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haracterised by a high center of gravity to track-width ratio, commercial vehicle
dynamics differ from passenger cars’. The roll stability limit, quantified in terms

of lateral acceleration, is considerably lower, while longitudinal and lateral load
transfer during braking and cornering reduce yaw stability, implicitly deteriorating roll.

Many cars are equipped with stability enhancing dynamic control systems but
commercial vehicle manufacturers are introducing the first generation of these. For
future system generations and the ever-increasing demands on design for safety,
increasing knowledge of roll and yaw stability limits is essential. Dealing with these
questions, this dissertation includes papers on roll and yaw stability and a rollover
literature survey.

On roll stability, a method considering dynamics using potential and kinetic roll
energy predicts rollover. Since it pronounces that rollover occurs at levels lower than
the steady state threshold, the approach is further developed yielding a dynamic
rollover threshold, indicating that static and dynamic thresholds are not equally
affected by parameter changes. Hence, equally statically stable vehicles can differ
from a dynamic stability viewpoint. This simplified dynamic analysis is the most
important result presented in this dissertation.

A highly accurate but simplified three-dimensional simulation model is shown
representing tractor semitrailer yaw and roll with interactions, when approaching
stability limits. Results within the yaw area are presented through the measurement
of lateral axle forces, on which stability relies. Furthermore, the yaw instability risk
during extended braking is discussed.

��������� Vehicle Dynamics, Commercial Vehicle, Stability, Rollover, Braking,
Yaw Divergence, Cornering, Simulation
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n addition to the summary, this dissertation consists of five previously published
papers and one to be submitted for future publication. The published versions of

the papers are slightly edited: all are given new typefaces and layouts, figures are
updated and some misspellings and grammatical errors are corrected. Additional
changes are listed below.

��!��
�

Dahlberg, E. (1999) ���������	
�����	�
�		����
����������
�����
������
��������
�������, Proceedings from the 1999 Barcelona EAEC European Automotive
Congress, STA99C203.

A new measure continuously detecting the rollover safety margin is proposed as an
indicator of stability and its accuracy in predicting rollover is revealed using
simulations and experiments. The measure is based on energy considerations, which
also are used for basic steady state and dynamic roll mechanics studies. Through a
description of the potential roll energy as a function of a vehicle model’s kinematic
equations, the rollover potential energy, i.e. the minimum energy required bringing
the vehicle to rollover, is defined. This quantity is used in deriving the critical sliding
velocity: the minimum lateral velocity required for tripped rollover. A 5DOF roll model
assists in analysing the energy functions in simulations and experiments.

The paper was presented by Dahlberg at the 1999 Barcelona EAEC European
Automotive Congress in Barcelona, Spain.

A parameter list is added as an appendix. In the second section of page 45, lateral
acceleration is corrected to normalised lateral acceleration. Figure 3 on page 48 is
corrected: ϕ1 and ϕ2 are switched. The second sentence of page 50 is slightly
changed. The outer wheel is changed to the curve outer wheel(s) in the third section
of page 51. In the second section of page 55, the sentence about the cab DOF is
slightly changed and divided into two.

�



��3UHVHQWDWLRQ�RI�$SSHQGHG�3DSHUV��

�

��!��
'

Dahlberg, E. (2000) �
 ������
 �����������
 ���
 �������
 �		����
 �������	�
 ��
���������	
�����	��, SAE paper 2000-01-3492.

A new dynamics analysis tool is introduced: the roll energy diagram consisting of
kinetic and potential roll energy, including contributions from the lateral acceleration
potential field. Based on that diagram, a model-independent dynamic rollover thresh-
old is proposed as the worst case measure of roll instability. This single-valued
dynamic threshold, a complement to the distinctly higher static, is based on the step
acceleration input. Simulations with a simple educational and a 5DOF validated
model are used to confirm theories. The articulation angle between tractor and semi-
trailer as a function of lateral acceleration and forward velocity is further derived.

Dahlberg presented the paper at the 2000 International SAE Truck & Bus Meeting in
Portland, Oregon, USA.

��!��
�

Dahlberg, E. (2001) �
 �����������
 �����
 ��
 ���
 �������
 �		����
 �������	�
 ��
���������	
�����	��.

Parameter sensitivity analyses are applied to the static and dynamic rollover thresh-
olds of a truck and a tractor semitrailer combination. The influences on the thresholds
from five important design parameters are calculated. The analyses yield non-linear
threshold sensitivities to the parameters as well as to the corresponding interactions,
whereby the static and dynamic thresholds are compared from a design viewpoint.

The paper is to be submitted for publication.

��!��
.

Dahlberg, E. and Vågstedt, N-G. (1997) ���
����������
����
�
��� 	�
�  �����
!
����		���
"����
�����	�
"���	���, SAE paper 973264.

A tractor semitrailer combination is modelled on an approach characterised by
simplicity: rigid bodies combined with roll axes enable real-time handling simulations
up to the stability limits. Validations against field experiments and more complex
computer simulations under high friction conditions up to the roll stability limit are
presented. Accuracy and calculation efficiency when extending the model using a
more advanced steering system model are further discussed.

Dahlberg derived the theories, performed the simulations and validated the model.
Dahlberg and Vågstedt wrote the paper.

The paper was presented by Dahlberg at the 1997 SAE International Truck & Bus
Meeting in Cleveland, Ohio, USA.

A parameter list is appended. On page 123, the third sentence of the second section
under ����	
�#�������
 $
 is stated more precisely: for clarification, the approximate
size of the relaxation length is given.
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Dahlberg, E. (1999) %�&
$����'�	���
���
��
(����������	
(���
��������
������
)��*���
��
�
�����, SAE paper 1999-01-2956.

The longitudinal load transfer related yaw instability of unloaded braking tractors with
short wheel base is discussed. Based on the bicycle model and other basic handling
properties, the understeer gradient and the critical velocity are derived as functions of
retardation in several educational steps. The discussion using the static approach is
completed by dynamic simulations with a 12DOF model. Experiments with a tractor
under extended braking are performed yielding data used for accuracy validations.

Dahlberg presented the paper at the 1999 SAE Future Transportation Technology
Conference in Costa Mesa, California, USA.

This dissertation contains an extended version: figures C.9, C.12 and C.15 plus the
corresponding discussion are new compared to the previously published version. The
two last sentences in the first section of page 137, the first section on page 155 and
reference [13] are added. A parameter list is also added on page 163.

Equation (8) is slightly changed, without affecting the results. In the second section of
page 140, the reference is changed to [13]. In the fourth section of page 144: under-
critical is corrected to over-critical. Without affecting the results, 10 m/s is changed to
15 m/s in the forth section of page 149 and in the last section of page 161, 10 m/s is
corrected to 6 m/s.

��!��
�

Vågstedt, N-G. and Dahlberg, E. (1997) �������������
��
(�����	
�#	�
����
��
"����
�����	�
���'��������+ SAE paper 973188.

A method deriving non-linear steady state cornering characteristics, lateral slip to
force characteristics of individual axles, is applied to an articulated commercial
vehicle combination. The method, which facilitates avoidance of the traditional space
demanding constant radius test, is formerly applied to passenger cars only. The
cornering characteristics are determined from experimental data taken during
handling manoeuvring via inverse modelling of the bicycle model. The magic tire
formula is used for adaptation of measured axle data into mathematical represen-
tation. The handling diagram of the vehicle combination is further produced, facili-
tating an examination of any unstable steady state yaw response.

Vågstedt derived the theories. Dahlberg performed the calculations. Vågstedt and
Dahlberg performed the simulations, validated the model and wrote the paper.

Vågstedt presented the paper at the 1997 SAE International Truck & Bus Meeting in
Cleveland, Ohio, USA.

Equations (B.5) and (D.1) are corrected, but the errors in the originally published
equations do not affect the results. In the last sentence of page 172, the front axle is
corrected to the front and the rear axles respectively. The numeration of figures 5, 6
and 7 is corrected. Appendix F is renamed to appendix E.
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1������	���

The terminology essentially follows ISO standard. Divergent terminology either
follows the SAE recommended practice or is defined by the author.

Dimensions are in SI-units.

2����������	
���	�

Variables are in italic.

Vectors are written with a top bar.

Bold letters refer to matrices.

�"��
������

Systems are x, y, z, right-hand-orthogonal with z-axis in local upward direction.

����	�

Symbols used in appended papers are defined at the end of each paper.

Symbols in main chapters are defined explicitly in the text.

�������������

Abbreviations used in appended papers are defined at the end of each paper.
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Abbreviations in Main Chapters:

ABS Anti-lock Brake System
ARB Anti Rollover Braking Device
CABS Controllability of Articulated Body Stability
CG Centre of Gravity
CSV Critical Sliding Velocity
D Dimensional
DRM Dynamic Rollover Energy Margin
DRT Dynamic Rollover Threshold
DOF Degree of Freedom
DSC Drive Stability Control
EAEC European Automobile Engineers Cooperation
EBS Electronic Brake System
ELA Effective Lateral Acceleration
FEM Finite Element Method
ISO International Organization for Standarisation
KTH Kungl Tekniska Högskolan

Royal Institute of Technology
LTR Lateral Load Transfer Ratio
MBS Multi Body System
NUTEK Verket för näringslivsutveckling

Swedish Business Development Agency1

RAMS Rearward Amplification Suppression
RPER Rollover Prevention Energy Reserve
RPM Rollover Prevention Metric
RSA Roll Stability Advisor
RSF Roll Safety Factor
ROP Rollover Prevention
RWA Rearward Amplification Ratio
SAE Society of Automotive Engineers
SI Systeme International d’Unités
SPR Side Pull Ratio
SSF Static Stability Factor
SSRT Steady State Rollover Threshold
TTR Tilt Table Ratio
VDC Vehicle Dynamics Control
VTI Väg- och Transportforskningsinstitutet

The Swedish Road and Transportation Research Institute

                                                     
1 Former: The Swedish National Board for Industrial and Technical Development
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vehicle involved in a critical situation is driven in such a way that stability limits
are reached, or even exceeded. Returning to a stable driving situation is a

complicated task, which the majority of drivers do not have the experience or even
the possibility of achieving. In a heavy vehicle combination with hazardous goods,
this has grave implications. However, an intelligent vehicle, detecting the prevailing
conditions and stability margins, supports drivers at an early stage, by informing them
of the situation, returning the combination to a stable condition.

Vehicle dynamic instability may be defined as an unexpected response from a
manoeuvre induced disturbance, occurring in the ground plane: the longitudinal,
lateral, pitch, yaw or roll direction, or combinations of these. Longitudinally, instability
is primarily a result of saturated tire forces. ��������	
��	�
��������
���, are almost
standard equipment helping the driver in maintaining control during such critical
manoeuvres. Pitch instability occurs during braking on high friction in vehicles with
extreme geometry. In lateral, yaw and roll, instability primarily results from tire force
build-up features in combination with suspension kinematics and the vehicle’s
geometrical configuration. Loss of control occurs in situations other than in pure
braking, e.g. when taking evasive action on a slippery road surface, resulting in loss
of yaw and lateral stability, or in good road conditions, resulting in rollover.

The driver has only a limited number of actuators (steering wheel, throttle and brake
pedal), but active safety systems contain mechatronics, providing real-time
monitoring and control of stability while the vehicle is in motion. These systems also
compensate for the driver’s delayed reaction and possible disability in controlling the
vehicle behaviour at stability limits. Physics however, set limits for the possibility of
rectifying an unstable condition, wherefore it is extremely important that a tendency
towards instability be promptly detected. The development of ����������
 ��	�
��������
���
present the potential for carefully apportioning a suitable braking force
at each wheel reducing the speed and the lateral acceleration while generating a
stabilising yaw torque, assisting the driver in managing critical situations. If the
characteristics of suspension components are correctly affected, further stabilising
effects are added to the vehicle, which thereby returns to a stable condition.

�
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This dissertation is a report in the CABS project1, a collaboration project between
Scania, KTH and VTI. Commercial vehicle stability is studied with special emphasis
on rollover, increasing knowledge and developing simulation and analysis tools in
accord with project goals. Appended papers [A]2, [B], [C], [D], [E], and [F] present
analysis tools and simulation models and discuss aspects of commercial vehicle
stability.

Some years ago, only expensive full-scale testing was available, but calculations and
simulations grow in importance when developing vehicles in general and active
safety systems in particular. The advance of microcomputer technology enables
complex dynamic equations to be solved faster, constantly increasing the usefulness
of simulations. Still, simple models and points of application help in understanding
the physics of dynamic stability, while allowing for extensive parameter sensitivity
studies and real time simulations. In order to derive advantages from these aspects,
the theories presented achieve a balance between accuracy and simplicity in
predicting commercial vehicle stability.

������
����
�
������
�������
���������
�������
����������

                                                     
1 CABS - Active Safety in Heavy Vehicles
2 Letters in brackets indicate references to appended papers



(ULN�'DKOEHUJ�&RPPHUFLDO�9HKLFOH�6WDELOLW\�±�)RFXVLQJ�RQ�5ROORYHU

�

��
��		��������������

lassic vehicle dynamics literature thoroughly covers the theories of yaw, e.g.
Gillespie [1]3, while roll dynamics and stability are not so well compiled. An

excellent exception however is the rollover literature compilation, including an exten-
sive bibliography on the subject, recently presented by Winkler et al. [2]. However,
the survey presented in this chapter concentrates on distinguishing between rollovers
that are avoidable and non-avoidable when using stability systems, parameters
influencing primarily the former category and methods detecting and analysing them,
rather than on control. Therefore, it must be considered as a basis for studies in
rollover prediction, to derive the detection prerequisites of stability systems.

Rollover accidents involving commercial vehicles contribute substantially to injuries
and damage. Statistics presented by Preston-Thomas and Woodrooffe [3] show that
95% of all incidents in which bulk spillage of hazardous commodities are involved,
begins with such an accident. Additionally, numerous vehicle occupants are injured
and killed every year. Vehicle rollover rate is studied in several papers: based on the
1,000,000 km term of tractor life, statistics discussed by Ervin et al. [4] indicate that
approximately every 25th semitrailer engaged tractor rolls over during its lifetime. In
[2] however, even more striking figures based on US statistics during a three year
period are presented: on average every sixth rolls over but the risk for semitrailer
combinations with low roll resistance is estimated at being so high that up to every
third rolls over.

These accidents occur for several reasons, involving components of the driver-
vehicle-environment system. Extreme parts of this system are e.g. the driver falling
asleep at the wheel, the vehicle having such a low level of roll stability that a simple
steering input results in rollover and the roadway collapsing during cornering. In the
majority of rollovers, all parts of the system contribute to the accident, as discussed
by Hinch et al. [5], but it is possible to identify situations, in which rollover can be
avoided by assisting the driver and/or the vehicle.

                                                     
3 Numbers in brackets indicate references

�
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In 1990, a rollover warning device feasibility study [3] showed that 42% of more than
2000 investigated commercial vehicle rollovers might have been avoided by installing
a system, warning the driver of incipient rollover. Active stability systems, as
discussed more recently by e.g. Hecker et al. [6], operatively avoid rollovers, since
they enable dynamics control more precisely than a driver, applying braking forces
individually at one or more wheels. Active or passive roll stability systems however,
require rollover detection. Therefore, when designing such a system, knowledge of
possible rollover scenarios plus how the different characteristics describing a
vehicle’s dynamic systems affect its behaviour during rollover, are essential aspects
of understanding the problem.

��� ���������	�����
��
��

In the literature, different scenarios are described, cf. figure 2.1, divided between on-
road and off-road rollovers. The latter occur after the vehicle leaves the road without
driver intention. These are neither easily detected nor stabilised, since the terrain is
usually unpredictable: the vehicle may slide off a cliff or into a ditch, collide with a
large obstacle, slide into a small obstacle or be exposed to high friction in mud, soft
soil or embankments, Nalecz et al. [7]. Unfortunately, these constitute a large part of
rollovers, as reported by Chase and Wielenga [8]. Nevertheless, a percentage of
these accidents are possibly avoided using a yaw stability system, since yaw
divergence may initially cause the vehicle’s departure.

Further, on-road rollovers constitute two main categories: manoeuvre induced and
tripped, reported by Nalecz [9]. A vehicle tripped into rollover by colliding with another
vehicle or any other large obstacle is collision tripped. To prevent rollover in that
case, the collision must be avoided. If it is tripped by sliding into a small obstacle, e.g.
a curb, the rollover event may be more easily predictable and prevention is possible.

������� ��������
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Manoeuvre induced is the most thoroughly documented type of rollover, being the
easiest to analyse and control. On-road, rollovers are manoeuvre induced preceded
either by yaw instability or high lateral forces during a stable yaw motion. In the
former, yaw induced, saturated tire forces at least at one axle bring the vehicle
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combination into an unfavourable sliding orientation, where it can experience lateral
tire forces sufficient to cause rollover. It is possibly avoided by a yaw stability system.
In the latter, laterally induced, tire forces do not saturate, while they are large enough
to tip the vehicle over. This type requires a roll stability system to be avoided.

All rollover scenarios presented in the literature are summarised in the figure above,
categorised according to type. Unfortunately, no precise statistics are available
separating possible scenarios in order of rate, but 10% - 50% of the rollovers are
shown, in e.g. [5] and [8], as occurring on-road. It is indicated in [2] however that the
real figure is probably in the higher part of that range, since statistics presented show
that only the manoeuvre induced comprises between 20% and 30% of all rollovers.

This survey further concentrates on manoeuvre induced and obstacle tripped on-road
rollovers, parameters influencing the propensity, methods determining corresponding
stability limits and on-line detection.

��� ����������������	
�������������������
��

A standard approach to rollover propensity is vehicle parameter sensitivity analysis,
where several design parameters in a certain model, e.g. Sankar and Surial [10],
simulation [9] or full-scale test, e.g. Nalecz et al. [11], are varied while the influence
on rollover propensity is observed. Typically, vehicle design associated factors, such
as suspension geometry, track-width and minimum acceptable ground clearance are
studied. In addition to parameters directly associated with vehicle design, drivers and
their environment affect rollover propensity. Data base statistics are often used,
studying parameters such as alcohol involvement, driver age and pavement and
embankment condition, Klein [12].

������
����
������
������� 
����
!"�
������

����� �����	�
��������
Starting with the single vehicle, the two most frequently reported parameters
influencing static roll stability are CG height and the effective track-width. Among
well-documented factors are also height of the equivalent suspension roll center [10],
total axle roll stiffness [7] and its distribution between front and rear axles [2].
Decreased CG height enhances roll stability, while the opposite relation is valid for
track-width, roll center height and total roll stiffness. Finally, arranging the roll stiff-
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ness distribution between axles so that it results in as uniform a lateral load transfer
as possible, optimally resulting in simultaneous wheel lift-offs enhances stability.

From the above the findings presented by St. John and Glauz in [13] are easily
understood: mounting super single tires instead of dual mounted increases roll stabil-
ity. These wide-based tires of current commercial interest indicate higher effective
track-width facilitating wider separation of springs plus decreased CG height.

Second order negative contributors to roll stability are tire and roll center lateral
compliance [1], flexibility of the frame and cab suspension roll compliance [A]. Das et
al. however [14], report the roll center lateral displacement being very small on trucks
due to beam axle suspensions, while Verma and Gillespie [15] show tire lateral
displacement as negligible. [A], shows that the influence of cab roll compliance is
minimal in a steady state manoeuvre, but has a noticeable influence dynamically. In
particular cases, the frame flexibility may even be a positive contributor statically,
while still negative dynamically.

Other factors, implicitly related to vehicle design, such as frequency response, e.g.
roll resonance frequency and damping, affects the manoeuvre induced rollover
propensity [1]. A clear example of that is reported in [15]: a natural yaw close to the
natural roll frequency is hazardous from a roll stability viewpoint. It is also shown that
wheel base is significant [11], as above. Another similar problem is liquid sloshing in
a tank vehicle, which may oscillate close to roll frequency, tipping the vehicle over in
a dynamic manoeuvre.

When comparing tripped and manoeuvre induced, differences in parameter
sensitivity are indicated [9]: in the latter, suspension components are not negligible,
while they are in the former. This is not realistic for a highly loaded truck however,
which is shown in [A], where suspension components strongly affect tripped rollover
for a specific tractor. [7] indicates that high roll moment of inertia enhances the
stability in tripped, but decreases it in manoeuvre induced, but it is not concluded
why. A possible solution, not outlined in the report, is that variable roll frequencies
are excited in different situations: the manoeuvre may introduce frequencies close to
resonance, while the step-input associated with the tripping mechanism does not
excite one, but all frequencies.
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A combination, such as a tractor semitrailer, behaves differently in a rollover situation
compared to a single unit vehicle. Several authors, e.g. Ruhl and Ruhl [16] and
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Rakheja and Piché [17], report that for a semitrailer combination, trailer instability
initiates the rollover. For certain combinations and situations but not in most practical
situations the tractor may initiate, cf. Liu et al. [18]. Therefore, the trailer rollover
propensity is predominant. Most factors reported on the above are applicable also to
the towed unit, e.g. CG height, track-width, suspension geometry and natural
frequency. Some parameters however, are shown as more important, like the frame
flexibility [16] (cf. figure 2.3 and note that all tractor wheels still keep contact with the
ground), and some are specific to the articulated vehicle, like the fifth wheel position
and roll stiffness. Geometry also affects yaw induced rearward amplification, which
deteriorates roll stability as demonstrated in [4] and by McFarlane et al. [19], being
most critical on full trailer combinations.

The non-linear influences from lash in e.g. leaf spring suspension and fifth wheel, cf.
figure 2.4, are shown decreasing the roll stability limit [2].

��������	
	�����������������������������������������������������������

In [10], a sensitivity analysis performed on a number of design parameters character-
ising a tractor semitrailer, reveals that roll stability can be enhanced by:

� decreased CG height of semitrailer sprung mass

� increased lateral spring spacing at the rear axle of the tractor

� increased semitrailer track-width

� increased semitrailer dual tire spacing

� increased tractor rear axle track-width

� increased roll center heights of semitrailer and tractor

� increased fifth wheel height

� increased tractor dual tire spacing

� decreased tractor CG height

� increased fifth wheel roll stiffness

� increased vertical tire stiffness

� increased lateral tire stiffness

� increased overturning tire stiffness
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The parameters listed in order of importance, require comments. The lateral spring
spacing at any axle is better described as the roll stiffness, since the model used in
the analysis is not equipped with an anti-roll bar and since its springs do not possess
torsional stiffness, but only vertical. On an actual vehicle, the roll stiffness is also
composed of these. Additionally, if the axle is air-suspended, the vertical spring rate
does not commonly add to the roll stiffness at all in a steady state manoeuvre, due to
the shunt connection of air bags. It is also surprising that the spacing of dual tire is
shown strongly influencing rollover propensity, but this parameter is defined to affect
the track-width, consequently affecting stability.

However, as this is a most thoroughly performed sensitivity study, including the
comments above, these design parameters are regarded having the largest influence
on tractor semitrailer rollover. Most interesting is the result that tire lateral and over-
turning stiffnesses are found having the least influence among factors studied.

����� ����
���
����������
��������
In steady state cornering on an even road, the level of lateral acceleration determines
whether the vehicle tips over or not. Vehicle parameters set the limit, while the actual
acceleration is primarily a result of driver input and the environment, the road
curvature. Non vehicle related parameters such as driver experience and road
condition thereby influence the risk.

In [12], non-urban driving is shown as an environmental indicator, significantly
distinguishing rollovers from non-rollovers. Not astonishing, since highway
associated velocities constitute a high lateral acceleration risk during manoeuvring.
Also simply understood, Klein shows curved roads as a risk. Banked curves, slopes,
slippery roads, highway ramps and roundabouts are other risky environmental
parameters. Normally, the banked curve assists (presented by Blue and Kulakowski
in [20] a thorough investigation), while the remainder deteriorate roll stability: e.g. the
slope introduces an unfavourable longitudinal load transfer, while the slippery road
initiates yaw instability, indirectly impairing roll stability.

The manoeuvre, an interaction between environment and driver, affects the critical
level of lateral acceleration [6]. The steering frequency, the resulting roll rate [17] and
the braking application [E], possibly introducing unfavourable load transfer, are also
examples of risks during manoeuvring.

Parameters, which are directly related to the driver and his actions, such as loading
conditions, can cause rollover. Kinney and Munsee [21] show that the load distri-
bution can be too highly laterally biased due to non-uniform loading. Lateral
displacements of the normal load center, approximately equal to the displacement of
the CG, up to ten centimetres are measured on-road. Over three centimetres
displacement is measured on 10% of vehicles. According to calculations presented in
[15], this is more than the tire lateral displacement during rollover, which is the 11th

most important parameter influencing semitrailer rollover propensity. A similar
problem is associated with double-decker trucks and trailers, which can easily be
inaccurately loaded vertically. The driver’s careful scrutiny and determination to obey
traffic rules naturally influence the risk of tipping over: Kiviniemi and Sainio [22],
present statistics in which drivers with many traffic offences are shown as being more
often involved in rollovers than others. Further, alcohol and drug use among drivers
is also mentioned as a relevant parameter [12]. Finally, driver experience is of course
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important. Most drivers remain unaware of impending roll instability until after the
point-of-no-return, while skilled drivers may have a premonition [17].

��� �������	
�	�������
�������

Several approaches to rollover propensity analysis are presented in the literature.
Metz et al. [23] prefer a division into four types, each characterised by being either:

� analytical, on the basis of static models,

� analytical, based on dynamic models,

� experimental, based on full-scale testing or

� statistical, on the basis of on-road field experiments.

����� �����	
�����
��
��������
The most common approach is calculation using a static, or more correctly quasi-
static model, simply determining an estimate of the ��������������	

	���������	
��
���. This value is defined as the level of lateral acceleration, often in units of
gravitational acceleration, beyond which rollover occurs in a steady turn. Generally in
a static approach, a two-dimensional (2D) roll plane model, assuming constant
velocity and road curvature is used. These models, strictly valid for manoeuvre
induced rollover only, benefit from simplicity and manageable equations, while over-
estimating the rollover lateral acceleration [17].

The ������� �����
���� ����	��� ���� is the most common measure applied, being
described and analysed in many papers, e.g. [5], [12] and by Chrstos and Guenther
[24]. It is defined as one half of the average front and rear track-width, ��, divided by
the total vehicle CG height, �&*, cf. equation (2.1). Through the simplifying assump-
tion that a vehicle behaves as a rigid body, i.e. no suspension, rigid tires et cetera,
the SSF equals the SSRT. Although vehicles do not behave as rigid bodies, the SSF
is a first order approximation of the SSRT.

&*
��
��

���
⋅

=  (2.1)

SSF is the least conservative estimation among applied quasi-static models [24]:
when comparing it to any established model considering flexibility, SSF predicts
higher rollover lateral acceleration.

During cornering, the vehicle rolls due to suspension compliance resulting in lateral
shift of the CG toward the outside of the turn. This offset reduces the moment arm on
which the gravity force acts to resist rollover. In order to refine the model, this effect
is considered by introducing suspension roll center and stiffness. The SSRT valua-
tion, lateral acceleration, �\, over gravity, �, thereby becomes [1]:

)( �����
�

��
��

�

�

U&*

\

−⋅+
⋅

⋅
=

φ

 (2.2)

In equation (2.2), �φ defines the roll stiffness (here in radians per �\��), �U is the roll
center height and � defines the sprung mass CG height. The difference between the
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two models is the ���������
$����, practically always less than one, describing the
effect of suspension flexibilities on SSRT.

Lozia performs quasi-static rollover analysis on three models with different precision:
the simplest is the SSF and the most advanced is a 14 degrees of freedom (14DOF)
simulation model driven in steady state [25]. In terms of compliance factor, he finds it
becoming smaller the more sophisticated the model. A more stringent declaration is
that the factor becomes smaller the more flexibilities, such as tire, suspension and
chassis frame, are included in the analysis. In [17] the factor is investigated under the
consideration of several compliances: for different tractor semitrailer combinations, it
is found varying between 0.64 and 0.77.

Taking into account many or all effects is less amenable to an analytical solution.
Several such models however, are presented in the literature, while most often the
explicit equations are left out: e.g. [3], [16] and [25]. In [16], a semitrailer roll plane
model is refined by combining it with a static yaw model of the attitude angle between
pulling and pulled vehicle. Thereby, the non-linear roll stiffness of the fifth wheel is
accurately modelled. Aquaro et al. [26] take the analysis even one step further by
utilising the ������
 �������
 ,����(�
 ��,
 enabling the inclusion of more non-
linearities and a continuously flexible chassis.
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Another popular way of describing rollover is in terms of the roll angle. This approach
requires rigid chassis assumption, otherwise a roll angle can hardly be defined. By
analysing the relationship between lateral acceleration and roll angle, graphical and
analytical expressions of both maximum acceleration and angle are achieved:
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A similar approach, still considering rigid chassis, is used in e.g. [3]. In addition to
lateral acceleration and roll angle, roll moment is studied, yielding better under-
standing of individual axle roll resistance. This approach clearly demonstrates that
vehicles may rollover when the lateral acceleration exceeds a value corresponding to
wheel lift-off at less than all axles. The approach, which is exemplified by the diagram
shown in figure 2.7, is originated by Chalasani, but first appears in Ervin et al. [27],
and is further developed in several papers [2].

