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Abstract

Thermodynamical and dynamical phase instabilities in several metallic systems
are studied from �rst-principles electronic-structure and statistical mechanics cal-
culations. Dynamical instabilities are observed through phonon dispersion curves
which are obtained using a density functional linear response method. By examin-
ing structural transformation paths, through the frozen-phonon technique, details
of displacive phase transitions are extracted.

The main results in the thesis are:

� At ambient conditions, the dynamical instabilities in fcc W extend far into
the Brillouin zone. With increasing pressure, the dynamical stabilization of
the fcc phase occurs before Hfcc < Hbcc. In contrast, the bcc phase re-
mains dynamically stable although it develops phonon anomalies related to
its pressure-induced thermodynamical instability.

� The Burger's structural transition path between the bcc and hcp phase in Fe
exhibits an enthalpy barrier, characteristic of a �rst-order martensitic trans-
formation. As the pressure is increased, the bcc phase becomes thermody-
namically unstable towards the hcp phase and the barrier decreases in height.
However, the bcc phase remains dynamically stable until the magnetic mo-
ment of the crystal collapses.

� The concentrations, x, for which the disordered RexW1�x alloy is stable in
the fcc and bcc structures are determined. The vibrational contribution to
the Gibbs free energy makes the alloy stable against phase segregation. A
phase diagram is constructed, taking into account the dynamical instability
of the W-rich fcc and Re-rich bcc alloys. Metastable fcc Re exhibits phonon
anomalies connected with strong electron-phonon interaction.

� The phonon instabilities of the bcc Sc, Ti, La, and Hf cover large parts of the
Brillouin zone and are not always directly connected with structural trans-
formation paths to other high-symmetry structures. An accurate description
of these instabilities is of great importance to molecular dynamics simula-
tions and has a profound impact on the microscopic models for temperature-
induced martensitic transformations.

� The �-Sn Si phase is metastable at ambient conditions, in contrast to many
other metallic high-symmetry phases in Si. The thermodynamical properties
of the �-Sn phase, calculated in the quasiharmonic approximation, suggest a
revaluation of the experimental phase diagram for Si.

Key words: electronic structures, density functional theory, phonon instabilities,
martensitic transformation, phase diagram.
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Preface

This thesis is based on research performed during the period 1996-2000 at the
Department of Physics at the Royal Institute of Technology.

The thesis consists of two parts. The �rst part contains an introduction and a
background to the electronic-structure theory and calculations which are relevant to
my research. Chapter 1 gives a short popular description of the �eld and Chapter 2
deals with electronic-structure theory, in particular density functional theory. In
Chapter 3 the implementations of the density functional theory, used in this thesis,
are presented. Chapter 4 provides a background to my particular focus of interest;
dynamical instabilities and martensitic phase transformations. The second part
consists of the six papers where my research and the results thereof are presented.
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Phonon instabilities in bcc Sc, Ti, La, and Hf
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Comment on the Author's Contributions to the Papers

In all papers I have contributed to the scienti�c idea of the paper and in the
development of computational tools for the analyses of the results. In cases where
I have not done the major part of the calculations, I have taken an active part in
these.

� Paper 1: The calculations were divided between Babak Sadigh and myself.
The paper was written jointly and all �gures were made by me.

� Paper 2: I performed a minor part of the calculations and the writing was
shared between Mathias Ekman, Babak Sadigh, and myself.

� Paper 3: I performed the major part of the calculations except for the cluster
expansion for which Mathias Ekman was responsible. I was in charge of the
writing procedure and I made all �gures.

� Paper 4: This paper is based on the results in Paper 3. I took part in the
discussions concerning the new approach.

� Paper 5: Most calculations and the main part of the writing (and all �gures)
were made by me.

� Paper 6: I performed the major part of the electronic-structure calculations
and most of the paper was written by me.



Acknowledgments

I wish to thank my supervisor G�oran Grimvall for accepting me as his graduate
student and for his unfailing support. His generosity in giving me the opportunity
to travel and attend meetings from the very beginning has been of great impor-
tance to my studies. The Swedish primary national resource for high-performance
computing and networking, Parallelldatorcentrum - PDC, has provided me with
the computer resources which are essential for the present type of computer inten-
sive research. Mathias Ekman, Babak Sadigh and Vidvuds Ozoli�n�s have guided
me in the �eld of electronic structure calculations. Our discussions and work to-
gether have been rewarding and developing from both a professional and personal
point of view. Babak Sadigh and Vidvuds Ozoli�n�s are gratefully acknowledged for
leaving some of their work behind and for always �nding the time to answer my
questions. Apart from being a highly valued coworker, Mathias Ekman has also
become one of my closest friends. Since his departure from the Department, I have
sorely missed our daily discussions and travels together. I am also very grateful to
Henrik Christiansson - the Pooh of our little group - for being such a good friend.

I also wish to thank all the people at the Department, with whom I've spent
so much time these years. Tommy Ohlsson, Blanka Magyari-K�ope, Nils Sandberg,
Christian Ekstrand, Oskar Mauritz, Jack Lidmar, Martin K�orling, Helena Magnus-
son, Lars Sandberg, Erik Lindahl, Anders Vestergren, and Ann Mattsson among
others have contributed to the friendly and stimulating atmosphere. Agneta Chris-
tiansson and Bj�orn Petersson are acknowledged for their help with practical things.

Per-Olof, you are the stability around which I weave my life.

Stockholm, March 2001

vii



viii



Contents

I Introduction and Background 3

1 Introduction 1

1.1 Ab Initio Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Phase Stability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

2 Electronic-Structure Theory 3

2.1 The Schr�odinger Equation . . . . . . . . . . . . . . . . . . . . . . . 3
2.2 Density Functional Theory (DFT) . . . . . . . . . . . . . . . . . . 5
2.3 Approximate Exchange-Correlation Potentials . . . . . . . . . . . . 9

2.3.1 Local Density Approximations (LDA) . . . . . . . . . . . . 9
2.3.2 Generalized-Gradient Approximations (GGA) . . . . . . . . 10

3 Electronic-Structure Calculations 13

3.1 Representations of the Potential and the Wavefunctions . . . . . . 13
3.1.1 All-Electron Implementations . . . . . . . . . . . . . . . . . 13
3.1.2 Pseudopotential and Planewaves . . . . . . . . . . . . . . . 15

3.2 Brillouin Zone Integration . . . . . . . . . . . . . . . . . . . . . . . 19
3.3 Lattice Dynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

3.3.1 Some Fundamentals . . . . . . . . . . . . . . . . . . . . . . 20
3.3.2 Calculational Methods . . . . . . . . . . . . . . . . . . . . . 22

4 Thermodynamical and Dynamical Instabilities 27

4.1 Thermodynamical Stability . . . . . . . . . . . . . . . . . . . . . . 27
4.2 Dynamical Instability . . . . . . . . . . . . . . . . . . . . . . . . . 30

4.2.1 High-Temperature bcc Phases . . . . . . . . . . . . . . . . . 30
4.2.2 The Calphad Discrepancy, Absent High-Pressure Phases and

Other Issues . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
4.3 Correlation between Thermodynamical and Dynamical Instabilities 34
4.4 Martensitic Phase Transitions . . . . . . . . . . . . . . . . . . . . . 35

4.4.1 Landau Theory . . . . . . . . . . . . . . . . . . . . . . . . . 36
4.4.2 A Short Review of Microscopic Models . . . . . . . . . . . . 37
4.4.3 Displacive Transformation Paths . . . . . . . . . . . . . . . 39

II Scienti�c Articles 51

ix



x



List of Figures

2.1 Schematic ow chart describing the computational procedure for
solving the KS equations. . . . . . . . . . . . . . . . . . . . . . . . 8

3.1 The LAPW partitioning of the unit cell into atomic spheres (I) and
an interstitial (II). . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

3.2 Comparison of pseudo and all-electron wavefunctions as well as pseu-
dopotentials and the all-electron potential for W, generated accord-
ing to the scheme in Ref. [35]. This particular pseudopotential for
W was used in Papers 1, 3, and 4. . . . . . . . . . . . . . . . . . . 19

4.1 The energy E as a function of volume V for some phases occur-
ring in Si at di�erent pressures. Several common tangents can be
constructed in this picture. The chosen one (dashed lines) indi-
cates a possible pressure-induced transition from the cd to the �-
Sn phase at p = 7:2 GPa for the volumes V��Sn = 94:3 a.u.3 and
Vcd = 123:6 a.u.3, respectively. . . . . . . . . . . . . . . . . . . . . 28

4.2 Phonon frequencies, where �j�j is plotted when �2 (q) <0, for bcc
Hf. The same data were presented in Paper 5 of this thesis. Bcc
Hf exhibits dynamical instabilities in a wide part of the Brillouin
zone. The phonon wavevectors which are known to transform the
bcc crystal (together with a shear and, in the case of the 9R struc-
ture, a tilting of one axis) into other high-symmetry structures are
indicated with arrows. However, as pointed out in Paper 5, not all
of the instabilities (e.g. the T[���]-branch) seem to be related to
transformation paths into other high-symmetry structures. . . . . . 31

4.3 The energy E as a function of the c/a ratio describing the bcc$fcc
Bain's path for W. V0 is the equilibrium volume for the bcc phase and
the volumes 0:5V0 and 0:4V0 correspond to the pressures p = 300 GPa
and p = 1200 GPa, respectively. . . . . . . . . . . . . . . . . . . . . 35

4.4 The Gibbs free energy G as function of a single order parameter �.
The two upper curves correspond to �rst-order transitions and the
lower curve describes a second-order transition. . . . . . . . . . . . 36

xi



xii List of Figures

4.5 Three di�erent transformation paths where the energy E is presented
as a function of the distortion parameters. In (a) the bcc$fcc trigo-
nal Bain's path for W is shown. The c=a ratio refers to a cell with the
c-axis in the [111]-direction (see Ref. [123]). The path in (b) describes
the bcc!! transformation in Ti through the LA[ 2

3
2
3
2
3
] phonon. The

two-parameter fcc!sh path is shown in (c), where the shear pa-

rameter  = (c=a)
3
2 . A volume relaxation from V fcc

eq =93.66 a.u.3

to V ' V sh
eq =98.02 a.u.3 is also included. The contour step is

1 mRy/atom and the fcc and sh structures are positioned at (1.0,0.0)
and (0.693,0.25), respectively. . . . . . . . . . . . . . . . . . . . . . 40



List of Tables

4.1 A collection of the displacive structural transformation paths men-
tioned in this thesis. All symmetry points and phonon vectors are
given on the same Bravais lattices as in Ref. [124]. . . . . . . . . . 41

xiii



xiv



To Ellen





Part I

Introduction and

Background





Chapter 1

Introduction

1.1 Ab Initio Methods

From quantum mechanics it is known that all conceivable properties of a solid can
be exactly calculated if the interaction between every particle in the solid is ac-
counted for. However, in just a small piece of metal, say 1 cm3 cube of iron, there
are approximately 22�1023 electrons and 8�1022 nuclei. To represent the interactions
of this system is, of course, an extremely large many-body problem and virtually
impossible to solve. As a �rst step, theorists instead developed simple, but physi-
cally plausible models to explain experimental results. With the dramatic evolution
of computers came a new branch of solid state physics - electronic-structure cal-
culations - based on the ideal that one day it would be possible to compute any
property, of any material in any thermodynamical state, directly from quantum
mechanics.

