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Abstract

This thesis consists of an introduction and four research papers re-
lated to free boundary problems and systems of fully non-linear elliptic
equations.

Paper A and Paper B prove optimal regularity of solutions to gen-
eral elliptic and parabolic free boundary problems, where the operators
are fully non-linear and convex. Furthermore, it is proven that the free
boundary is continuously differentiable around so called “thick” points,
and that the free boundary touches the fixed boundary tangentially in
two dimensions.

Paper C analyzes singular points of solutions to perturbations of
the unstable obstacle problem, in three dimensions. Blow-up limits are
characterized and shown to be unique. The free boundary is proven
to lie close to the zero-level set of the corresponding blow-up limit.
Finally, the structure of the singular set is analyzed.

Paper D discusses an idea on how existence and uniqueness theo-
rems concerning quasi-monotone fully non-linear elliptic systems can
be extended to systems that are not quasi-monotone.
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Sammanfattning

Denna avhandling består av en introduktion och fyra artiklar med
anknytning till fria randvärdesproblem och system av fullt icke-linjära
elliptiska ekvationer.

Artikel A och Artikel B visar optimal regularitet hos lösningar
till allmänna elliptiska och paraboliska fria randvärdesproblem, där
operatorerna är fullt icke-linjära och konvexa. Vidare bevisas att den
fria randen är kontinuerligt deriverbar runt så kallade “breda” punkter,
och att den fria randen vidrör den fixerade randen tangentiellt i två
dimensioner.

Artikel C analyserar singulära punkter hos lösningar till perturba-
tioner av det instabila hinderproblemet, i tre dimensioner. Uppblås-
ningar karaktäriseras och visas vara entydiga. Den fria randen bevisas
ligga nära nollnivåytan till motsvarande uppblåsning. Avslutningsvis
analyseras strukturen hos den singulära mängden.

Artikel D diskuterar en idé om hur existens- och entydighetssatser
avseende kvasi-monotona fullt icke-linjära elliptiska system kan utvid-
gas till system som inte är kvasi-monotona.
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1 Introduction

The field of differential equations has always had a strong connection to
the real world, and mathematical models of physical systems often involve
derivatives. Famous examples are Newton’s second law of motion, Maxwell’s
equations in electrodynamics, and the Schrödinger equation in quantum
physics.

Such equations are often specified in a given domain, but sometimes
the domain is not known a priori. This is the difference between classical
partial differential equations and free boundary problems. In other words,
a differential equation is traditionally stated in a fixed domain, say Ω, while
the unknown is some function, say u, satisfying the equation. This should
be compared to a free boundary problem where both the domain Ω and
the function u are unknown. The term “free” refers to the fact that the
boundary ∂Ω of the domain Ω is not predetermined.

A simple example is the heat equation in a piece of wood, compared
to the heat equation in an ice cube. This equation models the heat dis-
tribution over time. The piece of wood would (unless it catches fire) not
change drastically whereas the ice cube would melt in a way depending on
the (unknown) heat distribution. This problem is inspired by the Austrian
physicist Josef Stefan who during the 19th century studied ice formations
in the polar seas with a free boundary model [Ste91]. His results received a
lot of attention at the time due to the strong interest in finding the so called
North-West Passage between the Atlantic and the Pacific Ocean; an interest
sparked already during the 16th century to find a sea route to transport the
treasures from the Far East to Europe.

If we fast forward to the present there is still great interest in the polar
ice due to the climate changes, but also in many other questions that can be
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2 1. Introduction

modeled using free boundary methods. Examples of such questions are those
of tumour growth, flame propagation, image reconstruction, jet flows, and
optimal switching problems arising in mathematical finance [ACF85, AM03,
CV95, EF79, FH07]. Even if the areas of applications are widespread, the
main question remains the same: what can be said about the solution u
to the equation and the domain Ω in which the equation is solved? Since
this question is too broad to answer, we focus on more specific questions
concerning regularity of u and of the free boundary ∂Ω. This is done in
papers A, B and C for certain types of free boundary problems. Before this
however, we briefly review the mathematical setting and earlier work in free
boundary problems as well as the notion of viscosity solutions. The latter is
primarily used in Paper D which considers fully non-linear equation systems
in a non-free boundary setting, but is also important in papers A and B via
the regularity theory for viscosity solutions. The rest of the introduction
is directed towards a reader assumed to have some knowledge of partial
differential equations (PDEs) and function spaces.