This diagram however, in conformity with several simplified rollover models, fails to
reproduce an important mechanism after wheel lift-off: when an inner wheel lifts from
the ground the roll angle at that axle is reduced, i.e. it does not remain constant at
increasing acceleration, cf. figures 2.7 and 2.8. Thereby, it cannot store its maximum
roll moment, which instead is stored at another axle. Due to the increased roll
moment, the remaining axle(s) thereby loses ground contact more rapidly.
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Widelund [28], who investigates this phenomenon at the tilt table, gives an explana-
tion. When a wheel lifts and the acceleration is further increased, the axle to ground
angle increases. This implies decreased stabilising moment, since the effective track-
width is reduced, and increased overturning moment, since the axle raises. The axle
to chassis roll angle is thereby reduced in order to attain moment equilibrium, which
arrives at the reduced stabilising moment.
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It is concluded that this axle roll behaviour after wheel lift-off, which is reproduced in
figure 2.8, reduces the rollover threshold compared to the assumption that the roll
angle of the lifted axle remains constant, equal to its value at wheel lift-off. The effect
is however accurately reproduced in models with full suspension kinematics included.

Instead of roll angle, potential roll energy may be used as a static variable [A],
allowing for a generic description of all flexibilities, e.g. a continuously flexible frame.

However, since rollover depends on dynamics, a quasi-static model can never
reproduce faultless behaviour: careful analyses require dynamic considerations.

����� �������
����	�
���
�������
All rollovers result more or less from a dynamic manoeuvre [2]. In order to comprise
these influences, dynamic terms are added to a model of the SSRT: hence yielding a
1�����
��������
)�������(�
1�). Bernard et al. [29] produce diagrams showing the
acceleration threshold as a function of, on one hand the steering frequency, and on
the other the roll damping ratio:
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Other dynamic variants of the acceleration threshold are presented, e.g. by Marine et
al. [30], dynamically considering roll damping, and in [14] paying regard to the
forward velocity.

Several reports are produced presenting (�����
 ���������
 ��(���
 including
varying DOF, e.g. [16], [25] and [D]. These are often developed in MBS-programs,
producing time simulations of specific manoeuvres, which may result in rollover. By
their nature, these time dependent results are not easily compared to results from
static models; instead, an overall judgement of manoeuvring is required. Benefiting
from the capability of reproducing interactions between yaw and roll stability, these
models, unlike static, simulate yaw induced rollover.

In contrast to simulation models, dynamic measures are described, predicting either
a maximum allowed velocity (i.e. roll rate or lateral sliding velocity), or an instant
dynamic margin to rollover in terms of e.g. roll energy or normal tire load. One such is
the 4����
 4�(
 )���$��
 �����
 4)�
 [3] based on the assumption that rollover
occurs at lateral acceleration corresponding to the loss of normal wheel load on one
side. It is defined as the difference between the sum of the right wheel loads, �15�L,
and the sum of the left wheel loads, �1/�L, divided by the sum of all wheel loads, �1�L:

∑
∑∑ −

=
L1

L1/L15

�

��
4)�

,

,,  (2.3)
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The measure is developed into the ����
 �$���
 ������
 ��� in [18], which proves
more reliable for indicating impending rollover, since the load transfer of the front
axle, often not providing roll stability, is excluded. The value of the LTR and the RSF
equals ±1 at the supposed threshold, continuously indicating a rollover margin.

Liu et al. [31] offers a dynamic rollover threshold defined as the level of �$$������
4��
���
������������
�4� when RSF approaches unity in a transient manoeuvre. ELA is
a dynamic parameter depending on mass, � lateral acceleration,  and instantane-
ous CG height, � of the � suspended bodies, � and the 5 un-suspended bodies, �:

∑∑
∑∑

⋅+⋅
⋅⋅+⋅⋅

=
XMXMVLVL

XMXMXMVLVLVL

����

����
�4�  (2.4)

For the vehicle configurations studied in that paper, DRT differs less than 5% from
SSRT, the former always being the smaller. However, the dynamic threshold is only
evaluated in manoeuvres far below the natural roll frequency. Presented in [B] is
another variant of DRT, which in conformity with that presented in [29], is based on a
lateral step-acceleration input, exciting all frequencies. With parameter examples
presented in [C], this version of DRT differs up to 30% from SSRT.

The ���%�(
�����$������
�����
�6�
described by e.g. El-Gindy [32], investigated
in North America since the early 1970-th, is a frequency dependent measure, defined
as the ratio of the peak lateral acceleration at the rearmost trailer CG, to the
amplitude at the lead unit front axle center. While it is not a direct rollover measure, it
is relevant in rollover analysis, due to the enhanced risk when experiencing high
amplification: indicating elevated rollover propensity. Since it is a yaw plane measure,
it is often analysed using an extended bicycle model.

A high potential group of measures are the energy based, describing rollover in terms
of kinetic and potential energy. Based on a comparison of the potential energy
required bringing the vehicle to its rollover position and the current kinetic energy that
might be transformed into potential, they are valid in analyses of manoeuvre induced
and tripped rollover situations.

Nalecz offers several energy measures based on the ��������
 7���������
 ������
��������
�7�� assuming, in its basic form, a totally rigid vehicle sliding laterally into
an obstacle while kinetic energy transforms into potential [11]. If the kinetic energy
exceeds the critical potential, the RPER falls below zero, indicating tripped rollover as
in equation (2.5), where 8FULW is the potential energy at the rollover position and ). the
current rotational kinetic.

.FULW
)8�7�� −=  (2.5)

A problem in tripped rollover analysis is the determination of the instantaneous roll-
over axis, around which the kinetic energy derives. Different axes are evaluated in
[11], finding the best parallel to the vehicle longitudinal axis, a valuable result used in
other tripped models, presented in e.g. [5], [30] and [A], cf. figure 2.10.
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The ��������
7���������
,������
�7,� a function of CG height, track-width, mass and
roll moment of inertia, suitable analysing tripped rollover is presented in [5]. The
metric is determined by obtaining the difference between the initial lateral translatio-
nal kinetic energy prior to impact ()�) and the rotational after ()�), divided by the
initial energy and expressed as a percentage:

�

��

)

))
�99�7,

−⋅=  (2.6)

The :������
 ���(���
 ;��������
 :�; is a measure of the minimum lateral velocity
required initiating rollover when a vehicle is in a tripping orientation. Several
definitions exist, while a generic form is, with � denoting total vehicle mass and 8FULW

defined above:

�

8�
:�; FULW

⋅=  (2.7)

Furthermore, RPER is developed to manage manoeuvre induced by studying roll rate
instead of sliding velocity. In simulations, RPER is shown as a reliable measure
separating non-rollovers from rollovers, better than roll angle and roll rate [11]. In
order to attain such results, some important compliances are taken into account.

Proposed is also the 1�����
 ��������
 ������
 ,�����
 1�,, a variant of the
manoeuvre induced RPER, expressing the margin to rollover in percent [A]:

FULW
8

)8
�1�,

+−=  (2.8)

����� ����������	
�������
There is no distinct definition of a measure being experimental, since some of the
static and dynamic may be considered experimental, i.e. they can be measured, e.g.
SSRT, LTR, CSV and RWA. However, some established full-scale test methods are
described in the literature. These obviously consider all important direct vehicle
parameters, while they may have other shortages. The static test methods for
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instance, do not consider dynamic effects while field experiments are time consuming
and often devoid of generality.

The tilt table test [33] is developed to rank the rollover propensity based on a meas-
ure of the SSRT. Requiring a simple test device, a tilting table upon which the vehicle
is placed, it simulates a lateral acceleration field by inclining in the roll direction. This
causes gravity components to act in the lateral as well as the vertical direction
relative to the vehicle. The result from this test is the )���
)���
�����
))� [5].

The tilting angle slowly increases until the off-loaded tires lose contact with the
surface. At the angle of this occurrence, ϕ, the rollover lateral acceleration is
estimated by dividing the lateral force, �\ with the vertical, �], yielding the TTR:

ϕ
ϕ
ϕ

tan
cos
sin =

⋅⋅
⋅⋅==

��
��

�

�
))�

]

\ (2.9)

The tilt table test is rather repeatable according to Winkler et al. [34], without
requiring any additional vehicle measurements: significant advantages over other
tests. Nevertheless, it is criticised because at high tilt angles, it does not accurately
represent a vehicle in steady state: e.g. the vertical acceleration is reduced, causing
the vehicle sprung mass to rise on its suspension, raising the CG height and thus
reducing the tip-over angle. Consequently, the lateral force at the tip-over angle is
reduced compared to a vehicle cornering at SSRT. This reduces the lateral
suspension compliance and suspension forces, effectively increasing the rollover
angle. The test penalises vehicles with vertically soft suspension since they rise more
during tipping, while favouring vehicles with laterally soft suspension, since the
reduced lateral force reduces lateral suspension deflections.

An alternative to the TTR is the ��(�
7���
�����
�7�, measured using a side pull,
simulating lateral acceleration by applying a horizontally acting force, �\ to the vehicle
sprung mass at the total CG. Being best suited for passenger cars, cf. e.g. [5] and
Erdogan et al. [35], the test is quasi-static, pulling laterally very slowly by feeding the
force into the sprung mass through a wide belt wrapped around the vehicle:

��

�
��� \

⋅
= (2.10)

In a lateral acceleration field however, a horizontal inertia body force equal to the
mass times the acceleration acts on the vehicle. The side pull test applies a force to
the sprung mass, at the total CG height, resulting in a slightly higher lateral deflection
of the suspension. The amount of additional deflection is vehicle dependent and is
caused by transferring all of the force through sprung mass to un-sprung masses. In
actual steady state cornering, the total force transferred from the sprung mass to the
un-sprung masses is equal to the acceleration multiplied by only the sprung mass.

Another problem with TTR and SPR is the tire to ground forces, which on the road
are built up at the contact paths, while in the tests they are developed at the contact
path plus at the tire sidewalls due to a trip-rail. The available friction between tire and
test surface, which most often is insufficient to allow the test continuing up to the
point of wheel lift-off requires this rail. In [34] and [28] it is shown that the resulting
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threshold estimate is highly affected by the choice of surface friction and tip-rail
geometry. The rail increases the force required to cause rollover since the sidewall
force shifts the vertical force acting point laterally away from CG, increasing the
effective track-width, and since the force adds to the vehicle restoring moment being
located above ground.

���
���	
����������������������������������������	�����������
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Statistics are often used to validate the correlation between real world rollovers and
measures: static, dynamic or experimental. These methods can never be used to
estimate an instantaneous rollover propensity during manoeuvring, but only a statisti-
cal event, for a range of vehicles or a loading condition.

Nevertheless, driver and environmental risks benefit from being statistically
examined. The examples mentioned above all derive from such investigations, e.g.
non-urban driving, drug use, road defects and unfavourable loading conditions.

One example of a vehicle measure being statistically validated as relevant is the
SSRT. Although dynamics influence rollover propensity, Ervin et al. [36] show that
the real rollover rate of a vehicle, i.e. the number of rollovers per vehicle-kilometre, is
strongly influenced by the value of its SSRT:
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To improve stability, parameters influencing rollover propensity may either be directly
redesigned or affected indirectly by electronic control. Vehicle parameters, such as
CG height, track-width and roll center location are not easily redesigned, due to
regulations and design criteria, while driver and environmental parameters, e.g.
experience and road curvature, are not affected without comprehensive educational
programs or extensive civil engineering. Instead, vehicle dynamics control systems
are developed, potentially reducing rollover propensity.

Individual braking force distribution, combined with engine control, securing adequate
yaw behaviour is used to stabilise passenger cars. Keeping in mind that rollover is
not only manoeuvre induced laterally, but also through yaw, this type of stability
control is also desirable in minimising the risk of commercial vehicle rollover.
Nevertheless, control requires detection of instability and these strategies are not
readily available, since vehicle types differ considerably, particularly from a roll
stability viewpoint [6]. Therefore, commercial vehicle dynamic stability systems
require separate roll control plus detection of incipient roll instability.

����� �����	
A yaw stability control system is described in [6]: different braking forces act on the
tractor wheels in order to produce a stabilising yaw torque at the tractor CG. The
system is shown improving not only directional stability but also roll dynamics,
preventing yaw induced rollover. A compensating yaw torque is applied by braking
the wheels independently. This kind of system in the literature, is the most frequently
mentioned way of improving stability, possessing great potential since vehicles
equipped with electronically controlled brakes do not demand much additional
equipment but software and a few sensors.

���	
���� �"������#�$�����
��%�&�������'#�������(���
��)�&'(��!�

There exist several systems, with different names, working similar to VDC, e.g. '
���
��������#�(���
��)�'�( described by Palkovics et al. in [37]. However, in that paper
they also present a simpler pure roll stability system, the �������
��
��������)��*�,
which does not require any additional sensor when EBS is installed.

Another roll stability enhancing system is the ���
$�
�� "������������� �	��
������)
�"+��described in [4]. It works similar to the previous, by inducing moments that
impose yaw instability on the rearward amplifying motions of trailers and dollies. The
system is successfully implemented, but is not yet commercially feasible, since it
demands sensors on the trailers, communicating with the lead unit, but operates
effectively as an educational system.
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The "���,�������
�-
�.����'�����)�"�-�presented by Wielenga [38], works by limiting
the turn and the lateral tire forces only when the vehicle is in actual danger of rolling
over. ARB applies to the turn-outside front wheel brake, causing a restoring moment
that straightens the turn. In addition, the braking reduces the lateral force, due to the
limited amount of total force available. These effects act together, making the turn
less sharp, yielding smaller slip angles, again reducing lateral force. When the
vehicle is no longer in a danger of rollover, the braking is interrupted and the turn
again becomes as sharp as the steer angle demands. ARB differs from yaw control
strategies in that it seeks to limit, instead of providing the maximum lateral accelera-
tion demanded by the driver. Hence, the control strategy in the oversteering case is
similar to the system described in [6], while the activation differs.

Not relying on the brakes, the roll control system described by Sampson et al. in [39]
uses two hydraulically assisted independent trailing arms that are hinged from a
transverse beam and linked via an anti-roll bar to provide active roll actuation. The
system stabilises the rolling vehicle by developing a torque in the anti-roll bar, which
in turn yields a roll moment to the chassis.

Apart from active systems, passive warning devices exist simply informing the driver
of the rollover margin, e.g. [3] and [4]. Active as well as passive systems however,
require detection of instability.

����� ���������
Throughout the literature, a number of methods detecting dynamic instability are
presented. Unstable yaw is often detected by measuring steering input, forward
velocity and yaw rate, followed by computations, based on e.g. the bicycle model,
determining whether a significant yaw rate is pending [4].

For pure rollover, most methods suggested originate in a comparison between SSRT
and current lateral acceleration, or values of other parameters related to SSRT. The
�������������#�"�����
)���", presented by Winkler et al. in e.g. [41] for instance, uses
extrapolation of an RSF-variant in order to detect the separate left and right hand
side rollover thresholds.

The most optimistic is described by Nelligan and Zein [40], who propose in-road
sensors located on highway ramps, measuring weight, height and velocity of passing
vehicles. From these values plus the known road curvature and slope, the SSF is
used predicting rollover. This method is unrealistic due to large variations in CG
location not depending only on weight and height. Instead, in-vehicle measurement
of lateral acceleration is by far the most frequently used solution. In [4], an accelero-
meter mounted on the front axle is suggested, since the roll, potentially deteriorating
acceleration measurement accuracy, is typically smallest at this axle. It is also the
best choice of location since it provides the earliest warning: lateral acceleration in a
dynamic manoeuvre is in time, first developed at the foremost part of the vehicle.

Lateral acceleration and forward velocity as suggested in [14] provide a measure with
first order considerations of dynamics. An alternative method, also considering
dynamics is presented in [17], relying on acceleration determination only at low
speed cornering. At high velocity, the trailer roll angle instead detects rollover. This is
one step further to dynamic considerations, while it is not realistic that a commercial
system relies on sensors located in the trailer.
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ROP described in [37] uses differences in wheel rotation to estimate the lateral ac-
celeration and when it approaches a certain limit value, a small portion of braking (or
throttling) is applied. If this results in enough high longitudinal slip difference between
the wheels on the two sides, wheel lift-off indicating impending rollover is assumed.

Other successful strategies include direct RSF detection [18] or LTR detection [3].
They are however not as easily measured as lateral acceleration, since they require
at least load sensors at all wheels except for the front wheels. Further, the energy
based measure RPER is shown as reliable, better than roll angle and roll rate [11],
but still it requires many sensors.

In conclusion, several suggestions predicting rollover exist: some of them considering
dynamics and some not. Since it is shown that manoeuvre induced rollovers occur at
different levels of lateral acceleration due to dynamics, a reliable measure consider-
ing at least the acceleration plus the roll motion is desirable.
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ehicle dynamics include handling and ride studies. While ride covers the
medium and high frequency dynamic responses, handling is primarily the low

and zero frequency occurrences of lateral plus yaw and roll motions and in certain
cases also longitudinal and pitch motions. Roll is often analysed separately, while
lateral motion is included in yaw analysis. However, when including longitudinal and
pitch motions, the main reason is their influence on roll and yaw. Handling can
therefore be divided into the low and zero frequency dynamics of roll and yaw.

When performing such analysis, it may be sufficient using a quasi-static approach,
assuming constant longitudinal velocity plus curve radius or steering angle. In a
quasi-static study, lateral acceleration plus roll angle or yaw rate can thereby be
calculated, often using 2D-models like the bicycle or roll-plane models. By assuming
linear properties, e.g. roll moment resistance and small angles, linear analysis
results. Rather extensive analyses are possible using this approach, still with simple
equations yielding good estimations of vehicle handling.

In most handling analyses however, the dynamic motion is the objective requiring
extended parameter consideration. Still, linear assumptions are applicable, possibly
resulting in analytical solutions in time and frequency domains. When studying
handling using this degree of care, typical yaw characteristics searched for are the
vehicle’s degree of understeering, its stable yaw response to transient steering
manoeuvres and the rearward amplification of lateral acceleration and yaw rate at
varying steering frequencies. Such roll analysis is applied in order to calculate or
simulate suspended body roll, lateral load transfer at different wheel axles or stable
roll response due to rearward amplification.

Nevertheless, when entering the non-linear regions of these motions, the subject
changes to dynamic stability theory.

When one or more axles lose or reduce their lateral force, the yaw moment acting on
a vehicle unit caused by tire forces is disrupted, possibly yielding instability, while the
region of roll instability is reached when roll angles become too large and lateral load

�
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transfer causes one or more wheels to leave the ground. Primarily, high lateral
acceleration and roll rate in combination with suspension system flexibilities and non-
linearities cause the roll instability, as discussed in the Background chapter. The
analysis often aims at quantifying the non-linear roll resistance of vehicle units, but
also at explaining transient non-linear roll behaviour and rollover. For vehicle combi-
nations, roll stability analysis also includes the order of wheel lift-off determination for
different units, and whether those lift-offs induce rollover or not.

���
���	��
�������	������

Due to the nature of rollover, its analysis is well suited to energy considerations. Like
the high-jumper who needs a certain kinetic energy (and thereby velocity) to be
translated into potential energy (raising his CG) in order to cross the bar without
knocking it down, the rolling vehicle needs a specific kinetic roll energy to run the risk
of translating it into the critical potential energy limiting stability. The graceful athlete
needs less potential energy to cross the bar than the stiff does. And likewise: two
differently configured vehicles require an unequal amount of energy to rollover.

In [A], a theoretical method based on energy considerations, useful for predicting as
well as for gaining insight into the rollover process, is presented.

In a gravitational field, the potential energy is composed of CG vertical displacements
plus deflections in flexible elements. By taking the partial derivative of the potential
energy with respect to the model degrees of freedom, e.g. roll angles, saddle-points
in the energy function are found, corresponding to the rollover configuration, which is
comparable to the rigid box balancing on the edge with its CG located directly above
its contact point: an unstable static equilibrium.

Un-sprung mass

Roll
center

Sprung mass

���	
�� ���'*��
���������

At roll angles exceeding those in the rollover configuration the system is unstable and
hence, the saddle-point having lowest energy value defines rollover, since the vehicle
cannot resist higher total roll energy. This can be exemplified using the model shown
in figure 3.1 that has two rotationally connected bodies and 2DOF: the un-sprung and
sprung masses roll angles.

The potential energy as a function of un-sprung mass roll angle, ϕ� and sprung mass
relative roll angle, ϕ� is graphically represented in figure 3.2, a representation possi-
ble as long as a 2DOF model is used. As demonstrated, function saddle-points are
found, defining left and right hand rollover, with an equal energy value corresponding
to both, since the model used is symmetrical. As long as realistic parameters and
linear stiffnesses are used, these are the only practical saddle-points.



(ULN�'DKOEHUJ�&RPPHUFLDO�9HKLFOH�6WDELOLW\�±�)RFXVLQJ�RQ�5ROORYHU

��

P
ot

en
tia

l E
ne

rg
y,

 U

ϕ2

ϕ1

��������	
	��������������������������������������������������

This critical potential energy is utilised in order to predict incipient rollover. In [A], a
dynamic rollover energy measure is defined observing the margin between total po-
tential plus kinetic energy and critical energy, cf. equation (2.8). This measure is suc-
cessfully used when predicting rollover in experiments and simulations, cf. figure 3.3.
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This approach also observes the rollover process. By investigating the potential roll
energy as a function of lateral acceleration, a steady state boundary is derived as
outlined in figure 3.4. The lower part of this boundary corresponds to driving in stable
equilibrium, the upper in unstable, i.e. stable driving on the curve outer wheels only,
which is difficult but not physically impossible.

The boundary can be followed like a steady state trajectory from point 0 through 3 as
indicated in the figure. Starting at point 0, corresponding to stable driving straight
ahead, the potential energy increases with increased lateral acceleration, reaching
point 1 as the first wheel lifts from ground. Although it is not a generic result, the
illustrated vehicle sustains higher acceleration and as it is increased the potential
energy approaches that of point 2. At that point, the second and last remaining wheel
lifts from the ground, SSRT is reached and since rollover occurs at steady state
accelerations exceeding this value, no point of equilibrium is found beyond it. The

Saddle-points



��5ROO�6WDELOLW\�$QDO\VLV��

��

trajectory is however completed by following the unstable equilibrium configurations
found at lower accelerations. At point 3 finally, the maximum steady state potential
energy is reached, corresponding to a saddle-point as above.
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It can further be established that the vehicle remains roll stable for accelerations
below SSRT and combinations of acceleration and energy below the upper part of
the boundary, cf. figure 3.4. Therefore, when lateral acceleration close to but below
SSRT is experienced, the vehicle rolls over if enough roll energy is introduced, the
value being analysable utilising this method. Energy and acceleration may thereby be
monitored during a dynamic manoeuvre, yielding information on whether the vehicle
is in a stable or unstable region.

In [B], the analysis method is further developed to include the potential energy field
originating from steady state lateral acceleration in the boundary, which thereby
changes in shape. Due to this change, the further developed diagram of figure 3.4
(now named the roll energy diagram cf. figure 3.5) yields additional information.
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Rollover energy, the minimum required bringing the vehicle to rollover as a function
of acceleration, is still the energy difference between the upper and the lower
boundaries. The energy caused by translation in combination with lateral acceleration
is now however already considered. At zero acceleration this is understood since the
upper boundary at that point corresponds to the rollover configuration discussed
above and the lower boundary equals zero. The difference between the boundaries,
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the rollover energy, thereby equals the energy value of the rollover configuration, the
potential energy difference between stable and unstable equilibrium. As a steady
state lateral acceleration is applied, the potential energy values of both change, but
the difference between them still equals the energy required for rollover.

The lower boundary however is interpreted as the negative unrestrained kinetic
energy: by introducing a step-acceleration laterally the unrestrained energy is
released. Since the lower boundary outlines the potential energy in static equilibrium
and is negative, that energy is dissipated by damping elements prior to reaching
equilibrium. If instead as in the worst case, no damping elements are present, all this
energy is released and preserved in the system.

Therefore, this analysis yields DRT occurring at the intersection between the upper
boundary and the abscissa: the lateral acceleration at which the unrestrained kinetic
equals the rollover energy. At this acceleration, the released kinetic energy equals
the minimum required causing rollover and in the worst case it all transforms into
potential energy. DRT is thereby a worst case measure of the lateral acceleration
required for rollover.

The presented method deriving DRT is in [B] shown having a great advantage in that
it is applicable to any model describing vehicle rollover even though the simplest, the
rigid box, is not recommendable: it derives DRT being equal to SSRT. The method is
hence not constrained to today’s most effective model but can be applied to the more
advanced as the art of modelling progresses and as computer effectiveness
increases. An accurate analytical solution, increasing method accessibility, is of
course useful but is not found. The simplest model constituting the base of such a
solution is that described in figure 3.4 including the assumption that angles are small,
facilitating linearisation of some equations. However, two equilibrium equations, one
for each body, are instantaneously solved and the resulting equilibrium angles as
functions of lateral acceleration are substituted into another describing the zero
potential energy state at DRT. This equation includes the suspended mass roll angle
squared, yielding lateral acceleration to the power of four in the resulting algebraic
equation to be solved. A useful analytical description of DRT is therefore not possible
to find without extensive simplifications deteriorating accuracy. It is therefore recom-
mended to apply the method to more advanced models in a numerical simulation
program, e.g. as described in [B].

Utilising those models and software, the roll stability measure is further analysed in
[C]. Since SSRT is a well-known measure, considered when designing commercial
vehicles, it is important to establish how strongly connected it is to DRT. A strong
correlation between the measures indicates that DRT is implicitly considered during
design, while the opposite implies a somewhat random design.

Results from the multivariate analytical Taguchi method, applied on simulations of
commercial vehicle static and dynamic rollover thresholds, show that a strong corre-
lation does not exist. The five varied test parameters on the towing vehicle, frame roll
stiffness plus axle roll stiffness and roll center height of the front and the rear axle,
influence the measures unequally. Two different vehicles being equal statically stable
can thereby be different dynamically stable and if only SSRT but not DRT is
analysed, a redesign of a vehicle can reduce roll stability even though it appears to
preserve or even increase it, as shown in [C].
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Figure 3.6 presents the absolute values of the linearised parameter effects for DRT
divided by SSRT on a semitrailer combination analysed in [C]. The diagram indicates
how much a parameter change influences the relative size of the lateral acceleration
interval within which rollover can occur. By changing a parameter that highly influ-
ences the quotient, the stability of the vehicle is more affected than expected when
not considering DRT. For the studied semitrailer, the rear axle roll stiffness and roll
center height clearly affect the quotient more than other parameters and interactions.
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Yaw and roll motions are not independent: roll influences yaw e.g. when the suspen-
sion kinematics induce roll steering, while yaw instability, like semitrailer jack-knife or
severe trailer swing, possibly induces rollover.
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Although a vehicle combination is considered yaw stable, rearward amplification
decreases roll stability since the lateral acceleration and roll rate increase at the
rearmost unit compared to the towing. Rearward amplification may cause the trailer
to strike the curb, tripping rollover, which is also a possible result from another yaw
response that can be considered stable: rear unit off-tracking. Nevertheless, when
yaw instability occurs, roll stability is threatened. In figure 3.7, yaw motions inducing
rollover are outlined. Yaw divergence may cause the vehicle to leave the road,
possibly resulting in off-road rollover. However, yaw instability on-road may also
cause rollover if that relocates the vehicle moving laterally or uncontrollably sliding
into an obstacle or another vehicle.

Since yaw and roll influence each other, it is desirable to derive an analysis tool,
accurately reproducing the coupled motion. While 2D models simulate yaw or roll
separately, a 3D model of the vehicle combination can simulate yaw and roll inter-
action. Still, 2D models are typically less complex and thereby perform more time
efficient simulations, allowing for parameter sensitivity studies. Therefore, when
developing a 3D model, a level of complexity is desirable combining accuracy with
efficiency in calculation speed and parameter variation.

In [D], a 3D model is presented, having a reasonable level of complexity as
suggested above. Representing the semitrailer combination, it reproduces many
important phenomena in the coupling between yaw and roll, being modelled with five
rigid bodies including 9DOF, it gains benefits in simplicity and calculation speed.

���	
�� 4���������$���������	���,���#��������
������������'�

For simplicity, the flexible frames of tractor and semitrailer are replaced with roll axes,
where stiffnesses are chosen with regard to suspension as well as frame flexibilities.
The model clearly demonstrates handling characteristics of the vehicle combination
with high accuracy in the low frequency domain, reproducing coupled roll and yaw
motion up to the stability limits.

As indicated in figure 3.7, controlling the pure yaw stability analysis is also important
in order to gain deeper insight into the rollover process. From a yaw stability view-
point, the most evident differences between commercial vehicles and passenger
cars, for which yaw analyses are well developed, are flexible frame compared to rigid
chassis and reduced ratio of track-width to CG height [D]. Trucks are also commonly
provided with a rear axle that is very roll stiff compared to the front and with trailer
axles that typically also are very stiff.

