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Abstract

This thesis contains four papers, where the first two are in the area
of geometry of numbers, the third is about class group statistics and
the fourth is about free path lengths. A general theme throughout the
thesis is lattice points and convex bodies.

In Paper A we give an asymptotic expression for the number of
integer matrices with primitive row vectors and a given nonzero deter-
minant, such that the Euclidean matrix norm is less than a given large
number. We also investigate the density of matrices with primitive
rows in the space of matrices with a given determinant, and determine
its asymptotics for large determinants.

In Paper B we prove a sharp bound for the remainder term of the
number of lattice points inside a ball, when averaging over a compact
set of (not necessarily unimodular) lattices, in dimensions two and
three. We also prove that such a bound cannot hold if one averages
over the space of all lattices.

In Paper C, we give a conjectural asymptotic formula for the num-
ber of imaginary quadratic fields with class number h, for any odd
h, and a conjectural asymptotic formula for the number of imaginary
quadratic fields with class group isomorphic to G, for any finite abelian
p-group G where p is an odd prime. In support of our conjectures we
have computed these quantities, assuming the generalized Riemann
hypothesis and with the aid of a supercomputer, for all odd h up to
a million and all abelian p-groups of order up to a million, thus pro-
ducing a large list of “missing class groups.” The numerical evidence
matches quite well with our conjectures.

In Paper D, we consider the distribution of free path lengths, or the
distance between consecutive bounces of random particles in a rectan-
gular box. If each particle travels a distance R, then, as R → ∞ the
free path lengths coincides with the distribution of the length of the
intersection of a random line with the box (for a natural ensemble of
random lines) and we determine the mean value of the path lengths.
Moreover, we give an explicit formula for the probability density func-
tion in dimension two and three. In dimension two we also consider
a closely related model where each particle is allowed to bounce N
times, as N → ∞, and give an explicit formula for its probability
density function.
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Sammanfattning

Denna avhandling innehåller fyra artiklar, varav de första två är i
ämnet geometrisk talteori, den tredje handlar om klassgruppstatistik,
och den fjärde handlar om fria väglängder. Ett generellt tema genom
avhandlingen är gitterpunkter och konvexa kroppar.

I Artikel A ger vi ett asymptotiskt uttryck för antalet heltalsma-
triser med primitiva radvektorer och en given determinant, sådana att
den euklidiska matrisnormen är mindre än ett givet stort tal. Vi under-
söker också tätheten av matriser med primitiva radvektorer i rummet
av matriser med en given determinant, och avgör dess asymptotiska
beteende för stora determinanter.

I Artikel B bevisar vi en skarp övre gräns på feltermen för antalet
gitterpunkter inuti en boll då vi tar medelvärdet över en kompakt
mängd av (inte nödvändigtvis unimodulära) gitter, i dimension två
och tre. Vi bevisar även att en sådan övre gräns inte kan hålla om vi
tar medelvärdet över rummet av alla gitter.

I Artikel C ger vi en förmodad asymptotisk formel för antalet ima-
ginära kvadratiska kroppar med klasstal h, för udda h, och en för-
modad asymptotisk formel för antalet imaginära kvadratiska kroppar
med klassgrupp isomorf med G, för ändliga abelska p-grupper G där
p är ett udda primtal. För att stödja vår förmodan så har vi beräknat
dessa kvantiteter, under antagandet av den generaliserade Riemann-
hypotesen och med hjälp av en superdator, för all udda h upp till en
miljon G och alla abelska p-grupper av ordning upp till en miljon, och
vi har därmed producerat en stor lista på “saknade klassgrupper”. De
numeriska resultaten matchar våra förmodanden väl.