However, even with today's computer facilities, a direct solution of Schr�odinger's
equation is a huge undertaking and approximations must be made. The �rst simple,
yet important, assumption is that the single-crystal material is completely periodic,
i.e., random dislocations and impurities are neglected. This drastically reduces the
problem, from a real-sized piece of matter to one small building block - a unit cell

- of which the whole solid can be constructed. A unit cell typically contains 10-100
atoms, depending on the complexity of the material. Secondly, if we are only inter-
ested in bulk properties, the surface e�ects of the materials can be neglected. To
remove the surface we extend the periodic crystal into in�nity. A third simpli�ca-
tion is obtained through the Born-Oppenheimer approximation which states that,
because the ions move so slowly compared to the electrons, the electrons will be
in their ground state at any moment for that particular instantaneous ionic con-
�guration. This allows us to remove the nuclei from the many-body problem and
consider only the electrons, moving in an external nuclear force-�eld. Given these

1



2 Chapter 1. Introduction

approximations the Schr�odinger equation can be solved more easily for any crys-
tal, although the accuracy and eÆciency of the computation depend on yet other
simpli�cations and, of course, on the actual computational technique. It is impor-
tant to note that these calculations will not contain any experimentally adjusted
parameters, i.e., they are made from the 'beginning' (ab initio). One may question
the usefulness of such �rst-principles methods as they do not always give better
results than phenomenological models. The great bene�t lies in the fact that, in
contrast to approximations using free parameters which are empirically optimized
to �t a certain set of data, ab initio methods exhibit a consistent degree of accuracy
or inaccuracy for various types of problems. When applied to a new problem, the
results can thus be interpreted with some con�dence. Also, as the approximations
in ab initio methods are fairly well known, they are more easily improved upon.

It is hoped that these �rst-principles computational schemes, together with new
algorithms and increasing computer power, will one day replace costly and lengthy
experiments in the design of new materials and molecules.

1.2 Phase Stability

An important goal of this �eld is to predict the phase diagram of a material. The
phase diagram tells us which phase is stable at various temperatures and pressures.
If an element exists in several di�erent structures at di�erent conditions, there is
a considerable interest in explaining how and why these phases are stabilized or
destabilized with respect to each other. A calculation of the Gibbs free energy
for the phases reveal which phase is thermodynamically stable, i.e., has the lowest
free energy. For a long time, only the thermodynamical stability of the phases was
considered in the search for stable structures. All excited phases were assumed to
be dynamically stable, i.e., when in�nitesimally distorted, the structure experiences
a restoring force. In recent years, it has come to our attention that often the phases
are in fact locally dynamically unstable, quite contrary to earlier beliefs. In many
cases, it is now considered essential to include an analysis of the dynamical stability
of all structures, against all distortions, to be able to predict the stable phase.

Intuitively, thermodynamical and dynamical instabilities should be directly con-
nected, i.e., when a phase is thermodynamically destabilized with respect to another
phase a dynamical instability should develop leading to the more energetically sta-
ble phase. However, this is not always the case which further complicates the
calculation and prediction of stable non-equilibrium phases. The study of dynami-
cal instabilities and their relationship to the thermodynamical stability of metallic
phases is the primary focus of this thesis.



Chapter 2

Electronic-Structure Theory

2.1 The Schr�odinger Equation

We are mostly interested in states of minimum energy, and will therefore not discuss
how the wavefunction changes with time. In a system consisting of N electrons and
M nuclei, the non-relativistic, time-independent Schr�odinger equation is written,

bH	(r1; ::; rN ;R1; ::;RM ) = Etot	(r1; ::; rN ;R1; ::;RM ); (2.1)

where bH is the Hamiltonian and 	 is the wavefunction for the electrons and the nu-
clei. Relativistic e�ects can be incorporated in the Hamiltonian and 	 is generally
a product of a spatial orbital and a spin function. For simplicity, these contribu-
tions will be omitted in this text. However, the fermion character of the electrons,
which is manifested through the spin, will later be taken into account. The Hamil-
tonian for the whole system can now be expressed as a sum of kinetic and potential
operators,

bH = bTkinetic
electrons+

bTkinetic
nuclei +

bVCoulomb
electron�electron+

bVCoulomb
electrons�nuclei+

bVCoulomb
nucleus�nucleus: (2.2)

Using the Rydberg unit system ( �h
2

2m
= 1, e

2

4��0
= 2), these operators are:

bTkinetic
electrons = �

NX
i

r2
i ;

bTkinetic
nuclei = �

MX
i

r2
i

Mi

;

bVCoulomb
electron�electron =

1

2

X
i 6=j

2

jri � rj j ;
bVCoulomb
electrons�nuclei = �

X
i;j

2Zj
jri �Rj j ; (2.3)

bVCoulomb
nucleus�nucleus =

X
i6=j

ZiZj

jRi �Rj j :

3



4 Chapter 2. Electronic-Structure Theory

The Born-Oppenheimer (adiabatic) approximation [1] makes it possible to sep-
arate the wavefunction

	(frg; fRg) =  (frg)�(fRg); (2.4)

where (frg) = (r1; r2; : : : ; rN ) and (fRg) = (R1;R2; : : : ;RM ). This separation
decouples the Schr�odinger equation into an electronic part� NX

i=1

�r2
i
+
1

2

X
i6=j

2

jri � rj j �
X
i;j

2Zj
jri �Rj j

�
 (frg) = Eel (frg); (2.5)

and a nuclear part�
�1

2

MX
i=1

r2
i

Mi

+
X
i 6=j

ZiZj

jRi �Rj j +Eel

�
�(fRg) = Enc�(fRg): (2.6)

The kinetic contribution of the nuclei is often neglected because the mass M is
relatively large. Then, the total energy of the system is given by

Etot = Eel +
X
i6=j

ZiZj

jRi �Rj j : (2.7)

After applying the Born-Oppenheimer approximation we are left with the problem
of solving Eq. (2.5). Since  depends on the positions of all the electrons, this is
very diÆcult without �rst simplifying the wavefunction. One of the earliest, and
most widely used, of all approximations for  is due to Hartree [2] who assumed
that the electrons move independently of each other. The Hartree wavefunction,
 H, for the system of N electrons is written as

 H(frg) =
NY
i=1

 i(ri): (2.8)

Each of the single-particle wavefunctions  i(ri) satis�es a one-electron Schr�odinger
equation. A major de�ciency of the Hartree approximation is the failure to in-
corporate the e�ects of the Pauli exclusion principle which states that fermions
should have an antisymmetric wavefunction under interchange of particles with the
same spin. In 1930, Fock [3] improved the approach by imposing the condition of
antisymmetry on the wavefunction,

 (r1; r2; : : : ; rN ) = � (r2; r1; : : : ; rN ): (2.9)

The antisymmetric Hartree-Fock wavefunction,  HF, for N fermions is constructed
through a Slater determinant,

 HF(frg) = 1p
N !

���������
 1(r1)  2(r1) : : :  N (r1)
 1(r2)  2(r2) : : :  N (r2)

...
...

...
 1(rN )  2(rN ) : : :  N (rN )

���������
:



2.2. Density Functional Theory (DFT) 5

Introducing the antisymmetric Hartree-Fock wavefunction to the Schr�odinger equa-
tion yields,

� NX
i=1

�r2
i +

1

2

X
i 6=j

2

jri � rj j �
NX
i=1

v(ri)

�
 i(ri)

�
24X
i6=j

Z
2 �

j
(ri) j(rj)

jri � rj j drj

35 i(rj) = "i i(ri); (2.10)

where v(ri) is the sum of the Coulomb attraction from the nuclei and possibly
other external potentials. The extra term, depending on both  j and  i, is called
the exchange term. It makes the equation nonlocal, i.e., to calculate the exchange
potential at one point we need the value of  for all r. The exchange energy is the
decrease in energy due to the Coulomb interaction between electrons with parallel
spins. Solving Eq. (2.10) in a self-consistent scheme is called the Hartree-Fock

method. The di�erence between the exact energy and the Hartee-Fock energy is
de�ned as the correlation energy. This interaction describes how the motion of one
electron is correlated to the motions of the rest of the electrons due to the Coulomb
repulsion. The correlation energy, which tends to be of a magnitude smaller than
the exchange energy, can be accounted for by introducing a combination of a large
number of Slater determinants, which of course leads to a vast many-body problem.
The exchange and the correlation interactions repel other electrons, creating so-
called exchange-correlation holes surrounding the electrons in the electronic density.
The Hartree-Fock approximation and similar methods are usually applicable only in
quantum chemistry and not in solid state physics because of their rapidly growing
complexity as the number of electrons increases.

2.2 Density Functional Theory (DFT)

Thomas [4] and Fermi [5] pioneered in the �eld of density functional theory (DFT)
by proposing a scheme based on the electron density,

n(r) =

NX
i=1

j i(r)j2; (2.11)

instead of the electronic wavefunction. A thorough survey of the DFT formalism
can be found in Ref. [6]. The basic theorems of the density functional formalism
were derived by Hohenberg and Kohn [7] in 1964. They developed an exact formal
variational principle for the ground-state energy, in which the density n(r) is the
variable function. A simpler, and more general, derivation of the same theorems
can be found in Ref. [8].
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Theorem 1 The external potential v(r) and the electron wavefunction  are uniquely

determined, apart from a trivial additive constant, by the knowledge of the electronic

density distribution n(r):

E[n(r)] = F [n(r)] +

Z
v(r)n(r)dr; (2.12)

F [n(r)] = min
 !n

h ; (bTkinetic
electron +

bVCoulomb
electron�electron) i: (2.13)

The minimum is taken over all  (r) that give the density n(r). F [n(r)] is a universal
functional since it applies to all electronic systems in their ground-state, regardless
of the external potential. F [n(r)] will be the same for any atom, molecule, or solid
because it only contains information about the interaction between the electrons.

Theorem 2 (The Variational Principle) The correct ground-state electron den-

sity n(r) minimizes the energy functional E[n(r)].

