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Abstract

Particle suspensions occur in many situations in nature
and industry. In this master’s thesis, the motion of a single
rigid spheroidal particle immersed in Stokes flow is studied
numerically using a boundary integral method and a new
specialized quadrature method known as quadrature by
expansion (QBX). This method allows the spheroid to be
massless or inertial, and placed in any kind of underlying
Stokesian flow.

A parameter study of the QBX method is presented,
together with validation cases for spheroids in linear shear
flow and quadratic flow. The QBX method is able to com-
pute the force and torque on the spheroid as well as the
resulting rigid body motion with small errors in a short
time, typically less than one second per time step on a regu-
lar desktop computer. Novel results are presented for the
motion of an inertial spheroid in quadratic flow, where in
contrast to linear shear flow the shear rate is not constant.
It is found that particle inertia induces a translational drift
towards regions in the fluid with higher shear rate.

Keywords: fluid mechanics, Stokes flow, rigid body dy-
namics, spheroidal particles, inertia, integral equations,
boundary integrals, double layer potentials, quadrature by
expansion, Jeffery orbits, linear shear flow, quadratic flow,
paraboloidal flow





Sammanfattning

Numerisk simulering av en trög
sfäroidisk partikel i Stokesflöde

Partikelsuspensioner förekommer i många sammanhang
i naturen och industrin. I denna masteruppsats studeras
rörelsen hos en enstaka stel sfäroidisk partikel i Stokesflöde
numeriskt med hjälp av en randintegralmetod och en ny
specialiserad kvadraturmetod som kallas quadrature by ex-
pansion (QBX). Metoden fungerar för masslösa eller tröga
sfäroider, som kan placeras i ett godtyckligt underliggande
Stokesflöde.

En parameterstudie av QBX-metoden presenteras, till-
sammans med valideringsfall för sfäroider i linjärt skjuv-
flöde och kvadratiskt flöde. QBX-metoden kan beräkna
kraften och momentet på sfäroiden samt den resulterande
stelkroppsrörelsen med små fel på kort tid, typiskt mindre
än en sekund per tidssteg på en vanlig persondator. Nya
resultat presenteras för rörelsen hos en trög sfäroid i kvadra-
tiskt flöde, där skjuvningen till skillnad från linjärt skjuv-
flöde inte är konstant. Det visar sig att partikeltröghet med-
för en drift i sidled mot områden i fluiden med högre skjuv-
ning.

Nyckelord: strömningsmekanik, Stokesflöde, stelkropps-
dynamik, sfäroidiska partiklar, tröghet, integralekvationer,
randintegraler, dubbellagerpotentialer, quadrature by ex-
pansion, Jeffery-banor, linjärt skjuvflöde, kvadratiskt flöde,
paraboloidiskt flöde
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Chapter 1

Introduction

Processes in which small particles are suspended in a gas or liquid occur in many
situations, both in nature and industrial applications. Examples include the spread-
ing of seeds and pollen [18], ash from volcanic eruptions [29] and other atmospheric
aerosols [10, 3], avalanches [11], particle motion in the respiratory system [31], blood
flow [7, 26], plankton in the ocean [9], as well as papermaking [23], coating systems
[13], and the making of tomato ketchup [4], among others [27, ch. 1]. Understand-
ing how individual particles move and rotate in the flow can give us information
about how such particle suspensions behave, which is important for example when
designing a manufacturing process or making medical predictions [21].

In this master’s thesis we study a fundamental physical problem of interest in
this context, namely the motion of a single rigid spheroid immersed in Stokes flow.
A spheroid is a flattened or elongated sphere (shown in Figures 1.1 and 2.2) and
provides a natural first approximation when going from simple spherical particles
to the nonspherical particles that appear in real physical situations. Stokes flow
(also called creeping flow) is an approximation which is valid in situations where
the inertia of the fluid is negligible (the Reynolds number is low), which is often
the case for suspensions of small particles [15]. Even if the fluid has no inertia, the
particles moving in it may be heavy and inertial. Particle inertia is measured by the
Stokes number St, which is zero for a massless particle and grows when the particle
becomes heavier and gains more inertia.

In 1922, Jeffery [12] derived expressions for the motion of a spheroid in Stokes
flow, under the assumptions that the underlying flow is a linear shear flow (see
Figure 1.1) and that the spheroid is massless (St = 0). He found that the spheroid
follows a periodic motion in one of infinitely many closed orbits, called Jeffery
orbits. Chwang [7] solved the same problem for a quadratic flow in 1975, and found
that the rotational motion is largely the same as in Jeffery’s case. In 2010, Lundell
[21, 22] used a semianalytical method based on Jeffery’s expressions for the torque
on the spheroid to determine the motion of a spheroid with inertia (St > 0) in linear
shear flow, and found that inertia changes the motion of the spheroid significantly.

Under the assumption of Stokes flow, the flow velocity anywhere in the fluid can
be expressed using boundary integrals on the surface of the spheroid. This means
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CHAPTER 1. INTRODUCTION

Massless spheroid

St = 0

Inertial spheroid

St > 0
Linear shear flow

Jeffery 1922 Lundell 2010

Quadratic flow

Chwang 1975 This thesis

Figure 1.1. Overview of previous work and where this thesis fits into
the bigger picture.

that instead of discretizing the whole three-dimensional fluid domain, it is enough
to discretize the two-dimensional surface of the spheroid, which saves both memory
and time in the computations. Another advantage of the boundary integral method
is that the fluid domain can be truly unbounded, whereas a three-dimensional
discretization would require a bounded computational domain and introduce
spurious boundary effects. However, the boundary integral formulation requires
us to be able to compute improper integrals with singular integrands, which cannot
be done directly using a numerical quadrature rule designed for smooth integrands
(such as the trapezoidal rule). We handle this using a new specialized quadrature
method called quadrature by expansion (QBX), first described by Klöckner et al.
[17] in 2013. The numerical framework that we use in this thesis is based on work
by Klinteberg and Tornberg [15, 16]. Using this framework, we can determine the
motion of a massless or inertial spheroid in any kind of underlying Stokesian flow
field.

The purpose of this thesis is (i) to validate the QBX-based numerical method by
applying it to the cases already treated by Jeffery, Chwang and Lundell, (ii) to use
the numerical method to determine the motion of an inertial spheroid in quadratic
flow, for which no previous results are known, and (iii) to study QBX in this context
in terms of accuracy and optimal parameter selection.

The thesis is organized as follows: in chapter 2 we describe the geometry of
the problem and the governing equations of Stokes flow, and in chapter 3 we
state the equations of motion for an inertial rigid body and review the results of
Jeffery and Chwang. The boundary integral formulation is described in chapter 4,
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and the spatial discretization is described in chapter 5 together with QBX. An
overview of the numerical method is found in chapter 6. The results are presented
in chapters 7 to 9; chapter 7 contains the parameter study of QBX, chapter 8 presents
the validation cases for linear shear flow, and chapter 9 contains both validation
cases for quadratic flow (in sections 9.1 and 9.2) and the new results for an inertial
spheroid (in section 9.3).
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Contribution of this thesis

The code for computing boundary integrals with QBX, which is outlined in chapter 5,
was written by Ludvig af Klinteberg [16] at KTH Mathematics. The author of this
thesis has used Klinteberg’s code and connected it to a time-stepping algorithm
(see chapter 6) to solve the equations of motion (3.26)–(3.29) for an inertial spheroid,
which are taken from Fredrik Lundell [21] at KTH Mechanics. The author of this
thesis has run the simulations to generate all results in chapters 7 to 9, with helpful
suggestions and feedback from Anna-Karin Tornberg and Fredrik Lundell.
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List of abbreviations and symbols

Abbreviations

GMRES generalized minimal residual method

ODE ordinary differential equation

PDE partial differential equation

QBX quadrature by expansion

Mathematical symbols

Vectors and matrices are written in boldface (v and A). Vectors and matrices
expressed in the rotating body-attached coordinate system B are written with a
tilde above (ṽ and Ã), as described on p. 14, (2.5)–(2.6). The transpose of a matrix
A is denoted by AT. Nondimensional quantities are denoted by a star (e.g. F?)
in chapters 2 and 3, as described on p. 16 and pp. 23–23. In chapters 4 to 9, all
quantities are nondimensional and the star is omitted.

Non-letters

∇ = ( ∂
∂x1

, ∂
∂x2

, ∂
∂x3

) nabla operator

Latin letters

a equatorial radius of the spheroidal body, p. 13

B body-attached coordinate system, p. 13

C set of complex numbers

Cθ Jeffery orbit parameter, p. 25, (3.36)

c polar radius of the spheroidal body, p. 13

D, Di Stokes double layer potential, p. 29, (4.6)

Dh, Dh
i D computed using the direct quadrature or using QBX, p. 34,

(5.9); p. 42

D(i) basis vectors of the body-attached system B, p. 13
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LIST OF ABBREVIATIONS AND SYMBOLS

Db interior of the spheroidal body, p. 14

Df region of the fluid, p. 14

Einterp interpolation error, p. 42

Equad QBX quadrature error, p. 42

Etrunc QBX truncation error, p. 42

e ≈ 2.17828 Euler’s number

e =
√

1− k2
a eccentricity of the spheroidal body, p. 25

e(i) basis vectors of the space-fixed system S, p. 13

F, Fi net force exerted on the spheroidal body, p. 22

Fh F in (4.15) computed using the direct quadrature, p. 34

G matrix computed from q, p. 20, (3.4)

h = 2πka/nϕ grid spacing, p. 39

I interpolant associated with the grid, p. 42

J, Jij moment of inertia matrix for the spheroidal body, p. 22, (3.19)

K strength of quadratic flow, p. 25

ka = a/c aspect ratio of the spheroid, p. 13

M, Mi net torque exerted on the spheroidal body, p. 22

Mh M in (4.16) computed using the direct quadrature, p. 34

N = nϑnϕ total number of grid points, p. 33

n, ni outward unit normal of Γ, p. 29

nϑ number of grid points in the ϑ-direction, p. 33

nϕ number of grid points in the ϕ-direction, p. 33

P pressure field in the fluid, p. 15

p QBX expansion order, p. 39

q, qi unit quaternion encoding the orientation of the spheroidal body,
p. 19, (3.1)

R set of real numbers

R = LB→S rotation matrix relating S and B, p. 14, (2.4)

R±q QBX matrices for computing D, p. 41, (5.31)

Re = ρfc2/(µτ) Reynolds number, p. 15, (2.7)

r QBX expansion radius, p. 36

r/h QBX expansion radius ratio, p. 39

S space-fixed coordinate system, p. 13

St = ρbc2/(µτ) Stokes number, p. 16, (2.13)
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MATHEMATICAL SYMBOLS

T , Tijk stresslet singularity tensor, p. 30, (4.7)

TJ Jeffery rotation period, p. 25, (3.37)

t time

u, ui velocity field in the fluid, p. 15

ubg background flow velocity, p. 15

V , Vi completion flow, p. 30, (4.9)

Vb, Vb,i translational velocity of the spheroidal body, p. 15, (2.11)

V h
b Vb in (4.17) computed using the direct quadrature, p. 34

x, xi position in space, p. 13

xCM, xCM,i position of centre of mass of the spheroidal body, p. 14

Greek letters

Γ surface of the spheroidal body, pp. 13–14

γ̇ rate of shear for linear shear flow, p. 23

δij = 1i=j Kronecker delta

Θ = 4
3 πk2

ac3 volume of the spheroidal body, p. 14, (2.3)

θ Euler angle, p. 20

ϑ polar angle of spherical coordinates, p. 33, (5.1)

κ QBX upsampling factor, p. 40

µ dynamic viscosity of the fluid, p. 15

π ≈ 3.14159 Archimedes’ constant

ρb density of the spheroidal body, p. 16

ρf density of the fluid, p. 15

τ characteristic time, p. 16

φ Euler angle, p. 20

ϕ azimuthal angle of spherical coordinates, p. 33, (5.1)

Ψ discrete approximation of ψ on the grid, p. 41, (5.27)

ψ, ψi Stokes double layer density, p. 30, (4.9)

ψ Euler angle, p. 20

Ωb angular velocity of the spheroidal body, p. 15, (2.11)

Ωh
b Ωb in (4.18) computed using the direct quadrature, p. 34
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Chapter 2

Problem formulation

This chapter introduces the basic mathematical formulation of the physical problem
that we study, namely a solid spheroid moving in a fluid. Section 2.1 describes
the geometry of the problem, and section 2.2 introduces the equations that govern
the flow of the fluid. These equations are rewritten on nondimensional form in
section 2.3. The motion of the spheroid is governed by laws from classical rigid
body mechanics and described in chapter 3.

2.1 Geometry of the problem

In this thesis we consider a rigid body which is free to move in an unbounded
fluid in three-dimensional space. Let S be a Cartesian coordinate system (x1, x2, x3)
which is fixed in space, and let B be a Cartesian coordinate system (x̃1, x̃2, x̃3) which
is attached to the centre of mass of the body and rotates along with the body. The
basis vectors of S will be denoted by e(i), i = 1, 2, 3, and those of B will be denoted
by D(i)(t), i = 1, 2, 3, as shown in Figure 2.1.

