for the largest (heaviest) particles, as expected.

In the strongly curved pipe (figure 4.2 c) a fanning effect appears due to the
higher turbulence level in the bulge region (c.f. figure 3.5). For heavier particles,
the concentration decreases near the core of the mean Dean vortices so much
so there are areas where no particle can be found during the averaging time
frame of 1500Ra/ub. Hereinafter these cells are shown in white (figure 4.2 d).
The particles with high Stokes number does not follow the flow streamlines.
They rather follow ballistic trajectories to create a narrow confluence of the
solid phase along the equatorial mid-plane. This inevitably leads to wall–
particle collisions at the outer bend, which in turn generates multiple reflection
layers adjacent to the outer bend stagnation point. Such reflection layers –
readily seen as peaks in the concentration maps pertaining the largest Stokes
numbers (figure 4.2 e) – are interesting features of the particulate phase in the
presence of strong secondary motions. They appear only for heavy populations
in the case with κ = 0.1 when the secondary motion is large enough. This
can be explained by the intense rebounds after particle–wall collisions at the
outer bend. The incoming speed determines how far the particle reaches after
the collision. As expected, this distance increases for heavier particles. This
phenomenon was already observed by Huang & Durbin (2012) in an S-shaped
channel, and analysed in their study with the aid of a toy model.

The mean streamwise particle velocity, 〈vsp〉, and the magnitude of the

in-plane velocities,
√

(〈vrp〉2 + 〈vθp〉2), (r, θ indicate radial and azimuthal com-
ponents) for two of the populations in the cross-section of bent pipes are dis-
played in figure 4.3. The velocities are normalised with the bulk flow (ub).
Note that the data at the pipe centreline are removed due to the singularity of
the poloidal components. The mean particle velocities are nearly identical to
the flow velocities for Stp1 (c.f. figure 7 in Noorani et al. (2013)). Similar to
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Figure 4.2. Mean particle concentration normalised with
that of an uniform distribution, in logarithmic scale (log10(C)),
in the mildly curved pipe (κ = 0.01) for (a): Stp5 , and (b):
Stp50. Same in the strongly curved pipe (κ = 0.1) for (c):
Stp5, and (d): Stp50. Note that the cells into which no
particles enter during a simulation interval of 1500Ra/ub (the
statistical time frame) are shown in white. The equatorial
mid-plane (vertical cut) of the strongly curved pipe (κ = 0.1)
is shown in (e) to illustrate the near-wall reflection layers.
The outer bend is located at r/Ra = 1 and the pipe cen-
tre is at r/Ra = 0. Stp0, Stp5, Stp25,

Stp50, and Stp100. Taken from Noorani et al.
(2015b).



4.1. TOROIDAL PIPE 49

(a) (b)

(c) (d)

Figure 4.3. (Left-half ) Pseudocolours of the streamwise com-
ponent of the mean particle velocity in the mildly curved pipe
with the vectors for the in-plane motion. (Right-half ) Pseu-
docolours of the magnitude of mean in-plane velocities of the
particulate phase in the same configuration. Black and white
dots indicate the core of the mean Dean vortices associated
with the particulate phase data. (a) Stp5 in mildly bent pipe,
(b) Stp50 in mildly bent pipe, (c) Stp5 in strongly curved
pipe, (d) Stp50 in strongly curved pipe. Taken from Noorani
et al. (2015b).

canonical wall-bounded turbulent particle-laden flows, compared to the flow ve-
locity at the outer-layer region, the streamwise velocity slightly decreases with
increasing particle inertia. According to Portela et al. (2002) and Marchioli
et al. (2003) this is due to the preferential accumulation of inertial particles in
low-speed regions.

