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Abstract

In this thesis, a top-down hierarchical framework is proposed to deal with multi-
agent symbolicmotionplanning and control. Agents are assignedadistributable global
mission, and are partitioned into leaders and followers. The globalmission is distributed
among the followers and each one synthesizes a discrete motion plan. By exploiting
the concept of network controllability, an open-loop optimal control law is synthesized
centrally and executed in a distributedmanner. This control lawguarantees the concur-
rent execution and fulfillment of the followers’ discrete motion plans. Simulations are
performed to verify the proposed control law both for single- and multi-leader, leader-
follower networks.
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Chapter 1

Introduction

1.1 A Motivating Example

Motion planning of autonomous robots consists of finding a path, that connects a start-
ing point with the destination, and the corresponding control laws, while avoiding any ob-
stacles that may exist in the environment. A typical motion specification, expressed in hu-
man language can be stated as follows: ”From initial point I move to final point G, while
avoiding obstacles O”. It is intuitive that the previous motion task cannot describe a larger
class of task specifications such as, chronological ordering (”From the initial point I move to
point G1, then from the initial point G1 move to G2, etc., while avoiding the obstacles O”),
recurrence (”From the initial point I move to point G1, then from the initial point G1 move
to G2 infinitely often, while avoiding the obstacles O”) and so forth. It is obvious that there
is a need for a rich human-like language which is able to express more complex tasks as the
ones described above.

Some applications may require the deployment of several autonomous and possibly
non-identical robots in order to accomplish a complex global objective, called hereafter the
mission. For some subtasks of the mission, it might be impossible to be accomplished by
only one robot, and as a result to require the interaction, collaboration and cooperation of
multiple ones (Figure 1.1).

The aforementioned reasons motivate the requirement for an automated framework
for the motion planning of multiple robots, which takes as an input a complex mission
expressed in a human-like language, synthesizes a plan and constructs the corresponding
correct-by-design controllers that fulfill it.

1.2 Related Work

In the last two decades, modeling and control of networked multi-agent dynamical sys-
tems have attracted the interest of researchers due to their wide range of applications in-
cluding, but not limited to: Multi-robot andmulti-vehicle coordination, rendezvous in space,
flocking and sensor networks [1, and references therein]. In networkedmulti-agent dynami-
cal systems, agents (systems) are endowedwith their individual state variables anddynamics,
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Figure 1.1Aheterogeneous teamof robotsR1−R8 moving in an environmentwith goalG1, G2

andG3 and obstacleO1, O2 regions. Amission for the teammay include: Visit with the specified
order the goal regions G3, G1 and G2 infinitely often, while always avoiding the obstacles O1

andO2 .

and are interconnected via a communication network. Networks of coupled dynamic agents
are modeled by graphs, where nodes or vertices represent the agents and edges the interac-
tions, communication and information exchange between them. For the aforementioned
reasons, networkedmulti-agent dynamical systems are also named asmulti-agentdynamical
systems on graphs or simply networked dynamic systems.

A class of distributed control algorithms, known as consensus or agreement protocols [2],
has been developed in order to control the collective dynamic behavior of networkedmulti-
agent dynamical systems. The agents in a networked dynamic system, which follow the con-
sensus protocol, eventually reach a specific state, i.e., agree on a specific value. This group
decision value can be, e.g., a position or/and a velocity in multi-robot and multi-vehicle co-
ordination, rendezvous in space, flocking or even a temperature in case of a sensor network.
The dynamic agents of a networked system reach consensus, based on their initial state and
by only exploiting the local information, according to the communication graph, that is avail-
able to them. This is why consensus protocols are considered to be distributed algorithms.

1.2.1 Symbolic Motion Planning and Control

The symbolic approaches formulti-agentmotion planning and control [3–5] use a three-
level hierarchical framework for designing and constructing the corresponding controllers.
At the top level, a finite-state abstract model related to the original system is constructed.
At the middle level, by employing tools and techniques from finite-state synthesis, the con-
trollers which satisfy the specifications given a temporal logic formula are computed. Finally,
at the bottom level, the synthesized strategies are translated and implemented as controllers
for the original system.

As the structure of this hierarchical framework reveals, two different approaches were
adopted for dealing with multi-agent symbolic motion planning and control: The top-down
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and the bottom-up approach. In the former one, a complex task - mission expressed in a
temporal logic formula is assigned to the whole team. Next, the mission is decomposed
into local tasks and the corresponding controllers are computed and finally constructed. In
the latter one, there exists no global mission. On the other hand, each agent is assigned a
local task. These local tasks distributed among agents can be either independent or even
dependent (conflicting).

The first fully automated framework, for the symbolic motion planning and control of
autonomous robots, was proposed by Fainekos et al. Initially, the environment is divided
into regions and the robot’s motion is abstracted by a finite-state transition system (TS) that
captures the possible robot’s transitions between regions. Next usingmodel-checking algo-
rithms, a motion plan (a sequence of regions in the environment) which satisfies the given
temporal logic formula is generated. Finally, the hybrid controllers 1 which implement the
motion plan are synthesized [6].

This automated hierarchical control synthesis framework was extended to multi-agent
systems. In the top-down approach, where the global task specification - mission is decom-
posed into local ones, agents execute their local task specifications in a synchronized [8]
or semi-synchronized way [4]. In other words, agents execute and service asynchronously
their independent tasks and requests, but the dependent ones, which require their coopera-
tion and collaboration, synchronously. Though the top-down approach solves the symbolic
motion planning problem, it has a few disadvantages: First of all, it requires the global task
specification to be distributable among the agents. Furthermore, this approach is not truly
decentralized. Despite the fact that the plan is executed in a distributed manner, it is com-
puted and synthesized in a centralized manner.

Concerning the bottom-up control synthesis several different solutions were proposed.
Filippidis et al. proposed a framework for decentralized control of multi-agent systems from
local and independent task specifications taking into account the communication constraints
[9]. However, this framework cannot handle and resolve dependent and conflicting tasks.
Guo and Dimarogonas proposed a refinement and reconfiguration framework to deal with
dependent and infeasible local task specifications using dependency graphs and clusters
and taking into consideration the priority of the tasks [10]. Tumova and Dimarogonas ex-
tended previous results and proposed an automaton-based receding horizon approach [11].
In these partially decentralized solutions, all agents, which belong to the same dependency
cluster, implement their motion plans in a synchronized manner. As a result, these offline
solutions require the construction of the synchronous product transition system. In [12],
Guo et al. proposed a control synthesis framework which guarantees the connectivity main-
tenance and the fulfillment of all tasks while avoiding the construction of the synchronous
product transition system.

