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Abstract

Radiation hybrid (RH) mapping is an important technique for constructing genome
maps, giving the location of n markers on a chromosome. In 1997, Ben-Dor and
Chor presented two algorithms for the RH problem, P-Order and K-Order, together
with an upper bound on the number of experiments sufficient for these algorithms
to construct the correct order of the markers with high probability. We improve
the analysis of both algorithms, and obtain tighter performance bounds.

We also modify P-Order and K-Order to allow for the use RH data produced
with multiple intensities. We show that given data produced with O(logn) different
intensities, the dependency of the intensity can be removed from the performance
bound for these modified algorithms. Experimental results show that the modified
algorithms indeed are more stable than the original algorithms, with respect to the
choice of intensity.

To make better use of the information contained in multiple intensity data,
we construct the Korder-ML algorithm, which is a maximum likelihood version of
K-Order. The evaluations of Korder-ML show that the performance is improved
significantly when using multiple intensity data. Korder-ML using multiple intensity
data also improves the results of the RHO algorithm, by Ben-Dor et al., run on single
intensity data. Finally, the Korder-ML is successfully evaluated on real data.

Matrix-To-Line∞ is the problem of, given a distance matrix finding an ar-
rangement of n points on R+, such that the maximum difference between the
specified and the actual distances is minimized. We show that if P 6= NP,
Matrix-To-Line∞ cannot be approximated better than 7/5. Furthermore, we
give a 2-approximation algorithm for the Matrix-To-Line∞, and show that un-
less 3-colorable graphs can be colored with d4/δe colors in polynomial time, it is
impossible to approximate Matrix-To-Line∞ within 2− δ in polynomial time.

The 2-approximation algorithm for Matrix-To-Line∞ can be used for the RH
problem. We show that the arrangement produced by this algorithm converges to
the true arrangement as the number of experiments increases; both physically and
in distribution.

Finally, using an information theoretical result, we give an upper bound on the
convergence rate for any algorithm for the RH problem.
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Sammanfattning

RH (radiation hybrid) mappning är en viktig metod för att kartlägga genom. Målet
är att bestämma läget för n s̊a kallade markörer p̊a en kromosom. 1997 presente-
rade Ben-Dor och Chor tv̊a algorithmer för RH problemet: P-Order och K-Order,
tillsammans med en övre gräns för det antal experiment som är tillräckligt för att
dessa algoritmer med hög sannolikhet ska hitta den korrekta markörordningen. Vi
förbättrar analysen av b̊ada dessa algoritmer, och härleder striktare gränser för
prestandan.

Vi modifierar även P-Order och K-Order, s̊a att de kan användas för RH-data
som framställts med multipla intensiteter. Vi visar att givet data framställd med
O(logn) olika intensiteter, s̊a kan prestandans beroende av intensiteterna elimi-
nieras för de modifierade algoritmerna. Experimentella resultat visar ocks̊a att de
modifierade algoritmerna verkligen är stabilare med avseende p̊a intensitetsval än
de ursprungliga algoritmerna.

För att bättre kunna utnyttja den information som finns i RH-data produce-
rad med multipla intensiteter har vi konsturerat Korder-ML algoritmen, som är
en maximum-likelihood version av K-Order. Utvärderingen av Korder-ML visar
att prestandan förbättras avsevärt d̊a data framställd med multipla intensiteter
används. Vi visar även att Korder-ML användandes multiple-intensitetsdata ger
bättre resultat än RHO-programmet användandes en-intensitetsdata. Slutligen visar
vi att Korder-ML fungerar utmärkt ocks̊a p̊a verklig data.

Matrix-To-Line∞ är problemet att givet en avst̊andsmatris hitta en utpla-
cering av n punkter p̊a R+ s̊adan att den maximala avvikelsen mellan de spe-
cificerade och de faktiska avst̊anden minimeras. Vi visar att om P 6= NP, s̊a
kan inte Matrix-To-Line∞ approximeras bättre än 7/5. Dessutom ger vi en 2-
approximationsalgoritm för Matrix-To-Line∞, och visar att om inte 3-färgbara
grafer kan färgas med d4/δe färger i polynomisk tid, s̊a är det omöjligt att approx-
imera Matrix-To-Line∞ inom 2− δ i polynomisk tid.

2-approximationsalgoritmen för Matrix-To-Line∞ kan användas p̊a RH-pro-
blemet. Vi visar att utplaceringen framställd av denna algoritm konvergerar, b̊ade
fysiskt och i distribution, mot den verkliga utplaceringen, d̊a antalet experiment
ökar.

Slutligen ger vi med hjälp av ett informationsteoretiskt resultat en övre gräns
för konvergenshastigheten för varje algoritm för RH-problemet.
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Chapter 1

Introduction

1.1 Computational molecular biology

Computational molecular biology is an area of research that has become more
and more important as the interest in molecular biology has grown. In this area,
computational problems arising in molecular biology are studied. This thesis focus
on one such problem, called the RH problem.

An important role in the rapidly increasing interest in molecular biology is
played by the ongoing genome mapping projects. The mapping of genomes is
performed at different resolutions. At a low resolution the aim is to locate the
position of the genes on a chromosome of an organism. At a high resolution the
aim is to find the actual DNA sequence of the chromosome. As this is written,
the huge work of sequencing the entire human genome is rapidly approaching its
completion. But when the human genome is finished other species will call for
attention.

The information revealed by the mapping of genomes gives rise to several com-
putational problems. A famous example is the phylogenetic inference problem:
given molecular data for a set of different organisms, deduce the best tree describ-
ing the evolutionary history of the species. This problem exists in many different
versions. In some versions efficient algorithms exist; in others, not.

The actual mapping of a genome also involves solving computational problems.
One example is the assembly problem. In this problem we are given a collection
of DNA fragments originating from identical copies of a chromosome. Some of the
DNA fragments are overlapping, while others are disjoint. Our task is to derive
the true DNA sequence of the chromosome from these DNA fragments. Since the
DNA sequence of the chromosome is unknown, we need a computable quantity that
can be used to evaluate a candidate sequence. A reasonable objective is to find the
shortest DNA sequence that has all the fragments as subsequences.

1



2 Chapter 1. Introduction

In computer science, this problem is known as the Shortest-Common-Super-

Sequence, and is an NP-hard optimization problem. NP-hard problems are
problems which are believed to be hard to solve efficiently. For such problems we
can try to construct algorithms that find approximate solutions to the problem, or
to construct heuristic algorithms which seems to work in most cases but for which
no performance guarantee is given.

The RH problem studied in this thesis also arise in the construction of genome
maps. The mapping technique we consider is radiation hybrid mapping (RH map-
ping), and the RH problem is the corresponding computational problem.

1.2 Basic biology

The genome sequence of a species can be described as a string over the four letter
alphabet {A, T,G,C}. These letters represent the four nucleotide bases: adenine
(A), thymine (T ), guanine (G), and cytosine (C), that are the building blocks of
the DNA molecules which make up the chromosomes. The DNA molecule forming
a chromosome has the shape of a double helix. The two single DNA strands in the
helix are held together with weak chemical bonds, which connects the nucleotides
on one strand to the nucleotides on the other strand. Adenine always pairs with
thymine, and guanine always pair with cytosine. All information carried by a
chromosome is thus contained in the nucleotide sequence of one of the two strands.

Nucleotide sequences may encode proteins. In this case, each triple of nu-
cleotides (codon) encodes one of the 20 amino acids that are used to build up
all proteins. Not all DNA in a chromosome is translated into proteins. The parts
of a chromosome that do encode proteins are called genes.

The human genome consists of 46 chromosomes. These chromosomes can be
grouped into pairs on the basis of similar shape. The two similar chromosomes in a
pair are said to be homologous to one another. Although the same gene may differ
in nucleotide sequence between the two members of a homologous pair, we assume
that the same set of genes are present in both members of a homologous pair and
that the order and distances between the genes are the same.

Of the 23 pairs of chromosomes in the human genome, one pair determines the
sex of the individual. The human female has two homologous X chromosomes as
its sex chromosomes, and the human male has one X and one Y chromosome as
its sex chromosomes. Hence, in the human male, the two sex chromosomes do not
form a homologous pair. Cells with homologous pairs of chromosomes are called
diploid cells. In the human body all cells are diploid, except the germ cells which
contains only one member of each pair. Such cells are called haploid.
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1.3 Radiation hybrid mapping

Radiation hybrid mapping is a frequently used method to obtain genome maps.
The context is that there is a set of markers, for which we would like to find the
location on the genome. A marker can be a gene or just an ordinary piece of DNA,
but with the property that it can be detected when being part of a DNA sequence
or present in a collection of DNA sequences.

RH mapping was presented by Goss and Harris in 1975 [GH75]. In their original
method human, diploid cells are exposed to gamma radiation, which shatters the
chromosomes into fragments. The irradiated cells are fused with hamster cells,
and a random subset of the fragments are incorporated in the chromosomes of the
hamster cells. The hybrid cells are grown to yield hybrid cell lines in which all
cells contain the same fragments of human DNA, and hence the same subset of the
markers. Finally, for each hybrid cell line, a test is performed to reveal the markers
present in the cell line.

The key observation behind RH mapping is that if two markers are close to
each other on a chromosome, then the probability of a break occurring between
them during the irradiation is smaller than if they are far apart. If no break occurs
between two markers located on the same chromosome, the two markers will end up
on the same fragment after the irradiation. This means that the markers will either
be both present (retained), or both absent (non-retained) in the hybrid cell line.
The co-retention rate for a pair of markers, i.e., the rate at which two markers are
both retained or non-retained, is thus a decreasing function of the distance between
them on the chromosome.

For a given set of markers, a collection of independent hybrid cell lines is usually
generated. Such a collection is called a panel. We will refer to the generation and
test of a single hybrid cell line as one experiment. The construction and test of an
entire panel will be referred to as a series of experiments. In the sequel the number
of markers will be denoted m and the number of independent experiments (hybrid
cell lines) in a series of experiments will be denoted n. The output from a series of
experiments will be encoded as an m × n matrix containing zeros and ones, such
that element i on row j is one if and only if marker i is detected in experiment j.

The algorithmic part of radiation hybrid mapping is thus: given anm×n matrix
of zeros and ones, find the correct ordering of the markers on the chromosomes and
the correct distances between them.

In 1990, Cox et al. introduced a slightly modified version of the original idea
by Goss and Harris [CBP+90]. In their experiments Chinese hamster-human cell
hybrids containing a single copy of the human chromosome 21 were irradiated. The
irradiated cells were then, as in the original experiments, fused with non-irradiated
hamster cells, which were grown to yield hybrid cell lines.

There are arguments for both the method used by Goss and Harris and the
method used by Cox et al. When diploid human cells are used two copies of each
marker are present in the cell, one for each of the two homologous chromosomes.
This means that 0, 1, or 2 copies of the marker may be present in the hybrid cell
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line. When using a single haploid chromosome as in the version by Cox et al., there
is only one copy of each marker present in the original cell, and thus either 0 or
1 copy present in each hybrid cell lines. This naturally simplifies the analysis of
the RH data. The major draw back when using the method by Cox et al. is that
it is labour intensive. A new panel has to be prepared for each chromosome being
mapped. This is not the case when the method of Goss and Harris is used since it
is possible to identify the markers located on a specific chromosomes in advance.
A single hybrid panel can thus be used to map the entire genome in this case.

In the early 90s the method by Cox et al. was most frequently used, but in the
recent years the use of human diploid cells has been more common. However, since
both diploid and haploid data is common, it is desirable to be able to handle both
cases.

The property that makes the RH problem a difficult computational problem,
is the large number of possible ways to order the markers on a chromosome. The
number of permutations of n distinct objects is n!. This means that if we regard
a permutation of markers and the reversal of this permutation as the same marker
order, there are in all n!/2 possible marker orders for n markers. As can be seen in
the table below, this function is rapidly increasing.

2!/2 = 1
5!/2 = 60

10!/2 = 1814400
20!/2 = 1216451004088320000
30!/2 = 132626429906095529318154240000000

(1.1)

For n = 100 the number of marker orders is as large as 4.666 · 10157. If we consider
that the number of markers in the maps created for human chromosomes today can
be much larger than 100, even for the coarser framework maps, we realize that it
is necessary to limit the search space in some way. The problem of finding good
candidate orders among the huge number of possible marker orders is probably the
largest obstacle when dealing with the RH problem.

Several algorithms of different kinds have been suggested for solving the RH
problem. In some cases ordered subsets of markers of increasing size are con-
structed. In other cases the RH data is used to estimate parameters which are
used to construct a marker order. The parameters are sometimes used to formulate
combinatorial optimization problems which are solved using heuristics or approx-
imation algorithms. A subproblem which typically emerges in the first case, but
also when comparing different solutions or formulating the objective function in the
optimization problems, is how to evaluate a marker order, or an ordered subset of
the markers. Below we will first present some criteria that have been used to eval-
uate markers orders, and after that we will go through some of the ideas suggested
for building marker orders.
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1.4 Evaluating maps

Obviously, what we are aiming at is to find the true order of the markers on the
chromosome. A good order of the markers, or a subset of the markers, is thus an
order that is identical or close to the true order. The problem is that the true
order is unknown to us. What we want is thus some computable measure that
is correlated with the distance between a suggested marker order and the true
marker order. The two most frequently used measures are: the number of obligate
chromosome breaks and the likelihood of the RH data, for the suggested marker
order.

1.4.1 Obligate chromosome breaks

As stated above, the closer two markers are on a chromosome the less likely it is
that a break occurs between them during the irradiation. A reasonable approach is
therefore to find the minimum number of breaks needed to explain the experimental
output from a series of experiments. This quantity is called the number of obligate
chromosome breaks. Let us look at an example. Assume that

o = (0, 0, 0, 1, 1, 1, 1, 0, 0, 1) (1.2)

is the output from an RH experiment for the ten markers

i1, i2, i3, i4, i5, i6, i7, i8, i9, i10 (1.3)

If this order of the markers is the correct order, then at least three breaks must
have occurred during the irradiation. Since marker i3 is retained and not marker
i4, these two markers must have ended up on different fragments. This means that
there must have been at least one break between markers i3 and i4. For the same
reason there must have been at least one between markers i7 and i8, and at least
one between markers i9 and i10. More breaks could naturally have occurred. For
instance, there could have been a break between markers i1 and i2, but neither of
the two fragments were retained. The main thing is that the least number of breaks
necessary to explain the experimental output is three, i.e., the number of obligate
chromosome breaks (OCB) is three.

If the RH vector o above is the only data available, there are permutations with
a smaller number of obligate chromosome breaks. For instance, the order

i1, i2, i3, i8, i9, i4, i5, i6, i7, i10 (1.4)

only require one break to explain the experimental output. Generally there are
m > 1 experiments in the experiment series. For a given marker order, the number
of obligate chromosome breaks for the experiment series (the entire panel) is then
the sum of the number of obligate breaks for each of the m experiments, given this
order.
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One of the attractive features of the minimum OCB criteria is that it is fast and
easy to compute for a given order of the markers. Another property that makes it
attractive is that no parameters describing the RH experiments need to be inferred;
something that is required, for instance for likelihood computations. Furthermore,
the minimum OCB criterion has been shown consistent [Bar92, LBCL95a], i.e.,
if the number of experiments m is large enough the best order according to this
criterion will be identical to the true order with probability arbitrarily close to 1.

The use of minimum number of obligate chromosome breaks as the selection
criteria for marker orders in an RH algorithm was introduced in the early nineties
[Bar92, BC92, Boe92, WLO92]. It was one of the first methods that was used in
algorithms for the RH problem. The criterion is still optional in some of the widely
used programs for the RH problem.

1.4.2 Maximum likelihood

Maximum likelihood methods are used in many different areas of computation.
The likelihood of a model can be computed if observations of the model have been
made. In our case the observed data is the output from the series of experiments,
and the model is the arrangement of the markers on the chromosome together
with a probabilistic model describing the RH experiments. The likelihood is then
defined as the probability of observing the data being observed given this model,
i.e., Pr

[
Data | Model

]
. We will describe the probabilistic models used in this thesis

in Section 2.1. The model we use is also used in many other algorithms. There are
however more advanced models that can be used. We will mention some of those
as well.

The likelihood of a marker order is often used to rank different marker orders
in RH experiments. If distances between the markers in the marker order is spec-
ified, efficient algorithms for computing the likelihood of the arrangement exists
for various probabilistic models [LBCL95a, LBCL95b]. Furthermore, algorithms
for computing marker distances optimizing the likelihood for a given marker order
have been constructed for some models [LBCL95a, LBCL95b]. When two marker
orders are compared it is usually the likelihood values of these maximum likelihood
arrangements that are compared.

As we will see later, maximum likelihood computations are used in RH algo-
rithms for other purposes than just evaluating a certain marker order. It can be
used to estimate parameters that are used as input for other types of algorithms.

1.4.3 Other Criteria

A criterion that has been proposed for evaluating marker orders that is related to the
likelihood is the posterior probability [LB92, LBCL95a]. The posterior probability
is defined as the probability of the model given the data, i.e., Pr

[
Model | Data

]
.

Problems with this approach is that prior probabilities need to be assigned to
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the parameters involved, and that the computations easily become heavy if no
simplifying assumptions are made.

Other criteria that have been suggested are that the sum of the co-retention fre-
quencies over all pairs of consecutive markers should be as high as possible [WLO92],
that the total map length should be as small as possible [LBCL95a], and that the
sum of the break probabilities between consecutive markers in a given arrangement
should be as large as possible [LBCL95a]. The last two have also been proved
consistent under certain model assumptions [LBCL95a]

1.5 Constructing marker orders

It would naturally be desirable to have an RH algorithm that always constructs the
optimal marker order under the selection criterion specified. Exhaustive search is
one such method. However, as we saw in Section 1.3, for as few as ten markers the
number of possible marker orders is already more than 1.8 · 106. Since exhaustive
search tries all possible marker orders, its use is thus limited to small instances.

To handle large instances, heuristic algorithms have therefore been constructed.
Such algorithms usually cannot guarantee that the computed arrangement is opti-
mal. The hope is however that the algorithms will produce nearly optimal solutions,
and have a high probability of finding the correct order. In this section we will give
examples of how the more popular softwares for RH mapping construct marker
orders given the output from a series of RH experiments.

1.5.1 RHMAP

The software package RHMAP is developed by Boehnke et al [BLH+96]. It contains
several techniques for constructing marker orders. One technique implemented
which, as exhaustive search, guarantees to find the optimal order is branch-and-
bound. In a branch-and-bound algorithm, a large number of candidate orders are
eliminated without having been considered in detail, which in most cases improves
the running time compared to exhaustive search. In [BLC91], Boehnke et al. de-
scribes the branch-and-bound algorithm used for RH mapping in RHMAP.

Although the branch-and-bound algorithm is faster than exhaustive search, it
may still have a running time exponential in the number of markers. In RHMAP, two
other heuristics have therefore been implemented, namely stepwise locus ordering
and simulated annealing.

In the stepwise locus ordering algorithm, the markers are added one at a time
until all markers are ordered. When a marker is added, all possible positions in the
already ordered subset of the markers are evaluated using a preferred evaluation
criterion. A number of the best candidate orders are then saved and the process
is repeated with the next marker. The more candidate orders that are stored in
each step, the higher the chance will be that the optimal order survives to the end
of the computations. The problem with increasing the number of saved candidate
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orders, is naturally that the running time of the algorithm increases. The chances of
success can be improved by in each step adding the marker whose optimal position
is the most strongly supported by the data.

Simulated annealing is a local search technique. Starting from an initial marker
order, different types of reordering moves are performed. Early in the process,
moves leading to an order with worse score (e.g., OCB or likelihood) is often made,
but as the process continues the probability of taking non-advantageous moves
decrease according to a certain function. The process resembles the formation of
crystals in a cooling liquid.

RHMAP program allows for many different evaluation schemes and ordering strate-
gies. It also implements a large number of different probabilistic models. However,
due to running time, RHMAP is best suited for small instances. When the num-
ber of markers is more than 20 the faster algorithms in RHMAP may take several
hours [BD97, Slo96].

1.5.2 RHMAPPER

The software package RHMAPPER is developed at the Whitehead Institute by Slonim
et al. [SKSL95]. This program is described in [SKSL97], but a more thorough de-
scription of RHMAPPER together with some other algorithms can be found in Slonim’s
PhD thesis [Slo96].

RHMAPPER is a maximum likelihood algorithm. Initially a set of triples of mark-
ers for which the order can be determined with high probability is constructed.
Using the markers in this set, heuristic algorithms are used to find an as large
ordered subset as possible that is supported by the triples. This ordered subset
forms a framework map for the chromosome. This framework is then tested and
markers not fulfilling the requirements are removed from the framework. Frame-
works with less confidence are then constructed by adding the remaining markers
to the initial framework using a greedy algorithm. These framework maps are
called LOD-k frameworks, where k determines the level of confidence of the map.
The markers remaining after these frameworks have been constructed are finally
placed into bins relative to the framework to form what is called a placement map.
RHMAPPER is faster than the RHMAP program and has been used for large scale map-
ping projects [HSG+95].

In [Slo96], Slonim describes two greedy maximum likelihood algorithms. The
first one is called Basic-Greedy and is identical to the stepwise locus ordering algo-
rithm described in [BLC91], with the likelihood as ranking criterion. It is pointed
out that this algorithm is slow, and the use is limited to small instances and as a
subroutine to other algorithms.

The second algorithm is called Parallel-Greedy. In the initial step of this al-
gorithm, ordered subsets (called subgroups) of size two of tightly linked markers
are formed. The remaining markers are then selected one at a time sorted in de-
creasing maximum linkage to any of the ordered subsets. In each step, the selected
marker is added to the ordered subset to which it is most tightly linked, using
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the Basic-Greedy algorithm. If the linkage of this ordered subset to any other or-
dered subset is above a given threshold, these two subsets are merged with the
Group-Merge algorithm. When no markers remain, all remaining ordered subsets
are merged using Group-Merge at a lower linkage threshold until only one remains.
The Group-Merge algorithm evaluates the linkage for all four possible orientations
of two ordered subsets and if the linkage for one of the orientations is above the
specified threshold the resulting ordered subset is returned.

1.5.3 SAMAPPER

SAMAPPER has also been used for large scale sequencing [SMA+95]. SAMAPPER uses
simulated annealing to search the space of marker orders. The marker orders are
evaluated by summing the pairwise likelihood for adjacent markers in the permu-
tation. The order with the highest likelihood among those examined is called the
comprehensive order. The set S of all orders which had likelihoods not less than
1/1000 of that of the comprehensive order is used to identify subsets of markers
that do not overlap in any order in S. Such subsets are called high confidence bins.
The most likely order in each of the high confidence bins is then determined.

1.5.4 RHO

An RH algorithm which is somewhat different from those above is implemented
in the program RHO (Radiation Hybrid Ordering). RHO was developed by Ben-Dor
et al. and is described in [BDCP00]. The RHO program is a development of the
MST-Order algorithm presented by Ben-Dor and Chor [BDC97]. In this algorithm
the problem of finding the correct order of markers on a chromosome is reduced to
the traveling salesman problem TSP, which is solved using a simulated annealing
heuristic and the Held-Karp method. TSP is one of the most famous NP-complete
problems. It is formulated in the following way. Given n cities and distances
between all pairs of cities, find the shortest tour that visits all cities and returns to
the starting point. In the reduction the markers in the RH problem are mapped to
cities, and the order induced by the computed tour will be proposed as the order
of the markers on the chromosome.

Two different reductions can be used in the RHO program. If the first reduction
is used the number of OCBs is minimized. In addition to the cities corresponding to
markers we introduce a start city. The distance between the start city and all other
cities are set to 0, and the distance between cities corresponding to markers i and
j, is set to the fraction of the experiments in which exactly one of the markers i and
j are detected (separating experiments). In some RH experiments double typing
is used. This means that the test for presence (typing) of a marker in a hybrid
cell line is performed twice. Due to errors, the two test will in some cases have
different outcomes, i.e., be non-informative. In case of double typing the distance
between cities corresponding to markers in the reduction, will be set to the ratio
of separating experiments and informative experiments. It is shown in [BD97] that
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under this reduction, in the absence of ambiguous entries, finding the optimal TSP
tour is equivalent to minimizing the number of obligate chromosome breaks.

In the second reduction the aim is to maximize the likelihood of the marker
order. In this reduction the retention probabilities and break probabilities are first
estimated. The estimates of the break probabilities are made so that the pairwise
likelihood is maximized for the two markers. As in the OCB reduction a city is
introduced for each marker and a starting city is added. Distances between the
cities are then computed from the estimated retention and break probabilities. It
can be shown that with the particular distances used, the length of the optimal TSP
tour will be equal to −1 times the logarithm of the maximum likelihood order, in
the haploid case under an error-free model [KRT96].

The RHO program has been evaluated with good results [BDCP00], and is ac-
cessible through a web site.

1.5.5 RHO and CONCORDE

In [AAM+00], Agarwala et al. presents a development of the RHO program. In
their implementation, they use a software package for combinatorial optimization
problems called CONCORDE, to solve the TSP problem occurring in the RHO al-
gorithm. They have also implemented some additional reductions to the ones used
in RHO. The new program is evaluated for large instances of real data with good
results.

1.6 Our contributions

In [BDC97], Ben-Dor and Chor presented two simple RH algorithms, in addition
to the MST-Order algorithm mentioned above. These algorithms were called the
P-Order and K-Order algorithms. In [BDC97], they also provided an upper bound
on the number of experiments sufficient for these three algorithms to construct the
correct order of the markers with high probability. When published, this bound
was the first results of this kind for RH algorithms. We have improved the analysis
of the P-Order and K-Order algorithm, and obtained tighter bounds. The new
analysis gives a clearer view of how the actual arrangement of the markers affects
the two algorithms. It also indicates that the K-Order algorithm generally performs
better than the P-Order algorithm, which was conjectured by Ben-Dor and Chor
in [BDC97].

The use of RH data produced with different intensities of the radiation, has
been suggested before [LB92]. The possibility to use this kind of data has been
implemented in the RHMAP program. In [LBLC96], Lunetta et al. showed that the
number of markers in a high-confidence framework can be increased if RH data
from two panels is used compared to what is possible with the individual panels.
However, to our knowledge, no evaluation of how the use of multiple intensity data
may improve algorithms for construction of marker orders have been made.



1.6. Our contributions 11

We have modified the P-Order and K-Order algorithm to use RH data produced
with multiple intensities. We give an upper bound on the number of experiments
required for the algorithms to compute the correct order of the markers with high
probability, if a range of intensities is used. This bound is independent of the
actual intensities. Although the analyzed algorithms are mainly theoretical, they
suggests practical heuristics in which a fixed number of intensities are used. We
call these heuristics the Modified-P-Order and Modified-K-Order algorithms. We
show experimentally that the modified algorithms are more stable than the original
algorithms with respect to the choice of intensity.

As we will see, the Modified-P-Order and Modified-K-Order algorithm do not
use all information available in the multiple intensity data. To accomplish this we
have constructed the Korder-ML algorithm. The Korder-ML algorithm is a maxi-
mum likelihood version of the K-Order algorithm. Maximum likelihood estimates
for marker distances are computed, which are used to construct the arrangement
of the markers according to the K-Order principle.

In [LBLC96], Lunetta et al. showed how to compute the likelihood of a given
marker arrangement from RH data produced with multiple intensities. It was shown
that the standard EM algorithm used to compute the maximum likelihood arrange-
ment given the order of the markers could not be used, and instead a quasi-Newton
algorithm was constructed for this purpose.

We develop two algorithms that use information about the first partial deriva-
tives to compute maximum likelihood distances between adjacent markers in a fixed
marker order from multiple intensity data. We show that one of these is well suited
for our particular case where only the marker distances and no other parameters
are estimated.

We also introduce some simplifications of the distance estimation scheme, that
yield a significant speed up of our algorithm. We show by simulations that these
optimizations do not deteriorate the performance of the algorithm.

On top of the actual Korder-ML algorithm we have implemented different ad-
justment schemes that perform local optimizations of the current marker order in
each step of the algorithm. The first two adjustment schemes are very simple.
We show that the second scheme, which is a simplified speed optimized version of
the first scheme, performs as good as the first one. We have also implemented a
more advanced adjustment scheme derived from the special characteristics of the
Korder-ML algorithm. We show that these advanced schemes improve the algorithm
significantly.

The Korder-ML algorithm is evaluated for synthetic data and compared with
the original and modified K-Order algorithms. The evaluations show that the
Korder-ML algorithm improves the results of these algorithms on single intensity
data. The main result is however that the Korder-ML algorithm using multiple
intensity data improves the single intensity results significantly. We show that if
the number of intensities used in a single intensity experiment series is equally dis-
tributed on three experiment series with intensities, 0.2λ, λ, and 2λ, the algorithm
is not only more stable with respect to λ, but performs significantly better for nearly
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optimal intensities. We also compare the performance of the Korder-ML algorithm
with the RHO program by Ben-Dor et al., and show that the Korder-ML algorithm
used on multiple intensity data improves the RHO algorithm, run on single intensity
data, as well.

The Korder-ML is also evaluated for real data. Using data from the Genbridge 4
panel we show that the Korder-ML algorithm using the advanced adjustment scheme
handles also real data successfully.

In [BDC97], Ben-Dor and Chor show how the probability of two markers being
separated in an RH experiment can be written as a function of the actual instances
between the two markers. By estimating the separation probabilities between all
pairs of markers, we can thus obtain estimates of the distances between all pairs
of markers. This suggests a different class of algorithms for the RH problem than
the one mentioned above. A class of problems which is mathematically interesting
in its own right and which can be applied on other problems. The problem can
be formulated as follows. Given n points p1, . . . , pn, and an n × n matrix D with
specified distances between all pairs of markers, find an arrangement of the markers
such that the difference between the specified distances and the actual distances is
as small as possible. We call this class of problems Matrix-To-Line.

Several norms can be used to measure the distance between the specified dis-
tances and the actual distances. We show that for the maximum norm, the cor-
responding decision problem is NP-complete. In fact, we show that unless P
equals NP the Matrix-To-Line problem under the maximum norm, Matrix-

To-Line∞, cannot be approximated better than 7/5. Furthermore, we give a
2-approximation algorithm of the Matrix-To-Line∞ and show that unless 3-
colorable graphs can be colored with d4/δe colors in polynomial time, it is impossible
to approximate Matrix-To-Line∞ within 2−δ in polynomial time. This problem
is a well studied problem, and the currently best polynomial time algorithm colors
a 3-colorable graph with O(n3/14 logk(n)) colors.

As was indicated above, an algorithm for the Matrix-To-Line can be used for
the RH problem. We show that if our 2-approximation algorithm for the RH prob-
lem is used to solve the RH problem the arrangement produced by our algorithm
converges to the true arrangement as the number of experiments increases. These
results also imply an upper bound on the number of experiments required for our
algorithm to yield the true order of the markers. It turns out that this bound is
asymptotically equal to the bound derived by Ben-Dor and Chor for the P-Order,
K-Order, and MST-Order algorithms.

We also show that the probability distribution on {0, 1}n, induced by an arrange-
ment Â produced with our approximation algorithm, converges to the probability
distribution induced by the true arrangement A under the L1 norm. We show that
the distance between the probability distributions L1(PA, PÂ) ∈ O(n

√
log(n)/m).

Furthermore, we show that if an algorithm M given the output of m experi-
ments for any arrangement of markers A, returns an approximation Â such that
L1(PA, PÂ) ≤ f(m), then f(m) ∈ Ω(1/m). We also show that if any algorithm,
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given m experiments for an arrangement A, returns an approximation Â such that
the L1 distance between the arrangements is less than or equal to f(m) with prob-
ability 1− ε, for some constant ε < 1/2, then f(m) ∈ Ω(1/m).

1.7 Disposition

Below we give a short outline of this thesis. In Chapter 2 we present the probabilis-
tic model used throughout the thesis. A description of the notation used is given, as
well as a short description of some basic concepts. In Chapter 3 the improved anal-
ysis of the P-Order and K-Order algorithm is given. In Chapter 4 we present and
analyze the Modified-P-Order and Modified-K-Order algorithm. Chapter 3 and
Chapter 4 are based on [IL00] co-authored with Jens Lagergren. The author’s con-
tribution to these results is estimated to at least 50%. In Chapter 5 the Korder-ML
algorithm is presented and evaluated. In Chapter 6, the approximability results of
the Matrix-To-Line∞ problem is presented, and in Chapter 7 the application of
Matrix-To-Line∞ to RH mapping is given. Chapter 6 and Chapter 7 are based
on the results in [HIL98] co-authored with Johan H̊astad and Jens Lagergren. The
author’s contribution is estimated to at least 33%.



14



Chapter 2

Models and notation

In this chapter we define the probabilistic model of an RH experiment that will be
used in this thesis. We will also describe some basic concepts and the notation that
will be used throughout this thesis.

2.1 The probabilistic model

To compute likelihoods, posteriori probabilities, or to derive relationships between
distances and probabilities in an RH experiments, we need to make simplifying
assumptions about what happens in an experiment. We need a probabilistic model
of an RH experiment which is simple enough to let us compute the quantities
our algorithms require, but at the same time advanced enough to resemble reality
sufficiently well. In this section we will specify the probabilistic model that is used
in this thesis. We will also discuss some variations of this model, which have been
used by others.

Let us first briefly recapitulate how an RH experiment is performed. In each
experiment a chromosome or an entire genome is exposed to radiation, which breaks
the chromosomes into fragments. A subset of the fragments are incorporated into
a hamster cell which is grown to yield a hybrid cell line. For each of the markers
we finally make a test to see if the marker is present in the hybrid cell line or not.

A commonly used assumption is that markers on different chromosomes behave
independently. Since it easy to check which markers are located on which chromo-
somes, this means that we can treat each chromosome separately. We will therefore
assume that we have n markers distributed on a single chromosome. In the diploid
case, we assume that this chromosome appears in two identical copies. One for
each of the two homologs. Furthermore we assume that the two copies behave
independently of each other.

