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Abstract. This thesis consists of two papers studying structure learn-
ing in probabilistic graphical models for both undirected graphs and
directed acyclic graphs (DAGs).

Paper A, presents a novel family of graph theoretical algorithms,
called the junction tree expanders, that incrementally construct junc-
tion trees for decomposable graphs. Due to its Markovian property,
the junction tree expanders are shown to be suitable for proposal
kernels in a sequential Monte Carlo (SMC) sampling scheme for ap-
proximating a graph posterior distribution. A simulation study is
performed for the case of Gaussian decomposable graphical models
showing efficiency of the suggested unified approach for both struc-
tural and parametric Bayesian inference.

Paper B, develops a novel prior distribution over DAGs with the
ability to express prior knowledge in terms of graph layerings. In
conjunction with the prior, a search and score algorithm based on
the layering property of DAGs, is developed for performing structure
learning in Bayesian networks. A simulation study shows that the
search and score algorithm along with the prior has superior perfor-
mance for learning graph with a clearly layered structure compared
with other priors.
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Sammanfattning. Denna avhandling består av två artiklar som be-
handlar strukturinlärning för probabilistiska grafiska modeller för icke-
riktade grafer och riktade acykliska grafer.

Paper A, presenterar en ny familj av algorithmer som inkrementellt
bygger junction trees för nedbrytbara grafer. Denna familj av algo-
ritmer möjliggör för en stokastisk implementering med en Markov-
egenskap som visar sig vara användbar som förslagskärna i en sekven-
tiell Monte Carlo-algoritm med egenskapen att kunna generera slumpade
nedbrytbara grafer från dess aposteriorifördeling.

Paper B, utvecklar en ny apriorifördelning för riktade acykliska
grafer som kan uttrycka kunskap om grafstrukturen i termer av lager
i grafen. Tillsammans med apriorifördelningen så utvecklas även en
search and score- algoritm baserad på lageregenskapen för att ut-
föra strukturinlärning i Bayesianska nätverk. En simuleringsstudie
visar att search and score-algorithmen tillsammans med apriorfördel-
ing presterar bra på grafer med tydlig lagerstruktur.
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1. Introduction

This thesis considers the problem of inferring graph structures in prob-
abilistic graphical models. These models provide an elegant setting for
emerging uncertainty (probabilities) and structure (conditional indepen-
dence statements) to efficiently represent complex real world phenomena.
In the graph model, each random variable is associated with a node and
pairwise dependence among the variables is represented by the edge set.
The two most common types of graphical models, which both are treated
in this thesis, are Bayesian networks represented by directed acyclic graphs
(DAGs) and Markov networks which are based on undirected graphs.

The need for modeling and understanding interactions between variables
arises in various areas including web search, modeling genetic disorders, im-
age recognition, reconstruction of biological networks, speech recognition,
natural language processing, robotics, and many more. For such examples,
a graph provides a convenient tool to visualize the multivariate dependen-
cies that are interpretable by human. In addition, the graph can also be
exploited when performing statistical parametric inference. By first select-
ing a graph, parametric estimation can be performed under the conditional
independence constraints encoded by the graph, often resulting in a reduc-
tion of the dimension of the parameter space. The graph can be deduced
either from an expert or inferred from data (or a combination). This thesis
focuses on inferring the graph purely from data in a Bayesian perspective,
referred to as Bayesian graph structure learning.

In Bayesian graph structure learning, the graph itself is regarded as a
parameter to be estimated. Beliefs or uncertainty about the structure of
the graph is expressed in terms of a probability distribution referred to as
the prior. The prior is then updated by the data yielding the posterior
distribution which is used for inference. This stands in contrast to the
frequentists view, where the graph is regarded as a fixed and unknown
underlying model.