The particle mean in-plane velocities significantly deviate from that of the
fluid flow. From the right-half of the 2D plots in figure 4.3 it is clear that the
secondary motion of the heavier particles gets slower in the side-wall boundary
layers (SWBL). On the contrary, their in-plane velocity is much faster in the
pipe core, particularly in the vicinity of the equatorial midplane. Considering
the particulate phase as an Eulerian field, the core of the mean Dean vortices
associated to the particle motions can be determined from the in-plane velocity
components (see figure 4.3). Increasing the Stokes number of the population,
the vortex core is squeezed further towards the wall as if the strength of the
embedded mean vortical structure is increased. This has strong implications in
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the case of higher particle mass loading when the two phases are fully coupled.
One could in fact expect that, in those cases, the solid phase may significantly
alter the map of secondary motion of the fluid phase. For strongly curved
configurations, the effect of the particle–wall collisions is clear for the Stp50
population (figure 4.3 d). These specular reflections reverse the direction of the
radial velocity at the outer bend and expel particles from the near-wall region.
Consequently, the magnitude of the in-plane velocities is drastically reduced in
the vicinity of the outer-bend wall for these populations.

The effect of the reflection layers is more obvious in the radial velocity and
its root-mean-square (r.m.s.) values in the equatorial mid-plane of the strongly
curved pipe (figure 4.4). The radial velocity is the only non-zero component
of the cross-flow motion in the plane of symmetry of the pipe section. It is
obvious that with increasing Stokes number, the particles become much faster
than the fluid flow in the radial direction and the maximum of 〈vrp〉, located
near the inner bend for tracers and low-inertia particles, traverses towards
the outer bend. This increases the possibility of wall–particle collisions at
the outer bend. The consecutive peaks of 〈vrp〉 at the outer bend show how
the radial velocity cancels due to the superposition of reflected particles with
negative radial velocity. The position of the troughs in 〈vrp〉 at the outer
bend coincides exactly with the crests of the outer-bend oscillations in the
concentration plot in 4.2 (e). These positions are also largely emphasised in the
vr,rmsp plots. Such large values are basically due to fast particles penetrating

the low velocity regions after the reflections. The peaks in these plots (figure
4.4 b) are located at the edge of the reflection layers where there is a large
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Figure 4.4. (a) Mean particle radial velocity normalised with
ub and (b) particle wall-normal r.m.s. velocity normalised with
the averaged flow friction velocity at the equatorial midplane
of the κ = 0.1 bent pipe section (vertical cut). The inner and
the outer boundaries are at r/Ra = −1 and r/Ra = +1. �

Stp0, • Stp1, Stp5, Stp10, Stp25,
Stp50, Stp100. Taken from Noorani et al. (2015b).
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Figure 4.5. (a) Ratio of the mean axial particle flux in the
bent pipe 〈Js,tot〉 to that of the straight pipe. (b) Schematic
illustration of the secondary motion in a typical bent pipe. The
side-wall boundary layer and the lifted secondary flow from the
inner bend are sketched with slightly darker and lighter grey,
respectively. The filled circle and the dashed line display a
typical Dean vortex and mixing-layer core. A sketch of the
velocity vectors of the secondary motion in the horizontal cut
is displayed also in the figure. Taken from Noorani et al.
(2015b).

gradient in the radial velocity. Hence, the position of the minima of the vr,rmsp

in the equatorial midplane of the strongly curved pipe coincides with the crests
of the concentration (see figure 4.2 e).

The sketch in figure 4.5 summarises the action of the secondary motion on
the inertial particles in bent pipes. Basically, due to their inertia, the majority
of the particles moves towards the outer bend under the influence of the cen-
trifugal forces. These particles then move along the side walls to be transported
near the inner bend where they are eventually re-entrained back to the region
of outward motion in the centre. This process is continuously modulated by
the flow turbulence. This flux of the particles towards the outer bend has a
large impact on the mean streamwise particle flux 〈Js,tot〉. Here, the particle
flux J is defined as particle number density per unit volume multiplied by the
corresponding velocities. Figure 4.5 shows the ratio of the mean axial particle
flux in the bent pipe to that of the straight pipe. It is clear that except for
the lightest particles (Stp1), the 〈Js,tot〉 through the pipe section significantly
increases when increasing the bend curvature. Apparently, the largest gain is
attained by the Stp10 particles, which indicates that these particles are more
sensitive to curvature effects.
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4.2. Square and rectangular duct