I Artikel D betraktar vi fördelningen av fria väglängder, dvs sträc-
kan mellan på varandra följande studsar av slumpmässiga partiklar i
en rektangulär låda. Om varje partikel färdas en sträcka R, så överens-
stämmer fördelningen av fria väglängder då R→∞ med fördelningen
av längden av snittet av en slumpmässig linje med lådan (för en na-
turlig ensemble av slumpmässiga linjer), och vi beräknar medelvärdet
av fria väglängderna. Vi ger ett explicit uttryck för täthetsfunktionen
i dimension två och tre. I dimension två betraktar vi även en relaterad
modell där varje partikel tillåts studsa N gånger, och vi ger ett explicit
uttryck för täthetsfunktionen då N →∞.
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1 Introduction

This thesis consists of this introduction and four papers. As indicated by
the title of the thesis, the first two papers are in the area of geometry of
numbers, the third paper is about class group statistics, and the fourth
paper is about free path lengths. Lattices and convex bodies are a general
theme throughout the thesis.

In this introduction we give an informal overview of the results obtained
in the papers contained in this thesis, intended to be accessible to a general
audience. For the sake of exposition, we will deviate from the formulations
used in the papers, and instead present the results with a more geometrical
flavor.

1.1 Overview of Paper A

Consider a parallelogram with integer coordinates which cannot be decom-
posed into smaller parallelograms with integer coordinates. We will call such
an object a primitive parallelogram; see Figure 1.1 for an illustration.
How many primitive parallelograms are there with an area of 10?

There are infinitely many such primitive parallelograms: in fact, starting
with a single primitive parallelogram, we can produce another one with the
same area by for example shifting it an integer distance up or to the right, or
by shearing it (see Figure 1.2), and by repeating either of these operations
we can produce arbitrarily many different parallelograms, all of which are
primitive and have the same area.

Thus, in order to make the counting problem interesting we need to im-
pose some restriction not only on the location of the parallelograms but also
on their size. A natural restriction is to consider all primitive parallelograms

1
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Figure 1.1 – Four parallelograms of area 10. The two blue parallelograms are
primitive, but the two red parallelograms are not, since they can be partitioned
into several smaller parallelograms.

Figure 1.2 – Three primitive parallelograms of area 10, where the green paral-
lelogram is obtained by applying the shear transformation (x, y) 7→ (x + y, y) to
the vertices of the blue parallelogram, and the pink parallelogram is obtained by
applying the same shearing transformation to the green parallelogram.

with the origin of the plane as a vertex, and such that√
a2 + b2 (1.1.1)

is bounded by some large number T , say 100, where a and b are the side-
lengths of the parallelogram.

The first result of Paper A implies that the number of such primitive
parallelograms is approximately

2.4 · T 2

for large values of T . Indeed, by a brute force computer calculation one
can find that the correct number for T = 100 is 24000, which coincides ex-
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actly with our approximation (typically however, the approximation will be
slightly off). In fact, in Paper A we prove an analogous result for the gener-
alization of the above problem to n dimensions, where we replace primitive
parallelograms of area 10 with n-dimensional primitive parallelepipeds with a
given positive volume k, such that the origin is a vertex of the parallelepiped
and such that

√
a2

1 + · · ·+ a2
n ≤ T , where a1, a2, . . . , an are the side-lengths

of the parallelepiped (the n-dimensional generalization of a parallelogram).1
Next, suppose we choose a parallelogram with integer coordinates and

area 10 at random.2 What is the probability that the parallelogram we
choose is primitive? Equivalently, what is the proportion of primitive paral-
lelograms out of the set of all integer parallelograms with area 10? It follows
from the results of Paper A that the probability in this case is

22.222 . . .%.

A brute force computer search reveals that the proportion for T ≤ 100
is 24000/107816 = 0.22260 . . ., which indeed is close to the value above. In
Paper A we determine the probability in the generalized case in n dimensions
and a given positive volume k. Let us denote this probability by Dn(k).

We may ask which values can occur for the probability Dn(k). We prove
in Paper A that in two dimensions, probabilities arbitrarily close to any
given probability between 0% and 100% occur. Let us now focus on n ≥ 3
dimensions. The probability Dn(k) is maximized and equal to 1 for k = 1
only, and we prove that Dn(k) is close to 1 precisely if k has no small divisors
(for example if k is a large prime, say 31337). Although we have until now
assumed that the volume k is positive, one can make sense of the value
Dn(0), and we prove that the probability Dn(k) is minimized and equal to

1
ζ(n− 1)n

(1.1.2)

for k = 0 only, where ζ is the Riemann zeta function, and we prove that
Dn(k) is close to this minimum value for precisely those values of k which are
divisible by all small numbers (for example factorials, say k = 7! = 5040).