During cornering, yaw stability relies on a balanced yaw moment primarily due to
lateral axle forces produced at the tires, so on a two-axled vehicle, axle forces
produce moments around CG with opposite signs. When one or more axles lose or
reduce their lateral force, the yaw moments possibly become unbalanced, which
indicates instability. Hence, if the front axle force grows without a corresponding
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growth at the rear, yaw rate increases uncontrollably. The 2DOF bicycle model with
its equations helps to clarify the balance:
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In the figure, δ denotes the wheel steer angle, 1 the wheel base, λ51 the longitudinal
distance from front axle to CG, � the mass, 6] the yaw moment of inertia, �[ and �\
the longitudinal and lateral velocities in the inertial system respectively and�ω] the
yaw rate. ��� and ��� are the front and rear lateral axle forces produced at the tires
due to slip angles, i.e. the angle between local lateral and longitudinal velocity. So far
the axle force is assumed being produced proportional to the slip angle, αL, with the
proportionality constant axle cornering stiffness, (L:
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Thereby, the dynamic equations of the bicycle model are:
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� in equations (3.2) denotes the derivative operator, but in steady state, these are
simplified and the transfer function from steering angle to yaw velocity is:
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Assuming that the following inequality is valid, the denominator may approach zero:
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The transfer function thereby approaches infinity as the velocity approaches �FULW:
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At this, the critical velocity, yaw instability occurs, since an infinitesimal steer angle
implies infinite yaw velocity. ;XV defined in equation (3.5) is the understeer gradient:

( )
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����

XV ��

���
��

⋅
⋅−⋅−⋅= λλ

(3.6)

As the understeer gradient becomes negative, the vehicle becomes oversteering and
yaw instability may occur with increasing risk as the vehicle approaches �FULW. So, with
a given location of CG, the cornering stiffnesses become crucial for yaw stability.

This basic approach helps to understand yaw stability analysis also when non-linear
properties of the cornering stiffness are considered, such as force saturation due to
high slip angles or loss of stiffness due to e.g. braking forces or unfavourable load
transfer. If the tractor’s front axle lateral force in a semitrailer combination saturates
first, the vehicle is understeering, but if the force saturation starts at the rear axle, the
pulling unit is oversteering, possibly leading to jack-knife. However, if the semitrailer
axle force saturates first, the vehicle combination is oversteering, possibly yielding
trailer swing. Similar yaw instabilities may appear in a full trailer combination,
depending on at which axle the lateral force saturates.

Except for tire force saturation due to large slip angles, lateral forces at an axle may
be lost for other reasons. As intimated, an instability propensity exists if different load
transfers occur at different axles, caused by the tire lateral force non-linearity to
normal load, which is large on truck tires. At an axle, the left and right tire forces build
up the total lateral force. When load is transferred laterally from one tire to the other,
the lateral force at the first tire decreases more than it increases at the other. The
total lateral axle force thereby decreases, threatening the yaw moment balance and
thereby, as in the previous discussion: stability.

During braking, longitudinal tire forces serve for the deceleration of the vehicle. Due
to maximum available tire to road friction, present lateral forces are reduced. A
common method describing this reduction is the friction ellipse concept, reducing
lateral forces when longitudinal are present, discussed in [E]. Stability may hence be
lost if the braking force distribution is not controlled using for instance ABS and the
axles thereby lose an equal part of their cornering stiffnesses. However, the normal
load dependence of the cornering stiffness may also induce yaw instability if load is
transferred longitudinally between axles. In an extreme situation with a heavy braking
unloaded tractor with short wheel base, pitch-over can occur when the transfer
causes the vehicle totally to lose its rear axle load. But at retardation lower than
required for pitch-over, yaw instability can instead occur [E].

In brake applications, it is important to balance the braking forces in order not to lock
the wheels. Therefore ABS exists enhancing yaw stability during braking at low and
medium friction. However, even as the ABS works properly and the friction is
satisfactory, the retardation itself may induce instability, since it gives rise to a load
transfer rapidly altering the cornering stiffnesses.

Since the inertia forces associated with retardation unloads the rear axle while
loading the front (cf. figure 3.10), cornering stiffness being dependent on the normal
load decreases at the rear and increases at the front. A typical European 4x2 tractor
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statically supports most of the load at the front axle and hence, unloading the rear
axle largely affects vehicle characteristics.
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The braking forces, �[L
 at the front (���) and rear (����) axles cause ρ
 denoting
retardation, � divided by the gravity constant, �. With CG height normalised to wheel
base, � denoted κ, the normal load at the axles respectively, �1L, when using a quasi-
static model of a tractor with total mass, �
are:
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By assuming these normal loads, the understeer gradient including load dependent
cornering stiffness, linearised at its static normal load, �XV may be rewritten:
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The cornering stiffnesses in the equation, are divided with the static normal load over
the gravity constant: �L. Some influences from tires, steering and suspension systems
during heavy braking are also included in that constant [E].

Calculations using these assumptions show that an understeering vehicle changes to
oversteering during braking and reaches critical velocity under extended braking. The
yaw instability is thereby unavoidable. With relevant parameters, this is outlined in
figure 3.11, plotting �XV from equation (3.8).

The analytical experiments are complemented with dynamic simulations showing that
the vehicle may remain stable in certain heavy braking situations. Typically, instability
does not occur when braking starts from a low velocity, although �XV indicates high
oversteering. That is due to the short time period that the tractor’s yaw moment of
inertia is exposed to the yaw moment of forces, before it reaches zero velocity. At
higher initial velocities however, theories are valid proving heavy braking causing
yaw instability.
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In 1976, Gillespie [42] presented an investigation similar to that in [E], including
several of the effects as above. Some aspects not included there however appear in
[E], e.g. the load transfer, and thereby understeer gradient and critical velocity,
expressed as explicit functions of retardation.

Nevertheless, not only braking forces reduce lateral forces: as slip angles become
large the relation between the increase in angle and the change in lateral axle force
decline and may even become negative. Instead of cornering stiffness, the non-linear
concept of axle cornering characteristics is now used. It depends strongly on tire
characteristics, but also on compliances in suspension, frame and steering system as
well as on suspension kinematics as discussed in [F]. Figure 3.12, presenting
cornering characteristics of a tractor, including the non-linear region, shows saturat-
ing lateral tire forces:
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In order to analyse yaw stability when driving at constant velocity, the axle charac-
teristics are analysed as in [E], wherein an analytical model of the characteristics is
derived or like in [F], from in-vehicle measurements. Inverse modelling of the bicycle
model is there utilised, implying that the differential equations of motion are turned
into algebraic expressions by identification of the model’s first and second order time
derivatives as the measured signals. These measured axle characteristics implicitly
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include the non-linear effects deriving from tires, steering system, suspension and
frame flexibility [F].

Axle characteristics of a tractor and semitrailer are determined from measurements
of motion, while lateral axle forces and slip angles are derived from the extended
bicycle model as presented in the paper. A vehicle combination, as in this example a
semitrailer, requires the extended model, but theories work equally. Measured axle
data, applied to the magic formula, are validated using simulations with equal
parameters in the bicycle model providing good results. Nevertheless, it is important
to state that this method, with the proposed level of model complexity, reproduces
dynamic effects in a region close to steady state, while higher frequencies require
model extension. Since a dynamic manoeuvre implies a time lag between slip angle
and several phenomena affecting the lateral force, e.g. the lateral load transfer, some
higher frequency effects are filtered out.

Vågstedt first presented the method determining axle cornering characteristics
applied to passenger cars in 1992 [43]. Its accuracy is validated through comparisons
with results from constant radius tests in [44] and in [F], it is further developed to
apply to commercial vehicles combinations. Bolzern et al. recently presented a
similar approach [45] determining the same qualities, an approach, also used by De
Bernardi et al. in [46].
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odelling and analysis of commercial vehicle stability comprises many
aspects: Which level of model complexity should be used? Is a static analysis

sufficient or is a simplified dynamic or even a full dynamic analysis required? Do the
applications demand fast or even real-time calculations? Finally, do the circum-
stances require consideration of yaw and pitch due to their implicit influence on roll?

Questions regarding complexity level and static or dynamic models require separate
answers for each situation. However, as the level of complexity increases and when
dynamic models are used instead of static, the difficulty in result interpretation grows.
It is therefore a matter of course that the simplest possible model is chosen with
static models used where applicable, e.g. for estimations.

In-vehicle control systems and hardware in the loop simulations naturally require
real-time models, but common development work also benefits from simplified time-
efficient calculations. During the early development phase, sensitivity analyses are
often useful and since they require repeated simulations, efficient calculations are
helpful. As development progresses and the parameter range becomes encircled,
possible interactions between the handling modes must be investigated using
extended models.

This dissertation delivers more complete answers to the questions above, with
detailed conclusions stated in each appended paper. They are in summary:

Commercial vehicle rollover can be investigated using energy considerations. While
kinetic energy contributes to rollover, it is typically small compared to potential, which
however yields much more information on rollover propensity. A method presented,
utilising roll energy functions predicts rollover during manoeuvring.

The roll energy functions can be further developed into a simplified dynamic analysis
predicting the dynamic rollover threshold, as a worst case measure of roll instability.
In simulations, rollover occurs for the un-damped vehicle when a lateral acceleration

�
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step-input, equal to the dynamic rollover threshold, is introduced and at a little higher
acceleration, still distinctly lower than the static, when dampers are included.

A simplified dynamic analysis further reveals that the static and the dynamic rollover
thresholds are not equally affected by a parameter change. Two vehicles can hence
be equally static but of variable dynamic stability; therefore if only the static is
analysed, a redesign can reduce the roll stability even though it appears to preserve
or even increase it.

In order to represent tractor semitrailer interdependent yaw and roll, a 9DOF simula-
tion model can be used. This level of complexity combines high accuracy with the
advantages of an educational model capable of performing real time simulations.

Unloaded tractors run the risk of reaching yaw instability during extended braking.
While a simple quasi-static analysis yields a proper estimation of the stability regions,
dynamics require careful consideration to fully explain the course of events.

To reproduce yaw dynamics in a frequency region close to steady state, the vehicle
combination’s measured axle characteristics combined with the simple bicycle model,
is an excellent tool.

Finally, from the Background chapter it is concluded that a strong statistical correla-
tion between the static threshold and the rollover rate exists. Nevertheless, a pure
static analysis does not sufficiently explain rollover: it commonly occurs at a lateral
acceleration lower than that threshold, requiring the consideration of dynamics. The
simplified tools predicting dynamic rollover presented, thereby improves the
knowledge of commercial vehicle roll stability.
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his project is hereby completed, but as so often when dealing with extensive
attempts to answer questions, also this results in the formulation of several

new. While ideas emerging during a project are not always feasible due to lack of
time and/or money, they may become future recommendations for interested
researchers. A few such ideas from this project are therefore listed.

The results presented on dynamic rollover threshold are very promising, but the real
life relevance of the measure is not yet analysed. Future investigation should there-
fore support it by statistics of rollover incidents, similar to those done with the static
threshold. Simulations of dynamic manoeuvring resulting in rollover can also
elucidate DRT relevance. Furthermore, since the analysis today is suited for rigid
body analysis, the adaptation to flexible body description is a possible future work.

Another interesting objective is to simplify the dynamic rollover energy margin
presented, to develop it into a rollover ��� margin. A simplified detection algorithm
relying on fewer sensors makes it more useful, while a reliable time margin facilitates
a control system better adapted to approaching instability, interfering sharply if the
margin is small but smoothly if it is large. Since inertial properties (mass, moments of
inertia and CG location) are frequently altered on commercial vehicles, the control
system also benefits from a reliable on-line detection of these.

Since the results presented in this work focus on detection rather than control, it is
necessary to further the adaptation of these principles to existing or future control
system proposals.

Most aspects discussed in the area of dynamic stability systems so far, concentrate
on technical properties. In order to save lives by utilising such a system, man-
machine interaction research, investigating how the driver best interacts with a
control system, is essential to ensure it is used for safety not increasing speed.

The development of dynamic stability systems is probably only one of the first steps
towards more controlled and hopefully safer transportation. This system and its

�
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precursors, e.g. ABS and EBS, are characterised by assisting the driver, but when
integrated with future systems like adaptive cruise control with automatic emergency
braking, they become more autonomous. When steer by wire becomes commercially
and legally feasible, it might pave the way for automatic lateral control systems
facilitating the introduction of an automatic collision avoidance system and in the end
the autonomous vehicle. When this is feasible commercially, legally and as an
infrastructure, it may help in saving lives and money otherwise wasted in accidents.
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Rollover is a problem associated with stability: when cornering, a vehicle generating
small roll angles returns to a four-wheel position but when generating large roll
angles, it easily rolls over. Classical stability theory states: the stability of a system
can be investigated, based on the change of system potential energy, caused by
small variable perturbations. If change is positive, the system is stable, if negative,
unstable. A rigid box having zero roll angle elevates its CG with a small increase in
roll angle, thus increasing its potential energy indicating stability. However, when the
box roll angle equals its rollover position, increasing the angle lowers the CG,
resulting in decreased potential energy; creating system instability.

Commercial vehicle rollovers occur due to unfavourable vehicle dimensions,
however, various accidents may be avoided if vehicles are equipped with a warning
system or an active stability system [1]1.

STATISTICS - show rollover as the most dangerous type of all single accidents [2],
often fatally injuring many people as well as being an environmental risk. Further-
more, most rollover accidents are tripped rollovers [3], but many manoeuvre-induced
rollovers also occur, justifying this type of accident research.

While tripped rollover is not easily pre-detected; manoeuvre-induced rollover may be
by measuring vehicle velocities and accelerations, hence, slowing the vehicle down
in a controlled manner to avoid hazards.

ROLLOVER - manoeuvre induced is often discussed in terms of steady state lateral
acceleration, because steady state cornering is assumed when rollover occurs,
having lateral acceleration equal to, or higher than Steady State Rollover Threshold,
SSRT. Yet, rollover is a dynamic occurrence during an abrupt directional manoeuvre
at highway speeds, occurring at lateral acceleration levels sometimes considerably
lower than SSRT [4]. In this investigation, considering the dynamics, an energy
approach is applied in the analysis of commercial vehicle rollover.

TRACTOR - semitrailer combinations are more prone to rollover than single vehicle
units. To understand the articulated vehicle rollover process, a high CG disconnected
4x2 tractor is investigated. Future articulated vehicle research may benefit from
results gained in this analysis.

������
��������
���� 

In the literature, apart from statistical analyses, three approaches are presented. The
most common are quasi-static models simply determine the SSRT value resulting in
rollover. Several dynamic models are presented, often developed in MBS-programs,
capable of determining rollover propensity during dynamic manoeuvres. A few
dynamic rollover measures are described; mostly energy based. These either predict
a maximum allowed velocity (i.e. roll rate or lateral sliding velocity), or a dynamic
margin to avoid rollover.

                                                     
1 Numbers in brackets indicate end paper references
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QUASI-STATIC MODELS - often applied for simplicity are easily derivable due to
extensive simplifications, often resulting in manageable equations. Certain quasi-
static measures are experimental, having a strong relation to cornering manoeuvres.

The most simple rollover model, the Static Stability Factor, SSF, simply declares
rollover if the normalised lateral acceleration exceeds half the track-width to CG
height ratio; being described and analysed in many papers, e.g. [3,5,6,7]. SSF
assumes the vehicle as being totally rigid, turning over without any preceding roll an-
gle. Although commercial vehicles do not behave as rigid bodies, SSF is the first or-
der estimation of rollover properties. However, SSF is the least conservative among
applied quasi-static models [5]. When comparing it to any established model consid-
ering flexibility, SSF predicts higher rollover lateral acceleration.

Several calculation models including suspension and tire compliance are presented
in the literature, e.g. by Preston-Thomas and Woodrooffe [8].

Experimental measures obviously consider compliance. The most well known are the
Tilt Table ratio, TTR, and the Side Pull Ratio, SPR [3]. TTR is derived through the
angle at which rollover occurs when placing it on a tilting table. However, it suffers
from reduced normal forces acting on the suspension when inclining the gravitational
acceleration. The SPR test proves difficult to perform, since a lateral force to be
applied to the CG is not easily accomplished.

DYNAMIC MODELS - simulate certain manoeuvres that may result in rollover.
Numerous dynamic models in the literature include varying numbers of degrees of
freedom, DOF. One solution for describing roll motion and its influence on vehicle
handling is a combination of the bicycle model and a roll model – a yaw roll
model [9]. An equivalent roll center of the axle suspension, about which the
un-sprung mass is capable of rolling, describes the motion. Such models are capable
of accurately predicting unstable roll response when a vehicle reaches rollover limits.

Another solution is a roll plane model with suspension described as springs. Such a
variant is presented by Das et al. [10], also delineates the pitch motion, which may
influence roll stability.

A special application is a stability control system in a vehicle or as hardware in the
loop system. One of the latter is described by Hecker et al. [11]. These control
systems require real-time calculations, requiring simple models; to increase compu-
tational speed facilitating such simulations, the model must include only the most es-
sential factors influencing performance. Among which tire characteristics, CG
location, axle roll stiffness distribution, steering system compliance, frame structural
flexibility, articulations and the number of axles are most important.

Simplifications reducing CPU-time are proposed by Jansen and Lupker [12]; tractor
and semitrailer frames modelled as rigid bodies, reducing the total number of axles
with axle suspension reduced to roll suspension only, ensures that a model with
these simplifications aids real time performance [13].

A great disadvantage with this model type is the complex tire modelling requirement.
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DYNAMIC MEASURES - One dynamic measure is the Lateral Load Transfer Ratio,
LTR [8], based on the assumption that vehicle rollover occurs at lateral acceleration
corresponding to the loss of normal load at the wheels on one side. This is in practise
correct in steady state but not necessarily during a dynamic manoeuvre. Liu et al.
developed the measure into the Roll Safety Factor, RSF, which is a more reliable
indicator of impending rollover [14].

Energy measures describing vehicle rollover in terms of kinetic and potential energy
are particularly emphasised, based on a comparison of the potential energy required;
bringing the vehicle to its rollover position and the current kinetic energy that might
be transformed into potential energy, as in measures described by Hinch et al. [3]
and Nalecz et al. [2,15,16].

Hinch et al. presents the Rollover Prevention Metric, RPM, and the Critical Sliding
Velocity, CSV. Both are suitable for tripped rollovers being based on rigid vehicle
models. Nalecz offers several energy based rollover measures. The Rollover
Prevention Energy Reserve, RPER assumes that a vehicle slides laterally into an
obstacle. RPER is also developed to include elastic potential energy from axle
suspension and tire deformation. Yet, this portion of the potential energy is neglected
due to difficulties in determining the amount of dissipated energy [15]. Furthermore,
RPER is developed to manage manoeuvre-induced rollovers by studying vehicle roll
rate instead of sliding velocity. In simulations, RPER is shown as a reliable measure
separating non-rollovers from rollovers, better than roll angle and roll rate [16].

���! 
�������������

In order to derive an energy measure, potential and kinetic energies are required. An
illustrative example is a rigid box connected to the ground via a rotational spring,
Figure 1. In the example, mass is denoted m, J is the roll moment of inertia, kϕ is the
roll stiffness, while w and h are half the width and the CG height respectively. Finally,
ϕ denotes roll angle. The rotational spring is assumed being at rest in ϕ = 0.

h
m, J

ϕ

kϕ

w

��������	�
���������������

System stability can be investigated based on its potential energy, which is:

( )( ) .cossin �

�

��������

�������

ϕϕϕ
ϕ

ϕ

ϕ

⋅⋅+−⋅+⋅⋅⋅=
⋅⋅+∆⋅⋅=

(1)

Hence, potential energy may be described as depending only on roll angle plus
system-fixed parameters.
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ROLLOVER DEFINITION - In order to detect an incipient rollover a distinct definition
is obtained by studying the potential energy for varying roll angles. In Figure 2, the
potential energy of equation (1) is plotted versus the roll angle for three different
rotational stiffnesses. Remaining parameters are set to unity.

As can be seen in Figure 2, the system potential energy when excluding roll stiffness
reaches its maximum at ϕ = π/4 (45°), as expected. Thereafter, the system is by
definition unstable, since an increase in ϕ gives a decrease in U. The corresponding
potential energy, denoted Ucrit,0, is the energy required in rolling the box over.
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With roll stiffness applied however, the angle at which the system reaches critical
potential energy, Ucrit,i increases. In addition, critical potential energy increases due to
elastic energy. At ϕ = π/4, CG is located right above the outer contact point, while the
system is still stable. Rollover angle cannot therefore be determined by that, but by
the angle at which U reaches its local maximum. Hence, rollover is defined as occur-
ring when U attains Ucrit. Further on, vehicle rollover is based on this definition.

Since potential energy only depends on roll angle, Ucrit is found simply by deriving the
angle at which the derivative dU/dϕ = 0.

Moreover, the system kinetic energy is:

( )( ) ,
���

�

H

������

��� 

ϕ

ϕ

ω
ω

⋅+⋅+⋅=

⋅⋅=
(2)

where the roll rate is denoted by ωϕ.

ENERGY MARGIN - The energy margin to rollover at any point in time may be
expressed as the energy required rolling the box over subtracted by the current sum
of potential and kinetic energy:

( ). ��!
FULW

+−=∆ (3)

If the energy margin is positive at any point in time, the box continues to oscillate
around ϕ = 0, while if the margin is negative, rollover occurs unless applying
stabilising forces.
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The example above may be transferred into a body-system better describing vehicle
roll. When expanding it into a two-body system including sprung mass and un-sprung
mass connected by roll stiffness, some interesting observations are apparent. The
critical potential energy decreases compared to the one-body system, making the
two-body model more conservative in delineating rollover, as in the introduction.
Now, Ucrit evolves through a system of equations; ∂U/∂ϕi = 0, i = 1…2 where several
solutions are possible. Solutions corresponding to the lowest non-zero values of
potential energy are chosen, typically saddle-points symmetrical to left and right hand
side rollovers, as outlined in Figure 3, where ϕ1 denotes un-sprung mass roll angle
and ϕ2 roll angle between bodies:
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An energy description of a generic model may be derived. Further on, this is applied
to a model including roll stiffnesses connecting bodies.

POTENTIAL ENERGY FUNCTION - depends on bodies CG locations and roll
displacements, which explicitly become a complex function for a model including
several DOF. Maple, a program designed for symbolic mathematics is used when
deriving this function. In summary:

( ) ( ).,
�

LLLL
������� ϕϕ ⋅Σ⋅+∆⋅Σ⋅= (4)

While Nalecz neglected elastic potential energy in the RPER suited for passenger
cars [15], it is considered in this commercial vehicle analysis for two main reasons:

Vehicle CG height to toe-width ratio is much smaller on commercial vehicles.
Thereby, energy stored in flexible parts compared to total energy required to bring
the vehicle to its rollover position is greater.

Commercial vehicles experiences larger roll angles between sprung mass and
un-sprung mass. Equally, the frame is much more compliant on commercial vehicles,
yielding large roll angle discrepancies between front and rear of the sprung mass.

Except for additional elastic energy, introducing bodies connected with rotational
springs serves for better roll kinematics than a rigid body; so, CG paths during roll
are more carefully described.
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Since potential energy depends on function parameters, in numbers equal to DOF, it
may not be outlined graphically in more than 2DOF. Yet, a set of roll angles corre-
sponding to a saddle-point in potential energy may be found, defining the point-of-no-
return; the rollover configuration. While the vehicle dynamically must not achieve this
precise configuration prior to rollover, the corresponding potential energy is the
minimum energy required initiating rollover; defining rollover potential energy, Ucrit.
Thereby, a rollover definition analogous to the earlier description is clearly stated.

KINETIC ENERGY FUNCTION - depends primarily on roll rates, while it may be
further developed to include lateral velocity. Nalecz et al. [16] found that this inclusion
overestimates total rollover energy. Furthermore, it has to be transformed into roll
rate in order to influence vehicle roll. Hence, although lateral velocity contributes to
rollover potential, it is omitted in the measure presented. Kinetic rollover energy may
be written:

( ),,
�

LHL
��� ϕω⋅Σ⋅= (5)

where the effective roll moment of inertia, Je, of each body explicitly involves mass
and transfer terms due to Steiner’s theorem.

As energy can be transformed between kinetic and potential, large kinetic roll energy
constituting a rollover risk is included in the rollover measure.

DYNAMIC ROLLOVER ENERGY MARGIN - abbreviated DRM, is derived from the
analogy of the rigid box energy margin, yet normalised by the rollover potential
energy:

( ) .
FULW

� ��$
% +−= (6)

A totally roll stable vehicle possess 100% DRM, but as it falls below zero, rollover
becomes possible. Since roll rate, being part of the kinetic energy, may be dissipated
due to damping, DRM may recover. Additionally, a correcting manoeuvre may
engage the forces required preventing it, recovering the DRM to a positive value.
Equation (6) thereby states a rollover potential.

DISSIPATING ENERGY - Since DRM is not explicitly time-dependent, dissipating
energy is not easily included. Estimating it roughly is possible however by studying
current roll rates. Integrating these multiplied by roll damping constants over
estimated time-reserve to rollover gives a first order estimation of whether dissipating
energy may prevent rollover, which should then be subtracted from the DRM kinetic
energy.

Since dampers dissipate roll rate, overall roll position compared to roll rate direction
is of current interest. In a vehicle close to rollover, roll rates may be directed towards
either a stable or an unstable state. Still, the signs of roll rates do not influence kinetic
energy. Therefore, roll rate direction has to be considered by e.g. creating a separate
DRM for each roll direction.

CORRECTING MANOEUVRE - If DRM is detected falling below or approaching zero,
a correcting steering and/or braking manoeuvre may be applied by a driver or control
system.
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A rollover prevention system aims at the detection and stabilisation of unstable roll.
Applying a correcting action in order to control the DRM is therefore a feasible
strategy. When U reaches Ucrit however, a correcting action can hardly prevent the
vehicle from rollover. Consequently, to realise rollover prevention, a larger safety
margin may be applied with DRM values between 0.1 and 0.5 as rollover detection to
ensure a safety margin.

CRITICAL SLIDING VELOCITY - may also be derived from this model although it is
primarily applied to manoeuvre-induced rollover, allowing for tripped rollover studies
assuming no energy loss on impact. As with Critical Sliding Velocity presented
earlier, it derives from energy equilibrium:

,���&'(
FULW

⋅= (7)

where m denotes total vehicle mass.
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The multi-body model, applied in this investigation to the DRM, includes five rigid
bodies and 5DOF.

MODEL ASSUMPTIONS - Only roll freedoms are considered, giving a planar model,
i.e. it is two-dimensional. Still, input-signals are transformed using bicycle model
equations, achieving accurate input-signals during a dynamic manoeuvre.

Rear Axle Front Chassis

CabRear Chassis

Front Axle

�������)	���*����������+������*���

BODIES - Front and rear axles are included with sprung mass divided into three
bodies, cab plus front and rear part of chassis, cf. Figure 4. Bodies are connected by
rotational spring-damper elements, giving each body one degree of freedom.

By separating the chassis, the flexibility of the frame is considered as an important
element when modelling commercial vehicle roll [17]. In order not to include a
complex FE-model, two chassis-bodies are joined, simply connected with a rotational
stiffness.
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Adding the cab facilitates its motion influence on vehicle roll. Since cab roll
resonance frequency is higher than that of the chassis, it may influence rollover
characteristics.

ROLL AXES - between connected suspended bodies are derived from the suspen-
sion system, while the chassis roll axis is the frame center of rotation. Additionally,
axle to ground roll axes alter with roll angle. As long as tires are connected to the
ground, wheel axles roll around a lateral center position at ground level. On leaving
the ground, it changes to the ground contact point, cf. Figure 5.

Initial
roll center

Roll center after wheel lift-off
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The roll center after wheel lift-off is thereby in accordance with the instantaneous roll
center best describing rollover, found by Nalecz et al. [16], i.e. at the curve outer
wheel(s) contact point.

TIRES - are assumed stiff in the lateral direction to limit the DOF. Yet, normal tire
stiffness together with lateral separation yields rotational stiffness between axles and
ground. This is only applied in one direction, releasing tires from the ground as
normal load falls below zero.
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Realistic values of a high CG truck are introduced. So, the energy approach is more
carefully studied.

ENERGY MINIMISATION - is the basis of dynamics: equations of motion are derived
from the principle. Statically, since by definition no kinetic energy is present, the po-
tential energy is minimised, e.g. when equilibrium tire deformations are found poten-
tial energy from tire stiffness and vehicle mass CG height is minimised. Therefore,
the most interesting part of this analysis is the potential energy function, U describing
an objective measure of rollover propensity; i.e. it does not consider driver action.

When applying truck parameters, Ucrit is found being only 85% of the corresponding
rigid box value, which is the base of RPER. Thereby, the energy bringing the vehicle
to its rollover position is overestimated using RPER. With potential energy originating
in suspension and tire deformation amounting to 20% of Ucrit. Five masses and six
roll stiffnesses contribute to U (laterally separated tire stiffnesses are reconstructed to
roll stiffnesses). Each contribution at the rollover position is listed in Table 1.