Using Theorem 1 and applying the index 'GS' to ground-state properties, Theorem
2 can be expressed as,

EGS[nGS(r)] =

Z
v(r)nGS(r)dr + F [nGS(r)]; (2.14)

EGS[nGS(r)] � E[n(r)]: (2.15)

Basically, the theorems mean that once the functional F [n(r)] and the external
potential v(r) are obtained we can use the variational principle to get the ground-
state. Although the expression for F [n(r)] is unknown, some parts can be written
exactly and the remaining terms give a relatively small contribution to the total
energy. Kohn and Sham [9] separated the energy functional as

E[n(r)] = T0[n(r)] +

Z
v(r)n(r)dr +

1

2

Z
2n(r)n(r0)

jr0 � rj drdr0 +Exc[n(r)]; (2.16)

where T0 is the kinetic energy of a non-interacting electron system,

T0[n(r)] =

NX
i=1

Z
 �
i
(r)(�r2) i(r)dr; (2.17)

and Exc is the exchange-correlation (xc) energy. The xc energy is de�ned here as
the di�erence between the exact energy functional and the �rst three terms on the
right-hand side of Eq. (2.16). T0 is, of course, di�erent from the true kinetic energy
but it has approximately the same magnitude. Thus, somewhat confusingly, Exc

contains not only the 'real' xc energy, but also the di�erence between T0 and the
true kinetic energy. Let it be stressed that all terms except Exc can be evaluated
exactly.
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Applying the variational principle of Theorem 2 to Eq.( 2.16) yields,

ÆE[n(r)]

Æn(r)
=

ÆT0

Æn(r)
+ v(r) +

Z
2n(r0)

jr0 � rjdr
0 + vxc(r): (2.18)

The xc potential, vxc, is de�ned as a functional derivative of Exc,

vxc(r) =
ÆExc[n(r)]

Æn(r)
: (2.19)

Comparing this with the corresponding equation for a system of non-interacting
electrons moving in an e�ective potential ve� ,

ÆE[n(r)]

Æn(r)
=

ÆT0

Æn(r)
+ ve�(r); (2.20)

we �nd the mathematical problems to be identical. Therefore, we obtain the energy
and density of the ground state and all quantities which can be derived thereof, by
solving the one-particle Kohn-Sham (KS) equations�

�r2 + ve�(r)

�
 KS
i

(r) = "KS
i
 KS
i

(r); i = 1; 2; : : : ; N; (2.21)

ve�(r) = v(r) +

Z
2n(r0)

jr0 � rjdr
0 + vxc(r); (2.22)

and setting,

n(r) =

NX
i=1

j KSi (r)j2: (2.23)

The wavefunctions  KS
i

in the KS equations are called Kohn-Sham orbitals. The
density functional method has reduced Eq. (2.5) to a system of N single-particle
equations of Hartree form, which are more easily handled. Equations (2.21) - (2.23)
are solved self-consistently, see Fig. 2.1. Starting with a trial ntrial(r), the e�ec-
tive potential, ve� , is constructed from Eq. (2.22), and a new n(r) is derived from
Eq. (2.21) and Eq. (2.23). This procedure will be repeated until the new density
equals the old density. It is worth mentioning that the Kohn-Sham eigenvalues,
"KS
i
, are not the energies of the one-particle electron states, but rather the deriva-

tives of the total energy with respect to the occupation numbers of these states.
Furthermore, the sum of the Kohn-Sham eigenvalues is not equal to the total en-
ergy of the system, as it needs to be corrected for the double-counted Coulomb
energy. Inserting the true xc energy according to Eq. (2.16), the total energy is
thus obtained as

E[n(r)] =

NX
i=1

"KS
i
�
Z Z

n(r)n(r0)

jr� r0j drdr
0 +Exc[n(r)] �

Z
vxc(r)n(r)dr: (2.24)
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Solving Eq. (2.22) yields the

e�ective potential ve�(r).

The wavefunctions  KS
i

(r) are

obtained from Eq. (2.21).

Inserting  KS
i

(r) in Eq. (2.23)

yields a new n(r).

?

?

?

The new and old n(r)

are compared.

?

The total energy is

calculated from Eq. (2.24).

�-

ve�(r)

 KS
i

(r)

nnew(r)

ntrial(r)

nnew(r) = nold(r)

nnew(r) 6= nold(r)

Figure 2.1. Schematic ow chart describing the computational procedure for solv-

ing the KS equations.
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2.3 Approximate Exchange-Correlation Potentials

All the complicated physics of interacting electrons has been put into a formal ex-
pression for Exc. Since the beginning of DFT, a number of di�erent approximations
of the xc potential have been proposed. Most of them try to incorporate the few
exact properties that are known about the xc interaction. Introducing the xc hole
density nxc(r; r

0), the xc energy density is expressed as

"xc[n(r)] =

Z
nxc(r; r

0)

jr� r0j dr
0: (2.25)

The xc hole density can be divided into separate exchange and correlation contri-
butions, nxc(r; r

0) = nx(r; r
0)+nc(r; r

0). Given an electron at r, the xc hole density
satis�es the following sum rules [15, 16, 17],

nx(r; r
0) � 0; (2.26)Z

nx(r; r
0)dr0 = �1; (2.27)Z

nc(r; r
0)dr0 = 0: (2.28)

Since the exchange interaction is a manifestation of the Pauli principle, the �rst
two rules describe a depletion of exactly one electron (with the same spin) due
to the hole arising from the electron at r. The third sum rule states that since
the correlation interaction only represents a redistribution of electrons, it does not
contribute to the total number of particles. Importantly, these expressions hold
for an approximate hole with too large values in some regions and too small in
others, as long as the misrepresentations balance each other in the integrations in
Eqs. (2.27) - (2.28).

2.3.1 Local Density Approximations (LDA)

The simplest and most popular method for calculating the xc energy is the local
density approximation (LDA). For a slowly varying electronic density, Exc can be
approximated as

ELDA
xc [n(r)] =

Z
n(r)"xc(r)dr; (2.29)

where "xc(r) is equal to the xc energy per electron in a homogeneous electron gas
that has the same density n(r) as the real electron gas at the point r:

"xc(r) = "homxc (n(r)): (2.30)

This eliminates the problematic nonlocality in the xc potential.
Several parametrizations exist for the function "xc(r). Early developments were

made by Wigner in 1938 [10] and Hedin and Lundqvist in 1971 [11]. In 1980



10 Chapter 2. Electronic-Structure Theory

Ceperly and Alder [12] published results from Monte-Carlo simulations which were
later used in the parametrizations of Vosko et al. in 1980 [13] and Perdew and
Zunger in 1981 [14]. In practice, interpolation formulae are employed, e.g., the one
given by Gunnarson and Lundqvist [15];

"xc(r) = �0:458

rs
� 0:0666G(

rs

11:4
); (2.31)

G(x) =
1

2

�
(1 + x3) log(1 + x�1)� x2 +

1

2
x� 1

3

�
; (2.32)

rs =

�
3

4�n

�1=3

: (2.33)

Equation (2.33) is easily understood if we realize that the LDA xc hole is spherical
in shape. If the hole has a uniform electron density of n, then the radius of the
hole becomes rs / n�1=3. Obviously, the LDA gives the exact result for a homo-
geneous electron gas and it is surprisingly successful for many atomic, molecular
and crystalline electron systems, even though the density in these systems is not
slowly varying. The real xc hole is far from spherical in shape, but the xc hole
of the LDA gives the correct sum rules (Eqs. (2.26) - (2.28)) which can partially
account for its accuracy. Moreover, as the xc energy is the spherical average of the
xc energy density, it will not depend on details of the xc hole and will be rather
well estimated by the LDA. Including spin in the formalism yields the LSDA, the
local spin-density approximation.

2.3.2 Generalized-Gradient Approximations (GGA)

Nevertheless, the LDA is not the �nal answer. It generally overestimates the bond-
ing, which produces quite severe errors in molecular calculations. In solid state
computations the errors are less serious but the general overbinding increases the
bulk modulus and can lead to a poor description of magnetic materials where the
spin polarization tends to push the atoms apart. For example, the LSDA is infamous
for predicting the wrong ground state of iron. Kohn and Sham [9] suggested that
the nonlocal information about the charge density can be incorporated through the
gradient of the electron density. The generalized gradient approximation assumes
that the xc energy can be calculated as

EGGA
xc [n(r)] =

Z
fxc(n(r);rn(r))dr: (2.34)

As in the case of the LDA, many GGA-functionals have been constructed.
One of them, the Perdew-Wang functional (PW91) [18], was developed from �rst-
principles and, like the LDA, it satis�es the above-mentioned sum rules, Eqs. (2.26) -
(2.28). The inclusion of the gradient to the expression of the xc interaction yields
an unphysically long-range xc hole, which in PW91 is eliminated by a real-space
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cuto�. Many properties, for example bonding energies in atoms and molecules, are
greatly improved with the GGA, compared with the LDA. For solids, results on
3d transition metals are improved but lattice constants and magnetic moments are
generally overestimated. One particular success of the GGA is the prediction of
the correct ground state of iron. Of course, there are still many situations where
both the LDA and GGA fail. For instance, solid surfaces and long-range electron
correlations (like van der Waals interactions) are still a challenge to solid state
theorists.
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Chapter 3

Electronic-Structure

Calculations

3.1 Representations of the Potential and the Wave-

functions

In order to solve the one-particle KS equations (2.21 - 2.23) a basis set expansion
for the KS orbitals has to be chosen,

 KS
k

(r) =
X
n

cn'kn(r); (3.1)

where 'n(r) are the basis functions and the cn are the expansion coeÆcients. Since
these coeÆcients are the only variables in the problem, the solution to the KS
equations amounts to determining cn for the orbitals that minimize the total en-
ergy. However, there are some problems connected with the choice of the basis
functions. The tightly bound core orbitals are localized around the nuclei, while
the delocalized valence wavefunctions oscillate strongly (due to the orthogonality
requirement) near the ionic cores and vary slowly in the interstitial region. It has
proven to be diÆcult to �nd one set of orthogonal basis functions which accurately
and eÆciently represents the spatial dependences of both the core and the va-
lence wavefunctions. As a result, two fundamentally di�erent approaches of solving
equations (2.21 - 2.23) have been devised - the all-electron and the pseudopotential
method.

3.1.1 All-Electron Implementations

Most common among the all-electron implementations are the linear-muÆn-tin or-
bitals (LMTO) and the linearized augmented planewave (LAPW) methods. De-
tailed accounts of these methods can be found in Refs. [19, 20, 21]. Both schemes

13
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&%
'$

I
&%
'$

I

II

Figure 3.1. The LAPW partitioning of the unit cell into atomic spheres (I) and an

interstitial (II).

use di�erent sets of basis functions for the core and the interstitial regions. This
section will concentrate on the LAPW method as implemented in the WIEN95 and
WIEN98 [22] packages. This LAPW scheme has been utilized as the main com-
putational method in Paper 2 and for auxiliary calculations in most of the other
papers in this thesis. The unit cell in LAPW is divided into non-overlapping atomic
spheres (centered at the atomic sites) and an interstitial region, c.f. Fig. (3.1). In
these regions di�erent basis sets, customized for the core and the wavefunctions,
are used.

1. Inside the atomic spheres a linear combination of radial functions multi-
plied by spherical harmonics Ylm(r) is used:

'kn(r) =
X
l;m

[almul("l; r) + blm _ul(r; "l)]Ylm(r): (3.2)

The function ul(r) = rRl(r) is the regular solution of the radial Schr�odinger
equation, �

� d2

dr2
+
l(l+ 1)

r2
+ vspherical(r) � "l

�
rRl(r) = 0; (3.3)

at the energy "l (chosen normally at the center of the corresponding band)
and _ul is the energy derivative at "l.

2. In the interstitial region a planewave expansion is used:

'kn(r) =
1p


eikn�r; (3.4)

where 
 is the unit cell volume and kn = k+Gn (Gn is the reciprocal lattice
vector and k is the wavevector inside the �rst Brillouin zone).
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The expansion coeÆcients alm, blm are determined by requiring that the interstitial
basis functions match the value and slope of the corresponding basis functions of
the atomic sphere region. In this way the planewaves are extended, or augmented,
into the atomic spheres. The resulting functions are called linearized augmented
planewaves, LAPW's. The convergence of this combined basis set is controlled by
a cuto� parameter rmtGmax, where rmt is the smallest sphere radius and Gmax is
the magnitude of the largest k-vector used in the expansion. For l a similar cuto�
is chosen to ensure a good matching between the sets.