We restrict ourselves to spheroidal rigid bodies, with a surface Γ̃ given by

x̃2
1

a2 +
x̃2

2
a2 +

x̃2
3

c2 = 1 (2.1)

e(1) e(2)

e(3)

S
D(1)

D(2)

D(3)

B

Figure 2.1. Sketch of the space-fixed system S and
the body-attached system B.
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CHAPTER 2. PROBLEM FORMULATION

in the body-attached system B, where a is the equatorial radius and c is the polar
radius of the spheroid. Using the aspect ratio ka = a/c, the equation of the spheroid
can be written

x̃2
1

k2
a
+

x̃2
2

k2
a
+ x̃2

3 = c2. (2.2)

The spheroid can be classified as prolate (ka < 1), spherical (ka = 1) or oblate
(ka > 1), as shown in Figure 2.2. The volume Θ of the spheroidal body is given by

Θ =
4π

3
k2

ac3. (2.3)

In the space-fixed system S, the surface of the rigid body will be denoted by Γ(t),
and the interior by Db(t). The region outside the rigid body, where the fluid resides,
will be denoted by Df(t). The position of the centre of mass of the body is denoted
by xCM(t).

The orientations of the coordinate systems B and S are related by a rotation
matrix R(t) which is given by

R(t) = LB→S(t) =
[
D(1)(t) D(2)(t) D(3)(t)

]
. (2.4)

Given any 3-vector v(t) expressed in S, we will write

ṽ(t) = RT(t)v(t) (2.5)

for the corresponding vector expressed in B. In the same way, given any 3× 3-matrix
A(t) expressed in S, we will write

Ã(t) = RT(t)A(t)R(t) (2.6)

for the corresponding matrix expressed in B.

(a) ka = 1/2 (b) ka = 1 (c) ka = 2

Figure 2.2. Three spheroids with different aspect ratios ka. (a) is prolate,
(b) spherical and (c) oblate.
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2.2. STOKES FLOW

2.2 Stokes flow

The fluid in the external domain Df is assumed to be incompressible and Newtonian,
with constant density ρf and dynamic viscosity µ. The inertia of the fluid can be
measured by the Reynolds number, which in this case is defined as

Re =
ρfc2

µτ
, (2.7)

where c is the polar radius of the spheroid and τ is a characteristic time scale of the
flow [21, 22][14, §1.2.3]. Assuming that the Reynolds number is small enough, the
flow of the fluid is governed by the Stokes equation

−∇P + µ∇2u = 0, x ∈ Df (2.8)

and the continuity equation

∇ · u = 0, x ∈ Df, (2.9)

where P(x, t) is the pressure and u(x, t) = (u1, u2, u3)T is the velocity of the fluid in
the space-fixed system [15][14, §1.2.3]. The Stokes equation (2.8) is a linearization
of the general Navier–Stokes equations, valid in situations where fluid inertia is
negligible. Equations (2.8) and (2.9) constitute a system of four partial differential
equations (PDEs) in four unknowns (P, u1, u2 and u3). The fact that this system is
linear will be of great importance in our continued treatment of it in chapter 4.

On the surface of the rigid body, the velocity should satisfy the no-slip condition

u(x, t) = Ub(x, t), x ∈ Γ, (2.10)

where
Ub(x, t) = Vb(t) + Ωb(t)× (x− xCM(t)) (2.11)

is the velocity of the rigid body at position x and time t [15]. Here, Vb(t) is the
translational velocity of the centre of mass, and Ωb(t) is the angular velocity of the
body. As x→ ∞, the velocity should converge to a background flow ubg(x), i.e.

lim
x→∞

(
u(x, t)− ubg(x)

)
= 0, (2.12)

where the background flow ubg is a solution to (2.8)–(2.9), but does not satisfy the
no-slip boundary condition (2.10) on Γ. We can interpret the background flow as
an underlying flow that the fluid has in the absence of the body. When the body is
placed in the fluid, it perturbs this background flow, and the resulting flow is given
by the solution u to (2.8)–(2.12).

The pressure should satisfy homogeneous Neumann conditions on Γ and con-
verge to a background pressure as x→ ∞, but the pressure is of no interest to us,
and the formulation we will use in chapter 4 does not involve the pressure directly,
so we will not formulate the boundary conditions for the pressure here.

15



CHAPTER 2. PROBLEM FORMULATION

Note that the formulation given here contains no time derivatives. To determine
the flow field u(x, t) at any time t, it is enough to know the position, orientation
and velocity of the body at that time (i.e. Γ(t) and Ub(x, t)). The resulting flow field
gives rise to a net force and net torque acting on the body, which lets us determine
the motion of the body using laws from classical mechanics, described in section 3.3.

Throughout this thesis, we will assume that fluid inertia is negligible and that
the Reynolds number is very small. However, we will allow the rigid body to have
inertia. The inertia of the rigid body is measured by the Stokes number [21, 22]

St =
ρb

ρf
Re =

ρbc2

µτ
, (2.13)

where ρb is the constant density of the rigid body.

2.3 Nondimensionalization

To facilitate the mathematical treatment of the problem and eliminate unneces-
sary parameters, we will rewrite equations (2.8)–(2.12) on nondimensional form by
introducing new nondimensional variables, indicated with a star (?). The nondimen-
sional variables are obtained by dividing the physical variables by characteristic
quantities, shown in Table 2.1, where c is the polar radius of the spheroid and µ
is the dynamic viscosity of the fluid. The characteristic time τ will depend on the
background flow and is specified in sections 3.5 and 3.6.

Table 2.1. Characteristic quantities
used for nondimensionalization.

Characteristic time τ
Characteristic length c
Characteristic speed c/τ
Characteristic pressure µ/τ
Characteristic force µc2/τ
Characteristic torque µc3/τ

The nondimensional variables are

t? =
1
τ

t, x? =
1
c

x, x?CM =
1
c

xCM, P? =
τ

µ
P, (2.14)

u? =
τ

c
u, u?

bg =
τ

c
ubg, V?

b =
τ

c
Vb, Ω̃?

b = τΩ̃b. (2.15)

The resulting nondimensional equations are

−∇?P? + (∇?)2u? = 0, x? ∈ D?
f , (2.16)

∇? · u? = 0, x? ∈ D?
f , (2.17)

16



2.3. NONDIMENSIONALIZATION

u?(x?, t?) = V?
b (t

?) + Ω?
b(t

?)× (x? − x?CM(t?)) , x? ∈ Γ?, (2.18)

lim
x?→∞

(
u?(x?, t?)− u?

bg(x?)
)
= 0, (2.19)

where ∇? = c∇. The most notable difference is that the viscosity µ no longer
appears in these equations. We will see in section 3.4 that the Stokes number will be
an important parameter in the nondimensional problem.
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Chapter 3

Rigid body motion

This chapter introduces the laws governing the motion of rigid bodies. Sections 3.1
and 3.2 describe two ways to mathematically represent the orientation of a rigid
body, namely unit quaternions and Euler angles. The general equations of motion
are introduced in section 3.3 and nondimensionalized in section 3.4. In sections 3.5
and 3.6 we consider two special background flows for which the motion of the body
can be determined analytically.

3.1 Quaternion operations

Following Shivarama and Fahrenthold [28], the orientation of the rigid body will be
represented by a unit quaternion, i.e. a vector q = (q0, q1, q2, q3)T in R4 satisfying
‖q‖2 = q2

0 + q2
1 + q2

2 + q2
3 = 1. As we will see, this representation makes it easy

to combine rotations and to compute rotation matrices. Another advantage is
that, unlike the Euler angles described in section 3.2, the quaternion representation
contains no singularities [28].

Let the neutral orientation of the body be such that D(i) = e(i), i = 1, 2, 3, i.e. that
the basis vectors of S and B coincide (c.f. Figure 2.1). If the current orientation is
achieved by starting from the neutral orientation and rotating the body an angle α in
the positive sense around the unit vector v, then the corresponding unit quaternion
is [21]

q(α, v) = (cos(α/2), sin(α/2)v)T. (3.1)

It can be shown [28, 21] that the rotation matrix R from (2.4) which relates S and B
can be constructed from q by

R(q) = E(q)GT(q), (3.2)

where

E(q) =



−q1 q0 −q3 q2
−q2 q3 q0 −q1
−q3 −q2 q1 q0


 , (3.3)
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G(q) =



−q1 q0 q3 −q2
−q2 −q3 q0 q1
−q3 q2 −q1 q0


 . (3.4)

Explicitly,

R(q) =




1− 2q2
2 − 2q2

3 2q1q2 − 2q0q3 2q1q3 + 2q0q2

2q1q2 + 2q0q3 1− 2q2
1 − 2q2

3 2q2q3 − 2q0q1

2q1q3 − 2q0q2 2q2q3 + 2q0q1 1− 2q2
1 − 2q2

2


 . (3.5)

The set of unit quaternions has a binary operator ? called the quaternion product.
If q1 = (s1, a1)

T and q2 = (s2, a2)T, the quaternion product q1 ? q2 is defined as [15]

q1 ? q2 = (s1s2 − a1 · a2, s1a2 + s2a1 + a1 × a2)
T. (3.6)

The quaternion product satisfies

R(q1 ? q2) = R(q1)R(q2). (3.7)

An advantage of using the left-hand side of (3.7) rather than the right-hand side
is that the quaternion q1 ? q2 can be renormalized in a standard way before com-
puting the rotation matrix, ensuring that the resulting matrix is orthogonal. This is
important in numerical computations with limited precision, where the product of
several orthogonal matrices will not be exactly orthogonal [15].

Given the angular velocity Ωb of the body, the time derivative of the quaternion
is given by [15]

dq
dt

=
1
2
(0, Ωb) ? q =

1
2

ET(q)Ωb (3.8)

or alternatively [28, 21]

dq
dt

=
1
2

q ? (0, Ω̃b) =
1
2

GT(q)Ω̃b, (3.9)

where Ω̃b = RTΩb.

3.2 Euler angles

Another common way to represent the orientation of a rigid body is through the
three Euler angles [33], defined as shown in Figure 3.1. Let N = e(3) × D(3). Then φ
is the angle between e(1) and N, measured in a positive sense about the e(3)-axis; θ
is the angle between e(3) and D(3), measured in a positive sense about the N-axis;
finally, ψ is the angle between N and D(1), measured in a positive sense about
the D(3)-axis. Under this convention, φ and ψ have a periodicity of 2π, while θ
is restricted to [0, π]. Note that when θ = 0, the individual values of φ and ψ are
undefined, and only φ + ψ is well-defined. Similarly, when θ = π only φ− ψ is
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e(2)

e(1)

e(3)

D(1)

D(2)

D(3)

N

φ

θ

ψ

Figure 3.1. Illustration of the Euler angles φ, θ and ψ. The D(3)-axis
is the axis of symmetry of the spheroid, and the D(1)D(2)-plane is
the equatorial plane.

well-defined. As we will not run into these ambiguous cases in this thesis, we do
not handle them in any special way.

According to Shivarama and Fahrenthold [28], the Euler angles are related to
the components of the unit quaternion by the following formulas:

φ = arctan
(

q3

q0

)
+ arctan

(
q2

q1

)
, (3.10)

θ = 2 arcsin
(√

q2
1 + q2

2

)
, (3.11)

ψ = arctan
(

q3

q0

)
− arctan

(
q2

q1

)
. (3.12)

The rotation matrix R from (2.4) can also be constructed from the Euler angles using
the formula [33]

R(φ, θ, ψ) = R3(φ)R1(θ)R3(ψ), (3.13)

where

R1(α) =




1 0 0
0 cos(α) − sin(α)
0 sin(α) cos(α)


, R3(α) =




cos(α) − sin(α) 0
sin(α) cos(α) 0

0 0 1


. (3.14)

21



CHAPTER 3. RIGID BODY MOTION

3.3 General equations of motion

The dynamics of the rigid body is governed by Newton’s equations of motion. The
translational motion of the centre of mass of the body is given by

F =
dp
dt

= ρbΘ
dVb

dt
, (3.15)

where F is the net force exerted on the body by the fluid, p is the linear momentum,
Vb is the translational velocity of the centre of mass, ρb is the density of the body
and Θ is its volume, given by (2.3). The rotational motion of the body around its
centre of mass is given by

M =
dh
dt

=
d
dt

(JΩb), (3.16)

where M is the net torque exerted on the body by the fluid, h is the angular
momentum, Ωb is the angular velocity and J is the moment of inertia matrix
around the centre of mass, given by

Jij =
∫

Db

ρb

(
‖r‖2 δij − rirj

)
dV, r = x− xCM, (3.17)

where xCM is the position of the centre of mass and δij is the Kronecker delta.
Since J in the space-fixed system S will not be constant as the body rotates,

we will reexpress (3.16) in the body-attached system B instead, which gives us
[21, 22, 28]

M̃ =
dh̃
dt

+ Ω̃b × h̃ = J̃
dΩ̃b

dt
+ Ω̃b × ( J̃Ω̃b), (3.18)

where

J̃ = ρbk2
ac5 4π
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k2
a + 1 0 0

0 k2
a + 1 0

0 0 2k2
a


 (3.19)

for a spheroidal body with aspect ratio ka and polar radius c.
The motion of the rigid body can thus be described by the following system of

ordinary differential equations (ODEs) in the state variables xCM, q, Vb and Ω̃b:

dxCM

dt
= Vb, (3.20)

dq
dt

=
1
2

GT(q)Ω̃b, (3.21)

dVb

dt
=

1
ρbΘ

F, (3.22)

dΩ̃b

dt
= J̃−1

(
M̃ − Ω̃b × ( J̃Ω̃b)

)
. (3.23)

To solve these equations, one must be able to compute the force F and torque M̃
as functions of the state variables. The boundary integral formulation described in
chapter 4 allows us to do just that (see specifically section 4.1).
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3.4 Nondimensionalization of equations of motion

Equations (3.20)–(3.23) are nondimensionalized using the same characteristic quan-
tities as in section 2.3, listed in Table 2.1. The nondimensional variables are

t? =
1
τ

t, x?CM =
1
c

xCM, Θ? =
1
c3 Θ, J̃? =

1
ρbc5 J̃, (3.24)

V?
b =

τ

c
Vb, Ω̃?

b = τΩ̃b, F? =
τ

µc2 F, M̃? =
τ

µc3 M̃. (3.25)

Using these quantities, the system of ODEs (3.20)–(3.23) can be rewritten as

dx?CM
dt?