The space of graphs grows very fast with the number of nodes, thus eval-
uating the posterior probability for every graph becomes computationally
intractable. Hence, important methodological issues faced with Bayesian
graph structure learning include both questions of specification of appropri-
ate priors for the graph structure, and the very complex problem of searching
over the space of graphs to identify high posterior regions. These two is-
sues are tackled in the current thesis, providing results for both undirected
graphs and DAGs, presented in Paper A and Paper B, respectively.
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Paper A focuses on the class of decomposable graphs and presents a novel
family of structure learning algorithms called for junction tree expanders.
These expanders operate on the space of junction trees of cliques and expand
a tree by incremental node pasting in its underlying decomposable graph.
Due to its Markovian property, the algorithm is shown to be suitable for
sequential Bayesian computation on the graph posterior distribution. More
specifically, the expander is incorporated in an SMC sampling scheme as
a proposal kernel and, together with a properly designed retrospective dy-
namics of a backward kernel, allows an efficient framework for sampling
from the desired graph posterior to be build. Bayesian parametric infer-
ence is a direct by-product of this suggested unified methodology. Through
a simulation study, the accuracy of the proposed estimators is illustrated
numerically along with scalability to large graphs.

Paper B, presents a novel family of prior distribution for DAGs, called the
minimal Hoppe-Beta priors with the ability to express knowledge about the
DAG in terms of graph layerings. Specifically, the special property of DAGs
having a unique minimal layering is exploited to derive a closed form expres-
sion for this distribution. The minimal layering is defined by Hoppe’s urn
model and the edges are generated from a Beta distribution while maintain-
ing the minimal layering. Thus the family of priors are parameterized with
the parameters in these distributions controlling the sparsity of the DAG.
Along with the developed prior, a stochastic search algorithm for structure
learning in Bayesian networks that maintains the minimal-layering between
iterations is developed. A simulation study shows that the suggested algo-
rithm demonstrates better performance, in comparison to other priors, for
learning structured graphs when the minimal Hoppe-Beta prior is used.

2. Graphical models

The similarities between graph structures and probabilistic conditional
independence are expressed in terms of the so-called formal conditional in-
dependence models. By using the concept of Markov properties, it is possible
to infer conditional independence in a probability distribution from a graph.
In what follows, this connection will be explained in more detail.

A formal independence model on a finite set V is a subset of all possible
triples of disjoint subsets of V which we denote by T (V). The triples are often
induced by some conditional independence relation ⊥, answering whether
A is conditionally independent of B given C (denoted by A ⊥ B |C) holds
or not where (A,B,C) ∈ T (V). Hence given a conditional independence
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relation, ⊥ one can construct the set

M⊥ = {(A,B,C) ∈ T (V) : A ⊥ B |C},
referred to as the conditional independence model induced by ⊥. Thus it
makes sense to talk about properties of ⊥ as properties of ⊥ itself, so that
for example the statement A ⊥ B |C, is equivalent to (A,B,C) ∈M⊥.

Of particular interest are the independence models closed under the fol-
lowing set of axioms:

• Triviality: A ⊥ ∅ |C
• Symmetry: A ⊥ B |C =⇒ B ⊥ A |C
• Decomposition: A ⊥ B ∪D |C =⇒ A ⊥ D |C
• Weak union: A ⊥ B ∪D |C =⇒ A ⊥ B |C ∪D
• Contraction: A ⊥ B |C ∪D and A ⊥ D |C =⇒ A ⊥ B ∪D |C.

Such models are called semi-graphoids. If in addition the following holds:
• Intersection: A ⊥ B |C ∪D and A ⊥ D |B∪C =⇒ A ⊥ B∪D |C,

the structure is a graphoid.
A first example of semi-graphoids is the set of conditional independence

statements in a multivariate probability distribution.

Example 1. Let X = (Xi)i∈V be a multivariate random variable with joint
distribution P. Let XW = (Xi)i∈W where W ⊂ V to indicate the variables
of X belonging to the subset W . Let A,B,C ⊂ V be disjoint sets, then XA

and XB are conditionally independent given XC if PXA,XB |XS
(xA, xB |xS) =

PXA|XS
(xA|xS)PXB |XS

(xB |xS). This is denoted by XA ⊥P XB |XC or by
A ⊥P B |C for simplicity. The conditional independence relation ⊥P is a
semi-graphoid and if P is strictly positive it is a graphoid, see Pearl (1997).

It was conjectured in Paz and Pearl (1985) that the semi-graphoid axioms
completely characterizes probabilistic conditional independence in the sense
that for any semi-graphoid ⊥, there exists a distribution P such that

A ⊥ B |C ⇐⇒ A ⊥P B |C.
The conjecture was however disproved in Studeny (1990), where a stronger
result on axiomatic characterization is stated showing impossibility of char-
acterizing the probabilistic conditional independence by a finite set of ax-
ioms.