1In Paper A we actually compute a different number N ′
n,k(T ), which is precisely a

factor n!/2 larger than the number we are talking about in this section.
2To make this rigorous, we may think of the randomization process as selecting uni-

formly at random one parallelogram out of all parallelograms of area 10 with the origin
as a vertex which satisfy the condition (1.1.1) for some fixed large T .
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Finally, we prove that for n ≥ 4 there are “gaps” for the probability Dn(k)
in the sense that not all probabilities between the minimum (1.1.2) and the
maximum 1 can be attained; for example, in dimension four the probability
values are never betwen 74% and 81%, even though the minimum value is
about 48%. No statement was made3 in Paper A about whether there are
any gaps in dimension n = 3.

1.2 Overview of Paper B

Consider the lattice of all points with integer coordinates in the plane and
draw a large circle centered at the origin. How many lattice points are there
inside the circle?

(a) (b) (c)

Figure 1.3 – Approximating the number of lattice points inside a circle by the area
of the circle.

It is easy to see that the area of the circle is an approximation of the
number of lattice points inside the circle: namely, if we draw a square of
area 1 around each lattice point inside the circle (see Figure 1.3b for an
illustration), then the number of lattice points inside the circle is equal
to the area of the union of all these squares, and since this jagged shape
approximates the circle, the conclusion follows. Thus we are lead to the
natural follow-up question of how good this approximation is. Let t be the
radius of the circle and let us write N(t) for the number of lattice points
inside the circle. Then, as we have shown, N(t) is approximately πt2. Define

3At the time of this writing, I have proved that there are no gaps in dimension n = 3.
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the discrepancy

E(t) :=
∣∣∣N(t)− πt2

∣∣∣
to be the difference between the actual number of lattice points inside the
circle and our approximation. How large is E(t) for large radii t? This is
known as the Gauss circle problem. We can argue as follows to get an
upper bound on the discrepancy E(t).

Consider the set of squares of area 1 centered at a lattice point such that
the square touches the boundary of the circle, as in Figure 1.3c. If we want
to adjust our approximation πt2 to become the correct value N(t), then we
need to add, for every square containing a blue lattice point in Figure 1.3c
the missing area in that square (the white part), and we need to subtract,
for every square containing a red lattice point in Figure 1.3c the area of
the blue part in that square. Thus, in the worst case, we would have to
add (or subtract) no more than the area of all the squares in Figure 1.3c.
The number of squares in Figure 1.3c is, up to a constant, approximately
equal to the circumference 2πt of the circle, and therefore E(t) should be of
the order t for large t; since this is much smaller than πt2 for large t, this
justifies our calling the latter an approximation for N(t).

However, the actual size of the discrepancy E(t) should be much smaller,
by the following heuristic. When we add together all the small “adjust-
ments” described in the previous paragraph, we should intuitively expect
that many of the positive adjustments will be cancelled out by negative ad-
justments. If we cheat and pretend that the adjustments are “random” and
independent of each other, then the situation becomes similar to a one-
dimensional random walk: take a large number of steps of length 1, and
at each step either move forwards or backwards at random. How far from
our starting point should we expect to end up at the end of the random
walk? The answer turns out to be roughly the square root of the number of
steps, and we should therefore expect the discrepancy E(t) to be of the order
t1/2 for large t. How small can we make the exponent in the discrepancy?
Landau has proven that the exponent cannot be 1/2 or smaller, but Hardy
has conjectured that it can be made arbitrarily close to 1/2. The best result
to date is the exponent 131/208 ≈ 0.6298 . . ., due to Huxley.