The magnitude of turbulence-driven secondary motion in duct geometries is
much lower than that in bent pipes, particularly the strongly curved config-
urations. Yet the effect of these very small secondary velocities on particle
transport is not negligible but rather make appreciable contributions to the
dispersion of inertial particles in a duct with non-circular cross-section. Only a
few studies are available that analysed the dispersion and deposition of heavy
inertial particles in a turbulent square duct. Among those, the studies of Win-
kler et al. (2004) and Sharma & Phares (2006) focus on the inertial particle
dispersion and their preferential concentration in a turbulent square duct at
Reτ = 180. The rest of the analysis by Phares & Sharma (2006), Winkler
et al. (2006) and Yao & Fairweather (2010) are mainly devoted to particle de-
position or re-suspension in the same geometry. To date, however, no study
involving inertial particle transport in the rectangular ducts has been reported.
As our analysis of the carrier phase turbulence in rectangular ducts showed,
in comparison to a square duct, the complexity of the physics of wall-bounded
turbulence goes to a higher level in rectangular duct, as the corner bisector
symmetry is lost. This significantly influences the secondary flow pattern and
possibly the dynamics of the particulate phase. Using our DNSs with one-way
coupling LPT we would like to extend the current understanding of particle
dispersion in a square duct and analyse the effect of aspect ratio.

A cut-away view of the rectangular duct is shown in figure 4.6 where the
instantaneous particle distribution of the Stp25 population at the final time

Figure 4.6. A cut-away view of the particulate phase
(Stp25) distributed in the half of the rectangular duct with
AR = 3 (beneath the corner bisector). The direction of the
flow is from bottom left to top right.
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of the simulation is displayed. Despite the fact that the initial particle distri-
bution was uniformly random, the particles eventually are largely segregated
near the wall and generate clusters. According to Marchioli & Soldati (2002)
and Sardina et al. (2012) these streaky structures are due to the preferential
localisation of particles with regard the near-wall dynamics. Clearly the par-
ticle clusters are not distributed homogeneously over the walls. The particle
streaks are mostly near the side-wall centre while hardly any clusters can be
found near the corners. Although the centre region of the bottom plate is
very similar to a spanwise-periodic channel, towards the corners more particle
streaks are visible. The long thin and almost continuous streak of particles
that is seen right at the corners of the duct is due to the deposited particles in
this region by the secondary motion. These particles are trapped due to the
weakness of the secondary motions and flow perturbations in the corners. The
large accumulation of particle streaks near the saddle point of secondary flow
vortices on the side-wall bisector of the rectangular geometry is very similar to
that near the stagnation point of the mean Dean cells in the inner side of the
mildly curved pipe. This is despite the fact that the carrier phase TKE in the
inner bend is minimum for bent pipe while the value of turbulence is maximum
in the wall bisector for the duct.

The large-scale organisation of particle streaks previously seen in canonical
channel flow by Sardina et al. (2012) is also clearly visible in the duct simula-
tions. They modulate the smaller-scale accumulation and are of the order of
the duct half-height, h. Despite the fact that the magnitude of the secondary
motion in this case (2 − 3% of the bulk velocity) is similar to the mildly bent
pipe that was discussed in the previous section (5 − 6% of the bulk velocity),
these large-scale features are absent in curved configurations (c.f. figures 4.6
and 4.1).

Figure 4.7 (a-d) shows the normalised mean particle concentration in log-
arithmic scale for the Stp5 and Stp50 particles in the square and rectangular
ducts. Similar to canonical wall-bounded geometries the particles in both con-
figurations mainly accumulate at the wall. For both ducts, large values for
the concentration are observable at the corners and at the wall bisectors. The
high concentration regions along the horizontal and vertical symmetry planes
extend towards the duct centreline. This is because of the outward cross-flow
motion and the co-flux of the particles by the secondary motion vortices. In
fact, the concentration in a large area in the middle of the rectangular duct
cross-section resembles a spanwise-periodic channel.

