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Abstract: In order to address the wind-industry’s need for a new
generation of more advanced wake models, which accurately quan-
tify the mean flow characteristics within a reasonably CPU-time, the
two-dimensional analytical approach by Belcher et al. (2003) has been
extended to a three-dimensional wake model. Hereby, the boundary-
layer approximation of the Navier-Stokes equations has been linearized
around an undisturbed baseflow, assuming that the wind turbines pro-
voke a small perturbation of the velocity field.
The conducted linearization of the well established actuator-disc theory
brought valuable additional insights that could be used to understand
the behavior (as well as the limitations) of a model based on linear
methods. Hereby, one of the results was that an adjustment of the
thrust coefficient is necessary in order to get the same wake-velocity
field within the used linear framework.
In this thesis, two different datasets from experiments conducted in
two different wind-tunnel facilities were used in order to validate the
proposed model against wind-farm and single-turbine cases. The devel-
oped model is, in contrary to current engineering wake models, able to
account for effects occurring in the upstream flow region. The measure-
ment, as well as the simulations, show that the presence of a wind farm
affects the approaching flow even far upstream of the first turbine row,
which is not considered in current industrial guidelines. Despite the
model assumptions, several velocity statistics above wind farms have
been properly estimated, providing insight about the transfer of mo-
mentum inside the turbine rows.
Overall, a promising preliminary version of a wake model is introduced,
which can be extended arbitrarily depending on the regarded purpose.

Descriptors:
Wind tunnel; Blockage effect; Numerical wake model; Linearized
RANS; Linearized actuator-disc theory; Internal boundary layer;
Dispersive stresses; Simplified CFD model.
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CHAPTER 1

Introduction

1.1. Current trend and challenges in wind industry

Significant efforts should be made in order to reduce our global dependency
on fossil fuels due to their harmful effects on the environment and their non-
renewable character. In that context, wind power is one of the most attractive
alternatives of renewable and clean sources of energy due to its vast potential
and availability. Hence, offshore and onshore wind energy are growing markets,
not only in Europe (Figure 1.1) but all around the world and can play a major
part in the shift towards a more sustainable energy production.
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Figure 1.1. Cumulative and annual offshore wind turbine in-
stallation in Europe (EWEA 2015).

The growing demand for wind power currently leads to a continuous in-
crease in wind-farm size. However, social, environmental and economic con-
straints enhance the installation of wind turbines in larger arrays with a higher
wind-turbine density (number of turbines per km2), which strongly affects the
characteristics of the flow field faced by the wind turbines located downstream
of the first turbine row. As the incoming flow field faces the swept area of a
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2 1. INTRODUCTION

wind turbine, kinetic energy is extracted and the volume of air downstream
of the turbine is characterized by a reduced mean velocity and a higher tur-
bulence level. This volume of air is called wake. Turbines that operate in
the wake region experience a decreased power production and increased fa-
tigue loads compared to stand-alone ones. Hence, wake effects have to be
considered during the layout optimization to minimize maintenance costs and
wake-induced power losses, where the latter can be in the order of 10-20 % for
large farms (Barthelmie et al. 2009). As wind-farm wakes move downstream,
they impact the ground and are subject to stream-wise and lateral merging
with other wakes. To predict the size and degradation of wake structures, var-
ious parameters have to be considered, such as the terrain, the structure of
the boundary layer, the turbines’ characteristics and their arrangement as well
as the atmospheric conditions like the ambient wind speed, turbulence level,
stability effects, wake-induced turbulence and varying inflow angles. Hence,
energy yield and load assessment for wind-farm arrays require detailed un-
derstanding of the interaction of complex atmospheric structures with those
generated by wind turbines.

Extensive analytical, numerical and experimental efforts have been carried
out to minimize the uncertainties in the modelization of wake effects. However,
there is a huge span in turbulent length and time scales needed in order to de-
scribe the flow through a wind farm (see Table 1.1). In addition to that, this
range increases rapidly with Reynolds number. Hence, direct numerical simu-
lations (DNS) of wind farms, which require the solution of the exact equations
for all the scales of motion present in a turbulent flow, are currently (as well as
in the near future) unfeasible. Finding a compromise between computational
time (CPU-time) and accuracy can therefore be regarded as a key challenge
wake-model developers currently have to face and, at the same time, moti-
vates the development of simplified fast models, like the one proposed within
this thesis. These models should run reasonable fast on a personal computer
(PC) in order to assist wind-farm planners in real time in their planning and
decision-making processes.

Table 1.1. Variety of scales in wind energy.

Length scale Velocity scale Time scale

Airfoil boundary layer 10−3 102 10−5

Airfoil 1 102 10−2

Rotor 102 10 10
Cluster 103 10 102

Wind farm 104 10 103
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1.2. The need for a new generation of wake models

The different sate of the art wake models are briefly introduced as illustrated
in Figure 1.2. Starting with the most accurate ones, which need the largest
amount of computational resources, to the quick calculation tools used in wind
industry. Hereby, the requested level of accuracy depends on the purpose of
the gained model results. So-called Large-Eddy Simulation (LES), where fil-
tered equations are dynamically solved for the large structures (whereas the
small scales are modeled in a simplified manner) are currently just used for
research purposes. LES of the flow through wind turbines have been carried
out using actuator disk (AD) and actuator line (AL) models describing the
rotor aerodynamics. In the AD method by Mikkelsen (2003), the body forces
are distributed over a rotor disc, representing the wind-turbine blades. These
forces are computed using a blade-element approach combined with tabulated
airfoil data. Thus, the flow past the rotor is solved without resolving the bound-
ary layer on the blade, which significantly reduces the computational demands
(see Figure 1.2). The modeled forces in the AL-method (Sørensen & Shen
2002) are distributed along lines, simulating the wind-turbine blades. Since
this model considers the rotation of the blades, a higher resolution and smaller
time steps are needed, because the tip of the blade, with the highest rotational
velocity, cannot travel more than one grid point per time step. This leads
to higher CPU-times compared to the AD-approach. Other models focus on
single-turbine cases, like the vortex models by Okulov & Sørensen (2010) and
Segalini & Alfredsson (2013), which solve the wake flow behind a stand-alone
turbine in an efficient way. Nevertheless, all these models are not applicable
for an utilization in industrial wind-farm calculations.

A feasible alternative is given by simplified methods, which provide a rea-
sonably accurate solution within a limited computational time by simulating
only macro-scale characteristics. In in the works of Frandsen (1992) and Frand-
sen et al. (2006), wind farms are, for instance, treated as a rough surface on
the bottom of the atmospheric boundary layer with clear connections to rough-
wall turbulent boundary layers and wall functions. The wind farm is therefore
reduced to a (local) roughness length scale, which provides the wind farm’s
effect on the atmospheric boundary layer. One of the simplest approaches was
developed by Jensen (1986), who assumes a linear expansion of the wake di-
ameter dependent on a selected wake-decay factor. By using such empirically-
estimated factors and crude approximations to describe the flow through a
wind farm, it is possible to decrease the CPU-time, but only on the expense
of disregarding most of the physics (Figure 1.2). A more sophisticated, semi-
empirical model is the so called Larsen model, which is based on Ainslie (1988)
and uses an axis-symmetric parabolic numerical computational fluid dynamic
(CFD) solver in order to solve the Reynolds Averaged Navier-Stokes (RANS)
equations in their thin shear-layer approximation with an eddy-viscosity clo-
sure. This model is initiated at a distance of two rotor diameters behind the
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Figure 1.2. Overview of the state of the art wake models.

rotor with an empirical wake profile. Generally, these kind of industrial wake
models are based on simple single-wake calculations in stationary conditions
(Figure 1.2). Afterwards, different assumptions are used to superpose merging
wakes in order to describe the overall wake interaction inside a wind farm.

Barthelmie et al. (2009) observed that those less complex engineering tools,
used to predict the efficiency of wind farms, underestimate the wake-induced
losses in large wind farms, while more complex wake models show the exact
opposite trend, which has implications for both economics and grid integration.
The current software also lacks the ability to correctly model the interaction
between two find farms located close to each other. For clusters of wind farms,
which will be build more frequently in the near future, this is seen as a serious
shortcoming. Hence, wake losses are perceived as one of the largest uncertain-
ties in energy production estimates for new offshore wind projects and it is
common to assume a standard wake-loss uncertainty of 50 % (Nygaard 2015),
even if a recent studies by Walker et al. (2015) state that there is a good body
of evidence to reduce this assumed uncertainty to 25 %.

The presence of a wind farm implies a number of modifications to the
approaching flows. Upstream of the first turbine row, a blockage effect can
be observed as a global velocity reduction compared to the undisturbed flow.
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Nevertheless, this reduction of the approaching flow is not taken into account
in current wind-energy calculations as well as in the state of the art guide-
lines for power-curve measurements (IEC 61400-12-1 2005). Current industrial
guidelines assume that the influence on the wind speed by a wind farm is neg-
ligible beyond about two rotor diameters upstream of the farm. This number
was probably proposed from single wind-turbine studies (Medici et al. 2011).
However, the presence of multiple turbines results in an overall stronger forcing
applied to the incoming flow, suggesting that the current practices may have to
be reassessed. Additionally, more advanced and faster wake models have to be
developed, which considers this upstream flow region and are able to quantify
the observed velocity deficit.

Another crucial area which has to be considered during the energy-yield
assessment is the flow region above a wind farm. Here, a so-called internal
boundary layer or roughness sub layer is built upon the turbines’ tip height and
significant transfer of momentum inside the turbine rows takes place. If the
wind farm is sufficiently long, this mechanism determines the energy available
to the subsequent turbines rather than the stream-wise advection of energy
(Meyers & Meneveau 2012). Thus, a description of the flow properties above
a wind farm is crucial for the accuracy of wake simulations. However, current
simplified models focus instead more on the description of the flow inside the
farm.

Within the scope of this thesis a wake model has been developed, which
aims to address the existing shortcomings mentioned above, by exploiting
the roughness analogy of canopy flows. Canopy flows are, similar to wind-
farm flows, characterized by roughness elements of height comparable to the
boundary-layer height and the flow around these objects is as well dominated
by their form drag rather than viscous stresses. The flow can be subdivided
into a region within the wind farm, which is dominated by the balance between
drag and turbulent momentum transport. In the region above the farm, within
the roughness sub layer, turbulent transport and convection are in balance.
Here, the flow field is locally affected by the roughness elements (Segalini et al.
2013). On top of the roughness sub layer, within the so-called far field, the
flow becomes insensitive to the roughness morphology and the rough surface is
seen only as an additional momentum sink (Castro et al. 2013). This is usually
the region characterized by mesoscale models, which are capable of consider-
ing large-scale effects caused by the Coriolis force. However, with this kind
of models, the wind-farm area has to be fully parameterized due to the used
coarse grid resolution with a cell size of approximately one kilometer (Volker
et al. 2015). Hence, these models cannot be used in an industrial micro-siting
process for a planned wind-farm project, which is why they are not illustrated
in Figure 1.2.
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It is clear that a description of the flow around a wind farm with a generic
layout needs a model, able to account for the individual turbine characteris-
tics and the effects of the turbines on the flow and the ambient turbulence.
In this thesis, a numerical model based on the analytical approach by Belcher
et al. (2003) has been developed. The boundary-layer approximation of the
Navier-Stokes equations has been adopted and the equations have been lin-
earized around the undisturbed approaching boundary layer. These governing
equations are perturbed by the thrust forces of the wind turbines, similarly
to the Fuga-model developed by DTU Wind Energy in Denmark (Ott et al.
2011), which should not be confused with the parameterized, light version of
it (Figure 1.2). However, to enable fast computations on an ordinary PC, the
Fuga-model uses a system of predefined look-up tables (containing general and
turbine-specific information) to construct velocity fields behind a single tur-
bine, whereas the combined effect of multiple turbines is evaluated as the sum
of all velocity perturbations. In order to mimic the wake interactions inside
a wind-farm array, the turbine sites are first sorted according to their upwind
distance. Afterwards, the local wind speed, as well as the thrust coefficient,
is evaluated, starting with the undisturbed upwind turbines sites and progres-
sively evaluating sites located further downstream.

Within the scope of this thesis, the model results have been compared to
two different datasets from experiments conducted in two different wind tunnels
aimed at the description of the upstream and downstream conditions as well
as the characterization of the internal boundary layer above a wind farm.

1.3. Layout of the thesis

This thesis is structured as follows: Chapter 2 describes the theoretical back-
ground of the actuator-disc theory as well as its linearized counterpart, since
it is in this case strongly linked to the proposed model. In Chapter 3, the
principles of the derivation of the linearized model equations are illustrated.
Additionally, the numerical implementation is demonstrated in this chapter.
Chapter 4 gives a brief overview of the experimental setups and measurement
procedure, applied in the two wind tunnels, used to provide the experimen-
tal dataset. Thereafter, the results of the simulations are compared to the
measurement results in order to validate the model (Chapter 5). Chapter 6
concludes the thesis with some final considerations and gives an outlook on
further possible works.

The author also wants to highlight the additional information illustrated
in the appendices, like the implemented source code of the proposed model in
Appendix A. In order to get additional insights regarding the utilized discretiza-
tion methods, the reader is referred to Appendices C and D. Furthermore, the
sensitivity towards key parameters of the model was investigated in order to
define a baseline scenario for the conducted model simulations (Appendix E).



CHAPTER 2

Theoretical Background

A wind turbine extracts mechanical energy from the kinetic energy of the wind.
From an aerodynamic point of view, this process is quite complex. Neverthe-
less, a one-dimensional model of an ideal rotor is able to quantify key parame-
ters like the wake deficit, the growth rate of the wake expansion or the thrust
and power coefficients for a stand-alone turbine. It is important to note that
this so called actuator-disc theory is not limited to any particular type of tur-
bines. Section 2.1 shortly describes the main findings of this theory. For a
more detailed description, as well as the complete derivation of the introduced
equations, the reader is referred to Hansen (2008) or Segalini (2014). In Sec-
tion 2.2, the actuator-disc approach is linearized in analogy with the proposed
numerical model (Chapter 3), which is also based on linear methods. In this
case, the linearized approach is derived in order to get a better insight on how
linearized numerical methods work in comparison to the non-linearized world.
Thus, this approach is used to understand and assess the model results.

2.1. Actuator-disc theory

In the actuator-disc theory, a horizontal-axis wind turbine is facing a uniform
and steady inflow, U∞, at the inlet of a defined control volume (Figure 2.1).
Given a closed path circuit, the surface of this stream-tube volume is composed
by all the streamlines that intersect the circuit. The advantage of such a stream-
tube control volume is that the local velocity vector is always tangential to
the streamlines by definition. This implies that on the stream-tube surface,
the normal vector and the local velocity vector are orthogonal (U · n = 0)
and therefore no mass flow is allowed to cross the surface. The presented
theory replaces the rotor by a porous disc with the same radius. The disc is
considered ideal. In other words, it is frictionless and there is no rotational
velocity component in the wake. The Mach number is small and the fluid
density, ρ, is thus constant inside the entire axisymmetric control volume. The
rotor disc acts as a drag force slowing down the wind speed from U∞ far
upstream of the rotor to Ud at the rotor plane and finally to Uw in the far-wake
region. By considering the mass-conservation equation

ṁ = ρU∞A∞ = ρUdAd = ρUwAw , (2.1)

7
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it can be noted that the streamlines must diverge as schematically illustrated
in Figure 2.1, whereas the thrust force is obtained by the pressure drop over the
rotor. In the immediate upstream region of the rotor, the pressure rises from
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Figure 2.1. Schematic representation of the used control vol-
ume and values of characteristic cross sections.

atmospheric level p∞ to pu, before the pressure drops discontinuously along
the rotor plane. Downstream of the rotor the pressure recovers continuously
to atmospheric level. The axial velocity must decrease continuously from U∞
to Uw. The behavior of the pressure and axial velocity is shown graphically
in Figure 2.2. The uniformly distributed thrust force, applied in stream-wise
direction by the rotor to the approaching fluid, results from the pressure drop
over the rotor area Ad = πR2

d and is proportional to the thrust coefficient, cT ,

T = Ad(pd − pu) =
1

2
ρAdU

2
∞cT . (2.2)

The application of momentum balance principles in axial direction provides the
following relation

T = ṁ(U∞ − Uw) . (2.3)

Bernoulli’s theorem can be used inside the two control volumes on either side
of the turbine. Applied upstream the rotor disc, the theorem leads to the
following expression

pu
ρ

+
U2
d

2
=
p∞
ρ

+
U2
∞
2
, (2.4)

whereas the downstream counterpart inside the stream-tube of the disc can be
written as

pd
ρ

+
U2
d

2
=
p∞
ρ

+
U2
w

2
. (2.5)
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The difference between (2.4) and (2.5) leads to an expression of the pressure
drop across the rotor disc

∆p = pu − pd =
ρ

2
(U2
∞ − U2

w) . (2.6)

Equation (2.3) combined with (2.1), (2.2) and (2.6) reduces to

Ud =
U∞ + Uw

2
. (2.7)

Thus, the velocity at the rotor is the arithmetic mean between the freestream
velocity and the far-wake velocity. The axial induction factor, a, is defined as
the fractional decrease in wind speed, between the freestream and the rotor
plane

a =
U∞ − Ud
U∞

. (2.8)

Hence, the incident wind speed at the rotor disc can be calculated as Ud =
U∞(1 − a), whereas the wake velocity can be written as Uw = U∞(1 − 2a).
Consequently, the expansion of the wake area, ε = Aw −Ad, can be estimated
by considering mass conservation to

ε =

[
1− a
1− 2a

− 1

]
Ad . (2.9)

As the axial induction factor increases, the wind speed behind the rotor slows
down more and more, due to the higher thrust coefficient

cT = 4a(1− a) , (2.10)
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which leads to a stronger forcing in stream-wise direction. If a = 1/2 the wind
speed is slowed down to Uw = 0 and the actuator-disc theory is not valid any-
more. For a > 0.5 reverse flow at the exit plane, which progresses towards the
actuator disc with increasing axial induction factor can be observed (Manwell
et al. 2009). However, experimental observations point out that the actuator-
disc method is just valid for a ≤ 1/3, which represents also the maximum
power output according to Betz’ law. Beyond that point, the thrust coefficient
does not follow the relation described in (2.10), which implies that the wake
expansion deviates from the original expression

Aw
Ad

=
1

2

[
1 +

1√
1− cT

]
. (2.11)

This discrepancy the from theory results from an increasing wake mixing and
a transition towards the turbulent state. For the non-linearized actuator-disc
theory, the velocity deficit in the far-wake region can be written with (2.2) and
(2.6) as function of cT as

Uw
U∞

=
√

1− cT . (2.12)

Real rotors, in contrast to the axially loaded rotor regarded in the actuator-
disc theory, include angular velocities. Furthermore, real rotors have a finite
number of blades which produce a system of distinct tip vorticity structures in
the wake. Thus, a different vortex wake is produced by a rotor with infinite
number of blades compared to one with a finite number of blades. At this
point it should be kept in mind that the actuator-disc hypothesis is only valid
in the case of a rotor with infinite number of blades, underlining the crude
approximations of the present theory. To address this shortcoming, a so called
tip-loss correction factor is implemented in the developed model (a detailed
description is illustrated in Section 3.2).