1.1 Elliptic PDEs and Viscosity Solutions
Let us start with some notation that will be used throughout the first part
of the thesis. A general second order partial differential equation will be
written as

F (D2u(x), Du(x), u(x), x) = f(x), x ∈ D. (1.1)

Here, D is a non-empty domain in Rn, n ≥ 1, which is assumed to have a
smooth boundary ∂D. A point x ∈ Rn is also denoted (x1, x2, . . . , xn). The
function F maps S×Rn×R to R, where S is the space of symmetric matrices
in Rn×n. The symbols Du and D2u denote the gradient and Hessian of the
function u respectively, and f is a function defined on D. We will only
consider elliptic equations, which means that F satisfies

λ|N | ≤ F (M +N, p, r, x)− F (M,p, r, x) ≤ Λ|N |, N ≥ 0,

for all M ∈ S, p ∈ Rn, r ∈ R, and x ∈ D, The constants λ and Λ, called
ellipticity constants, satisfy 0 < λ ≤ Λ, and N ≥ 0 means that N has non-
negative eigenvalues. Ellipticity is a very important property and lies at the
heart of the theory of existence and regularity of solutions to (1.1).

The most famous example of (1.1) is the Laplace equation, i.e., when F
is the sum of all pure second derivatives, also denoted by ∆. If f = 0, (1.1)
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reduces to
∆u(x) = 0, x ∈ D. (1.2)

Examples of equations that are fully non-linear, and cannot be treated by
the linear, or even the quasi-linear theory, are the Hamilton–Jacobi–Bellman
equation in optimal switching problems [EF79],

sup
α∈A

( n∑
i,j=1

aαij(x) ∂2u

∂xi∂xj
(x)
)

= f(x), (1.3)

and the Isaac equation arising in game theory [ES84],

sup
α∈A

inf
β∈B

( n∑
i,j=1

aαβij (x) ∂2u

∂xi∂xj
(x)
)

= f(x), (1.4)

where A and B are index sets, and the matrices (aαij) and (aαβij ) are strictly
positive definite. Let us now turn to solution concepts. Traditionally, by a
solution u to (1.1) we mean a function such that the equality holds pointwise
everywhere. Such a function is called a classical solution. For instance,
x2

1 − x2
2 and ex1 sin(x2) are classical solutions to (1.2). In general it can be

shown that classical solutions to (1.2) always have enough regularity to be
continuously differentiated infinitely many times, and are even analytic in
D.

Suppose now that we replace the right hand side in (1.2) with a function
f not identically zero,

∆u(x) = f(x), x ∈ D. (1.5)

Then u is clearly not analytic if f is not more regular than, say, continuous.
One could however expect that “u has two more derivatives than f” since
the sum of the pure second derivatives have this regularity. The perhaps
surprising fact is that this is not true, as the following example shows [HL97].

Example 1.1. Let D be a two-dimensional disk centered around the origin,
and let u(x) := x1x2(ln(−|x|))1/2. Then

∆u(x) = 1√
2
x1x2(4 ln |x|2 − 1)
|x|2(− ln |x|2)3/2 ,
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which is continuous in a neighbourhood of the origin if defined as zero at
x = 0. However,

∂2u

∂x1∂x2
(x) = 1√

2
(ln |x|2)1/2 + bounded terms

showing that u indeed is not a C2 function close to the origin.

This example suggests that the space of continuous functions is not “nat-
ural” in the setting of second order elliptic partial differential equations.

Let D denote the closure of D in Rn, and assume that f is continuous
in D, and in addition satisfies the condition (which can be thought of as a
type of fractional differentiability),

sup
x,y∈D
x 6=y

|f(x)− f(y)|
|x− y|α

<∞, 0 < α < 1. (1.6)

Then f is said to lie in the Hölder space C0,α(D). In general, let us define
the space Ck,α(D) as the set of functions that are k times continuously
differentiable, with the kth derivatives satisfying the Hölder condition (1.6).
An example of a C0,α (the domain is sometimes omitted if irrelevant to the
argument) function is f(x) = |x|α. If we assume that the boundary values of
u are C2,α(∂D), then classical regularity theory states that any solution u to
(1.5) lies in the space C2,α(D). In short, if f ∈ Cα(D) , then u is a classical
solution to (1.5) and the statement “u has two more derivatives than f” is
true. If f satisfies (1.6) with α = 1, then f is called a Lipschitz function, and
it turns out that the space C1,1(D) is natural in the free boundary setting
introduced in the next section.