Figure 4.7 (e,f) illustrates the distribution of the particle concentration in
the viscous sublayer (y+ . 5) along the walls. In the square duct and along
the vertical wall of the AR = 3 duct, the maximum values of the concentration
occur at the corners and wall bisectors. The trend of the maxima at the corners
differs from that in the wall bisectors such that the values at the corner directly
increase with the Stokes number. As expected the Lagrangian tracers (Stp0)
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Figure 4.7. Logarithmic representation (log10(C)) of mean
normalised concentration map of particle dispersion in square
and rectangular duct with AR = 3. From top: Stp5, Stp50.
Bottom row : mean normalised particle concentration close to
the wall (y+ . 5) of the square duct (e) and the rectangular
duct (AR = 3) along the bottom plate (f). The corners are
located at z/h = −1, z/h = −3. � Stp0, • Stp1, Stp5,

Stp10, Stp25, Stp50, Stp100.

are uniformly distributed (C = 1), whereas the inertial heavy particles accu-
mulate close to the wall and the maximum concentration appears at the wall.
The trend at the wall bisectors, on the other hand, is similar and consistent
with the the previous results of turbulent particle-laden channel and pipe flows
with maximum concentration of Stp25 (see Young & Leeming 1997; Sardina
et al. 2012; Picano et al. 2009; Noorani et al. 2015a).

Except the Stp100 particles which have the largest accumulation in the
corner (for both duct geometries), the peak in the wall bisector is higher than
the one in the corner. In the square duct and along the vertical wall of the
rectangular geometry, traversing from the corner towards the wall centre C
reduces to reach a minimum around z/h ≈ −0.85 before increasing again to
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Figure 4.8. Particle turbulent kinetic energy (top); and wall-
normal r.m.s. velocity (bottom) normalised with the flow fric-
tion velocity at the centreplane, in the viscous sublayer of (a,c)
the square duct and (b,d) the horizontal wall of the rectangu-
lar duct. The corners are located at z/h = −1, z/h = −3
and y/h = −1. � Stp0, • Stp1, Stp5,

Stp10, Stp25, Stp50, Stp100.

reach another maxima at the wall bisector. However, along the horizontal
wall of the rectangular duct, the second maxima does not appear at the wall
bisector but rather at z/h ≈ −1.25. This confirms the observation from the
instantaneous snapshots in figure 4.6, and clarifies that heavy particles densely
cluster where the maximum of outward secondary motion occurs. Approaching
the horizontal wall bisector in AR = 3 duct, the C profiles decrease to reach
a plateau (figure 4.7 e). This is due to the fact that the secondary motion is
significantly attenuated in this region.

The cross-flow motion also significantly affects the particle velocity fluctu-
ations. Figure 4.8 displays the profiles of particle turbulent kinetic energy (kp),
and its wall-normal r.m.s. velocity vy,rmsp in the buffer layer (y+ ≈ 15) along
the walls of the square duct and the horizontal plates of rectangular geometry.
In all the cases for fluid particles (tracers) and lighter populations (Stp0-Stp5)
moving away from the corners, after a sharp increase, all the profiles continue
to grow mildly to reach their peak values in the centre (on the plane of symme-
try). On the other hand, for heavier populations (Stp10-Stp100) in square
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Figure 4.9. (a) Schematic illustration of the secondary mo-
tion in a typical rectangular duct. The dark grey arrow rep-
resents the motion towards the corner while the light grey ar-
rows show the wall-ward and outward transport of the inertial
particle in the duct. The gradient grey area displays the re-
gion similar to spanwise-periodic channel where the influence
of secondary cells are negligible. (b) close up view of the dotted
region in (a).

duct, moving away from the corners, the profiles increase to reach a maximum
value after which all the variables decrease to reach a minimum on the wall
bisector. This is, however, different at the horizontal plates of the rectangular
duct. At these walls the variables away from the corner initially enhances to
reach a maximum (similar to the square duct). The values further reduce to
reach a minimum before increasing again. On the bisector of horizontal wall
in the rectangular geometry these profiles for heavy particles reach another
maximum.

This behaviour can be explained considering the weak but resilient sec-
ondary motion in ducts. Figure 4.9 present a schematic view of the secondary
motion process. Considering a secondary motion vortex, the streamlines ad-
jacent to the corner bisectors directly transport inertial particles towards the
corners. However, the off-corner-bisector wall-ward streamlines transport the
particles with large Stokes numbers from a highly fluctuating region towards
the quiescent region at the wall. The inertia prevents these spherical particles
to follow the curved streamlines and the particulate phase is inevitably cen-
trifuged towards the wall viscous sublayer (grey arrow in 4.9 b). The effect is
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larger for heavier particles as the peak appears closer to the corner for heavier
populations (c.f. figure 4.8). At the same time, further away from the corners,
the particles that are less fluctuating and are engaged in a diffusional process
deep in the viscous sublayer of the duct are transported towards the duct cen-
tre by the action of these outward (vertical) streamlines. This in turn reduces
the fluctuation value in the buffer layer (black arrow in 4.9 b). This explains
the maximum–minimum pattern in the velocity fluctuations off the corners. In
the rectangular duct with AR = 3, however, the effect of these secondary cells
near the vertical symmetry plane of the duct is progressively attenuated and
the state of the flow approaches a spanwise-periodic channel. As a result, the
particle velocity fluctuations and turbulent kinetic energy in the buffer layer
near the vertical symmetry plane increases again in the AR = 3 duct, and
consequently the peak of TKE is recovered in this region.



