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Abstract

In this paper we present a family of algorithms, the junction tree expanders, for expanding
junction trees in the sense that the number of nodes in the underlying decomposable graph is
increased by one. The family of junction tree expanders is equipped with a number of theoretical
results including a characterization stating that every junction tree and consequently every de-
composable graph can be constructed by iteratively using a junction tree expander. Further, an
important feature of a stochastic implementation of a junction tree expander is the Markovian
property inherent to the tree propagation dynamics. Using this property, a sequential Monte
Carlo algorithm for approximating a probability distribution defined on the space of decompos-
able graphs is developed with the junction tree expander as a proposal kernel. Specifically, we
apply the sequential Monte Carlo algorithm for structure learning in decomposable Gaussian
graphical models where the target distribution is a junction tree posterior distribution. In this
setting, posterior parametric inference on the underlying decomposable graph is a direct by-
product of the suggested methodology; working with the G-Wishart family of conjugate priors,
we derive a closed form expression for the Bayesian estimator of the precision matrix of Gaus-
sian graphical models Markov with respect to a decomposable graph. Performance accuracy of
the graph and parameter estimators are illustrated through a collection of numerical examples
demonstrating the feasibility of the suggested approach in high-dimensional domains.

1 Introduction

The use of undirected graphs to represent conditional independence in multivariate probability
distributions has been standard for long. Conditional independence of two sets of random variables
given a third set can then be read of directly from a graph were the nodes correspond to random
variables. The topic of learning the graph underlying a distribution is called structure learning.
For the multivariate normal distribution, the graph can be determined directly by the non-zero
elements in the inverse of the covariance matrix, Θ also called the precision matrix. Dempster
[1972] called the multivariate normal distribution where the nonzero elements are specified by the
edges in a graph for covariance selection models. Other terms for covariance selection models are,
Gaussian graphical models (GGM, which we use here) or Gaussian Markov random fields.

Given n observations from a p dimensional random vector, the task is to infer the graph corre-
sponding to the GGM that best represents the data. This problem statement was first introduced
in Dempster [1972] and is called covariance selection. There, a Newton method for computing the
constraint maximum likelihood estimator of Θ is presented, and the best graph is obtained by a
forward- backward procedure for comparing log likelihood ratios between graphs. This approach
is not suited for high dimensions and alternative methods have been developed.

The graphical lasso maximizes the likelihood of Θ penalized by the L1-norm, making the
problem convex also for n < p and provides sparse estimates. Several methods for solving this
convex program has been given, see e.g. Yuan and Lin [2007], Friedman et al. [2008]. The solution
to the graphical lasso can be interpreted from a Bayesian perspective as the maximum aposteriori
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(MAP) estimate of Θ where the diagonal and off-diagonal elements has the exponential and double
exponential prior respectively. Wang [2012] gives a Gibbs sampling scheme for sampling from the
posterior of Θ which they call the Bayesian graphical lasso. This approach suffers from the problem
that the MAP estimate of Θ has zero probability mass.

While the graphical lasso and the Bayesian graphical lasso estimates the graph as a by-product
of the estimate of Θ, other techniques infer the graph directly by estimating the graph posterior
distribution. For general graphs the computations quickly become intractable as the dimension
increases. However, when working on the space of decomposable graphs, there is a closed form
expression for the marginal likelihood and the posterior can be evaluated up to a normalizing factor.
Sampling schemes in Markov chain Monte Carlo (MCMC) operating on the space of junction trees
has been explored, see e.g Green and Thomas [2013].

This paper presents a novel sequential Monte Carlo (SMC) algorithm for the structure learning
problem in the space of decomposable graphs. The junction tree representation for decomposable
graphs is exploited to define a proposal kernel from a family of algorithms called junction tree
expanders that has the ability to generate the whole space of junction trees.

The rest of the paper is structured as follows. Section 2 states some basic graph theory together
with the notation used in the paper. The steps for the algorithms in the family of junction tree
expanders will be given in section 3 together with its theoretical properties. A stochastic version of
the junction tree expander used as the proposal kernel in the SMC algorithm is given in section 4.
Background of graphical models and GGMs are stated in section 6. The weight updating scheme
for the SMC algorithm is described in section 5. A simulation study of the SMC algorithm is given
in section 7 and the results are discussed in section 8.

2 Preliminaries

Graph theory and notation

An undirected graph, G = (V,E) with i nodes is a pair of nodes and edges, where V = {a1, . . . , ai}
and E ⊂ V × V. The elements a1, . . . , ai can be any sets. A graph G′ = (V ′, E′) is a subgraph of
G = (V,E) if V ′ ⊂ V and E′ ⊂ E. A path of length π from a to b (also called an a − b path and
denoted by a ∼ b), is a sequence of distinct nodes {a = ar1 , . . . , arπ = b} where (arj−1 , arj ) ∈ E for
all j = 2, . . . , π. A graph is called a tree if for any pair of nodes a, b ∈ V, the path a ∼ b is unique.
A subtree is a connected subgraph of a tree. A forest is a set of trees that are not connected to
each other. Let A,B, S ⊂ V. S separates A from B if every path from a ∈ A to b ∈ B intersect S,
we denote this by A ⊥G B|S. A graph is a complete graph if E = V × V. Let V ′ ⊂ V, the induced
subgraph, G[V ′] = (V ′, E′) is the sub graph of G where E′ is the set of edges in E having both
endpoints in V ′. We write G = (V,E) ≤ G′ = (V ′, E′) to indicate G = G′[V]. A subset W ⊂ V
is a complete set if it induces a complete subgraph. A complete subgraph is called a clique if it is
not an induced subgraph of any other complete subgraph. The neighbors of a node a ∈ V is the
set of nodes adjacent to a, denoted by Neig(a). A triple (A,B, S) of disjoint subsets of V such
that A ∪ B ∪ S = V, is a decomposition of G if for A 6= ∅, B 6= ∅ and S complete, we have that
A ⊥G B|S. The primer interest in this paper will regard decomposable graphs and junction trees
defined next.

Definition 1 (Decomposable graph). A graph G is decomposable if it is complete or if it there
exists a decomposition V = (A,B, S) where A ∪ B ∪ S = V, such that G[A ∪ S] and G[B ∪ S] are
decomposable.

Definition 2 (Junction tree property). A tree T = (V,E), where V = {C1, . . . , Ck} and each Ci
is a subset subsets of a finite set W , satisfies the junction tree property if for a, b ∈ V, a ∼ b =
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{Cr1 , . . . , Crπ}, π ≥ 2, rj ∈ {1, . . . , k} it holds that

a ∩ b ⊂
π⋂
j=1

Crj .

The next theorem binds the concept of decomposable graph and the junction tree property.

Theorem 1 (Cowell et al. [2003, Theorem 4.6]). A graph G is decomposable if and only if there
exists a tree T (of cliques) that satisfies the junction tree property.

A tree satisfying the junction tree property where the nodes are formed by the cliques of a decom-
posable graph is called a junction tree (of cliques). Each edge (a, b) in a junction tree is associated
with the intersection a∩b which is referred to as a separator and denoted by Sa,b. Since all junction
tree representations of a specific decomposable graph has the same set of separators, we can also
talk about the separators of a decomposable graph.

The space of decomposable graphs with the nodes {1, . . . , p}, is denoted by Gp and the space
of junction trees with the nodes {1, . . . , p} in its underlying decomposable graph is denoted by Tp.
The node and edge set of a junction tree T(p) ∈ Tp is denoted by V(p) = {C1, . . . , Ck} and E(p)
respectively. The graph corresponding to a junction tree T(p) ∈ Tp is denoted by g(T(p)). The space
of equivalent junction tree representations for a graph G ∈ Gp is denoted by t(G). We refer to the
elements in the underlying decomposable graph as underlying nodes.

The disjoint union of two sets A and B is denoted by A t B. For a sequence of elements
x1, . . . , xt, by t = 0 we mean that the sequence is empty. Further, the intersection with an empty
sequence is defined to be the intersection with the whole set. For example let A 6= ∅ and let

B1, . . . , Bt be a sequence of sets, then A∩
0⋃
i=1

Bi = A. For ease of notation we use P(x) as a generic

symbol for denoting the probability of x ∈ X , where the space X of x and the support of P is
meant to be understood from the context. The set of positive integers is denoted by N∗.

3 Expanding a junction tree

In this section we develop a family of algorithms for expanding a junction tree, T(i) ∈ Ti to a
junction tree T(i+1) ∈ Ti+1, in the sense that g(T(i+1))[{1, . . . , i}] = g(T(i)), for i ∈ N∗. In what
follows, the algorithms in this family, will be referred to as junction tree expanders. Every junction
tree expander consist of the sequence of steps described below, where the steps, 1), 2 e), 3 a) and
3 h) are only specified up to an arbitrary choice of elements. This means that each junction tree
expander has to specify how these choices are made. In section 4, a probability distribution will
be imposed on these arbitrary choices in order to create a stochastic junction tree expander that
will be used as the proposal kernel in the SMC algorithm developed in section 5.