1.2.2 Controllability of Multi-Agent Systems

The network dynamics of a multi-agent system, which follows the consensus protocol,
is an unforced or uncontrolled dynamical system. However, many applications require to

1A hybrid controller is a controller that can generate both continuous-valued and symbolic control signals
based on continuous-time and discrete-event dynamics [7].
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control a networked dynamic system in such a way that reaches a desired target state. The
notion of controllability ofmulti-agent systemswas first introducedby Tanner in [13] under the
so-called leader-follower framework. In a multi-agent system with the leader-follower struc-
ture, agents are divided into leaders and followers. The former are the inputs of the network
while the latter follow the classical consensus protocol. Several algebraic, geometric and
graph-theoretic results have been derived in order to identify and/or construct controllable
and uncontrollable networks, depending on the number and selection of leaders, agent dy-
namics, type of consensus protocol, and communication topology [13–102].

The controllability of single-leadermulti-agent networkswas initially investigated in [13],
where necessary and sufficient algebraic conditions were presented based on the eigenval-
ues and eigenvectors of the matrix (induced by the Laplacian) corresponding to followers.
Tanner highlighted a new research direction which aimed to study system-theoretic prop-
erties, e.g., controllability and observability, from a graph-theoretic perspective. In [16], a
sufficient algebraic topological condition is derived for both single- and multi-leader multi-
agent networks. This condition is based on the first and relative homology2 of the communi-
cation and quotient graph respectively. The first sufficient graph-theoretic conditions were
derived in [17, 19], for networks with one leader, and were based on graph symmetry [17]
and automorphism [19]. It was shown that a symmetric graph with respect to leader is un-
controllable. Ji and Egerstedt used nontrivial equitable partitions and interlacing theory [18]
to identify controllable networks, generalizing the previous results and extending them to
the multi-leader case.

For uncontrollable leader-symmetric single-leader networks, a graph theoretic interpre-
tation of the controllable subspace is presented using relaxed equitable partitions and quo-
tient graphs [23, 38, 103]. The controllable subspace of the network corresponds to the
relaxed quotient graph of the communication topology with respect to the leader-invariant
relaxed equitable partition. This controllable relaxed quotient graph constitutes an approx-
imate bisimulation of the original network. The concept of leader-follower connectedness
was introduced in [24, 28]. The authors investigated how network controllability is affected
by the connectivity between the followers’ and leaders’ graphs. The results were based on
algebraic conditions in terms of the eigenvalues and eigenvectors of the connected com-
ponents in the followers’ graph [24], while the topological and geometric implications of the
results were presented in [28]. Ji et al. showed that networks, where nodes have the same
number of neighbors, are uncontrollable if the leaders come from a complete cell [48]. Up-
per and lower bounds of the controllable subspace of leader-follower networks, in terms of
the maximal almost equitable and distance partitions, respectively, were presented in [101].

Types of networks

All the conditions derived and results presented above hold under the assumption that
the underlying network is static, i.e., time-invariant [13, 16–24, 26–29, 32–34, 36–41, 43, 46–
48, 51–56, 60, 63–65, 67–71, 73, 75, 78–92, 94–98, 101, 102, 104–107]. However, agents have
limited sensing (in terms of range and resolution) and communication (in terms of band-
width) capabilities, which is usually the case for real-life applications, e.g., multi-robot sys-

2Homology is a mathematical method for defining holes in a shape.
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tems. Therefore, while agents (robots) are moving towards to/away from each other, en-
tering/leaving the sensing range of others, they establish new/lose communication with
each other. Furthermore, the network can be unreliable. As a consequence, the informa-
tion exchange topology becomes dynamic, i.e., time-varying. Controllability of switching
single- and multi-leader networks was initially investigated in [14] and [25], respectively. It
was proven, that the overall switching network can be controllable, even if some instances
of it viz., corresponding to fixed communication graphs, are uncontrollable. Several studies
provided additional results for switching networks [15, 21, 27, 30, 31, 34, 64, 85, 98, 106].

Agent Dynamics

The research on the controllability of networkedmulti-agent systems hasmainly focused
on systems where agents have single-integrator dynamics [13–21, 23–35, 37, 38, 40, 41, 46–
48, 51–55, 60–71, 73–75, 78, 80, 82, 83, 85–90, 92, 96, 98, 101, 102, 107]. The investigation
of controllability was extended to leader-follower systems where agents are endowed with
double-integrator dynamics [22, 26, 27, 36, 79, 81, 84]. Goldin and Raisch verified that the
topological results presented in [28, 29, 33] hold for agentswith double-integrator dynamics.
Controllability of multi-agent systems was also investigated for the cases where agents have
high-order-integrator [26, 39, 81–83, 88], general linear time-invariant (LTI) [81–83, 93, 97,
99–101, 106] or even non-identical (heterogeneous) dynamics [56, 91, 95, 104]. Finally in
[43, 56, 76, 94, 95, 105], the authors studied the controllability properties of high-order LTI
compartmental models under the leader-follower framework.

Type of consensus protocol

Depending on the communication network’s capabilities (in terms of bandwidth and
power), the communication among agents can be either continuous or discrete. In the con-
tinuous case, agents continuously exchange information and update their state. On the
other hand, in the discrete case the state information exchange is achieved with discrete
packets and agents update their state whenever they receive one. In the first case, the fol-
lowers run a continuous- while in the second one a discrete-time agreement protocol. The
controllability of leader-follower networks was studied for the cases where followers abide
with a continuous-time [13, 14, 16–20, 22–41, 43, 46–48, 51–56, 60, 61, 63, 64, 66–71, 75, 78–
83, 85–92, 94–96, 101, 102, 104–106] and a discrete-time [15, 21, 65, 73, 84, 97, 98] consen-
sus protocol. In [107], Sundaram and Hadjicostis study the controllability of networks when
agents abide with a quantized consensus protocol.

Classical controllability was also studied in the presence of uniform [20, 64] and multiple
[27, 98] communication delays: For single- [20, 64] and multi-leader follower networks [27,
98], for fixed [20, 27, 64, 98] and switching interaction graphs [27, 64, 98], for multi-agent
dynamical systems, where agents are endowed with first- [20, 27, 64, 98] and second-order
dynamics [27] and finally for continuous- [20, 27, 64] and discrete-time networked multi-
agent systems [98].
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Special types and classes of (di)graphs

Special classes and types of communication topologies were explored and identified
either as controllable or uncontrollable. In [13], it was proven that a path graph is control-
lable fromeither end-node, while a complete graph is uncontrollable. Rahmani andMesbahi
showed that a sufficient and necessary condition for a path graph to be controllable from
the center node is to be of even order. On the other hand, a ring graph is uncontrollable
regardless of the leader’s position [19]. Parlangeli and Notarstefano generalized previous re-
sults by proving that a necessary and sufficient condition for a path graph to controllable
from any single node, is the number of nodes of the network to be a power of two. Fur-
thermore, it was shown that a ring graph is controllable from any two nodes whenever the
number of the nodes is prime [69]. It was proven, that a tree with a downer branch is un-
controllable [40]. Notarstefano and Parlangeli investigated the reachability (by studying the
dual observability problem) of grid [52, 53, 88] and torus graphs [53] and provided necessary
and sufficient conditions to characterize all and identify the nodes from which the network
is controllable. Controllability properties of tree information exchange graphswere explored
for both single- and multi-leader multi-agent dynamical systems [41]. In [60], it was shown,
that a necessary and sufficient condition for an out-tree to be controllable is that the agents
in different branches have non-identical weights. Zhang et al. used graph partitions to char-
acterize the controllable subspace of distance regular graphs [55]. Nabi-Abdolyousefi and
Mesbahi showed that a circulant graph in order to be controllable needs as many leaders as
its maximum algebraic multiplicity. When the order of the circulant network is a prime num-
ber, the leaders can be selected arbitrary. In any other case, the proposed selection scheme
can be employed [87]. Conditions under which augmented and multi-chain graphs are un-
controllable were derived in [86].