Table 1. Contributions to rollover energy in percentages
Contributor mr mf mra mfa mc kfa kf,t kra kr,t kfr kc

Contribution (%) 32 25 14 6,9 3,4 8,0 3,9 3,2 2,6 1,0 0,1
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Chassis front and rear masses are the main contributors to rollover potential energy,
cf. Table 1. Yet, energy from the front axle CG elevation is less than energy
originating in the deformation of flexible parts in that axle, i.e. front axle roll stiffness
and tires, a good example on the importance of the potential energy originating in
flexibilities.

Yet, the cab elastic energy is minimal at the rollover position. The energy contribution
from cab suspension and cab mass is negligible compared to cab rigidly attached to
the front part of the chassis (less than 0.1% discrepancy). The DOF introduced does
not add much information and a possible simplification, excluding cab freedom,
results in a 4DOF model including only four rigid bodies. This knowledge is useful, if
extended to an articulated vehicle.

STEADY STATE - lateral acceleration may be applied allowing for comparisons with
other models, so more information on rollover may be gained.

While the explicit potential energy function is not described graphically, it is as
function of steady state lateral acceleration. Equilibrium potential energies are found
as acceleration increases and at a certain lateral acceleration, the first wheel lift-off
occurs. Typically, on a tractor, the inner rear wheel lifts first, since roll stiffness is
higher than at the front. Thereby, potential energy minimisation elevates CG instead
of further suspension deformation at the rear.

As first wheel lift-off occurs, no more lateral acceleration may be experienced without
rollover; the SSRT is reached. Nevertheless, true steady state equilibrium values
corresponding to higher potential energy and lower lateral acceleration exist, cf.
Figure 6, solid line. This can be observed where the potential energy is not a function
of lateral acceleration but a trajectory. It is only possible to arrive at these steady
state values after entering an unstable region, i.e. exceeding SSRT. This is analo-
gous to the handling diagram for yaw stability, where regions exist, which are actually
in steady state but only reachable by first entering an unstable region. Corresponding
roll stability values are not practicable for driving. They exist also after the second
wheel lift-off has occurred. Strictly, true steady state values exist even beyond zero
lateral acceleration and are even more useless in a stability analysis. Considering
them in such analysis makes the use of a rollover definition impossible.

Still, conclusions may be drawn by looking into these trajectories, e.g. as the inner
rear wheel loses ground contact while rollover still has not occurred, lateral accelera-
tion required for rollover is less than SSRT. Moreover, at every potential energy ex-
ceeding wheel lift-off, it is possible to calculate the required acceleration, to return to
a stable state. Accordingly, stable and unstable regions are found in the lateral
acceleration versus potential energy plot. The area in Figure 6, encircled by the solid
line, is stable, while the area to the right hand side and above it, is unstable.

By following the trajectory to maximum potential energy, another fact is realised: this
value is equal to Ucrit derived earlier. It is expected, since it simply states that vehicle
rollover occurs at this point (ay = 0), without the presence of applied forces. For the
box example (kϕ = 0) it appears at roll angle, ϕ = π/4.
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Steady state rollover occurs at lateral acceleration corresponding to first wheel lift-off,
as explained by expanding the energy minimisation approach to include the conser-
vative force field from lateral acceleration. So, potential energy from CG is calculated
from displacements that are perpendicular to the new force field; inclined and magni-
fied compared to gravitation only. From the box example, it can be understood that if
ay = g, maximum potential energy is obtained at ϕ = 0. Similarly, in the five-body
model, it is shown that steady state rollover occurs at first wheel lift-off.

In Figure 6, the trajectory of total potential energy is outlined including the contri-
bution originating in CG elevation and deformation of flexibilities. Up to the first wheel
lift-off, CG heights are actually falling, resulting in negative potential energy. Never-
theless, since energy from flexibilities is larger and positive, roll stability is main-
tained. Just after the first wheel lift-off, the force contributions are approximately
equal, while as rollover approaches; CG elevation contributes the most.

First wheel lift-off is obviously crucial, at least in steady state rollover analysis.
Calculated roll angles at ay = SSRT are tabulated in Table 2. Clearly, the cab roll
angle is very small.

Table 2. Roll angles at first wheel lift-off [rad]
Angle ϕfa ϕfa-f ϕra ϕra-r ϕf-c

Value [rad] 0.0162 0.0566 0.0243 0.0417 0.00886

In Table 3, roll angles at the rollover position, i.e. ay = 0, are tabulated. Comparing
Table 2 and Table 3 reveals that roll angle between rear axle and chassis, ϕra-r

decreases. Calculations show that it decreases almost monotonously, being also
valid for the front axle to chassis roll angle after the second wheel lift-off.

Table 3. Roll angles at rollover definition [rad]
Angle ϕfa ϕfa-f ϕra ϕra-r ϕf-c

Value [rad] 0.422 0.140 0.558 0.0387 0.0103

Even at the rollover position, cab roll angle is negligible. A variable not outlined in
Table 3 is the chassis torsion, i.e. the difference between total front and rear chassis
roll. At the first wheel lift-off point, it is positive, while at the rollover position it is
negative and yet greatly increased: an example of potential to potential energy
transformation.
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DYNAMIC MANOEUVRES - are not treated as steady state cornering since kinetic
energy is present and may be transformed into potential energy and/or dissipate.
While steady state cornering offers simple overview possibilities of roll angles and
energy, these variables do alter continuously during a dynamic manoeuvre.

�$���"����

Performed on an outrigger-supplied 4x2 tractor without a semitrailer, but a steel
bearing load-frame serves as high CG facilitating rollover and close to rollover
manoeuvres.

TEST VEHICLE - is equipped with 9000 kg close to the rear axle at 2 m above the
ground. Wheels attached to the frame via a beam prevent complete rollovers. To
account for all variables, it is equipped with two gyro platforms, strain sensor
equipped rims, displacement sensors, angle sensors, a velocity sensor and data
acquisition system.

MANOEUVRES - Open loop single lane change as well as circle tests were
performed on a plane surface at high friction. Steering angles are controlled manually
and through an automated steering wheel; facilitating accurate predefined sine wave
frequency and gradually incrementing amplitude. Velocities ranging from 8 to 20 m/s
are combined with several frequencies and amplitudes.

In numerous manoeuvres, the outrigger wheels contact the ground, avoiding
complete rollover. In the absence of outriggers, rollover might all too easily occur.

DRM - Measured signals are post-processed in order to analyse DRM. Being
measurable, it never fell below zero due to outrigger wheels preventing rollover.

Figure 7 shows DRM during a typical single lane change, where during the first half
of the sine period DRM decreases. As rollover does not occur, it slightly increases
towards a stable state, converting potential energy into kinetic. Due to the presence
of kinetic energy, the DRM falls closer to zero during the sine period second half than
the first.
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As visualised in Figure 7, kinetic energy is typically small compared to potential, due
to commercial vehicle dimensions yielding a larger radius of inertia. Yet, kinetic
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energy is not negligible. While it partly dissipates due to roll damping, kinetic energy
still serves for enhancing the potential energy during a dynamic manoeuvre.

Furthermore, experiments indicate that the model gains slightly from the inclusion of
the cab as a DOF. Kinetic energy originating in cab motion is close to 20% of total
during manoeuvres.

DRM including kinetic energy from lateral velocity is analysed, but overestimates
rollover propensity. It may still be used as a risk indicator, since it can reveal the
extent of rollover risk if striking an obstacle or a curb.

During experiments, potential energy displayed the largest magnitude, indicating this
function as being the most important. It is also important to separate different contri-
butions to follow the process of rollover. In Figure 8, potential energy and lateral
acceleration is plotted during a manoeuvre.
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In this manoeuvre, where outriggers avoid rollover, potential energies from masses
and stiffnesses respectively have similar maximum amplitudes. Nevertheless, before
the first wheel lift-off occurs, flexibilities procure almost all potential energy. After the
first wheel lift-off however, most potential energy is stored in CG elevation. This is
due to rear axle suspension and tires no longer procuring potential energy. Figure 8,
in which signals are cut to maximum amplitude, may be compared to Figure 6. It
must be kept in mind that one corresponds to a dynamic manoeuvre, and the other
presents steady state values.

It can also be understood from Figure 8 that the total CG decreases during parts of
the manoeuvre giving a potential energy negative contribution.

In Table 4, all contributions to measured potential roll energy at the point of the
highest potential energy are outlined. The cab CG negative contribution to potential
energy is noticeable, despite the highly lifted rear axle.

Table 4. Contributions to measured roll energy in percentages
Contributor mr mf mra mfa mc kfa kf,t kra kr,t kfr kc

Contribution (%) 50 2.3 10 0 -2.5 27 5.6 6.6 5.0 0.8 0.3
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Since forces continuously act on the vehicle during a dynamic manoeuvre, only the
potential energy function can give a tolerably accurate definition of rollover occur-
rence. Still, incipient rollovers may be predicted by DRM falling below zero, since the
main part of kinetic roll energy is transformed into potential energy. Furthermore,
lateral velocity may indicate higher kinetic energy but without being transformed into
roll energy, it does not cause rollover. Accurate prediction requires true future input
signals, which cannot possibly be known. Therefore, rollover prediction is never
absolute, but a qualified conjecture.

When excluding lateral velocity, the sum of potential and kinetic energy being less
than required for steady state rollover indicates maintenance of roll stability. Hence,
prediction is not necessary. When energies are greater than potential energy corre-
sponding to the first wheel lift-off, rollover propensity analysis is essential. Then,
lateral acceleration may be greater than that required for rollover, even when being
less than SSRT and DRM continues falling.

If DRM indicates rollover, it might be possible to estimate the time margin to
occurrence, assuming constant input signals; however, such theories are yet not
developed.

PREDICTION EXPERIMENTS - have been applied for validation. As real rollovers
are not feasible due to safety and cost, work is validated by studying the position at
which the curve-outer outrigger wheel touched the ground.

The contact is observed from measured angles combined with geometry. It is also
possible to note contact by observing the lateral acceleration signal, which experi-
ences a plateau during outrigger contact. Both observation methods reveal good
correlation. The margin contact is defined as analogous to DRM, i.e. as a relative
energy margin.
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In Figure 9, this margin is outlined for two sine manoeuvres. In the first, no contact is
observed nor does the margin fall below zero. Prior to impact observed in the second
manoeuvre however, the margin falls below zero, indicating the contact to come.
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SIMULATIONS - are performed using the MBS-program ADAMS. DRM is analysed in
the post process an actual rollover being observed in animation. In Figure 10, a roll-
over and a non-rollover simulation is compared.
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From the figure, it can be observed that DRM never falls below zero in the non-
rollover case, while it does in the rollover case. DRM thereby shows the capability of
separating rollover from non-rollover cases.
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Active dynamic control of commercial vehicles requires reliable rollover predictors.
While the DRM measure presented, requires many measured signals, it may be a
complement to rougher methods estimating manoeuvre-induced rollover.

Experiments show that DRM is measurable. Applied to a simplified case, outrigger to
ground contact detection, it is shown as being reliable. Simulations also show that full
rollover is detectable.

Calculations as well as experiments indicate potential energy as being the most
important of rollover energies. Kinetic energy still contributes to rollover and is
included in the measure.

It is possible to find saddle-points corresponding to rollover potential energy using an
analytical model. Corresponding potential energy defines rollover.

In assessing the potential energy, flexible vehicle parts require consideration since
vehicle CG may fall, contributing negatively to potential energy. Considering
flexibilities also improves the rollover kinematics description.

After the first wheel lift-off, lateral acceleration lower than SSRT may induce rollover,
stable and unstable regions are determined. The boundary to these regions has
analogies in the handling diagram.

Since kinetic energy is small compared to potential, the time margin from detection to
rollover is small. By changing the acceptance value of DRM to above zero, additional
time for correcting action is given, but accuracy in separating non-rollovers from
rollovers thereby deteriorates.

Lateral velocity is excluded from DRM kinetic energy. When using the critical sliding
velocity to study tripped rollovers however, lateral velocity is considered.

In an extended analysis concerning rollover propensity of e.g. a semitrailer combina-
tion, cab freedom may be excluded due to its small influence on potential energy.

��%��&���!�"����
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a Acceleration
d Differential
E Energy
g Gravity Constant, 9.81 m/s2

h Height
J Moment of Inertia
k Constant
m Mass
T Kinetic Energy
U Potential Energy
w Width
z Vertical

����	

∂ Partial Differential
∆ Share
ϕ Roll Angle
Σ Sum
ω Rotational velocity

��
����

0 Initial
0, 1, … Counter
c Cab
crit Critical
∆ Margin
e Effective
f Front Chassis
fa Front Axle
fr Frame
ϕ Angular
i Counter
r Rear Chassis
ra Rear Axle
t Tire
y Lateral
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ADAMS Automatic Dynamic Analysis of Mechanical Systems
CG Center of Gravity
CPU Central Processing Unit
CSV Critical Sliding Velocity
DRM Dynamic Rollover Energy Margin
DOF Degree(s) of Freedom
FE Finite Element
LTR Lateral Load Transfer Ratio
MBS Multi-Body System
RPER Rollover Prevention Energy Reserve
RPM Rollover Prevention Metric
RSF Roll Safety Factor
SPR Side Pull Ratio
SSF Static Stability Factor
SSRT Steady State Rollover Threshold
TTR Tilt Table Ratio
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PARAMETER TABLES - listing the approximate values of the most important
parameters used in simulations and calculations are found below. All values are
realistic but do not necessarily correspond to any existing vehicle.

Table A.1. Box parameters
���������� Mass 1 ��

Roll moment of Inertia 1 ����

Height (to CG) 1 �
Width (to CG) 1 �
Roll Stiffness 0, 2, 4 ������

Table A.2. Two-body model parameters
	
���� Un-sprung mass 1300 ��

Sprung mass 8800 ��
��������������� Un-sprung mass to ground 550 �������

Between bodies 1600 �������
�������� Un-sprung mass CG height 0.45 �

Sprung mass CG height 2.00 �
Roll center height 0.35 �

Table A.3. Five-body model parameters
��������� Front axle 0.45 �

Rear axle 0.50 �
Front chassis 1.05 �
Rear chassis 2.00 �

Cab 2.10 �
	
���� Front axle 750 ��

Rear axle 1300 ��
Front chassis 3700 ��
Rear chassis 9150 ��

Cab 1400 ��
�������������������
 Front axle 200 ����

Rear axle 300 ����

Front chassis 2300 ����

Rear chassis 5700 ����

Cab 1100 ����

�
����������������
 Front axle 200 ����

Rear axle 300 ����

Front chassis 1400 ����

Rear chassis 9200 ����

Cab 1800 ����

����������������������������� Front axle to front chassis 0.50 �
Rear axle to rear chassis 0.40 �

Chassis front to rear 1.00 �
Chassis front to cab 1.40 �
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Table A.3. Five-body model parameters, .�������
����
�������������������� Front axle to front chassis 300 �7�>���

Rear axle to rear chassis 1600 �7�>���
Chassis front to rear 600 �7�>���
Chassis front to cab 500 �7�>���

����
����������
����� Front axle to front chassis 9.0 �7��>���
Rear axle to rear chassis 8.5 �7��>���

Chassis front to cab 9.9 �7��>���
 �����
������������������������� Front axle tires 950 �7>�

Rear axle tires 1900 �7>�
�������� Wheel base 3.70 �

Distance front axle to CG 2.00 �
Front axle track-width 2.05 �

Rear axle effective track-width 1.86 �
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A vehicle involved in a critical situation is driven in such a way that stability limits are
reached or exceeded. Returning to a stable driving situation is a complicated task,
which most drivers lack the knowledge to achieve or even the possibility of achieving.
In a commercial vehicle with hazardous goods, this has grave implications.

ROLLOVER - in accidents involving commercial vehicles contributes substantially to
injuries and damage. Some statistics [1]1 show that 95% of all incidents in which bulk
spillage of hazardous commodities are involved, begins with rollover. Additionally,
several vehicle occupants are injured and killed every year. The rollover rate is
studied in e.g. Ervin et al. [2], from which it is derived that, based on the 1,000,000
kilometres of tractor life, every 25th semitrailer engaged tractor rolls over during its
lifetime. These accidents occur for several reasons, involving components of the
driver-vehicle-environment system: e.g. the driver falling asleep at the wheel, the
roadway collapsing during cornering and the vehicle having such a low level of roll
stability that a simple steering input results in rollover. In the majority of rollovers, all
parts of the system contribute [3], but it is possible to identify situations, where it is
avoided by assisting the driver and/or the vehicle.

Preston-Thomas and Woodrooffe created a rollover warning device feasibility study
[1]. An important result is that 42% of more than 2000 investigated commercial
vehicle rollovers could be avoided with a system installed, warning the driver of the
incipient risk. Active stability systems, discussed by e.g. Hecker et al. [4], avoid roll-
overs more efficiently than passive systems, enabling dynamic control more precisely
than a driver, by applying braking forces individually at one or more wheels. Active or
passive roll stability systems however, require rollover detection. Therefore, when
designing such a system, knowledge of risk scenarios plus how the multi-dynamic
characteristics of the vehicle affect its behaviour during rollover, are essentials in
understanding the problem.
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ROLLOVER SCENARIOS - described in the literature, summarised in figure 1, are
divided between on-road and off-road rollover. The latter occurs after the vehicle

                                                     
1 Numbers in brackets indicate end paper references
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involuntarily leaves the road and is neither easily detected nor stabilised, since off-
road terrain is usually unpredictable [5]. On-road events constitute two main cate-
gories: manoeuvre induced and tripped [6] of which the first is the most thoroughly
documented, being the easiest to analyse and control. On-road, rollover is manoeu-
vre induced either by yaw instability or high lateral forces during a stable yaw motion.
In yaw induced, saturated tire forces bring the vehicle into an unfavourable sliding
orientation, yielding lateral tire forces sufficient to cause rollover, possibly avoided by
a yaw stability system. Laterally induced requires a roll stability system to be avoided:
tire forces do not necessarily saturate, yet they are still large enough to roll the
vehicle over.

Unfortunately, no precise statistics are available separating possible scenarios in
order of rate: 10% - 50% of the rollovers are shown, in e.g. [3,7], occurring on-road.

CONTROL SYSTEMS - An intelligent vehicle, detecting prevailing conditions and
stability margins, supports the driver at an early stage, by returning the combination
to a stable condition. Physics set limits for the possibility of rectifying instability and
therefore it is imperative that a tendency towards it is promptly detected. The
development of electronically controlled brake systems, EBS, presents the potential
for carefully apportioning a suitable braking force at each wheel, whereby speed is
reduced while generating a stabilising yaw torque, assisting the driver in managing
critical situations.

Several such systems are suggested, e.g. VDC by Hecker et al. [4]: different braking
forces act on the tractor wheels in order to produce the stabilising yaw torque,
improving not only directional stability but also roll dynamics by preventing a yaw
induced rollover. This kind of system is the most frequently mentioned way of
improving stability. Other systems worth mentioning, commercially feasible or not,
are rearward amplification suppression, RAMS described by Ervin et al. [2], the pure
roll stability system, ARB presented by Wielenga [8] and passive warning devices
informing the driver of the threshold e.g. [1,2,9]. Active as well as passive systems
however, require detection of instability.

Throughout the literature, a number of methods detecting dynamic instability are
presented, with in-vehicle measurement of lateral acceleration followed by a
comparison to SSRT being the most frequently used solution. Ervin et al. [2], suggest
an accelerometer mounted on the front axle, since the roll angle, potentially reducing
acceleration measurement accuracy, is typically smallest at this axle and because it
provides the earliest warning: lateral acceleration in a dynamic manoeuvre is in time,
first developed at the foremost part of the vehicle. Das et al. [10], propose measure-
ment of lateral acceleration and forward velocity, providing a measure with first order
considerations of dynamics. An alternative method presented by Rakheja and Piché
[11] relies on acceleration determination only at low speed cornering, while the trailer
roll angle detects rollover at high velocity. This is one step further towards dynamic
considerations, although a commercial system may probably not rely on sensors
located in the trailer.

Other successful strategies include RSF detection [12] and LTR detection [1]. They
are however not as easily measured as lateral acceleration, since they require load
sensors at all but the front wheels. Further, the energy based measures RPER [13]
and DRM [14] are shown as reliable, but still requiring many sensors.
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Whichever stability system implementation is selected, new and increased know-
ledge of rollover mechanics is essential. Available stability analysis methods are
therefore examined and developed.

STATIC ROLL STABILITY - The most common approach is static analysis, from
which the rollover threshold is calculated. During steady state cornering on an even
road under no influence of external forces, the level of lateral acceleration determines
whether the vehicle rolls over or not. Here, the following definition is used:

������������� ���� ������� ������ 
������� ����������� ��
�� ��� ���� �������
�������� ���������������������������� ����������������������� ��
�����������������������������������������������	

SSRT as defined here, is hence a best case measure of roll stability, i.e. it is
sufficient but not necessary to exceed SSRT in order to roll over. The reader may
disagree with this statement, since short duration transient manoeuvres do exist, in
which the acceleration exceeds SSRT without a following rollover. It is nevertheless
true if the considered acceleration, having an arbitrary history, is stable at one value.
Similar definitions are found in the literature implicating SSRT as the maximum
equilibrium lateral acceleration, easily calculated if an accurate vehicle model exists.

Numerous models exist for the calculation of SSRT, generally two-dimensional roll
plane models, the static stability factor (SSF) being the simplest. It is defined as one
half of the average front and rear track-width, divided by the total CG height. Through
the simplifying assumption that a vehicle behaves as a rigid body, as a first order
approximation SSF equals SSRT.

SSF is the least conservative estimation among applied quasi-static models [15]:
when comparing it to any established model considering flexibility, it predicts a higher
threshold. During cornering, the vehicle rolls due to suspension compliance resulting
in lateral CG shift toward the outside of the turn. This offset reduces the lever arm on
which the gravity force acts to resist rollover. In order to refine the model, this effect
is considered by introducing suspension roll center and stiffnesses. Consequently,
models with higher precision exist including other flexibilities, such as tire and
chassis frame. Lozia [16] performs steady state analysis with a 14DOF model, finding
SSRT becoming smaller the more sophisticated the model. A more stringent obser-
vation is that it becomes smaller the more flexibilities are included in the analysis.

Taking into account many or all effects is less amenable to an analytical solution.
Several such models however exist, e.g. [1], [16] and [17]. In [17], a semitrailer roll
plane model is refined by combining it with a static yaw model of the attitude angle
between pulling and pulled vehicle. Thereby, the non-linear roll stiffness of the fifth
wheel is accurately modelled.

Another analysis approach is used in [1]: in addition to lateral acceleration, roll angle
and roll moment are studied, yielding better understanding of individual axle roll
resistance. This demonstrates the fact that vehicles can rollover when the lateral
acceleration exceeds a value corresponding to wheel lift at less than all axles.
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Instead of roll angle, potential roll energy is used as the static variable in [14],
allowing a generic description of all flexibilities, e.g. a continuously flexible frame.

However, in the real world, rollover does not take off during steady state driving, it is
expected to occur during a transient manoeuvre. Hence there exists a lateral accel-
eration interval within which rollover can, but does not necessarily occur. Since SSRT
is the best case measure of roll stability, the worst case measure is also needed in
order to encircle the range within which instability is possible.

DYNAMIC ROLL STABILITY - Several approaches are possible when performing
dynamic analysis, while this work focuses on lateral manoeuvre induced, i.e. not
tripped nor induced by yaw instability or collisions. The following definition is thereby
valid when driving on a smooth surface under no influence of external forces:

������������� ������������
�������������������
������������������ ������
!��"����������������������������������������������� �����������
�����������������	

This definition of DRT implies that it is a worst case measure of roll stability: condi-
tions are necessary but not sufficient for rollover. The reader may disagree also with
this statement, but like SSRT, this is also true if the considered acceleration has an
arbitrary history, stabilising on one value. In contrast to SSRT, this definition is not
easily translated into one simple calculation, but a calculation method is presented.

Other proposals for a dynamic measure of roll stability exist, like the step accelera-
tion threshold in [18], which however is limited to one vehicle model only, i.e. it is not
a generic method, it predicts wheel lift-off only: not full rollover. Variants of the
dynamic acceleration threshold are also presented by e.g. Marine et al. [19] and by
Das et al. [10].

�"���##��$���!�$%�����!��$��

Two vehicles having equal SSRT may behave unequally in a dynamic manoeuvre
and consequently have separate DRT. There is actually no linear relationship
between the two thresholds: a parameter variation, e.g. decreased CG height
combined with softened roll stiffness, may preserve stability from the static viewpoint,
but deteriorating it in the dynamic. In order to demonstrate that, two simple vehicle
models used for rollover analysis are compared.
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The systems, outlined in figure 2, are both un-damped and equipped with a joint
facilitating roll freedom about a base point. They have both mass � and half track-
width  , but system A is totally rigid with CG height �$, while system B with lower CG
height �%, also has an insignificant unsuspended mass �� connected to the
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suspended mass by a rotational spring �, at a centred joint. The models are often
used when calculating the first and second order SSRT approximations:

STATIC PROPERTIES - of the systems are analysed by calculating SSRT,
performed simply by finding the static equilibrium under application of a lateral accel-
eration �\, and a gravitational acceleration �. Setting zero normal load on the right
hand contact point (the inside tire) to detect (wheel) lift-off and solving for �\ under
small angle assumptions yields:
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Choosing the following properties of system B:
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The two systems thereby have identical static rollover properties, so in the classic roll
stability analysis they are equally stable, but from the dynamic roll stability viewpoint
they differ distinctly.

DYNAMIC PROPERTIES - are compared under the influence of transient accelera-
tion. If an acceleration, with a peak value lower than SSRT, is applied laterally,
system A does not start rolling at all, while system B does. The crucial point is that
kinetic energy, possibly transforming into potential, is developed in the latter system,
which therefore rolls over more easily than system A, although their SSRT are identi-
cal. By applying a lateral acceleration step, it is observed that system B may roll over
at as low as half the amplitude of system A, rolling over when the amplitude exceeds
SSRT, as explained in the sequel.

The above discussion justifies the development of a rollover measure, taking into
consideration not only the static but also the dynamic properties: a dynamic rollover
threshold, DRT. Such a measure should be model independent, i.e. in conformity
with SSRT, a method determining the measure (with differing levels of precision)
using any vehicle model, is desirable.

�������������	
���	��

One approach to roll stability analysis includes energy considerations, in which
present roll energy is compared to that required for rollover. Such considerations are
used when deriving ��������������������, described in the sequel. In rough outline,
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it consists of the potential energy required to bring the vehicle into roll instability and
the kinetic energy present in the system, both as a function of lateral acceleration.
The diagram is first presented in [14], but is here successfully further developed.

When deriving the diagram and to exemplify theories, a steady state assumption of
system B is used.

THE EQUILIBRIUM POTENTIAL ENERGIES - As a potential reference, stable
driving at zero lateral acceleration is used, i.e. when the vehicle is driving straight, the
potential energy is defined as zero. Applying lateral acceleration and thereafter
finding static equilibrium gives the equilibrium potential energy at that acceleration.
For system B, the energy originates in the distortion of the rotational spring and the
translation of CG against the gravitational ���� against the lateral acceleration
potential field. The latter portion must not be forgotten in this analysis: it is of the
same magnitude as the others.

The energy function is determined by starting the analysis at stable driving and
gradually increasing the acceleration up to the point at which the normal load on the
right hand contact point becomes zero. With a model as simple as system B, this
corresponds to wheel lift-off at the curve inner tires. At this lateral acceleration, or
when all inner wheels are lifted in a more detailed model, the vehicle is statically
unstable: SSRT is reached.

PÂJ

PÂD\

PÂJ

PÂD\
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THE DIAGRAM - presents two curves of the potential energy as a function of steady
state lateral acceleration. It is necessary to point out that every acceleration value
corresponds to two different equilibrium states, as outlined in figure 3. This may
appear irrelevant to the reader, since stable driving on the curve outer wheels only, is
for everyone but &����� '��� practically impossible. It is shown however in the
sequel that this equilibrium state is imperative in dynamic rollover stability analysis.
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The energy function corresponding to stable driving, the left-hand configuration of
figure 3, constitutes a lower boundary of the diagram. By increasing the acceleration,
potential energy is gained by compression of the spring, while it is lost by translation
of the mass against the resulting acceleration field: in total indicating decreasing
potential energy, demonstrated in figure 4 for system B:

By studying the right hand configuration of figure 3, an upper boundary may be built
up, characterising the unstable equilibrium state. Here, energy is maximised at zero
acceleration and decreases as it approaches SSRT.
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THE ROLLOVER ENERGY - is the minimum required bringing the vehicle to rollover
[14]. For system A at zero lateral acceleration, it is simply the potential energy
difference (mass times gravitation times vertical displacement) between the original
position and that when CG is located right above the pivot point due to roll. For more
advanced models, like system B, potential energy from spring displacements is
added (cf. figure 3 at �\ = 0).

More precisely, the rollover energy at any lateral acceleration is the difference in
energy between the two equilibrium states. Hence, the difference between the
diagram boundaries is the rollover energy as function of acceleration. From the
discussion above it is clear that the rollover energy decreases as acceleration
increases, approaching zero at SSRT. This makes sense because at SSRT, rollover
is caused by an infinitesimal perturbation.