Junction tree expander steps

Input: T(i) = (V(i), E(i)) ∈ Ti
Output: T(i+1) = (V(i+1), E(i+1)) ∈ Ti+1

1. Take a subtree T ′(i) = (V ′(i), E′(i)) ≤ T(i), where V ′(i) = {Cr1 , . . . , Crγ}.
The algorithms now takes two different forms depending on if T ′(i) is empty (γ = 0) or not
(γ > 0).

2. If γ = 0:

(a) Let T = (V(i), E(i)) and proceed with the following operations to T :
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(b) Add the clique {i+ 1}
(c) Add the edge ({i+ 1}, C1)
(d) Create the forest F∅ by removing every edge corresponding to the separator ∅
(e) Let T(i+1) be the tree formed by connecting F∅ into a tree.

3. Else if γ > 0:

(a) For j = 1, . . . , γ, let SCrj =
⋃

C∈V ′(i)\Crj

SCrj ,C and choose sets RCrj ⊂ Crj and MCrj
⊂ Crj

such that Crj = SCrj tRCrj tMCrj
, while ensuring that

∃C ∈ V ′(i) \ Crj such that SCrj = SC,Crj =⇒ MCrj
6= ∅. (1)

Let DCrj
= MCrj

t SCrj .
(b) Start with T(i+1) = (V(i), E(i)) and proceed with the following operations to T(i+1) for

j = 1, . . . , γ:
(c) Add the cliques Ci+1

rj = DCrj
∪{i+1} and if DCrj

= Crj , remove Crj and all its incident
edges

(d) Remove the edges that are also found in E′(i)
(e) If Crj ∪ {i + 1} ∈ V(i+1) and thus Crj /∈ V(i+1), let Crj ∪ {i + 1} have all the neighbors

that Crj has in T(i) \ T ′(i)
(f) If (Crj , Crj′ ) ∈ E′(i), add the edges (DCrj

∪ {i+ 1}, DCrj′
∪ {i+ 1})

(g) If DCrj
∪ {i+ 1} ∈ V(i+1) and Crj ∈ V(i+1), add the edges (Crj , DCrj

∪ {i+ 1})
(h) If DCrj

∪ {i + 1} ∈ V(i+1) and Crj ∈ V(i+1), take an arbitrary set Nrj ⊂ NDCrj
= {a ∈

Neig(Crj ) : Sa,Crj ⊂ DCrj
} and let Nrj be neighbors of DCrj

∪ {i+ 1} instead.

Example 1. Figure 1 shows an example run of a junction tree expander applied to a junction tree
consisting of four cliques. The subgraph selected in step 1 is empty, (γ = 0). The sub figures show
the resulting trees after the corresponding steps in the algorithm.

Figure 2 shows an example run of a junction tree expander where T ′(i) selected in step 1 have
four cliques (γ = 4). In step 3 a), (not shown in the figure), the sets MCrj

were chosen such that
Cr1 6= Dr1 , Cr2 6= Dr2 , Cr4 6= Dr4 but Cr3 = Dr3. The cliques in the subgraph are colored in blue.
The new cliques created are colored in red. The gray part represents the rest of the graph where

NRCrj
= Neig(Crj ) \NDCrj

,

is the rest of the neighbors that Crj had in T(i). The rest of the steps are illustrated in the figure.
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Cr1 Cr2 Cr3 Cr4

∅

Step 2 a)

{i + 1} Cr1 Cr2 Cr3 Cr4

∅ ∅

Step 2 b) and 2 c)

{i + 1} Cr1 Cr2 Cr3 Cr4

Step 2 d)

Cr1 Cr2 {i + 1} Cr3 Cr4

∅ ∅

Step 2 e)

Figure 1: A possible outcome of a junction tree expander where γ = 0.
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Cr1 Cr2 Cr3 Cr4

NDCr1
NDCr2

NDCr3
NDCr4

NRCr1
NRCr2

NRCr3
NRCr4

3 b)

Ci+1
r1 Ci+1

r2 Ci+1
r3 Ci+1

r4

Cr1 Cr2 Cr4

NDCr1
NDCr2

NDCr3
NDCr4

NRCr1
NRCr2

NRCr3
NRCr4

3 c)

Ci+1
r1 Ci+1

r2 Ci+1
r3 Ci+1

r4

Cr1 Cr2 Cr4

NDCr1
NDCr2

NDCr3
NDCr4

NRCr1
NRCr2

NRCr3
NRCr4

3 d)

Ci+1
r1 Ci+1

r2 Ci+1
r3 Ci+1

r4

Cr1 Cr2 Cr4

NDCr1
NDCr2

NDCr3
NDCr4

NRCr1
NRCr2

NRCr3
NRCr4

3 e)

Ci+1
r1 Ci+1

r2 Ci+1
r3 Ci+1

r4

Cr1 Cr2 Cr4

NDCr1
NDCr2

NDCr3
NDCr4

NRCr1
NRCr2

NRCr3
NRCr4

3 f)

Ci+1
r1 Ci+1

r2 Ci+1
r3 Ci+1

r4

Cr1 Cr2 Cr4

NDCr1
NDCr2

NDCr3
NDCr4

NRCr1
NRCr2

NRCr3
NRCr4

3 g)

Ci+1
r1 Ci+1

r2 Ci+1
r3 Ci+1

r4

Cr1 Cr2 Cr4

NDCr1
\ Nr1 NDCr2

\ Nr2 NDCr3
\ Nr3 NDCr4

\ Nr4

Nr1 Nr2 Nr3 Nr4

NRCr1
NRCr2

NRCr3
NRCr4

3 h)

Figure 2: A possible outcome of a junction tree expander where γ = 4.

Theorem 2 states that the junction tree expanders preserve the junction tree property and adds
one more node to the underlying decomposable graph.

Theorem 2. For a tree T(i+1) produced from a junction tree T(i) ∈ Ti, i ∈ N∗ by a junction tree
expander, it holds that T(i+1) ∈ Ti+1 and that

g(T(i+1))[{1, . . . , i}] = g(T(i)). (2)
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Proof. See Appendix A.

Theorem 3 can be seen as a characterization of the space Tp for p ∈ N∗. It implies that every
junction tree T(p) ∈ Tp for any p ∈ N∗ can be constructed by starting with T(1) and then iteratively
applying a junction tree expander with the junction tree, T(i−1) produced in iteration i−1 as input
to produce T(i), for i = 2, . . . , p.

Theorem 3. Every junction tree, T(i) ∈ Ti for any i ∈ N∗ can be constructed by a junction tree
expander.

Proof. See Appendix A.

The next theorem states that if T(i+1) is a junction tree constructed from T(i) ∈ Ti by a junction
tree expander, then the subtree T ′(i) used in step 1 is unique. This is an important property of the
junction tree expanders which enables for defining the conditional probability P(T(i+1)|T(i)) as will
be seen in section 4.

Theorem 4. Let T(i+1) ∈ Ti+1 be a junction tree constructed from T(i) ∈ Ti, i ∈ N∗ by a junction
tree expander. Then the subtree T ′(i) ≤ T(i), produced in step 1 is unique.

Proof. See Appendix A.

The number of junction trees from which a given junction tree T(i) ∈ Ti could be generated
from are counted in the next theorem.

Theorem 5. Let T(i) ∈ Ti, i ∈ N∗ be a junction tree and let Gi−1 = g(T(i))[{1, . . . , i− 1}]. The set
of junction trees in Ti−1 from which T(i) could be produced by a junction tree expander is denoted
by Si−1(T(i)). Then we have that the cardinality of this set is given by

|Si−1(T(i))| =


µ(Gi−1), if {i} ∈ V(i)
γ∏
j=1

max(1, |ND
Cirj

|), otherwise , (3)

where V i
(i) = {Cir1 , . . . , C

i
rγ} are the cliques in the subtree containing {i} and ND

Cirj

= {C ∈

Neig(Cirj ) \ V i
(i) : Cirj ∩ C = DCrj

} are the neighbors of Cirj containing Cirj \ {i}.

Proof. See Appendix A.

The junction tree posterior defined in section 6 requires a method for counting the number
of junction trees µ(G) for a specific decomposable graph G. Thomas and Green [2009b] gives a
method for that which we restate here. We also present a factorization of µ(g(T(i+1))) that involves
µ(g(T(i))) where T(i+1) was produced from T(i) by a junction tree expander. The factorization is
given in Theorem 9.

Define Ts to be the subtree of T ∈ Ti, i ∈ N∗ induced by the cliques that contain the separator
s. The junction tree property ensures that Ts is a single connected subtree of T . Let Fs to be the
forest obtained by deleting all the links associated with s from Ts.