A chromosome will be modeled by a straight line. Since the markers are short
compared to the chromosome, we will model each of the markers as points on the
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line describing the chromosome. In some cases the markers are assumed to be dis-
tributed along the line according to some distribution, e.g., uniformly distributed.
Generally, however, we will not assume any particular distribution on the markers.
Finally, to simplify notations, we will assume that the markers are labeled with the
numbers 1, . . . , n in some fixed order. This order will usually be the true order of
the markers.

In almost all models of an RH experiment, the breaks induced by the radiation
are assumed to be distributed according to a Poisson process with intensity λ,
where λ is proportional to the intensity of the radiation. Poisson processes are
often used to model time dependent processes that may change their values at any
instant of time. One example is people entering a post office. If we assume that
the times elapsed between two arrivals, are independent exponential distributed
random variables with parameter λ, then the total number of people having entered
the post office will be a Poisson process with intensity λ. When we say that the
chromosome breaks are distributed according to a Poisson process with intensity
λ we thus mean that the distances D1, D2, . . ., between consecutive breaks are
independent exponential distributed random variables with parameter λ, i.e.,

Pr
[
Di > x

]
= e−λx, (2.1)

for all i and x > 0. A Poisson process have many nice properties. For instance,
under this model the probability of a break occurring in any interval of length x
will be

θ = 1− e−λx, (2.2)

and the expected number of breaks within an interval of unit length is λ. In this
thesis, we will identify the intensity λ with the intensity of the radiation being used;
we thus assume that the intensity of the radiation is given in the unit breaks per
unit length.

Let pij be the probability that a fragment with leftmost marker i and rightmost
marker j is retained, i.e., incorporated into the hamster cell. Several models for
the retention of fragments have been proposed [BLC91]. In almost all models it
is assumed that the fragments in an RH experiment are retained independently of
each other.

In the most general model all the
(
n
2

)
probabilities pij are allowed to be different.

This model is seldom used, due to the large number of parameters to estimate and
the increasing complexity for the maximum likelihood computations. On the other
end of the spectrum we have the equal retention probability model in which pij = p
for all i, j, which is the model that we will use in this thesis. The advantage with
this model is that its simplicity makes it easier to derive theoretical results. It may
also simplify expressions for estimating parameters used in algorithms and leaves
fewer parameters to be estimated. The equal retention probability model is also
used for the analyses in [BDC97], and for the estimations of parameters in the
RHO program. Between these two extremes there are two other models that should
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be mentioned: the left endpoint model, and the centromeric model. In the left
endpoint model all fragments having the same leftmost marker will have a common
retention probability, i.e., pij = pi for all j. In the centromeric model, one retention
probability is assumed for all fragments such that the leftmost marker is the marker
nearest the centromere, and a second probability is assumed for all other fragments.
This model is motivated by studies suggesting that the retention rate is higher for
markers near the centromere of the chromosome [CBP+90, BC92].

Several studies have been made of the effect of different retention models [LB94,
Jon97]. The main conclusion is that the choice of marker retention model does not
strongly affect the ability to order the markers. The main impact is instead on the
marker distances and thus the length of the map.

In the final step of an RH experiment a test is performed for each marker to see
if the marker was present in the hybrid cell line or not. This process is sometimes
called typing. In the diploid case we assumed that each chromosome is present in
two copies. This means that each marker appear twice, so after the hybridization
we can have none, one, or two copies of each marker in the hybrid cell line. A
property of this test is that it can only distinguish between presence and absence
of a certain marker, and not determine how many copies of a certain marker that
is present. This means that in the diploid case we cannot distinguish between the
presence of one or two copies of a marker in the hybrid cell line.

If a marker is detected we say that the test is positive and output a 1 and
if the marker is not detected we say that the test is negative and output a 0.
Unfortunately these tests suffer from errors. Different ways to model these errors
are given in [LBCL95b]. The model we will use is probably the most common.
In this model we assume that the probability of a false positive test is α and
the probability of a false negative test is β for all markers, and that all tests are
independent of each other.

To reduce the error rates double typing is often used. This means that the test
for presence for each marker in each hybrid cell line is performed twice. Obviously,
this will sometimes lead to ambiguous results. The test may be positive in the
first case and negative in the second case. This is usually denoted by a “?”, or in
many RH data file formats with a “2”. In most parts of this thesis we will assume
that no double typing is performed. However, in the Korder-ML algorithm we have
implemented the possibility to use data produced with double typing, so in the
chapter describing this algorithm we will consider this case as well.

2.2 Asymptotic behavior

In many cases we are interested in the asymptotic behavior of a function f(n), i.e.,
how the function behaves for large values of n. The typical example is the running
time of an algorithm. In this case the asymptotic behavior tells us how the running
time scales with the size of the input. It is often more important to know whether
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the running time is a linear or a quadratic function of the size of the input, n, than
whether the running time is 2n or 3n.

Another example of when the asymptotic behavior is interesting is lower and
upper bounds on the accuracy of the solution produced by an algorithm. We will
study algorithms that computes marker arrangements that should resemble the true
arrangement of the markers. Usually, the accuracy of an arrangement produced by
an RH algorithm increases with the number of RH experiments performed, m.
A valuable result for an RH algorithm would thus be to show that the distance
between any arrangement produced by the algorithm and the true arrangement is
proportional to a function f(m), where f(m) tends to zero as m increases. A result
complementary to this would be to show that for any RH algorithm such that the
distance between the computed arrangement and the true arrangement is always
less than or equal to T , the bound T must satisfy T ≥ g(m). If the asymptotic
behavior of f(m) and g(m) are equal we thus conclude that no major improvements
should be expected concerning the dependency of the performance on the number
of experiments.

In this thesis we will use the following standard notation for describing the
asymptotic behavior of a function.

Definition 2.1. A function f(n) ∈ O(g(n)) if there exist constants c,N > 0 such
that 0 ≤ f(n) < cg(n) for all n > N . A function f(n) ∈ o(g(n)) if for any constant
c > 0 there exists a constant N > 0 such that 0 ≤ f(n) < cg(n) for all n > N .

An alternative definition of o(g(n)) is that f(n) ∈ o(g(n)) if

lim
n→∞

f(n)
g(n)

= 0. (2.3)

Definition 2.2. A function f(n) ∈ Ω(g(n)) if there exist constants c,N > 0 such
that f(n) > cg(n) ≥ 0 for all n > N . A function f(n) ∈ ω(g(n)) if for any constant
c > 0 there exists a constant N > 0 such that f(n) > cg(n) ≥ 0 for all n > N .

An alternative definition of ω(g(n)) is that f(n) ∈ ω(g(n)) if

lim
n→∞

f(n)
g(n)

=∞. (2.4)

Definition 2.3. A function f(n) ∈ Θ(g(n)) if there exist constants c1, c2, N > 0
such that c1g(n) < f(n) < c2g(n) for all n > N .

2.3 Basic notation

The main subject of this thesis is the analysis of algorithms for RH mapping, i.e.,
algorithms that try to deduce the order of a set of markers on a chromosome. The
locations of the markers on a chromosome will be illustrated with filled circles on
a straight line, see Figure 2.1. Markers which may or may not be present in the
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Figure 2.1. Markers on a chromosome

marker order will be illustrated with unfilled circles. The markers will generally be
labeled with their indices in the marker order, i.e., the leftmost marker is labeled
1, the second marker from the left is labeled 2, etc. When we refer to markers for
which the index is not important we will use the lower-case letters a, b, c, etc.

The distance between two markers a and b on the chromosome will either be
denoted d(a, b) or `ab. The notation d(a, b) is preferred, but `ab is often used in order
to improve the readability of the formulae. Furthermore, if the markers considered
are labeled with indices we use a comma to separate the indices, i.e., we write `i,i+1

instead of `ii+1.
Most of the algorithms that we will analyze build marker orders in a stepwise

fashion. This means that during the execution of an algorithm we have ordered
subsets of the set of markers which are extended with new markers or merged with
other subsets. We will call an ordered subset of markers a chain. When we illustrate
the marker order under construction we will let a thick line connect markers that
have been added to a chain. See Figure 2.2. Chains will be denoted by the lower-
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Figure 2.2. Marker chains during construction

case letter c often together with a subscript, e.g. c1 or c`. The interval between
two adjacent markers in a chain will sometimes be called an edge, and the distance
between two consecutive markers will accordingly be called the edge length. The
two markers at the end of a chain will be called endmarkers and the markers in a
chain that are not endmarkers will be called internal markers. In Figure 2.2, the
markers a and b are endmarkers in the chain c1, the markers c and d are endmarkers
in the chain c2, and e an internal marker in the chain c2.
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Chapter 3

Improving the analysis of
P-Order and K-Order.

In [BDC97], Ben-Dor and Chor presented three simple algorithms for the RH prob-
lem. These algorithms were called P-Order, K-Order, and MST-Order. In addition
to the three algorithms they gave an upper bound on the number of experiments
sufficient for the three algorithms to produce the correct marker order with high
probability in the haploid case. A detailed description of the algorithms and proofs
of the bounds are also found in Ben-Dor’s thesis [BD97]. The MST-Order algo-
rithm has later been developed by Ben-Dor et al., and is the basis of the RHO
program [BDCP00].

In this chapter we improve the analysis of the P-Order and K-Order algorithms.
By considering the properties of the marker arrangement being constructed and the
way the computations are organized in the two algorithms, we prove tighter bounds
on the number of experiments sufficient for the algorithms to construct the true
order of the markers.

3.1 Preliminaries

We say that two markers a and b are separated in an experiment if exactly one of
the two markers is detected in the typing of the two markers. In [BDC97] Ben-
Dor and Chor showed that in the haploid case, using the probabilistic model of
Section 2.1, the probability of two markers being separated in an experiment is

ϕa,b = 2pq(1− e−λd(a,b))(1− (α+ β))2 + g(α, β, p), (3.1)

where q = 1− p and

g(α, β, p) = 2p(α− β)(α+ β − 1) + 2α(1− α). (3.2)
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The separation probabilities can be estimated from a series of RH experiments.
With Si(a, b) as the random variable defined by

Si(a, b) =

{
1 if a and b are separated in experiment i,
0 otherwise,

(3.3)

for i = 1, . . . ,m, we get an estimate ϕ̂a,b through

ϕ̂a,b =
1
m

m∑
i=1

Si(a, b). (3.4)

We note that this estimate is consistent, since E[ϕ̂a,b] = ϕa,b. From Equation (3.1),
an expression for the distance between two markers as a function of the separation
probability can be obtained.

d(a, b) = − 1
λ

ln
(
1− ϕa,b − g(α, β, p)

2pq(1− (α+ β))2

)
. (3.5)

Using the estimates ϕ̂a,b in this expression, we thus obtain estimates d̂(a, b) of the
physical distances between any two markers a and b, i.e.,

d̂(a, b) = − 1
λ

ln
(
1− ϕ̂a,b − g(α, β, p)

2pq(1− (α+ β))2

)
. (3.6)

The idea by Ben-Dor and Chor was to create a complete weighted graph G =
(V,E,w), where V is the set of markers and w(a, b) = ϕ̂a,b, and search for the
shortest Hamiltonian path in the graph. They showed that the order of the markers
induced by this path minimizes the number of obligate chromosome breaks. The
three algorithms: P-Order, K-Order, and MST-Order, are three different heuristics
for finding this Hamiltonian path.

In the P-Order algorithm the Hamiltonian path is built in a stepwise fashion.
Initially the path consists of an edge of minimum weight in G. In each step, the
algorithm selects an edge of minimum weight among the edges which extend the
path. This process is repeated until all markers are connected, and the resulting
path will be the suggested Hamiltonian path.

In the K-Order algorithm a set of paths is maintained. Initially, there are n
paths of length zero each consisting of a single marker. In each step, an edge of
minimum weight among the edges which connects endpoints of two different paths
is selected. Using this edge the two paths are joined to form a longer path. After
n steps, a single path of length n remains which will be the suggested Hamiltonian
path.

In the MST-Order algorithm a minimum spanning tree (MST) is computed in
the graph. The weights in the graph G is then modified using techniques by Held-
Karp, and an MST in the modified graph is computed. Finally a path of maximal
length is computed in this tree.
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The graph G is called consistent if ϕ̂a,d > ϕ̂b,c, for all markers a, b, c, and d
appearing in this order on the chromosome such that b and c are consecutive and
d(a, d) > d(b, c). Ben-Dor and Chor showed that if the graphG is consistent then all
three algorithms will produce the correct order of the markers. Furthermore, they
showed that if dmax and dmin are the maximum and minimum distances between
consecutive markers in the true arrangement, then, given

m ≥ log
(n3

ε

) e2λdmax

2p2q2(1− (α+ β))4(1− e−λdmin)2
(3.7)

experiments, the graph G will be consistent with probability 1− ε.
We note from Equation (3.1) that the separation probability is an increasing

function of the distance between the markers. This means that what the P-Order
and K-Order really do is to join the markers that are closest to each other in each
step, but under somewhat different side constraints.

In this chapter we will show how the bound in Equation (3.7) can be improved
by considering properties of the true arrangement we are searching for and the way
the algorithms really work.

3.2 Comparing distances

In the execution of the P-Order and K-Order algorithms we are repeatedly compar-
ing distances between pairs of markers. We want to know if the estimated distance
between two markers a and b, is greater than the estimated distance between two
other markers c and d, i.e. we want to now if d̂(a, b) > d̂(c, d). To analyze the two
algorithms we are interested in the probability that this inequality holds given that
the true distances satisfy d(a, b) > d(c, d). More precisely, we want to find a lower
bound for the probability that d̂(a, b) > d̂(c, d) given that d(a, b) > d(c, d).

Since we are not as much interested in how well actual distances are estimated,
as in how well the order between estimated distances is preserved, we will define
what we call a distance comparator.

Definition 3.1. A function C(a, b; c, d) from 4-tuples of markers to the set of in-
tegers {−1, 0, 1} is a distance comparator if, for all choices of markers a, b, c,
and d

1. C(a, b; c, d) = C(b, a; c, d)

2. C(a, b; c, d) = C(a, b; d, c)

3. C(a, b; c, d) + C(c, d; a, b) = 0

We should think of a distance comparator as any procedure that compares pairs of
distances between markers. If the procedure decides that the distance between two
markers a and b is greater than the distance between two other markers c and d
then C(a, b; c, d) = 1, if it decides that the distance between a and b is less than the
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distance between c and d then C(a, b; c, d) = −1, and if it decides that the distances
are equal then C(a, b; c, d) = 0.

The specific distance comparator induced by the distance estimate d̂(a, b) in the
previous section will be denoted Ĉ.

Definition 3.2. Let d̂(x, y) be the distance estimate defined by Equation (3.6).
Define

Ĉ(a, b; c, d) =


1 if d̂(a, b) > d(c, d),
0 if d̂(a, b) = d(c, d),
−1 if d̂(a, b) < d(c, d).

(3.8)

Ĉ is thus the distance comparator used to compare distances in the P-Order and
K-Order algorithm. Using Definition 3.2 we can thus rewrite the probability we
want to find a lower bound for as: the probability that Ĉ(a, b; c, d) = 1, given that
d(a, b) > d(c, d).

As was pointed out above, the question whether Ĉ(a, b; c, d) = 1, given that
d(a, b) > d(c, d), is equivalent to the question whether ϕ̂a,b > ϕ̂c,d, given that
d(a, b) > d(c, d). We can see that the latter question bears close resemblance to
the question whether the weighted graph G, constructed by Ben-Dor and Chor
in [BDC97], is consistent or not. The difference is that to show consistency, the
inequality only have to be true for the case when c and d are consecutive in the true
order and are located between a and b. It turns out however, that the calculations
in [BDC97] can be carried through in this more general case as well.

The idea behind the proof is to introduce a random variable Y , such that Y > 0
if and only if ϕ̂a,b > ϕ̂c,d. This random variable will be a sum of independent,
identically distributed random variables, which will enable us to use Hoeffding’s
inequality to bound the desired probability.

Theorem 3.3 (Hoeffding’s inequality). Let X1, . . . , Xn be independent random
variables such that ai ≤ Xi ≤ bi, for i = 1, . . . , n. Let S = X1 + · · · + Xn, let
X = S/n, and let µ = E[X]. Then,

Pr
[
X − µ ≥ t

]
≤ e−2n2t2/

∑n
i=1(bi−ai)2

, (3.9)

for any t > 0.

Proof. See [Hoe63]. 2

Let Xi, i = 1, . . . ,m, be the random variables defined by

Xi =


1 if a, b but not c, d are separated in experiment i
−1 if c, d but not a, b are separated in experiment i
0 otherwise.

(3.10)
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According to our model, the variables Xi are independent. Let

Y =
m∑
i=1

Xi. (3.11)

Observe that

ϕ̂a,b − ϕ̂c,d =
Y

m
, (3.12)

so if Y > 0, then ϕ̂a,b > ϕ̂c,d and thus Ĉ(a, b; c, d) = 1. Since

Pr
[
A ∩ B̄

]
− Pr

[
Ā ∩B

]
= Pr

[
A
]
− Pr

[
B
]
, (3.13)

the expectation of Y is

E[Y ] =
m∑
i=1

E[Xi]

= m(Pr
[
Xi = 1

]
− Pr

[
Xi = −1

]
)

= m(ϕa,b − ϕc,d).

(3.14)

Using Equation (3.1) we find that

ϕa,b − ϕc,d = 2pq(1− e−λ`ab)(1− (α+ β))2 + g(α, β, p)

− 2pq(1− e−λ`cd)(1− (α+ β))2 + g(α, β, p)

= 2pq(1− (α+ β))2[(1− e−λ`ab)− (1− e−λ`cd)]

= 2pq(1− (α+ β))2(1− e−λ(`ab−`cd))e−λ`cd

(3.15)

This expression can be simplified using the following notation

Definition 3.4. For λ > 0 we define the parameterized function

f`1,`2(λ) = (1− e−λ`1)e−λ`2 . (3.16)

If we insert Equation (3.15) in Equation (3.14) and use Definition 3.4, we get that

E[Y ] = 2mpq(1− (α+ β))2f`ab−`cd,`cd(λ). (3.17)

Our aim is to bound the probability that Y < 0 given that E[Y ] > 0, i.e., the
probability that Y deviates from E[Y ] towards zero with more than E[Y ]. Using
Hoeffding’s inequality we immediately get that

Pr
[
E[Y ]− Y ≥ E[Y ]

]
= Pr

[E[Y ]− Y
m

≥ E[Y ]
m

]
≤ e−2E[Y ]2/4m = e−m(ϕab−ϕcd)2/2

= e−2mp2q2(1−(α+β))4f`ab−`cd,`cd (λ)2
.

(3.18)

This proves the following lemma.
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Lemma 3.5. Let a, b, c and d be four markers such that d(a, b) > d(c, d).

Pr
[
Ĉ(a, b; c, d) 6= 1

]
≤ e−2mp2q2(1−(α+β))4f`ab−`cd,`cd (λ)2

. (3.19)

Proof. It follows immediately from the derivation above that, given that d(a, b) >
d(c, d),

Pr
[
Ĉ(a, b; c, d) 6= 1

]
= Pr

[
d̂(a, b) ≤ d̂(c, d)

]
= Pr

[
ϕ̂a,b − ϕ̂c,d ≤ 0

]
= Pr

[
E[Y ]− Y ≥ E[Y ]

]
≤ e−2mp2q2(1−(α+β))4f`ab−`cd,`cd (λ)2

,

(3.20)

which concludes the proof. 2

The function f`1,`2(λ) from Definition 3.4 can be given the following interpre-
tation. If I1 and I2 are two intervals of length `1 and `2 respectively, then

Pr
[
(At least one break occur in I1) ∧ (No breaks occur in I2)

]
= (1− e−λ`1)e−λ`2 = f`1,`2(λ).

(3.21)

This function will be frequently used in the sequel and explored in more detail in
Chapter 4. In this chapter the following lemma will be sufficient to carry through
our derivations.

Lemma 3.6. Let λ > 0 and assume that all lengths are non-negative. If ` ≥ `1
then f`,`2(λ) ≥ f`1,`2(λ). If ` ≥ `2 then f`1,`(λ) ≤ f`1,`2(λ). If `1 ≥ `2 then
f`1,`2(λ) ≥ f`2,`1(λ).

Proof. Assume that λ > 0. If ` ≥ `1 ≥ 0 then

f`,`2(λ) = (1− e−λ`)e−λ`2

≥ (1− e−λ`1)e−λ`2 = f`1,`2(λ).
(3.22)

If ` ≥ `2 ≥ 0 then

f`1,`(λ) = (1− e−λ`1)e−λ`

≤ (1− e−λ`1)e−λ`2 = f`1,`2(λ).
(3.23)

If `1 ≥ `2 ≥ 0 then

f`1,`2(λ) = (1− e−λ`1)e−λ`2

≥ (1− e−λ`2)e−λ`1 = f`2,`1(λ).
(3.24)

2
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3.3 Analyzing P-Order

In the P-Order algorithm one marker at the time is added to the chain that is
being built. In order to show correctness of the P-Order algorithm we thus need to
assert that, with high probability, a marker adjacent to an endmarker of the chain
is added to that marker in each step, i.e., that the estimated distance between the
endmarker and the marker adjacent to that marker is smaller than the distance
between the endmarker and any other marker. The following definition will be
useful for this purpose.

Definition 3.7. A distance comparator C satisfies the P-Order condition with pa-
rameter γ, if for any markers a, b, c, and d, appearing in this order on the chro-
mosome, such that b and c are consecutive and d(a, d) > d(b, c), the probability that
C(a, d; b, c) = 1 is at least 1− γ.

Note the difference between the concept of consistency and the P-Order condition.
For a distance estimate to be consistent it is required that d̂(b, c) ≤ d̂(a, d) for all
markers a, b, c, and d, appearing in this order on the chromosome, such that b and c
are consecutive and d(a, d) > d(b, c). It turns out to be sufficient that the P-Order
condition holds for n2 such 4-tuples of markers simultaneously, namely the pairs of
distances actually compared in the algorithm.

Theorem 3.8. If a distance comparator C satisfying the P-Order condition with
parameter γ is used in the P-Order algorithm, then the P-Order algorithm will give
the correct order of the markers with probability greater than 1− γn2.

Proof. In order to prove this theorem we will show that if a distance comparator C
satisfying the P-Order condition with parameter γ is used in the P-Order algorithm,
then

1. the first two markers that are connected are adjacent with probability at most
1− γ(n− 2).

2. in each step, a marker adjacent to one of the end markers in the chain is
chosen and connected to that end marker with probability at most 1 − γn.

Let a be an arbitrarily chosen marker and let b be the marker immediately to the
right of a. See Figure 3.1. From the P-Order condition follows that C(a, b; a, c) = −1

s
a

s
b

c s
c

Figure 3.1. The initial step in the P-Order algorithm.
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with probability 1 − γ for any marker c to the right of b. Since there are at most
n−2 markers to the right of b, this means that with probability at least 1−γ(n−2),
C(a, b; a, c) = −1 for all markers c to the right of b. Let A1 be the event that the
first two markers connected in the P-Order algorithm are adjacent and let L(i) be
the event that the i:th marker is the leftmost marker of the two markers chosen.
Then

Pr
[
A1

]
=
n−1∑
i=1

Pr
[
A1 | L(i)

]
· Pr
[
L(i)

]
=
n−1∑
i=1

Pr
[
C(i, i+ 1; i, j) = −1 ∀j > i+ 1 | L(i)

]
· Pr
[
L(i)

]
≥
n−1∑
i=1

(1− γ(n− 2)) · Pr
[
L(i)

]
= 1− γ(n− 2).

(3.25)

Hence, the first two markers connected in the P-Order algorithm are adjacent with
probability ≥ 1− γ(n− 2).

Now, assume that the P-Order algorithm has correctly constructed a chain
consisting of k markers (k ≥ 2). Let a be the left endpoint of the chain and let b be
the right endpoint of the chain. Finally, let c be the marker immediately to the right
of b. See Figure 3.2. From the P-Order condition follows that C(b, c; b, d) = −1

s
a

c s
b

s
c

c s
d

Figure 3.2. The k:th step of the P-Order algorithm.

with probability ≥ 1−γ, for any marker d to the right of c. Furthermore, it follows
that C(b, c; a, d) = −1 with probability ≥ 1− γ for any marker d to the right of b.
The same derivations can obviously be carried trough for the markers to the left
of a.

In the k:th step of the algorithm (k ≥ 2) there are n−k non-connected markers.
Let Ak be the event that a marker adjacent to one of the endmarkers of the chain
is connected to that endmarker in step k. Let L be the event that the new marker
is added to the left endmarker of the chain and let R be the event that the new



3.3. Analyzing P-Order 29

marker is added to the right endmarker of the chain. Then

Pr
[
Ak |A1, . . . , Ak−1

]
=

= Pr
[
Ak | L,A1, . . . , Ak−1

]
· Pr
[
L | A1, . . . , Ak−1

]
+

Pr
[
Ak | R,A1, . . . , Ak−1

]
· Pr
[
R | A1, . . . , Ak−1

]
≥ (1− 2γ(n− k)) · Pr

[
L | A1, . . . , Ak−1

]
+

(1− 2γ(n− k)) · Pr
[
R | A1, . . . , Ak−1

]
= 1− 2γ(n− k).

(3.26)

We thus conclude that if only adjacent markers have been connected in the first k−1
steps of the P-Order algorithm, then the marker being connected to an endmarker
in the kth step is adjacent to that marker with probability ≥ 1− 2γ(n− k).

If we sum up all steps of the algorithm, including the first step, we get an upper
bound on the error probability ε.

ε ≤ γ(n− 2) +
n∑
k=2

2γ(n− k) <
n−1∑
j=1

2γj

= γn(n− 1) ≤ γn2

(3.27)

We have thus shown that with probability greater than 1− γn2 the P-Order algo-
rithm gives the correct order of the markers. 2

Now, we will show how to find an expression for the parameter in the P-Order
condition, such that the distance comparator Ĉ satisfies the P-Order condition. This
expression will obviously be heavily dependent on how the markers are arranged
on the chromosome, as well as on the intensity used in the experiment.

Definition 3.9. Define the function fp(λ) as

fp(λ) = min
1<i<n

{f`i−1,i,`i,i+1(λ), f`i,i+1,`i−1,i(λ)}. (3.28)

Lemma 3.10. Given m experiments, the distance comparator Ĉ satisfies the P-Order
condition with parameter

e−2mp2q2(1−(α+β))4fp(λ)2
. (3.29)

Proof. Let a, b, c, and d be four markers appearing in this order on the chromosome,
and assume that b and c are consecutive and that d(a, d) > d(b, c). Without loss of
generality we assume that the d 6= c. Let e be the marker immediately to the right
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of c. Note that e may be identical to the marker d. Now, it follows from Lemma 3.5
and Lemma 3.6 that

Pr
[
Ĉ(a, d; b, c) 6= 1

]
≤ e−2mp2q2(1−(α+β))4f`ad−`bc,`bc (λ)2

≤ e−2mp2q2(1−(α+β))4f`be−`bc,`bc (λ)2

= e−2mp2q2(1−(α+β))4f`ce,`bc (λ)2

≤ e−2mp2q2(1−(α+β))4fp(λ)2
,

(3.30)

where the last inequality follows from the fact that the markers b, c, e are con-
secutive together with Definition 3.9. Hence, for any four markers a, b, c, and d,
appearing in this order on the chromosome, such that b and c are consecutive and
d(a, d) > d(b, c),

Pr
[
Ĉ(a, d; b, c) = 1

]
≥ 1− e−2mp2q2(1−(α+β))4fp(λ)2

. (3.31)

2

If we use Lemma 3.10 in combination with Theorem 3.8 we get the following the-
orem, which gives an upper bound on the number of experiments that is sufficient
for the P-Order algorithm to give the correct order of the markers.

Theorem 3.11. Given

m ≥ ln
(n2

ε

) 1
2p2q2(1− (α+ β))4fp(λ)2

(3.32)

experiments the P-Order algorithm gives the correct order of the markers with prob-
ability greater than 1− ε.

Proof. From Lemma 3.10 follows that with

m ≥ ln
(n2

ε

) 1
2p2q2(1− (α+ β))4fp(λ)2

(3.33)

experiments, Ĉ satisfies the P-Order condition with parameter ≤ ε/n2. By Theo-
rem 3.8, this implies that the P-Order algorithm will give the correct order of the
markers with probability greater than 1− ε. 2

3.4 Analyzing K-Order

In the K-Order algorithm the two markers with the shortest estimated distance
are joined in each step. This suggests that sequences of markers tightly packed
surrounded by long distances probably will be connected to each other before any
of the markers are connected to surrounding markers that are far away. This will
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greatly facilitate the objective to correctly order the tightly packed markers, since in
this case we just have to order the distances between the surrounding markers and
the ends of the chain, instead of the distances between the surrounding markers and
the individual markers in the cluster. In order to analyze the algorithm rigorously
we will use the following notation. For an illustration, see Figure 3.3.

s s
Li+1

︷ ︸︸ ︷Li+1s s s s s
i

s
i+ 1
s s s s︷ ︸︸ ︷Ri s

Ri

s
σLi+1 σRi

Figure 3.3. Notation used in the analysis of the K-Order algorithm.

Definition 3.12.

Li = max({k : k < i, `k−1,k > `i−1,i/2} ∪ {2}) (3.34)
Ri = min({k : k > i, `k,k+1 > `i,i+1/2} ∪ {n− 1}) (3.35)
Li = {j : Li < j ≤ i− 1}, Ri = {j : i+ 1 ≤ j < Ri} (3.36)

σLi = `i−2,i−1 +
∑

Li<j≤i−2

`j−1,j ; σL2 = 0 (3.37)

σRi = `i+1,i+2 +
∑

i+2≤j<Ri

`j,j+1; σRn−1 = 0 (3.38)

mi = max({`j−1,j : j ∈ Li} ∪ {`j,j+1 : j ∈ Ri}) (3.39)

The idea is thus to make sure that before we connect the markers i and i+1, all
short edges to the left of i and to the right of i+ 1 are connected. To capture this
idea we define what we call the K-Order conditions, which have two parameters.

Definition 3.13. A distance comparator C satisfies the K-Order conditions with
parameters γ and ζ, if

1. for any markers a, b, c, and d, appearing in this order on the chromosome,
such that b and c are consecutive, d(a, d) > d(b, c), and d /∈ Rb or a /∈ Lc, the
probability that C(a, d; b, c) = 1 is at least 1− γ.

2. for each a ∈ [2, n], and b ∈ La the probability that C(a − 1, a; b − 1, b) = 1 is
at least 1− ζ.

3. for each a ∈ [1, n− 1], and b ∈ Ra the probability that C(a, a+ 1; b, b+ 1) = 1
is at least 1− ζ.
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It turns out that if a distance comparator satisfies these K-Order conditions then
it is possible to show that the K-Order algorithm using this distance comparator
will find the true order of the markers with high probability.

Theorem 3.14. If a distance comparator C satisfying the K-Order condition with
parameters γ and ζ is used in the K-Order algorithm, then the K-Order algorithm
will give the correct order of the markers with probability greater than 1−γn2−ζn2.

Proof. The K-Order algorithm maintains a set of chains consisting of one or more
consecutively ordered markers. A marker which is an endpoint of a chain is said to
be free; and a marker which is not free is internal. The unique marker in a singleton
chain is said to be isolated.

We say that a distance comparator C is L-closed, if for all a ∈ [2, n] and b ∈ La,
we have C(a − 1, a; b − 1, b) = 1; similarly, we say that C is R-closed, if for all
a ∈ [1, n− 1] and b ∈ Ra, we have C(a, a+ 1; b, b+ 1) = 1. This means that if C is
L-closed and if the K-Order algorithm only has connected adjacent markers, then
all markers in La will be connected before the markers a − 1 and a are connected
to each other. Analogously, if C is R-closed and if the K-Order algorithm only has
connected adjacent markers, then all markers in Ra will be connected before the
markers a and a+ 1 are connected to each other.

Now, we will show that if the distance comparator C used in the K-Order algo-
rithm satisfies the K-Order conditions with parameters γ and ζ, then

1. C is L-closed, with probability at least 1− ζn2/2

2. C is R-closed, with probability at least 1− ζn2/2

3. if C is L-closed and R-closed, the markers connected in the first step are
adjacent with probability at least 1− γ(n− 2)

4. if C is L-closed and R-closed and only adjacent markers have been connected
in the first k − 1 steps, the markers connected in the k:th step are adjacent
with probability at least 1− 2γ(n− (k + 1)).

From the K-Order conditions follow that for any marker a and any marker b ∈
La, C(a−1, a; b−1, b) = 1 with probability at least 1−ζ. There are at most

(
n
2

)
pairs

of markers altogether, so with probability at least 1− ζn2/2, C(a−1, a; b−1, b) = 1
for all markers a and all markers b ∈ La. Hence, C is L-closed with probability at
least 1− ζn2/2.

Analogously, from the K-Order conditions follow that for any marker a and any
marker b ∈ Rb, C(a, a + 1; b, b + 1) = 1, with probability at least 1 − ζ, so with
probability 1 − ζn2/2, C(a, a + 1; b, b + 1) = 1 for all markers a and all markers
b ∈ Ra. So, C is R-closed with probability at least 1− ζn2/2 as well.

We will now prove point 3 and 4. Assume that the K-Order algorithm only
has connected adjacent markers in its first k − 1 steps and that C is L-closed and
R-closed. Let C` be the leftmost chain that is connected in the k:th step. Let a
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and c be the left and right endpoint of the chain C`, respectively (note that in the
singleton case c is identical to a). Let d be the marker immediately to the right of c,
and let e be any free marker to the right of d. See Figure 3.4. Notice that, since

s
a C`

s
c

s
d

s s s s c s
e

Figure 3.4. A step in the K-Order algorithm.

C is R-closed, no free marker to the right of d belongs to Rc. From the K-Order
condition thus follows that C(c, d; c, e) = −1 with probability ≥ 1 − γ and that
C(c, d; a, e) = −1 with probability ≥ 1− γ. Furthermore, since C is L-closed a does
not belong to Ld, which means that C(c, d; a, d) = −1. The same derivation can be
carried through for the markers to the left of C`.