An unstable region in the diagram is identified by any energy value at accelerations
above SSRT and, at other accelerations, energies exceeding the upper boundary (cf.
figure 6). Hence, if the kinetic and potential energy sums up to the unstable region,
rollover follows.

THE UNRESTRAINED KINETIC ENERGY - Let us again study the lower boundary of
the diagram, the stable equilibrium energy values. Since that energy at any lateral
acceleration is the steady state value, it must equalise the energy that is dissipated in
order to reach steady state. Nevertheless if the system is un-damped, no energy is
dissipated during a step lateral acceleration and roll motion continues, constantly
transforming between kinetic and potential energy. The sum of kinetic and potential
energy remains equal to the negative value of the lower boundary at that accelera-
tion. Consequently, the lower curve is interpreted as the negative unrestrained kinetic
energy: introducing a step acceleration releases the corresponding energy. It is here
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assumed that the additional acceleration originating from roll angle acceleration
times the rotational lever arm is negligible, which is validated in measurements, cf.
appendix A.

THE DYNAMIC ROLLOVER THRESHOLD - DRT, occurs at the lateral acceleration
at which the unrestrained kinetic equals the rollover energy: the intersection between
the upper curve and the abscissa! Here, the released kinetic energy equals the
minimum required causing rollover, i.e. conditions are necessary but not sufficient for
rollover. DRT thereby fulfils the criteria of the dynamic rollover threshold definition.
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By combining the two curves, the roll energy diagram is completed (figure 6). Here,
the rollover energy, the unstable region, the unrestrained kinetic energy and the
static and dynamic rollover thresholds are identified.

In figure 7, the roll energy diagrams of systems A and B are compared, implying that
SSRT of the totally rigid vehicle equals its DRT, which is not valid for system B.
Hence, the systems are equally static stable, but differ significantly in dynamic
stability.
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In addition to identifying DRT, the diagram is useful when studying roll disturbance
sensitivity. At every steady state acceleration, the rollover energy is the amount re-
quired rolling the vehicle over, in other words, a disturbance like a side wind or a road
unevenness causes rollover if this margin is too small. Different vehicles have differ-
ent margins at a given acceleration and are hence unequally disturbance sensitive.
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The roll energy diagram and accordingly DRT as proposed above, are valid for
un-damped systems during a lateral acceleration step input. Neither roll un-damped
vehicles nor step accelerations however exist and if they did, it is not likely that all
masses in the system interact, i.e. oscillate at equal frequency, inducing rollover
immediately and exactly at DRT. Bernard et al. [18] showed that the build up time for
the lateral acceleration resulting from a step steer input and roll damping affect the
dynamic rollover threshold. The majority of vehicles can therefore probably resist a
step steer input yielding a lateral acceleration level equal to DRT. However,
situations also exist, in which damping induces rollover at accelerations below DRT.

DAMPING - may be included in DRT, aiming at a more appropriate vehicle stability
measure. The authors of [18] include damping in their definition of dynamic rollover
threshold: the step acceleration threshold:
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In (4), definitions of [18] are valid: �\�VWDWLF defines SSRT, ζ is the roll damping ratio and
�� to �� plus �  and   are vehicle parameters (lengths). The roll damping ratio is
defined through a model similar to system B above, completed with roll damping.

The findings made by Bernard et al. are utilised when adapting DRT to analysis of
damped vehicles. Rewritten at zero damping, equation (5) uses the definition from
that paper:
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where ρ, always greater than or equal to zero, is a vehicle parameter separating
dynamically stable vehicles from unstable. Since DRT and SSRT are known from the
method described above, ρ can be calculated as:

�
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���� −=ρ (6)

Thereby, DRT is defined as a function of roll damping:
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where ζ is defined using the following formula with suspended mass properties: �ϕ is
the roll damping, �[ the roll moment of inertia, 	ϕ the roll stiffness, 
V the suspended
mass and �&* the CG height:
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So far, the discussion is limited to the step acceleration input, but the typical
commercial vehicle accident is the high CG vehicle rolling over at the exit of a round-
about. A steady state lateral acceleration in one direction followed by (close to) a
step acceleration in the other precedes that accident. If the un-damped vehicle is
considered, a kinetic energy twice as large as predicted in the roll energy diagram is
released and hence, instability is reached although DRT is not even exceeded (the
acceleration at which the rollover energy equals twice the unrestrained kinetic). A roll
damped vehicle however, is in such manoeuvre not easily analysed using the tools
presented here, but it is understood that if it is only slightly damped, rollover may still
occur at an acceleration level below DRT. In addition, the un-damped vehicle also
rolls over as a result from continuous (low amplitude) oscillations at the roll natural
frequency.

These examples of manoeuvres inducing dynamic rollover at accelerations below
DRT, show that it is not the one final tool to understand roll stability: it may equally
overestimate as underestimate the required acceleration. Naturally, one value of
lateral acceleration never fully describes the dynamic forces acting on the vehicle in
the roll direction. The measure is neither capable of describing yaw induced rollover,
e.g. instability originating in rearward amplification, but it is a desirably simple
description, delivering one measurable engineering value only and being as close to
the definition above as is possible.

����������	��


As discussed, one important quality of DRT is the model independence, i.e. it is
applicable to any vehicle model used to analyse rollover. Here, the method is
exemplified using two vehicle models: describing a single truck and a semitrailer
combination.

THE SINGLE TRUCK - multi-body model includes five rigid bodies and five degrees
of freedom (5DOF). Only roll freedoms are considered giving a planar (two-
dimensional) model. Front and rear axles are included with sprung mass divided into
three bodies, cab plus front and rear parts of the chassis, cf. figure 8. Bodies are
connected by rotational spring-damper elements, giving each body 1DOF.

Rear Axle

Front Chassis

Cab

Rear Chassis

Front Axle

����������������������������������
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The frame flexibility, important when modelling commercial vehicle roll stability [17],
is included in the model. In order not to include a complex FE-model, two chassis-
bodies are simply connected with a rotational stiffness. Roll axes between connected
suspended bodies are derived from the suspension system, while the chassis roll
axis is the frame center of rotation. Additionally, axle to ground roll centers alter with
roll angle. As long as tires are connected to the ground, wheel axles roll around a
lateral center position at ground level. On leaving the ground, it smoothly changes to
the ground contact point. The roll center after wheel lift-off is thereby in accordance
with the instantaneous roll center best describing rollover, found by Nalecz et al [13].
Tires are assumed stiff in the lateral direction to limit the DOF. Yet, normal tire
stiffness together with lateral separation yields rotational stiffness between axles and
the ground. This is applied in only one direction, releasing tires from the ground as
normal load falls below zero. The model is validated by comparison with field
experiments as discussed in the sequel.

The roll energy diagram of this single truck model appears essentially equal to the
previously presented diagrams, but it may differ slightly since this model has two
wheel axles in contrast to system B, which has one. The wheel lift-offs are
sometimes recognised in the diagram as a heel, but it has probably no practical
importance.

THE SEMITRAILER - pulled by a tractor is the most common combination rolling
over. This investigation therefore also includes such a model, originating in the above
described truck model. Three bodies are added to the truck model, representing the
semitrailer (one wheel axle and two chassis bodies), while the cab body is excluded:
inertia being merged with the tractor front chassis. The model is in conformity with
the truck, planar and considering roll freedoms only, it has 7DOF distributed among
seven bodies interconnected by rotational spring-damper elements.

The roll energy diagram of the semitrailer and the truck models appear similar,
although the three axles of the semitrailer for realistic parameter combinations intro-
duce the heel between first and second wheel lift-off. The third lift-off does not
however introduce another heel due to the roll stiffness of most front axles that
cannot resist increased lateral acceleration after the second wheel lift-off. The lift-offs
often start at the semitrailer axle followed by the tractor rear and finally front axle.

A significant difference between the truck and the semitrailer is that the latter is an
articulated vehicle, which is not considered so far. Since the fifth wheel is generally
stiff in the roll but jointed in the pitch direction, an articulation angle due to cornering
decreases the effective roll stiffness, affecting SSRT as well as DRT, requiring
consideration in a careful roll stability analysis. The articulation angle βW, derived
using basic yaw dynamics knowledge (cf. Appendix B), is not a function of lateral
acceleration only, but explicitly depends on velocity:
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In the equation, �[ is the longitudinal velocity, while other parameters are defined in
the appendix. The consequences of the equation are investigated in the sequel.
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All simulations are performed using the multi-body software ADAMS.

GENERAL RESULTS - When applying a step acceleration equal to DRT in simula-
tions with any of the presented models, the un-damped system sooner or later rolls
over. The system may develop large roll angles, roll back to its normal position, but
thereafter rebound on its tires and eventually roll over. Since theoretically the exact
energy is present, several such oscillations may precede the final inevitable rollover.
Nevertheless, practically it is more interesting, to establish whether the rollover
occurs at the first sway or not: simulations show that the un-damped system rolls
over at the first oscillation when a slightly higher acceleration than DRT (0-4%) is
applied.

Acceleration inputs starting at zero, separated from the step, result in an equal or
higher threshold, provided that the acceleration is strictly increasing: if not, inertia
forces either counteract the kinetic energy or assist it. In the latter case, e.g. small
amplitude oscillations at the roll natural frequency, the un-damped system rolls over
at an infinitesimal acceleration, but this is of no practical interest, since all vehicles
are damped. For strictly increasing accelerations, the rollover occurs closer to DRT
the closer to a step it is introduced.

In addition to DRT, the roll energy diagram is used when studying sensitivity to
disturbances like side winds causing rollover if the kinetic energy developed is high
enough. As theoretically predicted, the system rolls over in the simulation when first
finding the static equilibrium at a lateral acceleration, thereafter applying kinetic
energy equal to the rollover energy. In conformity with the discussion above, the
vehicle often requires more than one sway when applying the exact energy, while it
immediately rolls over if the energy is slightly higher.

THE SINGLE TRUCK - with parameters listed in appendix C, is analysed and its roll
energy diagram (with the topmost part of the upper boundary left out) is presented
below.
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The diagram, derived using values of a truck with medium-high CG, reveals that
SSRT occurs at !\ = 5.0 m/s2, but DRT already at !\ = 4.2 m/s2. In simulations, roll-
over immediately occurs when a step input at 3% above DRT (4.31 m/s2) is applied
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to the truck model corresponding to the figure 9 diagram. Roll angles of this simula-
tion are presented in figure A.1, appendix A.
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Figure 10 includes the diagram of a truck with most parameters equal to the above,
but with total CG height varied: 1.26 
, 1.48 
 (original), 1,70 
�and 1.92 
. As
expected, SSRT as well as DRT decreases as CG increases. Furthermore it is
observed that DRT decreases more rapidly (from 84% of SSRT at CG1 to 79% at
CG4), implying that increasing CG makes the truck not only more prone to rollover,
but ���!�������more sensitive to roll dynamics.

INTRODUCING DAMPING - is for most manoeuvres a means of enhancing the
dynamic stability, wherefore equation (7) above declares DRT a function of the roll
damping ratio, ζ. DRT(ζ) is investigated using truck simulations, showing the highly
damped system rolling over at acceleration levels lower than DRT. The dependency
on the damping ratio imitates equation (4) derived by Bernard et al. [18] who defined
the dynamic rollover threshold as the lateral acceleration for dynamic wheel lift-off.
However, as the wheel lifts, dampers cannot counteract the roll motion, since it
mostly appears between tire and the ground, but not between axle and chassis
where most damping elements work. DRT(ζ) therefore predicts the dynamic rollover
threshold of a step acceleration satisfactorily only up to a relative damping of
approximately 15% and overestimates it at higher relative damping:

Table 1. Rollover thresholds at different damping ratios
ζ DRT (predicted) DRT (simulated)
0 4.20 m/s2 4.31 m/s2

0.1 4.38 m/s2 4.35 m/s2

0.5 4.80 m/s2 4.39 m/s2

1.0 4.95 m/s2 4.42 m/s2

Although damping in most situations counteracts rollover, certain manoeuvres are
identified in which it reduces stability. One such is the exit of a roundabout, which is
interpreted as a steady state acceleration in one direction followed by a twice the
amplitude step in the other. The simulation of that situation is presented in appendix
A, figure A.2, showing that rollover occurs already at 91% of DRT (77% of SSRT),
when the damping ratio is ζ = 0.1, which is realistic in a heavily loaded vehicle.
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THE SEMITRAILER COMBINATION – with parameters found in appendix C - is
analysed:
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The corresponding diagram (figure 11) is derived using high CG values, yielding
SSRT at !\ = 4.4 m/s2 and DRT at !\ = 3.4 m/s2. For lower CG heights, the semi-
trailer stability follows that of the truck, in other words, the higher the CG height the
smaller the quotient between DRT and SSRT.

At a given lateral acceleration, the steady state articulation angle decreases as the
velocity increases, which implies SSRT and DRT being velocity dependent. Except
for close to zero velocity manoeuvres in which the thresholds are drastically
changed, calculations show that they vary within a small percentage only. Still, roll-
over thresholds may decrease with decreasing velocity, cf. table 2, additionally
explaining low speed rollovers of e.g. tank vehicles leaving roundabouts.

Table 2. Rollover thresholds at different velocities
vx βt SSRT DRT

~ 0 -π/2 3.59 m/s2 1.96 m/s2

5 m/s -0.33·ay 4.30 m/s2 3.37 m/s2

25 m/s -0.012·ay 4.36 m/s2 3.41 m/s2

When introducing damping in the semitrailer model, simulation results substantially
follow the truck results.

��	������


No experiment fully validating DRT is performed during this investigation. The
suggestion of such a test is the step steer input (slightly overestimating DRT) or a
test in which steady state is attained in one direction whereupon a step is applied in
the other, aiming at equal lateral acceleration (slightly underestimating DRT).
However, static as well as dynamic tests are performed in order to validate the truck
model used in this investigation.

STATIC TESTS - using a tilting table measure of SSRT as well as roll angles of axles
and torsional displacement of the chassis as functions of lateral acceleration. The
inclination in the roll direction causing gravity components to act in the lateral and
vertical directions relative to the vehicle simulates the acceleration field. The tilt table
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test is criticised because, at high tilt angles, it does not accurately represent a vehicle
in a steady state lateral acceleration field. The sprung mass rises on its suspension,
raising CG height and reducing the tip-over angle. In addition, the lateral force acting
on the vehicle is reduced compared to a vehicle cornering at SSRT. Furthermore the
tire to ground forces are developed both at the contact path and at the tire side walls
due to a trip-rail required because of the low friction available between tire and test
surface. The side wall force shifts the vertical force acting point laterally away from
CG, increasing the effective track-width and in addition adding to the restoring
moment since it is located above the ground.

This simple and reproducible test is therefore used to validate static properties of the
truck model: figure A.3 in appendix A presents front and rear axle roll angles. The
model suffers from describing the non-linear lateral movement of roll centers
observed in measurements. Calculated rollover therefore occurs, for the investigated
vehicle, when the first wheel lifts, while the front axle resists a little higher
acceleration in the tilt table. However, the observed movement may be a result of the
method disadvantages discussed above. In calculations, SSRT is 3.2 m/s2, while the
measured is 3.4 m/s2.

DYNAMIC TESTS - are performed on an outrigger-supplied 4x2 tractor without a
semitrailer, but including a steel bearing load-frame serving as high CG. Dynamic
manoeuvres, e.g. the double lane change, bringing the vehicle to rollover and close
to rollover, validating the single truck model applied, are documented in [14]. From
these tests, figure A.4 in appendix A is reproduced, validating the assumption that roll
acceleration times the rotational lever arm is negligible, as discussed earlier. That
acceleration is less than 1% of rigid body acceleration.
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In this paper it is concluded that:

The dynamic rollover threshold (DRT) of a commercial vehicle occurs at the lateral
acceleration at which the unrestrained kinetic equals the potential roll energy
required for rollover.

The presented method of deriving DRT is shown as being generic, i.e. it can be used
for different vehicle models types. The method considers roll dynamics only, not yaw.

The presented Roll Energy Diagram is used when deriving DRT and in analysis of
vehicle rollover sensitivity to disturbances, e.g. side wind.

DRT always occurs at a lateral acceleration level below or equal to the steady state
rollover threshold, SSRT. Although two vehicles have equal SSRT, their DRT may
differ distinctly.

A redesign of a vehicle, e.g. of the suspension system, improving the static may
reduce the dynamic stability.

Articulated vehicle rollover thresholds depend not only on lateral acceleration but
also explicitly on its forward velocity.

��������������
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�����

! Acceleration, m/s2

� Half Track-Width, m
� Roll Damping Constant, Nms/rad
� Force, N
� Gravity Constant, 9.81 m/s2

� Height, m
� Cornering Stiffness Constant, N/kg·rad
	 Roll Stiffness Constant, Nm/rad
� Moment of Inertia, kgm2

 Wheel Base, m

 Mass, kg
� Radius, m
� Time, s
� Velocity, m/s

����	

α Slip angle, rad
β Attitude Angle, rad
δ Steering angle, rad
ϕ Roll Angle, rad
λ Non-Dimensional Length, -
ρ Non-Dimensional Vehicle Constant, -
ω Rotational velocity, rad/s
ζ Roll Damping Ratio, -

��
����

$ Initial, Negligible
� Front Axle
 Rear Axle
89: Trailer Axle(s)
#��� Critical
� Effective
� Hook
' Suspended
� Trailer
7 Longitudinal
� Lateral
; Vertical
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ADAMS Automatic Dynamic Analysis of Mechanical Systems
ARB Anti Rollover Braking
CG Center of Gravity
DOF Degrees of Freedom
DRM Dynamic Rollover Energy Margin
DRT Dynamic Rollover Threshold
EBS Electronic Brake System
LTR Load Transfer Ratio
MBS Multi-Body System
RAMS Rearward Amplification Suppression
RPER Rollover Prevention Energy Reserve
RSF Roll Safety Factor
SSF Static Stability Factor
SSRT Steady State Rollover Threshold
VDC Vehicle Dynamics Control
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SIMULATION RESULTS - Figure A.1 shows the truck rolling over at the first sway
when introducing a step acceleration 3% above DRT. The simulation of the truck
exiting a roundabout, rolling over at 91% of DRT, is presented in figure A.2. Figure
A.3 is a reproduction from the tilt table test, validating the truck model. Validation of
rigid body acceleration assumptions is found in figure A.4.
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THE DERIVATION OF EQUATION (9) - uses the definitions outlined in the extended
bicycle model in figure B.1:
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In steady state, the following equilibrium equations are valid for the total lateral force
and the yaw moment normalised with length, given that 4��� is neglected:
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Combining equations (B.1) yields the lateral axle forces:
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(B.2)

The lateral forces is also written using the static axle load times the normalised
cornering stiffnesses, �L and slip angles, αL at each axle:
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In steady state, the linearised slip angles are:

( )

( )
[

]WWKW]K\

W���

[

]\

�

[

]\

�

�

  �
�

 ��
�

 �

ωλλωλ
βα

ωλ
α

δ
ωλ

α

⋅⋅+−⋅⋅−
+−=

⋅⋅−−
=

−
⋅⋅+

=

,

(B.4)

The lateral acceleration is alternatively written:

�
�

��!
�

[
]W[][\ =⋅=⋅= ωω (B.5)

Combining equations (B.2) through (B.5) yields:
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Utilising equation (B.5), the last equation is alternatively written equal to equation (9)
in the section Model Examples:
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PARAMETER TABLES - listing the values used in simulations and calculations are
found below. All values are realistic but do not necessarily correspond to any existing
vehicle. In the validations of static and dynamic roll properties, the parameters used
differ slightly from the following.

Table C.1. System A and B parameters
�������� CG height 1.00 


Mass 1.00 ��
Half track-width 1.00 


Roll moment of inertia 1.00 ��
�

�������	 CG height 0.90 

Mass 1.00 ��

Half track-width 1.00 

Roll moment of inertia 1.00 ��
�

Roll stiffness 88.3 /
?�!�

Table C.2. Single truck parameters

�������� Front axle 0.50 


Rear axle 0.50 

Front chassis 1.00 

Rear chassis 1.80 


Cab 2.10 

������ Front axle 800 ��

Rear axle 1300 ��
Front chassis 3700 ��
Rear chassis 9100 ��

Cab 1400 ��
��������������������� Front axle 100 ��
�

Rear axle 200 ��
�

Front chassis 600 ��
�

Rear chassis 1600 ��
�

Cab 200 ��
�

������������������������������� Front axle to front chassis 0.60 

Rear axle to rear chassis 0.40 


Chassis front to rear 1.00 

Chassis front to cab 1.50 


��������������� Front axle to front chassis 500 �/
?�!�
Rear axle to rear chassis 1500 �/
?�!�

Chassis front to rear 180 �/
?�!�
Chassis front to cab 500 �/
?�!�

�������������������������������� Front axle tires 950 �/?

Rear axle tires 1900 �/?


�������� Wheel base 3.70 

Distance front axle to CG 2.36 


Front axle track-width 2.06 

Rear axle effective track-width 1.86 
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Table C.3. Semitrailer (added and changed) parameters

�������� Trailer front chassis 2.00 


Trailer rear chassis 2.00 

Trailer axles (merged) 0.50 


Tractor front chassis (merged with cab) 1.50 

Tractor rear chassis 1.00 


������ Trailer front chassis 12000 ��
Trailer rear chassis 12000 ��

Trailer axles (merged) 1800 ��
Tractor front chassis (merged with cab) 5000 ��

Tractor rear chassis 400 ��
��������������������� Trailer front chassis 12000 ��
�

Trailer rear chassis 12000 ��
�

Trailer axles (merged) 300 ��
�

Tractor front chassis (merged with cab) 800 ��
�

Tractor rear chassis 50 ��
�

������������������������������� Fifth wheel 1.15 

Trailer chassis front to rear 1.00 


Trailer axle to rear trailer chassis 0.40 

��������������� Fifth wheel (at β = 0) 5000 �/
?�!�

Trailer chassis front to rear 1000 �/
?�!�
Trailer axle to rear trailer chassis 3000 �/
?�!�

������������������������������ Trailer axle tires 2850 �/?

�������� Distance tractor front axle to CG 1.00 


Distance tractor CG to fifth wheel 2.10 

Distance fifth wheel to trailer CG 5.70 

Distance trailer CG to trailer axle 3.10 


Trailer axle track-width 2.00 


������������������ Tractor front axle 34 /?��@�!�

Tractor rear axle 68 /?��@�!�
Trailer axles (merged) 74 /?��@�!�
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Commercial vehicle rollover has grave implications: the accident type contributes
substantially to injuries but also to environmental damage. Several vehicle occupants
are seriously injured or killed every year and vehicles carrying hazardous goods often
waste it. When a driver detects the vehicle approaching or exceeding the stability
limit, the possibility of returning to a stable driving situation is very small or does not
exist. Several of these accidents are hardly avoidable today, e.g. the extremes in the
driver-vehicle-environment system: the driver falling asleep at the wheel, the roadway
collapsing during cornering or the vehicle having such a low level of roll stability that
a simple steering input results in rollover. However, it is possible to identify situations,
where the rollover can be avoided by using stability system assistance to the driver
and/or the vehicle.

AVOIDING THE ACCIDENT - In 1990, Preston-Thomas and Woodrooffe created a
rollover warning device feasibility study [1]1, showing that 42% of more than 2000
investigated incidents could be avoided with a system installed, warning of the incipi-
ent risk. They propose a passive warning device, similar to other passive devices and
learning systems presented by e.g. Ervin et al. [2] and Nelligan and Zein [3].

Active stability systems, e.g. Vehicle Dynamics Control, VDC discussed by Hecker et
al. [4], avoid rollovers more efficiently than passive systems. The vehicle detects the
prevailing conditions and stability margins and supports the driver at an early stage
by returning the combination to a stable condition. This is achieved by applying a
suitable braking force at each wheel, whereby speed is reduced while a stabilising
yaw torque is generated, assisting the driver in managing the situation. Several
similar active systems are suggested, e.g. the rearward amplification suppression,
RAMS [2] and the pure roll stability system, ARB presented by Wielenga [5].

Active as well as passive systems however, require detection of instability and this
implies a need for increased knowledge of rollover mechanics.

����� ��!�����""������������"�

The on-road rollover, in contrast to the off-road event, is the most thoroughly docu-
mented type, being the easiest to analyse and control: yaw and/or roll stability sys-
tems possibly avoid these rollovers. Its most common analysis approach is the static,
from which the rollover threshold is calculated. During steady state cornering on an
even road under no influence of external forces, the level of lateral acceleration de-
termines whether the vehicle rolls over or not. The following definition is applicable:

�����������	
 ���� ������ ����� ��������� ����������� ��� ��� ���� �������
��������� ���������������������������� ������������������������� ��
�������������������������������������������������

Numerous models exist for the calculation of SSRT: generally two-dimensional roll
plane models, the static stability factor, SSF being the simplest. It is defined as one
half of the average front and rear track-width, divided by the total CG height. Through
the simplifying assumption that a vehicle behaves as a rigid body, SSF equals SSRT

                                                     
1 Numbers in brackets indicate end paper references
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as a first order approximation. SSF is the least conservative estimation among
applied quasi-static models, reported by e.g. Chrstos and Guenther [6]: when com-
paring it to any established model considering flexibility, it predicts a higher threshold.

During cornering, the vehicle rolls due to suspension compliance resulting in lateral
CG shift toward the outside of the turn. This offset reduces the lever arm on which
the gravity force acts to resist rollover. In order to refine the model, this effect is
considered by introducing suspension roll center and stiffnesses. Consequently,
models with higher precision exist including other flexibilities, such as tire and
chassis frame, cf. e.g. [1], Lozia [7] and Ruhl and Ruhl [8].

However, in the real world, rollover does not take off during steady state driving, it
occurs during a transient manoeuvre, at acceleration levels lower than SSRT,
Rakheja and Piché [9]. Hence there exists a lateral acceleration interval within which
rollover can, but does not necessarily occur. Since SSRT is the best case measure of
roll stability, the worst case measure is also needed in order to encircle the range
where instability is possible. The following definition is applicable when driving on a
smooth surface under no influence of external forces:

������������
 �����������������������������������������������������������
 ��!�������������������������������������������������������������
��������������������

This definition implies that DRT is a worst case measure of roll stability: conditions
are necessary but not sufficient for rollover. Other proposals for a dynamic measure
of roll instability exist, like the step acceleration threshold by Bernard et al. [10],
which is limited to one vehicle model only. Variants of the dynamic acceleration
threshold are also presented by e.g. Marine et al. [11] and by Das et al. [12].

��!�����������!����#����

The calculation method presented by the author in [13], determines DRT in
accordance with the definition above. It is here briefly represented.

THE ROLL ENERGY DIAGRAM - includes energy considerations: in rough outline it
consists of the potential energy required to bring the vehicle into roll instability and
the kinetic energy present in the system, both as a function of lateral acceleration.
The diagram, first presented in [14], is successfully developed in [13].

When the vehicle is stable, driving straight ahead, the potential energy is defined as
zero. By applying a lateral acceleration and finding the static equilibrium, that accel-
eration’s equilibrium potential energy originating in spring deflections and the transla-
tion of CG against the gravitational and lateral acceleration potential fields results.

The diagram presents two curves of equilibrium potential energy as a function of
steady state lateral acceleration, stable and unstable driving, constituting an upper
and a lower boundary. The rollover energy, the minimum required bringing the
vehicle to rollover, is simply the energy difference between the boundaries, the dif-
ference between the two equilibrium states. The rollover energy decreases as
acceleration increases, approaching zero at SSRT.
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The lower curve is interpreted as the negative unrestrained kinetic energy: introduc-
ing a step acceleration laterally releases the corresponding energy. Therefore, DRT
occurs at the intersection between the upper curve and the abscissa: the lateral
acceleration at which the unrestrained kinetic equals the rollover energy. At this
acceleration, the released kinetic energy equals the minimum required causing
rollover, fulfilling the criteria of the dynamic rollover threshold definition.
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By deriving the roll energy diagram, using a suitable calculation program and a valid
model, steady state and dynamic rollover thresholds are identified.

[13] shows that roll damping is considered in a modified DRT, but it is still not the
ultimate roll stability tool: one lateral acceleration value can never fully describe the
dynamic forces acting on the rolling vehicle. The measure is also incapable of
describing yaw induced rollover, e.g. instability originating in rearward amplification. It
is however a very manageable measure: DRT using the presented method consists
of one engineering value only and it is as close to the definition as is possible.

����������	��


One important quality of DRT is its model independence, i.e. it is applicable to any
vehicle model used to analyse rollover. Here, the method is applied to two vehicle
models: describing a single truck and a semitrailer combination.

Front Chassis

Cab

Front Axle

Rear Axle

Rear Chassis

��������	�����������������������



(ULN�'DKOEHUJ�&RPPHUFLDO�9HKLFOH�6WDELOLW\�±�)RFXVLQJ�RQ�5ROORYHU

��

THE SINGLE TRUCK - model includes five rigid bodies and five roll degrees of
freedom (5DOF): front and rear axles, cab and the front and rear parts of the chassis,
interconnected by rotational spring-damper elements, giving each body 1DOF. The
frame flexibility is also included, but in order to avoid a complex FE-model, two
chassis bodies are simply connected with a rotational stiffness. Tires are assumed
stiff in the lateral direction to limit the DOF, but they are compliant vertically.