= V?
b , (3.26)

dq
dt?

=
1
2

GT(q)Ω̃?
b, (3.27)

dV?
b

dt?
=

1
St Θ?

F?, (3.28)

dΩ̃?
b

dt?
= ( J̃?)−1

(
1
St

M̃? − Ω̃?
b × ( J̃?Ω̃?

b)

)
, (3.29)

where St = ρbc2/(µτ) is the Stokes number, measuring the inertia of the rigid
body. When the body has inertia (St > 0), its motion is governed by the four ODEs
(3.26)–(3.29), and the force F? and torque M̃? must be computed at every instant in
time using the method described in section 4.1.

If we multiply (3.28) and (3.29) by St and let St→ 0 assuming that the acceler-
ations dV?

b /dt? and dΩ̃?
b/dt? are finite, we find that the equations reduce to F? = 0

and M̃? = 0. In other words, in the special case where the body has no inertia
(St = 0), the net force and net torque on it must vanish at all times. Its motion is
then governed by (3.26) and (3.27) together with the requirement that the force and
torque on the body vanish. We describe how this is handled in section 4.2.

3.5 Linear shear background flow

3.5.1 General case

The case in which the background flow is a linear shear flow ubg = (γ̇x2, 0, 0)T,
where γ̇ is a positive real constant called the shear rate, has been studied analytically
by Jeffery [12]. This background flow is shown in Figure 3.2. Let us assume that the
centre of mass of the spheroidal body is positioned in the origin with no translational
velocity, i.e. xCM = 0 and Vb = 0. Then ũbg = RTubg = γ̇RTARx̃, where

A =




0 1 0
0 0 0
0 0 0


 , (3.30)
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x1

x2

Figure 3.2. Schematic drawing of the spheroidal body in
the linear shear background flow. The background flow is
the same for all x3.

and the matrix Ã = RT AR can be decomposed into a symmetric part D̃ and a
skew-symmetric part Ṽ so that

ũbg = γ̇




D̃11 D̃12 D̃13

D̃12 D̃22 D̃23

D̃13 D̃23 D̃33


 x̃ + γ̇




0 Ṽ12 Ṽ13

−Ṽ12 0 Ṽ23

−Ṽ13 −Ṽ23 0


 x̃, (3.31)

where

D̃ =
Ã + ÃT

2
, Ṽ =

Ã− ÃT

2
. (3.32)

Due to symmetry, the net force F? on the spheroid is zero, so its centre will stay
fixed at the origin. The (nondimensional) net torque is given by [12]

M̃? =
16π

3




(k2
a − 1)D̃23 − (k2

a + 1)(Ṽ23 + Ω̃?
b,1)

k2
aα0 + γ0

(1− k2
a)D̃13 − (k2

a + 1)(−Ṽ13 + Ω̃?
b,2)

k2
aα0 + γ0

−
Ṽ12 + Ω̃?

b,3

α0




, (3.33)

where

α0 =
∫ ∞

0

dλ

(k2
a + λ)2(1 + λ)1/2 , γ0 =

∫ ∞

0

dλ

(k2
a + λ)(1 + λ)3/2 . (3.34)

For this background flow the characteristic time is chosen as τ = 1/γ̇.

3.5.2 Noninertial case (St = 0)

In the case where the spheroid has no inertia (St = 0), the torque M̃? on it must
vanish at all times. Jeffery [12] found analytical expressions for the orientation and
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rotation of the spheroid such that (3.33) is balanced with an equal torque of opposite
sign. The orientation of the spheroid is then given by

tan(φ) = − 1
ka

tan

(
2πt?

T?
J

+ Cφ

)
, (3.35)

tan(θ) =
ka

Cθ

√
cos2(φ) + k2

a sin2(φ)
, (3.36)

where φ and θ are Euler angles, Cφ and Cθ are constants determined by the initial
orientation, ka is the aspect ratio of the spheroid, and

T?
J = 2π

(
ka +

1
ka

)
(3.37)

is the rotation period. Under this motion, the endpoints of the spheroid follow a
closed orbit, usually called a Jeffery orbit [21]. There are infinitely many possible
Jeffery orbits, and each one corresponds to a value of the constant Cθ , called the
orbit parameter [21].

The angular velocity is given by Jeffery as

Ω̃?
b =




θ̇ cos(ψ) + φ̇ sin(θ) sin(ψ)
−θ̇ sin(ψ) + φ̇ sin(θ) cos(ψ)

φ̇ cos(θ) + ψ̇


 , (3.38)

where the dot above a variable denotes the nondimensional time derivative d/dt?.

3.6 Paraboloidal background flow

3.6.1 Noninertial case (St = 0)

Let us now instead consider a background flow given by the paraboloidal flow
ubg = K(x2

2 + x2
3)e

(1), where K is a positive real constant. This background flow is
shown in Figure 3.3. For simplicity (and without loss of generality), we will assume
that the centre of the spheroid lies in the x1x2-plane so that xCM,3 = 0, and that
xCM,2 is positive, as in Figure 3.3. According to Chwang [7], the rotational motion of
a noninertial prolate (ka < 1) spheroid in this background flow is given by Jeffery’s
solution (3.35)–(3.36) for a linear shear flow with the shear rate evaluated at the
centre of the spheroid, i.e. γ̇ = 2Kη, where η = xCM,2 is the distance from the centre
of the spheroid to the x1-axis. The (nondimensional) translational velocity of the
body is given by

V?
b =

1
2

(
η

c
+

1
3

c
η
(2− e2 − e2 cos2(α))

)
e(1), (3.39)

where e =
√

1− k2
a is the eccentricity of the spheroid, α is the angle between D(3)

and e(1), and the characteristic time is chosen as τ = 1/(2Kη). Note that η is
constant in time since V?

b has no x2-component.
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x1

x2

Figure 3.3. Schematic drawing of the spheroidal body in a
paraboloidal background flow.

3.6.2 Inertial case (St > 0) for a special orientation

Chwang [7] provides no expression for the force and torque on the spheroid in the
general case. However, for a prolate spheroid which is held fixed in the paraboloidal
flow with xCM,3 = 0 and Euler angles θ = π/2 and ψ = 0 (so that D(1) and D(3) are
in the x1x2-plane), the (dimensional) force is [7]

F̃par =
16πµe3cK cos α[η2 + 1

3 c2(2− e2 − e2 cos2 α)]

−2e + (1 + e2) log[(1 + e)/(1− e)]
D̃(3) +

+
32πµe3cK sin α[η2 + 1

3 c2(2− e2 − e2 cos2 α)]

2e + (3e2 − 1) log[(1 + e)/(1− e)]
D̃(1) (3.40)

and the torque is

M̃par = −
64πµe3c3Kη(1− e2 cos2 α)

3(−2e + (1 + e2) log[(1 + e)/(1− e)])
D̃(2). (3.41)

Here, µ is the dynamic viscosity of the fluid, and e, α and η are as in subsection 3.6.1.
Equations (3.40) and (3.41) assume that the spheroid is stationary. If it has a nonzero
translational velocity Vb, it will experience an additional force, which is given by
Lamb [20, ch. XI, art. 296] as

F̃0 = −16πµc




1
χ0 + α0k2

a
Ṽb,1

1
χ0 + α0k2

a
Ṽb,2

1
χ0 + γ0

Ṽb,3




, (3.42)

where Ṽb = (Ṽb,1, Ṽb,2, Ṽb,3)
T = RTVb, α0 and γ0 are as in (3.34), and

χ0 =
∫ ∞

0

dλ√
(k2

a + λ)2(1 + λ)
. (3.43)
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Additionally, if the spheroid has a nonzero angular velocity Ω̃b, it will be exposed to
an additional torque, which can be extracted from (3.33) by setting the background
flow to zero,

M̃0 = −16πµc3

3




k2
a + 1

k2
aα0 + γ0

Ω̃b,1

k2
a + 1

k2
aα0 + γ0

Ω̃b,2

1
α0

Ω̃b,3




. (3.44)

The total force and torque acting on the spheroid is then

F̃tot = F̃par + F̃0 and M̃tot = M̃par + M̃0. (3.45)

With the assumption that θ = π/2 and ψ = 0, we get Ω̃b,1 = Ω̃b,3 = 0 and
Ω̃b,2 = dφ/dt. The governing equation (3.28) becomes

dV?
b

dt?
=

1
St Θ?

RF̃?
tot, (3.46)

and the governing equation (3.29) reduces to

M̃?
tot = St J̃?

dΩ̃?
b

dt?
(3.47)

or

− 32πe3(1− e2 cos2 α)

3(−2e + (1 + e2) log[(1 + e)/(1− e)])
η

η0
− 16π

3
k2

a + 1
k2

aα0 + γ0
φ̇ =

= St
4π

15
k2

a(k
2
a + 1)φ̈, (3.48)

where the dot above a variable denotes the nondimensional time derivative d/dt?.
The characteristic time is here chosen as τ = 1/(2Kη0), where η0 is the distance η
from the centre of the spheroid to the x1-axis at the initial time t = 0. Note that this
implies that the Stokes number is based on the shear rate γ̇0 = 2Kη0 experienced by
the spheroid at the initial time. However, the distance η may vary with time in the
inertial case, which means that the particle may experience a different shear rate
γ̇ = 2Kη at a later time. This is not accounted for in our definition of the Stokes
number, which uses γ̇0 at all times.

Note that as long as Ṽb,2 = 0 at the initial time t = 0, the spheroid will remain
with xCM,3 = 0, θ = π/2 and ψ = 0, so the analytical expressions for F̃tot and
M̃tot will continue to hold at all times. Hence (3.46) and (3.47) can be integrated
numerically to give a semianalytical solution.
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Chapter 4

Boundary integral formulation

In this chapter we reformulate the PDE problem (2.16)–(2.19) as a boundary integral
equation. This reformulation is possible by virtue of the linearity of the equations,
and lets us compute the flow field anywhere in the domain of the fluid by first
solving an integral equation on the surface of the rigid body. This allows the fluid
domain to be truly unbounded in the computations. The formulation is based on
work by Power and Miranda [25] and Gonzalez [8]. Throughout this chapter and for
the rest of the thesis, only the nondimensional quantities from sections 2.3 and 3.4
will be used, so we drop the stars (?) to simplify the notation. In this chapter we
will also suppress all time dependence and assume that the equations are solved
at some fixed time t. The Einstein summation convention is used, so that an index
appearing twice in a term is implicitly summed over the set {1, 2, 3}.

The first step of the reformulation is to introduce ud(x) = u(x)− ubg(x), which
represents the deviation from the background flow field. This new variable should
satisfy

−∇Pd +∇2ud = 0, x ∈ Df, (4.1)

∇ · ud = 0, x ∈ Df, (4.2)

ud(x) = Vb + Ωb × (x− xCM)− ubg(x), x ∈ Γ, (4.3)

lim
x→∞

ud(x) = 0, (4.4)

for some pressure Pd(x). From previous work [25, 8, 15], we know that the solution
ud to (4.1)–(4.4) in the fluid domain Df can be represented as

ud(x) = D[Γ, ψ](x) +V [xCM, F, M](x), x ∈ Df, (4.5)

where D is the Stokes double layer potential and V is the completion flow. The
double layer potential D is given by [15]

Di[Γ, ψ](x) =
∫

Γ
Tijk(x, y)ψj(y)nk(y)dSy, i = 1, 2, 3, (4.6)
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where the double layer density ψ is a vector field defined on the surface Γ of the
body, n is the outward unit normal of Γ and T is the stresslet singularity with
components

Tijk(x, y) = −6
rirjrk

‖r‖5 , (4.7)

with r = x− y. Note that the integrand in (4.6) contains a singularity if x is on the
surface Γ, since then y = x and r = 0 at some point. However, the integral still
exists as an improper integral. The double layer potential has a jump at Γ:

lim
ε→0

D[Γ, ψ](x± εn) = ∓4πψ(x) +D[Γ, ψ](x), x ∈ Γ. (4.8)

The following facts are guaranteed about the double layer potential D: (i) it
satisfies the Stokes equation (4.1) for some pressure Pd, (ii) it satisfies the divergence
condition (4.2), and (iii) it goes to zero as x→ ∞ so that (4.4) is satisfied. However,
it is not able to represent a nonzero force F or torque M on the rigid body. For that
reason, the completion flow V is added, which is given by [25, 15]

Vi[xCM, F, M](x) =
1

8πµ

(
Cij(x, xCM)Fj + Hij(x, xCM)Mj

)
, (4.9)

i = 1, 2, 3, where the stokeslet C and the rotlet H singularities are given by

Cij(x, y) =
δij

‖r‖ +
rirj

‖r‖3 , (4.10)

Hij(x, y) =
ε ijkrk

‖r‖3 , (4.11)

with r = x− y. Here, δij is the Kronecker delta and ε ijk is the alternating symbol.
The completion flow also satisfies (i)–(iii) above and ensures that the formulation
(4.5) is complete.