The expansion of the potential is done by using the same decomposition, i.e.,

v(r) =

8>><>>:
P
l;m

vlm(r)Ylm(r) inside the spheres

P
G

vGe
i(G�r) outside the spheres

(3.5)

and the charge densities are represented analogously. In this way no shape approx-
imations of the potential are made, a procedure often referred to as a full-potential

(FP)-LAPW method.

3.1.2 Pseudopotential and Planewaves

All-electron schemes often provide good total energy results. However, in the cal-
culation of forces (see e.g., Ref. [23]) the incomplete set of localized basis functions
gives rise to so-called Pulay terms [24] which are diÆcult to evaluate. This contri-
bution vanishes if the basis functions are independent of the atomic positions, as in
the case of planewaves. Another problem with all-electron schemes is that most of
the total energy (> 99 %) comes from the core electrons which remain essentially
unchanged when placed in di�erent chemical environments. Quantities which are
related to small di�erences (< 0:00001 %) of the total energy, such as phonon fre-
quencies and elastic constants, are therefore diÆcult to calculate with numerical
accuracy. For these calculations, it would be desirable to somehow remove the inert
core from the calculation. Also, if the core orbitals and their inuence on the va-
lence wavefunctions in the core region were excluded, it would enable us to use only
planewaves in the expansion of the electron wavefunctions. This is accomplished in
the pseudopotential scheme, which is accurate as long as the core does not partici-
pate in the binding nor respond e�ectively to the motions of the valence electrons,
i.e., the so-called frozen-core approximation. The advantages with choosing a pure
planewave expansion are obvious - it is more easily implemented than a mixed-basis
approach and the ionic forces can be obtained without any correction terms. Con-
sequently, the pseudopotential method has been used mostly in conjunction with
planewaves. However, due to the large number of planewaves needed to expand
relatively localized valence wavefunctions (e.g. the d-orbitals in transition metals
or a wavefunction associated with a covalent bond), a mixed-basis approach, using
a combined set of planewaves and localized functions, has also been proposed [25].
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Applying the frozen-core approximation, the only major inuence of the core
states is to enforce orthogonality between the core wavefunctions and the valence
wavefunctions. Generally, this is achieved by adding a nonlocal pseudopotential
vNL to an e�ective local potential (see Eq. (2.20)) in the Schr�odinger equation,

[�r2 + ve�loc(r) + vNL] i = "i i: (3.6)

The screened pseudopotential is given by the local contribution. The nonlocal
part takes into account that electrons with di�erent angular momenta experience
di�erent scattering in the core region.

Among the �rst to construct pseudopotentials were Philips and Kleinman [26].
They considered one valence electron with wavefunction  i, and formed a pseudo
wavefunction, �i, as

 i = �i �
X
j<i

h j j�ii j ; (3.7)

where the sum runs over all the core states. In this way the pseudo wavefunc-
tion retains the orthogonality constraint between the valence and the core orbitals.
Applying the Hamiltonian yields

bHj�ii = "ij ii+
X
j<i

"jh j j�iij ji = "ij�ii+
X
j<i

("j � "i)h j j�iij ji; (3.8)

where "i and "j are the valence and core eigenvalues, respectively. Rearranging
Eq. (3.8), �bH+

X
j<i

("i � "j)j jih j j
�
�i = "i�i; (3.9)

it is seen that the pseudostates satisfy the Schr�odinger equation with the pseudopo-
tential,

vPS(r) =
X
j<i

("i � "j)j jih j j: (3.10)

In fact, it is possible to replace ("i � "j)h j j with an arbitrary operator hFj j [27].
The function Fj can then be used to choose the properties of the pseudopotential.

Although instructive as an example, modern pseudopotentials are not con-
structed via a direct transformation of the all-electron Schr�odinger equation, but
are generated from all-electron atomic calculations. A spherically symmetric po-
tential is assumed for the single atom, where the electron orbitals are expressed
as

 l(r) =

lX
m=�l

1p
2l+ 1

Rl(r)Ylm: (3.11)

Due to the orthogonality between spherical harmonics of di�erent angular momenta,
electron states with the same quantum number l may be grouped together. Only
the radial Schr�odinger equation, see Eq (3.3), then needs to be considered. Solving



3.1. Representations of the Potential and the Wavefunctions 17

the equation within the density functional theory gives the all-electron wavefunction
and the all-electron potential for one atom. How the pseudopotential and pseudo
wavefunctions are then generated from the all-electron results depends on which
scheme is used. The procedure of Hamann, Schl�uter, and Chiang (HSC) [28] has
set a standard for pseudopotential constructing, and most subsequent work have
built upon the same basic philosophy. Generally, the pseudopotential is generated
to satisfy four conditions:

1. The pseudo wavefunctions should be nodeless.

2. All valence all-electron (AE) and pseudopotential (PS) eigenvalues must be
equal;

"PSl = "AEl : (3.12)

3. The normalized atomic radial pseudo wavefunction is equal to the normalized
radial all-electron wavefunction outside some chosen cuto� radius rcl;

RPS
l
(r) = RAE

l
(r); for r > rcl: (3.13)

4. The charges enclosed within rcl for the two wavefunctions must be equal
(norm conservation);Z rcl

0

RPS
l (r)2r2dr =

Z rcl

0

RAE
l (r)2r2dr: (3.14)

The �rst condition gives a smooth potential which allows for expansion of the pseudo
wavefunctions using a fewer number of planewaves than otherwise required. This
so-called softness can be optimized, and the non-uniqueness of the pseudopotential
has given rise to several di�erent generating techniques, see for example Refs. [29,
30]. Another desirable but opposing property of the pseudopotential is a good
transferability. This means that a pseudopotential generated for some electronic
con�guration should reproduce other con�gurations accurately, and thereby ensure
reliable results in solid state applications where the potential is clearly di�erent
from the atomic one. A simple way to emulate the scattering properties of the
all-electron potential, which in turn improves the transferability, is to match the
logarithmic derivative of the wavefunctions at some radius r = r0;

Di("i; r0) =
d

dr

�
lnRPS

i (r)

�
r=r0

=
d

dr

�
lnRAE

i (r)

�
r=r0

; (3.15)

where "i is the energy (not necessarily an eigenvalue) for which Ri(r) is the solution
to the radial Schr�odinger equation. Because of the above conditions, Eq. (3.15)
holds exactly for "i equal to the atomic eigenvalue and r0 � rcl. The energy range
over which Eq. (3.15) holds satisfactorily is a �rst test for the transferability. A more
rigorous examination of the transferability is obtained if atomic excitation energies
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or bulk properties are compared with all-electron results. The logarithmic derivative
is related to the norm of the wavefunction through the following formula [31]:

d

d"
Di("i; r0) = � 1

r20Ri(r0)
2

Z
1

0

Ri(r)
2r2dr: (3.16)

Thus, requiring norm-conservation ensures that the �rst energy derivatives of the
logarithmic derivative match, which means that Eq. (3.15) is also closely satis�ed
within a region surrounding "l. A small cuto� radius rcl yields a hard, highly
transferable pseudopotential but with little room left for eÆciency optimization.
The reverse is true for choosing a large rcl. When generating a pseudopotential
there is always a trade-o� between the transferability and the eÆciency.

The HSC pseudopotential is semilocal, i.e., local in the radial coordinate and
nonlocal in the angular coordinate,

vPS = vloc(r) +
X
l

vlP̂l: (3.17)

The projector operator P̂l = jRlihRlj picks out the l-th angular momentum com-
ponent of the wavefunction. The semilocal form turns out to be impractical in a
planewave calculation because of the large number of integrals which needs to be
evaluated. As pointed out by Kleinman and Bylander (KB) [32], this problem does
not arise for a purely nonlocal potential. They transformed the semilocal potential
into a separable (factorized) fully nonlocal form:

vPS = vloc(r) +
X
l;m

jRlYlmivl(r)hRlYlmj
hRljvljRli : (3.18)

However, the KB nonlocal form may introduce a degradation in transferability
and, in extreme cases, give rise to \ghost states", which means that an eigenstate
with nodes has a lower energy than the nodeless one for which the pseudopotential
was constructed. The cure for this problem, as proposed independently by Van-
derbilt [33] and Bl�ochl [34], is to explicitly include additional projectors for each
angular momentum into the separable form. Bl�ochl showed that the KB separable
form represents the �rst term of a complete series, and that the inclusion of a few
more terms greatly enhances the transferability. For every angular momenta, a
number of reference energies "i (usually between one and three) are chosen to cover
the range where accurate scattering properties are desired. The projector functions
are then obtained as

j�ii � vNLjRii = (r2 + "i � vloc(r))jRii; (3.19)

and the nonlocal pseudopotential is given by the expressions,

vNL =
X
i;j

j�iiUijh�j j; (3.20)
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Figure 3.2. Comparison of pseudo and all-electron wavefunctions as well as pseu-
dopotentials and the all-electron potential for W, generated according to the scheme

in Ref. [35]. This particular pseudopotential for W was used in Papers 1, 3, and 4.

X
k

hRj j�kiUkj = Æij : (3.21)

In this scheme it may happen that a pseudo wavefunction must have a node within
the core region, if two eigenstates with the same quantum number l are used as
reference states. Vanderbilt also proposed to remove the norm-conservation con-
dition, at the expense of introducing an overlap operator. This further improves
computational eÆciency and the Vanderbilt pseudopotentials are usually referred
to as ultrasoft.

For the calculations in the papers of this thesis we have generated nonlocal,
separable, norm-conserving pseudopotentials which allow for multiple reference en-
ergies, constructed according to a hybrid scheme developed and implemented by
Sadigh and Ozoli�n�s [35].

3.2 Brillouin Zone Integration

In the beginning of Chapter 1 we assumed an in�nite periodic lattice. Bloch's
theorem transforms the electronic-structure problem from one of calculating an
in�nite number of electronic states to one of calculating for a �nite number of
energy bands at an in�nite number of k-points within the reciprocal unit cell,
the Brillouin zone (BZ). Quantities such as the density-of-states, the energy, or
the charge density are all evaluated by integrating over the Brillouin zone. For a
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periodic observable X , the expectation value is obtained as,

hXi =
Z
"

Z
BZ

X(k)Æ("�E(k))dkd"; (3.22)

where E(k) represents an energy band as a function of the wavevector k and the
Æ-function is the contribution from each occupied state. There are two main classes
of BZ integration methods: special point schemes [36, 37, 38] and interpolation

methods [39, 40, 41, 42]. In the �rst approach the k-space integral in Eq. (3.22) is
replaced by a weighted sum of well-chosen k-points. These methods yield a very
fast convergence in insulators, where the energy bands are either full or empty. In
metals, however, the sharp Fermi surface requires a greater amount of k-points to
be accurately described, which is why special points are then used together with
a broadening scheme. In broadening, or smearing, methods the delta-function in
Eq. (3.22) is substituted by a smooth localized function F((" � E(k))=W ) where
W is the characteristic linewidth. The most common choices are Gaussians [43] or

the �rst N terms of the Æ(x) expansion in e�x
2

times the Hermite polynomials [44].
DeVita and Gillan [45] devised a broadening method which includes variable occu-
pation numbers. This approach is equivalent to treating the electron system at a
�nite temperature, although in an independent particle picture. Broadening meth-
ods greatly improve convergence rates, but also introduce an arti�cial dependence
on the linewidth. For each choice of W , the method will converge to a particular
total energy.

