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Abstract

A lattice physics code is a vital tool, forming a base of reactor core
analysis. It enables the neutronic properties of the fuel assembly to be
calculated and generates a proper set of data to be used by a 3-D full core
simulator. Due to advancement and complexity of modern Boiling Wa-
ter Reactor assembly designs, a new deterministic lattice physics code
is being developed at Westinghouse Sweden AB, namely PHOENIX5.
Each time a new code is written, its methodology of solving the neu-
tron transport equation, has to be validated to make sure it provides
reliable output. In a wake of preparation for PHOENIX5 release and
consecutive validation efforts, a set of reference Monte Carlo calculations
was prepared, using the code Serpent. A depletion calculation with a
chosen type of branch cases was conducted. Methods implemented in
PHOENIX5 are based on the Current Coupling Collision Probability
method used in older versions of the code HELIOS. Therefore, a com-
parison between reference Monte Carlo simulations and HELIOS 1.8.1
is made, in order to discover problems inherent to the said method of
solving the neutron transport equation. A special care should be given
during PHOENIX5 validation, to issues highlighted in this work.

Discrepancies in results of Serpent and HELIOS are attributed mostly
to disparities in the basic nuclear data used by the codes, as well as a
range of approximations and corrections adopted by the deterministic
code.

Serpent and HELIOS showed a good agreement in a typical void
range (up to 90 % void) and ‘less’ challenging branches (coolant void,
fuel temperature and spacer grid branches). More significant discrepan-
cies appeared for extreme cases with a very high void and control rod
presence (k∞ differences as high as 1000 pcm) and rather pronounced
concentrations of the natural boron dissolved in coolant (absolute dif-
ferences roughly at a level of 900 pcm). The issues do not seem to stem
solely from discrepancies in the nuclear data libraries used by Serpent
and HELIOS.

Moreover, a coolant void bias was consistently found in the results
of branch calculation at changing coolant void. This confirms the anal-
ogous phenomenon found in previous studies of the CCCP based deter-
ministic codes. It most probably stems from the assumptions used by
the method while tackling the neutron transport equation, such as the
flat source approximation, the isotropic scattering assumption and the
transport correction. An alternative transport correction approximation
is proposed to alleviate this issue.
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Chapter 1

Introduction

The goal of the thesis is to validate the Boiling Water Reactor (BWR) lattice
physics methods currently employed at Westinghouse Electric Sweden AB, located
in Västerås (Sweden). At the moment, a lattice physics code used in numerous pro-
duction calculations is the deterministic code HELIOS. The code’s output, obtained
utilizing its production setup parameters, is to be validated against the reference
Monte Carlo simulation for a real BWR lattice geometry. The focus is placed on
high void conditions, a significant burnable absorber content and other configu-
rations that may prove problematic for the deterministic code, but necessary to
calculate for the modern fuel assembly types. Most serious struggles of the current
methodology are identified and discussed.

These efforts are a part of due-diligence in the development of a new determin-
istic lattice code soon to be launched by Westinghouse Sweden: PHOENIX5. It
introduces certain improvements over currently used HELIOS 1.8. The reference
Monte Carlo simulation created for the thesis and the subsequent analysis will al-
low for determining, how the new methods implemented in PHOENIX5 improve
the production lattice physics calculations, once the benchmarking and validation
phase of the code development process begins.

The thesis is structured in the following way: the remaining sections of this
chapter outline the role of lattice physics codes in the nuclear industry and provide
a brief introduction to computer codes used in this work. In Chapter 2, the problem
of neutron transport is briefly touched. Chapter 3 explains the main differences in
the chosen deterministic and Monte Carlo approach to the neutron transport equa-
tion. Chapter 4 discusses the differences in handling fuel burnup calculations in the
considered codes. In Chapter 5, detailed considerations for obtaining an accurate
and reliable reference calculations with the Monte Carlo code, are thoroughly dis-
cussed. A presentation of results combined with a discussion and final conclusions
are parts of Chapters 6 and 7, respectively.
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CHAPTER 1. INTRODUCTION

1.1 Problem statement and motivation

The main task of the reactor analysis is to correctly model nuclear reactor op-
eration in steady-state or transient conditions caused by insertion or removal of
reactivity. [1]. Such an analysis includes but is not limited to: a determination
of core criticality, power distribution, excess reactivity, reactivity feedbacks, fuel
depletion etc.

A full-core analysis is usually a task of 3-D nodal simulators, due to their ver-
satility and speed of calculations. Such codes usually divide the reactor core into
a number of homogeneous nodes. Here, homogeneity means that within a node,
neutronic properties, such as micro and macroscopic cross sections, are constant.
Moreover, all materials present in an individual node are represented by a spatially
uniform mixture. Thus, geometrical details of an individual assembly are disre-
garded. Additionally, the neutron transport problem is simplified to a few group
diffusion.