In the k:th step of the algorithm there are at most n − k free markers, not
including a and c. Let Ak be the event that a marker adjacent to one of the
endmarkers of the chain C` is connected to that endmarker in step k. Let L be the
event that the new marker is added to the left endmarker of the chain C` and let
R be the event that the new marker is added to the right endmarker of the chain
C`. Then

Pr
[
Ak |A1, . . . , Ak−1

]
=

= Pr
[
Ak | L,A1, . . . , Ak−1

]
· Pr
[
L | A1, . . . , Ak−1

]
+

Pr
[
Ak | R,A1, . . . , Ak−1

]
· Pr
[
R | A1, . . . , Ak−1

]
≥ (1− 2γ(n− k)) · Pr

[
L | A1, . . . , Ak−1

]
+

(1− 2γ(n− k)) · Pr
[
R | A1, . . . , Ak−1

]
= 1− 2γ(n− k).

(3.40)

We thus conclude that if only adjacent markers have been connected in the first
k − 1 steps of the K-Order algorithm, then the two markers being connected in
step k is adjacent with probability ≥ 1 − 2γ(n − k). If we sum up all steps of
the algorithm including the first step, where c is isolated, we get an upper bound
on the error probability ε for the K-Order algorithm, given that C is L-closed and
R-closed.

ε ≤
n∑
k=1

2γ(n− k) <
n−1∑
j=1

2γj = γn(n− 1) ≤ γn2 (3.41)

Let A be the event that the K-Order algorithm gives a correct order of the
markers. What we have shown is that

Pr
[
A | C is L-closed ∧ C is R-closed

]
> 1− γn2. (3.42)
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Hence the probability that K-Order gives the correct order of the markers

Pr
[
A
]
≥ Pr

[
A ∧ (C is L-closed ∧ C is R-closed)

]
= Pr

[
A | C is L-closed ∧ C is R-closed

]
· Pr
[
C is L-closed ∧ C is R-closed

]
> (1− γn2)(1− ζn2)

> 1− γn2 − ζn2.

(3.43)

This concludes the proof. 2

The number of experiments required to make the distance comparator Ĉ satisfy
the K-Order conditions is naturally dependent on how the markers are arranged
on the considered chromosome. Using the distances defined in Definition 3.12 we
find expressions for the parameters γ and ζ such that the distance comparator Ĉ
satisfies the K-Order conditions.

Definition 3.15. Define the functions fkγ(λ) and fkζ(λ) as

fkγ(λ) = min
1≤i<n

{fσLi+1,`i,i+1
(λ), fσRi ,`i,i+1

(λ)}. (3.44)

and

fkζ(λ) = min
1≤i<n

{f`i,i+1−mi,mi(λ)}. (3.45)

Furthermore, define

fk(λ) = min{fkγ(λ), fkζ(λ)}. (3.46)

Lemma 3.16. Given m experiments, the distance comparator Ĉ satisfies the K-Order
condition with parameters

γ = e−2mp2q2(1−(α+β))4fkγ(λ)2
. (3.47)

and

ζ = e−2mp2q2(1−(α+β))4fkζ(λ)2
. (3.48)

Proof. Lemma 3.5 states that for any four markers a, b, c, and d such that d(a, d) >
d(b, c)

Pr
[
Ĉ(a, d; b, c) 6= 1

]
≤ e−2mp2q2(1−(α+β))4f`ad−`bc,`bc (λ)2

. (3.49)

Let a, b, c, and d be four markers appearing in this order on the chromosome, and
assume that b and c are consecutive, that d(a, d) > d(b, c), and that d /∈ Rb. If we
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let e = Rb, it follows from Lemma 3.6 and Definition 3.12 that

Pr
[
Ĉ(a, d; b, c) 6= 1

]
≤ e−2mp2q2(1−(α+β))4f`ad−`bc,`bc (λ)2

≤ e−2mp2q2(1−(α+β))4f`be−`bc,`bc (λ)2

= e
−2mp2q2(1−(α+β))4f

σR
b
,`bc

(λ)2

(3.50)

In a similar way we can show that if a /∈ Lc then

Pr
[
Ĉ(a, d; b, c) 6= 1

]
≤ e−2mp2q2(1−(α+β))4fσLc ,`bc

(λ)2

. (3.51)

Hence, from Definition 3.15 follows that for any four markers a, b, c, and d,
appearing in this order on the chromosome, such that b and c are consecutive,
d(a, d) > d(b, c), and either d /∈ Rb or a /∈ Lc

Pr
[
Ĉ(a, d; b, c) = 1

]
> 1− e−2mp2q2(1−(α+β))4fkγ(λ)2

. (3.52)

Let a ∈ [2, n] be an arbitrary marker and assume that b ∈ La. From Lemma 3.6,
Definition 3.12, and Definition 3.15 follows that

Pr
[
Ĉ(a− 1, a; b− 1, b) 6= 1

]
≤ e−2mp2q2(1−(α+β))4f`a−1,a−`b−1,b,`b−1,b (λ)2

≤ e−2mp2q2(1−(α+β))4f`a−1,a−ma−1,ma−1 (λ)2

≤ e−2mp2q2(1−(α+β))4fkζ(λ)2
.

(3.53)

In a similar way it is possible to show that for any a ∈ [1, n− 1] and b in Ra

Pr
[
Ĉ(a, a+ 1; b, b+ 1) 6= 1

]
≤ e−2mp2q2(1−(α+β))4f`a,a+1−ma,ma (λ)2

≤ e−2mp2q2(1−(α+β))4fkζ(λ)2
.

(3.54)

Hence, Ĉ satisfies the K-Order condition with parameters

γ = e−2mp2q2(1−(α+β))4fkγ(λ)2
(3.55)

and

ζ = e−2mp2q2(1−(α+β))4fkζ(λ)2
. (3.56)

2

If we use Lemma 3.16 in combination with Theorem 3.14 we get the following
theorem, which gives a upper bound on the number of experiments that is sufficient
for the K-Order algorithm to give the correct order of the markers.
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Theorem 3.17. Given

m ≥ ln
(2n2

ε

) 1
2p2q2(1− (α+ β))4fk(λ)2

(3.57)

experiments the K-Order algorithm gives the correct order of the markers with prob-
ability greater than 1− ε.

Proof. From Lemma 3.16 follows that with

m ≥ ln
(2n2

ε

) 1
2p2q2(1− (α+ β))4fk(λ)2

(3.58)

experiments, Ĉ satisfies the K-Order condition with parameters γ ≤ ε/2n2 and
ζ ≤ ε/2n2. By Theorem 3.14, this implies that the K-Order algorithm will give the
correct order of the markers with probability greater than 1 − ε. 2

3.5 Discussion

In [BDC97], Ben-Dor and Chor showed that given

m ≥ log
(n3

ε

) 1
2p2q2(1− (α+ β))4fdmin,dmax(λ)2

(3.59)

experiments the P-Order and K-Order will compute the correct orders of the n
markers on the chromosome, with probability 1 − ε. In this chapter we have im-
proved this bound. We have shown that

m ≥ ln
(n2

ε

) 1
2p2q2(1− (α+ β))4fp(λ)2

(3.60)

experiments suffice for the P-Order algorithm to compute the correct order of the
marker, and that

m ≥ ln
(2n2

ε

) 1
2p2q2(1− (α+ β))4fk(λ)2

(3.61)

experiments suffice for the K-Order algorithm to compute the correct order of the
marker, with probability 1− ε.

The major improvement of the previous bound is that we have been able to
replace fdmin,dmax(λ), with fp(λ) and fk(λ), respectively. It is easy to see from
Definition 3.9, Definition 3.15, and Lemma 3.6 that

fdmin,dmax(λ) ≤ fp(λ) ≤ fk(λ). (3.62)

Unless the longest edge between any two adjacent markers is immediately followed
by the shortest edge between any two adjacent markers, the first inequality in
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m λ = 1 λ = 5 λ = 10 λ = 20
60 417.8 1958.3 10158.5 11821.2
75 343.9 2191.6 9134.0 11763.6
90 539.7 658.2 7766.4 11420.0

150 421.8 223.3 4743.9 10940.4
300 251.7 57.3 1316.5 9477.6

(a) P-Order

m λ = 1 λ = 5 λ = 10 λ = 20
60 436.4 109.9 6067.5 11975.8
75 377.7 663.5 5413.9 11637.0
90 320.5 411.6 2304.3 11238.9

150 215.3 39.6 1159.4 9988.4
300 112.8 22.0 50.2 7094.9

(b) K-Order

Table 3.1. Mean values of the L1-distance between the true and the computed
marker order for P-Order and K-Order in the haploid case

Equation (3.62) is a strict inequality. Furthermore, unless the shortest edge between
any two adjacent markers is surrounded by one edge of maximum length on one
side and an edge of length at least half the length of the maximum edge on the
other side, the second inequality in Equation (3.62) is a strict inequality. In fact,
for any constant c > 0 it is possible to construct marker arrangements such that,
fk(λ)/fp(λ) > c and fp(λ)/fdmin,dmax(λ) > c. Under the assumption that the
markers are uniformly distributed, it is possible to make experimental estimates
of the ratios. It turns out that in this case, the ratios are close to one for low
intensities, but increase as the intensity increases.

Although the bounds are just upper bounds on the number of experiments
required for the algorithms to succeed, they suggest that the K-Order algorithm
generally should perform better than the P-Order algorithm. This is also supported
by experimental results. The results in Table 3.1 are the mean values of the L1-
distance between the computed marker order and the true marker order in the
haploid case, computed from simulations with sample size 50. The L1-distance
between two marker orders will be formally defined in Chapter 5, and is the sum
of the number of steps each marker have been displaced compared to the true
marker order. In each sample run, 200 markers were uniformly distributed along a
chromosome of length 5. In the simulated RH experiments the parameters p = 0.3,
α = 0.004 and β = 0.002 were used. Four different intensities have been examined:
λ = 1, 5, 10, 20, together with five different values on the number of experiments
(hybrid cell lines): m = 60, 75, 90, 150, 300. Although, the degree of uncertainty in
the numbers are high, it is clear that in most cases the K-Order algorithm performs
better than the P-Order algorithm.

An important gain from the new analysis is a better understanding of in which
cases the algorithms work well and when they are likely to fail. Such a knowledge
is valuable if an order produced by the algorithm should be subjected to additional
modifications and optimizations. We will see an example of this in Section 5.9.
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Chapter 4

Using multiple intensities in
P-Order and K-Order

In Chapter 3, we derived new upper bounds on the number of experiments suffi-
cient for the P-Order and K-Order algorithm to produce a correct marker order
with high probability. These bounds are dependent on the intensity used in the
RH experiments producing the input data. That the actual performance of the
two algorithms depend on the choice of intensity was confirmed as well. The ex-
perimental results shown in Table 3.1, clearly show that the performance of both
algorithms varies a lot when the intensity is changed.

In this chapter we will study a scenario where multiple series of experiments have
been performed using different intensities on the radiation. The use of RH data
produced with more than one intensity has been studied before (see Section 5.1).
By introducing a new distance comparator that utilizes such RH data, we construct
modified versions of the P-Order and K-Order algorithm. Under the assumption
that the markers are uniformly distributed we will show that, if RH data produced
with O(logn) suitably chosen intensities is used, upper bounds on the number of
experiments sufficient for the modified algorithms to produce the correct order of the
markers with high probability can be given that are independent of the intensities
being used.

Although this scenario is mainly theoretical, due to the number of series of
experiments being utilized, the modified algorithms are still functional if the number
of series is reduced to only a few. In the end of this chapter we show results that
show an improvement of the stability of the algorithms, with respect to the intensity,
with as few as three series of experiments.

39
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4.1 Preliminaries

As we saw in Chapter 3, a key part of both the P-Order and the K-Order algorithm
is comparisons of distances. Depending on the distances being compared, different
intensities are more or less suitable for these comparisons. In this chapter we will
therefore study a scenario where t series of experiments have been made, with m
experiments in each series. Our idea is to use the data produced by the intensity
best suited for that comparison, when comparing a pair of distances in the two
algorithms.

Lemma 3.5 states that if a, b, c, and d are four markers such that d(a, b) > d(a, c)
then

Pr
[
d̂(a, b) ≤ d̂(c, d)

]
≤ e−O(f`ab−`cd,`cd (λ)2). (4.1)

This means that we get the best bound for the error probability when using the
intensity λ̂ that maximizes f`ab−`cd,`cd(λ). A suitable choice of intensity for a com-
parison should therefore be the intensity closest to this value.

Unfortunately, since the distances between markers are unknown, the function
f`ab−`cd,`cd(λ) cannot be computed, and the value λ̂ is unknown. However, Equa-
tion (3.15) implies that the difference in separation probability between a, b and c,
d is proportional to f`ab−`cd,`cd(λ); we would thus expect the optimal intensity to
be the one maximizing this difference. Therefore, in the modified versions of the
two algorithms, each comparison will be made using the estimates calculated from
the series of experiments giving the greatest difference in the estimated separation
probabilities for the two pairs of markers.

Definition 4.1. Let λ = (λ1, . . . , λt), be the intensities used in the t experiment
series, and let d̂λi(x, y) be the distance estimate obtained by applying Equation (3.6)
on the data from series i. For any four markers a, b, c, and d, let λ̃ be the intensity
maximizing the difference in separation probability between a, b and c, d, among
the t intensities λi. Define

Ct,λ(a, b; c, d) =


1 if d̂λ̃(a, b) > d̂λ̃(c, d),
0 if d̂λ̃(a, b) = d̂λ̃(c, d),
−1 if d̂λ̃(a, b) < d̂λ̃(c, d).

(4.2)

We will call the modified versions of the P-Order and K-Order using the distance
comparator Ct,λ the Modified-P-Order and Modified-K-Order algorithms, re-
spectively.

A crucial part of the design of a multiple intensity experiment is naturally
to choose the value of the t intensities. In this chapter, we will show that given
O(log(n)) series of experiments, bounds similar to those in Chapter 3 can be derived
for the Modified-P-Order and Modified-K-Order algorithms, that are indepen-
dent of the intensities being chosen. The idea is to make sure that for any pair of
distances, one of the intensities is close to the optimal intensity for these distances.
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An important part of the analysis of the modified algorithms will therefore be to
explore the function f`1,`2(λ) defined in Chapter 3. This will be done in the next
section.

4.2 Designing a range of intensities

In Section 3.2 the function f`1,`2(λ) was introduced. We said that if I1 and I2 are
two intervals of length `1 and `2, respectively, then f`1,`2(λ) is the probability of
having at least one break in I1 but no breaks in I2. Furthermore, Lemma 3.6 gave
us some intuitively obvious properties of f`1,`2(λ), namely that it is an increasing
function of `1, a decreasing function of `2, and that f`1,`2(λ) ≥ f`2,`1(λ) whenever
`1 ≥ `2.

In this section we will explore the function even further. First we will derive an
expression for the value λ̂ that maximizes f`1,`2(λ) for given lengths `1 and `2, and
give a lower bound for f`1,`2(λ) when λ is close to this maximum.

Differentiation of the function f`1,`2(λ) with respect to λ yields that

df`1,`2(λ)
dλ

= `1e
−λ`1e−λ`2 − `2(1− e−λ`1)e−λ`2

= (`1 + `2)e−λ(`1+`2) − `2e−λ`2
(4.3)

and that
d 2f`1,`2(λ)

dλ2
= −(`1 + `2)2e−λ(`1+`2) + `22e

−λ`2 . (4.4)

We observe that

λ̂ =
1
`1

ln
`1 + `2
`2

(4.5)

is the only extreme point for f`1,`2(λ) when `1, `2 > 0, and that this extreme point
in fact is a maximum since

d 2f`1,`2(λ̂)
dλ2

= −(`1 + `2)2
( `2
`1 + `2

) `1+`2
`1 + `22

( `2
`1 + `2

) `2
`1

= −(`1 + `2)`2
( `2
`1 + `2

) `2
`1 + `22

( `2
`1 + `2

) `2
`1

= −`1`2(
`2

`1 + `2
)
`2
`1 < 0

(4.6)

for `1, `2 > 0. Furthermore, we see that the corresponding optimal value is

f`1,`2(λ̂) = (1− e−λ̂`1)e−λ̂`2 =
(

1− `2
`1 + `2

)( `2
`1 + `2

) `2
`1

=
( `1
`1 + `2

)( `2
`1 + `2

) `2
`1 =

(
1

1 + `2
`1

)(
1

1 + `1
`2

) `2
`1

(4.7)
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If an intensity λ̃ is sufficiently close to the optimal intensity λ̂, the value of
f`1,`2(λ̃) should not be too far from the optimal value f`1,`2(λ̂). The following
Lemma states that for λ̃ ∈ [λ̂/2, 2λ̂], a lower bound on f`1,`2(λ̃) can be given that
is independent of the intensity.

Lemma 4.2. Let λ̂ be the unique optimum for f`1,`2(λ), i.e.,

λ̂ =
1
`1

ln
`1 + `2
`2

(4.8)

Then, for any λ̃ ∈ [λ̂/2, 2λ̂].

f`1,`2(λ̃) ≥ 1
2e2

`1
`1 + `2

(4.9)

Proof. Since f`1,`2(λ) has a single extreme point we know that for any λ̃ such that
λ̃ ∈ [λ̂/2, 2λ̂],

f`1,`2(λ̃) ≥ min{f`1,`2(λ̂/2), f`1,`2(2λ̂)}. (4.10)

From Definition 3.4 follows that for any k > 0

f`1,`2(kλ̂) = f
(
`1, `2,

k

`1
ln
`1 + `2
`2

)
=
( `2
`1 + `2

)k `2`1 (1−
( `2
`1 + `2

)k)
=
(

1 +
`1
`2

)−k `2`1 (1−
(

1− `1
`1 + `2

)k)
.

(4.11)

Since we know that(
1 +

`1
`2

)−k `2`1 ≥ e−k, (4.12)

this means that

f`1,`2(kλ̂) ≥ e−k
(

1−
(

1− `1
`1 + `2

)k)
. (4.13)

If we insert k = 1/2 and k = 2 in this equation, and use the inequality

min{1− (1− x)2, 1− (1− x)1/2} ≥ x

2
, (4.14)

for 0 < x < 1, we thus get that

f`1,`2(λ̃) ≥ 1
2e2

`1
`1 + `2

, (4.15)

which concludes the proof. 2
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Considering Lemma 4.2, a reasonable choice of the intensities λ1, . . . , λt is thus
to let

λi = λmin4i−1, (4.16)

for i = 1 . . . , t, where λmin and t is chosen in such a way that for all pairs of
distances considered the optimal value λ̂ satisfies λi ∈ [λ̂/2, 2λ̂], for some i.

Above, we observed that f`1,`2(λ) is maximized by λ̂ = ln((`1 + `2)/`2)/`1. To
determine correct values on λmin and t, it will be useful to find upper and lower
bounds for the possible values of λ̂. Differentiation yields that

dλ̂

d`1
=

1
`21

( 1
1 + `2/`1

− ln
(

1 +
`1
`2

))
(4.17)

dλ̂

d`2
= − 1

`2 + `1`2
(4.18)

It follows immediately from Equation (4.18) that λ̂ is decreasing when `2 is in-
creasing. To see that λ̂ is decreasing when `1 is increasing as well, we observe
that

d

dx

( 1
1 + 1/x

− ln(1 + x)
)

=
1

(1 + x)2
− 1

1 + x
< 0, (4.19)

for x > 0, and that

lim
x→0

( 1
1 + 1/x

− ln(1 + x)
)

= 0. (4.20)

Hence, if 0 < `min ≤ `1, `2 ≤ `max, we are guaranteed that

ln 2
`max

≤ λ̂ ≤ ln 2
`min

. (4.21)

Using this results we can prove the following lemma.

Lemma 4.3. Let L be the length of a genome containing n uniformly distributed
markers. Let t = d(1+δ/2) log(n)+3/2e and λmin = ln 2/L. With probability greater
than 1 − n−δ, for all pairs of marker distances 0 < `1, `2 ≤ L with corresponding
optimal intensity λ̂, there is some 1 ≤ i ≤ t such that λmin4i−1 ∈ [λ̂/2, 2λ̂].

Proof. Obviously, the maximum distance between any pair of markers is L. We will
show that with probability greater than 1− n−δ all distances between consecutive
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markers is at least L/2n2+δ. Divide the genome in 2n2+δ disjoint intervals, each of
length L/2n2+δ. Define the

(
n
2

)
random variables Xij in the following way.

Xij =

{
1 if i and j are in the same or neighboring subintervals.
0 otherwise.

(4.22)

Since the markers are assumed uniformly distributed we know that

Pr
[
Xij = 1

]
≤ 3

2n2+δ
. (4.23)

Let

Y =
∑
i<j

Xij . (4.24)

It is clear that Y ≥ 1 if and only if some pair of markers are in the same or
neighboring subintervals. Hence, from the Markov inequality follows that

Pr
[
Y ≥ 1

]
≤ E[Y ] ≤

(
n

2

)
3

2n2+δ
<

1
nδ
. (4.25)

Together with Equation (4.21), this implies that, with probability greater than 1−
n−δ, for all pairs of marker distances `1, `2 with corresponding optimal intensity λ̂,

ln 2
L
≤ λ̂ ≤ 2n2+δ ln 2

L
. (4.26)

This means that if t = d(1 + δ/2) log(n) + 3/2e and λmin = ln 2/L, with probability
greater than 1− n−δ, there is some 1 ≤ i ≤ t such that λmin4i−1 ∈ [λ̂/2, 2λ̂]. 2

In the next section we will show that, if a distance comparator Ct,λ with a
suitable intensity vector λ is used, an upper bound on the probability of misjudging
a pair of distances, similar to the bound in Lemma 3.5, can be derived, but which
is independent of the intensities.

4.3 Bounding distance errors

Assume that two series of RH experiments have been made, each consisting of m
experiments. In the first series the intensity λ1 was used and in the second series
the intensity λ2 was used. For i = 1, . . . ,m and j = 1, 2 we define

Xj
i =


1 if a, b but not c, d are separated in the i:th

experiment of series j,
−1 if c, d but not a, b are separated in the i:th

experiment of series j,
0 otherwise.

(4.27)
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where the experiments are performed using intensity λj . Furthermore, for j = 1, 2,
we let

Yj =
m∑
i=1

Xj
i . (4.28)

Equation (3.17), states that in this case

E[Yj ] = 2mpq(1− (α+ β))2f`ab−`cd,`cd(λj). (4.29)

Assume that d(a, b) > d(c, d), and that Y1 > 0, i.e., that the series of experiments
using intensity λ1 has given the correct ordering of the distances. We will bound the
probability that, in the algorithm, the results from the second series of experiments
will mislead us to draw the incorrect conclusion about the two distances d(a, b) and
d(c, d). This will happen when Y2 < −Y1, i.e., when Y1 + Y2 < 0. Let

Z =
m∑
i=1

X1
i +

m∑
i=1

X2
i = Y1 + Y2. (4.30)

Since d(a, b) > d(c, d), it is clear that

E[Z] = E[Y1] + E[Y2] > 0. (4.31)

Using the Hoeffding inequality and Equation (4.29), we see that

Pr
[
Z < 0

]
= Pr

[
E[Z]− Z ≥ E[Z]

]
= Pr

[E[Z]− Z
2m

≥ E[Z]
2m

]
≤ e−2E[Z]2/8m = e−2(E[Y1]+E[Y2])2/8m

= e−mp
2q2(1−(α+β))4(f`ab−`cd,`cd (λ1)+f`ab−`cd,`cd (λ2))2

.

(4.32)

This inequality will be used to prove the following lemma.

Lemma 4.4. Let a, b, c and d be four markers such that d(a, b) > d(c, d). Then

Pr
[
Cλ,t(a, b; c, d) 6= 1

]
≤ te−mp2q2(1−(α+β))4f`ab−`cd,`cd (λ∗)2

. (4.33)

where λ∗ is the intensity maximizing f`ab−`cd,`cd(λ) among the t intensities λ1, . . . , λt
in λ.

Proof. Let B1 be the event that the decision based on the series of experiments using
intensity λ∗ is incorrect, and let B2 be the event that the series of experiments using



46 Chapter 4. Using multiple intensities in P-Order and K-Order

intensity λ∗ is correct, but some other series is chosen and the decision based on
that series is incorrect. From Lemma 3.5 follows that

Pr
[
B1

]
≤ e−2mp2q2(1−(α+β))4f`ab−`cd,`cd (λ∗)2

, (4.34)

and from Equation (4.32) follows that

Pr
[
B2

]
≤
∑
λi 6=λ∗

e−mp
2q2(1−(α+β))4(f`ab−`cd,`cd (λ∗)+f`ab−`cd,`cd (λi))

2
. (4.35)

This means that

Pr
[
Cλ,t(a, b; c, d) 6= 1

]
≤ Pr

[
B1

]
+ Pr

[
B1

]
≤ e−2mp2q2(1−(α+β))4f`ab−`cd,`cd (λ∗)2

+
∑
λi 6=λ∗

e−mp
2q2(1−(α+β))4(f`ab−`cd,`cd (λ∗)+f`ab−`cd,`cd (λi))

2

≤ e−mp2q2(1−(α+β))4f`ab−`cd,`cd (λ∗)2

+
∑
λi 6=λ∗

e−mp
2q2(1−(α+β))4f`ab−`cd,`cd (λ∗)2

≤ te−mp2q2(1−(α+β))4f`ab−`cd,`cd (λ∗)2

(4.36)

which completes the proof. 2

By choosing the intensities as in Section 4.2 this bound can be rewritten so that
the choice of intensities is eliminated completely.

Lemma 4.5. Let a, b, c and d be four markers such that d(a, b) > d(c, d). Let
λ = (λ1, . . . , λt), where λi = 4λi−1, for 2 ≤ i ≤ t. Let λ̂ be the intensity maximizing
f`ab−`cd,`cd(λ), and assume that λ1 ≤ λ̂ ≤ λt. Then,

Pr
[
Cλ,t(a, b; c, d) 6= 1

]
≤ te−mp

2q2(1−(α+β))4
(
`ab−`cd
2e2`ab

)2

. (4.37)

Proof. By assumption, the intensities used in the t series will satisfy λi+1 = 4 · λi
for i = 1, . . . , t− 1. Since the optimal intensity λ̂ satisfies λ1 ≤ λ̂ ≤ λt, this means
that there is some intensity λ̃ ∈ {λi} such that λ̂/2 ≤ λ̃ ≤ 2λ̂. Let λ∗ be the
intensity maximizing f`ab−`cd,`cd(λ) among the t intensities λ1, . . . , λt. Then, from
Lemma 4.2 follows that

f`ab−`cd,`cd(λ∗) ≥ f`ab−`cd,`cd(λ̃) ≥ `ab − `cd
2e2`ab

. (4.38)

If we use this inequality in Lemma 4.4, we get that

Pr
[
Cλ,t(a, b; c, d) 6= 1

]
≤ te−mp2q2(1−(α+β))4f`ab−`cd,`cd (λ∗)2

≤ te−mp
2q2(1−(α+β))4

(
`ab−`cd
2e2`ab

)2 (4.39)

which concludes the proof. 2
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In Section 4.2 we showed that if the n markers are uniformly distributed, then,
usingO((1+δ/2) log(n)) intensities λ1, . . . , λt such that λ1 = ln 2/L and λi+1 = 4λi,
the optimal intensity λ̂ for any pair of marker distances 0 < `1, `2 ≤ L will be
within a factor two from one of the intensities λi with probability greater than
1− n−δ. In this section, we have shown that if λ̂ is within a factor two from some
λi, the probability for our new distance comparator to order two pairs of distances
incorrectly can be bounded with a bound similar to that in Lemma 3.5, but with
the dependency of the intensity eliminated. Using these results, we will in the next
two sections give upper bounds on the number of experiments sufficient for the
Modified-P-Order and Modified-K-Order algorithms to produce correct marker
orders under the assumption that the markers are uniformly distributed.

4.4 Analyzing the modified P-Order algorithm

The similarity between the bound in Lemma 3.5 and Lemma 4.5, makes it possible
to carry through derivations similar to those in Section 3.3. The role of the intensity
dependent function fp(λ) will be played by the function f∗p defined below.

Definition 4.6. Define the parameter f∗p as

f∗p = min
1<i<n

{ `i−1,i

`i−1,i+1
,
`i,i+1

`i−1,i+1
} (4.40)

Lemma 4.7. Assume that n markers are uniformly distributed along a chromo-
some of length L. Assume that t = d(1+δ/2) log(n)+3/2e series of experiments have
been made, each consisting of m experiments, using intensities λ = (λ1, . . . , λt),
where λi = 4i−1 ln 2/L. Then, with probability greater than 1 − n−δ, the distance
comparator Cλ,t satisfies the P-Order condition with parameter

te−mp
2q2(1−(α+β))4

(
f∗p
2e2

)2

(4.41)

Proof. From Lemma 4.3 follows that with probability greater than 1− n−δ, for all
pairs of marker distances `1 and `2 with corresponding optimal intensity λ̂, there
is some 1 ≤ i ≤ t such that λi ∈ [λ̂/2, 2λ̂]. Under this condition, Lemma 4.5 states
that for any four markers a, b, c, and d such that d(a, d) > d(b, c)

Pr
[
Cλ,t(a, d; b, c) 6= 1

]
≤ te−mp

2q2(1−(α+β))4
(
`ad−`bc
2e2`ad

)2

. (4.42)

Let a, b, c, and d be four markers appearing in this order on the genome, and
assume that b and c are consecutive and that d(a, d) > d(b, c). Without loss of
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generality, we assume that d 6= c. Let e be the marker immediately to the right of
c. Note that e may be identical to the marker d. Then,

Pr
[
Cλ,t(a, d; b, c) 6= 1

]
≤ te−mp

2q2(1−(α+β))4
(
`ad−`bc
2e2`ad

)2

≤ te−mp
2q2(1−(α+β))4

(
`be−`bc
2e2`be

)2

= te
−mp2q2(1−(α+β))4

(
`ce

2e2`be

)2

≤ te−mp
2q2(1−(α+β))4

(
f∗p
2e2

)2

,

(4.43)

where the last inequality follows from the fact that the markers b, c, e are con-
secutive together with Definition 4.6. Hence, for any four markers a, b, c, and
d, appearing in this order on the genome, such that b and c are consecutive and
d(a, d) > d(b, c),

Pr
[
Cλ,t(a, d; b, c) = 1

]
≥ 1− te−mp

2q2(1−(α+β))4
(
f∗p
2e2

)2

, (4.44)

2

Theorem 4.8. Assume that n markers are uniformly distributed along a chromo-
some of length L. Assume that t = d(1 + δ/2) log(n) + 3/2e series of experiments
have been made using intensities λ = (λ1, . . . , λt), where λi = 4i−1 ln 2/L, each
consisting of

m ≥ ln
( tn2

ε

) 4e4

p2q2(1− (α+ β))4(f∗p )2
(4.45)

experiments. Then the Modified-P-Order algorithm, i.e., the P-Order algorithm
using the distance comparator Cλ,t, gives the correct order of the n markers with
probability greater than 1− ε− n−δ.

Proof. From Lemma 4.7 follows that given

m ≥ ln
( tn2

ε

) 4e4

p2q2(1− (α+ β))4
(
f∗p
)2 (4.46)

experiments, the distance comparator Cλ,t satisfies the P-Order condition with
parameter ≤ ε/n2, with probability greater than 1 − n−δ. By Theorem 3.8, this
implies that the P-Order algorithm using this distance comparator will compute
the correct order of the markers with probability greater than 1 − ε. Hence, the
Modified-P-Order algorithm will compute the correct order of the markers with
probability greater than 1− ε− n−δ. 2
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4.5 Analyzing the modified K-Order algorithm

The equivalents of the functions fkγ(λ), fkζ(λ), and fk(λ) in Section 3.4, will in the
modified case be denoted f∗kγ , f∗kζ , and f∗k , respectively.

Definition 4.9. Define the parameters f∗kγ and f∗kζ as

f∗kγ = min
1≤i<n

{
σLi+1

σLi+1 + `i,i+1
,

σRi
σRi + `i,i+1

} (4.47)

f∗kζ = min
1≤i<n

{`i,i+1 −mi

`i,i+1
}. (4.48)

Furthermore, define

f∗k = min{fkγ , fkζ}. (4.49)

Note that from Definition 3.12 follows that f∗kζ ≥ 1/2.

