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Abstract

Directional wave-�eld decomposition for heterogeneous anisotropic media with in-

stantaneous response is established for both the acoustic and the electromagnetic

equations.

We derive a suÆcient condition for ellipticity of the system's matrix in the

Laplace domain and show that the construction of the splitting matrix via a

Dunford-Taylor integral over the resolvent of the non-compact, non-normal sys-

tem's matrix is well de�ned. The splitting matrix also has properties that make

it possible to construct the decomposition with a generalized eigenvector proce-

dure. The classical way of obtaining the decomposition is equivalent to solving

an algebraic Riccati operator equation. Hence the procedure described above also

provides a solution to the algebraic Riccati operator equation.

The solution to the wave-�eld decomposition for the isotropic wave equation is

expressed in terms of the Dirichlet-to-Neumann map for a plane. The equivalence

of this Dirichlet-to-Neumann map is the acoustic admittance, i.e. the mapping

between the pressure and the particle velocity. The acoustic admittance, as well as

the related impedance are solutions to algebraic Riccati operator equations and are

key elements in the decomposition. In the electromagnetic case the corresponding

impedance and admittance mappings solve the respective algebraic Riccati operator

equations and hence provide solutions to the decomposition problem.

The present research shows that it is advantageous to utilize the freedom implied

by the generalized eigenvector procedure to obtain the solution to the decomposi-

tion problem in more general terms than the admittance/impedance mappings.

The time-reversal approach to steer an acoustic wave �eld in the cavity and

half space geometries are analyzed from a boundary control perspective. For the

cavity it is shown that we can steer the �eld to a desired �nal con�guration, with

the assumption of local energy decay. It is also shown that the time-reversal algo-

rithm minimizes a least square error for �nite times when the data are obtained by

measurements. For the half space geometry, the boundary condition is expressed

with help of the wave-�eld decomposition. In the homogeneous material case, the

response of the time-reversal algorithm is calculated analytically. This procedure

uses the one-way equations together with the decomposition operator.
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Preface

Theory is the essence of facts.

Oliver Heaviside

This thesis focuses on a theoretical treatment of directional wave-�eld decompo-

sition in heterogeneous anisotropic media. The ideas of directional wave-�eld de-

composition or wave splitting in the form of invariant imbedding have been applied

to various media con�gurations and applications since before 1960, see [P1{P3]. In

this thesis the ideas are extended to include a class of heterogeneous anisotropic

materials with instantaneous response. A method is developed to decompose

the acoustic and electromagnetic equations in the presence of a heterogeneous

anisotropy. The thesis ends with an application of the time-reversal approach

to steer the acoustic wave �eld and it is analyzed with boundary control methods.

An optimal result is derived. For a homogeneous half space the decomposition is

used, interlaced with time reversal and Green functions, to obtain the response of

the procedure; the support of the response map prevents a perfect reconstruction.

The thesis consists of three papers, the �rst two discuss the wave-�eld decom-

position extensively and the third deals with the above-mentioned application to

boundary control. My intention with the introduction is to explain the ideas be-

hind wave-�eld decomposition through simple examples. Thus the introduction

avoids elaborate mathematical details and is intended to clarify how the method

works for simple examples, as well as to show that it gives the same result as earlier

methods for these examples. For the mathematical details I refer the interested

reader to the two �rst papers. The introduction concludes with a brief summary

of the papers.

The work of the thesis has been carried out at the Department of Electromag-

netic Theory (today the Division of the Electromagnetic Theory of the Depart-

ment of Signals, Sensors and Systems) and I wish to express my deep gratitude to

my supervisor professor Sta�an Str�om for his advice, encouragement and patience

during my research work. Furthermore, I wish to extend my deep gratitude to

my co-supervisor professor Ari Laptev for the stimulating discussions and his gen-

uine interest in `applied mathematics', together with his ability to explain crucial

aspects of modern mathematics.

I wish to thank Professor Vaughan Weston, Purdue University, for his help of

introducing me to the world of wave splitting and for his excellent explanations of
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the ideas behind his many results. I wish to thank Professor Maarten de Hoop,

Colorado School of Mines, for his help in introducing me to the world of wave-

�eld decomposition and for pointing out the challenging problem of extending the

wave-�eld decomposition to heterogeneous anisotropic materials. I wish to extend

my thanks to Dr. Mats Gustafsson, Lund University, for many fruitful discussions

and to my colleagues at the Division of Electromagnetic Theory for the inspiring

atmosphere they have created during these years and their delight in research.

Last but not least, I wish to thank family and friends for their support during

this time of research.

Stockholm,

February, 2001

Lars Jonsson
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Introduction

To stand upon every point, and go over things at large, and

to be curious in particulars, belong to the �rst author of the

story : but to use brevity, and avoid much labouring of the

work, is to be granted to him that will make an abridgment.

2 Maccabees ii. 30, 31.

1 Anisotropic media

An isotropic medium is a medium whose physical properties are the same in all

directions. On the contrary, in an anisotropic medium this is not the case and in

such a medium one can typically identify directions along which the properties of

the medium are di�erent from those along perpendicular directions. Examples of

anisotropy are easy to �nd among materials encountered in everyday life. If you

ever have chopped wood, you know that we prefer to let the axe hit along the

length of the wood �bers, as the wood easily splits along this direction; whereas if

we try across the �bers then it is a hard work to get through the wood. Wood is an

anisotropic medium, it has di�erent strength properties along these two di�erent

directions.

In the human body we �nd anisotropy with respect to electromagnetic proper-

ties in e.g., muscles and bones [12,39,51]. The elastodynamic anisotropy of bone is

correlated to its strength and has been examined by ultrasound measurement for

medical purposes [33]. Several solids such as most kinds of rocks have anisotropic

structure both with respect to their electromagnetic and elastodynamic proper-

ties. In optics the naturally occurring mineral tourmaline, a polarizing crystal, is

anisotropic. Calcite, another naturally occurring substance, has the optical phe-

nomenon of double refraction, and is inherently anisotropic [21].

1



2 Introduction

2 Acoustics and Electromagnetics

The acoustic equations are derived as a linearization of the more general Navier-

Stokes equation (see e.g., [29, 30]) that describe the movement of uids. With the

assumption [30] that the oscillations of the medium are small we obtain a physic

model for sound waves that is described by the acoustic equations. In a source free

region they have the form

r � v + @t(�p) = 0 ;

rp+ @t(�v) = 0 ;
(1)

where p = pressure, v = particle velocity, t = time, � = compressibility, and �

= volume density of mass tensor. In the subsequent analysis the density is a

symmetric tensor. The electromagnetic equations, formulated by Maxwell [31,32],

and put in vector notation by Heaviside [20] have the form

r�E + @tB = 0 ;

r�H � @tD = 0 ;
(2)

in a source free region, where E = electric �eld strength, B =magnetic ux density,

D = electric ux density, and H = magnetic �eld strength. To relate the electric

and magnetic �eld strength to the electric and magnetic ux density we need

constitutive relations, and in this thesis they are assumed to have the form

D = �E ;

B = �H ;
(3)

where �; � are the permittivity and permeability tensors respective, i.e. material pa-

rameters that depend on the space coordinates. This provides us with a framework

which can model very general forms of anisotropy. By substituting the constitutive

relations into (2) we obtain

r�E + @t(�H) = 0 ;

r�H � @t(�E) = 0 :
(4)

Comparing the Eqs. (1) and (4) we see that they have a similar form: both are

hyperbolic partial di�erential equations. The electromagnetic equations are more

complex as a result of the increased number of �eld components, combined with

the change of structure of the spatial derivatives. Therefore, establishing the wave

decomposition in the electromagnetic case is considerably more complex.
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3 Wave-�eld decomposition

The idea of wave-�eld decomposition is discussed in this section using several exam-

ples. Against the background of the �rst simple problem used below to introduce

the idea, we show how one can extend the formulation to problems in three dimen-

sions. In particular we demonstrate that earlier approaches developed for isotropic

media fail in the anisotropic case. The starting point for the new method was

developed by B. P. de Hon [22], and our discussion of the failure of the isotropic

methods mostly use de Hon's method. This thesis provides a method that applies

to heterogeneous anisotropic media and it is presented in Paper I and II.

3.1 The idea behind wave-�eld decomposition

Consider a exible string under tension; the physical prototype is the piano string

in the lower register [34, pp. 120{125] where we ignore gravity and only consider

the tension in the string. The waves on the string are governed by the wave

equation and the string is a one-dimensional homogeneous and isotropic medium.

The displacement of the string from its equilibrium, F , ful�lls the wave equation

(cf. [34]):

v�2@2t F (z; t)� @2zF (z; t) = 0 ; (5)

and is, in the above form, valid away from the ends of the string. Here v is the

propagation speed of the waves. A general solution to this equation can be written

F (z; t) =W+(t� z=v) +W�(t+ z=v) ; (6)

whereW+ represent the positive propagating wave and W� the negative propagat-

ing wave. The solution is a simple case of d'Alembert's solution from 1747 [6, 43].

Thus for this particular case it is possible to `split' or to decompose the waves, i.e.,

the solution, into two di�erent parts, the positive propagating and the negative

propagating waves.

As we have seen, it is possible to decompose the general solution to the simple

one-dimensional wave equation (5). A natural question is then: does this imply that

we could some how `decouple' the wave equation into two independent parts that

would describe the positive (negative) propagating waves respectively? The answer

is yes, and the respective equations are called the one-way equations. To achieve

this decoupling we rewrite (5) into a matrix system. By utilizing @2
z
F = @z(@zF )

we obtain the system of equations

@z

�
@zF

F

�
=

�
0 v�2@2

t

1 0

��
@zF

F

�
� A

�
@zF

F

�
; (7)

which is equivalent to (5). To decouple the wave equation we introduce the com-

position operator L such that�
@zF

F

�
= L

�
W+

W�

�
� LW : (8)
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We have some freedom in the choice of L. Let us assume that we can write it in

the form

L =

�Y+ Y�
1 1

�
; (9)

which would imply that F in (8) has the expected property F =W++W�, cf. (6).

Inserting L into the equation (7) gives

@z(LW ) = ALW : (10)

To decouple the equation, that is to separate it into two non-interacting parts, we

require that L satisfy the equation

AL = LV ; (11)

where V is a diagonal matrix,

V =

�S+ 0

0 S�
�

: (12)

In Eq. (10) we note that when the medium is heterogeneous the second term of

@z(LW ) = L@zW + (@zL)W ; (13)

can be absorbed into the source terms and accounts for the scattering due to the

variation in the vertical direction, (here @zL = 0 when the medium is homoge-

neous). Thus, under the assumption that L can be inverted, (10) becomes

@zW = VW : (14)

To solve this decoupling problem, let us write out the equation (11) on the

element level. Remembering that A11 = A22 = 0, we obtain

A12 = Y�S� ; (15)

A21Y� = S� : (16)

Substituting (16) into (15) to eliminate S� gives

A12 = Y�A21Y� (17)

and acting with A21 on both sides gives

A21A12 = A21Y�A21Y� = (A21Y�)2 : (18)

The above equation is solved for Y� by taking the formal square root of both sides.

The solution is

Y� = �A�121 (A21A12)
1=2 : (19)
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Substituting A12 = v�2@2
z
and A21 = 1, gives together with (16)

Y� = �v�1@t and S� = �v�1@t : (20)

With the above results for Y� and S� substituted into (14) we obtain a decoupled

system of the form

@zW+ = v�1@tW+ ; (21)

@zW� = �v�1@tW� : (22)

This is one form of the one-way equations for the one-dimensional homogeneous

wave equation (5). We note that since we obtained a consistent solution, the

assumption about the form of L was allowed. The procedure described above to

obtain the decoupled equations is referred to as directional wave-�eld decomposition

or wave splitting. The one-dimensional system and its applications has been studied

extensively (see e.g., [5, 18]).

There are several names of this decomposition: wave �eld decomposition, di-

rectional decomposition and wave splitting. The formalism, terms and notations

mostly used here are those prevalent in the geophysics community (see references

like [23, 41, 44]).

3.2 The system's matrix

To generalize the idea introduced in Section 3.1 we consider the acoustic equations

for a homogeneous isotropic medium with instantaneous response. Then the ma-

terial coeÆcients �; � reduce to constant scalar functions independent of position

and time. In particular for a one-dimensional structure the equations become

@3v3 + �@tp = 0 ; (23)

@3p+ �@tv3 = 0 ; (24)

where we have used the notation x3 for the vertical direction, earlier denoted by z

and

@3 =
@

@x3
: (25)

If we eliminate v3 in (23) by substituting (24) we obtain

@23p+ ��@2
t
p = 0 : (26)

Hence this system can be reduced to the system considered in Section 3.1.

To extend the concept of wave-�eld decomposition to a three-dimensional het-

erogeneous structure we have to consider a larger set of �eld quantities, the particle

velocity, v = (v1; v2; v3), and the pressure, p. The system (23){(24) suggests that

the important �eld is the pressure p and the component of the particle velocity

that is normal to the boundary, v3. To obtain a system that we can apply the
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directional decomposition to, we rewrite the system (1) into a system containing

only p; v3. The corresponding equation will be written in the form

(I@3 +A)F = N ; (27)

where the �eld F is F = (v3; p) and where N contains source terms, and the

operator matrix A is called the acoustic system's matrix.

Before considering the acoustic system's matrix, we change from the time do-

main that we have used above to the Laplace domain, to simplify the presentation.

The Laplace transform of a �eld quantity p(x; t) is given by

p(x; s) =

Z 1

0

exp(�st)p(x; t) dt : (28)

Observe the notation convention that we use the same letter to denote the trans-

formed �elds. We require that the �elds are causal, which implies that if the sources

that generate the �eld are switched on at the instant t = 0, then the wave �eld

quantities satisfy the condition

p(x; t) = 0 for t < 0 and all x ;

v(x; t) = 0 for t < 0 and all x :
(29)

The causality of the wave �eld can be taken into account in the Laplace domain [50,

52], due to the time invariance and its L2 bound, by requiring that the �elds are

analytic functions of the Laplace parameter s for Re fsg > 0. One of the properties

that makes it advantageous to use the Laplace transform is that time derivative are

replaced by a factor of the Laplace parameter, s: @t ! s. The Laplace transformed

equations have the form

r � v + s�p = 0 ;

rp+ s�v = 0 ;
(30)

where the time dependence has been replaced by a dependence on s. Note that the

second of the equations in (30) can be rewritten into the form

v = s�1��1rp : (31)

Hence, once p is known we can easily derive v1; v2. Re-substituting v1 and v2 into

the �rst of the equations in (30) and after some re-writing we obtain

(I@3 +A)F = N ; (32)

where the important term, the acoustic system's matrix, has the form

A =

�
@� �3��

�1
33 �s� s�1@�Q��@�

s��133 ��133 �3�@�

�
: (33)

Here � = ��1 is a symmetric matrix, and we have used the summation notation,

i.e., repeated indices �; � indicate summation from 1 to 2. Furthermore Q is 2� 2

matrix of the form

Q�� = ��� � �3��
�1
33 �3� : (34)



Wave-�eld decomposition 7

It is this system's matrix, analogous to (7), that we have to study to solve the

decomposition.

Before we proceed to the decomposition of the acoustic system's matrix, let

us consider the electromagnetic case. To identify the terms that we should retain

in this case, let us once more consider a one-dimensional homogeneous isotropic

medium. Then the equations (4) reduce to

�@3E2 + �@tH1 = 0 ;

@3E1 + �@tH2 = 0 ;

�@3H2 � �@tE1 = 0 ;

@3H1 � �@tE2 = 0 :

(35)

We may combine the �rst and the last equation and the two middle ones, respec-

tively, to eliminate H1; H2, we obtain

�@23E2 + ��@2
t
E2 = 0 ;

@23E1 � ��@2
t
E1 = 0 :

(36)

Thus each of the components E1 and E2 can be written in the form described

in Section 3.1. Observe that (35) has four components compared with the two

components of the acoustic case. The implication, obtained in Paper II, is that we

only can decouple the electric �eld strength from the magnetic �eld strength in the

general case with the method used, and not the individual components of the �eld.

From the identi�cation of �eld in the one-dimensional case, we make the choice of

the �eld F as

F = (E1;�E2; H2; H1) : (37)

After Laplace transform the electromagnetic equations become

r�E + s�H = 0 ;

r�H � s�E = 0 ;
(38)

and upon elimination of E3 and H3 we obtain the equation

(I@3 +A)F = N : (39)

Here the electromagnetic system's matrix A has the form

A11 = ��133

�
�23@2 �23@1
�13@2 �13@1

�
+

�
@1�31 �@1�32

�@2�31 @2�32

�
��133 ;

A12 = s

�
�22 �21
�12 �11

�
� s�1

�
@1�

�1
33 @1 �@1��133 @2

�@2��133 @1 @2�
�1
33 @2

�
;

A21 = s

�
"11 �"12

�"21 "22

�
� s�1

�
@2�

�1
33 @2 @2�

�1
33 @1

@1�
�1
33 @2 @1�

�1
33 @1

�
;

A22 =

�
@2�32 @2�31
@1�32 @1�31

�
��133 + ��133

�
�13@1 ��13@2

��23@1 �23@2

�
;

(40)
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where

"�� = ��� � ��3�
�1
33 �3� ;

��� = ��� � ��3�
�1
33 �3� ;

(41)

and where the indices �; � = 1; 2. For a derivation of the system's matrix in

the electromagnetic case, see Appendix A in Paper II. The dimensional di�erence

between two 2 � 2 blocks of A appear as a result of the fact that E and H have

di�erent dimensions.

We are now ready to apply the methods that we have discussed to di�erent

three-dimensional problems.

3.3 The direct method in isotropic acoustics

For an isotropic medium, � is a scalar and � reduces to � = ��1I , that is, all the

o�-diagonal terms vanish, in particular �3� = 0. Hence the corresponding system's

matrix becomes (cf. (33))

A =

�
0 �s� s�1@� �

�1@�
s� 0

�
: (42)

From a comparison between (42) and (7) we �nd that if we make the same assump-

tions on the composition operator L and the diagonal matrix, as above, i.e.,

L =

�Y+ Y�
1 1

�
and V =

�
S+ 0 ;

0 S�

�
; (43)

we get the same solution to the decomposition problem, that is (cf. (19))

Y� = �A�121 (A21A12)
1=2 : (44)

If we make the natural assumption that the density is positive, � > 0, then upon

substituting A21 = s� and A12 = �s� s�1@� �
�1@� in (44) and (16) we obtain

Y� = �s�1��1(s2��� �@� �
�1@�)

1=2 ; (45)

S� = �(s2��� �@� �
�1@�)

1=2 : (46)

Note that to obtain this decomposition we did not have to introduce any other

restrictions than � > 0. The limitations we have to introduce on material parame-

ters are related to the interpretation of the square root. Square roots of operators

are discussed in several texts, such as [13,28,38] and the above form is extensively

discussed for constant constant material parameters in [37], where it is denoted

`the analytical continuation of the Rimemann-Liouville integral in the hyperoblic

case'. One of the easiest approaches to the subject is to consider the square root

in the Fourier domain for homogeneous media, where the Fourier transform in

the horizontal coordinates transform the derivatives according to @� ! i��, where

�0 = f�1; �2g is the two-dimensional Fourier variable. Then the square root of the

operator is reduced to a square root of a function, that is multiplied by the Fourier
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transform of the �eld, and then upon applying the inverse Fourier transform, one

obtains the action of the square root. For material parameters that depend on

position, a simular procedure can be applied by using pseudodi�erential operators

and extensions [10, 11].

The above square root can also be derived in the time domain. This was �rst

done by Weston [46] for the multi-dimensional wave equation and developed in

several subsequent papers [47, 49]. Following the paper [48] we can identify Y� as

a generalization of the Dirichlet-to-Neumann map for a plane, we look upon the

system (1) as a system of partial di�erential equations with boundary conditions.

Two common boundary conditions are that the pressure or the normal component

of the particle velocity are given at the boundary. The map Y�, also called the

acoustic admittance, maps the pressure at the boundary to the normal component

of the particle velocity at the boundary.

For the electromagnetic system's matrix in the isotropic case the above proce-

dure can be applied totally analogously, with the generalization that instead of a

square root of a scalar operator, we get a square root of a matrix of operators. For

details of the result, see Appendix B of Paper II.

3.4 The direct method in the presence of anisotropy

Given an anisotropic medium, the question is: can we apply the procedure de-

scribed above for this case too? If so, the splitting in an anisotropic medium could

be described in a straightforward way. In order to see what the situation is like,

consider the acoustic system's matrix which has the form (cf. (33))

A =

�
@� �3��

�1
33 �s� s�1@�Q��@�

s��133 ��133 �3�@�

�
: (47)

This time we can not assume that any of the o�-diagonal �-elements vanish for

all positions and we observe directly the �rst trouble: the elements A11 and A22

that vanished in the previous case are now non-zero. Hence a fundamental step is

di�erent. Let us continue with the ansatz concerning L and V ,

L =

�Y+ Y�
1 1

�
and V =

�
S+ 0

0 S�

�
: (48)

We require that the decomposition operator ful�ll the equation

AL = LV : (49)

Upon substituting the form (48) of L; V we obtain the system

A11Y� +A12 = Y�S� ; (50)

A21Y� +A22 = S� : (51)

Eliminating S� gives

Y�A21Y� �A11Y� + Y�A22 �A12 = 0 : (52)
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If we could solve this for general operators, then we would have achieved the de-

composition. Unfortunately, the theory of second order equations for operators is

not well developed and the solution is not in any sense trivial. Thus we see that

the `isotropic methods' described above do not work particularly well for the gen-

eral anisotropic case when the elements A11 and A22 are not zero. For the case of

�3� = 0 the elements A11 = A22 = 0 and the isotropic methods can be applied.

Media with �3� = 0 is called an up/down symmetric material [24].

The above equation (52) is called the algebraic Riccati operator equation after a

simular equation in ordinary di�erential equation theory [1,27]. There the Riccati

equation is

yf(t)y + y0 + yg(t) + h(t) = 0 ; (53)

where y; f; g; h are functions and where y0 indicates the derivative with respect to

t. We see that (53) and (52) are simular, but with the di�erence that most of the

coeÆcients in (52) contain derivatives. In particular it is well known that a general

closed form solution to the Riccati equation for arbitrary functions f; g; h has not

been found [1, p. 21]. This does not mean that it can not be solved, there exist

several cases for which this equation has a closed form solution and the solution

can be computed numerically. As a small digression; the �rst time the Riccati

equation occurred in the literature was in 1694 in a paper by John Bernoulli for

the special case of f = �1, g = 0, h = �t2 whereas in 1724 Count Riccati discussed
its generalizations. Due to Count Riccatis more general form, and the prominence

given to his work by Daniel Bernoulli, D'Alembert in 1763 referred to it as `the

Riccati equation'. Today we use the same name for the general form (53) (cf. [27]).

The details of this digression are described in [45, pp. 1{3] with full references to

the early works.

3.5 The beginning of a new method

Let us return to a somewhat simpler case, the acoustic equations for an isotropic

homogeneous medium with instantaneous response. We use the solution method

of de Hon [22], with my notations and extenstions added, to agree with the pre-

sentation in the Papers I and II for the heterogeneous case. Thus we consider the

acoustic system's matrix

A =

�
0 �s� s�1��1@�@�
s� 0

�
(54)

in the Laplace domain. Since the medium is homogeneous we can apply the Fourier

transform to the horizontal coordinates, and to show the notation, the Fourier

transformed pressure becomes

p(�0; x3; s) =

Z
R2

exp(�i�0 � x0)p(x; s) d2x0 ; (55)

where �0 = (�1; �2) and x0 = (x1; x2). Under the Fourier transform we have the

convenient relation @� ! i�� and with the notation j�0j2 = �21 + �22 we �nd that the
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system's matrix can be represented as

a =

�
0 �s� s�1��1j�0j2
s� 0

�
: (56)

As we Fourier transformed the operator, we changed the notation from A to a,

where a is called the symbol of A, and for the homogeneous case the symbol

is the Fourier transformed operator, whereas for heterogeneous media the symbol

becomes more complex (see e.g., [26,40]) As we have obtained a, a constant matrix

for �xed (s; �0), we can apply the theory of eigenvalues. Thus, we solve the equation

det(a� �I) = 0 and we �nd that a has the eigenvalues

� = �
p
��s2 + j�0j2 (57)

for �xed (s; �0). The generalization to operators of the concept of eigenvalues of a

matrix is the spectrum, a set of points in the complex plane. If we consider � as a

function of �0 we �nd all the points in the spectrum of the operator A in Laplace

domain (see Appendix A of Paper I). Thus, all the points that lie on the curves

described by (57), for each �xed s, makes up the spectrum of the acoustic system's

matrix, for �xed s (see Appendix A of Paper I). We observe (see Figure 1), that

for Re fsg > 0 the area around the imaginary axis is free of eigenvalues. This is a

phenomenon that we will extrapolate later in the analysis.

For a matrix the eigenvalues allow a decomposition of the matrix into parts

that correspond to each eigenvalue and an analogous theory has been developed

for a class of operators (see e.g., [28, 35]). The system's matrix is not normal,

nor compact, and does not belong to that class of operators. Hence the eÆcient

machinery of the theory that applies in those cases can not help us in an unmodi�ed

form, i.e., we do not as yet have a full spectral decomposition of the operator. But

some of the elements of a spectral decomposition can be used for the acoustic

system's matrix. The starting point of a spectral decomposition is to consider the

resolvent, the inverse of a� �I , for the �'s for which it is de�ned

a
�1
s;�

= (a� �I)�1 = (a+ �I)e�1
s;�

; (58)

where es;� is called the characteristic symbol and has the form

es;� = � det(a� �I) = s2��+ j�0j2 � �2 : (59)

With the Fourier transform we can map es;� back to an operator and that operator

is denoted the characteristic operator. In analogy with the theory of the spectral

decomposition we consider the projector

p =
1

2
I +

1

2�i

Z
�2K

a
�1
s;�

: (60)

This operator di�ers from the standard spectral projector [40] by the introduction

of a factor of one half in front of the integral and also via the integration path K
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Figure 1: A set of spectrum lines for A. Each line corresponds to (57) for a �xed

value of s, here s = 2 + in, where n 2 [�10; 10]. The spectrum is symmetric with

respect to the origin, and the lines continue towards in�nity on the real axis on

both sides with increasing �0. The `starting point' close to the axis for each line is

in the point �sp��.

that is a line parallel to the imaginary axis. Concerning the expression in (58) we

notice that

e
�1
s;�

=
1

s2��+ j�0j2 � �2
; (61)

and this is to be integrated over �. To make (61) and �e�1
s;�

integrable, we have

to restrict � to a region such that the integral is well de�ned. If we make the

assumption that Re fsg > 0, then, as we found above, the spectrum does not

belong to the region around the imaginary axis, thus, the the following set belongs

to the resolvent set

jRe f�g j < Re fsgp�� : (62)

We introduce � = SR
p
�� where Re fsg > SR > 0. Here the curve

K = f� 2 C : Re f�g = �=2g (63)

belongs to the resolvent set, the complement to the spectrum, and (61) is well
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de�ned as well as the integral (60), as a principal valued integral, and it becomes

p =
1

2

0@ 1

p
s2��+j�0j2

s�
s�p

s2��+j�0j2
1

1A : (64)

The construction of this symbol is in itself not particularly interesting, but the

symbol has some interesting properties. In particular it de�nes the splitting matrix

as

b = 2p� 1 =
1

�i

Z
�2K

d�a�1
s;�

=

0@ 0

p
s2��+j�0j2

s�
s�p

s2��+j�0j2
0

1A : (65)

We observe that b2 = I and furthermore b commutes with a, i.e.,

ba = ab : (66)

Now we come to a crucial aspect of this method. Let us assume that we can �nd

an eigenvector l+ to b with a corresponding eigenvalue +, so that we have

bl
+ = +l+ : (67)

With the additional knowledge that to each eigenvalue there corresponds a unique

class of eigenvectors, and that any other eigenvalue has a di�erent class of eigen-

vectors. For (66) this implies for

bal
+ = abl

+ = +al+ : (68)

Thus the new vector al+ is also an eigenvector corresponding to the eigenvalue +,

hence al+ belongs to the same class of eigenvectors as l+.

If we only have eigenvalues of multiplicity one, as is the case here, then each

eigenvector in the class is related to another eigenvector in the same class via a

normalization. Thus, if we multiply the vector l+ with a function we should be able

to obtain another eigenvector corresponding to the same eigenvalue. This means

that

al
+ = l

+
s
+ (69)

for some particular function s+. For the other eigenvalue of b, � there corresponds

an eigenvector, l�, that generates the eigenvalue s� to a in the same procedure as

above. Furthermore l� are eigenvectors to a. But knowledge of eigenvalues and

eigenvectors of a matrix enables us to decompose the matrix, and the above proce-

dure provides us with the eigenvalues and eigenvectors of a in a rather special way.

That is, if we somehow could decide what the eigenvectors of b are, then we would

be able to decompose a by letting the columns of the composition matrix be made

up of the eigenvectors l+ and l�. Then the question arises, why not �nd the eigen-

values of a directly and we would be done? The problem is that of constructing
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the eigenvalues of A and it is fairly complicated in the heterogeneous anisotropic

case, whereas it is fairly easy to construct the eigenvectors of the splitting matrix,

b, even for the generalizations needed for the heterogeneous anisotropic case. Cer-

tainly it is diÆcult to obtain the projector, but we can show that it is well de�ned,

and since we can derive the generalized eigenvectors of the splitting matrix, we can

obtain the solution to the decomposition problem: we can show that the solution

exists and also give a way of constructing this solution.

Let us return to the eigenvectors of b. A straightforward eigenvalue and eigen-

vector calculation for a matrix gives that the set of eigenvectors to b is

l
� =

�
y
�

I

�
n
� ; (70)

where n� is the normalization that distinguishes the di�erent eigenvectors in each

class. Here y� is expressed in terms of the elements of b,

y
� = �(b21)�1 ; (71)

and the eigenvalues to a are

s
� = (n�)�1a21y

�
n
� : (72)

Thus if we insert the values calculated for b we �nd that

y
� = �s�1��1(s2��+ j�0j2)1=2 ; (73)

s
� = �(n�)�1(s2��+ j�0j2)1=2n� : (74)

From (45) we have the previous result for Y� as

Y� = �s�1��1(s2��� �@��
�1@�)

1=2 : (75)

With the assumption that the medium is homogeneous, � commutes with @� and

the above expression reduces to

Y� = �s�1��1(s2��� @2
�
)1=2 : (76)

If we now observe (73) and remember the relation j�0j2 ! �@2�, we �nd that

the results agree completely. Thus we have reconstructed the same result before

with another method, and we have furthermore obtained some increase of freedom,

namely the normalizations.

3.6 The new method for anisotropic homogeneous acoustics

We want to see if the above method works for the anisotropic homogeneous case.

The acoustic system's matrix for a homogeneous anisotropic medium with direct

response becomes after a Fourier transform

a =

�
��133 �3�i�� s�+Q������

s��133 ��133 �3�i�� :

�
: (77)
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The eigenvalues of this matrix are obtained by solving detas;� = det(a� �I) = 0

and they are

� = 2i��133 �3��� � �
�1=2
33

q
�s2 +Q������ : (78)

The inverse of as;� can be expressed as

as;�(�
0; s; �)�1 = �as;�(�0;�s; �)�33e�1s;� ; (79)

where es;� is the characteristic symbol

es;� = ��33 det(a� �) = ������� + 2��3�i�� + s2�� �33�
2 : (80)

The introduction of the additional factor �33 is made in order to simplify the form

of es;�. After some calculation we �nd that the characteristic operator once again

can be inverted if � does not lie in a region around the imaginary axis. If we choose

Re fsg > SR > 0 we �nd that the spectrum free region, the resolvent set, contains

the set

f� 2 C : Re f�g < SR

q
��133 �g (81)

and the projector is once again well de�ned. We �nd that the principal value

integral yields the splitting matrix

b =

0B@ 0

p
s2�+Q������

s�
�1=2

33

s�
�1=2

33p
s2�+Q������

0

1CA : (82)

In particular we note that b2 = I and the eigenvalues of the symbol of the splitting

matrix become

l
� =

�
y
�

I

�
n
� ; (83)

where

y
� = (b21)

�1(�I � b22) : (84)

Furthermore

s
� = (n�)�1(a21y

� + a22)n
� : (85)

Inserting the elements in b above, gives the key elements of the decomposition:

y
� = �s�1�1=233

q
s2�+Q������ ; (86)

s
� = (n�)�1(��133 �3�i�� � �

�1=2
33

q
s2�+Q������)n

� : (87)

The result is simular to the results obtained in (73) and (74). If we let � reduce to

the isotropic case we have the mappings �3� ! 0, �33 ! ��1 and Q�� = ��1Æ��
where Æ�� is the Kronecker delta and the result reduces to (73), (74).

Hence we have found a method that is able to deal with anisotropy, and this

above analysis is extended to the heterogeneous case in Papers I and II.
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3.7 Decomposition of the electromagnetic equations

The complexity of the calculation in the electromagnetic case has so far prevented

an explicit calculation of the splitting matrix even for the homogeneous anisotropic

case. The isotropic homogeneous case is discussed in Appendix B of Paper II.

The homogeneous isotropy induces symmetries that unexpectedly reduce the initial

square root of a matrix operator to a root of a scalar operator.

3.8 Conclusions

The method outlined in this chapter is extended to heterogeneous anisotropic media

with instantaneous response for both the acoustic and electromagnetic equations.

It is straightforward to show that the resolvent set of the system's matrices does

contain a strip around the imaginary axis. The analysis is performed for heteroge-

neous anisotropic media that have an instantaneous response as this implies that

the material parameters are self adjoint tensors. The limitation on the material

parameters appears in the proof as a condition that guarantees that the integral

that de�nes the splitting matrix is well de�ned. The analysis uses that the system's

matrix is elliptic, and a proof of this has been obtained for self adjoint material

parameters. The elliptic property is a suÆcient but not a necessary condition. To

prove that the system's matrix is elliptic is complex and has so far not allowed

the extension to all lossless materials or even wider classes. It is the �rm belief of

the author that the analysis can be extended to include a wider class of materials,

with or without ellipticity, and this should be investigated in further research. In

the electromagnetic case it is a question of proving that the integral of polynomials

of � over the determinant of as;� is well de�ned. The full determinant is given in

(C.1), or alternatively to prove that the splitting matrix is well de�ned directly.
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4 Boundary control and time reversal

Given a cavity containing a uid, the acoustical waves in this uid is governed by

the acoustic equations. One question in boundary control is: what is the �eld at the

boundary, that gives the best approximation to the desired solution? Furthermore,

can we obtain the desired solution? In the cavity case we �nd the optimal boundary

control by a time reversal argument. The reconstruction is also perfect, i.e., given

suÆcient time, the reconstruction will perfectly match the desired �eld.

For the half space (mirror) geometry, we have calculated the response of the

procedure for the homogeneous case, and from this it is clear that the reconstruction

is not perfect.

Time-reversal for the cavity and the mirror case has been extensively studied by

M. Fink et. al. (see e.g., [7{9, 36]). Time-reversal algorithms have further been

applied to itterative process for optimal measurements and to super-resolution

in [2, 4].
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5 Applications | Inverse Scattering

Applications of the wave-�eld decomposition are the layer-stripping algorithm ap-

plied to the inverse scattering problem of reconstructing material parameters (see

e.g., [3,18,19]), but also for optimization algorithms (see e.g., [15,16]). The inverse

problems that those methods can be applied to include tomography in a variety of

medical applications, and non-destructive testing of materials.

In the layer-stripping algorithms, wave-�eld decomposition is used to separate

a measured or calculated �eld on a boundary into two parts, one that propagates

`downwards' and one `upwards'. The problem is that of reconstructing the material

properties of the next layer from the `upwards' traveling wave.

In the optimization problem there is a freedom of choice in boundary data to

the related partial di�erential equations. Thus there is a question of choosing, in

some sense, `optimal data' [15].

It has been suggested that Bremmer series could be used together with wave-

�eld decomposition to reconstruct parameters in inverse scattering problems like

prospecting for oil and minerals. Some papers have been published on related

questions (see e.g., [14, 23]) and so far the combination of Bremmer series and

wave-�eld decomposition has yielded fast forward algorithms in the form of `rational

approximations' and `generalized screens' [25, 42].

In Paper III, we apply boundary control methods to �nd an optimal algo-

rithm to steer acoustic wave �eld to a �nal state. The cavity case is optimally

reconstructed upon resubmitting a time reversed �eld. For a half space geometry

wave-�eld decomposition appears in the construction of the boundary conditions.

The decomposition is also applied to a �eld at a boundary, that has been time

reversed to separate out the part of the �eld that upon re-emission will a�ect the

interior of the medium. The method of steering the �eld has applications to such

diverse �elds as medical imaging, lithotripsy and non-destructive testing.
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6 Summary of papers

6.1 Summary of Paper I

Paper I applies functional analysis to decompose the acoustic equations for aniso-

tropic heterogeneous media. Spectral properties of the system's matrix in time-

Laplace domain are determined and it is established that the decomposition can

be connected to the fact that the spectrum is split into two non-trivial parts.

The splitting of the spectrum makes it possible to construct a projector. The

projector is shown to be well de�ned as a pseudodi�erential operator with a pa-

rameter, by using the elliptic property of the characteristic operator corresponding

to the acoustic system's matrix. Furthermore, the projector have a number of use-

ful properties, such as commutating with the acoustic system's matrix and being

idempotent. The projector is used to de�ne the splitting matrix and a generalized

eigenvalue-eigenvector approach gives the composition operator and the one-way

equations. Hence the wave-�eld decomposition is shown to exist for anisotropic

media in acoustics.

6.2 Summary of Paper II

Paper II is the extension of Paper I to the electromagnetic case. The corresponding

spectral veri�cations that were made in the acoustic case, are in the electromagnetic

case derived in a more straightforward way, by using the properties of a quadratic

form. However upon verifying that each part of the spectrum is non-trivial to the

electromagnetic system's matrix, one �nds that the complexity of electromagnetic

case prevents a proof that is analogous to the acoustic case. The fact that the

resolvent set contains a strip around the imaginary axis enables us to construct the

splitting matrix directly. Instead the non-triviality of the splitting matrix follows

from an analogy of the homogeneous case.

The veri�cation that the splitting matrix is well de�ned, by using the elliptic

property of the system's matrix, is a complex proof and that is central in the paper.

Due to the block level generalization of the characteristic operator, it has not been

shown to be elliptic and hence the procedure requires that we show directly that

the system's matrix is elliptic. The properties of the splitting matrix are obtained

in a straightforward way. Some of the proofs carry over in a straightforward way

from the acoustic case, as they behave, totally analogously, on the block level.

In the procedure of deriving the composition operator, we rely heavily on the

commutation and involution property of the splitting matrix. This enables us to

obtain the composition matrix without the use of the inverse of any element of the

splitting matrix.

6.3 Summary of Paper III

In paper III we use the time-reversal approach to steer the acoustic �eld to a desired

�nal con�guration. The problem is analyzed from a boundary control point of view.

With the assumption of local energy decay, we show that when the data is obtained
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by measurments the time-reversal algorithm minimizes the least-square error for

�nite times.

The response of the time reversal procedure for the homogeneous case has been

calculated analytically and it is shown that the method will not generate a perfect

reconstruction, as expected from the geometry.
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Abstract

An extension of directional wave �eld decomposition in acoustics from heteroge-

neous isotropic media to generic heterogeneous anisotropic media is established.

We make a connection between the Dirichlet-to-Neumann map for a level plane,

the solution to an algebraic Riccati operator equation, and a projector de�ned via

a Dunford-Taylor type integral over the resolvent of a non-normal, non-compact

matrix operator with continuous spectrum.

In the course of the analysis, the spectrum of the Laplace transformed acoustic

system's matrix is analyzed and shown to separate into two non-trivial parts. The

existence of a projector is established and using a generalized eigenvector procedure,

we �nd the solution to the associated algebraic Riccati operator equation. The

solution generates the decomposition of the wave �eld and is expressed in terms of

the elements of a Dunford-Taylor type integral over the resolvent.