In Paper B, we consider the generalization of the Gauss circle problem
where we replace the lattice of integer points with a random lattice; see
Figure 1.4a. A lattice in the plane is the set of points that can be reached
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from the origin by taking steps of v,−v, w, and −w where v and w are two
non-parallel vectors; the vectors v and w are called basis vectors for the
lattice. For an illustration, see Figure 1.4a, where the two black arrows are
the basis vectors and the lattice is the set of blue and red dots. (Note that
different basis vectors can yield the same lattice; see Figure 1.4b.) For a
general lattice, the number of lattice points inside a circle is approximately
equal to the area of the circle, divided by the area of the parallelogram
spanned by the two basis vectors. We may again ask what the discrepancy
is between the number of points inside the circle and this approximation.

(a) Lattice points inside a circle (b) Same lattice, different basis vectors

Figure 1.4

A random lattice may be generated by choosing uniformly at random
one basis vector each from two bounded regions in the plane, such that no
choice can yield two vectors that are parallel or arbitrarily close to parallel,
and such that arbitrarily short basis vectors cannot be chosen; see Figure
1.5 for an example. In Paper B, we prove that the expected discrepancy for
a random lattice is of the order t1/2 for large t.4

We also consider the analogous problem in three dimensions. Similar to
the arguments in two dimensions, we can show that the number of points
from a given lattice inside a sphere of large radius t is approximately propor-
tional to the volume 4

3πt
3 of the sphere. A naïve argument shows, as before,

that the discrepancy can be bounded, up to a constant, by the surface area
of the sphere, which is of the order t2, but a heuristic argument suggests
that the actual size of the discrepancy should be roughly the square root

4In Paper B, we actually use a more natural but less intuitive method of generating
random lattices, but the proof also works for the simpler model that we describe here.



1.3. OVERVIEW OF PAPER C 7

Figure 1.5 – Generating a random lattice by choosing one blue basis vector and
one green basis vector.

of this. We prove in Paper B that the expected discrepancy for a random
lattice is t, up to a logarithmic factor.

One may ask if the conditions we placed on the two regions in Figure
1.5 are necessary. In Paper B, we prove that if we relax these conditions,
then one can find pairs of regions such that the expected discrepancy must
be strictly larger (in fact, of order t1.5) in the three-dimensional case.

1.3 Overview of Paper C

A different way of counting the lattice points inside a circle is to add together,
for each smaller circle centered at the origin, the number of points which lie
exactly on that circle; see Figure 1.6.

Figure 1.6 – Each lattice point inside the large blue circle is on the boundary of
some concentric blue circle.
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To be explicit, each lattice point (x, y) inside a circle of radius t centered
at the origin satisfies the equation

x2 + y2 = m (1.3.1)

for some integer m ≤
√
t. The number of integer points (x, y) which satisfy

(1.3.1) is commonly denoted r2(m), and thus the number of lattice points
inside the circle of radius t centered at the origin can also be given as∑

m≤
√

t

r2(m),

which corresponds to summing the number of points on each blue circle in
Figure 1.6.

More generally one could count lattice points inside an ellipse in an
analogous fashion. If a, b, c are integers and m ≥ 0, then the equation

ax2 + bxy + cy2 = m (1.3.2)

describes an ellipse in the plane centered at the origin if and only if

b2 − 4ac < 0.

We call D := b2 − 4ac the discriminant of the quadratic form ax2 +
bxy + cy2 (or just form for short). If there exist integers x, y such that the
equation (1.3.2) is satisfied, then the quadratic form is said to represent
m.