Structural and other notions of controllability

The majority of interaction topologies studied above were undirected and unweighted.
Researchers explored the controllability properties of directed [27, 37, 46, 47, 54, 60, 67, 70,
71, 79–81, 89–91, 95] and weighted [26, 30–32, 37, 39, 43, 46, 47, 51, 54, 56, 60, 63–65, 67, 68,
70, 75, 78–83, 85, 87, 89–91, 94, 95, 97, 104, 105, 107] information-exchange topologies.

The concept of structural controllability has arisen for dynamicmulti-agent systemswhen
dealing with weighted and (un)directed communication topologies, i.e., if can be found
and assigned weights such that the multi-agent system is controllable in the classical sense.
Structural controllability for multi-agent systems was first studied by Zamani and Lin. It was
proved that a single-leadermulti-agent systemwith fixed communication graph and agents
with single- [32] and high-order-integrator dynamics [39], is structurally controllable if its cor-
responding flow structure is spanned by a cacti. Furthermore, network connectivity is equiv-
alent to structural controllability. The previous result was extended to the time-varying case,
where the connectedness of the union of the instances of the switching graph, is a neces-
sary and sufficient condition for the multi-agent system to be structural controllable [30].
For fixed and switching multi-leader networks, structural controllability was investigated in
[26] and [66, 85], respectively. Jiang et al. proved that for every strongly connected com-
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ponent of the information exchange network, the existence of at least one leader such that
there is a path from the leader to the strongly connected component, is equivalent to struc-
tural controllability. On the other hand, Liu et al., Liu et al. highlighted that leader-follower
connectedness is a necessary and sufficient condition for structural controllability. Lou and
Hong studied the structural and introduced the concept of strong structural controllability of
networked multi-agent systems on weighted digraphs, using distanced-based and weight-
balanced partitions [51, 67]. Structural controllability of single- andmulti-leader multi-agent
systems on static digraphs, where agents are endowed with double-, high-order-integrator
and general LTI dynamics, was studied in [81].

Structural controllability is a system theoretic attribute, which implies that themajority of
the systems, that have the same zero/nonzero structure in the systemand inputmatrices, are
controllable. Structural controllability holds under the assumption that all nonzero entries of
the system and input matrices are algebraically independent over the field of real numbers.
However, in multi-agent systems which follow the consensus protocol, the diagonal entries
of the systemmatrix are dictated by the row sumof the other entries, andwhen the commu-
nication among agents is bidirectional symmetries are present. This motivated Goldin and
Raisch to introduce the concept of weight controllability, i.e., if can be found and assigned
weights such that the system is controllable in the classical sense for almost any selection
and combination of weights [80]. It was shown that a necessary and sufficient condition
for weight controllability for agents with first- and second-order dynamics, is leader-follower
[80] and weight-generically second-order leader-follower connectedness [79] respectively.

The notions of p-link, q-agent and joint-(p,q) controllability were introduced to quantify
the structural controllability of single- and multi-leader multi-agent systems on digraphs,
under communication link failure, agent failure and both failures respectively [37, 46, 47, 54,
70, 89, 90]. Finally, structural controllability of complex graphs was studied by Liu et al. [50].

Leader localization and selection

All results reveal that network controllability is prescribed by both the selection and lo-
cation of leaders. The problem of finding the (sub)optimal location and number of agents
such that, if selected as leaders, the network is controllable, is known as the leader selection
and localization problem. (Sub)Optimal leader selection and localization was studied, for all
notions of controllability, optimizing and fulfilling different performance criteria and require-
ments [17, 19, 44, 46, 47, 58, 59, 73, 75, 77, 92, 99, 100, 108, 109], including, but not limited to:
The rate of convergence to the desired target state [17, 19, 58, 73, 77] and the manipulability
3 [108, 109].

Synthesis of (un)controllable networks

Various algorithms andmethods were proposed for synthesizing, except for characteriz-
ing, controllable and uncontrollable networks. Abbas and Egerstedt proposed an algorithm
for constructing hierarchical leader-asymmetric, single-leader networks by connecting mul-
tiple leader-follower subnetworks [42]. Methods for construction of controllable networks

3Manipulability is ameasure to quantify the instantaneous influenceof the leaders’movements on followers.
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are presented in [75], while amethodology for constructing uncontrollable topologies based
on eigenvectors was presented in [82, 83].

1.3 Thesis Outline

The structure of this thesis is as follows. In Chapter 2 the necessary mathematical back-
ground is presented and the problem is formulated. In Chapter 3 an open-loop control law,
which solves the formulated problem, is proposed. In Chapter 4 simulations are employed to
verify the control law presented in Chapter 4. Finally, in Chapter 5 future research directions
are proposed.



Chapter 2

Mathematical Background

In this chapter some basic definitions and concepts from graph theory, model checking
and multi-agent dynamical systems are presented. The scope of this chapter is to introduce
and familiarize the reader to all the concepts needed for the problem formulation. The treat-
ment of the concepts presented here is by no means complete, and the interested reader,
in order to get a more thorough and comprehensive insight, should refer to [119, 120] for
(algebraic) graph theory, to [121, 122] for multi-agent dynamical systems, and to [123] for
model checking.

2.1 Graph Theory

Definition 2.1 (Graph)
A graph is a triple G = (V,E, p) where V and E are sets and p defines a mapping:

p : E → V2. ▲

The sets V and E are called the vertex set and edge set and are also denoted by V (G) and
E (G), respectively. The elements of V are called vertices or nodes, while the elements of E
are called edges or arcs. The mapping p is called the incidencemapping.

The mapping p defines two additional mappings o, t : E → V by (o (e) , t (e)) ≜ p (e).
The o (e) is called the origin while the t (e) is called the tail. A graph is called finite if the
sets V and E are finite. A graph G in which edge set E changes over time, denoted by E (t),
is called time-varying. The order of a graph is cardV. The vertex set of a graph of order n
will be represented either by V = {u1, u2, . . . , un} or simply by V = {1, 2, . . . , n}. The
corresponding edges will be represented by either (ui, uj) or (i, j) or even simpler by the
notational abuse ij .

The element ij ∈ E, with i, j ∈ V and i ̸= j , if the vertex i is adjacent to vertex j ,
denoted by i ∼ j . The set of the neighbors of vertex i is defined asNi = {j ∈ V | i ∼ j}.
Definition 2.2 (Undirected Graph)
An undirected graph is a triple G = (V,E, p) such that:

p : E →
{
Ṽ ⊆ V | 1 ≤ card Ṽ ≤ 2

}
. ▲
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An edge of an undirected graph can be simply denoted by {i, j}. For an undirected graph
the degree of vertex i, denoted by deg i, is defined as deg i = cardNi.