2.2. Linearized actuator-disc theory

Some rotor diameters downstream of a wind turbine, in the so called far-wake
region, the deceleration of the flow is small compared to its initial velocity.
Hence non-linear effects become negligible, which implies that at such positions
one may argue that it is justifiable to use linearized methods in order to describe
the flow properties in the far field. At this point the non-linear actuator-disc
theory described in Section 2.1 is linearized in order to get additional insights
into wake models based on linear methods. Hereby, linearized quantities are
labeled by using the tilde symbol in order to distinguish between them and
their non-linear counterparts.

Let’s assume that the velocity at the inlet, U∞, gets decelerated by a
perturbation quantity, uw, so that the wake velocity can be written as Uw =
U∞ − uw. Thus, equation (2.6) can be linearized by neglecting second-order
terms and products of small quantities to
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∆p̃ = ρU∞uw . (2.13)

Hence, the linearized thrust force can be written according to (2.2) as

T̃ = ρAdU∞uw . (2.14)

At this point it is worth mentioning that combining and linearizing (2.3) and
(2.1) lead to the same result.

In order to get a feeling about how the wake expansion, ε = Aw − Ad, is
influenced by using the linearized approach, the mass conservation equation on
the downstream side of the rotor disc is written as

Ad(U∞ − ud) = (Ad + ε)(U∞ − uw) , (2.15)

whereas the linearized wake expansion ε̃ can be expressed as

ε̃ = Ad

[
uw − ud
U∞

]
. (2.16)

Subsequently, the following relationship can be derived, by using (2.7), despite
the fact that this is not a result of linearized methods:

ud =
uw
2
. (2.17)

By combining (2.15) and (2.17) with (2.14) and the definition of the thrust
coefficient, the wake expansion can be written as

ε̃ =
1

4
cTAd , (2.18)

or, in relation to the entire wake area, as

Ãw =
1

4
cTAd +Ad . (2.19)

In comparison with the non-linear approach, a much weaker wake expansion can
be observed (Figure 2.3). By assuming for example an optimal wind turbine,
operating at the Betz’ limit, with a thrust coefficient of cT,opt = 8/9, a growth of
the wake radius of about 40 % can be observed with the non-linear approach,
whereas the radial wake expansion for the linearized method is about four
times smaller. Additionally, it can be noticed that there is not wake expansion
if cT = 0, which is a reasonable behavior.

By combining (2.2) and (2.14), the ratio between the perturbation uw in
the wake region and the freestream velocity can be derived as uw/U∞ = cT /2.
Thus, the velocity deficit for the linearized approach is estimated to

Ũw
U∞

=
U∞ + uw
U∞

= 1 +
uw
U∞

= 1− cT
2
, (2.20)

for the wake velocity and to

Ũd
U∞

= 1− cT
4
, , (2.21)
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Figure 2.3. Normalized wake radius as a function of the
thrust coefficient, cT , for the linear approach (solid line) and
the non-linear approach (dashed line). The vertical line rep-
resents the optimal thrust coefficient according to Betz’ law
(cT,opt = 8/9).

for the disc velocity, respectively. Figure 2.4 shows that a stronger thrust co-
efficient is needed in order to reach the same downstream velocity deficit. Vice
versa leads for example an optimal thrust coefficient of cT,opt = 8/9, according
to Betz’ law, to a velocity reduction in the wake region of 2/3 compared to the
undisturbed inflow U∞. Looking instead at the linearized actuator-disc theory,
a lower velocity reduction can be observed. It can be noticed that the deviation
between non-linear and linear approach is larger for higher thrust coefficients,
since the assumption that uw � U∞ is not valid anymore.

Based on the discussed correlation, the linear and non-linear thrust coeffi-
cient which leads to the same velocity deficit can be easily obtained from (2.20)
and (2.12), as

c̃T = 2

(
1− Uw

U∞

)
, (2.22)

and

cT = 1−
(
Uw
U∞

)2

. (2.23)

The relationship between linearized and non-linearized thrust coefficient can
be derived as follows

c̃T =
2

1 +
√

1− cT
cT . (2.24)
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Figure 2.4. Normalized wake velocity-deficit for the lin-
earized actuator-disc theory (dashed line) and the non-linear
actuator-disc theory (solid line) as a function of the thrust
coefficient. The vertical line represents the optimal thrust co-
efficient according to Betz’ law.

Applying this relationship ensures that, for a given thrust coefficient, cT , which
has been determined either empirically or by applying non-linear actuator-disc
theory, one obtains a linear thrust coefficient, c̃T , which leads to the same ve-
locity deficit. Equation (2.24) can be regarded as a conversion formula, which
will be utilized to implement the accurate forcing term in the developed lin-
earized model (Section 3.2). A similar approach, developed by Glauert (1936),
is traditionally used to compensate for wind-tunnel wall interference in closed
test-section measurements. In Glauert’s equivalent freestream velocity concept,
a slightly higher freestream velocity, U ′∞, is implemented in order to compen-
sate blockage effects and get the same thrust force as for wind turbines located
away from solid boundaries.
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CHAPTER 3

Model description

To address the urgent need of the wind industry for a new generation of more
advanced wake models, which accurately quantify the flow properties for an
entire wind farm within a reasonable CPU-time, the proposed 3D-model has
been developed. The main objective of this model is hereby to compute the
wake induced velocity deficit within the wind farm, since this quantity is the
most relevant parameter during an energy-yield assessment. The proposed
model is capable of computing the main effect of a wind farm on the mean flow
for different wind-farm layouts, which can be equipped with different types of
wind turbines, installed at different hub heights.

In this chapter the main characteristics of the developed wake model are
illustrated. Starting with the governing equations and the introduction of the
implemented turbulent closure in Section 3.1. Hereinafter, the force model
applied to the 3D-version of the model is introduced. Subsequently, the used
discretization methods and other numerical details, like the implementation
of a damping region, are illustrated. In order to provide a full picture and
to underline the presented descriptions, parts of the model’s source code are
included in Appendix A.

3.1. Governing equations

Let us consider that an incoming boundary-layer, U∗0 (z∗), approaches a wind
farm as it is illustrated in Figure 3.1 (it has to be mentioned that here and
in the followings, the asterisk superscript will indicate dimensional quantities).
An orthogonal, right-handed reference frame xyz is introduced with x, y and
z indicating the stream-wise, lateral and wall-normal direction, respectively.
The origin of the reference frame is placed at the bottom of the first turbine
row. The velocity components will be indicated as u, v and w in the x, y and z
directions, respectively. The input parameters of the model are normalized to
ensure universal use and scaling of the model results. Therefore all parameters
of the model are normalized by the wind-farm height, h∗, the friction velocity,
u∗τ , and the fluid density, ρ∗.

Each physical quantity, like the spatially averaged velocity components,
Ui, pressure, P , and stress tensor ,τij , are written as the sum of the incident
profile, which would exist in the absence of any wind farm, which is denoted

15
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Figure 3.1. Schematic sketch of the problem described by
the proposed model.

by subscript 0, and a perturbation part induced by the wind turbines, which is
denoted by lower case letters or, as in case of the Reynolds stress perturbation,

by τ
(per)
ij . Following this approach, the stream-wise velocity component is then

written as U = U0 + u. The approaching, unperturbed boundary layer is
assumed to be logarithmic

U0(z) =
1

κ
log

[
z

z0

]
, (3.1)

where κ ≈ 0.4 is the von Kármán constant and z0 = z∗0/h
∗ is the normalized

roughness length.

Generally, the proposed model answers the question of what happens to an
approaching flow U∗0 (z∗) that faces a wind-farm array and gets decelerated by
a small amount, u = (u, v, w), due to the presence of the turbines. The wind
turbines are replaced by body forces fx, fy and fz distributed over the rotor
volume so that the flow is statistically steady. Since the turbines within this
thesis are modeled as non-rotating discs, just a forcing fx in stream-wise di-
rection is implemented. Nevertheless, the developed model is designed to cope
with forcing terms in every direction (see Appendix A.1). Hence, for the sake of
completeness and to facilitate future modifications, the forcing terms in lateral
and wall-normal direction are considered in the governing equations. After the
introduction of the Reynolds decomposition and by applying the time-average
operator to the flow equations, the Reynolds-Averaged Navier-Stokes (RANS)
equations are obtained. It has to mentioned that since the 3D-model aims to
predict the main effect of a wind farm on the mean flow, the proposed model
does not need to be time dependent. Such RANS equations are then linearized
around the undisturbed flow, U0(z), assuming that the turbines produce a small
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perturbation on the velocity field (U0 + u, v, w). Hence, products of perturba-
tion quantities can be neglected, assuming that u, v, w � U0. Considering for
example the convective term in stream-wise direction of the RANS equations.
This convective term is linearized by neglecting perturbation-perturbation in-
teractions, so that the respective convective term can be expressed as

u
∂u

∂x
≈ U0

∂U0

∂x
+ u1

∂U0

∂x
+ U0

∂u1

∂x
. (3.2)

This linearization is done likewise for the other terms in the RANS equations,
therefore no squares of perturbation quantities occur in the convective terms
of the linearized Navier-Stokes equations. Finally viscous and Coriolis effects
are neglected in the proposed model. Hence, the logarithmic wind profile is
valid all the way up until the top of the domain. Additionally, buoyancy terms
are neglected, thus the current model is just able to simulate neutral stratifi-
cation. The boundary-layer approximation is further enforced, implying that
stream-wise and lateral variations occur on a length scale much larger than
vertical variations and are accounted only in the convection terms. From a
wind-energy perspective, Calaf et al. (2010) argue that for wind farms whose
length exceeds the height of the atmospheric boundary layer by over an order
of magnitude, a fully-developed flow regime can be established. In this asymp-
totic regime, changes in the stream-wise direction can be neglected and the
relevant exchanges occur in the vertical direction, which justifies the utiliza-
tion of the boundary-layer approximation. By considering only the momentum
transport operated by the dominant Reynolds stress terms, namely the shear
stresses, the equations governing these linearized perturbations become

U0
∂u

∂x
+ w

dU0

dz
= −∂p

∂x
+
∂τ

(per)
xz

∂z
+ fx ,

U0
∂v

∂x
= −∂p

∂y
+
∂τ

(per)
yz

∂z
+ fy ,

U0
∂w

∂x
= −∂p

∂z
+ fz , (3.3)

∂u

∂x
+
∂v

∂y
+
∂w

∂z
= 0 ,

where τ
(per)
xz and τ

(per)
yz indicate the stream-wise and span-wise Reynolds stress

modification due to the turbines, respectively, for which a closure scheme must
be assumed. The linear approach (3.1) is completely general and can be applied
to any set of governing equations and closures like a linearized k − ε closure
or a mixing-length closure. In this work, a traditional linear mixing-length
closure has been selected to yield a relationship between the perturbation stress
and the perturbation velocity gradient. The mixing-length closure is based on
the classical turbulence theory by Prandtl (1925) and is used intensively in
atmospheric applications. Hereby, the size of the large eddies is determined
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by the distance from the ground up to the respective position. In this case,
the growth of the turbulent structures with distance from the ground is just
based on the unperturbed distribution without considering any effects from the
perturbed flow field in the wake.

In order to model the Reynolds stress modification due to the presence
of the turbines, the Reynolds stresses term, τxz, is divided in a part, τxz,0,
which is independent from the applied wind farm and a perturbation quan-

tity, τ
(per)
xz . By neglecting again perturbation-perturbation interactions, these

Reynolds stresses can be linearized to

τxz = l2m

(
∂U

∂z

)2

= τxz,0 + τ (per)
xz = l2m

[(
dU0

dz

)2

+ 2
dU0

dz

∂u

∂z

]
. (3.4)

A mixing-length, lm = κz, without displacement height has been selected, since
the force density induced by the turbines is expected to be smaller compared
to forest cases as discussed in (Belcher et al. 2003). By introducing this ex-
pression for the mixing-length, the perturbation of the Reynolds stresses can
be expressed as

τ (per)
xz = τxz − τxz,0 = 2(κz)2 dU0

dz

∂u

∂z
= 2κz

∂u

∂z
. (3.5)

Likewise this is done to model the other Reynolds stress component

τ (per)
yz = −v′w′(per)

= (κz)
2 ∂U

∂z

∂v

∂z
= (κz)

2 dU0

dz

∂v

∂z
= κz

∂v

∂z
. (3.6)

The horizontal and lateral Reynolds stress gradients can be neglected, because
it is assumed that the flow has a boundary-layer-like character in the sense
that the characteristic length for the stream-wise development is much larger
compared to the cross-stream extend of the region with significant velocity

variation. In this case, the vertical gradients of the shear stresses τ
(per)
xz and

τ
(per)
yz are the dominant Reynolds stresses gradient in the mean momentum

budget. Additionally the implemented mixing-length closure is not capable to
model the diffusion processes in span- and stream-wise direction properly, since
this turbulent closure was developed to describe only vertical transports. The
consequences of neglecting diffusion processes in lateral direction are illustrated
and discussed in the following paragraph.

Upstream of the turbine, the flow tries to avoid the rotor disc like an ob-
stacle. Regarding the isolines in Figure 3.2, an increase in stream-wise velocity
with increasing distance from the ground can be noticed due to the imple-
mented logarithmic base flow. One rotor diameter downstream of the rotor in
Figure 3.3, wake effects can be observed on the isolines around the rotor disc.
However, the wake expansion in lateral direction is quite small, since diffu-
sion terms in span-wise direction are neglected, as it has been discussed before.
Thus, the wake expansion has more an ellipsoidal shape than a circular one. At
this point this limitation can be accepted, but it remains highly questionable to
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Figure 3.2. Plane normal to the stream-wise direction,
located one rotor diameter upstream of a single turbine.
The vectors represent the velocity components in y- and z-
direction, whereas the isolines illustrate the stream-wise ve-
locity component. The rotor area is schematically illustrated
by a dashed circle.
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Figure 3.3. Plane normal to the stream-wise direction, lo-
cated one rotor diameter downstream of a single turbine.
The vectors represent the velocity components in y- and z-
direction, whereas the isolines illustrate the stream-wise ve-
locity component. The rotor area is schematically illustrated
by a dashed circle.
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describe lateral and stream-wise diffusion with a mixing-length closure, even if
wake models like the Fuga-model use such a turbulent closure to describe also
the diffusion processes in span- and stream-wise direction (Ott et al. 2011).

The boundary conditions for the problem described in (3.1) are imposed
far away from the wind farm at z = z∞ and at the roughness height z = z0.
The first boundary condition is that the perturbation quantities in stream- and
span-wise direction decay far above the wind turbines. Based on potential-flow
theory, the velocity gradient for the wall-normal perturbation is set to zero as
well due to the finite height. At the bottom of the domain, a no-slip condition
has been imposed, which results in the following boundary conditions

u = v = w =
∂w

∂z
= 0 at z = z0 ,

u = v =
∂w

∂z
= p = 0 at z = z∞ . (3.7)

3.2. Force model

Besides a turbulent closure, numerical wake models require another important
input, namely a model for the turbine-induced forcing, which will be presented
in this section. To find an accurate model in order to express the forcing term,
fx, in (3.1) can be regarded as one of the key challenges in developing a wake
model, since the implemented set of governing equations is driven by the forcing
terms.

The general idea behind all introduced force models within this work is
based on the general analytical approach of Belcher et al. (2003), which de-
scribes how a turbulent boundary layer adjusts when facing a canopy of rough-
ness elements. On a macro-scale perspective, the flow through plant canopies
shows a similar behavior as the flow through a wind-farm array. Hence, the
forcing, fx, can be written as a thrust force, T , distributed over an arbitrary
volume, V , representing the area where the forcing should be applied on. Based
on dimensional grounds or the integration of Newton’s second law of dynam-
ics, the force models applied to the Navier-Stokes equations are usually defined
as the square of a velocity multiplied by an intensity, I, which leads to the
following general relation

fx =
T

ρV
= IU2 . (3.8)

Hereby, the intensity is independent from the incoming velocity and has to
be estimated a priory, whereas the incident velocity, U , at each grid point is
computed by the model.
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Note: For wind-farm arrays with a very low turbine density, a separate
approach has been developed which is closer connected to canopy flows (Ap-
pendix B), where the forcing is usually determined by a so called leaf-area
density. However, since the investigated wind farms within this thesis are char-
acterized by a dense spacing, the subsequently introduced force model has been
implemented in the final version of the proposed model.

In contrast to a real wind turbine, the forces applied by structural elements
like the tower, the nacelle or the hub are neglected in the proposed model,
assuming that the modifications to the flow field from these geometries are small
compared to the effect of the rotor-reacting forces on the flow field (Hallanger
& Sand 2013). Hence, the proposed 3D-model focus, like other commercial
wake models, on the forcing applied by the rotor disc to the incoming flow field
(Figure 3.4). The location in x-, y- and z-direction of each rotor disc inside a
wind-farm layout, as well as its thrust coefficient and rotor diameter, can be
defined in a table before running a simulation. This allows to equip the wind
farm with different turbine models during the energy-yield assessment. Most
of the wind-turbine manufacturers offer the same wind-turbine model with
different tower configurations, respectively hub heights. With the proposed
model it is possible to account for turbines installed at different hub heights
and consequently assist wind-farm planners in their decision-making process.

Adding a span-wise direction to the original two-dimensional model, en-
ables to describe the wind turbines’ rotor as discs with a thickness, η, and a
swept area, Ad. Hereby, the thrust force is distributed on the rotor volume and
then set to be equal to the product of an intensity, I, times the square of a
velocity scale (compare equation (3.8)), similar to the definition of the thrust
force in equation (2.2).

(a) (b)

Figure 3.4. Differences between real wind turbine (a) and
the implemented wind-turbine force-model (b).