However, all material’s cross sections and other neutronic parameters, used by
the nodal core simulators, are generated by lattice physics codes and presented in a
required format. Lattice physics codes perform a series of detailed neutron transport
calculations for the selected portions of fuel, usually axial slices of individual fuel
assemblies. Each fuel bundle may be divided into several axial zones, with different
materials present (e.g. a spacer grid, control rod blades), a different geometry
(e.g. partial length rods in BWR fuel assemblies cause changes of the geometry
along the vertical axis), and also varying uranium enrichment or burnable absorber
content. For each such unique fuel assembly lattice segment, detailed calculations
are performed to obtain spatially homogenized and energy collapsed cross sections.
A highly accurate model is called for to account for the heterogeneous lattice effects
[2]. Various depletion levels and momentaneous physical conditions are taken into
consideration, in order to capture all states a fuel assembly might find itself under,
during different operation conditions of the reactor. Lattice codes compute accurate
flux distribution for a detailed representation of a given geometry. The obtained
results are then collapsed into a few energy groups and homogenized over considered
volume, so that multi-group constants are generated for nodal simulators to use.

This role is contemporarily fulfilled by the lattice code HELIOS 1.8.1 in produc-
tion calculations performed by Westinghouse Sweden AB. However, this code will
soon be replaced with the newly developed PHOENIX5. Each new lattice physics
code has to be benchmarked and validated against either some experimental data or
reference calculations performed in other, already verified, codes. These activities
are required to ensure that the numerical methods and physical approximations im-
plemented in each new lattice code are able to accurately reproduce a correct model’s
behaviour. To prepare grounds for the validation process of PHOENIX5, creation of
a reference Monte Carlo lattice calculation is to be completed. PHOENIX5 is based
on the similar transport solution methodology as HELIOS 1.8, namely Current
Coupling Collision Probability (CCCP) method. Therefore, the validation of HE-
LIOS setup used in the production calculations is performed to determine the most

2



1.2. HELIOS

challenging issues inherent to the CCCP based lattice physics code, thus preparing
grounds for the PHOENIX5 validation.

1.2 HELIOS

HELIOS is a well-established deterministic lattice 2-D physics code developed by
Studsvik-Scandpower Inc. Versions of the code older than 2.0.0 employ the CCCP
method of solving the neutron transport equation. The name stems from combining
the current coupling and the collision probabilities methods. It allows for full geo-
metric flexibility needed to model heterogeneities of a modern LWR fuel assembly
designs [3].

The input and output processing is handled by AURORA and ZENITH codes,
respectively, which are independent from the HELIOS solver. The three codes
share and ‘communicate’ through a data base managed by a separate subroutine,
HERMES [3]. The version of the code used in this work is 1.8.1. This particular
release uses the nuclear data library based on ENDF/B-VI. It allows a user to choose
between 190, 112 and 47 neutron energy group libraries.

The automatic input generation for AURORA, restart calculation in HELIOS,
as well as managing output from individual ZENITH runs, is performed with the
LATTGEN program, developed internally at Westinghouse [4].

1.3 PHOENIX

As it was already stated, PHOENIX5 is the newest version of the deterministic
lattice physics code developed at Westinghouse Electric Sweden AB. The solution
technique adopted in PHOENIX5 is a derivative of the deterministic methods imple-
mented in the code HELIOS. Its development was motivated by a need to create a
code which would be able to appropriately capture the complexities associated with
modern and future BWR fuel assemblies but at the same time be swift and suitable
for the production calculations [5]. PHOENIX5 is based on many well-established
methods successfully implemented in HELIOS. However, it offers a range of im-
provements as well. These are most importantly, but not limited to [5]:

• nuclear data libraries contains data for more individual isotopes

• a more complex and robust subgroup method for more accurate resonance
treatment

• exponential matrix Taylor expansion method for solving depletion problems,
as opposed to the linearized chains method adopted in HELIOS

PHOENIX5 libraries are to be based on the newest ENDF/B-VII.1 distribution.

3



CHAPTER 1. INTRODUCTION

1.4 Serpent
Serpent was first introduced under a name PSG in 2004 [6] and has been since heav-
ily developed at VTT Technical Research Centre of Finland. It is a 3-D continuous
energy Monte Carlo code specially optimized for the homogenized group constants
generation. Additionally, Serpent has built-in capabilities to perform fuel depletion
calculations without relying on the external codes or wrapper scripts. Moreover, it
has an advantage of automatically performing the depletion sequence and requested
restart cases needed in a typical process of a few group constants generation.