The double layer density ψ has to be chosen so that the no-slip condition (4.3) is
satisfied. If we fix x on Γ, evaluate (4.5) in x + εn, and then let ε→ 0, we get

ud(x) = −4πψ(x) +D[Γ, ψ](x) +V [xCM, F, M](x), x ∈ Γ. (4.12)

Enforcing the no-slip condition now gives us

− 4πψ(x) +D[Γ, ψ](x) +V [xCM, F, M](x) =

= Vb + Ωb × (x− xCM)− ubg(x), x ∈ Γ. (4.13)

In this integral equation over the surface Γ, the density ψ is unknown, while Γ,
xCM and ubg are always known. The remaining variables (F, M, Vb and Ωb) may
be known or unknown depending on which kind of problem we are trying to
solve (see sections 4.1 and 4.2). In any case, due to the extra term −4πψ(x) in the
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left-hand side, (4.13) is a Fredholm integral equation of the second kind, which has
good numerical properties; the corresponding discrete system has a low condition
number which is independent of how much the grid is refined [2, ch. 1]. Once (4.13)
has been solved for ψ, the fluid velocity in Df may be computed using

u(x) = D[Γ, ψ](x) +V [xCM, F, M](x) + ubg(x), x ∈ Df. (4.14)

4.1 The resistance problem

In the resistance problem, the motion of the rigid body (i.e. Vb and Ωb) is known,
but the force F and torque M acting on it are unknown and must be computed. This
is the kind of problem that must be solved at every point in time when solving the
governing equations (3.26)–(3.29) of an inertial body (St > 0). In this situation, the
integral equation (4.13) is closed using the relations [25]

F[Γ, ψ] =
∫

Γ
ψ(y)dSy (4.15)

and
M[Γ, ψ] =

∫

Γ
ψ(y)× (y− xCM)dSy. (4.16)

We can then solve (4.13) for ψ, and subsequently compute the force and torque
using (4.15)–(4.16). If need be, the flow field can be computed anywhere in the fluid
domain using (4.14).

4.2 The mobility problem

In the mobility problem, the force F and torque M acting on the body are known,
but its motion (Vb and Ωb) is unknown and must be computed. This is the kind of
problem that must be solved to compute the motion of a noninertial body (St = 0),
since we then know that F = M = 0. In this case equation (4.13) is closed using the
relations [15]

Vb[Γ, ψ] = −4π

SΓ

∫

Γ
ψ(y)dSy, (4.17)

Ωb[Γ, ψ] = −4π
3

∑
n=1

ω(n)

An

(
ω(n) ·

∫

Γ
(y− xCM)×ψ(y)dSy

)
, (4.18)

where SΓ is the surface area of Γ and

An =
∫

Γ

(
ω(n) × (y− xCM)

)
·
(

ω(n) × (y− xCM)
)

dSy. (4.19)

The vectors ω(n), n = 1, 2, 3, are linearly independent unit vectors satisfying

1√
Am An

∫

Γ

(
ω(m) × (y− xCM)

)
·
(

ω(n) × (y− xCM)
)

dSy = δmn. (4.20)
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We can then solve (4.13) for ψ and compute Vb and Ωb from (4.17)–(4.18). Again,
the flow field can be computed anywhere in the fluid domain using (4.14) if needed.
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Chapter 5

Spatial discretization and quadrature

In order to solve the integral equation (4.13) numerically, we must discretize the
surface of the spheroid and apply a quadrature rule to the integrals in the equation.
The discretization of the spheroidal surface is given in section 5.1. In section 5.2, a
direct quadrature rule for the surface is introduced, which works well for smooth
integrands. However, since the integrand in (4.6) contains a singularity, it must be
treated specially. We handle this singularity with a new method called quadrature
by expansion (QBX), which is described in section 5.3. Only nondimensional
quantities are used in this chapter, so stars (?) are dropped.

5.1 The spheroidal grid

Our basic discretization is the same as in [15]. The surface of the spheroid, which is
given by (2.2) in the body-attached coordinate system, can be parametrized using
spherical coordinates as





x̃1 = ka sin(ϑ) cos(ϕ)

x̃2 = ka sin(ϑ) sin(ϕ)

x̃3 = cos(ϑ)

ϑ ∈ [0, π], ϕ ∈ [0, 2π), (5.1)

where ϑ is the polar angle and ϕ is the azimuthal angle. This surface is discretized
using a rectilinear grid of size nϑ × nϕ in the (ϑ, ϕ) coordinates, which gives us a
total of N = nϑnϕ grid points. For the direct quadrature, we will use the trapezoidal
rule in the periodic ϕ-direction, since it has spectral accuracy when integrating
a smooth periodic function over an entire period on a uniform grid [19]. In the
non-periodic ϑ-direction, we will instead use nϑ-point Gauss–Legendre quadrature
[1, ch. 25].

Let the coordinates of the grid points be (ϑi, ϕj), i = 1, . . . , nϑ, j = 1, . . . , nϕ. The
ϑi coordinates are chosen as the nodes of the nϑ-point Gauss–Legendre quadrature
rule on the interval [0, π], i.e. as [1, ch. 25]

ϑi =
π

2
(ri + 1) , i = 1, . . . , nϑ, (5.2)
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where {ri} are the nϑ roots of the Legendre polynomial Pnϑ
of degree nϑ [34]. The

ϕj coordinates are chosen to be uniformly distributed in the interval [0, 2π), i.e. as

ϕj =
2π

nϕ
(j− 1) , j = 1, . . . , nϕ. (5.3)

In the remainder of the thesis, we will choose nϑ and nϕ such that

nϕ

nϑ
= ka. (5.4)

An example of such a spheroidal grid is shown in Figure 5.1.

ϑ0 π

ϕ

0

2π

Figure 5.1. The grid lines of a spheroidal grid of size 40× 20, both in the
ϑϕ-plane and on a spheroid with aspect ratio ka = 1/2. The grid points
are at the intersections of the lines.

5.2 Direct quadrature for the spheroidal grid

As stated in section 5.1, we use nϑ-point Gauss–Legendre quadrature in the ϑ-
direction and the trapezoidal rule in the ϕ-direction for our direct quadrature rule.
The quadrature weights of nϑ-point Gauss–Legendre quadrature on [0, π] are given
by [1, ch. 25]

λϑ
i =

π(
1− r2

i

)
[P′nϑ

(xi)]2
, i = 1, . . . , nϑ, (5.5)

with ri as in (5.2); the quadrature weights of the trapezoidal rule on [0, 2π) are given
by λ

ϕ
j = 2π/nϕ, j = 1, . . . , nϕ. We can then approximate the integral of an arbitrary

(smooth) function f over the surface Γ as

∫

Γ
f (y)dSy =

∫ 2π

0

∫ π

0
f (y(ϑ, ϕ))W(ϑ, ϕ)dϑdϕ
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≈
nϕ

∑
j=1

nϑ

∑
i=1

f (y(ϑi, ϕj))W(ϑi, ϕj) λϑ
i λ

ϕ
j , (5.6)

where
W(ϑ, ϕ) = ka sin(ϑ)

√
sin2(ϑ) + k2

a cos2(ϑ) (5.7)

is the area scale factor of the spheroid (5.1).
The notation can be simplified by letting a single index s = 1, . . . , N cover all

grid points and introducing ys = y(ϑs, ϕs) and ws = W(ϑs, ϕs) λϑ
s λ

ϕ
s , so that

∫

Γ
f (y)dSy ≈

N

∑
s=1

f (ys)ws. (5.8)

We will use Dh to denote the quantity D from (4.6) computed using the direct
quadrature rule on the spheroidal grid, i.e.1

Dh
i [Γ, ψ](x) =

N

∑
s=1

Tijk(x, ys)ψj(ys)nk(ys)ws, i = 1, 2, 3, (5.9)

and similarly use Fh, Mh, V h
b and Ωh

b for the discretizations of the integrals in
sections 4.1 and 4.2.

5.2.1 Solving the integral equation

The Nyström method [2, ch. 4] for solving integral equations consists of discretizing
the integrals using the quadrature rule, and enforcing the equation at the grid points
xq = x(ϑq, ϕq), q = 1, . . . , N. If we apply the Nyström method to the resistance
problem in section 4.1, (4.13) becomes

− 4πψ(xq) +Dh[Γ, ψ](xq) +V [xCM, Fh, Mh](xq) =

= Vb + Ωb ×
(
xq − xCM

)
− ubg(xq), q = 1, . . . , N. (5.10)

This is the equation we must solve to determine the force and torque on an inertial
body (St > 0).

If we instead apply the Nyström method to the mobility problem in section 4.2,
(4.13) becomes

− 4πψ(xq) +Dh[Γ, ψ](xq)− V h
b −Ωh

b ×
(
xq − xCM

)
=

= −V [xCM, F, M](xq)− ubg(xq), q = 1, . . . , N, (5.11)

which is the equation we must solve to determine the motion of a body without
inertia (St = 0).

1The Einstein summation convention is used here for j and k.
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In both cases, the Nyström method replaces the original integral equation (4.13)
with a linear system of algebraic equations. However, there is a problem with the
discrete double layer potential Dh, namely that the stresslet Tijk(xq, ys) diverges
when xq approaches ys. The direct quadrature rule does not perform well with
unbounded integrands, so we must handle Dh in a special way. We call this
situation the singular case.

Another problem occurs if we want to use (4.14) to compute the flow field u(x)
at a point x very close to (but not on) the surface Γ. Since x is not on Γ, the stresslet
does not have a true singularity in this case, but x will be close to one of the grid
points ys, so ‖x− ys‖ will become very small. This case, which we call the nearly
singular case following [15], also poses a difficulty to the direct quadrature.

The singular case can for example be handled using a method called singularity
subtraction, which is done in [15]. However, singularity subtraction cannot be used
to handle the nearly singular case. Instead, we will use a new quadrature method
called quadrature by expansion (QBX), which allows us to handle both the singular
and the nearly singular cases.

5.3 Quadrature by expansion (QBX)

Quadrature by expansion (QBX) is a new quadrature method which was first
described by Klöckner et al. [17] for the Helmholtz equation in two dimensions. It
is based on the following simple idea: as noted above, the direct quadrature gives
bad results when evaluating Dh(x) on or near the surface Γ, but it works well when
x is further away from the surface, either in the interior Db or the exterior Df. Since
Dh(x) is smooth when restricted to Db or Df, we can make a series expansion of
it around a point c away from the surface. This series expansion is valid in a ball
of radius r = miny∈Γ ‖c− y‖ centred in c, which touches the surface Γ in a single
point yc, so we can use it to compute Dh in yc. We will call the expansion an outer
expansion if c ∈ Df and an inner expansion if c ∈ Db. An outer expansion is shown
in Figure 5.2.

Since the double layer potential has a jump at Γ as given by (4.8), we must either
subtract the jump to get the actual value on Γ (because the value we get otherwise
is the inner or outer limit), or we can use both an inner and outer expansion and
take the average. These options are discussed further in subsection 5.3.5.

The outer expansions can also be used to compute Dh anywhere in the ball
centred in c, which lets us compute the flow field (4.14) very close to the surface of
the body where the direct quadrature would produce bad results.

The version of QBX described in this section is based on work by Klinteberg and
Tornberg [16] which has not yet been published. Subsections 5.3.1 to 5.3.4 follow
[16] very closely. The Einstein summation convention will continue to be used
below.
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r

c

Γ

Db

Df

yc

Figure 5.2. Illustration of an outer expansion.

5.3.1 Expansion of the Laplace double layer potential

The starting point for our expansion will be another double layer potential, namely
that of the Laplace equation. The Laplace double layer potential is given by

L[Γ, ρ](x) =
∫

Γ
ρi(y)Li(x, y)dSy, (5.12)

where ρ(y) is a smooth vector density defined on Γ and

Li(x, y) =
ri

‖r‖3 =
∂

∂yi

1
‖r‖ , (5.13)

with r = x− y. For the moment we will assume that the density ρ(y) is a known
function and that we want to evaluate the integral in (5.12). Let (rx, ϑx, ϕx) and
(ry, ϑy, ϕy) be the spherical coordinates of x and y with respect to the expansion
centre c. Since x must be within the ball of convergence, we have rx ≤ ry. The
function 1/ ‖r‖ can be expanded in spherical harmonics as

1
‖r‖ =

∞

∑
l=0

4π

2l + 1

l

∑
m=−l

rl
xY−m

l (ϑx, ϕx)
1

rl+1
y

Ym
l (ϑy, ϕy), (5.14)

where Ym
l is the (complex-valued) spherical harmonics function of degree l and

order m, in this case defined as2

Ym
l (ϑ, ϕ) =

√
2l + 1

4π

(l − |m|)!
(l + |m|)! P|m|l (cos ϑ)eimϕ, |m| ≤ l, (5.15)

where P|m|l is an associated Legendre polynomial [32]. The expansion (5.14) lets us
write the Laplace double layer potential (5.12) as

L[Γ, ρ](x) =
∞

∑
l=0

4π

2l + 1

l

∑
m=−l

rl
xY−m

l (ϑx, ϕx)zlm[ρ], (5.16)

2This definition follows that in [5] but retains the normalization factor
√
(2l + 1)/4π.
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where the complex numbers

zlm[ρ] =
∫

Γ
ρi(y)

∂

∂yi

(
1

rl+1
y

Ym
l (ϑy, ϕy)

)
dSy (5.17)

are the local expansion coefficients around c. Note that the expansion separates the
source y from the target x; the expansion coefficients zlm depend only on the source,
and once they are known, the potential can be evaluated at any target using (5.16).
Since the expansion centre c is away from Γ, the integrand in (5.17) is smooth and
can be evaluated using the direct quadrature rule from section 5.2.