Suppose now that we multiply Equation (1.5) with a smooth function
φ with compact support in D, meaning that the support of φ, supp(φ) :=
{x ∈ D : φ(x) 6= 0}, is a bounded subset in D. The space of all such func-
tions is denoted C∞c (D). Integrating the acquired equation and using the
divergence theorem, we obtain

−
ˆ
D
Dφ ·Dudx =

ˆ
D
φf dx. (1.7)

If u is a C2 function, then it can be shown that u solves (1.5) if and only if u
solves (1.7) for every smooth φ. Note however that the latter equation makes
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sense if Du is merely integrable. This observation leads to the concept of
weak solutions, where f in (1.7) now can belong to the space Lp(D) :=
{f :

´
D |f |

p dx <∞}, 1 ≤ p <∞. Weak derivatives ∂u
∂xk

in this setting are
defined as functions v satisfying, for all φ ∈ C∞c (D),

−
ˆ
D

∂φ

∂xk
u dx =

ˆ
D
φv dx,

and similarly for higher order weak derivatives Dαv := ∂|α|v
∂x
α1
1 ...∂xαnn

, where
α = (α1, . . . , αn) is a multi-index and |α| := α1 + · · · + αn. By regularity
theory, weak solutions to (1.7) can be shown to lie in the Sobolev space
W 2,p

loc (D), where

W 2,p
loc (D) :=

{
v :

ˆ
K
|Dαv(x)|p dx <∞,K compact in D, |α| ≤ 2

}
.

The “loc” is short for “local” and comes from the fact that we only consider
compact sets in the definition. We conclude that Lp(D), like the Hölder
spaces, is a natural space since “u has two more derivatives than f” is true
in a weak sense. In fact, since D2u is defined almost everywhere (a.e. for
short) with respect to the Lebesgue measure, we have

∆u(x) = f(x), for almost every x in D. (1.8)

A function u satisfying (1.8) is called a strong solution.
Now, turning back to Equation (1.1) with the idea of generalizing the

solution concept, we immediately realize that the integration by parts argu-
ment used for the Laplacian cannot be reproduced since it heavily relies on
the divergence structure of the operator. All hope is not lost however, and
the following example illustrates a way of moving derivatives over to smooth
test functions without relying on the divergence structure.

Example 1.2. Assume that φ is a function in C2(D) which “touches” a
smooth function u from above at a point x0 in D, meaning that φ(x0) =
u(x0) and φ ≥ u in D. Then φ − u has a minimum at x0, hence Dφ(x0) =
Du(x0) and D2φ(x0) ≥ D2u(x0), implying that ∆φ(x0) ≥ ∆u(x0).

Consider now the Laplace equation,

∆u(x) = 0
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in a domain D. If u is a smooth subsolution, i.e., ∆u(x) ≥ 0 in D, then
∆φ(x0) ≥ 0 for any point x0 and C2 function φ touching from above at x0.
A reverse inequality holds for functions φ touching a smooth supersolution
from below. Hence, if u is a harmonic function (and consequently smooth),
it holds that ∆φ(x0) ≥ 0 (∆φ(x0) ≤ 0) whenever φ is a C2 function touching
u from above (below) at x0.

The interesting part is that the converse holds, only assuming u to be
continuous. That is, suppose that, for every point x0 ∈ D and C2 function
φ, ∆φ(x0) ≥ 0 whenever φ touches u from above at x0, and ∆φ(x0) ≤ 0
whenever φ touches u from below at x0. Then u is a classical solution to
∆u = 0 in D.

This example motivates the following definition of solutions to (1.1),
which we for simplicity state for functions F not explicitly depending on u,

F (D2u(x), Du(x), x) = f(x), x ∈ D. (1.9)

Definition. Let u be a continuous function on D. Then u is a viscosity
subsolution to (1.9) if for every φ ∈ C2(D) touching u from above at a
point x0 ∈ D, we have

F (D2φ(x0), Dφ(x0), x0) ≥ f(x0).

Similarly, u is a viscosity supersolution to (1.9) if for every φ ∈ C2(D)
touching u from below at a point x0 ∈ D, we have

F (D2φ(x0), Dφ(x0), x0) ≤ f(x0).

Finally, u is a viscosity solution to (1.9) if it is both a viscosity subsolution
and viscosity supersolution.