Keywords

directional wave �eld decomposition, wave splitting, spectral reduction, acoustic

anisotropy, generalized eigenvalue problem, algebraic Riccati operator equation,

Dirichlet-to-Neumann maps, generalized vertical wave number operators, general-

ized vertical slowness.
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1 Introduction

Directional wave �eld decomposition is a tool for analyzing and computing the

propagation of waves in con�gurations characterized by a certain directionality.

The method consists of three main steps: (i) decomposition of the �eld into two

constituents, propagating upward or downward along a preferred direction, (ii)

computation of the interaction of the counter-propagating constituents and (iii)

recombination of the constituents into observables at the positions of interest. The

method is useful because it leads to computationally eÆcient modeling algorithms.

It can also be used to separate wave-�eld constituents, which is of importance in

the interpretation and inversion of wave-�eld measurements on a boundary.

Over the past few years, methods have been developed which allow us to carry

out a decomposition in the case of heterogeneous, isotropic media [28]. Both exact

theories, based on the calculus of pseudodi�erential operators in the time-Laplace

domain [12], and approximate theories, based on a uniform asymptotic expansion

in the time-Fourier domain [4], have been introduced. It has also been shown that

the extension from isotropic media to anisotropic media with up/down symmetry,

such as media with uniaxial or biaxial symmetry, is feasible with the `isotropic'

techniques [14].

The calculation of the decomposition of the operator has for the isotropic case

given rise to several successful methods for analyzing wave propagation, includ-

ing uniform asymptotics and normal modes [6, 13]. Fast numerical algorithms for

calculations of the �elds are another spin o� of this decomposition. Among their im-

plementations we have `rational approximations' and `generalized screens' [15, 24].

In the present paper, a generalization of the wave �eld decomposition approach

to general anisotropic uids is presented. The decomposition can be constructed

under the conditions that the spectrum of the operator splits into at least two sep-

arate parts and that the characteristic operator is elliptic. The relation between

the Dirichlet-to-Neumann map and the existence of a solution to the decompo-

sition, addressed in [5, 9, 12, 18, 29, 30] and many others, is viewed in a new and

more general way that is based on fundamental spectral properties of the acoustic

systems matrix and include the anisotropy of the media. The approach makes use

of functional analysis, through the spectral theory of an unbounded, non-normal

operator; pseudodi�erential calculus with parameters underlies part of the proofs.

A key aspect of the procedure is that modes of propagation cannot and need not

be separated. A full spectral reduction of the acoustic system's matrix operator

is diÆcult or impossible to obtain due to its nonstandard form, but this is not

necessary in order to decompose the operator. We state a number of propositions

in order to prove that the decomposition exists. The procedure gives conditions

for the decomposition to exist | the conditions are mostly suÆcient and not nec-

essary. For the material parameters there are no constraints that one would not

expect from physical considerations, apart from a smoothness requirement.

The paper is structured as a set of four propositions and two corollaries, col-

lecting the results needed in the proof of the fact that the wave �eld decomposition

exists. In x2 we introduce the acoustic equations and rewrite them into a form suit-

able for wave �eld decomposition and in x3 we state the problem. In x4, the �rst
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proposition appears establishing the (spectral) properties, with the aid of func-

tional analysis, of the acoustic system's matrix; in a corollary it is proved that

the spectrum is separated into two parts. This separation is found in the form

of bounds for the areas in the complex plane that contain the spectrum. In x5
we introduce a family of operators de�ned by a Dunford-Taylor type integral over

the resolvent of the acoustic system's matrix. The second proposition states the

properties of this family of operators, such as their existence as pseudodi�erential

operators with parameters, the fact that they commute with the acoustic system's

matrix, and that they are idempotent under certain restrictions. The section ends

with a corollary de�ning two non-orthogonal projectors via a particular member of

the above mentioned family of operators.

In x6 we state the last two propositions. The �rst of these introduce the splitting
matrix and its properties. The splitting matrix is directly de�ned in terms of the

above obtained projectors. In particular, we show that the splitting matrix has

generalized eigenvectors given in terms of the Dirichlet-to-Neumann map. The

second proposition shows that these eigenvectors are generalized eigenvectors of

the acoustic system's matrix and hence can be used to decompose it. Furthermore,

it is shown that the Dirichlet-to-Neumann map is the solution to an algebraic

Riccati operator equation. In the last section we discuss the results.

In Appendix A we present a short collection of key results for the case of a

homogeneous isotropic medium, for parallel reading to compare the general results

with well known results. In Appendix B we derive the homogeneous anisotropic

medium case in preparation for Appendix C where we show that the principal part

of the `positive' projector projects out only the positive real part of the spectrum.

The spectrum of the acoustic system's matrix is divided into at least two sets,

the two sets are distinguishable by the sign of the real part. Given the set with

positive (negative) real part of the spectrum, we can show that a restriction of this

set corresponds to positive (negative) vertical local group velocity.

2 Wave motion in the Laplace domain

2.1 The reduced equations

We consider linear acoustic wave motion in an anisotropic uid. In each subdomain

of the con�guration the acoustic properties may vary continuously with position

but they are assumed to be independent of time. The acoustic wave �eld satisfy

the �rst-order hyperbolic system of partial di�erential equations [11, x2.3]

@kp+ �kj@tvj = fk ; (2.1)

�@tp+ @jvj = q ; (2.2)

where p = acoustic pressure [Pa], vj = particle velocity [m/s], �kj = anisotropic

symmetric volume density of mass tensor [kg/m3], � = compressibility [Pa�1],

q = volume source density of injection rate [s�1], and fk = volume source density

of force [N/m3]. In this paper x = fx1; x2; x3g are the right-handed orthogonal
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Cartesian coordinates, t is the time, and the subscript notation and the summation

convention for Cartesian tensors are employed; j; k 2 f1; 2; 3g are used as indices.

Further, causality of the wave motion is enforced. This implies that if the

sources that generate the wave �eld are switched on at the instant t = 0, the wave

�eld quantities satisfy the conditions

p(x; t) = 0 for t < 0 and all x; (2.3)

v(x; t) = 0 for t < 0 and all x: (2.4)

Due to the time invariance of the medium, the causality of the wave motion can also

be taken into account by carrying out a one-sided Laplace transform with respect

to time and requiring that the transform domain wave quantities are bounded

functions of position in all of space when the time Laplace transform parameter s,

which is in general complex, lies in the right half plane, that is

Refsg > 0 : (2.5)

To show the notation, we give the expression for the acoustic pressure,

p̂(x; s) =

Z 1

0

exp(�st)p(x; t) dt : (2.6)

Under this transformation, assuming zero initial conditions, we have @t ! s. The

transformed system of �rst-order equations follows from Eqs. (2.1)-(2.2) as

@kp̂+ s �kj v̂j = f̂k ; (2.7)

s �p̂+ @j v̂j = q̂ : (2.8)

The analysis of the wave motion will be carried out in the Laplace domain, and

hence we omit the hat, ^, in the remainder of the paper.

The `evolution' of the wave �eld in space along a direction of preference can be

expressed in terms of the changes of the wave �eld in the directions perpendicular

to it. The direction of preference is taken to be along the x3-axis (or `vertical' axis)

and the remaining (`horizontal') coordinates are denoted by x�; x� ; �; � 2 f1; 2g
or x0 = fx1; x2g when convenient. The procedure requires a separate handling of

the horizontal components of the particle velocity. Let

�jk = (��1)jk ; (2.9)

denote the reciprocal density tensor. From Eq. (2.7) we obtain

v� = ���ks�1(@kp� fk) ; (2.10)

leaving, upon substitution, the matrix di�erential equation

(I@3 +A)F = N ; (2.11)

in which the elements of the acoustic �eld matrix are given by

F1 = v3 ; F2 = p : (2.12)
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The acoustic system's matrix, A, is given by

A = A(x; @1; @2; s) =
�

@� �3��
�1
33 �s� s�1@�Q��@�

s��133 ��133 �3�@�

�
; (2.13)

in which

Q�� = ��� � �3��
�1
33 �3� ; (2.14)

and the elements of the notional source matrix are given by

N1 = q � s�1@� [(��j � �3��
�1
33 �3j)fj ] ; N2 = ��133 �3jfj : (2.15)

The compressibility is positive, bounded from above and bounded away from zero.

The density is a positive de�nite, symmetric and bounded tensor. The anisotropy

contained in the density tensor causes the slowness surface (cf. Appendix B) to de-

form from a sphere to an ellipsoid. The o�-diagonal elements of the tensor represent

the deviation from up/down symmetry with respect to the direction of preference.

The reciprocal density tensor is symmetric, positive de�nite and bounded also. Let

the lower bound �0 > 0 of the upper-left 2 � 2 matrix of the reciprocal density

tensor be de�ned through

u����u� � �0u�u� (2.16)

for any (complex) �eld u and where �� denotes complex conjugation. The lower

bound exists since the density is �nite, that is bounded above. It is clear that Q��

is symmetric. To see that Q�� is positive de�nite we use the following identity

u�Q�� �u� = wj�jk �wk ; (2.17)

where

wj = u�
�
Æj� � ��133 �3�Æ3j

�
(2.18)

for any (complex) �eld u. Since �jk is positive de�nite Q�� must be positive de�-

nite. (Similar considerations holds in elastodynamics [10, p.70 x3.2].) Analogously
to �0, we de�ne the constant q1 > 0 to be the corresponding lower bound for Q�� .

The existence of this lower bound follows from the positive de�niteness of Q�� and

q1 can be taken as the reciprocal of the absolute values of the largest eigenvalue of

the density matrix.

2.2 Wave �elds in Hilbert spaces

In the following we consider the acoustic system's matrix and other operators on

Sobolev spaces. The Hilbert space (Hr; (�; �)
r
) (cf. e.g., [20, p.281, x5.13]) is a

weighted Sobolev space of order r on R2 . The complex inner product (�; �)
r
is

de�ned as

(F1; G1)r =

Z
R2

d2x0
X
j�j�r

y
2j�j
0 @

�

x0
F1(x)@

�

x0
G1(x) : (2.19)
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The (complex) �elds F1; G1 depend on x = fx1; x2; x3g but the norms and deriva-

tives refer to x0 = fx1; x2g. The variable x3 is treated as a parameter throughout

the paper. In (2.19) y0 is a positive (bounded away from zero), �nite number of

dimension [length]. It is introduced to make the analysis dimensionally correct.

We adopt the multi-index notation of pseudodi�erential calculus and use � 2 N20 ,

where N0 = f0; 1; 2; : : :g throughout the paper, together with

j�j = �1 + �2 : (2.20)

The norm corresponding to the inner product is

kF1kr =
q
(F1; F1)r : (2.21)

We will use q; r 2 N as Sobolev space order indicators throughout the paper and

note that for the case r = 0 we recover the Lebesgue space (L2; (�; �)0) of square
integrable functions, with the standard complex inner product.

The analysis of unbounded operators | such as the acoustic system's matrix

| requires that one speci�es the domain of the operators and its embedding space

for the operator to be fully de�ned. In the present paper, all embedding spaces are

Sobolev spaces (that is Hilbert spaces), and all domains are dense in the respective

Hilbert spaces. Several of the operators occurring in our construction contain

derivatives, which are unbounded and discontinuous on (L2; (�; �)0). Note that if

we consider the derivative on (L2; (�; �)0) then, even if we restrict the domain of

the derivative to the set of functions H1 � (L2; (�; �)0), it is still unbounded on

this restricted set, where it is well de�ned. This is not to be confused with the

derivative between the Sobolev spaces (Hr+1; (�; �)
r+1) ! (Hr; (�; �)

r
), where it is

a bounded operator and, hence, a continuous operator. Observe that we use the

notation (Hr; (�; �)
r
) to indicate the space and Hr to indicate the set.

We introduce the weighted product Sobolev spaces;

Hq

r
=

�
Hq

Hr

�
: (2.22)

with the complex inner product de�ned as

(F;G)[q;r] =Z
R2

d2x0

8<:Y �10

X
jj�q

y
2jj
0 @



x0
F1 @



x0
G1 + Y0

X
j�j�r

y
2j�j
0 @

�

x0
F2 @

�

x0
G2

9=; ; (2.23)

where F;G are complex �elds. The norm corresponding to (�; �)[q;r] is de�ned as

kFk[q;r] =
q
(F; F )[q;r] : (2.24)

The constant Y0 of dimension [acoustic admittance] or [m2s/kg], is greater than

zero and is introduced to make the elements of the acoustic �eld matrix mutually
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compatible and the inner product dimensionally correct. In analogy with the set

Hr we will use the notation Hq
r for the set of functions such that (2.24) is �nite.

The inner product (2.23) induces a Hilbert space structure on Hq
r
since (Hr; (�; �)

r
)

is a Hilbert space and Hq
r
�= Hq�Hr (cf. e.g., [3, p.257 xIV.4.19] [20, p.342 x5.20]),

and we will denote the Hilbert space by (Hq
r; (�; �)[q;r]). For the case q = r = 0

we recover a weighted Lebesgue space, ((L2)2; (�; �)[0;0]). The choice of smoothness,
that is the choice of r; q, corresponds to a requirement of regularity for the �elds

that the operator acts upon. The `unweighted' inner product space, with respect

to Y0, for q = r = 0, is also a Hilbert space and is denoted by ((L2)2; (�; �)(0;0)),
with the corresponding norm. We note that the Sobolev sets have the property

� � � � Hr+1 � Hr � � � � densely, when considered as a chain of subsets of functions

with the same norm.

2.3 The acoustic system's matrix and its resolvent

The acoustic system's matrix, A, (cf. (2.13)) is an unbounded operator on the

space ((L2)2; (�; �)[0;0]) in the sense explained above. Following [21] we de�ne the

operator A on ((L2)2; (�; �)[0;0]) as

A : D(A)! (L2)2 ; (2.25)

with the requirement that the coeÆcients of the partial di�erential operators in

each element of the matrix are suÆciently smooth such that we can choose

D(A) = H1
2 � L2 (2.26)

as domain. For every other unbounded operator in this paper, a similar procedure

is considered, that is the operator is de�ned on a dense subset in a Hilbert space.

The domain of the operator on a space is fundamental for considerations of

operations such as addition and composition of operators, since the result may be

de�ned only on a subset of the domains of the respective individual operators. Here,

we consider operators with dense domains and, when necessary, with restrictions

to dense subsets of the their domains for the operation under consideration to

be de�ned. In the case of such a restriction we use the notation Aj
q
for the

operator restricted to this dense subset of its domain and indicate by q what dense

subset is understood to be the restricted domain. In order to avoid cases such

that D(A) \ D(B) = ; all domains and restrictions are to sets of the kind Hq
r
, or

embedded between two such sets.

It will follow that the directional decomposition of waves is closely related to

the spectral analysis of the operator A. Separation of wave constituents is related

to the separability of the spectrum of A into multiple parts.

To analyze the spectrum of the operatorA for �xed s, we introduce the operator

As;� de�ned on ((L2)2; (�; �)[0;0]) with parameters,

As;� = A� �I : H1
2 ! (L2)2 : (2.27)

Following [25, x5, p.253], [20, x6.5, p.412] and [31, xVIII.1, p.209], we de�ne the

spectrum of A as follows: if the scalar � 2 C is such that the range of As;� is dense
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in ((L2)2; (�; �)[0;0]) and As;� has a bounded inverse, � is in the resolvent set, P(A),
of A, and we denote this inverse by A�1

s;�
and call it the resolvent (at s; �) of A.

All complex numbers not in the resolvent set form a set �(A) called the spectrum

of A.
To extend the analysis of As;� to an operator de�ned on the space (H

r
r; (�; �)[r;r]),

we introduce the following procedure. Let

� =

�
(1��0)1=2 0

0 (1��0)1=2

�
; (2.28)

with �0 = y20@�@�, then � : (Hr+1
r+1; (�; �)[r+1;r+1]) ! (Hr

r
; (�; �)[r;r]). Then, the

conjugation

As;�;r � ��rAs;��
r : Hr+1

r+2 ! (Hr

r
; (�; �)[r;r]) ; (2.29)

can be considered as an acoustic system's matrix. That we can consider this oper-

ator as a generalization of As;� follows from:

(I@3 +A)F = N , ��r (I@3 +A)F = ��rN : (2.30)

By introducing F 0 = ��rF it follows that

(I@3 +A;r)F
0 = N 0 ; (2.31)

where N 0 = ��rN . Thus the operator A;r is an acoustic system's matrix that acts

on `smoothed' �elds. That is As;� is `smoother' that As;�;r for r 2 N0 .

3 Directional wave �eld decomposition

3.1 Formulation of the problem

To be able to solve the scattering process along the vertical direction separately

from the scattering process in the horizontal directions, we diagonalize the oper-

ator on the left-hand side of Eq. (2.11). This procedure will possibly lead to an

additional source term on the right-hand side that accounts for the coupling. To

achieve this, we construct an appropriate linear operator L with

F = LW ; (3.1)

that, with the aid of the commutation relation

(@3L) = [@3;L] (3.2)

([:; :] denotes the commutator), transforms Eq. (2.11) into

L (I@3 + V)W = �(@3L)W +N (3.3)

as to make V , de�ned by

AL = LV ; (3.4)
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a diagonal matrix of operators. We call L the composition operator, and W the

wave matrix. The elements of the wave matrix represent locally the down- and

upgoing constituents. The expression in parentheses on the left-hand side of Eq.

(3.3) represents the two so-called one-way wave operators. The �rst term on the

right-hand side of Eq. (3.3) is a representative for the scattering due to variations of

the medium properties in the vertical direction. The scattering due to variations of

the medium properties in the horizontal directions is contained in V and, implicitly,

in L also.

To investigate whether solutions fL;Vg of Eq. (3.4) exist, we introduce the

column matrices, or generalized eigenvectors, L�, according to

L =
� L+ L� �

: (3.5)

Upon writing the diagonal elements of V (generalized eigenvalues) as

V11 = S+ ; V22 = S� ; (3.6)

Eq. (3.4) decomposes into the two systems of equations

AL� = L�S� : (3.7)

To show that there exists an operator pair, fL;Vg, such that the above operator

equation is satis�ed, is the central problem that we consider in the present paper.

The di�erence between S� and the generalized vertical slowness operator in-

troduced in [12] is a factor of s. Note that the �rst element of the operators

L�, L�1 , composes the vertical particle velocity and that the second element, L�2 ,
composes the acoustic pressure, whereas the elements of W may be physically

`non-observable'.

The fundamental question of this paper is: Does there exist a composition

operator L that decomposes A in the above sense? To show that there exists such

a decomposition of A we derive properties of the spectrum of A with an associated

projector | we use a generalized eigenvalue argument.

3.2 The Dirichlet-to-Neumann maps

The Dirichlet-to-Neumann maps | at the planar surfaces x3 = constant | follow

as Y�F2dx1dx2 where Y� satisfy the algebraic Riccati operator equation, which

we will derive at the end of the paper. Upon constraining x3 to a level surface the

Dirichlet-to-Neumann map associated with the up- or downgoing �eld constituents

now follows from the relations

F2 = Z+F1 if W2 = 0 ; Z+ = L21L�111 ; (3.8)

F2 = Z�F1 if W1 = 0 ; Z� = L22L�112 ; (3.9)

where Z� = (Y�)�1. Note that the `Dirichlet-to-Neumann' map is a mapping

between the pressure and the vertical particle velocity.
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4 Properties of the As;� operator

It is not necessary for us to have a complete knowledge of the spectral decompo-

sition. However for the problem addressed in this paper, we need to establish a

separation of the spectrum into two non-trivial sets. With help of the following

proposition we �nd the spectrum of A;r as a corollary.

Proposition 1. Let s; � 2 C , r 2 N0 and let As;�;r = A;r � �I, de�ned through

(2.13), (2.27) and (2.29). Furthermore, let

Q =

�
fs; �g 2 C

2 : Re fsg > 0 and (Re f�g)2 < (Re fsg)2 inf
x02R2

�

�33

�
:

Then for fs; �g 2 Q, As;�;r

1. is bounded from below;

2. is one-to-one;

3. has dense range;

4. is closable and the closure ful�lls 1-3 above.

Remark 1.1. The conditions on Q are suÆcient but not necessary with respect to

the � parameter.

Remark 1.2. The Hilbert identity or resolvent equation,

A�1
s;�
�A�1

s;�0
= (�� �0)A�1

s;�
A�1
s;�0

;

for fs; �g; fs; �0g 2 Q is de�ned for any operator. If the operator is closed the

resolvent is de�ned everywhere and is a holomorphic function of � if fs; �g 2 Q

(cf. [17, pp.172-174, xIII.6.1], [31, pp.211-212, xVIII.2] and [2, p.84, x3.7.5]).
Remark 1.3. From part one of the above proposition it directly follows that the

inverse is a bounded operator on its range (cf. [20, p.244, theorem 5.7.1]).

The conclusion of this proposition, as needed in continuation of this paper, is

stated in Corollary 1.1 in x4.6.

4.1 Scalarization

The operator As;� can be quasi-diagonalized and this diagonalization yields two

results that simplify the analysis. Let

K =

�
0 1

1 0

�
; (4.1)

with K�1 = K. We �nd that

KAs;� =

� A21 A22 � �

A11 � � A12

�
:
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The operator A21 is the multiplication by s��133 . The Laplace parameter s, with

the constraint Re fsg > 0 and that ��133 is bounded away from zero, ensures that

A�121 exists. The operator KAs;� is then diagonalized as follows,

KAs;�T2;s;� = T1;s;�Ds;� ; (4.2)

where

T1;s;� =
�

1 0

(A11 � �)A�121 1

�
(4.3)

and

T2;s;� =
�

1 �A�121 (A22 � �)

0 1

�
; (4.4)

while

Ds;� =

� A21 0

0 s�1Es;�

�
; (4.5)

with

Es;� = s
�A12 � (A11 � �)A�121 (A22 � �)

�
= �@� ���@� + � (@� �3� + �3�@�) + �s2 � �33�

2 :
(4.6)

The operator Es;� is the extension of the `transverse Helmholtz' operator [12] to

anisotropic uids; in x5.2 we prove that it is elliptic with parameters for certain

restrictions on fs; �g. For each �xed �, the operators T1;s;�; T2;s;� have the inverses:

T �11;s;� =

�
1 0

�(A11 � �)A�121 1

�
(4.7)

and

T �12;s;� =

�
1 A�121 (A22 � �)

0 1

�
; (4.8)

respectively; neither of them are bounded on ((L2)2; (�; �)[0;0]). From the quasi-

diagonalization we obtain an explicit expression for A�1
s;�

in terms of E�1
s;�

. Starting

from (4.2) and inverting factors in succession, gives

A�1
s;�

= T2;s;�D�1s;�T �11;s;�K =� �sA�121 (A22 � �) E�1
s;�

A�121 + sA�121 (A22 � �) E�1
s;�

(A11 � �)A�121

sE�1
s;�

�sE�1
s;�

(A11 � �)A�121

�
(4.9)

Thus

(A�1
s;�

)11 = (��3�@� + �33�) E�1s;�
;

(A�1
s;�

)12 = s�1�33 + (��3�@� + �33�) s
�1E�1

s;�
(�@� �3� + �33�) ;

(A�1
s;�

)21 = sE�1
s;�

;

(A�1
s;�

)22 = E�1
s;�

(�@� �3� + ��33) :
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The inverse of the scalar operator Es;� captures most of the behavior of the matrix

operator resolvent, A�1
s;�

, due to the fact that A�121 is algebraic.

4.2 Proof of Proposition 1, part 1

An operator that is bounded from below, has an inverse which is bounded on the

range of the operator. For the system

As;�F = N ; (4.10)

this statement implies that for each N of (4.10) in the range of As;�, there exists

a unique solution F that has �nite norm.

First we consider the case of As;� on ((L
2)2; (�; �)[0;0]) and then extend the anal-

ysis to the general case in which the operator As;�;r on (H
r
r
; (�; �)[r;r]) is considered.

The method for obtaining conditions for an elliptic scalar operator to be bounded

from below is here used as a pattern for obtaining conditions for As;� to be bounded

from below.

The ((L2)2; (�; �)[0;0]) case
To start the proof that the operator As;� is bounded from below, we employ

Schwartz' inequality,

kAs;�Fk[0;0] kFk[0;0] = kKY0As;�Fk[0;0] kFk[0;0]
�
���Ren(F;KY0As;�F )[0;0]

o��� = ���Ren(F;KAs;�F )(0;0)

o��� ; (4.11)

with F 2 D(As;�) and where K is unitary in k�k(0;0) and is given by Eq. (4.1).

Also,

KY0 =

�
0 Y0

Y �10 0

�
(4.12)

is unitary in k�k[0;0]. Here Y0 is the weight used in the inner product (�; �)[0;0] (cf.
(2.23)). If there is a constant C1(�; s) such that

kAs;�Fk[0;0] � C1(�; s) kFk[0;0]
for all F 2 D(As;�), then the operator is bounded from below in ((L2)2; (�; �)[0;0]).
Let us evaluate KAs;�F (cf. Eq. (2.13)),

KAs;�F =

�
s��133 F1 + ��133 �3�@�F2 � �F2

@� �3��
�1
33 F1 � �F1 + �sF2 � s�1@�Q��@�F2

�
: (4.13)

Then�
KAs;�F

�
IFI = �s��133 jF1j2 + ��sjF2j2 + (@� �3��

�1
33 F 1)F2

� ��Re
�
F1F 2

	
+ ��133 �3�(@�F 2)F1 � �s�1F2 @�Q��@�F 2 ; (4.14)
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where the index I in the �rst term indicates summation over I = 1; 2. This

expression is the integrand in the ((L2)2; (�; �)(0;0)) inner product integral over R2 .
By applying integration by parts and taking the real part of Eq. (4.14), we obtain

the integrand of Re
n
(F;KAs;�F )(0;0)

o
:�

��133 jF1j2�jF2j2
�
sr cos� � 2�RRe

�
F1F 2

	
+Q��(@�F2) (@�F 2)s

�1
r cos� ; (4.15)

where

�R = Re f�g and s = sr exp(i�) : (4.16)

Since Q�� is positive de�nite and symmetric, we �nd that

Q��(@�F2)(@�F 2) =

Q11j@1F2j2 +Q22j@2F2j2 + 2Q12Re
�
(@1F2) @2F 2

	 � q1 jr0F2j2 ; (4.17)

where r0 = f@1; @2g. Hence, this term is real and furthermore, positive unless

r
0F2 = 0 everywhere. Here F2 2 H2(R2 ) and hence the only function ful�lling

r
0F2 = 0 everywhere is the zero function.

As noted earlier, we constrain the Laplace parameter, s, according to

Re fsg > 0 :

This, together with the inequality

2�RRe
�
F1F 2

	 � ��jF2j2sr cos� + �2R
��sr cos�

jF1j2 ; (4.18)

where � is a real and positive dimensionless parameter gives that expression (4.15)

has a lower bound of the form

(4.15) �
�
sr(cos�)�

�1
33 �

�2R
�sr(cos�)�

�
jF1j2 + (1� �)sr(cos�)�jF2j2 : (4.19)

Here, � has to be restricted to � 2 (0; 1). The upper bound of � follows from the

requirement that the last term on the right hand side of (4.19) should be positive.

For each �xed 0 < � < 1 and �xed s satisfying (2.5), there exists � such that As;�

is bounded from below. Using this, we �nd that for each � such that

�2R < (sr cos�)
2 inf
x02R2

�

�33
= (Re fsg)2 inf

x02R2

�

�33
(4.20)

and for each �xed s satisfying (2.5) there exists an optimal � such that the ap-

proximation of the lower bound of the acoustic system's matrix is maximal. The

maximal lower bound, C1(�; s), for �xed fs; �g 2 Q, becomes

C1(�; s) = max
�2(0;1)

inf
x02R2

�
(1� �)sr(cos�)�Y

�1
0 ;

�
sr(cos�)�

�1
33 �

�2R
�sr(cos�)�

�
Y0

�
> 0 : (4.21)
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Figure 4.1: The gray region represents � 2 C for �xed s with Re fsg > 0 where

As;� is bounded from below (cf. (4.20)).

By integrating (4.19) over R2 with respect to x0 we now obtain���Ren(F;KAs;�F )(0;0)

o���
� C1(�; s)

�
Y �1
0 kF1k20 + Y0 kF2k20

�
= C1(�; s) kFk2[0;0] : (4.22)

We �nd that the restriction of the Laplace parameter s such that As;� is bounded

from below, is that Re fsg > 0. Furthermore, for each such s we �nd that the

region described by (4.20) is a sector about the imaginary axis (see �gure 4.1). We

conclude that for fs; �g 2 Q, there exists a lower bound for the acoustic system's

matrix. Note that the restrictions on s; � are suÆcient, but not necessary. �

The (Hr
r; (�; �)[r;r]) case

To extend the estimate of the lower bound to the case of As;�;r for arbitrary r 2 N0 ,

we have to show that

kAs;�;rFk[r;r] =
��rAs;��

rF

[r;r]

� C2(�; s; r) kFk[r;r] (4.23)

for some constant C2(�; s; r) for all F 2 D(As;�;r) � ((L2)2; (�; �)[0;0]). To this end,
we need the Fourier transform, F , with parameter

(FF1)(�0; x3) =
Z
R2

d2x0 exp (�ihx0; �0i)F1(x) ; (4.24)
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where x0 = fx1; x2g and �0 = f�1; �2g are a dual pair of vectors in R2 ; h�0;x0i =
��x�. From Parseval's equality we have kFF1k0 = (2�)2 kF1k0 for all F1 2
(L2; (�; �)0). The Fourier transform of 1 � �0 is 1 + jy0�0j2, where y0 was intro-

duced in (2.19) to make the derivative dimensionless. To simplify the equations,

we introduce the notation � = y0�
0. With the aid of the binomial theorem we

obtain the following inequalities:

2�r(1 + j�j2)r � 1 +

rX
n=1

j�j2n � �1 + j�j2�r ; (4.25)X
j�j=n

j�� j2 � j�j2n � 2n
X
j�j=n

j�� j2 ; (4.26)

where we have used Stirling's formula [1, p.257,(6.1.38)] for the upper limit of the

estimate

1 �
�
r

n

�
=

r!

n!(r � n)!
� 2r ; (4.27)

for 0 � n � r. We consider the action of (1 ��0)r=2 on a complex �eld F1 where

F1 2 Hr � (L2; (�; �)0). Then, using Parseval's equality and inequalities (4.25) and

(4.26), it follows that(1��0)
r=2

F1

2
0
= (2�y0)

�2
�1 + j�j2�r=2FF12

0
(4.28)

= (2�y0)
�2
Z
R2

d2� (1 + j�j2)rjFF1j2

� (2�y0)
�2
Z
R2

d2�

 
1 +

rX
n=1

j�j2n
!
jFF1j2

� (2�y0)
�2
Z
R2

d2�
X
j�j�r

j��FF1j2 = (2�y0)
�2
X
j�j�r

��FF120
=
X
j�j�r

yj�j0 @
�

x0
F1

2
0
= kF1k2r :

Analogously, for a function F1 2 (L2; (�; �)0) we have(1��0)
�r=2

F1

2
r

=

Z
R2

d2x0
X
j�j�r

���yj�j0 @
�

x0

�
1��0)�r=2F1

����2
=
X
j�j�r

(1��0)
�r=2

y
j�j
0 @

�

x0
F1

2
0
= (2�y0)

�2
X
j�j�r

(1 + j�j2)�r=2��FF12
0

= (2�y0)
�2
Z
R2

d2�
�
1 + j�j2��r X

j�j�r

j�� j2jFF1j2 � (2�y0)
�2 2�2r kFfk20

= 2�2r kF1k20 ; (4.29)
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using Parseval's equality and inequalities (4.25) and (4.26). Thus for all �elds

F 2 ((L2)2; (�; �)[0;0]) it follows from (4.29) that��rF2
[r;r]

= Y �1
0

(1��0)�rF1
2
r
+ Y0

(1��0)�rF2
2
r

� 2�2r kFk2[0;0] ;
(4.30)

and analogously for k�rFk[0;0]. Thus for F 2 D(As;�;r) � (Hr
r ; (�; �)[r;r])��rAs;��

rF
2
[r;r]

� 2�2r kAs;��
rFk2

[0;0]
� 2�2rC2

1 (�; s) k�rFk2[0;0]
� 2�2rC2

1 (�; s) kFk2[r;r] ; (4.31)

where C1(�; s) is the lower bound obtained for As;� in (4.21). Hence C2(�; s; r) =

2�rC1(�; s). Thus, As;�;r is bounded for fs; �g 2 Q also. �

4.3 Proof of Proposition 1, part 2

The inequality ��rAs;��
rF

[r;r]

� C2(�; s; r) kFk[r;r] ; (4.32)

implies that the null space of As;�;r only contains the zero element for fs; �g 2 Q.

By [20, p.171, theorem 4.4.1] an operator with trivial null space is one-to-one

(injective). Hence, the operator As;�;r is one-to-one for all r 2 N0 . �

4.4 Proof of Proposition 1, part 3

To prove that As;� have dense range in ((L2)2; (�; �)[0;0]), we consider the graph of

As;� and �nd that it suÆces to show that the kernel of A�
s;�
, the adjoint to As;�,

is trivial. That is,

A�s;�G = 0; G 2 D(A�s;�)) G = 0 : (4.33)

We introduce the adjoint and formal adjoint (cf. [27, pp.67-68, x4.4]) of operator
A de�ned on the Hilbert space ((L2)2; (�; �)[0;0]). Assume that A0 is an arbitrary

operator on ((L2)2; (�; �)[0;0]), then A0 is a formal adjoint of A if

(G;AF )[0;0] = (A0G;F )[0;0] for all F 2 D(A) ; G 2 D(A0) : (4.34)

If A is densely de�ned then there exists a unique maximal formal adjoint, that is

the adjoint of A, denoted by A�, de�ned on the domain

D(A�) = fG 2 (L2)2 : 9H 2 (L2)2 such that

(H;F )[0;0] = (G;AF )[0;0] 8F 2 D(A)g : (4.35)

Due to the fact that the adjoint is maximal, it follows that any other formal adjoint

is a restriction of A� (see [17, p.167, xIII.5.5]).
As before, we �rst consider the operator As;� and then extend the analysis to

the operator As;�;r where we use that �
�r is a topological isomorphism and thus

preserves topological properties.
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The ((L2)2; (�; �)[0;0]) case
To calculate the null space of A�

s;�
we scalarize the equations and derive conditions

such that the scalarized form have no non-trivial solutions.

The acoustic system's matrix is densely de�ned since its domain, the set H1
2, is

dense in the space ((L2)2; (�; �)[0;0]); hence its adjoint exists. To obtain the explicit

form of the adjoint we apply integration by parts within the inner product. We

�nd

A�
s;�

=

� ���133 �3�@� � �� Y 2
0 �

�1
33 �s

Y �20

�
��s� �s�1@� Q��@�

� �@� �3���133 � ��

�
; (4.36)

de�ned on the domain D(A�
s;�

) � ((L2)2; (�; �)[0;0]). The terms Y �2
0 appear corre-

sponding to the weight in the inner product. From the above form of A�
s;�
, we

observe that the operator maps at least the domain H2
1 into ((L

2)2; (�; �)[0;0]). This
follows from the assumption that the material coeÆcients are suÆciently smooth.

The domain H2
1 is dense in ((L2)2; (�; �)[0;0]) and is contained in D(A�

s;�
) since any

formal adjoint is a restriction of the adjoint, thus the adjoint is densely de�ned in

((L2)2; (�; �)[0;0]). That A�s;� is densely de�ned is used in x4.5.
The null space of A�

s;�
is obtained by solving the equation A�

s;�
F = 0. Writing

out the components explicitly, with the aid of (4.36) we get����133 �3�@� � ��
�
F1 + �s��133 Y

2
0 F2 = 0 ; (4.37)

Y �2
0

�
�s�� �s�1@� Q��@�

�
F1 +

��@� �3���133 � ��
�
F2 = 0 : (4.38)

Since �s��133 Y
2
0 6= 0, the �rst equation enables us to write F2 explicitly in terms of

F1. Substituting the result into the second equation, gives����133 �3�@� � ��
�
F1 + �s��133 Y

2
0 F2 = 0 ;

Y �2
0 �s�1

��@� ���@� � �� (@� �3� + �3�@�) + ��s2 � �33��
2
�
F1 = 0 :

The short form of the last equation is Y �2
0 �s�1E�

s;�
F1 = 0 (cf. (4.6)). If this equation

has only the trivial solution it follows directly that the complete system has the

trivial solution only. We have obtained a scalarized form of Eqs. (4.37) and (4.38)

(cf. x4.1).
To obtain the null space of E�

s;�
, we �rst consider its domain

D(E�
s;�

) = fg 2 L2 :

9h 2 L2 such that (h; f)0 = (g; Es;�f)08f 2 D(Es;�)g : (4.39)

E�
s;�

is a uniformly, strongly elliptic second-order partial di�erential operator (for

�xed fs; �g) since ��� is positive de�nite and symmetric [7, p.2, x1]. Hence, if

h = E�
s;�
g 2 L2 then g 2 H1 and thus, at least

D(E�
s;�

) � H1 : (4.40)
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The relation

fF1 2 D(E�s;�) : E�s;�F1 = 0g � fF1 2 D(E�s;�) : (E�s;�F1; F1)0 = 0g ; (4.41)

enable us to consider the restrictions of fs; �g for the later form to ensure the a

trivial null space of E�
s;�
. Thus we set (E�

s;�
F1; F1)0 = 0. After integration by parts

the integrand attains the form

���(@�F 1)@�F1 � 2��i�3�Im
�
F 1@�F1

	
+
�
�s2 � �33��

2
� jF1j2 : (4.42)

We separate the real and the imaginary parts and use the notation introduced in

(4.16) together with

�I = Im f�g : (4.43)

Then expression (4.42) can be written as

���(@�F 1)@�F1 +
�
�s2r cos 2� � �33�

2
R + �33�

2
I

� jF1j2 � 2�I�3�Im
�
F 1@�F1

	
+ i
��2�R�3�Im�F 1@�F1

	
+
�
2�33�R�I � �s2r sin 2�

� jF1j2� : (4.44)

Using the identity

�33�
2
I jF1j2 � 2�I�3�Im

�
F 1@�F1

	
= �33jF1�I + i��133 �3�@�F1j2 � �3��

�1
33 �3�(@�F 1)@�F1 ; (4.45)

the real part of expression (4.44) becomes (cf. (2.14))

Q��(@�F 1)@�F1 +
�
�s2r cos 2� � �33�

2
R

� jF1j2
+ �33jF1�I + i��133 �3�@�F1j2 : (4.46)

Due to the fact that Q�� is positive de�nite and symmetric, the �rst term is always

positive as long as F1 6= 0, since we are considering functions F1 2 H1 over the

domain R
2 and hence no everywhere de�ned constant �elds exist apart from 0.

Upon integrating (4.42) over R2 , using the above representation for the real part,

we obtain

(E�
s;�
F1; F1)0 = (Q��@�F1; @�F1)0 + s2r cos 2�

p�F120
� �2R k

p
�33F1k20 +

p�33(F1�I + i��133 �3�@�F1)
2
0
+ i
�
�s2r sin 2�

p�F120
+2�R�I kp�33F1k20 � 2�RIm f(�3�@�F1; F1)0g

�
= 0 : (4.47)

To �nd suÆcient the conditions on fs; �g 2 C 2 such that (4.47) only has the trivial

solution we assume that F1 6= 0 and obtain necessary conditions such that (4.47)

is false. If the imaginary part of the equation is non-zero then (4.47) is false and

does not imply any condition. If the imaginary part is zero there are two cases to
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consider: �R = 0 and �R 6= 0. If �R = 0 then sin 2� = 0 (since sr > 0) and thus

the real part becomes

(Q��@�F1; @�F1)0 + (Re fsg)2
p�F120
+
p�33(F1�I + i��133 �3�@�F1)

2
0
> 0 ; (4.48)

for Re fsg > 0 since the other terms are at least not negative.