5.3.2 Expansion of the Stokes double layer potential

We would now like to expand the Stokes double layer potential (4.6) in a similar
way to the expansion for the Laplace potential above. To do this, one can use a
result by Tornberg and Greengard [30], which expresses the kernel of the Stokes
double layer potential in terms of the kernel of the Laplace potential, namely

Tijk(x, y)nk(y) =
(

rj
∂

∂xi
− δij

)
Lk(x, y)nk(y) +

+

(
rk

∂

∂xi
− δik

)
Lj(x, y)nk(y), (5.18)

where r = x− y, Tijk is the stresslet from (4.7), n is the outward unit normal of Γ,
and δij is the Kronecker delta. From (5.18) one can derive the relation

Di[Γ, ψ](x) =
(

xj
∂

∂xi
− δij

)
L[Γ, ψjn + njψ](x)−

− ∂

∂xi
L[Γ, ykψkn + yknkψ](x) (5.19)

between the Stokes and Laplace double layer potentials. This relation contains the
Laplace double layer potential L with four different vector densities

ρj = ψjn + njψ, j = 1, 2, 3, (5.20)

ρ4 = ykψkn + yknkψ, (5.21)

which take the place of ρ in (5.16)–(5.17). For the moment, we will assume that
the Stokes double layer density ψ is a known function. From (5.17) we get the
corresponding expansion coefficients

zj
lm = zlm[ρ

j] =
∫

Γ

(
ψjni + njψi

) ∂

∂yi

(
1

rl+1
y

Ym
l (ϑy, ϕy)

)
dSy, j = 1, 2, 3,
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z4
lm = zlm[ρ

4]
∫

Γ
(ykψkni + yknkψi)

∂

∂yi

(
1

rl+1
y

Ym
l (ϑy, ϕy)

)
dSy. (5.22)

This expansion separates source and target in the same way as the expansion for
the Laplace potential in subsection 5.3.1. The integrals in (5.22) can be evaluated
numerically using the direct quadrature rule from section 5.2.

It can be seen from the definition (5.15) that the spherical harmonics functions
are conjugate symmetric in m, i.e. that Y−m

l (ϑ, ϕ) = [Ym
l (ϑ, ϕ)]∗, where z∗ denotes

complex conjugation. Since the density ψ is real the same holds for the expansion
coefficients,

zj
l,−m = (zj

lm)
∗, j = 1, . . . , 4. (5.23)

Hence it is enough to compute the expansion coefficients for nonnegative m.

5.3.3 Numerical scheme

For every grid point xq, q = 1, . . . , N, on the surface Γ, we define an inner expansion
centre c−q and an outer expansion centre c+q , given by

c−q = xq − rn(xq), (5.24)

c+q = xq + rn(xq) (5.25)

and illustrated in Figure 5.3. Here, n is the outward unit normal of Γ and the
expansion radius r is the distance from the expansion centres to the surface. Since
the optimal radius depends on the resolution of the spheroidal grid, we introduce
the parameter r/h, where h = 2πka/nϕ = 2π/nϑ is a measure of the spacing
between the grid points. We will compute r from nϑ and r/h using the relation
r = 2π(r/h)/nϑ.

In the expansion (5.16), we truncate the infinite series at some index lmax = p, so
that p + 1 terms are included in the sum. The parameter p is called the expansion
order and must be a nonnegative integer. As we saw in (5.23), it is enough to

Db

Df

Figure 5.3. Every grid point xq on Γ has an inner
expansion centre c−q in Db and an outer expansion
centre c+q in Df.
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compute the expansion coefficients zj
lm for nonnegative m. This means that we must

compute and store

Np =
p2 + 3p + 2

2
(5.26)

expansion coefficients for every expansion centre and every j = 1, . . . , 4. Since
every grid point xq on the surface has two expansion centres, the total number of
coefficients that we must compute per grid point is 8Np.

To increase accuracy, we use a refined grid for computing the expansion coeffi-
cients zj

lm. This refined grid is defined by multiplying both nϑ and nϕ by a parameter
κ ≥ 1 called the upsampling factor, so that the number of grid points in the re-
fined grid is κ2N. The double layer density ψ is interpolated onto the refined grid
using barycentric Lagrange interpolation [6] in the ϑ-direction and trigonometric
interpolation in the ϕ-direction before computing the expansion coefficients.

To summarize, in addition to the grid resolution nϑ, there are three parameters
for our version of QBX: the expansion radius ratio r/h, the expansion order p and
the upsampling factor κ. A rule of thumb is that if r/h is large, then p must be large
to get good accuracy in the whole ball of convergence, but κ can be small. On the
other hand, if r/h is small, then p can be relatively small, but κ must be large since
the direct quadrature looses accuracy when the expansion centre is close to the
surface. Also, if p is large, the spherical harmonics are more oscillatory, and κ may
have to be large in order to properly resolve them. In this thesis, r/h is typically
between 0.3 and 3, p between 0 and 50, and κ between 5 and 25.

There is a restriction on r and r/h which comes from the requirement that the ball
of convergence for an inner expansion must not intersect the surface Γ in more than
a single point (see Figure 5.4). For a prolate spheroid, the requirement is that r ≤ k2

a
or r/h ≤ k2

anϑ/2π, and for an oblate spheroid it is r ≤ k−1
a or r/h ≤ k−1

a nϑ/2π.

r
c

Γ

Db

Df

Figure 5.4. A forbidden situation; r/h is too large.

5.3.4 Matrix representations and precomputation

In this subsection we make a very brief outline of how the steps of QBX can be
represented by matrices. We will not give explicit expressions for these matrices,
but only assert that they exist. If we assume the double layer density ψ to be known,
the QBX computation of the double layer potential Dh[Γ, ψ](xq) at a grid point
xq on the surface Γ can be divided into three steps: (1) upsample the density ψ
onto the refined grid using the interpolation method mentioned in subsection 5.3.3,
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(2) compute the expansion coefficients zj
lm from (5.22) using the upsampled density

and the direct quadrature rule, and (3) compute the potential Dh[Γ, ψ](xq) at the
grid point using (5.19) and (5.16).

Let the numerical approximation of the density ψ = (ψ1, ψ2, ψ3)T at the grid
point xq on the surface be given by ψ

q
i ≈ ψi(xq), i = 1, 2, 3. We will store these

approximations at all grid points as a vector

Ψ =




ψ1
ψ2
ψ3


 ∈ R3N×1, (5.27)

where ψi = (ψ1
i , . . . , ψN

i )T, i = 1, 2, 3.

(1) Upsampling: There is an upsampling matrix U ∈ Rκ2 N×N such that

ψ̂i = Uψi, i = 1, 2, 3, (5.28)

where ψ̂i ∈ Rκ2 N contains the ith component of the upsampled density at the
nodes of the refined grid. Hence, if we interpolate each component of the
density separately, the upsampled Ψ̂ is given by

Ψ̂ = (I3 ⊗U)Ψ, (5.29)

where I3 is the 3× 3 identity matrix and ⊗ is the Kronecker tensor product.

(2) Coefficients: Let zj(c±q ) ∈ CNp be a vector containing all the coefficients zj
lm

that need to be computed for the expansion centre c±q and a single j, with Np

given in (5.26). There are matrices M±qj ∈ CNp×3N such that

zj(c±q ) = M±qj Ψ, j = 1, . . . , 4, q = 1, . . . , N. (5.30)

Note that the M±qj matrices incorporate the upsampling step.

(3) Potential: There are matrices R±q ∈ R3×3N such that for the grid point xq on
the surface,

D±(xq) = R±q Ψ, q = 1, . . . , N, (5.31)

where D±(xq) is the numerical approximation of the Stokes double layer
potential computing using the inner (−) or outer (+) expansion centre. Note
that the R±q matrices incorporate both step (1) and (2).

To compute the flow field on the surface Γ, it is enough to have the R±q matrices.
The M±qj matrices are only needed to compute the flow field in the fluid domain Df.

Since the matrices M±qj and R±q only depend on geometry and QBX param-
eters, they can be precomputed. The precomputation is done for a spheroid in the
neutral orientation (as defined in section 3.1), and the result can then be reused

41



CHAPTER 5. SPATIAL DISCRETIZATION AND QUADRATURE

for other orientations by applying rotation matrices. This way, it is enough to do
the computation once for every aspect ratio ka and parameter choice (nϑ, r/h, p, κ),
which saves much time when integrating the equations of motion (3.26)–(3.29) in
time. Furthermore, due to rotational symmetry and equatorial mirror symmetry of
the spheroid, it is enough to compute and store the matrices for the first nϑ/2 grid
points along one of the longitudes, as shown in Figure 5.5.

Figure 5.5. It is enough to store precomputed matrices for
the first nϑ/2 grid points, marked with red circles.

5.3.5 Solving the integral equation with QBX

We can now solve (5.10) or (5.11) on the surface Γ by replacing the singular quantity
Dh[Γ, ψ](xq) with the corresponding quantity computed using QBX. There are three
options: (i) use only inner expansion centres c−q and replace the singular quantity by
D−(xq) = R−q Ψ, (ii) use only outer expansion centres c+q and replace the singular
quantity by D+(xq) = R+

q Ψ, or (iii) use both inner and outer expansion centres and
replace the singular quantity by the average

Davg(xq) =
D+(xq) +D−(xq)

2
=

R+
q + R−q

2
Ψ, q = 1, . . . , N. (5.32)

In most cases, we will use option (iii) since this option is recommended by [17]
when solving integral equations on the basis that the two-sided limit gives the
discrete double layer potential operator a spectral structure which is similar to that
of the continuous operator.

Since Fh, Mh, V h
b and Ωh

b do not contain singularities, they can be evaluated
using the direct quadrature rule. The resulting linear system of equations is now
well-posed, and we will solve it iteratively using the generalized minimal residual
method (GMRES).

5.3.6 Error analysis for QBX

According to [17], the error when computing an integral with QBX can be separated
into two terms: the truncation error Etrunc, which comes from the fact that we
truncate the infinite series in (5.16) at a finite p, and the quadrature error Equad,
which comes from the fact that we compute the expansion coefficients in (5.17) with
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a numerical quadrature rule. Hence, if the density ψ is known exactly, we have
∣∣∣D[Γ, ψ](x)−DQBX[Γ, ψ](x)

∣∣∣ ≤ Etrunc + Equad, (5.33)

where D[Γ, ψ](x) is the exact double layer potential and DQBX[Γ, ψ](x) is its QBX
approximation, computed according to (5.19) and (5.16)–(5.17). In the two-dimen-
sional setting in [17], Etrunc is proportional to rp+1. The quadrature error depends
on the quadrature rule and the number of grid points κ2N, but also on r. It may also
depend on p since larger p leads to more oscillatory integrands which are harder to
resolve. With our direct quadrature rule from section 5.2, we would expect Equad to
decrease exponentially as nϑ increases.

When solving the integral equation with the Nyström method which leads us to
(5.10) or (5.11), we only work with the value of the density ψ at the grid points xq
on the surface, i.e. Ψ from (5.27). We can then write

Etot =
∣∣∣D[Γ, ψ](x)−DQBX[Γ,IΨ](x)

∣∣∣ ≤

≤
∣∣∣D[Γ, ψ](x)−D[Γ,IΨ](x)

∣∣∣
︸ ︷︷ ︸

Einterp

+
∣∣∣D[Γ,IΨ](x)−DQBX[Γ,IΨ](x)

∣∣∣
︸ ︷︷ ︸

Etrunc+Equad

≤

≤ Einterp + Etrunc + Equad, (5.34)

where I is the interpolant of the interpolation method mentioned in subsection 5.3.3
(i.e. barycentric Lagrange interpolation [6] in the ϑ-direction and trigonometric
interpolation in the ϕ-direction) and Einterp is the interpolation error. With the inter-
polation method from subsection 5.3.3, we expect Einterp to decrease exponentially
as nϑ increases.
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Chapter 6

Overview of the numerical method

To compute the motion of the spheroid, we must integrate the equations of motion
(3.26)–(3.29) numerically in time. This is done in Matlab [24] using its built-in ODE
solver ode113, which is suitable for computationally intensive problems. At every
time step, we must solve an integral equation (either the resistance problem from
section 4.1 or the mobility problem from section 4.2) in order to evaluate the right-
hand side of (3.26)–(3.29). Thanks to the precomputation step of QBX described in
subsection 5.3.4, the computations at every time step are relatively fast, typically
taking less than one second on a regular desktop computer. The precomputation
step may take significantly longer (typically between a couple of minutes and one
hour), but it only needs to be done once.