A second example is the set of separation statements in undirected graphs.

Example 2. Let G = (V,E) be an undirected graph, where V is the node
set and E ⊂ V × V is the edge set. For disjoint sets A,B,C ⊂ V, it is said
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that that A is separated from B by C, if all paths from A to B intersect C.
This is denoted by A ⊥G B |C and it can be shown that ⊥G is a graphoid.

Figure 1 visualizes the graph G = ({1, 2, 3}, {(1, 2), (2, 3)}), having the
induced conditional modelM⊥G

= {({1}, {3}, {2})}.

1 2 3

Figure 1. The undirected graph, ({1, 2, 3}, {(1, 2), (2, 3)}).

In contrast to probabilistic conditional independence, separation in undi-
rected graphs do have a complete characterization by the following set of
axioms:

• Triviality: A ⊥ ∅ |C
• Symmetry: A ⊥ B |C =⇒ B ⊥ A |C
• Decomposition: A ⊥ B ∪D |C =⇒ A ⊥ D |C
• Strong union: A ⊥ B |C =⇒ A ⊥ B |D ∪ C
• Intersection: A ⊥ B |C ∪D and A ⊥ D |B∪C =⇒ A ⊥ B∪D |C.

Hence, for any independence relation ⊥, satisfying the above axioms, there
exists an undirected graph G such that

A ⊥ B |C ⇐⇒ A ⊥G B |C.

A third example is the set of d-separation statements in a DAG.

Example 3. For a triple of disjoint sets A,B,C ⊂ V in a DAG, D = (V,E),
it is said that A is d-separated from B by C, denoted by XA ⊥D XB |XC

if undirected path from A to B is blocked by C.1 The relation ⊥D also
satisfies the semi-graphoid axioms.

A DAG with tree node and its corresponding conditional independence
model is illustrated in the next example.

Example 4. Figure 2 visualizes the DAG, D = ({1, 2, 3}, {(1, 2), (3, 2)})
where the conditional independence model induced by ⊥D isM⊥D

= {({1}, {3}, ∅)}.

1See for example Pearl (1997) for definition of the terminology regarding graph
structures.
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1 2 3

Figure 2. The DAG, ({1, 2, 3}, {(1, 2), (3, 2)}).

As for probabilistic conditional independence, there is no finite charac-
terization of d-separation.

A semi-graphoid ⊥ is said to be graph induced, faithful or isomorphic to
a graph G if every independence in ⊥ is representable by G. In general, for
a given semi-graphoid ⊥, it is not always possible to find a graph to which
⊥ is faithful. This motivates the need of a property expressing to what
extent independence in a semi-graphoid can be inferred from separation in
a graph. For undirected graphs, this is formulated through the three Markov
properties, mentioned in the beginning of this section and formally defined
below.
Definition 1 ((P) Pairwise Markov). A semi-graphoid ⊥ is said to be pair-
wise Markov with respect to an undirected graph G if for any α, β ∈ V

α ⊥G β |V \ {α, β} ⇒ α ⊥ β |V \ {α, β}.
Definition 2 ((L) Locally Markov). A semi-graphoid ⊥ is said to be locally
Markov with respect to an undirected graph G if for any α ∈ V

α ⊥G V \ cl(α) | cl(α) =⇒ α ⊥ V \ cl(α) | cl(α),
where cl(α) = {β : β ∈ Neigbors(α)} ∪ α.
Definition 3 ((G) Globally Markov). A semi-graphoid ⊥ is said to be
globally Markov with respect to an undirected graph G if for disjoint sets
A,B,C ⊆ V

A ⊥G B |C ⇒ A ⊥ B |C.
The Markov properties are different in general and the relation between

them is that (G) =⇒ (L) =⇒ (P). However, for ⊥ being a graphoid, it
can be shown that (P) =⇒ (G), see for example Lauritzen (1996). This
property of graphoids is useful in the multivariate Gaussian distribution,
where a graph can be constructed from the non-zero elements in the inverse
of the covariance matrix, as demonstrated in the following example.
Example 5. In the p-variate Gaussian distribution, Np(µ,Σ), with mean
vector µ and covariance matrix Σ � 0, it is well known that