Lemma 4.10. Assume that n markers are uniformly distributed along a chromo-
some of length L. Assume that t = d(1+δ/2) log(n)+3/2e series of experiments have
been made, each consisting of m experiments, using intensities λ = (λ1, . . . , λt),
where λi = 4i−1 ln 2/L. Then, with probability greater than 1 − n−δ, the distance
comparator Cλ,t satisfies the K-Order conditions with parameters

γ = te−mp
2q2(1−(α+β))4

(
f∗kγ
2e2

)2

(4.50)

and

ζ = te−mp
2q2(1−(α+β))4

( f∗
kζ

2e2

)2

. (4.51)

Proof. From Lemma 4.3 follows that with probability greater than 1− n−δ, for all
pairs of distances between markers with corresponding optimal intensity λ̂, there
is some 1 ≤ i ≤ t such that λi ∈ [λ̂/2, 2λ̂]. Under this condition, Lemma 4.5 states
that for any four markers a, b, c, and d such that d(a, d) > d(b, c)

Pr
[
Cλ,t(a, d; b, c) 6= 1

]
≤ te−mp

2q2(1−(α+β))4
(
`ad−`bc
2e2`ad

)2

. (4.52)

Let a, b, c, and d be four markers appearing in this order on the genome, and
assume that b and c are consecutive, that d(a, d) > d(b, c), and that d /∈ Rb. If we
let e = Rb, it follows from Definition 3.12 that

Pr
[
Cλ,t(a, d; b, c) 6= 1

]
≤ te−mp
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)2

(4.53)
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In a similar way we can show that if a /∈ Lc then

Pr
[
Cλ,t(a, d; b, c) 6= 1

]
≤ te−mp

2q2(1−(α+β))4
(

σLc
2e2(σLc +`bc)

)2

(4.54)

Hence, from Definition 4.9 follows that for any four markers a, b, c, and d, appearing
in this order on the genome, such that b and c are consecutive, d(a, d) > d(b, c),
and either d /∈ Rb or a /∈ Lc

Pr
[
Cλ,t(a, d; b, c) = 1

]
≥ 1− te−mp

2q2(1−(α+β))4
(
f∗kγ
2e2

)2

. (4.55)

Let a ∈ [2, n] be an arbitrary marker and assume that b ∈ La. From Definition 3.12
and Definition 4.9 follows that

Pr
[
Cλ,t(a− 1, a; b− 1, b) 6= 1

]
≤ te−mp

2q2(1−(α+β))4
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(4.56)

In a similar way it is possible to show that for any a ∈ [1, n− 1] and b in Ra

Pr
[
Cλ,t(a, a+ 1; b, b+ 1) 6= 1

]
≤ te−mp

2q2(1−(α+β))4
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(4.57)

Hence, Cλ,t satisfies the K-Order conditions with parameters

γ = te−mp
2q2(1−(α+β))4

(
f∗kγ
2e2

)2

(4.58)

and

ζ = te−mp
2q2(1−(α+β))4

( f∗
kζ

2e2

)2

. (4.59)

2

Theorem 4.11. Assume that n markers are uniformly distributed along a chromo-
some of length L. Assume that t = d(1 + δ/2) log(n) + 3/2e series of experiments
have been made using intensities λ = (λ1, . . . , λt), where λi = 4i−1 ln 2/L, each
consisting of

m ≥ ln
(2tn2

ε

) 4e4

p2q2(1− (α+ β))4(f∗k )2
(4.60)

experiments. Then the Modified-K-Order algorithm, i.e., the K-Order algorithm
using the distance comparator Cλ,t, gives the correct order of the n markers with
probability greater than 1− ε− n−δ.
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Proof. From Lemma 4.10 follows that with

m ≥ ln
(2tn2

ε

) 4e4

p2q2(1− (α+ β))4(f∗k )2
(4.61)

experiments, the distance comparator Cλ,t satisfies the K-Order conditions with
parameters γ ≤ ε/2n2 and ζ ≤ ε/2n2, with probability greater than 1 − n−δ. By
Theorem 3.14, this implies that the K-Order algorithm using this distance com-
parator will compute the correct order of the markers with probability greater than
1 − ε. Hence, the Modified-K-Order algorithm will compute the correct order of
the markers with probability greater than 1 − ε− n−δ. 2

4.6 Discussion

In this chapter we have developed the Modified-P-Order and Modified-K-Order
algorithms. For data produced with a single intensity, the algorithms are identical
to the P-Order and K-Order algorithms, respectively. However, the modified algo-
rithms are designed to handle multiple intensity data as well. To do this we have
introduced a new distance comparator which uses the data produced with the most
favorable intensity in each distance comparison.

Under the assumption that the markers are uniformly distributed, we have
shown that, if RH data produced with O(logn) suitably chosen intensities are used,
upper bounds on the number of experiments sufficient for the modified algorithms
to produce the correct order of the markers with high probability can be given that
are independent of the intensities being used.

Although such an experimental design is merely theoretical, the algorithms may
be used on any data produced with multiple intensities. We have examined the
Modified-P-Order and the Modified-K-Order algorithms in the case where three
series of experiments are made. To evaluate the algorithms we used the same ran-
domly generated chromosomes as in the evaluation of the P-Order and K-Order
algorithms in Section 3.5. This means that in each case 200 markers were uniformly
distributed along a chromosome of length 5. For each single intensity series pro-
duced with λ = 1, 5, 10, 20 and m = 60, 75, 90, 150, 300 in Section 3.5, we simulated
three series of experiments with m/3 experiments in each. The intensities used in
the three series were 0.2λ, λ, and 2λ. As in Section 3.5, the parameters p = 0.3,
α = 0.004, and β = 0.002 were used in all experiments.

The ratios between the three intensities used in the multiple intensity tests were
chosen more or less ad hoc. When using only three intensities it seemed reasonable
to use one intensity set to what we estimate is the optimal intensity for the single
intensity case. To resolve the order between tightly packed markers we probably
also want an intensity that is higher than the main intensity. For partially historic
reasons, 1 this intensity was set to two times the main intensity. The idea was

1In the first version of the theoretical analysis of the modified algorithms the ratio between the
intensities was set to 2.
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m λ = 1 λ = 5 λ = 10 λ = 20
60 417.8 1958.3 10158.5 11821.2
75 343.9 2191.6 9134.0 11763.6
90 539.7 658.2 7766.4 11420.0

150 421.8 223.3 4743.9 10940.4
300 251.7 57.3 1316.5 9477.6

(a) P-Order

m λ = 1 λ = 5 λ = 10 λ = 20
60 1637.3 3025.6 8023.2 10640.0
75 1683.8 1462.9 6294.2 10684.6
90 1392.1 754.6 4513.2 9645.2

150 954.2 290.8 585.6 7529.6
300 496.9 48.6 131.1 3322.3

(b) Modified-P-Order

m λ = 1 λ = 5 λ = 10 λ = 20
60 436.4 109.9 6067.5 11975.8
75 377.7 663.5 5413.9 11637.0
90 320.5 411.6 2304.3 11238.9

150 215.3 39.6 1159.4 9988.4
300 112.8 22.0 50.2 7094.9

(c) K-Order

m λ = 1 λ = 5 λ = 10 λ = 20
60 881.3 1496.3 5095.0 11206.7
75 898.6 820.6 4101.3 10422.6
90 708.5 383.2 2362.0 9628.4

150 529.0 76.5 264.1 4844.0
300 244.9 30.9 21.1 1090.6

(d) Modified-K-Order

Table 4.1. Mean values of the L1-distance between the true and the computed
marker order in the haploid case

that this choice would facilitate the ordering of tightly packed markers, but still be
useful for the not so extreme distances. The low intensity was finally set to one fifth
of the main intensity. We wanted to use this intensity to avoid reversals of long
chains, and therefore we wanted it to be significantly lower than the main intensity.
For the case when the main intensity is equal to one, this is probably too low, since
the expected number of breaks in this case will be one.

Table 4.1 shows the mean values of the L1-distance between the computed
marker order and the true marker order, in the haploid case. For good choices of
single intensity we get worse performance using the modified algorithms, compared
to the original ones. However, the stability with respect to choice of intensity
has improved. We see that the results for large values of λ is significantly better
for the modified algorithms than for the original algorithms when the number of
experiments is 150 or 300. An example of where the modified algorithms perform
better is shown in Figure 4.1. In this example the intensity λ = 10 was used for the
single intensity experiments and thus λ = 2, 10, 20 in the multiple intensity case.
The total number of experiments was 150.

We observe that when the total number of experiments, m, is small, the im-
provement is much smaller than when m is large. This is also what we would expect.
The main reason is the way our distance comparator is constructed; only the data
from one of the series is used to determine the order of each pair of distances. If
m is less than or equal to 90, this means that only the output from at most 30
experiments is used to estimate the distances in the comparisons. Naturally, this



4.6. Discussion 53

0 20 40 60 80 100 120 140 160 180 200
0

20

40

60

80

100

120

140

160

180

200

T
ru

e
m

a
rk

e
r

o
rd

e
r

Computed marker order

(a) Modified-K-Order
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(c) Modified-P-Order
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(d) P-Order

Figure 4.1. Illustration of the increased stability using the modified algorithms
compared to the original algorithms



54 Chapter 4. Using multiple intensities in P-Order and K-Order

has a negative effect on the accuracy of the estimates.
Even though the data produced with the most suitable intensity for a pair of

distances carries most information about the order between them, the remaining
data carries some information as well. What we would like is thus a distance com-
parator that uses all information available in each comparison, but that weighs the
information so that the information produced with the best intensity gets most
influence on the comparison. In the next chapter we give a new algorithm, based
on the K-Order algorithm, called Korder-ML, which accomplishes this. This algo-
rithm makes maximum likelihood estimates of the distances; estimates which are
computed using the data from all series of experiments.



Chapter 5

The Korder-ML algorithm —
maximum likelihood in
K-Order

In Chapter 4 we presented the Modified-P-Order and Modified-K-Order algo-
rithms. These algorithms were modifications of the P-Order and K-Order algo-
rithms that made it possible to use RH data produced with multiple intensities.
We gave upper bounds on the number of experiments sufficient for the algorithms
to compute a correct marker order that were independent of the intensities being
used, assuming that the markers were uniformly distributed along the chromosome
and that the number of series was O(logn).

Evaluations of the two algorithms were made for the case where only three
intensities are used. These evaluations showed that the Modified-P-Order and
Modified-K-Order algorithms indeed are more stable with respect to the choice of
intensities than the original P-Order and K-Order algorithms, but that the algo-
rithms perform worse than the original algorithms when optimal or nearly optimal
intensities are used for these algorithms.

The major drawback of the modified algorithms is that only data from the series
using the most favorable intensity is used in each experiment. Since the other
series carry information as well we would like to use that information too. For this
purpose we have constructed the Korder-ML algorithm which is a development of the
K-Order and Modified-K-Order algorithms which computes maximum likelihood
estimates of the distances between the markers.

In this chapter we present the Korder-ML algorithm. Using this algorithm we
show that the use of multiple intensity data really can improve an RH algorithm
significantly. An essential part of the Korder-ML algorithm is to compute maxi-
mum likelihood estimates of the marker distances for a given marker order. In the
multiple intensity case there exists a quasi-Newton method which can be used for

55
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this purpose [Lan96]. We have implemented two new first order algorithms that
also perform this task. We evaluate the Korder-ML algorithm and show that its use
of multiple intensity data improves the performance drastically.

5.1 Preliminaries

In Chapter 4 we introduced the ability to use RH data produced with multiple
intensities in the P-Order and K-Order algorithms. We also showed that if the
markers are uniformly distributed and if O(logn) series of experiments were made,
the dependency on the intensities used could be removed from the success bounds
for the modified algorithms.

The idea to use data produced with multiple intensities is not new. The use
of multiple intensity data in RH mapping was suggested in 1992 by Lange and
Boehnke [LB92]. By computing the average information they concluded that a gain
of only 5% in ordering efficiency was to be expected from two intensity experiments
compared to single intensity experiments. They also conjectured that major gains
in ordering efficiency from three or four intensity designs were unlikely. However,
it was proposed that a more definite criteria for marker ordering could show this in
a different light.

In [LBLC96], Lunetta et al. showed how to use data from multiple RH panels,
i.e., RH data produced with multiple intensities, to compute the likelihood of a
given marker arrangement. They considered two different probabilistic models.
In the first model the break probabilities between two markers were assumed to
be independent between different series. In the second model, the proportional
model, they assumed that the break probabilities were coupled, so that the break
probability θki between markers i and i+ 1 in series k satisfy

θki = 1− (1− θ1
i )
ck , (5.1)

where θ1
i is the break probability in series one, for some parameter ck. This second

model is consistent with the assumption that the breaks occur according to a Pois-
son process with intensity λ, which we use. Under this assumption, the parameter
ck will be the quotient between the intensity of panel k and that of panel 1.

In the first model an ordinary EM algorithm can be used to find the maximum
likelihood arrangement for a given marker order, but under the proportional model
this is not possible. Instead they implemented a quasi-Newton algorithm for this
purpose [Lan96]. This algorithm was incorporated in the RHMAP package and tested
on real data. The aim with the evaluation was to see how many more markers that
could be incorporated into a framework requiring all markers to be ordered with
maximum likelihood ratios greater that 1000:1 and 100:1 when using two RH panels
produced with different intensities compared to what was possible when using the
individual panels. The experiments were performed on a set of 27 markers on
the human chromosome 21. The panels used were the G3 panel consisting of 83
experiments (hybrids) and the TNG1 panel consisting of 90 experiments (hybrids).
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The conclusion was that it was possible to build a high-confidence 1000:1 framework
map including as many markers as the two corresponding single series 1000:1 maps
combined. They also noted that their multiple intensity 1000:1 map contained more
markers than either single intensity 100:1 map did.

Due to running time, the use of RHMAP is limited to instances consisting of
a relatively small number of markers. In this thesis we investigate how the use
of multiple intensities can improve the performance of the much faster heuristics
P-Order and K-Order. Furthermore, we are not as interested in the number of
markers that can be ordered with high confidence as in how the orderings and
arrangements produced by an RH algorithm on a given set of markers can be
improved with the use of multiple intensity data. In the previous chapter we showed
some results of this kind. The development of the Korder-ML algorithm described in
this chapter is another step in this direction. In the Modified-K-Order algorithm
the information from the series of experiments made with the most suitable intensity
is used for each decision. In the Korder-ML algorithm all information is used in
each decision. To accomplish this we make maximum likelihood estimates of all
distances being compared.

When evaluating the Korder-ML algorithm we will put higher demands on the
multiple intensity performance than Lunetta et al. did in [LBLC96]. In [LBLC96],
they compared the performance using the results from two series of experiments
with that using the results of the individual series. We will compare the multiple
intensity results with the results of single intensity experiments where the total
number of experiments is equal in both cases.

5.2 The likelihood function

An RH experiment can be modeled with a Hidden Markov Model [LBCL95a]. The
hidden states {Xi}ni=1 will be the sequence of random variables defined by: Xi = c
if the hybrid cell line contains c copies of marker i. In the haploid case the possible
values for Xi are thus S = {0, 1}, and in the diploid case the possible values
are S = {0, 1, 2}. For each hidden variable Xi we have a corresponding observable
random variable Yi. The variable Yi is the output for marker i in the RH experiment,
and takes values in O = {0, 1} in both the haploid and the diploid case.

In our model, the state transition probabilities will depend on i. Let `i be the
distance between marker i and marker i+ 1 on the chromosome, and let θi be the
probability that a break occurs between marker i and marker i+1 in an experiment.
Since the breaks are governed by a Poisson process with intensity λ we have that

θi = 1− e−λ`i . (5.2)

In our model the uptake probability for a fragment p, is independent of the length
of the fragment and also independent of the other fragments. With this in mind,
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it is easy to see that in the haploid case

a00(i) = Pr
[
Xi+1 = 0 | Xi = 0

]
= 1− pθi

a01(i) = Pr
[
Xi+1 = 1 | Xi = 0

]
= pθi

a10(i) = Pr
[
Xi+1 = 0 | Xi = 1

]
= (1− p)θi

a11(i) = Pr
[
Xi+1 = 1 | Xi = 1

]
= pθi + (1− θi)

(5.3)

The transition probabilities in the diploid case are slightly more involved since there
can be up to two copies of each marker. However, straightforward calculations yield
that

a00(i) = Pr
[
Xi+1 = 0 | Xi = 0

]
= (1− pθi)2

a01(i) = Pr
[
Xi+1 = 1 | Xi = 0

]
= 2pθi(1− pθi)

a02(i) = Pr
[
Xi+1 = 2 | Xi = 0

]
= (pθi)2

a10(i) = Pr
[
Xi+1 = 0 | Xi = 1

]
= (1− p)θi(1− pθi)

a11(i) = Pr
[
Xi+1 = 1 | Xi = 1

]
=

= pθi(1− p)θi + (1− pθi)(pθi + (1− θi))
a12(i) = Pr

[
Xi+1 = 2 | Xi = 1

]
= pθi(pθi + (1− θi))

a20(i) = Pr
[
Xi+1 = 0 | Xi = 2

]
= ((1− p)θi)2

a21(i) = Pr
[
Xi+1 = 1 | Xi = 2

]
= 2(1− p)θi(pθi + (1− θi))

a22(i) = Pr
[
Xi+1 = 2 | Xi = 2

]
= (pθi + (1− θi))2

(5.4)

Furthermore, it is easy to see that in the haploid case, the initial probabilities are

π1(1) = Pr
[
X1 = 0

]
= (1− p)

π2(1) = Pr
[
X1 = 1

]
= p,

(5.5)

and in the diploid case

π1(1) = Pr
[
X1 = 0

]
= (1− p)2

π2(1) = Pr
[
X1 = 1

]
= 2p(1− p)

π3(1) = Pr
[
X1 = 2

]
= p2.

(5.6)

We also note that in the haploid case, the emission probabilities, i.e., the prob-
ability of observing a certain output given a certain hidden state, are

b0(0) = Pr
[
Yi = 0 | Xi = 0

]
= 1− α

b0(1) = Pr
[
Yi = 1 | Xi = 0

]
= α

b1(0) = Pr
[
Yi = 0 | Xi = 1

]
= β

b1(1) = Pr
[
Yi = 1 | Xi = 1

]
= 1− β.

(5.7)
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We have assumed that the probability of an error in the test for presence was
independent of the number of copies of a marker in the hybrid cell. This implies
that in the diploid case, the emission probabilities are

b0(0) = Pr
[
Yi = 0 | Xi = 0

]
= 1− α

b0(1) = Pr
[
Yi = 1 | Xi = 0

]
= α

b1(0) = Pr
[
Yi = 0 | Xi = 1

]
= β

b1(1) = Pr
[
Yi = 1 | Xi = 1

]
= 1− β

b2(0) = Pr
[
Yi = 0 | Xi = 2

]
= β

b2(1) = Pr
[
Yi = 1 | Xi = 2

]
= 1− β.

(5.8)

The emission probabilities are thus independent of i, as opposed to the transition
probabilities. To see that this really is a Hidden Markov Model, we note that the
emitted symbols are conditionally independent given the state sequence, i.e., that

Pr
[
Y1 = o1, . . . , Yn = on | X1 = s1, . . . , Xn = sn

]
=

n∏
j=1

bsj (oj) (5.9)

for any state sequence s1, . . . , sn and observed sequence o1, . . . , on.
We want to compute the log-likelihood L, of a series of experiments, given an

arrangement of the markers A. Let Skj be the likelihood of experiment j of series
k, i.e.,

Skj = Pr
[
Y kj1 = okj1 , . . . , Y

kj
n = okjn | A, λk, p, α, β

]
, (5.10)

where okji is the output for marker i in the jth experiment in series j. Since the
experiments are considered independent this means that the log-likelihood of the t
series can be written

L =
t∑

k=1

mk∑
j=1

ln(Skj) (5.11)

The Forward-Backward procedure was given by Baum et al. [BPSW70] and is an
efficient algorithm for the scoring problem for a Hidden Markov Model , i.e, an
efficient algorithm for computing

Pr
[
Y1 = o1, . . . , Yn = on | A,B, π(1)

]
, (5.12)

where A, B, and π(1) are the transition probabilities, emission probabilities and
initial state probabilities, respectively.
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The forward procedure recursively computes the forward variables Fi(s) defined
by

Fi(s) = Pr
[
Y1 = o1, . . . , Yi = oi, Xi = s | A,B, π(1)

]
(5.13)

for each s ∈ S and i = 1, . . . , n. The algorithm is as follows. For each s ∈ S

F1(s) = bs(o1)πs(1)

Fi+1(s) =

[∑
s′∈S
Fi(s′)as′s(i)

]
bs(oi+1), for i = 1, . . . , n− 1.

(5.14)

The backward procedure is similar to the forward procedure. In this case we
recursively compute the backward variables Bi(s) defined by

Bi(s) = Pr
[
Yi+1 = oi+1, . . . , Yn = on | Xi = s,A,B, π(1)

]
(5.15)

for each s ∈ S and i = 1, . . . , n. The algorithm is as follows. For each s ∈ S

Bn(s) = 1

Bi(s) =
∑
s′∈S
Bi+1(s′)bs′(oi+1)ass′(i), for i = 1, . . . , n− 1. (5.16)

The score of the observed output from one experiment can now be written in
the following way.

S = Pr
[
Y1 = o1, . . . , Yn = on | A,B, π(1)

]
=
∑
s∈S
Fi(s)Bi(s) (5.17)

for any i = 1, . . . , n. Finally, to compute the log-likelihood function we just sum
over all series and over all experiments in each series as described in Equation 5.11.

In our case the number of states and the emission alphabet are fixed. So the
time required to compute the log-likelihood function for a chain of n markers, given
the output from t series of experiments with mk experiments in series k, is O(m ·n)
where m =

∑t
k=1mk.

5.3 Maximizing the likelihood function

Finding the distances maximizing the likelihood function given the order of the
markers in a chain is a vital part of several maximum likelihood algorithms for the
RH problem [SKSL95, BDCP00]. Used for this purpose is an EM algorithm which
is shown to converge to a local optimum.

The EM algorithm was given a general formulation by Dempster et al. [DLR77].
The Baum-Welch algorithm [Bau72] is a special case of the EM algorithm that rees-
timates the transition probabilities and emission probabilities in a Hidden Markov
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Model. It is possible to show that the reestimates given by the Baum-Welch al-
gorithm, computes a local maximum of the objective function of the EM algo-
rithm [DEKM98, Kos99].

The transition probabilities can be expressed as functions of the break proba-
bilities θi for the edges in the chain of markers and the uptake probability p. See
Equation (5.3) and Equation (5.4). However, it is not always possible to immedi-
ately convert transition probabilities to break probabilities. It is easy to see that
the number of equations obtained from the transition probabilities is two in the
haploid case and six in the diploid case, since the sum of the elements in each row
of the transition matrix is one. If p is fixed this will give an over determined system
of equations for the break probabilities θi.

The break probabilities can however be determined directly. In [BLC91] it is
shown that each break probability θi can be viewed as the success probability for a
hidden binomial trial. The update formula for the probability of a hidden binomial
trial is given by

θnew
i =

E[#successes | Y, θold
i ]

E[#trials | Y, θold
i ]

, (5.18)

which is equivalent to

θnew
i = θold

i +
θold
i (1− θold

i )
E[#trials | Y, θold

i ]
· d
dθi
L(θold

i ), (5.19)

where L(θi) is the log-likelihood of the observed data Y [WL89]. This is also shown
in a series of exercises in [Lan97]. The proposed reestimation formula for the break
probabilities is therefore

θnew
i = θold

i +
θold
i (1− θold

i )
H

· d
dθi
L(θold) (5.20)

for all i = 1, . . . , n− 1, where θ = (θ1, . . . , θn−1), L(θ) is the log-likelihood value of
the experiment output, and H is the number of experiments times the ploidity of
the chromosome.

In the single intensity case these reestimates directly yield new values on the
distances between the markers through Equation (5.2). However, we want to allow
for multiple intensities, and then the relation between the break probabilities and
the distances differ between the series. Our approach is therefore to maximize the
log-likelihood function as a function of the distances `i, i = 1, . . . , n − 1, between
consecutive markers directly. We will thus maximize the log-likelihood function

L =
t∑

k=1

mk∑
j=1

ln(Skj) =
t∑

k=1

mk∑
j=1

ln
(∑
s∈S
Fkji (s)Bkji (s))

)
(5.21)

with respect to `1, . . . , `n−1, under the constraints 0 ≤ `i ≤ dmax for all i, where
dmax is some suitable upper bound on the distance between any consecutive markers
in the genome.
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A quasi-Newton algorithm able to do this was implemented by Lange [Lan96].
This implementation is now part of the RHMAP package. However, there are several
other well studied methods to solve optimization problems for non-linear multi-
variable functions with or without constraints. We have implemented two new
methods for non-linear optimization, with our simple form of linear constraints,
that use only information about the first partial derivatives. The first algorithm
is a simple modification of the cyclic coordinate descent method and the second
algorithm is a version of the gradient projection method.

We will give a short description of the two methods below, and show why the
cyclic coordinate descent method is computationally attractive in our special case.
For a nice survey of these and similar methods we refer to [Lue84]. The two algo-
rithms below are, following the tradition, formulated as minimization problems, but
can naturally be converted to a maximization problem by negating the objective
function.

The context for a coordinate descent method is that we want to minimize a
function f(x) = f(x1, . . . , xn). To descend with respect to a coordinate xi given a
point x = (x1, . . . , xn), means that the minimization problem

minimize
xi

f(x1, . . . , xn) (5.22)

is solved. In the cyclic coordinate descent algorithm we minimize f cyclically
with respect to the coordinate variables in a cyclic fashion, i.e., in the order
x1, x2, . . . , xn, x1, x2 etc., until we are sufficiently close to the minimum. In our con-
text we have constraints 0 ≤ xi ≤ xmax for each coordinate. Since these constraints
are local for each coordinate, they are easily incorporated into the algorithm. The
new coordinate descent method becomes

minimize
0≤xi≤xmax

f(x1, . . . , xn). (5.23)

Since the objective function decreases in each step this method will converge to a
local minimum. The convergence is much slower than most other methods, but as
we will see it is well suited for the special characteristics of our problem.

The gradient projection method is a modification of the steepest descent method
to allow for linear constraints. With our special constraints the method boils down
to Algorithm 1 shown below. As was the case above this method will eventually
converge to a local minimum since the objective function increases in each step.

Both the cyclic coordinate descent method and the gradient projection method
are iterative, and we thus have to decide when we have obtained sufficient accuracy
in the solution to stop iterating. To control the accuracy, we have in our imple-
mentation introduced two parameters, one called the grid size and the other called
the log-score error. After each pass through the coordinates in the cyclic coordi-
nate descent method, and after each iteration of the gradient projection method we
check if any of the following conditions are met, and in that case the iterations are
continued.
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Algorithm 1: The gradient projection method.
Input: A function f and a feasible point x to f .
Output: A local minimum to f
(1) while true
(2) d← −∇f(x)T .
(3) for i← 1 to n
(4) if xi = 0 and di > 0 then di ← 0
(5) if xi = xmax and di < 0 then di ← 0
(6) if d = 0 then return x
(7) α1 = max{α | x + αd is feasible}
(8) α2 = argmin{f(x + αd) | 0 ≤ α ≤ α1}
(9) x← x + α2d

1. The change in edge length for any of the edges is greater than grid size.

2. The improvement of the log-likelihood value (i.e., the value of the objective
function) is greater than 1/4×log-score error.

Note here that the log-score error is not an upper bound for the difference between
the maximum log-likelihood value and the computed log-likelihood value, unless
we have linear convergence in the objective function such that the multiplicative
constant is less than 1/2. If the objective function is quadratic, the asymptotic
convergence ratio for the steepest descent method and the Gauss-Southwell scheme,
which is a coordinate descent method in which the coordinate corresponding to the
in absolute value largest component of the gradient is selected in each step, is linear
(see [Lue84]). The multiplicative constant depends in both cases on the Hessian
of the objective function. For a quadratic function, this constant is smaller for
the steepest descent method than for coordinate descent methods. In [Lue84] it
is stated that the bound for the steepest descent method is of about the same
order as the bound for n − 1 applications of the Gauss-Southwell scheme. In our
implementation we compare the function values before and after each pass through
the n coordinates in the cyclic coordinate descent method. This suggests that the
accuracy of the two methods should be approximately the same. Our impression
when comparing experimental results is that this indeed is the case when we are
close to an optimum. However, when the starting point is far from the optimum, the
cyclic coordinate descent method is much more stable than the gradient projection
method. While the gradient projection method often have a slow convergence and
often terminates while the error in the solution is greater than the log-score error,
the cyclic coordinate descent method displays really nice convergence properties.

In both the cyclic coordinate descent method and the gradient projection method
a line search is performed over, in our case, a bounded interval. In the cyclic co-
ordinate descent method the line search is performed over a line parallel to one of
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the coordinate axes and in the gradient projection method in the projection of the
steepest ascent direction.

There exist several line search algorithms with different characteristics, but
most of them require the function to be unimodal to ensure convergence to a global
optimum (See e.g. [Lue84]). In our application, this will generally not be the case
unless the search direction is parallel to one of the coordinate axes. If the search
direction is parallel to a coordinate axis, the function will have a unique maximum
in the haploid single intensity case.

Let Bi be the event that there is a break in edge i in a single experiment, and
let Bi be the complement to Bi. Then

Pr
[
Y1 = o1, . . . , Yn = on

]
=

= Pr
[
Y1 = o1, . . . , Yn = on | Bi

]
Pr
[
Bi
]
+

Pr
[
Y1 = o1, . . . , Yn = on | Bi

]
(1− Pr

[
Bi
]
)

= Pr
[
Y1 = o1, . . . , Yn = on | Bi

]
(1− e−λ`i)+

Pr
[
Y1 = o1, . . . , Yn = on | Bi

]
e−λ`i .

(5.24)

It follows from our probabilistic model that Pr
[
Y1 = o1, . . . , Yn = on | Bi

]
and

Pr
[
Y1 = o1, . . . , Yn = on | Bi

]
are independent of the edge length `i. This means

that we can write the log-likelihood function as

L =
t∑

k=1

mk∑
j=1

ln
(
akj(1− e−λk`i) + bkje

−λk`i
)

(5.25)

where akj and bkj are independent of `i. In the single intensity case we can rewrite
this as

L =
m∑
j=1

ln
(
aj(1− e−λ`i) + bje

−λ`i) =
m∑
j=1

ln(aj(1− x) + bjx). (5.26)

If we differentiate L with respect to x we find that

dL
dx

=
m∑
j=1

bj − aj
aj(1− x) + bjx

(5.27)

and that

d2L
dx2

=
m∑
j=1

− (bj − aj)2

(aj(1− x) + bjx)2
. (5.28)

This means thus that L is a concave function of x, which implies that L is a
unimodal function of `i since x = e−λ`i is monotone.
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Even though we have no proof for it, experimental results suggest that the
log-likelihood is unimodal along the coordinate axes also in the diploid case and
when multiple intensities are used; in the latter case at least when the number of
experiments in each series are reasonably large.

To handle both these cases, we would appreciate a line search algorithm that
finds a local maximum such that the value of the objective function is greater than
in the starting point. Since this ensures that the objective function will increase, the
optimization algorithms will eventually convergence to a local maximum. The line
search algorithm we have implemented is described in Algorithm 2. The idea behind
the algorithm is essentially to do a binary search over the interval of possible values
of the line search parameter α, based on the derivative of the objective function
with respect to α.

Algorithm 2: Line search algorithm
Input: A function f(x), a feasible point x and a valid search
direction d for f(x).
Output: An approximation α̃ of a local optimum to φ(α) = f(x+
αd), such that φ(α̃) ≥ φ(0)
(1) α` ← 0
(2) {φ`, φ′`} ← {φ(α`), φ′(α`)}
(3) αu ← max{α | x + αd is feasible}
(4) {φu, φ′u} ← {φ(αu), φ′(αu)}
(5) if φ` ≥ φu and φ′` ≤ 0 then return α`
(6) if φu ≥ φ` and φ′u ≥ 0 then return αu
(7) repeat
(8) αm ← (αu + α`)/2
(9) {φm, φ′m} ← {φ(αm), φ′(αm)}
(10) if φ′m > 0
(11) if φ` > max(φu, φm)
(12) {αu, φu, φ′u} = {αm, φm, φ′m}
(13) else
(14) {α`, φ`, φ′`} = {αm, φm, φ′m}
(15) else
(16) if φu > max(φ`, φm)
(17) {α`, φ`, φ′`} = {αm, φm, φ′m}
(18) else
(19) {αu, φu, φ′u} = {αm, φm, φ′m}
(20) until αu − α` > 0.001 ∗ αm
(21) return αm

Since we cannot presume that the function is unimodal we have to check the
function value in the mid point as well as the derivative, to make sure that the
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φ`

φu

α` αu

(a) φ′m > 0, φ` > max(φu, φm).

φ`

φu

α` αu

(b) φ′m > 0, φ` ≤ max(φu, φm).

φ`

φu

α` αu

(c) φ′m ≤ 0, φu > max(φ`, φm).

φ`

φu

α` αu

(d) φ′m ≤ 0, φu ≤ max(φ`, φm).

Figure 5.1. Choice of interval in the line search.

function value does not decrease. The four possible cases are illustrated in Fig-
ure 5.1. From the illustrations it should be clear that after each iteration there
must be some point α such that α` ≤ α ≤ αu, and φ(α) > φ(α`) if α > α`.

However, if we study the algorithm carefully, we observe that in some cases
the value of the objective function in the point returned by the algorithm may not
be greater than the value of the objective function in the starting point after all.
Two things might cause this. On line 6 we return αmax if φ(αmax) ≥ φ(0) and
φ′(αmax) ≥ 0. This does imply that a local optimum is returned, but it may be
the case that φ(αmax) = φ(0). This could obviously be fixed by changing the first
condition to φ(αmax) > φ(0). However, since we are dealing with real numbers
it is unlikely that equality will ever hold. In practice this occurs only due to
limitations in the computer precision when we are far away from the optimum in the
algorithm doing the line search, and in those cases the condition used above speeds
up the algorithm. The second thing that might prevent the objective function from
increasing is the fact that we are making an inaccurate line search. As can be seen
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from the algorithm we only iterate until the error in α̃ is less than 0.1%. If the
function oscillates rapidly along the line, what could happen is that α` < α̂ < αm
and that φ(αm) < φ(α`) < φ(α̂). Our impression after running the algorithm
numerous times, is however that the accuracy used is sufficient to avoid this.