Hence, the integrated forcing, fx, over the dimensionless rotor disc volume,
D, in R3 must be equal to the dimensionless thrust force, T , of the rotor
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ρ

∫
D

I(U0 + u)2dxdydz = T . (3.9)

By assuming a constant intensity distribution over the rotor disc, the following
expression can be derived

I =
cT
2η

(
U∞
U

)2

, (3.10)

where U is the velocity immediately at the rotor disc and η represents the thick-
ness of the rotor or smearing area of the forcing. Wake models aim to provide
the accurate velocity field, as already stated before. However, there are differ-
ences regarding key quantities between the linearized and the non-linearized
theoretical approach, as it could be observed in Chapter 2. It has to be kept
in mind, that to reach the same velocity deficit inside a turbine’s wake region,
a higher thrust coefficient c̃T is needed compared to its non-linear counterpart
cT (see Figure 2.4). Thus, the analytically estimated conversion formula (2.24)
is used to ensures that the same velocity deficit as in the non-linearized world
is obtained. Besides that, the intensity has to be estimated before every sim-
ulation, but since the velocity distribution is not constant over the disc area,
this is not possible to do a priori. Hence, three different approaches to model
the incident velocity at the rotor discs have been tested in order to fulfill ex-
pression (3.9), hereinafter labeled as If,1, If,2, and If,3, which are illustrated
as function of the thrust coefficient in Figure 3.5. The quality of the selected
approaches can be evaluated by comparing them to the iteratively determined
reference value. In this validation-case, an adjusted intensity was computed a
posteriori in order to match the actual forcing term on the right-hand side of
(3.9).

The modeling of the applied thrust force by the turbines to the incoming
flow is based on the previously introduced actuator-disc theory. Assuming a
homogeneous distributed, unperturbed velocity distribution U∞ (instead of the
actual logarithmic base flow U0(z)) over the rotor volume V = πD2/4η, where
the stream-wise length, η, can be considered as a smearing parameter of the
actuator-disc force, the individual turbine intensity is given by

If,1 =
cT
2η

. (3.11)

Dependent on the number of grid points, Np, representing the thickness of the
rotor disc (Figure 3.6), equation (3.11) can be written as

If,1 =
cT

2(Np − 1)∆x
. (3.12)

Dealing with discretized quantities, one has to account for errors occurring
due to the finite grid resolution and how different software tools circumvent
them. The implemented algorithms in MATLAB for example computes the
intensity distribution in stream-wise direction as a trapezoidal area with top
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Figure 3.5. Different analytical approaches to determine the
intensity of the rotor discs as a function of the thrust coef-
ficient. The dots represent empirically estimated values that
have been computed iteratively.

length η = (Np − 1)∆x (see Figure 3.6). Note, that the discretization error
becomes negligible, if the forcing is smeared on a large number of grid points,
as it is the case for the y- and z-direction in the baseline scenario (Appendix E).
However, due to the large physical domain needed in stream-wise direction, in
combination with a relatively small thickness of the rotor discs, this coordinate
can be identified as bottleneck, where discretization errors are most likely to
occur. However, the first approach neglects this discretization error, by assum-
ing instead a rectangular area. Hence, the area where the force is applied to is
underestimated compared to the actual one, which consequently results in an
overestimation of the intensity (Figure 3.5).

Approach number two addresses this shortcoming, thus the intensity in
stream-wise direction is expressed as∫

Idx =
(Np − 1)∆x+ (Np + 2− 1)∆x

2
I = Np∆xI , (3.13)

where, I, is the mean value of the intensity distribution within the rotor vol-
ume. Assuming a homogeneous distribution of the intensity in span- and wall-
normal direction and a uniform unperturbed inflow, (3.13) and (3.9) lead to
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Figure 3.6. Schematic sketch of the numerical integration procedure.

the following expression ∫
If,2dx =

cT
2
. (3.14)

By combining (3.13) and (3.14), the intensity can be written as follows

If,2 =
cT

2Np∆x
. (3.15)

The first two approaches introduced in this chapter and their resulting
intensities If,1 and If,2, do not consider a deceleration of the flow dependent
on a perturbation quantity (u < 0). The third approach instead considers
the blockage effect, hence the velocity close to the disc can be composed as
Ud = U∞ + u. In the following, the intensity is divided in two factors, one is
a function of the thrust coefficient, whereas the other is grid dependent and
can be expressed as g(∆x) = 1/(Np∆x). Since the proposed model is based on
linear methods, the intensity should also be linearized. By approximating the
incident velocity, U , as the linearized velocity at the rotor disc, Ũd, estimated in
equation (2.21), the integrated forcing, fx, over the dimensionless rotor volume
D in R3 can be written as∫

D

If,3Ũ
2
ddxdydz =

1

2
U2
∞cTπR

2 . (3.16)

The new intensity If,3 is higher, compared to If,2 based on the second approach,
since it has to compensate for the considered blockage effects and is estimated
as follows

If,3 =
cT

2Np∆x
(
Ud

U∞

)2 × g(∆x) =
cT

2(1− cT /4)2
× g(∆x) . (3.17)

By looking at the behavior of If,3 in Figure 3.5, it can be observed that
the actuator-disc approach is only valid for thrust coefficients cT , as already
discussed in Section 2.1. Nevertheless, this approach considers not only the
linearity of the model, but also provides an accurate approximation of the
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velocity close to the disc. Hence, by applying this approach, a good agreement
with the iteratively estimated values could be reached (see Figure 3.5), which
is why this relation was implemented in the proposed model to calculate the
intensity (Appendix A.2), or respectively the forcing term.

However, at this point it is important to underline that the different ap-
proaches are not introduced to reach a good agreement with the measurement
results. The primary objective was instead to find a generally applicable ana-
lytical approach with a strong consideration of the model’s linear character.

It is obvious that the constant loaded rotor with a homogeneously dis-
tributed intensity, I, represents an optimal test case. Real rotors, in contrast to
the axial-loaded ones, include angular velocities and the imposed local thrust
force goes to zero at the tip of the blade. Prandtl & Betz (2010) derived a
formula for the tip-loss correction, quantified by the factor Ftip, in order to
compensate for a finite number of blades, B. In order to account for a tip-loss
correction in the proposed model, the aerodynamic force component given in
(3.9) is corrected by Prandtl’s tip-loss correction factor

Ftip =
2

π
cos−1

[
exp

(
−B

2

R− r
r sin(φ)

)]
, (3.18)

where φ ≈ tan−1 [1/(λr)] is the inflow angle between the relative velocity of
the fluid and the rotor plane. By considering the two bladed turbines used in
the experimental setup and by allowing just small changes in the inflow angle
so that sin(φ) ≈ φ and tan(φ) ≈ φ, equation (3.18) can then be expressed as

Ftip =
2

π
cos−1 [exp (−λ(R− r))] . (3.19)

By following the linear analysis from Section 3.1, the forcing becomes
fx = −IfU2

0 at the leading order, where U0(z) describes the undisturbed veloc-
ity profile. This linearization is just valid when analyzing very weak canopies
or wind farms with a very large spacing in between the turbines. With this
constant negative forcing, the flow can never achieve a balance between the
Reynolds stress gradient and the wind-farm drag, since the drag caused by the
turbines does not adjust. As a consequence, the stream-wise velocity pertur-
bation continues to decrease through the wind farm, which can lead even to
a negative stream-wise velocity. This nonphysical behavior can be corrected
by means of higher-order perturbations ensuring that the drag force of the
wind farm does not lead to negative velocities. However, it is not granted
that the perturbation series will converge and, nevertheless, the inclusion of
higher-order terms will necessitate of higher-order terms in the governing equa-
tions, making the boundary-layer approximation invalid. The limitation that
the model does not come close to equilibrium state can be circumvented by
considering the body force as the small perturbation of the problem so that
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f = −If |U0 + u| (U0 + u, v, w). The strictly linear model was therefore im-
proved by accounting for nonlinear drag terms, yielding a quasi-linear model.
Hereby the linearized solution was iterated numerically (Figure 3.7).

Figure 3.7. Schematic illustration of the implemented iter-
ation procedure to allow the force adjustment within a wind
farm.

For the first iteration, fx is specified using the undisturbed velocity profile
U0(z). Based on the calculated stream-wise velocity perturbation in the first
iteration, a new force distribution is constructed using the computed stream-
wise velocity U0 + u. This force is then used as starting point to compute
the next iteration for the stream-wise velocity perturbation. This iterative
procedure is repeated until the solution changes of less than a specific tolerance.
By means of this approach the applied force decreases as the velocity inside the
wind farm, so that a negative velocity on an average basis becomes unlikely.

3.3. Numerical Implementation

Today there are several numerical methods to solve the set of partial differ-
ential equations (3.1), which can be classified into local and global categories.
The finite-difference and finite-element methods are based on local arguments,
whereas spectral methods are global in character. In practice, finite-element
methods are particularly well suited to handle problems in complex geome-
tries, whereas spectral methods are faster and can provide superior accuracy
at the expense of domain flexibility. Since the model should be able to compute
fast results even for a domain with a coarse grid resolution, the utilization of
spectral methods like Fourier and Chebyshev methods is better suited for the
model’s purposes.

This section should give the reader a brief overview of the applied numer-
ical methods in general. For a more detailed description of the implemented
discretization methods, the reader is referred to Appendices C and D.

3.3.1. General procedure

The discretization used in this model is based on a Fourier decomposition in
both horizontal directions and Chebyshev polynomials in the vertical direction.
Hereby, the source code of the implemented Fast Fourier Transformation (FFT)
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routine and its inverse counterpart are illustrated in Appendices A.3 and A.4,
respectively. The non-periodic boundary conditions, as well as the need for a
non-equispaced grid, make Fourier modes not suitable for this kind of turbulent
simulation, at least not in the wall-normal direction. The analyzed flow in
the proposed model is assumed to be periodic in the stream-wise and span-
wise direction. The computed wake velocity-field can therefore be regarded as
the response to an infinite, periodic array of turbines. The Fourier-transform
operator

û(α, β, z) =

∫
R2

u(x, y, z) exp [−i (αx+ βy)] dxdy , (3.20)

has been applied to the system (3.1), where α and β are vectors of wavenumbers
in stream-wise and lateral direction, respectively . This leads to the following
set of ordinary differential equations in the wavenumber domain

iαU0û+ ŵ
dU0

dz
+ iαp̂− 2κ

(
∂û

∂z
+ z

∂2û

∂z2

)
= f̂x ,

iαU0v̂ + iβp̂− κ
(
∂v̂

∂z
+ z

∂2v̂

∂z2

)
= f̂y ,

iαU0ŵ +
∂p̂

∂z
= f̂z , (3.21)

iαû+ iβv̂ +
∂ŵ

∂z
= 0 .

Together with the boundary conditions and the implemented turbulent closure,
the problem (3.21) is fully defined.

It has to be noted, that in this thesis, only the equations for the 3D-model
are illustrated. The 2D-case can be regarded as a special case by enlarging the
wind-farm domain to infinity in span-wise direction, which leads to β = 0 as
the only non-zero component of the solution.

The boundary-value problem (3.21) depends upon f̂ = (f̂x, f̂y, f̂z) and must
be solved numerically for each pair of wavenumbers α and β. Rather than a
shooting method, the velocity and pressure perturbations are decomposed by
means of Chebyshev polynomials as

û(α, β, z) =

N∑
n=0

a(u)
n (α, β)Tn(z) , (3.22)

so that the differential problem (3.21) becomes a linear system of algebraic
equations forced by the distributed body forces (see source code in Appen-
dix A.5) .

The solutions obtained above depend upon f̂ and are evaluated numerically
for each pair of wavenumbers. After all wavenumbers have been characterized,
the inverse Fourier transform operator is applied to the Fourier-transformed
perturbation in order to return to physical space.
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An iterative scheme has been adopted to estimate the forces applied by the
turbines to the flow. Initially the perturbation is assumed to be zero u(0) =(
u(0), v(0), w(0)

)
= (0, 0, 0) and the force field is given by f = −If

(
U2

0 , 0, 0
)
.

When this step is accomplished, and the perturbation velocity field u(i) =(
u(i), v(i), w(i)

)
is obtained, an immediate force field

f (i) = −If
[(
U0 + γu(i) + (1− γ)u(i−1)

)2

, 0, 0

]
, (3.23)

can be obtained by using an intermediate velocity field in the force field deter-
mination to avoid oscillations during the iterations. The so-called relaxation
factor, γ, depends hereby on the intensity of the regarded wind farm. For
sparse layouts, equipped with turbines that have a low thrust coefficient, an
intermediate field is not needed to avoid oscillations. Nevertheless, for canopy
flows and regular wind-farm arrays the utilization of γ = 2 is recommended.

3.3.2. Fringe region

Regarding the proposed model, special attention needs to be paid to the non-
physical outflow boundary-conditions in order to avoid the upstream reflection
of energy of outflowing disturbances. To avoid such reflections, and to be able to
retain and benefit from the properties of the Fourier discretization, a so-called
fringe or sponge region is implemented similar to the approach by Bertolotti
et al. (1992). This approach has been also used by the so-called Simson model,
a pseudo-spectral solver for incompressible boundary-layer flows developed at
KTH Royal Institute of Technology (Chevalier 2007).

The numerical method in the stream-wise direction requires periodicity.
However, a sufficiently large domain in order to enable a naturally damping
of the disturbances, triggered by diffusion processes, is not efficient regarding
the needed computational time. Therefore, the stream-wise direction has been
subdivided into a useful region and a relevant region located at the end of the
physical domain. By implementing such a fringe, it is possible to damp out
disturbances and create a non-perturbed inflow at the inlet by adding a volume
force of the form

F = λ(x)u , (3.24)

where, λ(x), is a non-negative fringe function, which is non-zero only within
the fringe region and it is proportional to the velocity perturbation field u =
(u, v, w). This implies, that the damping strength automatically adapts to the
level of disturbances in the flow, which minimizes influences on the region of
interest. The fringe function is defined as follows

λ(x) = λmax

[
S

(
x− xstart

∆rise

)
− S

(
x− xend

∆fall
+ 1

)]
. (3.25)

Here, λmax is defined as the maximum damping strength, whereas xstart to
xend are estimated from the spatial extent of the region where the damping
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function is non-zero with ∆rise and ∆fall as its rise and fall distances. The
step function S(χ) is modified so that the prescribed flow, within the fringe
region, smoothly adjusts to the desired inflow velocity

S(χ) =


0 , χ ≤ 0 ,

1/ (1 + exp [1/(χ− 1) + 1/χ]) , 0 < χ < 1 ,

1 , χ ≥ 1 .

(3.26)

This smooth step function, S(χ), rises from zero for χ ≤ 1 to one for χ ≥ 1,
with the advantage of having continuous derivatives of all orders. A description
of the fringe region for an actual wind-farm case can bee seen in Figure E.8.

This artificial manipulation of the flow field allows a reduction of the do-
main length in the stream-wise direction. Without using a fringe, the physical
domain needs to be much longer to allow a complete decay of the disturbances
by diffusion processes and finally retain the desired inflow conditions. Thus,
the required CPU-time is reduced significantly, even if one considers that the
additional volume force increases the execution time of the algorithm by a few
percent. Nevertheless, the fringe has to be well adjusted in order to avoid
influences on the region of interest (see Appendix E.3).
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CHAPTER 4

Experimental Setup

This chapter introduces the measurement campaigns, conducted in two dif-
ferent wind tunnels. In Section 4.1 the measurement procedure in the wind
tunnel at the University of Gävle is presented, whereas Section 4.2 illustrates
the measurement series conducted at KTH Royal Institute of Technology.

First, measurement series on a stand-alone turbine are presented in order
to determine the upstream and downstream velocity deficit in the approaching
flow field. The experimental setup to investigate the global upstream blockage
effect, caused by the presence of an entire wind farm, is presented afterwards.
In Subsection 4.2.1, the procedure to measure time series of stream-wise an
wall-normal velocities above wind-farm arrangements is illustrated, whereas an
additional measurement campaign focuses on the flow properties inside different
wind-farm layouts.

4.1. Gävle measurements

The first measurement series described in this study were performed in the
atmospheric wind-tunnel at the University of Gävle. The wind-tunnel facility
was a closed-loop tunnel with a maximum freestream velocity of 22 m/s. The
contraction ratio of the convergent section was 3:1 and the tunnel was driven by
a 45 kW fan placed in the return circuit. For the experiment, the wind tunnel
was equipped with guide vanes and honeycombs to improve the flow quality.
The size of the test section was 11 × 3 × 1.5 m3 (length × width × height). The
incoming boundary layer was characterized in a previous study by Odemark
(2014) to be logarithmic and with a roughness length z∗0 = 0.0006 mm.

For the single-turbine measurements downstream, as well as for all wind-
farm measurements, freely-rotating horizontal-axis wind-turbine models were
used. These models were equipped with a two-bladed plastic rotor and a mag-
net, placed in the base, to attach them to a metal surface (the turbines char-
acteristics are summarized in Table 4.1). These turbines had a rotor diameter
of D∗ = 45 mm, a hub height of H∗hub = 60 mm and a thrust coefficient of
cT ≈ 0.56 for Ω > 1200 rad/s. A photo-diode, illuminated by a laser beam
passing through one of the monitored rotors, provided a measure of the angular
velocity of the selected wind-turbine model for all the measurement turbines
used in the Gävle wind tunnel.
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Table 4.1. Characteristics of Turbine Model 1 at a wind
speed of 8 m/s.

Parameter Value

Diameter D∗ = 2R∗ [mm] 45
Chord length at 75 % radius [mm] 8
Blade thickness [mm] 0.5
Hub height H∗hub [mm] 60
Thrust coefficient cT 0.56
Tip-speed ratio λ = Ω∗R∗/U∗∞ 5.3
Reynolds Number Re = v∗rc

∗/ν∗ 1300

4.1.1. Single-turbine cases

In order to determine the downstream velocity deficit in the wake of a stand-
alone turbine, one of the turbine models described above was moved away from
the traversing system, which was placed at the end of the wind tunnel and
equipped with a measurement turbine. Hereby, measurements were conducted
at distances of one rotor diameter (1D∗), 4D∗, 7D∗, 11D∗ and 16D∗ from the
turbine model to a fixed traversing system mounted at a certain stream-wise
position (see Figure 4.1).

Traversed Turbine

D

1D -16D

Tested Turbine

* *
*

*

Figure 4.1. Schematic sketch of the measurement setup to
determine the wake velocity deficit of a stand-alone turbine.

In order to measure the upstream effects as a function of a wind-turbine’s
thrust coefficient, another two-bladed turbine model was selected (in the follow-
ing referred to as Turbine Model 2). The same model was previously used by
Dahlberg & Montgomerie (2003) and Medici (2005) and its characteristics are
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summarized in Table 4.2. This turbine had a rotor diameter of D∗ = 180 mm
and non-twisted blades, built out of four layers of carbon fibers with a total
airfoil thickness of 0.5 mm. The blade was based on the Göttingen 417A airfoil,
due to its good performance at low Reynolds number. The chord length at the
tip was 16 mm and the maximum chord length was 27 mm, at 12 % of the
radius. Within the turbine’s nacelle, a small electrical generator was installed,
which was connected to a known resistance and a variable number of diodes
through a Wheatstone bridge. By applying different loads (i.e. a different num-
ber of diodes in the electrical circuit), it was possible to vary the tip-speed ratio
and thrust coefficient of the rotor. The thrust was indirectly measured by a
strain gauge attached close to the bottom of the tower. The deformation of the
strain gauge changed its resistance and the output had a linear relation with
the applied forcing. In this upstream measurement campaign, four stationary
measurement turbines were placed at different upstream distances of 0.5D∗,
1D∗, 1.5D∗ and 2D∗ (Figure 4.2). The measurement turbines were made out
of balsa and thus very sensitive to variations in the incoming wind speed. The
sampling time for the three different thrust-coefficient cases was kept constant
to 600 seconds.