Σ−1
ij = 0 ⇐⇒ Xi ⊥P Xj |XV \{i,j},(1)
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see for example Anderson (1984). This means that an undirected graph, G
to which P satisfies the local Markov property can be constructed by, starting
from the empty graph, and then include (i, j) in G if and only Σ−1

ij 6= 0.
Now since Np(µ,Σ) is strictly positive, it holds that ⊥P is a graphoid and
thus it will also satisfy the global Markov property with respect to G.

The set of semi-graphoids induced by a probability distribution P di-
rectly globally Markov with respect to an undirected graph, forms the class
of Markov networks, which are studied in Paper A. In the case when P
is a multivariate Gaussian distribution, these model are called Gaussian
graphical models (GGMs) or covariance selection models.

The Markov property for DAGs is the directed local Markov property
defined next.

Definition 4 ((D) Directed locally Markov). A semi-graphoid ⊥ is said to
be directed locally Markov with respect to a DAG, D if for any α ∈ V

α ⊥D nd(α) | pa(α) =⇒ α ⊥ nd(α) | pa(α),

where pa(α) and nd(α) are the parents and the non-descendants of α re-
spectively.

By Definition 4, the set of semi-graphoids induced by a probability dis-
tribution P directly locally Markov with respect to a DAG, forms the class
of Bayesian networks, which are studied in Paper B.

A special class of semi-graphoids which are globally Markov with respect
to a decomposable undirected graph, are studied in Paper A. These graphs
are characterized by the ability to arrange its cliques in a tree such that
for any pair of cliques A and B in the tree, it holds that A ∩ B ⊆ C for
every clique C on the (unique) path between A and B. In what follows such
trees will be called junction trees. A simple example of two junction tree
representations of a decomposable graph is given below.

Example 6. Figure 4 illustrates the two possible junction trees of the de-
composable graph ( {1, 2, 3, 4, 5}, {(1, 2), (1, 3), (2, 3), (2, 4), (2, 5), (3, 4)} ) vi-
sualized in Figure 3.
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1 2

3 4 5

Figure 3. A decomposable graph with five nodes.

{1, 2, 3} {2, 3, 4} {2, 5} {2, 5} {1, 2, 3} {2, 3, 4}

Figure 4. Two junction tree representations formed by
the cliques {{1, 2, 3}, {2, 3, 4}, {2, 5}} in the graph in Fig-
ure 3.

It is important to note that there is a conceptual bridge connecting Paper
A and Paper B. To explain this in more detail, the notion of the moral graph
is needed. The moral graph, Dm of a directed graph, D is the undirected
graph obtained by first connecting (marrying) the parents of every node by
an undirected edge and then making all the edges undirected. Now, it is
possible to express d-separation in D in terms of separation in subgraphs of
Dm.

Theorem 1 (d-separation (Alternative representation)). Let D be a DAG.
Then for disjoint subsets A,B,C ⊂ V

A ⊥D B |C ⇐⇒ A ⊥D[A∪B∪C]m B |C,
where D[W ] is the subgraph of D induced by the nodes in W for any subset
W ⊂ V .

As a consequence of Theorem 1, if no edges is added at the moralization
step, then two sets of nodes are d-separated inD given a third set if and only
if they are separated in Dm, implying thatM⊥Dm =M⊥G

. This property
holds if and only if Dm is decomposable, see Lauritzen (1996). This in
turn implies that, for a semi-graphoid that is directed locally Markov with
respect to a DAG, D such that Dm is decomposable, it is also globally
Markov with respect to the undirected moralized graph, Dm.
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3. Structure learning

Given a set of n independent observation of a p-dimensional random
vector stored in a n×p dimensional matrix Xn, structure learning refers to
the task of finding the best graph for the underlying probability distribution.
The structure learning approaches differ in GGMs and Bayesian networks.
An overview is presented in the next two sections.

3.1. Gaussian graphical models. The direct correspondence between
conditional independence and the elements in the inverse of the covariance
matrix, Θ = Σ−1, also called the precision matrix, expressed in (1) has
enabled for performing GGM structure learning GGMs as a by-product of
parametric inference.