If �R 6= 0 the constraint on �I is

�I k
p
�33F1k20 =

1

2�R
s2r sin 2�

p�F120 + Im f(�3�@�F1; F1)0g (4.49)

for the imaginary part of (4.47) to become zero. Substituting this back into (4.47),

upon expanding the term containing �I we �nd that

(Q��@�F1; @�F1)0 + (�3��
�1
33 �3�@�F1; @�F1)0 �

 
Im f(�3�@�F1; F1)0gp�33F10

!2

+

 
s2r sin 2� k

p
�F1k20

2�R
p�33F10

!2

+ s2r cos 2�
p�F120 � �2R k

p
�33F1k20 = 0 : (4.50)

This equality can be rewritten in the form

(Q��@�F1; @�F1)0 + (�3��
�1
33 �3�@�F1; @�F1)0 �

 
Im f(�3�@�F1; F1)0gp�33F10

!2

+ 
1 +

(Im fsg)2
�2R
p�33F120

!�
(Re fsg)2

p�F120 � �2R k
p
�33F1k20

�
= 0 : (4.51)

To obtain conditions for this equation to be false for F1 6= 0, we note that the �rst

line is non-negative, using the Schwartz' inequality

(�3��
�1
33 �3�@�F1; @�F1)0 �

 
Im f(�3�@�F1; F1)0gp�33F10

!2

� (�3��
�1
33 �3�@�F1; @�F1)0 �

��1=233 �3�@�F1

2
0
= 0 ; (4.52)

together with the fact that Q�� is positive de�nite and symmetric. The expression

in the second line of (4.51) is positive if

j�Rj < jRe fsg j inf
q
���133 � jRe fsg j k

p
�F1k0p�33F10 : (4.53)

Observe that inf

q
���133 =

q
inf ���133 since the square root is a smooth monotone

function for positive arguments. Hence for fs; �g 2 Q only F1 = 0 is in the null

space of E�
s;�

, thus the null space of A�
s;�

is trivial by the argument above. This

implies that the range of As;� is dense in ((L
2)2; (�; �)[0;0]) for fs; �g 2 Q, (see �gure

4.1). �
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The (Hr
r
; (�; �)[r;r]) case

In order to prove that As;�;r has dense range in (Hr
r ; (�; �)[r;r]), we use the fact

that denseness is preserved under a homeomorphism. We note that actually the

mapping ��r is a topological isomorphism and thus also a homeomorphism. Thus,

if the set D(A) is dense in the �rst space, then ��rD(A) is dense in the other

space.

From (4.28) and (4.30) we have

2�r kFk[0;0] �
��rF

[r;r]
� kFk[0;0] ; (4.54)

and hence the mapping ��r : (Hr
r
; (�; �)[r;r])! ((L2)2; (�; �)[0;0]) is surjective, injec-

tive and bounded. Hence using the open mapping principle, there exists a bounded

inverse. ��r is a topological isomorphism of (Hr
r; (�; �)[r;r]) onto ((L2)2; (�; �)[0;0]).

Thus (Hr
r; (�; �)[r;r]) and ((L2)2; (�; �)[0;0]) are topologically isomorphic (cf. [20, pp.

257-258, x5.9]) via ��r.
In the previous subsections we have shown that As;� has dense domain and

dense range in ((L2)2; (�; �)[0;0]) for fs; �g 2 Q. That the range is dense can be

expressed as

(G;As;�F )[0;0] = 0 ; 8F 2 D(As;�) implies that G = 0 ; (4.55)

for complex �elds G and F . If we make the change of �elds, F = �rF 0, and

substitute this into the above, we obtain

(G;As;��
rF 0)

[0;0]
= 0 ; 8F 0 2 ��rD(As;�) implies that G = 0 :

The above statements show that every �eld F 2 D(As;�) has an equivalent �eld

F 0 2 (Hr
r
; (�; �)[r;r]) and that D(As;��

r) = ��rD(As;�), since ��r is a topologi-

cal isomorphism the domain is dense in (Hr
r
; (�; �)[r;r]). Furthermore, the range of

As;��
r, denoted by R(As;��

r), is dense in ((L2)2; (�; �)[0;0]), and if we transform

the set R(As;��
r) under the topological isomorphism, the transformed set is also

dense in the new space. Thus, As;�;r = ��rAs;��
r has a dense range and domain

in (Hr
r
; (�; �)[r;r]) for fs; �g 2 Q. �

4.5 Proof of Proposition 1, part 4

In x5 we consider a Dunford-Taylor type integral over the resolvent of A, which
analysis simpli�es if A is closed. We noted above that A�

s;�
is densely de�ned for

fs; �g 2 Q and thus, by [17, p.168, xIII.5.5], the operator As;� is closable. The

closure is denoted by fAs;�gcl.
To show that the range is dense and that the operator is bounded from below

for fs; �g 2 Q, we �rst recall the precise de�nition of closure. The closure of the

operator As;�, on ((L
2)2; (�; �)[0;0]), is constructed by expanding the original domain

to include the limits of all series of all complex �elds fFng1n=0 with the property

that both fFng1n=0 and fAs;�Fng1n=0 are Cauchy sequences. If F is a limit point

of fFng1n=0 then we de�ne fAs;�gcl F = limn!1As;�Fn.
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To show that the closed operator is bounded from below, we rely on Corollary

1.19 [17, pp.316-317, xVI.1.5]. This corollary applies to sesquilinear forms in Hilbert
spaces, but due to example 1.23 and example 1.3 in [17] we draw the conclusion

that we can employ the sesquilinear form (As;�F;As;�G)[0;0] in Corollary 1.19 [17,

pp.316-317, xVI.1.5] that is only closable when As;� is closable. Thus, by the above

mentioned corollary, we obtain that the closed form is bounded from below with the

same constant and thus, the closed operator is bounded from below for fs; �g 2 Q.

Concerning the question whether the range of the closed operator, fAs;�gcl,
is dense in ((L2)2; (�; �)[0;0]), we note that ((L2)2; (�; �)[0;0]) is a Hilbert space, and

hence complete, thus any Cauchy sequence has a limit in the space. Furthermore,

R(As;�) � R(fAs;�gcl) � (L2)2 ; (4.56)

hence if R(As;�) is dense then R(fAs;�gcl) is dense, for the same restrictions on

fs; �g as for As;� before closure. Thus the closed operator fAs;�gcl is bounded
from below and has a dense range for the same restrictions on fs; �g as As;�.

For the operator As;�;r essentially the same applies, but we have to prove that

the domain of the adjoint is dense in (Hr
r; (�; �)[r;r]), | only then As;�;r is clos-

able. We form the adjoint of A�
s;�;r = (��rAs;��

r)� and note that we have an

unbounded operators acting on a bounded operator (As;��
r). In the case of un-

bounded operators the adjoint of a `product' of operators is not the same as the

`product' of the adjoints, in reverse order as follows from [27, p.73, x4.4]. Given

that A and ��r are densely de�ned operators on Hilbert spaces, if ��rA is densely

de�ned then

D(A� ���r��) � D(
�
��rA��) (4.57)

and

A� ���r�� F =
�
��rA�� F if F 2 D(A� ���r��) ; (4.58)

where D(�) denotes the domain. If ��r is a bounded operator then�
��rA�� = A� ���r�� ; (4.59)

de�ned for all �elds F 2 D(A� (��r)�) = D((��rA)�). The domain of As;�;r is

Hr
r+1 and thus As;�;r is densely de�ned. Thus �

�r is a bounded operator between

((L2)2; (�; �)[0;0]) and (Hr
r
; (�; �)[r;r]) and As;�;r is densely de�ned, thus we have from

the above that�
��rAs;��

r
��

= (As;��
r)
� �
��r

�� � (�r)
�A�

s;�

�
��r

��
: (4.60)

We observe that the right-most operator, (��r)
�
, is the adjoint of a bounded

operator between the Hilbert spaces ((L2)2; (�; �)[0;0]) and (Hr
r; (�; �)[r;r]) and from

[17, p.154, xIII.3.3] it follows that it must be bounded. Furthermore, from the fact

that �r is bounded between ((L2)2; (�; �)[0;0]) and (Hr
r
; (�; �)[r;r]), it follows that ��r

is bounded from below. By [17] this implies that (��r)� is bounded from below
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and hence (�r)� and (��r)
�
are topological isomorphisms, by the same argument

as above. Thus the right-most side of equation (4.60) is densely de�ned and since

the adjoint, A�
s;�;r, is an extension, it is also densely de�ned and hence As;�;r is

closable. Now we follow the same procedure as for As;� to close As;�;r and it will be

bounded from below, and have dense range in (Hr
r; (�; �)[r;r]) for the same restriction

on fs; �g as As;�. �

4.6 Decomposition of the spectrum

We derived the conditions which allow us to �nd bounds for the spectrum of the

acoustic system's matrix. The constraint on the Laplace parameter is, as usual,

Re fsg > 0 :

Given a Laplace parameter that satisfy the above constraint, there exists an upper

bound for �R such that � does not belong to the spectrum of A. A suÆcient

condition is stated in Proposition 1:

�2R < (Re fsg)2 inf
x02R2

�

�33
: (4.61)

Thus we can state the following corollary to Proposition 1.

Corollary 1.1. For all r 2 N0 and for any �xed s 2 C such that Re fsg > 0

the spectrum of the acoustic system's matrix is divided into two non-trivial parts

separated by the strip of all � 2 C such that

(Re f�g)2 < (Re fsg)2 inf
x02R2

�

�33
:

That is, the strip belongs to the resolvent set, P(A;r).

Proof. The separation of the spectrum is a direct consequence of Proposition 1. To

show that the spectrum is non-trivial consider the special case r = 0 and the point

spectrum:

kAs;�Fk2[0;0] = 0 ; (4.62)

or equivalently

Y �1
0 k(A11 � �)F1 +A12F2k20 + Y0 kA21F1 + (A22 � �)F2k20 = 0 : (4.63)

Since both terms are non-negative, we can consider them separately. We note

that if As;�F = 0 then (4.63) is ful�lled. Writing out the equation As;�F = 0

in its components, expressing F1 in terms of F2 from the second equation as in

(4.37)-(4.38) and substituting the result into the �rst equation give

sEs;�F2 = 0 ; (4.64)

A21F1 + (A22 � �)F2 = 0 : (4.65)
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Writing out the terms of the �rst equation yields (cf. (4.6))��@� ���@� + � (@� �3� + �3�@�) + �s2 � �33�
2
�
F2 = 0 : (4.66)

This is a strongly elliptic equation for �xed s and for a �xed � such that Im f�g = 0;

for jRe f�g j large enough it has non-trivial solutions. This implies that there are

both positive and negative values of �R that belong to the spectrum. Hence neither

part of the spectrum is empty. For more details, consider the analogy presented

in x4.4. For r > 0 we note that the above � in the point spectrum of As;� also

belongs to the point spectrum of As;�;r.

5 The P operator

From Corollary 1.1 we know that the spectrum of A separates into at least two

parts. Since the operator is neither normal nor compact, a spectral reduction is

diÆcult or impossible to obtain. But due to the splitting of the spectrum, we

accomplish an `up/down' decomposition of the acoustic system's matrix operator

through the construction of a commuting operator (derived in the next section). To

obtain this commuting operator, we introduce a non-orthogonal projector de�ned

as a Dunford-Taylor type integral, [3,17] over the operator's resolvent along a path

in the known part of the resolvent set. We prove that the integral is well de�ned in

the sense of pseudodi�erential operators with parameter, that it has the idempotent

property (under some restrictions), and that it `commutes' with A in a generalized

sense: it is a projector. In appendices B and C we derive the principal symbol

of the projector and show that it projects out the values of the spectrum for the

principal part of A with positive real part.

Given a �xed positive constant SR > 0, let

Q1 =

�
fs; �g 2 C

2 :

Re fsg > SR; j arg sj < �=4 and Re f�g2 < S2
R inf
x02R2

�

�33

�
: (5.1)

From Proposition 1 we note that for Re fsg > SR, Q1 � Q, whence by Corollary

1.1 the spectrum of the acoustic system's matrix is decomposed into two parts. We

consider the following family of operators, P;r(a; s), in analogy with the Dunford-

Taylor type integrals over operators with discrete spectrum:

P;r(a; s) =

�
a+

1

2

�
I + lim

n!1

1

2�i

Z
�2Kn

d�
�fA;rgcl � �

��1
; (5.2)

where a is a free parameter. For the special case of r = 0 we use the notation P .
In x5.5 the value of a for which P;r is a projector will be derived. The path of

integration is parameterized as

Kn = f� 2 C : Re f�g = �=2; j�Ij � ng ; (5.3)
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where

� = SR inf
x02R2

r
�

�33
; (5.4)

and SR > 0 is the real positive constant de�ning Q1. For further convenience, we

will use the notation

K = lim
n!1

Kn ; (5.5)

when the limit procedure is not of fundamental importance. If s satisfy appropriate

constraints (cf. (5.1)), we have fs;Kng � Q1 � Q for each n. Then Kn � P(A;r),

the resolvent set, and hence A�1
s;�

is analytic in � 2 Kn (cf. Proposition 1 and

Corollary 1.1).

Proposition 2. Let us assume fs;Kng 2 Q1 and let P;r be de�ned as in (5.2).

Then P : H0
0 ! (H0

0; (�; �)[0;0])

1. is a pseudodi�erential operator with parameter of order 0;

2. has a restriction, Pj0, witch maps H0
1 into H0

1;

3. `commutes' with A in the sense that

Pj0A = A Pj1 ;

where Pj1 is the restriction of P to an operator with domain H1
2, Pj1 (H1

2) �
H1
2;

4. has a restriction, Pj0, that is idempotent if and only if a = 0.

5. The properties above hold for r 2 N0 with P;r de�ned on (Hr
r
; (�; �)[r;r]) with

restrictions in parts 1-4 to domains H
r+q
r+q+1, q = 0; 1.

Remark 2.1. The set Q1 restricting fs;Kng is not maximal. The maximal argu-

ment of s depends on all occurring variables including � and coeÆcients �; �. For

the particular cases of �R = 0 or �I ! 1 we obtain the maximal argument as a

sector in the complex plane centered around the real s axis, that is, any � > 0 such

that j arg sj < �=2� �, is allowed.

Remark 2.2. Analogous to part 5 of Proposition 2, (cf. x5.6) the extension from

a densely de�ned operator on (H0
0; (�; �)[0;0]) to an operator on (Hr

r
; (�; �)[r;r]) is

straightforward. For this reason, there is no need to separate the operators with

respect to the embedding Hilbert space, and therefore we omit the index ; r from

x5.7 and onwards.
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5.1 Spectral reection in the circle

The use of identity (cf. [3, pp.599-604, xVII.9])

(fAgcl � I�)
�1

= ���2(fAg�1cl � ��1I)�1 � ��1I ; (5.6)

will simplify the later proof that P is idempotent. Note that since �I is a bounded

operator, we have fAs;�gcl = fAgcl � �I . Substituting this back into (5.2) gives,

with the change of variables ' = ���1, and d� = ��'�2d' where � is de�ned

in (5.4),

P(a; s) =
�
a+

1

2

�
I + lim

b!0

1

2�i

Z
'2C(b;1)

�R' + '�1I
�
d' : (5.7)

Here,

R' =
�
� fAg�1cl � 'I

��1
: (5.8)

The curve Kn in (5.2) is transformed into the curve

C(b; �) = f� 2 C :

� = �+ � exp (�i�); � 2 [�� + b; � � b]; �xed � > 1=2g : (5.9)

The freedom in choosing � in the above curve, due to the analyticity of fAs;�g�1cl

with respect to �, is used in the section below, where it is established that the

operator P is idempotent.

By a modi�cation of Lemma 2 [3, p.600, xVII.9] we �nd that the spectrum of

� fAg�1cl is the set �(� fAgcl) [ f1g, where �(z) = �z�1 and �(fAgcl) denotes
the spectrum of fAgcl. Thus the spectrum of � fAg�1cl is the original spectrum

reected in a scaled circle (see Figure 5.1).

The above expression for P is simpli�ed by carrying out the integration over

'�1I (cf. (5.7))

1

2�i

Z
'2C(b;1)

'�1d' =
�1
2�

Z
��b

��+b

exp (�i�) d�
1 + exp (�i�) =

�1
4�

Z
��b

��+b

exp (�i�=2) d�
cos(�=2)

=
�1
4�

Z
��b

��+b
1� i tan(�=2) d�

= �1

2
+

b

2�
+ 2i ln

���� cos(�=2� b=2)

cos (��=2 + b=2)

���� = �1

2
+

b

2�
:

The right-hand side of the above equality does not have a singularity at b = 0 and

hence we can take the limit b! 0 and obtain �1=2. Note that the residue of '�1
at zero is 1 and, hence, the integral is minus one half of the residue, as expected.

Inserting this into the above expression, yields

P(a; s) = aI + lim
b!0

1

2�i

Z
C(b;1)

d' R' : (5.10)
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Figure 5.1: The integration path Kn is marked with an arrow in the left �gure,

under the transformation z ! �=z the integration path is deformed into a circle

segment with arrow, C(b; �) (right �gure). The spectrum, �(A), is contained in

the white areas of the respective �gures.

We have obtained a second representation of P . We will proceed with deriving the

properties of P and showing that this operator can be used as an alternative to the

classical orthogonal projector for our analysis.

5.2 Proof of Proposition 2, part 1

The operator P is de�ned in terms of an improper integral over � and hence we

will have to show that the integral exist pointwise, that is when applied to F 2 H0
1.

To show this, we make use of the calculus of pseudodi�erential operators and show

that the operator exists as a pseudodi�erential operator with parameter of order

0. The procedure is to �rst construct the parametrix for the scalar operator Es;�
and then use this to �nd the parametrix of the acoustic system's matrix (cf. Eq.

(4.9)).

The parametrix of Es;�
Pseudodi�erential operators can be introduced by means of a Fourier transform.

For simplicity we use the standard notation for the symbols and their compositions

(cf. [16, p.71, x18.1]). The Fourier transform, F , in the plane with respect to the

�rst two variables x0 = fx1; x2g (x = fx0; x3g) has an inverse given by

F1(x; s) =
1

(2�)2

Z
R2

d2�0 (FF1)(�0; x3; s) exp (ih�0;x0i) (5.11)
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for the complex �eld F1 2 (L2; (�; �)0). All pseudodi�erential operators in the

present paper have parameters [8,23]. We calculate the symbol of Es;�, denoted by

e, by letting Es;� act on exp (ih�0;x0i). We obtain

e(x; �0; s; �) = ������� + 2i��3��� � �2�33 + s2�� i@���� �� + � @��3� : (5.12)

We note that partial di�erential operators with smooth coeÆcients are properly

supported so are such operators with parameters by a uniformity argument (cf. [23,

p.18, xI.3.1 and p.74, xII.9.1]).
To ensure that the parametrix exists, we assume that the coeÆcients are arbi-

trarily smooth. We note that both Es;� and As;� are classical (pseudo)di�erential

operators with parameters. Let e2 and e1 be de�ned by

e2(x; �
0; s; �) = ������� + 2i��3��� � �2�33 + s2� (5.13)

and

e1(x; �
0; s; �) = �i@���� �� + � @��3� : (5.14)

That is, e = e2 + e1 The symbol e2(x; �
0; s; �) is homogeneous of degree 2 in

(�0; s; �), that is

e2(x; h�
0;hs; h�) = h2e2(x; �

0; s; �) for h > 0 ;

while e1 is homogeneous of degree 1. This suggests that the time-Laplace parameter

s, the transform of a time derivative, is considered to have homogeneity degree 1

to ensure the proper high-frequency behavior. Furthermore, following [23], we let

� have the homogeneity degree 1. Let the parameters s; � belong to the set Q1

de�ned in (5.1). The symbol allows the estimate1���@
�0
@
�

x0
e(x; �0; s; �)

��� � C;� (1 + j�0j+ j�j+ jsj)2�jj : (5.15)

Furthermore, e(x; �0; s0; �0) 2 C1(R3 � R2 ) for each �xed fs0; �0g 2 Q1 since we

require the coeÆcients to be smooth. The symbol e allows an expansion in terms

of integer degree of homogeneity and hence it is a classical symbol with parameters

corresponding to a classical pseudodi�erential operator with parameters (cf. [23,

p.29, xI.3.7, p.76, xII.9.1]). Thus, e(x; �0; s; �) belongs to the class of symbols

denoted by CS21;1(R
3 �R

2 ;Q1), a subset of the class S
2
1;1. The two lower indices of

the classes indicate the highest degree of homogeneity assigned to the parameters

s and �. An operator corresponding to a symbol in the class CSm1;1 with integer m

is denoted by CLm1;1.

The operator Es;� is properly supported and belongs to the class CS21;1. To

show that it is elliptic, we will establish that there exist constants C3; C4 and R

such that

C3 (j�0j+ j�j+ jsj)2 � je(x; �0; s; �)j � C4 (j�0j+ j�j+ jsj)2 ; (5.16)

1In the estimates of this subsection we ignore the dimensional di�erences between � and s. To
obtain the dimensionally correct form of the parameter one would have to introduce the parameter

as snew = s=v0, for some �xed, positive velocity v0, but this is only a normalization and does not

change the behavior of the estimates, hence we ignore it.
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for j�0j + j�j + jsj � R and C3 > 0 (cf. [23, p.39, De�nition 5.2, remark on p.75,

xII.9.1]). The upper bound is clear from (5.15) for � =  = 0 with C4 = 2C0;0 if

j�0j + j�j + jsj > 1. To obtain the lower bound, we use the notation introduced in

(4.16) and (4.43), and consider

Re fe(x; �0; s; �)g = ������� + �33�
2
I � 2�I�

�1
33 �3��� � �33�

2
R

+ �s2r cos 2� + �R@��3� : (5.17)

With the inequality

2�I�
�1
33 �3��� � ��1�33�

2
I + ��3��

�1
33 �3����� ; (5.18)

for � > 0, we obtain

Re fe(x; �0; s; �)g � (��� � ��3��
�1
33 �3�)���� + �33(1� ��1)�2I

+ �s2r cos 2� � �33�
2
R + �R@��3� : (5.19)

Note that the �rst term contains a symmetric matrix that is positive de�nite for

� = 0 with lower bound q�=0 = �0, and for � = 1 with lower bound q�=1 = q1. The

condition that the �rst term on the right-hand side of inequality (5.19) is positive

de�nite is linearly dependent on the values of �, but since q1 > 0 there exists an

� > 1 such that ������3���133 �3� is still positive de�nite with corresponding lower

bound q�. Thus we obtain the following estimate,

Re fe(x; �0; s; �)g � q� j�0j2 + �33(1� ��1)�2I

+ � cos 2�s2r � �33�
2
R + @��3��R : (5.20)

To include the last two terms of (5.20), a constant that is a lower bound for the

�rst three coeÆcients is needed. To obtain this bound it is necessary to �x �. Due

to the smoothness of the parameters �; � we can de�ne �0, (see �gure 5.2), the

�xed value of � that is the solution of the equation���inf
x0

q�0 � (1� ��10 ) inf
x0

�33

��� = min
�>0;q�>0

���inf
x0

q� � (1� ��1) inf
x0

�33

��� : (5.21)

Let

C�0 = inf
x0
fq�0 ; �33(1� ��10 ); � cos 2�g : (5.22)

Observe that in the conditions in the proposition we have stated that j�j < �=4

and hence cos 2� > 0 so that C�0 > 0. To obtain the estimate

Re fe(x; �0; s; �)g > 3C3(j�0j2 + j�j2 + jsj2) � C3(j�0j+ j�j+ jsj)2 ; (5.23)

for some R such that j�0j+ j�j+ jsj > R we consider the worst case of (5.20). We

then obtain the inequality

C�0(j�0j2 + j�j2 + jsj2)�
�
C�0 + sup

x0

j�33j
�
�2 � sup

x0

j@��3�j �

� 3C3(j�0j2 + j�j2 + jsj2) ; (5.24)
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Figure 5.2: The optimal q�0 , that is the solution of Eq. (5.21) is marked in the

�gure, here ��(Q
�) is in�mum of the maximal (minimal) eigenvalue of the matrix

Q�
�� = ��� � ���3�

�1
33 �3� . The values for �� are calculated from an arbitrary

�xed, symmetric, positive density tensor.

where we have used that j�Rj < � and that both �33 and @��3� are bounded.

Rewriting (5.24) enables us to obtain a constant R0: we �nd that for any C3 <

C�0=3 and

(j�0j+ j�j+ jsj)2 � (j�0j2 + j�j2 + jsj2) (5.25)

� (C�0 + sup
x0
j�33j) �2 + sup

x0
j�3�;�j �

C�0 � 3C3

= R2
0 ;

hence for R = max(1; R0), (5.23) is satis�ed. Now, since

je(x; �0; s; �)j � jRe fe(x; �0; s; �)g j � C3(j�0j+ j�j+ jsj)2 (5.26)

for C3 < C�0=3 and for the given R, we have shown that e(x; �
0; s; �) is elliptic with

parameters of order 2. Observe that through the de�nition of a �xed s-independent

� we obtained that the constants R;C3 and C4 are independent of s; �; � and x.

Since Es;� is elliptic with parameters its parametrix exists and is of order �2.
To derive the parametrix of the operator Es;� we consider the composition of an

unknown operator, Gs;� say, with Es;�. We assume the symbol expansion for Gs;�,

g(x; �0; s; �) =

1X
m=2

g�m ; (5.27)

and require that Es;�Gs;� � I 2 CL�11;1 . Such an operator is called a parametrix of

Es;� and reduces to an expansion of the Green's function in the case of constant
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�; � (cf. Appendix A). In the expansion each term g�m is homogeneous of degree

�m in (�0; s; �). To derive the form of each term g�m, we use the composition

of Es;� and Gs;� and require that the symbol of the composition is 1. We expand

the composition and collect terms of equal degree of homogeneity, and require that

they match each other. The terms of di�erent degrees of homogeneity lead to the

following hierarchy of equalities

e2g�2 = 1 ; degree 0 ; (5.28)

e2g�3 + e1g�2 +
X
j�j=1

@
�

�0
e2 D

�

x0
g�2 = 0 ; degree �1 ; (5.29)

e2g�2�m + e1g�1�m

+
X
j�j=1

�
@
�

�0
e2 D

�

x0
g�1�m + @

�

�0
e1 @

�

x0
g�m

�
+
X
j�j=2

1

�!
@�
�0
e2 D

�

x0
g�m = 0 ; degree �m; m � 2 ; (5.30)

where

Dx0 =
1

i
@x0 :

Solving each equation for the term with highest degree of homogeneity yields

g�2 = e
�1
2 ; (5.31)

g�3 = �e�22 e1 + e
�3
2

X
j�j=1

@
�

�0
e2 D

�

x0
e2 ; (5.32)

and higher order terms are obtained by recursion. Observe that the parametrix of

Es;� di�ers from E�1
s;�

by a smooth operator. 2

Pseudodi�erential representation of A�1
s;�

The next step is to �nd the parametrix of As;�. Using the concept of scalarization,

the symbol of A�1
s;�

is expressed as a composition of the symbol of E�1
s;�

with the

symbols of the partial di�erential operators occurring in A�1
s;�

(cf. (4.9)). Let the

symbol of the resolvent, A�1
s;�

, be denoted by r. Since A�1
s;�

is a composition of

classical pseudodi�erential operators with parameters it is also a classical pseu-

dodi�erential operator with parameters. The symbol r of the parametrix of As;�

attains the form

r =

�
r11 r12

r21 r22

�
: (5.33)

2To take care of this, a procedure corresponding to [22] would have to be used. Notice that

[22] cannot be applied directly since our operator is not compactly supported. The set Q of

Proposition 1 would need to be enhanced also.
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Here the (1; 1) term of the above matrix becomes (cf. (4.9))

r11 � (�i�3��� + ��33)g � �3�@�g ;

upon collecting terms of equal degree of homogeneity we obtain

r11 � (�i�3��� + ��33)g�2 (5.34)

� �3�@�g�2 + (�i�3��� + ��33)g�3

+ terms of degree �3 and lower :

The (1; 2) component becomes

r12 � s�1
�
Q������ + �s2

�
�33g�2 (5.35)

� s�1@�
�
�3�(�33�� i�3���)g�2

�
+ s�1 (�33�� i�3���)

�
�
(�33�� i�3���) g�3 � i@

�

x0
(�33�� i�3���) @

�

�0
g�2

�
+ terms of degree �3 and lower :

In the above expression we have used the abbreviated notation:

@
�

x0
� @�

�0
� =

X
j�j=1

h
@�1x1 � @�1�1 � + @�2x2 � @�2�2 �

i
: (5.36)

The remaining components have the same structure and become

r21 � sg�2 + sg�3 + terms of degree �3 and lower (5.37)

and

r22 � (�i�3��� + ��33) g�2 (5.38)

+ (�i�3��� + ��33) g�3 � �3�;�g�2

� i@
�

x0
(�i�3��� + ��33) @

�

�0
g�2 + terms of degree �3 and lower :

Thus, the principal part of the symbol of A�1
s;�

has the form (cf. (5.31))

r�1 =

� �i��133 �3��� + � s�+ s�1Q������
s��133 �i��133 �3��� + �

�
�33e

�1
2 ; (5.39)

where the index �1 indicates that the symbol is homogeneous of degree �1.

P is a pseudodi�erential operator with parameter of order zero

We have obtained a parametrix of As;� and shown that it is a classical pseudodi�er-

ential operator with parameter. Here we show that P has an asymptotic expansion

and that each term of the expansion is non-singular, hence P is well de�ned as

a pseudodi�erential operator with parameter s. Before considering each term of
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the asymptotic expansion, we calculate the principal part of its symbol, that is we

consider the integral

1

2�i

Z
�2K

d� r�1 : (5.40)

The integrand is a linear combination of e�12 and �e�12 . We �nd that

1

2�i

Z
�2K

d� e
�1
2 =

�
�1=2
33

2
p
s2�+Q������

: (5.41)

The integral of �e�12 requires the introduction of a principal value viz.,

lim
n!1

1

2�i

Z
�2Kn

d� �e�12 (x; �0; s; �) (5.42)

= lim
n!1

1

2�

Z
0��I�n;�R=�=2

d�I
�
�e�12 (x; �0; s; �) + ��e�12 (x; �0; s; ��)

�
= �

�1=2
33

i��133 �3���

2
p
s2�+Q������

:

Using (5.41), (5.42) in (5.40) with (5.39) yields the symbol p of P ,

p =

�
a+

1

2

�
I +

s
p
�33

2
p
s2�+Q������

�
0 �+ s�2Q������

��133 0

�
+ terms of lower degree ; (5.43)

where I is the unit matrix. The principal part is homogeneous of degree 0. This is

what we expect since after integration of a series of homogeneous terms, each term

attains a homogeneity of one order higher.

To show that P is a pseudodi�erential operator with parameter we have to

analyze its symbol in more detail. Its symbol can be written as a polyhomogeneous

expansion each term of which is obtained by integrating over � a term of the

polyhomogeneous expansion of the symbol, r, associated with the parametrix of

As;�. That is

p =

�
a+

1

2

�
+

1

2�i

Z
�2K

d� r : (5.44)

We have to understand how degrees of homogeneity carry over from the second

expansion to the �rst. We also have to ensure that each term in the �rst expansion

is bounded. Note that all the elements in the polyhomogeneous expansion of the

symbol r have a � structure of the form

�me�n2 ;

where 2n�m � 2, apart from the principal part, due to the degree of homogeneity

of each element in the polyhomogeneous expansion of r. In x5.2, with Eq. (5.26),
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we have that e2 6= 0 for all fs; �g 2 Q1, whence

lim
j�j!1

�����m+1

e
n
2

���� < lim
j�j!1

j��n33 �j�1 = 0 : (5.45)

But then we can apply the residue theorem to

lim
n!1

1

2�i

Z
Kn

d� �me�n2 :

That is, in view of (5.45) and the orientation of integration we have

1

2�

Z 1

�1
d�I

�m

e
n
2

= �Res
�
�m

e
n
2

;�+

�
(5.46)

for Re f�g < � . Here �� are the solutions to e2 = 0 where the sign corresponds to

the sign of the real part,

�� = i��133 �3��� � �
�1=2
33

q
s2�+Q������ : (5.47)

To calculate the above residue, we rewrite �me�n2 as a Laurent series about � = �+
with the aid of the identity

(n� 1)!

(1� y)n
=

dn�1(1� y)�1

dyn�1
=

1X
j=0

(n+ j � 1)!

j!
yj ; (5.48)

valid for jyj < 1 and n 2 f1; 2; : : :g. With the additional use of the binomial

theorem, we obtain

�n33�
m

e
n
2

=

mX
p=0

�
m

p

�
(�� �+)

p�
m�p
+

(�+ � �)n(�� ��)n
(5.49)

=

mX
p=0

�
m

p

�
(�� �+)

p�
m�p
+

(�+ � �)n(�+ � ��)n

�
1� �+ � �

�+ � ��

��n

=

mX
p=0

1X
j=0

�
m

p

�
(�1)n�j(n+ j � 1)!(�� �+)

p+j�n�
m�p
+

j!(n� 1)!(�+ � ��)n+j
:

The residue at �+ is the coeÆcient to the term (���+)
�1 in the above expression,

hence

Res

�
�m

e
n
2

;�+

�
=

n�1X
p=0

�
m

p

��
2n� p� 2

n� 1

�
(�1)p+1�m�p+

�n33(�+ � ��)2n�p�1
: (5.50)

But then the integral (in (5.46)) is homogeneous of degreem�2n+1. Thus we have
shown that the degree of homogeneity of the integrated expression (5.44) exceeds
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the degree of homogeneity of the original expression before integration, by one.

Furthermore,

2Re f�+g = Re f�+ � ��g = 2�
�1=2
33 Re

�q
s2�+Q������

�
� 2Re fsg

q
���133 � 2� (5.51)

for Re fsg > SR, and hence, due to the fact that the residue is a �nite sum of

bounded terms, the integral is bounded. Hence P allows a polyhomogeneous ex-

pansion of its symbol with well de�ned terms. The principal term has degree of

homogeneity 0, so P must be a pseudodi�erential operator with parameter of order

0. Note that there are pointwise convergence at (x; �0; s) of the improper integral

of each term of the polyhomogeneous expansion. �

5.3 Proof of Proposition 2, part 2

At �xed parameter s, for the operator P , with associated principal symbol given

by (5.43), H0
1 � D(P). Furthermore,

if F 2 H0
1 then PF 2 H0

1 ; (5.52)

as follows directly from (5.43). Note, however that P considered as an operator

in ((L2)2; (�; �)[0;0]) with domain restricted to H0
1 is unbounded, see the remark in

x2.2 about unbounded operators. The restriction of the domain to H0
1 is denoted

by Pj0. �

5.4 Proof of Proposition 2, part 3

To consider the commutation of the two unbounded operators A and P , the ex-
plicit domains of the operators are of fundamental importance. Using part 2 of

Proposition 2 we restrict the operator P and denote the new operators by

Pj
q
: H

q

q+1 ! H
q

q+1 ; (5.53)

where q = 0; 1. Here Pj
q
is densely de�ned on (L2; (�; �)0).

A is an operator in ((L2)2; (�; �)[0;0]) with domain H1
2 and range in H0

1. We will

prove commutation in the sense

Pj0A = A Pj1 ; (5.54)

where the domains of the left- and right-hand sides match.

We have,

A�1
s;�

(A� �I) = I1 ; (5.55)

(A� �I)A�1
s;�

= I0 ; (5.56)
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where Iq ; q = 0; 1, is the identity mapping on ((L2)2; (�; �)[0;0]) restricted to the

domains H
q

q+1. We will show that

A�1
s;�
A � AA�1

s;�
; (5.57)

where � indicates that AA�1
s;�

= A�1
s;�
A on the domain H1

2 and that AA�1
s;�

has a

domain that is a super set of H1
2, here H

0
1. To prove (5.57), we rewrite (5.55) and

(5.56) in the forms

A�1
s;�

���
1
A = I1 + � A�1

s;�

���
1
; (5.58)

A A�1
s;�

���
0
= I0 + � A�1

s;�

���
0
; (5.59)

where A�1
s;�

���
q

is A�1
s;�

with domain restricted to the Sobolev set H
q

q+1. We now

observe that the right-hand side of (5.59) restricted to H1
2 equals (5.58), and hence

(5.57) is valid. We can write (5.57) in terms of the `commutation'

A�1
s;�

���
0
A = A A�1

s;�

���
1
: (5.60)

Note that we do not restrict A since we can allow A with the larger domain to act

on any smaller domain, here the range of A�1
s;�

���
1
.

We now analyze whether A commutes with the integral over �. We cannot

apply the standard arguments of uniformly converging series directly due to the

fact that it is operators that we study, but in weak form we have,

(A�1
s;�

���
0
AF;G)0 = (A A�1

s;�

���
1
F;G)0 ; (5.61)

where F 2 H1
2 and for all G 2 (S(R2 ))2, where S denotes the Schwartz space.

Note in particular that (C10 )2 � S2 � (C1)2 � D(A�
s;�

) and thus S2 is dense in

((L2)2; (�; �)[0;0]). Integration of the right-hand side of (5.61) and addition of the

term �
a+

1

2

�
(AF;G)0 (5.62)

and with the substitution AF = F 0 � H0
1 gives�

a+
1

2

�
(F 0; G)0 +

1

2�i

Z
�2K

d� (A�1
s;�

���
0
F 0; G)0

=

�
a+

1

2

�
(F 0; G)0 +

1

2�i
(

Z
�2K

d� A�1
s;�

���
0
F 0; G)0

= (Pj0 F 0; G)0 = (Pj0AF;G)0 ;
(5.63)

for all G 2 S2. The interchange of the order of integration with respect to � and

x
0 is valid due to the Fubini-Tonelli theorem [31, p.18, x0.3] and that

j(Pj0 F 0; G)0j � C 0(F 0; s) kGk0 ; (5.64)
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where C 0(F 0; s) > 0, since P is well de�ned on H0
1, that is we have a pointwise

convergence. The implicit interchange of the limit to the unbounded area in K and

the integral in the scalar product, is valid in the weak sense, due to the pointwise

convergence of each of the terms in the polyhomogeneous expansion (cf. end of

x5.2) and that the choice of G 2 S2 ensure the absolute integrability of each term

in the pseudodi�erential representation of P . Observe that integration of A�1
s;�

���
q

with respect to � changes the range to yield an operator between H
q

q+1 and H
q

q+1

(cf. Proposition 2, part 2). The integral of the left-hand side of (5.61) with the

addition of the term (5.62) becomes

(a+
1

2
)(AF;G)0 + 1

2�i

Z
�2K

d� (A A�1
s;�

���
1
F;G)0

= (a+
1

2
)(F;A�G)0 + 1

2�i

Z
�2K

d� (A�1
s;�

���
1
F;A�G)0

= (a+
1

2
)(F;G�)0 +

1

2�i

Z
�2K

d� (A�1
s;�

���
1
F;G�)0

= (Pj1 F;G�)0 = (A Pj1 F;G)0

(5.65)

where G� = A�G � S2. The interchange of integration order is valid analogously

to (5.63) and the use of the adjoint is valid due to the given sets of functions for

F;G. Thus by (5.61) we obtain

(Pj0AF;G)0 = (A Pj1 F;G)0 (5.66)

for all G in a dense set of ((L2)2; (�; �)[0;0]) hence

Pj0AF = A Pj1 F (5.67)

for any F 2 H1
2. That is

Pj0A = A Pj1 (5.68)

with both sides considered as operators with domain H1
2. Thus, we have established

the commutation of A and P in the above sense. �

5.5 Proof of Proposition 2, part 4

Given the operator P in the second representation (cf. (5.10)), we consider the

operatorM de�ned by the composition

M�;�0(a; s) = P�(a; s)P�0(a; s)

= lim
b!0

lim
b0!0

 
aI +

1

2�i

Z
'2C(b;�)

d' R'

! 
aI +

1

2�i

Z
&2C(b0;�0)

d& R&

!
; (5.69)

where � > �0 = 1 by choice. Here, the intermediate notation P� is used to indicate

the radius of integration path over the resolvent. Furthermore, in this subsection we
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use the notation R' for (� fAg�1cl �'I)�1 and R& for (� fAg�1cl � &I)�1. Carrying

out the composition gives

M�;�0 = a2I +
a

2�i
lim
b!0

 Z
'2C(b;�)

d' R' +

Z
&2C(b;�0)

d& R&

!
+ lim

b!0;b0!0
Js(b; �; b0; �0) ; (5.70)

where

Js(b; �; b0; �0) = 1

(2�i)2

Z
'2C(b;�)

d'

Z
&2C(b0;�0)

d& R'R& : (5.71)

The resolvent equation,

R'R& =
R& �R'

& � '
(5.72)

inserted into the expression for Js(b; �; b0; �0) gives

Js(b; �; b0; �0) = 1

(2�i)2

Z
'2C(b;�)

d'

Z
&2C(b0;�0)

d&
R& �R'

& � '
: (5.73)

By the Fubini-Tonelli theorem [31, p.18, x0.3] we note that the repeated integral

in (5.71) is de�ned, since they separately converge by x5.2. Hence, interchange of
the integration order is allowed and we obtain

Js(b; �; b0; �0) = 1

(2�i)2

 Z
&2C(b0;�0)

d& R&

Z
'2C(b;�)

d'
1

& � '

+

Z
'2C(b;�)

d' R'

Z
&2C(b0;�0)

d&
1

'� &

!
: (5.74)

For the interchange of limits and integrals we use Lebesgue's dominated conver-

gence theorem. We �rst note that the last integral in both terms can be dominated

for each �xed nonzero b, nonzero b0 respectively: for each �xed & we have

max
'2C(b;�)

2�

j& � 'j <1 (5.75)

since, & 6= ' for (b; b0) 6= (0; 0) (see �gure 5.3); a similar estimate holds if the roles

of & and ' are interchanged. Furthermore, with help of (5.6) we �nd an upper

bound for R& :

kR&k[0;0] = j&2� j�1
�fAgcl � �&�1

��1
+ &��1I


[0;0]

(5.76)

� j&2� j�1 �C�12 (�&�1; s; r) + j&��1j�
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Figure 5.3: Integration paths for ' and & respectively.

by (4.31) of Proposition 1, part 1, since fs; �&�1g 2 Q and hence C2(�&
�1; s; r) > 0.