To use this line search algorithm we need the partial derivatives of the log-
likelihood function with respect to the distances `i. Fortunately, expressions for
these derivatives can be derived in a straightforward way. First, we observe that

∂L
∂`i

=
t∑

k=1

mk∑
j=1

∂

∂`i
ln(Skj) =

t∑
k=1

mk∑
j=1

1
Skj

∂Skj
∂`i

(5.29)

Furthermore, from Equation (5.17) follows that

Skj =
∑
s∈S
Fkji+1(s)Bkji+1(s)

=
∑
s∈S

[∑
s′∈S
Fkji (s′)aks′s(i)

]
bs(o

kj
i+1)Bkji+1(s),

(5.30)

where only aks′s(i) is dependent on the edge length `i. Note that we have added
the superscript k to the transition probabilities. The reason for this is that the
transition probabilities are dependent on the intensity and thus the series from
which the experiment is taken. Hence,

∂Skj
∂`i

=
∑
s∈S

[∑
s′∈S
Fkji (s′)

d

d`i

(
aks′s(i)

)]
bs(o

kj
i+1)Bkji+1(s). (5.31)

The partial derivatives of the ith transition probability are easily obtained from
Equations (5.3) and (5.4). First we differentiate with respect to the break proba-
bility of edge i in series k, θki . This yields in the haploid case that

d

dθki
ak00(i) =

d

dθki

[
1− pθki

]
= −p

d

dθki
ak01(i) =

d

dθki

[
pθki
]

= p

d

dθki
ak10(i) =

d

dθki

[
(1− p)θki

]
= (1− p)

d

dθki
ak11(i) =

d

dθki

[
pθki + (1− θki )

]
= −(1− p)

(5.32)
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and in the diploid case that

d

dθki
ak00(i) =

d

dθki

[
(1− pθki )2

]
= −2p(1− pθki )

d

dθki
ak01(i) =

d

dθki

[
2pθki (1− pθki )

]
= 2p(1− 2pθki )

d

dθki
a02(i) =

d

dθki

[
(pθki )2

]
= 2p2θki

d

dθki
ak10(i) =

d

dθki

[
(1− p)θki (1− pθki )

]
= (1− p)(1− 2pθki )

d

dθki
ak11(i) =

d

dθki

[
pθki (1− p)θki + (1− pθki )(pθki + (1− θki ))

]
= (4p(1− p)θki − 1)

d

dθki
ak12(i) =

d

dθki

[
pθki (pθki + (1− θki ))

]
= (p− 2p(1− p)θki )

d

dθki
ak20(i) =

d

dθki

[
((1− p)θki )2

]
= 2(1− p)2θki

d

dθki
ak21(i) =

d

dθki

[
2(1− p)θki (pθki + (1− θki ))

]
= 2(1− p)(1− 2(1− p)θki )

d

dθki
ak22(i) =

d

dθki

[
(pθki + (1− θki ))2

]
= −2(1− p)(pθki + (1− θki ))

(5.33)

Finally, we can use the expression

dθki
d`i

= λke
−λk`i . (5.34)

to obtain expressions for the derivatives of the transition probabilities with respect
to the distance `i. We have that

d

d`i
akss′(i) =

d

dθki
akss′(i) · λke−λk`i . (5.35)

for all s, s′ ∈ S.
The way in which we evaluate the log-likelihood function and compute its deriva-

tive in a certain point, makes the cyclic coordinate descent method attractive also
from a computational point of view. If the number of iterations in the line search
subroutine would be the same in the cyclic coordinate descent method as in the
gradient projection method, the time required for one iteration of the gradient
projection method would essentially be the same as that for one pass through all
coordinates in the cyclic coordinate descent method. To see this, consider the
following.
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Equations (5.17) and (5.31) show the expressions for the likelihood function
and the partial derivatives of the likelihood function for a single experiment. In
the cyclic coordinate descent method we pass from left to right in the chain as we
optimize the edge lengths. In the line search for edge k we will use Equation (5.17)
with i = k + 1 to compute the likelihood, and Equation (5.34) with i = k to
compute the derivative of the likelihood, for each experiment. Since the forward
variables F1, . . . ,Fk and the backward variables Bk+1, . . . ,Bn are all independent
of the length of the edge k, we only have to do a constant amount of work for each
evaluation of the function and partial derivative for a new value of the length of
this edge; namely, the update of the forward variable Fk+1, and the evaluation of
the expression in Equation (5.34). Furthermore, the only update that need to be
done when proceeding to the next edge is the recomputation of the variable Fk+1

for the new value of the length of edge k. After we have reached the last edge
we finally perform the full forward-backward procedure to update all forward and
backward variables before we proceed with the next round. Note that it would in
fact be sufficient to only recompute the backward variables here, since the forward
variables was updated on the fly when passing through the edges.

This means that, if we assume that the average number of line search iterations
for an edge in the cyclic coordinate descent method is the same as the number of
line search iterations in the gradient projection method, the amount of work needed
for one pass through all edges in the cyclic coordinate descent method is in the same
order as the amount of work required to perform one iteration with the gradient
projection method.

The cyclic coordinate descent is thus about as fast in one pass through all the
edges as the gradient projection method is for one iteration. As stated above the
convergence rate per cycle for the cyclic coordinate descent method is about the
same as that of one iteration of the gradient projection method, when being close
to the optimum. We also noted that the convergence is faster and more stable in
the cyclic coordinate descent method than in the gradient projection method when
the starting point is far from the optimum. We have therefore chosen to use the
cyclic coordinate descent method in our evaluations of the Korder-ML algorithm.
However, in our program we have implemented the possibility to use the gradient
projection method as well, so it can be used if desired.

5.4 Estimating distances

The Korder-ML algorithm is based on the K-Order algorithm. In the K-Order
algorithm chains of markers are connected to form longer chains, until all markers
are linked together. Initially, there are n chains of length one (consisting of one
marker each). In each step of the algorithm, the two endmarkers with the shortest
estimated distance between them are joined. The new idea here is to estimate the
distance between the ends of two chains c1 and c2 by the distance maximizing the
log-likelihood function for the markers in the chain formed by connecting c1 and c2.
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For each pair of chains we first decide which of the four possible orientations
that should be selected for the two chains. The right endmarker of the first chain
could be connected to the left endmarker of the second chain, The right endmarker
of the first chain could be connected to the left endmarker of the second chain, etc.
See Figure 5.2. We have implemented two methods to determine the orientation.
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Figure 5.2. Connecting chains.

Both computes the optimal distance between the two chains for the four different
orientations. In the length determined approach we choose the orientation giving
the shortest edge between the two chains. In the score determined approach we
choose the orientation giving the highest log-likelihood value for the connected
chain. The length determined approach is more in line with the original K-Order
algorithm, while the score determined approach seems more appropriate from a
maximum likelihood point of view.

To determine the optimal distance between two chains for a given orientation,
we have implemented two approaches as well. In the rigid approach we fix all
internal distances in the two chains, and then choose the connecting edge length so
that the log-likelihood function is maximized. In the loose approach we optimize
the length of all edges in the connected chain, and let the distance of the connecting
edge be the distance between the two chains in the optimal solution.

From a computational point of view it would be desirable to use the rigid ap-
proach. In this case we only have to optimize the length of one edge, which makes
the algorithm much faster. The algorithm used for this is the coordinate descent
method for the single coordinate corresponding to the edge. We thus perform a
single line search to find the optimal edge length. In the cyclic coordinate descent
method described in Section 5.3, each line search was terminated when the error in
the line search parameter α was less than 0.1%. The line search was then iterated
until the change in likelihood value was sufficiently small and no marker had been
moved more than a distance determined by the grid size. Here, since we only make
one iteration of the line search, we need another way to control the accuracy. In this
case we continue the binary search until both the following conditions are satisfied.



5.5. Adjusting markers 71

1. The difference between the upper and the lower bound on the edge length,
du and d`, is less than grid size.

2. (du − d`) ·min{φ′`, φ′u} is less then the specified error limit.

If we are close to the optimum this will guarantee that the error is less than the
specified error limit.

5.5 Adjusting markers

To improve the basic algorithm we have added an adjustment phase to the algo-
rithm. After two chains have been connected to a longer chain in one step of the
algorithm, it may be the case that the log-likelihood value could be improved by
permuting the order of the markers in the connected chain. Such local optimization
schemes are present in many other RH algorithms. RHMAPPER, for instance, uses the
ripple method in which all permutations of markers within a window sliding over
the chain are evaluated. How advanced scheme to use will always be a tradeoff be-
tween running time and accuracy of the final arrangement. We have implemented
and tested two variants of a very simple scheme. After each connection of two
chains we do the following.

1. For each marker i in the chain (or a subset of the markers in the chain), see
if the log-likelihood is improved if marker i is moved to the interval between
marker i − 2 and marker i − 1, or to the interval between marker i + 1 and
marker i+2. If the improvement is greater than a specified threshold, let this
be the new position for marker i.

2. If the marker order was changed, optimize the distances between the markers
in the new order.

In the adjustment phase, Step 1 and Step 2 are repeated, as long as some marker
is adjusted, and the number of repetitions is less than some specified threshold.

For Step 1 we examine two slightly different approaches. In the first approach,
Scheme 1, all distances are optimized when evaluating the new position of the
marker. This slows down the algorithm drastically if the number of markers is large.
We have therefore given the user the opportunity to specify a window centered
around the connection point outside which no markers are adjusted.

In the second approach, Scheme 2, we let all markers be fixed, except the marker
i being adjusted. Then we just optimize the location of the marker i within the
fixed interval between marker i−2 and marker i−1, and between marker i+ 1 and
marker i+ 2, respectively. As we will see this can be done efficiently.

Assume that the index of the adjusted marker is i′ in the new order. Further-
more, let i′ − 1 be the preceding marker, and i′ + 1 the succeeding marker in this
order. See Figure 5.3. Let δ denote the fixed distance between marker i′ − 1 and
marker i′ + 1, and let x be the distance between marker i′ − 1 and marker i′. We
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Figure 5.3. Adjusting marker i′.

thus want to determine the optimal value of x, given that all other markers remain
fixed. Equation (5.21) states that the log-likelihood function

L =
t∑

k=1

mk∑
j=1

ln(Skj) =
t∑

k=1

mk∑
j=1

ln
(∑
s∈S
Fkji′ (s)Bkji′ (s)

)
(5.36)

As above we will use the derivative of L with respect to the variable x to determine
the maximum likelihood value of x. Since

dL
dx

=
t∑

k=1

mk∑
j=1

1
Skj
· dSkj
dx

, (5.37)

we will focus on the derivative of Skj with respect to x. If we use the rule for
differentiation of a product we find that

dSkj
dx

=
∑
s∈S

d

dx
Fkji′ (s)Bkji′ (s)

=
∑
s∈S

d

dx

(
Fkji′ (s)

)
· Bkji′ (s) + Fkji′ (s) · d

dx

(
Bkji′ (s)

) (5.38)

The only distances in the new order that depend on x is `i′−1 and `i′ . This means
that the forward variables F1, . . . ,Fi′−1 and the backward variables Bi′+1, . . . ,Bn
are all independent of x. Equations (5.14) and (5.16) thus yield that

∑
s∈S

d
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(
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)
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(5.39)
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where

dθki′−1

dx
= λke

−λkx and
dθki′

dx
= −λke−λk(δ−x) (5.41)

Hence, we only have to update the variables Fi′ and Bi′ to recompute Skj(x), and
use Equation (5.38) together with Equations (5.39), (5.40) and (5.41) to recompute
dSkj/dx, to be able to evaluate the log-likelihood for a new value of x. Since this can
be done in constant time for each experiment, this will improve the running time
for the adjustment phase significantly compared to the time required to optimize
all distances in the chain.

The algorithm above only applies when the new location of marker i makes it an
internal marker. When marker i becomes an endmarker we will therefore instead
use the rigid approach for finding the optimal distance between two chains.

The accuracy control in Scheme 2 is identical to that in the rigid chain connec-
tion described above. The binary search in the line search is continued until both
the conditions below are satisfied.

1. The difference between the upper and the lower bound on x, xu and x`, is
less than grid size.

2. (xu − x`) ·min{φ′`, φ′u} is less then the specified error limit.

In the description of Step 1 above we said that the potential positions examined
for marker i, was in the interval between the markers i− 2 and i− 1, and between
the markers i+1 and i+2. This is true in the general case. However, if the distance
between, for instance, i−2 and i−1 is zero, then the left potential position examined
will be between i − 3 and i − 2 instead (provided that this interval has non-zero
length). The potential intervals examined for marker i are thus the first interval of
non-zero length to the left and to the right of its current interval. This modification
seems reasonable, since it will give all markers of a cluster located in a single point
the opportunity to leave the cluster.

As stated above, we do not change the location of a marker unless the improve-
ment of the likelihood exceeds a given threshold, which is specified by the user. The
value of this threshold imposes some accuracy requirements for the log-likelihood
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computations for the chains. Let c0 be our currently optimal chain, and let c1
be a candidate chain. Let L0 and L1 be the corresponding log-likelihood values.
We want to make sure that if the true difference in log-likelihood is greater than
the given threshold, i.e., if L1 − L0 > ε, then the chain c1 will always replace c0.
Furthermore, we want to make sure that c1 will never replace c0 unless L1 > L0.

Let L̃0 and L̃1 be the computed log-likelihood for c0 and c1, respectively. As-
sume that L̃0 ≥ L0−δ and that L̃1 ≥ L1−δ, i.e, that the error in the log-likelihood
computations are less than or equal to δ. This means that

(L1 − L0)− δ ≤ L̃1 − L̃0 ≤ (L1 − L0) + δ (5.42)

We observe that if L̃1 − L̃0 > ε/2, then

L1 − L0 ≥ L̃1 − L̃0 − δ > ε/2− δ. (5.43)

Hence, if δ = ε/2, then L1−L0 > 0 whenever L̃1−L̃0 > ε/2. Furthermore, assume
that L1 − L0 > ε. This means that

L̃1 − L̃0 ≥ L1 − L0 − δ > ε− δ. (5.44)

Hence, if δ = ε/2, then L̃1 − L̃0 > ε/2. whenever L1 − L0 > ε. We thus conclude
that if we require an error less than ε/2 in the log-likelihood computation and
let ε/2 be the threshold value for the computed likelihood functions, then we will
always choose c1 instead of c0 if L1 − L0 > ε and never choose c1 instead of c0 if
L1 − L0 ≤ 0.

5.6 Implementation Details

We said in Section 2.1 that a frequently used method to reduce the errors in the
test for presence of a marker is to use double typing. This means that the test is
performed twice for each marker and experiment. If the output from both tests are
positive the output is a 1, if both tests are negative the output is a 0, and if the
tests yield different results the output is a 2 (this is often denoted by a “?”). This
is easily incorporated in our algorithm. The only difference is that the emission
alphabet in our Hidden Markov Model will be {0, 1, 2} instead of {0, 1}. We also
get new emission probabilities. In the haploid case we have that

b0(0) = Pr
[
Yi = 0 | Xi = 0

]
= (1− α)2

b0(1) = Pr
[
Yi = 1 | Xi = 0

]
= α2

b0(2) = Pr
[
Yi = 2 | Xi = 0

]
= 2(α(1− α))

b1(0) = Pr
[
Yi = 0 | Xi = 1

]
= β2

b1(1) = Pr
[
Yi = 1 | Xi = 1

]
= (1− β)2

b1(2) = Pr
[
Yi = 2 | Xi = 1

]
= 2(β(1− β))

(5.45)
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and in the diploid case we have that

b0(0) = Pr
[
Yi = 0 | Xi = 0

]
= (1− α)2

b0(1) = Pr
[
Yi = 1 | Xi = 0

]
= α2

b0(2) = Pr
[
Yi = 2 | Xi = 0

]
= 2(α(1− α))

b1(0) = Pr
[
Yi = 0 | Xi = 1

]
= β2

b1(1) = Pr
[
Yi = 1 | Xi = 1

]
= (1− β)2

b1(2) = Pr
[
Yi = 2 | Xi = 1

]
= 2(β(1− β))

b2(0) = Pr
[
Yi = 0 | Xi = 2

]
= β2

b2(1) = Pr
[
Yi = 1 | Xi = 2

]
= (1− β)2

b2(2) = Pr
[
Yi = 2 | Xi = 2

]
= 2(β(1− β))

(5.46)

We have implemented the possibility to use double typing in our program as well.
The reading errors α, β and the intensities λ1, . . . , λt, have to be given as input

parameters to our algorithm. The retention probability p may also be given as
input but is otherwise estimated from the experimental output. If we assume that
the data is error free (i.e., free from typing errors) we know that in the haploid case
Pr
[
Y kji = 1

]
= p and Pr

[
Y kji = 0

]
= 1− p for all i, j, k. This means that

E
[ t∑
k=1

mk∑
j=1

n∑
i=1

Y kji

]
=

t∑
k=1

mk∑
j=1

n∑
i=1

E[Y kji ] =
t∑

k=1

mk∑
j=1

n∑
i=1

p. (5.47)

We therefore use the estimate

p̂ =
#1 in the RH data

#0/1 in the RH data
(5.48)

to estimate the retention probability in the haploid case. In the diploid case
Pr
[
Y kji = 1

]
= 1 − (1 − p)2 and Pr

[
Y kji = 0

]
= (1 − p)2 for all i, j, k, if we

assume error free data. This means that

E
[ t∑
k=1

mk∑
j=1

n∑
i=1

Y kji

]
=

t∑
k=1

mk∑
j=1

n∑
i=1

1− (1− p)2

=
t∑

k=1

mk∑
j=1

n∑
i=1

2p− p2.

(5.49)

We know that the solution between 0 and 1 to the equation

p2 − 2p+ a = 0, (5.50)

where 0 ≤ a ≤ 1, is given by

p = 1−
√

1− a. (5.51)
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In the diploid case we thus use the estimate

p̂ = 1−
√

1− #1 in the RH data
#0/1 in the RH data

(5.52)

for the retention probability p.
An alternative to this approach would be to estimate the parameter p in the

maximum likelihood calculations as well. This is done, for instance, in RHMAP
and RHMAPPER. However, this increases the number of variables to determine in
our optimization problem and would thus slow down the algorithm. Since our
experiments show that the estimated values of p are close to the actual values
we have chosen the approach mentioned above. The same estimate is used in for
instance the RHO package.

5.7 Evaluation of experiments

Previously, various measures of the accuracy of an arrangement produced by an
algorithm for the RH mapping have been used. Some of them can be computed
from the marker order, while others require the arrangement, i.e., the actual position
of each marker.

As was stated in Section 2.1, we assume that the markers are labeled with the
integers 1, . . . , n, in some way. A marker order can be represented by a permutation
π. If the ith marker from the left in the computed order is labeled with the integer
k, then π(i) = k. The labeling of the markers are usually made in such a way that
the true order of the marker is represented by the identity permutation.

When only a few arrangements are to be examined and the true arrangement
is known, a common way to evaluate a marker order is to plot the computed per-
mutation of the markers πc against the true permutation of the markers πt. If the
computed permutation is good, the points should be close to the line y = x in the
coordinate system. This is however not feasible if a lot of arrangements should be
evaluated as is the case when we want to compare methods with each other.

Another measure that has been used before is the log-likelihood of the optimal
arrangement. Our algorithm computes an arrangement of the markers as well as
a permutation. For algorithms that only compute the order between the markers
we can use the cyclic coordinate descent algorithm described in Section 5.3, the
quasi-Newton method by Lange, or the usual EM-algorithm in the single intensity
case, to find the maximum likelihood estimates of the positions of the markers given
this permutation of the markers.

The method we used in Section 3.5 and Section 4.6 was to compute the L1-
distance between the computed marker order and the true marker order. Here we
will give a formal definition of this measure using the permutation representation
of a marker order.
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Definition 5.1. The L1-distance between two permutations π1 and π2 is defined
by

‖π1, π2‖1 =
n∑
i=1

|π1(i)− π2(i)|. (5.53)

Analogously, we define the L∞-distance by,

‖π1, π2‖∞ = max
1≤i≤n

|π1(i)− π2(i)|. (5.54)

Even though the order of the markers in the computed permutation may be
incorrect, parts of it may be correct. We call such partially ordered subsets strands.

Definition 5.2. A set of markers π−1
c (j), π−1

c (j + 1), . . . , π−1
c (k) in a computed

permutation πc is called a strand if

|πt(π−1
c (i+ 1))− πt(π−1

c (i))| = 1 for all j ≤ i < k. (5.55)

If πt(π−1
c (i+1)) = πt(π−1

c (i))+1 for all j ≤ i < k, we say that the strand is positive,
and if πt(π−1

c (i + 1)) = πt(π−1
c (i)) − 1 for all j ≤ i < k, we say that the strand is

negative. A strand is erroneous if it is either negative, or if π−1
c (j) 6= π−1

t (j). A
strand is long if the number of markers in the strand is greater than 2.

Now we are ready to list the measures we have used to evaluate the arrangement
produced by the RH algorithms we have considered in our experiments. We believe
that they together give a good view of the accuracy of the arrangements computed.
Below, we will also give short comments on why they should be used and what they
may show.

1. The log-likelihood of the optimal arrangement corresponding to the computed
permutation.

2. The difference between the log-likelihood of the optimal arrangement corre-
sponding to the computed permutation and that of the true permutation.

3. The distance between the computed permutation and the true permutation
under the L1-norm.

4. The distance between the computed permutation and the true permutation
under the L∞-norm.

5. The number of erroneous strands in the computed permutation.

6. The number of long erroneous strands in the computed permutation.

7. The mean length of the erroneous strands in the computed permutation.

8. The variance of the length of the erroneous strands in the computed permu-
tation.
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Comparing the log-likelihood values between two arrangements is naturally of
interest, especially in the case when the algorithms are constructed to look for
the maximum likelihood arrangement. We must keep in mind though, that when
comparing different methods it is vital to compare arrangements constructed from
the same experimental data.

Since our aim is to find the true arrangement of the markers it is of interest
to compare the log-likelihood value of the constructed arrangement with that of
the arrangement corresponding to the true permutation. We cannot object much
against a maximum likelihood algorithm outputting an incorrect arrangement with
higher likelihood than the correct arrangement. What we can do in this case, is
to find more informative data or a more suitable model. This measure is practical
since it gives a possibility to evaluate a method, without comparing it with another
method.

Comparing the distance between the computed permutation and the true per-
mutation as we did above is also informative. It shows how close the computed order
is to the true order of the markers. The two norms used is different in how they
penalize large deviations. The L1-norm penalizes each unit of deviation equally
much while the L∞-norm only penalizes the large deviation. Naturally, we strive
to have both of them small.

In an algorithm such as ours, where chains are joined to longer chains, one
of the most common errors is that a chain is reversed. This is most common for
short chains but can also occur for long chains especially at high intensities. It can
therefore be of interest to see how many erroneous strands that the algorithm has
produced, and how many of them that are long (e.g. longer than 2). Their mean
length and how much the length varies is also of interest.

5.8 Experimental results

In this section we make a thorough evaluation of the Korder-ML algorithm and
the advantages of using multiple intensities. We compare the algorithm with the
K-Order and Modified-K-Order algorithms, but also with the RHO program.

5.8.1 Testing the basic algorithm

Since the new Korder-ML algorithm is a development of the K-Order algorithm and
the Modified-K-Order algorithm our first comparisons are with these two.

The experimental results of Section 3.5 and Section 4.6 was obtained using
the same set of randomly generated chromosomes of length 5, each containing 200
uniformly distributed markers. In the evaluations of the P-Order and K-Order algo-
rithms in Section 3.5, single intensity experiments with the number of experiments
m = 60, 75, 90, 150, 300 and the intensities λ = 1, 5, 10, 20 were simulated using
p = 0.3, α = 0.004, and β = 0.002. In the evaluations of the Modified-P-Order
and Modified-K-Order algorithms in Section 4.6, multiple intensity experiments
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were simulated in which three different intensities were used. For each of the values
m = 60, 75, 90, 150, 300 and λ = 1, 5, 10, 20 used in the single intensity experiments,
we simulated three series of experiments, with m/3 experiments in each series, uti-
lizing the intensities 0.2λ, λ and 2λ. As in the single intensity experiments p = 0.3,
α = 0.004, and β = 0.002, and the number of simulations for each parameter setup
was 50.

In the evaluations of the Korder-ML algorithm presented below we have used the
same RH data as in Section 3.5 for the single intensity case and the same RH data
as in Section 4.6 for the multiple intensity case. All experiments have been made
for both haploid and diploid chromosomes. In the previous sections we presented
only the haploid results, since this case was the one that was analyzed theoretically.
Here, we will show both the haploid and the diploid results, but with focus on the
diploid case since most real data is diploid.

For the connection phase in the Korder-ML algorithm the score determined
approach was used to find the orientation of the chains, and the rigid approach was
used for the distance estimates, in all cases. For the adjustment phase two different
setups were used. In the first setup, no adjustments were made apart from that the
distances between the markers were optimized with the order fixed. In the other
setup, the speed-optimized Scheme 2 was used with an upper bound of 10 on the
number of iterations allowed. In all cases the grid size was set to 10−4 and the
log-score threshold was set to 10−3.

For all measures listed in Section 5.7 we computed the mean and standard
deviations. As was pointed out before, although 50 trials were made in each case,
the numbers presented below have in some cases a high degree of uncertainty. This
is primarily the case when the experimental output is such that the algorithm tested
is beginning to have difficulties. At this point most computations are successful,
but a small fraction yields bad results. Depending on how many such failures that
occur in the test set the measures computed may vary a lot. Some conclusions can
be drawn however. Below we will present the results we find most interesting, and
discuss the conclusions which can be drawn from them.

In Table 5.1 the mean values of the L1-distance between the true and the com-
puted permutation are shown in the diploid case for K-Order, Modified-K-Order,
and Korder-ML, using both single intensity data and multiple intensity data. As
before, each column represents a main intensity λ. This means that in the sin-
gle intensity case the intensity λ was used in the one series simulated, and in the
multiple intensity case the intensities 0.2λ, λ, and 2λ were used in the three series
simulated. The leftmost column contains the sum of the number of experiments in
each simulation.

If we compare the single intensity algorithms we see that the permutations
produced by the Korder-ML algorithm are more accurate than those produced by
the K-Order algorithm. The improvement is comparatively small and in a few
cases the results for the K-Order algorithm are better than those for the Korder-ML
algorithm.

As we concluded in Section 4.6, the Modified-K-Order algorithm is more stable



80 Chapter 5. The Korder-ML algorithm — maximum likelihood in K-Order

m λ = 1 λ = 5 λ = 10 λ = 20
60 325.1 906.7 7550.2 11995.3
75 253.3 55.5 5745.8 11430.3
90 213.2 284.5 4686.8 11108.4

150 131.7 41.7 1590.4 10451.6
300 74.8 16.4 1338.0 8160.0

(a) K-Order

m λ = 1 λ = 5 λ = 10 λ = 20
60 465.9 556.2 4541.9 10752.8
75 438.9 153.5 3620.7 10376.5
90 535.9 175.8 1492.3 9446.9

150 208.9 42.2 320.2 4487.3
300 149.4 23.1 16.6 275.5

(b) Modified-K-Order

m λ = 1 λ = 5 λ = 10 λ = 20
60 249.0 756.0 6392.9 11729.1
75 224.4 53.8 5290.9 11697.6
90 180.0 58.5 3785.8 11138.4

150 111.5 41.8 1752.9 10070.2
300 76.2 18.0 1180.0 8199.8

(c) Korder-ML: Single intensity, no ad-
justment

m λ = 1 λ = 5 λ = 10 λ = 20
60 271.2 246.7 576.0 9263.3
75 221.9 90.0 130.6 4964.0
90 182.8 54.3 105.4 1946.2

150 106.1 28.7 22.7 318.0
300 64.4 17.1 11.6 10.4

(d) Korder-ML: Multiple intensities, no
adjustment

Table 5.1. Mean values of the L1-distance between the true and the computed
marker order in the diploid case.

with respect to the choice of intensity than the K-Order algorithm, but gives worse
results for nearly optimal intensities. The drawback with the Modified-K-Order
algorithm is that it does not fully utilize the advantages with multiple intensities.
When comparing two distances in the algorithm, only the output from the experi-
ment series giving the greatest difference in separation probability is used. In the
Korder-ML algorithm on the other hand, all information available is used in each
comparison. As we can see, the use of multiple intensities in the Korder-ML algo-
rithm improves the results significantly. The results are better in almost all cases.
We do not only gain the stability in choice of intensity as in the Modified-K-Order
algorithm, but we also improve the results when the intensities are close to opti-
mal. The stability is a typical effect from using multiple intensities. When a high
intensity is used in an experiment series, long edges will almost always be broken.
This implies that it is difficult to derive the correct orientation for subchains sur-
rounded by long edges from data produced with only high intensities. Algorithms
using several intensities can instead use the information obtained using the lower
intensities to solve this problem, and have therefore better chances to succeed. The
low intensities thus help us to find the correct orientations when the connecting
edges are long, while the high intensities helps us to resolve the order for markers
that are close to each other on the chromosome.

The conclusions about the advantages of using multiple intensities are also sup-
ported by the results in Table 5.2, where the mean lengths of the erroneous strands
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m λ = 1 λ = 5 λ = 10 λ = 20
60 1.6 2.1 4.9 4.1
75 1.7 1.9 5.0 5.0
90 1.7 2.0 5.1 5.8

150 1.8 2.0 4.1 9.1
300 1.9 2.0 4.0 15.9

(a) K-Order

m λ = 1 λ = 5 λ = 10 λ = 20
60 1.7 2.2 3.2 3.2
75 1.8 2.1 3.1 3.9
90 1.8 2.1 2.8 4.7

150 1.9 1.9 2.3 5.8
300 2.0 2.0 2.1 3.1

(b) Modified-K-Order

m λ = 1 λ = 5 λ = 10 λ = 20
60 1.6 2.0 4.6 4.2
75 1.7 1.9 5.0 5.0
90 1.7 1.9 4.6 5.9

150 1.8 2.0 3.7 9.3
300 1.8 2.0 3.7 14.6

(c) Korder-ML: Single intensity, no ad-
justment

m λ = 1 λ = 5 λ = 10 λ = 20
60 1.6 1.9 2.4 4.8
75 1.7 2.0 2.2 4.7
90 1.7 2.0 2.2 3.5

150 1.8 2.0 2.0 2.8
300 1.8 2.0 2.0 2.0

(d) Korder-ML: Multiple intensities, no
adjustment

Table 5.2. Mean values of the mean lengths of the erroneous strands in the diploid
case.

are shown for the four methods. We see that the mean length is greater at high
intensities for the single intensity computations compared to the multiple intensity
computations. This is an effect of what was said above: that the orientation, even
for long subchains, may be incorrect if the surrounding edges are long. This con-
clusion is also supported by the mean values of the L∞-distance between the true
and the computed permutations, that are shown in Table 5.3. We observe that the
maximum displacement of any marker is much higher in the single intensity case
than in the multiple intensity case, when looking at high intensities.

Table 5.4 illustrates the advantage of using multiple intensities as well. In this
table we compare the excess in log-likelihood with the L1-distance between the
true and the computed permutation. Note that the logarithm used here is the
natural logarithm and not the usual base-10 logarithm. We see that although the
L1-distance is much smaller in the multiple intensity case compared to the single
intensity case, the log-likelihood excess is generally higher in the single intensity case
than in the multiple intensity case. This supports our view that the information
about the arrangement gained from multiple intensity experiments is higher than
that from single intensity experiments.

We see in Table 5.1 that a higher main intensity in the multiple intensity case
becomes more profitable as the number of experiments increases. This is also what
we would expect. When the total number of experiments is large, the number
of experiments in the series with low intensity is sufficient to orient subchains
surrounded by long edges. The errors that appear are nearly exclusively due to
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m λ = 1 λ = 5 λ = 10 λ = 20
60 36.4 23.4 129.0 172.4
75 27.2 4.8 101.3 169.2
90 30.1 6.5 83.2 163.0

150 16.9 2.6 24.7 153.4
300 7.8 1.6 21.0 129.7

(a) K-Order

m λ = 1 λ = 5 λ = 10 λ = 20
60 55.1 32.1 100.1 165.2
75 53.2 18.8 67.4 157.4
90 50.7 15.4 32.1 147.2

150 33.5 2.9 8.2 91.2
300 25.3 2.0 1.8 14.1

(b) Modified-K-Order

m λ = 1 λ = 5 λ = 10 λ = 20
60 18.3 14.9 105.5 173.9
75 24.1 3.8 88.3 164.7
90 14.6 3.5 72.0 169.2

150 7.3 2.6 24.6 160.0
300 6.3 1.6 18.4 135.8

(c) Korder-ML: Single intensity, no ad-
justment

m λ = 1 λ = 5 λ = 10 λ = 20
60 17.4 11.1 26.0 143.3
75 22.2 8.5 10.0 91.3
90 15.9 4.5 5.9 47.6

150 7.9 2.1 2.2 12.0
300 4.1 1.5 1.5 1.5

(d) Korder-ML: Multiple intensities, no
adjustment

Table 5.3. Mean values of the L∞-distance between the true and the computed
marker order in the diploid case.

m λ = 1 λ = 5 λ = 10 λ = 20
60 -2.23 1.62 3.76 41.17
75 -8.02 1.38 3.95 32.04
90 -4.53 2.22 3.48 23.05

150 -2.72 1.17 2.22 11.07
300 -7.65 1.67 1.16 4.74

(a) Korder-ML: Single intensity, fast ad-
justment. Log-likelihood excess.

m λ = 1 λ = 5 λ = 10 λ = 20
60 234.3 750.8 6557.1 11660.4
75 222.0 48.4 5289.6 11739.1
90 168.5 53.9 3783.2 11088.8

150 96.3 35.7 1750.6 10080.1
300 53.2 11.0 1176.1 8074.0

(b) Korder-ML: Single intensity, fast ad-
justment. L1-distance.

m λ = 1 λ = 5 λ = 10 λ = 20
60 -0.04 0.95 2.57 0.14
75 -7.63 1.39 3.11 -0.03
90 -4.00 2.05 3.98 1.92

150 -1.30 0.63 1.94 0.26
300 -1.08 1.80 1.44 1.57

(c) Korder-ML: Multiple intensities, fast
adjustment. Log-likelihood excess.

m λ = 1 λ = 5 λ = 10 λ = 20
60 263.6 240.1 573.2 9263.0
75 212.3 83.4 125.8 4962.0
90 171.4 48.0 102.4 1944.2

150 93.1 23.0 19.2 315.5
300 48.0 12.4 9.4 8.5

(d) Korder-ML: Multiple intensities, fast
adjustment L1-distance.