Theorem 6 (Thomas and Green [2009b]). The number of distinct ways that a forest with p nodes
comprising q subtrees of sizes r1, . . . , rq can be connected into a single tree by adding q− 1 edges is

pq−2
q∏
i=1

ri. (4)
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If the number of edges associated with a given separator s is ms, we know that Fs will contain
ms + 1 components. Let these be of sizes f1, . . . , fms+1. Let the number of cliques in Ts be ts
which is simply the number of cliques of Gi that contain s. Then, from Theorem 6 the following
in obtained.

Theorem 7 (Thomas and Green [2009b]). The number of ways that the components of Fs can be
connected into a single tree by adding the appropriate number of edges is given by

ν(s) = tms−1
s

ms+1∏
j=1

fj . (5)

Theorem 8 (Thomas and Green [2009b]). Consider a decomposable graph G with separators
s2, . . . , sk. Let s[1], . . . , s[l] be the distinct sets contained in the collection of separators. The number
of junction trees of G is

µ(G) =
l∏

i=1
ν(s[i]). (6)

Theorem 9. Let T(i+1) ∈ Ti+1 be a junction tree constructed from T(i) ∈ T(i), i ∈ N∗ by a junction
tree expander and let Gi+1 = g(T(i+1)) and Gi = g(T(i)). Further, let seps(Gi) and seps(Gi+1)
be the set of unique separators in Gi and Gi+1 respectively and let S′ ⊂ seps(Gi+1) be the set of
unique separators created by the algorithm. Then the following factorization holds.

µ(Gi+1) = µ(Gi)∏
s1∈U1

ν(s1)
∏
s2∈U2

ν(s2), (7)

where U1 = {s ∈ seps(Gi) : ∃s′ ∈ S′, such that s ⊂ s′} is the set of separators in Gi contained in
some new separator and U2 = {s ∈ seps(Gi+1) : ∃s′ ∈ S′, such that s ⊂ s′} is the set of separators
in Gi+1 contained in some new separator.

Proof. See Appendix A.

The complexity for computing µ(G), G ∈ Gi in Theorem 8 is O(i2), see Thomas and Green
[2009b]. By exploiting the factorization in Theorem 9, a substantial computational gain can be
obtained in practice as illustrated in the following example.

Example 2. Let T(i+1) ∈ Ti+1 be a junction tree produced from T(i) ∈ Ti, i ∈ N∗ by a junction
tree expander. If T(i+1) and T(i) have the same set of separators, for example if the subtree is
T ′(i) = ({Cr1}, ∅) and Cr1 = MCr1

then

µ(Gi+1) = µ(Gi),

so that no new calculation has to be made in this case.

4 Stochastic junction tree expansion

In this section it is shown how to impose probability distributions in the steps 1, 2 e), 3 a) and 3
h) in order to develop a stochastic junction tree expander. Note that, for any stochastic junction
tree expander, the probability of a specific junction tree T(i+1) constructed from T(i) is given by

P(T(i+1)|T(i)) =
∑

T≤T(i)

P(T(i+1), T |T(i))

=
∑

T≤T(i)

P(T(i+1)|T, T(i))P(T |T(i)), (8)
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where T is the subtree used in step 1. Now, by Theorem 4, since T(i+1) is constructed from T(i),
the subtree T ′(i) that was used in step 1 is unique, so that (8) reduces to only one term:

P(T(i+1)|T(i)) = P(T(i+1)|T ′(i), T(i))P(T ′(i)|T(i)). (9)

In case T ′ is non-empty, conditional on T and T(i) the sets MCrj
and Nrj for j = 1, . . . , γ define

T(i+1). If these sets are chosen independently then

P(T(i+1)|T, T(i)) =
γ∏
j=1

P(MCrj
|T, T(i))

γ∏
j=1

P(Nrj |T, T(i)).

If the subtree is empty it remains to specify how to reconnect the forest, F∅. To summarize we get

P(T(i+1)|T(i)) =


P(T ′(i)|T(i))P(T(i+1)|F∅) if γ = 0

P(T ′(i)|T(i))
γ∏
j=1

P(MCrj
|T ′(i), T(i))

γ∏
j=1

P(Nrj |T ′(i), T(i)) otherwise. (10)

Algorithm 1 Random subtree algorithm
1: procedure (Input: T = (V,E), α ∈ [0, 1], β ∈ [0, 1], Output: A subtree T ′ ≤ T )
2: Draw U ∼ Bernoulli(β)
3: Let T ′ = (∅, ∅)
4: if U = 1 then
5: Draw i ∼ Unif(1, |V|)
6: Perform a depth first tree traversal in T starting at i, but for every non-visited neighbor
j, continue to j with probability α and stop with probability 1− α. The traversed cliques are
stored in V ′.

7: Let T ′ = T [V ′]
8: end if
9: return T ′

10: end procedure

A specific choice of probability distributions for the arbitrary steps will be given next. Let
T(i) ∈ Ti and assume that the subtree T ′(i) in step 1 is generated from Algorithm 1, then the
probability is given by

Pα,β(T ′(i)|T(i)) =


(1− β) if γ = 0
β

1
|V(i)|

|V ′(i)|αv(1− α)w, if γ > 0, (11)

where v is the number of times the tree traversal at row 7 continues to a neighbor and w is the
number of times it stops.

In step 3 a), let SCrj =
⋃

C∈V ′(i)\Crj

SCrj ,C . If ∃C ∈ V ′(i) \Crj such that SCrj = SC,Crj , then MCrj

is formed by first sampling uniformly one underlying node, a from Crj \ SCrj , and then adding a
uniformly random subset of Crj \ (SCrj ∪ {a}). If @C ∈ V ′(i) \ Crj such that SCrj = SC,Crj , then
MCrj

is a uniformly random subset from Crj \ SCrj . Then we get

P(MCrj
|T ′(i), T(i)) =


1

|RCrj tMCrj
|

1
2|RCrj tMCrj

|−1 |MCrj
| if ∃C ∈ V ′(i) \ Crj s.t. SCrj = SC,Crj ,

2−|MCrj
tRCrj | otherwise.

(12)
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In step 3 h), if DCrj
∪ {i + 1} ∈ V(i+1) and Crj ∈ V(i+1), then Nri is a uniformly random subset

sample from {C ∈ Neig(Crj ) : C ∩ Crj ⊂ DCrj
}. We get

P(Nrj |T, T(i)) = 2
−|NDCrj

|
. (13)

In step 2 e) the forest is reconnected uniformly according to the shuffling scheme from Thomas and
Green [2009b], restated in Appendix B. This gives

P(T(i+1)|T, T(i)) = P(T(i+1)|F∅) = 1
ν(∅) , (14)

where ν(∅) is calculated in T(i+1). The resulting stochastic junction tree expander is given in
Algorithm 2 and an example run is found in Example 3 below.

Example 3. Figure 4 should be read in chunks of 2 rows (except for the first row) and shows the
junction trees, the corresponding decomposable graphs and the subgraphs generated by Algorithm 2
for i = 1, . . . , 6. The left column shows the expansion of the junction trees and the right column
shows the underlying decomposable graphs. The subtrees are colored in blue and the new cliques
are colored in red. The unaffected cliques are black. For example: the subtree T ′(1) for creating T(2)
on row 3 is found on row 2. The underlying nodes in T ′(1) for creating T(2) is also found on row 2,
and so on.

Here, the probability of continuing to a new clique in the creation of the subtree was α = 0.3
and the probability of a non empty subtree was β = 0.9.
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(1,)

T(1)

1

G1

(1,)

T ′(1)

1

G′1

(1, 2)

T(2)

1

2

G2

(1, 2)

T ′(2)

1

2

G′2

(1, 2)

(3,)

()

T(3)

1

2

3

G3

(1, 2)

(3,)

()

T ′(3)

2

1 3

G′3

(2, 4)

(1, 2)

(2,)

(3, 4)

(4,)

T(4)

2

4

1

3

G4
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(2, 4)

(1, 2)

(2,)

(3, 4)

(4,)

T ′(4)

2

4

1

3

G′4

(1, 2)

(2, 4, 5)

(2,)

(3, 4)

(4,)

T(5)

2

4

5

1

3

G5

(1, 2)

(2, 4, 5)

(2,)

(3, 4)

(4,)

T ′(5)

1

2

4

5

3

G′5

(3, 4)

(2, 4, 5, 6)

(4,)

(1, 2, 6)

(2, 6)

T(6)

1

2

6

4

5

3

G6

Figure 4: Example run of Algorithm 2 with α = 0.3, β = 0.9.