Remark. The word “viscosity” is an artefact from the time when a small
viscosity term of the form ε∆u was added to first order Hamilton–Jacobi
equations as a regularization tool.

Uniqueness of solutions is a reason for the definition of viscosity solutions
being so successful, illustrated by the following example. Note however that
the equation is of order one, for which the definition of viscosity solutions is
as above except that “φ ∈ C2(D)” is replaced by “φ ∈ C1(D)”.
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Example 1.3. Consider{
|u′(x)| = 1, x ∈ (−1, 1),
u(−1) = u(1) = 0.

(1.10)

If u is a classical solution, then u has to be either x+C or −x+C for some
constant C, but none of these functions satisfy the boundary conditions.
If we instead consider strong solutions, we see that |x| − 1 satisfies both
the boundary conditions and the equation almost everywhere. There are
however more solutions, for instance 1 − |x|, or any piecewise Lipschitz
function with u′ = ±1 a.e., see Figure 1.1.

-1.0 -0.5 0.5 1.0

-1.0

-0.5

0.5

1.0

-1.0 -0.5 0.5 1.0

-1.0

-0.5

0.5

1.0

-1.0 -0.5 0.5 1.0

-1.0

-0.5

0.5

1.0

Figure 1.1: Three different strong solutions to (1.10).

If we turn to viscosity solutions, it is enough to consider points where u′
is not defined since φ′(x0) = u′(x0) for any function φ touching u at points
x0 where u′ exists. Let therefore φ in C1([−1, 1]) touch u(x) = |x| − 1 from
below at x0 = 0. Geometrically we realize that |φ′(0)| has to be less than or
equal to one since x0 = 0 otherwise would not be a local maximum of φ−u.
Hence, u is a viscosity supersolution by definition. Also, due to the corner
at x = 0, no C1 function can touch u from above at x0 = 0. Therefore u is
a viscosity subsolution as well, and consequently a viscosity solution.

Doing the same analysis for u(x) = 1 − |x|, we see that we can touch
u from above with a function φ (for instance φ = 1) such that |φ′(0)| < 1.
This shows, again by the definition of viscosity subsolutions, that u is not
a viscosity subsolution to (1.10). In particular 1 − |x| is not a viscosity
solution. In fact, a similar argument can be used for any strong solution,
showing that |x| − 1 is the only viscosity solution.
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If we replace the original equation with the equation obtained by multi-
plying both sides by minus one,{

−|u′(x)| = −1, x ∈ (−1, 1),
u(−1) = u(1) = 0,

then the unique viscosity solution is 1 − |x| instead of |x| − 1, showing an
interesting property of this theory.

In the preceding example, we found a viscosity solution (which turned
out to be unique), but what can be said about existence in general? If F , f
and g are sufficiently, say C0,α in all variables, the answer is that a viscosity
solution can always be found to the Dirichlet problem{

F (D2u(x), Du(x), x) = f(x), in D,
u = g, on ∂D,

if the following hold.

1. The comparison principle is valid, meaning that v ≤ w in D for any
pair of viscosity sub- and supersolutions v and w such that v ≤ g and
w ≥ g on ∂D.

2. There exist a viscosity sub- and supersolution v and w with v = w = g
on ∂D.

The question of existence and uniqueness of solutions to systems of fully
non-linear equations is elaborated on in Paper D.

Finally, one could ask when a viscosity solution u is a classical solution.
The last example shows that the space of viscosity solutions is indeed larger
than the space of classical solutions. However, a celebrated theorem by
Evans–Krylov states that if F is convex in the matrix variable, viscosity
solutions to (1.9) are indeed classical, and even C2,α(D), assuming F and f
to be C0,α(D) in the other variables. The convexity assumption is crucial,
and there are solutions to (1.9) which are no better than C1,α(D) for any
α ∈ (0, 1) [NV08].

For the reader that would like to know more about fully non-linear elliptic
PDEs and viscosity solutions, the work of Crandall, Ishii and Lions [CIL92],
and Cabré and Caffarelli [CC95] are good starting points. The linear theory
is very well presented in [Eva10, GT01].
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1.2 Free Boundary Problems
Imagine that you have a ring of radius R in three dimensions, and that an
elastic membrane is attached to the ring. Then the membrane will minimize
its total potential energy by having the least possible area, assuming that
the gravity has negligible effect. Choosing a coordinate system such that the
ring lies in the x1x2-plane, the shape of the membrane can be represented
by the graph of a function u(x1, x2). The area of the membrane is given by

ˆ
D

√
1 + |∇u|2 dx1dx2,

where D is a disk with radius R. Since u will minimize the area under the
constraints that u(x1, x2) = 0 on the ring, it is obvious that the solution is
u(x1, x2) ≡ 0.