Hence the right-hand side of (5.76) is bounded for any �xed & 2 C(b0; �0) and

b0 6= 0. Thus the �rst term on the right-hand side of (5.74) exists as an operator on

functions for b0 6= 0 and interchange of this integral with the limit b! 0 is valid by

Lebesgue's dominated convergence theorem. Analogous arguments apply for R'

and the second term. Note that the limit need not exist for the outer integral for

interchange of the �rst limit and integral to be a allowed. Upon interchanging the

respective limits we obtain the residue of the respective integrands. We get

lim
b!0;b0!0

Js(b; �; b0; �0) = lim
b!0

1

2�i

Z
'2C(b;�0)

d' R' : (5.77)

Inserting this result into M yields with

M�;�0(a; s) = a2I + lim
b!0

1

2�i

 
a

Z
'2C(b;�)

d' R' + (a+ 1)

Z
'2C(b;�0)

d' R'

!
: (5.78)

If we let � ! �0 and compare the result with the de�nition of P (cf. (5.10)), we

obtain that for a = 0 we have

lim
�!�0

M�;�0 = P�0(0; s) = P(0; s) (5.79)

and hence P is idempotent for the above choice of a.

Note that R' is analytic in ' (since fAgcl is closed [17, p.165, xIII.5.2]). Hence,
M�;�0 does not depend on the precise path C(b; �) but on the endpoints only. That

is, P is independent of the path and since the limit closes the curve, the endpoints

move to the origo in and all curves with � > 1=2 close in the same point. All

curves in representation (5.69) give the same P and so the limit argument on � is
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unnecessary and P is idempotent in the strong sense, that is (P�0 (0; s))2 = P�0(0; s)
for �0 > 1=2 (that is, outside the spectrum).

We have not speci�ed the domain of de�nition of P2; since it is an unbounded

operator we have to limit the domain such that the range is included in the domain.

This is possible with the aid of a restriction, P ! Pj0. The later operator has a
range contained in H0

1 and hence for the restricted operator we have shown that

(Pj0 (0; s))2 = Pj0 (0; s) ; (5.80)

valid on the domain H0
1 as a whole. �

5.6 Proof of Proposition 2, part 5

To extend the analysis above from ((L2)2; (�; �)[0;0]) to the case when the embedding
space is (Hr

r
; (�; �)[r;r]), we only have to consider the conjugation

P;r =
1

2�i

Z
�2K

d� A�1
s;�;r = ��r

1

2�i

Z
�2K

d� A�1
s;�

�r = ��rP�r : (5.81)

Interchange of the integral and the derivatives is allowed (cf. x5.4). It follows

directly that
�P;rj0

�2
= P;rj0, and that P;rj0A;r = A;r P;rj1, where the restricted

operators P;rjq are de�ned on Hr+q
r+q+1. Furthermore, P;r is a pseudodi�erential

operator with parameter of order zero. �

5.7 The projector

The analysis in the previous sections provided us with the operator P(a; s). This
operator commutes with A and is idempotent for a = 0. In Appendices B and C

we construct the homogeneous medium case corresponding to the principal part of

the operator in the general case, and show that Pj0 (0; s)A has only spectral points

with positive real part, in addition to the point 0. Hence we regard Pj0 (0; s) as
a (principal) projector of the spectrum of A with positive real part. P cannot be

an orthogonal projector since it is not bounded and self adjoint; it is a non-normal

operator.

Corollary 2.1. Let P(a; s) be de�ned as in Proposition 2, then P� : Hr
r+1 ! Hr

r+1

de�ned on (Hr
r
; (�; �)[r;r]) by

P+ = Pj0 (0; s) ; P� = I �P+

are two projectors such that

P+P+ = P+ ; P�P� = P� and P+P� = P�P+ = 0 : (5.82)

Furthermore, A and P� commute in the sense of Proposition 2, part 3.
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Proof. It is immediate from Proposition 2 that

P+P+ = (Pj0 (0; s))2 = Pj0 (0; s) = P+ :

Analogously,

P+P� = Pj0 (0; s)(I � Pj0 (0; s)) = 0 ; (5.83)

P�P+ = (I � Pj0 (0; s)) Pj0 (0; s) = 0 : (5.84)

Furthermore

P�P� = (I � Pj0 (0; s))2 = �2 Pj0 (0; s) + (Pj0 (0; s))2
= I � Pj0 (0; s) = P� : (5.85)

That P� commute with A follows directly from the de�nition and part 3 of Propo-

sition 2. The projectors P� induce a decomposition of the set Hr
r+1.

6 Directional spectral decomposition of A

We now have the necessary tools to address the original problem of this paper, that

is, the existence of a linear operator, L, such that

AL = LV ;

where V is a diagonal matrix with operator elements. The columns of L would be

generalized eigenvectors of A. We will construct an operator with a known set of

generalized eigenvectors and show that it commutes with A; those eigenvectors can
then be associated with the eigenvectors of A. The projectors P� of Corollary 2.1

are used for this purpose. That is,

Proposition 3. Let B : Hr
r+1 ! Hr

r+1 be an operator on the space (Hr
r
; (�; �)[r;r])

de�ned by

B = P+ �P� ;

where P� is de�ned in Corollary 2.1. Then B
1. is an involution;

2. is one-to-one;

3. has a dense range;

4. commutes with A in the sense of Proposition 2, part 3, that is

Bj0A = A Bj1
where the restriction refers to the set H

r+q
r+q+1 for q = 0; 1;
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5. has for each restriction Bj
q
to the domain H

r+q
r+q+1, q 2 N0 , generalized eigen-

values �1 with the corresponding generalized eigenvectors

L�
��
q
=

� Y�
q

I

�
N�

��
q
;

where the Dirichlet-to-Neumann map (cf. x3.2) Y�
q

is given by

Y�
q
= (B21;q)�1 (�I �B22;q) : Hr+q+1 ! Hr+q ;

while

N�
��
q
: Hr+q+1 ! Hr+q+1 ;

are normalization operators that have a densely de�ned inverse;

6. has for each restriction Bj
q
eigenfunctions in H

r+q
r+q+1 with corresponding

eigenvalue �1 and each such eigenfunction can be written as L�j
q
f�;q for

some f�;q 2 Hr+q+1.

Remark 3.1. The operator B is suggested by similar considerations for wave prop-

agation through layers of homogeneous anisotropic media in elastodynamics (cf. [10,

p.33, theorem 2.3]), where the above operators reduce to matrices of functions. The

name of the operator is suggested to be the `splitting matrix' operator.

With this we obtain the �nal answer to the question about existence of a de-

composition.

Proposition 4. The generalized eigenvectors L�j1 of Bj1 in Proposition 3 are

generalized eigenvectors of A with corresponding generalized eigenvalues S�, in

the sense:

A L�
��
1
= L�

��
0
S� :

The composition operator, Lj
q
, with q = 0; 1, is built from the generalized eigenvec-

tors of B, with L�j
q
, as columns. The generalized eigenvalues, S� : Hr+2 ! Hr+1,

can be expressed as

S� = (N�
��
0
)�1

�A21Y�1 +A22

� N�
��
1

and are the diagonal elements of V introduced in x3.
Remark 4.1. The Dirichlet-to-Neumann map satisfy the algebraic Riccati opera-

tor equation, �Y�A21Y� + Y�A22 �A11Y� �A12

�N� = 0 : (6.1)

This is a direct consequence of the proof of the above theorem. In the up/down

symmetric case the terms A11 and A22 vanish and the solution reduces to

Y� = �A�121 (A21A12)
1=2 : (6.2)
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6.1 Proof of Proposition 3, parts 1-4

From the de�nition of the splitting matrix and (5.82) (Corollary 2.1) it directly

follows that it is an involution, that is

B2 =
�P+ �P�� �P+ �P�� = P+ + P� = I : (6.3)

Hence B must be one-to-one. If we consider the vector F = (F1; 0)
T in the equation

BF =

� B11F1
B21F1

�
= 0

we �nd that the fact that the splitting matrix, B, is one-to-one implies that B21 or
B11 is one-to-one; the same is true for B12 or B22. Due to the fact, that we know (cf.

(5.43)) that the principal part of the o�-diagonal elements are non-trivial, it follows

that the o�-diagonal elements are certainly one-to-one, thus it has an inverse on

its range. An analogous argument for the adjoint of B21 ensure that it has dense

range. That the splitting matrix is an involution implies, componentwise, that

B21B11 + B22B21 = 0 ; (6.4)

B21B12 + B2
22 = I : (6.5)

Thus, since B21 has an inverse on its (dense) range, B11 and B12 can be expressed

in terms of B21 and B22. That is,

B11 = �(B21)�1B22B21 ; (6.6)

B12 = (B21)�1
�
I �B2

22

�
: (6.7)

Consider the equation

BF = G 2 Hr

r+1

This equation has a solution for any G in the above set, viz. F = BG. Thus B
has dense range in (Hr

r
; (�; �)[r;r]). Due to its construction B commutes with A (P�

commutes with A, cf. Corollary 2.1). Hence we have constructed a densely de�ned
operator that commutes with A. �

6.2 Proof of Proposition 3, part 5

To explicitly calculate all the generalized eigenvectors of this operator, we consider

the restriction

Bj
q
: H

r+q
r+q+1 ! H

r+q
r+q+1 (6.8)

for arbitrary q; r 2 N0 . As usual we consider the respective functions above as

functions in (Hr
r; (�; �)[r;r]) belonging to the above dense subsets. The operator Bj0,

with the largest domain, is exactly B.
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An arbitrary operator vector, Lv, is introduced as a two by one vector of linear

operators such that

Lvjq =
� Lv;1;q
Lv;2;q

�
: Hr+q+1 ! Hr+q

r+q+1 ; (6.9)

for any q; r 2 N0 . Consider the equation

(Bj
q
� �I) Lvjq = 0 : (6.10)

Since B21;q is one-to-one it is invertible on its range, which is dense by Proposition 3
part 2 and 3. The relations (6.6), (6.7) inserted into (6.10) imply after some

simpli�cations

B21;qLv;1;q + (B22;q � �)Lv;2;q = 0 ; (6.11)

(B21;q)�1
�
1� �2

�Lv;2;q = 0 ; (6.12)

where the index q indicates that B has the corresponding Sobolev order imposed

by (6.8) and (6.9). Hence, the second equation gives that all eigenvalues are � =

�1 and the �rst equation gives for �xed � a relation between the elements of

the `eigenvector'. Analogously to a matrix eigenvalue, eigenvector calculation we

introduce a special notation for the solutions to the above equation. The generalized

eigenvectors are denoted by L�j
q
corresponding to the eigenvalues �1 and have

the form

L���
q
=

� Y�q
I

�
N�

��
q
; (6.13)

where

Y�
q
= (B21;q)�1 (�I �B22;q) : Hr+q+1 ! Hr+q ; (6.14)

is called the Dirichlet-to-Neumann map (cf. x3.2). Since it is expressed as a com-

position of two pseudodi�erential operators with parameter it itself is a pseudod-

i�erential operator with parameter for the same restriction on s as in Proposition

2. Note that for the sets of (6.9) to agree with (6.13) we must have

N�
��
q
: Hr+q+1 ! Hr+q+1 : (6.15)

We denote N�j
q
as the (scalar) normalization operators; they are chosen to be

one-to-one, bounded operators with dense range, that is to be invertible on their

range. This choice is allowed, since the normalizations are unspeci�ed except for

the function sets they have to be de�ned between. Note that multiplication with

a nonzero constant is an allowed choice of operator.

To explicitly obtain Y�;r with restriction to Hr+q in terms of Y�;0 we employ the

nested conjugation

Y�r+q = (1��0)�r=2 (B21;0+q)�1 (1��0)r=2

� (�I � (1��0)�r=2B22;0+q(1��0)r=2)

= (1��0)�r=2Y�0+q(1��0)r=2 : Hr+q+1 ! Hr+q ; (6.16)

where we have indices 0 + q and r + q to indicate the respective spaces. �
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6.3 Proof of Proposition 3, part 6

We have constructed generalized eigenvectors (operators) L�. Consider any func-

tion, f�;q 2 Hr+q+1 to �nd that f�;q generates an eigenvector (�eld) F�;f�;q =

L�j
q
f�;q 2 H

r+q
r+q+1 with corresponding eigenvalue �1. The set of eigenvectors

(�elds) (denoted by eigenfunctions for convenience) is in�nitely large.

To show that all eigenfunctions can be written in the above form, we now

consider any �eld G;q 2 H
r+q
r+q+1. This �eld can be written as

G;q = L+
��
q
f+;q + L�

��
q
f�;q ; (6.17)

where f+;q; f�;q 2 Hr+q+1 since we can make the choice,

f+;q =
1

2

�
N+

��
q

��1
B21;q

�
G1;q �Y�q G2;q

�
; (6.18)

f�;q =
1

2

�
N�

��
q

��1
B21;q

��G1 + Y+
q
G2

�
; (6.19)

obtained by solving (6.17) componentwise. Thus in some sense the vectors L�j
q

span the set H
r+q
r+q+1 for all q 2 N0 . Hence eigenfunctions that correspond to +1 can

be written as L+j
q
f+;q and eigenfunctions that corresponds to �1 can be written

L�j
q
f�;q. �

6.4 Proof of Proposition 4

We are given a, with A, commuting operator, B, and its generalized eigenvectors

and eigenvalues. To construct the decomposition of A, we consider
Bj0A L�

��
1
f�;1 = A Bj1 L�

��
1
f�;1 = �A L�

��
1
f�;1 ; (6.20)

where Bj
q
is de�ned in (6.8) and L�j

q
is de�ned in (6.13) for q = 0; 1. The notation

is taken from the proof of Proposition 3, part 6. Here f�;1 2 Hr+2 is an arbitrary

function that generates an eigenfunction to Bj1 by the procedure described in

Proposition 3, part 6. We consider all such generators. We note that the vectors

A L���
1
f�;1 2 Hr

r+1 (6.21)

are eigenfunctions of Bj0 with corresponding eigenvalues �1 by (6.20). From part

6 of Proposition 3 we know that we can express such eigenfunctions as

A L���
1
f�;1 = L���

0
(�f�;0) ; (6.22)

for some, other, generator f�;0 2 Hr+1. We introduce the unknown operators

S� : Hr+2 ! Hr+1 (cf. (3.7)), such that

�f�;0 = S�f�;1 : (6.23)

Then

A L�
��
1
f�;1 = L�

��
0
S�f�;1 (6.24)
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and thus L� is considered to be a generalized eigenvector to A with corresponding

generalized eigenvalue S�. That is, we have found a decomposition of A from the

wave �eld composition operator, Lj
q
, de�ned by

Lj
q
=
�
L+
��
q
L�
��
q

�
(6.25)

for q = 0; 1, with corresponding diagonal matrix

V =

� S+ 0

0 S�
�

: (6.26)

To �nd, explicitly, the corresponding equations for the eigenvalues of A , we

apply A to the set of nontrivial eigenvectors L� (cf. (6.13)) and obtain�A11Y�1 +A12

� N�
��
1
= Y�0 N�

��
0
S� ; (6.27)�A21Y�1 +A22

� N�
��
1
= N�

��
0
S� : (6.28)

Note that S� can be written explicitly in terms of the known operators Y� and

A21, A22 together with the arbitrary normalization N�j
q
, de�ned by (6.15). The

normalizations are invertible on their range from Proposition 3, part 5 and hence

S� = (N�
��
0
)�1

�A21Y�1 +A22

� N�
��
1
: (6.29)

By substituting N�j0 S� from the bottom equation in (6.28) into the top one,

we obtain the algebraic Riccati operator equation�Y�0 A21Y�1 + Y�0 A22 �A11Y�1 �A12

� N�
��
1
= 0 : (6.30)

Due to the fact that N�j1 is invertible and has dense range in the space (Hr; (�; �)
r
)

the expression in parenthesis has to be zero. Two solutions to the above equation

are Y�. However, we have already constructed these solutions to the algebraic Ric-
cati operator equation (cf. (6.14). We observe that other solutions to this equation

might exist.

Note that the orders of A11; : : : ;A22 make the domains of Y�1 and Y�0 to match

naturally. Hence we write�Y�A21Y� + Y�A22 �A11Y� �A12

�N� = 0 :

The composition operator is speci�ed up to a normalization. This freedom is

utilized in [12] for the case of isotropic media to obtain di�erent kinds of physical

normalizations. �

7 Discussion of the result

In this paper, we have generalized the wave-splitting procedure to con�gurations

with multi-dimensionally varying anisotropic media that deviate from the up/down

symmetric case. The procedure developed in this paper is summarized in �gure
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Figure 7.1: Wave �eld decomposition procedure.

7.1. The generalization of the procedure from the up/down symmetric case is ob-

tained by employing spectral theory applied to the acoustic system's matrix, a

non-normal operator. Given knowledge about the spectrum we can de�ne an asso-

ciated projector that is a well de�ned pseudodi�erential operator with parameter.

The properties of the projector suggest that a splitting matrix could be intro-

duced. The construction of the generalized eigenvectors of the splitting matrix is

rater straightforward. Since the splitting matrix, in a particular sense, commutes

with the acoustic system's matrix its generalized eigenvectors can be associated

with the generalized eigenvectors of the acoustic system's matrix. One element

in the generalized eigenvectors of the splitting matrix is the Dirichlet-to-Neumann

map. This map is a key part in the construction of the wave �eld decomposition. It

is used both to de�ne the composition operator (L) and the vertical wave number

operators (S�).
That the Dirichlet-to-Neumann map for a level plane is related to an algebraic

Riccati operator equation has been well known for one-dimensional | and isotropic

multi-dimensional | problems. Here we extend this observation to the generic

anisotropic case. However, we also make the connection via the splitting matrix

between the solution to the algebraic Riccati operator equation and the projector,

de�ned by a Dunford-Taylor type integral over the resolvent of the acoustic system's

matrix. The projector enables us to obtain two solutions to the algebraic Riccati

operator equation while it also simpli�es the analysis of the solution, that is, of the

Dirichlet-to-Neumann map for the generic anisotropic case. We have shown that

the Dirichlet-to-Neumann operator is a pseudodi�erential operator with parameter

for a restricted range of values for the Laplace parameter s.

Once we have obtained the wave �eld decomposition, we can proceed and use

the generalized Bremmer coupling series to study direct and inverse scattering

problems.
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Appendix

A The isotropic homogeneous medium case

The acoustic system's matrix, A, for the homogeneous isotropic case has the form

A = s

�
0 �� ��1s�2@�@�
� 0

�
(A.1)

in the time-Laplace domain. Considered as a partial di�erential operator with some

regularity conditions (that the functions belong to H0
2 � ((L2)2; (�; �)[0;0])) on R2 ,

the spectrum of A can be determined by a Fourier transform, F , of the operator,
that is by considering det fa� �Ig = 0, where a is the symbol of A. Expressing �
in terms of the Fourier parameters �0, gives

�2 = ��s2 + j�0j2 : (A.2)

The dense range criteria obtained from the kernel of the adjoint A�
s;�

, yield the

same equation. Here s is a �xed parameter and �0 is the parameter describing the

spectrum, hence all solutions �(�0) of (A.2) belong to the spectrum of A for �xed

s. For the case when �R = 0 the above equation does not allow a solution for �I
under the restriction that Re fsg 6= 0 and hence the spectrum does not cross the

imaginary axis. The inverse operator has the explicit form

A�1
s;�

= (A+ �I) E�1
s;�

; (A.3)

where

Es;� = �@�@� + s2��� �2 : (A.4)

Es;� is a Helmholtz operator (in dimension 2) and thus we can write the kernel of

the inverse as a Green's function Gs;�. We get

A�1
s;�
F = As;�� Gs;� � F ; (A.5)

where * denotes convolution over x0.

To construct the Green's function, we use the rules for composition of operators

in the pseudodi�erential calculus to obtain

E�1
s;�
F1 = (2�)�2

Z
R2

d2�0
exp (ihx0; �0i)
j�0j2 + k2

F(F1)(�0) + terms belonging to CL�11;1

= F�1
�

1

j�0j2 + k2

�
� F1 + terms belonging to CL�11;1 ; (A.6)

where k2 = s2��� �2. Upon change of variables to polar coordinates we �nd

Gs;� � F1 = E�1
s;�
F1 = (2�)�1

Z
R2

K0(kjx0 � y
0j)F1(y)dy0

+ terms belonging to CL�11;1 ; (A.7)
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where K0 is the modi�ed Bessel function, if arg k
2 6= �, as is the case for Re fsg > 0

and �2R < ��(Re fsg)2. In fact, if we compare (A.7) to [26, p.183, x11.9] we �nd
that there are no extra terms. Thus the pseudodi�erential analysis yields the exact

Green's function to the Helmholtz operator Es;�.
In the same way that interchange of integration order is allowed for the inho-

mogeneous case, it is allowed here. Interchange of integration order gives that the

principal symbol, p�, of P� is

2

�
p
� � 1

2

�
= � 1

�i

Z
�2K

d� as;��e
�1 = �as;0 1p

j�0j2 + s2��
; (A.8)

where as;� is the symbol of As;�:

as;� =

� �� s�+ ��1s�1j�0j2
s� ��

�
: (A.9)

That is, the symbol of P� is

p
� =

1

2

0@ 1 �
p
j�0j2+s2��

s�

� s�p
j�0j2+s2��

1

1A : (A.10)

Using the symbol representation to obtain the projector, we �nd

P+F =
1

2

 
1 ��1

��s�2@�@� + ��
�1=2�

s�

2�jx0��j exp (�sjx0 � �j
p
��)
�
� 1

!
F;

where we have taken the branch cut for s to be on the negative real axis. We follow

the procedure that is presented in this paper and �nd

B = P+ �P� =
1

�i

Z
�2K

d� A�1
s;�

(A.11)

=

 
0 ��1

��s�2@�@� + ��
�1=2�

s�

2�jx0��j exp (�sjx0 � �j
p
��)
�
� 0

!
:

Comparing with [10, p.33, theorem 2.3], we see that this agrees with the de�nition

of B given there. We �nd that the Dirichlet-to-Neumann map has the form

Y� = �B�121 = ���1 ��s�2@�@� + ��
�1=2

: (A.12)

This result agrees with the de�nition of the admittance operator of [12, p. 3253,

(II.53)], for constant coeÆcients. The inverse, the Neumann-to-Dirichlet map, has

the form

Z� = �B�112 = � ��s�2@�@� + ��
��1=2

� : (A.13)

The corresponding `eigenvalue' or vertical wave number operators have the form

S� = �A21B�112 = � ��@�@� + ��s2
��1=2

: (A.14)

This agrees with the K0 operator of [28, p.1063,(18)].
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B The anisotropic homogeneous medium case

The acoustic system's matrix, A, for the homogeneous anisotropic case has the

form

A =

�
��133 �3�@� s�� s�1Q��@�@�
s��133 ��133 �3�@�

�
: (B.1)

Considered as a partial di�erential operator with only regularity conditions (that

the functions belong to H1
2 � ((L2)2; (�; �)[0;0])) on R2 , the spectrum of A for �xed

s can determined by a Fourier transform of the operator, that is by considering

det fa� �Ig = 0 ; (B.2)

where a is the symbol of A and expressing � in terms of the Fourier parameters

�0, that is �
i��133 �3��� � �

�2 � s2��133 �� ��133 Q������ = 0 ; (B.3)

with solutions

� = �(�0) = 2i��133 �3��� � �
�1=2
33

q
�s2 +Q������ : (B.4)

Note that the dense range criteria for the operator obtained from the kernel of

the adjoint A�
�
yield the same equation. Here s is considered as a �xed parameter

and �0 = (�1; �2) are the parameters describing the spectrum. For the case when

�R = 0 the above equation does not allow a solution for �I under the restriction

that Re fsg 6= 0 and hence the spectrum does not intersect the imaginary axis. The

inverse operator is given by

A�1
s;�

= � (A(x; @1; @2;�s)� �I)�33E�1s;�
= �A�s;��33E�1s;�

; (B.5)

where

Es;� = ����@�@� + 2��3�@� + s2�� �33�
2 : (B.6)

Es;� is a generalized Helmholtz operator in 2 dimensions.

From the rules for composition of operators in pseudodi�erential calculus we

obtain

E�1
s;�
F1 = (2�)�2

Z
R2

d2�0
exp (ihx0; �0i)

������� + 2i��3��� + s2�� �33�2
F(F1)(�)

= F�1
�

1

������� + 2i��3��� + s2�� �33�2

�
� F1 : (B.7)

modulo smoother terms.

In the same way that interchange of integration is allowed for the inhomogeneous

case, it is allowed here. Interchange of integration order gives that the symbol, p�,

of P�(0; s) can be represented as (cf. (B.5))

2

�
p
� � 1

2

�
= ��33

�i

Z
�2K

d� a�s;�e
�1 ; (B.8)
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where as;� is the symbol of As;�:

as;� =

�
��133 �3��� � � s�+ s�1Q������

s��133 ��133 �3��� � �

�
(B.9)

Upon integration we obtain the principal symbol, p�, of P� as

p
� =

1

2

 
1 �s�1p�33

p
s2�+Q������

�s �p�33ps2�+Q������
��1

1

!
:

Using the symbol representation to obtain the projector we �nd

P+F =
1

2

 
1 s�1

p
�33

�
s2��Q��@�@�

�1=2
s
�
�33

�
s2��Q��@�@�

���1=2
1

!
F :

Following the procedure that is presented in this paper, we �nd that the splitting

matrix B is given by

B = P+ �P� =
1

�i

Z
�2K

d� A�1
s;�

=

 
0 s�1

p
�33

�
s2��Q��@�@�

�1=2
s
�
�33

�
s2��Q��@�@�

���1=2
0

!
: (B.10)

Comparing (B.10) with [10, p.33, theorem 2.3] we see that this agrees with the

de�nition of B given there. We �nd that the Dirichlet-to-Neumann map has the

form

Y� = �B�121 = ��1=233

�
�� s�2Q��@�@�

�1=2
: (B.11)

The inverse, the Neumann-to-Dirichlet map, has the form

Z� = �B�112 = � ��� s�2Q��@�@�
��1=2

�
�1=2
33 : (B.12)

The corresponding vertical wave number operators have the form

S� = A21Y� +A22 = ���1=233

�
s2��Q��@�@�

�1=2
+ ��133 �3�@� ;

where the normalizations are the identity operators (cf. Proposition 4).

C Local group velocity and the spectrum

To relate the spectral parameter, �, to a physical quantity, we consider geometrical

optics for the wave equation. In geometrical optics, one obtains an eikonal equation

for the travel time, � ; the gradient of travel time is identi�ed as the slowness vector

. Under the restriction that  is real, the slowness vector lies on an ovoid. This

restricted surface is called the slowness surface and with the aid of a Hamilton-

Jacobi transformation of the eikonal equation, we can show that the normal to this

surface is parallel to the local group velocity, vg.
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C.1 The spectrum and the slowness vector

In our case, we have the operator

I@3 +A(x; @1; @2; @t) : (C.1)

We substitute an Ansatz of the form

F = F(0)(x)@tf(t� �(x)) + : : : ; (C.2)

where F(0)(x) is assumed to be slowly varying compared to f . The choice of @tf

comes from the s�1 or, in the time domain,
R t

dt0 occurring in A12. The eikonal

equation for our system becomes the determinant of the principal order system set

to zero [19, pp.316-317, x77]. With the substitution j = @j� we obtain

det (3I +A(x;�1;�2; 1)) = 0 : (C.3)

Substituting (B.1) into the determinant gives

��133

�
����� + 23��3� + �33

2
3 � �

�
= 0 : (C.4)

If we compare the left-hand side of (C.4) to the null space of the principal part

of the symbol e2 of Es;�, or (B.3), we �nd that (cf. (5.13)

s2
�����s�1��s�1�� � 2is�1�s�1�3��� + �33s

�2�2 � �
�
= 0 : (C.5)

upon substituting

� =
��

is
and 3 =

�

s
: (C.6)

into (C.4) we obtain the equation e2 = 0. We observe that (�1; �2; �) has the

dimension of wave number while (1; 2; 3) has the dimension of slowness.

We conclude that the spectral parameter � is proportional to the vertical slow-

ness for each �xed s. Under the assumption that the slowness vector, , is real

valued, we obtain that for the microlocal contribution to the spectrum

~�

s
= 3 = ���133 �3�� �

q
��133 �� ��133 Q���� ; (C.7)

where Im
n
~�=s
o
= 0, compare with (B.4). Thus the sign in front of the square

root corresponding to the positive (negative) sign of the real part of � does not

correspond to the sign of 3, but rather, for the restricted �, to the turning points

of the ellipse where the local vertical group velocity vg;3 = 0 (see �gure C.1). Hence

given the set of the spectrum with positive (negative) real part all points in this set

such that Im f�=sg = 0 corresponds to the positive (negative) local vertical group

velocity. Thus, we have a connection of the local group velocity to a restricted part

of the spectrum. Below we show that each of the projectors projects out one root

of the above equation. Up to principal parts the projector, in some sense, projects

out the up- from the down-going waves at a surface x3 =constant.
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Figure C.1: A 1; 3 projection of the the slowness surface for �xed x and the

restriction of 1 such that 3 remains real. The doted (lower) line corresponds to

the negative sign root of the characteristic equation. The local group velocity is

in the �gure denoted by vg.

C.2 The projector projects out the spectrum with positive

real part

For the homogeneous case, we can apply a Fourier-transform in space and obtain

the spectrum of A explicitly to be the area in the complex plane for � where (B.3)

is ful�lled. The solutions in � to (B.3) is a function of �0 for �xed s and can be

written in the form (cf. (B.4))

� = �(�0) = 2i��133 �3��� � �
�1=2
33

q
�s2 +Q������ :

By applying the projector P+ to A we obtain an operator with symbol

p
+
a =

1

2

 
1 s�1�

1=2
33 d

s�
�1=2
33 d

�1 1

!�
i��133 �3��� + �

�1=2
33 d

�
; (C.8)

where

d =

q
s2�+Q������ : (C.9)

The spectrum of the composition is the set of �0 that satisfy the equation

�0
�
�0 � i��133 �3��� � �

�1=2
33

q
s2�+Q������

�
= 0 ; (C.10)
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where �0 is considered as a function of �0 for �xed s. Apart from �0 = 0 we retain

the subset of the spectrum of A with positive real part, and hence we draw the

conclusion that P+ projects out the elements of the spectrum of A with positive real

part. In inhomogeneous media we note that the above analysis holds microlocally.

Hence the operator P+ projects out wave constituents that travel with positive

local vertical group velocity.
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Abstract

The equations for the electromagnetic �eld is written in a form containing only

the transverse �eld components relative to a half plane boundary. The operator

corresponding to this formulation is the electromagnetic system's matrix. A con-

structive proof of the existence of directional wave-�eld decomposition with respect

to the normal of the boundary is presented.

In the process to de�ne the wave-�eld decomposition, the resolvent set of the

time-Laplace representation of the system's matrix is analyzed. This set is shown

contain a strip around the imaginary axis. We construct a splitting matrix as an

Dunford-Taylor type integral over the resolvent of the unbounded, non-compact

and non-normal operator de�ned by the electromagnetic system's matrix. The

splitting matrix commutes with the system's matrix and the decomposition is ob-

tained via a generalized eigenvalue-eigenvalue procedure. The decomposition is

expressed by elements of the Dunford-Taylor type integral over the resolvent and

is analyzed using pseudodi�erential calculus with parameters. The solution to the

decomposition question generates also the solution to an algebraic Riccati operator

equation via a impedance mapping that is the electromagnetic generalization to the

Dirichlet-to-Neumann map for a plane.

Keywords

directional wave-�eld decomposition, anisotropy, electromagnetic system's matrix,

generalized eigenvalue problem, algebraic Riccati operator equation, generalized

vertical wave number.
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1 Introduction

Wave �eld decomposition is a tool for analyzing and computing waves in a con�gu-

ration characterized by a certain directionality. The decomposition has been used

to separate the wave �eld constituents which are of importance for the analysis on

a boundary, both for inverse scattering problems [7, 9, 11, 12, 14, 21, 31] and for the

analysis of boundary conditions (see for example [3, 5, 22]).

The idea of wave-�eld decomposition, also referred to as wave-splitting, which

can be traced back to ideas contained e.g., in the early works [1] and [5] has over the

past few years reached the level where the decomposition of heterogeneous isotropic

media in three dimensions is considered. The publications on di�erent aspects of

this development are numerous and we only mention a few of them here: for systems

described by the wave equation, see [6, 29, 30], the linearized acoustic equations,

see [7,9,14,26] and for the electromagnetic equations, see [9,26,32]. For anisotropic

media, the homogeneous case has been considered for the elastodynamic equation

[12] and the up/down heterogeneous symmetric case that can be handled with

isotropic methods is treated in [16]. Recently an extension of the decomposition has

been obtained for the anisotropic heterogeneous media for the linearized acoustic

system [19].

For the isotropic case the calculation of the decomposition has given rise to sev-

eral successful methods for analyzing wave propagation, including uniform asymp-

totics and normal modes [8, 15]. Fast numerical methods for calculations of the

�elds are another spin o� of this decomposition. Among their implementations we

have `rational approximations' and `generalized screens' [17, 27]. The extension of

the wave decomposition to anisotropic cases can be applications as tomography of

the human body, an inherently anisotropic body, and prospecting underground oil

or minerals in deposits.

The present paper extend the analysis of decomposition of electromagnetic �eld

to the three-dimensional heterogeneous inherently anisotropic case. We prove the

existence of a decomposition by a constructive argument. The decomposition is

given for anisotropic permittivity and permeability that is described by self ad-

joint, heterogeneous, positive de�nite matrices; these are suÆcient but not nec-

essary material conditions for the resolvent set to contain the strip around the

imaginary axis. The requirement of the material parameters, in time-Laplace do-

main, are corresponding to a media with instantaneous response. The analysis

using pseudodi�erential calculus is straightforward if one assumes that the mate-

rial coeÆcients depend smoothly on the spatial variables, and in order to simplify

the analysis this assumption is made. Physically this should not be regarded as a

restriction since the smooth functions densely estimate the square integrable ones.

The decomposition is constructed via a generalized eigenvalue-eigenvector pro-

cedure via the commutation of two operators in a generalized sense. The con-

struction of the commuting operator, the splitting matrix, is made by means of

a functional analysis approach using the resolvent of the electromagnetic system's

matrix and is analyzed with pseudodi�erential calculus with parameters, to prove

its existence and to study its behavior. The decomposition is made through a

set of three propositions that step by step construct the splitting matrix and its
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properties. The analysis is preformed in the time-Laplace domain and the pro-

cedures impose limitations on the Laplace parameter. In x2 we formulate the

problem after the necessary rewriting of Maxwell's equations. In x3 the properties,
mostly the spectral properties, of the electromagnetic system's matrix are stated

and proved using functional analysis. The propositions impose only the natural

condition that the Laplace parameter has to belong to the right-hand half plane

of the complex space. The self adjoint property of the material coeÆcients are

used, but this is a suÆcient condition only. In x4 the splitting matrix, that is a

key step in the procedure, is derived and its existence and properties are stated

and proved. The analysis uses the self adjoint property of the material parameters,

and furthermore, imply a constraint on the Laplace parameter, in order to obtain

an ellipticity condition, that is needed in the analysis, still the requirement is only

suÆcient. Furthermore, the most important property we obtain in this section is

that the generalized eigenvectors of the splitting matrix are obtained explicitly in

terms of the elements of the splitting matrix. In x5 the decomposition is obtained

in terms of the generalized eigenvectors of the splitting matrix. In the last section

we discuss the results. In Appendix A we presents some details that were left out

the derivation of the electromagnetic system's matrix in x2. In Appendix B the

special case of an isotropic homogeneous medium is treated using the approach

developed in the present paper. In Appendix C the full determinant of the symbol

of the electromagnetic systems matrix is written down. Explicit integration of the

resolvent in symbol representation are presented in terms of residue calculus and

the integrals are stated in terms of the roots of the determinant.

2 Directional wave-�eld decomposition

2.1 The two-way equations for Maxwell equations

We consider electromagnetic wave motion in heterogeneous anisotropic media with

instantaneous response. The media is assumed to be independent of time. Causal-

ity imposes the following initial conditions of the �eld quantities

E(x; t) = 0 ; D(x; t) = 0 for t < 0 and all x ;

H(x; t) = 0 ; B(x; t) = 0 for t < 0 and all x :

where B = magnetic ux density [T], E = electric �eld strength [V/m], D =

electric ux density [C/m
2
] and H = magnetic �eld strength [A/m]. For units and

notation see [24].

The electromagnetic �eld satisfy the �rst-order hyperbolic system of partial

di�erential equations in time domain, Maxwell's equations [13, pp.610-612] [18,

p.248]. We consider Maxwell's equations in time-Laplace domain. That is,

sB +r�E = Ke ;

�sD +r�H = Je :
(2.1)

where Je = external electric current density [A/m
2
] and Ke = external magnetic

current density [V/m
2
]. The external currents are applied, prescribed, sources.
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The causality of the �eld is taken into account by requiring that all �eld quantities

are bounded functions of the time-Laplace parameter s, that is in general complex

and lies in the right-hand plane Re fsg > 0. With the speci�ed initial condition, we

have @t ! s. In this paper x = fx1; x2; x3g are right-handed orthogonal Cartesian

coordinates, t is the time. All the subsequent analysis is carried out in the domain

of (x; s) hence there is no need to distinguish between the time dependent �eld,

E(x; t), and the Laplace-parameter dependent �eld, E(x; s).

To explicitly introduce the material parameters into the equations we assume

the following constitutive relations

B = ��0H

D = ��0E
(2.2)

where � = relative anisotropic permeability tensor, � = relative anisotropic per-

mittivity tensor, �0 = empty space permeability [H/m] and �0 = empty space

permittivity [F/m]. The relative permeability and permittivity are both self ad-

joint and positive de�nite 3 � 3 tensors, that is, the media under consideration

has a instantaneous response. Inserting the constitutive relations into the Maxwell

equations gives

s��0H +r�E = Ke ;

�s��0E +r�H = Je :
(2.3)

Before proceeding we rescale and change dimension of the equations analogous

to [9, p.10] to simplify the subsequent analysis, according to

�0�0 = c�20 ; �s =
s

c0
; �H =

p
�0H ; �E =

p
�0E ;

�Je =
p
�0J

e ; �Ke =
p
�0K

e ; (2.4)

where c0 is the speed of light in vacuum. Upon substituting (2.4) into (2.3),

�s� �H +r� �E = �Ke ;

��s� �E +r� �H = �Je :
(2.5)

All the following considerations refer to this transformed space and for simplicity

we remove the ��, but remember the change in dimension, in particular that �s has

dimension m�1, �H and �E have dimension (J/(m
3
))1=2, �Je and �Ke has dimension

(J/(m
5
))1=2. The transformation is for dimensional convenience, in particular in

the calculus of pseudodi�erential operators.