Trailer Rear ChassisTrailer Front Chassis

Trailer AxlesTractor Rear AxleTractor Front Axle

Tractor Front Chassis
Tractor
Rear
Chassis

"������$�������������������������������

THE SEMITRAILER - pulled by a tractor is the most common combination rolling
over, wherefore this investigation also includes such a model, originating in the truck
described above. Three bodies are added, representing the semitrailer (one wheel
axle and two chassis bodies), while the cab body is excluded. The fifth wheel is a
rotational stiffness in the 7DOF model.

������#�����!�����

The Taguchi method, one of several multivariate analytical methods, is frequently
used in quality engineering, but also applicable in product development. A test plan,
described by an orthogonal matrix, is used enabling testing of more than one
parameter at a time, without repetition, at two or more levels. Using two levels yields
a linear and three or more a non-linear estimation of the parameter sensitivity. The
method, which is thoroughly described by e.g. Phadke [15] and Gore and Davis [16],
also enables quantification of parameter interactions.

The number of experiments required to perform a complete multivariate test depends
on the number of parameter levels and grows exponentially with the number of tested
parameters, but in addition to the traditional ���%��%�%����� method, the effects of
parameter interaction are derived. Another more useful possibility is reduced multi-
variate testing, in which the possibility of deriving some of the interaction effects is
given up, yielding a drastically reduced number of required tests.

%���!�����

In this investigation, the Taguchi method is used to analyse the influence of five truck
parameters on the static and dynamic rollover thresholds of the vehicles described
above. The method determining DRT described above is applied on computer
calculations in the multi-body dynamics software ADAMS and simultaneously,
SSRT is calculated. Since the parameter sensitivity of SSRT is more thoroughly
documented in the literature, this investigation focuses on DRT.

The models are chosen in order to clarify any possible difference in parameter sensi-
tivity to DRT, and its divergence from SSRT, between the rigid truck and the semi-
trailer combination. The parameter values defining the roll stability properties of the
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vehicles are therefore chosen as being equal where applicable, so the vehicles have
equal total CG height and except for the load on the truck, it is equal to the tractor in
the semitrailer combination.

There are a number of parameters that are likely to influence DRT and SSRT, but in
order to limit this investigation only five parameters are chosen. Since it is desirable
to investigate the improvement in roll stability that is possible through a realistic
redesign of the vehicle, CG height and track-width are left out even though they
probably influence the rollover thresholds considerably. Instead five parameters that
are more easily changed on a real vehicle, all set by the vehicle manufacturer, are
chosen: the roll stiffness of the frame and the roll stiffnesses and roll center heights
of both the front and the rear axles, cf. table 1. These parameters are known to
influence SSRT, cf. e.g. Winkler et al. [17].

Table 1. Alternated parameters and their levels

����������
�	

�����

�����������
�����

����
�����

& Frame roll stiffness 200 kNm/rad 400 kNm/rad 600 kNm/rad
' Roll center height front 0.20 m 0.40 m 0.60 m
( Roll stiffness front 200 kNm/rad 400 kNm/rad 600 kNm/rad
� Roll stiffness rear 500 kNm/rad 1000 kNm/rad 1500 kNm/rad
# Roll center height rear 0.30 m 0.60 m 0.90 m

To investigate non-linearities among the influences, each parameter is alternated on
three realistically chosen levels, cf. table 1. It is important to keep in mind that the
results of this investigation depend on the range within which the parameters vary. All
other parameters are listed in Appendix A.

�$%���!����

Several standard orthogonal arrays, designed for multivariate analysis are found in
the literature, cf. e.g. [15], and for this investigation an )��� is chosen. This is a 313-
array, indicating that it has 13 columns at three levels, enabling testing of up to 13
parameters at three levels each. However in this investigation, since only five
parameters are used, several interaction effects are also studied: all interactions
between the frame roll stiffness and the other factors are chosen.

In table B.1 (cf. appendix B), the )���array is presented with grey columns showing
the varied parameters and their levels. The non-shaded columns do not set any
parameter value levels, they are neglected since interactions are studied. The
orthogonal array has 27 rows, indicating that 27 experiments are conducted in this
test. Since SSRT and DRT are simultaneously yielded once the roll energy diagram
is derived, 27 truck simulations are required and an equal number for the semitrailer.

Tables B.1 and 1 are combined into the left part of table C.1 in appendix C defining
parameter settings during the 2·27 simulations. In that table, the base for the
following experiments, empty columns are left out since they are not used during
experiments. Simulations are conducted as specified by the rows of table C.1 and for
each computer calculation, the resulting SSRT and DRT are logged.
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The grey shaded fields in table C1 include the results from the experiments. Since
both models simulate high CG vehicles, the resulting thresholds are rather low for all
combinations: DRT varies between 1.38 m/s2 and 2.98 m/s2 while SSRT varies
between 1.87 m/s2 and 3.51 m/s2.

The simulation results are processed and the resulting effect of a parameter level is
defined as the deviation caused by the average of the results at that parameter level
from the overall mean. Every parameter has thereby three deviation values or main
effects: when keeping it low, intermediate and high. These main effects are linearised
by subtracting the effect of keeping a parameter at its low value from the effect of
keeping it high.

Furthermore, the resulting SSRT and DRT, when changing more than one para-
meter, depend not only on the main effects but also on the interaction effects of two
or more parameters. These interactions are not as easily calculated as the main
effects: the linearised interaction effects of two parameters are calculated, with the
intermediate level excluded, by subtracting the average result with the parameters
kept at different levels from the average result keeping them at equal.

Interactions are also analysed in diagrams where the deviation from the overall mean
when combining one level of a parameter with one level of another, is calculated. To
derive the combination of two parameters at three levels, nine such calculations are
thereby required. Non-linear interactions are recognised by the non-parallelism in
these diagrams.

TRUCK RESULTS - The linearised effects of the truck simulations are given in the
Pareto diagrams in figures 4 to 6, which disregards the signs while only presenting
the sizes of the effects arranged in a descending scale.

�����	����������������������
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As can be seen in figures 4 and 5, the front axle roll stiffness is by far the most
important parameter for both rollover thresholds of this truck. Roll stiffness and roll
center height of the rear axle are also important parameters for DRT, while these two
plus the roll center height of the front are important for SSRT. DRT appears to be
influenced more than SSRT by the frame stiffness, which in interaction with the front
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roll stiffness also has a slight effect on the dynamic threshold. The other combination
effects studied are negligible.
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Figure 6 shows the linearised parameter effects for DRT divided by SSRT, which
indicates how much the parameter change influences relative stability, i.e. the size of
the interval within which rollover can occur. By changing a parameter that highly
influences that quotient, the stability of the vehicle is more affected than expected if
DRT is not considered. The stiffnesses, rear axle the most, clearly affect the relative
stability of this truck, while all other effects, except for that from the rear axle roll
center height, are negligible.
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Figure 7 presents all main effects on the truck DRT, showing that all are positive and
slightly non-linear: the effect is higher when changing from the low level to the inter-
mediate than from the intermediate to the high.

Figure 8, showing the non-linear interactions of the truck DRT, reveal that the higher
the frame stiffness, the more important is the front axle roll stiffness (AxC) but all
other interactions are small.
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SEMITRAILER RESULTS - are shown in figure 9 to 13.
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As shown in figures 9 and 10, DRT effects from the rear axle characteristics are very
important for the semitrailer. The rear axle roll stiffness is the most important
parameter for both thresholds and for DRT, the rear axle roll center height is also
important. The effects of front and rear axle roll stiffnesses and roll center heights are
of equal magnitude for SSRT, but for DRT, front axle roll characteristics have only a
small influence. Other studied DRT as well as SSRT effects are negligible. It is
important to point out that the scales differ between DRT and SSRT results and
between truck and semitrailer results.

Figure 11 indicates that only the rear axle roll characteristics have a significant
influence on the relative stability of the semitrailer combination. Both relevant effects
are positive, i.e. the parameters affect DRT more than SSRT.
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Figure 12, presenting all main effects on the semitrailer DRT, shows that all are
positive and all but the front axle roll stiffness are slightly non-linear with higher gain
in the lower range. The front roll stiffness is more non-linear: the highest DRT is
reached when that parameter is kept at its intermediate level.

Figure 13, finally shows all non-linear interactions in the semitrailer DRT simulations
being small but AxC: the higher the frame stiffness, the less pronounced is the non-
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linear effect of the front axle roll stiffness. Results in figure 13 are differently scaled
than the corresponding truck results in figure 8.
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Results from applying the Taguchi method to simulations of static and dynamic
rollover thresholds of a rigid truck and a semitrailer combination, in which five
parameters and their interactions are studied, show that the parameters influence the
different vehicles unequally:

Among the studied parameters, the rear axle roll stiffness and roll center height are
important to the sensitivity of the vehicles. While they are the most important semi-
trailer parameters, the front axle roll stiffness is the most important on the truck.

The frame stiffness is less important: a tendency that is most pronounced in the
semitrailer results. However, the interaction effect of the front axle and the frame
stiffnesses are noticeable in DRT. In order to gain dynamic stability by increasing the
front axle roll stiffness it is important to keep the torsional stiffness of the frame high.
The other combination effects are negligible.

The parameter effect magnitudes on the truck are larger overall than on the semi-
trailer, since the trailer axle additionally resists the roll overturning moment.

A final and important conclusion is that, since DRT and SSRT are not equally
affected by the parameters, two vehicles can be equally stable statically but different
dynamically. Therefore, if only the static but not the dynamic rollover threshold is
analysed, a redesign of a vehicle can reduce the roll stability even though it appears
to preserve or even increase it.

��&��'"��#�!����

NUTEK, The Swedish Business Development Agency.
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& Test Parameter: Frame Torsional Stiffness =>�-���?
' Test Parameter: Front Axle Roll Center Height =�?
( Test Parameter: Front Axle Roll Stiffness =>�-���?
� Test Parameter: Rear Axle Roll Stiffness =>�-���?
# Test Parameter: Rear Axle Roll Center Height =�?
)�� Orthogonal Test Array with 27 Rows
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ADAMS Automatic Dynamic Analysis of Mechanical Systems
ARB Anti Rollover Braking
CG Center of Gravity
DOF Degrees of Freedom
DRT Dynamic Rollover Threshold
RAMS Rearward Amplification Suppression
SSF Static Stability Factor
SSRT Steady State Rollover Threshold
VDC Vehicle Dynamics Control
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PARAMETER TABLES - The values used in the simulations are listed in tables A.1
and A.2. All values are realistic but do not necessarily correspond to any existing
vehicle.

Table A.1. Single truck parameters
!"�������� Front axle 0.50 �

Rear axle 0.50 �
Front chassis 1.80 �
Rear chassis 2.30 �

Cab 2.00 �
������ Front axle 700 !�

Rear axle 1300 !�
Front chassis 3000 !�
Rear chassis 12000 !�

Cab 1000 !�
#�����$	�%&��	����������������� Chassis front to rear 0.90 �

Chassis front to cab 1.40 �
�	������  ������ Chassis front to cab 500 !>�-���
'����������������  �������#	�������& Front axle tires 950 !>-�

Rear axle tires 1900 !>-�
"�	����% Wheel base 3.70 �

Distance front axle to CG 2.06 �
Front axle track-width 2.06 �

Rear axle effective track-width 1.86 �

Table A.2. Semitrailer parameters
!"�������� Trailer front chassis 2.37 �

Trailer rear chassis 2.37 �
Trailer axles (merged) 0.50 �

Tractor front chassis (merged with cab) 1.20 �
Tractor rear chassis 1.10 �

������ Trailer front chassis 15000 !�
Trailer rear chassis 15000 !�

Trailer axles (merged) 2000 !�
Tractor front chassis (merged with cab) 4000 !�

Tractor rear chassis 2000 !�
#�����$	�%&��	����������������� Fifth wheel 1.15 �

Trailer chassis front to rear 1.00 �
Trailer axle to rear trailer chassis 0.40 �

�	������  ������ Fifth wheel 5000 !>�-���
Trailer chassis front to rear 2000 !>�-���

Trailer axle to rear trailer chassis 4500 !>�-���
'����������������  �����#	�������& Trailer axle tires 2850 !>-�
"�	����% Distance tractor front axle to CG 1.11 �

Distance tractor CG to fifth wheel 1.70 �
Distance fifth wheel to trailer CG 4.07 �
Distance trailer CG to trailer axle 1.85 �

Trailer axle track-width 2.00 �
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In the following table, the )���array defining the parameter levels during the 27 tests
is presented. Grey-shaded columns show the parameter levels while non-shaded
columns are neglected since interactions are studied.

Table B.1. The standard )���orthogonal array

�()*��	*
+
#

,
$

- . /
%

0 1 2
�

3 +4 ++
&

+, +-

1 1 1 1 1 1 1 1 1 1 1 1 1 1
2 1 1 1 1 2 2 2 2 2 2 2 2 2
3 1 1 1 1 3 3 3 3 3 3 3 3 3
4 1 2 2 2 1 1 1 2 2 2 3 3 3
5 1 2 2 2 2 2 2 3 3 3 1 1 1
6 1 2 2 2 3 3 3 1 1 1 2 2 2
7 1 3 3 3 1 1 1 3 3 3 2 2 2
8 1 3 3 3 2 2 2 1 1 1 3 3 3
9 1 3 3 3 3 3 3 2 2 2 1 1 1
10 2 1 2 3 1 2 3 1 2 3 1 2 3
11 2 1 2 3 2 3 1 2 3 1 2 3 1
12 2 1 2 3 3 1 2 3 1 2 3 1 2
13 2 2 3 1 1 2 3 2 3 1 3 1 2
14 2 2 3 1 2 3 1 3 1 2 1 2 3
15 2 2 3 1 3 1 2 1 2 3 2 3 1
16 2 3 1 2 1 2 3 3 1 2 2 3 1
17 2 3 1 2 2 3 1 1 2 3 3 1 2
18 2 3 1 2 3 1 2 2 3 1 1 2 3
19 3 1 3 2 1 3 2 1 3 2 1 3 2
20 3 1 3 2 2 1 3 2 1 3 2 1 3
21 3 1 3 2 3 2 1 3 2 1 3 2 1
22 3 2 1 3 1 3 2 2 1 3 3 2 1
23 3 2 1 3 2 1 3 3 2 1 1 3 2
24 3 2 1 3 3 2 1 1 3 2 2 1 3
25 3 3 2 1 1 3 2 3 2 1 2 1 3
26 3 3 2 1 2 1 3 1 3 2 3 2 1
27 3 3 2 1 3 2 1 2 1 3 1 3 2
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Table C.1 defines the parameter settings during the simulations and presents the
results. The non-shaded part of the table is created by combining table B.1 and
table 1 presented in the chapter Parameters.

Table C.1. The 27 experiments, the control factor level combinations and the results
���������� ����� �����������

�()*
�	*

5
!>�-���

6
�

!
!>�-���

�
!>�-���

�
�

����
�-��

���
�-��

����
�-��

���
�-��

+ 200 0.20 200 500 0.30 1.87 1.38 2.92 2.04
, 200 0.20 400 1000 0.60 2.70 2.22 3.44 2.67
- 200 0.20 600 1500 0.90 2.97 2.55 3.43 2.90
. 200 0.40 200 1000 0.90 2.60 2.14 3.37 2.76
/ 200 0.40 400 1500 0.30 2.74 2.26 3.39 2.69
0 200 0.40 600 500 0.60 2.66 2.11 3.23 2.41
1 200 0.60 200 1500 0.60 2.67 2.19 3.35 2.76
2 200 0.60 400 500 0.90 2.75 2.21 3.38 2.62
3 200 0.60 600 1000 0.30 2.76 2.24 3.43 2.58
+4 400 0.20 200 500 0.30 1.90 1.44 2.92 2.06
++ 400 0.20 400 1000 0.60 2.71 2.32 3.45 2.71
+, 400 0.20 600 1500 0.90 2.96 2.66 3.47 2.95
+- 400 0.40 200 1000 0.90 2.55 2.15 3.36 2.77
+. 400 0.40 400 1500 0.30 2.74 2.35 3.42 2.73
+/ 400 0.40 600 500 0.60 2.93 2.46 3.28 2.51
+0 400 0.60 200 1500 0.60 2.63 2.21 3.36 2.77
+1 400 0.60 400 500 0.90 2.89 2.41 3.42 2.69
+2 400 0.60 600 1000 0.30 2.91 2.50 3.48 2.65
+3 600 0.20 200 500 0.30 1.91 1.46 2.91 2.07
,4 600 0.20 400 1000 0.60 2.71 2.38 3.46 2.73
,+ 600 0.20 600 1500 0.90 2.96 2.74 3.50 2.98
,, 600 0.40 200 1000 0.90 2.53 2.15 3.36 2.77
,- 600 0.40 400 1500 0.30 2.74 2.41 3.44 2.75
,. 600 0.40 600 500 0.60 3.07 2.50 3.31 2.57
,/ 600 0.60 200 1500 0.60 2.61 2.21 3.36 2.78
,0 600 0.60 400 500 0.90 2.96 2.52 3.43 2.72
,1 600 0.60 600 1000 0.30 2.99 2.67 3.51 2.70
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Vehicle systems development is expensive and time consuming, so computer aided
simulations thereby reducing costs, are performed with special advantages in vehicle
handling performance analysis. Therefore, a model optimised for handling simulation
of heavy vehicles is developed.

A truck typically has high CG height to toe-width ratio and a compliant frame,
whereby roll over can easily occur, so to describe the vehicle response at its
manoeuvring limits, the roll mode is included. A three dimensional model capable of
describing yaw, roll and side to side load transfer is required.

MODELS USED IN LITERATURE - The simplest most frequently used, is the bicycle
model, representing a single car, having three degrees of freedom, 3DOF, 4DOF in
the case of a car and trailer model. Nagai et al. [1]1 dealt with the model adaptability
within a neural network approach to tire modelling. Integration of artificial neural
network and linear control theory are included for the identification and control of a
non-linear vehicle model taking into account the non-linear characteristics of an
actual vehicle, with tires modelled by Magic Formula. Extended for non-linear tires or
cornering characteristics [2], the bicycle model gives a good handling characteristics
description in the ground plane. In order to describe the roll motion and its influence
on vehicle handling, the bicycle and a roll model may be combined into a yaw roll
model [3,4]. An equivalent roll center of the axle suspension, about which the
un-sprung mass is capable of rolling around, describes the motion, with roll angle
well described in steady state. The model developed by Tong et al. [4] is especially
capable of predicting the unstable roll response when reaching the roll over limits.

A roll plane model with the suspension described as springs is also capable of
delineating the pitch motion; as presented by Das et al. [5].

Complex models with up to a couple of hundred degrees of freedom are used to
simulate vehicle handling [6,7]. These are often time consuming in application and
may be quite difficult to handle.

HIGH SPEED CALCULATIONS - If the application requires high speed calculations,
simple models are demanded. For example, a control system working either in a
vehicle or in a hardware in the loop simulation system requires a model operating in
real time. To increase computational speed facilitating such simulations, simplifica-
tions are necessary with only the most essential factors influencing vehicle perform-
ance included in the model. Among these are; tire characteristics, CG location, axle
roll stiffness distribution, steering system compliance, structural flexibility of the
frames, articulations and number of axles.

Simplifications reducing CPU-time are proposed by Jansen and Lupker [8]; tractor
and semitrailer frames modelled as rigid bodies, reduction of total number of axles
with axle suspension reduced to roll suspension only. Constructing the model with
these simplifications, real time performance may be achieved.

                                                     
1 Numbers in brackets indicate end paper references
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Nakazawa et al. [9] use a 19DOF vehicle, modelling the influence of pitch and roll
during combined braking and cornering. When simulating control of a passenger car
braking force distribution, real time performance is achieved [10]. Similar models with
real time potential are proposed by Chen and Tomizuka [11] and Rakheja et al. [12].

Apart from real time applications, a simple model also derives advantages from
calculation effectiveness, since it offers effective parameter variation possibilities.

Additionally, characteristics detected from measurements which are difficult to
describe due to lack of experience or knowledge, may very well be investigated in a
simple model. If the over all handling performance is described accurately enough by
a simple model, a detailed description of the problem may be sufficient to solve it.
One example is; the deviation of the expected wheel angle from the actual. By
extending the presented basic model, understanding of the phenomenon is realised.

"���!���� #���������$#

Starting at the extended bicycle model (cf. figure 1) a heavy vehicle handling simula-
tion model is developed. Unlike the bicycle model, this is three dimensional and
therefore capable of performing roll over simulations. With the principle of spring-
loaded roll axes, the tractor and the semitrailer are free to roll relative to the wheel
axles - a roll axis model.

Developed primarily to simulate tractor semitrailer combinations, it is with simple
modifications, capable of simulating truck and full trailer combinations as well as
articulated buses.

To describe the roll motions, the bicycle model must be extended to three dimen-
sions, while lateral extension with two wheels per axle representation is required.

THE ROLL AXIS MODEL - is a five masses multi body system (cf. figure 2) with tire
lateral force generation depending non-linearly on side slip angles and vertical load.
This generation also depends on the presence of longitudinal tire forces. Changes in
vertical load at the wheels due to braking, traction or cornering are determined by the
center of gravity height and wheels toe-width, in combination with the roll stiffness
distribution.

��������	�
������������������������
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In order to create a simple and fast (i.e. high computational speed) model, it is neces-
sary to minimise the number of masses, representing the bodies. A minimum repre-
sentation, for tractor semitrailer combination handling is, as in the extended bicycle
model, two masses. In the roll axis model, the five masses representing the vehicle
combination are; tractor and semitrailer along with the two tractor wheel axles and
the semitrailer wheel axle configuration.

��������	�
����������������������������

NUMBER OF DOF - The roll axis model has 9DOF; tractor yaw and translations in
the horizontal plane, the articulation between tractor and semitrailer and the inde-
pendent roll motions of all masses (cf. figure 2). The tractor is free to roll relative the
front and rear axles while the semitrailer can roll relative to its axle configuration and
the tractor at the fifth wheel. The wheel axles are free to roll relative to the ground.

Roll Axis

Roll Center Front
Roll Center Rear

��������	�
���
� �������������

WHEEL AXLE SUSPENSIONS - are supposed to be stiff in the pitch and bounce
directions, but flexible in the roll direction. In order to describe the motions, the
suspensions are replaced by roll axes allowing the tractor and the semitrailer free
to roll relative to each other and to the wheel axles. The two roll axes have two
attachment points each, being equal to the straight line through these points. The
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tractor roll axis is defined through the front and rear wheel axle roll centers
respectively, while the semitrailer roll axis goes through the fifth wheel and the
common roll center of the trailer wheel axles.

The roll axes are used for two main reasons: to resemble the roll suspension of the
vehicle unit as above while obtaining an accurate side to side load transfer at the
wheel axles, provided by the roll stiffness at the attachment points.

Neglecting the flexibility of the frame, the built up roll moment at an axle is
proportional to the roll stiffness of the axle:
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With regard to the flexibility of the frame, the distribution of the roll moment changes.
The compliance of the frame may be taken into account in the roll axes as a torsional
stiffness connected in series with respective wheel axle roll stiffness, with the
retained total roll stiffness of the vehicle:
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With C chosen in order to retain the total roll stiffness:
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Simulations with a complex model equipped with an FE-model of the flexible frame
show that the load transferred at the fifth wheel contributes to the fore/aft load
transfer distribution. Therefore, a proportion of the roll stiffness moves rearward in
steady state.

The semitrailer roll axis is modelled analogous to the tractor roll axis.

Pitch motion is not included in the model, while the fore/aft load transfer due to brak-
ing and acceleration is described automatically, since the model is three dimensional.

TIRES - generate lateral force as a function of slip angle and normal force. A carpet
plot based on the empirical Magic Formula determines the force magnitude. A friction
ellipse reduction, is then applied if any longitudinal force from traction or braking is
present:
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A constant pneumatic trail displaces the lateral force in the longitudinal direction. In
the basic model, equipped with a rigid steering system, the pneumatic trail works only
as a lateral force displayer.

STEERING SYSTEM - is a simplified version, where the input steering wheel angle is
scaled to the steering gear ratio and the linkage ratio. The compliance is taken into
consideration statically, while roll steering due to the frame motions, wheels toe in,
camber, caster or steering error due to leaf spring suspension are neglected.

The compliance between steering wheel and front wheels requires consideration for
it contributes to an understeering effect of the vehicle since the steering angle, and
thereby the lateral force of the front wheels, changes continually.

A very simple but useful solution is to scale the cornering stiffness of the front axle
tires, i.e. scaling the front axle force:

;, IHI ��� ⋅= �� ≤ (6)

In the basic simulation, the compliance is treated with this principle, contributing to an
accurate steady state behaviour, while the dynamics are not described.

�$����$� #��

The model is validated through simulations in the MBS program DADS against field
experiments of lane change manoeuvres in high friction conditions. ISO recommends
tests of one period of sinusoidal input to be performed at various amplitudes
described as percentages of the steady state roll over threshold, SSRT. Results are
from tests performed at 70% and 100% of SSRT, at speeds of 40km/h and 70km/h.

Validations are also performed against a more complex DADS model including for
instance FE-models of the frames. Manoeuvres at low friction conditions are studied
as well as the side to side load transfer at high friction conditions.

VALIDATION AGAINST FIELD EXPERIMENTS - Single lane change manoeuvres at
0.2Hz and 0.4Hz on the steering wheel are presented. Test results are scaled and
viewed in percentages of the SSRT value. Lateral acceleration and yaw rates of the
tractor are shown.

At 40km/h good agreement is reached even at non-linear 100% of SSRT. An offset
occurs between measured and simulated lateral acceleration (cf. figure A12), which
may originate from the relaxation of slip angles not described in the basic model. The
same good agreement is reached also for the yaw rate (figure A3).

At 70km/h and 70% of SSRT a small decrease of the offset is observed due to
increased speed. In this more linear simulation, very good agreement is reached in
lateral acceleration (figure 4) and yaw rate (figure 5).

When comparing simulations and measurements at 70km/h and the highly non-linear
100% of SSRT, the over all agreement is still good, while there is a discrepancy in
the later part of the test caused by the dynamic behaviour of the wheel angles.
                                                     
2 Figures with an A are found in appendix
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VALIDATION AGAINST THE COMPLEX MODEL - are performed to validate the yaw
divergence behaviour at low friction conditions and the side to side load transfer
distribution. Results are scaled.

It is difficult to compare two models in low friction conditions, since forces depend on
the tire model. The vehicle models use almost the same tire lateral force model, while
longitudinal forces are more carefully described in the complex vehicle model than in
the basic. Still, the more complex multi body description of the vehicle does not add
much information to the handling characteristics in low friction conditions. In figure 6,
where sine input manoeuvre results at 0.4Hz are plotted, the agreement is very good.

When reducing the input frequency to 0.2Hz, the tire model uncertainties at low
friction give rise to larger deviations between the models (cf. figure 7). This deviation
depends on the extended time interval spent on the zero or negative slope of the
magic formula giving rise to non-controlled sliding of the vehicle.
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More interesting is comparison of the side to side load transfer of the models. In fig-
ure 8, the normalised side to side load transfer deviation at the front axle is compared
in a step input manoeuvre close to roll over. Even though the complex model
contains FE-models of the frames, the side to side load transfer is retained in the roll
axis model due to the chosen stiffnesses of the roll axes, cf. equations (2) - (4). The
agreement is equally good on all axles.

Basic Model; 0.8 CPU

Real Time Performance; 1 CPU

Complex Model; 200 CPU

�������4	�# ���� ������%%���

In DADS, the roll axis model runs faster than in real time. Deriving the equations of
motion makes the model as fast as required in a vehicle control system. As a
comparison, the complex model runs 250 times slower, making it impossible to
realise in an on-line control system.

���$#�$%�$�������

One example of the benefits of the simple model is the possibility of extensions while
still retaining control over the structure.

As seen in figure A1, a time lag between measured and simulated acceleration is
present. A possible explanation is that basic model tires do not use relaxation of slip
angles. By using the full Magic formula including the relaxation length of the order of
half the tire circumference, instead of a carpet plot, tire characteristics are more
carefully described. A relaxation of the slip angle, cf. equation (7), reduces the lateral
force offset, and thereby the lateral acceleration offset observed in the basic model.

α
σ

=+ 5
��
�5

�
�

[

(7)

A disadvantage with model extensions is the increment in calculation effort. However,
this extension adds only a differential equation applied to the slip angle.

VALIDATION - Extension I is validated in the non-linear field experiment, 100% at
40km/h, where the basic model’s time lag of lateral acceleration is largest. Lateral
acceleration of tractor is compared. As seen in figure A2, the time lag between
measured and simulated lateral acceleration is reduced due to the extended tire
description (compare with figure A1). The increment in calculation effort due to
additional equations is very small, justifying the small increase in calculation effort.