Suppose now that there is an obstacle inside the ring preventing the
membrane to be flat. Then it will look differently but still minimize its area.
To simplify matters, we Taylor expand to first order,

√
1 + |∇u|2 ≈ 1+ |∇u|

2

2 .
Therefore we consider the problem of minimizing

ˆ
D

(
1 + |∇u|

2

2

)
dx1dx2,

which is equivalent to minimizing
ˆ
D
|∇u|2 dx1dx2.

If the obstacle is denoted by ψ, we can search for minimizers in the set
{u ∈W 1,2

0 (D) : u ≥ ψ}. Here, the space W k,p
0 (D) is the subset of functions

in the Sobolev space

W k,p(D) :=
{
v :

ˆ
D
|Dαv(x)|p dx <∞, |α| ≤ k

}
.

such that Dαu = 0 (in the sense of traces) on ∂D for all |α| ≤ k − 1. Now
it is useful to make a distinction between the set where u = ψ, and u > ψ.
We call the set Ω := {x ∈ D : u(x) > ψ(x)} the non-coincidence set,
while Λ := {x ∈ D : u(x) = ψ(x)} is the coincidence set. The free
boundary is Γ := ∂Ω ∩ D. The word “free” comes from the fact that Γ is
not pre-determined. Since a solution minimizes the energy locally, we can
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infer that ∆u = 0 in Ω. To have compatibility, we must have u = ψ and
∇u = ∇ψ on Γ.

If the obstacle is ψ(x) = 1 − |x|2, and D is an interval of length two,
respectively a disk of radius two, the solutions are illustrated in Figure 1.2.

-2 -1 0 1 2

0.2

0.4

0.6

0.8

1.0

Figure 1.2: Solutions u to the obstacle problem in one and two dimensions.

The free boundary consists of two points in the one-dimensional case
and a circle in the two-dimensional case. If D is an n-dimensional ball of
radius two, the free boundary is a sphere of codimension one with a radius
increasing with the dimension, see Figure 1.3.

It can be seen already in the one-dimensional case that u′′ is discon-
tinuous, since it jumps between zero and minus two at the free boundary
points. It is however true that u′ is Lipschitz continuous, which is the best
regularity one could hope for in general, even if the obstacle is smooth, and
the Laplacian together with smooth boundary conditions otherwise imply
smooth solutions. Therefore the optimal regularity of solutions u is C1,1.

The free boundary in the example is locally analytic since it is a hyper-
sphere, but can display cusps in general [Sch77].

If we redefine u to be u − ψ, we see that ∆u = 0 on the coincidence
set, and ∆u = −∆ψ on the non-coincidence set. Assuming −∆ψ = 1, and
disregarding boundary values, we have the following concise way of writing
the obstacle problem,

∆u = χ{u>0}, u ≥ 0.
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Figure 1.3: Radial solutions in different dimensions.

Here, χΩ is the characteristic function, also called the indicator function,
defined as

χΩ(x) =
{

1, x ∈ Ω,
0, x 6∈ Ω,

and {u > 0} is shorthand for {x ∈ D : u(x) > 0}. From this suggestive
notation, it is easy to vary the problem in different ways. For example, the
operator ∆ can be replaced by the heat operator ∆u−∂t, or a general linear
second order elliptic operator with smooth coefficients,

L =
n∑

i,j=1
aij(x) ∂2

∂xi∂xj
+

n∑
i=1

bi(x) ∂

∂xi
+ c(x).

We could also change the right hand side and remove the condition that
u ≥ 0. A replacement of χ{u>0} could be χ{|Du|>0} which would produce
a problem from superconductivity, or χ{u6=0}, yielding the no-sign obstacle
problem, arising in potential theory. In all instances however, the question
of regularity of solutions u and the free boundary is in focus. Optimal
regularity of u, i.e., C1,1 (C1,1 in x and C0,1 in t for the parabolic case) can
be proven in all mentioned problems, and is also one of the main results
in Paper A and Paper B for solutions to fully non-linear free boundary
problems.
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There are however problems for which solutions are not C1,1, which was
shown in Example 1.1. Solutions to the unstable obstacle problem, given by

∆u = −χ{u>0}, (1.11)

can also exhibit singularities [AW06]. These singularities are analyzed in
[ASW10, ASW12], and the results are generalized in Paper C to include
perturbations of (1.11).