The `evolution' of the wave �eld in space, along a direction of preference, can be

expressed in terms of the change of the wave �eld in the directions perpendicular

to it. The direction of preference is taken to be along the x3-axis (or `vertical' axis)

and the remaining (`horizontal') coordinates are denoted by x�; x� ; �; � 2 f1; 2g
or x0 = fx1; x2g when convenient. The procedure requires a separate handling of

the vertical components of E and H . From (2.5) we obtain

s�33H3 = �s�3�H� � (r�E)3 +Ke
3 ;

s�33E3 = �s�3�E� + (r�H)3 � Je3 ;
(2.6)
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where the summation convention for Cartesian tensors are employed for �; � 2
f1; 2g. To project out the third component of a vector we have used the subscript

3, to explicitly show the notation consider

(r�E)3 = @1E2 � @2E1 : (2.7)

Thus, Eq. (2.6) relates the vertical components of the electric and magnetic �eld

strength to the horizontal components. The remaining equations contained in (2.5)

are

s���H� + s��3H3 + (r�E)� = Ke
� ;

�s���E� � ��3E3 + (r�H)� = Je
�
:

(2.8)

Substituting (2.6) into (2.8) gives after some manipulation (cf. Appendix A)

(I@3 +A)F = N ; (2.9)

in which the elements of the electromagnetic �eld matrix, F , are given by

F1 = E1 ; F2 = �E2 and F3 = H2 ; F4 = H1 : (2.10)

To simplify some of the following calculations we introduce the notation

~E = (E1;�E2)
T and ~H = (H2; H1)

T : (2.11)

There are several possible choices of how the transverse components of E, H can be

represented in F . The particular choice of combinations given in (2.10) has two ad-

vantages. First, the given choice ensures that both A12 and A21 have positive char-

acter in the L2 inner product. Their form is dependent of the choice of F and under

this choice, for real s, they are real and positive. Secondly, we have that the third

component of Poynting's vector, equals (E � H)3 = ~ET ~H = (F1; F2)(F 3; F 4)
T ,

where � denotes the complex conjugate. The electromagnetic system's matrix, A,
is given by

A11 = ��133

�
�23@2 �23@1
�13@2 �13@1

�
+

�
@1�31 �@1�32

�@2�31 @2�32

�
��133 ;

A12 = s

�
�22 �21
�12 �11

�
� s�1

�
@1�

�1
33 @1 �@1��133 @2

�@2��133 @1 @2�
�1
33 @2

�
;

A21 = s

�
"11 �"12

�"21 "22

�
� s�1

�
@2�

�1
33 @2 @2�

�1
33 @1

@1�
�1
33 @2 @1�

�1
33 @1

�
;

A22 =

�
@2�32 @2�31
@1�32 @1�31

�
��133 + ��133

�
�13@1 ��13@2

��23@1 �23@2

�
;

(2.12)
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in which

"�� = ��� � ��3�
�1
33 �3� ;

��� = ��� � ��3�
�1
33 �3� ;

(2.13)

and the elements of the source matrix are given by

N1 = Ke
2 � �23�

�1
33 K

e
3 � s�1@1�

�1
33 J

e
3 ;

N2 = Ke
1 � �13�

�1
33 K

e
3 + s�1@2�

�1
33 J

e
3 ;

N3 = �Je1 + �13�
�1
33 J

e
3 + s�1@2�

�1
33 K

e
3 ;

N4 = Je2 � �23�
�1
33 J

e
3 + s�1@1�

�1
33 K

e
3 :

(2.14)

Since the permeability and permittivity are self adjoint 3 � 3 tensors and are

bounded from below and from above, the upper-left 2 � 2 matrices of � and �

are bounded below by the constants �̂0 and �̂0 respective. To show the notation

we have

u����u� � �̂0u�u� ; (2.15)

for any complex �eld u = (u1; u2). From the de�nitions of "�� and ��� it is clear

that they are self adjoint matrices. Furthermore, each is bounded below by the

constants �̂1 and �̂1 respectively. This follows from the identity

vT �v = u�"��u� ; (2.16)

where

vi = u�(Æi� � ��133 �3�Æ3i) ; for i = f1; 2; 3g ; (2.17)

for any complex �eld u. Since � is positive de�nite " must also be positive de�nite

and analogously for � and �.

2.2 Preliminaries

We consider the electromagnetic system's matrix and other operators on Sobolev

spaces. Let Hr be the set of functions belonging to the Sobolev space of order

r 2 N on R2 , with a weighted inner product to compensate for the dimension of

the derivative. To extend this scalar space to vectors we introduce the notation

Hr =
�
Hr Hr Hr Hr

�T
; (2.18)

for a 4�1 matrix, with each element in the set of functions belonging to the Sobolev
space of order r. Let F = ( ~Ea; ~Ha) and G = ( ~Eb; ~Hb). Then

(F;G)r =

Z
R2

d2x0
X
jbj�r

y
2jbj
0

�
@bx0

~Ea
1 @bx0

~Eb
1 + @bx0

~Ea
2 @bx0

~Eb
2

+ @b
x0
~Ha
1 @b

x0
~Hb
1 + @b

x0
~Ha
2 @b

x0
~Hb
2

�
;
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where y0 is of dimension [length] and used to normalize the change of dimension

from the derivatives. All components of the �eld depend on x, but inner products

and norms refer to x0 and treat x3 as a parameter. We adopt the multi-index

notation of pseudodi�erential calculus and use b 2 N2 together with

jbj = b1 + b2 : (2.19)

The norm corresponding to the inner product is

kFkr =
p
(F; F )r : (2.20)

The set Hr with the inner product (�; �)r becomes a Hilbert space. For the case

r = 0 we recover the Lebesgue space, fL2; (�; �)0g.
The analysis of unbounded operators | such as the electromagnetic system's

matrix | requires that one speci�es the domain of the operator and its embedding

space. Thus, to separate between a set and a space, we use the extended notation

fHr; (�; �)rg to mean the space of such functions whereas Hr is the set of functions,

Hr � fL2; (�; �)0g. In particular from the explicit form of the operator, A, (cf.
(2.12)) we �nd that A can be considered as an operator on fL2; (�; �)0g with domain
H2. That is

A : H2 ! fL2; (�; �)0g : (2.21)

The domain of the operator on a space is fundamental for the analysis, here all

operators have dense domains and when necessary, with restrictions to dense sub-

sets of the their domains for the operation under consideration to be de�ned. In

the case of such a restriction we use the notation Aj
q
for the operator restricted to

this dense subset of its domain and indicate by q what dense subset is understood

to be the restricted domain.

To extend the analysis of As;� to an operator de�ned on fHr; (�; �)rg a totally

analogous extension of the method introduced for the acoustic case is applicable. In

order to save space we note that the analogy of the extension is totally transparent

to the fL2; (�; �)0g case and therefore we do not give further details here but refer

to the treatment of acoustic case in [19].

2.3 Formulation of the problem

To be able to solve the scattering process along the vertical direction separately

from the scattering process in the horizontal directions, we diagonalize the operator

on the left-hand side of (2.9). This procedure will possibly lead to an additional

source term on the right-hand side that accounts for the coupling. To achieve this,

we construct an appropriate linear operator L where

F = LW ; (2.22)

that when introduced into (2.9) gives,

L (I@3 + V)W = �(@3L)W +N (2.23)
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so as to make V , de�ned by

AL = LV ; (2.24)

a block diagonal matrix of operators. We call L the composition operator, and

W the wave matrix. The elements of the wave matrix represent locally the down-

and upgoing constituents. The expression in parentheses on the left-hand side of

(2.23) represents the two so-called one-way wave operators. The �rst term on the

right-hand side of (2.23) represents the scattering due to variations of the medium

properties in the vertical direction. The scattering due to variations of the medium

properties in the horizontal directions is contained in V and, implicitly, in L also.

To investigate whether solutions fL;Vg of (2.24) exist, we introduce the column
matrices, or generalized eigenvectors, L�, according to

L =
� L+ L� �

: (2.25)

Upon writing the block diagonal elements of V (generalized eigenvalues) as

V =

� S+ 0

0 S�
�

: (2.26)

(2.24) decomposes into the two systems of equations

AL� = L�S� ; (2.27)

where S� are 2� 2 matrices. The central problem that we consider in the present

paper is to show that there exists an operator pair, fL;Vg, such that the above

operator equation, (2.24), is satis�ed. Since the operators are unbounded we need

to modify (2.24) and (2.27) with respect to the domain of the respective operator.

Note that the upper 2 � 2 matrix of the operators L�, combines the trans-

verse electric �eld strength and the lower, the magnetic �eld strength, whereas the

elements of W may be physically `non-observable'.

We now focus on the fundamental question: Does there exist a composition

operator L that decomposes A in the above sense? To begin to show that there

exists such a decomposition of A, we derive properties of the resolvent set of A
which enable us to de�ne a commuting operator.

3 Properties of the As;� operator

As will be seen the directional decomposition of the electromagnetic �eld is closely

related to the spectral properties of the operator A. The de�nition of the splitting

matrix requires that there exists a region, which is free from the spectrum. We

therefore state the de�nition of the spectra explicitly. Consider �rst the operator

As;� de�ned on fL2; (�; �)0g as

As;� = A� �I : H2 ! fL2; (�; �)0g ; (3.1)
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for each �xed s. Following [28, x5, p.253], [23, x6.5, p.412] and [33, xVIII.1, p.209],
we de�ne the spectrum of A, for �xed s as follows: if the scalar � 2 C is such that

the range of As;� is dense in fL2; (�; �)0g and As;� has a bounded inverse, � is in

the resolvent set, P(A), of A, and we denote this inverse by A�1
s;�

and call it the

resolvent (at s; �) of A. All complex numbers not in the resolvent set form a set

�(A) called the spectrum of A.
To simplify some of the following calculations we introduce the following nota-

tion

s = sre
i� = sr cos� + isr sin� and � = �R + i�I : (3.2)

The following proposition gives as a corollary that there exists a strip that belongs

to the resolvent set of A.
Proposition 1. Let As;� = A� �, be de�ned through (2.12) and (3.1). Let

Q =
�fs; �g 2 C

2 : Re fsg > 0 and (Re f�g)2 < (Re fsg)2�̂1�̂1
	
;

where �̂1 and �̂1 are de�ned in x2.1. Then for fs; �g 2 Q, As;�

1. is bounded from below;

2. is one-to-one;

3. has dense range;

4. is closable;

5. has an inverse that is expressed in terms of its coeÆcients and the inverse of

A21 and Es;� only, A�1
s;�

becomes� �A�121 (A22 � �) E�1
s;�

A�121 +A�121 (A22 � �) E�1
s;�

(A11 � �)A�121

E�1
s;�

�E�1
s;�

(A11 � �)A�121

�
;

where

Es;� = A12 � (A11 � �)A�121 (A22 � �) :

Remark 1.1. The conditions on Q are suÆcient but not necessary with respect to

the parameter �.

Remark 1.2. The Hilbert identity or resolvent equation,

A�1
s;�
�A�1

s;�0
= (�� �0)A�1

s;�
A�1
s;�0

;

for fs; �g; fs; �0g 2 Q is de�ned for any operator. If the operator is closed the

resolvent is de�ned everywhere and is an analytic function of � if fs; �g 2 Q. (cf.

[20, xIII.6.1, pp.172-174], [33, xVIII.2, pp.211-212] and [2, p.84 x3.7.5]).
Remark 1.3. From part one of the above proposition it follows directly that the

inverse is a bounded operator on its range (cf. [23, p.244, theorem 5.7.1]).
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Remark 1.4. For up/down symmetric cases, i.e., with �3� = ��3 = 0 and �3� =

��3 = 0, the assumption of self adjoint material parameters, i.e., instantaneous

response of the media, can be removed and we can consider a medium for which

the real part of the eigenvalues of the two matrices s�; s� is positive. This follows

directly from the proof of part 1. It is an open question if this can be extended to

the general anisotropic case. We will not pursue this question since our proof of

Proposition 2 makes use of the self adjoint property of �; �.

From Proposition 1 it directly follows that:

Corollary 1.1. For any �xed s 2 C such that Re fsg > 0 the resolvent set of the

electromagnetic system's matrix contains the strip of all � 2 C such that

(Re f�g)2 < (Re fsg)2�̂0�̂0 : (3.3)

That is, the strip belongs to the resolvent set, P(A;r).

Proof. That the strip (3.3) belongs to the resolvent set belongs follows directly from

Proposition 1. Since for fs; �g 2 Q the properties 1-3 are exactly the conditions

needed to �nd a point in the resolvent set.

3.1 Properties of a quadratic form

To prove the above statements we introduce a auxiliary quantity, a quadratic form.

Using the notation introduced in Proposition 1 and in the de�nition (2.20), one

has:

Lemma 1.1. Let fs; �g 2 Q and de�ne the quadratic form by

Cs;�[F ] =
Z
R2

s"��E�E� +

s�1��133 j(r�E)3j2+s���H�H�+s�1��133 j(r�H)3j2�2�Re
�
E1H2 �E2H1

	
+

2i��133 Im
�
(r�E)3�3�H�

	
+ 2i��133 Im

�
��3E�(r�H)3

	
d2x0 :

where F = ( ~E; ~H)T . Then Cs;� is well de�ned for F 2 H1 and

jCs;� ~H�[F ]j � C0(s; �)kFk20 ;
where C0(s; �) > 0 for fs; �g 2 Q.

Proof. Upon taking the real part of the integrand of the quadratic form we obtain,

using the notation introduced in (3.2)

sr cos�"��E�E� + s�1r cos���133 j(r�E)3j2 + sr cos����H�H�

+ s�1r cos���133 j(r�H)3j2 � 2�RRe
�
E1H2 �E2H1

	
; (3.4)

due to the self adjoint property of " and �. Since fs; �g 2 Q, cos� > 0 we have

(3.4) � sr cos�
�
"��E�E� + ���H�H�

�� 2�RRe
�
E1H2 �E2H1

	
: (3.5)
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The inequality

2�RRe
�
E1H2 �E2H1

	
= 2�RRe

n
~ET ~H

o
� ��1j ~Ej2sr cos� + �2R

��1sr cos�
j ~H j2 ;

implies

(3.5) � �1sr cos�(1� �)j ~Ej2 +
�
�1sr cos� � �2R

��1sr cos�

�
j ~H j2 : (3.6)

Thus we require that � 2 (0; 1). The largest j�Rj-strip is obtained in the limit

� ! 1, thus

�2R < Re fsg2 �̂1�̂1 : (3.7)

Hence for given �xed s such that Re fsg > 0 and for a �xed � that ful�ls (3.7),

there exists an optimal � such that the bound from below in (3.6) is maximal. Thus

the best choice of bound from below with the given estimates is

C0(s; �) = max
0<�<1

�
Re fsg �̂1(1� �);

�
�̂1Re fsg � �2R

��̂1Re fsg
��

> 0 : (3.8)

That is, upon integration we �nd that

jCs;�[F ]j � C0(s; �)(k ~Ek20 + k ~Hk20) = C0(s; �)kFk20 : (3.9)

Note that this is only a suÆcient condition on fs; �g.

3.2 Proof of Proposition 1, part 1

To start the proof that the operator As;� is bounded from below, we employ

Schwartz' inequality

kAs;�Fk0kFk0 = kKAs;�Fk0kFk0 � j(F;KAs;�F )0j ; (3.10)

with F 2 D(A) =H2 and where

K =

�
0 I

I 0

�
; (3.11)

where K is unitary for k � k0. On the block element level where F = ( ~E; ~H) one

has

F I(K(A� �)F )I

= ~E�A21
~E + ~H�A12

~H � 2�Re
n
~ET ~H

o
+ ~E�A22

~H + ~H�A11
~E ;

where the repeated index I indicates summation over the four components and ~E�

= ( ~E)T . The �rst term becomes after integration over x0 and integration by parts,Z
R2

~E�A21
~E d2x0 =

Z
R2

s"��E�E� + s�1��133 j(r�E)3j2 d2x0 (3.12)
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and the second becomesZ
R2

~H�A12
~H d2x0 =

Z
R2

s���H�H� + s�1��133 j(r�H)3j2 d2x0 : (3.13)

The fourth term becomes after simpli�cation and integration by partsZ
R2

~E�A22
~H d2x0 =

Z
R2

��133 ��3E�(r�H)3 � (r�E)3�
�1
33 �3�H� d

2x0 ; (3.14)

and the last termZ
R2

~H�A11
~E d2x0 =

Z
R2

(r�E)3�
�1
33 ��3H� � ��133 �3�E�(r�H)3 d

2x0 : (3.15)

Since � and � are self adjoint matrices the two terms in (3.14) and (3.15) combine

to Z
R2

2iIm
n
~E�A22

~H
o
d2x0 =

Z
R2

2i��133 Im
�
(r�E)3��3H�

	
+ 2i��133 Im

�
��3E�(r�H)3

	
d2x0 : (3.16)

Thus,

j(F;KAF )0j = jCs;�[F ]j ; (3.17)

for F 2 D(As;�) � H1. Thus by Lemma 1.1 and (3.10) one obtains

kAFk0 � C0(s; �)kFk0 ; (3.18)

where C0(s; �) is de�ned by the lemma, and C0(s; �) > 0 for fs; �g 2 Q. Note that

this is only suÆcient condition on fs; �g.

3.3 Proof of Proposition 1, part 2

The inequality

kAs;�Fk0 � C0(s; �)kFk0 ; (3.19)

from part 1, implies that the null space only contains the zero element. By [23,

p.171, theorem 4.4.1] an operator with trivial null space is one-to-one (injective).

Hence, the operator As;� is one-to-one for fs; �g 2 Q.

3.4 Proof of Proposition 1, part 3

To show that the operator has dense range it is suÆcient to show that the kernel

of A�
s;�
, the adjoint, is trivial. That is,

A�
s;�
G = 0 ; G 2 D(A�) ) G = 0 : (3.20)
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If one can show that the operator A�
s;�

is bounded below, this follows directly, cf.

Proposition 1, part 2.

The adjoint of As;� with respect to the inner product (�; �)0 is

A�
s;�

=

� A�11 � �I A�21
A�12 A�22 � �I

�
; (3.21)

where

A�11 = �
�

@2��23 @2��13
@1��23 @1��13

�
���133 � ���133

�
��31@1 ���31@2

���32@1 ��32@2

�
;

A�12 = �s

�
��22 ��12
��21 ��11

�
� �s�1

�
@1��

�1
33 @1 �@1���133 @2

�@2���133 @1 @2��
�1
33 @2

�
;

A�21 = �s

�
�"11 ��"21

��"12 �"22

�
� �s�1

�
@2��

�1
33 @2 @2��

�1
33 @1

@1��
�1
33 @2 @1��

�1
33 @1

�
;

A�22 = ����133

�
��32@2 ��32@1
��31@2 ��31@1

�
�
�

@1��13 �@1��23
�@2��13 @2��23

�
���133 :

The domain of the adjoint is the set

D(A�s;�) = f G 2 L2 :

9H 2 L2 such that (H;F )0 = (G;As;�F )0 8F 2 D(As;�) g : (3.22)

To show that A�
s;�

is bounded from below we will use the same method as in

Proposition 1, part 1. First we need a small enough set that contains the domain,

from the form of A�
s;�

it is clear that if G = A�
s;�
F 2 L2, then at least F 2 H1.

Thus the domain is contained in H1, that is

D(A�s;�) � H1 : (3.23)

To obtain the quadratic form needed to use Lemma 1.1, we once again use the

Schwartz estimate, let G 2 D(A�
s;�

), and F = KG, where the matrix K was

introduced in (3.11) and is unitary on (�; �)0 and has the propertiesK = K� = K�1.

Thus

kA�
s;�
Gk0kGk0 = kA�

s;�
Gk0kFk0 � j(F;A�

s;�
G)0j = j(F;A�

s;�
KF )0j ; (3.24)

and with F = f ~E; ~Hg then

(F;A�s;�KF )0 =

Z
R2

~E�A�21 ~E + ~H�A�12 ~H + ~E�A�11 ~H + ~H�A�22 ~E d2x0 : (3.25)
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After partial integration we obtain,Z
R2

~E�A�21 ~E d2x0 =

Z
R2

s"��E�E� + s�1��133 j(r�E)3j2 d2x0 ;Z
R2

~H�A�12 ~H d2x0 =

Z
R2

s���H�H� + s�1��133 j(r�H)3j2 d2x0 ;Z
R2

~E�A�11 ~H d2x0 =

Z
R2

�(r�H)3�
�1
33 �3�E� + (r�E)3�

�1
33 �3�H� d

2x0 ;Z
R2

~H�A�22 ~E d2x0 =

Z
R2

(r�H)3�
�1
33 ��3E� � (r�E)3�

�1
33 �3�H� d

2x0 :

Here the equality of the above relations are valid after integration over the trans-

verse variables. Let fs; �g 2 Q, then upon using the self adjoint property of �; �

we obtain

j(F;A�s;�KF )0j = jCs;�[F ]j � C0(s; �)kFk20 = C1(s; �)kGk20 ; (3.26)

where Cs;� is de�ned for F 2 H1. From (3.24) and (3.23) it follows that A�
s;�

is

bounded from below for all G 2 D(A�
s;�

) � H1. For the bound from below of A�
s;�

it directly follows that A�
s;�

has trivial kernel and thus As;� has dense range for

the condition of fs; �g 2 Q.

3.5 Proof of Proposition 1, part 4

In section 4 below we consider a Dunford-Taylor integral over the resolvent and

the analysis simpli�es if A is closed. From the form of A�
s;�

we note that (C1)4 �
D(A�

s;�
) and hence it is densely de�ned for fs; �g 2 Q and thus, by [20, p.168,

xIII.5.5], the operator As;� is closable. The closure is denoted by fAs;�gcl.
The range for the closed operator is still dense in fL2; (�; �)0g since

R (As;�) � R
�fAs;�gcl

� � L2 : (3.27)

for fs; �g 2 Q.

To show that the closed operator is bounded from below, we rely on Corollary

VI.1.19 [20]. This corollary applies to sesquilinear forms in Hilbert spaces, but

due to example 1.23 and example 1.3 in [20] we draw the conclusion that we can

construct the sesquilinear form (As;�F;As;�G)0 and that it is only closable when

As;� is closable. Thus, by the above mentioned corollary, we obtain that the closed

form is bounded from below with the same constant and thus, the closed operator

is bounded from below for fs; �g 2 Q.

3.6 Proof of Proposition 1, part 5

The operator As;� can be explicitly inverted in terms of the inverse of two 2 � 2

matrix operators through a quasi-diagonalization. Once again introduce the matrix

K (cf. (3.11)), with K�1 = K. We �nd

KAs;� =

� A21 A22 � �

A11 � � A12

�
;
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and from the form of A21, (2.12) we �nd

j( ~E;A21
~E)0j =

Z
R2

js"��E�E� + s�1��133 j(r�E)3j2j d2x0

� Re fsg �̂1k ~Ek20 ; (3.28)

hence the inverse exists and is bounded for Re fsg > 0. Thus A�121 is well de�ned.

The operator KAs;� is then diagonalized as follows

KAs;�T2;s;� = T1;s;�Ds;� ; (3.29)

where

T1;s;� =
�

1 0

(A11 � �)A�121 1

�
(3.30)

and

T2;s;� =
�

1 �A�121 (A22 � �)

0 1

�
; (3.31)

while

Ds;� =

� A21 0

0 Es;�

�
; (3.32)

with

Es;� = A12 � (A11 � �)A�121 (A22 � �) : (3.33)

The characteristic operator, Es;�, is the matrix extension of the of the `transverse

Helmholtz' operator [14]. For each �xed �, the operators T1;s;�; T2;s;� have the

inverses:

T �11;s;� =

�
1 0

�(A11 � �)A�121 1

�
(3.34)

and

T �12;s;� =

�
1 A�121 (A22 � �)

0 1

�
; (3.35)

respectively. From the quasi-diagonalization we obtain an explicit expression for

A�1
s;�

in terms of E�1
s;�

. At this point we make the assumption that we can de�ne

the operator E�1
s;�

in some suitable way. In Proposition 2, part 1 we prove that

the corresponding symbol allows such a representation, and hence through the

pseudodi�erential calculus E�1
s;�

is well de�ned. Starting from (3.29) and inverting

term by term, gives

A�1
s;�

= T2;s;�D�1s;�T �11;s;�K = (3.36)� �A�121 (A22 � �) E�1
s;�

A�121 +A�121 (A22 � �) E�1
s;�

(A11 � �)A�121

E�1
s;�

�E�1
s;�

(A11 � �)A�121

�
:

The inverses of the characteristic operators Es;� and A21 capture most of the be-

havior of the matrix operator resolvent.
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4 The Splitting Matrix

We proceed with the decomposition of the electromagnetic system's matrix. As

the spectrum is absent from the strip (see Corollary 1.1), we de�ne a commuting

operator through a resolvent integral, the splitting matrix. If an operator were

supposed to be decomposed with respect to a spectral point, we would introduce

a projector with help of a Cauchy type integral, also called Dunford's integral,

over the resolvent with path around that point. This operator would have been

a projector that is orthogonal to all other such projectors, it commutes with the

operator and it decomposes the spectrum (for such considerations see i.e., [25,

33]). In the case of an unbounded, closed operator, with non-discrete, unbounded

spectrum, as the electromagnetic system's matrix, that theory is not suÆcient. To

accomplish a decomposition we use the Dunford-Taylor integral applied to a closed,

unbounded, operator as in [4], cf. [20] for accretive operators, the theory is given

only for closed paths, or absolutely bounded integrals, hence the extension needed

here to non-closed paths require that we prove that the operator is well de�ned.

Due to the fact that the path is not closed and that the integral can not trivially

be shown to exist, we will in this section prove a number of properties of the splitting

matrix, to be introduced, among them that it is well de�ned as a pseudodi�erential

operator with a parameter, that it is an involution, and that that it commutes

with the electromagnetic system's matrix. Once the splitting matrix is shown to

be well de�ned we derive its generalized eigenvalues-eigenvectors; the generalized

eigenvectors are the fundament for the decomposition de�ned in the next section.

4.1 De�nition of the Splitting Matrix

Given a �xed positive constant SR > 0, let

Q1 =
�fs; �g 2 C

2 :

Re fsg > SR; j arg sj < �=2 and jRe f�g j < SR
p
�̂1�̂1

o
: (4.1)

From Proposition 1 we note that Q1 � Q, hence by Corollary 1.1 the strip

jRe f�g j < SR
p
�̂1�̂1 belongs to the resolvent set of the electromagnetic system's

matrix. Thus we can consider the operator de�ned through

B = lim
n!1

1

�i

Z
�2Kn

d� (fAgcl � �)
�1

: (4.2)

The spatial and time-Laplace dependence is present but not explicit in the notation.

The integration path is:

Kn = f� 2 C : Re f�g = �=2 and jIm f�g j � ng ; (4.3)

where

� = SR
p
�̂1�̂1 ; (4.4)
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and hence the integral path is in the resolvent set. Some of the considerations that

follow become simpler if we consider the operators on the restriction (C1)4. That

is

ÆA : (C1)4 ! (C1)4 � fL2; (�; �)0g ; (4.5)

and simular for any operator with the notation
Æ

. With the above introduction,

we can state the following proposition.

Proposition 2. Let B be de�ned as in (4.2) with fs;Kng 2 Q1 then B
1. is a pseudodi�erential operator with parameters of order 0;

2. has a restriction Bj
q
, which maps Hq into Hq�1;

3. `commutes' with A in the sense that when the operators are restricted to

(C1)4, denoted
ÆA; ÆB, we have

ÆB ÆA =
ÆA ÆB ;

4. has a restriction,
ÆB, that is an involution;

5. in the equation

ÆB ÆL� = 
ÆL� ;

for arbitrary scalar  has `eigenvalues',  = �1, and corresponding `general-

ized eigenvectors'

ÆL� =

 
�I + ÆB11

ÆB21

!
ÆN� ;

where
ÆN� are arbitrary normalizations in the form of invertible 2�2 operator

matrices;

6. is one-to-one and thus its element
ÆB21 is invertible on its range;

7. has `generalized eigenvectors', i.e., that is the extension of
ÆL� exists. With

proper choice of normalization, L�j
q
: (Hq)2 ! Hq�1.

Remark 2.1. With the choice of
ÆN� as

ÆB�121 , we obtain that
ÆL�1, can be identi�ed

as a mapping between ~H and ~E, that is a impedance mapping, and thus is the

equivalence, for the electromagnetic case, to the Dirichlet-to-Neumann map for a

plane for the wave equation. Analogously it corresponds to the map between pressure

and vertical particle velocity in the acoustic case, that is denoted the generalized

Dirichlet-to-Neumann map.
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Remark 2.2. The worst case for the splitting matrix, B, would be if the integral

above collapses into the identity or the null operator. Whether this happens depends

on the non-triviality of the spectrum, and to ensure that this is not the case consider

the homogeneous-isotropic case (see Appendix B where we obtain the explicit form

of B). Thus we note that if the medium is isotropic homogeneous in a neighbourhood

to a point, then at that point the operator B reduces to the homogeneous case, and

hence it can not be the unity operator.

4.2 Proof of Proposition 2, part 1

The operator B is de�ned through an improper integral over the resolvent. To

prove that B is well de�ned as a pseudodi�erential operator with parameter we

consider �rst the parametrix of As;� and then integrate each term of the asymptotic

expansions with respect to � and prove that this step is well de�ned. Hence we

obtain an asymptotic expansion for the symbol of B, via the usual calculus of

pseudodi�erential operators, thus B is well de�ned.

Pseudodi�erential preliminaries

The calculus of pseudodi�erential operators can be introduced by means of a

Fourier transform, thus de�ning signs and symbols. For simplicity we use stan-

dard notation for the symbols and their compositions. Throughout this paper we

use the left symbol (in the notation of [25]). The Fourier transform, F , in the plane
with respect to the �rst two variables x0 = fx1; x2g has an inverse given by

~E(x; s) =
1

(2�)2

Z
R2

d2�0 eih�
0
;x
0i(F ~E)(�0; x3; s) (4.6)

for the complex �eld ~E 2 (H0)2. Here h�0; x0i = �1x1+ �2x2. To obtain the symbol

of A21 we let it work on (4.6) and obtain that the integrand expression in front of

eih�
0
;x
0i(F ~E)(�0; x3; s) becomes

a21(x; �
0; s) = s

�
"11 �"12
�"21 "22

�
+ (s�33)

�1
�

�22 �1�2
�1�2 �21

�
� is�1

�
(@2�

�1
33 )�2 (@2�

�1
33 )�1

(@1�
�1
33 )�2 (@1�

�1
33 )�1

�
:

This is the symbol of A21. The principal symbol of a21 is

a21;1(x; �
0; s) = s

�
"11 �"12

�"21 "22

�
+ (s�33)

�1
�

�22 �1�2
�1�2 �21

�
; (4.7)

and a21;1 is homogeneous of order one in (�0; s).

Ellipticity of As;�

For matrix valued operators it is the determinant of the symbol that controls the

regularity and existence of its parametrix. We require that the coeÆcients to
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(�0; s; �) are arbitrarily smooth for each term in As;�, and thus we can use the

criteria in De�nition 5.1 together with Proposition 5.1' of [25, pp.38,39] to de�ne

ellipticity of As;�. To construct the symbol of the operator A, a;1(x; �0; s) we

proceed as above and obtain for the remaining elements

a11;1 = i��133

�
�23�2 �23�1
�13�2 �13�1

�
+ i��133

�
�31�1 ��32�1

��31�2 �32�2

�
; (4.8)

a12;1 = s

�
�22 �21
�12 �11

�
+ s�1��133

�
�21 ��1�2

��1�2 �22

�
; (4.9)

a22;1 = i��133

�
�32�2 �31�2
�32�1 �31�1

�
+ i��133

�
�13�1 ��13�2

��23�1 �23�2

�
: (4.10)

Let �;1 = a;1��I . Then �;1 have homogeneity degree 1 in (�
0; s; �). The remaining

part of the symbol of As;� has a lower degree of homogeneity in (�
0; s; �). To ensure

the ellipticity of the operator in (�0; s; �) the following estimate is needed

C1(j�0j2 + jsj2 + j�j2)2 � j det�;1j � C2(j�0j2 + jsj2 + j�j2)2 (4.11)

for some R such that j�0j2 + jsj2 + j�j2 > R2 and with proper restrictions on the

parameters fs; �g. The properly supported requirement for ellipticity follows from

the fact that it is a classical pseudodi�erential operator with smooth coeÆcients

[25]. The upper limit follows directly from the fact that det�;1 is a polynomial,

homogeneous of order four in (�0; s; �) (see Appendix C), together with the fact

that we can dominate this polynomial by (j�0j2+ jsj2+ j�j2)2 and a proper constant,
for some constant R0 such that j�0j2 + jsj2 + j�j2 > R2

0. To prove the lower limit

we will need a somewhat more subtle method.

The lower limit of (4.11): This is a multi step proof, and a complication arises

since the region in �0; s; � is not conical. First we prove that the determinant is

non-zero on a surface (see �gure 4.1), then we use a scaling argument to extend

this to a bound from below of the form (4.11) for a conical region with the surface

in �gure 4.1 as `bottom surface'. In the last step we extend the obtained result to

the non-conical domain, so as to include �R.

Non-zero determinant of �;1 Let �R = 0, to explicitly show that the

determinant of �;1 in non-zero is diÆcult due to the large number of terms that it

contains (see Appendix C). The scaling argument needs only that the determinant

is non-zero on a surface, here part of a sphere, see �gure 4.1. Thus let jsj2 + j�j2 +
j�Ij2 = R2

e
. In the special case of s! 0, we can estimate the determinant directly.

From Appendix C we �nd

det�;1js=0 =
�
�2I � �I�

�1
33 (��3 + �3�)�� + ��133 �������

�
� ��2I � �I�

�1
33 (�3 + �3)� + ��133 �Æ��Æ

�
: (4.12)

Using the restriction that � and � are self adjoint, together with the estimate

2�I���
�1
33 Re f�3�g � ��11 �2I + �1�

�2
33 ��3�3����� (4.13)
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Figure 4.1: A schematic picture of the surface j�0j2+jsj2+j�Ij2 = R2
e
, j arg sj < �=2.

In particular note that the condition j arg sj < �=2 shrinks the surface away from

a half sphere.

for �1 > 0 and analogously for 2�I�33Re f�3g � gives

j det�;1js=0 �
�
(1� ��12 )j�Ij2 + ��133 �

(�2)

��
����

��
(1� ��11 )j�Ij2 + ��133 "

(�1)

Æ
�Æ�

�
� Ca

�j�Ij2 + j�0j2�2 = CaR
4
e
; (4.14)

where R2
e
= j�Ij2 + j�0j2 and

"
(�1)

��
= ��� � �1��3�

�1
33 �3� and �

(�2)

��
= ��� � �2��3�

�1
33 �3� : (4.15)

Let us choose �1 > 1 so that

0 < 1� ��11 = inf
x0
��133 inf

j�0j=1
"
(�1)

Æ
��Æ : (4.16)

The right-hand side of this equation gives the minimum of the lower eigenvalue

of the matrix "
(�1)

Æ
normalized with �33. There exists an �1 > 1 that ful�ls this

equation since �̂1 > 0, hence the left-hand side of the above expression is positive.

A more detailed treatment can be found in the analogous acoustic case [19]. In the

same way we �nd a �2 > 1 such that

0 < 1� ��12 = inf
x0
��133 inf

j�0j=1
�
(�2)

Æ
��Æ : (4.17)

The constant Ca becomes

Ca = minf1� ��11 ; 1� ��12 g : (4.18)
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For the case where s 6= 0 we use Schwartz' inequality on an inner product. Thus

we introduce the `matrix' norm

jF j2s =
4X

i=1

jFij2 and j�;1js = sup
jF js=1

j�;1F js ; (4.19)

with a corresponding inner product de�ned analogously and denoted by h�; �is.
Both the norm and inner product depend on (x; �0; s; �I; 0). Consider the normal

4 � 4 matrix �
�
;1�;1, for �R = 0, that have eigenvalues �1; : : : ; �4 each with a

variable dependence (x; �0; s; �I; 0). From the de�nition of eigenvalues it follows

that 0 � �i 2 R, where i = 1; : : : ; 4, and we use the convention �4 � � � � � �1.

From the relation

�41 � �4�3�2�1 = det��;1�;1

��
�R=0

= jdet�;1j2�R=0 ; (4.20)

we �nd that it is enough to prove that �1 6= 0. Schwartz' inequality (cf. (3.10))

gives

j�;1F jsjF js � jhF;K�;1F isj : (4.21)

Thus if for �R = 0 and s 6= 0 we can obtain an estimate of the form

jhF;K�;1F isj � CbjF j2s ; (4.22)

where Cb > 0, then from (4.19) and (4.22) it follows that

�
�1=2
1 = j��1;1 js � C�1

b
hence �1 � C2

b : (4.23)

By (4.20) we obtain,

jdet�;1j�R=0 � C4
b
; (4.24)

under some restrictions, to be speci�ed. Now with the explicit form of �;1 we

obtain

hF;K�;1F isj�R=0 = s
�
"��E�E� + ���H�H�

�
+ s�1

�
��133 j(� �E)3j2 + ��133 j(� �H)3j2

�
� 2i�IRe

�
E1H2 �E2H1

	
+ 2i

�
��133 Im

�
(� �E)3��3H�

	
+ ��133 Im

�
��3E�(� �H)3

	�
; (4.25)

where we have used the notation of Proof of Proposition 1, part 1. Since s 6= 0 we

take the real part and obtain

jhF;K�;1F isj�R=0 � Re fsg
�
�̂1j ~Ej2 + �̂1j ~Hj2

�
> CbjF j2s ; (4.26)

if Re fsg > 0 and where

Cb = jsjminf�̂1; �̂1g cos� (4.27)
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and hence positive if j�j = j arg sj < �=2 and s 6= 0. By the above argument, (4.14)

and (4.24) the determinant is non-zero on the surface

R2
e
= j�0j+ jsj2 + j�Ij2 ; j�j < �=2 (4.28)

if Re 6= 0. Hence there exists a lower constant Ce such that

jdet�;1j�R=0 � Ce (4.29)

on this surface.

A scaling argument: To extend the result���det�;1(x; �
0; sr; �; �I; �R)j�R=0

��� � Ce > 0 (4.30)

for j�0j + jsj2 + j�Ij2 = R2
e
and j�j < �=2 to a proper bound from below, we use

a scaling argument. The homogeneity of det�;1 allow us scale to �0; s; �I, to an

arbitrary radius greater then Re and

det�;1(x; �
0; sr; �; �I; 0)

= R�4e (j�0j2 + jsj2 + j�Ij2)2 det�;1(x; ~�0; ~sr; �; ~�I; 0) ; (4.31)

where the ~� variables are normalized to lie on the surface j�0j2 + jsj2 + j�Ij2 = R2
e
.

Thus from (4.30) we have obtained

jdet�;1(x; �
0; sr; �; �I; 0)j � CeR

�4
e (j�0j2 + jsj2 + j�Ij2)2 ; (4.32)

in the conical domain,

�0 2 R
2 ; �I 2 R ; s 2 C and j arg sj < �=2 ; (4.33)

see �gure 4.2.