Table 4.2. Characteristics of Turbine Model 2 at a wind
speed of 8 m/s.

Parameter Value

Diameter D∗ = 2R∗ [mm] 180
Chord length at 12 % radius [mm] 27
Blade thickness [mm] 0.5
Hub height H∗hub [mm] 220
Thrust coefficient cT 0.7, 0.8, 0.9
Pitch angle [◦] 8
Reynolds Number Re = v∗rc

∗/ν∗ 7000 - 12000

4.1.2. Wind-farm case

The same type of freely rotating wind-turbine models were used in both exper-
imental wind-farm setups in Gävle and at KTH (the description is summarized
in Table 4.1).

In order to avoid the superposition of wind-farm effects with wind-tunnel
flow inhomogeneities (due to a local pressure gradient dictated by the tunnel
ceiling, for instance), the entire wind farm was step-wise moved away from one
row of monitored turbines allowing a characterization of the upstream blockage
effect. The permanent row, from which the farm was moved away, consisted
of 11 turbines placed at the same span-wise distance from each other. In the
permanent row, the turbine in the middle (named Turbine 3 ) and the turbines
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Figure 4.2. Measurement setup to determine the upstream
blockage effects of a stand-alone turbine.

at the edges (Turbine 4 and Turbine 5 ) were investigated (Figure 4.3). In addi-
tion to those, two reference turbines (Turbine 1 and Turbine 2 ) were placed far
upstream of the farm and one was attached to the ceiling (Turbine 6 ) providing
an indication of the freestream velocity unaffected by the farm. This latter tur-
bine was here used to compensate for eventual wind-tunnel flow unsteadiness.
The rotational frequency of the measurement turbines was again measured us-
ing a photo-diode and a laser beam directed at the selected wind-turbine model.
The sampling time during the experiment was kept constant to 600 seconds.
A quite dense wind-farm layout was selected, with distances of S∗x = 2.66 D∗

between turbines in the same row and S∗y = 4 D∗ in stream-wise direction. The
entire wind farm was build on a moving steel plate. The farm consisted of 10
rows with a total amount of 105 turbines in a staggered arrangement (the first
row with 10 turbines and the second with 11). Since the farm was not filling
up the whole tunnel from side to side, it was also possible to investigate three
dimensional effects. A detailed description of the measurements is provided by
Hägglund (2013).

4.2. KTH measurements

A set of new experiments were performed in the KTH NT-2011 open-loop wind
tunnel. Hereby, Turbine Model 1 (Table 4.1) was used to characterize the build-
up of the internal boundary layer above the wind farm. The test-section size
was with 1.4 × 0.4 × 0.5 m3 (length × width × height), much smaller compared
to the test section in Gävle. In order to guarantee a good flow quality inside
the test section with a low level of fluctuations, honeycombs and screens were
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Figure 4.3. Schematic illustration of the global upstream
blockage experiment conducted in the Gävle wind tunnel.

located at the entrance of the wind tunnel. During the experiments, the facility
was operated at a speed of approximately 8 m/s inside the test section. For a
detailed description of the conducted measurements, the reader is referred to
Muro (2014).

4.2.1. Box and Farm measurement

In this experiments, X-wire anemometry was used to measure the stream-wise
and vertical velocity components. The probe was made of two 2.5 µm tung-
sten wires and a Streamline DANTEC system was used to control the sensor.
The voltage time-series were sampled for periods of 30 seconds with a sampling
frequency of 10 kHz. The probe was displaced by means of a traversing, which
allowed automatic movements in the vertical direction, but manual adjustments
in stream-wise and span-wise direction, as illustrated in Figure 4.4. The differ-
ent wind-farm layouts were placed on a suspended metal plate attached to the
test-section floor with a rounded leading edge to mitigate separation effects.
Consequently, the turbine models faced a nearly homogeneous inflow over the
swept area of the rotor. A flow characterization was done in the middle of
the test section in absence of wind-turbine models. It was assessed that the
boundary layer generated by the plate presence was quite thin, ensuring that
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Figure 4.4. Photo of the I1 configuration with the used
traversing and probe.

the ground had a limited effect on the roughness sublayer above the farm and
that the first row faced a homogeneous uniform inflow.

During the experiments, time series of stream-wise and wall-normal veloci-
ties were measured between two rows of turbines along the entire farm (referred
as Farm measurements) and in the middle of the wind farm but with a higher
number of measurement points (referred as Box measurements as the measure-
ments were conducted between one row and the subsequent one). A significant
amount of measurement points in all three directions were used to estimate the
spatial distribution of these statistics (see Figure 4.5).

Four wind-farm layouts were analyzed (labeled: S1, I1, S2 and I2) and their
characteristics are summarized in Table 4.3. These different layouts were chosen
to investigate arrangement and spacing effects. Due to the limited space in the
test section, relatively small turbine spacings (e.g. S∗x = 2.5 D∗ S∗y = 2.88 D∗)
were investigated, which are not representative of real wind farms. Neverthe-
less, this can provide some evidence to the rough-surface analogy. During the
Farm measurements, time series of stream-wise and wall-normal velocities at
specific span-wise positions above the wind farms were measured. The opti-
mal arrangement of the measurement points for the Farm measurements was
selected based on the results of the Box measurements by estimating positions
of velocity maxima respectively minima. The reason for measuring at points
where peaks in velocity are located was to obtain good spatial averages by
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Figure 4.5. Measurement matrix between two rows, for an
inline (a) and a staggered layout (b).

Table 4.3. Description of the investigated wind-farm layouts.

Label Arrangement S∗x S∗y Number of rows Symbol in Figures

S1 Staggered 2.5D 2.88D 9 4
I1 Inline 2.5D 2.88D 9 5
S2 Staggered 5D 2.88D 5 ∗
I2 Inline 5D 2.88D 5 ◦

using a minimum amount of measurement points. This approach provided the
used measurement matrix for the two analyzed dense layouts (Figure 4.6).
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Figure 4.6. Measurement matrix for the I1(a) and S1(b) layout.

4.2.2. RPM measurements

The rotational speed of the various turbines is an important wind-farm charac-
teristic, because this quantity affects the power generation and other parame-
ters like the thrust coefficient. Since the used turbine models are freely-rotating
(Table 4.1), it was not possible to develop a direct relation between rotational
speed and power generation. However, useful insights about the efficiency of
the turbines located at different downstream positions and farm layouts could
be gained by the detected distribution of the angular velocity along the farm.
For the analyzed I1 and S1 cases, the flow properties were directly measured
by their effects on the turbines and their rotational speed using a laser coupled
with a photo-diode. Hereby, the time between each voltage pulse is measured,
and transformed to an angular velocity by relating it to the displacement of
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the turbine blade during this time step. In this measurement campaign, the
angular velocity was measured for just one turbine per row, and it was further
assumed that the angular velocity was constant throughout each row.
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CHAPTER 5

Measurement Evaluation

During the development stages of the proposed model, different assumptions
were made. Some of them, like the restriction to account only for neutral
stratification, were introduced in compliance with the measured conditions in
the wind-tunnel facilities. The influence of other assumptions will be analyzed
in detail in this chapter by comparing the model results to the ones gained from
the conducted measurement series. Based on the sensitivity analysis and the
defined baseline scenarios for a stand-alone turbine case and a wind-farm case
(Appendix E), the model results will be validated against the measurement
results. Since flow properties above, in front, behind and inside different wind-
farm respectively single-turbines cases were measured, it is possible to verify
the accuracy of the model in all of these regions.

The discussion on the measurements results, in comparison with the model
results, will be structured in a similar way as it was already done for the
experimental setup (Chapter 4). Thus, the results will be separated according
to the wind-tunnel facility where they have been conducted.

5.1. Gävle measurements

In this section the measurement results conducted in the atmospheric wind-
tunnel facility in Gävle are illustrated and compared to the computed model
results. At first, the results of single-turbine cases are investigated. Subse-
quently the global upstream effect of an entire wind farm will be analyzed.

5.1.1. Single-turbine cases

The analysis of single-turbine cases is essential, especially for industrial pur-
poses, since they are used to determine a wind-turbine’s main characteristics
(like thrust and power curves). From a model-validation point of view, these
single-turbine cases bring valuable insights, since they allow us to analyze the
undisturbed effects of the turbine on the flow field, by ruling out any sort of
interactions with other turbines.

Since wind-turbine models were used to measure the flow properties, a re-
lation between the computed velocity field and the measured angular velocity
of the used wind turbines had to be determined, in order to be able to validate

41



42 5. MEASUREMENT EVALUATION

the proposed model. In this case, a linear relation between the incoming veloc-
ity and the rotational speed of turbine model 1 (Table 4.1) was measured by
Hägglund (2013) in a previous experiment (Figure F.1 in the Appendix). This
implies that it is (in the investigated wind-speed range) possible to directly re-
late the measured rotational speed to the computed flow field by the proposed
model.

The developed linearized model can be regarded as a lean or simplified
version of a CFD-model. In the wake region, where the perturbations are small
compared to the undisturbed baseflow velocity, the wake model mimics a full
CFD-model’s behavior reasonably well as it can be observed in Figure 5.1. In
the immediate surrounding of the rotor discs, where non-linear effects have a
greater influence, the model is not entirely correct. However, this is not the key
region of interest during an energy-yield assessment. The main advantage of
this linear model, compared to corresponding CFD-models, is that the needed
computational-time is much smaller, enabling its utilization in industrial wind-
farm planning. A large deviation between model and measurement results
regarding the velocity deficit one rotor diameter downstream of the turbine
can be observed. Here, the linearity assumption is not valid anymore, since the
deceleration of the flow can be quite high and there is no time for a turbulence
induced mixing with the freestream. However, it has to be mentioned that
there might be uncertainties regarding the measured wake velocity-deficit. A
comparison between the measured thrust and a theoretical value for the thrust
coefficient was calculated from the velocity deficit in the wake by integrating
over the wake area. It could be shown, by assuming an axisymmetric wake, that
a higher thrust coefficient as originally estimated is needed in order to create
the velocity deficit presented in Figure 5.1. It can also be observed that the
lateral tails of the wake, calculated by the model, are smaller compared to the
measurement results. At first place, this results from the neglection of lateral
diffusion processes in the current version of the proposed model, which plays
especially at positions far behind the turbine a major role. Besides that was a
wind-turbine model used as a measurement device during this experiment. This
turbine measured the average velocity field over the rotor disc, which smooths
the shape of the wake regions. If point measurements would instead have been
used to characterize the wake area, a better agreement with the model results
might be reached.

In an additional scenario, the constant load rotor disc with a homogeneous
distributed intensity was modified by also considering a tip-loss correction fac-
tor (introduced in Section 3.2). This tip-loss correction ensures that the local
thrust force approaches zero at the tip of the blade. Nevertheless, the total
applied forcing by the turbine has to be constant, with and without tip-losses,
since the conducted measurements already contain this type of losses. By im-
plementing Prandt’s tip-loss correction factor, a slightly better agreement re-
garding the shape of the wake near the maximum velocity deficit was reached
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Figure 5.1. Wake velocity-deficit of a single turbine at differ-
ent downstream positions without tip-losses. Measurement re-
sults are illustrated by symbols and model results are denoted
by lines. The different colors indicate the downstream posi-
tions, whereas x = 1 D∗ (black), x = 7 D∗ (blue), x = 11 D∗

(red), x = 16 D∗ (green).

(Figure 5.2). However, it could be shown that the implementation of such a
tip-loss correction has no major effect on the flow statistics analyzed within the
scope of this thesis. By moving away from the turbine, global characteristics
have a stronger influence on the flow compared to the details of the used model.
Hence, the velocity deficit becomes less dependent on local characteristics and
how the forcing is modeled. Instead the results are more reliant on the thrust
coefficient of the turbine itself.

In a second experiment, the influence of varying thrust coefficients on the
upstream velocity field of a stand-alone turbine was analyzed (the description
of the measurement setup can be found in Subsection 4.1.1). Hereby, the
conducted measurements showed, in agreement with the model results, that a
higher thrust coefficient leads to an overall stronger velocity reduction of the
approaching flow (Figure 5.3). These results illustrate that the flow is affected
more than 2 D∗ upstream of the rotor, which was also observed by Medici et al.
(2011). In general, a slightly better agreement compared to the downstream
case can be observed, since diffusion mechanisms are less important in the
upstream region. Very close to the rotor disc, the proposed model shows a
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Figure 5.2. Wake velocity-deficit of a single turbine at dif-
ferent downstream positions, taking tip-losses into account.
Measurement results are illustrated by symbols and model re-
sults are denoted by lines. The different colors indicate the
downstream positions, whereas x = 1 D∗ (black), x = 7 D∗

(blue), x = 11 D∗ (red), x = 16 D∗ (green).

very good agreement with the measurement results. However, the model tends
to underestimate the blockage effect due to the presence of the turbine at
positions located further upstream the rotor area. The reason for this deviation
is not entirely clear, since one would expect a similar behavior as it could be
observed for the downstream case. By moving away from the turbine, the
perturbation quantities, which are already smaller in magnitude compared to
the downstream region, get further reduced, which additionally confirms the
utilization of the linearity assumption. However, it has to be kept in mind
that the investigated effects, especially at these upstream positions, are very
small in magnitude. Hence, small changes regarding the experimental setup, or
the model settings like a slightly too weak fringe region can cause a noticeable
effect on the results.
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Figure 5.3. Comparison of the measured wake velocity-
deficit with results obtained by the model for cT = 0.7 (a),
cT = 0.8 (b) and cT = 0.9 (c). Measurement results are il-
lustrated by symbols and models results are denoted by lines.
The different colors indicate the upstream positions, whereas
x = −0.5 D∗ (blue), x = −1 D∗ (green), x = −1.5 D∗ (black),
x = 2 D∗ (red).
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5.1.2. Wind-farm case

In this subsection, the developed model will be validated against measurements
conducted in the upstream region of a wind farm placed in the atmospheric
wind tunnel in Gävle (measurement setup is described in Subsection 4.1.2).
Hereby, the specific wind-farm layout as well as the important characteristics
of the used turbine models (like their thrust coefficients c∗T ) were introduced
as input parameters for the model. In order to mimic the undisturbed veloc-
ity profile, U0(z)∗, measured in the test section of the wind tunnel in Gävle,
the same roughness length was implemented into the model domain. At this
point it has to be mentioned that, in contrary to the stream-wise direction, it
was here possible to take advantage of the reflecting effects in the span-wise
direction. By using these periodic boundary conditions, just a fraction of the
original farm domain has to be simulated in order to correctly represent the
flow behavior in the middle of a wind farm (Figure 5.4). This approach sig-
nificantly decreases the demands regarding the span-wise domain size and, at
the same time, enables a higher resolution within important areas around the
turbines to accurately resolve the rotors’ disc shape. Hence, the needed CPU-
time can be reduced at the expense of neglecting corner effects occurring at the
wind-farm edges. However, since the model is, in this case, validated against
measurements conducted at the centerline of the wind farm, this simplification
can be done.

Figure 5.5 illustrates the upstream velocity reduction of the incoming flow
due to the presence of a wind farm based on the experimental data and sim-
ulations conducted with the 2D-version and the 3D-version of the proposed
model. Hereby, an asymmetrical behavior between the right and the left cor-
ner turbine could be detected (a schematic sketch of the measurement setup
is illustrated in Figure 4.3). It could be observed that Turbine 4, which is
placed at the left corner of the first row when looking downstream, measured
a higher velocity deficit compared to Turbine 5. Several attempts to minimize
the asymmetry in the inflow did not show any effect (like moving and finally
dismounting the traversing system from the back of the wind tunnel or vacuum
clean the honeycomb and lubricate the turbines’ ball-bearings). Subsequently,
roughness elements were placed on the walls, ceiling and floor at the inflow
and in additional configurations also at the back of the test section. A final
measurement series, still with the roughness elements inside the wind tunnel,
was carried out with the turbines in the first row stuck to the ground in order
to made it impossible for the turbines to turn or move. Additionally, Turbine 5
was replaced by a new one, but still an asymmetric flow behavior could be
observed. It is not within the scope of this thesis to analyze the reason for
this observed asymmetry. However, one explanation could be that the utilized
turbine models can just rotate clockwise, which leads to a span-wise transfer
of momentum flux to the right side of the wind tunnel. This shift would ex-
plain the higher wind speed of the right corner turbine compared to the one
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Figure 5.4. Schematic illustration of the simulated domain
in span-wise direction (top). Top view of the resulting wind-
farm velocity-field at hub height (bottom).

placed on the left side. However, since the reference turbines (Turbine 1 and
Turbine 2 ) located far upstream showed the same asymmetric behavior, this
could point out that there was some general problem in the wind tunnel.

In order to circumvent any source of uncertainty regarding the asymmetry
in the flow, all measurements were referred to the reference turbine attached
to the ceiling (Turbine 6 ). This turbine was located at the centerline and was
therefore not affected by the asymmetry of the inflow inside the wind tunnel.
Additionally, all measurement configurations with roughness elements placed
inside the test section were excluded from this validation process, since an
impact on the measurement results could not be ruled out.

By looking at the measurement results in Figure 5.5, it can be observed
that the inflow properties are affected far upstream of the wind farm up to a
distance of 30 rotor diameter. A distinguishable reduction of wind speed can
be observed for all the three measurement turbines. Close to the farm, the
velocity deficit at the centerline is with about 2.2 % higher compared to the
velocity reduction detected by the corner turbines. This speed-up effect results
from an exchange of momentum with the freestream in this area.
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Figure 5.5. Computed global upstream blockage effect for
different scenarios by using a 2D-version and a 3D-version of
the proposed model. Measurement conducted at the center-
line of the wind farm (Turbine 3 ) and at the wind-farm edges
(Turbine 4 and Turbine 5 ) are illustrated by symbols.

Figure 5.5 also shows different stages of this work. Before extending the
model to a 3D-version, quite good results could already be obtained (despite the
established assumptions) by distributing the forcing over the rotor area . How-
ever, it has to be mentioned that such a force distribution in two-dimensional
space represents infinitesimal wide blocks in the lateral direction. In a first test
scenario with the 3D-model, the specific wind farm-layout was approximated
as a porous block, by smearing the forcing from the ground to the turbines’
tip height. With this kind of force distribution, a mediocre agreement with
the measurement data could be reached, since the immediate force field at hub
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height was weakened in this case. However, if the turbines are discretized as
rotor discs within a three-dimensional domain, a better agreement with the
conducted measurements can be observed. Hence, one can conclude that the
agreement between measurement data and model results increases with the
accuracy of the rotor discretization. Besides that, the current force model al-
lows a consideration of the velocity decay (individually for every wind turbine)
inside a wind-farm array.