CHAPTER 5

Summary of the papers

The background and a general overview of the current work are provided in
the foregoing chapters. In the appended papers, which are collected in Part II
of the thesis, the detailed results and discussions can be found. In this chapter
a summary of each of the papers will be presented.

Paper 1

Direct numerical simulation of turbulent pipe flow at moderately high Reynolds
numbers

Fully resolved DNSs are performed with a high-order spectral element method
to study the flow of an incompressible viscous fluid in a smooth circular pipe
of radius R and axial length 25R in the turbulent flow regime at four different
friction Reynolds numbers Reτ = 180, 360, 550 and 1 000. The generated data
is extensively compared to other simulation data sets, obtained in pipe, channel
and boundary layer geometry. Apparently, among other statistical quantities,
the pressure differs the most between pipes, channels and boundary layers,
causes significantly different mean and pressure fluctuations. In the buffer
layer, the variation with Reynolds number of the inner peak of axial velocity
fluctuation is similar between channel and boundary layer flows, but slightly
lower for the pipe. However, the inner peak of the pressure fluctuations show
negligibly small differences between pipe and channel flows but is clearly lower
than that for the boundary layer. The budgets of turbulent kinetic energy of
these canonical flows close to the wall are shown to be almost identical. A
substantial differences, however, are obvious in the production and dissipation
terms in the outer layer.

Paper 2

Evolution of turbulence characteristics from straight to curved pipes

DNS of turbulent flow in straight and toroidal pipes is performed using spec-
tral element code nek5000. Having validated the statistical data and simulation
setup against existing DNS results, a comparative study of turbulent character-
istics at different bulk Reynolds numbers Reb = 5300 and 11700, and various
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curvature parameters κ = 0, 0.01 and 0.1 is presented. Complete Reynolds-
stress budgets are reported for the first time. While the mean flow shows
asymmetry in the axial velocity profile and distinct Dean vortices as secondary
motions, for strong curvature a bulge appears close to the pipe centre, which
has previously been observed only in laminar and transitional curved pipes.
Interestingly, the case with mild curvature is shown to allow the interesting
observation of a friction factor which is lower than in a turbulent straight pipe
for the same flow rate.

Paper 3

Evidence of sublaminar drag naturally occurring in a curved pipe

The DNS of steady and unsteady flows in a mildly curved pipe for a wide
range of Reynolds numbers is performed. For the first time it is shown that
there exists a marginally turbulent flow with a bulk Reynolds number of ap-
proximately 3400 that has a friction drag which is lower (by 8%) than that of
the laminar flow at the same Reynolds number. We used a spectral element
method to integrate the incompressible Navier-Stokes equations. The friction
Reynolds number in this study is approximately 120 for the flow cases and is
used to select the grid spacing such that properly resolved DNSs are guaran-
teed. The results shows an excellent agreement with experimentally measured
Fanning friction factor at the same Reynolds number. We demonstrate that
the marginally turbulent flow has all the features of a wall-dominated turbu-
lent flow. Contrasting mean axial and transverse velocities of the laminar and
marginally turbulent flow at the same Reynolds number, we could explain that
the more homogeneous distribution of the mean axial velocity in the turbulent
case leads to a lower velocity gradients at the wall (and hence to reduced friction
drag). A travelling wave-like structure is identified with POD and suggested
to be the responsible mechanism for this lower drag.