5 Particle approximation of distribution flows on {Gi}i∈N∗
5.1 Auxiliary Feynman-Kac model

The following section is devoted to the approximation of a given sequence {ηi}i∈N∗ of probability
measures, using SMC methods where each measure ηi belongs to M1(Gi), the space of probability
measures defined on Gi. Since the space Gi is a finite set, each distribution in the sequence has a
density (probability function) with respect to the counting measure, and despite a slight abuse of
notation we use the same symbols {ηi}i∈N∗ to denote these quantities. Each measure is assumed

12



Algorithm 2 Stochastic junction tree expander
1: procedure (Input: T(i) ∈ Ti, α ∈ [0, 1], β ∈ [0, 1],P(·|T(i)), Output: T(i+1) ∈ Ti+1)
2: Draw T ′(i) ∼ P(·|T(i)) where V ′(i) = {Cr1 , . . . , Crγ}
3: if γ = 0 then
4: Let T = (V(i), E(i))
5: Add the clique {i+ 1} to T
6: Add the edge ({i+ 1}, C1) to T
7: Create the forest F∅ by removing every edge corresponding to the separator ∅ in T
8: Let T(i+1) be the tree formed by randomly connecting F∅ into a tree according to Thomas

and Green [2009a].
9: end if

10: if γ > 0 then
11: Let T = (V(i), E(i)). The following operations are applied to T
12: for j = 1, . . . , γ do
13: Let SCrj =

⋃
C∈V ′(i)\Crj

SCrj ,C .

14: if ∃C ∈ V ′(i) \ Crj such that SCrj = SC,Crj , then
15: Let MCrj

be formed by first sample uniformly one underlying node, a from Crj \
SCrj , then add a uniformly random subset of Crj \ (SCrj ∪ {a}).

16: else
17: Let MCrj

be a uniformly random subset of Crj \ SCrj
18: end if
19: Let DCrj

= SCrj tMCrj

20: Add the nodes Ci+1
rj = DCrj

∪ {i+ 1} and
21: if DCrj

= Crj then
22: Remove Crj and all its incident edges
23: end if
24: Remove the edges in E′(i)
25: if (Crj , Crj′ ) ∈ E′(i) then
26: Add the edges (DCrj

∪ {i+ 1}, DCrj′
∪ {i+ 1})

27: end if
28: if Crj ∪ {i+ 1} ∈ V(i+1) then
29: Let Crj ∪ {i+ 1} have all the neighbors that Crj has in T(i)
30: end if
31: if DCrj

∪ {i+ 1} ∈ V(i+1) and Crj ∈ V(i+1) then
32: Add the edges (Crj , DCrj

∪ {i+ 1})
33: end if
34: if DCrj

∪ {i+ 1} ∈ V(i+1) and Crj ∈ V(i+1) then
35: Take a uniformly random subset Nri ⊂ {C ∈ Neig(Crj ) : C ∩ Crj ⊂ DCrj

} and
let Nri be neighbors of DCrj

∪ {i+ 1} instead.
36: end if
37: end for
38: Let T(i+1) = T
39: end if
40: return T(i+1)
41: end procedure

13



to be known up to a normalizing constant, i.e.,

ηi(dGi) = γi(dGi)
γi1Gi

,

where the density of γi with respect to the counting measure (denoted by the same symbol γi)
is assumed to be tractable. The normalizing constant γi1Gi will be considered as intractable, as
computing the same requires the summation of γi over the whole space Gi; this is impractical when
i is large.
Example 4. One choice of γi, which will be derived in section 6, is the unnormalized decomposable
graph posterior, given a set of n observations of a i-dimensional random vector stored in a matrix
Xn, giving

γi(dGi) = P(Xn|Gi)P(Gi)|dGi|,
where |dGi| denotes the counting measure on Gi.

In order to adapt the stochastic junction tree expander developed in section 4 as a proposal
kernel, it will be convenient to extend each measure ηi ∈ M1(Gi) to a probability distribution
η̄i ∈M1(Ti) according to

η̄i(dTi) := ηi(g(Ti))
µ(g(Ti))

|dTi|,

where |dTi| denotes the counting measure on Ti. Note that η̄i allows ηi as a marginal distribution
with respect to the graph component g(Ti); indeed, let h ∈ F(Ti), the space of real functions defined
on Ti and write

Eη̄i [h(g(Ti))] =
∫
h(g(Ti))

ηi(g(Ti))
µ(g(Ti))

|dTi| =
∑
Gi∈Gi

∑
Ti∈Ti

h(Gi)
ηi(Gi)
µ(Gi)

1Gi(g(Ti))

=
∑
Gi∈Gi

h(Gi)ηi(Gi) = ηih.

Letting Gi = g(Ti), the conditional distributions η̄i(dGi | Ti) and η̄i(dTi | Gi) are well-defined and
given by

η̄i(dTi | Gi) = 1
µ(Gi)

1Gi(g(Ti)) |dTi|,

η̄i(dGi | Ti) = δg(Ti)(dGi),
where δg(Ti)(dGi) is the Dirac mass located at g(Ti). In order to obtain a sequential representation
of the distribution flow {Ti}i∈N∗ it will be needed to extend further the target distributions under
consideration. For this purpose, let {Ri}i∈N∗ be a sequence of Markovian transition kernels acting
in the reversed direction, i.e., for each i, Ri : Ti+1 × ℘(Ti) → R+, where ℘(Ti) is the power set of
Ti and define, for all i ∈ N∗,

η̄1:i(dT1:i) := η̄i(dTi)
i−1∏
`=1

R`(T`+1, dT`). (15)

Note that for all i, η̄1:i ∈ M1(T1:i), where T1:i := ×i`=1T`. Trivially, η̄1:i allows η̄i as a marginal
distribution with respect to the last component Ti. The algorithm that we propose is based on the
observation that the distribution flow {η̄i}i∈N∗ satisfies the recursive Feynman-Kac model

η̄1:i+1(dT1:i+1) = η̄1:iQi(dT1:i+1)
η̄1:iQi1T1:i+1

(i ∈ N∗), (16)

where we have defined the un-normalized transition kernels

Qi(T1:i, dT
′
1:i+1) := δT1:i(dT ′1:i)

µ(g(Ti))γi+1(g(T ′i+1))Ri(T ′i+1, Ti)
µ(g(T ′i+1))γi(g(Ti))

|dT ′i+1| (i ∈ N∗).
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5.2 Particle interpretation

Having at hand a sequence of proposal kernels {K̄i}i∈N∗ such that Qi(T1:i, ·) � K̄i(T1:i, ·) for
all i ∈ N∗ and T1:i ∈ T1:i, we may obtain a particle interpretation of the model (16) as follows.
We proceed recursively and assume that we are given a sample {(τm1:i, ω

m
i )}Nm=1 of particles (the

τm1:i’s) with associated importance weights (the ωmi ’s) approximating η̄1:i in the sense that for all
h ∈ F(T1:i),

η̄N1:ih ' η̄1:ih,

where

η̄N1:i(dT1:i) :=
N∑
m=1

ωmi
Ωi

δτm1:i
(dT1:i),

with Ωi :=
N∑
m=1

ωmi , denotes the weighted empirical measure associated with the particle sample.

In order to produce an updated particle sample {(τm1:i+1, ω
m
i+1)}Nm=1 approximating η̄N1:i+1, we plug

η̄N1:i into the recursion (16) and sample from the resulting distribution

η̄N1:iQi(dT1:i+1)
η̄N1:iQi1T1:i+1

=
N∑
m=1

ωmi Qi(τm1:i, dT1:i+1)∑N
`=1 ω

`
iQi1T1:i+1(τ `1:i)

by means of importance sampling. For this purpose we first extend the previous measure to the
index component, yielding the mixture

η̌N1:i+1(dm, dT1:i+1) := ωmi Qi(τm1:i, dT1:i+1)∑N
`=1 ω

`
iQi1T1:i+1(τ `1:i)

|dm|

on the product space {1, . . . , N} × T1:i+1, and sample from the latter by drawing i.i.d. samples
{(Imi+1, τ

m
1:i+1)}Nm=1 from the proposal distribution

ρN1:i+1(dm, dT1:i+1) := ωmi
Ωi

K̄i(τm1:i, dT1:i+1) |dm|.

Here we assume that K̄i is of form

K̄i(T1:i, dT
′
1:i+1) = δT1:i(dT ′1:i) Ki(Ti, dT ′i+1),

where Ki : Ti×℘(Ti+1)→ R+ is a Markovian (“marginal”) kernel, where R+ is the set non-negative
real numbers. Each draw (Imi+1, τ

m
1:i+1) is assigned an importance weight ωmi+1 proportional to

dη̌N1:i+1
dρN1:i+1

(Imi+1, τ
m
1:i+1) ∝ dQi(τ

Imi+1
1:i , ·)

dK̄i(τ
Imi+1
1:i , ·)

(τm1:i+1)

=
µ(g(τ I

m
i+1
i ))γi+1(g(τmi+1))Ri(τmi+1, τ

Imi+1
i )

µ(g(τmi+1))γi(g(τ I
m
i+1
i ))Ki(τ

Imi+1
i , τmi+1)

(i ∈ {1, . . . , N}),

and finally the weighted empirical measure

η̄N1:i+1(dT1:i+1) :=
N∑
m=1

ωmi+1
Ωi+1

δτm1:i+1
(dT1:i+1)

(with Ωi+1 :=
N∑
m=1

ωmi+1) is returned as an approximation of η̄i+1.
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In the following, let Pr({a`}N`=1) denote the discrete probability distribution induced by a set
{a`}N`=1 of positive (possibly unnormalized) numbers; thus, writing v ∼ Pr({a`}N`=1) means that

the variable v takes the value ` ∈ {1, . . . , N} with probability a`/
N∑
`′=1

a`′ . Using this notation, the

SMC update described above is summarized in Algorithm 3.