The likelihood function of Θ in the multivariate Gaussian distribution
with zero mean is given by

f(Xn|Θ) ∝ log det(Θ)− trace(ΘS),

where S = 1
n
XT
nXn. The maximum likelihood estimate of Θ is thus given

as the solution to the following optimization problem

minimize
Θ

trace(ΘS)− log det(Θ)

subject to Θ � 0.

For n > p, the solution is given by Θ̂ = S−1, see for example Johnson and
Wichern (2007). One natural first attempt to structure learning could be
to estimate the graph from the non-zeros elements in Θ̂. The problem with
this approach is that the event of a subset of elements in Θ̂ being zero, has
zero probability mass meaning that the graph estimate will always be the
graph where all nodes are connected by an edge. One remedy could be to
impose a threshold τ , and regard elements Θij as zero if Θij < τ , where
τ could be chosen by for example cross validation. A second drawback is
that S is singular for n ≤ p, making this the method inapplicable for high
dimensional graphs.

The graphical Lasso, addresses the problem of dimensionality and zero
probability by imposing the L1-penalty on Θ, giving the following optimiza-
tion problem

(2)
minimize

Θ
trace(ΘS)− log det(Θ) + λ‖Θ‖1

subject to Θ � 0,
8



where ‖Θ‖1 =
∑

i<j

|Θij |. The L1-penalty makes the problem convex even

when n < p and has the property that certain elements of Θ will be forces
to exactly zero. Several solvers to the problem (2) has been proposed, see
for example Vandenberghe and Boyd (1994); Mazumder and Hastie (2012);
Meinshausen and Bühlmann (2006); Yuan and Lin (2007); Pavlenko et al.
(2012).

When viewed from a Bayesian perspective, the solution to (2) has a mean-
ingful interpretation. It is the mode in the posterior distribution of Θ, where
the prior assumes the diagonal elements to be exponentially distributed with
parameter, nλ/2 and the off-diagonal elements to be double-exponentially
distributed with parameter nλ. A Block-Gibbs sampling scheme for sam-
pling from this posterior is given in Wang (2012). However, any approach to
estimate the graph by sampling from this posterior is doomed to induce new
problems, since sampling a specific Θ from f(Θ|Xn) has probability mass
zero. The solution taken in Wang (2012) is to induce an ad-hoc thresholding
technique.

Unlike the graphical Lasso and Bayesian graphical Lasso which yields
the graphical structure as a by-product of the estimated Θ, Paper A of
the current thesis focuses on the strategy of inferring the graph from the
posterior distribution P(G|Xn). More specifically the focus lies on the class
of decomposable GGMs. For decomposable models with density f and
underlying graph G, the following factorization holds

fX(x) =
∏k
i=1 fXci

(xci
)

∏k
i=2 fXsi

(xsi
)
,

where c1, . . . , ck, and s2, . . . , sk denote the set cliques and separators of G,
respectively. This distributional property is especially attractive in GGMs;
working with the G-Wishart family2 of conjugate priors for Θ, the graph
posterior has a closed form expression proportional to the product of nor-
malizing constants of the Wishart density restricted to the cliques and the
separators

P(G|Xn) ∝

∏k

j=1
Icj

(δ+n,Dcj
+nScj

)∏k

j=2
Isj

(δ+n,Dsj
+nSsj

)
∏k

j=1
Icj

(δ,Dcj
)∏k

j=2
Isj

(δ,Dsj
)

,(3)

2The G-Wishart distribution is derived in Atay-Kayis and Massam (2005).
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where D is the scale parameter and δ is the degrees of freedom. Recall that
for Ω � 0, the q-dimensional Wishart distribution with scale parameter
K � 0 and d ≥ q, degrees of freedom has the density

Wd,K(Ω) = 1
I(d,K) |Ω|

(d−q−1)/2 exp{−1
2tr(K−1Ω)},

where

I(d,K) = 2 dq
2 Γp{(d+ q − 1)/2}
|K|(d+q−1)/2(4)

and Γq(a) = πq(q−1)/4
q−1∏

i=0
Γ(a− i

2), is the multivariate gamma function.