Paper 4

Swirl-switching phenomenon in turbulent flow through toroidal pipes

Having performed DNSs of turbulent flows in toroidal pipes with mild and
strong curvature, dominant structures in the flow field are identified by means
of POD. The most energetic structures in the strongly curved pipes (κ = 0.1
and κ = 0.3) resemble the mode shape and mode frequencies of the coherent
structures responsible for swirl-switching phenomenon found earlier in exper-
imental and numerical studies of turbulent flow in spatially developing 90◦

bends. The presence of swirl switching in toroidal pipes, which is isolated from
any upstream and separation conditions, may challenge the current hypothesis
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regarding the origin of swirl switching due to turbulent super-structures at the
upstream of the bend.

Paper 5

Particle transport in turbulent curved pipe flow

The transport of dilute micro-sized inertial particles in turbulent straight pipe
flow and turbulent curved pipe flows with different curvature is studied by
means of direct numerical simulations with one-way coupled Lagrangian parti-
cle tracking. We examine the effect of the curvature on particle transport and
accumulation. A total of seven spherical particle populations with different
Stokes numbers are simulated. It is found that even a slight non-zero curva-
ture in the flow configuration make a strong impact on the particle dispersion
map. Furthermore, the inertial particles at the wall generate helicoidal streaks
in the curved configurations. The inclination of these streaky structures vary
with the strength of the secondary motion of the carrier phase. The reflec-
tion layers that are previously observed in particle laden turbulent S-shaped
channels are also appear in the strongly bent pipe case.

Paper 6

Particle velocity and acceleration in turbulent bent pipe flows

Direct numerical simulations of particle-laden turbulent flow in mildly curved
and strongly bent pipes are performed in which the solid phase is one-way
coupled and modelled as small heavy spherical point particles. The dynamics
of these dilute micro-sized inertial particulate phase is studied examining the
first and second order moments of particle velocity and acceleration. The mean
Dean vortices associated to the mean particle trajectories are shown to be
squeezed further towards the side-walls in comparison to the carrier phase cells.
Moreover, due to the cross-flow motion of the carrier phase, the streamwise
particle flux is substantially increased. The reflection layer that is observed
in previous paper of the authors is shown to have a profound impact on the
particle axial and wall-normal velocity and acceleration statistics.

Paper 7

Aspect ratio effects in turbulent duct flows studied through direct numerical
simulation

DNS of turbulent flow in ducts with different width-to-height aspect ratio is
performed to analyse the effect of side-wall boundary layers and secondary
motion vortices on the turbulent field. The spectral element code nek5000 is
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used to simulate the fields with aspect ratios 1 to 7. The statistical convergence
of the data is discussed thoroughly in terms of transient approach and averaging
period. Among different statistics, the spanwise variations in wall shear, mean-
flow profiles and turbulence statistics are analysed as a function of aspect ratio.
These data are then compared to the spanwise-periodic channel statistics. The
array of cross-flow vortices extending throughout the horizontal walls of the
duct are also discussed in this paper.

Paper 8

Aspect ratio effect on particle transport in turbulent duct flows

The effect of turbulence-driven secondary motion on the dynamics of dilute
micro-sized inertial particles in turbulent square and rectangular duct flow is
studied by means of direct numerical simulations with one-way coupling of
Lagrangian particle tracking. It is shown that a weak secondary motion of
the carrier phase significantly alters the cross-sectional map of the particle
mean velocity and its fluctuations. The maximum of particle turbulent kinetic
energy in the buffer layer of the duct walls is strongly weakened for heavier
particles. It is argued that the largest concentration at the horizontal plates
of the rectangular duct does not occur on the plane of symmetry of the wall
but in between the corner and the centreplane as opposed to the square duct.
For both configurations, it was indicated that the second peak of accumulation
is found in the corners in which the values of concentration directly increased
with particle inertia.

Paper 9

Informal introduction to program structure of spectral interpolation in nek5000

In this technical report the algorithm of the interpolation routines in the spec-
tral element code nek5000 is documented. The various stages of the operations
are described for a typical deformed mesh. The corresponding routines and
their argument lists for each step are also explained. The memory structure
of the implementation is briefly discussed. At the end, a code overview of the
routines is presented.