The case �R 6= 0: To extend the argument above to include the case �R 6= 0

we impose the condition Re fsg > SR. Let �R � � and Re > SR. For large enough

Re, where j�0j2 + jsj2 + j�Ij2 � R2
e
, the worst case for the bound from below of the

determinant is

j det�;1j � CeR
�4
e

�j�0j4 + jsj4 + j�Ij4�� ~C� �
�j�0j3 + jsj3 + j�Ij3� (4.34)

where ~C� is chosen to include the sum of the maximal material parameters in front

of �R. Using the H�older and the Jensen inequalities [10, p.28, Theorem 19] gives

j det�;1j � CeR
�4
e

�j�0j4 + jsj4 + j�Ij4�� ~C��
�j�0j3 + jsj3 + j�Ij3�

� CeR
�4
e

�j�0j4 + jsj4 + j�Ij4 + j�Rj4�� C� �
�j�0j3 + jsj3 + j�Ij3 + j�Rj3�

� CeR
�4
e 4�1jzj4 � C� � jzj3 = 4�1Cejzj3(jzj � 4

C�R
4
e

Ce

�) ; (4.35)
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Figure 4.2: A schematic picture of the conical region in �0; s; �I. Note that the

outer surface can have an arbitrary radius larger then inner radius Re.

where

C� = maxf ~C� ; CeR
�4
e g (4.36)

and

jzj2 = j�0j2 + jsj2 + j�j2 : (4.37)

Comparing with (4.11) we obtain the condition

C1jzj4 � 4�1CeR
�4
e
jzj4 � C� jzj3� : (4.38)

Thus

C1 < 4�1CeR
�4
e

(4.39)

and

jzj2 � R2 � maxfR2
0; R

2
e + �2;

�
C��

4�1CeR
�4
e � C1

�2

g : (4.40)

In particular for �0 2 R2 and fs; �g 2 Q1, the operator is elliptic.

Notice that the combination of Lemma 1.1 for the matrix �;1 with (4.20) and

(4.23) we �nd that for fs; �g 2 Q together with jsj2 + j�0j2 + j�j2 6= 0 that

j det�;1j 6= 0 ; (4.41)

but the implied increase in jsj2 + j�0j2 + j�j2 can not be directly obtained from

this since the domain is not conical. In particular, that (4.41) is true in the region

fs; �g 2 Q1 will be used in the end of the proof of part 1.
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The parametrix of As;�

We know now that the As;� is elliptic in pseudodi�erential sense, hence with pseu-

dodi�erential tools we obtain the inverse in the form of the parametrix. In the

subsequent analysis we are interesting only in the principal part. From Proposi-

tion 1, part 5, we know that the inverse can be eÆciently expressed in terms of E�1
s;�

and di�erent combinations of 2� 2 matrices. Therefore we introduce the notation

â21;1 =

�
(a21;1)22 �(a21;1)12
�(a21;1)21 (a21;1)11

�
; (4.42)

where the outer index is the element of the matrix. From the de�nition it follows

directly that

^̂a21;1 = a21;1 ; (a11;1a21;1)^ = â21;1â11;1 ; (4.43)

(a11;1 + a22;1)^ = â11;1 + â22;1 ; (4.44)

and

â21;1a21;1 = deta21;1I : (4.45)

The principal symbol of the characteristic operator, Es;�, becomes
e;1 = a12;1 � (a11;1 � �)â21;1(a22;1 � �)(deta21;1)

�1 ; (4.46)

and using (4.44) we �nd

ê;1 = â12;1 � (â22;1 � �)a21;1(â11;1 � �)(deta21;1)
�1 ; (4.47)

thus

(det e;1)I = ê;1e;1 : (4.48)

From writing out all terms we �nd that

det�;1 = (det e;1)(deta21;1) ; (4.49)

and this is a polynomial homogeneous of order 4 in �0; s; �. For fs; �g 2 Q1 we have

det�;1 6= 0 (see (4.41)), and since j deta21;1j 6= 0 and that j deta21;1j is bounded
by j�0j2 + jsj2 and a proper constant, and this implies that det e;1 6= 0 and that

the parametrix of Es;� is well de�ned. With those de�nitions we �nd that the

components of the principal symbol of the resolvent r;�1 are (cf. Proposition 1

part 5)

(det�;1)(r;�1)11 = �â21;1(a22;1 � �)ê;1 ;

(r;�1)12 = (deta21;1)
�1
â21;1(I

+ (det�;1)
�1(a22;1 � �)ê;1(a11;1 � �)â21;1) ;

(det�;1)(r;�1)21 = ê;1(deta21;1) ; (4.50)

(det�;1)(r;�1)22 = �ê;1(a11;1 � �)â21;1 :
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Upon integration of the parametrix with respect to �, the element (r;�1)12 has

an unsuitable form, therefore we use the identity ê;1e;1 = I det e;1 and rewrite

(r;�1)12 into

(det�;1)(r;�1)12 = â21;1(ê;1e;1 + (deta21;1)
�1(a22;1 � �)ê;1(a11;1 � �)â21;1)

= â21;1(ê;1a12;1 + (deta21;1)
�1[a22;1; ê;1(a11;1 � �)â21;1]) ; (4.51)

where [�; �] is the standard commutator. The properties of �̂ and since a22;1 com-

mutes with it self and the unit matrix reduces the above expression into

(det�;1)(r;�1)12 =

â21;1(ê;1a12;1 + (deta21;1)
�1[a22;1; â12;1(a11;1 � �)â21;1]) : (4.52)

With the above expression we have obtained the principal part of the symbol of

A�1
s;�

and each term in the matrix has the form

�n

det�;1

;

where n = 0; : : : ; 3. Using an argument of the type [25, pp.44,45 I.5.5] we �nd that

all remaining terms in the symbol expansion have the � dependence

�n
0

(det�;1)m
; (4.53)

where 4m� n0 > 1. Hence we have obtained the � dependence for all terms in the

symbolic expansion of the symbol of A�1
s;�

, and furthermore, we have the principal

part explicitly.

B is a pseudodi�erential with parameter of order 0

To obtain the symbol equivalence to B we integrate the symbol expansion of the re-

solvent with respect to �. To validate this we prove that the integral over each term

in the expansion yields a �nite answer and preferably that the order of the terms

in the expansion after integration remains the same with respect to homogeneity,

i.e., the principal term remains the principal term etc.

As we found in the previous section, each element of the resolvent has the form

�n

(det�;1)m
;

with 4m � n � 1, in particular for the principal term m = 1, n = 0; 1; 2; 3. The

homogeneity of second term of the expansion is 0 and hence for m > 1 we have

4m � n � 0. To evaluate the integral we distinguish between two di�erent cases,

the principal valued integral corresponding to n = 3;m = 1 and the other cases.

To show that the case n = 3, m = 1 yields a �nite integral we use

det�;1 = (�� �+1 )(� � �+2 )(�� ��1 )(� � ��2 ) ; (4.54)
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where the eigenvalues, i.e., the roots of the fourth order polynomial det�;1, are

denoted by ��1 ; �
�
2 where the +(�) indicates that they have positive (negative) real

part. To prove that two of the eigenvalues will have positive real part we consider

the isotropic case. The isotropic det�;1 have the roots (cf. Appendix B)

� = �
p
s2�iso�iso + j�j2 ; (4.55)

i.e., two double roots on each side of the strip jRe f�g j < SR infx0
p
�iso�iso.

The bounded from below estimate in Proposition 1, part 1 shows that for each

anisotropic material with instantaneous response, the area around the imaginary

axis is free from eigenvalues. We introduce a parameter  in the material coeÆ-

cients by

�() = �iso + (�� �iso) (4.56)

and analogously for �(). The bound from below, that is obtained by applying

Lemma 1.1 and Proposition 1, part 1-3, to �;1, and apparent in (4.41), ensures us

that for all  2 [0; 1] the det�
()
;1 is bounded from below and that there are no

eigenvalues on the strip around the imaginary axis, and since the eigenvalues of

a matrix depend pointwise continuously on its coeÆcient [20, pp.107-108, x2.5.1],
the eigenvalues may vary continuously, but not discontinuously on each side of

the imaginary axis. In the case  = 0 there are two eigenvalues on each side, by

counting multiplicity and hence, by the continuity of the eigenvalues, this has to

be the case for all  2 [0; 1] and thus we can let the plus sign denote the two

eigenvalues with positive real part. To evaluate the integral

lim
n!1

Z
n

�n
d�I

�3

det�;1

; (4.57)

we use partial fraction decomposition. Assume initially that there are no equal

roots then

�3

det�;1

=
D1;+

�� �+1
+

D2;+

�� �+2
+

D1;�

�� ��1
+

D2;�

�� ��2
; (4.58)

where all D depended only on ��1;2. Each such fraction is integrated over the

imaginary axis to become

lim
n!1

Z n

�n
d�I

1

�� ��1;2
= lim

n!1
ln(�� ��1;2)

���I=n
�I=�n

= i� sgn(Re
�
�R � ��1;2

	
) = �i� ;

(4.59)

where the branch cut is along the negative imaginary axis and where j�Rj <
jRe���1;2	 j. Concerning the choice of branch cut, observe that the integral above

should be summed over each eigenvalue, thus the branch cut of the logarithm has

to be chosen such that it agrees for all eigenvalues, hence the negative imaginary

axis. Thus

lim
n!1

Z n

�n
d�I

�3

det�;1

= i�(D1;+ +D2;+ �D1;� �D2;�) (4.60)
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for n = 0; : : : ; 3. Here

D1;+ =
(�+1 )

3

(�+1 � �+2 )(�
+
1 � ��1 )(�

+
1 � ��2 )

;

D2;+ =
�(�+2 )3

(�+1 � �+2 )(�
+
2 � ��1 )(�

+
2 � ��2 )

;

D1;� =
(��1 )

3

(�+1 � ��1 )(�
+
2 � ��1 )(�

�
1 � ��2 )

;

D2;� =
�(��2 )3

(�+1 � ��2 )(�
+
2 � ��2 )(�

�
1 � ��2 )

;

and each term is homogeneous of order 0. To show that the sum is bounded from

above we have to eliminate (�+1 � �+2 ) and (��1 � ��2 ) from the denominator. We

�nd that

D1;+ +D2;+ =
�+1 �

+
2 (�

+
1 + �+2 )� ��1 ((�

+
1 )

2 + �+1 �
+
2 + (�+2 )

2)

(�+1 � ��1 )(�
+
1 � ��2 )(�

+
2 � ��1 )(�

+
2 � ��2 )

(4.61)

and

D1;� +D1;� =
��1 �

�
2 (�

�
1 + ��2 )� �+1 ((�

�
1 )

2 + ��1 �
�
2 + (��2 )

2)

(�+1 � ��1 )(�
+
1 � ��2 )(�

+
2 � ��1 )(�

+
2 � ��2 )

; (4.62)

hence the denominator is bounded away from zero by (2�)4, since �R � � , this

follows from the Corollary 1.1 that shows that the strip j�Rj < � is free from

eigenvalues. Hence the integral is bounded.

The case with equal eigenvalues follows similarly. Assume �+2 = �+1 and ��1 6=
��2 then

�3

det�;1

=
D1;+;2

(�� �+1 )
2
+

D1;+;1

�� �+1
+

D1;�

�� ��1
+

D2;�

�� ��2
; (4.63)

where

D1;+;2 =
(�+1 )

3

(�+1 � ��1 )(�
+
1 � ��2 )

;

D1;+;1 =
�+1 �

+
2 (�

+
1 �

+
2 � ��1 �

�
2 ) + (�+1 + �+2 )(�

+
1 + �+2 �

�
1 �

�
2 � (��1 � ��2 )�

+
1 �

+
2 )

(�+1 � ��1 )
2(�+1 � ��2 )

2
:

With the integral

lim
n!1

Z
n

�n
d�I

1

(�� �+1 )
2
= lim

n!1

1

�+1 � �

�����I=n
�I=�n

= 0 (4.64)

and (4.59) we �nd that

lim
n!1

Z n

�n
d�I

�3

det�;1

= i�(D1;+;1 �D1;� �D2;�) ; (4.65)
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and hence, it is bounded from above and homogeneous of order 0. The case where

��1 = ��2 and �+2 6= �+1 is totally analogous.

For the case with two equal eigenvalues we have

�3

det�;1

=
D+;2

(�� �+1 )
2
+

D+;1

�� �+1
+

D�;2

(� � ��1 )
2
+

D�;1

�� ��2
(4.66)

and from (4.59) and (4.64) we �nd that

lim
n!1

Z
n

�n
d�I

�3

det�;1

= i�(D+;1 �D�;1) : (4.67)

Hence we need only to �nd D+;1 and D�;1,

D+;1 =
(�+1 )

2(�+1 � 3��1 )

(�+1 � ��1 )
3

; D�;1 =
(��1 )

2(3�+1 � ��1 )

(�+1 � ��1 )
3

and hence the integral is homogeneous of order 0 and bounded from above since

the denominator is bounded from below. Thus we have shown that for all cases of

roots, the integral with m = 1; n = 3 is well de�ned, and homogeneous of order 0.

Next we have to show that the remaining terms have homogeneous degree +1

compared to the polyhomogeneous expansion of r and hence does not rearrange

the symbol expansion. From the form of the parametrix of As;� we know that

its asymptotic expansion has a � dependence of the form (4.53). Using that the

determinant det�;1 is homogeneous of degree 4 in (�0; s; �), then

In;m(x; �
0; s) =

Z
d�

�n

(det�;1(x; �0; s; �))
m (4.68)

is homogeneous of degree n� 4m+ 1 if 4m� n � 2. To show this, consider

�n�4m+1In;m(x; s; �
0) =

Z
d� �

(��)n

(det�;1(x; ��0; �s; ��))
m (4.69)

=

Z
d~�

~�n�
det�;1(x; ��0; �s; ~�)

�m = In;m(x; ��
0; �s) ;

where we have used that the argument of the integral goes to in�nity and that the

eigenvalues scale with �, implying that the path ~�R = ��=2 is free from eigenvalues

and that it is equivalent to the integration path of ~�R = �=2 since A�1
s;�

is ana-

lytical in � in the resolvent set. This follows since we require that �Re fsg > SR.

Thus In;m is homogeneous of degree n � 4m + 1 in �0; s. Since each term in the

polyhomogeneous expansion of r will have the form of In;m with a coeÆcient, thus

each term of the expansion has homogeneous degree that is one order higher than

the homogeneous degree of each term of r.

Let

jzj2 = j�0j2 + jsj2 :
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To show that each of the integrals In;m is bounded from above, for �xed �0; s such

that z 6= 0 we use the estimate of the lower bound of the determinant,

j det�;1j � C1(j�j2 + jzj2)2 : (4.70)

The principal case 4m� n = 1 is taken care of above see (4.57) and the following

considerations. The case 4m� n > 1 is then estimated as����Z
R

d�I
�n

j det�;1jm
���� � 2C�m1

Z 1

0

d�I
j�jn

(j�j2 + jzj2)2m

= 2C�m1

 Z jzj

0

j�jn
(j�j2 + jzj2)2m d�I +

Z 1

jzj

j�jn
(j�j2 + jzj2)2m d�I

!
: (4.71)

For j�Ij < jzj we use the estimate
j�jn

(j�j2 + jzj2)2m � 1

(jzj2 + j�Rj2)2m�n=2
� 1

jzj4m�n ; (4.72)

and for j�Ij > jzj we use the estimate
j�jn

(j�j2 + jzj2)2 �
1

(j�Rj2 + j�Ij2)2m�n=2 �
1

j�Ij4m�n ; (4.73)

since 4m� n > 1. Hence����Z
R

d�I
�n

j det�;1jm
���� � 2C�m1

 
jzj

jzj4m�n +

Z 1

jzj
j�Ijn�4md�I

!

=
2

Cm
1 jzj4m�n�1

�
4m� n

(4m� n� 1)

� (4.74)

and hence it is bounded from above since jzj > 0 and 4m � n � 1 > 0. Thus we

�nd that the series expansion of r can be integrated with each term of one degree

higher order of homogeneity, and that each term is �nite for jzj2 = jsj2 + j�0j2 > 0.

That is we have shown that, considered as a pseudodi�erential with parameters,

the integral of the symbol of the parametrix of A is a polyhomogeneous expansion

and that each of the terms are �nite. Thus we have a well de�ned polyhomogeneous

expansion of a pseudodi�erential operator with a parameter of homogeneous degree

0 in f�0; sg, the corresponding operator is represented in the usual way through an

oscillatory integral.

One can use the residue theorem to evaluate the integral exactly in terms of

the roots of the equation det�;1 = 0. This is done for arbitrary Im;n, 4m� n > 1

in Appendix C.

4.3 Proof of Proposition 2, part 2

In the isotropic case it is clear that the operator B can be restricted to an unbounded

operator on fL2; (�; �)0g with domain H1 and range in H0 (see Appendix B), where
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we explicitly obtain the principal part of the symbol corresponding to B. To show
that B can be restricted to an operator that acts on the same space and has the

same domain and range in the general case, we observe that each term of the

principal symbol of the splitting matrix has the formZ
d�I

�nI
det�;1

for n = 0; : : : ; 3, as we can choose any j�Rj < � , by analyticity, in particular �R = 0.

From the form of the elements as well as the result that the homogeneity order of

the symbol expansion remains after integration, it is enough to study the principal

symbol to obtain the space. To estimate the �0 of dependence of this integral we

use the estimate (4.11)

j det�;1j � C1(jsj2 + j�j2 + j�0j2)2 ;
that was proved for a positive C1 in part 1 of this proof. Hence for n = 0; 1; 2 we

�nd ���� 1�
Z
R

d�I
�nI

det�;1

���� � C�11 (jsj2 + j�0j2)n=2�3=2 : (4.75)

For the case of n = 3 we obtain���� 1�
Z
R

d�I
�3I

det�;1

���� = ���� 1�
Z 1

0

d�I
�3I (det�;1(x; �

0; s;��I)� det�;1(x; �
0; s; �I)

det(�;1(x; �0; s; �I)) det(�;1(x; �0; s;��I))

����
� C�21 C3(j�0j2 + jsj2)1=2 1

�

Z 1

0

d�I
�4I

(j�Ij2 + jsj2 + j�j2)3 � C�21 C3 ; (4.76)

where we have used that

j(det�;1(x; �
0; s;��I)� det�;1(x; �

0; s; �I)j
� C3j�Ij(j�0j2 + jsj2)1=2(jsj2 + j�Ij2 + j�0j2) ; (4.77)

obtained by inspection of the di�erence.

Using the explicit form of ê;1 we rewrite the principal symbol of A�1s;� into (cf.

Eqs. (4.50))

(det�;1)(r;�1)11 = �â21;1(a22;1 � �)â12;1 + (â11;1 � �) det(a22;1 � �) ;

(det�;1)(r;�1)12 = â21;1((deta21;1)
�1[a22;1; â12;1(a11;1 � �)â21;1]

+ I deta12;1 � (â22;1 � �)a21;1(â11;1 � �)a12;1(deta21;1)
�1) ;

(det�;1)(r;�1)21 = ê;1(deta21;1) ;

(det�;1)(r;�1)22 = �â12;1(a11;1 � �)â21;1 + (â22;1 � �) det(a11;1 � �) :

To identify the domain we have to �nd the order of �0 in each element, and if the

operator had been without parameter s this would have followed by the order of

homogeneity, but several terms have combinations of the form

s�1�1�2 ;
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that work onH2 but is masked by the appearance of s�1. Thus we want to separate

the behavior jsj2 + j�0j2 and jsj�1 terms. To do this we introduce an operator 


that yields the power of the dominating polynomial for all elements in terms of

(jsj2 + j�0j2)1=2 and with the proper �xed constant, independent of �0; s. To show

the notation consider


(sâ21;1) = 
(s

�
(a21;1)22 �(a21;1)12
�(a21;1)21 (a21;1)11

�
) = 2 ; (4.78)

thus each of the elements s(a21;1)�� can be bounded from above by (jsj2+j�0j2) and
a proper constant. We are interested of the domain of B where the corresponding

principal symbol is the integral with respect of �I of r;�1, hence we note from the

results of (4.75) and (4.76) that each � can be counted as one power of (jsj2 +
j�0j2)1=2. Furthermore, (det�;1)

�1 can be seen to have the power �3 in (jsj2 +
j�0j2)1=2 after integration. Thus we extend 
 to also include the highest power of

�. The shortest expression is for the term (2,1) where we �nd


(sê;1 deta21;1) = 4 ;

since

deta21;1 = s2 det(") + ��133 "������

and hence, with the (det�;1)
�1 term integrated, we obtain


(s(b;0)21) = 1 ;

where b;0 is the principal symbol of B and thus that it contains one derivative, and

acts on (H1)2. The additional s does not a�ect the order of spatial derivative, that

is the order of �0. To �nd the corresponding order of the remaining terms we have

to evaluate the matrix multiplications. Starting with the (1; 1) position we have


((â11;1 � �) det(a22;1 � �)) = 3

and furthermore,


(â21;1(a22;1 � �)â12;1) = 3 ;

since

â21;1(a22;1 � �)â12;1 = s

�
"11 �"12
�"21 "22

�
(a22;1 � �)â21;1 +

(s�33)
�1
�
�22 �1�2
�1�2 �21

�
(a22;1 � �)s

�
�22 �21
�12 �11

�
; (4.79)

the remaining terms vanish. Hence after integration we obtain


((b;0)11) = 0 :
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Analogously we have for the (2; 2) elements


((b;0)22) = 0 :

For the (2; 1) element we observe that some of the terms appear in a very similar

form in the two expressions calculated earlier. Thus we have


((â22;1 � �)a21;1(â11;1 � �)a12;1(deta21;1)
�1) = 2 ;

where the last three matrixes are the �̂ of the �rst term of (2; 2) and gives the

order 3, the determinant �2 and the �rst term 1. In addition 
(sâ21;1) = 2.

Furthermore, we have that


(sâ21;1 deta21;1) = 4 :

Thus after integration we �nd


(s(b;0)12) = 1 ;

and hence


(sb;0) = 1 ;

that is (jsj2+j�0j2)1=2 dominates each of the elements of sb;0, thus B has a restriction

that is acting on the domain H1, and a range within H0 exactly as in the isotropic

case, and is an unbounded operator on fL2; (�; �)0g. Thus each element of B has

of most one spatial derivative and thus we can consider restrictions of B to any

combinations of domain and range such that

B(Hq) = Bj
q
(Hq) �Hq�1 ; (4.80)

where q = 1; 2; : : : .

4.4 Proof of Proposition 2, parts 3 and 4

That B and A commutes in the sense that (cf. (4.5))

ÆB ÆA =
ÆA ÆB ; (4.81)

on the domain (C1)4 follows directly form the fact that the resolvent commutes

with
ÆA and that

ÆA commutes in the week sense with the integral over �I that is

used to de�ne B.
In the proof of

ÆB2 = I the resolvent equation, the reection in the circle de-

scribed by [4, xVII.9, p.600] together with the analyticity of the resolvent with

respect to � provide the fundamental pieces.

All steps in this proof are totally analogous to the acoustic case Proposition 2,

part 3 and 4, with the corresponding spaces. We will therefore not repeat the proof

but refer to [19].
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4.5 Proof of Proposition 2, part 5

 is a scalar, �nd all (;
ÆL) such that

ÆB ÆL� = 
ÆL� ; (4.82)

where
ÆL� is a block-vector of scalar operators. To solve this eigenvalue-like prob-

lem, we use that
ÆB is an involution, that is

ÆB11
ÆB12 +

ÆB12
ÆB22 = 0 ; (4.83)

ÆB211 +
ÆB12

ÆB21 = I : (4.84)

Writing (4.82) explicitly on 2� 2 block level gives

ÆB11
ÆL�1 +

ÆB12
ÆL�2 = 

ÆL�1 ; (4.85)
ÆB21

ÆL�1 +
ÆB22

ÆL�2 = 
ÆL�2 : (4.86)

and collecting terms gives

ÆB12
ÆL�2 = (I � ÆB11)

ÆL�1 ; (4.87)
ÆB21

ÆL�1 = (I � ÆB22)
ÆL�2 : (4.88)

Let (
ÆB11 + I) act on (4.87) and use (4.83). Then

(2I � ÆB2

11)
ÆL�1 = (

ÆB11 + I)
ÆB12

ÆL�2

=
ÆB12(I �

ÆB22)
ÆL�2 ;

(4.89)

and analogously let
ÆB12 act on (4.88) and use (4.84), then

ÆB12(I �
ÆB22)

ÆL�2 =
ÆB12

ÆB21
ÆL�1

= (I � ÆB211)
ÆL�1 :

(4.90)

Substituting (4.89) into (4.90) gives after simpli�cation

(I � 2I)
ÆL�1 = 0 : (4.91)

Thus  = �1 and the corresponding eigenvectors are obtained by solving the

following linear system

(�I � ÆB11)
ÆL�1 =

ÆB12
ÆL�2 ; (4.92)

(�I � ÆB22)
ÆL�2 =

ÆB21
ÆL�1 : (4.93)

Rewrite (4.84) into

(�I � ÆB11)(�I +
ÆB11) =

ÆB12
ÆB21 : (4.94)
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Comparison with (4.92) gives that the generalized eigenvectors have the form

ÆL� =

 
�I + ÆB11

ÆB21

!
ÆN� (4.95)

for arbitrary normalization operators
ÆN�.

The condition (
ÆB)2 = I imposes, in addition to (4.83) and (4.84) the conditions

ÆB21
ÆB11 +

ÆB22
ÆB21 = 0 ; (4.96)

ÆB21
ÆB12 +

ÆB222 = I : (4.97)

Using (4.92), it follows that

(
ÆL�)0 =

 
ÆB12

�I + ÆB22

!
(
ÆN�)0 ; (4.98)

which is related to (4.95) by the normalizations (
ÆN�)0 = (�I � ÆB22)(

ÆN�)00 and
ÆN� =

ÆB12(
ÆN�)00, hence

ÆL� and (
ÆL�)0 di�er only by a normalization.

4.6 Proof of Proposition 2, part 6

That
ÆB is one-to-one follows directly from the fact that

ÆB is an involution, since

for any F 2 (C1)4 it follows that

ÆBF = 0) F =
ÆB0 = 0 : (4.99)

Hence the null space of
ÆB contains only 0 and thus

ÆB is one-to-one. For the choice

F = (F1; 0) it follows that if

ÆBF =

 
ÆB11F1
ÆB21F1

!
= 0 ; (4.100)

then, since
ÆB is one-to-one,

ÆB21 is either trivial or one-to-one, and since the symbol
of

ÆB21 is non-trivial, it follows that
ÆB21 is non-trivial and hence one-to-one, and

thus invertible on its range.

4.7 Proof of Proposition 2, part 7

Upon substituting (Bj
q+1)11 and (Bj

q+1)21 in the place of
ÆB11 and

ÆB21 in (4.95),

the generalized eigenvector, together with the extension of
ÆN� to an bounded

invertible operator N� : (Hq)2 ! (Hq)2 we obtain a generalization of
ÆL� to L�j

q
:

(Hq)2 ! Hq�1, where the limitations of the space follows from the domain of

Bj
q�1.
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5 Directional decomposition

Now we have collected enough information to proceed and answer the initial ques-

tion about the existence of fL;Vg, i.e., the decomposition of A. Most of the proof

refers to the restricted space (C1)4, but in the end we extend the results to the

general case.

With the de�nition of the splitting matrix in Proposition 2, in particular the

commutation of the splitting matrix and the electromagnetic system's matrix (see

Proposition 2, part 3), we introduce the splitting matrix by the following proposi-

tion.

Proposition 3. The equation

A Lj3 = Lj1 V ;

has a solution where the columns of Lj
q
are the generalized eigenvectors L�j

q
to

Bj
q�1 for q = 1; 3 and where V is a block diagonal matrix with the elements S�,

representing a generalization of the vertical wave number and where S� : (H3)2 !
(H1)2 and

S� = (Nj1)�1((Bj1)21)�1 (A21(�I � (Bj3)11) +A22(Bj3)21) Nj3 ; (5.1)

where Nj
q
= N+j

q
= N�j

q
, q = 1; 3.

Remark 3.1. If one considers the equation
ÆA ÆL� =

ÆL� ÆS� with the particular

normalization
ÆN� =

ÆB�121 , with

ÆZ� = (�I + ÆB11)
ÆB�121 ; (5.2)

then, upon eliminating
ÆS�, one �nds that establishing the decomposition is equiv-

alent to solving the equation

ÆZ� ÆA21

ÆZ� +
ÆZ� ÆA22 �

ÆA11

ÆZ� � ÆA12 = 0 ; (5.3)

i.e., an algebraic Riccati operator equation. As
ÆL� solves the decomposition problem

we have the fact that
ÆZ� solves the associated algebraic Riccati operator equation.

The map
ÆZ� is denoted the impedance mapping. Note that one can obtain a cor-

responding admittance mapping, (
ÆZ�)�1, that solves the algebraic Riccati operator

equation that is obtained by shifting the index, i.e., 11 ! 22 and 12 ! 21 etc. in

the above equation.

5.1 Proof of Proposition 3

To show that L�j
q
decomposes A, we begin with the proof on (C1)4. By Propo-

sition 2, part 3 and 5 we have

ÆB ÆA ÆL� =
ÆA ÆB ÆL� = � ÆA ÆL� : (5.4)
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Let H� =
ÆA ÆL�, then by (5.4)

ÆBH� = �H� ; (5.5)

but from Proposition 2, part 5 we know that for some arbitrary normalization

operator, sayM�, it follows that

H� =

 
�I + ÆB11

ÆB21

!
M� =

ÆL� ÆS� ; (5.6)

by the choice of normalization operator M� =
ÆN�

ÆS�, for some particular
ÆS�.

From the de�nition of H�, we get

ÆA ÆL� = H� =
ÆL� ÆS� : (5.7)

Hence
ÆL� are generalized eigenvectors of

ÆA with generalized eigenvectors
ÆS� of

2�2 matrices of scalar operators. To obtain an explicit expression for
ÆS�, consider

(5.7) explicitly

(
ÆA11(�I +

ÆB11) +
ÆA12

ÆB21)
ÆN� = (�I + ÆB11)

ÆN� ÆS� ; (5.8)

(
ÆA21(�I +

ÆB11) +
ÆA22

ÆB21)
ÆN� =

ÆB21
ÆN� ÆS� : (5.9)

From (5.9) we obtain that the range of the left and right hand sides have to agree,

thus the left hand side is within the range of
ÆB21 and hence the inverse is de�ned

on this range and thus

ÆS� = (
ÆN�)�1(

ÆB21)
�1(

ÆA21(�I +
ÆB11) +

ÆA22

ÆB21)
ÆN� ; (5.10)

is well de�ned and it also is the generalized eigenvalue to A. To see that (5.8) gives
the same result, we use two of the equations implied by the commutation of

ÆA and
ÆB, viz.

ÆA11

ÆB11 +
ÆA12

ÆB21 =
ÆB11

ÆA11 +
ÆB12

ÆA21 ; (5.11)
ÆA21

ÆB11 +
ÆA22

ÆB21 =
ÆB21

ÆA11 +
ÆB22

ÆA21 : (5.12)

We rewrite (5.8) and apply (5.11) to obtain

(� ÆA11 +
ÆA11

ÆB11 +
ÆA12

ÆB21)
ÆN� = ((�I + ÆB11)

ÆA11 +
ÆB12

ÆA21)
ÆN�

= (�I + ÆB11)
ÆN� ÆS� :

(5.13)

Applying �I � ÆB11 to both sides and using (4.83) and (4.84) gives

((I � ÆB2

11)
ÆA11 + (�I � ÆB11)

ÆB12
ÆA21)

ÆN� = (I � ÆB211)
ÆN� ÆS� , (5.14)

ÆB12(�
ÆA21 +

ÆB21
ÆA11 +

ÆB22
ÆA21)

ÆN� =
ÆB12

ÆB21
ÆN� ÆS� ; (5.15)
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and using (5.12) gives

ÆB12(
ÆA21(�I +

ÆB11) +
ÆA22

ÆB21)
ÆN� =

ÆB12
ÆB21

ÆN� ÆS� ; (5.16)

and hence an equation for
ÆS� that is equivalent to (5.9). Thus we have shown that

the two expressions (5.8) and (5.9) are equivalent and that (5.10) is the solution

to both.

The identity (5.7) is valid for all functions on (C1)2, both
ÆA and

ÆL�, by ÆB,
have extensions up to larger spaces, see Proposition 2, parts 2 and 7. The operator
ÆS�, the corresponding generalized eigenvector can also be extended. Before we lift
this equation to the general one, we introduce the matrix operators

ÆV =

 
ÆS+ 0

0
ÆS�

!
and

ÆL =

 
I +

ÆB11 �I + ÆB11
ÆB21

ÆB21

!
ÆN ; (5.17)

where we have made the choice
ÆN =

ÆN+ =
ÆN�. With the introduced notation,

(5.7) becomes
ÆA ÆL =

ÆL ÆV ; (5.18)

and furthermore, and we may rewrite this equation into

A ÆL = Lj1
ÆV ; (5.19)

where by the de�nition of Bj
q
we know that Lj

q
is well de�ned, the choice of Lj1

follows since Lj1 : H1 ! H0. To extend to a larger space, let fFng1n=1 � (C1)4

be a Cauchy sequence. Then for �xed � > 0 and large enough n we have

kA ÆLFn �A Lj3 Fnk0 � � ; (5.20)

as long as limn!1 Fn = F0 2 D(Lj3) = H3. Let

A Lj3 F0 = G : (5.21)

Subtracting (5.21) from (5.19) and using (5.20) we obtain that for large enough n

� � kA ÆLFn �A Lj3 F0k0 = k Lj1
ÆVFn �Gk0 ; (5.22)

thus the limit of the right hand side exists, that is there exists an extension of

Lj1
ÆV .
Due to the requirement of equal domains of the extensions of Lj1

ÆV and A Lj3
we �nd that

G = Lj1 Vj3 F0 ; (5.23)

where the elements of Vj3, S� have the form

S� = (Nj1)�1((Bj1)21)�1(A21(�I + (Bj3)11) +A22(Bj3)21) Nj3 (5.24)

and S� : (H3)2 ! (H1)2. Thus on H3 we have obtained

A Lj3 = Lj1 Vj3 : (5.25)
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6 Discussion of the result

By applying functional analysis to the classical problem of decomposition of the

wave �eld for the electromagnetic system's matrix we have been able to extend

the wave-splitting procedure to a anisotropic media whose properties vary with all

three spatial coordinates. The analysis of the spectrum gives a strip around the

imaginary axis that is free from the spectrum and hence we can de�ne a resolvent

integral whose integral contour lies in this strip. Since we consider an unbounded

non-self-adjoint operator, the classical theory of spectral reduction is not applicable,

but the resolvent integral for that particular strip can be de�ned. To prove that

it is well de�ned we apply the elliptic theory of pseudodi�erential operators with

parameters, and through the classical connection with an oscillatory integral the

splitting matrix is well de�ned.

An interesting property of the splitting matrix is that we can construct its gen-

eralized eigenvectors of operators corresponding to the eigenvalues �1: we have

shown that since the splitting matrix commutes with the electromagnetic system's

matrix these generalized eigenvectors will be generalized eigenvectors to the elec-

tromagnetic system's matrix and will hence generate a corresponding generalized

eigenvalue (a 2� 2 matrix operator). This is the electromagnetic generalization of

the vertical wave number obtained in the linear acoustic case. One of the more

interesting features of this decomposition is that we have constructed the composi-

tion operator without having to invert any of the elements of the splitting matrix:

the construction relies in the electromagnetic case more heavily on the fact that the

splitting matrix is an involution than in the corresponding acoustic case. The re-

moval of the inverse of an element in the splitting matrix from the splitting process,

is not complete, it remains in the one-way equation obtained after the splitting,

even though we have been able to remove it from the composition operator. From

the computational view this is an advantage, as it reduces the number of operations

needed to obtain the one-way equations.

The generalized eigenvectors to the splitting matrix generate the composition

matrix that decomposes the electromagnetic system's matrix.

Using a classical approach to the composition of the operator we obtain the

algebraic Riccati equation, and by the construction of the decomposition we have

obtained a solution of this operator in terms of the elements of the resolvent equa-

tion.

Once we have obtained the wave decomposition, we can proceed and use the

representation directly to study direct problems or by applying the generalized

Bremmer coupling series to study direct and inverse scattering problems [9,14,26].
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Appendix

A Detailed derivation of A

Given the normalized Maxwell equations (2.4) in a medium with the constitutive

relations (2.2), we have (Eq. (2.5))

s�H +r�E = Ke ;

�s�E +r�H = Je :

and the vertical components become (Eq. (2.6))

s�33H3 = �s�3�H� � (r�E)3 +Ke
3 ;

s�33E3 = �s�3�E� + (r�H)3 � Je3 ;

where the notation is introduced after (2.6). The remaining equations of (2.3) are

(Eq. (2.8))

s���H� + s��3H3 + (r�E)� = Ke
�
;

�s���E� � ��3E3 + (r�H)� = Je� ;

and using (2.6) gives

s���H� + ��3�
�1
33 (�s�3�H� � (r�E)3 +Ke

3) + (r�E)� = Ke
� ;

�s���E� � ��3�
�1
33 (�s�3�E� + (r�H)3 � Je3) + (r�H)� = Je� :

(A.1)

Introducing the notation

"�� = ��� � ��3�
�1
33 �3� ;

��� = ��� � ��3�
�1
33 �3� ;

(A.2)

into (A.1) gives

s���H� � ��3�
�1
33 (r�E)3 + (r�E)� = Ke

�
� ��3�

�1
33 K

e
3 ;

�s"��E� � ��3�
�1
33 (r�H)3 + (r�H)� = Je� � ��3�

�1
33 J

e
3 :

(A.3)

The transverse components of r�E and r�H are explicitly

(r�E)1 = @2E3 � @3E2 ;

(r�E)2 = @3E1 � @1E3 ;

(r�H)1 = @2H3 � @3H2 ;

(r�H)2 = @3H1 � @1H3 :

(A.4)

Using (2.6) to replace the vertical components of the �eld gives

(r�E)1 = �@3E2 � @2�
�1
33 �3�E� + s�1@2�

�1
33 (@1H2 � @2H1)� s�1@2�

�1
33 J

e
3 ;

(r�E)2 = @3E1 + @1�
�1
33 �3�E� � s�1@1�

�1
33 (@1H2 � @2H1) + s�1@1�

�1
33 J

e
3 ;

(r�H)1 = �@3H2 � @2�
�1
33 �3�H� � s�1@2�

�1
33 (@1E2 � @2E1) + s�1@2�

�1
33 K

e
3 ;

(r�H)2 = @3H1 + @1�
�1
33 �3�H� + s�1@1�

�1
33 (@1E2 � @2E1)� s�1@1�

�1
33 K

e
3 :



B. L. G. Jonsson 125

Inserting the above relations into (A.3) and collecting similar terms gives

s�2�H� � �23�
�1
33 (@1E2 � @2E1) + @3E1 + @1�

�1
33 �3�E�

� s�1@1�
�1
33 (@1H2 � @2H1) = Ke

2 � �23�
�1
33 K

e
3 � s�1@1�

�1
33 J

e
3 ; (A.5)

s�1�H� � �13�
�1
33 (@1E2 � @2E1)� @3E2 � @2�

�1
33 �3�E�

+ s�1@2�
�1
33 (@1H2 � @2H1) = Ke

1 � �13�
�1
33 K

e
3 + s�1@2�

�1
33 J

e
3 ; (A.6)

s"1�E� + �13�
�1
33 (@1H2 � @2H1) + @3H2 + @2�

�1
33 �3�H�

+ s�1@2�
�1
33 (@1E2 � @2E1) = �Je1 + �13�

�1
33 J

e
3 + s�1@2�

�1
33 K

e
3 ; (A.7)

� s"2�E� � �23�
�1
33 (@1H2 � @2H1) + @3H1 + @1�

�1
33 �3�H�

+ s�1@1�
�1
33 (@1E2 � @2E1) = Je2 � �23�

�1
33 J

e
3 + s�1@1�

�1
33 K

e
3 : (A.8)

Separating the derivatives in the vertical direction from the remaining terms gives

(I@3 +A)F = N ; (A.9)

in which the elements of the electromagnetic �eld matrix, F , are given by

F1 = E1 ; F2 = �E2 and F3 = H2 ; F4 = H1 : (A.10)

To simplify some of the following calculations we introduce the notation

~E = (E1;�E2)
T and ~H = (H2; H1)

T : (A.11)

The electromagnetic system's matrix, A, is given by

A11 = ��133

�
�23@2 �23@1
�13@2 �13@1

�
+

�
@1�31 �@1�32

�@2�31 @2�32

�
��133 ;

A12 = s

�
�22 �21
�12 �11

�
� s�1

�
@1�

�1
33 @1 �@1��133 @2

�@2��133 @1 @2�
�1
33 @2

�
;

A21 = s

�
"11 �"12

�"21 "22

�
� s�1

�
@2�

�1
33 @2 @2�

�1
33 @1

@1�
�1
33 @2 @1�

�1
33 @1

�
;

A22 =

�
@2�32 @2�31
@1�32 @1�31

�
��133 + ��133

�
�13@1 ��13@2

��23@1 �23@2

�
;

and the elements of the source terms

N1 = Ke
2 � �23�

�1
33 K

e
3 � s�1@1�

�1
33 J

e
3 ;

N2 = Ke
1 � �13�

�1
33 K

e
3 + s�1@2�

�1
33 J

e
3 ;

N3 = �Je1 + �13�
�1
33 J

e
3 + s�1@2�

�1
33 K

e
3 ;

N4 = Je2 � �23�
�1
33 J

e
3 + s�1@1�

�1
33 K

e
3 :

(A.12)

In particular note that with respect to the inner product in L2 we have

A�11 = �A22 : (A.13)
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B The isotropic homogeneous case

We consider the normalized Maxwell equations (2.4) for isotropic homogeneous

media, i.e., we assume the constitutive relations

B = �H ;

D = �E ;
(B.1)

where �, the permeability, and �, the permittivity, are both scalars and independent

of space and time. The electromagnetic wave �eld satisfy Maxwell equations

�@tH +r�E = Ke ;

��@tE +r�H = Je :
(B.2)

Using the derivation in Appendix A we obtain that the electromagnetic system's

matrix in the homogeneous isotropic case becomes

A11 = 0 ;

A12 = s�I � s�1��1
�

@1@1 @1@2
@2@1 @2@2

�
;

A21 = s�I � s�1��1
�

@2@2 �@2@1
�@1@2 @1@1

�
;

A22 = 0 :

(B.3)

Applying the fourier transform in space, and using that the coeÆcients are constant,

gives the spectrum as the set of �(�0) such that det(a(�0; s)� �) = 0 or

(s2��+ j�0j2 � �2)2 = 0 ) � = �
p
s2��+ j�0j2 : (B.4)

Note that for j�j < �=2 and sr > 0 we have �R > 0. Hence the spectrum separates

into two parts. The inverse of �;1 = a� �I is

r;�1 = (�;1(�
0; s; �))�1 = �;1(�

0; s;��)(s2��+ j�0j2 � �2)�1 : (B.5)

The splitting matrix de�ned as

b;0 =
1

�i

Z
�R=0

�
�1
;1 ; (B.6)

has two parts, one is proportional to

1

�i

Z
�R=0

d�

(s2��+ j�0j2 � �2)
=

1p
s2��+ j�0j2 (B.7)

and the second part is

1

�i

Z
�R=0

�d�

(s2��+ j�0j2 � �2)
= 0 ; (B.8)
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as a principal value. Thus

b;0(�
0; s) =

�
0 z

z
�1 0

�
: (B.9)

We note the expected property that b2;0 = I . Since the material is homogeneous

we �nd that

B = F�1b;0 : (B.10)

Note, the property (a12(�
0; s))�1 = a21(�

0; s)=(s2��+ j�0j2) and that

z =
1p

s2��+ j�0j2a12(�
0; s) : (B.11)

Hence, the symbol corresponding to L� becomes

l
� =

��I
z
�1

�
n
� ; (B.12)

for some normalization n�. The corresponding generalized eigenvalue to A has the

symbol representation

s
� = �n�1za21n = �n�1 1p

s2��+ j�0j2a12(�
0; s)a21n

= �
p
s2��+ j�0j2I : (B.13)

Consider the generalized matrix eigenvalue problem

a

��I
z
�1

�
=

��I
z
�1

�
s
� : (B.14)

By eliminating s� we obtain (B.11) with the corresponding generalized eigenvalue

(B.13), hence the method of direct elimination agrees with the general procedure

described in this paper. The inverse Fourier transform of (B.12) and (B.13) gives

the composition operator and the corresponding generalized eigenvalue ore vertical

wave number.