As a Monte Carlo code, it is considered to provide a numerical solution closest
to the true system response. The reason is the minimal number of approximations
needed to model a considered fuel assembly and solve the neutron transport equa-
tion. All results presented in this thesis have been obtained using the version 2.1.23
of the code.

4



Chapter 2

Neutron transport equation

The lattice physics code tackles the problem of neutron transport to determine
various reaction rates, power distribution or other quantities of a nuclear system.
What one is usually interested in are the details of the neutron density distribution
in the system. Then,

n (r, t) d3r (2.0.1)
is the expected number of neutrons in the volume d3r about position r at time

t [2].
Knowledge of the neutron density distribution in the reactor core or a fuel

assembly allows for determining various nuclear reaction rates. Assuming, just for
the moment, that all neutrons share the same speed v, and denoting the macroscopic
cross section of the nuclear reaction as Σ, the neutron-matter interaction frequency
for a single neutron can be defined as [2]:

vΣ (r, v) (2.0.2)
The macroscopic cross section is interpreted as the probability of a given inter-

action to occur between a particle with specific speed (energy) per unit distance in
the chosen medium. Each nuclear reaction can be characterized by such a quan-
tity, e.g. by the fission macroscopic cross section, the scattering macroscopic cross
section etc. This parameter is directly related to a microscopic interaction cross
section σ in the following way [7]:

Σ (r, v) = Nb (r)σ (v) , (2.0.3)
where Nb is the number density of a target medium. It is recognized that the

microscopic cross section (and consequently the macroscopic cross section) depends
on the incident particle and target nucleus energies (see Figure 2.1 showing the
energy dependence of the microscopic fission cross section of 235U isotope).

Note that speed and energy of the neutron can be used interchangeably and
are related by E = 1

2mv
2. Defining the neutron density with respect to space and

energy [2] as n (r, E, t), the notion of the scalar neutron flux is introduced as:

5



CHAPTER 2. NEUTRON TRANSPORT EQUATION
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Figure 2.1: 235U microscopic fission cross section versus colliding neutron energy.
Plot generated in the Java-based nuclear information software (JANIS) developed
by the OECD Nuclear Energy Agency and Aquitaine Electronique Informatique.

φ (r, E, t) ≡ vn (r, E, t) . (2.0.4)

The scalar neutron flux can be interpreted as the total number of neutrons
with energy E crossing a surface area of a sphere with a unit length radius at a
position r, at time t. Then, the reaction rate is finally expressed as a product of
the macroscopic cross section and the neutron flux:

RR (r, E, t) = Σ (r, E)φ (r, E, t) . (2.0.5)

Precendently to formulating a general form of the neutron transport equation,
one has to further generalize the concept of the neutron density by identifying all
variables characterizing the state of an individual neutron. These can be practically
limited to [2]:

• A neutron position in the system, r

• Energy E (which accounts for speed of a particle by the relation E = 1
2mv

2)

• Time t at which a particle is observed

• a directional unit vector Ω̂ = v
|v| , in which direction a neutron travels

Then, the generalized notion of the neutron density depending on all of the above
mentioned variables is introduced as the so called angular neutron density [2]:

n(r, E, Ω̂, t)d3rdEdΩ̂. (2.0.6)

6



Analogically to Equation (2.0.4), it is possible to define the angular neutron flux
as:

ϕ(r, E, Ω̂, t) ≡ vn(r, E, Ω̂, t). (2.0.7)

A related concept of the angular current density is defined as [2]:

j(r, E, Ω̂, t) ≡ vΩ̂n(r, E, Ω̂, t) = Ω̂ϕ(r, E, Ω̂, t). (2.0.8)

Considering a small surface area, dS, at a point r the expected number of
neutrons passing through it per unit time in direction Ω̂ in dΩ̂ and with energy E
in dE at time t is then [2]:

j(r, E, Ω̂, t) · êsdSdEdΩ̂, (2.0.9)

where ês is a unit vector normal to the surface dS.
Having all the necessary quantities defined, the equation for the angular neutron

density can be derived by balancing neutron gains and losses in an arbitrary volume
V . The time rate of change of the number of neutrons with energy E within dE
, travelling in a direction Ω̂ within dΩ̂ inside the volume V , at position r in the
system is written as [2]:

δ

δt

[∫
V
n(r, E, Ω̂, t) d3r

]
dEdΩ̂ = gain in V − loss from V. (2.0.10)

A list of all neutron gain and loss mechanisms is provided below. Neutrons can
be gained in the volume V in the following ways:

I Neutrons are born within the volume V (neutron sources)

One can define the rate of source neutrons appearing in the volume V as [2]:[∫
V
s(r, E, Ω̂, t) d3r

]
dEdΩ̂. (2.0.11)

This term includes fission neutrons, and will be expanded later on in this deriva-
tion.