Basic Model; 0.8 CPU

Model Extension I; 0.83 CPU

��������'	�# ���� ������%%���
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A problem with handling simulations is to determine the correct value of the front
wheel angles during manoeuvring. Because of the steering system compliance, the
wheel angles differ from the steering wheel angle scaled with the non-loaded
kinematics aspect ratio. The lateral force acts in combination with pneumatic and
kinematic trail as an aligning torque, changing the wheel angles dynamically. In
steady state, a constant relation between expected and current wheel angles
appears, as reproduced in the basic model. Yet, dynamically this description is
insufficient and hence, to describe the wheel angles precisely, an extension is
required. Simultaneously describing the compliance and wheel inertia gives a more
accurate image of the wheel angle dynamics and tire forces.

In extension II, front wheel inertia bodies are included, connected to the front axle
with a rotational spring (cf. figure 11). This compliance replaces the scaling of the slip
angle, equation (6). The aligning torque originating in the pneumatic trail calculated in
the Magic Formula is more important in this model extension since it is not only a
force displayer, but also directly acts on the steering system compliance.

Body

BodyBody

Rotational
Spring

Distance
Constraint
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This simple model extension gives a good description of the steering system
compliance, while it is still not fully described.
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Plotting the simulated axle force times an average trail versus the deviation of wheel
angle from expected wheel angle (i.e. steering wheel angle scaled with steering
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system aspect ratio) gives a good estimate of the steering system stiffness (cf.
figure 12). This stiffness is used in the rotational spring actuator describing
the steering system compliance. A small damping term is also added due to the
hysteresis seen in figure 12.

VALIDATION - Extension II is validated in the most non-linear field experiment, 100%
at 70km/h. Steering angles are compared along with lateral acceleration of tractor.
The compliance is calculated through simulated tire force compared to angle
difference.
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At highly non-linear 100% and 70km/h, the aligning torque acting on the wheels
changes the steering angles drastically and an over shot appears compared to the
steering wheel angle. The extension manages to simulate this front wheel dynamic
behaviour (cf. figure 13), resulting in a better agreement in lateral acceleration (cf.
figure A6, compared with figure A5) and yaw rate.

Figure 14 shows the calculation effort increasing 60%, and in addition, the equation
of motion may become difficult to determine. Losses in calculation speed and
simplicity must still be compared to the enhanced accuracy gained. A filter
representation in analogy with the relaxation length may be a solution.

Basic Model; 0.8 CPU

Model Extension I; 0.83 CPU

Model Extension II; 1.28 CPU

��������$	�# ���� ������%%���

Even if the extension is not used in a control system, the experience gained by it
leads to a better understanding of the steering angle error and the stiffness is
precisely determined.

1. δZ��meas
2. δZ��sim

1.
2.
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By modelling an articulated heavy vehicle with a 9DOF handling simulation model,
benefits are gained in the areas of simplicity and calculation speed.

The model clearly demonstrates handling characteristics of the full vehicle combi-
nation with high accuracy in the frequency domain of principal interest.

For simplicity and high speed calculations, the flexible frame can be replaced with a
roll axis, where the stiffnesses are chosen with regard to the compliance of the
frame.

Model extensions work well once the basic model is defined. With the con of calcula-
tion speed loss, the pro of a higher accuracy may be reached in for instance the
wheel angles as shown.

Real time properties are possible to achieve with this type of model.

�!&��'#$�($�$���

NUTEK, The Swedish National Board for Industrial and Technical Development.
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�������

 Acceleration
�2�#2�" Constant
% Frequency
� Force
� Height
! Mass
� Moment
� Time
� Velocity
5 Longitudinal Deflection

��		


α Slip Angle
δ Steer Angle
λ Non-Dimensional Distance
ϕ Roll Angle
ω Yaw Rate
σ Lateral Deflection

����	�

� Effective
% Front Axle
%� !� Frame
� Counter
9 Normal
� Rear Axle
� Trailer
��� Total
� Wheel
 Longitudinal
� Lateral

����	��������

CG Center of Gravity
CPU Central Processing Unit
DADS Dynamic Analysis and Design System
DOF Degrees of Freedom
FE Finite Element
meas Measured
MBS Multi Body System
sim Simulated
SSRT Steady State Roll Over Threshold
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PARAMETER TABLE - listing the most important of the approximate values used in
simulations and calculations are found below.

Table B.1. Vehicle parameters
���������	 Tractor chassis 0.95 !

Trailer chassis 1.75 !

�		�	 Front axle 700 *�

Rear axle 1300 *�
Trailer axles (merged) 1800 *�

Tractor chassis 5400 *�
Trailer chassis 23300 *�

���������	���������� Tractor chassis 2800 *�!�

Trailer chassis 25000 *�!�

���������	���������� Tractor chassis 18500 *�!�

Trailer chassis 271500 *�!�

�����������������������������	 Front axle to chassis 0.60 !
Rear axle to chassis 0.35 !

Fifth wheel 1.15 !
Trailer axle to rear trailer chassis 0.60 !

����	������		�	 Front axle to chassis 220 *9!+� �
Rear axle to chassis 1500 *9!+� �

Fifth wheel 5000 *9!+� �
Trailer axle to trailer chassis 650 *9!+� �

��������	�����	������		�	 Tractor 120 *9!+� �
Trailer 820 *9!+� �

����������� Front axle to chassis 16 *9!�+� �
Rear axle to chassis 10 *9!�+� �

Trailer axle to trailer chassis 23 *9!�+� �
��������������	������		�	�����	���� Front axle tires 950 *9+!

Rear axle tires 1900 *9+!
Trailer axle tires 3800 *9+!

 ������	������������	������		�	 Front axle 340 *9+� �
Rear axle 520 *9+� �

Trailer axles (merged) 1020 *9+� �
����!�����������	 All axles 1.80 !
������� Wheel base, tractor 3.70 !

Distance tractor front axle to CG 1.25 !
Distance tractor CG to fifth wheel 1.79 !
Distance fifth wheel to trailer CG 5.62 !

Distance trailer CG to first trailer axle 2.18 !
Distance between trailer axles 2.05 !

Front axle track-width 2.09 !
Rear axle track-width 1.93 !

Trailer axle track-width 2.04 !
"��������	�	������������	 Total steering ratio 21.6 �

Cornering stiffness scale factor (extension I) 1.15 �
Total steering system compliance at wheels (extension II) 40 *9!+� �

�����������	 Utilised friction coefficient 0.8 �
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At high friction, extended braking is possible, acquiring retardation of up to approxi-
mately 8 m/s2. Due to inertia forces and CG height, longitudinal load transfer occurs.
Since tire lateral forces rely non-linearly on normal load, the front wheels gain normal
load as the rear wheels lose it, tire cornering stiffness, i.e. lateral force build up
ability, increases at the front axle, decreasing at the rear. Commonly, cornering
stiffnesses are well-tuned in relation to CG location, to obtain a light understeering
effect, but as longitudinal load transfer occurs, this balance may be lost, causing
oversteering, even reaching critical velocity, and thereby inducing yaw instability.

At steady driving, a high share of the normal load located at the front axle is regular
for a 4x2 tractor, which indicates understeering, a normal sign of vehicle stability but
not while braking. At steady braking, with a given retardation and CG location, a
given percentage of the normal load is transferred longitudinally; loosing a large
amount of the normal rear axle load, leading to a high loss of rear axle cornering
stiffness. Hence, the high percentage of normal load at the front axle during braking
threatens yaw stability. This may also apply to tall small passenger cars and
top-loaded cars.

Braking in a curve is frequently discussed but when braking while driving straight
ahead, asymmetrical braking due to split friction or brakes badly tuned is usual. This
may be examined as a problem similar to asymmetrical loads. Stability due to small
steering angles is generally discussed, but the theories apply to all kinds of lateral
forces or yaw-torques. If the vehicle changes from understeering to oversteering,
it remains drivable; even approaching critical velocity, an experienced driver may
still control it during the short period extended braking continues, but this may be
hazardous for a novice. When exceeding critical velocity however, driving becomes
almost inexpedient.

Basic calculations show that the vehicle changes from understeering to oversteering
during braking, reaching critical velocity under extended braking. Unfortunately,
tractor braking accident statistics are not available; consequently, a theoretical
investigation is performed.

THEORETICAL MODEL REPRESENTATION - The simplest most frequently used, is
the bicycle model, representing a single car, having three degrees of freedom, 3DOF.
Extended for non-linear tires or axle cornering characteristics [1]1, the bicycle model
provides an excellent description of handling characteristics in the ground plane.
Despite the high CG and flexible frame, it is also valid for commercial vehicles [2].

To describe roll motion and its influence on vehicle handling, the bicycle and a roll
model are combined into a yaw-roll model [3]. An equivalent axle suspension roll
center, about which the un-sprung mass is capable of rolling, describes the motion,
with roll angle well represented in steady state. In [4], a similar model is presented,
predicting unstable vehicle yaw and roll response when approaching stability limits.

If the application requires high-speed calculations, simple models are demanded. For
example, a control system working either in a vehicle or in hardware in the loop

                                           
1 Numbers in brackets indicate end paper references
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simulation system requires a real time operating model. To increase computational
speed facilitating such simulations, simplifications with only the most essential factors
influencing vehicle performance are necessary. Nakazawa et al. [5] use 19DOF when
modelling the influence of pitch and roll during combined braking and cornering.
When simulating control of the braking force distribution for a passenger car, real
time performance is achieved [6]. Chen and Tomizuka [7] and Rakheja et al. [8]
propose similar models with real time potential.

A roll plane model with suspensions described as springs is also capable of
delineating the pitch motion, as presented by Das et al. [9]. A model similar to this is
selected for dynamic analysis; cf. Dynamic Model Analysis.

Apart from real time applications, a simple model also derives advantages from
calculation effectiveness, offering effective parameter variation possibilities. In
contrast to simple models, complex models with up to a couple of hundred degrees
of freedom are found in the literature to simulate vehicle handling [10,11], often
time-consuming in practice and therefore not suitable for this analysis.

THE INVESTIGATION - A theoretical analysis of braking influence on yaw stability is
combined with field experiments on a single tractor with high CG, performed only to
validate theoretical models for longitudinal load transfer. The analysis focuses on
unloaded tractors but may very well be applied to passenger cars.

Two models are presented for analysis. First, a simple quasi-static calculation, de-
rived from the bicycle model, determines critical velocity and yaw rate magnification
during retardation. Secondly, a dynamic simulation prototype in an MBS-program.
This environment facilitates more advanced simulations; for instance, braking from
sub-critical to over-critical velocity, and vice versa.

�� !�"!� ����#��$�� � ��!�!

Starting at the 3DOF vehicle representation, cf. figure 1, a quasi-static vehicle model
is derived for the examination of this stability problem, being a calculation model it is
not useful for dynamic simulations.

��

δ

���
��

ω�

��	
�
��������
������������

THE UNDERSTEER GRADIENT - may then be expressed [12]:

����

����

XV ���
�����

��
⋅⋅

⋅⋅−⋅⋅−⋅= λλ)(
(1)
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where � denotes the total vehicle mass, λ is the non-dimensional distance between
front axle and CG, � is the wheel base, ��� and ��� denote the axle cornering stiff-
nesses at the front (��) and rear (�	) axles. The cornering stiffness is the total ability
of building lateral forces due to slip angles at an axle. It is primarily a tire property,
while in practice, compliances in the steering and suspension systems as well as a
few other factors contribute to this property [1].

TIRES - generate lateral force as a function of slip angle, normal force and other
factors. As a first assumption, the cornering stiffnesses use tire properties linearised
due to slip angle and normal load at their equilibrium normal loads. This assumption
is realistic, which may be conceived by looking into measured tire characteris-
tics [12]. Hence:
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which implies:

��������

��������

XV ����
�����

��
⋅⋅⋅

⋅⋅−⋅⋅−⋅= λλ)(
(3)

In the following discussion, it is important to separate ��� from ���λ��� and ��� from
λ��, symbolising quasi-static normal loads and equilibrium normal loads.

Furthermore, a quasi-static model of the normal loads at each axle due to braking is
applied. This longitudinal load transfer model is simple and useful, since it depends
only on fixed vehicle parameters from CG location, where κ denotes CG height
normalised to the wheel base, and ρ��� � the normalised retardation:





⋅−⋅=
⋅+−⋅=
)(

)(

ρκλ
ρκλ

��

���

��

�� (4)

Equation (4), derived in appendix A, is valid for retardations; !�"�ρ�"�λ κ. We can now
rewrite the understeer gradient:

����

XV ���
�

�
⋅⋅−

−
⋅⋅+−

−=
)()( ρκλ

λ
ρκλ

λ
(5)

With typical parameters, this gradient is, at steady driving, positive for an unloaded
tractor; the vehicle is typically understeering. Nevertheless, even at moderate
retardations the vehicle may shift to oversteering. In figure 2, the understeer gradient
is plotted versus the retardation expressed in parts of the gravity constant. The
parameters used when creating figures represent a typical, but not a specific
European tractor; in figure 2, without considering any factors reducing the front axle
cornering stiffness. At higher retardations, �XV asymptotically declines towards a large
negative number, demonstrating an oversteering tendency indicating yaw instability
at high retardation.
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As stated, the axle cornering stiffness depends not only on tire characteristics but
also on several other factors, e.g. steering system compliance, suspension lateral
compliance, caster angles, braking forces, roll steer, camber angles, lateral load
transfer and time.

In this analysis, the suspension compliances are neglected since tractors typically
are supplied with rigid beam axles, which are not associated with much lateral
compliance. Besides, it contributes to the front and rear axles in a similar way.
Camber is also neglected due to axle configurations on tractors including lateral load
transfer and time (relaxation). Lateral force relaxation is not suitable for this quasi-
static analysis but relaxation and lateral load transfer are yet slightly discussed in
Dynamic Model Analysis. Toe in and steering error due to leaf spring suspension are
also neglected.

BRAKING FORCES - Assuming the vehicle is equipped with an anti brake lock
system (ABS), the quotient of braking force to normal load is approximately equal on
all wheels, i.e. they utilise same friction. Quasi-statically it equals the non-
dimensional retardation, ρ. Using the concept of the friction ellipse [12], the cornering
stiffness of each axle during braking may be written:
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and thereby the understeer gradient:
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which is valid for retardation; ρ�"�µ (and !�"�ρ�"�λ κ)� Equation (7) displays an
increase in the absolute value of �XV as the retardation increases, due to lateral force
reduction when experiencing braking force. For an understeering vehicle, increasing
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the absolute value of �XV indicates increasing stability, but when �XV changes sign to
negative, this increment contributes to instability.

STEERING SYSTEM MODEL - a simplified version, where the input steering wheel
angle is scaled to the steering gear ratio and linkage ratio. The compliance between
steering wheel and front wheels requires consideration as it contributes to an under-
steering effect, due to steering angle and thereby lateral force at the front wheels
changes continually. Steering system compliance in combination with caster trail
from kingpin inclination plus tires pneumatic trail contributes to the front axle
cornering stiffness [13]. Typically, it decreases, influencing the vehicle towards a
more stable state. The total trail however is dependent on the retardation. On a
tractor with axle-mounted spindle and leaf spring suspension, the caster trail, 'F may
decrease due to pitch angles and leaf spring torsion, while the pneumatic trail, 'S is
dependent on the retardation through its normal load dependence, cf. figure 3 for 'F
and 'S. The braking force dependency on pneumatic trail may be neglected [12].

spindle
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The dependency of total trail on retardation may consequently be written:
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where 'F� and 'S� represent the initial trails.

When deriving the effective front axle cornering stiffness, tire cornering stiffness and
steering system stiffness are considered connected in series. Thereby, when
considering positive total trail, the front axle cornering stiffness decreases in
comparison only to tire cornering stiffness. As stated, this effect is positive for vehicle
stability but, as seen and understood from equation (8), the total trail may very well
change sign due to heavy retardation for certain values of the derivatives, impairing
stability. Considering a tractor, relevant values of these derivatives are; negative
�'F �ρ and positive �'S ����� Yet, the latter derivative is the smaller, typically resulting
in decreasing total trail as retardation increases and furthermore changing sign under
extended braking.
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Consequently, we may derive an effective front axle cornering stiffness, still normal-
ised to vertical load:
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where ���7 now denotes tire normalised cornering stiffness and �V steering system
compliance. With the relevant values, ��� increases with retardation.

Rewriting �XV, with equation (9) denoting front axle cornering stiffness, yields the
following somewhat complex expression:
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The influence of steering system compliance on �XV is investigated. In figure 4, the
understeer gradient is plotted versus retardation comparing a totally stiff steering
system with a typical value of this compliance: revealing that the compliance contri-
butes positively to stability at steady driving and low retardation, while under
extended braking it contributes only slightly or not at all due to decreasing total trail.

0 0.1 0.2 0.3 0.4 0.5
-0.05

-0.045

-0.04

-0.035

-0.03

-0.025

-0.02

-0.015

-0.01

-0.005

0

0.005
Understeer gradient vs Non-Dimensional Retardation

Non-Dimensional Retardation, ρ [-]

U
nd

er
st

ee
r 

gr
ad

ie
nt

, K
us

 [s
2 /m

]

With compliance
Totally stiff

0.6

��	
�������
���������	�������������������
��������	����������������

ROLL STEER - A Vehicle experiencing roll in cornering is subjected to roll steer
effects. In steady state they may be linearised to find a derivative �δ��ϕ denoting
additional steering angle due to vehicle roll angle. Taking roll steer into account
yields the following expression of the front axle cornering stiffness, ���;
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where �δ	�ϕ denotes the roll steer coefficient, �H is the effective vertical distance from
the roll axis to CG, �ϕ�� respective �ϕ�� are the axle roll stiffnesses, � the gravity
constant. Tractors are usually roll understeering, i.e. having negative roll steer
coefficient. This implies that roll steer stabilises the vehicle with the understeering
contribution slightly increasing as retardation increases. A similar expression may be
applied to the rear axle. Because roll steer is not as apparent at the tractor rear axle
as at the front, so it is neglected in this analysis.

Substituting ��� from equation (11) into equation (5) yields �XV, now in its final shape
for the quasi-static analysis:
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In figure 5 this final shape of the understeer coefficient may be found, plotted as a
function of retardation and compared to �XV neglecting roll steer.
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CRITICAL VELOCITY - With this parameter combination, i.e. not neglecting lateral
force reduction due to braking forces, steering system compliance or front axle roll
steer, the vehicle becomes oversteering even at retardations approaching 0.15 �
(approximately 1.5 m/s2). For an experienced driver it is practicable to drive an over-
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steering vehicle, at least for the relatively short time it takes to stop it. However,
preserving critical velocity is very difficult to handle. The critical velocity defined for an
oversteering vehicle, is the velocity at which the magnification from steering angle to
yaw rate asymptotically approaches infinity. Using the bicycle model it can be shown
that it occurs at the �FULW expressed in equation (13):

XV

FULW �
�

� −= (13)

In figure 6, the critical velocity is plotted for attainable retardations at high friction. All
effects discussed above are included.
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Unloaded tractors are often very powerful compared to their mass. Up to 400 kW
(550 hp) engines in a tractor weighing 7000 kg is conventional. Therefore, the vehicle
can reach as high a speed as 30 to 35 m/s (about 110-120 km/h). At these velocities,
2 to 3 m/s2 retardation may be enough to exceed critical velocity leading to yaw
instability, cf. figure 6. At highway-speed, 25 m/s (90 km/h), attaining 3 m/s2

retardation may lead to yaw instability. Not even at a speed as low as 15 m/s (about
50 km/h), may 5 m/s2 retardation be safe. Such retardation and higher are achievable
at high friction.

MAGNIFICATION - Another important property when determining yaw stability is the
magnification from steering angle to yaw rate. It may be derived from the bicycle
model equations, leading to the following expression:
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. (14)

Using the retardation dependent �XV presented in equation (12), magnification
depends on not only velocity but on retardation as well. It may be plotted in three
dimensions as in figure 7, where it obviously grows over all limits at certain velocities
and retardations, corresponding to critical velocity.
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As demonstrated, extended braking may introduce yaw instability due to the longi-
tudinal load transfer associated with it. At higher velocities, 25 m/s, modest braking,
0.2 	, may be enough for vehicles being distinctly understeering at steady cornering.
It is therefore of principal interest to be sensible of the possible braking related yaw
instability problem when designing active systems for vehicle dynamics control.

ADDITIONAL LOAD TRANSFER - If the vehicle is driven up or down a slope,
additional load transfer occurs. Dealing with this case is simple, since downhill simply
adds the inclination to the non-dimensional retardation, ρ as long as small angles
approximation can be used, while an ascent subtracts the inclination.

UNCERTAINTIES - The lateral force reduction due to braking force is one
uncertainty in this model. The friction ellipse for instance is not a valid model when
utilising close to all obtainable friction. The braking force distribution model would
also benefit from a more careful description.

Another question, which this model is incapable of answering, is; what happens when
a vehicle crosses through critical velocity from sub-critical to over-critical velocity? In
steady state it is not possible to drive at critical velocity but during braking, the
velocity continuously decreases and a vehicle only experiences critical velocity for a
single moment. Furthermore, yaw inertia counteracts yaw acceleration. Therefore, in
addition to the quasi-static model, theories are also considered in simulations with a
dynamic model.

���������	�
����������

To investigate the influence of passing through critical velocity and other events not
easily determined with the quasi-static model, a dynamic model is derived. One ad-
vantage is the longitudinal load transfer that is dynamically more carefully described
than in the quasi-static: So lateral response due to steering, non-symmetrical braking
or other kinds of induced yaw-torques may be examined in detail.

Originating in an utterly validated roll axis model [4], a heavy vehicle simulation
model is developed. Equipped with two wheels per axle and vehicle CG separated
from the ground, being three dimensional it is capable of describing roll during
cornering as well as pitch during braking. Modelled in DADS, this multi-body system
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is, for the purpose of this investigation, reduced to a single vehicle, i.e. semitrailer is
excluded.

MODEL - Five rigid bodies represent the vehicle: the sprung mass, front and rear
axle un-sprung masses and front wheel inertia bodies. The front axle wheels are
connected to the front axle with a rotational spring-damper, while translational
springs and dampers are used to connect axles to the sprung mass. Equivalent axle
roll stiffnesses, considering the flexibility of the frame, yield the lateral separations of
springs and dampers respectively. The body system connects to the ground via tire
models.

NUMBER OF DOF - The model has 12DOF including wheel steer angles. The
sprung mass is totally free, i.e. 6DOF, while axles are free to roll and bounce. The
bounce freedom of the axles also gives the vehicle model pitch freedom.

WHEEL AXLE SUSPENSIONS - are supposed to be flexible in the bounce and roll
directions. Neglecting the flexibility of the frame, the built up roll moment at an axle,
due to cornering, is proportional to the roll stiffness of the axle. Taking the flexibility of
the frame into account, the distribution of the roll moment changes. The compliance
of the frame is taken into account in the model using equivalent roll stiffness at each
axle [4]. These equivalent roll stiffnesses are obtained by separating springs and
dampers laterally, corresponding to accurate bounce, pitch and roll stiffness. This
provides accurate lateral load transfer at the wheel axles, while pitch motion is
included, allowing longitudinal load transfer due to braking dependent not only on
vehicle CG but also on pitch dynamics.

TIRES - with lateral force generation depending non-linearly on side slip angles and
vertical load are included. Changes in vertical load at the wheels due to braking
and cornering are determined by CG height, wheel base and wheels toe-width, in
combination with axle roll stiffnesses and total vehicle pitch stiffness. The lateral
force generation also depends on the presence of braking forces, so that a friction
ellipse reduction is applied whenever a longitudinal braking force is present:
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Since the tractor rear axle typically is stiffer in roll than the front, the lateral load
transfer during cornering is higher at the rear. Tire lateral forces depend non-linearly
on normal load, with lateral to normal force production declining as normal load
increases. Hence, increased lateral load transfer results in decreased cornering
stiffness. Therefore, the lateral load transfer gives an oversteering contribution not
included in the quasi-static model.

Tire lateral forces do not arise instantly - they have relaxation. By complementing the
carpet plot with the application of relaxation length, tire characteristics are more
carefully described. In simulations, the influence of relaxation on braking related yaw
instability is investigated using equation (16).
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STEERING SYSTEM MODEL - The input steering wheel angle is scaled to the
steering gear ratio and the linkage ratio. The compliance between steering wheel and
front wheels is taken into consideration, using a torsional spring element, replacing
the cornering stiffness reduction used in the quasi-static example. The spring
element simply connecting the front axle to the left front wheel includes damping. Left
and front wheels are connected via the trackrod which includes compliance.

All other contributions to axle cornering stiffness discussed earlier are contained in
the dynamic model.

VALIDATION - of the model is performed on a loaded tractor with high CG. Validation
plots are found in appendix B. Only a few characteristics are validated, since the
model differs only slightly from the model presented in [4], which also is elaborately
validated.

SIMULATIONS - are performed to examine the dynamic effects of longitudinal load
transfer during the entire braking process. Different manoeuvres are simulated, such
as braking including small steering angles, braking transiting a roundabout and
braking while continuously experiencing critical velocity. In the post process, certain
selected parameters are studied. The most significant among these are yaw
rate magnification and vehicle final position. Some of the plots may be found in
appendix C.

IMPORTANT PROPERTIES - When determining yaw stability, the magnification of
yaw rate due to steering angle is an important property. As the bicycle model, on
which the quasi-static example is based, is a steady state model, it is possible to
determine one value for this magnification corresponding to every velocity. The
dynamic model however, involves time dependent states with yaw rate being one of
them. Therefore, being dependent on its history it must be considered separately for
every different manoeuvre, which is also valid for yaw acceleration magnification due
to steering angle.

The final position after a braking event is also important in order to conclude whether
the manoeuvre is hazardous. For instance a very high yaw rate for a very short time
period may be accepted if the vehicle does not rotate ending up in a critical direction.
If the vehicle rotates a quarter of a revolution, the final position is hazardous, where a
collision or rollover may occur.

PERFORMED MANOEUVRES - A small steering angle, non-symmetrical braking
forces or lateral load offset may be enough to introduce yaw instability on an over-
steering vehicle. Therefore, in order to determine the effects when braking, while
trying to continue on a straight path, yaw rate magnification is studied. Simulations in
this case are performed with the steering wheel rotated at very small angles (figures
C.1 to C.8).

At high velocities (25 m/s and higher), the yaw rate magnification is shown to reach
very high values. Up to hundreds of times higher than the steady state value (figures
C2 and C4) can be observed. At extremely high velocities and retardations of 0.4 	
and over however, the growth in magnification can be seen to decline. This indicates
approached maximum front axle lateral force. The yaw acceleration, a measure
of the moment applied in the vehicle yaw direction, increases throughout the
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simulations with retardation; at lower retardations the vehicle is exposed to yaw
acceleration for a longer time than at higher retardations, thereby reaching a higher
yaw rate. These are all indications of the existence of braking related yaw instability;
i.e. all offsets discussed above become highly amplified.

Simulations including higher steering angles are accomplished in order to investigate
realistic driving cases. These are carried out with the vehicle experiencing lateral
acceleration of approximately 3 m/s2. Different initial velocities are used,
corresponding to roundabouts having different curve radii (figures C.9 to C.11).

The vehicle roll introduced by lateral acceleration may alter cornering response since
the inner rear axle wheel may lose ground contact. At lower initial velocities (10 m/s)
the yaw rate shows low amplification, even at very high retardations (ρ = 0.8,
figure C.9). At higher initial velocities (25 m/s) however, the yaw rate magnification
enlarges (figure C.10). Tire forces saturate yielding close to maximal forces at the
front wheels and thereby close to maximal yaw acceleration. Since steering angles
are already much larger than in previous simulations, the magnification is lower.

The vehicle trajectory in the ground plane shows larger and earlier discrepancy from
its desired path, the higher the retardation. In some simulations, the final position is
almost orthogonal from desired path possibly resulting in a collision or, if the vehicle
strikes an obstacle, a rollover.

Figure 6 shows decreasing critical velocity as retardation increases. Consequently,
an unfavourable braking situation may arise when the driver engages the brake pedal
calling for low retardation, he is seeking for higher retardation as the vehicle
becomes oversteering. Hence, critical velocity may occur continuously as retardation
increases. Simulations in this case have been performed and the magnification at
different retardations are found in appendix C (figures C.12 and C.13). Comparing
these magnifications with the corresponding functions in figures C.1 to C.8 clearly
demonstrates that braking at over-critical velocity is more critical than continuously
staying on critical velocity.

To investigate the influences of an interrupted braking manoeuvre, such simulations
are performed. A corresponding figure is found in appendix C (figure C.14). As the
vehicle retards, the yaw rate magnification grows, but as soon as braking is
interrupted, yaw rate magnification recovers within approximately one second its
steady state value, so in contrast to yaw instability caused by lack of friction, braking
related yaw instability may be settled simply, interrupting the braking. Nevertheless,
extended braking may be necessary in avoiding an accident and thereby, may not
possibly be interrupted.

Tire relaxation length is introduced to look into the effects of time delayed slip angles.
A magnification plot from two simulations involving relaxed and not relaxed slip
angles is shown in appendix C (figure C.15). This simulation reveals that relaxation
length does not change the fundamental properties of yaw stability, validating the use
of the quasi-static model that excludes tire relaxation.
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The quasi-static work presented, based on the bicycle model, facilitates estimations
of the stability regions, critical velocity derived as a function of retardation.
Traditionally, this parameter is defined as the steady state velocity at which the
magnification from steering angle to yaw rate asymptotically approaches infinity.
During braking the velocity continuously decreases so critical velocity must be
re-interpreted. Additionally, dynamic simulations show that even over-critical velocity
is, in some cases, possible to handle. Therefore, in the quasi-static calculations,
critical velocity expresses an instability risk but not an impracticable state.