C The determinant of �;1

C.1 The total determinant

The full anisotropic determinant becomes

det�;1 =
�
�2 � 2i��133 Re f�3�g ���� �������

� �
�2 � 2i��133 Re f�3g ��

� �Æ��Æ
�
+ s4 det " det � + s2

�
�2("12�12 � "22�11 � "11�22 + "21�21)

+"�������
�1
33 det�+ ��������

�1
33 det �

�2(�33�33)�1Re f(�3� � "��)3(�3� � ���)3����g
�2i� (Re f((��3 � ��:)3 � ":�)3��g+Re f((��3 � "�:)3 � �:�)3��g)] ; (C.1)
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where

(�3� � "��)3 = �31"�2 � �32"�1 (C.2)

and

((��3 � ��:)3 � ":�)3 = �13�21"2� � �23�11"2� � �13�22"1� + �23�12"1� : (C.3)

and analogously for the remaining simular terms. Notice that for �R = 0 this is a

second order polynomial in s2 with real coeÆcients.

C.2 Integration using residue calculus for the Im;n

To calculate each of the integrals In;m we use the residue theorem. The case with

4m � n = 1 exists only for m = 1; n = 3 due to the homogeneous decreasing

degree of the polyhomogeneous expansion of r and is the principal integral and is

calculated in Proposition 2, part 1. For the remaining terms we use the result

lim
j�j!1

���� �n+1

(det�;1)
m

���� � lim
j�j!1

j�j�1 = 0 : (C.4)

This follows directly from the homogeneity of det�;1 and that 4m � n � 1 > 0.

Thus

1

2�

Z 1

�1
d�I

�n

(det�;1)m
= �Res

�
�n

(det�;1)m
;�+1

�
�Res

�
�n

(det�;1)m
;�+2

�
;

where the roots of the fourth order polynomial det�;1 are denoted by ��1 and ��2 ,

as above. In the evaluation of the integral we have to consider the possibility that

�+1 = �+2 .

Using the binomial theorem and the fact that

(m� 1)!

(1� y)m
=

dm�1(1� y)�1

dym�1
=

1X
j=0

(m+ j � 1)!

j!
yj ; (C.5)

is valid for jyj < 1 and m 2 f1; 2; 3; : : :g, we obtain

�n

(det�;1)m
=

nX
p=0

�
n

p

�
(�� �+1 )

p(�+1 )
n�p

(�� �+1 )
m(�� �+2 )

m(�� ��1 )
m(�� ��2 )

m

=

nX
p=0

�
n

p

�
(�+1 )

n�p

(�� �+1 )
m

1

((m� 1)!)3

1X
j1;j2;j3=0

(�1)j1+j2+j3
j1!j2!j3!

(C.6)

� (m+ j1 � 1)!(m+ j2 � 1)!(m+ j3 � 1)!

(�+1 � �+2 )
j1+m(�+1 � ��1 )

j2+m(�+1 � ��2 )
j3+m

(�� �+1 )
p+j1+j2+j3 ;

where ���� �� �+1
�+1 � ��2

���� < 1 and

���� �� �+1
�+1 � ��1

���� < 1 : (C.7)
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Here we assume that �+1 6= �+2 , (see below for the case �+1 = �+2 ). The residue at

�+1 is the coeÆcient of the sum such that j1 + j2 + j3 = m� p� 1. Thus

Res

�
�n

(det�;1)m
;�+1

�
=

nX
p=0

�
n

p

�
(�+1 )

n�p

((m� 1)!)3

X
j1+j2+j3=m�p�1

ji�0

(�1)j1+j2+j3
j1!j2!j3!

�

(m+ j1 � 1)!(m+ j2 � 1)!(m+ j3 � 1)!

(�+1 � �+2 )
j1+m(�+1 � ��1 )

j2+m(�+1 � ��2 )
j3+m

:

An analogous result is obtained for the root �+2 . Observe that the term (�+1 �
�+2 )

�j1�m, is not bounded, but from Proposition 2, part 1 we know that the integral

is bounded, and hence this can be removed by eliminating common factors in the

sum of the two residues, similarly to (4.61) and (4.62).

For the particular case of �+1 = �+2 we obtain that the two residue collapse to

one and it becomes

Res

�
�n

(det�;1)m
;�+1

�
=

nX
p=0

�
n

p

�
(�+1 )

n�p

((m� 1)!)2

�
X

j1+j2=2m�p�1
ji�0

(�1)j1+j2(m+ j1 � 1)!(m+ j2 � 1)!

j1!j2!(�
+
1 � ��1 )

j1+m(�+1 � ��2 )
j2+m

: (C.8)
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Abstract

Time-reversal is used to steer an acoustic wave �eld towards a desired state. The

wave �eld is controlled by transducers at the controllable part of the boundary. The

time-reversal cavity and time-reversal mirror cases are analyzed. In the cavity case,

the transducers generate a locally plane wave through a perforated acoustically-

hard boundary. It is shown that the time-reversal approach can be used to steer

the �eld towards an arbitrary �nal con�guration if the �eld energy decays locally.

It is also shown that the time-reversal algorithm minimizes the least-square error

for �nite times when the data are obtained from measurements.

For the half space geometry, a homogeneous region is considered. For this case

the analytic expression for the time-reversal algorithm is given. The response is

expressed as a generalized function. It is shown that the present procedure does

not have the same degree of steering as the cavity case, i.e., even if the energy

decays locally, the reconstruction is not be perfect. We show that a time-reversal

algorithm can be used to minimize the least-square error for in�nite times.
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1 Introduction

Time-reversal cavities and time-reversal mirrors are used to steer an acoustic wave

�eld towards a desired �nal con�guration. In this paper, the time-reversal approach

is analyzed from a boundary control perspective. The boundary of the region is

divided into a controllable and an uncontrollable part. At the controllable part

of the boundary, transducers are used to induce the acoustic �eld into the region.

A linear combination of the pressure and the normal component of the particle

velocity are hence prescribed at the controllable surface. The uncontrollable part of

the boundary is typically acoustically hard, but we also consider general boundary

conditions for this surface.

We focus on two di�erent geometries, the cavity and the half space. The cavity

is a bounded region with a perforated acoustically-hard boundary. The wave �eld

is controlled through the boundary by the transducers. It is shown that time

reversal can be used to steer the �eld towards an arbitrary �nal con�guration if

the �eld energy decays locally. It is also shown that the time-reversal algorithm

minimizes the least-squares error for �nite times when the data are obtained from

measurements.

For the half-space geometry we analyze the time-reversal approach to boundary

control for a homogeneous medium. Furthermore, use the approximation that we

can control the whole boundary. We �nd that the present method can not be used

to steer the wave �eld towards an arbitrary con�guration. This is expected as the

time-reversal mirror excludes evanescent waves and only accesses the medium from

the half-space boundary. Whether the time-reversal mirror is an optimal boundary

control algorithm or not, is a question for further research. One feature of the

procedure is that it naturally removes the evanescent part of the wave �eld.

Both the time-reversal mirror and time-reversal cavity have been extensively

studied by M. Fink et al., see e.g., Refs [9{11]. An analysis of the super resolving

property of the time-reversal mirror is presented in [3]. Iterative use of time reversal

in inverse scattering is discussed in Refs [6, 7]. The areas of applications include

medical imaging, lithotripsy and non-destructive testing [10].

The present paper begins with a short discussion of the boundary control of

acoustic wave �elds. Transducers are introduced and their restrictions on the

boundary conditions are analyzed. In Section 3, the dual �eld is introduced as

the solution to a model problem and the least-squares error is reformulated into a

boundary form. In Section 4, the cavity geometry is analyzed and we consider both

a simulated model problem where the material parameters are known in the region

and a problem where the outgoing component of the scattered �eld is measured

from a region with unknown material parameters. In Section 5, the local energy

decay of acoustic wave �elds, in the form of [1], and its application to the present

cases are discussed. In Section 6, we state two di�erent approaches to time rever-

sal. Furthermore, for one of them we calculate analytically the response for the

homogeneous half space. A veri�cation process to validate the obtained generalized

function in limits is presented. In Section 7, the paraxial approximation is con-

sidered and in Section 8 the obtained results are discussed. Appendix A contains

some integral calculations that are used for the validation process in Section 6.
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2 Boundary control problem

We consider an acoustic wave �eld in the region 
 2 R3 with boundary @
. At the

surface �t � @
 we have a set of transducers. The transducers are used to steer

the acoustic wave �eld in the region towards the �nal state pT (x) and vT (x) at

time t = T . The �nal state is assumed to be square integrable. The acoustic wave

�eld is represented by the pressure p = p(x; t) and the particle velocity v = v(x; t).

They satisfy the source-free acoustic wave equation(
�(x)@tp+r � v = 0

�(x)@tv + rp = 0
for x 2 
 and t > 0; (2.1)

where the compressibility �(x) and the density �(x) model the interaction between

the acoustic wave �eld and the material. It is assumed that material parameters

� and � belong to L1(
). The transducers are quiescent before time t = 0, this

gives the initial values

p(x; 0) = 0 and v(x; 0) = 0 for x 2 
 : (2.2)

The boundary conditions to (2.1) are speci�ed in Section 2.1, and the boundary,

@
, is piecewise C1, thus the normal to the boundary is well de�ned. In the above

equation we use an `energy scaling' of the �eld and the parameters, see Ref. [13, p.

37]. The least-squares functional

J =
1

2

Z



�(x)jp(x; T )� pT (x)j2 + �(x)jv(x; T )� vT (x)j2 dV ; (2.3)

is used to determine the error between the state of the acoustic wave �eld and the

desired state at the �nal time t = T . We also consider the special case, where the

desired �eld components are focused to the region 
0 � 
 at time t = T . In this

case, the transducers are used to generate an acoustic �eld such that the quotient

between the acoustic energy in the region 
0 and the acoustic energy in 


J 0 =

R

0
�(x)jp(x; T )j2 + �(x)jv(x; T )j2 dVR



�(x)jp(x; T )j2 + �(x)jv(x; T )j2 dV (2.4)

is maximized. Observe that (2.4) is a special case of (2.3) with supp pT � 
0 and

supp vT � 
0. If it is possible to steer the wave �eld towards fpT ;vT g.

2.1 Transducers

The acoustic �eld is induced into the region 
 by transducers. In our model the

transducers belong to the controllable part of the region, here denoted by �t, where

�t � @
. The induced �eld `controls' the solution to (2.1) and in the theory of

boundary control, this term is called the boundary control, see e.g., Ref. [21]. Given

the boundary control, b = b(x; t), the physical characteristics of the transducers

a�ect how the �eld is induced into the region. Here we model the transducer
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(a) (b)b(x, t)
b(x, t)

n

n

Figure 2.1: (a) The cavity geometry and (b) the half space geometry.

characteristics with the two operators ct and c0t, that maps its domain, in Hilbert

spaces L2(�t � [0; T ]) into L2(�t � [0; T ]). Thus the boundary condition at the

controllable part of the region takes the form

ctp(x; t) + c0tvn(x; t) = b(x; t) for x 2 �t and t 2 [0; T ] ; (2.5)

where vn is the normal component of the particle velocity, i.e., vn = v �n and n is

the inward normal unit vector to the boundary, see Figure 2.1.

The uncontrollable part of the boundary �w = @
 n�t, is of a particular mate-
rial, with characteristics cw and c0w, giving the boundary condition

cwp(x; t) + c0wvn(x; t) = 0 for x 2 �w and t 2 [0; T ] : (2.6)

Here cw; c
0
w belongs to the some space as ct; c

0
t and both are chosen such that they

prescribe only `in-going' boundary conditions, furthermore, we assume that the

operators are chosen so that the acoustic wave equation is well posed with this

boundary condition, cf. Ref. [18]. Below we will consider several di�erent cases,

each with their set of boundary conditions. Here we just observe that cw = 1 and

c0w = 0 corresponds to an acoustically-soft boundary, cw = 0 and c0w = 1 to an

acoustically-hard boundary. The case with c0t = ct, represents boundary conditions

in the form of a locally plane wave propagating inward into the region i.e., in the

n-direction.

We focus on the two di�erent geometries depicted in Figure 2.1. The cavity is a

bounded region with a perforated acoustically-hard boundary. In the mirror case,

the half-space geometry, transducers characteristics will be operators. Furthermore,

we assume that transducers generate the �eld at all points of the boundary. The

geometry of the region limits us to only induce down-going waves, this limitation

reduces our ability to reach the desired �nal state.

3 Time reversal

The basic idea of time reversal is that the acoustic wave equation (2.1) behaves

the same whether time runs forward or backward, i.e., both fp(x; t);v(x; t)g and
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fp(x;�t);�v(x;�t)g satisfy the acoustic wave equation (2.1). The unique solv-

ability of the acoustic wave equation together with a local energy decay is used to

show that a simple time reversal approach can be used to construct a boundary con-

trol function, b(x; t), that steers the �eld towards an arbitrary �nal con�guration

fpT (x);vT (x)g.
To obtain the boundary control, b(x; t), we consider a model problem where the

desired �nal �eld con�guration act as initial values. As time evolves the acoustic

�eld propagate out towards the boundary. At the boundary, a set of receivers

record a linear combination of the �eld constituents. After suÆciently long time

the remaining �eld in the cavity will be small and most of the energy has reached

the boundary and been recorded. A time reversal of the recorded �eld gives the

boundary control b.

3.1 The dual �eld

To construct the boundary control, we consider a model problem. The model

problem is governed by the formal adjoint with respect to the standard L2 inner

product, where we for the moment disregard the boundary terms. The solution

to this model problem is an auxiliary �eld, fu; qg, that enable us to calculate the

boundary control, b. As the auxiliary �eld is the solution to the adjoint acoustic

equation we denote it as the `dual �eld'.

The acoustic wave equation is a symmetric hyperbolic system. Thus the dual

�eld constituents q = q(x; t) and u = u(x; t) satisfy the acoustic wave equation,

i.e., (
�(x)@tq +r � u = 0

�(x)@tu + rq = 0
for x 2 
 and � T < t < 0 : (3.1)

For this model problem we choose the initial values

q(x;�T ) = pT (x) and u(x;�T ) = �vT (x) for x 2 
 : (3.2)

Observe that the sign of the particle velocity is changed due to the time reversal.

To obtain a system with a unique solution we have to prescribe a set of bound-

ary conditions at @
. As it is a model problem we can choose general boundary

conditions for the dual �eld, and we let (3.1) have the same freedom of boundary

conditions as the original acoustic wave �eld. That is, at the controllable part of

the boundary,

mtq(x; t) +m0
tun(x; t) = 0 for x 2 �t and t 2 [�T; 0] ; (3.3)

wheremt andm
0
t are the model problems characteristics for the transducers. More-

over, at the uncontrollable part of the boundary, we have the boundary condition

mwq(x; t) +m0
wun(x; t) = 0 for x 2 �w and t 2 [�T; 0] ; (3.4)

where mw and m0
w are the modeled characteristics of the material. The initial

boundary value problem (3.1){(3.4) is well posed for boundary conditions that
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do not specify an out-going �eld, i.e., both (3.3) and (3.4) have to prescribe an

in-coming �eld, cf. Ref. [18].

In the time-reversal approach we use the dual �eld at the boundary to construct

the boundary control to the acoustic �eld. We observe that the �eld fp;vg that

minimizes the least-square functional (2.3), for the non-trivial �nal state fpT ;vT g,
is the same �eld that maximizes the inner product

Jb =

R


p(x; T )�(x)pT (x) + v(x; T )�(x)vT (x) dV�R T

0

R
�t
jb(x; t)j2 dS dt

�1=2 : (3.5)

The �eld fp;vg belongs to a linear subspace of L2, with a weighted inner product,

thus the equality between the minimization of (2.3) and the maximization of (3.5)

follows directly from the assumption that fpT ;vT g are non-trivial, together with
the observation that this non-triviality requires b(x; t) 6= 0 for some t. The Hilbert-

space theory gives that the minimum of (2.3) is the projection of the �nal state onto

the subspace generated by the acoustic �eld with the prescribed initial-boundary

conditions.

The numerator of (3.5) is rewritten asZ



p(x; T )�(x)pT (x) + v(x; T )�(x)vT (x) dV

=

Z T

0

Z
@


q(x;�t)vn(x; t)� p(x; t)un(x;�t) dS dt ; (3.6)

where the initial values (2.2) and (3.2) have been used. The identity (3.6) is shown

by cross multiplication of dual �eld components to (2.1) and subtraction of the

equations. The inner product (3.5) is with (3.6),

Jb =

R T
0

R
@


q(x;�t)vn(x; t)� p(x; t)un(x;�t) dSdt�R
T

0

R
�t
jb(x; t)j2 dS dt

�1=2 : (3.7)

The numerator of (3.7) is maximized by the choice p = �un and vn = q. However,

it is not possible to prescribe both the pressure and normal component of the

particle velocity at the boundary. Thus it is not guaranteed that the absolute

maximum of (3.7) is a state that can be obtained, i.e., an allowed state. In the

following sections we examine the allowed maximum.

4 The time-reversal cavity

The cavity is a bounded region with a perforated acoustically-hard boundary. The

wave �eld emitted through the perforations of �t, see Figure 4.1. The induced

wave �eld is a locally plane wave propagation in the n-direction. This gives the

boundary condition

p(x; t) + vn(x; t)

2
= b(x; t) for x 2 �t and t 2 [0; T ] ; (4.1)
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Ω

b(x, t)

Γw

Γt

n

κ(x) ρ(x)

Figure 4.1: The cavity geometry. The boundary of the cavity is divided into the

transducer surface, �t, and the acoustically hard wall, �w. The transducers induce

the boundary control, b(x; t), as a locally plane wave propagating in the n-direction,

where n is the inward unit normal.

at the controllable part of the boundary and the boundary condition

vn(x; t) = 0 for x 2 �w and t 2 [0; T ] ; (4.2)

at the uncontrollable part of the boundary.

The boundary condition (4.1) is motivated by the special cavity geometry where

the perforations are located in the end of a set of ducts, see Figure 4.1. If the ducts

are suÆciently narrow and long, it is only the dominant mode that propagates,

i.e., a locally plane wave of the form (4.1), see Ref [24].

4.1 Boundary control by calculations

We follow the procedure in Section 3 for the analysis of the controllability of the

acoustic �eld in the cavity. The dual �eld (q;u) satisfy (3.1) together with the

initial values (3.2). At the controllable surface �t, we use the general boundary

conditions (3.3). The uncontrollable part of the boundary is, however, restricted to

acoustically-hard boundary conditions, i.e., mw = 0 in (3.4) or equivalently un = 0

at �w. The dual �eld is used to construct an auxiliary function, d(x;�t),

d(x;�t) = q(x;�t)� un(x;�t)
2

for x 2 �t and t 2 [0; T ] : (4.3)

Upon assigning this function as the boundary control (cf. Eq. (4.1)), i.e., b(x; t)

= d(x;�t), we have the time-reversal cavity. The acoustic wave �eld is re-emitted

with this control into the region. Due to the quiescent initial values of the acoustic

�eld (2.2), we cannot expect the re-emitted wave �eld of the time-reversal cavity

to resemble the original wave �eld for small times T . However, if the wave �eld
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fq(x; 0);u(x; 0)g for x 2 
, vanishes the resemblance is perfect. To see this, we let

p
 and v
 be the time-reversed restriction of q and u to the region 
, i.e.,

p
(x; t) = q(x;�t)jx2
 and v
(x; t) = �u(x;�t)jx2
 for t � 0 : (4.4)

Uniqueness of the solution to the acoustic wave equation shows that p
 and v


satisfy the acoustic wave equation in 
 for t > 0 with the boundary conditions8<:
p
(x; t) + n � v
(x; t)

2
= b(x; t) for x 2 �t and t 2 [0; T ] ;

n � v
 = 0 for x 2 �w and t 2 [0; T ] ;

(4.5)

where the boundary control b = d is used. The initial values for the time-reversed

�eld constituents are

p
(x; 0) = q(x; 0) and v
(x; 0) = �u(x; 0) : (4.6)

The re-emitted �eld equals the dual time-reversed �eld minus an error term due to

the quiescent initial values, i.e.,

p(x; t) = p
(x; t)� pe(x; t) and v(x; t) = v
(x; t)� ve(x; t) : (4.7)

The error terms pe and ve satisfy the acoustic equation (2.1) with the boundary

conditions (
pe(x; t) + n � ve(x; t) = 0 for x 2 �t and t > 0 ;

n � ve(x; t) = 0 for x 2 �w and t > 0 ;
(4.8)

and the original pressure and particle velocity �eld in 
 as initial conditions, i.e.,

pe(x; 0) = p
(x; 0) and ve(x; 0) = v
(x; 0) for x 2 
 : (4.9)

The error (2.3) is equal to the energy of the �eld fpe, veg, i.e.,

Jb =
1

2

Z



�(x)jpe(x; T )j2 + �(x)jve(x; T )j2 dV ; (4.10)

and hence, it is possible to reach the desired state pT and vT with the time-reversal

algorithm if and only if the error �eld approaches zero as t ! T . In general, the

�eld does not decay for �nite times T . However, as the time T ! 1, it is likely

that the �eld decay to zero. This is the problem of local energy decay, see e.g.,

Refs [1, 22, 23, 28] and Section 5. Thus if we have a local energy decay, then the

time-reversal cavity can be used to focus the energy to an arbitrary sub-region


0 � 
. Hence, the quotient (2.4) approaches its supremum 1 as T !1.

It is also interesting to analyze the time-reversal cavity for �nite times. For this

case, we consider the boundary version (3.7) of the least-squares error. Due to that

the boundary is acoustically hard, the normal component of the particle velocity
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(a) (b) b(x, t)d(x, t)

Figure 4.2: The time-reversal cavity: (a) the recording situation and (b) the re-

emitted time-reversed �eld.

is zero. Hence, it is suÆcient to integrate over the transducers. To rewrite (3.7)

we use the identity

qvn � pun = 2

��
p+ vn

2

��
q � un

2

�
�
�
p� vn

2

��
q + un

2

��
: (4.11)

The right-hand side of this identity can be expressed in terms of the boundary

conditions for the transducers, i.e., form the product of b and d, see (4.1) and

(4.3), and to compensate the error we use (3.3). This gives

Jb =

R T
0

R
�t
2b(x; t)d(x;�t)� [p(x; t)� vn(x; t)]

�
1� (m0

t)
�1mt)

�
q(x;�t) dS dt�R

T

0

R
�t
jb(x; t)j2 dS dt

�1=2 :

It is not clear if this integral is maximized by the time-reversal algorithm, i.e.,

b(x; t) = d(x;�t), for the general boundary conditions (3.3). However, for the

case mt = m0
t the time-reversal algorithm maximizes the integral, and, hence, the

time-reversal algorithm gives the optimal boundary control.

4.2 Boundary control by measurements

In this section, the time-reversal cavity is used to re-focus a wave �eld towards its

initial state. We assume that there exists an acoustic wave �eld in the cavity at

time t = �T and that a set of receivers record the out-going wave constituent at

the surface �t for times �T � t � 0. If we let the original wave �eld at t = �T
be fpT (x);�vT (x)g, we can identify the original wave �eld with the dual �eld

fq;ug. This wave �eld satisfy the acoustic wave equation (3.1) together with the

initial values (3.2). At the transducer surface �t, the �eld satisfy the boundary

condition (3.3) that for a quiescent transducer and perfectly absorbing receiver is

mt = m0
t = 2�1, i.e.,

q(x; t) + un(x; t)

2
= 0 for x 2 �t and t 2 [�T; 0] : (4.12)
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The receivers record the wave �eld at the surface �t, i.e., the outgoing wave �eld

d(x; t) =
q(x; t)� un(x; t)

2
for x 2 �t and t 2 [�T; 0] ; (4.13)

is recorded. The recorded signal is time reversed and re-emitted into the cavity,

i.e.,

b(x; t) = d(x;�t) for x 2 �t and 0 < t < T ; (4.14)

is the boundary control (4.1). As in the previous section, the wave �eld re-focuses

towards the original state as T !1 if the energy decays locally. However, due to

the time reversal, the particle velocity changes sign with respect to its initial state,

i.e.,

p(x; T )! pT (x) and v(x; T )! vT (x) as T !1 : (4.15)

In contrast to the simulated case in Section 4.1, we show that the time-reversal

approach gives an optimal boundary control in the sense of minimizing the least-

squares error (2.3). With the identity (4.11), the inner product (3.7) is

Jb = 2

R T
0

R
�t
b(x; t)d(x;�t) dSdt�R T

0

R
�t
jb(x; t)j2 dS dt

�1=2 (4.16)

where we have used the boundary conditions (4.12) and (4.13). This quotient is

maximized by the time reversal (4.14).

4.3 Transducers in open space

In this section we generalize the results in Section 4.2 to the geometry depicted in

Figure 4.3. Each transducer is assumed to be composed of a perforated acoustically-

hard surface. As in the cavity case the wave �eld is induced through the perfo-

rations, �t, as a locally plane wave propagating in the n-direction. This gives a

boundary control in the form (4.1).

For this geometry, we only consider the measurement situation, i.e., the scat-

tering object is unknown and the time-reversal approach is used to re-focus the

wave �eld towards its original con�guration. Let the original acoustic �eld be rep-

resented by the dual �eld (3.1) with the initial state (3.2). The transducers are

assumed to be quiescent for times �T � t � 0. Instead, they act as receivers

and record the wave �eld (4.13). This recorded wave �eld is time reversed and

re-emitted into the region for times 0 � t � T . We can not show that the re-

emitted �eld approach its original state, and in general it does not. However, the

time-reversal approach maximizes the quotient (3.7) as seen in Section 4.2. Hence,

the time-reversal approach gives an optimal boundary control.
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Figure 4.3: The geometry of the open region case. Each transducer has a con-

trollable part, �t, and an uncontrollable part, �w. The uncontrollable part is

acoustically hard.

4.4 Adjoint boundary conditions at receivers and transduc-

ers

With an acoustically-hard uncontrollable boundary and general boundary condi-

tion, of the form (2.5), for the controllable boundary, and prescribing an inward

propagating wave, we can generalize the arguments in Section 4.2, and obtain the

maximum of Jb. To achieve this, let the characteristics for the model problem be

acoustically hard for the uncontrollable surface and

((c0t)
�1)yq(x; t) + (c�1t )yun(x; t) = 0 for x 2 �t and t 2 [�T; 0] (4.17)

for the controllable part. Here, a dagger, �y, denotes the adjoint with respect to

the standard L2(�t � [0; T ]) inner product over the boundary. We construct the

auxiliary function from the dual �eld as

d(x;�t) = ((c0t)
�1)yq(x;�t)� (c�1t )yun(x;�t)

for x 2 �t and t 2 [0; T ] : (4.18)

Then the analysis in (4.4){(4.10) is still valid, and to generalize (4.11), we note

that the identity is taken under a boundary integral and the time integral. Let us

introduce the notation

hp; uni@
;T =

Z
T

0

Z
�t

p(x; t)un(x; t) dS dt : (4.19)

With this inner product, the numerator of (3.7), can be expressed as,

hvn; qi@
;T � hp; uni@
;T =
1

2

�hctp+ c0tvn; ((c
0
t)
�1)yq � (c�1t )yuni�t;T

�hctp� c0tvn; ((c
0
t)
�1)yq + (c�1t )yuni�t;T

�
; (4.20)
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where we have used the acoustically-hard boundary conditions to reduce the surface

integral from 
 to �t and this is indicated by the notation, h�; �i�t;T. Using the

de�nition of the boundary control, (2.5), and the auxiliary function, (4.18) together

with (4.17) gives

hvn; qi@
;T � hp; uni@
;T =
1

2
hb(x; t); d(x;�t)i�t;T : (4.21)

Thus Jb is maximized, for �xed d, with the choice of b = d, hence this is optimal

boundary control.

5 Local energy decay

In Section 4, it was shown that it is possible to steer the acoustic wave �eld towards

an arbitrary state with time reversal, if and only if the energy decays locally. This

local energy decay has been extensively studied since the sixties. The are at least

two di�erent approaches to analyze local energy decay, i.e., methods based on

energy estimates and functional analysis are, e.g., discussed in Refs [4, 22, 23, 28]

and Ref. [1], respectively.

Whether or not the energy decays locally for the cavity geometry and eventual

geometrical constrains on the cavity to ensure local energy decay is a subject of

future research. However, it is known that a cavity with few transducers has a high

Q-value, and, hence, a very slow energy decay rate. Moreover, for a cavity without

transducers the energy is trapped and the energy does not decay locally.

5.1 Functional analysis approach to the local energy decay

for the acoustic wave equation

In this section, we analyze the energy decay for the acoustic wave equation in

R3 , with the method described in Ref. [1]. We show that for a class of material

parameters this approach can be applied to the acoustic equations. To do this

we derive the domain of the spatial part of the acoustic operator, such that it is

self adjoint, following the analysis in Ref. [20]. As the general theorem on energy

decay in [1] is stated for functions outside the null space of the spatial part of the

operator, we begin by showing that if we have an initial value outside this null

space then the solution will also be outside the null space.

For any initial-value problem in u = u(x; t) of the form

(@t + iA)u = 0 and u(x; 0) = u0(x) 2 D(A) ; (5.1)

where A is a densely de�ned self-adjoint linear operator on a Hilbert space, H(Rn ).

There exists [8, 20] a semigroup U(�) such that

AU(t)u0 = U(t)Au0 for u0 2 D(A) ; (5.2)

that gives the unique solution u(�; t) = U(t)u0(�) 2 H to (5.1). Since A is self

adjoint the null space of A, N(A), is closed. As the null space is closed it reduces



148 Boundary control and time-reversal

H, i.e., we have

H = R(A) �N(A) ; (5.3)

where R(A) is the range of A, see Ref. [2]. Functions that belong to N(A) are
called static and its complement is called `non-static', that is functions belonging

to N(A)? = R(A). Let

u0(x) = u0ns(x) + u0s (x) ; (5.4)

u(x; t) = uns(x; t) + us(x) = U(t)(u0ns(x) + u0s (x)) ; (5.5)

where the indices `s' and `ns' indicate a static respectively a non-static function.

Using (5.3) with (5.5) we �nd that

AU(t)u0 = AU(t)u0ns ; (5.6)

by the linearity of U(t) and A, and the fact that they commute (cf. (5.2)), we �nd

Aus(x) = AU(t)u0s (x) = 0 : (5.7)

Hence, we have obtained

U(t)N(A) � N(A) (5.8)

for any �xed �nite t, i.e., a given static initial value gives a static solution. That

a solution in the null space must have an initial condition in the null space follows

directly from the fact that U(t) has an inverse U(�t) and (5.8). Hence

U(t)N(A) = N(A) ; (5.9)

and form (5.3) it follows that

U(t)R(A) = R(A) : (5.10)

If our operator iA complies with the requirement of [1], that is if

iA = E(x)�1
nX

j=1

Aj@j ; (5.11)

where E(x) is a uniformly positive de�nite, Hermitian-symmetric matrix such that

jE(x)� Ij = O(jxj�1��) (5.12)

for any � > 0, and where Aj are constant k � k Hermitian-symmetric matrices,

then for any bounded measurable set B � R
n

lim
jtj!1

Z
B

ju(x; t)j2 dV = 0 ; (5.13)
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if u 2 N(A)? the energy decays locally. Thus given a non-statical initial value

and material parameters complying with the above requirements, the energy of the

solution decays locally.

The existence of the semigroup, and the preservation of the null space under

the semigroup can be generalized to a larger class of non-self-adjoint operators (for

partial results, see Refs [8, 20]). For the second part, the local energy decay, it is

not clear whether there exists generalizations to a more general case.

To apply the results in Ref. [1] to (2.1), we show show that A for the acous-

tic case on the domain under consideration that complies with (5.11) and (5.12),

and we consider the case without boundary, i.e., the boundary is considered as

a variation of the material parameter. Furthermore, to avoid a non-static initial

condition, we need to identify the null-space of the operator. We use a modi�cation

of the arguments presented in Ref. [20]. Formally to prove that an operator is self

adjoint, we have to show that it is symmetric with respect to the inner product

under consideration and also, that the domains of the operator and its adjoint are

identical. In the above notation for the acoustic case u = fp;vg and to rewrite

(2.1) to the form (5.1) we �nd,

A = �iM�1
�
0 r�
r 0

�
; (5.14)

where

M(x) =

�
�(x) 0

0 �(x)I

�
; (5.15)

and I is the unit 3 � 3 matrix. We require that both � and � are positive and

bounded from above and from below, and that M complies with the requirement

for E in (5.12). We consider the Hilbert space

H = L2(R3 )� (L2(R3 ))3 ; (5.16)

with the weight matrix M (5.15) and inner product de�ned as

hu;wiH = hu;MwiL2 for all u;w 2 H : (5.17)

Let

D(A) = W1 � XD ; (5.18)

where

XD = fv 2 (L2)3 : r � v 2 L2g ; (5.19)

and W1 is the �rst Sobolev space. It is clear that the space of test functions (C
1
0 )4

is a dense subset of D(A), hence D(A) = H. The formal de�nition of the domain

of the adjoint is

D(Ay) = fw 2 H : 9f 2 H;8u 2 D(A); hAu;wiH = hu; fiHg : (5.20)
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From the de�nition of D(A), we �nd that if u;w 2 D(A), we have

hAu;wiH = hu;AwiH ; (5.21)

and hence the operator is symmetric. For a symmetric operator to be self adjoint

we have to show that D(Ay) = D(A). To do this we use the de�nition of D(Ay),
thus let us introduce the �elds u;w; f used in the de�nition. Let

w � fq;ug 2 D(Ay) ; (5.22)

and f 2 H, the de�nition states that if w 2 D(Ay) then, for all u 2 D(A) there exists
an f 2 H such that hAu;wiH = hu; fiH. In particular for all u � fp;vg 2 D(A)
such that v = 0, there exists a f � fqf ;vfg 2 H, such that

8p 2W1 ; �ihrp;uiL2 = h�p; qfiL2 ; (5.23)

and hence u 2 XD and r � u = i�qf . Furthermore, for all u = fp;vg 2 D(A) such
that p = 0, we get

8v 2 XD ; �ihr � v; qiL2 = h�v;vfiL2 ; (5.24)

hence q 2 W1 and rq = i�vf . This shows that w 2 W1 � XD = D(A) and hence

the operator is self-adjoint. Using the theorems 7.1 and 2.15 in [20] it follows that

the semi-group U(t) exists. The null-space of A is

N(A) = fu = fp;vg 2 D(A) : p = 0; r � v = 0g ; (5.25)

and hence the acoustic wave-�eld equation without boundary ful�ls all requirements

to have a local energy decay for non-static initial conditions for functions belonging

to (N(A))?. With an acoustically-hard boundary, the requirement of bounded

material parameters fails, and so far we have not been able to generalize [1] to this

case. Notice that the above results extend to materials that are described by a

positive de�nite self adjoint matrices, i.e., we can include anisotropy.

6 The time-reversal mirror

For the time-reversal mirror, we consider the half space 
 = fx : x3 � 0g. The

transducers are located at the plane �t = @
, i.e.,

�t = @
 = fx 2 R
3 : x3 = 0g : (6.1)

Hence, the whole boundary is controllable. It is assumed that the transducers

can generate an arbitrary down-going wave �eld. We analyze two approaches to

construct the boundary control. In the �rst approach, we time reverse the recorded

wave �eld and re-emit the down-going wave constituent. The second approach is

the based on minimizing the least-square error (2.3) or equivalently maximizing

the boundary integral (3.6). This approach gives an optimal boundary control.
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(a) (b)
b(x, t)d(x, t)

Figure 6.1: The time-reversal mirror: (a) the recording situation, (b) the re-emitted

time-reversed �elds.

It is diÆcult to handle reections as illustrated in Ref. [13]. A part of the energy

will propagate away from the boundary through reections at any time. Thus

we observe that the time-reversal mirror does not account for the reected �eld.

Furthermore, the energy of the down-going, time-reversed wave �eld is reduced

compared to the original �eld, due to initial reections.

We have access to the region only from one side and prescribe only down-going

wave �elds. These limitations further decrease the possibility to control the internal

�eld. We repeat the same procedure that yielded a perfect result for the cavity

case. Thus prescribe an initial �eld of a model problem, record at the boundary and

apply time reversal to obtain the control. We state the general map that relates

the model �elds to the obtained down-going �elds.