CHAPTER 6

Conclusions and outlook

A parallelised Lagrangian particle tracking module was implemented and ver-
ified as part of spectral-element (SEM) code nek5000. The inertial point par-
ticles were modelled by means of one-way coupling to simulate dilute multi-
phase wall-bounded turbulent flows. The validation with existing databases
for canonical flows showed an excellent agreement. Prior to performing
Lagrangian-Eulerian simulations we focused on turbulent flows in straight
pipes, bent pipes and ducts which were simulated such that a reasonable
overview of the carrier phase processes could be obtained. The DNS results
were thoroughly analysed from both mean and fluctuations point of view.

As a first step the turbulent flow in a straight pipe was simulated at low
to moderately high Reynolds numbers. The Reynolds-number effect on the
turbulent statistics was examined and the results were compared to other DNS
data of wall-bounded canonical flows (channel and boundary layers). In this
case small but significant non-physical discrepancies among various pipe flow
simulations were reported which in principle suggest the need for high-order
accurate schemes for this particular flow case.

In an effort to adding basic geometrical complexity, the turbulent flow in
curved pipes and straight rectangular ducts were chosen to be simulated. The
turbulent flow in these primary complex geometries was studied as a function of
different curvatures (bent pipe) and width-to-height aspect ratios (duct). The
common characteristics of these two cases is the presence of secondary flow:
skew-induced secondary motion of first kind for the former and turbulence-
driven secondary motion of second kind for the latter.

In the case of bent pipe, it was shown that turbulence is highly reduced
and the state of the flow is very intermittent close to the inner bend especially
when the pipe is strongly curved. We have also computed, for the first time,
the Reynolds-stress budgets for both mildly and strongly curved pipes and
compared the results to those in the straight-pipe configuration. These results
will be valuable for improved Reynolds-stress modelling, which is known to fail
for high curvatures. Furthermore, we studied the flow from a more structural
point of view by means of proper orthogonal decomposition (POD) of turbulent
structures. This allowed us to pinpoint the physical mechanism responsible for
drag reduction in the early stage of turbulent flow in mildly bent pipes. More-
over, the modal decomposition of the turbulent field in the strongly bent pipes
showed that the prominent problem of swirl-switching (previously observed in
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turbulent spatial bends) also exists in toroidal pipes. This brings up the idea
that this phenomenon might be due to the effect of the curvature itself rather
than upstream (large-scale turbulent motions) or downstream (separation) ef-
fects.

DNSs of turbulent flow in ducts with various aspect ratios showed how
much a duct with side walls and turbulence-driven secondary motions dif-
fers from a spanwise-periodic channel flow. A cascade of counter-rotating
secondary-flow vortices from the side-walls towards the duct middle were ob-
served which was not reported before. The differences among the statistical
data of the channel and ducts with different aspect ratio at similar Reynolds
numbers were addressed. Higher Reynolds numbers were considered in ducts
as the next milestones in order to provide a complete characterisation of the
phenomena.

Using the Lagrangian particle tracking (LPT) implementation the dilute
particulate dispersion in bent pipes was simulated and put to test for various
populations with different relaxation time. The analysis showed that even with
the slightest curvature the particle-dispersion map in the pipe is altered from
that in the straight configuration. With increasing the curvature this particle-
concentration map is dramatically changed as there are regions in the pipe
section which are completely depleted from inertial particles. The analysis
of the first and second-order moments of the velocity and acceleration of the
particulate phase is also presented. In that, the core of the mean Dean vortices
associated to the mean particle trajectories are squeezed farther towards the
side walls. It was also identified that a substantial increase of the streamwise
particle flux is due to the secondary motions that brings particles towards the
pipe core while moving them towards the outer bend. The particle reflections
at the outer bend strongly change the particle axial and wall-normal velocity
and increases the turbulent kinetic energy.

The study of dilute micro-sized inertial particles in turbulent square and
rectangular duct flows indicated that the maximum particle turbulent kinetic
energy in the buffer layer of duct walls is strongly attenuated for heavier pop-
ulations. In the rectangular duct, the results of the turbulent carrier phase
near the centreplane approach those of a spanwise-periodic channel flow. Also,
unlike the square duct, the largest concentration at the horizontal plates of the
rectangular duct does not occur on the plane of symmetry of the duct but in
between the corner and the centreplane. For both ducts, it was shown that
the second peak of accumulation is found in the corners in which the values of
concentration directly increases with particle inertia.
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