Some properties, such as the density-of-states, are usually better calculated
using an interpolative approach. The linear tetrahedron method [39] divides the
irreducible part of the BZ into tetrahedra of approximately equal volume. Within
the tetrahedron, the energy band is linearized and the band energies are calculated
at each corner. Bl�ochl et al. introduced a non-variational correction term which de-
creases the integration error. The quadratic interpolative tetrahedron method [40]
converges faster than the linear schemes, but requires a high k-point sampling den-
sity. However, all interpolation schemes su�er from the so-called band crossing
problem. If not a prohibitively �ne k-point mesh is used, some band crossings will
be missed which can cause serious changes in the calculated density-of-states.

3.3 Lattice Dynamics

3.3.1 Some Fundamentals

Consider a periodic perturbation corresponding to a wavevector q and unit complex
displacement vectors �s(q; j), where s speci�es the atom in the unit cell and j

denotes the di�erent polarization modes. Let the atomic positions in the unit cell
l be given by Rl + as. The atomic displacements uls can then be written as

uls(q; j) = �
h
�s(q; j)e

iq�(Rl+as) + ��
s
(�q; j)e�iq�(Rl+as)

i
: (3.23)
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In perturbation theories, the displacement arising from a particular phonon is as-
sociated with a small parameter �. All observables of the system are expanded in
terms of this parameter, e.g.,

E(�) = E(0) + �E(1) + �2E(2) + � � � ; (3.24)

E(�) =
1

n!

dnE

d�n

���
�=0

: (3.25)

Physical properties connected with second derivatives of the total energy are
often referred to as linear response coeÆcients. In the harmonic approximation the
�rst non-vanishing correction to the equilibrium potential energy is given by a term
quadratic in the atomic displacement. For a speci�c wavevector q and polarization
mode j, the total harmonic energy of a crystal is given by

Eharm =
1

2

X
ll0;ss0

uT(ls)�

�
ss0

ll0

�
u(l0s0); (3.26)

where � is the force constant matrix. Thus, the force constant matrix is expressed
as the second derivative of the total energy with respect to the displacements,
and can therefore be calculated by linear response techniques. The dynamical
matrix, D, which in its diagonal form yields the vibrational frequencies � and the
polarization vectors �, is the Fourier transform of the force constant matrix times
a mass term,

D(ss0;q) =
1

(msms0)
1=2

X
l0

�

�
ss0

0l0

�
eiq�[(Rl

0+a
s
0 )�(R0+as)]; (3.27)

where l = 0 denotes the reference unit cell.
To obtain properties in the nonlinear r�egime, beyond the harmonic approx-

imation, one has to calculate higher-order derivatives. Harmonic lattice vibra-
tions means that we regard the phonons as decoupled from each other, i.e., non-
interacting. In reality all crystal vibrations exhibit anharmonic behavior, but at
moderate temperatures, neutron scattering experiments show sharp one-phonon
peaks which suggest that anharmonicity can be viewed as a perturbation on the
non-interacting phonons of a crystal. The quasiharmonic approximation includes
the thermal expansion through the Gr�uneisen parameter,

(q; j) = �
�
@ ln �(q; j)

@ lnV

�
: (3.28)

The parameter is a measure of how the phonon frequency is altered under a uniform
expansion or contraction of the unit cell. The linear thermal expansion coeÆcient
�(T ) for a cubic structure is expressed as

�(T ) =
1

Veq

�
@Veq

@T

�
p

: (3.29)

By calculating the full phonon spectra at two slightly di�erent volumes and incor-
porating the volume-dependent frequencies in the free energy, we can obtain �(T ) of
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the crystal by solving the equation of state p(Veq; T ) = 0, for di�erent temperatures.
However, the quasiharmonic model still neglects the explicit temperature depen-
dence (phonon-phonon coupling) of the vibrational frequencies, which is important
at high temperatures (T <� 2

3
Tmelt).

3.3.2 Calculational Methods

Careful analysis of phonon dispersions from neutron scattering experiments can
provide knowledge of interatomic forces through �tting to Born-von K�arm�an con-
stants [46]. However, the approach becomes cumbersome as many solids exhibit
long-range interactions requiring an increasing amount of constants which obscures
the physical picture.

The methods for calculating the dynamical responses of a solid are of two types:
the direct approaches and the perturbative approaches. The frozen phonon method

[47, 48, 49] (a direct approach) calculates the ab initio total energy of a crystal
distorted with atomic displacements corresponding to a particular phonon mode,
q. This usually implies a large primitive unit cell. Since the time of a calculation
increases as N3, where N is the number of atoms per cell, the frozen phonon
approach is most often used for the calculation of high-symmetry phonon modes.
The di�erence in total energy between the distorted and the undistorted state,
�E(q), is calculated. By applying the harmonic approximation, the frequency for
a zone-boundary phonon is then determined through

�E(q) =
1

2
M!2(q)u2; (3.30)

where u2 is the amplitude of the displacement. By �tting �E(q) to polynomials
of higher degrees (u3; u4; : : :) it is also possible to extract information about the
explicit anharmonicity of the mode, since a frozen phonon calculation contains
no approximations except for those in a normal DFT total-energy calculation. By
employing the Hellman-Feynman theorem [50] the forces arising from the electronic
response to a particular phonon distortion can be calculated [51, 52]. The latter
technique has been used extensively [53, 54, 55, 56] to obtain real-space interatomic
force constant matrices by systematically perturbing the ions in a supercell. From
these constants it is then easy to calculate the complete dispersion curves and
thermodynamical vibrational properties.

By contrast, perturbation theory allows one to map the computation of the
responses onto an equivalent problem with the periodicity of the unperturbed pe-
riodic ground state. The change in energy is divided into two parts, the ion-ion
contribution which can be obtained by an Ewald sum, and the electronic contri-
bution corresponding to the energy of the electrons for a �xed ionic con�guration.
Evaluating the latter term is the diÆcult part. The various schemes employed for
this purpose are described in the following text.

One of the �rst attempts to model the microscopic theory of phonon spectra
came through the development of the pseudopotential perturbation technique [57,
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58]. In this approach, the actual potential is replaced by a weak pseudopotential,
which limits the application to simple, nearly-free electron metals. The electronic
energy is expanded to second order in the weak potential expressed in terms of a
local pseudopotential.

Much e�ort has been put into developing the dielectric matrix method, or the
density response method [59, 60]. In this approach, the second-order electronic

energy (E
(2)

el ), as a functional of �rst-order changes in the density (n(1)) and up to
second-order changes in the electron-ion potential (v(2)), is obtained as

E
(2)

el [n(r)] =
1

2

X
s

Z
n(1)(r)v(1)

s
(r)dr +

X
s

Z
n(0)(r)v(2)

s
(r)dr; (3.31)

when the sth ion is displaced. The �rst-order change in n(r) is calculated by linear
response theory as

n(1)(r) =
X
s0

Z
�(r; r0)v

(1)

s0
(r0)dr0; (3.32)

where �(r; r0) is the electron density response function. The response function is
given by the inverse of the dielectric matrix which is obtained from the eigenfunc-
tions and the energy levels of the unperturbed system. For nearly-free electron
metals the dielectric matrix is almost diagonal but for transition metals, for ex-
ample, a highly accurate inversion becomes computationally demanding owing to
the localized nature of the d-orbitals. Another drawback is that Eq. (3.32) requires
that the change in the external potential be local, which means that the dielectric
approach is also restricted to local pseudopotentials. As a result, the method has
been used mostly in conjunction with severe approximations, concentrating on the
study of basic physical e�ects rather than details in the phonon spectra.

Taking explicit cognizance of the localized d-electron wavefunctions in transi-
tion metals, Varma and Weber [61] formulated the electron-phonon matrix elements
h ijv(1)j ii using a non-orthogonal tight-binding (NTB) basis set. By separating the
dynamical matrix into contributions di�erent from the earlier mentioned electronic
and ion-ion part, some problematic terms cancel out. The method has success-
fully reproduced the anomalous features in the phonon dispersion curves of many
transition metals. It has also con�rmed the importance of states near the Fermi
level in giving rise to these anomalies. However, because the calculations involve
force-constant parametrization and �tting to the band-structure of the unperturbed
crystal, it lacks the generality of a �rst-principles approach.

In 1954 Sternheimer [62] suggested a perturbative method to evaluate the polar-
izability of atom, i.e., the second-order derivative of the total energy with respect to
the applied �eld. This Sternheimer equation is the Schr�odinger equation to linear
order, �bH(0) �E(0)

�
j (1)i+ v

(1)

e� j (0)i = 0; (3.33)

where ve�(r) is the e�ective potential (c.f. Eq. (2.22)). The method was modi�ed
to account for a self-consistent �eld [63] and several solid state physicists have
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later built upon the same idea. Baroni, Giannozzi and Testa [64] (BGT) developed
a Sternheimer equation approach for semiconductors. The response to the total
potential is obtained by iterating the �rst-order change in the electron density
n(1)(r) and the e�ective potential up to self-consistency;

n(1)(r) = 2
X
c;v

 (0)
v

�

(r) (0)
c
(r)
h (0)v (r)jv(1)e� j (0)c (r)i

�c � �v
; (3.34)

v
(1)

e� (r) = v(1)(r) +

Z
2n(1)(r0)

jr0 � rj dr
0 + n(1)(r)

�
dvxc(r)

dn

�
n=n(0)(r)

; (3.35)

where v and c denote the valence and conduction states, respectively. The sum
over conduction bands as it stands in Eq. (3.34) requires the calculation of the full
spectrum of the unperturbed system. By introducing a Green's function, this time-
consuming summation is avoided. The method was originally implemented using
standard norm-conserving pseudopotentials but has later been used together with
Vanderbilt's ultrasoft pseudopotentials [65]. The BGT approach has proven very
successful and has been applied to semiconductors [66] and metallic systems [67, 68].

An extension to arbitrary order of perturbation, based on the (2n + 1) - theorem
of perturbation theory [69] and on generalized Sternheimer equations, was proposed
by Gonze and Vigneron [70, 71]. The theorem states that the self-consistent nth
order change of the wavefunctions yields the (2n + 1)th order total energy and
that the 2nth order perturbations in the total energy are variational with respect
to the nth order perturbations of the wavefunctions. Thus, this scheme allows
for the computation of nonlinear response coeÆcients and contains as a special
case the BGT linear response treatment. Gonze, Allan and Teter have applied the
theory to insulators [72]. The calculation of lattice dynamics in Papers 1,3 - 6
is performed using an linear response implementation of the variational approach,
due to Ozoli�n�s [73]. The approach is generalized to metallic systems and variable
occupation numbers.

An LMTO [74], an LAPW [75] and, recently, a mixed-basis pseudopotential
version [76] of the BGT linear response approach have been implemented. The
use of an incomplete localized basis set introduces complications (the analogue to
Pulay terms) in the calculation of the second-order energy. Savrasov [74] employed
the variational formulation for Eel. As a result of the problematic basis set, the
expression for Eel includes up to second-order changes in the wavefunctions.