Algorithm 3 SMC update
1: procedure (Input: {(τm1:i, ω

m
i )}Nm=1, Output {(τm1:i+1, ω

m
i+1)}Nm=1)

2: for m = 1, . . . , N do
3: draw Imi+1 ∼ Pr({ω`i}N`=1)
4: draw τmi+1 ∼ Ki(τ

Imi+1
i , dTi+1)

5: set τmi+1 ← (τ I
m
i+1

1:i , τmi+1)

6: set ωmi+1 ←
µ(g(τ I

m
i+1
i ))γi+1(g(τmi+1))Ri(τmi+1, τ

Imi+1
i )

µ(g(τmi+1))γi(g(τ I
m
i+1
i ))Ki(τ

Imi+1
i , τmi+1)

7: end for
8: end procedure

Naturally, the SMC algorithm is initialized by letting τm1 ← {a1} and ωm1 ← 1 for all m ∈
{1, . . . , N}.

5.3 Remarks on the design of the retrospective dynamics {Ri}i∈N∗
For all i ∈ N∗, the constraint that Qi(Ti, ·) � Ki(Ti, ·) for all Ti ∈ Ti is satisfied as soon as the
retrospective kernel Ri is such that Supp(Ri(Ti+1, ·)) ⊆ Supp(Ki(·, Ti+1)) for all Ti+1 ∈ Ti+1.
Thus, if for all i ∈ N∗,

Supp(K1 · · ·Ki(T1, ·)) = Ti+1, (17)

a condition that is satisfied for the proposal kernel designed in section 4, one may, e.g., construct
each retrospective kernel Ri, p ∈ N∗, by identifying, for all Ti+1, a nonempty set Si(Ti+1) ⊆
Supp(Ki(·, Ti+1)) (note that the condition (17) guarantees that Supp(Ki(·, Ti+1)) is nonempty),
and letting

Ri(Ti+1, dTi) := 1
|Si(Ti+1)|1Si(Ti+1)(Ti) |dTi| (Ti+1 ∈ Ti+1),

i.e., Ri(Ti+1, dTi) is the uniform distribution over Si(Ti+1).

6 Bayesian computation in decomposable Gaussian graphical mod-
els

In this section we give an introduction to graphical models and specifically Gaussian graphical
models and specify the decomposable graph posterior which was given in its unnormalized form as
an example of γp in Example 4. Let X = (X1, . . . , Xp) be a random vector with joint distribution
P and density f . Following Lauritzen [1996], for three disjoint subset sets A,B, S ⊂ {1, . . . , p}, we
say that XA and XB are conditionally independent given XS under P, denoted by XA ⊥P XB|XS

if it holds that

fXA,XB ,XS (xA, xB, xS) = fXA,XS (xA, xS)fXB ,XS (xB, xS)
fXS (xS) , (18)
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where XW = {Xi : i ∈ W}. A distribution P is said to be globally Markov with respect to an
undirected graph G = (V,E) if for disjoint sets A,B, S ⊂ V , it holds that

A ⊥G B|S ⇒ XA ⊥ XB|XS .

The distribution itself, also referred to as the model, is said to be a decomposable model if it is
globally Markov with respect to a decomposable graph. For a decomposable model, by repeated
use of (18), it is seen that the density factorizes as

fX(x) =
∏k
i=1 fXCi (xCi)∏k
i=2 fXsi (xsi)

,

where C1, . . . , Ck and s2, . . . , sk are the cliques and the separators in G.

6.1 Background on Gaussian graphical models

The multivariate normal distribution is defined by its covariance matrix Σ or equivalently by its
precision matrix Θ = Σ−1 (assuming zero mean). It is well known that in this model, zeros in the
precision matrix correspond to conditional independence given the rest of the variables,

θij = 0 ⇐⇒ Xi ⊥ Xj |X{1,...,p}\{i,j}.

For a graph Gp = (Vp, Ep), let M+(Gp) be the space of p×p positive definite matrices Θ such that
(i, j) /∈ Ep =⇒ θij = 0. It can be shown that the set of multivariate Gaussian distributions being
globally Markov with respect to a graph Gp is equivalent to the set of normal distributions where
Θ ∈M+(Gp). This set of models is called the Gaussian graphical models (GGMs).

6.2 Graph and junction tree posterior

Given a set of n independent observation of a p-dimensional random vectors stored in a n× p data
matrix Xn, the likelihood function for Θ ∈ M+(Gp) in a GGM with decomposable graph Gp, is
given by

f(Xn|Θ, Gp) = 1
(2π)np/2

∏k
i=1 |ΘCi |n/2∏k
i=2 |Θsi |n/2

exp{−1
2

k∑
i=1

tr (ΘCiSCi)−
1
2

k∑
i=2

tr(ΘsiSsi)},

where S = 1
n

XT
nXn. This is an exponential family, and the natural conjugate prior for the

canonical parameter Θ is the G-Wishart distribution with density

G-WD,δ(Θ|Gp) = 1
IGp(δ,D)

∏k
i=1 |ΘCi |(δ−2)/2∏k
i=2 |Θsi |(δ−2)/2 exp{−1

2

k∑
i=1

tr(ΘCiDCi)−
1
2

k∑
i=2

tr(ΘsiDsi)},

where D ∈ M+(Gp) is the scale parameter and δ ≥ 2 is the degrees of freedom. The normalizing

factor IGp(δ,D) =
∏k
j=1 ICj (δ + n,DCj )∏k

j=2 Isj (δ,Dsj )
is derived in Roverato [2000]. Every factor in IGp(δ,D) is

the normalising constant in the G-Wishart distribution defined over the variables in the correspond-
ing clique or separator. Recall that the q-dimensional Wishart distribution with scale parameter
K and d degrees of freedom has density

WK,d(Θ) = 1
I(d,K) |Θ|

(d−q−1)/2 exp{−1
2tr(K−1Θ)},
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where

I(d,K) = 2
dq
2 Γp{(d+ q − 1)/2}
|K|(d+q−1)/2 (19)

and Γq(a) = πq(q−1)/4
q−1∏
i=0

Γ(a− i

2), is the multivariate gamma function.

By letting Θ|Gp ∼ G-Wδ,D we obtain the so called marginal likelihood of Gp ∈ Gp as

f(Xn|Gp) =
∫

Θ∈M+(Gp)

f(Xn,Θ|Gp)dΘ = 1
(2π)np/2

JGp(δ, n,D,S),

where JGp(δ, n,D,S) =
IGp(δ + n,D + nS)

IGp(δ,D) . Letting P(Gp) = 1
|Gp| gives the posterior

P(Gp|Xn) =
JGp(δ, n,D,S)∑

G∈Gp
JGp(δ, n,D,S) . (20)

Intermediate steps for the derivation above are omitted here but can be found in Appendix B.
Now, for a given decomposable graph Gp ∈ Gp, we define the conditional probability of a

junction tree T(p) ∈ Tp as

P(T(p)|Gp) =


1

µ(Gp)
, if T(p) ∈ t(Gp)

0, if T(p) /∈ t(Gp).

Since all the information about the dependencies is given by the graph we have that P(Xn|T(p), Gp) =
P(Xn|Gp). With this formulation, the posterior distribution for T(p) ∈ t(Gp) is obtained as

P(T(p)|Xn) =
∑

Gp∈Gp
P(T(p), Gp|Xn)

=
∑

Gp∈Gp

( P(Xn|T(p), Gp)P(T(p)|Gp)P(Gp)∑
H∈Gp,T∈Tp

P(Xn|T,H)P(T |H)P(H)

)

=

∑
Gp∈Gp

P(Xn|Gp)P(T(p)|Gp)P(Gp)∑
H∈Gp,T∈Tp

P(Xn|H)P(T |H)P(H)

=
P(Xn|g(T(p)))P(T(p)|g(T(p)))P(g(T(p)))∑
T∈Tp

P(Xn|g(T ))P(T |g(T ))P(g(T ))

=
P(g(T(p))|Xn) 1

µ(g(T(p)))∑
T∈Tp

P(Xn|g(T ))P(T |g(T ))P(g(T ))

∝JGp(δ, n,D,S)
µ(g(T(p)))

and if T(p) /∈ t(Gp), then P(T(p)|Xn) = 0. In order to sample from the graph posterior using SMC,
we will set η̄i(dTi) = P(T(p)|Xn) and sample from this distribution.
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6.3 Posterior inference on Θ

We derive the Bayes estimator of Θ which is computed with respect to a given G-Wishart prior
distribution, G-WD,δ, where D ∈M+(Gp) and δ ≥ 2 is the shape parameter.