II Neutrons in the volume V scattering to E, Ω̂ from a different energy E′ and
direction Ω̂′

This is so called inscattering term. It accounts for neutrons scattered from
other energies and/or directions into dEdΩ̂ [2]. Contributions from all ener-
gies and directions are considered, yielding the following expression for this
particular mechanism in the volume V :

7



CHAPTER 2. NEUTRON TRANSPORT EQUATION

[∫
V
d3r

∫
4π
dΩ̂′

∫ ∞
0

dE′ · v′Σs(r, E′ → E, Ω̂′ → Ω̂)n(r, E′, Ω̂′, t)
]
dEdΩ̂.

(2.0.12)

III Neutron leakage into the volume V through the surface S

Neutrons can stream into the volume V through the surface S. This term is
considered simultaneously with the loss mechanism number IV.

Neutrons can be lost in the volume V through following mechanisms:

IV Neutron leakage out of the volume V through the surface S

Using the angular current definition form Equation (2.0.8) the rate at which
neutrons leak out of the surface dS (the following convention applies: dS =
êsdS) is [2]:

j(r, E, Ω̂, t) · dS. (2.0.13)

The net leakage over an entire area S, considering both neutrons traversing
inwards and outwards, is ∫

S
dS · vΩ̂n(r, E, Ω̂, t). (2.0.14)

The above equation can be transformed into a volume integral by applying
Gauss divergence theorem, which states that for a vector field v and its di-
vergence defined throughout a volume V bounded by a closed surface S, the
following relation holds [8]:

∫∫
S

v · edS =
∫∫∫

V
divvdV =

∫∫∫
V
∇ · vdV, (2.0.15)

where e is the outward unit vector normal to the surface S. Thus, the net
leakage of neutrons in direction Ω̂ in dΩ̂, and energy E in dE, through the
surface S, takes the form of:

[∫
V
d3rΩ̂ · v∇n(r, E, Ω̂, t)

]
dEdΩ̂. (2.0.16)

V Neutrons suffering a collision

8



This term includes absorption of a neutron within the volume V , as well as a
scattering collision, since it changes energy E and direction Ω̂ of the travelling
particle [2]. Neutrons emerging from the collision with the same energy and
direction are accounted for by the gain mechanism II, as the integration is
performed for all energies and directions. Defining Σt as a total macroscopic
cross section (sum over all unique neutron-matter interaction probabilities),
this term is simply:

[∫
V
vΣt(r, E)n(r, E, Ω̂, t) d3r

]
dEdΩ̂. (2.0.17)

Plugging all loss and gain expressions into the balance equation (Equation
(2.0.10)) yields [2]:

∫
V
d3r

[
δ

δt
n + vΩ̂ · ∇n+ vΣt(r, E)n(r, E, Ω̂, t)

−
∫

4π
dΩ̂′

∫ ∞
0

dE′v′Σs(r, E′ → E, Ω̂′ → Ω̂)n(r, E′, Ω̂′, t)− s(r, E, Ω̂, t)
]
dEdΩ̂ = 0.

(2.0.18)

This equation can be re-written using the already introduced notion of the an-
gular flux and by setting its integrand to 0. This yields the integro-differential form
of the neutron transport equation:

1
v

δϕ

δt
+ Ω̂ · ∇ϕ+ Σt(r, E)ϕ(r, E, Ω̂, t)

−
∫

4π
dΩ̂′

∫ ∞
0

dE′Σs(r, E′ → E, Ω̂′ → Ω̂)ϕ(r, E′, Ω̂′, t)− s(r, E, Ω̂, t) = 0.

(2.0.19)

It is self-evident that a set of initial and boundary conditions is needed to solve
the transport equation in such a form.

To account for fission neutrons, the source term in the balance equation can be
expressed in terms of the total rate at which fission neutrons are born at position
r:

s(r, E, Ω̂, t) =
∫

4π

∫ ∞
0

ff (Ω̂′, E′ → Ω̂, E)Σf (E′)ϕ(r, E′, Ω̂′, t)dE′dΩ̂′, (2.0.20)

where Σ(E′f )ϕ(r, E′, Ω̂′, t) denotes the fission rate induced by neutrons with
energy E′ travelling at direction Ω̂′ (integrated over all directions and entire energy

9



CHAPTER 2. NEUTRON TRANSPORT EQUATION

range), ff (Ω̂′, E′ → Ω̂, E) characterizes the emerging neutrons (number of emerging
neutrons at a given energy and at a given direction).