If p is injective, the graph is called simple. Simple graphs are denoted by a double G =
(V,E), where V and E ⊆ V2. A simple undirected graph is a simple graph G = (V,E) such
that:

ij ∈ E ⇔ ji ∈ E.

The mappingw : E → W is called weight function. The setW is called the set of weights
and W (e) is called the weight of edge e. A graph G with a mapping w is called weighted
graph.

A path p of length m from i to j in a graph G, denoted by pm : i → j , is a sequence
1, 2, . . . ,m of edges such that o(1) = i and t(m) = j .

The sequence of vertices i, u1, . . . , um−1, j is called trace of the path pm. A path is said
to be simple if every vertex appears at most once in the path and closed or cycle if the initial
and final vertices are the same. A simple closed path is called a circuit. The prefix semi will
be used to identify a path, cycle, and circuit if at least two consecutive edges have opposite
directions.

Definition 2.3 (Connectedness)
A graph G is said to be:

1. Weakly connected if ∀i, j ∈ V there exists a semipath from i to j .

2. One-sided connected if ∀i, j ∈ V there exists a path from i to j or from j to i.

3. Strongly connected if ∀i, j ∈ V there exists a path from i to j and from j to i. ▲

A graph Gwhich satisfies one of the three concepts in Definition 2.3 is called connected.
A graph which is not connected is called disconnected. For undirected graphs, all three con-
cepts in Definition 2.3 coincide.

A graph Gwithout (semi)circuits is called a forest. A connected forest is called a tree of G.
A connected graphH such that: V (H) = V (G) is called a spanning tree if it is a tree.

Some special graphs are defined as follows: A complete graph Kn with n vertices, is
the graph in which any two vertices are adjacent. A simple undirected path with n edges is
denoted by Pn, and an undirected circuit with n edges is denoted by Cn.

Definition 2.4
Let G andH be two graphs. A mapping f : V (G) → V (H) is called a:

• Graph homomorphism if ij ∈ E (G) ⇒ f (i) f (j) ∈ E (H).

• Strong graph homomorphism ij ∈ E (G) ⇔ f (i) f (j) ∈ E (H). ▲

Let G be a graph. A graph H is called a subgraph of G if there exists an injective graph
homomorphism f : V (H) → V (G). A graph H is called a(n) induced subgraph or ver-
tex induced subgraph of G if there exists an an injective strong graph homomorphism f :
V (H) → V (G).
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From now and on, the following abuse of terminology will be adopted. If not explicitly
stated otherwise, the term graph will be used to refer to finite simple undirected graphs.

Graphs can be also described by matrices. Several matrices are defined for graphs and
their analysis reveal useful information for several concepts and properties defined above
such as the number of paths, connectedness, etc.

Definition 2.5 (Adjacency Matrix)
Let G = (V,E) with V = {1, 2, . . . , n}. The matrixA (G) = [aij ]i,j∈V defined by:

aij =

{
1 if ij ∈ E

0 otherwise,

whereA (G) ∈ Rn×n is called the adjacencymatrix of G. ▲

Definition 2.6 (Incidence Matrix)
Let G = (V,E, p) with V = {1, 2, . . . , n} and E = {1, 2, . . . ,m}. The matrix B (G) =
[bij ]i∈V,j∈E defined by:

bij =


1 if i = o(j)

−1 if i = t(j)

0 otherwise,

or for an undirected graph

bij =

{
1 if i ∈ j

0 otherwise,

whereB (G) ∈ Rn×m is called the incidencematrix of G. ▲

Definition 2.7 (Degree Matrix)
LetG = (V,E)withV = {1, 2, . . . , n} . Thematrix∆(G) = diag (deg 1,deg 2, . . . ,degn),
where∆(G) ∈ Rn×n is called the degreematrix of G. ▲

Definition 2.8 (Laplacian Matrix)
Let G = (V,E)with∆(G) , A (G) ∈ Rn×n. The matrix L (G) ≜ ∆(G)−A (G), is called the
Laplacianmatrix of G. ▲

By assigning an arbitrary orientation to E the Laplacian matrix of G can be alternatively
defined as L (G) ≜ B (G)B (G)T , where B (G) is the incidence matrix of the arbitrary ori-
ented graph G.

The eigenvalues of L (G) ∈ Rn×n are denoted by λ1 (G) , λ2 (G) , . . . , λn (G), and the
corresponding eigenvectors by v1 (G) , v2 (G) , . . . , vn (G). Several properties are associ-
ated with the Laplacian matrix, its eigenvalues and the corresponding eigenvectors.

Theorem 2.9 (Properties of Laplacian Matrix)
LetG be a graph of ordernwithL (G) and λi (G) for i = 1, 2, . . . , n. Then

1. The Laplacian is positive semidefinite matrix, i.e.,L (G) ∈ Sn+ .
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2. The eigenvalues of the Laplacianarenon-negative, i.e.,λi (G) ≥ 0 for i ∈ Vand the eigen-
values can be ordered as follows:

0 ≤ λ1 (G) ≤ λ2 (G) ≤ . . . ≤ λn (G) .

3. The row and column sums of the Laplacian are 0, i.e.,L (G) 1 = 0 and 1TL (G) = 0.

4. The column vector of all ones is the eigenvector of the Laplacian matrix corresponding to
eigenvalue 0, i.e., 1 ∈ N (L (G)) and λ1 (G) = 0, v1 (G) = 1.

5. The algebraic multiplicity of the 0 eigenvalue of the Laplacian matrix corresponds to the
number of connected components in the graph. In other words,G is connected if and only
if λ2 (G) > 0.

Proof (Sketch): 1. xTL (G) x = xTB (G)B (G)T x =
∥∥∥B (G)T x

∥∥∥ ≥ 0, ∀x ∈ Rn.

2. Straightforward from Theorem 2.9[1], since the eigenvalues of a positive semidefinite
matrix are non-negative.

3. This follows fromDefinition 2.8 by substitutingL (G) = ∆ (G)−A (G) andperforming
the calculations.

4. Straightforward from Theorem 2.9[3].

5. See [122, pp. 27].

2.2 Consensus Protocol and Dynamics

As stated in Chapter 1, networked multi-agent dynamical systems can be represented
by graphs. In this section, the consensus or agreement protocol is introduced and the corre-
sponding dynamics are presented.

Consider a system of n agents labeled as V = {1, 2, . . . , n}which communicate over a
graph G = (V,E). The agents are endowed with single-integrator dynamics:

ẋi = ui, i ∈ V,

where xi,ui ∈ Rp are the state and control input vectors of agent i.
Given the control law known as consensus or agreement protocol:

ui =
∑
j∈Ni

(xj − xi), i ∈ V, (2.1)

the collective dynamics of the network of agents who run the consensus protocol, known
as consensus or agreement dynamics [2] can be written as

ẋ = − (L (G)⊗ I) x, (2.2)
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where L (G) ∈ Rn×n, I ∈ Rp×p and x =
[
xT1 xT2 . . . xTn

]T ∈ Rnp.
Using the protocol given by eq. (2.1), consensus is eventually achieved if for all initial

state vectors xi (0) and all i, j ∈ V, ∥xi − xj∥ → 0 as t → ∞.