Table 5.4. Log-likelihood excess and L1-distance for the computed marker order
in the diploid case.
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m λ = 1 λ = 5 λ = 10 λ = 20
60 7.1 3.9 13.8 24.8
75 6.2 1.9 9.4 21.9
90 6.7 1.6 7.0 19.6

150 4.6 0.8 2.0 14.3
300 2.9 0.3 0.8 7.0

(a) K-Order

m λ = 1 λ = 5 λ = 10 λ = 20
60 9.5 7.1 14.3 25.3
75 9.8 5.5 10.5 22.6
90 9.8 4.7 6.1 20.8

150 7.7 1.8 1.8 9.5
300 5.3 0.6 0.5 1.4

(b) Modified-K-Order

m λ = 1 λ = 5 λ = 10 λ = 20
60 7.0 3.6 12.0 24.5
75 6.9 1.9 8.6 21.8
90 5.9 1.5 6.1 19.7

150 3.7 0.9 2.2 14.2
300 2.5 0.3 0.7 7.2

(c) Korder-ML: Single intensity, no ad-
justment

m λ = 1 λ = 5 λ = 10 λ = 20
60 6.4 3.4 5.3 18.5
75 6.0 2.9 2.6 10.3
90 5.2 2.2 1.8 5.9

150 3.5 0.9 0.6 1.7
300 1.7 0.3 0.3 0.4

(d) Korder-ML: Multiple intensities, no
adjustment

Table 5.5. Number of erroneous strands of length > 2 in the diploid case.

erroneous strands of length two, as can be seen in Table 5.5 where the number of
erroneous strands of length greater than two is shown.

As stated above, we repeated all the trials using the fast adjustment scheme
as well. In Table 5.6 we see that the adjustment scheme, as expected, improve
the performance of the algorithm in both the single and multiple intensity case.
Since the adjustment generally does not move any marker more than one position
in each iteration, we cannot expect the improvement to be huge. For the price of a
slowdown of the algorithm we can always add other, more advanced, heuristics to
improve things even further. In Section 5.9 we will propose some other approaches
that adjust some types of errors that occasionally occur in our algorithm.

The conclusions drawn above are valid also in the haploid case. In Table 5.7
we can see the L1-distance between the true and the computed permutation in the
haploid case. If we compare this to Table 5.1 and Table 5.6 we see that the pattern
is more or less the same.

In the experiments described above the settings for the Korder-ML algorithm
where optimized for speed. In the previous sections of this chapter alternative
approaches for the different steps of the Korder-ML algorithm were described. To
evaluate these we have used the data from the 50 trials for m = 75. Below, the
results from these tests are compared with those obtained with the setup above.
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m λ = 1 λ = 5 λ = 10 λ = 20
60 249.0 756.0 6392.9 11729.1
75 224.4 53.8 5290.9 11697.6
90 180.0 58.5 3785.8 11138.4

150 111.5 41.8 1752.9 10070.2
300 76.2 18.0 1180.0 8199.8

(a) Korder-ML: Single intensity, no ad-
justment

m λ = 1 λ = 5 λ = 10 λ = 20
60 271.2 246.7 576.0 9263.3
75 221.9 90.0 130.6 4964.0
90 182.8 54.3 105.4 1946.2

150 106.1 28.7 22.7 318.0
300 64.4 17.1 11.6 10.4

(b) Korder-ML: Multiple intensities, no
adjustment

m λ = 1 λ = 5 λ = 10 λ = 20
60 234.3 750.8 6557.1 11660.4
75 222.0 48.4 5289.6 11739.1
90 168.5 53.9 3783.2 11088.8

150 96.3 35.7 1750.6 10080.1
300 53.2 11.0 1176.1 8074.0

(c) Korder-ML: Single intensity, fast ad-
justment

m λ = 1 λ = 5 λ = 10 λ = 20
60 263.6 240.1 573.2 9263.0
75 212.3 83.4 125.8 4962.0
90 171.4 48.0 102.4 1944.2

150 93.1 23.0 19.2 315.5
300 48.0 12.4 9.4 8.5

(d) Korder-ML: Multiple intensities, fast
adjustment

Table 5.6. Mean values of the L1-distance between the true and the computed
marker order in the diploid case.

5.8.2 Different connection strategies

In each step of the Korder-ML algorithm we are searching for the shortest distance
between any pair of chains c1 and c2. This means that we have to decide which
orientation of the chains that we should consider, and given this orientation find
the optimal distance between the neighboring endmarkers of the two chains. In
Section 5.4 we described two approaches for each of these tasks.

In the test series above we used the score determined approach to decide the
orientation of the two chains. The idea behind this approach is basically that the
orientation giving the highest likelihood value should be selected when determining
the distance between two chains. From a maximum likelihood point of view this
seems reasonable. An alternative approach would be to select the orientation giving
the shortest optimal distance to the other chain. This approach can be motivated
by the argument that the original K-Order algorithm connected the endmarkers
closest to each other.

We have compared the performance of this length determined approach with
the one used above for the data from the trials with m = 75. The L1-distance
between the true and the computed permutations for the two cases can be seen
in Table 5.8. We observe that the difference is small. This is also what we would
expect. An incorrect orientation would lead to the connection of two makers that
are farther apart in the true arrangement than a correct orientation would. We
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m λ = 1 λ = 5 λ = 10 λ = 20
60 436.4 109.9 6067.5 11975.8
75 377.7 663.5 5413.9 11637.0
90 320.5 411.6 2304.3 11238.9

150 215.3 39.6 1159.4 9988.4
300 112.8 22.0 50.2 7094.9

(a) K-Order

m λ = 1 λ = 5 λ = 10 λ = 20
60 881.3 1496.3 5095.0 11206.7
75 898.6 820.6 4101.3 10422.6
90 708.5 383.2 2362.0 9628.4

150 529.0 76.5 264.1 4844.0
300 244.9 30.9 21.1 1090.6

(b) Modified-K-Order

m λ = 1 λ = 5 λ = 10 λ = 20
60 368.9 112.5 6351.7 11664.5
75 287.5 246.2 4944.7 11342.4
90 284.0 233.1 2331.0 10994.8

150 171.8 41.5 537.7 10187.4
300 103.7 23.9 78.1 6225.5

(c) Korder-ML: Single intensity, no ad-
justment

m λ = 1 λ = 5 λ = 10 λ = 20
60 448.6 370.0 1284.0 8620.9
75 307.9 92.1 727.7 4058.0
90 295.0 77.5 182.2 3015.0

150 172.2 42.6 24.1 300.0
300 93.5 23.3 15.0 10.3

(d) Korder-ML: Multiple intensities, no
adjustment

m λ = 1 λ = 5 λ = 10 λ = 20
60 364.5 106.6 6467.4 11529.9
75 286.1 240.7 4942.6 11351.0
90 271.6 226.8 2328.3 10985.8

150 150.5 31.4 532.3 10120.9
300 76.6 14.7 74.0 6311.0

(e) Korder-ML: Single intensity, fast ad-
justment

m λ = 1 λ = 5 λ = 10 λ = 20
60 441.5 364.4 1278.2 9044.3
75 299.6 84.6 723.6 4056.2
90 282.3 71.7 178.0 3012.7

150 162.9 34.4 20.0 297.1
300 73.5 15.9 11.1 8.3

(f) Korder-ML: Multiple intensities, fast
adjustment

Table 5.7. Mean values of the L1-distance between the true and the computed
marker order in the haploid case.
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Algorithm λ = 1 λ = 5 λ = 10 λ = 20
Score determined (single) 287.5 246.2 4944.7 11342.4
Length determined (single) 295.0 247.9 4904.7 11560.9
Score determined (multiple) 307.9 92.1 727.7 4058.0
Length determined (multiple) 315.6 171.7 957.8 4708.5

(a) Haploid case (m = 75), no adjustment

Algorithm λ = 1 λ = 5 λ = 10 λ = 20
Score determined (single) 224.4 53.8 5290.9 11697.6
Length determined (single) 218.5 53.0 5522.1 11626.4
Score determined (multiple) 221.9 90.0 130.6 4964.0
Length determined (multiple) 221.8 89.4 140.3 5055.1

(b) Diploid case (m = 75), no adjustment

Table 5.8. Mean values of the L1-distance between the true and the computed
marker order.

thus expect that the optimal distance in this case would be greater than for the
correct orientation. Therefore, in most cases, the two approaches should yield the
same result.

Given an orientation of a pair of chains we want to find the optimal length of
the connecting edge. It seems as if the proper way to do this would be to optimize
all distances in the chain obtained by connecting the two chains, and see what the
length of the connecting edge will be. We call this approach the loose approach.
The rigid approach used above is a much faster but more inaccurate way to find
the optimal distance. In this case we fix the length of all internal edges in the two
subchains and let the length of the connecting edge vary. Since the distances in
the two subchains involved in the connection are optimized, our hope is that these
distances are close to optimal also for the connected chain. To see if this is the case,
or if this heuristic deteriorates the results, we compared the two approaches using
the data from the trials when m = 75. The resulting values on the L1-distances
between the true and the computed permutations can be seen in Table 5.9. It is
clear that the rigid approach produces as good results as the loose approach. Since
the gain in speed is significant, we therefore strongly recommend this approach for
any large tests.

5.8.3 Different adjustment schemes

In Section 5.5 two simple adjustment schemes are described. Scheme 2 used above
is basically a faster approximation of Scheme 1. The idea behind both schemes is
to move each marker temporarily one position to the left and one position to the
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Algorithm λ = 1 λ = 5 λ = 10 λ = 20
Rigid approach (single) 287.5 246.2 4944.7 11342.4
Loose approach (single) 302.0 245.8 5200.2 11207.8
Rigid approach (multiple) 307.9 92.1 727.7 4058.0
Loose approach (multiple) 301.4 89.4 731.5 4051.8

(a) Haploid case (m = 75), no adjustment

Algorithm λ = 1 λ = 5 λ = 10 λ = 20
Rigid approach (single) 224.4 53.8 5290.9 11697.6
Loose approach (single) 207.9 55.4 5290.9 11816.5
Rigid approach (multiple) 221.9 90.0 130.6 4964.0
Loose approach (multiple) 221.0 88.6 131.0 4963.1

(b) Diploid case (m = 75), no adjustment

Table 5.9. Mean values of the L1-distance between the true and the computed
marker order.

right in the permutation. For each such move the likelihood is computed, and if the
likelihood is improved by a certain amount, the marker is moved to the new position
permanently. It is the evaluation of the new positions for the marker that differs
between the two methods. In Scheme 1 the maximum likelihood arrangement for
the new permutation is computed. This means that all edges in the length are
allowed to vary. In Scheme 2 all edges are fixed, except the ones immediately to
the left and to the right of the adjusted marker in its new position. Scheme 2 is
much faster than Scheme 1. To get reasonable running time for Scheme 1 for large
instances, we allow the user to specify a window centered around the connection
point of the two chains outside which no markers are adjusted.

In Table 5.10 we compare the resulting L1-distances when using the two schemes.
As above we have used the data from the trials where m = 75. The window size
specified for Scheme 1 is 40. We observe that the difference is negligible. No great
improvement is obtained by using the more time consuming Scheme 1, and of these
two we thus recommend the use of Scheme 2.

5.8.4 Other algorithms

Above we compared our new Korder-ML algorithm to its relatives, the K-Order
algorithm and the Modified-K-Order algorithm, and showed that the new algo-
rithm performs significantly better when run on multiple intensity data. We have
also compared our new algorithm with a completely different algorithm, namely
the RHO algorithm, written by Ben-Dor et al. RHO was presented in [BDCP00] and
is described in Section 1.5. It reduces the RH problem to an instance of the trav-
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Algorithm λ = 1 λ = 5 λ = 10 λ = 20
Scheme 1 (single) 285.4 244.7 5017.3 11329.2
Scheme 2 (single) 286.1 240.7 4942.6 11351.0
Scheme 1 (multiple) 302.9 89.6 727.5 4058.1
Scheme 2 (multiple) 299.6 84.6 723.6 4056.2

(a) Haploid case (m = 75)

Algorithm λ = 1 λ = 5 λ = 10 λ = 20
Scheme 1 (single) 219.9 52.7 5290.7 11801.0
Scheme 2 (single) 222.0 48.4 5289.6 11739.1
Scheme 1 (multiple) 216.8 87.8 129.8 4963.7
Scheme 2 (multiple) 212.3 83.4 125.8 4962.0

(b) Diploid case (m = 75)

Table 5.10. Mean values of the L1-distance between the true and the computed
marker order.

eling salesman problem and uses certain heuristics to solve this problem. The RHO
software is run on a server at the Laboratory for Computational Biology at the
Computer Science Department at Technion, and is available trough the web page

http://www.cs.technion.ac.il/Labs/cbl/research.html.

Given input parameters and a data file in the Whitehead Institute format it
computes a permutation of the markers. When the computation is finished an
e-mail message is sent to the user including a URL at which the output of the
algorithm can be downloaded. The algorithm is fast and thus attractive for large
scale testing.

We submitted the single intensity data from the 50 trials for m = 75 used in
the evaluations above. In Table 5.11 the results for the L1-distance between the
true and the computed permutations are shown. We observe that in most cases the
results for the RHO algorithm is better than the results for the Korder-ML algorithm
using a single intensity. The difference is however small compared to the difference
between the RHO algorithm and the Korder-ML algorithm using multiple intensities.
This improvement is significant for all intensities but the lowest where the RHO
algorithm is slightly better. Also, if we compare the overall best results for the
two methods we find that the Korder-ML algorithm using multiple intensities is
performing significantly better than the RHO algorithm.

We thus conclude that Korder-ML using multiple intensity data not only out-
performs Korder-ML using single intensity data, but also completely different algo-
rithms like RHO.
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Algorithm λ = 1 λ = 5 λ = 10 λ = 20
RHO 233.0 235.4 4564.8 10893.6
Korder-ML (single) 286.1 240.7 4942.6 11351.0
Korder-ML (multiple) 299.6 84.6 723.6 4056.2

(a) Haploid case (m = 75), fast adjustment for Korder-ML

Algorithm λ = 1 λ = 5 λ = 10 λ = 20
RHO 170.1 169.0 4260.3 11206.2
Korder-ML (single) 222.0 48.4 5289.6 11739.1
Korder-ML (multiple) 212.3 83.4 125.8 4962.0

(b) Diploid case (m = 75), fast adjustment for Korder-ML

Table 5.11. Mean values of the L1-distance between the true and the computed
marker order.

5.9 Advanced adjustment schemes

The two adjustment schemes used earlier in this chapter were very simple. In
both Scheme 1, and the faster Scheme 2, the idea was to move each marker one
step to the left and one step to the right and see if this improves the likelihood of
the arrangement. This is a general approach which should improve any maximum
likelihood algorithm for RH mapping. What we would like is adjustment schemes
that are tailored to eliminate errors that are typical for our particular algorithm.

The K-Order based algorithms construct marker orders in a stepwise fashion.
In each step the two free markers that are closest to each other are connected. An
advantage of using this kind of algorithm is that it is relatively easy to predict
what types of errors the algorithm is most likely to make. This also gives us the
opportunity to construct adjustment schemes tailored to adjust these typical errors.
Adjustment schemes which hopefully can be implemented in an efficient way.

Consider the following typical situation for the Korder-ML algorithm (or any
other K-Order-like algorithm). Three subchains of markers c1, c2, and c3 have
been constructed by the algorithm. See Figure 5.4. The rightmost marker b in c1

s
a

c1 s
b

s
c

c2 s
d

s
e

c3 s
f

Figure 5.4. A chromosome during execution of a K-Order algorithm

should be connected to the leftmost marker c in c2, and the rightmost marker d
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in c2 should be connected to the leftmost marker e in c3. Assume that marker b
is the leftmost of the two markers selected for connection in the next step of the
algorithm. Using the insights we gained about the K-Order algorithm from the
analysis in Chapter 3, we realize that there are two major errors that may occur.

1. Marker d is selected as the rightmost marker instead of marker c, i.e., the
chain c2 is reversed.

2. Marker e or marker f is selected as the rightmost marker instead of marker
c, i.e., the chain c2 is transposed.

Let cn be one of the chains constructed at a certain point in the execution of the
Korder-ML algorithm, and let n be the length of cn. For a chain of length n there
are O(n2) possible subchains that we could try to reverse and transpose. This is
too many if we want the algorithm to run in reasonable time for large instances.

To compensate for the first type of error we have therefore used the following
adjustment scheme. For all subchains cs of cn, such that cs was one of two chains
connected in one of the connection phases during the construction of cn, we evaluate
the chain obtained by reversing cs in cn. Since it takes exactly n − 1 steps for a
K-Order algorithm to build a chain of length n, the number of subchains we have
to consider is 2n− 2.

In some more rare cases, two neighboring subchains may have been reversed by
the Korder-ML algorithm. In this case, the reversal of one of the subchains may not
improve the likelihood even though the reversal of both of them does. To handle
this case, we have implemented the possibility of including a double flip test in the
reversal scheme described above. This means that in addition to the reversal of the
chain cs, we also evaluate the chain obtained by simultaneously reversing the left
and right subchain of cs.

To compensate for the second type of error we have used the following ad-
justment scheme. For all subchains cs, of cn, such that cs was one of two chains
connected in one of the connection phases during the construction of cn, we eval-
uate the chain obtained by transposing, or transposing and reversing, cs to the
interval in cn for which the sum of the estimated distances between the endmarkers
in cs and the surrounding endmarkers is minimized. Since longer subchains are less
likely to be transposed than short subchains, we let the user specify a maximum
length of any subchain that is transposed in the adjustment scheme.

We would like to run these adjustment schemes, or a combination of them, after
each connection phase as we did with the simple adjustment schemes described ear-
lier. This means that we want the evaluations of the chains obtained by reversing or
transposing a subchain to be as fast as possible. We would like to avoid a full opti-
mization of the distances in the new chain. For each pair of markers a and b we have
an estimate of the distance between them on the chromosome. The first estimate
is based on the two markers only. But as the algorithm proceeds new estimates
are computed for the markers becoming endmarkers of a newly constructed chain.
We store all the distances in a table which is updated as chains are connected.



5.9. Advanced adjustment schemes 91

When evaluating the likelihood of a new chain we fix all non affected distances to
their current values and set the values of the edges between the endmarkers of cs
and the surrounding markers to the distances given by the table. In this way a
single likelihood calculation has to be performed to evaluate the new chain. As was
the case for the simple schemes described earlier, we accept the adjustment if the
increase in likelihood is greater than some predefined threshold.

After each pass through the subchains fulfilling the conditions above we com-
pute the maximum likelihood distances for the marker order in the current chain,
and modify the distances in the chain accordingly. The adjustment phase is then
repeated until no more changes are made, or until the number of iterations is greater
than some specified threshold.

To be able to use these adjustment schemes we need to keep track on which
subchains that once was one of two chains connected in a connection phase. It is
also desirable to know in which chronological order the connections were made. The
reason for this is that before we examine one subchain cs we want to examine all
subchains c′s containing cs, so that we reverse and/or transpose an as large subchain
as possible in each case.

To store this information we use a binary tree for each chain. An internal node in
the tree represents the chain obtained by connecting the two chains represented by
the left and the right child of the node, and the leaves represents the actual markers.
In each node v, information about the index of the leftmost and rightmost marker
in the chain represented by the node, as well as the length of the left and right
subchain, is stored. We call these fields v.leftindex, v.rightindex, v.leftlength,
and v.rightlength, respectively. We also keep pointers to the left and right child
node, and the parent node. When two chains are connected the two corresponding
trees are connected as children to a new root node corresponding to the new chain.

The tree must obviously be modified when a reversal or transposition is made.
To do this we have implemented two auxiliary operations called shift-tree and
shift-and-rotate-tree. shift-tree is a recursive operation that takes one ar-
gument that specifies the shift s. When performed on a node v, it adds s to
v.leftindex and v.rightindex, and then recursively performs shift-tree on the
left and right subtree with the same argument.

shift-and-rotate-tree is also recursive and takes a shift argument s. When
performed on a node v it first recursively performs shift-and-rotate-tree on
the left and right subtree with arguments s + v.rightlength and s − v.leftlength
respectively. Then it adds s to v.leftindex and v.rightindex, swaps the left and
right subtree, and swaps v.leftlength and v.rightlength.

With the shift-and-rotate-tree operation, it is straightforward to handle
reversals. We just perform shift-and-rotate-tree with argument 0 on the node
corresponding to the subchain being reversed.

To update a tree after a transpose of a subchain is more tricky. Let vr be the
node corresponding to the tree that should be transposed, and let vi be the node
at which the tree should be inserted, i.e., the node for which the rightmost index in
the left subchain and the leftmost index of the right subchain specifies the markers
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between which the subchain should be inserted. In the general case we do the
following. First we remove the subtree rooted at vr from its old position in the
tree. This is done by replacing the father of vr with the sibling of vr as the left, or
right, child of the grand father of vr. The subtree rooted at vr is then inserted at
its new position. To do this a new node is created which is given vi as its left child
and vr as its right child. The new node is finally made the left child of vi. We also
need to update the length and index field for some of the nodes in the tree. The
only nodes that are affected are those contained in the subtree rooted in va, the
least common ancestor of vr and vi. The update of these fields can be made in one
traversal of the tree. We omit the details here.

A breadth-first traversal of the tree corresponding to a chain will now go through
all subchains that at some time during the execution have been one of the chains
joined in a connection phase in the desired order. For each subchain encountered
we first try a reversal of the subchain, and if desired a double flip, and then we
see if a transposition of the subchain improves the likelihood. At the end of each
iteration all distances are finally optimized for the current marker order. In the
current implementation we start a new iteration after each transposition that is
accepted. This is done since the structure of the tree is changed by a transposition.

As was stated above, to avoid an unreasonable slowdown of the algorithm, not all
the O(n2) possible subchains of the chain being adjusted are considered. However,
in the last step of the algorithm, we allow all subchains of length less than or
equal to a specified length be reversed or transposed. Obviously, some reversals
or transpositions may destroy the tree structure, but since these operations are
performed in the last step only, this will not matter.

5.10 Evaluating the advanced adjustment schemes

In this section we evaluate the advanced adjustment schemes proposed in Sec-
tion 5.9. We will use both some of the synthetic data used earlier and real RH
data.

In the implementation evaluated here, after each connection of two chains we run
the combined reversal and transposition scheme described above, with the double
flip option set. In the last step a reversal and transposition pass is made for all
short subchains. After this adjustment we also make a final adjustment using the
simple Scheme 2. The maximum length of the transposed chains are set to 20,
and the maximum short subchain length in the last step is set to 15. As before,
the score determined approach is used to determine the orientation, and the rigid
approach is used to estimate distances in the connection phase. The grid size is set
to 10−4 and the log-likelihood threshold is set to 10−3.

First we will investigate how the algorithm performs on the usual m = 75 data
from the Section 5.8. In Table 5.12, the mean values of the L1-distance between
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the true and the computed marker orders are shown for the Korder-ML algorithm
using no adjustment, the fast simple adjustment, and the advanced adjustment
scheme described above. For the single intensity case we also show the result for
the RHO algorithm. We see that the new advanced adjustment scheme improves
the results for the Korder-ML algorithm in almost all cases compared to the simple
adjustment scheme; in most cases the improvement is significant. Furthermore, we
observe that with the advanced adjustment scheme the Korder-ML algorithm run
on multiple intensity data performs better than the RHO program in all cases. We
also note that Korder-ML run on single intensity data now performs slightly better
than the RHO program on the data produced with lower intensities.

If we instead look at the log-likelihood excess for the different setups the im-
provements become even more apparent. In Table 5.13 the mean value of the excess
in log-likelihood for the computed arrangement compared to the log-likelihood of
the optimal arrangement corresponding to the true marker order. Note that as
before the logarithm is the natural logarithm and not the base–10 logarithm. We
observe that using the advanced adjustment scheme, the average log-likelihood for
the arrangement computed by the Korder-ML algorithm is higher than that of the
optimal arrangement corresponding to the true marker order.

We have also evaluated the Korder-ML algorithm on real RH data. The data
used was the Genbridge 4 panel [WST+94], downloaded from the Whitehead Insti-
tute data release 12 from July 1997. This panel consists of 93 hybrid cell lines, for
which double typing was used in the test for presence of the markers. Of the 93
experiments two were removed due to too many ambiguous entries, so the number
of experiments used in the computations was 91 in each case. The markers selected
were the framework markers for each of the 22 human autosomes as well as the
human X chromosome. The data is diploid, and the number of framework markers
range between 21 and 132. The parameters α and β were given the value 0.01.
The grid size parameter was set to 10−4 and the log-likelihood threshold was set to
10−3. The advanced adjustment scheme described above was used with the double
flip option active, and the maximum number of iterations was set to 10 (this limit
was never reached).

As can be seen in Table 5.14, the results are encouraging. In 15 of the 23 cases
the marker order produced by our algorithm is the identity permutation, i.e., the
order predicted to be the true order of the markers.

In six of the remaining eight cases the log-likelihood of our arrangement was
higher than that of the optimal arrangement corresponding to the identity permu-
tation, under our probabilistic model. The actual marker orders computed in these
cases is shown in Figure 5.5. It was noted by Slonim in [Slo96] that the linkage
between markers on opposite side of a centromere is very low in the Genbridge 4
panel. The relative orientation of the two arms of a chromosome is therefore not
very well determined by the RH data. We also note that of these six cases, the map
for chromosome 9 and chromosome 20 are identical to the Whitehead maps, but
with a complete reversal of one chromosome arm. In the maps for chromosome 3
and chromosome 8 short reversals of internal subchains are made. These maps are



94 Chapter 5. The Korder-ML algorithm — maximum likelihood in K-Order

Algorithm λ = 1 λ = 5 λ = 10 λ = 20
No adjustment 287.5 246.2 4944.7 11342.4
Simple adjustment 286.1 240.7 4942.6 11351.0
Advanced adjustment 224.1 233.7 4935.6 11202.5
RHO 233.0 235.4 4564.8 10893.6

(a) Haploid case (m = 75), Korder-ML single intensity

Algorithm λ = 1 λ = 5 λ = 10 λ = 20
No adjustment 307.9 92.1 727.7 4058.0
Simple adjustment 299.6 84.6 723.6 4056.2
Advanced adjustment 234.8 63.5 440.6 3571.5

(b) Haploid case (m = 75), Korder-ML multiple intensity

Algorithm λ = 1 λ = 5 λ = 10 λ = 20
No adjustment 224.4 53.8 5290.9 11697.6
Simple adjustment 222.0 48.4 5289.6 11739.1
Advanced adjustment 167.4 45.0 5299.2 11668.2
RHO 170.1 169.0 4260.3 11206.2

(c) Diploid case (m = 75), Korder-ML single intensity

Algorithm λ = 1 λ = 5 λ = 10 λ = 20
No adjustment 221.9 90.0 130.6 4964.0
Simple adjustment 212.3 83.4 125.8 4962.0
Advanced adjustment 161.4 46.5 112.4 5014.4

(d) Diploid case (m = 75), Korder-ML multiple intensity

Table 5.12. Mean value of the L1-distance between the true and the computed
marker order for the Korder-ML algorithm.
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Algorithm λ = 1 λ = 5 λ = 10 λ = 20
No adjustment -20.1 -6.5 -2.0 21.1
Simple adjustment -8.6 1.7 3.2 23.8
Advanced adjustment 6.6 4.9 5.8 25.3
RHO 5.2 4.9 6.3 28.0

(a) Haploid case (m = 75), Korder-ML single intensity

Algorithm λ = 1 λ = 5 λ = 10 λ = 20
No adjustment -22.9 -10.1 -3.4 -4.2
Simple adjustment -8.7 -0.4 2.5 0.5
Advanced adjustment 7.9 6.2 7.1 7.7

(b) Haploid case (m = 75), Korder-ML multiple intensity

Algorithm λ = 1 λ = 5 λ = 10 λ = 20
No adjustment -16.7 -5.4 -1.7 29.4
Simple adjustment -8.0 1.4 3.9 32.0
Advanced adjustment 6.8 4.7 5.7 33.5
RHO 5.6 4.6 5.6 32.1

(c) Diploid case (m = 75), Korder-ML single intensity

Algorithm λ = 1 λ = 5 λ = 10 λ = 20
No adjustment -23.0 -7.7 -3.0 -4.8
Simple adjustment -7.6 1.4 3.1 -0.0
Advanced adjustment 6.9 6.2 6.9 8.3

(d) Diploid case (m = 75), Korder-ML multiple intensity

Table 5.13. Mean value of the log-likelihood excess for the computed arrangements.
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Chr L1-distance L-excess Chr L1-distance L-excess
1 0.0 0.00 13 0.0 0.00
2 4390.0 3.29 14 0.0 0.00
3 12.0 1.80 15 0.0 0.00
4 16.0 -2.65 16 128.0 4.36
5 0.0 0.00 17 0.0 0.00
6 10.0 -2.14 18 0.0 0.00
7 0.0 0.00 19 0.0 0.00
8 2.0 7.48 20 128.0 0.86
9 1588.0 1.78 21 0.0 0.00

10 0.0 0.00 22 0.0 0.00
11 0.0 0.00 X 0.0 0.00
12 0.0 0.00

Table 5.14. Results for the Genbridge 4 framework markers.

identical to the maps found by Ben-Dor et al. in [BDCP00] using the RHO program.
The map for chromosome 2, although very different from the Whitehead map, is
identical to the map presented in [BDCP00] as well, apart from a reversal of each
chromosome arm. The only map really different from both the Whitehead Insti-
tute maps and the maps in [BDCP00] is that for chromosome 16. The difference
compared to the Whitehead map is a reversal of the first arm, but also a reversal
of the first part of the reversed arm.

In only two cases the arrangement produced by our algorithm had a likelihood
inferior to that corresponding to the identity permutation. For these two cases the
marker order is close to the identity permutation. The L1-distance is 10 and 16
respectively. The actual marker orders are shown in Figure 5.6.

5.11 Discussion

In this chapter we have presented the Korder-ML algorithm which uses maximum
likelihood calculations to determine distances between markers. Using the pro-
portional model proposed in [LBLC96] we obtain a K-Order-like algorithm that is
able to use all information available in RH data produced with multiple intensities
when estimating distances between markers. As a complement to the quasi-Newton
method by Lange [Lan96], we have implemented two methods for estimating the
maximum likelihood distances between consecutive markers given a fixed marker
order. The new algorithms use only information about the first derivatives of the
likelihood, and we have shown that the algorithm based on the cyclic coordinate
descent method is well suited for our particular problem.

The Korder-ML algorithm is tested on synthetic data of various sizes, for chromo-
somes containing 200 markers produced with a number of different intensities. The
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Figure 5.5. Marker orders with increased log-likelihood.
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Figure 5.6. Marker orders with decreased log-likelihood.

results obtained using single intensity data are compared with the results obtained
when distributing the same number of experiments on three different intensities.
The results are encouraging. We obtain a significant improvement of the perfor-
mance of the algorithm when using multiple intensity data. We also compare the
results of our algorithm with that of the RHO algorithm by Ben-Dor et al. When
both algorithms are using single intensity data the Korder-ML algorithm, using the
advanced adjustment scheme, performs better for lower intensities, while the RHO
package performs better for higher intensities. However, when the Korder-ML al-
gorithm is allowed to use multiple intensity data, it improves the results of the RHO
algorithm significantly. The stability in choice of intensity is improved, as well as
the overall performance. We conclude that the use of multiple intensity data indeed
facilitates the construction of a good marker order compared to the use of single
intensity data.

We have also evaluated the Korder-ML algorithm on real, single intensity data.
The RH data used was the Genbridge 4 panel. It turns out that the Korder-ML
algorithm performs well on real data as well. Under our probabilistic model it
constructs maps with higher likelihood than the Whitehead maps in six cases, and
inferior maps in only two cases. In the remaining 15 cases the maps are identical.

The Korder-ML algorithm can naturally be improved even further. The ad-
vanced adjustment scheme is already a great improvement, but can naturally be
improved even further. If we are willing to sacrifice running time we could for in-
stance try all pairs of reversals and transposition, if not in every step so at least in
the last step. Completely different adjustment schemes could also be constructed.

Questions that need to be investigated further are how many different inten-
sities that should be used, which intensities that should be selected, and how the
experiments should be distributed among the different series. In our experiments
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we have used three series. This choice seems reasonable. It seems intuitively sound
to have a middle intensity which is close to the optimal single intensity, or maybe a
little higher if the total number of experiments is high, and then a higher intensity
to resolve the order of tightly packed markers and a lower intensity to make sure
that the long edges are treated properly. Other designs may however also be good.

The markers selected for the real data tests were framework markers. According
to the specification, this means that the markers are ordered relative to each other
with an odds ratio of 300:1. It is therefore astonishing that a subchain (not being a
complete arm) of length five can be reversed, without changing the likelihood with
more then a factor six, as was the case for chromosome 3. As a better measure
of the likelihood of a framework we would therefore propose the ratio between the
likelihood of the given order, and the order obtained by reversing any subchain of
markers. This would still be an over estimate of the odds, but to a lesser extent
than the one used presently.
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Chapter 6

Approximating the
Matrix-To-Line problem

In Section 3.1 we saw that the distances between any two markers could be esti-
mated from the output of a series of RH experiments. This suggests a different
class of RH algorithms, in which we arrange the markers in such a way that the
difference between the estimated marker distances and the marker distances in the
arrangement is as small as possible. The problem of arranging points on a line is
mathematically interesting in its own right and can appear in other problems as
well. In this chapter we study the approximability of one version of this line-fitting
problem called the Matrix-To-Line∞ problem.

We will give an algorithm that approximates Matrix-To-Line∞ within 2. In
contrast to this, we show that the Matrix-To-Line∞ problem cannot be approx-
imated within 7/5− δ in polynomial time, for any δ > 0, unless P = NP. We also
show that the Matrix-To-Line∞ problem cannot be approximated within 2− δ
in polynomial time, unless 3-colorable graphs can be colored with d4/δe colors in
polynomial time.

6.1 Preliminaries

Matrix-To-Line is the problem of, given a set of n points {pi}ni=1 and an n × n
distance matrix D, finding an arrangement A : {pi}ni=1 → R+ that minimizes
the difference between the distances given by D and the distances given by the
arrangement A. We require that the given distance matrix is positive, symmetric,
and with an all-zero diagonal, but we do not require that the distances satisfy the
triangle inequality.

The difference in distance can be measured in several ways. We can for instance
use the usual Lk-norms for the componentwise differences.