Assuming that fission neutrons are born isotropically and with a certain energy
distribution described by the fission spectrum χ (E) [9] the fission source term takes
the following form:

s(r, E, Ω̂, t) = χ(E)
4π

∫
4π
dΩ̂′

∫ ∞
0

dE′ · ν(E′)Σf (E′)ϕ(r, E′, Ω̂′, t). (2.0.21)

In the above expression ν(E′) is the average fission neutron yield from a fission
event induced by a neutron with energy E′.

The neutron transport equation in the introduced form suffers from a couple of
limitations [10]:

• the effect of polarization is not accounted for

• neutron-neutron interactions are neglected

• it represents only ‘the average neutron behaviour’, fluctuations are not mod-
elled

• the fission source term does not account for the delayed neutrons (all fission
neutrons are assumed to appear instantaneously when the fission event occurs)

The first two simplifying assumptions practically do not influence the neutron
transport, as these phenomena are negligible. The third limitation is not of concern,
as the number of neutrons simulated in the full lattice calculations is relatively
high. The fourth is neglected from the point of few of steady-state (non-transient)
transport calculations. The change of the fuel composition over time is treated
during burnup calculations (see Chapter 7.4).

2.1 Criticality (k-eigenvalue) problem

The general form of the transport equation introduced in the preceding Section is
time-dependent. It implies variations of the neutron flux over time. A system for
which the equation is solved can be either: supercritical, critical or sub-critical. In
the first case the neutron flux grows over time (the chain reaction ‘gains momentum’
so to speak, as more and more neutrons are born every second). If the neutron flux
diminishes over time, the system is sub-critical. A system in a steady-state (i.e.
in equilibrium) is said to have reached criticality. In steady-state considerations,
Equation (2.0.19) does not depend on time and, including the source term defined
in Equation (2.0.20), can be written as:

10



2.1. CRITICALITY (K-EIGENVALUE) PROBLEM

Ω̂ · ∇ϕ+ Σt(r, E)ϕ(r, E, Ω̂)

−
∫

4π
dΩ̂′

∫ ∞
0

dE′Σs(r, E′ → E, Ω̂′ → Ω̂)ϕ(r, E′, Ω̂′)− s(r, E, Ω̂) = 0.

(2.1.1)

It never happens so, that the system considered in the lattice physics calculation
is exactly critical. Most often, considered systems are single fuel assemblies in the
infinite lattice (reflective boundary conditions) configuration. It means that there
is a mismatch between loss and production of neutrons m in Equation (2.1.1).
In order to obtain a stationary, non-trivial solution to the time-independent form
of the transport equation, lattice physics codes usually deal with the criticality
eigenvalue problem. The corresponding equation is formulated by introducing the
criticality eigenvalue k to the fission source term of Equation (2.1.1) yielding the
following expression (dependencies on position, energy and direction are omitted
for convenience):

Ω̂ · ∇ϕ+ Σtϕ−
∫

4π
dΩ̂′

∫ ∞
0

dE′Σs(r, E′ → E, Ω̂′ → Ω̂)ϕ− 1
k
s = 0. (2.1.2)

The eigenvalue problem formulated in such a way has infinite number of solution
(eigenvalues). In this consideration only the fundamental solution is of interest.
In the above equation the neutron source term is divided by the k-eigenvalue to
artificially enforce the balance between the production and loss terms present in
the expression. The k-eigenvalue is varied to obtain the critical conditions [10]. It
is also called a multiplication factor and offers a physical interpretation:

• k > 1: the system is supercritical, each consecutive neutron generation is
larger than the previous one

• k = 1: the system is critical, neutron population stays constant over time

• k < 1: the system is sub-critical, each consecutive neutron generation is
smaller than the previous one

The other way of understanding the multiplication factor k is as the ratio be-
tween a number of neutrons in subsequent neutron generations, with the fission pro-
cess being regarded as the birth event which separates generations of neutrons [10].
The eigenvalue problem can be solved in a practical manner by an iterative process.

Solution of an eigenvalue problem in a form of equation 2.1.2 yields multiple
number of eigenvalues and associated eigenvectors. Only one (so called) fundamen-
tal solution, which yields highest value of the eigenvalue k, is of interest. It is the
only solution which is non-trivial and offers a physical interpretation. In the lattice
physics calculations presented in this work boundary conditions of zero net current
at the model boundaries (reflective boundary conditions) are assumed.
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Chapter 3

Few practical ways of tackling neutron
transport

The transport equation derived in Chapter 2 is solved for realistic systems by lattice
physics codes. Due to a complex, heterogeneous structure of actual reactor cores
and fuel assemblies, the cross section dependence on energy (resonance structures,
threshold effects etc. [2]), the general form of this equation is almost impossible to
solve directly. Instead, the reactor physics computer codes adopt a series of approx-
imations to solve the transport problem. The principles behind these assumptions
and approximations are outlined in Section 3.1 for deterministic and in Section 3.2
for stochastic codes used for purposes of this work. Moreover, a complete set of
basic nuclear data specifying microscopic cross sections and fission yields has to be
provided as an input when attempting to solve the neutron transport equation. It
is briefly described in Section 3.3.