The discrete versions (5.10) and (5.11) of the integral equation are linear systems
of algebraic equations (Ax = b) and can be solved iteratively using Matlab’s gmres
function. gmres accepts a function for computing the left-hand side Ax given x, so
the coefficient matrix A does not have to be constructed explicitly.

The computations are different in the inertial case (St > 0) and the noninertial
case (St = 0). The solution algorithms for the two cases are outlined in Figure 6.1
and Figure 6.2, respectively. The stars (?) for nondimensional quantities are omitted
in these figures.
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Inertial case (St > 0)

Initialize the grid and QBX
Perform QBX precomputations if not done before

Initialize the state variables xCM, q, Vb and Ω̃b
using initial conditions at t = 0

Solve the equations of motion (3.26)–(3.29)
from t = 0 to t = tend using ode113

For every ode113 time step

Reached tend?

Use the current state variables xCM, q, Vb and
Ω̃b to compute the double layer density ψ by
solving the resistance problem (5.10) iteratively
with GMRES, computing Dh using QBX and
(5.32), and Fh and Mh using the discrete ver-
sions of (4.15) and (4.16)

Use ψ to compute the force Fh and torque
Mh acting on the spheroid from the discrete
versions of (4.15) and (4.16)

Plug the force and torque into the equations
of motion (3.26)–(3.29) to compute the time
derivatives of the state variables

Done

Yes No

Figure 6.1. Overview of the solution algorithm in the inertial case (St > 0). The
state variables are the position xCM, orientation q, translational velocity Vb and
angular velocity Ωb of the spheroid. The output of the algorithm consists of the
values of the state variables at time steps between t = 0 and t = tend.
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Noninertial case (St = 0)

Initialize the grid and QBX
Perform QBX precomputations if not done before

Initialize the state variables xCM and q
using initial conditions at t = 0

Solve the equations of motion (3.26)–(3.27)
from t = 0 to t = tend using ode113

For every ode113 time step

Reached tend?

Use the current state variables xCM and q to
compute the double layer density ψ by solving
the mobility problem (5.11) with F = M = 0
iteratively with GMRES, computing Dh using
QBX and (5.32), and V h

b and Ωh
b using the dis-

crete versions of (4.17) and (4.18)

Use ψ to compute the translational velocity
V h

b and angular velocity Ωh
b from the discrete

versions of (4.17) and (4.18)

Plug the velocities into the equations of mo-
tion (3.26)–(3.27) to compute the time deriva-
tives of the state variables

Done

Yes No

Figure 6.2. Overview of the solution algorithm in the noninertial case (St = 0). The
state variables are the position xCM and orientation q of the spheroid. The output
of the algorithm consists of the values of the state variables at time steps between
t = 0 and t = tend.

47





Part II

Results

49





Chapter 7

Parameter study of QBX

The goal in this chapter is to demonstrate how the parameters nϑ, r/h, p and κ of
the QBX-based numerical method described in the previous chapter influence the
error in the numerical solution. We will solve the resistance problem (see section 4.1)
with linear shear flow ubg = (x2, 0, 0)T and rigid body motion Vb = Ωb = 0, i.e. a
stationary body (only nondimensional quantities are used in this chapter, so stars
(?) are dropped). The solution to the resistance problem consists of the double layer
density ψnum, from which the force Fnum and torque M̃num acting on the body can
be computed using (4.15)–(4.16). These can be compared with Jeffery’s analytical
expressions for the force and torque, given by Fexact = 0 and M̃exact as in (3.33). We
will mostly focus on the relative error of the torque, i.e.

‖M̃num − M̃exact‖
‖M̃exact‖

. (7.1)

Unless otherwise stated, we will use a body with aspect ratio ka = 1/2 and use an
average of inner and outer expansion centres, as described in subsection 5.3.5. The
centre of the body is placed at the origin, i.e. xCM = 0. We use Matlab [24] and its
gmres function with the tolerance set to 10−12 to solve the linear system (5.10) with
Dh computed using QBX.

7.1 Error for different orientations of the body

We first examine how the error depends on the orientation of the rigid body,
i.e. on q (see (3.1)). To this effect, we fix the quadrature parameters to nϑ = 40,
r/h = 1, κ = 15 and p = 30, and give the body a number of different orientations.
These orientations correspond to a rotation either around the x1-axis, for which
q = q(α, e(1)) = (cos(α/2), sin(α/2), 0, 0)T, or around the x2-axis, for which
q = q(α, e(2)) = (cos(α/2), 0, sin(α/2), 0)T, where α is the angle of rotation around
the axis (see Figure 7.1).

Figure 7.2 shows how the relative error of the torque (7.1) and the absolute error
of the force ‖Fnum − Fexact‖ vary with orientation. It can be seen that the relative
error of the torque has a clear upper bound; it is minimal when the symmetry axis
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7.2. CONVERGENCE OF DENSITY FOR FIXED QUADRATURE

(a) Relative error of torque M̃

0 1
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(b) Absolute error of force F
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Figure 7.2. Error of the torque and force as functions of the orientation of the body, resulting
from rotating the body an angle α around the x1- or x2-axis.

of the body is parallel to e(3) and maximal when the symmetry axis is orthogonal
to e(3), and the difference is about one order of magnitude. The absolute error of
the force is very small for all orientations. In the rest of this chapter, we will use the
orientation q(π/2, e(1)), which maximizes the relative error of the torque.

7.2 Convergence of density for fixed quadrature

We will now investigate the convergence of the double layer density ψ as the
original spheroidal grid is refined (i.e. nϑ increases) but the quadrature grid is
kept fixed (i.e. nϑκ is constant). This lets us keep the truncation error Etrunc and
quadrature error Equad in (5.34) small and constant, while the interpolation error
Einterp dominates. It is then nϑ that limits how accurately we can determine the
density.

We will choose nϑκ = 1120, r = 3π/112 and p = 10. For each nϑ, we can
compute κ = 1120/nϑ and r/h = 15/κ. Since the exact double layer density is
not available, we will use a reference solution ψref, which is the numerical solution
computed with nϑ = 112. To compare the reference solution with densities ψnum[nϑ]
for lower values of nϑ, it is downsampled to the coarser grid using the interpolation
method described in subsection 5.3.3. The difference is then measured using

‖Ψ[nϑ]− Inϑ
Ψref‖nϑ

, (7.2)

where Ψ[nϑ] is the R3N×1-vector described in subsection 5.3.4, Inϑ
is an interpolant,

Ψref = Ψ[nϑ = 112], and ‖·‖nϑ
is a scaled norm, given by

‖x‖nϑ
=

1√
3N
‖x‖ = 1

nϑ

√
3ka
‖x‖ , (7.3)
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where ‖·‖ is the usual Euclidean norm for vectors in R3N .
The whole computation, including the reference solution, is done first with

only inner expansion centres, and then with the usual average of inner and outer
expansion centres, as described in subsection 5.3.5. The results are shown in Fig-
ure 7.3 and Figure 7.4, respectively. The two cases are very similar; in both cases
the convergence is clearly exponential, and then flattens out at about 10−12. The
exponential convergence is consistent with the interpolation scheme used in the
method, as mentioned in subsection 5.3.6.

However, a difference appears when we plot the relative error of the torque
in both cases, shown in Figure 7.5 and Figure 7.6, respectively. When only inner
expansion centres are used, the torque error decreases to 10−12 at nϑ = 40 and then
flattens out, but when an average of inner and outer expansion centres is used,
the torque error does not go lower than about 10−4. While the convergence of the
density is the same in both cases, the density clearly converges to different limits in
the two cases, and it seems that the one achieved with only inner expansion centres
is closer to the true density. As we will see in section 7.3, the expansion order p
must be increased to at least p = 30 in order to reach torque errors close to 10−12

when the average is used (due to memory constraints we cannot go above p = 10
with the large values of nϑ that we consider in this section).

Despite the apparent advantage of using only inner expansion centres, we will
stick with the average of inner and outer expansion centres in the rest of this thesis,
since it makes the spectral structure of the discrete problem more similar to that of
the continuous problem, as was noted in subsection 5.3.5.
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(a) ‖Ψ[nϑ]− Inϑ
Ψref‖nϑ

(only inner expansion centres)
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(b) ‖Ψ[nϑ]− Inϑ
Ψref‖nϑ

(only inner expansion centres)
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Figure 7.3. Convergence of ψ as nϑ increases for fixed quadrature resolution, using only
inner expansion centres. (a) and (b) contain the same data; the only difference is the scale of
the x-axis (logarithmic in (a) and linear in (b)). The red line is fitted to data points 4 to 8 and
has the equation y = 0.02 exp(−0.34nϑ).

(a) ‖Ψ[nϑ]− Inϑ
Ψref‖nϑ

(average of inner and outer centres)
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(b) ‖Ψ[nϑ]− Inϑ
Ψref‖nϑ

(average of inner and outer centres)
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Figure 7.4. Convergence of ψ as nϑ increases for fixed quadrature resolution, using an
average of inner and outer expansion centres. (a) and (b) contain the same data; the only
difference is the scale of the x-axis (logarithmic in (a) and linear in (b)). The red line is fitted
to data points 4 to 8 and has the equation y = 0.02 exp(−0.33nϑ).
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(a) Relative error of torque M̃
(only inner expansion centres)
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(b) Absolute error of force F
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Figure 7.5. Error of the torque and force as functions of nϑ for fixed quadrature resolution,
using only inner expansion centres.

(a) Relative error of torque M̃
(average of inner and outer centres)
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Figure 7.6. Error of the torque and force as functions of nϑ for fixed quadrature resolution,
using an average of inner and outer expansion centres.
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7.3 Error as function of QBX parameters

In this section we will demonstrate how the relative error of the torque depends on
the parameters p, nϑ and r/h. The upsampling factor κ is chosen large enough not
to influence the results (a cost that only affects the precomputation step of QBX),
which means that the quadrature error Equad in (5.34) should be negligible.

To highlight the dependence of the error on the expansion order p, we fix r/h = 1
and κ = 15, and compute the torque for p = 0, 1, . . . , 30 and nϑ = 30, 40, 50. The
result can be seen in Figure 7.7, which shows that the error decreases exponentially
with a rate that depends on nϑ, and then flattens out at a level which also depends
on nϑ, most likely because the truncation error Etrunc has then become very small
and the interpolation error Einterp dominates. It can be seen that the error (i.e. the
truncation error) is approximately proportional to (9/nϑ)

p/2 for fixed nϑ.
We also compute the error as function of the number of grid points nϑ for

r/h = 1, κ = 15 and p = 5, 10, 15, 20. This is shown in Figure 7.8, which seems to
agree with the result in Figure 7.7 in that the error is still approximately proportional
to (9/nϑ)

p/2 for fixed p. However, in this case we change not only the truncation
error but also the interpolation error. It should be noted that since r/h = 1 in
Figures 7.7 and 7.8, we have nϑ = 2π/r and therefore (9/nϑ)

p/2 = (9r/2π)p/2.
Finally, we fix nϑ = 40 and κ = 25 and let r/h vary between 0.5 and 1.5. This is

shown in Figure 7.9. We can see that the error decreases as r/h becomes smaller,
which is what one would expect when κ is large enough to avoid problems with
nearly singular integrands. In this case we change both the truncation error and the
quadrature error, and the error seems to be approximately proportional to (r/h)p/2

for fixed p. In this case h = π/20, so (r/h)p/2 = (20r/π)p/2.

(a) Relative error of torque M̃

1 2 5 10 20 30
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nϑ = 30
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(b) Relative error of torque M̃
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nϑ = 40
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Figure 7.7. Error of the torque as function of the expansion order p for fixed r/h = 1. (a)
and (b) contain the same data; the only difference is the scale of the x-axis (logarithmic in
(a) and linear in (b)). The dashed black lines are reference lines proportional to (9/nϑ)

p/2.
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Relative error of torque M̃
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Figure 7.8. Error of the torque as func-
tion of nϑ for fixed r/h = 1. The dashed
black lines are reference lines propor-
tional to (9/nϑ)

p/2.
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Figure 7.9. Error of the torque as func-
tion of r/h for fixed nϑ = 40. The
dashed black lines are reference lines
proportional to (r/h)p/2.

7.4 Error for different aspect ratios

We will now make an overview of how the error behaves for bodies of different
aspect ratios ka. Figure 7.10 shows the error as a function of r for ka = 1/2, i.e. the
prolate body that we have considered previously in this chapter; some of the data in
this figure is the same as in Figure 7.8 and Figure 7.9, but the independent variable
has been converted to r using the relation r = 2π(r/h)/nϑ. This figure indicates
that in this setting, r and p are the important parameters governing the error, while
h and hence nϑ are not very important (curves corresponding to different h collapse
onto each other), at least if nϑ is large enough (the smallest nϑ in the figure is nϑ = 8).
In a way, this is consistent with Figure 7.6, which shows that once the error has
reached a certain level, the value of nϑ does not matter.

Figure 7.11 shows the corresponding picture for a sphere (ka = 1), but with h as
the independent variable (through the relation h = 2π/nϑ). The behaviour here is
very different from the previous figure. Firstly, the error becomes very small (less
than 10−12) even for moderate QBX parameters, most likely due to the geometric
simplicity of the sphere. Second, the error seems to depend mainly on h (and hence
nϑ), while it is nearly insensitive to r and p. The reason for this seems to be that the
exact double layer density ψ in this case is composed of spherical harmonics of low
degree and p = 1 is enough to describe it, as shown in Figure 7.12.