Figure 5.6 highlights a key finding of this thesis, namely that the inflow
properties are affected far upstream a wind farm. Wind-energy calculations
disregard this global upstream effect or estimate the velocity deficit due to the
presence of a wind farm empirically, simply because widely-spread industrial-
models (like the Jensen model) are not able to describe this flow region. There-
fore, the demand for a model like the proposed one is currently quite high. It
is also worth mentioning that current guidelines for power-curve measurements
(IEC 61400-12-1 2005) underestimate this global wake effect as well, since they
are based on single-turbine calculations. One of the approaches to quantify
the upstream blockage of a single turbine is illustrated in Medici et al. (2011)
with the results shown in Figure 5.6. The presented theoretical formula can be
derived by calculating the flow induced by a vortex sheet composed by helical
vortices departing from the blade tips and that stretch to infinity downstream
of the rotor. By using the Biot-Savart law and the analogy to helicopter the-
ory (Johnson 1994), it is possible to obtain the following expression for the
upstream velocity deficit at the symmetry axis of an actuator disc

U

U∞
= 1− a

[
1 + ξ(1 + ξ2)−1/2

]
, (5.1)

where U∞ is the undisturbed freestream velocity. The upstream position, ξ,
is normalized by the rotor radius, R, to ξ = x/R, whereas the axial induction
factor, a, is defined by equation (2.10) from the actuator-disc theory in Sec-
tion 2.1. Industrial guidelines recommend to place a meteorological tower at
about 2.5 D∗ upstream a wind farm but, as it is illustrated in Figure 5.6, at
this upstream distance the velocity is still reduced by 2-3 % compared to the
freestream. At first glance, this sounds neglectable, but since the power output
of a wind turbine is a cubic function of the incoming velocity, this can change
the profitability of a wind-farm project. Hence, the current guidelines should
be adjusted and consider also the observed global upstream effect.

In an additional study, the sensitivity of the observed global upstream
effect to the number of installed turbine rows was analyzed (Figure 5.7). It
could be demonstrated, that the global upstream effect is just to a certain
extent influenced by the number of turbine rows inside a wind-farm array.
This finding could be of interest in the near future since statistical analyses,
like the one conducted by EWEA (2014), confirm the trend in the wind-energy
sector to realize bigger wind-farm projects.
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Figure 5.6. Comparison between wind-farm and single-
turbine cases regarding the upstream blockage effect. The
measurement results are represented by (•), whereas the un-
certainties in the measurements are illustrated by error bars.
Spatial variations in span-wise direction are marked by the
semi-transparent gray area.

−50 −45 −40 −35 −30 −25 −20 −15 −10 −5 0
0.97

0.975

0.98

0.985

0.99

0.995

1

1.005

1.01

x/D

U
/U

∞

 

 

1 row
2 rows
4 rows
8 rows
16 rows

Figure 5.7. Influence of a varying number of wind-farm rows
on the upstream velocity deficit.
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5.2. KTH measurements

In this chapter, the measurement results from different experiments conducted
in the KTH NT-2011 open-loop wind tunnel are illustrated and compared to
the model results (a description of the experimental setup is presented in Sec-
tion 4.2). The main focus of this section is the analysis of flow characteristics
above different wind-farm layouts. Within the internal boundary layer, in-
teractions between the wind farm and the atmospheric turbulence take place,
affecting the momentum transfer towards the ground and inside the wind farm.
In order to quantify these effects, the proposed model is, in a first step, val-
idated against spatially-averaged flow characteristics measured above a wind
farm. After this first step, the spatial inhomogeneities within the flow are an-
alyzed. Subsequently, a comparison between measurements conducted inside a
wind farm and the proposed model are presented.

5.2.1. Spatially-averaged flow properties

The time averaged velocity component can be decomposed by a space averaged
quantity, 〈Ui〉, and a spatially varying quantity, U ′′i , which results form the
inhomogeneity of the flow field. This approach can, in analogy to the Reynolds
decomposition, be written as

Ui = 〈Ui〉+ U ′′i . (5.2)

However, in this case the fluctuations occur in space and not in time. Hence
the flow can be subdivided into a constant part and a spatial variation with
zero mean. In this section, the fluctuations in space are neglected and the focus
is instead on spatially-averaged quantities.

In order to easily characterize momentum-transfer mechanisms without
accounting for the turbines’ spatial distribution, a horizontal-average operator
was applied

〈Ψ〉(z) =
1

A

∫
A

Ψ (x, y, z) dxdy , (5.3)

where, A, indicates the area where the averaging is performed. Hereby it
is important to underline that all the properties being spatially-averaged are
already time-averaged (the time-average operator is indicated with an overbar
to avoid confusion). In the presented experiment, the averaging area, A, was
assumed to be the region between two rows of turbines in the stream-wise and
span-wise direction.

Based on the performed Box measurements above the investigated wind-
farm arrangements, the spatially-averaged stream-wise mean velocity profiles
between two turbine rows could be determined for several measurement heights
(Figure 5.8). In order to mimic the almost homogeneous inflow over the swept
area during the measurement campaign, a low roughness length (z∗0/h

∗ =
10−15) was selected, which yields to a logarithmic baseflow profile U0. It was
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Figure 5.8. Spaced averaged velocity profiles for the different
wind-farm layouts in comparison with model results for the S1
(�) and the I1 configuration (♦). The swept area of the rotor
is denoted by dotted lines.

decided to scale these profiles using the vorticity thickness

δ∗ω = (〈U∞〉 − 〈Utip〉)
(
∂〈U〉
∂z

∣∣∣∣
tip

)−1

. (5.4)

Hereby, 〈U∞〉 is the space-averaged freestream velocity, whereas the mean ve-
locity at tip height is denoted by 〈Utip〉 . The following expression is used to
normalize velocity profiles above wind farms

〈U〉 = 〈Utip〉+ (〈U∞〉 − 〈Utip〉) f
(
z − 1

δ∗ω

)
, (5.5)

where, f , is a function dependent on the distance to the turbines’ tip height
and the vorticity thickness. However, in this case we compare two different
inflow conditions. For the experiments, a homogeneous inflow, U∞, is gen-
erated, whereas the model baseflow, U0(z), has to be logarithmic due to the
implemented linear mixing-length closure. Hence, it is difficult to determine
a freestream velocity in the model. In order to still enable a comparison on
common ground, the space-averaged velocity is written as 〈U〉 = 〈U0(z)〉+ 〈u〉,
where 〈u〉 ≤ 0 is a perturbation quantity that has its minimum, 〈utip〉, at the
tip height and vanishes above the wind farm (〈u〉 → 0 as z = z∞). Likewise
this could be done in order to determine a perturbation quantity in case of lam-
inar inflow conditions. Taking this into consideration, the following relation is
estimated

〈utip〉 − 〈u〉
〈utip〉

= f

(
z − 1

δ∗ω

)
. (5.6)
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Figure 5.9(a) demonstrates a good agreement between the measured velocity
profiles and the model results for the region near the wind-farm’s tip height.
After this initial region, the influence of the two different baseflows becomes vis-
ible. The velocity keeps increasing with height above ground, which is why the
results differ before the model results slowly converge towards the measurement
results (at z ≈ 15 h∗). Regarding the velocity profiles for all four experimental
setups, a collapse of data could be observed (the corresponding symbols used in
Figure 5.9 to describe the different layouts are illustrated in Table 4.3). Thus,
the space-averaged velocity profile in developed sections above a wind farm can
be completely described by a few parameters.

After observing that the scaled velocity profile above all the investigated
wind farms follows the same trend, a similar approach was applied to scale
the second-order flow statistics. Hence, the following relation for the space-

averaged Reynolds stresses, 〈u′w′〉, was assumed

〈u′w′〉
u2
τ

= f

(
z − 1

δ∗ω

)
. (5.7)

Hereby, the friction velocity, uτ , was used as a scaling factor in analogy to
Segalini et al. (2013), since this quantity is more suitable to describe internal
boundary layers above wind farms.

By looking at Figure 5.9(b), it can be noted that if the friction velocity and
the vorticity thickness are known, a complete characterization of the Reynolds
stresses above a wind farm can be achieved as well. Since the proposed model
is not time dependent, fluctuating quantities like the turbulent shear stresses,
u′w′, cannot be gained directly as model outputs. However, total Reynolds
stresses based on the model results can be approximated by applying the same
approach used for the perturbation of the Reynolds stresses introduced in (3.5).
By comparing the approximated Reynolds stresses computed by model with the
measured results in Figure 5.9(b), a good agreement can also be observed for
this second-order flow statistics .

The conducted Farm measurements allow an analysis of the flow develop-
ment along a wind farm for inline and staggered wind-turbine arrangements.
To guarantee a comparison on a common ground, the stream-wise and the
span-wise spacing were exactly the same for both wind-farm arrangements.
All flows and their different characteristics are affected by the ambient condi-
tions within which they reside. Hence, a description of the internal boundary
layer developing above wind farms is important in order to understand the flow
phenomena. Regarding the measurement results, a continuous boundary-layer
growth independent from the selected turbine arrangement could be observed
in Figure 5.10(a) and Figure 5.10(b), which suggests that the flow never reaches
parallel conditions. Moreover, the stream-wise mean velocity just above the tur-
bines for the inline case is almost constant, unlike the one above the staggered
configuration, which tends to decrease as the stream-wise distance increases. A



54 5. MEASUREMENT EVALUATION

0 0.2 0.4 0.6 0.8 1
0

1

2

3

4

5

6

(z
−

1
)/
δ
∗ ω

(〈utip〉− 〈u〉)/ 〈utip〉

(a)

−1 −0.8 −0.6 −0.4 −0.2 0 0.2
0

1

2

3

4

5

6

(z
−

1)
/δ

∗ ω

〈

u′w′

〉

/u2
τ

(b)

Figure 5.9. Normalized profiles of the space-averaged veloc-
ities (a) and Reynolds stresses (b) in comparison with model
results for a staggered (�) and an inline configuration (♦).

similar behavior can be observed by looking at the model results for the respec-
tive cases in Figure 5.10(c) and in Figure 5.10(d). It is also worth mentioning
that there is a delayed development of a boundary layer for staggered config-
urations compared to the inline case. This leads to the conclusion that the
space-averaged boundary layer for staggered cases grows faster, since it starts
delayed but ends up with almost the same boundary-layer thickness as it could
be detected for inline cases. In contrary to the laminar inflow, generated in the
experiment (see Figure 5.9), the simulated wind farm in the model is faced by a
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turbulent inflow, because the velocity gradient in wall-normal direction gener-
ates shear stresses responsible for the increase of turbulent kinetic energy. This
higher ambient turbulence level leads to a steeper slope in the boundary-layer
growth, as it can be seen in Figure 5.10(c) and in Figure 5.10(d).
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Figure 5.10. Boundary layer growth 〈U〉/〈U∞〉 for the stag-
gered case S1 (a), the inline case I1 (b) and the corresponding
model results in (c) and in (d), respectively.

The region immediately above the wind farm is (from a fluid-dynamic point
of view) quite important, since the interactions which happen here determine
the momentum transfer inside a wind farm. The distribution of the stream-wise
mean velocity close to the tip height of the turbines is shown in Figure 5.11. As
it was explained before, it is difficult to estimate the freestream velocity, U∞,
for a logarithmic boundary layer. Therefore, the stream-wise velocity compo-
nent was normalized with the velocity at tip height, Utip, in this region. By
comparing the two investigated layouts, it could be observed that the model
results, in agreement with the conducted simulations, show a higher velocity
reduction for staggered cases. The enhanced mixing processes, which lead to a
more uniform velocity distribution for a staggered wind-turbine arrangement,
can be observed regarding the smaller spatial variations in span-wise direction.
Moreover, it can be observed that, for the inline configuration, the stream-wise
mean velocity becomes almost constant after four rows, unlike the staggered
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case which does not reach a plateau of almost constant velocity at any loca-
tion; in fact it decreases monotonically with increasing downstream distance.
For the staggered configuration a good agreement between the model and the
measurement results can be observed (Figure 5.11(a)) despite the limitations
based on the utilized simple turbulence model. Due to the lack of terms in
the governing equations describing the diffusion processes in the stream- and
span-wise directions, the model results converge later to a plateau region for
the inline case and hence slightly overestimates the stream-wise mean-velocity
reduction at the last turbine rows (Figure 5.11(b)).

By comparing the distribution of the Reynolds stresses along the wind
farm at tip height in Figure 5.12, it can be noted that the stresses occurring
in staggered configurations are slightly higher compared to the ones detected
for an inline turbine arrangement. This leads to an enhanced mixing with the
freestream above the wind farm. Another finding is that the span-wise variabil-
ity of Reynolds stresses is percentage-wise much higher in comparison with the
variability of the stream-wise mean velocity. In general, the lateral variances
above an inline arrangement are higher compared to its staggered counterpart,
since the flow in staggered configurations is more homogeneous due to the en-
hanced mixing processes. By looking at the inline case, the Reynolds stress
are almost zero at zero span for every stream-wise position. In contrast to the
effects observed for the staggered case, the spread between the covariance for
the two span-wise locations is increasing with stream-wise distance. Compared
to the measurement results, the model tends to overestimate the Reynolds
stresses at the beginning of wind farm, since it reacts more quickly. In a more
developed flow region, a good agreement regarding the order of magnitude of
the spatially-averaged Reynolds stresses for an inline configuration could be
reached. Since the model is based on linerized methods, the resulting wake ex-
pansion is smaller compared to non-linearized models. However, the fact that
the model does not consider diffusion processes in span-wise and stream-wise
direction is assumed to have a greater influence at the regarded downstream
positions within this thesis. Therefore a larger deviation from the measured
Reynolds stresses can be observed for staggered wind-farm arrangements in
Figure 5.12(a), where a wake interaction is more likely to occur.
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Figure 5.11. U/Utip along the wind farm at tip height (z =
h∗) for a staggered configuration (a) and an inline configura-
tion (b). The black dots denote the spatially average velocity
in each stream-wise position with the bottom of the errorbar
representing the value at y = 0, whereas the top value is mea-
sured at y ≈ −0.6 D∗ for staggered and at y ≈ −1.5 D∗ for
inline configurations. The spatially averaged model results are
represented by black solid lines.
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Figure 5.12. Distribution of the Reynolds stresses along the
wind farm at tip height (z = h∗) for a staggered configura-
tion (a) and an inline configuration (b). The black dots indi-
cate the spatially averaged Reynolds stresses in each stream-
wise position, with the bottom of the errorbar representing
the value at y = 0 whereas the top value is measured at
y ≈ −0.6 D∗ for staggered and at y ≈ −1.5 D∗ for inline
configurations. The spatially averaged model results are rep-
resented by a black solid line.
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5.2.2. Dispersive stresses and spatial inhomogeneity

When measuring the velocity profile above a plate, span-wise invariance of the
flow characteristics is usually assumed. However, this is not the case for highly
three-dimensional wind-farm flows, which will be illustrated in this subsection
by comparing model and measurement results for different wind-farm arrange-
ments. The local inhomogeneity for a staggered configurations are illustrated
from Figure 5.15 to Figure 5.18, whereas Figure 5.17 to Figure 5.18 compare
the measurement and model results for an aligned wind-farm configuration.
Hereby, all flow properties are measured in downstream areas slightly above
the wind farm, where a fully-developed flow is assumed.

A contour of the velocity profile at tip height and coincident with the rotor
plane of the 6th downstream turbine is presented in Figure 5.15 for the staggered
arrangement with the highest turbine density. Comparing the results of the
measured velocity distribution with the one estimated by the model, it can be
noted that there is almost no wake decay after the turbines. This results from
the lack of diffusion processes in the model, which limits the mixing with the
surrounding freestream. In addition to that, the occurring wake expansion for a
linearized model is smaller compared to a non-linearized model (demonstrated
analytically in Figure 2.3), which prohibits a merging of the wakes even in a
staggered configuration, where such an interaction is forced due to the location
of the turbines. The limited wake iteration can also be observed by opposing
the distribution of the Reynolds stresses in Figure 5.15 with the model results.
Hereby, the larger extension of the internal boundary layer and the Reynolds
stresses in Figure 5.14(b) and in Figure 5.15(b), respectively, is again provoked
by the different inflow conditions. As expected, high levels of kinematic shear
stress are observed close to the wind turbines.

x/D

y/
D

 

 (a)

13 13.5 14

−1

−0.5

0

0.5

0.7

0.75

0.8

0.85

0.9

0.95

1

x/D

y/
D

 

 (b)

13 13.5 14

−1

−0.5

0

0.5

0.7

0.75

0.8

0.85

0.9

0.95

1

Figure 5.13. U/U∞ distribution for the S1 case at z = h∗

in the x-y plane for the measurements (a) and for the model
results (b).

For the investigated inline configuration similar observations can be made.
The stream-wise velocity between two turbines at the same row for an inline
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Figure 5.14. U/U∞ distribution for the S1 case at x =
12.5 D∗ in the y-z plane for the measurements (a) and for
the model results (b).

y/D

z/
h

 

 (a)

−0.5 0 0.5 1

1.1

1.2

1.3

1.4

1.5

1.6

−8

−6

−4

−2

0
x 10

−3

y/D

z/
h

 

 (b)

−0.5 0 0.5 1

1.1

1.2

1.3

1.4

1.5

1.6

−8

−6

−4

−2

0
x 10

−3

Figure 5.15. u′w′/U2
∞ distribution for the S1 case at x =

12.5 D∗ in the y-z plane for the measurements (a) and for the
model results (b).

configuration is approximately equal to the freestream velocity (Figure 5.17).
This implies that the wake interaction between the turbines is small, despite
the fact that this experiment was set up with relatively small spacing in both
stream-wise and span-wise directions and that the flow properties are measured
in developed flow conditions. Since the proposed model is just able to account
for reduced wake iterations, a better agreement with the measurement data
from inline configurations is expected.

Overall a high inhomogeneity could be observed, especially close to the
turbines, where a high span-wise variation of stream-wise velocity could be
detected for both wind-farm arrangements, despite the high wind-farm density
in comparison with other studies like Chamorro et al. (2011) and Cal et al.
(2010). Hence the assumption of span-wise invariance is not fulfilled for the
analyzed wind-farm cases.