HELIOS (and PHOENIX5) and Serpent can be classified respectively as deter-
ministic and probabilistic codes. Therefore, they handle neutron transport differ-
ently by principle. Deterministic methods directly discretize and solve the neutron
transport equation for an average behaviour of neutrons [9]. On the other hand,
probabilistic codes (Monte Carlo) simulate the behaviour of individual neutrons [11].
The average response of a system is then obtained by simulating a large number of
particle histories. What follows is a general description of the codes used in this
work and a rather brief and non-exhaustive overview of methods utilized by them
to achieve the same goal. Namely, to generate few group constants.

3.1 Neutron transport in HELIOS

As it was already stated, HELIOS is the deterministic lattice physics code used in
this validation study. The term ‘deterministic’ implies that it takes advantage of
multiple physical approximations and discretizes the neutron transport equation in
order to solve it. As the analytical solution to the neutron transport equation can
be found only for rather simple problems, the common approach is to transform it

13



CHAPTER 3. FEW PRACTICAL WAYS OF TACKLING NEUTRON TRANSPORT

into algebraic equations and approximate the solution at discrete points, nodes or
volumes by applying rigorous numerical methods.

All independent continuous variables, upon which the neutron transport equa-
tion depends, are to be discretized. General requirements for the discretization
method are that it must be:

• consistent: the exact solution satisfies the discretized problem to an expected
extent

• stable: small perturbations should not lead to increasing oscillations

• convergent: the error of discrete solution, as compared to the exact one, should
vanish as the discretization parameter gets smaller

The following sections introduce and discuss discretization and steps undertaken
to obtain the solution of the neutron transport equation implemented in the code

3.1.1 Discretization of the neutron transport equation

The time-variable is not discretized for the purpose of solving the transport
equation in HELIOS [3], rather the steady-state solution is sought for. This is
acceptable since burnup calculations assume constant flux distribution during fuel
depletion (refer to Chapter 7.4 for more details). Long term dependencies are
accounted for in burnup calculations.

The energy variable is partitioned into multiple, discrete groups by dividing
its considered range of interest [3]. This division corresponds to the energy group
structure in the provided nuclear data library used by the code (see Section 3.3).
Therefore, all fluxes and currents mentioned in this section always refer to group
values (which are integrated over group’s energy range: φg =

∫ Ei−1
Ei

φ (E) dE and
jg =

∫ Ei
Ei−1

j (E) dE, where Ei−1 and Ei are upper and lower energy group boundaries
respectively). Transport calculations are therefore performed per group [3] with
single group solutions being coupled by group sources.

The group sources are understood as down-scattering from higher energy groups
into the lower ones (fast neutrons lose energy in collision events). However, for en-
ergy groups in the thermal energy range the up-scattering becomes a non-negligible
contributor to the neutron flux. Due to a fact that HELIOS performs the multi-
group calculations starting from the highest to the lowest energy, the up-scattering
phenomenon is treated by additional ‘thermal’ iteration sweeps at the end of each
eigenvalue iteration for energy groups below 0.6 eV [3]. For energy groups below
that value the up-scattering is no longer a negligible contributor to the source term,
although it occurs at higher energies (roughly below 0.6 eV) as well.

Looking at the transport equation in the form of Equation (2.0.19) it becomes
apparent that what is left is the spatial and angular discretization. The trans-
port method of choice implemented in HELIOS 1.8.1 is called the Current Coupling
Collision Probability (CCCP) method. In a nutshell it divides the spatial domain
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3.1. NEUTRON TRANSPORT IN HELIOS

into space elements, comprised of flat-flux regions, coupled by interface currents at
flat-current arc segments enclosing the said elements. Moreover, within each region
constant cross sections are assumed.