In Figure 7.13, the corresponding plot for an oblate body with aspect ratio ka = 2
is shown. Here the behaviour seems to be the same as for ka = 1/2 again, with r
and p dominating the error, although the curves do not collapse as neatly (perhaps
because nϑ is not large enough). It seems reasonable to assume that the behaviour
shown in Figure 7.10 and Figure 7.13 is representative for most aspect ratios, and
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that the sphere is an exceptional case.

Relative error of torque M̃ (ka = 1/2)
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Figure 7.10. Error of the torque as function of r, for ka = 1/2 (a prolate spheroid) and
several different choices of quadrature parameters. The curves with fixed r/h correspond
to the type of curves shown in Figure 7.8, and those with fixed nϑ correspond to the curves
shown in Figure 7.9. The value nϑ = 40 corresponds to h = π/20 ≈ 0.1571.
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Figure 7.11. Error of the torque as function of h, for ka = 1 (a sphere) and several different
choices of quadrature parameters. Same notes as in Figure 7.10 apply to the curves. The
value nϑ = 10 corresponds to h = π/5 ≈ 0.6283.
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Relative error of torque M̃ (ka = 1)
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Figure 7.12. Error of the torque for a sphere (ka = 1) as
function of the expansion order p for fixed r/h = 1.5. The
upsampling factor is κ = 15.
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Figure 7.13. Error of the torque as function of r, for ka = 2 (an oblate spheroid) and several
different choices of quadrature parameters. Same notes as in Figure 7.10 apply to the curves.
The value nϑ = 20 corresponds to h = π/10 ≈ 0.3142.
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7.5 Summary of the results

We have tried to investigate how the different error terms in (5.34) depend on
the parameters nϑ, r/h and p. We saw in section 7.2 that the interpolation error
Einterp is proportional to Cnϑ for some C ∈ (0, 1). In section 7.3 we saw that the
truncation error Etrunc is proportional to (Dr)p/2 for some D > 0 which may depend
on the parameters. In section 7.4, we saw that r and p are the important parameters
determining the error for most aspect ratios but that the sphere is an exception.

It could be interesting to comment on the time required for the computations.
Much of the work is done in the precomputation step (see subsection 5.3.4), which
for the parameter choices tested here may take anything from a few seconds up to
a couple of hours on a modern dual-core laptop, depending on nϑ, κ and p. For
example, for nϑ = 40, r/h = 1, κ = 15 and p = 30, which was used in section 7.1,
the precomputation took about 30 minutes. The precomputation only needs to be
done once; after that, computing the force and torque on the spheroid at a single
instant in time takes about 0.5 seconds.
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Chapter 8

Linear shear background flow

In this chapter we continue to use the linear shear flow ubg = (x2, 0, 0)T from last
chapter, and focus more on the physics of the problem. The results in this chapter
are not in any way new, but they serve as an important validation of the QBX-based
numerical method. We will use a prolate body with aspect ratio ka = 1/2 and place
its centre at the origin so that xCM = 0. The centre of the body will stay fixed at the
origin since the net force on the body is always zero in this configuration. A sketch
of the body in the background flow is shown in Figure 8.1. All quantities in this
chapter are dimensionless, so stars (?) are dropped.

Note that by virtue of the boundary integral method, the fluid domain can be
unbounded in the numerical computations, exactly as in the analytical solutions
that we use as reference solutions in the sections below and in chapter 9. This makes
it straightforward to compare the numerical solution with the analytical solution,
without any spurious boundary effects that would appear in a method requiring a
finite computational box.

In this chapter, we fix the quadrature parameters to nϑ = 40, κ = 15, r/h = 1.5
and p = 50. The GMRES tolerance is set to 10−12.

x1

x2

Figure 8.1. Schematic drawing of the spheroidal body in
the linear shear background flow. The background flow is
the same for all x3.
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8.1 Noninertial case (St = 0)

When the rigid body has no inertia (St = 0), the force and torque acting on it must be
zero at all times, which means that we can solve the mobility problem as described
in section 4.2 to get the translational velocity Vb and angular velocity Ω̃b of the
body. The motion of the body is then described by the two ODEs (3.26) and (3.27).
We will solve this system in Matlab with the ode113 function, which is suitable for
computationally intensive problems [24]. The relative tolerance of the ODE solver
is set to 10−4.

In the noninertial case, the equations of motion can be solved analytically, as
was done by Jeffery [12]. His solution (3.35)–(3.36) is given in terms of the Euler
angles φ and θ (defined in section 3.2), from which one can also compute Ω̃b,3, the
angular velocity of the body around its axis of symmetry. Jeffery’s solution lets us
compute the error of the numerical solution at any point in time.

The initial orientation of the body is shown in Figure 8.2 (a). Mathematically, it is
described by the quaternion q(1, e(1)) = (cos(1/2), sin(1/2), 0, 0)T (see section 3.1),
which corresponds to a rotation of 1 radian around the x1-axis. In terms of Euler
angles, this orientation is described by θ = 1, φ = ψ = 0. The body is shown at
two later times in Figure 8.2 (b, c). As Jeffery showed, the spheroidal body follows
a periodic motion around the vorticity axis (the x3-axis), somewhat similar to the
motion of a kayak paddle [21]. This periodic motion can be seen in Figure 8.3, where
the trajectory of one of the endpoints of the body is shown. The period is given by
TJ = 2π(ka + 1/ka).

The Euler angles and angular velocity of the body are shown as functions of
time in Figure 8.4 and Figure 8.5, together with absolute errors. It can be seen that
the errors stay below 10−3 radians, but there is a slight increase over time due to
accumulation of errors. The error in this case is dominated by the time-stepping
error since a relatively large ODE tolerance (10−4) was chosen. However, it is clearly
enough to correctly reproduce the physics of the problem.
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Figure 8.3. The periodic trajectory (Jeffery orbit) of one of the end-
points of the spheroidal body (blue curve), together with projections
onto the coordinate planes (grey curves), for St = 0. The initial
configuration of the body is also shown.

(a) Euler angles φ, θ, ψ (St = 0)
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Figure 8.4. (a) The Euler angles from the numerical simulation and (b) their absolute errors,
for St = 0. The dashed grey lines mark the period TJ , which for aspect ratio ka = 1/2 is
TJ ≈ 15.708.
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(a) Angular velocity Ω̃b (St = 0)
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(b) Absolute error of Ω̃b,3

0 10 20 30 40 50 60 70
10−9

10−8

10−7

10−6

10−5

10−4

t

Ω̃b,1

Ω̃b,2

Ω̃b,3

‖Ω̃b‖

Figure 8.5. (a) The components of the angular velocity of the body in the body-attached
system and (b) the absolute error of Ω̃b,3, the angular velocity around the symmetry axis,
for St = 0. The dashed grey lines mark the period TJ ≈ 15.708.

8.2 Inertial case (St > 0)

When the rigid body has inertia (St > 0), the force F and torque M̃ acting on it
are not known beforehand, so we must solve a resistance problem as described in
section 4.1 to determine them. The motion of the body is described by the system
of ODEs (3.26)–(3.29). Again, we solve the system in Matlab with ode113, using
a relative tolerance of 10−4. The initial orientation of the body is the same as in
the previous section. Since the body has inertia now, we will also need an initial
translational and angular velocity for it; we will use Vb = 0 and Ω̃b = 0 so that the
body starts at rest.

In the inertial case, the exact solution is not available analytically. However, the
equations of motion can be solved semianalytically by plugging Jeffery’s analyt-
ical expression (3.33) for the torque into the system (3.26)–(3.29) and then using a
numerical solver on it, which has been done by Lundell [21, 22]. We will use the
solution obtained in this way as a reference solution, and use the relative tolerance
10−13 to compute it with ode113. This reference solution is used to compute the
error of the QBX-based numerical solution.

Lundell [21, 22] showed that at low Stokes numbers (less than St ≈ 60 for aspect
ratio ka = 1/2), the behaviour of the spheroid is similar to the noninertial case,
but with an orbit drift so that the body will eventually lie with its major axis in
the x1x2-plane (θ → π/2) and rotate about the x3-axis. For higher Stokes numbers,
the behaviour is very different, and the spheroid rotates around a tilted axis which
approaches the x3-axis. In this section we use St = 20, which puts us in the ‘low’
region. The orbit drift can be seen clearly in Figure 8.6, where the trajectory of an
endpoint is shown. Figure 8.7 shows how the spheroid is oriented after a long time,
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CHAPTER 8. LINEAR SHEAR BACKGROUND FLOW

when it is rotating with θ = π/2.
The Euler angles and angular velocity of the body are shown as functions of

time in Figure 8.8 and Figure 8.9, together with absolute errors (with respect to
the semianalytical reference solution). It is clear that the true solution is correctly
reproduced in this case as well.
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Figure 8.6. The trajectory of an end-
point of the spheroidal body (blue
curve), together with projections onto
the coordinate planes (grey curves), for
St = 20. The initial configuration of the
body is also shown.
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Figure 8.7. The rigid body and the flow
field at time t = 68, at which point the
particle is simply rotating around the
x3-axis.

(a) Euler angles φ, θ, ψ (St = 20)
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Figure 8.8. (a) The Euler angles from the numerical simulation and (b) their absolute errors,
for St = 20. The dashed grey lines mark the period TJ ≈ 15.708 of the noninertial case
(St = 0).
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(a) Angular velocity Ω̃b (St = 20)
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(b) Absolute error of Ω̃b
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Figure 8.9. (a) The components of the angular velocity of the body in the body-attached
system and (b) their absolute errors, for St = 20. The dashed grey lines mark the period
TJ ≈ 15.708 of the noninertial case (St = 0).
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Chapter 9

Quadratic background flows

We will now move on to the simplest kind of nonlinear background flows, namely
quadratic background flows. In section 9.1 we present a validation case for a
noninertial spheroid in a paraboloidal flow uA

bg = 1
2 (x2

2 + x2
3, 0, 0)T, and in section 9.2

we give a validation case for an inertial spheroid in the same flow for a special
orientation for which analytical expressions for the force and torque are available.
In section 9.3 we take a leap into the unknown and study how an inertial spheroid
behaves in the background flow uB

bg = 1
2 (x2

2, 0, 0)T for different Stokes numbers,
which leads to some novel results.

A sketch of the background flows is shown in Figure 9.1. To get the paraboloidal
background flow uA

bg, the flow drawn in the figure must be rotated around the
x1-axis so that the flow field is rotationally symmetric. To get the second quadratic
background flow uB

bg, the flow in the figure should instead be the same for all x3. In
both flows the shear rate γ̇ varies in space and increases in the x2-direction. Since
the spheroid would not rotate if its centre were placed at the origin where the shear
rate is zero, it will be placed on the positive x2-axis. All quantities in this chapter
are dimensionless, so stars (?) are dropped.

In this chapter, we fix the quadrature parameters to nϑ = 40, κ = 15, r/h = 1.5

x1

x2

Figure 9.1. Schematic drawing of the spheroidal body in a
quadratic background flow.
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CHAPTER 9. QUADRATIC BACKGROUND FLOWS

and p = 50 for aspect ratio ka = 1/2, and nϑ = 60, κ = 15, r/h = 1 and p = 40 for
aspect ratio ka = 1/3. The GMRES tolerance is set to 10−12.

9.1 Noninertial case (St = 0)

For paraboloidal background flow uA
bg = 1

2 (x2
2 + x2

3, 0, 0)T and no inertia (St = 0),
the analytical solution is given by Chwang [7] for prolate spheroids. As described in
subsection 3.6.1, the rotational motion of the spheroid is the same as for a spheroid
in linear shear background flow, with the shear rate γ̇ = η evaluated at the centre
of the body, where η is the distance to the x1-axis. The spheroid will also translate
along the streamline on which its centre lies, with translational velocity Vb given by
(3.39).

We consider a spheroid with aspect ratio ka = 1/2. The initial position of the
centre of the spheroid is xCM = (0, 1, 0)T, which gives a shear rate γ̇ = 1 equal to
the case described in section 8.1. The initial orientation of the spheroid is the same
as in section 8.1, i.e. q(1, e(1)) = (cos(1/2), sin(1/2), 0, 0)T, which corresponds to
the Euler angles θ = 1, φ = ψ = 0. The problem is solved numerically in the exact
same way as in section 8.1, i.e. with Matlab’s ode113 and relative tolerance 10−4.

The Euler angles and angular velocity of the body are shown as functions of
time in Figure 9.2 and Figure 9.3, together with absolute errors. These figures can
be compared with Figure 8.4 and Figure 8.5 for the linear shear flow. It can be seen
that the errors are slightly larger for the paraboloidal background flow, but still
bounded. Again there is a slight increase over time due to accumulation of errors.

(a) Euler angles φ, θ, ψ (St = 0)
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Figure 9.2. (a) The Euler angles from the numerical simulation and (b) their absolute errors,
for St = 0. The dashed grey lines mark the period TJ , which for aspect ratio ka = 1/2 is
TJ ≈ 15.708.
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9.2. INERTIAL CASE (St > 0) I: VALIDATION

The translational velocity of the body is shown in Figure 9.4, together with
absolute errors. These errors are below 10−4, and the errors for Vb,2 and Vb,3 (both
of which should be zero) are very small.