For the expression of Bayes estimators which will be provided below, we need to know the
explicit expression of the posterior mean of Θ which is given by

E [Θ|Xn] =
∑

Gp∈Gp

∫
Θ

Θ f(Θ|Gp,Xn)dΘP(Gp|Xn) =
∑

Gp∈Gp
E[Θ|Gp,Xn]P(Gp|Xn). (21)

Further, for Θ ∈ M+(Gp) and for any complete subset A ⊂ V , ΘA = (θij)i,j∈A is a matrix,
and we denote by [ΘA]0 = (θij)i,j∈Vp the matrix such that θij = 0 for (i, j) /∈ A × A. Then using
(5.23), Lemma 5.5 of Lauritzen [1996] Θ can be represented as

Θ =
k∑
i=1

[
Σ−1
Ci

]0
−

k∑
i=2

[
Σ−1
si

]0
. (22)

Now, following the results of Dawid and Lauritzen [1993], for any A ⊂ Vp complete in Gp, the
posterior distribution of Σ−1

A is known to be Wishart,

Σ−1
A |Xn ∈ W

D̃
−1
A ,δ̃+|A|−1

, (23)

where δ̃ = δ + n− 1, |A| is the cardinality of A and D̃A = SA + DA with DA ∈M+(Gp[A]).
Then by the properties of the Wishart distribution we obtain for the conditional posterior mean

of Θ for a given Gp,

E[Θ|Gp,Xn] =
k∑
i=1

(δ̃ + |Ci| − 1)
[
(D + S)−1

Ci

]0
−

k∑
i=2

(δ̃ + |si| − 1)
[
(D + S)−1

si

]0
. (24)

7 Simulation study

In this section the SMC sampler developed in section 5 is evaluated in a simulation study performed
on synthetic data. Let Gp = (Vp, Ep) where Ep = {(i, j) : |i − j| ∈ {1, 2}, i, j = 1, . . . , p}. We
consider the Gaussian graphical model with zero mean and covariance matrix Σ defined as

Σij =
{
σ2, if i = j

ρσ2, if (i, j) ∈ Ep is an edge in Gp

and (Σ−1)ij = θij = 0 if (i, j) /∈ Ep. This is the second-order Markov chain graphical structure used
in Thomas and Green [2009b]. Figure 5 shows the second-order Markov chain graphical structure
for p = 6. In this study we have set σ = 1.0 and ρ = 0.9 and we sampled n = 100 outcomes from
this model for the dimensions p = 30, 50, 100.
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Figure 5: The second-order Markov chain graphical structure for p = 6.

The SMC weight updating scheme given in Algorithm 3 has been used for approximating
P(Gp|Xn). Specifically the target distribution in the SMC algorithm was η̄p(dTp) = P(T(p)|Xn),
the junction tree posterior distribution derived in section 6. The proposal kernel was the stochastic
junction tree expander developed in section 4, giving

K̄i(T1:i, dT
′
1:i+1) = δT1:i(dT1:i)P(dT ′(i+1)|T(i)).

The backward kernel was

Ri(Ti+1, dTi) := 1
|Si(Ti+1)|1Si(Ti+1)(Ti) |dTi| (Ti+1 ∈ Ti+1),

as proposed in section 5. We ran the algorithm for the datasets of p = 30, 50, 100 nodes. The
number of particles were set to N = 2000.

We used α = 0.3 and β = 0.9 for the parameters in Algorithm 1. The results are summarized
in Figure 6 - Figure 8. Figure 6 shows heat maps for the estimated marginal posterior edge
probabiliies. A dark color at position at i, j indicates a high absolute value of

N∑
l=1

ωlp1{(i, j) ∈ g(τ lp)}. (25)

Figure 7 shows the estimated posterior mean of Θ given by

Ê [Θ|Xn] =
N∑
l=1

ωlpE[Θ|g(τ lp),Xn]. (26)

For comparison reasons Figure 8 shows the maximum likelihood estimators, S−1 of Θ for p < n
and the Moore–Penrose pseudoinverse for p ≥ n.
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Figure 6: The marginal edge probabilities for the underlying decomposable graphs of the junction
trees with p underlying nodes sampled with the SMC algorithm with N = 2000 particles using the
parameters α = 0.3, β = 0.9. The data matrix Xn was generated from the second-order Markov
chain model with σ = 1.0, ρ = 0.9.
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Figure 7: Heat maps for the estimated posterior mean Ê[Θ|Xn] constructed from the decomposable
graphs of the junction trees with p underlying nodes sampled with the SMC algorithm with N =
2000 particles using the parameters α = 0.3, β = 0.9. The data matrix Xn was generated from
the second-order Markov chain model with σ = 1.0, ρ = 0.9.
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(c) p = 100 (Moore–Penrose pseudoinverse)

Figure 8: Heat maps for estimators of Θ. Figure 8a and Figure 8b are the maximum likelihood
estimators and Figure 8c is the Moore–Penrose pseudoinverse.

8 Discussion and scope for the future

The family of junction tree expanders for incrementally generating a junction tree and underlying
decomposable graph, along with its stochastic implementation were derived. Due to its Markovian
property, the expander was used as proposal kernel for the SMC sampling scheme for inferring the
graph posterior distribution. The SMC sampler has been used in a simulation study restricted
to the class of GGMs called the second-order Markov chain graphical structures, showing that
the marginal edge posterior distribution recovers reliably the main pattern of the true underlying
graph.

One important feature found by the simulation study is the fan-shaped patterns of the marginal
graph posteriors (see Figure 6), indicating that the variables with low index share high similarities
in the edge set while for variables with higher index it has higher variability. This problem is
naturally caused by the order in which the graph structure is learned by the algorithm. To tackle
the problem of order dependence, the order permutation step complementing the SMC algorithm
will be developed using a particle McMC approach.

Though promising results of the suggested methodology were obtained, a deeper theoretical
analysis of the computational complexity along with further numerical validation is needed; this is
especially interesting for applications in high-dimensional graphs. For example, for both the graph
estimator and the posterior parametric inference on the precision matrix, it might be of interest to
vary priors and compare the suggested method with existing approaches such as for example the
Bayesian graphical lasso.
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Appendix

A

Proof of Theorem 2. For γ = 0, adding the clique {i + 1} to T(i) preserves the clique intersection
property since it is disjoint from all the other cliques. Thomas and Green [2009a] shows that
shuffling a tree at a given separator preserves the clique intersection property.

For γ > 0, we first consider T(i+1) produced by step 3 a) - 3 g). The new cliques are Ci+1
rj =

DCrj
∪{i+1} for j = 1, . . . , γ, since each DCrj

are distinct complete sets due to Equation 1. When
Crj = DCrj

the new clique will be Crj ∪{i+1} and the old clique Crj will no longer be a clique and
thus vanishes. The only new internal node added to T(i) is i + 1 and no edges has been removed
thus g(T(i+1))[{1, . . . , i}] = g(T(i)).

T(i+1) is a tree since the subtrees produced in step 3 d) are all reconnected through T ′(i+1) in
step 3 e). We must ensure that the clique intersection property holds. Consider the path (of length
at least 2) in T(i+1)

{α1, . . . , αt1 , Cr1 , C
i+1
r1 , . . . , Ci+1

rπ , Crπ , β1, . . . , βt2}, (27)

where αi, βj ∈ V(i), i = 1, . . . , t1, j = 1, . . . , t2 and

s ≥ 0, t1 ≥ 0, t2 ≥ 0. (28)

Let a and b be the first and the last element in this path. The fact that {Ci+1
r1 , . . . , Ci+1

rπ } is
the Ci+1

r1 − Ci+1
rπ path in T(i+1) implies that {Cr1 , . . . , Crπ} is the Cr1 − Crπ path in T(i) since by

construction

(Crj , Crj ) ∈ E′(i) ⇐⇒ (Ci+1
rj , Ci+1

rj ) ∈ E′(i+1).

We know that the paths {α1, . . . αt1 , Cr1} and {Crπ , β1, . . . , βt2} both exist in T(i) since it is con-
nected. Thus

{α1, . . . , αt1 , Cr1 , . . . , Crπ , β1, . . . , βt2},

is the a− b path in T(i). The clique intersection property in T(i) ensures that a ∩ b ⊂ I(i)
a∼b,

I
(i)
a∼b =

t1⋂
j=1

αj

π⋂
j=1

Crj

t2⋂
j=1

βj .