Theorem 2.10
The system eq. (2.2) achieves consensus if and only ifG contains a spanning tree, i.e.,λ2 (G) > 0.

Proof: See [2].

2.3 Model Checking

In the last twodecades, formalmethods fromcomputer science, wereborrowed, adapted
and applied in the analysis, synthesis and design of complex control systems. In this section
the fundamental principles of model checking are presented. Given finite model of a sys-
tem and a formal property (specification),model checking is an automated technique which
checks the validity of the given specification for the given model of the system.

Transition systems are mathematical tools which are used as models to describe the
behavior of systems.

Definition 2.11 (Transition System (TS))
A transition system T is a tuple T = (S,−→, S0, AP, L) where

• S is a set of states,

• −→⊆ S × S is a transition relation,

• S0 ⊆ S is a set of initial states,

• AP is a set of atomic propositions, and

• L : S → 2AP is a labeling function.

T is called finite if S andAP are finite. ▲

For simplicity, the transition relations can be also denoted by s −→ s′ or simply by ss′

instead of (s, s′) ∈−→.

Definition 2.12 (Synchronous Product of TSs)
Let Ti = (Si,−→i, S0i, APi, Li) , i = 1, 2 be two transition systems. The synchronous
product T1 ⊗ T2 is given by:

T1 ⊗ T2 = (S1 × S2,−→, S01 × S02, AP1 ∪AP2, L) ,

where the transition relation is defined as:
s1s

′
1 ∧ s2s

′
2

⟨s1, s2⟩⟨s′1, s′2⟩
, and the labeling function by:

L (⟨s1, s2⟩) = L1 (s1) ∪ L2 (s2). ▲
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InDefinition 2.12 the transition relation is definedusing the structuredoperational semantics
notation and is interpreted as follows. If the proposition in the ”numerator” holds, then the
proposition in the ”denominator” holds too. Definition 2.12 can be extended analogously to
more than two transition systems.

Let T be a TS, the successors of state s are defined by Post (s) = {s′ ∈ S | ss′}, and
state s is called terminal if and only if Post (s) = ∅.

Let T be a TS with no terminal states. An initial infinite path fragment π is an infinite
sequence π = s0s1s2 . . . such that s0 ∈ S0 and si ∈ Post (si−1) , ∀i > 0. The trace of π
is defined as trace (π) = L (s0)L (s1)L (s2) . . .. The trace of T is defined as Trace (T) =∪

π∈Π trace (π), where Π denotes the set of all initial infinite path fragments. Since traces
are sequences of the atomic propositions AP that hold along the path, they are infinite
words over the alphabet 2AP , denoted by

(
2AP

)ω .
Linear-timeproperties specify a desired/undesiredbehavior a transition systemshould/should

not exhibit, i.e., what traces are admissible and achieve this requirement. Linear-time prop-
erties are classified as invariants, liveness and safety properties. Linear Temporal Logic (LTL)
constitutes a logical formalism for specifying linear-time properties and is defined as follows

Definition 2.13 (Syntax of LTL)
LTL formulas ϕ overAP (with α ∈ AP ) are formed using the following grammar:

ϕ ::= true | α | ϕ1 ∧ ϕ2 | ¬ϕ | ϕ | ϕ1 Uϕ2,

where ∧ (and) and ¬ (not) are Boolean connectives, and (next) and U (until) are temporal
operators. ▲

Using∧ and¬other Boolean connectives such as∨ (or),⇒ (implication),⇔ (equivalence)
and ⊕ (parity operator) can be derived. Using U other temporal operators such asϕ ≜
trueUϕ (eventually) and ϕ ≜ ¬¬ϕ(always) are defined and, subsequently, the dual
modalitiesϕ (infinitely often) andϕ (eventually forever).

The check whether an LTL formula satisfies a word is defined as follows:

Definition 2.14 (Semantics of LTL over words)
Let ϕ be an LTL over AP and σ = A0A1A2 . . . for i > 0. The linear-time property induced
by ϕ is

Words (ϕ) =
{
σ ∈

(
2AP

)ω | σ ⊨ ϕ
}
,

where the satisfaction relation is the smallest relation with the following properties:

• σ ⊨ true.

• σ ⊨ α⇔ α ∈ A0.

• σ ⊨ ϕ1 ∧ ϕ2 ⇔ σ ⊨ ϕ1 and σ ⊨ ϕ2.

• σ ⊨ ¬ϕ⇔ σ ⊭ ϕ.

• σ ⊨ ϕ⇔ σ [1 . . .] = A1A2A3 . . . ⊨ ϕ.
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• σ ⊨ Uϕ⇔∃j ≥ 0 : σ [j . . .] ⊨ ϕ2 and σ [i . . .] ⊨ ϕ1, ∀i, j : 0 ≤ i < j ,

where σ = A0A1A2 . . . and σ [j . . .] = AjAj+1Aj+2 . . .. ▲

The semantics defined above are extended for paths.

Definition 2.15 (Semantics of LTL over paths)
Let T without terminal states, and ϕ be an LTL formula over AP . An initial infinite path
fragment π satisfies ϕ:

π ⊨ ϕ if and only if trace (ϕ) ⊨ ϕ. ▲

Definition 2.16 (Nondeterministic Büchi Automaton (NBA))
An NBA is a tupleA = (Q,Σ, δ,Q0, F ) where

• Q is a finite set of states,

• Σ = 2AP is an alphabet,

• δ : Q× Σ → 2Q is a transition function,

• Q0 ⊆ Q is a set of initial states, and

• F is the acceptance set. ▲

A run r for σ = A0A1A2 . . . ∈ Σω is an infinite sequence r = q0q1q2 . . . inA such that
q0 ∈ Q0 and qi

Ai−→ qi+1, for i ≥ 0 or equivalently qi+1 ∈ δ (qi, A). The run r is called
accepting if qi ∈ F for infinitely many i ∈ N. The accepted language ofA is

Lω (A) = {σ ∈ Σω | ∃ an accepting r for σ inA} .

Given an LTL formula ϕ overAP it holds that Lω (A) = Words (ϕ), and the corresponding
NBA is denoted byAϕ. An NBAA is called non-blocking if δ (q, A) ̸= ∅,∀q ∈ Q andA ∈ Σ.