Statements concerning regularity of the free boundary are in general
harder to prove, and an assumption (which unfortunately is rather difficult
to check) is that blow-up limits are of the form cmax(e · x, 0)2 for some
constant c and direction e. Here, a blow-up limit is a limit of the form

lim
j→∞

u(rjx+ x0)
r2
j

, rj → 0,

(which exists if u is C1,1). Under this assumption, it is often possible to
deduce C1, or better, regularity of the free boundary.

Another interesting question is how the free boundary interacts with
the fixed boundary. In the classical and no-sign obstacle problem, the free
boundary touches the fixed boundary tangentially, a result that in Paper B
is extended to solutions of fully non-linear elliptic free boundary problems
in two dimensions.

For a complete description of these types of problems, we refer to the
books [Fri82, PSU12].



2 Overview of Papers

The reader finds below a survey of the included papers. We emphasize the
problem statement, from where it originates, and the main results.

2.1 Paper A (with E. Indrei)

The following interior fully non-linear free boundary problem is considered,{
F (D2u(x), x) = f(x), a.e. in B1 ∩ Ω,
|D2u(x)| ≤ C, a.e. in B1\Ω.

(2.1)

The functions F and f are Hölder continuous in x, while F is elliptic and
convex in the matrix variable. The set Ω is possibly unknown a priori, and
concrete examples are the classical obstacle problem and the no-sign obstacle
problem introduced earlier,

∆u = fχΩ,

where Ω := {x ∈ B1 : u(x) 6= 0} [ALS13]. The setting also includes more
complex operators, for instance

F (D2u, x) = sup
α∈A

( n∑
i,j=1

aαij(x) ∂2u

∂xi∂xj
(x)
)
,

seen in (1.3) (but not the one in (1.4) since it is not convex). Problems of
the form (2.1) occur in the mean field theory of superconducting vortices
and optimal switching problems [CS02, FS15]. We assume existence of a
strong solution u in W 2,n(B1) to (2.1) and ask whether this solution has
better regularity. The regularity of the free boundary is also analyzed.

13
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There are two main results. The first is that u ∈ C1,1(B1/2), which is
the optimal interior regularity. The other result is that the free boundary is,
under some further assumptions, continuously differentiable around points
where the coincidence is thick, in a sense made precise in the article.

These results are later extended to the parabolic setting,{
∂tu− F (D2

xu, x, t) = f(x, t), a.e. in Q1 ∩ Ω,
|D̃2u(x)| ≤ C, a.e. in Q1\Ω.

Here Q1 = B1 × (−1, 0), and D̃u = (D2
xu, ∂tu) is the parabolic Hessian.

We show that u is C1,1 in the spatial variable x and Lipschitz in the time
variable t, and that the free boundary is C1 in space-time.

The proofs rely on projecting solutions onto the space of second order
polynomials, and use bounded mean oscillation (BMO) results to switch
focus from D2u to averages

(D2u)x0,r :=
 
Br(x0)

D2u(x) dx.

If the norm of the average (D2u)x0,r is very large for some r > 0, then we can
show a decay of the size of the coincidence set. This result is then utilized
to prove optimal regularity.

The regularity of the free boundary depends on non-degeneracy results
proved under the condition that f ≥ c > 0, {x ∈ B1 : u(x) 6= 0} ⊂ Ω, and
given that the free boundary is thick.

2.2 Paper B (with E. Indrei)

The optimal C1,1 regularity of solutions to problems presented in Paper A
is extended to the boundary, under zero Dirichlet boundary conditions on
the fixed boundary, i.e.,

F (D2u, x) = f, a.e. in B+
1 ∩ Ω,

|D2u(x)| ≤ C, a.e. in B+
1 \Ω,

u = 0 on B′1,

where B+
1 := B1 ∩ {xn > 0} and B′1 = B1 ∩ {xn = 0}. Our emphasis lies

on the dynamics between the fixed and free boundary, and the main result
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is that the free boundary touches the fixed boundary tangentially in two
dimensions, under the assumption that Ω = ({∇u 6= 0} ∪ {u 6= 0}) ∩ B1,
f = 1, and that F is C1 and depends only on D2u. Results of this type go
back to the dam problem [CG80].