In order to describe the macroscopic structure of vertical transports, it is of-
ten convenient to study the horizontally-averaged flow structure in the vertical
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Figure 5.16. U/U∞ distribution for the I1 case at z = h∗

in the x-y plane for the measurements (a) and for the model
results (b).
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Figure 5.17. U/U∞ distribution for the I1 case at x =
12.5 D∗ in the y-z plane for the measurements (a) and for
the model results (b).
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Figure 5.18. u′w′/U2
∞ distribution for the I1 case at x =

12.5 D∗ in the y-z plane for the measurements (a) and for the
model results (b).

direction as it has been done in Subsection 5.2.1. Globally, the momentum-
transfer process will be similar with or without averaging, but the stream-wise
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and span-wise variations will be neglected in these cases. However, when hori-
zontal averages are used in the flow equations, new terms related to the varia-
tions of the mean properties in space have to be considered in the Navier-Stokes
equations (Raupach & Shaw 1982). These terms are called dispersive stresses
and represent additional unknowns, which are important within the roughness
sublayer, while above the sublayer it is expected that these terms will vanish
(Chamorro et al. 2011). These Reynolds dispersive stresses can be calculated
as follows

〈U ′′i 〉〈U ′′j 〉 = 〈UiUj〉 − 〈Ui〉〈Uj〉 . (5.8)

Several studies, like the ones by Moltchanov & Shavit (2013) and Goit & Meyers
(2015) recently suggested that dispersive stresses should be included in canopy-
flow and wind-farm models. However, modeling the flow together with the
effect of dispersive stresses is impossible without adequate closure models. In
the following paragraphs it will be evaluated if the proposed model is able to
account for this type of stresses by comparing the simulation results to the
conducted measurement results.

The majority of the studies on wind-farm boundary layers are performed by
measuring the flow velocity somewhere in the middle of a wind farm, without a
proper assessment of the dispersive stresses, so that a momentum budget cannot
be exploited. Earlier in this section, the spatial inhomogeneity within the wind-
farm arrangements have been illustrated. In Figure 5.19 and Figure 5.20 the
resulting dispersive stresses are quantified by measurements and compared to
the outcome of the corresponding model simulations.

For the staggered configuration, the normal dispersive stresses in Fig-
ure 5.19(a) are slightly underestimated in comparison to the model results,
since the enhanced wake iterations cannot be modeled accurately with the cur-
rent version of the model. However, for an inline configuration with a reduced
wake iterations, a reasonably good agreement for this major dispersive stresses
can be observed (Figure 5.20(a)).

By comparing the order of magnitude of the normal dispersive stresses
occurring above the two regarded layouts, it can be concluded that, in agree-
ment with the model results, higher normal disperive stresses appear above the
inline arrangements. The lower dispersive stress level in staggered configura-
tions results from more equally distributed flow characteristics above the wind
farm. Hence, in comparison to the inline case, the Reynolds stresses above a
staggered layout clearly dominate (compare Figure 5.19(c)and Figure 5.20(c)).
Besides that, the model computes higher Reynolds stresses above the turbines
tip height due to the turbulent inflow. The dispersive stress component in the
vertical direction cannot be captured by the model but, since its contribution
to the the total dispersive-stress budget is very small (in comparison to the
normal dispersive stresses in stream-wise direction), this will hardly carry any
weight.
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Figure 5.19. Comparison of the Reynolds stresses (circles)
and the dispersive stresses (squares) for a staggered configu-
ration (S1). The model results are denoted by filled symbols,
whereas empty symbols indicate the measurement results.

Overall, one can argue that, despite local discrepancies between the the
model and the measurement results, a fairly accurate prediction of the global
upstream effects could be observed as long as the model’s forcing term is prop-
erly imposed. Besides that, the mean quantities (like the spatially averaged ve-
locity and Reynolds-stress profiles) could be reasonably well quantified, which
is in the end relevant for an industrial utilization of the proposed model.
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Figure 5.20. Comparison of the Reynolds stresses (circles)
and the dispersive stresses (squares) for an inline configuration
(I1). The model results are denoted by filled symbols, whereas
empty symbols indicate the measurement results.



5.2. KTH MEASUREMENTS 65

5.2.3. RPM measurements

The decision to measure the rotational speed of the turbines inside a wind-farm
array was motivated by the close connection of the actual power production to
this quantity. Hence, the rotational speed of the turbines represents a highly
relevant indicator for industrial purposes.

The distribution of the normalized angular velocity along a staggered (S1)
and an inline wind-farm layout (I1) is shown in Figure 5.21. In order to estimate
the correlation between stream-wise velocity and the turbines’ angular velocity
within the wind farm, the previously introduced linear relation has been applied
(Figure F.1). However, there is an uncertainty regarding the exact relation
between the turbines’ rotational speed Ω and the stream-wise velocity at the
disc.

In accordance with the model results and the results by Wu & Porté-Agel
(2013), it can be observed that the angular velocity for staggered configurations
is generally higher compared to the angular velocity for inline configurations.
Both configurations reach a plateau within the wind farm, where the normal-
ized angular velocity is almost constant with increasing downstream distance.
Regarding the model results, this plateau is reached further downstream due
to the neglected diffusion terms in some directions. The reduction in angular
velocity compared to the front row is, for an inline configuration quite high
(about 50 %), due to the dense spacing in stream-wise direction in comparison
with other experimental setups like the one by Chamorro & Porté-Agel (2011).
The model overestimates this velocity reduction, since no diffusion terms are
considered in the span-wise and stream-wise directions. The lack of diffusion
in these directions prohibits the merging with the freestream in the far-wake
region. Nevertheless, it could be shown that the selection of the farm layout
has a strong effect on the structure of the cumulative wakes. In the staggered
case, the lateral wake interaction starts much earlier due to the larger ’frontal
area’ to the incoming flow. Moreover, since the effective distance between two
consecutive downwind turbines is now twice as large as the original spacing
in the stream-wise direction, there is more space for the flow to extract mo-
mentum from the flow above the staggered wind-farm arrangement compared
to its aligned counterpart. Hence, the wake has more time to recover, lead-
ing to higher angular velocities and consequently to a higher total wind-farm
efficiency, as it was discussed by Chamorro et al. (2011).
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Figure 5.21. Normalized measured angular velocity distri-
bution of the wind turbines at different downstream positions
for a staggered (◦) and an aligned (�) wind farm. The model
results are represented by black solid lines for a staggered and
by black dashed lines for an inline configuration.



CHAPTER 6

Conclusion and Outlook

This thesis ends with a summary of the key findings and some concluding
remarks. However, the development of a wake model is an ongoing process,
therefore some suggestions for further improvements are also discussed in this
chapter.

6.1. A promising preliminary version of a three-dimensional
wake model based on a linear framework

In order to address the wind industries’ urgent need for a new generation of
more advanced wake models, a numerical three-dimensional wake model, based
on the linearized boundary-layer approximation of the Navier-Stokes equations,
was developed. The proposed model was validated against measurements of
the flow properties, conducted in different flow regions and for different wind-
turbine arrangements.

Wake structures interact with each other and with the ambient atmospheric
turbulence. This behavior, together with their unsteady character, makes wake
structures even more complex and therefore difficult to model in a computation-
ally inexpensive way. The proposed CFD-model with its linear framework can
be regarded as a simplified version of a CFD-model. It mimics the full CFD-
model’s behavior reasonably well in regions where the perturbation quantities
are small compared to the baseflow (e.g. in the upstream region and in the far
field of the wake). However, in the immediate surrounding of the rotor disc, the
assumption of strict linearity is not entirely valid. One could therefore expect
that the spoiled momentum balance in the near field behind the rotor leads to
an incorrect description of the wind-turbine wake. However, the investigated
wind-farm and single-turbine simulations, conducted within the scope of this
thesis, demonstrate that the discrepancy is not high. This very convenient
feature seems to make linearized models reasonably accurate and, at the same
time, much faster compared to corresponding CFD-models.

During the development stage, the linearized actuator-disc theory brought
valuable insights in how a model based on a linear methods works, and thus
helped to asses and understand the model results. It could for example be
demonstrated that an adjustment of the thrust coefficient is necessary in order
to get the same wake velocity-field within a linear framework. However, it is
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important to highlight that this adjustment was not done to fit the measure-
ment data, but it was based on an analytical approach. This finding leads to
the conclusion that other linearized wake models, like the Fuga-model, should
account in some way for the observed linear effects as well, if they want to
properly predict the accurate velocity deficit behind a turbine.

The leading engineering wake-models (like the Jensen, the Frandsen and
the Larsen model) ignore two-way interactions between the atmosphere and
the turbines. Regarding these models, each turbine extracts energy from the
wind passing through the rotor plane, which leads to a zone of reduced veloc-
ity extending some distance downstream. Upstream and outside this zone of
influence, it is assumed that the ambient conditions are unaffected. However,
the conducted upstream experiments (in agreement with the model results)
suggest that this assumption does not hold. The presence of numerous wind
turbines, within a limited area, alter the wind profile in the atmospheric bound-
ary layer outside the zone of direct wake effect, both in front and around the
wind-farm array, thereby reducing the amount of kinetic energy available for
power production. With the developed model, in agreement with the measure-
ments conducted in the atmospheric wind-tunnel facility in Gävle, it could be
shown that the global upstream blockage effect manipulates the inflow even
far upstream of the first turbine row (up to a distance of 30 rotor diameter),
which is not considered in current industrial guidelines. Hereby, the order of
magnitude (as well as the upstream expansion of this velocity deficit) is related
to the selected wind-farm layout. With a small turbine spacing (Sx = 2.66 D∗,
Sy = 4 D∗), a stream-wise velocity reduction of more than 2 %, compared to
the undisturbed freestream velocity, could be detected.

The performed measurements at the wind-tunnel facilities at KTH Royal
Institute of Technology allowed a characterization of spatially-averaged quan-
tities as well as a quantification of the occurring inhomogeneities above wind
farms. Based on the Box measurements conducted above several wind-farm
layouts, a scaling behavior, describing the stream-wise space-averaged velocity
profile as well as a scaled profile for the Reynolds stresses, could be determined.
Hereby, the model demonstrated a good agreement with the measurement data
for the investigated scaled first- and second-order flow statistics. The exten-
sion of the original 2D-theory by Belcher et al. (2003) to a 3D-model enabled
a description of the lateral inhomogeneities and their consequences (like the
occurring dispersive stresses within wind farms) as well a more accurate de-
scription of the rotor area and the local inflow conditions. However, since the
current version of the model does not consider stream-and span-wise diffusion
processes and is based on linear methods, a limited merging of the wake was
observed. Nevertheless, it could be demonstrated that a detailed resolution
of the spatial inhomogeneities is not needed for a fairly accurate prediction of
the mean-flow properties, which are relevant for industrial purposes. Based
on the Farm measurements and the computed velocity field by the model, it
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could be illustrated that a staggered configuration is more effective in extract-
ing energy from the incoming flow above a wind farm, compared to its aligned
counterpart. Regarding the investigated Reynolds stress level above the farm
at tip height, the model tends to slightly overestimate the spatially averaged
Reynolds stresses. This observation results mainly from the lack of diffusion
processes in two directions, which prohibits a wake merging in the far-wake re-
gion, whereas the reduced wake expansion caused by the used linear framework
only plays a minor role. This consequently leads to a larger deviation from the
experimentally determined quantities for staggered configurations compared to
their inline correspondents, since a wake interaction for staggered arrangements
is triggered by the placement of the turbines inside the array. The spatial av-
eraging of the momentum equation in flows with localized obstacles (such as
wind turbines) generates dispersive-stress terms that represent the momentum
flux induced by the spatial heterogeneity of the time-averaged flow. For an
aligned configuration, with a reduced wake interaction, a good agreement for
the mayor dispersive stresses could be observed. Due to the higher homogene-
ity of the flow characteristics above the farm, the dispersive-stress level for
staggered arrangements is lower than in inline configurations.

After focusing on the flow region above different wind-farm layouts, the
turbines’ angular velocity inside a staggered and an inline configuration was
measured. In accordance with the model results, it could be observed that
the angular velocity of the turbines inside a staggered wind farm is generally
higher compared to inline layouts with the same turbine spacing. The observed
overestimation of the decrease in angular velocity by the model is expected to
result from a reduced mixing with the freestream and the uncertainty regarding
the relation between the turbines’ rotational speed and the stream-wise velocity
at the rotor discs.

When dealing with wind-tunnel measurements the question that rises con-
cerns if the measurement results, conducted under well-controlled conditions
by using down-scaled wind-turbine models, can be extrapolated to full-scale
turbines operating under real conditions. Hereby, the main consideration that
must be kept in mind regards the similarity issue. According to the General
Momentum Theory and the Blade Element Momentum method, the dimension-
less parameters that determine the operating regime are the tip-speed ratio and
the Reynolds number. Experimental studies as Chamorro et al. (2012) indicate
a small Reynolds number dependence of the main statistics in the far-wake re-
gion, where the boundary-layer flow starts to modulate the dynamics of the
wake. The second similarity factor regards the tip-speed ration between the
measured turbine model and a large-scale turbine. To ensure similarity, the tip-
speed ratio should be maintained at a constant magnitude (Martin 2001). By
using blades made out of thin circular arcs with good aerodynamic character-
istics at low Reynolds numbers, this requirement could be fulfilled (Hägglund
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2013). The findings of those studies, combined with the Blade Element Mo-
mentum method, allow an extrapolation of experimental results, which were
conducted at lower Reynolds numbers, to full-scale conditions. The uncer-
tainties, regarding the accuracy of the extrapolation, are generally assumed to
be small, which is why wind-turbine manufacturers and planners substantially
rely on experimental results conducted in wind-tunnels or on numerical simu-
lations. However, experimental results cannot completely substitute real-case
field measurements.

On this occasion, it should be mentioned that the power production of the
Horns Rev offshore wind-farm has been estimated in a test-scenario based on
the power curves of the installed turbine models. However, since the study by
Gaumond et al. (2014) addresses the wind-direction uncertainty included in the
dataset, a direct comparison with the model results was not possible. Neverthe-
less, it could be shown that the computed power production of each wind-farm
row shows the same trend as the field measurements and the results calcu-
lated by engineering wake models. However, it is important to highlight that
the main objective of this thesis was a comparison between the measurement
and the model results, because a comparison with less accurate, semi-empirical
models like the Jensen model is not very meaningful from a validation point of
view.

Compared to other existing industrial models, the proposed model is promis-
ing with its good numerical scheme. In contrary to the Fuga-model, which is
limited to wind farms equipped with a single type of turbines installed at a uni-
form hub height, the proposed model is able to vary these parameters. However,
it has to be mentioned that the developed model is not a finished product yet,
since there are still some challenges which have to be faced to enable a future
commercial utilization.

6.2. Outlook on future works

Within the scope of this thesis the framework for a three-dimensional wake
model has been developed, which can be extended and modified arbitrarily
depending on the intended purpose.

In particular the high stream-wise grid resolution needed within the entire
domain seems to be a major bottleneck of the current model version. In this
case a grid refinement close to the wind-farm area would help to decrease the
CPU-time. However, this would imply that it is not possible anymore to take
advantage of some beneficial properties of the Fourier transformation, since at
least the currently implemented transformation algorithm needs an equispaced
grid. For a commercial utilization, the current MATLAB code should also
be implemented on a faster programming language like Fortran in order to
additionally reduce the computational demands.
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Moreover, the utilization of another turbulent closure should be tested
within a future extension of the model, since the current linear mixing-length
closure is very simplified and designed mostly to model vertical transport. Be-
sides that, the mixing-length has to be estimated a priori, therefore the current
closure also disregards the presence of the turbines. These shortcomings could
be addressed by the implementation of another turbulence closure like a lin-
earized k − ε model.

In the current version of the model terrain effects are neglected, since it
is designed for flat, homogeneous terrain with a constant roughness length.
However, the consideration of terrain effects could lead to a competitive edge
over the Fuga-model, which is limited to handle just offshore terrains.

Most of the current industrial wake models estimate wind-speed reduc-
tions within the wind farm, assuming neutral atmospheric conditions in most
cases. Nevertheless, these models are able to predict the wake-induced energy
losses when analyzing long terms of meteorological data reasonably well. This
is due to the fact that, in a long-term perspective, most atmospheric stabil-
ity conditions at wind-turbine sites are generally close to neutral. However,
wind-farm operators are not only interested in the annual energy production
of the wind farm, but also want to forecast a wind-farm’s energy output for
a given set of meteorological conditions, which can rapidly change as shown
in Vincent et al. (2010). Thus, a future research project could be to include
the state of the atmosphere in the proposed model. This could be effectu-
ated by adding a buoyancy term, driven by density variations, into the set of
momentum equations. In this case a temperature equation coupled with the
momentum equation via a buoyancy term has to be introduced. A simplified
option could be to model the buoyancy indirectly through a modified eddy vis-
cosity based on the Monin-Obukhov theory (Monin & Obukhov 1954). Hereby,
the Monin-Obukhov length can be regarded as a local measure of stability and
represents therefore an additional input parameter for the wake model.

If a time dependency would be implemented, the proposed model could
even be used in order to support load-calculations. Such an unsteady-RANS
model is able to resolve long-term periodical oscillations in a turbulent flow.
However, it has to be kept in mind that turbulent fluctuations of flow quanti-
ties are not resolved in the unsteady-RANS approach. The time signal, in this
case, would represent an additional direction and since it is homogeneous, it
could also be discretized using Fourier methods. This would of course signifi-
cantly increase the CPU-time, since the regarded problem would then consist
of four dimensions. Nevertheless, the model would be still strictly linear and
thus much faster compared to corresponding higher-order models. However,
model simulations coupled with measurement series have to be performed in
order to investigate the influence of the linear framework on the rotor-loading,
since it is expected that the linearity assumption might carry more weight for
load- and fatigue-calculations compared to the micro-siting process during an
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energy-yield assessment. To circumvent possible deviations, the current set of
governing equations could be improved by also consider higher-order quanti-
ties. Hereby, the convective term in stream-wise direction can be written as
the sum of a first- and a second-order term. In this approach, the non-linear
term would be the result of a first iteration step and afterwards added to the
result of the consecutively calculated field. This modification is expected to
lead to a more accurate quantification of the flow properties in the immediate
surrounding of the rotor disc, at the expense of slightly higher computational
demands.

Overall, there is still much work to be done on modeling wake-wake inter-
action, wake-terrain interaction and the understanding of atmospheric stability
impacts. However, by developing a three-dimensional wake model based on a
linearized framework, which additionally could be supported by the derivation
of the linearized actuator-disc theory, a first step towards a new generation of
more advanced wake models has been done.



APPENDIX A

Model - Source Code

A.1. Construct field

function construct field 3D discs(z0 h,file name)
%%%%%%%%%%%%%%%%% Grid generation %%%%%%%%%%%
close all

kappa=.4;
D=45;
h=82.5;
y spacing=120/h;

Nxx=2ˆ12;cx=[-50 250];
Nyy=2ˆ4;cy=[-y spacing/2 y spacing/2];
Nzz=70;
z inf=50;
Cr=0.4;

[z dis,T,T1,T2]=chebyshev polynolmial(Nzz-1);
B=-2/(exp(-Cr*z inf)-exp(-Cr*z0 h));
A=-1-B*exp(-Cr*z inf);
z points=-log((z dis-A)/B)/Cr;
clear A
A.x=linspace(cx(1),cx(2),Nxx);
Yb=linspace(cy(1),cy(2),Nyy+1);Yb=Yb(1:end-1);
A.y=Yb;
A.z=z points;
[Yb,Xb]=meshgrid(A.y,A.x);
for i=1:Nzz

X(1:Nxx,1:Nyy,i)=Xb;
Y(1:Nxx,1:Nyy,i)=Yb;
Z(1:Nxx,1:Nyy,i)=z points(i)*ones(Nxx,Nyy);

end
UB=log(Z/z0 h)/kappa;
clear B Xb Yb i z points

%%%%%Create wind farm of rotor discs %%%%%%%%%%
load('Gaevle 3D staggered.mat')
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for ii=1:size(Table,1)
[Intensity Disc{ii}] = Create farm Layout Tip losses(...