Quong and Klein [77, 58] developed a method similar to the traditional dielectric
matrix approach, but adapted to nonlocal pseudopotentials. The �rst-order self-
consistent change in the electron density is divided into two parts,

n(1)(r) = n(1)en (r) +

Z Z
�0(r; r0)vee(r; r

0)n(1)(r0)drdr0; (3.36)
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where �0 is the response function of non-interacting electrons and vee denotes the
Hartree (Coulomb electron-electron) and xc interaction. The electron-ion contri-

bution, n
(1)
en (r), is calculated from an equation similar to Eq. (3.34), with v

(1)

e� ex-
changed for v(1). In this formulation, the �rst-order electron density is calculated
once for every phonon vector, instead of being iterated as in the BGT approach.
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Chapter 4

Thermodynamical and

Dynamical Instabilities

4.1 Thermodynamical Stability

The thermodynamically stable phase is found by minimizing the Gibbs free en-
ergy, G = E � TS + pV . The occurrence of di�erent stable structures at di�erent
temperatures, pressures or compositions is common to many elements and alloys.
Often the system is close-packed (e.g., the fcc, hcp, 9R, or dhcp structures) at low
temperature and high pressure, while a more open structure (e.g., the bcc, cd, sh,
!, or �-Sn structures) is favored at high temperature and low pressure. The ground
state energy E yields the equilibrium phase and it is the competition between the
TS and pV -terms which determines the stable excited phases.

Comparing two phases at elevated pressures (and T = 0) it is easy to see that
a more close-packed structure (i.e., a smaller V ) will eventually be energetically
favorable as the ground state energy di�erence is overcome. The common tan-
gent construction is a graphical method to obtain the pressure when the phases
have equal Gibbs free energies. The tangent p = � �@E

@V

�
H
is constructed, yielding

the volumes where two phases have equal enthalpies. An example of this method
is shown in Fig. 4.1. The approach has been extensively used as the standard
methodology in the prediction of high-pressure phases. However, there are a num-
ber of shortcomings associated with this procedure. First of all, the initial guessing
of candidate (high-symmetry) structures might miss other more stable structures
with lower symmetry. Secondly, it is often neglected that the method only yields
a criterion for thermodynamical equilibrium between the phases and says nothing
about a possible energetic transition between the parent and the product struc-
tures. In order for such a transition to occur there must be a path in the structure
parameter space connecting the two structures, where the Gibbs free energy is
continuously lowered, i.e., the parent phase must be dynamically or mechanically
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Figure 4.1. The energy E as a function of volume V for some phases occurring in Si

at di�erent pressures. Several common tangents can be constructed in this picture.

The chosen one (dashed lines) indicates a possible pressure-induced transition from

the cd to the �-Sn phase at p = 7:2 GPa for the volumes V��Sn = 94:3 a.u.3 and
Vcd = 123:6 a.u.3, respectively.

unstable. Thirdly, the construction does not guarantee the dynamical stability of
the product phase. Thus, the prediction of high-pressure phases must include an
investigation of the stability of the non-equilibrium phases against all distortions.
This problem is further commented upon in Sec. 4.2.

If temperature is added to the picture, we must consider also the entropy term.
For pure elements, the entropy is divided into an electronic and a vibrational part
and for alloys there is an additional con�gurational contribution arising from dif-
ferent atomic orderings. The electronic contribution Sel can be relatively straight-
forwardly computed from the electronic occupation numbers and the density-of-
states, which are both obtained in a ground state calculation. It has been pointed
out by Watson and Weinert [78] that, although but a small fraction of the total
entropy, the electronic entropy di�erence �Sel between the bcc and the fcc and hcp
elemental metallic phases is actually of the order of experimental results,� �0:5 kB.
In a later work by Moroni et al. [79], and also con�rmed by Craivich et al. [80],
it was shown that the high-temperature bcc phase in a large number of transition
metals can be stabilized by electronic excitations alone, albeit at extremely high
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temperatures (T � Tmelt). This same trend was also established in Paper 5, for
the elements Sc, Ti, La, and Hf.

Within the harmonic approximation, the vibrational entropy may be written as

Svib = kB
X
q;j

h�(q; j)

2kBT
coth

�
h�(q; j)

2kBT

�
� ln

(
2 sinh

�
h�(q; j)

2kBT

�)
; (4.1)

where the frequencies �(q; j) can be made volume-dependent to account for im-
plicit anharmonic e�ects as in the quasiharmonic approximation. To calculate Svib
in Eq. (4.1) we need the full phonon spectrum, which can be computed using the
methods described in Sec. 3.3.2. Since the vibrational contribution to the total
entropy is far greater than that coming from electronic excitations, much attention
has focused on this term. In elements which exhibit structural phase transitions at
high temperature, the TSvib-term has traditionally been credited for the thermody-
namical stabilization of the high-temperature phase. An early theory by Zener [81]
suggested that, approaching the transition temperature Tc, the high-temperature
phase develops one much softer shear mode than the low-temperature phase. The
vibrational entropy of the high-temperature phase is thus increased which lowers
the Gibbs free energy. Friedel [82] built upon the same idea, but speculated that it
would require an overall lower phonon spectrum to stabilize the high-temperature
phase.

For alloy systems, the con�gurational part Scon�g of the entropy can be treated
within the cluster variation method (CVM) [83]. The ground state energy is calcu-
lated for a number of representative high-symmetry structures with di�erent atomic
compositions, and these energies are �tted to an orthogonal basis set corresponding
to atomic interactions, a so-called cluster expansion (CE) [84]. The expansion is
truncated as the interactions become smaller with increasing distance and cluster
size. Ideally, the ground state energy for any atomic ordering and composition can
then be obtained. Furthermore, it is possible to write down an analytical expression
for the con�gurational entropy and free energy by way of a minimization process
called the cluster variation method.

The calculation of the free energy for di�erent phases and the subsequent con-
struction of the phase diagram have been the main purpose of three of the included
articles in this thesis. In Papers 3 and 4, the di�erent entropy contributions to the
disordered RexW1�x system are computed and discussed. In particular, Paper 3
focuses on the e�ect of the vibrational entropy on the thermodynamical stability
of the alloy. Dynamical instabilities are monitored as a function of the concen-
tration x, and the phase diagram is constructed from the calculated free energy.
In Paper 6, the thermodynamical properties of the high-pressure phase �-Sn and
ground state cd phase in Si are calculated within the quasiharmonic approxima-
tion. The resulting slope of the phase boundary between these phases contradicts
experimental observations. Furthermore, the extrapolated melting temperature of
the �-Sn phase at p = 0 severely disagrees with the value obtained from the ex-
perimental phase diagram. Thus, it is suggested that the experimentally deduced
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phase boundaries in Si, which have previously been assigned to the �-Sn phase,
should be attributed to another semi-metallic phase.

4.2 Dynamical Instability

Until quite recently it has been presumed that all non-equilibrium structural phases,
observed at high temperatures, high pressures, or both, are generally metastable.
This means that they are dynamically stable but thermodynamically unstable at
other temperatures and pressures. If all phases are metastable, only the thermody-
namical stabilization, through the Gibbs free energy, needs to be considered in order
to predict the phase diagram. However, it seems that most non-equilibrium phases
are locally dynamically unstable, which complicates the calculation and prediction
of stable excited phases.

4.2.1 High-Temperature bcc Phases

In the picture of general metastability, the thermodynamical stabilization of the
high-temperature phases was attributed to excess vibrational entropy, following
the arguments of Zener [81] and Friedel [82]. Petry et al. [85] estimated that 70 %
of the entropy needed to stabilize the bcc structure in Ti comes from the low-energy
TA1 N -point and ! phonons. However, if the high-temperature bcc phase exhibits
unstable phonon modes at low T , its vibrational entropy is unde�ned (see Eq. (4.1))
and the above argument loses some of its value. We would need another mechanism
to stabilize the bcc phase dynamically before the Gibbs free energy exists to be
'compared' to the other phases. In recent years, it has become evident that the
high-temperature phases are generally dynamically unstable at lower temperatures.
Chen et al. [86] found the TA1 N -point phonon to be dynamically unstable in bcc
Zr and La at T = 0. In Paper 5 of this thesis, it is shown that the elements Sc,
Ti, La, and Hf in the bcc structure exhibit phonon instabilities in large parts of
the Brillouin zone (c.f. Fig. 4.2), not only for the high-symmetry phonon modes
previously mentioned.

The discovery of the low-temperature dynamical instabilities in these high-
temperature phases requires a revaluation of many of the current microscopic the-
ories describing the temperature-induced martensitic phase transitions; for further
details see Sec. 4.4. Much work has been put into the study of the unstable high-
symmetry modes, which has led to further speculation on the mechanism behind the
stabilization of the bcc phase. Ye et al. [87] derived the anharmonic phonon-phonon
coupling strengths from the previously mentioned TA1 N -point frozen phonon cal-
culations. The temperature-dependence of the unstable phonon mode was com-
puted using perturbation theory and the phonon was found to stabilize due to a
positive fourth-order coupling coeÆcient. The same phonon mode was studied by
Ostanin et al. [88] employing the modi�ed self-consistent phonon approximation.
In this model, the TA1 N -point phonon corresponds to a broad peak in the spectral
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Figure 4.2. Phonon frequencies, where �j�j is plotted when �2 (q) <0, for bcc Hf.

The same data were presented in Paper 5 of this thesis. Bcc Hf exhibits dynamical

instabilities in a wide part of the Brillouin zone. The phonon wavevectors which are
known to transform the bcc crystal (together with a shear and, in the case of the 9R

structure, a tilting of one axis) into other high-symmetry structures are indicated

with arrows. However, as pointed out in Paper 5, not all of the instabilities (e.g. the

T[���]-branch) seem to be related to transformation paths into other high-symmetry

structures.
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density signifying uctuations between the bcc and the hcp phases. The authors
attributed the stabilization of this particular phonon mode to an increase of shared
vibrations with an intermediate hcp-like phase. In the case of Ye et al. [87], the ap-
plication of perturbation theory is somewhat questionable due to the large atomic
uctuations at high T . However, stabilizing these phases at high T by explicit
anharmonic phonon-phonon interactions is an attractive solution since it does not
rely on the problematic vibrational entropy. Indeed, both experimental [85, 89] and
theoretical work [51, 86, 87, 88, 90] have found some of the high-symmetry phonon
modes in these bcc phases to be highly anharmonic.

To bring closure to this issue, accurate molecular dynamics calculations for
the high-temperature bcc phases are desired. Today, the reliability of molecular
dynamics for transition metals is hampered by the accuracy of the underlying ap-
proximation of the potential. The zero-temperature phonon dispersion curves for
the bcc structure thus obtained (e.g., in Ref. [91]) do not exhibit the broad dy-
namical instabilities which have been shown to exist at low T (e.g., in Paper 5)
for many of these phases. To gain a complete understanding of the temperature-
induced hcp$bcc transition, it is essential that the potential reproduces not only
the properties of the equilibrium phase, for which it is designed, but also all of
the instabilities of the non-equilibrium phase at low T . With today's computer
facilities, ab initio molecular dynamics can only been applied to simple metals and
semiconductors [92], e.g., Al, CdTe, Si, S, and InP [93].