Consider the intersection of the cliques in a ∼ b in T(i+1),

I
(i+1)
a∼b =

t1⋂
j=1

αj ∩ Cr1

π⋂
j=1

Ci+1
rj ∩ Crπ

t2⋂
j=1

βj .

Since for π = 1

Ci+1
1 = C1 ∪ {i+ 1},
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and by Lemma 1, for π > 1
π⋂
j=1

Ci+1
rj =

π⋂
j=2

SCi+1
rj−1 ,C

i+1
rj

=
π⋂
j=2

(SCrj−1 ,Crj
∪ {i+ 1})

=(
π⋂
j=2

SCrj−1 ,Crj
) ∪ {i+ 1}

=
π⋂
j=1

Crj ∪ {i+ 1},

we have that

I
(i+1)
a∼b =

I
(i)
a∼b, if a ∼ b intersects V ′(i+1)
I

(i)
a∼b ∪ {i+ 1}, otherwise.

Thus in any case a ∩ b ⊂ I(i)
a∼b ⊂ I

(i+1)
a∼b . See Figure 9 for an illustration of the path a ∼ b.

For step 3 h). Thomas and Green [2009b, p. 936] show that, given a junction tree and a
separator s, a junction tree representing the same decomposable graph can obtained by:

1. Take the induced subtree spanned by the nodes containing s

2. Cut the tree at the separators equal to s

3. Arbitrarily reconnect the forest obtained in step 2 into a tree.

Take the subtree induced by the cliques containing one of the separators SCrj ,C where C ∈
Neig(Crj ) \ Ci+1

rj such that SCrj ,C ⊂ DCrj
, and cut it into a forest. Since DCrj

⊂ Crj and
DCrj

⊂ Ci+1
rj , the tree containing C can be connected to either Crj or Ci+1

rj while maintaining the
clique intersection property.

T(i+1)[V(i+1) \ (V ′
(p) ∪ V i+1

(i+1))]

Ci+1
r1 Ci+1

r2 Ci+1
r3 Ci+1

r4

Cr1 Cr2 Cr3 Cr4

a b

Figure 9: The path {a, . . . , Cr1 , C
i+1
r1 , Ci+1

r2 , Ci+1
r3 , Ci+1

r4 , Cr4 , . . . , b} illustrates one possible path used
in the proof of Theorem 2.

Proof of Theorem 3. Induction on i. For i = 2, the junction tree is either T(2) = ({{1, 2}}, ∅) or
T ′(2) = ({{1}, {2}}, {({1}, {2})}). T(2) is the unique tree constructed by choosing T ′(1) = T(1) in step
1. T ′(2) is the unique tree constructed by choosing T ′(1) = (∅, ∅) in step 1. For the induction step,
assume that every junction tree T(m),m < i can be constructed by a junction tree expander.

Let T i(i) = (V i
(i), E

i
(i)), V i

(i) = {Cir1 , . . . , C
i
rγ} be the subtree spanned by the cliques containing

{i}.
If V i

(i) = {{i}}, denote the neighbors of {i} by {Cq1 , . . . , Cqt}. Let T(i−1) = (V(i), E(i)). Proceed
with the following operations to T(i−1) :
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1. Remove {i} and all of its incident edges

2. Add the edges (Cqi , Cqi+1), i = 1, . . . , t− 1.

Since {i} was not contained in any clique, the graph produced in step 1 will be a junction forest.
Connecting this forest in step 2 will make T(i−1) to a junction tree. T(i) can be constructed from
T(i−1) by a junction tree expander by taking the empty subtree T ′(i−1) = (∅, ∅) ≤ T(i−1) in step 1
and reconnecting the forest to the tree T(i) in step 2 a) - 2 e).

If V i
(i) 6= {{i}}, we consider the disjoint partition Cirj = MCrj

t SCrj t {i}, where SCrj =⋃
C∈V i(i)\Cirj

SCirj ,C
\ {i} and for ease of notion we use DCrj

= MCrj
t SCrj .

The neighbors of Cirj can be partitioned into

N i
Crj

= {C ∈ V i
(i) : (Cirj , C) ∈ Ei(i)},

and

ND
Cirj

= {C ∈ Neig(Cirj ) \ V i
(i) : Cirj ∩ C ⊂ DCrj

, C 6= Crj}.

Next we choose nodes from which T(i) can be built using a junction tree expander. Let ND
Cirj

=

{C ∈ Neig(Cirj ) \ V i
(i) : Cirj ∩ C = DCrj

, C 6= Crj}. If ND
Cirj

= ∅, let Crj = DCrj
. If ND

Cirj

6= ∅,
we choose one neighbor Crj = SCrj tMCrj

tRCrj ∈ ND
Cirj

. The neighbors of Crj , are partitioned

into Cirj ,

NDCrj
= {C ∈ Neig(Crj ) : Crj ∩ C ⊂ DCrj

, C 6= Cirj},

and

NRCrj
= {C ∈ Neig(Crj ) : RCrj ∩ C 6= ∅},

see Figure 10a. Start with T(i−1) = (V(i), E(i)) and proceed with the following operations to T(i−1)
for  = 1, . . . , γ:

1. Remove Cirj and every edge incident to Cirj
2. If Crj /∈ V(i−1), add Crj

3. Add the set (Neig(Cirj ) \ Crj ) tND
Cirj

to Neig(Crj )

4. If (DCrj
∪ {i}, DCrj′

∪ {i}) ∈ Ei(i)}, add the edge (Crj , Crj′ ) .

To show that T(i−1) ∈ Ti−1, consider the path (length at least 2) in T(i−1)

{α1, . . . , αt1 , Cr1 , . . . , Crπ , β1, . . . , βt2},

where t1 ≥ 0, t2 ≥ 0, π ≥ 0, and let a and b be the first and the last elements in this path. Let

I
(i−1)
a∼b =

t1⋂
i=1

αi

π⋂
i=1

Crj

t2⋂
i=1

βi.
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For T(i−1) to be a junction tree, we must ensure that a ∩ b ⊂ I(i−1)
a∼b . Observe that

(Cirj , C
i
rj ) ∈ Ei(i) ⇐⇒ (Crj , Crj ) ∈ E(i−1)

thus the path {Cir1 , . . . , C
i
rπ} exists in T(i). We know that in T(i), αt1 was connected to either

Cr1 (in which case (Cr1 , C
i
r1) ∈ E(i)) or to Cir1 and β1 was connected to either Crπ (in which case

(Crπ , Cirπ) ∈ E(i)) or to Cirπ . The sub paths {α1, . . . , αt1} and {β1, . . . , βt2} also exist in T(i) since
nothing has been changed in that part of T(i−1). Consider the case where αt1 was connected to Cir1

and β1 was connected to Cirπ , then the a− b path in T(i) has the form

{α1, . . . , αt1 , C
i
r1 , . . . , C

i
rπ , β1, . . . , βt2}.

Let

I
(i)
a∼b =

t1⋂
i=1

αi

π⋂
i=1

Cirj

t2⋂
i=1

βi.

We know that a ∩ b ⊂ I(i)
a∼b, and that

π⋂
j=1

Cirj =
π⋂
j=1

Crj ∪ {i}.

But {i} /∈ a and {i} /∈ b, thus a ∩ b ⊂ I
(i−1)
a∼b = I

(i)
a∼b. Note that adding Cr1 ∩ Crπ to I(i)

a∼b does not
change anything, so the clique intersection property also holds in the case where αt1 was connected
to Cr1 or β1 was connected to Crπ .

To construct T(i) from T(i−1), let T ′(i−1) = T(i−1)[V ′(i−1)] = (V ′(i−1), E
′
(i−1)), V ′(i−1) = {Cr1 , . . . , Crγ}.

Now we can extend T(i−1) to T(i) by a junction tree expander by selecting the subtree T ′(i−1) in step
1. Use the partition Crj = SCrj tMCrj

tRCrj so that we get Cirj = SCrj tMCrj
t{i} in step 3 a).

The new neighbor set given in step 3 h) are assigned according to

Neig(Cirj ) = ND
Cirj

tDi
Crj

and

Neig(Crj ) = DCrj
tNRCrj

.

The procedure is illustrated in Figure 10.

27



Ci
r1 Ci

r2 Ci
r3

Cr1 Cr2 Cr3

NCi
r1

NCi
r2

NCi
r3

NCr1
NCr2

NCr3

NRCr1
NRCr2

NRCr3

(a) The neighbors of Crj and Ci
rj

in T(i).

Cr1 Cr2 Cr3

NCi
r1

NCi
r2

NCi
r3

NCr1
NCr2

NCr3

NRCr1
NRCr2

NRCr3

(b) T(i−1) after removal of {i} from Ci
rj

in T(i).

Figure 10: Illustration of the construction of T(i−1) in the proof of Theorem 3. The cliques V i
(i) =

{Cir1 , C
i
r2 , C

i
r3} containing {i} are colored in red.