Definition 2.17 (Product of TS and NBA)
Let T = (S,−→, S0, AP, L) with no terminal states and A = (Q,Σ, δ,Q0, F ) a non-
blocking NBA, T ⊗A = (S ×Q,−→′, S′

0, AP ′, L′) where

• −→′ is the smallest relation defined by
sisj ∧ qj ∈ δ (qi, L (si))

⟨si, qi⟩⟨sj , qj⟩
,

• S′
0 = {⟨s0, q⟩ | s0 ∈ S0 ∧ ∃q0 ∈ Q0 : q ∈ δ (q0, L (s0))},

• AP ′ = Q, and

• L′ : S ×Q → 2Q is given by L′ (⟨s, q⟩) = {q}. ▲
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Given a finite T and ϕ as an LTL formula, the problem of model-checking constitutes of
finding whether T ⊨ ϕ and if not to provide a counterexample, i.e., a trace which violates
the specification. This is accomplished with the following procedure: First, the negation of ϕ
denoted by¬ϕ is derived and the corresponding NBAA¬ϕ that represents it is constructed.
Then, the product transition system T ⊗ A¬ϕ is constructed. Finally by checking whether
Trace (T)∩Lω (A¬ϕ) = ∅ the framework returns either a positive answer or a negative one
with a trace that violates the formula.

2.4 Problem Formulation

Consider a fully knownworkspace. Theworkspace, denoted byW0, is a bounded convex
polytope W0 ⊂ R2. The workspace W0 is partitioned into a finite number of smaller non-
overlapping bounded convex polytopes, the areas of interest, denoted by πi ⊆ W0, ∀i =
1, 2, . . . ,W . The finite set of all smaller areas is denoted by Π = {π1, π2, . . . , πW }. Or
equivalently, the areas of interest satisfy the following two properties:

1.
W∪
i=1

πi = W0 (the union of all areas constitutes the workspace)

2.

πi ∩ πj = ∅, ∀i, j = 1, 2, . . . ,W and i ̸= j (non-overlapping areas)

Consider a system of n agents labeled as V = {1, 2, . . . , n}which communicate over a
graph G = (V,E). Consider the set of atomic propositionsAP = {ai} for i = 1, 2, . . . ,W ,
defined as follows:

ai =

{
True if an agent is in the region πi

False otherwise,

and the labeling function L : πi −→ 2AP . The labeling function maps any area πi to the
set of the atomic propositions AP which are satisfied in that region. Each agents motion is
abstracted by a finite Ti = (Si,−→i, S0i, APi, Li) , i ∈ V, where: The set of states Si cor-
responds to the set of regionsΠ. The transition relation−→i is the set of feasible transitions
from one area to another. The set of initial states S0i corresponds to the area where agent i
is initially positioned. APi denotes the set of atomic propositions for agent i andLi is the la-
beling function for agent i. The synchronous product ofTi, i ∈ V isTG = T1⊗T2⊗. . .⊗Tn.
Let ϕ be an LTL formula overAP which formalizes a global task specification in TG. Accord-
ing to all mentioned above, the following problem is formulated:
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Problem 2.18:
Given n agents which navigate in the workspace W0 and communicate over G. Let ϕ
be a global task specification expressed in LTL. Let π be an initial infinite path fragment
in TG such that π ⊨ ϕ. Taking into account the network structure G and the consensus
dynamics of the system find a

• decentralized control which translates π into control primitives and navigates all
agents in order to fulfill ϕ.





Chapter 3

Controllability and Optimal Control of
Leader-Follower Networks

In this chapter, the consensus dynamics given by Equation (2.1) are studied in the case
where one or more of the agents act as input(s) to the static network G. The first case is
referred as single- while the latter one as multi-leader. The bottom line of this chapter and
of the proposed solution for the Problem 2.18, is that if the network is controllable then
all agents (except for the input node(s)) who run the consensus protocol, will be able to
navigate between the desired points, in order to fulfill their task specification ϕi.

3.1 Leader-Follower Networks

The agents are classified in two categories: The input agents, called leaders, and the re-
maining ones followers. Consider a system of n agents which communicate over a con-
nected G of order n. The vertex set V is partitioned in two disjoint sets: The leaders’ Vl and
followers’ Vf vertex set such that cardVl = nl, cardVf = nf and nl ≤ nf < n. Consider
the index set I = {1, 2, . . . , nl}. Since themotion of agents along the x-axis is independent
of that on y-axis for simplicity in the notation, calculations and without loss of generality it
is assumed that xi ∈ R. Consider the following control law [55]

ui =


∑
j∈Ni

(xj − xi) i ∈ Vf∑
j∈Ni

(xj − xi) + ũk i ∈ Vl, k ∈ I,

where ũi ∈ R.
Without loss of generality assume that the first nf vertices of V correspond to followers

while the last nl to leaders. Let x =
[
x1 x2 . . . xnf

xnf+1 xnf+2 . . . xnf+nl

]T ∈ Rn and
ũ = [ũ1 ũ2 . . . ũnl

]T ∈ Rnl . The collective dynamics can be written in compact form as

ẋ = −L (G) x+Bũ, (3.1)
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where L ∈ Rn×n andB = [blk]l∈V,k∈I ∈ Rn×nl is defined as follows

blk =

{
1 if l = nf + k

0 otherwise.

The controllable subspace of Equation (3.1) isR (L (G) , B). The LaplacianL (G) can be
partitioned into the following block matrices

L (G) =

[
Af Bf

BT
f Al

]
, (3.2)

whereAf ∈ Rnf×nf , Bf ∈ Rnf×nl andAl ∈ Rnl×nl . Accordingly, x can be also partitioned

into to the following block state vectors x =

[
xf
xl

]
, where xf and xl are the state vectors of

followers and leaders, respectively.
Equation (3.1) can be rewritten as[

ẋf
ẋl

]
= −

[
Af Bf

BT
f Al

] [
xf
xl

]
+

[
0
I

]
ũ, (3.3)

where 0 ∈ Rnf×nl and I ∈ Rnl×nl .
Consider the state feedback control law given by

ũ = BT
f xf +Alxl + u, (3.4)

where u ∈ Rnl . Substituting Equation (3.4) in Equation (3.3) yields[
ẋf
ẋl

]
= −

[
Af Bf

0 0

] [
xf
xl

]
+

[
0
I

]
u. (3.5)

The first block of equations of the system described by Equation (3.5)

ẋf = −Afxf −Bfxl, (3.6)

is known as consensus dynamics with inputs or controlled agreement dynamics, where the
leader(s) act as input(s) to the network, while the followers abidewith the classical consensus
protocol defined by Equation (2.1).

From linear systems theory it is known that the controllable subspace is invariant under
state feedback [124]. Hence the controllable subspace of Equation (3.5) is R (L (G) , B) =
R (Af , Bf )× Rnl . Studying the controllability properties of system Equation (3.1) is equiv-
alent to studying the ones of Equation (3.6).

Theorem 3.1
Let G be a connected graph. The system ẋf = −Afxf − Bfxl is uncontrollable if and only if
L (G) andAf have at least one common eigenvalue.
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Proof: Sufficiency: Suppose that the system is uncontrollable. The matrixAf ∈ Snf , since it
is a principal submatrix of L (G). Then by the Popov-Belevitch-Hautus (PBH) test ∃vi ∈ Rnf

corresponding to λi (G) ∈ R such that:

Afvi = λi (G) vi andBT
f vi = 0.