The angular discretization is put in place by partitioning the directional half-
sphere at the space element interface into sectors [3]. The directional half-sphere is
divided into θ levels, each of which comprises of a number of azimuthal ζ intervals.
The angular sectors are defined in such a way that the number of particles passing
through each is the same, i.e. ϕ (ζ, θ) = ϕk. Moreover, the flux in those sectors is
assumed isotropic. The incoming current is then [3]:

j (ζ, θ) = Ω̂ϕ (ζ, θ) · n = ϕk sin ζ cos θ (3.1.1)

The treatment of angular flux dependencies is also supported by implementing
the so-called transport correction. It allows for a simplified treatment of the linear
anisotropic scattering of neutrons. The correction states that “problems with linear
anisotropic scattering can be replaced by problems with isotropic scattering, pro-
vided that the scattering cross sections (and the total cross sections) be reduced by
the amount µ̂0Σs” [9].

The expression µ̂0Σs is recognized as the so-called P1 scattering cross section,
where µ̂0 is the cosine of the scattering angle in the laboratory system [9]. It is the
first Legendre moment of the scattering cross section (also denoted as Σ1

s in this
work) [9]. Such representation of the double differential scattering cross sections is
obtained when they are expanded in the series of the Legendre polynomials of the
cosine of the scattering angle in the laboratory system, which constitute a full set
of orthogonal functions.

The introduced transport correction is only exact for the mono-energetic neu-
trons. In order to make it more practical and applicable in the calculations per-
formed by HELIOS an additional approximation is called for. In HELIOS it is
assumed that the amount of incoming and outgoing P1 scattering neutrons to any
given energy group g is equal (this is the so-called out-flow approximation):∑

g′

Σ1
s,g′→gφ

1
g′ ≈

∑
g′

Σ1
s,g→g′φ

1
g (3.1.2)

φ1
g denotes the first moment of the angular flux in energy group g expanded in

the spherical harmonics, which is identical to the angular neutron current (zeroth
moment is then the scalar flux [9]). The described transport correction is introduced
to the scattering kernel by subtracting the P1 total scattering cross section from the
self-scattering element of the kernel for a given energy group [9]. Such corrected
scattering kernel is then used in the solution of the neutron transport equation.

3.1.2 Region fluxes and coupling currents

As it was already stated, the computational domain is divided into space elements
each with flat-flux regions and flat-current segments. For each region i, a given
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energy group, scalar neutron flux can be expressed as a sum of source neutrons and
in-currents (energy group subscript is omitted for simplicity) [3]:

φi =
I∑
j=1

XijQj +
S∑
s=1

Yisj
−
s (3.1.3)

where Xij is the source-response flux in region i owing to a single neutron born in
region j; I is the total number of regions in a given space element; Qj is the neutron
source in region j; Yis is the current-response flux in region i owing to a single
neutron entering it from the sector s; j−s is the current passing through segment s
(a minus sign in the subscript indicates in-currents); S is the total number of sectors
in a given space element.

In the neutron transport calculation, source term in Equation (3.1.3) encom-
passes neutrons scattering into energy group g from other groups within element
i and all fission neutrons born within energy group g. The particle sources are
assumed to be flat and isotropic. The group neutron source can be then expressed
as (region subscript omitted for convenience):

Qg =
G∑

g′ 6=g
Σs,g′→gφg′ +

χg
k

G∑
g′=1

(νΣf )g′φg′ (3.1.4)

The in-scattering term from other energy groups within region i (
∑G
g′ 6=g Σs,g′→gφi,g′)

uses the elements of the transport-corrected scattering matrix. However, the restric-
tion is placed on using only the off-diagonal elements of the scattering matrix. These
are thus the same as the non-corrected ones. The fission spectrum term, χg, is cal-
culated for each region i for the homogenized mixture of isotopes, Nj , using the
following relation (the region index i is dropped for clarity of the below expression):

χg =
∑
j

(
χg,j

Njwj∑
j′ Nj′wj′

)
(3.1.5)

where wj are weights, calculated for 13 chosen fissionable isotopes using PHOENIX
calculation of an infinite square UO2 lattice at 20, 000MWd

t , in the form of [3]:

wj =
∑
g

νσfj,g
φg (3.1.6)

where νσfj,g
is the fission neutron production cross section for a given nuclide

j. Respective terms are obtained through said PHOENIX calculation. Summing
spectrum weights over all neutron energy groups yields unity.

The multiplication factor k , appearing in Equation (3.1.4) serves the role of
the eigenvalue of the neutron transport equation and balances the equation for the
steady-state calculations, as explained in Section 2.1.

The response fluxes of a space element appearing in Equation (3.1.3) are ob-
tained from first-flight collision probabilities by considering the total number of
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collisions in a given region I [3]. The following first-flight collision probabilities are
introduced [3]:

• pij : the probability of neutrons born uniformly and isotropically in region j
to suffer their first collision in region i

• pis: the probability of neutrons streaming into the space element through
sector s to suffer their first collision in region i.