Markov chain Monte Carlo (McMC) sampling schemes for approximating
P(G|Xn) based on edge moves are found in Giudici and Green (1999);
Green and Thomas (2013). Paper A is in line with this research; here
an approximation of P(G|Xn) is provided using SMC scheme presented in
Pierre Del Moral (2006).

3.2. Bayesian networks. Structure learning approaches within Bayesian
networks are traditionally divided into two main categories.

The first one, constraint based methods, is based on the finding the DAG
for a distribution by using statistical hypothesis testing. The main draw-
back with this approach is that it relies in the assumption of the existence
of a DAG to which the distribution is faithful, that is every conditional
independence in the distribution is found in the graph.

The second class of methods is the search and score methods. Here, the
aim is to maximize a score function defined on the space of DAGs. Since
the number of DAGs is very large, searching through every graph in the
domain is an intractable operation, one approach to overcome this, which
is used in Paper B, is by stochastic optimization techniques. One typical
score function is the Bayesian score defined as the posterior of the graph
given the data

P(D|Xn) = P(Xn|D)P(D)∑
D′∈D

P(Xn|D′)P(D′) ∝ P(Xn|D)P(D),

where P(Xn|D) is the Cooper-Herskovits marginal likelihood, derived in
Cooper and Herskovits (1992) and P(D) is a prior distribution defined in
the space, D of all possible DAGs.

Methodological issues faced when expressing uncertainty about the model
structure include questions of specifying appropriate priors P(D) over the
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graph space; this is crucial when the number of data is small compared
to the dimensionality. Paper B is in line with this issues and presents a
novel prior with the ability to assign higher score for DAGs with a certain
layering structure, this in turn enables for better prior specification when
information regarding the layering structure is available.

A good discussion and unification of different informative priors is pro-
vided in Mukherjee and Speed (2008). An overview of methods for structure
learning in can be found in for example Heckerman (1995); Koski and Noble
(2012); Daly et al. (2011).

3.3. Paper A: Bayesian structure learning in graphical models us-
ing SMC. As a crucial block in a novel graph structure learning method-
ology, a general family of graph theoretical algorithm is proposed for in-
crementally constructing junction trees where the number of nodes in the
underlying decomposable graph increases by one in each iteration. Members
of this family are referred to as junction tree expanders. An example of the
outcome of a junction tree expander is presented in Figure 5 and Figure 6,
where the junction tree with underlying decomposable graph in Figure 5
are expanded to the junction tree and decomposable graph in Figure 6.

A theoretical characterization of the junction tree expanders is derived
showing that there is a positive probability for every junction tree to be
generated by, starting from the junction tree having only one clique (con-
sisting of one node) and then iteratively applying an expander with the tree
produced in the previous iteration as input. A sample trajectory of junction
trees T(i) and underlying decomposable graphs, Gi with up to i = 6 nodes
generated by a junction tree expander is found in Figure 7. Moreover, it
is shown that the incremental property of the expander allows for counting
the number of junction trees having potential to increase the computational
efficiency in large scale graphs.

The incremental nature of the expanders and their theoretical proper-
ties also makes them suitable for sequential computations for assessing a
desired posterior graph distribution. Specifically, a stochastic version of the
expander allows for a closed form expression of the conditional probabilities
P(T(i+1)|T(i)), where T(i+1) is a junction tree expanded from T(i). Thus
there is a Markovian dynamic in the sense that the probability of a trajec-
tory of junction trees T(1), . . . , T(i) generated by a stochastic junction tree
expander is given by

P(T(1), . . . , T(i)) = P(T(i)|T(i−1)) · · ·P(T(2)|T(1))P(T(1)).
11



This property is a crucial in the suggested methodology: it is hard to ob-
tain this factorization when operating on the space of decomposable graph
directly. This motivates the use of the expander as a proposal kernel in an
SMC sampling scheme for approximation of the graph posterior distribution
by sampling from the junction tree posterior.

The right panel of Figure 8b shows a heat maps for the approximated
marginal posterior edge distribution generated by the SMC sampling scheme
when 100 data where generated from the GGM with graph seen in Figure 8a
as an adjacency matrix.