4.2.2 The Calphad Discrepancy, Absent High-Pressure Phases

and Other Issues

In the work of Craivich et al. [80] the structural stability, along the bcc$fcc and
bcc$hcp distortion paths, was calculated for several pure metals, ordered com-
pounds and disordered alloys. It was noted that a large class of excited phases,
which had previously been considered metastable, was in fact locally unstable.
These observations clari�ed a long-standing discrepancy between structural energy
di�erences obtained from ab initio electron structure calculations and those derived
through an empirical method (Calphad) developed by Kaufman and Bernstein [94].
In the Calphad approach, the Gibbs free energy of a metastable high-temperature
phase is extrapolated to T = 0 K without any knowledge of its dynamical stability
at low temperatures. In this way, an unde�ned entity may be assigned a value which
easily leads to erroneous conclusions regarding the phase diagram. As argued in
Refs. [80, 95], it is essential for a correct thermodynamical treatment to postulate
the dynamical stability of the non-equilibrium phases.

A common simpli�cation when examining the hcp phase is to model it with
the fcc phase, a procedure motivated by the similarity of these two close-packed
structures. The dynamical stability of the fcc phase has been assumed due to the
structural resemblance between the phases. However, there is at least one exception.
In the case of Zn, for which the equilibrium phase is hcp, the fcc structure exhibits
an instability corresponding to a negative C44 elastic constant [96]. This means
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that the fcc structure will spontaneously transform when rhombohedrally distorted
along the [111] or orthorhombically distorted along the [100] axis. The dynamical
instability of fcc Zn is likely to be connected with the anomalous c=a-ratio of ground
state hcp Zn, and it is therefore not expected to occur in 'normal' hcp materials.

Dynamical instabilities have recently been observed to cause the systematic ab-
sence of predicted high-pressure phases in semiconductors. These materials have
traditionally been expected to show the sequence of pressure-induced ZB!NaCl!�-
Sn structural phase transitions. By neglecting low-symmetry candidates, the NaCl
and �-Sn structures have been computed the thermodynamically stable phases at
increased pressures through the common tangent construction. However, as pre-
viously mentioned, this procedure does not guarantee the dynamical stability of
the excited phase. Ozoli�n�s and Zunger [97] showed that many of the predicted
transformations do not occur because the excited (pressure-induced) phase is dy-
namically unstable at the calculated transition pressure. In the same work, the
authors were able to predict a more stable low-symmetry structure. The q-vector,
related to the instability of the unstable phase (NaCl or �-Sn), was identi�ed from
the calculated phonon dispersion curves. By searching for the global minimum
in the subspace spanned by the eigenvectors of the unstable mode and through a
symmetry-constrained relaxation of the lattice, a stable Cmcm phase was obtained.
This methodology is a supplement to the traditional method of total-energy calcu-
lations in the prediction of new phases. Other examples of explaining absent phases
through dynamically unstable modes are found in the cases of NaCl-structured (B1)
MoC and MoN. These phases have been proposed as potential superconductors at
moderately high temperatures and high pressures. Hart and Klein [98] recently
found that the elastic C44 instability in B1 MoN, previously studied by Chen et

al. [99], persists at high pressures. Also, the experimental diÆculty of forming MoC
stoichiometricly in the NaCl structure was similarly due to a phonon instability at
the X-point in the Brillouin zone.

The existence of mechanically unstable phases also has a profound impact on
the calculation of alloy stability. Structures which are dynamically unstable un-
der symmetry-breaking distortions can be straight-forwardly treated in the CE
approach and assigned a con�gurational entropy through the CVM method. A
common procedure has been to neglect the vibrational entropy. This approxima-
tion, partly justi�ed by the belief that Svib is similar for all phases with the same
composition, would, at worst, cause a shift in the phase boundaries. The phase
diagram is then constructed using only the con�gurational and electronic input.
However, the vibrational entropy is still unde�ned for the dynamically unstable
phases, which makes the total entropy unde�ned for these phases regardless of the
other contributions. A correct treatment of the dynamically unstable phases either
requires a complete vibrational analysis, as a function of concentration, of all the
input structures or an exclusion of the dynamically unstable structures in the ex-
pansion. To the knowledge of the present author, the calculation of phase diagrams
through the CE and the CVM method, is still a matter of debate.
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4.3 Correlation between Thermodynamical and Dy-

namical Instabilities

Studies of the volume-conserving tetragonal Bain's path for 5d transition metals
were performed by Wills et al. [100]. It was shown that the C 0 elastic constant
scales with the energy di�erence between the bcc and fcc structures. With some
modi�cation, Craievich et al. [80] found this relationship applicable to disordered
phases. However, in Paper 1 of this thesis, elastic constants and structural energy
di�erences for high-pressure W show no such dependence. As pressure is increased,
the C 0 and C44 constants increase monotonically while the bcc-fcc energy di�erence
follows a parabolic curve. The result in the paper can be put in a more general way,
expressing the lack of direct correlation between a thermodynamical instability and
a dynamical instability. In Fig. 4.3 the bcc$fcc Bain's path is plotted for W, at
di�erent pressures. At the equilibrium volume for the bcc phase, the fcc phase
is both thermodynamically and dynamically unstable. As pressure is applied, the
fcc phase stabilizes dynamically at 0:5V0 but it is still thermodynamically unstable
towards the bcc phase. At 0:4V0 the fcc phase is thermodynamically as well as
dynamically stable due to an energy barrier between the phases, obstructing a
bcc!fcc phase transition at T = 0 K. An energy dependence of the structural
parameter corresponding to the lowest curve in Fig. 4.3 is often overlooked as a
possibility, especially in the prediction of high-pressure phases, using the common
tangent construction (see Sec. 4.1).

Another example where a thermodynamical instability does not imply a corre-
sponding dynamical instability, is shown in Paper 2 of this thesis. At a pressure of
10.3 GPa, the ferromagnetic bcc phase in Fe becomes thermodynamically unstable
(at T = 0) towards the non-magnetic hcp phase. One of the ways to transform
the bcc structure into the hcp crystal is through the Burger's transformation path.
This distortion corresponds to a combination of the TA1 N -point zone-boundary
phonon and the elastic constant C 0. In Paper 2, the Burger's path in Fe is shown
to exhibit an enthalpy barrier at the pressure of thermodynamical equilibrium be-
tween the bcc and hcp phases. Also, the TA1 N -point phonon frequency is found
to be virtually una�ected by pressure, a discovery which has recently been exper-
imentally con�rmed for moderate pressures [101]. In fact, the bcc phase remains
dynamically stable at T = 0, against the Burger's distortion, until the magnetic
moment of the bcc crystal collapses for p > 90 GPa.

Similar observations have been made for Zr [90] and Ba [102]. In Zr at T=0,
E! <Ebcc but the L[

2
3
2
3
2
3
] phonon mode in the bcc phase is stable. The Burger's

path in Ba exhibits an energy barrier similar to the one in Fe. The calculated
pressure where the bcc and hcp phases have equal enthalpies is 1.1 GPa, while the
TA1 N -point phonon remains stable until p � 3:1 GPa.

It may seem unnatural for a material to stay in an energetically unfavorable
structure. However, these observations have been made for ideal materials at T = 0.
Most phase transformations do not take place at zero temperature. The inclusion
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of entropy and strain energies caused, e.g., by atomic vibrations, dislocations and
impurities, to the Gibbs free energy can lower an obstructive energy barrier. Also,
it must be remembered that the simplest transformation path, which is usually the
one investigated in calculations, may not be the one chosen by nature. For example,
the fcc$bcc transformation along the Bain's path, as shown above in Fig 4.3, is
just one of 24 possible paths between these two structures, some of which have been
con�rmed experimentally.

4.4 Martensitic Phase Transitions

Martensitic transformations constitute a very heterogeneous family of structural
phase transitions. The name has come to signify a purely displacive transformation
which means that the atoms are relocated from one structure to another by �nite
displacements with no exchange of atoms between cells, i.e., no di�usion. In general,
both elastic strains and phonon modes may be involved in the distortion. The
study of such martensitic transformations has been the main purpose of several
articles included in this thesis. Pressure-induced (in Fe, Si, and W), temperature-
dependent (in Sc, Ti, La, and Hf), as well as concentration-dependent (in the
disordered RexW1�x alloy) transitions have been investigated.
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4.4.1 Landau Theory

The �rst theoretical model to describe a phase transition was a phenomenological
approach developed by Landau [103]. Originally, Landau supposed that if the sym-
metry group G1 of a low-symmetry phase is a subgroup of the symmetry group G0 of
the high-symmetry one, then there are one or several 'order parameters' �i, which
are invariant under all transformations from G1, whereas some transformations from
G0 may change it. The relationship between the high-symmetry and low-symmetry
structures is referred to as a lattice correspondence. An example of such a phase
transition is the bcc!bct transformation, which is called a proper Landau trans-
formations. However, many other interesting improper structural phase transitions
such as the bcc!hcp, and the bcc$fcc transformation where the group-subgroup
relationship is lacking can still be treated within the framework of a modi�ed Lan-
dau approach [104, 105, 106]. Assuming a Landau model, the Gibbs free energy G
can be expanded in powers of the amplitudes of the distortion modes �i, about the
energy G(0) of the high-symmetry structure, close to the transition temperature.
For a simple one-parameter transition we obtain,

G(�) = G(0) +
1

2
a�2 +

1

3
b�3 +

1

4
c�4 + � � �+ e�: (4.2)

The coeÆcients a, b and c can be modeled to depend on temperature and pressure
and e is always related to an external inuence (e.g., an applied pressure) conjugated
to the physical variable of the order parameter. These coeÆcients determine the
extreme points, corresponding to di�erent phases in energy space and thus also the
nature of the transitions between them. In Fig. 4.4, neglecting higher-order terms
and external �elds in Eq. (4.2), two �rst-order and one second-order transformation
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paths are demonstrated. In a �rst-order transition, there is an energy barrier be-
tween the two phases. At the actual transition, the order parameter jumps in value,
which leads to discontinuities in other properties, e.g., in the entropy and in the
volume. A second-order transition is characterized by a continuous development
of most system properties, such as the distortion amplitude, the enthalpy, or the
volume.

4.4.2 A Short Review of Microscopic Models

Over the years, a number of models have been proposed trying to explain the various
properties of martensitic phase transformations. Usually based upon a Landau-type
expansion of the free energy, the di�erence between the models primarily lies in the
driving mechanism. Cochran [107] and Anderson [108] pioneered in the �eld by
independently postulating a soft-phonon model within the framework of second-
order Landau theory,

G(�) = G(0) +
1

2
a(T � Tc)�

2 +
1

4
c�4 + � � � : (4.3)

The phonon mode frequency is temperature-dependent due to lattice anharmonicity
and the frequency approaches zero at the transition temperature. It follows that the
harmonic frequency of this phonon is imaginary at low temperatures. This so-called
soft-mode model was originally developed to explain the mechanisms of ferroelec-
tric phase transitions but have since then been widely used in the study of other
transformations. However, although intuitively appealing, only a few systems (e.g.,
the perovskites SrTiO3 and KTaO3) show true soft-phonon behavior [109, 110]. In
fact, transformations earlier believed to be second-order have later been shown to
possess weak �rst-order character (e.g., the superconducting A15 compounds [111]).
Several features which are observed in many displacive phase transformations are
conspicuously missing in the soft-mode model [112, 113]. Some examples are: (i)
the phonon softens slightly without actually becoming unstable. (ii) There are
strong precursors of the on-coming phase, or a distorted form of it, giving rise to
the so-called 'central peak' phenomenon in neutron scattering experiments and, (iii)
small discontinuities are observed in the order parameter.