101
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Definition 6.1. For two n× n matrices D and D′, define

‖D,D′‖k =
( ∑
i,j∈[n]

(D[i, j]−D′[i, j])k
)1/k

. (6.1)

and define

‖D,D′‖∞ = max
i,j∈[n]

|D[i, j]−D′[i, j]|. (6.2)

Each arrangement A : {pi}ni=1 → R+ has an associated distance matrix DA defined
by DA[i, j] = |A(pi) − A(pj)|. To avoid multiple subscripts, we will abuse the
notation above and write ‖D,A‖k for ‖D,DA‖k and ‖A,A′‖k for ‖DA, DA′‖k.

The Matrix-To-Line problem is an example of a general type of problems
where a distance matrix D for n points is given, and the points should be embed-
ded in some metric space. The goal is to embed the points so that the obtained
distances are as close as possible to the distances specified by D, with respect to
some norm. This general problem has been studied by Linial et al. in [LLR95], and
variations of it have been considered by Agarwala et al. in[ABF+96] and by Farach
et al. in [FKW93].

In this chapter we will focus on the version of the Matrix-To-Line problem
where the maximum norm is used. We call this problem the Matrix-To-Line∞
problem.

Definition 6.2. The Matrix-To-Line∞ problem is the following problem. Given
a positive, symmetric, n× n matrix D with all-zero diagonal, find an arrangement
A : {pi}ni=1 → R+ of n points so that

‖D,A‖∞ = max
i,j∈[n]

|D[i, j]− |A(pi)−A(pj)|| (6.3)

is minimized over all such functions.

The decision version of the Matrix-To-Line∞ problem was shown to be NP-
complete by Saxe [Sax79].

6.2 Approximability of optimization problems

Many decision problems can be reformulated as optimization problems in a natural
way. One example of this is Independent-Set and Maximum-Independent-

Set.

Definition 6.3. Independent-Set is the following problem. Given a graph G =
(V,E) and a threshold K. Is there a subset V ′ ⊆ V of size at least K such that no
two vertices in V ′ are joined by an edge in E.
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Definition 6.4. Maximum-Independent-Set is the following problem. Given a
graph G = (V,E). Find the largest subset V ′ ⊆ V such that no two vertices in V ′

is joined by an edge in E.

Independent-Set is NP-complete [GJ79], and it is thus NP-hard to find the
optimal solution to Maximum-Independent-Set. A natural question is therefore
if there exists a polynomial time algorithm that finds an approximate solution to
Maximum-Independent-Set.

Definition 6.5. Let P be an optimization problem. For any instance x of P , let
F (x) be the set of feasible solutions and let C(s) be the cost of the solution s ∈ F (x).
We define the optimal value C∗(x) of P as C∗(x) = mins∈F (x) C(s), if P is a
minimization problem, and as C∗(x) = maxs∈F (x) C(s), if P is a maximization
problem.

For the Maximum-Independent-Set problem, an instance is any graph G =
(V,E), a feasible solution is a subset V ′ ⊆ V such that no two vertices in V ′ are
connected by an edge in E, and the cost of a feasible solution is the size of the
subset V ′. For the Matrix-To-Line∞ problem, an instance is an n × n distance
matrix D and a set of n points p1, . . . , pn, a feasible solution is an arrangement
A : {pi}ni=1 → R+, and the cost is ‖D,A‖∞.

The approximation properties of an algorithm are defined in different ways by
different authors. The terminology is also dependent on whether the optimization
problem is a minimization problem or a maximization problem. We will use the
following terminology.

Definition 6.6. Let M be an algorithm that, for any instance x of an optimiza-
tion problem P , computes a feasible solution M(x) to x. The algorithm M has
performance ratio r if for all instances x of P ,

max{C(M(x))
C∗(x)

,
C∗(x)

C(M(x))
} ≤ r. (6.4)

If an algorithm M has performance ratio r, we say that the M is an r-approximation
algorithm for P , or thatM approximates P within r. An r-approximation algorithm
for the maximization problem Maximum-Independent-Set is thus an algorithm
that always computes an independent set with size at least 1/r times the size of the
maximum independent set, and an r-approximation algorithm for the minimization
problem Matrix-To-Line∞ is an algorithm that always computes an arrangement
A such that ‖D,A‖∞ is at most r times the error for the optimal arrangement.

Naturally, we are mainly interested in polynomial time approximation algo-
rithms. For NP-hard optimization problems we thus want to find polynomial time
approximation algorithms with performance ratio as close to one as possible. In
this context, it is also valid to ask which NP-hard optimization problems that have
polynomial time approximation algorithms with a certain performance ratio r. Ide-
ally, for any NP-hard optimization problem we would like to give an approximation
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algorithm with ratio r together with a proof that, unless P = NP, there can be no
approximation algorithm with performance ratio less than r.

For the Maximum-Independent-Set problem, the best approximation al-
gorithm is constructed by Boppana and Haldórsson, and has performance ratio
O(|V |/(log |V |)2) [BH92]. On the other hand it is shown by H̊astad that, un-
less NP = ZPP1, it is impossible to approximate Maximum-Independent-Set

within |V |1−δ for any δ > 0 [H̊as99].
In this chapter we will give an algorithm that approximates Matrix-To-Line∞

within 2. We will also show that, unless P = NP, the Matrix-To-Line∞ problem
cannot be approximated within 7/5 − δ, for any δ > 0. We also show that the
Matrix-To-Line∞ problem cannot be approximated within 2− δ in polynomial
time, unless 3-colorable graphs can be colored with d4/δe colors in polynomial
time. Khanna et al. showed that it is NP-hard to find a 4-coloring of a 3-colorable
graph [KLS93]. The problem of k-coloring a 3-colorable graph is not known to be
NP-hard for k ≥ 5. However, it is a very well studied problem, and despite this
there is currently no polynomial time algorithm that colors a 3-colorable graph with
less than O(|V |3/14polylog(|V |)) colors, which is accomplished by an algorithm by
Blum and Karger [BK97].

6.3 A 2-approximation algorithm for Matrix-To-
Line∞

In this section we will present a 2-approximation algorithm for the Matrix-To-

Line∞ problem. In the analysis of the algorithm we will often refer to the unknown
optimal arrangement and the corresponding optimal value

Definition 6.7. Given an n×n distance matrix D, let A∗ be an optimal solution to
the Matrix-To-Line instance given by D and let ε∗ be the corresponding optimal
value, i.e., ε∗ = ‖D,A∗‖∞.

Throughout the derivation of the algorithm, we will assume that the leftmost point
in the optimal arrangement is known. If this is false, we can always try all pos-
sible choices without increasing the running time with more than a factor n. For
simplicity, we assume that p1 is the leftmost point in A∗ and that A∗(p1) = 0.

One arrangement is obtained if we put each point at the distance to the right
of p1 specified by D. We will call this arrangement A1.

Definition 6.8. Let p1 be the leftmost point in an optimal arrangement. Define
the arrangement A1 by A1(pi) = 0 if i = 1, and A1(pi) = D[1, i] otherwise.

Since ε∗ is a bound for the L∞-norm, the difference between A1(pi) and A∗(pi)
must be less then ε∗ for all points pi.

Lemma 6.9. |A∗(pi)−A1(pi)| ≤ ε∗ for all points pi.
1This is a slightly stronger condition than the usual P = NP
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Proof. We know that A1(p1) = A∗(p1) = 0, so for any point pi

|A∗(pi)−A1(pi)| = |A∗(pi)−D[1, i]|
= ||A∗(pi)−A∗(p1)| −D[1, i]| ≤ ε∗

(6.5)

2

A corollary to Lemma 6.9 is that A1 approximates the optimal arrangement within
a factor 3.

Corollary 6.10. ‖A1, D‖∞ ≤ 3ε∗.

Proof. For any pair of points pi, pj

||A1(pi)−A1(pj)| −D[i, j]|
≤ ||A∗(pi)−A∗(pj)| −D[i, j]|+ 2ε∗ ≤ 3ε∗,

(6.6)

and thus ‖A1, D‖∞ ≤ 3ε∗. 2

The key observation behind the 2-approximation algorithm is that if the arrange-
ment A1 can be modified in such a way that each point pi, i > 1, is moved a distance
ε∗/2 to the side of A1(pi) where A∗(pi) is located, then the new arrangement will
have error ≤ 2ε∗. Unfortunately, both the optimal arrangement A∗ and the optimal
value ε∗ are unknown. We will therefore associate a 0/1-variable xi to each point
pi (i > 1). For any ε > 0, each assignment to these variables will uniquely define
an arrangement of the points p1, . . . , pn in the following way. If xi = 1, the point
pi is located ε/2 to the right of A1(pi) and if xi = 0, the point pi will be located
ε/2 to the left of A1(pi).

Definition 6.11. Let X = {x2, . . . , xn} be a set of 0/1-variables. For any ε > 0
and any truth assignment S : xi 7→ {0, 1}, for the variables in X, the arrangement
ASε is defined by

ASε (pi) =

{
0 if i = 1,
A1(pi)− ε/2 + S(xi)ε otherwise.

(6.7)

With ε = ε∗ and the assignment corresponding to the optimal solution, this ar-
rangement will be the arrangement mentioned above.

Lemma 6.12. Let S∗ be the truth assignment defined by

S∗(xi) =

{
1 if A∗(pi) > A1(pi),
0 otherwise.

(6.8)

Then ‖AS∗ε∗ , D‖∞ ≤ 2ε∗.
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Proof. For any pair of points pi, pj ,

|AS∗ε∗ (pi)−AS
∗

ε∗ (pj)| ≤ |AS
∗

ε∗ (pi)−A∗(pi)|
+ |AS∗ε∗ (pj)−A∗(pj)|+ |A∗(pi)−A∗(pj)|

≤ |A∗(pi)−A∗(pj)|+ ε∗.

(6.9)

This implies that

||AS∗ε∗ (pi)−AS
∗

ε∗ (pj)| −D[i, j]|
≤ ||A∗(pi)−A∗(pj)| −D[i, j]|+ ε∗ ≤ 2ε∗,

(6.10)

which means that ‖AS∗ε∗ , D‖∞ ≤ 2ε∗. 2

However, to obtain a 2-approximation algorithm, it is not necessary to find the
truth assignment S∗. It is sufficient to find any assignment S and parameter ε > 0
for which ‖ASε , D‖∞ ≤ 2ε∗. For each pair of points pi and pj , there are four possible
ways to assign values to the variables xi and xj .

Definition 6.13. An assignment S is ε-allowed for the pair of variables xi and xj
if ||ASε (pi)−ASε (pj)| −D[i, j]| ≤ 2ε. If an assignment is not ε-allowed for a pair of
points, it is said to be ε-forbidden for this pair.

Lemma 6.14. Let S be a truth assignment for the variables x2, . . . , xn, such that
S is ε-allowed for all pairs xi, xj. Then ‖ASε , D‖∞ ≤ 2ε.

Proof. Follows immediately from Definition 6.13. 2

It is easy to construct a 2-Sat-clause that forbids a certain assignment to a
pair of variables xi, xj (see Table 6.1). If we create a 2-Sat-formula forbidding all
ε-forbidden assignments, any satisfying assignment to that formula will have the
property we are looking for.

xi xj Clause

0 0 (xi ∨ xj)
1 0 (xi ∨ xj)
0 1 (xi ∨ xj)
1 1 (xi ∨ xj)

Table 6.1. Clauses forbidding ε-forbidden assignments

Theorem 6.15. For each pair xi, xj, let ϕεi,j be the conjunction of the at most four
clauses forbidding all ε-forbidden assignments for the pair, and let Φε =

∧
i6=j ϕ

ε
i,j.

Every satisfying assignment S to Φε satisfies ‖ASε , D‖∞ ≤ 2ε. Furthermore S∗ is a
satisfying assignment for Φε∗ .
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Proof. Let S be any satisfying assignment for Φε. By construction, S is ε-allowed
for each pair of variables xi, xj , so from Lemma 6.14 follows that ‖ASε , D‖∞ ≤ 2ε.

From Lemma 6.12 follows that ‖AS∗ε∗ , D‖∞ ≤ 2ε∗ so S∗ is ε∗-allowed for all pairs
of points and thus a satisfying assignment for Φε∗ . 2

To find an ε ≤ ε∗ for which Φε has a satisfying assignment, we will use some
properties of these formulae that are due to their construction.

Lemma 6.16. If c is a clause in Φε, then c is a clause in Φε′ for all 0 ≤ ε′ ≤ ε.

Proof. Let ε = ε′+δ, where 0 ≤ δ ≤ ε, and assume that c is a clause in Φε forbidding
an assignment to the pair xi, xj . Let S be an assignment that does not satisfy c,
i.e.,

||ASε (pi)−ASε (pj)| −D[i, j]| > 2ε. (6.11)

From Definition 6.11, using the triangle inequality and Equation (6.11), follows that

||ASε′(pi)−ASε′(pj)| −D[i, j]|
= ||A1(pi)−A1(pj) + ε′(S(xi)− S(xj))| −D[i, j]|
= ||A1(pi)−A1(pj) + (ε− δ)(S(xi)− S(xj))| −D[i, j]|
≥ ||A1(pi)−A1(pj) + ε(S(xi)− S(xj))| −D[i, j]|
− δ|S(xi)− S(xj)|

= ||ASε (pi)−ASε (pj)| −D[i, j]| − δ|S(xi)− S(xj)|
> 2ε− δ|S(xi)− S(xj)|.

(6.12)

But |S(xi)− S(xj)| ≤ 1, so

||ASε′(pi)−ASε′(pj)| −D[i, j]| > 2ε′, (6.13)

which means that the assignment is ε′-forbidden as well; so c is a clause in Φε′ . 2

Definition 6.17. An ε′ ∈ R+ is a breakpoint if Φε′ 6= Φε for all ε < ε′.

From Lemma 6.16 follows that if S is a satisfying assignment for Φε, then S also
satisfies Φε′ for all ε′ > ε. This means that, if there is only a small number of
breakpoints, we could use binary search over the breakpoints to find an ε ≤ ε∗ for
which Φε has a satisfying assignment. (Note that S∗ is a satisfying assignment for
the 2-Sat-formula corresponding to the greatest breakpoint ≤ ε∗.)

Theorem 6.18. There can be at most 3
(
n
2

)
breakpoints.

Proof. From Lemma 6.16 and Definition 6.17 it follows that for each breakpoint
ε′ there exists a clause c such that: 1) c is a clause in Φε for all ε < ε′, and 2)
c is not a clause in Φε for all ε ≥ ε′. Each clause thus corresponds to at most
one breakpoint. Furthermore there are

(
n
2

)
pairs of variables xi, xj and 4 possible
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clauses for each such pair. However, if S and S ′ are two assignments such that
S(xi) = S(xj) 6= S ′(xi) = S ′(xj), then

||ASε (pi)−ASε (pj)| −D[i, j]| = ||A1(pi)−A1(pj)| −D[i, j]|
= ||AS′ε (pi)−AS

′

ε (pj)| −D[i, j]|;
(6.14)

so the two clauses (xi∨xj) and (xi∨xj), forbidding assignments where xi = xj , will
correspond to the same breakpoint. This makes the total number of breakpoints
at most 3

(
n
2

)
. 2

We are now ready to formulate the approximation algorithm for Matrix-To-

Line∞

Algorithm 3: A 2-approximation algorithm for Matrix-To-Line∞.
Input: An n× n distance matrix D
Output: An arrangement A
(1) Construct the set of breakpoints.
(2) Use binary search over the breakpoints to find the smallest

breakpoint ε for which Φε has a satisfying assignment S.
(3) Return ASε .

Theorem 6.19. Algorithm 3 approximates Matrix-To-Line∞ within 2 in time
O(n2 log(n)), if the leftmost point in an optimal arrangement is known.

Proof. The correctness of the algorithm follows from the derivations above. What
we need to show is the time bound. Given the leftmost point in the optimal ar-
rangement, we can compute the O(n2) breakpoints in time O(n2) and sort them
in time O(n2 log(n)). In each step of the binary search we construct and solve a
2-Sat-formula with O(n2) clauses. 2-Sat can be solved in linear time, so the total
time for that part of the algorithm is O(n2 log(n)). Hence the total running time
of Algorithm 3 is O(n2 log(n)). 2

If the leftmost point in an optimal arrangement is unknown, we can try all possible
choices to find the correct one.

Theorem 6.20. The Matrix-To-Line∞ problem can be approximated within 2
in time O(n3 log(n)).

Proof. From Theorem 6.19 follows that, given that the leftmost point is known, Al-
gorithm 3 approximates Matrix-To-Line∞ within 2 in time O(n2 log(n)). There
are at most n choices for the leftmost point, so the time required for running Al-
gorithm 3 for each such choice is O(n3 log(n)). 2

Although the number of choices for the leftmost point is n in the worst case, simple
heuristics should limit the number of choices considerably in most cases.
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6.4 An NP-hardness bound on the approximabil-
ity of Matrix-To-Line∞

In this section, we prove a lower bound of 7/5 on the approximability of Matrix-

To-Line∞ under the assumption P 6= NP. We will do this by a reduction from a
problem called Not-All-Equal-3-SAT.

Deciding Not-All-Equal-3-SAT was shown to be NP-complete by Schae-
fer [Sch78], and it is defined as follows.

Definition 6.21. Let X be a set of variables and let C be a collection of clauses
over X, such that each clause c ∈ C has three literals. Then (X,C) belongs to
Not-All-Equal-3-SAT if there is a truth assignment that for each clause c ∈ C
assigns at least one literal of c the value true and at least one literal of c the value
false.

The lower bound of 7/5 is obtained by the following reduction.

Reduction 6.1. Given an Not-All-Equal-3-SAT instance (X,C), we define a
corresponding Matrix-To-Line∞ instance (P,D) in the following way. For each
variable x and its complement x̄, there are two points, px and px̄, in P . For each
clause c, there are three points c1, c2, and c3, in P . In addition to these points,
P contains the point b. The distance matrix D has the following entries. For all
points p ∈ P , D[b, p] = 0; for all variables x ∈ X, D[px, px̄] = 9; furthermore, for
all clauses (u ∨ v ∨ w) ∈ C,

D[c1, pu] = 6 D[c1, pv] = 0 D[c1, pū] = 0 D[c1, pv̄] = 6
D[c2, pv] = 6 D[c2, pw] = 0 D[c2, pv̄] = 0 D[c2, pw̄] = 6
D[c3, pw] = 6 D[c3, pu] = 0 D[c3, pw̄] = 0 D[c3, pū] = 6
D[c1, c2] = 6 D[c1, c3] = 6 D[c2, c3] = 6.

All other distances are equal to 3.

The intuition behind the construction is that a literal x assigned with the value
true corresponds to a point px being to the right of b, and a literal assigned with
the value false corresponds to a point being to the left of b.

Lemma 6.22. If an instance (X,C) belongs to Not-All-Equal-3-SAT, then the
corresponding Matrix-To-Line instance (P,D) has optimal value 3.

Proof. Since D[px, px̄] = 9 and D[b, px] = D[b, px̄] = 0 it is clear that any arrange-
ment of the points in P will have an error ≥ 3. Hence, to prove the lemma it
suffices to construct an arrangement with error 3. If all points are located within
an interval of length 6, then the error for all pairs where the specified distance is 3
will be at most 3. Therefore we will arrange all points within an interval of length
6 centered around the point b.

Let S be an assignment of the variables in X such that at least one literal in each
clause is true and at least one literal is false. Since (X,C) belongs to Not-All-

Equal-3-SAT we know that such an assignment exists. For each literal x that is
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pū b

c1 c2 c3

(a) u is true and v, w are false.

r r r
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pv̄ b

c2 c3 c1

(b) v is true and u,w are false.

r r r
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c3 c1 c2

(c) w is true and u, v are false.

r r r
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pw̄

pw
pū
pv̄ b

c2 c1 c3

(d) u, v is true and w are false.

r r r
pu
pw
pv̄

pv
pū
pw̄ b

c1 c3 c2

(e) u,w is true and v are false.

r r r
pv
pw
pū

pu
pv̄
pw̄ b

c3 c2 c1

(f) v, w is true and u are false.

Figure 6.1. The arrangement of a clause c = (u ∨ v ∨ w).

assigned with the value true we arrange the corresponding point px a distance 3 to
the right of b. For each literal x that is assigned with the value false we arrange
the corresponding point px a distance 3 to the left of b. In this way, the error for
any pair px, px̄ and any pair px, b will be 3.

To complete the construction of the arrangement we show how to arrange the
points corresponding to the clauses, so that the error is at most 3. Let c = (u ∨
v ∨ w) be an arbitrary clause in C. By construction, at least one of the points
corresponding to literals in c will be arranged to the right of b, and at least one
to the left. Figure 6.1 shows how to arrange the points c1, c2 and c3 in all the six
possible cases. It is easy to check that the error for any pair is at most 3. This
completes the proof. 2

Lemma 6.23. If an instance (X,C) does not belong to Not-All-Equal-3-SAT,
then the corresponding Matrix-To-Line∞ instance (P,D) has optimal value ≥
21/5.
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Proof. If (X,C) does not belong to Not-All-Equal-3-SAT, then for any assign-
ment S there is some clause c ∈ C such that all literals are true or all literals are
false. This implies that in any arrangement of the points in P , three points corre-
sponding to literals in some clause c = (u ∨ v ∨ w) will be on the same side of b.
Hence, to prove the lemma, it suffices to show that the error for any arrangement
of the ten points: pu, pv, pw, pū, pv̄, pw̄, c1, c2, c3 and b, such that pu, pv, pw are
to the left of b, has error ≥ 21/5.

For a fixed permutation of the points, the problem of finding the optimal ar-
rangement can be formulated as a linear program. Let xi be the location of the i:th
point in the permutation and let D[i, j] be the specified distance between the i:th
and the j:th point in the permutation. Then the linear program can be formulated
in the following way.

minimize z

s.t.


xj ≥ xi ∀i < j

z ≥ D[i, j]− (xj − xi) ∀i < j

z ≥ (xj − xi)−D[i, j] ∀i < j

z ≥ 0, xi ≥ 0 ∀i

(6.15)

By symmetry, we can fix the order of the three points pu, pv and pw. Furthermore, it
is easy to see that any arrangement of the points such that px and px̄ are on the same
side of b will have an error ≥ 9/2. This means that there are 3!× 8× 9× 10 = 4320
permutations that have to be considered. We solved the 4320 linear programs,
using the publicly available package LP SOLVE by Michael Berkelaar. The result
shows that the smallest optimal value for these linear programs is 21/5. Figure 6.2
shows one of the optimal solutions corresponding to the optimal value 21/5.

We have thus shown that if an arrangement of the points in P , for some clause
c, has all points corresponding to literals in c on the same side of b, then the error
is ≥ 21/5. 2

Theorem 6.24. It is NP-hard to approximate Matrix-To-Line∞ within 7/5−δ,
for any δ > 0.

Proof. From Lemma 6.22 follows that if an instance (X,C) belongs to Not-All-

Equal-3-SAT, then the corresponding Matrix-To-Line∞ instance (P,D) has
optimal value 3. Furthermore, from Lemma 6.23 follows that if (X,C) does not
belong to Not-All-Equal-3-SAT, then the optimal value is ≥ 21/5. This means
that if there exists a polynomial time approximation algorithm for Matrix-To-

Line∞ with performance ratio less than 7/5, then this algorithm will decide Not-

All-Equal-3-SAT in polynomial time. 2
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r r r r r r r rpu pv pw pū pv̄pw̄b

c3c2c1

Figure 6.2. The arrangement of a clause c = (u ∨ v ∨w), where the corresponding
points are on the same side of b. In the arrangement pu = 0, pv = 1.2, pw = 1.8,
pū = 5.4, pv̄ = 7.2, pw̄ = 6.6, b = 3, c1 = 1.8, c2 = 3.6, c3 = 5.4.

6.5 A tight lower bound on the approximability of
Matrix-To-Line∞

In this section we show that it is at least as hard to approximate Matrix-To-Line

within 2− δ as it is to d4/δe-color a 3-colorable graph.
A k-coloring of a graph G = (V,E) is a coloring of the vertices in G, such that

no edge is connecting vertices of the same color. If we let the numbers 1, 2, . . . , k
represent the k colors, a coloring can be described as a function c : V → [k], such
that c(u) 6= c(v) whenever (u, v) ∈ E. We will construct a reduction from the
problem of coloring 3-colorable graphs to the Matrix-To-Line∞ problem.

Reduction 6.2. Given a 3-colorable graph G = (V,E) with n vertices, we define
the corresponding Matrix-To-Line∞ instance (P,D), where each point pi ∈ P
corresponds to a vertex vi ∈ V and

D[i, j] =

{
2 if (vi, vj) ∈ E,
1 otherwise.

(6.16)

The idea is to show that, given an arrangement of the points in P produced by a
(2−δ)-approximation algorithm for Matrix-To-Line∞, it is possible to construct
a coloring of G with d4/δe colors. To do this, we will use an upper bound on the
error for an optimal arrangement of the points in P . Such a bound is possible to
obtain using the 3-coloring of G, that exists by assumption.

Definition 6.25. Given a 3-coloring, c : V → {0, 1, 2}, of a graph G, let Ac be
the arrangement defined by Ac(pi) = c(vi), for each point pi in the corresponding
Matrix-To-Line∞ instance.

Lemma 6.26. Let c be a 3-coloring of a graph G. Then ‖Ac, D‖∞ ≤ 1

Proof. For any pair of points pi, pj , the distance D[i, j] is either 1 or 2. From
Definition 6.25 it follows immediately that 0 ≤ |Ac(pi) − Ac(pj)| ≤ 2 for all i, j.
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So, if D[i, j] = 1, then ||Ac(pi)−Ac(pj)| −D[i, j]| ≤ 1. By construction D[i, j] = 2
if and only if there is an edge between vi and vj in G. But if (vi, vj) ∈ E, then
c(vi) 6= c(vj), implying that 1 ≤ |Ac(pi)−Ac(pj)| ≤ 2; and hence ||Ac(pi)−Ac(pj)|−
D[i, j]| ≤ 1. 2

Let A be the arrangement produced by a (2 − δ)-approximation algorithm for
Matrix-To-Line∞. Without loss of generality, we assume that p1 is the leftmost
point in the arrangement A and that A(p1) = 0. From Lemma 6.26 follows that

‖A,D‖∞ ≤ 2− δ, (6.17)

which means that

A(pi) ≤ 4− δ ∀i, (6.18)

since D[1, i] ≤ 2 for all i. Equation (6.18) implies that we can cover the interval
containing all points in A with d4/δe disjoint sub-intervals of equal length d < δ.
These sub-intervals will induce a coloring of the vertices in G.

Definition 6.27. Let G = (V,E) be a 3-colorable graph, let (P,D) be the corre-
sponding Matrix-To-Line∞ instance, and let A be the arrangement of P produced
by a (2 − δ)-approximation algorithm for Matrix-To-Line∞. Define cA : V →
{1, . . . , d4/δe} in the following way. For each point pi ∈ P , let cA(vi) = j, if and
only if A(pi) ∈ [(j − 1)d, jd), where d = (4− δ/2)/d4/δe.

Lemma 6.28. cA is a d4/δe-coloring of G.

Proof. We need to show that cA(vi) 6= cA(vj) whenever (vi, vj) ∈ E. Assume that
(vi, vj) ∈ E. This implies that D[i, j] = 2. Now, ‖A,D‖∞ ≤ 2 − δ so in this case
|A(pi)−A(pj)| ≥ δ > d, which means that cA(vi) 6= cA(vj). 2

We have thus proven the following theorem.

Theorem 6.29. If Matrix-To-Line∞ is approximable within 2−δ in polynomial
time, then any 3-colorable graph can be colored with d4/δe-colors in polynomial time.

Proof. Let G be a three colorable graph. Given a (2−δ) approximation of Matrix-

To-Line∞, we can construct cA defined in Definition 6.27 in polynomial time. By
Lemma 6.28, cA is a d4/δe-coloring of G. 2

6.6 Discussion

In this chapter we have studied the Matrix-To-Line∞ problem. The Matrix-

To-Line∞ problem is the problem of, given a set P of n points and an n × n
distance matrixD, finding an arrangement A of the n points such that the maximum
difference between the specified distances and the computed distances is minimized.
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We have constructed a polynomial time algorithm that approximates Matrix-

To-Line∞ within 2. As a complement to this algorithm we have shown that, unless
P = NP, it is impossible to approximate Matrix-To-Line∞ within 7/5 − δ, in
polynomial time, for any δ > 0.

Furthermore, we have shown that if it is possible to approximate Matrix-To-

Line∞ within 2− δ in polynomial time, then it is possible to color any 3-colorable
graph with d4/δe colors. k-coloring of 3-colorable graphs is a well studied problem.
It is not known to be NP-hard for k ≥ 5, but the currently best polynomial
time algorithm requires O(n3/14polylog(n)) colors to color an arbitrary 3-colorable
graph.

There are other problems in the Matrix-To-Line family of problems than
Matrix-To-Line∞. Any Lk-norm used to measure the difference between the
specified and computed distances implies a new Matrix-To-Linek problem. In
this family of problems we have Matrix-To-Line∞ as one extreme and Matrix-

To-Line1 as the other.

Definition 6.30. The Matrix-To-Line1 problem is the following problem. Given
a positive, symmetric, n× n matrix D with all-zero diagonal, find an arrangement
A : {pi}ni=1 → R+ of n points so that

‖D,A‖1 =
∑
i,j∈[n]

|D[i, j]− |A(pi)−A(pj)|| (6.19)

is minimized over all such functions.

We have studied the Matrix-To-Line1 problem as well. This problem is very
different in nature compared to the Matrix-To-Line∞ problem. While the L∞-
norm forces the different errors to be approximately equal, the L1-norm allows
some errors to be large as long as this makes other distances being close to what is
specified.

The results we have for the Matrix-To-Line1 problem are not complete. How-
ever, we allow ourselves to make the following conjecture.

Conjecture 6.31. There exists an algorithm that for each δ > 0, each σ > 0,
and each instance (P,D) produces an arrangement A′ of the points in P , such that
‖D,A′‖1 ≤ (1 + δ) · minA‖D,A‖1 with probability 1 − σ, in time O(2f(δ,σ)·logk n).
In other words, there exists 2polylogn-time randomized approximation scheme for
Matrix-To-Line1.

Motivation. The difficult case in Matrix-To-Line∞ is when the optimal position
of a point pi, given the position of all other points, is determined by the very few
points for which the error has the possibility of being large. This could be seen in
the reduction from the coloring of 3-colorable graphs in Section 6.5. The difficult
case for a coloring algorithm is when the graph is sparse; and in the reduction, a
vertex vi with few neighbors corresponds to a point pi for which only a few points
have strong opinions about the location.



6.6. Discussion 115

In Matrix-To-Line1 the situation is very different. In this case the optimal
position of a point pi, given the position of all other points, is such that for at least
half of the other points the error will increase if pi is moved in either direction.
The outcome of a majority decision can be determined approximately by randomly
selecting a small set of points which determine the decision. This technique has
been used extensively [dlV96, GGR96, AE98], and is the key to the algorithm we
have conjectured.

Let ε∗ = minA‖D,A‖1 and let A∗ = argminA‖D,A‖1. As above, we assume
that we know that p1 is the leftmost point in the arrangement and that A∗(p1) = 0.
Since the error in the optimal solution is ε∗, each point pi must be located within
an interval of length 2ε∗ centered around D[1, i].

The first problem we encounter is that for each point pi we have a continuum of
possible locations in this interval. However, we do not have to consider all possible
locations of pi in this interval. It turns out that it is sufficient to consider the
locations defined by the grid D[1, i]± k · δε∗/n2 for k = 0, 1, . . . , n2/δ. To see this,
we let Ã be the arrangement obtained by moving each point pi in the arrangement
A∗ to the grid point closest to A∗(pi). With this definition we have that

‖D, Ã‖1 ≤ ε∗ + 2
ε∗

n2

(
n

2

)
≤ (1 + δ)ε∗, (6.20)

so the error for Ã will be within a factor 1 + δ from the optimal error.
Another problem is that the error contribution from the different points may

vary a lot. We believe that the correct way to solve this problem is to make sure
that the error for each point is approximated within (1 + ε′) for a suitable choice of
ε′. Our impression is that this can be accomplished in most cases through sampling.

The remaining major problem seems to be when two locations for some of
the points are almost equally good. A somewhat extreme scenario of this type is
the following. Almost all points are located in the same position in the optimal
arrangement. The internal error as well as the error towards the points not located
in this cluster is 0 for the points in the cluster. So the total error is due to the
small set of points S, not in the cluster. For each point in S there are two possible
locations. It can either be located to the left or two the right of the cluster at the
distance all points in the cluster agree on. The distance from the points in S to
the cluster can vary a lot for the points in S. We believe that this scenario can be
solved with sampling as well. However, we will probably need to partition S into
subsets so that the distances to the cluster for points within a subset do not differ
with more than a constant, and treat them sequentially. 2
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Chapter 7

Matrix-To-Line∞ and RH
mapping

In this chapter we analyze the RH algorithm obtained by using our 2-approximation
algorithm for Matrix-To-Line∞ from Chapter 6 on the marker distances obtained
using Equation (3.6) in the haploid case. We show that the arrangement computed
by this algorithm converges to the true arrangement as the number of experiments
increases.

Through the probabilistic model of an RH experiment, any marker arrange-
ment induces a probability distribution on {0, 1}n. We show that the distribution
PÂ induced by the arrangement Â computed by our algorithm converges to the
distribution PA induced by the true arrangement A, under the L1-norm. We show
that L1(PA, PÂ) ∈ O(n

√
log(n)/m).

As a complement to this, we show that if an algorithm M , given the output of
m experiments for any arrangement of markers A, computes an approximation Â
such that L1(PA, PÂ) ≤ f(m), then f(m) ∈ Ω(1/m). We also show that this result
implies that any algorithm that for all marker arrangements A, given the output
from m experiments for A, returns an approximation Â such that the L1 distance
between the arrangements is less than or equal to f(m), with probability 1− ε, for
some constant ε < 1/2, then f(m) ∈ Ω(1/m).