Proof of Theorem 4. Let T i+1
(i+1) = (V i+1

(i+1), E
i+1
(i+1)) be the subtree of T(i+1) induced by the cliques

containing {i + 1}. Let |V ′(i)| = |V i+1
(i+1)| = γ. The cliques in V ′(i) and V i+1

(i+1) can be partitioned,
respectively into

C ′rj =SC′rj tMC′rj
tRC′rj

Ci+1
rj =SC′rj tMC′rj

t {i+ 1},

where SC′rj
=

⋃
j=1,...,γ,i 6=j

SC′rj ,C
′
rj

. Suppose that for each Ci+1
rj , ∃ C ′′rj = SC′rj

t MC′rj
t R′′C′rj ∈

Neig(Ci+1
rj ) \ C ′rj such that T ′′(i) = T(i)[{C ′′r1 , . . . , C

′′
rγ}] is a subtree with the same structure as T ′(i)

in the sense that

(C ′rj , C
′
rj ) ∈ E′(i) ⇐⇒ (C ′′rj , C

′′
rj ) ∈ E′′(i).

Then {(C ′′r1 , C
′
r1), (C ′′r2 , C

′
r2)} ∈ E(i) since every neighbor of Ci+1

rj in T(i+1) is a neighbor of C ′rj in
T(i). This creates the cycle {C ′r1 , C

′
r2 , C

′′
r2 , C

′′
r1 , C

′
r1} in T(i), see Figure 11. Thus only T ′(i) could be

used in step 1.

Ci+1
r1 Ci+1

r2

C ′
r1 C ′′

r1 C ′
r2 C ′′

r2

(a) T(i+1)

C ′
r1 C ′′

r1 C ′
r2 C ′′

r2

(b) T(i)

Figure 11: Illustration of the cycle created in the proof of Theorem 4.
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Proof of Theorem 5. Let T i(i) = (V i
(i), E

i
(i)), V i

(i) = {Cir1 , . . . , C
i
rγ} be the subtree spanned by the

cliques containing {i}.
If V i

(i) = {{i}}, since step 2) depends only on the forest F∅, we have to consider every junction
tree for the graph Gi−1 which gives this forest, which is µ(Gi−1).

If V i
(i) 6= {{i}}, we consider the disjoint partition Cirj = MCrj

t SCrj t {i}, where SCrj =⋃
C∈V i(i)\Cirj

SCirj ,C
\ {i} and for ease of notion set DCrj

= MCrj
t SCrj . For each j = 1, . . . , γ, let the

set of cliques from which Cirj could have been created be denoted byND
Cirj

= {C ∈ Neig(Cirj )\V i
(i) :

Cirj ∩ C = DCrj
}. Thus the number of different junction trees from which T(i) could have been

created multiply as stated in the theorem.

Proof of Theorem 9. The first factor,
µ(g(T(i)))∏
s1∈U1

ν(s1) of Equation 7, calculates ν(s) for s ∈ {s ∈

seps(T(i)) : @s′ ∈ S′, such that s ⊂ s′}, the separators in seps(T(i)) that are not contained in
any new separators. The second factor,

∏
s2∈U2

ν(g(s2)) in Equation 7, calculates ν(s2) for s2 ∈ U2.

Thus it suffice to show that

1. seps(T(i+1)) = {s ∈ seps(T(i)) : @s′ ∈ S′, such that s ⊂ s′} t {s ∈ seps(T(i+1)) : ∃s′ ∈
S′, such that s ⊂ s′}

2. Ts is the same in T(i) as in T(i+1) for s ∈ {s ∈ seps(T(i)) : @s′ ∈ S′, such that s ⊂ s′}.

1) Let s ∈ U c2 = {s ∈ seps(T(i+1)) : @s′ ∈ S′, such that s ⊂ s′}, it suffice to show that
s ∈ seps(T(i)) since this means that s ∈ {s ∈ seps(T(i)) : @s′ ∈ S′, such that s ⊂ s′}. But this
follows directly since s is not a new separator (it is not even a subset of a new separator) it will
also exist in seps(T(p)).

2) Let s ∈ {s ∈ seps(T(i)) : @s′ ∈ S′, such that s ⊂ s′} and consider the tree Ts as a subtree of
T(p). Assume that Ts is different regarded as a subtree of T(i+1). This can happen in two ways. 2.1)
some new separator s′ that contains s has been created. 2.2) some separator containing s has been
removed. 2.1) cannot happen since then s′ would be a new separator in S′ that would also contain
s which was not true by assumption. 2.2) The only way a separator s1 of Ts can be removed is if
a new separator s1 ∪ {i+ 1} also is created. But then s1 ∪ {i+ 1} would be a new separator in S′
containing s and that was not true by assumption.

B

Algorithm 1 (Thomas and Green [2009b]). Given any particular junction tree representation
T , we can choose uniformly at random from the set of equivalent junction trees by applying the
following algorithm to the forests Fs defined by the distinct separators in T .

1. Label each vertex of the forest {i, j} where 1 ≤ i ≤ q and 1 ≤ j ≤ rj, so that the first index
indicates the subtree the vertex belongs to and the second reflects some ordering within the
subtree. The ordering of the subtrees and of vertices within subtrees are arbitrary.

2. Construct a list v containing q− 2 vertices each chosen at random with replacement from the
set of all p vertices.

3. Construct a set w containing q vertices, one chosen at random from each subtree.
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4. Find in w the vertex x with the largest first index that does not appear as a first index of any
vertex in v. Because the length of v is 2 less than the size of w, there must always be at least
two such vertices.

5. Connect x to y, the vertex at the head of the list v.

6. Remove x from the set w, and delete y from the head of the list v.

7. Repeat from step 4 until v is empty. At this point w contains two vertices. Connect them.

Definition 3 (Induced subtree property, Jean R. and S. Blair). Let T = (V,E) be a tree of subsets
of a finite set W . T satisfies the induced subtree property if for every node c ∈W , the set of nodes
that contain c induces a subtree of T .

Theorem 10. The junction tree property and the induced subtree property are equivalent.

Lemma 1. Let W be a finite set. Let T = (V,E), V = {C1, . . . , Ck} be a tree with separator set S,
where Ck ⊂W for j = 1, . . . , k. Let a, b ∈ V , and let a ∼ b = {Cr1 , . . . , Crπ}. Then T satisfies the
junction tree property if and only if

a ∩ b ⊂
π⋂
j=2

SCrj−1 ,Crj
. (29)

Proof. This is seen by noting that
π⋂
j=1

Crj =
π⋂
j=2

(Crj−1 ∩ Crj ) =
π⋂
j=2

SCrj−1 ,Crj
,

which means that a ∩ b ⊂
π⋂
j=1

Crj ⇐⇒ a ∩ b ⊂
π⋂
j=2

SCrj−1 ,Crj
.

Theorem 11 ([Lauritzen, 1996, p.12]). Removing a node from a decomposable graph will yield a
decomposable graph.

B.1 Joint distribution

Following the notation introduced in section 6. By letting P(Gp) be a prior distribution defined on
the space Gp, the joint distribution for (Xn,Θ, Gp) is given by

f(Xn,Θ, Gp) =f(Xn|Θ, Gp)f(Θ|Gp)P(Gp)

= 1
(2π)np/2

1
IGp(δ,D) |Θ|

(δ+n−2)/2 exp{−1
2tr(Θ(D + S))}P(Gp).

B.2 Marginal likelihood

Following the notation introduced in section 6. By letting Θ|Gp ∼ G-Wδ,D marginal likelihood of
Gp ∈ Gp is obtained as

f(Xn|Gp) = f(Xn, Gp)
P(Gp)

=
∫

Θ∈M+(Gp)

f(Xn,Θ, Gp)
P(Gp)

dΘ

= 1
(2π)np/2

P(Gp)
1

IGp(δ,D)
1

P(Gp)

∫
Θ∈M+(Gp)

|Θ|(δ+n−2)/2 exp{−1
2tr(Θ(D + S))}dΘ

= 1
(2π)np/2

IGp(δ + n,D + S)
IGp(δ,D) .
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B.3 Graph posterior

Following the notation introduced in section 6. By letting P(Gp) = 1
|Gp|

, the posterior distribution
for Gp is given by

P(Gp|Xn) = P(Xn|Gp)P(Gp)∑
Gp∈Gp

P(Xn|Gp)P(Gp)

= P(Xn|Gp)P(Gp)∑
Gp∈Gp

P(Xn|Gp)P(Gp)

= P(Xn|Gp)P(Gp)
P(Gp)

∑
Gp∈Gp

P(Xn|Gp)

= P(Xn|Gp)∑
Gp∈Gp

P(Xn|Gp)

=
JGp(δ, n,D,S)∑

Gp∈Gp
JGp(δ, n,D,S) ,

where JGp(δ, n,D,S) =
IGp(δ + n,D + S)

IGp(δ,D) .
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