6.1 Wave decomposition

To simplify the presentation, the �eld is Fourier transformed with respect to the

temporal coordinate. The transformed �eld is denoted by a hat, e.g.,

p̂(x; i!) =

Z
R

e�i!tp(x; t) dt for ! 2 R :

The time-domain time reversal t ! �t is, in the Fourier domain, represented by

i! ! �i!.
We idealize the boundary condition to the case where the whole boundary is

controllable, i.e.,

�t = @
 = fx 2 R
3 : x3 = 0g : (6.2)

At the boundary we prescribe a down-going boundary condition, and this requires

the characteristics ct; c
0
t to be operators, cf. (2.5). These operators are obtained by

wave splitting or wave-�eld decomposition, see e.g., Refs [13{15,17].

The wave �eld is decomposed with respect to the vertical direction x3. The

down-going wave constituent, p̂+ and the up-going wave constituent, p̂�, are de�ned
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as �
p̂+
p̂�

�
=

N�1
p

2

�
1 Z

1 �Z
��

p̂

v̂n

�
; (6.3)

where Z is the impedance Z = S�1i!� and the vertical propagation operator S is

the square-root operator, also called the generalized Dirichlet-to-Neumann map for

a plane, i.e.,

S = lim
�&0+

[�@2
x1
� @2

x2
+ �(x)�(x)(� + i!)2]1=2 : (6.4)

We also use the admittance Y = Z�1. A normalization Np is included in the

split �elds. The cases Np = 1, Np = Z1=2, and Np = Z corresponds to pressure

normalization, energy normalization, and particle-velocity normalization, respec-

tively [15].

It is assumed that the transducers can generate an arbitrary down-going wave

�eld at �t. This gives the boundary condition

p̂+ � N�1p
p̂+ Zv̂n

2
= b̂ for x3 = 0 ; (6.5)

where b̂ = b̂(~x; i!) is the boundary control.

6.2 Boundary control by measurements

The time-reversal mirror is used to re-focus a wave �eld towards its initial state. We

assume an acoustic wave �eld in the half space x3 � 0 at the time t = �T . A set of

receivers record the up-going wave constituent at the surface x3 = 0 for the times

�T � t � 0. With the initial state fpT ;�vT g, the wave �eld can be identi�ed with
the dual �eld in Section 3.1. Moreover, is assumed that the time T !1 to allow

Fourier analysis. At the transducer surface �t, we get the boundary condition

q̂+ = N�1
q

q̂ + Zûn

2
= 0 at x3 = 0 ; (6.6)

i.e., there is no down-going �eld at the boundary in the model situation. Moreover,

it is assumed that the receivers can record an arbitrary up-going wave �eld, i.e.,

d̂ � q̂� = N�1q
q̂ � Zûn

2
at x3 = 0 (6.7)

is recorded.

We consider two di�erent approaches to construct the boundary control b̂(~x; i!)

from the recorded data d̂(~x; i!). In the �rst approach the recorded data, d̂, is

composed to the acoustic wave �eld constituents. The wave �eld is time reversed

and decomposed to its down-going wave constituent [13]. This gives the boundary

control

b̂ =
1

2

�
N�1p 0

��1 Z

1 �Z
���

Z�1 Z�1

1 �1
��

0

Nq d̂

���
=

N�1
p

2
(1� S�1S�)N�

q
d̂� : (6.8)
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In the second approach, we maximize the denominator of the boundary inte-

gral (3.7). The frequency-domain version of (3.7) is

Jb =

R
R

R
�t
q̂(~x; i!)v̂n(~x; i!)� p̂(~x; i!)ûn(~x; i!) dS d!�

2�
R
R

R
�t
jb̂(~x; i!)j2 dS d!

�1=2 : (6.9)

To rewrite this integral, we use the de�nition of the split �elds and the boundary

condition (6.6) to getZ
�t

q̂v̂n � p̂ûn dS =

Z
�t

p̂+N
T

p
(Y + YT)Nq q̂� + p̂�N

T

p
(Y �YT)Nq q̂� dS; (6.10)

where the transpose is the complex conjugate of the adjoint, e.g., YT = (Yy)�.

With a symmetric admittance Y = YT, the second part vanish. The boundary

condition (6.5) and the de�nition of the recorded �eld at the boundary (6.7) give

the boundary integral

Jb =
2
R
R

R
�t
b̂(~x; i!)NT

p
YNq d̂(~x; i!) dS d!�

2�
R
R

R
�t
jb̂(~x; i!)j2 dS d!

�1=2 : (6.11)

The quotient is maximized by the choice

b̂ = (NT

p
YNq d̂)

�: (6.12)

Observe that the above result di�ers from (6.8), i.e., the �eld is both time reversed

and weighted with the admittance operator.

6.3 Homogeneous half space

To increase our understanding of the limitations of the time-reversal mirror, we

consider the homogeneous case, for the approach with the boundary control (6.8).

This case does not exhibit any internal reections and due to the homogeneous

material parameters we can analytically obtain the response of the time-reversal

mirror explicitly, as a generalized function. We use the control given in (6.8),

and propagate the wave-�eld constituents between di�erent depths with Greens

functions.

It is convenient to use another time interval for the model �eld and the actual

�eld in the mirror case than in the cavity case. In the cavity case the model �eld

is restricted to [�T; 0] and the actual �eld exists in [0; T ]. The evaluation against

the desired state is done at t = T . In the mirror case, we let the model exist in

[0;1), whereas the actual �eld is evaluated for the times (�1; 0]. The evaluation

of the error is performed at t = 0.

To obtain the �eld at a point inside the region, we employ the one-way Green

functions that are de�ned by the equations

(@3 � S)bG(�)(~x; x3; i!; ~x
0; x03) = 0 for x3 ? x03 ; (6.13)
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Initial configuration Upgoing wave Decompose

Time reverse

ComposeFinal configuration Downgoing wave

q(x, X3, t)

n · u(x, X3, t)
q−(x, X3, t) q−(x, 0, t)

q(x, 0, t)
n · u(x, 0, t)

p(x, 0, t)
n · v(x, 0, t)

p+(x, X3, t) p+(x, 0, t)
p(x, X3, t)
n · v(x, X3, t)

Figure 6.2: Time-reversal mirror; the model construction of the control and its

connection to the �nal �elds. The decomposition of the initial con�guration into

the up- and down-going waves introduce a normalization, and the composition

of q�(~x; 0; t) into fq; ûng introduce the inverse of that normalization, thus the

normalizations cancel. Analogous for the p+ and fp; vng case.

together with the conditionsbG(�)(~x; x03; i!; ~x
0; x03) = Æ(~x� ~x0) (6.14)

and bG(�)(~x; x3; i!; ~x
0; x03) = 0 for x03 ? x3 : (6.15)

Here the +(�) index on the Green function indicates the positive (negative) prop-

agation along the x3 axis and ~x is the transverse variables, i.e., ~x = (x1; x2). Thus

given the boundary control p̂+ at x3 = 0, we obtain the wave constituent, p̂+, at a

depth x3 > 0 with help of bG(+) as

p̂+(~x; x3; i!) =

Z
R2

bG(+)(~x; x3; i!; ~x
0; 0)p̂+(~x

0; 0; i!) d~x0 : (6.16)

At the depth x3 we have only the down-going wave constituent, and to obtain the

total �eld, we apply the composition operator,�
p̂

v̂n

�
=

�
1 1

(i!�)�1S �(i!�)�1S
��

Npp̂+
0

�
: (6.17)

An inverse Fourier transform gives the �eld in the time domain.

Analogous to the cavity case we consider a model problem to construct the

boundary control. The model has the same geometry, and is governed by the
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acoustic equation, with t 2 [0;1). The down-going wave p̂+(~x; 0; i!) is determined

by time reversal of a wave �eld that originates from sources in the half space

x3 > 0, see Figure 6.2. We prescribe an initial con�guration q(x; t) and n � u(x; t)
at x3 = X3, where q is the pressure and u is the particle velocity of an acoustic

wave �eld that originate from sources in the half space x3 � X3. This initial

con�guration is decomposed to an up-going and a down-going wave,�
q̂+
q̂�

�
=

N�1
q

2

�
1 S�1i!�
1 �S�1i!�

��
q̂

ûn

�
; (6.18)

where q̂� propagates in the negative x3-direction, i.e., to the boundary surface. The

result is independent of the normalization and below, we chose the acoustic pressure

normalization, i.e., Np = Nq = 1. Furthermore, as the medium is homogeneous

we can set � = � = 1, this is equivalent to a re-normalizing of the �eld. The wave

constituent at the surface x3 = 0 is obtained by the one-way Greens function as

d̂(~x; 0; i!) � q̂�(~x; 0; i!) =

Z
R2

bG(�)(~x; 0; i!; ~x0; X3)q̂�(~x
0; X3; i!) d~x

0 :

This wave constituent is recorded at the plane x3 = 0 and is composed into the cor-

responding pressure and normal component of the particle velocity, time reversed

and then decomposed again to generate the boundary control, p+(~x; 0; i!), i.e.,

b̂ = p+(~x; 0; i!) (cf. (6.8). Then we can describe the re-emitted �eld at a depth x3
with (6.16). The down-going wave �eld constituent is expressed as

p+(~x
00; x3; t) =

1

4�

Z
R

ei!t
Z
R2

Z
R2

bG(+)(~x00; x3; i!; ~x; 0)(1� S�1+ S�)

� bG(�)(~x; 0; i!; ~x0; X3)
�q̂�(~x

0; X3; i!)
� d~x0 d~xd! : (6.19)

How close the actual acoustic �eld can come to the desired prescribed �eld, is

related to the size of the support for the map between q; un and p; vn in the limit

t ! 0�. We prescribe a pulse at the depth x3 = X3 and calculate the response.

For a perfect reconstruction, the limit t ! 0� should generate the Dirac delta

function in space on this depth. We show that this is not the case. Observe that

in order for us to be able to take the limit t ! 0�, t must be a parameter of the

generalized function. In some of the upcoming calculations, this is not the case,

i.e., we consider the response as a generalized function in f~x; tg and let vertical

component be the parameter. The relation between the two ways of considering

this generalized function is not clear at present time.

We prescribe a �eld on the surface x3 = X3. If the reconstruction was perfect

then we would naively assume that in the limit x3 ! X3 the given function would

be reconstructed. As is see, the response is a generalized function, and limits of

generalized function is generally not meaningful. In the evaluation of the support

we compare the full response with the naive case � = 0. First we calculate the

response.

The one-way Green functions, in homogeneous medium, are

G(�)(~x; x3; t; ~x
0; x03) =

1

8�3

Z
R

Z
R2

ei
~��(~x�~x0)+i!t�s0(~�;i!)(x3�x03) d~� d! ; (6.20)
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for x3 ? x03 and zero elsewhere. Here, ~� = f�1; �2g. The free-space vertical-

propagation symbol s0 is de�ned by

s0(~�; i!) = lim
�&0

q
(� + i!)2 + ~�2 where ~�2 = �21 + �22 :

Here we have chosen the branch cut along the negative real axis, i.e., s0(0; i!) =

i!. In the above frequency representation, we observe the evanescent property

of the one-way wave equation, i.e., the low frequency wave constituents decay

exponentially. With the procedure of prescribing up- and down-going boundary

condition, the evanescent wave constituents vanish, i.e.,

p+(~x; x3; t) =
1

8�3

Z
R

Z
R2

Z
R2

ei!t+i
~��(~x�~y)+s0(~�;i!)(X3�x3)

� q̂�(~y; X3;�i!)H(!2 � ~�2) d~y d~� d! ; (6.21)

where H(�) is Heaviside's step function. Due to the evanescent wave constituents,

the wave �eld of the time-reversal mirror does not reduce to the original wave �eld,

i.e., in general

p+(~x; x3; t) 6= q�(~x; x3;�t) :
To obtain the fundamental solution of the above procedure we have two choices

of where to place the source, a pulse, in (6.18): in the pressure or in the particle

velocity. We begin with the choice q̂ = 0, and a pulse in the particle velocity,

q̂�(~x; X3; i!) =
�1
2
i!S�1Æ(~x) :

Thus with i! ! �i!, the re-emitted �eld is

p+(~x; x3; t) =
�1
16�3

Z
R

Z
R2

ei!t+i
~��~x+s0(~�;i!)(X3�x3)

s0(~�;�i!)
H(!2 � ~�2) d~� d! ;

for x3 > 0. If we apply the composition (6.17), with � = 1, we �nd the pressure

p(~x; x3; t) =

�1
16�3

Z
R

Z
R2

j!jei!t+i~��~x+i sgn(!)
p
!2�~�2(X3�x3)q

!2 � ~�2
H(!2 � ~�2) d~� d! : (6.22)

and the particle velocity

vn(~x; x3; t) =
�1
16�3

Z
R

Z
R2

ei!t+i
~��~x+i sgn(!)

p
!2�~�2(X3�x3)H(!2 � ~�2) d~� d! :

(6.23)

The case with x3 = X3, is presented in Appendix A. Above p and vn are the

fundamental solution for a pulse in the velocity pro�le for the model problem. In

the following subsection we calculate the above integrals analytically.



M. Gustafsson and B. L. G. Jonsson 157

The alternative source position is ûn = 0 and a pulse in the pressure, i.e.,

q̂�(~x; X3; i!) =
1

2
Æ(~x) :

Thus with i! ! �i! the re-emitted �eld is

p+(~x; x3; t) =
1

16�3

Z
R

Z
R2

ei!t+i
~��~x+s0(~�;i!)(X3�x3)H(!2 � ~�2) d~� d! :

If we apply the composition (6.17) we �nd the pressure

p(~x; x3; t) =
1

16�3

Z
R

Z
R2

ei!t+i
~��~x+i sgn(!)

p
!2�~�2(X3�x3)H(!2 � ~�2) d~� d! ; (6.24)

and the particle velocity

vn(~x; X3; t) =

1

16�3

Z
R2

Z
R2

q
!2 � ~�2ei!t+i

~��~x+i sgn(!)
p
!2�~�2(X3�x3)

j!j H(!2 � ~�2) d~� d! : (6.25)

The time for the above integrals is the �nal state time and thus negative. Note

that if we obtain the results for a pulse in the velocity pro�le, then by using

the derivatives in time and the x3 direction, we can obtain the other integrals,

cf. (6.27) and (6.28). Furthermore, we note that the map (6.23) and (6.24) are

identical modulo a sign, thus we would happen to prove that one of them does not

have a point support for t ! 0�, the neither of the alternatives yields a perfect

reconstruction.

6.4 The calculation of an integral

Let � = X3 � x3 and consider the integral

I =

Z
R

Z
R2

ei!t+i
~��~x+i sgn(!)�

p
!2�~�2 H(!2 � ~�2)

i sgn(!)

q
!2 � ~�2

d~� d! : (6.26)

By a comparison with (6.22){(6.25) we �nd that the pressure and normal compo-

nent of the particle velocity with a pulse in the velocity pro�le can be obtained

as

p(~x; x3; t) = �(16�3)�1@tI and vn = �(16�3)�1@�I : (6.27)

Furthermore, for a pulse in the pressure pro�le, we obtain the pressure and normal

component of the particle velocity as

p(~x; x3; t) = (16�3)�1@�I and @tvn = (16�3)�1@2�I : (6.28)
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The integral (6.26) yields a generalized function, thus if we consider the response as

a generalized function, the integrations order commute and the integrals commute

with derivatives with respect to parameters, which we use in the calculation below.

We rewrite (6.26) into an integral over positive !,

I = 2

Z 1

0

Z
R2

ei
~��~x sin(!t+�

q
!2 � ~�2)

H(!2 � ~�2)q
!2 � ~�2

d~� d! : (6.29)

A change to polar coordinates in ~� and an integration over the angles gives

I = 4�

Z 1

0

Z
!

0

sin(!t+�

q
!2 � ~�2

~� J0(~�~x)q
!2 � ~�2

d~� d! : (6.30)

An interchange of the integration order together with the change of variable ! =

(�2 + ~�2)1=2 gives

I = 4�

Z 1

0

~� J0(~�~x)

Z 1

0

sin(t

q
u2 + ~�2 + ��)q
�2 + ~�2

d� d~� ; (6.31)

where J0(�), is the zero-order Bessel function. Trigonometric expansion of the sine

function together with t = jtj sgn t and once again a change of integration order

gives

I = 4� sgn(t)

Z 1

0

cos(��)

Z 1

0

~� J0(~�~x)
sin(jtj

q
�2 + ~�2)q

�2 + ~�2
d~� d�

+ 4�

Z 1

0

sin(��)

Z 1

0

~� J0(~�~x)
cos(jtj

q
�2 + ~�2q

�2 + ~�2
d~� d� : (6.32)

The two inner integrals have the form (cf. [26, vol. II p. 203 no 2.12.23.8])

Z 1

0

~�q
�2 + ~�2

8<:sin(jtj
q
�2 + ~�2)

cos(jtj
q
�2 + ~�2)

9=; J0(~�~x) d~�

= (t2 � ~x2)
�1=2
+

�
cos(�

p
t2 � ~x2)

� sin(�
p
t2 � ~x2)

�
+

�
0

1

�
(~x2 � t2)

�1=2
+ e��

p
~x2�t2 ; (6.33)

and it agrees with [25, no. 2.53 and 2.54 p. 12]. Here ~x2 = x
2
1+x

2
2 and we have used

the index + to indicate that the parenthesis is non-zero only for positive values.
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Substituting this into (6.32) gives

I = 4� sgn(t)(t2 � ~x2)
�1=2
+

Z 1

0

cos(��) cos(�
p
t2 � ~x2) d�

� 4�(t2 � ~x2)
�1=2
+

Z 1

0

sin(��) sin(�
p
t2 � ~x2) d�

+ 4�(~x2 � t2)
�1=2
+

Z 1

0

sin(��)e��
p
~x2�t2 d� : (6.34)

The �rst and second integrals are Dirac's delta functions that appear in the sine

and cosine transform, i.e.,

2

�

Z 1

0

�
sin(��) sin(�

p
t2 � ~x2)

cos(��) cos(�
p
t2 � ~x2)

�
d�

= Æ(
p
t2 � ~x2 ��) +

��1
1

�
Æ(
p
t2 � ~x2 +�) : (6.35)

In the following analysis we use the relation

(t2 � ~x2)
�1=2
+ ( Æ(

p
t2 � ~x2 ��) +

��1
1

�
Æ(
p
t2 � ~x2 +�))

=

�
sgn�

1

�
Æ(t2 � ~x2 ��2)H(t2 � ~x2) : (6.36)

The above relation is calculated `naively', using the standard tools for manipulating

Dirac's delta function, but we observe that the argument of the left hand side has

singular points at � = �pt2 � ~x2 that might require regularization analogous

to [12]. If the generalized function is considered on (t; ~x) the combination of the

Dirac and the step function is allowed (cf. (6.43)). Note that the sign function and

the Dirac delta function over the cone have a wave front set that allows them to

be multiplied, cf. [16, 27]. The last integral of (6.34) becomesZ 1

0

sin(��)e��
p
~x2�t2 d� =

�

~x2 +�2 � t2
� �

y2 � t2
: (6.37)

Upon substituting the two above relations into (6.34) we get

I = (2�)2 (sgn(t)� sgn(�)) Æ(t2 � ~x2 ��2)H(t2 � ~x2)

+ 4�(~x2 � t2)
�1=2
+

�

~x2 +�2 � t2
: (6.38)

6.5 Evaluation of the support

A representation of (6.38) for a �xed time is showed in Figure 6.3. This generalized

function is neither pressure or particle velocity, but through the relations (6.27){

(6.28) it is related to both. We observe that to evaluate the limit t ! 0� the
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Figure 6.3: The generalized function I , for t = �1, x2 = 0 and plotted for � as

a function of x1, thus the half circle, corresponding to the term with Dirac's delta

function, that is contracting and approaching the point x3 = X3 from the surface

x3 = 0. The amplitude is normalized to allow the singularities to be displayed

via a smoothing procedure, i.e., Æ(z) ! (2(��)1=2)�1e�z
2
=4� and (x2 � t2)�1 !

(x2 � t2 + �2)�1

analysis of [12, pp. 231, 234{236], can be applied, where the generalized function is

considered only as a generalized function with respect to the spatial variables, i.e.,

consider time as a parameter. There remains to clarify what this limit becomes for

the pressure and the particle velocity, in the `naive world' we observe that the �rst

term vanish as H(t2 � ~x2) is zero for any non-zero ~x. Thus we obtain

lim
t!0�

I =
4��

~x(~x2 +�2)
: (6.39)

Relation (6.27) gives the particle velocity. Note, however that from (6.39) it is clear

that the particle velocity with the puls in the particle velocity do not have point

support in the limit t! 0�. This result agrees with the result we would obtain if

we let the limit t = 0 in the evaluation of the integral above, as can be seen from

the zero-order Hankel transform we obtain if we substitute t = 0 in (6.31).

Consider the generalized function (6.38) as depending on f~x; tg with � as pa-
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rameters. We examine the case �! 0�, to compare it with result obtained in the

appendix. The limit might not exist, as it may be equivalent to trying to calculate

the distribution at a point. Still, let us consider this case. Assume that the limit

and the time derivative commute and let the second term of (6.38) be rewritten

into,

(~x2 � t2)
�1=2
+

�

~x2 � t2 +�2
=

�(~x2 � t2)
1=2
+

(~x2 � t2)2 + ((~x2 � t2)
1=2
+ �)2

: (6.40)

With the relation

lim
�!0�

�

z2 + �2
= �� Æ(z) ; (6.41)

we obtain the second term as

�4�2 Æ(x2 � t2) : (6.42)

The above result requires that we let ~x � jtj have
lim

�!0�
H(t2 � ~x2) Æ(�2 + ~x2 � t2) = Æ(~x2 � t2) (6.43)

if we consider it as a distribution in both time and space, i.e., we take the inner

product of a test function that depends on ~x; t, then the limit is well de�ned. The

total expression becomes,

lim
�!0�

I = (2�)2
�
(sgn(t)� 1) Æ(~x2 � t2)� Æ(~x2 � t2)

�
= (2�)2 sgn(t) Æ(~x2 � t2) :

(6.44)

With the correct numerical factor relating I and the pressure we �nd

�(16�3)�1@t lim
�!0�

I = p(~x; X3; t) =
�1
4�

@t(sgn(t) Æ(~x
2 � t2)) : (6.45)

Thus with the above `formal' steps, the result agrees with the calculation of the

pressure, p(~x; X3; t), are carried in Appendix A. This is a surprising result, as the

limit for generalized functions in general does not exists, but analogous to [12], we

can consider it as a parameter for the pressure. The validity of the relation (6.41)

with respect to the underlying space is at present not clear.

We repeat this `formal' limit procedure for the particle velocity. From (6.27)

we have

vn = �(16�3)�1@�I : (6.46)

Let y2 = ~x2 +�2, we obtain

vn = �(16�3)�1@�I
= �(2�)�1 � Æ(�) Æ(y2 � t2) + (sgn(t)� sgn(�))� Æ0(y2 � t2)

�
� 1

(2�)2

�
(~x2 � t2)

�1=2
+

1

y2 � t2
+ (~x2 � t2)

�1=2
+

�2�2

(y2 � t2)2

�
: (6.47)
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We observe that the �rst term is a singular distribution that has its support on the

boundary � = 0, thus the operation of limit is not-valid for this term. If one tries

to use an argument simular to [12, p. 235], one should note that
p
t2 � ~x2 does not

trivially ful�l the requirements. For the remaining terms we have from [12], with

the method described in chapter III.4.5

lim
�!0�

� Æ0(~x2 +�2 � t2) = 0 : (6.48)

Thus

lim
�!0�

[vn(~x; x3; t) + (2�)�1 Æ(�) Æ(y2 � t2)] =
�1
(2�)2

H(~x2 � t2)

(~x2 � t2)3=2
: (6.49)

Thus for the more `regular' part, this is the same result that is obtained for

vn(~x; X3; t) in Appendix A.

The limit t! 0�, is important for the evaluation of the size of the support and

is critically dependent on the dimension of the underlying space. The evaluation

has not been completed, however we observe that the `regular' part of the particle

velocity has a support larger than a point. Hence, the construction will not be

perfect, neither for the pulse in the pressure nor in the particle velocity. Observe

that in the limit �! 0 the spatial dimension reduces from three to two, thus it is

not clear whether the limit t! 0� commutes with �!.

7 Time-reversal mirrors in the paraxial approxi-

mation

For wave �elds propagating in the vertical direction, the vertical-propagation op-

erator (6.4) can be simpli�ed. One common approximation is the paraxial (or

parabolic) approximation [13, 19]. In this approximation, the one-way paraxial

Green function bG(�)

p satis�es (6.13) and (6.14) with the paraxial approximation of

the vertical-propagation operator, i.e.,

Sp� = i!c�1(x)� 1

2i!

2X
i=1

@xi(c(x)@xi �) : (7.1)

We consider the paraxial approximation in a region 
 = 
0�[0; X3], where 

0 2 R2 .

It is necessary to add boundary condition on @
0. Here, we use the �nite speed of

propagation to impose zero �elds at the boundary @
0, i.e.,

bG(�)

p (~x; x3; i!; ~x
0; x03) = 0 for x 2 @
0 :

With this set of boundary conditions, the paraxial operator Sp is skew symmetric,

Syp = �Sp, in the L2 inner product over 
0, i.e.,Z

0
u�Spv d~x = �

Z

0
(Spu)�v d~x : (7.2)
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Moreover, Sp changes sign as i! ! �i!, i.e., S�p = �Sp. This property eliminates

the evanescent wave constituents, i.e., 1�S�1p S�p = 2. We also have the reciprocity

relation

bG(�)

p (~x0; x03; i!; ~x
00; x003 )

=

Z
R

Z

0
Æ(~x� ~x0)Æ(x3 � x03)

bG(�)

p (~x; x3; i!; ~x
00; x003 ) d~x dx3

=

Z
R

Z

0

h
(@x3 + Sp)bG(+)

p (~x; x3; i!; ~x
0; x03)

i bG(�)

p (~x; x3; i!; ~x
00; x003) d~xdx3

=

Z

0

bG(+)

p (~x; x3; i!; ~x
0; x03)

bG(�)

p (~x; x3; i!; ~x
00; x003 )

���1
x3=�1

d~x

+

Z
R

Z

0

bG(+)

p (~x; x3; i!; ~x
0; x03)(�@x3 + Sp)bG(�)

p (~x; x3; i!; ~x
00; x003 ) d~xdx3

= bG(+)

p (~x00; x003 ; i!; ~x
0; x03) :

(7.3)

In the time-reversal mirror (6.19), we observe that there are no evanescent

wave constituents in the paraxial approximation, i.e., the skew symmetry (7.2)

eliminates these waves. The time-reversed �eld is

p̂+(x; x3; i!)

=

Z

0

Z

0

bG(+)

p (~x; x3; i!; ~x
00; 0)bG(�)

p (~x00; 0; i!; ~x0; X3)
�q̂�(~x

0; X3; i!)
� d~x0 d~x00

=

Z

0

Z

0

bG(�)

p (~x00; 0; i!; ~x; x3)bG(�)

p (~x00; 0; i!; ~x0; X3)
�q̂�(~x

0; X3; i!)
� d~x0 d~x00

=

Z

0

bG(�)

p (~x; x3; i!; ~x
0; X3)

�q̂�(~x
0; X3; i!)

� d~x0 = q̂�(~x; x3; i!) ;

where we used the reciprocity (7.3) and the identityZ
~x2
0

bG(�)

p (~x; x3; i!; ~x
0; x03)

bG(�)

p (~x; x3; i!; ~x
00; x03)

� d~x� Æ(~x0 � ~x00)

=

Z x3

z=x03

Z
~x2
0

bG(�)

p (~x; z; i!; ~x0; x03)
�Sp bG(�)

p (~x; z; i!; ~x00; x03)

+ (Sp bG(�)

p (~x; z; i!; ~x0; x03))
� bG(�)

p (~x; z; i!; ~x00; x03) d~xdz

=2

Z
x3

z=x03

Z
~x2
0

bG(�)

p (~x; z; i!; ~x0; x03)
� ReSp bG(�)

p (~x; z; i!; ~x00; x03) d~xdz = 0 :

Hence, the one-way time-reversal mirror is exact in the paraxial approximation.

8 Discussion of the result

For the cavity case, conditions are given for the controllability of acoustic wave

�elds. The controllability is related to the local energy decay. The time reversal
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procedure can be used to focus energy to a small area of the region and this is

particularly useful for lithotripsy [10]. The time reversal cavity is also used to re-

focus a wave �eld towards its original con�guration. It is shown that time reversal

of recorded data gives an optimal boundary control.

In the time-reversal mirror case, we consider both a direct time reversal of

the recorded wave �eld and a generalized time reversal where the least-squares

di�erence between the original and the re-emitted wave �eld is minimized. For

the direct time-reversal mirror, analytical results are given. The re-emitted wave

�eld is represented as a generalized function, supported in a larger region than the

original pulse. Hence, the re-focusing with the present method is not perfect. The

evanescent waves play a key role in the reconstruction for the half-space geometries.

The present method provides a way to construct a boundary control without the

evanescent waves.

We consider the generalized function for the response in the vertical plane limit,

where alternative calculations can be made, the limit and the alternative evalua-

tions agree for the regular part. Further investigation with respect to commutation

between the di�erent operations will be pursued. We have included the veri�cation

process of the integral calculations that have been made so far.
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Appendix

A The case � = 0 for the pressure and the particle

velocity

In this section, we consider the pressure and the normal component of the particle

velocity for a pulse in the velocity pro�le, as x3 = X3, or equivalently � = 0. We

note that the response is a distribution in �, cf. (6.38). However, we still consider

this case in order to compare with the general result.

The integrals (6.22) and (6.23) reduce to

p(~x; X3; t) =
�1
16�3

Z
R

Z
R2

j!jei!t+i~��~xq
!2 � ~�2

H(!2 � ~�2) d! d~� : (A.1)
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and

vn(~x; X3; t) =
�1
16�3

Z
R

Z
R2

ei!t+i
~��~xH(!2 � ~�2) d! d~� : (A.2)

The idea of calculating the case � = 0 is to compare with the general result.

Furthermore, we show, as expected for generalized functions, that the integration

order can be interchanged for the above two integrals.

A.1 The pressure integral

We consider

p(1)(~x; X3; t) = �(16�3)�1
Z
R

j!jei!t
Z
R2

ei
~��~xH(!2 � ~�2)q

!2 � ~�2
d~� d! ; (A.3)

where we have introduced the notation superscript (1) on p to separate between

di�erent methods of obtaining the integral. Using the relation @te
i!t = i!ei!t gives

p(1)(~x; X3; t) = �(16�3)�1@t
Z
R

ei!t
Z
R2

ei
~��~xH(!2 � ~�2)

i sgn(!)

q
!2 � ~�2

d~� d! : (A.4)

We rewrite the outer integral to an integral over positive !,

p(1)(~x; X3; t) =
�1
(2�)3

@t

Z 1

0

sin(!t)

Z
R2

ei
~��~xH(!2 � ~�2)q

!2 � ~�2
d~� d! : (A.5)

A transform to polar angles in ~� shows that the inner integral is given by

2�

Z j!j

0

~�q
!2 � ~�2

J0(~x~�) d ~� = 2�
sin(j!j~x)

~x
: (A.6)

Thus the total integral becomes (! � 0)

p(1)(~x; X3; t) =
�1

(2�)2~x
@t

�Z 1

0

sin(!t) sin(!~x) d!

�
: (A.7)

Following [5, p. 246, no. 466] , we �nd

p(1)(~x; X3; t) =
�1
8�~x

@t ( Æ(~x � t)� Æ(~x + t)) : (A.8)

The above parenthesis, can be rewritten with help of the sign function, i.e.,

Æ(~x� t)� Æ(~x+ t) = sgn(t)[ Æ(~x � t) + Æ(~x + t)] = sgn(t) Æ(~x � jtj) ; (A.9)
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as the wave front set of the distributions allow multiplication. Thus

p(1)(~x; X3; t) =
�1
8�~x

@t (sgn(t) Æ(~x � jtj)) : (A.10)

Observe that

Æ(~x� jtj)
2~x

=
Æ(~x� t)

t+ ~x
+

Æ(~x+ t)

j~x� tj = Æ(~x2 � t2) ; (A.11)

i.e., we have

p(1)(~x; X3; t) = �(4�)�1@t
�
sgn(t) Æ(~x2 � t2)

�
: (A.12)

The question is if we can change the order of integration and get the same result,

as we expect for generalized functions. To investigate this we note that changing

to polar coordinates and using the same symmetry in ! as above gives

p(2)(~x; X3; t) = �(2�)�2@t
Z 1

0

~� J0(~x~�)

Z 1

~�

sin!tq
!2 � ~�2

d! d~� ; (A.13)

where the superscript (2) denotes the second calculation of this pressure. The inner

integral yields Z 1

~�

sin!tq
!2 � ~�2

d! =
�

2
sgn t J0(jtj~�) ; (A.14)

and thus the total integral becomes

p(2)(~x; X3; t) =
�1
4�

@t

Z 1

0

~� J0(~x~�) J0(jtj~�) sgn t d~� : (A.15)

This integral corresponds to Dirac's delta expressed as a Hankel transforms and

thus

p(2)(~x; X3; t) =
�1
4�

@t

�
Æ(~x � jtj)

2~x
sgn t

�
; (A.16)

i.e., the same result as (A.10), that is p(1) = p(2). Thus this integral is independent

of the order of integration.

A.2 The particle velocity integral

The normal component of the particle velocity is given by an integral that is more

singular than the integral for p. It will be considered as a regularized generalized

function. We have

v(1)n (~x; X3; t) = �(16�3)�1
Z
R

Z
R2

ei!t+i
~��~xH(!2 � ~�2) d~� d! ; (A.17)
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where the superscript (1) denotes the �rst calculation of vn. With a transform to

polar coordinates and integration over the angles we obtain

v(1)n (~x; X3; t) = �(8�2)�1
Z
R

ei!t
Z j!j

0

J0(~x~�) d ~� d! : (A.18)

The inner integral is even in !, thus

v(1)n (~x; X3; t) = �(2�)�2
Z 1

0

cos(!t)

Z j!j

0

J0(~x~�) d ~� d! (A.19)

= �(2�)�2
Z 1

0

cos(!t)
!

~x
J1(!~x) d! ; (A.20)

by the zero order Hankel transform. There are at least two ways of calculating

this integral, one is to use ! cos!t = @t sin!t so as to relate it to known integrals,

see e.g., [25]. The second way is to use @~x J0(~x!) = �! J1(~x!). The �rst method
yields,

v(1a)n (~x; X3; t) =
�1

(2�)2~x
@t

Z 1

0

sin(!t) J1(!~x) d! : (A.21)

Mathematica 3.0 and the table [25] both give that this integral can be evaluated

as a regular integral and we have

v(1a)n (~x; X3; t) =
�1

(2�~x)2
@t

�
tp

~x2 � t2
H(~x2 � t2)

�
: (A.22)

We recognize H(~x2 � t2)(~x2 � t2)�1=2 as the generalized function (~x2 � t2)
�1=2
+ ,

where the index + indicates that the parenthesis is non-zero only for positive

values. Analogous to [12] we can consider the regularized part of this integral,

with the property

@t(~x
2 � t2)

�1=2
+ = t(~x2 � t2)

�3=2
+ : (A.23)

Thus after simpli�cation we �nd

v(1a)n (~x; X3; t) = �(2�)�2(~x2 � t2)
�3=2
+ : (A.24)

For the second method, with @~x J0(~x!) = �! J1(~x!) we get

v(1b)n (~x; X3; t) =
1

(2�)2~x
@~x

Z 1

0

cos(!t) J0(~x!) d! : (A.25)

This is a Hankel transform of order zero and with the observation cos(!t) =

cos(!jtj), we �nd

v(1b)n (~x; X3; t) =
1

(2�)2~x
@~x

�
H(~x2 � t2)p

~x2 � t2

�
; (A.26)
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Again we identify H(~x2� t2)(~x2 � t2)�1=2 as the generalized function (~x2� t2)
�1=2
+

and obtain after di�erentiation,

v(1b)n (~x; X3; t) = �(2�)�2(~x2 � t2)
�3=2
+ : (A.27)

thus v
(1b)
n = v

(1a)
n .

If we integrate in the reverse order, then by the polar angle approach,

v(2)n (~x; X3; t) =
�1
(2�)2

Z 1

0

~� J0(~�~x)

Z 1

~�

cos!t d! d~� : (A.28)

A change of variables ! = � + ~� gives

v(2)n (~x; X3; t) =

�1
(2�)2

Z 1

0

~� J0(~�~x)

Z 1

0

cos(�t) cos(~�t)� sin(�t) sin(~�t) d� d~� : (A.29)

The relation Z 1

0

ei�t d� =
i

t
+ � Æ(t) ; (A.30)

allow us to identify the respective integral of sine and cosine over the half interval.

Thus

v(2)n (~x; X3; t) =
�1
(2�)2

Z 1

0

~� J0(~�~x)
�
� Æ(t) cos(~�t)� t�1 sin(~�t)

�
d~� : (A.31)

Writing this integral into two parts and removing a time derivative gives

v(2)n (~x; X3; t) =

�1
(2�)2

�
� Æ(t)@t

Z 1

0

J0(~�~x) sin(~�t) d ~� + t�1@t

Z 1

0

J0(~�~x) cos(~�t) d ~�

�
; (A.32)

containing two Hankel transforms of order zero. Thus we have

v(2)n (~x; X3; t) =
�1
(2�)2

�
� Æ(t)@t

H(t2 � ~x2)p
t2 � ~x2

+ t�1@t
H(~x2 � t2)p

~x2 � t2

�
: (A.33)

Once again identifying the generalized functions

(t2 � ~x2)
�1=2
+ =

H(t2 � ~x2)p
t2 � ~x2

and (x2 � t2)
�1=2
+ =

H(~x2 � t2)p
~x2 � t2

; (A.34)

we �nd,

v(2)n (~x; X3; t) =
�1
(2�)2

�
��t Æ(t)(t2 � ~x2)

�3=2
+ + (~x2 � t2)

�3=2
+

�
: (A.35)
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For the class of test functions that are bounded at the origin, we have tÆ(t) = 0,

thus

v(2)n (~x; X3; t) = �(2�)�2(~x2 � t2)
�3=2
+ : (A.36)

Hence, v
(1)
n = v

(1a)
n = v

(1b)
n = v

(2)
n under the mild condition that we can not use a

u(~x; X3; t)=t �eld, to allow the class of test functions to be bounded in origin.

The integral in (A.17) is the Fourier transform of H(!2 � ~�2), and this is a

special case of the generalized function P �
+, as �! 0, where

P+ = (!2 � ~�2)+ : (A.37)

This generalized function is analyzed in [12] and the Fourier transform, F , for
arbitrary � is given as

v
(3)

n;�(~x; X3; t) = �(16�3)�1FP �

+ = �22��1��5=2�(�+ 1)�(�+ 3=2)

� 1

2i
(e�i(1+�)�(Q� i0)���3=2 � ei(1+�)�(Q+ i0)���3=2) ; (A.38)

see [12] or [5, p. 291, no. 716]. Here � is the Gamma function, and Q = t2 � x2.

Following the analysis in [12, p. 276], we �nd that (Q � i0) does not have a

singularity in  for  = �3=2, that is

Res((Q� i0)) = 0 for  = �3=2 : (A.39)

Thus we are allowed to take � = 0, and with �(3=2) = �1=2=2 and we �nd

v
(3)
n;0(~x; X3; t) = �(16�3)�1FP 0

+

= �(2�)�2 1
2i
((Q+ i0)�3=2 � (Q� i0)�3=2) : (A.40)

From the relation

Q


� =
(Q+ i0) � (Q� i0)

2i sin�
; (A.41)

where

Q� = (~x2 � t2)H(~x2 � t2) = (~x2 � t2)+ ; (A.42)

we �nd

v
(3)
n;0(~x; X3; t) = �(2�)�2(~x2 � t2)

�3=2
+ (A.43)

considered as a generalized function. Thus v
(1)
n = v

(2)
n = v

(3)
n;0 and we are allowed

to interchange the integration order.
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