The yaw moment of inertia plays an important role acting as a resistance against yaw
acceleration. A given rotating moment in the yaw direction yields, for decreased yaw
inertia, increasing yaw acceleration. An excess of yaw moment exists at over-critical
velocity originating in large front axle tire forces continuously accelerating the vehicle
yaw. Since extended braking manoeuvres as a rule stop at zero velocity and lateral
tire forces at that time are zero, the vehicle is exposed to the moment only for a
limited time interval. Therefore, high yaw moment of inertia is desired in order not to
attain high yaw rate during braking manoeuvres consequently avoiding braking
related yaw instability. Dynamic simulations support this fact while it is not considered
at all in the quasi-static model.

In steady state, approaching critical velocity is the main risk causing yaw instability.
Therefore, this investigation includes simulations in which braking is applied in order
to retain critical velocity during the entire braking process. Due to dynamics, inertia
prevents the yaw rate from growing asymptotically and thereby, over-critical velocity
may also be experienced during the braking manoeuvre. The most critical situation
therefore arises when the excess of yaw moment is greatest; at over-critical velocity.

The yaw rate is a state in the dynamic model, i.e. it is dependent on its history.
Simulations show that extended braking from high initial velocity gives higher yaw
rate magnification than when beginning from lower velocities, even when the velocity
has decreased to equal values. Hence, this braking related yaw instability may
primarily be associated with braking manoeuvres on the highway, driving at 20
to 30 m/s.

Finally, this investigation is exclusively based upon open-loop considerations, i.e.
without taking driver response into consideration. No conclusions are stated on the
influence of a driver in the system. In order to do that a driver model or an HWIL-
system is required facilitating closed-loop simulations.
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A 4x2 tractor may reach yaw instability due to the longitudinal load transfer
associated with extended braking. The vehicle may under hazardous circumstances
end up in a collision or rollover. This problem may also exist for tall passenger cars
with a short wheel base. The problem is primarily related to highway velocities, 20
to 30 m/s.

Normally, at a steady driving rate, having much of the load on the front axle indicates
high vehicle stability which is an understeering indication. While braking however, it
may become impaired since rear axle load decreases rapidly as retardation
increases and yaw stability may be lost.

The quasi-static model presented, based on the bicycle model, gives a good first
order estimation of the stability properties of the vehicle. However, the critical velocity
derived must not be interpreted in the traditional way but as an instability risk factor.

The dynamic model used to simulate braking manoeuvres shows that the vehicle
does not rotate too much as long as the initial velocity at which the braking mano-
euvre begins is low, up to 15 m/s. The time during which the vehicle is exposed to a
high yaw rate is simply minimal. At higher initial velocities (20 to 30 m/s) however, the
vehicle may rotate up to a quarter of a revolution before the velocity drops to zero,
ending up in a hazardous situation. Furthermore, simulations show that retardations
of about 4 m/s2 are almost as dangerous as very high retardations, up to 8 m/s2.
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C Constant
� Derivative
� Force
	 Gravity Constant, 9.81 m/s2

� Height
�2� Constant
� Wheel Base
� Mass
� Retardation
� Trail, Time
� Velocity
$ Longitudinal Deflection

����	

α Slip Angle
δ Steering angle
ϕ Roll Angle
κ Non-Dimensional Height
λ Non-Dimensional Length
µ Obtainable Friction Coefficient
ρ Non-Dimensional retardation
σ Lateral Deflection
ω Rotation

��
����

3 Initial
�4 Front Axle
5� Rear Axle
+ Braking
� Caster
���� Critical
� Effective
� Counter
6 Normal
� Pneumatic
� Steering System
� Tire

� Understeer
� Wheel
' Longitudinal
� Lateral
7 Yaw
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ABS Anti Brake-lock System
CG Center of Gravity
DADS Dynamic Analysis and Design System
DOF Degrees of Freedom
HWIL Hard Ware in the Loop
MBS Multi-Body System
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DERIVATION OF EQUATION (4) - A quasi-static model supports the determination
of axle normal loads during braking, using obtained retardation as input signal.
Equations are derived in basis of variables used in figure A1.

�

λ8�

κ8�
�8	

�8�

�1���1��

�[�� �[��

��������	
���������������������������������������������������

During steady braking, CG experiences inertia forces equal to vehicle mass times
current retardation. The equilibrium equations in the longitudinal, lateral and pitch
directions are derived in equations (A1) to (A3):

�����
��1��1

=⋅−+ (A1)

�����
��[��[

=⋅−+ (A2)

�������	�
��1��1

=⋅⋅⋅+⋅⋅−⋅−⋅ κλλ)( (A3)

Solving equations (A1) and (A3) for F1�� and F1�� yields:





⋅⋅−⋅⋅=
⋅⋅+−⋅⋅=

κλ
κλ

�����

��	���

��1

��1
)(

(A4)

Finally, using ρ������ together with �L����1L���� gives:





⋅−⋅=
⋅+−⋅=
)(

)(

ρκλ
ρκλ

��

	��

��

�� (A5)

which are the desired equations used for axle normal loads. These loads set the
conditions for the axle cornering stiffnesses.

Equation (A5) reveals ��� becoming zero as λ���κ�ρ. Since normal load can not be
negative, equations are valid only for ����ρ���λ�κ.
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VALIDATION AGAINST FIELD EXPERIMENTS - The MBS program DADS is used,
validating the dynamic model against field experiments with a tractor braking at high
friction reaching approximately 3.5 m/s2. Compared parameters are longitudinal load
transfer, forward velocity and pitch angle.

To measure axle normal loads, wheels with strain sensor equipped rims are used
only at the front axle, being the only parameter plotted in figure B1. The plot reveals
the dynamic model describing longitudinal load transfer accurate; assuming one
accurate axle load validates the load transfer.
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Forward velocity measured with a correvit sensing the velocity in one direction,
showed good agreement to simulations, figure B2.
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When measuring retardation, redundant numbers of sensors are used; both the
correvit signal and an accelerometer on a stabilised platform. Distinguishing the two
signals is almost impossible.

The stabilised platform is used also when measuring pitch angle; properly
reproduced in simulation, figure B3.
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SIMULATIONS WITH THE DYNAMIC MODEL - Plots referred to in Dynamic Model
Analysis, are presented in this appendix also including a short discussion.

OFFSETS DURING BRAKING - To determine the effects of braking while continuing
in a straight path, yaw rate magnification and yaw acceleration magnification is
studied. In simulations performed with steering wheel rotated approximately
0.01 radians, braking is applied seeking for retardations between 0 and 8 m/s2.

In figures C.1 to C.4, the yaw rate magnification due to steering angle is plotted
having 25 and 50 m/s initial velocities. The latter is not a realistic velocity, but
interesting in order to study yaw rate history dependency and thereby the effects of
an initialised yaw instability.
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At 25 m/s and steady driving, the steering angle to yaw rate magnification is
approximately 3, while it redoubles when applying the brakes seeking for 0.2 �
retardation (figure C.1). At higher retardations however, it grows approaching
60 times higher in steady state (figure C2), even at lower velocities, showing a similar
pattern when starting at extremely high 50 m/s (figures C.3 and C.4). At 0.4 �
retardation, the magnification has grown about 250 times showing no more growth at
higher retardations. This reveals braking from highway velocities is more dangerous
than from lower since the yaw rate, being a state, is history dependent.

Yaw acceleration is an indication of the moment applied in the yaw direction.
Steering angle to yaw acceleration magnification for previously presented simulations
are shown in figures C.5 to C.8.
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Throughout simulations, yaw acceleration indicates an increase with retardation,
which is expected since the yaw moment originating in lateral tire forces at the front
and rear axles increases with retardation. At 25 m/s initial velocity it is very apparent
while at 50 m/s, it is not as distinct. At lower retardations however, the vehicle is
exposed to yaw acceleration for a longer time, yielding higher yaw rate.

BRAKING IN A ROUNDABOUT - is a realistic manoeuvre appearing on the road
differing from the previous by the larger lateral acceleration introducing vehicle roll,
which changes the cornering response since the inner rear axle wheel thereby may
lose ground contact. Simulations are performed from 10 and 25 m/s initial velocities
in roundabouts having 33 and 200 m radii. Corresponding lateral acceleration in both
cases is approximately 3 m/s2, figures C.9 to C.11.
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At 10 m/s initial velocity, the yaw rate is slightly magnified even at very high
retardations (figure C.9), while at 25 m/s it enlarges (figure C.10). However, the
magnification is less than in the earlier analysis due to lateral tire force saturation
resulting in maximal yaw acceleration. Since steering angles are already much
larger than in the previous simulations, the magnification is lower.
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Figure C.11 shows the trajectory in the x-y plane with desired path corresponds to
ρ�= 0. As retardation increases, the discrepancy from the desired path grows while
occurring earlier. Some of these manoeuvres can result in a collision or, if striking a
curb or an obstacle, rollover.

UNFAVOURABLE RETARDATION - may be achievable when engaging the brake
pedal calling for low retardation, seeking for higher as the vehicle becomes over-
steering. Thereby, critical velocity may occur continuously as retardation increases.
Simulations of this case, also involving effects of yaw moment of inertia changes, are
presented in figures C.12 and C.13.
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Comparing these simulations with corresponding simulations of steer offset (figures
C.1 to C.8) clarifies over-critical velocity as being more hazardous than continuously
occurring critical velocity.

Yaw moment of inertia plays an important role, since a reduction yields increased
yaw acceleration magnification and an earlier occurring unstable state (figure C.13).

INTERRUPTED BRAKING - may introduce yaw instability, continuing after braking.
Simulations performed with braking interrupted after retarding from 25 to 6 m/s show
stabilised yaw rate one second later (figure C.14). Hence, removing the load transfer
may cure yaw instability. Nevertheless, if brakes are applied to avoid a collision,
interruption may be impossible.
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TIRE RELAXATION LENGTH - of the order of half the tire circumference is included
in the dynamic model. In order to check validity of the quasi-static model,
one simulation excluded relaxation. Presented in figure C.15, it shows a small
discrepancy from the simulation including relaxation, justifying the negligence of
relaxation in the quasi-static model.
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PARAMETER TABLE - listing the approximate values used in calculations
and simulations are found below. All values are realistic but do not necessarily
correspond to any existing vehicle.

Table C.2. Tractor parameters used in calculations and simulations
��������	
��
������ Total truck mass 7350 ��

Front axle roll moments of inertia 100 ����

Rear axle roll moments of inertia 200 ����

Suspended mass roll moments of inertia 3000 ����

Total yaw moments of inertia 18000 ����

�������	������	
��
������ Initial caster trail 0.02 �
Initial pneumatic trail 0.02 �
Caster trail derivative -0.08 ��2

Pneumatic trail derivative 3·10-6 ����
Total steering system compliance 60 �3�����

Roll steer coefficient -0.1 2
����	
��
������ Vertical distance CG to roll axis 0.54 �

Front axle roll stiffness 350 �3�����
Rear axle roll stiffness 1600 �3�����

���������	
��
������ Front axle normalised cornering stiffnesses 52 3�4������5
Rear axle normalised cornering stiffnesses 58 3�4������5

�������� Wheel base 3.55 �
Longitudinal distance, front axle to CG 0.88 �

Total CG height 1.06��
����	���������� Utilised friction coefficient 0.9 2
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Advanced vehicle control to increase safety is an important subject of modern
research. Systems for lateral dynamics monitoring of passenger cars have been
developed during the last decade. Most recently, active safety grows in importance in
the area of commercial vehicles as well.

While a passenger car can be considered a simple system to control, a heavy vehicle
combination cannot. Dynamics of trucks and tractors connected to multiple axle
trailers are not fundamental.

In order to ensure stable and robust control systems the cornering properties of the
vehicle combination have to be known. A moving vehicle relies on tire force
generation to remain on the road. This is affected, through geometric properties of
the suspension by lateral acceleration while turning, which may or may not assist
vehicle handling. Consequently, an accurate description of the force generation at
each axle is essential in assessing the relationship between lateral force and axle slip
angle, i.e. the ��������	��
	����������
�
�.

Normalised by the static axle load the force generation of each axle represents the
utilised friction. When compared in the same plot, the ��	��
	�� �
������ can be
drawn. In its most basic form, this diagram describes the non-linear function between
steering and lateral acceleration during steady state manoeuvring.

Commonly used in fundamental studies of vehicle dynamics is a linear approximation
of the axle characteristic function near zero slip angle, i.e. the ���	��
	�� �
��	���.
When adapted to the handling diagram this linear representation reveals the �	����
���������
�	 of the vehicle, which is valid in a region close to zero steering angles
and lateral accelerations

We have utilised an 
	������������
	� method, relying on the vehicle body ��
�	
when producing axle data. From a mathematical model representation of the vehicle,
it is possible to derive the slip angles and external axle forces, gained from the
measured signals of body accelerations plus rate of rotations.

The method proposed is demonstrated in [1]1 applied to a passenger car. In [2] the
method’s ease of application is further displayed using a car with a single axle trailer
combination for study, and is here applied to a heavy vehicle combination; tractor
and semitrailer.

Until recently the only practical method evaluating non-linear handling characteristics
of heavy vehicles have been constant radius testing on very large skid pads. This
method not only demands huge testing areas, but rapidly wears out tires. The inverse
modelling method on the other hand only requires manoeuvres generating lateral
forces, shifting from one side to the other. A skilful driver produce forces at a high
level of slip, which reveals the non linearity of the axles. Nevertheless it is possible to
acquire a great deal of information on the vehicle’s cornering properties from the
resulting data, even at low slip levels.

                                           
1 Numbers in brackets indicate end paper references
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Inverse modelling implies that differential equations of motion are turned into
algebraic expressions by identification of the model’s first and second order time
derivatives as measured signals in the vehicle. Consequently, this approach requires
one signal per degree of freedom for the model. Alternatively, additional models
translating non-measured DOF into measured signals can be used.

The ambition within this paper is to describe the method, utilising an as simple as
possible modelling approach. Hence, the utmost basic vehicle model available for
demonstration is the well-known bicycle model. This model is proven in providing
adequate descriptions of passenger car and trailer dynamics, while it is generally not
assumed to represent heavy vehicles. The most evident differences between heavy
vehicle combinations and passenger cars are:

� flexible frame, compared to rigid chassis

� reduced ratio of track width to CG height

In the sequel it is assumed that it is still possible to describe heavy vehicle handling
properties, utilising a model with CG at ground level and connected rigid beams
representing the bodies. In addition to this simple description the axle characteristics
concept is utilised, being the element including all non-linear effects deriving from

� tire characteristics

� steering system compliance

� suspension kinematics

� lateral load transfer

� torsional frame flexibility
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A 4x2 tractor and a semitrailer combination is shown in figure 1 with one averaged
tire at the centre point of each axle, constrained to move on an even and horizontal
inertial plane with each CG at ground level.

All external forces are assumed to be generated by the axles. No longitudinal forces
are present.

Any presence of closely spaced multiple axles on the trailer has been represented by
the sum of forces plus an external aligning torque, which derives from the difference
in lateral forces produced during cornering by the spacing between the axles. Hence
the resulting force and the aligning torque, give the sum of lateral forces from the
multiple axles.

The tractor, with mass m and yaw moment of inertia �], translates in the horizontal
��-plane and rotates the yaw angle ψ, about the vertical #-axis. Related to the
tractor is the body fixed �-system with origin at CG and the co-ordinate axes ����$.
The connection point (hook) between the two units is at the distance λK� from the
tractor CG being a hinge which may not transfer torque.

The trailer, with mass �W�and yaw moment of inertia �]W� is related to the body fixed
�-system with co-ordinate axes �W��W�$W. The trailer system - with its origin at the trailer
axle and freedom of motion in the ��-plane - rotates about the #-axis with the yaw
angle ψW.

The motion of the vehicle combination is described within 4 degrees of freedom:

{ }7
W

��% ψψ ,,,= (1)

while the two rotating systems are related via the attitude angle

ψψβ −=
WW

(2)

A convenient choice of the velocity state vector of the system is

{ }7]W]\[ ��� ωω ,,,= (3)

which contains the horizontal velocity of the index point and the rotation of the two
bodies. While this is not a unique set of state variables, their physical meaning and
simplifying effect on the equations of motion of the system motivate the choice.

Equations (1) and (2) are related via the kinematic differential equation:
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Described within these variables the equations of motion of the 4 DOF tractor and
trailer combination are given in Appendix B.
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The proposed method relies on measurements of motion, which are translated into
forces via the vehicle model. Hence there has to be at least one measured motion
signal for each force to be determined. In the case of a two axle tractor towing a
three axle semitrailer, there are five axles of interest. However, only three motion
signals are meaningful: lateral acceleration, tractor yaw rate and trailer yaw rate.
In order to overcome this problem the three axles of the trailer are condensed into
one with an applied aligning torque representing the effect of the longitudinal
displacement of the axles. The resulting aligning torque is described as a linear
function of the yaw rate and longitudinal velocity of the trailer (cf. appendix D).

Equations (B.1), (B.2) and (B.3), are solved for the external lateral forces. The trailer
axle force then becomes

( )�
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where the static axle load of the trailer 	345 is given by
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It can be shown that the contribution from the aligning moment ���� to the maximum
resultant axle force is in the order of 1% to 2% so it is neglected in the sequel.

The lateral axle forces of the tractor from equation (B.5):
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where the effect of the trailer is given by:
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and the distance from the front axle to the hook λ�K� is given by:

( )��
KK�

λλλ +=

����������	

THE TEST VEHICLE COMBINATION – A 4x2 tractor, fully air suspended, towing a
three axle Euro-trailer is instrumented with sensors measuring forward velocity along
with body accelerations, velocities and rate of rotations of both units. With knowledge
of the combination’s inertia and geometric properties, this gives the external forces
acting on the tractor and trailer.
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The vehicle combination is equipped with two inertia platforms, one per unit giving
the full three-dimensional motion of the units. The platforms are fixed to the vehicle at
well-defined 
	��� points. These points are chosen close to roll axis estimates of
each unit in order to minimise error effects from roll. Table 1 lists measured signals.

Table 1. Measured signals
������ ��	
������ ���	������ ��	����

\[
�� ~,~ Horizontal long and lateral

acceleration of the tractor
Inertia platform Tractor frame

\W[W
�� ~,~ Horizontal long and lateral

acceleration of the trailer
Inertia platform Above trailer axle centre

]
ω~ Tractor yaw rate about

inertial Z axis
Inertia platform Tractor frame

]W
ω~ Trailer yaw rate about

inertial Z axis
Inertia platform Above trailer axle centre

ϕ~ Roll angle of tractor Inertia platform Tractor frame

W
ϕ~ Roll angle of trailer Inertia platform Above trailer axle centre

δ~ Wheel steer angles
(both wheels)

Celesco Front axle

[
�~ Longitudinal velocity Correvit Tractor front bumper

Equations (6), (7) and (8) require acceleration signals taken at the tractor CG and
midway between the three trailer axles. An installation of the inertia platform at the
CG is not convenient or even possible, while any displacement of the platform must
be compensated for in order to avoid systematic errors in measurements.

All signals are pre filtered by a 50 Hz, 3-dB/octave analogue butterworth low pass
filter and sampled at a rate of 100 Hz.

THE MOTION OF THE TRACTOR BODY – The slip angles of the front and rear axle
are determined from acceleration measurements. Rearranging equation (C.1) gives

][\\

]\[[
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ω
ω

−=
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�

�
(9)

which is a set of ordinary differential equations. Numerically solved, equation (9)
leads to the velocities of the CG assuming accurate initial values. The velocity �[ may
also be obtained from the correvit signal.

The slip angle of the front and the rear axles respectively may then be determined
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THE MOTION OF THE TRAILER BODY – Attitude angle βW is determined from
numerically integrated yaw rate signals. The lateral and longitudinal accelerations of
the trailer axle are measured by the inertia platform, while these signals may be
expressed as

]W[W\W\W

]W\W[W[W

���

���

ω
ω

+=
−=

�

�
(12)

from which the lateral and longitudinal velocity of the trailer axle can be integrated in
accordance with equation (9). The slip angle of the axle is then







=

[W

\W

��� �

�
arctanα (13)

TEST PROCEDURE – The proposed method relies on numerical solutions to
ordinary differential equations. It is therefore important that accurate initial conditions
are used. The test thus initiates from zero velocity. The calculations may be further
improved if measuring continues until the vehicle is at rest. Numerical errors increase
with time so tests should thus be as short as possible. The elapsed time for one test
was approximately 45 seconds.

���������	
��
���
������
����
��������
����

Results from one single lane change manoeuvre are shown, while the full data base
of measurements contains about 50 individual tests. These tests are performed
within a range of maximum lateral acceleration measures from 2 m/s2 up to 6 m/s2 of
which the upper value represents 100% of the steady state roll over threshold level
for the combination.
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Figure 2 displays the measured lateral acceleration of the units. Also displayed are
corresponding data derived from a simulation using a vehicle model that inherits the
same geometrical- and inertial data previously used in describing the axle data. Input
to the simulation is the steering wheel angle initiated at a constant longitudinal
velocity. The axle characteristics used in the simulation are based on curve fits to the

Tractor Trailer

Simulated
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most commonly used formula, namely the empirical ”magic formula” [3]. The formula
and fit of data are described in the next section.

Figure 3 shows good correlation between measured and simulated data throughout
the entire manoeuvre. However, a discrepancy between data occurs after 3 seconds,
when the simulated model shows a more rapid response than measured data.
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Figures 3 and 4 show the slip angle and normalised lateral force at the front axle.
Again, data based both upon measurements and simulation is presented while the
good correlation up to 3 seconds is repeated. Interesting to note is the phase
between measured and simulated data in the region between 2.8 and 3.2 seconds.
While the simulated slip angle lags behind the measured, the opposite yields for the
lateral force. Even though some dynamic effects are present, which cannot be
reproduced using the simple model proposed, the overall correlation is acceptable
finding the cornering properties near steady state manoeuvring.

Simulated

Simulated
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The fit of formula description to axle data, displayed in figures 5 and 6, utilises the
Simplex search algorithm [5] using data from individual tests. Finally, a mean of
these curve fits is taken, giving the magic formula representation of the axle
cornering characteristics. Appendix E displays the deviation in formula representation
from individual tests.

For clarity the simplest form of the magic formula has been adopted

( ) ( )( )( )( )αααα //0/, � arctanarctansin −−= (14)

Though the formula is empirical, its parameters (table 2) are related to the basic
behaviour of the tire characteristic. ��represents the peak value, if present, while the
product ��� equals the gradient of the function at zero slip.

In measured data, it is possible to identify an axle hysteresis, which can be described
as derived from the relaxation between input slip angle and output lateral axle force.
The type of formula applied to our axle data is not a function of time, while these
dependencies should be eliminated from measured data if possible. Dealing with the

Front axle

Rear axle
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tested vehicle, this hysteresis is most visible at the tractor’s front axle, while at the
rear axle and at the trailer axle, it is not that apparent. A frequently used model of the
relaxation is to look upon the wheel as needing to roll a certain distance before the
lateral force reaches 63% of its steady state level. The relaxation may then be
described as a first order filter acting on the slip angle as shown in [6], with its time
constant dependent on the vehicle speed and the relaxation length, σ.

αα
ασ =+ ODJ

ODJ

[ �

�

�
(15)

where αODJ is the filtered slip angle.

Applying equation (15) to measured slip angles reduces the area of hysteresis.
Simply identifying the value minimising this area gives a good estimate of the
axle relaxation length. The phenomenon is well described in figure 7, showing
re-introduced relaxation in simulations.
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Table 2. Coefficients of trailer axle characteristics formula
���� � � � � ��� ���������

	�����		
[kN/rad]

���������
[kN]

���
��
����

3.1 1.4 0.75 0.85 3.3 217 65.9

���
��
����

7.1 0.65 1.45 0.91 6.7 608 90.7

������� 7.5 1.3 0.77 0.26 7.3 1406 193
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By varying vehicle parameters such as geometrical-, inertial- and axle characteristics
data, it is possible to design a heavy vehicle combination in such a way that it inherits
an unstable yaw response. In order to provide a means of clearly characterising the
presence of an unstable operating condition, it is convenient to adopt a technique
called the ��������������� [4], developed to facilitate the study of steady state yaw
response to steering. The handling diagram is simply a plot of the relationship
between steering and lateral acceleration while performing constant radius turning.
Normalised cornering characteristics of the tractor axles as represented by the magic
formula representation gives the same result as cornering on a large radius. At
certain values of normalised lateral forces, the slope of the handling diagram is
determined by subtracting the corresponding slip values of the front axle and the rear
axle from each other. The slip difference is then noted as the non-dependent
variable, corresponding to the normalised lateral force as the dependent variable. As
long as the resulting slope has a negative sign, the combination is understeered and
hence stable. If the slope in any region turns over from a negative into a positive
slope, the vehicle has transited from being understeered into becoming oversteered.
In such a region, the vehicle response changes from stable into unstable.

Figure 8 shows that the slope is negative in the whole region, which implies that the
tested vehicle combination is shown to be yaw-stable throughout its operating range
of lateral acceleration.
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As shown the axle characteristics of a tractor and trailer may be determined from the
measurements of motion, while the lateral axle forces and slip angles are derived
from a mathematical model of the vehicle. Influences on the force generation from
the tractor and trailer frame compliance as well as suspension and steering design
are included in the axle characteristics, which are clearly demonstrated by the
expected reduction of cornering stiffness at the front axle of the tractor.

The axle data has been applied to the ”magic formula” and the result was confirmed
by simulation of the vehicle motion. The validation, based on measurements using
lateral accelerations up to the level of rolling over in steady state, displays a good
agreement between measured results and simulation.

It is important to conclude that this method, with the proposed level of model
complexity, reproduces dynamic effects in a region close to steady state. Higher
frequencies need model extension.

�
�������������	

NUTEK, The Swedish National Board for Industrial and Technical Development.
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�, �, �* Co-ordinate systems
�*��*�#��*��*�$*��W*��W*�$W Co-ordinate axes
2*�� Acceleration
�*��*��*���� Formula parameters
� Force
� Gravitational constant
� Moment of inertia
� Length
� Mass
� Moment
& Static axle load
6 Radius of path
T Transpose of vector
�*�� Velocity
α Axle slip angle
β Attitude angle
δ Axle steer angle
σ Relaxation length
ϕ Roll angle
λ Percentage of tractor wheel base
ψ Yaw angle
ω Angular velocity

��	�
����	��������
�����

, Tractor
� Hook
��� Lagging parameter
 Trailer
�*�' Tractor front and rear axles
(�+ Trailer axle(s)
∼ Measured signal
∧ Trailer effect

�����������

CG Centre of Gravity
DOF Degree of Freedom
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TRACTOR CONFIGURATION - 4x2 tractor, at curb weight. Driver and one passen-
ger added, 80 kg each.

Table A.1. Tractor parameters
Yaw inertia �] 20000 [kgm2]
Tractor mass � 7000 [kg]
Wheel base � 3.68 [m]
CG to front axle λ 0.277 [1]
CG to hook λK 2.04 [1]
Front suspension Air
Rear suspension Air
Tires, front axle Michelin XZA 315/80 R22.5
Tires, rear axle Michelin XZY 315/80 R22.5, dual mounted

TRAILER CONFIGURATION - Three axles Euro.

Table A.2. Trailer parameters
Yaw inertia �]W 440000 [kgm2]
Trailer mass �W 28600 [kg]
Hook to trailer CG λW�K 1.40 [1]
Trailer CG to axle centre λW 0.665 [1]
Distance between trailer axles λ��� 0.712 [1]
Trailer suspension Air
Tires 385/65 R22.5
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EQUATIONS OF MOTION - derived utilising the Sophia multi body dynamics
package [7]
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BODY ACCELERATIONS - The longitudinal and lateral acceleration of the tractor are
written
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(C.1)

The acceleration of the trailer, described in the �-system, is given by
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ALIGNING TORQUE FROM THE TRAILER AXLES - The three axles of the Euro
trailer are condensed into one located at the midpoint between axles, including the
aligning torque produced by the longitudinal spacing λ345� between the outer axles.
The resulting torque is considered as resulting from linear axle forces, giving
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λ−=

where �3 and �5 are the lateral axle forces produced by the two utmost axles of the
trailer.

Assume linear tires at the axles. Cornering then produce the forces
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Assuming the cornering stiffness of the axles to be the same (,��;�,��;�,��;�,���)
and the slip angles to be small then gives
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(D.1)

During measurement, cornering characteristics of the trailer axles are neither linear
nor equal to each other. Nevertheless, this assumption gives acceptable results as
the aligning torque produced is of second order importance.



(ULN�'DKOEHUJ�&RPPHUFLDO�9HKLFOH�6WDELOLW\�±�)RFXVLQJ�RQ�5ROORYHU

��


���������

MAGIC FORMULA FIT TO AXLE DATA
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