This motivates (among many other reasons) the study of quadratic forms
and the set of integers which a quadratic form represents. How many
quadratic forms are there with a given negative discriminant D? When
counting quadratic forms, we will dismiss those quadratic forms which are
essentially just another quadratic form in disguise. For example, we will
dismiss the quadratic form

10x2 + 5xy + 15y2, (1.3.3)

as it can be be obtained from the quadratic form

f(x, y) := 2x2 + xy + 3y2 (1.3.4)
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by multiplying the latter form by 5. We will also dismiss the quadratic form

g(x, y) := 50x2 − 5xy + 8y2, (1.3.5)

as it can be obtained from f by writing g(x, y) = f(5x−y, 3y). The quadratic
form

h(x, y) := 2x2 + 5xy + 6y2

can be obtained from f by writing h(x, y) = f(x + y, y), but on the other
hand, we can also obtain f from h by writing f(x, y) = h(x−y, y), so we will
dismiss neither, but instead consider f(x, y) and h(x, y) to be equivalent,
and regard both of them to be the same form. The opposite form of f
(note that we only flip the sign of the middle term),

F (x, y) := 2x2 − xy + 3y2, (1.3.6)

can be obtained from f by writing F (x, y) = f(x,−y), and conversely we
can obtain f from F by writing f(x, y) = F (x,−y), but the variable substi-
tution (x, y) 7→ (x,−y) flips the orientation of the plane and as such we do
not necessarily regard F as equivalent to f (unless a variable substitution
between them which keeps the orientation of the plane also exists). The
set of possible discriminants we are left with after dismissing all quadratic
forms such as (1.3.3) and (1.3.5) are precisely5 the (negative) fundamental
discriminants. Two quadratic forms with the same negative fundamental
discriminant represent exactly the same set of integers if and only if the
forms are equivalent or opposite.

The class number of a negative fundamental discriminant D is the
number of quadratic forms with discriminant D, where we count equivalent
quadratic forms as the same quadratic form. The Gauss class number
problem is to find all negative fundamental discriminants D with class
number 1; this is a highly nontrivial problem which was not solved until the
1950s or 1960s.6

In Paper C we give, for any odd number h, a formula which we conjecture
approximates the number of negative fundamental discriminants D such
that the class number of D is h. (Our restriction to odd values simplifies

5See Proposition 7.1a in [Bue89].
6A proof was given by Heegner in 1952 which was not initially accepted, and it was

later proved independently by Baker in 1966 and by Stark in 1967.
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certain aspects of the technical arguments in the paper.) In support of our
conjecture, we have computed the correct value (under the assumption of
the generalized Riemann hypothesis) for all odd h up to a million with the
aid of a supercomputer, and we find that our approximation is typically
within 1% of the correct value within this range.

An ancient identity known as Brahmagupta’s identity states that

(x2 + ky2) · (z2 + kw2) = (xz + kyw)2 + k(xw − yz)2

for any value of k, or in other words, if we multiply the two quadratic forms
x2 + ky2 and z2 + kw2 then we can write the result as the quadratic form
X2 + kY 2 where X = xz + kyw and Y = xw − yz. Gauss managed to
generalize this and prove that one can, for any quadratic forms f and g of
the same negative fundamental discriminant, write

f(x, y) · g(z, w) = Q(X,Y )

for some quadratic form Q(X,Y ), where X and Y are integer linear combi-
nations of xz, xw, yz, yw. The set of quadratic forms with a given negative
fundamental discriminant D together with this multiplication operation,
and where we regard equivalent forms as the same form, is called the class
group of D. For example, the discriminant of the quadratic form (1.3.4)
is −23, and it can be shown that the class group of −23 has exactly three
elements (and thus the class number of −23 is 3): the form f which we
defined in (1.3.4), the form F which we defined in (1.3.6) and the form

i(x, y) := x2 + xy + 6y2.

The multiplication table of this group is given in Figure 1.7a. The multi-
plication table gives complete information about the structure of the class
group. We note that the multiplication table in Figure 1.7a is identical (after
a simple name-change) to the addition table of the group of integers {0, 1, 2}
modulo 3, and thus the two groups have the same structure.

It is natural to ask what the multiplication tables of the class groups
look like. It is for example well-known that they are always symmetric
about the main diagonal. In Paper C, we make a conjecture about which
multiplication tables can be attained from the class groups of odd negative
fundamental discriminants;7 for technical reasons we restrict ourselves to

7In the paper, this conjecture is of course stated in terms of finite abelian groups
rather than multiplication tables.