Table.x hub(ii),Table.z hub(ii),Table.y hub(ii),...
Table.c T(ii),Table.epsilon(ii),Table.radius(ii),X,Z,Y);

end
I=0*X;
Intensity Matrix=I;
for jj=1:size(Table,1)

Intensity Matrix=Intensity Matrix+Intensity Disc{jj};
end

%%%%%%%% fringe region %%%%%%%%%%%%%%%%%%%%
X start=100;
Delta Xrise=100;
X end=250;
Delta Xfall=30;
Step=0*A.x;
xx=find(A.x>X start & A.x<X start+Delta Xrise);
eta=(A.x(xx)-X start)/Delta Xrise; /eta));
Step(xx)=1./(1+exp(1./(eta-1)+1./eta));
xx=find(A.x>X end-Delta Xfall & A.x<X end);
eta=(A.x(xx)-X end)/Delta Xfall+1;
Step(xx)=1-1./(1+exp(1./eta+1./(eta-1)));
xx=find(A.x>=X start+Delta Xrise & A.x<=X end-Delta Xfall);
Step(xx)=1;
lambda max=-0.55;

save Fringe Step lambda max X

for i=1:Nyy
for j=1:Nzz

I fringe(:,i,j)=Step*lambda max;
end

end

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
u=0*X; v=u; w=u; p=u; u 0=u;
gamma=0.7;

for jjj=1:5
F=0*X;
u=u 0*(1-gamma)+u*gamma;u 0=u;
jjj
F=Intensity Matrix.*(UB+u).ˆ2;
Fx=F+I fringe.*u;
Fy=I fringe.*v;
Fz=I fringe.*w;

for i=1:size(F,3)
[kx,ky,Fx hat(1:Nxx,1:Nyy,i)]=...

analytic FFT V3 3D(A.x,A.y,squeeze(Fx(:,:,i)));
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[kx,ky,Fy hat(1:Nxx,1:Nyy,i)]=...
analytic FFT V3 3D(A.x,A.y,squeeze(Fy(:,:,i)));

[kx,ky,Fz hat(1:Nxx,1:Nyy,i)]=...
analytic FFT V3 3D(A.x,A.y,squeeze(Fz(:,:,i)));

end
% positive wavenumbers

for i=2:Nxx/2
for j=1:Nyy

[z,u hat(i,j,1:Nzz),w hat(i,j,1:Nzz),v hat(i,j,1:Nzz),...
p hat(i,j,1:Nzz)]=linear NS farm 3D(kx(i),ky(j),z0 h,...
squeeze(Fx hat(i,j,:)),squeeze(Fy hat(i,j,:)),...
squeeze(Fz hat(i,j,:)),z dis,T,T1,T2,Nzz-1, z inf,Cr);

end
end

% negative wavenumbers
for i=1:Nzz

u hat(Nxx/2+2:Nxx,2:Nyy,i)=...
conj(fliplr(flipud(squeeze(u hat(2:Nxx/2,2:Nyy,i)))));

v hat(Nxx/2+2:Nxx,2:Nyy,i)=...
conj(fliplr(flipud(squeeze(v hat(2:Nxx/2,2:Nyy,i)))));

w hat(Nxx/2+2:Nxx,2:Nyy,i)=...
conj(fliplr(flipud(squeeze(w hat(2:Nxx/2,2:Nyy,i)))));

p hat(Nxx/2+2:Nxx,2:Nyy,i)=...
conj(fliplr(flipud(squeeze(p hat(2:Nxx/2,2:Nyy,i)))));

u hat(Nxx/2+2:Nxx,1,i)=...
conj((flipud(squeeze(u hat(2:Nxx/2,1,i)))));

v hat(Nxx/2+2:Nxx,1,i)=...
conj((flipud(squeeze(v hat(2:Nxx/2,1,i)))));

w hat(Nxx/2+2:Nxx,1,i)=...
conj((flipud(squeeze(w hat(2:Nxx/2,1,i)))));

p hat(Nxx/2+2:Nxx,1,i)=...
conj((flipud(squeeze(p hat(2:Nxx/2,1,i)))));

end

for i=1:Nzz
[u(1:Nxx,1:Nyy,i)]=...

I analytic FFT V3 3D(kx,ky,squeeze(u hat(:,:,i)));
[w(1:Nxx,1:Nyy,i)]=...

I analytic FFT V3 3D(kx,ky,squeeze(w hat(:,:,i)));
[v(1:Nxx,1:Nyy,i)]=...

I analytic FFT V3 3D(kx,ky,squeeze(v hat(:,:,i)));
[p(1:Nxx,1:Nyy,i)]=...

I analytic FFT V3 3D(kx,ky,squeeze(p hat(:,:,i)));
end

for i=[Nxx:-1:1]
u(i,:,:)=u(i,:,:)-u(1,:,:);
v(i,:,:)=v(i,:,:)-v(1,:,:);
w(i,:,:)=w(i,:,:)-w(1,:,:);

end
save(file name,'u','v','w','p','X','Y','Z','UB','Intensity Matrix')
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A.2. Wind farm and turbine layout

function [Intensity disc] = Create farm Layout Tip losses(x hub,...
z hub,y hub,c T,epsilon,radius,X,Z,Y)

c T linear=(2*c T)/(1+sqrt(1-c T));
x res=X(2,1,1)-X(1,1,1);

if x res<epsilon
x hub=find(X(:,1,1)>x hub-epsilon/2 & X(:,1,1)<x hub+epsilon/2);

%for single turbine case
else

warning('Increase resolution in x-direction or the rotor width...
where the forcing is applied')

end

[a,z hub]=min(abs(Z(1,end,:)-z hub));
[a,y hub]=min(abs(Y(1,:,1)-y hub));

N p=length(x hub);

I turbine real=-c T linear./(2*N p*x res*(1-c T linear/4).ˆ2);

disc = (Z(:,:,:)-Z(:,:,repmat(z hub,length(Z(1,1,:)),1))).ˆ2...
+(Y(:,:,:)-Y(:,repmat(y hub,length(Y(1,:,1)),1),:)).ˆ2<=radiusˆ2...
& X(:,:,:)<=X(repmat(x hub(end),length(X(:,1,1)),1),:,:) &...
X(:,:,:)>=X(repmat(x hub(1),length(X(:,1,1)),1),:,:);

Intensity disc=I turbine real.*disc;
return
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A.3. FFT routine

function [k x,k y,FT]=analytic FFT V3 3D(x,y,f)

N x=length(x);
delta x=x(2)-x(1);
k x=2*pi/(N x*delta x)*[0:N x/2-1, 0, -N x/2+1:-1];

N y=length(y);
delta y=y(2)-y(1);
k y=(2*pi/(N y*delta y)*[0:N y/2-1, 0, -N y/2+1:-1])';

FT=delta x*delta y*fft2(f);

A.4. Inverse FFT routine

function f=I analytic FFT V3 3D(k x,k y,FT)

N x=length(k x);
delta x=k x(2)-k x(1);

N y=length(k y);
delta y=k y(2)-k y(1);

f=(N x*delta x)/(2*pi)*(N y*delta y)/(2*pi)*(real(ifft2(FT)));
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A.5. Linear solver for the Navier-Stokes equations

function [z,u hat,w hat,v hat,p hat]=linear NS farm 3D(alphax,...
alphay,z0 h,gxx,gxy,gxz,z dis,T,T1,T2,N, z inf,Cr)

B=-2/(exp(-Cr*z inf)-exp(-Cr*z0 h));
A=-1-B*exp(-Cr*z inf);

%%%%%%%%%%%%%%%%%%%%%
%exponential mapping
%%%%%%%%%%%%%%%%%%%%%
zyy=-log((z dis-A)/B)/Cr;
DYDZ=-B*Cr*exp(-Cr*zyy);
DY2DZ2=B*Crˆ2*exp(-Cr*zyy);

kappa=0.4;
U base=log(zyy/z0 h)/kappa;
dU base=1./(kappa*zyy);

%%

A=zeros(4*(N+1),4*(N+1)); B=zeros(4*(N+1),1);

for n=0:N
for k=1:N-1

tx=T(k+1,n+1);
tx1=T1(k+1,n+1)*DYDZ(k+1);
tx2=T2(k+1,n+1)*DYDZ(k+1)ˆ2+T1(k+1,n+1)*DY2DZ2(k+1);
U=U base(k+1);
dU=dU base(k+1);
zx=zyy(k+1);
gx=gxx(k+1);
gy=gxy(k+1);
gz=gxz(k+1);

%U momentum
A(4*k+1,4*n+1)=1i*alphax*U*tx-2*kappa*tx1-2*kappa*zx*tx2;
A(4*k+1,4*n+2)=dU*tx;
A(4*k+1,4*n+3)=0;
A(4*k+1,4*n+4)=1i*alphax*tx;
B(4*k+1,1)=gx;
%W momentum
A(4*k+2,4*n+1)=0;
A(4*k+2,4*n+2)=1i*alphax*U*tx;
A(4*k+2,4*n+3)=0;
A(4*k+2,4*n+4)=tx1;
B(4*k+2,1)=gz;
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%V momentum
A(4*k+3,4*n+1)=0;
A(4*k+3,4*n+2)=0;
A(4*k+3,4*n+3)=U*1i*alphax*tx-kappa*tx1-kappa*zx*tx2;
A(4*k+3,4*n+4)=tx*1i*alphay;
B(4*k+3,1)=gy;
%Continuity equation
A(4*k+4,4*n+1)=1i*alphax*tx;
A(4*k+4,4*n+2)=tx1;
A(4*k+4,4*n+3)=1i*alphay*tx;
A(4*k+4,4*n+4)=0;

end

tx=T(1,n+1);
tx1=T1(1,n+1)*DYDZ(1);
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%BC (wall)
%here I impose U
A(1,4*n+1)=tx;
A(1,4*n+2)=0;
A(1,4*n+3)=0;
A(1,4*n+4)=0;
%here I impose W
A(2,4*n+1)=0;
A(2,4*n+2)=tx;
A(2,4*n+3)=0;
A(2,4*n+4)=0;
%here I impose V
A(3,4*n+1)=0;
A(3,4*n+2)=0;
A(3,4*n+3)=tx;
A(3,4*n+4)=0;

%here I impose the continuity equation
A(4,4*n+1)=0;
A(4,4*n+2)=tx1;
A(4,4*n+3)=0;
A(4,4*n+4)=0;

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%at z=infinity
tx=T(N+1,n+1);
tx1=T1(N+1,n+1)*DYDZ(N+1);

%here I impose U
A(4*N+1,4*n+1)=tx;
A(4*N+1,4*n+2)=0;
A(4*N+1,4*n+3)=0;
A(4*N+1,4*n+4)=0;

%here I impose W
A(4*N+2,4*n+1)=0;
A(4*N+2,4*n+2)=tx1;
A(4*N+2,4*n+3)=0;
A(4*N+2,4*n+4)=0;
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%here I impose V
A(4*N+3,4*n+1)=0;
A(4*N+3,4*n+2)=0;
A(4*N+3,4*n+3)=tx;
A(4*N+3,4*n+4)=0;

%here I impose the continuity equation
A(4*N+4,4*n+1)=0;
A(4*N+4,4*n+2)=0;
A(4*N+4,4*n+3)=0;
A(4*N+4,4*n+4)=tx;

end %%%%%%
C=A\B;
u hat=zeros(size(T(:,1)));
w hat=u hat;
v hat=u hat;
p hat=u hat;
for n=0:N

tx=T(:,n+1);
u hat=u hat+tx*C(4*n+1);
w hat=w hat+tx*C(4*n+2);
v hat=v hat+tx*C(4*n+3);
p hat=p hat+tx*C(4*n+4);

end

z=zyy;



A.6. CHEBYSHEV POLYNOMIALS 81

A.6. Chebyshev Polynomials

function [z dis,T,T1,T2]=chebyshev polynolmial(N)

n=0:N;
z dis=cos(pi/N*n);

T(1,1:(N+1))=1;
T(2,1:(N+1))=z dis;
for k=3:N+1

for ll=1:N+1
T(k,ll)=2*z dis(ll)*T(k-1,ll)-T(k-2,ll);

end
end

T1(1,1:(N+1))=0;
T1(2,:)=T(1,:);
T1(3,:)=4*T(2,:);
for k=3:N

for ll=1:N+1
T1(k+1,ll)=2*1*T(k,ll)+2*z dis(ll)*T1(k,ll)-T1(k-1,ll);

end
end

T2(1,1:(N+1))=0;
T2(2,:)=T1(1,:);
T2(3,:)=4*T1(2,:);
for k=3:N

for ll=1:N+1
T2(k+1,ll)=2*2*T1(k,ll)+2*z dis(ll)*T2(k,ll)-T2(k-1,ll);

end
end

T=T'; T1=T1'; T2=T2';
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2D Canopy force model

In a simplified case, the forcing applied by the wind farm to the incoming flow
field can be distributed on a cuboid with the dimensions Lx, Ly, Lz, represent-
ing the stream-, span- and vertical extension of a wind farm, respectively.

Taking these considerations into account, the implied forcing term can be
decomposed as sum of the individual thrust forces Ti of each turbine. Hence,
in analogy to (3.8) the following expression can be derived

fx =

∑Nt

i=1 Ti
ρLxLyLz

= I

Nt∑
i=1

(
U (i)

)2

, (B.1)

where, Nt, is the number of turbines placed within the wind-farm layout. It
is worth mentioning that, in literature related to canopy flows, the intensity,
I, is often described as dimensionless canopy-drag length scale, Lc, which can
be regarded as the stream-wise distance required for the wind farm to extract
an air parcels kinetic energy. Assuming a homogeneously distributed intensity
in the vertical direction, where the uniformly distributed thrust force over the
rotor-disc area Ad = πD2/4 is defined by (2.2), leads to the following general
expression for the intensity

I =
π

8

cTD
2Nt

LxLyLz

Nt∑
i=1

(
U

(i)
∞

U (i)

)2

. (B.2)

In a first approach, the wind farm is regarded as a homogeneous porous area
with a homogeneously distributed intensity, Ih, equally distributed from the
ground to the turbines’ tip height (Figure B.1(a)). Thus, by inserting Lz = h

into (B.2) and assuming that U
(i)
∞ = U (i) (which is just valid for wind farms with

a very low wind-farm density), the dimensionless intensity can be calculated as

Ih =
π

8

cTD
2Nt

LxLy
. (B.3)

This quantity is, together with the roughness length and the stream-wise spac-
ing of the turbines, the only site-specific input parameter needed for the two-
dimensional version of the model.

In order to model the force distribution of the wind farm in a more realistic
way, the forcing is instead distributed on the rotor-disc area along the entire
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Figure B.1. Schematic sketch of the different approaches to
model the force distribution in the two-dimensional version of
the proposed model.

wind farm as it is illustrated in Figure B.1(b). Since the forcing is now con-
centrated on a smaller area, the new intensity, Ia, has to be higher. Assuming
that the vertical distance where the forcing is applied is Lz = D, the following
expression can be derived

Ia =
π

8

cTDhNt
LxLy

. (B.4)

A further step closer to mimic the actual force distribution within a wind
farm can be effectuated by distributing the force just on the rotor area of the
turbines (Figure B.1(c)). In this approach, the intensity is concentrated in the
rotor area of each turbine row with, η, representing the thickness of the rotor
or smearing area of the forcing. Hereby, the product of intensity and smearing
area has to be constant in order to ensure that the same wind-farm-specific
total forcing is applied in every scenario. Hence, it is possible to compare
different intensities like it is done in

IaLx = IrNrowsη , (B.5)

where, Nrows, is the number of wind turbine rows in stream-wise direction.
Taking this relation into account, the intensity per row can be calculated as
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follows

Ir =
IhLxh

NrowsDη
. (B.6)

However, it has to be considered that the area in a 2D-model represents
infinitesimal wide blocks in lateral direction and that the analysis presented
in this chapter is just valid for wind farms with a very large turbine spacing.
Addressing these shortcoming was one of the reasons to add a third dimension
to the two-dimensional wake model (as it is illustrated in Section 3.2).
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Fast Fourier Transformation

Since the model domain is discretized by, N , equispaced grid points and not by
a continuous function that can be analytically integrated, a discrete approxi-
mation has to be applied to the continuous Fourier series

û(α) =

∫ ∞
∞

u(x) exp [−iαx] dx , (C.1)

or to (3.20) in two-dimensional space, respectively. Note, that the follow-
ing analysis is restricted to the one-dimensional case to simplify the discus-
sion, which can however be easily extended to n-dimensions by taking one-
dimensional Fast Fourier Transformations (FFTs) sequentially on each direc-
tion of the original function (Press 2007).

FFT is a discrete transform resulting in periodic fields. It has to be men-
tioned that the Fourier transform, or the inverse transform, of a real-valued
function is (in general) complex valued. The time to evaluate a Discrete Fourier
Transformation (DFT) on a computer depends on the number of multiplica-
tions involved. In contrast to a DFT, which needs O(N2) matrix-vector multi-
plications, the FFT algorithm needs just O(N log2(N)) operations (Cooley &
Tukey 1965). In order to reduce the total CPU-time, it is worth mentioning
that MATLAB uses the FFT algorithm only if the number of grid points in the
respective diction is a power of two. Moreover, if u is a real valued function, the
values of the FFT for negative frequencies provide no new information since
the resulting function in frequency space is simply the complex conjugates of
û(α > 0). Hence, only half of the coefficients have to be computed. Fore more
information about the properties of the Fourier Transformation the reader is
referred to Shen et al. (2011).