As a by-product, a Bayesian estimator of the precision matrix is suggested
for the decomposable GGM using the G-Wishart prior and its accuracy is
evaluated in a simulation study.
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Figure 5. A decomposable graph with 9 nodes (left panel)
and one of its junction tree representations (right panel).

12



1

2

6

7 9

10

4

5

3

8

(9, 3, 4)

(9, 2, 4, 5, 6)

(9, 4)

(1, 2, 6, 9)

(9, 2, 6)

(1, 2, 6, 7)

(1, 2, 6)

(1, 10)

(1)

(8)

()

Figure 6. A junction tree expanded from that in Figure 5
(left panel) and its underlying decomposable graph with the
node 10 added (right panel).
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Figure 7. A sample trajectory of the junction trees and
underlying decomposable graph generated by a junction
tree expander.
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(b) Heat map for the approximated
marginal posterior edge distribution.

Figure 8. True graph and results for the SMC algorithm
with p = 30 nodes.
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3.4. Paper B: The Minimal Hoppe-Beta Prior Distribution. This
paper develops; 1) a prior distribution for DAGs and 2) a search and score
method suited for the developed prior. The impetus of the work is the
paper Mansinghka et al. (2006), where a joint prior distribution for DAGs
and DAG layerings, together with a sampling scheme for the joint posterior
is developed. The layering of a DAG based on the approach in that paper
is not unique, for example the graph with p nodes and no edges has 2p−1

possible layerings. This ambiguity has two major drawbacks; 1) it is hard
to interpret the partitions and 2) the use of the prior in a general Bayesian
network structure learning context is very restricted since operates on the
DAG space and not the joint space.

The prior suggested in this paper exploits the fact that every DAG has a
unique minimal layering, see Healy and Nikolov (2002). A sampling proce-
dure following this prior, which we call the minimal Hoppe-Beta prior, can
be described in two main steps. First sample the minimal layering using
Hoppe’s urn scheme. Then sample edges randomly from a Beta distribution,
while ensuring the minimal layering obtained in the first step.

Since the minimal layering is unique, the minimal Hoppe-Beta prior en-
ables for expressing knowledge about the graph in terms of graph layerings.
Thus the ambiguity of the joint distribution developed in Mansinghka et al.
(2006) substantially reduced in the minimal Hoppe-Beta prior. For exam-
ple, the only graph with p nodes with only one layer, is the empty graph.
Another example is the DAG shown in Figure 2, having the three possible
layerings found in Figure 9, where the layers are to be read in a vertical
order from top to bottom so that the minimal layering, found in the left
panel of Figure 9, has node 1 and 3 in layer 1 and node 2 in layer 2.

The search and score method is developed such that the minimal layer-
ing is maintained during the search algorithm, avoiding calculating it from
scratch for every scored graph.

The minimal Hoppe-Beta priors ability to express prior knowledge is
compared to the uniform prior and the prior developed in Mansinghka et al.
(2006). Specifically the search and score algorithm if run on a problem where
the data were simulated from a distribution with a clearly layered Bayesian
network, The minimal Hoppe-Beta prior performs better then the other
priors to learn the structure.

Figure 10 shows the adjacency matrix of the true underlying DAG from
which 500 data points where generated. The left panel of Figure 11 shows
the logarithm of the likelihood, the prior and the unnormalized posterior
from 10 trajectories of the search and score algorithm with the minimal
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Hoppe-Beta prior ran for 500 iteration each. The right panel shows heat
maps for the 100 top scoring DAGs, the single top scoring DAG and the
top scoring DAGs among the 10 trajectories.
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Figure 9. The three layering representation of the DAG
({1, 2, 3}, {(1, 2), (3, 2)}). The minimal layering where node
1 and 3 are in layer 1 and node 2 is in layer 3.

0 2 4 6 8 10 12

0

2

4

6

8

10

12

HEPAR II

Figure 10. The adjacency matrix of the true underlying DAG.
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Prior: min-hoppe-beta, data points: 500, α =1, β1;i,i+1 =2, β2;i,i+1 =1, β1;i,j>i+1 =1, β2;i,j>i+1 =2, α̃ =1

Figure 11. Results from 10 stochastic search trajectories
with the minimal Beta-Hoppe prior ran for 5000 iterations
each.
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