Later authors have recognized these problems and tried to construct models
which reproduce the experimental observations. A common approach has been
to use the vibrational entropy as the main driving force for the temperature-
induced martensitic phase transformations. Krumhansl and Gooding [113] pro-
posed a generic model for a �rst-order transition mechanism of Landau-type. The
expansion coeÆcients in this scheme are temperature-dependent and the phonon
frequency softens slightly but remains �nite at the transition temperature, allow-
ing for the lattice to uctuate in the direction of the on-coming structure. An
important feature of this model is that the high-temperature phase remains har-
monically stable at all temperatures. Later work by Morris et al. [114] and Kerr et
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al. [115, 116] built on the same idea. In the study by Morris et al. the on-site po-
tential is symmetric while Kerr et al. chose an asymmetric potential which pushes
the particles towards the deeper minimum. Both studies stress the importance of
including higher-order anharmonic interactions in obtaining the �rst-order proper-
ties observed in many transitions. One-dimensional mean-�eld calculations, as well
as second-order self-consistent phonon theory and molecular dynamics, were per-
formed. In these studies, the high-temperature bcc phase is stabilized by vibrational
entropy and the system is e�ectively harmonic except close to the transition where
the heterophase uctuations become large. A similar approach for an entropy-
driven �rst-order bcc$fcc transformation was proposed by Mohn et al. [117] and
applied to the alkali metals, Ti, and V.

Lindg�ard and Mouritsen [118] employed a two-dimensional magnetic lattice
model which has the advantage of being able to handle large-amplitude atomic
vibrations. The free energy is expanded in terms of strain components for the
bcc$hcp transformation and the importance of higher-order terms is emphasized.
A mean-�eld treatment of the thermodynamical quantities was utilized and a
Monte-Carlo simulation of the transition was performed. When the atoms os-
cillate, the internal energies of the phases depend on strain components which are
temperature-dependent. In this model, it is the change in internal energy as a
function of temperature which ultimately drives the transition and determines the
phase boundary. Although the Friedel's mechanism assists the transformation, the
entropy is not considered a driving force. The presence of premartensitic clus-
ters is seen through the development of the central peak and the thermally driven
nucleating process yields a slow cluster formation of the minority phase.

In a di�erent approach, the structural transition is regarded as defect-induced.
There are no heterophase uctuations and the role of temperature is simply to
change the elastic coeÆcients (elastic moduli, phonon frequencies, anharmonic cou-
pling constants, and so on) which determine the instability of the lattice surrounding
the point defect. Thus, the transition is regarded as mechanical rather than ther-
modynamical, giving rise to very fast reaction kinetics. Schwabl and T�auber [119]
considered the inuence of randomly distributed defects which lead to a defect-
concentration dependent transition temperature. Due to a local increase of the
transition temperature, a soft localized phonon mode appears. Employing second-
order Landau theory, small amounts of the minority phase condensate close to the
impurity, giving rise to the central peak. Another impurity-triggered transition
model was presented by Vul and Harmon [120]. These authors considered a �rst-
order model where the energy barrier between the parent and product phases is
overcome due to the distortions caused by the defect. There is some experimental
evidence for the defect-induced transformation as there are indications that the
strength of the central peak depends on the purity of the sample (see Ref. [119] and
references therein).

Focusing on group theoretical considerations, Dmitriev et al. [104] and Blaschko
et al. [105] proposed a model emphasizing the structural recursive dependence
on the lattice distortion. Consequently, the order parameter is made a periodic
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function of the critical displacement. The inuence of temperature and pres-
sure is present through the coeÆcients in the Landau expansion. Interestingly,
the structural closeness of intermediate phases is shown to inuence the degree
of temperature-induced phonon softening observed. The theory is applied to the
bcc$hcp and the bcc$9R transformations, as well as to the bcc$fcc Bain's path,
and worked out for Li and Na which exhibit low-temperature martensitic trans-
formations. The bcc$9R transformation has also been studied by Gooding et

al. [121, 122] where the e�ect of non-symmetry breaking parameters on the energy
barrier is discussed.

Recent discoveries that many of the high-temperature phases at T = 0 (see
Sec. 4.2) are dynamically unstable have a profound impact on the microscopic
models for temperature-induced martensitic transformations. The above-mentioned
models where the excited phases remain harmonically stable at low temperatures
need revaluating. Also, for dynamically unstable phases, the entropy is not de�ned
and cannot act as a driving force until the high-temperature phase is stabilized.

Pressure-activated martensitic transformations are usually strongly �rst-order
and therefore less subject to controversy than the temperature-induced ones. Frad-
kin [106] considered the e�ect of hydrostatic as well as uniaxial stress on weakly
discontinuous phase transitions. In Paper 2 of this thesis, the pressure-induced
martensitic transformation in Fe was carefully mapped out. The �rst-order transi-
tion is here shown to be set o� by a collapse of the magnetic ordering, thus rendering
the bcc crystal unstable against distortions towards the hcp phase.

4.4.3 Displacive Transformation Paths

In displacive transformation paths, the location of extrema are in some cases dic-
tated by a change in symmetry. This can be seen, e.g., in the tetragonal Bain's path
which is a one-parameter transformation path between the bcc and the fcc struc-
tures. The distortion is usually accomplished through an extension of one of the
cubic axes together with volume-conserving shortenings of the two other axes. The
tetragonal crystal can transform according to 16 symmetry groups, while the bcc
and fcc structures possess the full cubic symmetry of 48 groups. Consequently, the
tetragonal Bain's path will always exhibit extrema at the value of the deformation
parameter (c=a) corresponding to the bcc (c=a = 1) and the fcc (c=a =

p
2) lattice.

However, depending on whether the bcc and/or fcc lattices exhibit energy maxima,
minima or inection points, other extreme points, which locations are unrelated
to symmetry, will be present. When a cubic crystal is distorted according to the
Bain's tetragonal path, the change in energy is proportional to the elastic constant
C 0 = 1

2
(C11 � C12). A negative C 0 value thus implies a dynamically unstable lat-

tice structure against the Bain's tetragonal transformation path. Another so-called
Bain's path between the bcc and fcc structures is described by a trigonal distortion
of the lattice (see Fig. 4.5(a)). This is also a one-parameter volume-conserving
deformation similar to the tetragonal one (see Ref. [123]).
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Figure 4.5. Three di�erent transformation paths where the energy E is presented

as a function of the distortion parameters. In (a) the bcc$fcc trigonal Bain's path

for W is shown. The c=a ratio refers to a cell with the c-axis in the [111]-direction

(see Ref. [123]). The path in (b) describes the bcc!! transformation in Ti through

the LA[ 2
3
2
3
2
3
] phonon. The two-parameter fcc!sh path is shown in (c), where the

shear parameter  = (c=a)
3
2 . A volume relaxation from V fcc

eq =93.66 a.u.3 to V '

V sh
eq =98.02 a.u.3 is also included. The contour step is 1 mRy/atom and the fcc and

sh structures are positioned at (1.0,0.0) and (0.693,0.25), respectively.
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Table 4.1. A collection of the displacive structural transformation paths mentioned

in this thesis. All symmetry points and phonon vectors are given on the same Bravais

lattices as in Ref. [124].

Distortion modes
Parent phase Phonon Strain Product phase

bcc C 0 bct, fcc
C44 sc, fcc

LA([ 2
3
2
3
2
3
]) !

TA1 (N) C 0 hcp
TA1([

1
4
1
4
0]) C 0 dhcp

TA1([
1
3
1
3
0]) C 0+tilting [110]bcc 9R

TA2 (N) C 0 sh
LA (N) C 0 sc

fcc TA (X) C 0 sh
sc TA (X) C 0 sh
hcp TO (A) sh

TO (�) C 0 bcc
sh TA[010] (L) C 0 �-Sn
cd C 0 �-Sn

The change in energy of a cubic crystal under trigonal strain corresponds to
the C44 elastic constant. The trigonal bcc$fcc path includes the sc structure
which is positioned between the bcc and the fcc structure. As both Bains' paths
are transformations between the bcc and fcc structures one might assume that
a negative C 0 constant implies a negative C44 constant as well. However, the
sc structure is often energetically unfavorable (e.g., in W, see Fig. 4.5(a)), and
gives rise to an energy barrier in the path, which obstructs a bcc$fcc trigonal
transition. One of the few exceptions to this rule is Si, for which the sc structure
is approximately 10 mRy below the bcc and fcc structures.

A well-known transformation path between the bcc and the hexagonally struc-
tured ! phase is obtained through the LA[ 2

3
2
3
2
3
] phonon mode. The atoms in the

(111)-planes of the bcc structure are hexagonally distributed and by allowing two
of these planes to collapse into each other, while the third plane is kept �xed, yields
the ! phase. Thus, the bcc$! transformation is also a one-parameter path. The
! phase has been observed experimentally at high pressure in Zr, Ti, and Hf, and
in some Ti and Hf alloys. In Paper 5 of this thesis, the LA[ 2

3
2
3
2
3
] phonon was shown

to be dynamically unstable at an electronic temperature of T ' 1200 K for bcc Sc,
Ti, La, and Hf. The same phonon mode has been shown to be weakly stable in bcc
Zr [51, 125] and unstable in bcc Y [125] at T = 0. In Fig 4.5(b) the transformation
path corresponding to the unstable LA[ 2

3
2
3
2
3
] phonon mode is shown for Ti.

Transformation paths between the bcc and fcc phases and other hexagonal
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phases, such as the sh, hcp, and the dhcp structures are given by phonon modes in
the TA[��0] branches together with a shearing of the lattice corresponding to the
C 0 elastic constant, see Table 4.1. As a result, these paths depend on two distor-
tion parameters. In some cases, the crystal can be relaxed according to the two
parameters independently of each other. Bcc Ti, La, and Hf are unstable, through
the TA1 N -point phonon, towards an atomic displacement Æ = 1

12
which yields

an hcp (ABAB:::) stacking in the [110]bcc-direction. Furthermore, the tetragonal
Bain's path in these materials exhibits a minimum for c=a ' 0:82, which corre-
sponds to the ideal hexagonal angle of 120Æ in the (110)bcc planes (c.f. Paper 5).
Thus, the energy surface spanned by the two distortion parameters allows for sev-
eral possible paths where the energy is continuously lowered. However, often the
crystal requires a careful cross-wise relaxation of the two parameters in order for
the transformation to proceed. An example of this is shown in Fig 4.5(c), where the
fcc!sh transition in Si is depicted as a function of strain  and atomic displace-
ment Æ. Silicon is an interesting material for the study of phase transformations as
it exhibits a multitude of pressure-induced transitions into phases which are rarely
energetically favorable. The sh structure (see Fig 4.1) is one such example and both
the Si fcc and bcc phases are dynamically unstable towards the sh phase through
the transverse N -point phonons and the elastic constant C 0 (c.f. Paper 6). The
bcc!hcp transformation paths in Sc and Fe are also similar to the one presented
in Fig 4.5(c). Here, the minimum in the tetragonal Bain's path occurs for a value
(0:82 < Emin < 1 (bcc)) di�erent from the one which transforms the (110)bcc planes
into (001)hcp planes. To obtain an energetically possible transition path into the
hcp structure from bcc Sc or Fe, the crystal needs to be relaxed by the strain and
the phonon mode simultaneously.
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