The idea of the proof is to show that either blow-ups are of the form bx2
2

for some unique constant b, or Γi := R2
+ ∩ ∂{u = 0} stays away from the

contact point. This readily gives uniqueness of blow-ups, which are of the
form

ax1x2 + bx2
2, a, b ∈ R,

from which tangential touch can be derived through a contradiction argu-
ment.

2.3 Paper C
Unlike papers A and B, where optimality of regularity is shown, this paper
focuses on elliptic free boundary problems which have solutions that are not
C1,1. The existence of such solutions is proven in [AW06] to the problem

∆u = −χ{u>0}, in B1 (2.2)

in two dimensions. In [ASW12] the same problem is considered in three
dimensions, and an extensive analysis, using tools from harmonic analysis,
is undergone to classify singular points. Paper C extends these results to
perturbations of (2.2),

∆u = fχ{u>ψ}, in B1.

Here, f is a Dini-continuous function on B1, and ψ ∈ C1,α(B1). Further-
more, |ψ(rx+x0)

r2 | ≤ C < ∞ for all r > 0, where x0 is a point such that
u 6∈ C1,1(Br(x0)) for every r > 0. Such points x0 are called singular points.
One of the main conclusions is that blow-up limits of the form

lim
j→∞

u(rjx+ x0)
‖u‖L∞(Brj (x0))

are unique, and (up to rotations) of the form

±
(
x2

1 + x2
2

2 − x2
3

)
or x2

1 − x2
3.
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Another result is that the free boundary of u is close, in a C1 sense, to
the zero level set of the corresponding blow-up. Finally, it is proven that
singular points are either isolated or locally contained in a C1 curve.

2.4 Paper D (with M. H. Strömqvist)

Systems of fully non-linear elliptic equations are investigated by Ishii and
Koike in [IK91], in which general existence and uniqueness results are at-
tained. The problem, given in two dimensions to simplify matters, is{

F1(D2u1, u1, u2) = 0, in D,
F2(D2u2, u1, u2) = 0, in D,

where F1, and F2 are fully non-linear elliptic operators, and D is open in
Rn. Note that the two equations are coupled through the zero order terms
only. The way the authors in [IK91] prove existence is to trap a solution
between a sub- and supersolution, the so called Perron method. The com-
parison is made component-wise, so to keep the property that a subsolution
(supersolution) is still a subsolution (supersolution) when a component is
perturbed downwards (upwards), a so called quasi-monotonicity condition
is imposed to make the proof of existence go through (recall that S is the
space of symmetric matrices).

Definition. Let F = (F1, F2) : S × R × R → R2. Then F is quasi-
monotone if, for all M ∈ S, r1 ≥ s1, and r2 ≥ s2,{

F1(M, r1, r2) ≤ F1(M, r1, s2),
F2(M, r1, r2) ≤ F2(M, s1, r2).

This requirement is however somewhat artificial, illustrated by the fol-
lowing example (taken from [IK91]).

Example 2.1. Consider
−∆u1 + 2u1 + u2 = 0 in D,
−∆u2 + u2 − 1 = 0 in D,
u1 = u2 = 0 on ∂D.
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By classical theory, there is a solution u2 to the second equation that is
strictly positive in D. This in turn implies a solution u1 to the first equa-
tion that is strictly negative in D. On the other hand, (v1, v2) = (0, 0) and
(w1, w2) = (0, u2) are sub- and supersolutions respectively, showing in par-
ticular that (v1, v2) ≤ (u1, u2) ≤ (w1, w2) is not true, i.e., a solution is not
necessarily trapped between a sub- and supersolution.

Inspired by Example 2.1, Paper D attempts to relax the condition of
quasi-monotonicity to something we call balanced quasi-monotonicity,
see the paper for a definition. We also introduce the notion of super-sub
solutions and sub-super solutions. Unfortunately, it is discovered long
after the article is written that balanced quasi-monotone systems can be
reduced to quasi-monotone systems by a straightforward variable change.

2.5 Contributions by the Author
The work in the joint articles with E. Indrei has been very interlaced, and
the results have grown from long video calls. We have tried to distribute
the writing evenly, and due to the many iterations, most of the paragraphs
have been influenced by both authors.

In Paper D, the author contributed with the problem statement. The
ideas of defining sub-super solutions, super-sub solutions, and balanced
quasi-monotonicity evolved over time in discussions with M. H. Strömqvist,
who also solved most of the technical details.
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