As stated before, the Fourier coefficient û(α) in (C.1) cannot be evaluated
exactly within a discrete domain, therefore the trapezoidal integration rule has
been applied. The trapezoidal rule simply breaks up a function into several
trapezoids and sums up the resulting segments to G = ∆x(u1

2 + u2 + u3 +
...uN−1 + u1

2 ). Since the regarded function is periodic in stream-wise direction,
the last and the first entry can be summarized. For, Nx, equispaced grid points
within the domain xj = x0 + (j − 1)∆x, the integral in (C.1) can therefore be

85



86 C. FAST FOURIER TRANSFORMATION

approximated by a discrete sum as

û(α) ≈ ∆x exp [−iαx0]

Nx−1∑
j=1

u(j) exp [−iα(j − 1)∆x] , (C.2)

where the constant factor ∆x exp [−iα̃x0] can be neglected, since it is just a
scaling parameter. The computational routines of doing a DFT are applied
in similar way in many software packages. Since the script of the proposed
model is written as a MATLAB code, the analytical approach (C.2) has to be
compared with the respective MATLAB practice. The FFT algorithm for a
vector u(j) in MATLAB is called ”fft” (respectively ”fft2” for matrices) and is
defined by

û(α) =

N∑
j=1

u(j) exp [−2πi(j − 1)(α′ − 1)/N ] . (C.3)

By comparing (C.2) and (C.3), it can be seen that the frequency vector used
as an input in MATLAB needs to be adjusted to α′ = 2π

N∆xα in order to get to
the same result as the analytical approach. Additionally, the FFT algorithm
in MATLAB requires information about the grid resolution in the respective
directions (compare Appendix A.3).

The inverse discrete transform is implemented in a similar way (compare
Appendix A.4). Notice that the only differences between the FFT and its
inverse counterpart (IFFT) is, on one hand, the changing sign in the exponen-
tial and, on the other hand, that the answer is scaled by the the number of
grid points N . The same is valid for a two-dimensional grid with Nx points
in stream-wise direction and Ny points in lateral direction. Consequently, a
factor of (NxNy) has to be added in the 2D-case. This implies that a routine
developed to calculate the discrete Fourier transformations can also, with slight
modification, calculate the inverse transforms.

The transformation of (3.1) into the mixed-spectral formulation is done in
order get derivations much easier by just multiplying with the imaginary unit,
i, and the frequency or wavenumber vector, α. Hence the derivative u′(x) of
u(x) can be written as

du

dx
=

N/2∑
α=−N/2

iαû(α) exp [iαx] , (C.4)

where the multiplicative vector α is given by

α = (0, 1, ..., N/2− 1, 0,−N/2 + 1, ...,−1) . (C.5)

The structure of the symmetric frequency vector results from the implementa-
tion of the FFT in MATLAB, therefore some care has to be taken regarding
the ordering of the modes (Shen et al. 2011). MATLAB uses positive indices
(or one-based indexing), which implies that matrix indices always start at one
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rather than zero. It has to be noted that the implemented two-dimensional
FFT and IFFT algorithms have been tested intensively in order to ensure that
they do the partial derivations correctly in every direction.

When transforming data between Fourier and physical space, one wavenum-
ber, called the Nyquist or oddball wavenumber at N = N/2 needs special at-
tention. It is the highest resolved mode and is responsible for an offset in the
physical space. If this Nyquist frequency is not filtered, its effect can propagate
towards lower frequencies and thus contaminate the accuracy of a whole sim-
ulation (Chevalier 2007). This problem can be circumvented by either setting
the wavenumber at N = N/2 directly to zero or by removing the resulting
offset inside the entire domain.



APPENDIX D

Chebyshev Expansion

In order to discretize the boundary-value problem illustrated in (3.21) in the
wall-normal coordinate, a spectral method using Chebyshev polynomials is
applied instead of a shooting method. A shooting method begins to compute
the solution at one end of the boundary-value problem, and then ”shoots” to the
other end with an initial-value solver until the boundary condition at the other
end converges to its accurate value. For the proposed model, the linearized
Navier-Stokes equations with their boundary conditions in frequency space are
set up as a large matrix A with predefined Chebyshev polynomials Tn and set
equal to a vector representing the forcing terms B (see extract of the source
code in Appendix A.5). Hence, just the respective coefficients an(α, β) have to
be calculated by solving the system of linear equations

Aan = B . (D.1)

This procedure is done for every grid point in the wall-normal direction. An
advantage compared the shooting method is that the perturbation equations
do not have to be transformed to a new system and that the solution is found
at the same time instead of looking one by one using a qualified guess.

The Chebyshev polynomials are defined in terms of trigonometric functions
as

Tn(zj) = cos(n cos−1(zj)) , n = 0, 1, ..., N (D.2)

where N is the number of collocation points. The Chebyshev polynomials are
evaluated at the Gauss-Lobatto grid points

ζj = cos (πj/N) , j = 0, 1, ..., N (D.3)

therefore ζj satisfies a range of −1 ≤ ζj ≤ 1. Since an exponential mapping of
the form

zj = K + E exp [−Cζj ] (D.4)

is used, ζj = −1 and ζj = +1 are coincided with z = z0 and z = z∞, respec-
tively. Hereby, K and E are constants related to the maximum wall-normal
height, respectively to the selected roughness length z0. By varying the con-
stant C, the number of points located close to ground of the domain can be
adjusted.
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The aim of this approach is to approximate a function f(ζj) respectively
f(z) by a Chebyshev expansion as follows

f(ζj) =

N∑
n=0

anTn(ζj) . (D.5)

Thus, the Chebyshev polynomials are defined by using their recursive definition

T0(ζj) = 1 ,

T1(ζj) = ζj , (D.6)

Tn+1(ζj) = 2ζjTn(ζj)− Tn−1(ζj) ,

which are the so-called Chebyshev polynomials of the first kind (see respective
extract of the source code in Appendix A.6).

When discretizing partial differential equations, derivatives of the solution
are needed. These derivatives have to be expressed in terms of Chebyshev poly-
nomials and the following recursive relation between Chebyshev polynomials
and their derivatives is used

T
(d)
0 (ζj) = 0 ,

T
(d)
1 (ζj) = T

(d−1)
0 (ζj) ,

T
(d)
2 (ζj) = 4T

(d−1)
1 (ζj) , (D.7)

T (d)
n (ζj) = 2nT

(d−1)
n−1 (ζj) +

n

n− 2
T

(d)
n−1(ζj) , n = 3, 4, ..., N ,

where, d, is the order of derivative.

Due to the fact that the derivatives of perturbation quantities in x- and
y-direction in Fourier space can be realized by multiplying with iα and iβ
respectively, just the derivatives in z-direction remain in equation (3.21). Hence
the derivatives to describe this problem are given by

Sn(ζj) = Tn(ζj)

S′n(ζj) =
dTn(ζj)

dz
= T ′n(ζj)

dy

dz
(D.8)

S′′n(ζj) =
d2Tn(ζj)

dz2
= T ′′n (ζj)

(
dy

dz

)2

+ T ′n(ζj)
d2y

dz2

(D.9)

where ′ and ′′ of Sn mean the first and the second derivatives in z and the ones
of Tn mean in ζ.

After solving the linear system of algebraic equations Aan = B, the velocity
and pressure perturbations in the frequency domain are decomposed by means
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of Chebyshev polynomials as

û(α, β, z) =

N∑
n=0

a(u)
n (α, β)Tn(z) ,

v̂(α, β, z) =

N∑
n=0

a(v)
n (α, β)Tn(z) ,

ŵ(α, β, z) =

N∑
n=0

a(w)
n (α, β)Tn(z) , (D.10)

p̂(α, β, z) =

N∑
n=0

a(p)
n (α, β)Tn(z) .



APPENDIX E

Sensitivity Analysis

Every simulation performed with some sort of numerical model exhibits errors
and uncertainties in the result. By using accurate input factors and governing
equations which are able to model the flow correctly (within known limitations),
the inherent inaccuracies are solely due to the fact that we are approximating
a continuous system by a finite length, discrete approximation. The inherent
assumption in this process is that as the grid resolution ∆x,∆y,∆z approaches
zero, one should get the exact solution and the problem should converge. The
objective of this grid-sensitivity analysis is to verify and validate if a state of
convergence can be reached and up to which point the observed error lies within
a defined threshold. The presented chapter addresses the effects of the grid den-
sity on the results of the numerical simulations, because computations carried
out on excessively coarse grids may have considerable influence on the propaga-
tion of numerical errors and lead to imprecise solutions. Another point, which
will be investigated is the sensitivity of the results to the number of iterations,
when simulating a wind-farm case. The implementation of the fringe, described
in Subsection 3.3.2 , should not influence the results in any way. Therefore,
the fringe has to be adjusted, which will be illustrated in Section E.3. The
overall goal of this sensitivity study is to establish a trustworthy baseline sce-
nario, which can be used for further simulations like the ones investigated in
Chapter 5.

E.1. Sensitivity to grid resolution

The density of cells in a computational grid needs to be high enough to capture
the flow details we aim to observe. However, numerical problems solved through
an excessively large number of cells need more time to be solved. Using a mesh
of adequate resolution in all three axial directions is therefore an important part
to control discretization errors. In order to minimize the difference between the
observed (or calculated) value and a ”true” value, systematic grid-refinement
studies have been conducted and will be illustrated in the following subsections.
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E.1.1. Resolution in stream-wise direction

Determining a sufficient resolution in order to describe the behavior in stream-
wise direction was challenging, because the implemented Fourier transforma-
tion needs an equispaced grid (∆x = const). Therefore, the resolution in
stream-wise direction is the same throughout the entire domain, even if it is
not needed outside the wind-farm area.

In order to analyze the accuracy of the model results as a function of the
resolution in stream-wise direction, several calculations have been conducted
with the results illustrated in Figure E.1. Hereby, the focus was on the im-
mediate upstream region being sensitive to the grid resolution, with limited
effects due to the farm configuration. At this point, the investigated effects are
very small in magnitude and variations due to different grid resolutions cause
a noticeable effect on the results, which is why a high accuracy is required.
It can be observed that convergence can be reached if the physical domain is
represented by Nx = 3000 grid points in stream-wise direction. For lower reso-
lutions, even the magnitude of some important flow properties like the pressure
drop, ∆p, along the rotor axis is significantly underestimated, as it is shown in
Figure E.2.
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Figure E.1. Sensitivity of the resolution in stream-wise di-
rection on the upstream blockage effect.

For the baseline scenario, a total number of Nx = 4096 grid points (respec-
tively ∆x∗ = 0.0732 h) was selected in order to represent the length of the total
domain, which corresponds to L∗x = 300 h∗. On the one hand, this number of



E.1. SENSITIVITY TO GRID RESOLUTION 93

grid points is a power of two, which enables an utilization of the FFT algo-
rithm in MATLAB (compare discussion in Appendix C). On the other hand,
this resolution allows to decrease the thickness of the rotor disc in stream-wise
direction to 14 % of the rotor diameter, which is considered as a realistic value
for the turbine models used during the experiments. At the same time, this
resolution ensures that the forcing is distributed on more then one grid point
in order to avoid steep gradients.

Figure E.2. Sensitivity of the stream-wise velocity pertur-
bation u (a-b) and the pressure distribution p (c-d) to grid
resolution in stream-wise direction. A coarse grid resolution
of Nx = 400 is illustrated in (a) and (c), whereas (b) and (d)
show results for a fine grid with Nx = 7000.

E.1.2. Resolution in span-wise direction

To simulate the behavior in span-wise direction an equispaced grid is used,
similarly to the grid in stream-wise direction. But since it is possible to take
advantage of the periodic boundary conditions, the needed physical domain
length is much smaller (see Figure E.3). Due to the definition of the discrete
FFT-algorithm in MATLAB, the last point of a periodic function should not
be included. For a large domain containing many grid points, the impact of
this effect on the results can be neglected. However, for a short domain with a
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relatively small number of points, the shortening of the total domain length L∗y
by ∆y∗ has to be taken into account. Based on the results plotted in Figure E.4,
it can be concluded that for Ny = 32 the results start to converge regarding the
single-turbine case, which implies that the swept area of the rotor is represented
by seven points. Nevertheless, a conservative approach with Ny = 64 points in
span-wise direction was selected for the baseline scenario in order to illustrate
the tip-induced losses as well as the spatial inhomogeneities more accurately
(compare Figure E.3(a) and Figure E.3(b)).
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Figure E.3. Implemented domain size for a stand-alone tur-
bine cases (top). Prandtl’s tip-loss correction factor Ftip
(dashed line) as a function of the normalized rotor radius for
Ny = 32 (a) and Ny = 64 (b) grid points. The filled cir-
cles represent the grid points along the blade radius for the
different resolutions.

E.1.3. Resolution in wall-normal direction

In stream- and span-wise direction, an almost linear dependency of the CPU-
time to the number of grid points can be observed. However, variations re-
garding the number of grid point in wall-normal direction show a much higher
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Figure E.4. Sensitivity to grid resolution in lateral direction
for a single-turbine case at tip height z = h.

sensitivity to this quantity. In the wall-normal direction, the boundary prob-
lem described in (3.1) has to be solved numerically for every grid point and for
each pair of wavenumbers, which is computationally demanding.

Figure E.5 illustrates the sensitivity to the number of grid points in wall-
normal direction by plotting the perturbation, u, in stream-wise direction at
tip height (Figure E.5(a)) and shortly above the wind farm at Z = 2 h (Fig-
ure E.5(b)) for different resolutions in vertical direction. For a total number of
Nz = 70 grid points (eight within the swept area of turbine model 1) in wall-
normal direction, a reasonably good agreement for the area of interest could be
observed. However, it is worth mentioning that the Chebyshev polynomials are
evaluated using an exponential mapping (reaching from z = z0 to Z = 50 h),
where it is possible to adjust the number of grid points representing the rotor
area.

E.2. Sensitivity to number of iterations

By implementing an iterative scheme, the strictly linear model was improved
to account also for non-linear forcing terms, yielding a quasi linear model (Sec-
tion 3.3). The forcing term for the first iteration step is specified using the
undisturbed velocity profile U0(z), whereas the initial perturbation is assumed
to be u(0) =

(
u(0), v(0), w(0)

)
= (0, 0, 0). For wind-farm cases, a new forcing is

calculated based on the computed perturbed velocity field from the first itera-
tion step. This new forcing is then used as a starting point to calculate the next
perturbation velocity field u(1) =

(
u(1), v(1), w(1)

)
and so on. This iterative
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Figure E.5. Distribution of the stream-wise velocity pertur-
bation u along domain as a function of the grid resolution in
wall-normal direction interpolated at tip height z = h (a) and
at z = 2 h (b).

procedure is repeated until the solution is within a defined threshold. For the
wind-farm case, shown in Figure E.6, a relatively good accuracy could already
be reached after three iterations. Nevertheless, the number of iterations for
the baseline scenario was set to five to be on the safe side, since the needed
iteration steps are strongly affected by the wind-farm density, respectively the
turbines’ thrust coefficient.
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Figure E.6. Variation of the stream-wise perturbation dur-
ing the iteration procedure for a wind farm with ten rows. On
the right-hand side, an enlarged detail of the figure on the left
is illustrated, whereas the zoomed area is marked by a black
box.

To calculate the flow field for a stand-alone turbine, two iterative steps
were enough for the flow field to converge (Figure E.7).

E.3. Investigation of the fringe method

The parameter that determine the damping properties of the fringe region are
the length and strength (λmax) of the fringe but also its shape and the resolution
of the conducted simulations. Sensitivity analysis of all these parameters have
been conducted, with the main focus on the length and strength of the fringe.
The actual shape of the fringe is less important for the damping, according
to Lundbladh et al. (1999), but a very-early maximum should be avoided in
order to ensure a smooth reduction of the disturbances by implementing a mild
increase in damping strength. If this is not considered, blockage effects can
occur and the fringe acts like an obstacle that the flow tries to avoid, which
can affect the upstream flow. Regarding equation (3.24), it can be noticed
that the strength of the fringe, F , is proportional to the incoming velocity
perturbation u = (u, v, w), which implies that the fringe adjusts itself in a
certain range.

Another property which is not directly linked to the damping process by
itself, but rather to the location of the area of interest, is the positioning of
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Figure E.7. Variation of the stream-wise perturbation dur-
ing the iteration procedure for a stand-alone turbine with a
thrust coefficient of cT = 0.56.

the fringe within the domain. If one wants to investigate, for example, the
boundary-layer growth inside the wake region, the fringe should be placed
at sufficient distance from the area of interest. In the simulations conducted
within this thesis, this was one of the fringe properties that required special
attention. Taking the wind farm from the Gävle experiment (Chapter 4.1) as
an example, which was the longest wind farm analyzed within the scope of this
thesis, there were still 80 wind-farm heights until the beginning of the fringe
region, guaranteeing almost non-affected results by the presence of the fringe
(Figure E.8).

At this point it has to be mentioned that a detailed discussion about every
characteristics of the fringe region and their sensitivity to certain parameters
will go far beyond the scope of this thesis. Moreover, the implementation of
a fringe region can be regarded as an adjustment process, since a detailed
description of it’s properties is hard to make a priori. To demonstrate that
the fringe is implemented properly, the perturbation velocity field u = (u, v, w)
over the domain is illustrated in Figure E.9 for the Gävle wind-farm .

E.4. Baseline scenario

As a result of the conducted sensitivity analysis, a grid of 4096 × 64 × 70
(Nx × Ny × Nz) grid points for the baseline scenario has been defined. The
physical domain length in stream-wise and wall-normal direction has been es-
timated to L∗x = 300 h∗ and L∗z = 50 h∗, respectively. The physical domain
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Figure E.8. Gradual change of the fringe function imple-
mented in the developed model, to simulate the layout of the
Gävle global upstream experiment.

length in span-wise direction depends on the investigated case. For a stand-
alone turbine, a larger physical domain of L∗y = 4 D∗ was implemented to
ensure that there are no disturbances at the edges of the domain, which could
be reflected due to the periodic boundary conditions. Regarding the farm cases,
the physical domain length in span-wise direction depends on the investigated
turbine layout. For the Gävle wind-farm layout, a fraction of L∗y = 2.66 D∗

of the total span-wise wind-farm length was simulated, whereas for the exper-
iments conducted at KTH NT-2011 the physical domain length in span-wise
direction is set to L∗y = 2.88 D∗. For all wind-farm cases, five iterations were
carried out, whereas the solution for a stand-alone turbine converged after two
iterations. The location and shape of the fringe was the same for all regarded
cases, only the damping-strength λmax had to be slightly adjusted during the
different layouts, in order to guarantee an undisturbed inflow at the inlet and
thus to be able to investigate effects that are really small regarding their order
of magnitude. An overview of the baseline scenarios for the simulated cases is
presented in Table E.1.
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Figure E.9. Stream-wise velocity perturbation u (a), span-
wise velocity perturbation v (b) and wall-normal velocity per-
turbation w (c) along the domain at hub height for the Gävle
wind farm.

Table E.1. Defined baseline scenarios

Nx Ny Nz L∗x L∗y L∗y Iterations

Wind-farm cases 4096 64 70 300 h∗ 2.66-2.88 D∗ 50 h∗ 5
Stand-alone turbine 4096 64 70 300 h∗ 4 D∗ 50 h∗ 2



APPENDIX F

Gävle wind-tunnel characteristics

Figure F.1. Rotational speed as function of the free-stream
velocity (Hägglund 2013).
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