1.4. OVERVIEW OF PAPER D 11

· i f F

i i f F
f f F i
F F i f

(a) Multiplication table for the quadratic
forms of discriminant −23.

+ 0 1 2
0 0 1 2
1 1 2 0
2 2 0 1

(b) Addition table for the integers 0, 1, 2
modulo 3.

Figure 1.7 – Two groups with the same structure.

the case where the size of the class group has only one prime divisor p, for
odd primes p. We conjecture that a multiplication table is more likely to be
attained (for some odd negative fundamental discriminant) if it has a high
degree of “cyclicity,” and therefore that most tables will not be attained.
In support of our conjecture, we have calculated (under the assumption of
the generalized Riemann hypothesis) with the aid of a supercomputer the
structures of all class groups with an odd class number h up to a million.
The data seems to support our conjecture, and in particular we have found
(again, under the assumption of the generalized Riemann hypothesis) a large
list of explicit examples of “missing class groups.”

Remark 1.3.7. Distinguishing between equivalent and opposite forms makes it
so that the inverse element of a quadratic form in the class group of a discriminant
d becomes the opposite of the quadratic form, but the distinction is perhaps better
motivated by the fact that this definition makes the class group of a negative
fundamental discriminant isomorphic to the ideal class group of the quadratic field
Q(
√
d); see for instance Chapter 5 in [Cox89] for an exposition on ideal class groups.

1.4 Overview of Paper D

Consider a rectangular room containing only a point-shaped light bulb. Turn
the light on, so that it sends out light rays in all directions. After a few
minutes, the rays will have travelled a large distance (the same distance
for each ray) and bounced a large number of times against the walls of the
room; see Figure 1.8 for an illustration.

Between each pair of consecutive bounces of a given ray, the ray will
have travelled a certain distance; we will refer to such a distance as a
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Figure 1.8 – Sending out a large number of rays for an equal distance each.

bounce length. In Paper D, we calculate the distribution of bounce lengths
for the system of all rays; see Figure 1.9 for an example. We also calculate
the distribution for the analogous problem in three dimensions. Moreover,
we determine the expected value of the bounce lengths for the analogous
problem in n dimensions for any n ≥ 2, and find that it has the rather
simple geometrical interpretation as the quotient

volume of the room
surface area of the room

multiplied by the constant 2πSn−1/Sn where Sn−1 is the surface area of the
(n− 1)-dimensional sphere in n-dimensional space.

Note that in the problem above, each ray contributes a different num-
ber of bounce lengths (for example, although they have travelled the same
distance, the yellow ray in Figure 1.8 has bounced twice while the green ray
has only bounced once). This means that the distribution of bounce lengths
favors some directions more than others. It is thus interesting to ask what
the distribution of bounce lengths of a single ray would be, if its starting
direction is chosen uniformly at random (or equivalently, we could use many
rays, but instead impose that they all travel for the same number of bounces
rather than the same distance), so that all directions are treated equally.
This second problem is less mathematically elegant than the first and we
only have a result in two dimensions. We give explicitly the distribution for
this problem in two dimensions in Paper D and find indeed that it differs
from the distribution above. See Figure 1.10 for an example.
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0.0 0.5 1.0 1.5 2.0 2.5
0.0

0.2

0.4

0.6

0.8

1.0

1.2

Figure 1.9 – Distribution of bounce lengths for a rectangle with side-lengths 1 and
2 (normalized to have area 1). The red curve is given by an explicit formula for the
probability density function, and the blue histogram was obtained experimentally
with a computer simulation by sending 100000 rays from the origin in uniformly
random directions for a distance 1000 each. Note that the side-lengths of the
rectangle can be recovered from the locations of the singularities of the curve.

0.0 0.5 1.0 1.5 2.0 2.5
0.0

0.2

0.4

0.6

0.8

1.0

1.2

Figure 1.10 – Red curve: distribution of bounce lengths for a system of many
particles in a rectangle with side-lengths 1 and 2. Black dashed curve: Distribution
of bounce lengths for a system of a single random particle in the same rectangle.
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