The vector v =

[
vi
0

]
∈ Rn is an eigenvector of L (G) since by Equation (3.2) it holds

L (G) v =

[
Af Bf

BT
f Al

] [
vi
0

]
=

[
Afvi
BT

f vi

]
= λi (G)

[
vi
0

]
.

Thus, λi (G) is also an eigenvalue of L (G).

Necessity: Assume that Af and L (G) have the same eigenvalue λi (G) ∈ R and the
corresponding eigenvectors vi and v, respectively. SinceAf is a principal submatrix ofL (G)

it can be written as Af = P T
f L (G)Pf , where Pf =

[
I
0

]
∈ Rn×nf , and I ∈ Rnf×nf and

0 ∈ Rnl×nf . For v it holds that v = Pfvi =
[
vi
0

]
∈ Rn. Hence by Equation (3.2)

L (G) v =

[
Af Bf

BT
f Al

] [
vi
0

]
= λi (G)

[
vi
0

]
,

which yields thatBT
f vi = 0. By the PBH test the system is uncontrollable.

3.2 Optimal Control of Leader-Follower Networks

Consider thegeneral case of amulti-leader leader-follower network givenby Equation (3.5)
where the leaders are unconstrained in their motion. Using optimal control theory, the sys-
temgiven by can be steered between the desired points in finite time [16]. Using a quadratic
performance function which minimizes the state rate of both the followers and leaders, the
following optimal control problem is formulated

minimize
u

J =
1

2

∫ T

0

(
ẋTf P ẋf + ẋTl Q ẋl

)
dt

subject to ẋf = −Af xf −Bf xl
ẋl = u
xf (0) , xl (0)
xf (T )

(3.7)

where P ∈ Snf

+ , Q ∈ Snl
++ and the pair (Af , Bf ) is controllable.

The above continuous-time, fixed endpoint and time optimal control problem is solved
using Pontryagin Minimum Principle (PMP). The Hamiltonian is defined as
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H (xf , xl,λ,µ,u) ≜ L (xf , xl,u) + λ ẋf + µ ẋl

=
1

2

(
ẋTf P ẋf + ẋTl Q ẋl

)
+ λ (−Af xf −Bf xl) + µ u

=
1

2

[(
−xTf A

T
f − xTl B

T
f

)
P (−Af xf −Bf xl) + uTQ u

]
+ λ (−Af xf −Bf xl) + µ u

=
1

2
xTf A

T
f PAf xf + xTf A

T
f PBf xl +

1

2
xTl B

T
f PBf xl

+
1

2
uTQ u+ λ (−Af xf −Bf xl) + µ u.

(3.8)

Theminimization principle yields

H
(
x∗f , x

∗
l ,λ

∗,µ∗,u∗
)
= min

u

{
H

(
x∗f , x

∗
l ,λ

∗,µ∗,u
)}

= min
u

{
1

2
uTQ u+ µ∗u

}
, ∀t ∈ [0, T ] ,

(3.9)

and since

∂
(
1
2u

TQ u+ µ∗)
∂u

= uTQ+ µ∗ = 0 ⇔ u = −Q−1µ∗T ,

u∗ = argmin
u

{
1

2
uTQ u+ µ∗u

}
=

{
−Q−1µ∗T} . (3.10)

The adjoint equations yield

λ̇
∗
= −

∂H
(
x∗f , x

∗
l ,λ

∗,µ∗,u∗
)

∂xf

= −1

2
2 x∗Tf AT

f PAf − x∗Tl BT
f PAf + λ∗Af

= −x∗Tf AT
f PAf − x∗Tl BT

f PAf + λ∗Af ,

(3.11)

and

µ̇∗ = −
∂H

(
x∗f , x

∗
l ,λ

∗,µ∗,u∗
)

∂xl

= −x∗Tf AT
f PBf − 1

2
2 x∗Tl BT

f PBf + λ∗Bf

= −x∗Tf AT
f PBf − x∗Tl BT

f PBf + λ∗Bf .

(3.12)
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Using the augmented state vector z ≜
[
x∗Tf x∗Tl λ∗ µ∗

]T
yields the following LTI sys-

tem

ż =


−Af −Bf 0 0
0 0 0 −Q−1

−AT
f PAf −AT

f PBf AT
f 0

−BT
f PAf −BT

f PBf BT
f 0

 z (3.13)

or

ż = Mz, (3.14)

whereM ∈ R2n×2n.
The solution of Equation (3.14) is given by z = Φz (0), where Φ = eMt. Finally, the

initial and final values of the adjoint variables can be evaluated using Equation (3.14) and
the constraints for the initial and terminal state described in Equation (3.7) as follows.

Let Φ (T ) = eMT have the following structure

Φ(T ) =


ϕ11 ϕ12 ϕ13 ϕ14

ϕ21 ϕ22 ϕ23 ϕ24

ϕ31 ϕ32 ϕ33 ϕ34

ϕ41 ϕ42 ϕ43 ϕ44

 ,

whereϕ11, ϕ13, ϕ31, ϕ33 ∈ Rnf×nf , ϕ12, ϕ14, ϕ32, ϕ34 ∈ Rnf×nl , ϕ21, ϕ23, ϕ41, ϕ43 ∈ Rnl×nf

andϕ22, ϕ24, ϕ42, ϕ44 ∈ Rnl×nl .
The augmented state vector z at t = T is given by z (T ) = Φ (T ) z (0). Or equivalently

x∗f (T )
x∗l (T )
λ∗T (T )
µ∗T (T )

 =


ϕ11 ϕ12 ϕ13 ϕ14

ϕ21 ϕ22 ϕ23 ϕ24

ϕ31 ϕ32 ϕ33 ϕ34

ϕ41 ϕ42 ϕ43 ϕ44




x∗f (0)
x∗l (0)
λ∗T (0)
µ∗T (0)

 . (3.15)

Since the final positions of the leaders are free, it holds that µ∗T (T ) = 0. Taking the
first and last line of Equation (3.15) yields[

x∗f (T )
µ∗T (T )

]
=

[
ϕ11 ϕ12

ϕ41 ϕ42

] [
x∗f (0)
x∗l (0)

]
+

[
ϕ13 ϕ14

ϕ43 ϕ44

] [
λ∗T (0)
µ∗T (0)

]
,

or [
x∗f (T )
µ∗T (T )

]
= Φ1

[
x∗f (0)
x∗l (0)

]
+Φ2

[
λ∗T (0)
µ∗T (0)

]
,

where Φ1 =

[
ϕ11 ϕ12

ϕ41 ϕ42

]
∈ Rn×n and Φ2 =

[
ϕ13 ϕ14

ϕ43 ϕ44

]
∈ Rn×n.

The initial values of the adjoint variables are given by[
λ∗T (0)
µ∗T (0)

]
= Φ−1

2

([
x∗f (T )
µ∗T (T )

]
− Φ1

[
x∗f (0)
x∗l (0)

])
, (3.16)
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and as a result, z (0) is known.