7.1 Preliminaries

In Section 3.1 it was shown that the separation probability of two markers a and
b could be estimated as the fraction of experiments in which exactly one of the
two markers was retained. Since the distance between the markers is a function of
the separation probability, it turned out that this estimate ϕ̂a,b could be used to
obtain an estimate d̂(a, b) of the distance between a and b through Equation (3.6)

117
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In Section 6.3 we constructed a 2-approximation algorithm for the Matrix-To-

Line∞ problem. The Matrix-To-Line∞ problem was the problem of given n
points p1, . . . , pn and a distance matrix D, compute an arrangement such that the
maximum difference between the estimated distances and computed distances is
minimized. A natural idea for an RH algorithm is thus to use this 2-approximation
algorithm on the distance matrix obtained by using the distance estimate above.
In this chapter we will analyze the performance of this RH algorithm in the haploid
case.

Previously we have used the term marker arrangement to denote a function that
to each marker assigns a position of the marker on the chromosome at which it is
located. In this chapter we will introduce what we call a marker function.

Definition 7.1. A marker function is a function A : [n]→ R+ such that A(m) = 0
for some m ∈ [n], and the leftmost marker has lower index than the rightmost
marker.

A marker function is thus a marker arrangement translated so that the leftmost
marker is located in the origin, together with an orientation of the chromosome so
that the leftmost marker has lower index than the rightmost marker.

Through the probabilistic model, described in Section 2.1, of an RH experiment
any arrangement or marker function induces a probability distribution on the set
of vectors {0, 1}n. It is easy to see that an arrangement and the reversal of this
arrangement induces the same probability distribution. The reason for requiring
that the leftmost marker in a marker function has lower index than the rightmost
marker, is to make sure that for any probability distribution on {0, 1}n, there is a
unique corresponding marker function.

Definition 7.2. Given a marker function A : [n] → R+, define PA as the proba-
bility distribution on {0, 1}n induced by A through the probabilistic model of an RH
experiment; that is, for each x ∈ {0, 1}n, PA(x) is the probability that an experiment
for A produces x.

Let A be the marker function corresponding to the true arrangement of the
markers and let D denote the matrix containing the marker distances corresponding
to A, i.e., D[i, j] = |A(i)−A(j)| = d(i, j). In Section 3.1, we saw that

ϕi,j = 2pq(1− e−λD[i,j])(1− (α+ β))2 + g(α, β, p), (7.1)

where q = 1− p and

g(α, β, p) = 2p(α− β)(α+ β − 1) + 2α(1− α). (7.2)

If L is the length of the chromosome we know that 0 ≤ D[i, j] ≤ L for all i, j. This
means that the separation probabilities satisfies ϕmin ≤ ϕi,j ≤ ϕmax for all i, j,
where

ϕmin = g(α, β, p) (7.3)
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and

ϕmax = 2pq(1− e−λL)(1− (α+ β))2 + g(α, β, p). (7.4)

A slightly better estimation of the separation probabilities than the one described
in Section 3.1 is therefore obtained by letting

ϕ̂i,j =


ϕmin if νi,j < ϕmin

νi,j if ϕmin ≤ νi,j ≤ ϕmax

ϕmax if νi,j > ϕmax

(7.5)

where νi,j is the fraction of experiments in which exactly one of the markers i and j
is retained (i.e., what was previously denoted ϕ̂i,j).

In the sequel, the matrix containing distance estimates obtained by inserting
the new estimate ϕ̂i,j in Equation (3.6) will be denoted D̂, i.e.,

D̂[i, j] = − 1
λ

ln
(
1− ϕ̂i,j − g(α, β, p)

2pq(1− (α+ β))2

)
. (7.6)

Furthermore, the marker function obtained by using the 2-approximation algorithm
for the Matrix-To-Line∞ problem on the distance matrix D̂ will be denoted Â.

7.2 Analyzing Matrix-To-Line∞ approximators as
RH algorithms

In this section, we analyze the RH algorithm obtained by using the 2-approximation
algorithm for Matrix-To-Line∞ on the distance estimates from a series of RH
experiment. We show how this algorithm, given m experiments for A, constructs
an arrangement Â such that ‖Â,D‖∞ ∈ O(

√
log (n)/m). In fact, we show that

any approximation algorithm for Matrix-To-Line∞ with constant performance
ratio r will give this bound, but the constant hidden in the O notation will be
proportional to 1 + r.

To show how close Â is to A, we will use a bound on ‖D, D̂‖∞. In Section 3.1
saw that the distance between a pair of markers could be written as a function d(ϕ)
the separation probability ϕ for the two markers. We had that

d(ϕ) = − 1
λ

ln
(
1− ϕ− g(α, β, p)

2pq(1− (α+ β))2

)
. (7.7)

The function d(ϕ) is differentiable with respect to ϕ in [ϕmin, ϕmax]. Since

d′(ϕ) =
1

2λpq(1− (α+ β))2 − λ(ϕ− g(α, β, p))
, (7.8)



120 Chapter 7. Matrix-To-Line∞ and RH mapping

it follows from the mean value theorem that for any pair i, j,

|D[i, j]− D̂[i, j]| ≤ |ϕi,j − ϕ̂i,j |
|2λpq(1− (α+ β))2 − λ(ϕmax − g(α, β, p))|

=
|ϕi,j − ϕ̂i,j |

2λpq(1− (α+ β))2
eλL.

(7.9)

If we apply Hoeffding’s inequality we see that for each pair i and j

Pr
[
|ϕi,j − ϕ̂i,j | ≥ τ

]
≤ 2e−2mτ2

. (7.10)

Hence, the probability ε that there is a pair i, j such that |ϕi,j − ϕ̂i,j | ≥ τ , is less
than n2e−2mτ2

. We thus conclude that, with error probability ε,

‖D, D̂‖∞ <

√
ln(n2/ε)

2pqλ
√

2m(1− (α+ β))2
eλL (7.11)

Lemma 7.3. If Â is the marker function obtained by applying the 2-approximation
algorithm for Matrix-To-Line∞ on the matrix D̂, then

‖Â,D‖∞ ≤
3
√

ln(n2/ε)
2pqλ

√
2m(1− (α+ β))2

eλL (7.12)

with probability 1− ε.

Proof. Since the approximation algorithm has performance ratio 2 we know that
‖Â, D̂‖∞ ≤ 2‖D, D̂‖∞. Together with the triangle inequality and Equation (7.11)
this show that

‖Â,D‖∞ ≤ ‖Â, D̂‖∞ + ‖D̂,D‖∞ ≤ 3‖D̂,D‖∞

≤ 3
√

ln(n2/ε)
2pqλ

√
2m(1− (α+ β))2

eλL.
(7.13)

2

Lemma 7.3 states that the distances between the markers in the arrangement Â
are close to the distances in the true arrangement. This implies that the positions
of the markers are close as well. However, to show how close the arrangements
are, i.e., to give an upper bound on the distance between the arrangements, turns
out to be surprisingly technical. The next lemma gives such a bound for functions
satisfying certain technical conditions. We then show that this lemma is applicable
for marker functions.

Lemma 7.4. Let f, g : [n] → R+ be two functions such that f(p) = g(q) = 0,
f(q) ≤ f(r), and g(p) ≤ g(r), for some p, q, r ∈ [n]. If

max
i,j∈[n]

||f(i)− f(j)| − |g(i)− g(j)|| ≤ δ, (7.14)

then |f(i)− g(i)| ≤ 2δ, for all i.



7.2. Analyzing Matrix-To-Line∞ approximators as RH algorithms 121

Proof. If ∃m ∈ [n] such that f(m) = g(m) = 0, then |f(i)− g(i)| ≤ δ for all i ∈ [n];
and the lemma holds. By assumption, there exists integers p, q, r ∈ [n] such that
f(p) = g(q) = 0, f(q) ≤ f(r), and g(p) ≤ g(r); and, by symmetry, we can assume
that f(q) ≤ g(p). If

||f(i)− f(j)| − |g(i)− g(j)|| ≤ δ, (7.15)

for all i, j ∈ [n], we know that

|f(r)− (g(r)− g(p))| ≤ δ, (7.16)
|g(r)− (f(r)− f(q))| ≤ δ. (7.17)

Using the triangle inequality on the sum of these equations we observe that

g(p) + f(q) ≤ 2δ. (7.18)

Equation (7.18) together with the inequality f(q) ≤ g(p) show that

f(q) ≤ δ. (7.19)

Choose an arbitrary j ∈ [n], and assume that f(j) ≤ f(q). If g(j) ≤ f(j), then it
follows from Equation (7.19) that |f(j)− g(j)| ≤ δ. If g(j) > f(j), then

|f(j)− g(j)| ≤ |g(j)− g(q)| ≤ |f(j)− f(q)|+ δ ≤ 2δ. (7.20)

Now, assume that f(j) > f(q). If f(j) ≤ g(j), then

|f(j)− g(j)| ≤ |g(j)− g(q)| − |f(j)− f(q)| ≤ δ. (7.21)

If f(j) > g(j), then

|f(j)− g(j)| ≤ |f(j)− f(q)|+ δ − |g(j)− g(q)| ≤ 2δ. (7.22)

We have thus shown that |f(i)− g(i)| ≤ 2δ for all i ∈ [n]. 2

Not every pair of functions will satisfy the conditions in Lemma 7.4. However, if
the lemma is not applicable to f and g, then it is applicable to f and the reversal
of g.

Definition 7.5. Let f : [n]→ R+ be a function and let r be the integer satisfying
f(r) ≥ f(i) for all i. Define the reversal f̄ of f by f̄(i) = f(r)− f(i) for all i.

Lemma 7.6. For any pair of functions f, g : [n]→ R+ mapping some value to 0,
there exists p, q, r ∈ [n] such that either

f(p) = g(q) = 0, f(q) ≤ f(r), g(p) ≤ g(r), (7.23)

or

f(p) = ḡ(q) = 0, f(q) ≤ f(r), ḡ(p) ≤ ḡ(r). (7.24)
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Proof. Let p and q be defined by f(p) = g(q) = 0 and let r be defined by f(r) ≥ f(i)
for all i. If g(p) ≤ g(r), then all conditions in (7.23) are satisfied. Assume therefore
that g(p) > g(r). Let s be defined by g(s) ≥ g(i) for all i. From Definition 7.5
follows that ḡ(s) = 0 and ḡ(p) < ḡ(r). Hence, since f(r) ≥ f(i) for all i, this implies
that f(p) = ḡ(s) = 0, f(s) ≤ f(r) and ḡ(p) ≤ ḡ(r). 2

Theorem 7.7. If Â is the marker function obtained by applying the 2-approxi-
mation algorithm for Matrix-To-Line∞ on the matrix D̂, estimated using m
experiments for the marker function A, then

max
i
{|Â(i)− Ã(i)|} ≤ 6

√
ln(n2/ε)

2pqλ
√

2m(1− (α+ β))2
eλL, (7.25)

with probability 1− ε, where Ã is either A or Ā.

Proof. Lemma 7.3 states that

‖Â,D‖∞ ≤
3
√

ln(n2/ε)
2pqλ

√
2m(1− (α+ β))2

eλL. (7.26)

From Lemma 7.4 and Lemma 7.6 then immediately follows that, for either Ã = A
or Ã = Ā,

|Â(i)− Ã(i)| ≤ 6
√

ln(n2/ε)
2pqλ

√
2m(1− (α+ β))2

eλL, (7.27)

for all i ∈ [n]. 2

If there is a lower bound on the minimum distance between any pair of markers
Theorem 7.7 gives an upper bound on the number of experiments required to find
the true order of the markers.

Corollary 7.8. Let dmin be the minimum distance between any pair of markers in
the marker function A, i.e., dmin = mini,j{D[i, j]}. If Â is the marker function
obtained by applying the 2-approximation algorithm for Matrix-To-Line∞ on the
matrix D̂, estimated using

m ≥ 18 ln(n2/ε)
p2q2λ2d2

min(1− (α+ β))4
e2λL (7.28)

experiments for A, then the order of the markers in Â will be the same as in A,
with probability 1− ε.

Proof. From Theorem 7.7 follows that, if the number of experiments m satisfy
Equation (7.28), then either |Â(i)−A(i)| ≤ dmin/2 or |Â(i)− Ā(i)| ≤ dmin/2. This
means that the order of the markers in Â is the same as the order of the markers
in either A or Ā. However, since Â is a marker function we know that the leftmost
marker has lower index then the rightmost marker. Hence, the order of the markers
in Â must be the same as the order of the markers in A. 2
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Disregarding constants, the bound in Corollary 7.8 on the number of experiments
is the same as the bound by Ben-Dor and Chor [BDC97] for their algorithms to
find the correct order of the markers.

Each marker function A induces a probability distribution PA on the set {0, 1}n.
The L1-norm for these distributions can be used as a measure of the distance
between marker functions.

Definition 7.9. Let A and B be two marker functions. Define

L1(PA, PB) =
∑

x∈{0,1}n
|PA(x)− PB(x)|. (7.29)

This is the variational distance used for instance for Cavender-Farris trees in [FK96].
Following [FK96], it is possible to show that this is a metric for the marker functions.
It is easy to check that it is symmetric, positive, and satisfies the triangle inequality.
What we need to show is that L1(PA, PB) = 0 implies A = B. However, this follows
from the fact that the distances between two markers i and j can be expressed as
a function of the separation probability for i and j.

Under this metric the constructed marker function Â converges to the true
marker function A, as the number of experiments m increases. We show that
L1(PA, PÂ) ∈ O(n

√
log (n)/m). Furthermore, we show that if an algorithm M

given the output of m experiments for any marker function A, returns an approx-
imation Â of A such that L1(PA, PÂ) ≤ f(m), then f(m) ∈ Ω(1/m). Finally, we
show how this bound gives a bound on the sum of the difference in the positions of
the markers in A and Â.

Lemma 7.4 enables us to get an upper bound on the L1-norm of the difference
in probability distribution for two marker functions, for which the differences in
distance between markers are bounded.

Lemma 7.10. If A and B are two marker functions, then

L1(PA, PB) ≤ 2λ‖A−B‖1 ≤ 4λn‖A,B‖∞, (7.30)

where

‖A−B‖1 =
n∑
i=1

|A(i)−B(i)|. (7.31)

Proof. From the definition of an experiment it is clear that PA = PĀ for every
marker function A. Therefore, without loss of generality, we assume that there
exist p, q, r ∈ [n] such that A(p) = B(q) = 0, A(q) ≤ A(r), and B(p) ≤ B(r).

Assume that one experiment is performed simultaneously for A and B. If the set
of markers is partitioned differently for A and B, then the probability for a certain
outcome of the experiment may differ, but otherwise it will not. We call such a break
a dangerous break. Each marker i induces a subinterval [A(i), B(i)] (or [B(i), A(i)]
if A(i) > B(i)) of the chromosome, within which each break is dangerous. The
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length of the union of all these intervals will be at most ‖A − B‖1 ≤ 2n‖A,B‖∞,
according to Lemma 7.4.

Since the breaks are distributed along the chromosome according to a Poisson
process with rate λ, the probability that at least one dangerous break occurs is
at most 1 − e−λ‖A−B‖1 . Let F be the event that at least one dangerous break
occurs. This means that PrA[x|F̄ ] = PrB [x|F̄ ] for all x, since the probability
of incorporation of fragments in hamster cells and false answers in the test of
occurrences of markers are independent of the size of a fragment.

L1(PA, PB) =
∑

x∈{0,1}n
|PA(x)− PB(x)|

≤ Pr
[
F
] ∑
x∈{0,1}n

|PrA[x | F ]− PrB [x | F ]|

+ Pr
[
F̄
] ∑
x∈{0,1}n

|PrA[x | F̄ ]− PrB [x | F̄ ]|

≤ 2Pr
[
F
]
≤ 2(1− e−λ‖A−B‖1)

≤ 2λ‖A−B‖1 ≤ 4nλ‖A,B‖∞

(7.32)

where we have used the inequality 1− x ≤ e−x. 2

Combining Lemma 7.3 and Lemma 7.10, we obtain the following bound on the
difference in distribution between Â and A.

Theorem 7.11. With probability 1− ε,

L1(PA, PÂ) ≤ 3
√

2n
√

ln(n2/ε)
pq
√
m(1− (α+ β))2

eλL. (7.33)

Proof. Follows immediately from Lemma 7.3 and Lemma 7.10. 2

7.3 Lower bounds for RH algorithms

The only lower bound on the performance of RH algorithms that we now of is
a result by Ben-Dor and Chor. The result says that if n markers are uniformly
distributed along a chromosome, then any algorithm that finds the correct marker
order with probability 1−ε will require O((1−ε)n2/ε) experiments. In this section,
we show a lower bound on the convergence rate for the distribution associated with
any arrangement produced by an RH algorithm. We also show that this implies
a lower bound for the convergence rate for the arrangement as well. Our results
are derived from an information theoretical result by Farach and Kannan shown
in Lemma 7.12, and the results do not require the markers to have a particular
distribution.
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Lemma 7.12. Let A1 and A2 be two marker functions and let M be any decision
procedure that given the output from m experiments for either A1 or A2 decides
whether the experiments were performed for A1 or A2. If e1(M) is the probability
that M is incorrect when the experiments are performed for A1 and e2(M) is the
probability that M is incorrect when the experiments are performed for A2, then

e(M) ≥ 1−mδ
2

, (7.34)

where e(M) = max{e1(M), e2(M)} and δ = L1(PA1 , PA2).

Proof. This is a reformulation of Lemma 1 in [FK96]. In our context the proof
goes as follows. Let D1 and D2 be any two distributions such that L1(D1, D2) ≤ ε.
Assume that a decision procedure M is given one sample from either D1 or D2 and
is asked from which of the distribution the sample came from. Let es1(M) be the
probability that M is incorrect when the sample is drawn from D1, let es2(M) be
the probability that M is incorrect when the sample is drawn from D2, and let

es(M) = max{es1(M), es2(M)}. (7.35)

If P is the set of samples on which M decides that the sample was drawn from D2.
then,

es1(M) + es2(M) = Pr
[
P | D1

]
+ 1− Pr

[
P | D2

]
≥ 1− ε, (7.36)

where Pr
[
P | Di

]
is the probability that the sample drawn is an element in P given

that the sample is drawn from Di. Since

es(M) ≥ es1(M) + es2(M)
2

(7.37)

this implies that

es(M) ≥ 1− ε
2

. (7.38)

The idea is to view the m experiments for either A1 or A2 as one sample from
an appropriate Cartesian product of distributions. We will let D⊗m denote the
m-fold cross-product of a distribution D, i.e.,

D⊗m(x1, . . . ,xn) =
m∏
i=1

D(xi) (7.39)

By assumption L1(PA1 , PA2) ≤ δ. Assume furthermore that

L1(P⊗m−1
A1

, P⊗m−1
A2

) ≤ (m− 1)δ. (7.40)
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Then, it follows that

L1(P⊗mA1
, P⊗mA2

) =
∑

x1,...,xm

∣∣ m∏
i=1

PA1(xi)−
m∏
i=1

PA2(xi)
∣∣

=
∑

x1,...,xm

∣∣ m∏
i=1

PA1(xi)− PA2(xm)
m−1∏
i=1

PA1(xi)+

PA2(xm)
m−1∏
i=1

PA1(xi)−
m∏
i=1

PA2(xi)
∣∣

=
∑

x1,...,xm

∣∣(PA1(xm)− PA2(xm))
m−1∏
i=1

PA1(xi)+

PA2(xm)
(m−1∏
i=1

PA1(xi)−
m−1∏
i=1

PA2(xi)
)∣∣

≤
∑

x1,...,xm

∣∣PA1(xm)− PA2(xm)
∣∣m−1∏
i=1

PA1(xi)+

∑
x1,...,xm

PA2(xm)
∣∣m−1∏
i=1

PA1(xi)−
m−1∏
i=1

PA2(xi)
∣∣

=
∑
xm

∣∣PA1(xm)− PA2(xm)
∣∣+

∑
x1,...,xm−1

∣∣m−1∏
i=1

PA1(xi)−
m−1∏
i=1

PA2(xi)
∣∣

≤ δ +
∑

x1,...,xm−1

∣∣m−1∏
i=1

PA1(xi)−
m−1∏
i=1

PA2(xi)
∣∣

= δ + L1(P⊗m−1
A1

, P⊗m−1
A2

)

≤ mδ

(7.41)

By induction we have thus shown that, for all m ≥ 1, L1(P⊗mA1
, P⊗mA2

) ≤ mδ, which
completes the proof. 2

Lemma 7.12 implies that it is interesting to study pairs of marker functions and
their possible L1 distances. We do this in Lemma 7.13 below.

Lemma 7.13. For each marker function A and constant K such that

K ≤ pq

2
(1− α− β)2(1− e−λ), (7.42)

there is a marker function A′ such that L1(PA, PA′) = K.
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Proof. Consider the two marker functions W1 and W2 defined in the following way.

W1(k) =

{
0 if k 6= n,
1 otherwise.

W2(k) =

{
0 if k 6= n− 1,
1 otherwise.

(7.43)

Let E be the event that xn−2 = 1 and xn−1 = 1 in the output x of an experiment.
From the definition of W1 and W2 follows that

PW1(E) = p(1− β)2 + qα2, (7.44)

PW2(E) = (p2(1− β)2 + q2α2 + 2pqα(1− β))(1− e−λ)

+ (p(1− β)2 + qα2)e−λ.
(7.45)

Together with the triangle inequality, this shows that

L1(PW1 , PW2) =
∑

x∈{0,1}n
|PW1(x)− PW2(x)|

≥
∑

x∈{0,1}n
xn−2=xn−1=1

|PW1(x)− PW2(x)|

≥ |PrW1 [E ]− PrW2 [E ]|
= (p(1− β)2 + qα2)(1− e−λ)

− (p2(1− β)2 + q2α2 + 2pqα(1− β))(1− e−λ)

= (pq(1− β)2 + pqα2 − 2pqα(1− β))(1− e−λ)

= pq(1− α− β)2(1− e−λ).

(7.46)

Finally, the triangle inequality for the L1-norm together with Equation (7.46) imply
that

max{L1(PW1 , PA), L1(PW2 , PA)} ≥ pq

2
(1− α− β)2(1− e−λ). (7.47)

By continuity, we thus conclude that there exists a marker function A′ such that
L1(PA, PA′) = K, for any

K ≤ pq

2
(1− α− β)2(1− e−λ). (7.48)

2

Theorem 7.14. Let A be any algorithm that for all marker functions A, given the
output of m experiments for A, returns an approximation Â such that L1(PA, PÂ) ≤
f(m) with probability 1− ε, for some constant ε < 1/2. Then f(m) ∈ Ω(1/m).
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Proof. Assume that A is an algorithm that, given the output of m experiments for
any marker function A, returns an approximation Â of A, such that L1(PA, PÂ) ≤
f(m), with probability 1− ε. We want to show that f(m) ∈ Ω(1/m). Assume for
contradiction that this is not the case, i.e., assume that f(m) ∈ o(1/m).

Let A be an arbitrary marker function. Since f(m) ≤ o(1/m), Lemma 7.13
implies that there exists a marker function A′ such that L1(PA, PA′) = 3f(m), for
large enough m.

Consider the following decision procedure M ′. Given m experiments for one of
the two marker functions A or A′, it first runs A to obtain a marker function Â.
Thereafter, it outputs A if L1(PA, PÂ) ≤ L1(PA′ , PÂ), and A′ otherwise. Note
that we do not have to consider the running time of M ′. It is clear that with this
definition, e(M ′) ≤ ε. However, using Lemma 7.12, we see that

ε ≥ 1− 3mf(m)
2

, (7.49)

which contradicts the assumption that f(m) ∈ o(1/m). 2

The lower bound on L1(PA, PÂ) together with Lemma 7.10 immediately gives a
lower bound on ‖A− Â‖1.

Corollary 7.15. Let A be any algorithm that for all marker functions A, given the
output of m experiments for A, returns an approximation Â such that ‖A− Â‖1 ≤
f(m) with probability 1− ε, for some constant ε < 1/2. Then f(m) ∈ Ω(1/m).

Proof. According to Lemma 7.10,

‖A−B‖1 ≥
1

2λ
L1(PA, PB). (7.50)

Using this inequality the corollary follows immediately from Theorem 7.14. 2

7.4 Discussion

In this chapter we have analyzed the RH algorithm obtained by using the 2-
approximation algorithm for Matrix-To-Line∞ on distance estimates made from
a series of RH experiments.

We have shown that the arrangement produced by this algorithm converges to
the true arrangement as the number of experiments increase. In fact, we have shown
that the maximum distance between the location of a marker in the computed ar-
rangement and the true arrangement is less than O(

√
lnn/m) with high probability.

Using this bound we have also shown that the probability distribution PÂ induced
by the computed arrangement Â converges to the probability distribution PA in-
duced by the true arrangement A. It turned out that L1(PA, PÂ) ∈ O(n

√
logn/m).
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As a contrast to these results we have shown that if an algorithm M given the
output of m experiments for any arrangement of markers A, returns an approxi-
mation Â such that L1(PA, PÂ) ≤ f(m), then f(m) ∈ Ω(1/m). We also show that
this result implies that any algorithm that for all marker arrangements A, given the
output from m experiments for A, returns an approximation Â such that the L1

distance between the arrangements is less than or equal to f(m), with probability
1− ε, for some constant ε < 1/2, then f(m) ∈ Ω(1/m).

Analytic results for RH algorithms are generally rare. To our knowledge, the
first analytic results concerning the performance of an RH algorithm, were the up-
per bound on the number of experiments sufficient for the P-Order, K-Order, and
MST-Order to produce a correct marker order, by Ben-Dor and Chor described ear-
lier. They also gave a lower bound of O((1− ε)n2/ε) on the number of experiments
necessary to correctly order n markers with probability 1 − ε [BDC97, BD97]. As
far as we know, the results in this chapter are the first convergence results and
lower bounds for the arrangement produced by an RH algorithm. Neither, have we
previously seen any results concerning the convergence in distribution.

We have implemented the 2-approximation algorithm for Matrix-To-Line∞
and used it for small RH instances. The result was however poor. Although the
upper bound on the performance is of the same order as the P-Order and K-Order
algorithms, the actual performance is worse. The main reason for this is the fol-
lowing. Due to the way in which the distance between two markers depend on the
separation probability for the markers, the absolute error in the distance estimates
is much larger for the long distances than for short distances. Since the approx-
imation algorithm minimizes the maximum difference between the estimated and
actual distances this means that the relative error for the shorter distances will be
allowed to be very large.

To improve the results we would have to use a different objective function. The
L1-norm is one possibility but even better seems to be to use the L∞-norm of the
relative error. We would thus like an algorithm for the following problem.

Definition 7.16. The Matrix-To-Line
rel
∞ problem is the following problem. Given

a positive, symmetric, n× n matrix D with all-zero diagonal, find an arrangement
A : {pi}ni=1 → R+ of n points so that

max
i,j∈[n]

|D[i, j]− |A(pi)−A(pj)||/D[i, j] (7.51)

is minimized over all such functions.

To our knowledge this problem is still open. We have neither seen any hardness
results nor any approximation algorithms for this problem. It would however be
very interesting to see how any algorithm for this problem would perform on RH
data.
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Chapter 8

Concluding remarks

In this thesis we have studied some of the computational aspects of RH mapping.
As could be seen in Chapter 1, several algorithms for the RH problem existed
previously. Some have given priority to a more rigorous probabilistic model, while
others have given priority to speed.

In the first part of the thesis we have studied two fast and simple algorithms to
construct marker orders, given data from a series of RH experiments. These two
algorithms are called P-Order and K-Order, and were proposed by Ben-Dor and
Chor in 1997. An attractive feature of these algorithms is that they are simple
enough to be analyzed theoretically. Ben-Dor and Chor proved an upper bound
on the number of experiments sufficient for the two algorithms to find the correct
marker order with high probability. Theoretical results of this kind are rare for
RH algorithms. We have improved the performance bounds for both P-Order and
K-Order. This was done by taking into account the way in which the marker orders
are constructed in the two algorithms. The new results suggest that the K-Order
perform better than P-Order in most cases. This is also confirmed by experimental
results.

The use of RH data produced with multiple intensities has been proposed and
studied before. The aim of these investigations has been to determine how the
odds for the true marker order can be improved by this kind of data. We are more
interested in how the data may facilitate the construction of candidate orders, which
obviously will depend on the construction method being used. One way to handle
multiple intensity data in the P-Order and K-Order algorithms, is to use the data
produced with the most favorable intensity for each distance comparison. We have
shown that, with this approach, it is possible to eliminate the dependency on the
intensities from the performance bounds of the two algorithms. To achieve this,
we assume that the markers were uniformly distributed over the chromosome, and
that a range of O(logn) intensities is used to produce the RH data.

However, the Modified-P-Order and Modified-K-Order algorithm are useful
also for fewer series of experiments. We have evaluated the performance of the
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two algorithms on RH data produced with as few as three intensities. The results
showed that the stability with respect to the choice of intensities was improved.
However, for good choices of intensity the performance of the modified algorithms
was worse than that of the original algorithms. The reason for this is that only a
subset of the information available is used in each comparison. What we want is
an algorithm capable of using all information available.

To accomplish this we have constructed the Korder-ML algorithm. This algo-
rithm makes maximum likelihood estimates of all distances, using all data available.
To make the algorithm fast we have implemented several speed optimized heuris-
tics. He have also added some more and less advanced local optimization schemes
that can be used after each step of the algorithm. The evaluations of the algorithm
showed very nice results. The new algorithm was not only more stable, but had
also better overall performance. When comparing the Korder-ML algorithm with
the RHO program by Ben-Dor et al, we saw that for single intensity data the dif-
ference was small. For lower intensities the Korder-ML seemed to perform slightly
better, while RHO performed better for higher intensities. However, when using
multiple intensity data in the Korder-ML algorithm, the improvement of the results
of the RHO algorithm was significant. We finally tested the Korder-ML algorithm
on real single intensity data. We used the RH data for the framework markers of
the Genbridge 4 panel. The results were encouraging. In 15 out of the 23 cases the
computed marker orders were identical to that of the Whitehead Institute maps.
In six of the remaining eight cases the likelihoods of our marker orders were higher
than those of the Whitehead maps, under our probabilistic model.

An important question that needs further investigation is that of selecting suit-
able intensities. The choice of intensity, even in the single intensity case, is to our
knowledge not well studied. By assuming a certain distribution of the markers,
experimental studies can be used to find optimal choices of intensities for different
algorithms. It would also be interesting to study how the genes are distributed in
reality, and see if this implies anything concerning the choice of intensity.

In the multiple intensity case more questions arise. The ratio between the three
intensities used in our evaluations were chosen more or less ad hoc. It is likely that
better results can be achieved using other designs, both concerning the number of
intensities and the relation between them. An adaptive design, where the algorithm
itself decides the next intensity would also be interesting to study.

In the second part of this thesis we have studied the Matrix-To-Line problem.
We have given a 2-approximation algorithm for Matrix-To-Line∞, and in addi-
tion to this shown that it is NP-hard to approximate Matrix-To-Line∞ better
than 7/5. We have also given a reduction from the coloring of 3-colorable graphs,
showing that any algorithm that approximates Matrix-To-Line∞ within 2 − δ,
can be used to color a 3-colorable graph with d4/δe colors. Since the problem of
coloring 3-colorable graphs with a constant number of colors is believed to be hard,
this indicates that it may be difficult to do better than a factor 2.

The 2-approximation algorithm can be used as an algorithm for the RH prob-
lem. We have shown that an arrangement produced with this algorithm converges
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to the true arrangement as the number of experiments increases. In addition to
this, we have shown that the probability distribution on {0, 1}n, induced by an
arrangement produced with our approximation algorithm, converges to the proba-
bility distribution induced by the true arrangement under the L1 norm.

We have also given lower bounds on the convergence rate of any algorithm for
the RH problem. Using a result by Farach and Kannan, we have shown that if an
algorithm M , given the output of m experiments for any arrangement of markers A,
returns an approximation Â such that L1(PA, PÂ) ≤ f(m), then f(m) ∈ Ω(1/m).
We have also shown that if any algorithm, given m experiments for an arrangement
A, returns an approximation Â such that the L1 distance between the arrangements
is less than or equal to f(m) with probability 1− ε, for some constant ε < 1/2, then
f(m) ∈ Ω(1/m).

The 2-approximation algorithm for Matrix-To-Line∞ was implemented and
tested for small RH instances. The result was however poor. Although the upper
bound on the performance is of the same order as the P-Order and K-Order algo-
rithms, the actual performance is worse. The reason for this is that the absolute
errors in the distance estimates are much larger for long distances than for short
distances. Since the approximation algorithm minimizes the maximum difference
between the estimated and actual distances this means that the relative error for
the shorter distances will be allowed to be very large.

Despite this, we believe that the idea of using a Matrix-To-Line algorithm for
this purpose is sound. The problem with our approach was the use of the L∞-norm
of the absolute errors as the objective function. A better approach would be to use
an algorithm that minimizes the L∞-norm of the relative errors. Our guess would
be that this problem is NP-hard as well, but how to construct an approximation
algorithm for it is still an open problem. Another approach would be to minimize
the L1-norm of the absolute error. We have worked on this problem for some time,
and believe that there is a pseudo-polynomial time approximation scheme for it.
We have shown a brief motivation for this conjecture, but a proof is still lacking.

Another interesting open problem is what the true lower bound on the conver-
gence rate for any RH algorithm is, with respect to the number of experiments. For
all our algorithms the performance bounds have been proportional to 1/

√
m, while

our lower bounds state that the convergence cannot be faster than 1/m. It would
be nice if this gap could be narrowed, or preferably closed completely. Our guess
would be that 1/

√
m is closer to reality than 1/m, so we would suggest trying to

improve on the lower bound.
We believe that RH mapping will be an important mapping technique for several

years to come. The demand for fast and accurate RH algorithms will be high. The
use of RH data produced with multiple intensities can facilitate the construction
of accurate genome maps, and we hope that it will be shown useful for real data
in the future. We also believe that theoretical results concerning the performance
of an RH algorithm are of great value. Positive results prove that an algorithm for
the RH problem is sound in the respect that, given enough RH data, it will deliver
a good marker arrangement. Negative results give a hint on in what respects the
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algorithms may be improved, and in what sense the problem is genuinely hard. We
thus hope for a further development of algorithms in this field, accompanied with
theoretical results that prove their performance.
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