(a) Angular velocity Ω̃b (St = 0)
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(b) Absolute error of Ω̃b,3
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Figure 9.3. (a) The components of the angular velocity of the body in the body-attached
system and (b) the absolute error of Ω̃b,3, the angular velocity around the symmetry axis,
for St = 0. The dashed grey lines mark the period TJ ≈ 15.708.

(a) Translational velocity Vb (St = 0)
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(b) Absolute error of Vb
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Figure 9.4. (a) The components of the translational velocity of the centre of the body and
(b) its absolute errors, for St = 0. The dashed grey lines mark the period TJ ≈ 15.708.

9.2 Inertial case (St > 0) I: validation

Chwang [7] provides analytical expressions for the force and torque acting on a
prolate spheroid in paraboloidal flow in the special case when the spheroid’s axis of
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CHAPTER 9. QUADRATIC BACKGROUND FLOWS

symmetry lies in the x1x2-plane, i.e. when θ = π/2. The complete expressions for
Fexact and M̃exact are given by (3.45) in subsection 3.6.2. We choose the aspect ratio
ka = 1/2 and put the centre of the spheroid at xCM = (0, 1, 0)T. First we compute
the force Fnum and torque M̃num on the spheroid for varying φ and fixed Vb = 0,
Ω̃b = 0, θ = π/2, ψ = 0 by solving the resistance problem (section 4.1). The relative
errors

‖Fnum − Fexact‖
‖Fexact‖

and
‖M̃num − M̃exact‖
‖M̃exact‖

(9.1)

are shown in Figure 9.5. It can be seen that the torque error is independent of φ, and
both errors are nicely bounded.

We also perform time-stepping, both with the numerical and analytical expres-
sions for the force and torque, as in section 8.2. We use ode113 with tolerance 10−4

in the numerical case and 10−13 for the analytical expressions. The results are shown
in Figure 9.6 and Figure 9.7, which demonstrate that the numerical method can
handle this case as well. Note that the distance η from the centre of the spheroid
to the x1-axis is not constant in this case, so the shear rate γ̇ = η experienced by
the spheroid varies. The Stokes number is always based on the shear rate γ̇0 = 1 at
initial time.

Relative errors of F and M

0 1
6 π 1

3 π 1
2 π 2

3 π 5
6 π π

10−9
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10−7

φ

Force F
Torque M

Figure 9.5. Error of the force and torque as functions of
the Euler angle φ, for θ = π/2 and ψ = 0.
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(a) Euler angles φ, θ, ψ (St = 20)
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Figure 9.6. (a) The Euler angles from the numerical simulation and (b) their absolute errors,
for St = 20 in the special validation case. The dashed grey lines mark the period TJ ≈ 15.708
of the noninertial case (St = 0).

(a) Translational velocity Vb (St = 20)
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Figure 9.7. (a) The components of the translational velocity of the centre of the body and
(b) its absolute errors, for St = 20 in the special validation case. The dashed grey lines mark
the period TJ ≈ 15.708 of the noninertial case (St = 0).
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9.3 Inertial case (St > 0) II: physical results

In this section we study the physical behaviour of an inertial spheroid in the quad-
ratic background flow uB

bg = 1
2 (x2

2, 0, 0)T, for which the shear rate is given by γ̇ = x2.
As far as we know, this has not been done before, so there are no results to val-
idate against. However, since the numerical method has passed all the previous
validation tests, we feel that the results in this section should be trustworthy.

The initial position and orientation of the spheroid will be as in section 9.1, and
the initial velocities will be Vb = Ω̃b = 0. The Stokes number is based on the shear
rate γ̇ = 1 at the initial position, even though the particle may experience a different
shear rate at a later time. The numerical solution proceeds in the exact same way as
in section 8.2, i.e. with Matlab’s ode113 and relative tolerance 10−4.

9.3.1 Sample run

We start with a sample run, in which the spheroid has aspect ratio ka = 1/2 and the
Stokes number is St = 20, exactly as in section 8.2. The trajectory of the centre of the
spheroid is shown in Figure 9.8. It can be seen that the main direction of translation
is still in the x1-direction (the direction of the flow) as in the noninertial case, but
there is also a small transient motion in the x3-direction, and a small but steady
drift in the x2-direction towards regions with higher shear rate (increasing x2). This
steady drift is not present when St = 0, and not for any Stokes number with the
linear shear flow. We will investigate how the drift velocity depends on St and ka in
subsection 9.3.4.

Figure 9.9 shows the trajectory of an endpoint of the spheroid with respect to the
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Figure 9.8. The trajectory of the centre of
the spheroid (blue curve), together with
projections onto the coordinate planes
(grey curves), for St = 20. The initial
position is marked with an asterisk.
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Figure 9.9. The trajectory of an endpoint
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ure is mapped to the centre of the spher-
oid at each time), for St = 20.
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centre, i.e. if the translation of the centre is ignored. This figure looks very similar
to Figure 8.6, so it seems that the rotational motion is similar to the case with linear
shear flow. However, the drift in the x2-direction will lead to a slowly increasing
rate of shear at the centre of the body, which will affect the angular velocity.

The translational velocity of the centre of the body is shown in Figure 9.10. One
can see that the drift velocity is of order 10−3 and that the drift clearly affects Vb,1,
which increases together with the x2-position of the centre (c.f. Figure 9.4). The
same phenomenon can be seen in Figure 9.7 for the paraboloidal background flow.
Note that 10−3 is well above the error level in Figure 9.7 (b), so the drift does not
come from numerical errors.

In the following subsections, we will let the Stokes number vary and take a
closer look at three physical properties of the system: (i) the time required for the
spheroid to accelerate in its translational and rotational motion, (ii) the time it takes
for the orbit drift to make θ → π/2 so that the spheroid rotates in the x1x2-plane,
and (iii) the steady drift velocity in the x2-direction. We will use the aspect ratios
ka = 1/2 and ka = 1/3 to get a hint of how these properties change with the aspect
ratio.

(a) Translational velocity Vb (St = 20)
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(b) Translational velocity Vb

0 10 20 30 40 50 60 70

−6

−4

−2

0

2

4

6

t

×10−3

Figure 9.10. The components of the translational velocity of the centre of the body, for
St = 20. (a) and (b) contain the same data, but have different scales on the y-axis. The
dashed grey lines mark the period TJ ≈ 15.708 of the noninertial case (St = 0).

9.3.2 Acceleration time scales

As can be seen in Figure 9.11, the translational velocity in the x1-direction has
an initial transient, the length of which depends on the Stokes number. For low
Stokes numbers (light spheroids), the velocity quickly reaches a value close to 0.6
and then oscillates and increases slightly as the particle rotates and drifts in the
x2-direction. For higher Stokes number (heavy spheroids), inertia makes it harder to
accelerate the spheroid and dampens the oscillations. We introduce the translational
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acceleration time scale Ttrans, which is defined to be the time required for Vb,1 to
reach the threshold value 1

2 (1− e−1), marked with a dashed line in Figure 9.11.
Here, e ≈ 2.718 is Euler’s number. The choice of threshold value is arbitrary, but this
choice makes it meaningful to compare Ttrans with TC defined in subsection 9.3.3.
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Figure 9.11. Translational velocity Vb,1
as function of time, for different Stokes
numbers St and ka = 1/2. The
dashed line marks the threshold value
1
2 (1− e−1).
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Figure 9.12. Translational acceleration
time scale Ttrans as function of the
Stokes number St, for ka = 1/2, 1/3.
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Figure 9.13. Maximum points in time
of the norm of the angular velocity Ωb,
for different Stokes numbers St and
ka = 1/2. The dashed line marks the
threshold value 1
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Figure 9.14. Rotational acceleration
time scale Trot as function of the Stokes
number St, for ka = 1/2, 1/3.
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The time Ttrans is plotted in Figure 9.12 for different St and ka = 1/2, 1/3. It looks
like Ttrans is a nearly linear function of St for fixed ka.

In Figure 9.13 the maximum points of the norm of the angular velocity Ωb are
shown, as a way to display the amplitude of the oscillations (c.f. Figure 8.9 and
Figure 9.3). As the Stokes number increases, it can be seen that the final amplitude
becomes lower, and that it takes a longer time to reach it. We introduce the rotational
acceleration time scale Trot, which is the time required for the linear interpolant
of the maxima in Figure 9.13 to reach the threshold value 1

2 (1− e−1). This time is
plotted in Figure 9.14 for different St and ka = 1/2, 1/3. It can be noted that Trot is
less that Ttrans.

9.3.3 Orbit drift

We will now take a closer look at the orbit drift. In the noninertial case (St = 0)
when the spheroid rotates according to Jeffery’s solution (3.35)–(3.36), the orbit
parameter Cθ is constant since the spheroid follows a single Jeffery orbit. When
inertia is added, θ starts to drift towards π/2, which means that Cθ → 0. It can
be seen in Figure 9.15 that Cθ approaches zero in an approximately exponentially
decaying fashion for St ≤ 60. For St > 60, the spheroid instead starts to rotate
around a tilted axis which approaches the x3-axis, much like in the linear shear flow
case. This motion is very different from that of Jeffery’s solution, and hence looks a
bit strange in Figure 9.15 (b).

We define the orbit drift time scale TC by fitting an exponential of the form
|Cθ | = A exp(−t/TC), where A and TC are to be determined, to the data in Fig-
ure 9.15 for t ≥ 10, shown as dashed lines in that figure. (This does perhaps not

(a) Orbit parameter |Cθ | (ka =
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(b) Orbit parameter |Cθ | (ka =
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Figure 9.15. Orbit parameter |Cθ | as function of time, for different Stokes numbers St and
ka = 1/2. (a) shows St ≤ 60 which displays a smooth orbit drift, and (b) shows St > 60, for
which the behaviour is very different from Jeffery’s solution. The dashed lines are fitted to
the data for t ≥ 10.
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Orbit drift time
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Figure 9.16. Orbit drift time scale TC as function of the
Stokes number St, for ka = 1/2, 1/3.

make a lot of sense for St > 60, but at least it provides an estimate of how quickly
the tilted axis approaches the x3-axis.) The result is shown in Figure 9.16. We see
that there is a sudden change in the behaviour around St = 65, where TC is also
minimal. When St approaches zero from this point, TC grows without bound (at
St = 0 there is no orbit drift, so we expect TC to go to infinity), and when St increases
from 65, there is a slight increase in TC due to increased inertia.

9.3.4 Translational drift towards higher shear rate

Finally, we direct our attention to the drift in the x2-direction of the centre of the
spheroid that was seen in Figure 9.8. Figure 9.17 shows the x2-position of the centre
as a function of time for ka = 1/2. It can be seen that after an initial transient the
curves become nearly straight (albeit with some small fluctuations). We introduce
the final average drift velocity Vdrift as the slope of a straight line fitted to one of the
curves in Figure 9.17 for t ≥ 30, shown as dashed lines in that figure.

The drift velocity Vdrift is shown as a function of the Stokes number in Figure 9.18.
The drift velocity is of order 10−3, and always in the positive x2-direction, which
means that the spheroid is slowly moving towards regions with higher fluid velocity
and higher shear rate. The drift velocity has a maximum value at a Stokes number
which depends on the aspect ratio. When St goes to zero, the drift velocity vanishes,
and when St goes to infinity it seems that the drift velocity converges to some value
which depends on the aspect ratio.
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9.3. INERTIAL CASE (St > 0) II: PHYSICAL RESULTS
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Figure 9.17. x2-position of the centre of the spheroid as function of time, for different Stokes
numbers St and ka = 1/2. (a) shows St ≤ 10 for which the final slopes of the lines increase
with St, and (b) shows St ≥ 15 for which there is a decrease in the slopes instead. The
dashed lines are fitted to the data for t ≥ 30.
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of the Stokes number St, for ka = 1/2, 1/3.
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Chapter 10

Conclusions

We have seen that our QBX-based numerical method works very well, and that it
can achieve very small errors in a feasible amount of time. The precomputation
step in QBX allows us to do the more time-consuming computations only once,
which saves much time when integrating the equations of motion. The use of
boundary integrals allows the fluid domain to be unbounded, which makes it
easy to compare the numerical computations with analytical results since there
are no spurious boundary effects from a finite computational box. The method
has successfully reproduced results by Jeffery (section 8.1), Lundell (section 8.2)
and Chwang (sections 9.1 and 9.2) for noninertial and inertial spheroids in linear
and quadratic background flows. For an inertial spheroid in quadratic background
flow, validation data was available only for a specific orientation of the spheroid
(section 9.2).

In section 9.3, we found that an inertial spheroid in quadratic background flow
retains some of the behaviour seen in linear background flow, such as the orbit
drift (subsection 9.3.3), but that it also gains new behaviour, namely a translational
drift towards regions in the fluid with higher shear rate (subsection 9.3.4). This
translational drift is not seen in any other case and seems to be induced by the
combination of particle inertia and a nonuniform shear rate in the fluid. A physical
explanation of this drift would be welcome.

A meaningful future endeavour would be to extend the results in section 9.3 to
other aspect ratios ka. It would also be interesting to make a quantitative comparison
between the rotational motion of an inertial spheroid in quadratic background flow
versus linear shear flow.
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