Chapter 4

Simulations

In this chapter, the proposed open-loop optimal control law is validated through simu-
lations both for the single- and the multi-leader case.

4.1 Workspace

Consider the workspaceW0 divided into 25 distinct square areas of interested denoted
by πi, i = 1, 2, . . . , 25. The areas of interest are marked with white, blue and red colors. The
blue color areas correspond to target areas, while the red ones to obstacles Figure 4.1.
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Figure 4.1 The workspace of simulations. The goal and obstacle areas are marked with blue and
red color, respectively.

The motion of each agent in the workspace is abstracted by the TS illustrated in Fig-
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ure 4.2.

s1 s2 s3 s4 s5

s6 s7 s8 s9 s10

s11 s12 s13 s14 s15

s16 s17 s18 s19 s20

s21 s22 s23 s24 s25

Figure 4.2 A finite transition system T which represents the abstraction of the motion of each
agent. The transitions in T represent that agentmoved from one region to another. In each state
of T denoted by si , the atomic proposition {πi} is true.

4.2 Scenario I - Single-Leader, Leader-Follower Network

Consider themulti-agent with information exchange-topologyP3. The Laplacianmatrix
of the network is

L =


1 −1 0 0
−1 2 −1 0
0 −1 2 −1
0 0 −1 1

 .

Choosing nf = 3 and nl = 1 and the right-end vertex as the leader the following
matrices are obtained:

Af =

 1 −1 0
−1 2 −1
0 −1 2

 andBf =

 0
0
−1

 .

The above single-leader, leader-follower network is controllable, since a path graph is
always controllable from any of its end-nodes. Let P = I ∈ S3++, Q = 1 > 0 and T = 3 [s].

Consider the global task specification ϕ distributed to the followers as

• ϕ1 = (π2 ∧π5) ∧¬(π7 ∨ π10 ∨ π18).

• ϕ2 = (π15 ∧π5) ∧¬(π7 ∨ π10 ∨ π18).

• ϕ3 = (π23 ∧ (π17 ∧π5)) ∧¬(π7 ∨ π10 ∨ π18).
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The specification ϕ1 states that agent 1 should first visit the areas of interest π2 and π5
with the following order: π2 → π5, while always avoid the obstacle areas π7, π10 and π18
(marked in Figure 4.1 with blue and red color, respectively). Similarly, agent 2 should visit
π15 → π5 and agent 3 π23 → π17 → π5 while aways both avoid the obstacle regions
π7, π10 and π18. Let the initial position of agents 1, 2 and 3 be at the center of regions
π20, π12 and π6, respectively, while for the leader agent i = 4 is π15. The discrete motion
plans of the followers are depicted in Figures 4.3 to 4.5, while the trajectories of the followers
during their first transition in Figure 4.6.
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21 22 23 24 25

Figure 4.3 The discrete motion plan of agent 1 satisfying the task specification ϕ1 .

4.3 Scenario II - Multi-Leader, Leader-Follower Network

Consider the multi-agent system consisting of n = 7 agents which communicate over
the network G. The Laplacian matrix of the communication topology is

L (G) =



4 −1 −1 0 −1 −1 0
−1 3 −1 0 0 −1 0
−1 −1 5 −1 −1 0 −1
0 0 −1 3 −1 0 −1
−1 0 −1 −1 5 −1 −1
−1 −1 0 0 −1 4 −1
0 0 −1 −1 −1 −1 4


.

Choosing nf = 4 and nl = 3 and assuming again that the leaders are the last three
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Figure 4.4 The discrete motion plan of agent 2 satisfying the task specification ϕ2 .
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Figure 4.5 The discrete motion plan of agent 3 satisfying the task specification ϕ3 .

nodes, the following matrices are obtained:

Af =


4 −1 −1 0
−1 3 −1 0
−1 −1 5 −1
0 0 −1 3

 andBf =


−1 −1 0
0 −1 0
−1 0 −1
−1 0 −1

 .
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Figure 4.6 The trajectories of the followers during their first transition.

The above multi-leader, leader-follower network is controllable, since one can easily ver-
ify that L (G) andAf do not have any eigenvalue in common. Let P = I ∈ S4++, Q = I ∈
S3++ and T = 2.5 [s].

Consider following tasks distributed among the agents

• ϕ1 = (π2 ∧π5) ∧¬(π7 ∨ π10 ∨ π18).

• ϕ2 = (π15 ∧π5) ∧¬(π7 ∨ π10 ∨ π18).

• ϕ3 = (π17 ∧π5) ∧¬(π7 ∨ π10 ∨ π18).

• ϕ4 = (π23 ∧π5) ∧¬(π7 ∨ π10 ∨ π18).

The initial positions for the followers i = 1, 2, 3 and 4 are π20, π12, π6 and π15, respec-
tively, while for the leaders i = 5, 6 and 7 are π6, π5 and π23, respectively. The discrete
motion plans of the followers are depicted in Figures 4.7 to 4.10, while the trajectories of the
followers during their first transition in Figure 4.11.
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Figure 4.7 The discrete motion plan of agent 1 satisfying the task specification ϕ1 .
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Figure 4.8 The discrete motion plan of agent 2 satisfying the task specification ϕ2 .
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Figure 4.9 The discrete motion plan of agent 3 satisfying the task specification ϕ3 .
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Figure 4.10 The discrete motion plan of agent 4 satisfying the task specification ϕ4 .
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Figure 4.11 The trajectories of the followers during their first transition.



Chapter 5

Conclusions and Future Work

5.1 Conclusions

In this thesis, a top-down hierarchical framework for dealing with multi-agent symbolic
motion planning and control is proposed. The agents are divided into leaders and followers
and assigned a distributable global task. Next, this task is distributed among the followers
where each one synthesizes an individual discrete motion plan. By exploiting the notion of
network controllability, an open-loop optimal control law is synthesized centrally and exe-
cuted in a decentralized way.

5.2 Future Work

Future further investigations of the problem could focus on:

1. Throughout the problem formulation and the proposed solution, the motion of lead-
ers is assumed to be unconstrained. This frequently results in infeasible control laws.
Further investigations could includebounds in the control inputs andpath constraints.

2. The proposed optimal control law is open-loop. However, in case of uncertainties, e.g.,
disturbances or variation in initial conditions, the systemmay not performoptimally or
even itmay be infeasible to operate. Onepossible further investigation of the problem
could be the study of a closed-loop optimal control law.

3. The terminal states of the optimal control problem are not equilibria of the system.
Although the system is controllable, it may require large control inputs to drive the
system to the desired final states. An interesting further investigation, could include
the case studywhere the terminal states are equilibria. Since the equilibria (state of fol-
lowers) are spanned by the state of leaders, the desired terminal state may not satisfy
the discrete motion plan. In this case, a motion reconfiguration plan is required.

4. In the current setup the leaders are used only to drive the followers between the de-
sired points in order to fulfill their task specifications. An interesting future research
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direction is to study whether is possible to utilize the leaders in such a way that they
could also fulfill a task specification.
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