Recalling the flat-flux approximation and denoting
∑
i as the total, transport-

corrected cross section in the region i , the collision rate in that region in response
to a unit source in region j is written as:

ΣiXij = pij +
I∑

j′=1
pij′cj′Σj′Xj′j (3.1.7)

where cj is the average number of secondary neutrons emerging from each neu-
tron interaction in the region j. Likewise, one can express the current-response
fluxes:

ΣiYis = pis +
I∑
j=1

pijcjΣjYjs (3.1.8)

The in-current term in the expression for the region flux, Equation (3.1.3), is
the only term coupling the neutron transport solution in different space elements
of the computational domain together. The in-currents, j−s ,are simply out-currents
(denoted with a plus superscript) at the other side of the respective arc sectors.
The out-currents, through a sector s, much like the region fluxes, are a combination
of contributions from sources and in-currents [3]:

j+
s =

I∑
i=1

PsiQi +
S∑
s=1

Pstj
−
t (3.1.9)

where Psi is the probability of neutrons born in region i to escape the space
element through sector s (total escape probability); Pst is the probability of neutrons
traversing into the space element through sector s to escape it through sector t after
any number of collisions (total transmission probability). Similarly to the response
fluxes, these total escape and transmission probabilities can be evaluated using the
following first-flight collision probabilities [3]:

• psi: the probability of a particle born uniformly and isotropically in region i
to escape through sector s, without experiencing any collisions

• pst: the probability of a particle entering the space element in sector t to
escape through sector s, without experiencing any collisions in that element
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The first-flight probabilities needed to calculate coupling currents and fluxes
(pij ,pis,psi,pst) are estimated in HELIOS using the method of Carlvik [3]. For
brevity this method will not be thoroughly explained.

HELIOS obtains currents for each energy group by a number of iterations on
Equation 3.1.9 (so called inner iterations). This is done using a Gauss-Seidel scheme
and assuming that fission neutron sources are fixed. Then, fluxes are updated using
new values of coupling currents (Equation 3.1.3). Once this operation is completed
for all groups and additional thermal sweeps are performed on groups below 0.6 eV
(these additional sweeps are called for due to non-negligible neutron up-scattering),
the eigenvalue and the fission source are updated and the entire process is repeated
until desired convergence is achieved.

3.2 Neutron transport in Serpent2

Technically speaking, Monte Carlo methods have no need for a direct solution of the
neutron transport equation [1], as they do not discretize it the same way determin-
istic codes do. Instead they are able to explicitly simulate the interactions between
neutrons and nuclei of isotopes (in a way, they mimic actual particle interactions).
The mean behaviour of particles in the system is then found by averaging results
from the simulation of numerous neutrons. One of the remarkable features of the
Monte Carlo method of handling the neutron transport equation is that quantities
it actually solves for may be very different. Monte Carlo calculations only provide
information for the specified parameters being tallied (i.e., estimated or ‘scored’),
not necessarily the quantities generally present in the transport equation [11]. Thus,
it makes codes such as Serpent very flexible and versatile tools.

3.2.1 Fundamental concepts in Monte Carlo simulation

A random variable X, of a stochastic process, is said to be either discrete (can
assume a finite number of values within a certain range) or continuous (infinite
number of values). The probability of the discrete random variable X to assume a
certain value xi is defined as [12]:

fX(xi) = P (X = xi) (3.2.1)

For a continuous random variable one can define a probability density function
fX(x) [12]. Then, the probability for a continuous random variable to assume value
smaller than xi, the cumulative probability function, is:

FX(x) = P (X ≤ xi) =
∫ xi

−∞
fX(x)dx. (3.2.2)

As will be shown later, probabilistic codes use these two kinds of random variable
depending on the format of input data. For instance, in Serpent the energy is
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usually treated as a continuous variable, whereas the angular distribution of two-
body scattering collision is divided into discrete intervals of equal probabilities. The
intervals may vary in size due to anisotropic scattering.

Another useful notion, when dealing with random variables, is their expected
value, E[X]. It is defined as the weighted mean of the random variable X. All
possible values x are weighted according to their probabilities [12]. Following the
definition, the expected value of a discrete random variable is:

E [X] =
∑
i

xifX(xi). (3.2.3)

Analogically, an expected value of a discrete random variables can be expressed
as:

E [X] =
∫ ∞
−∞

xfX(x)dx (3.2.4)

Very often one is interested in quantifying the spread of the values assumed by
the random variable around its mean. One such parameter, which also happens to
be a probability distribution descriptor, is called the variance, V ar[X]. It is the
quadratic deviation from the expected value of X [12]:

V ar[X] = E[(X − E[X])2]. (3.2.5)

.
A square root of variance is a standard deviation. It is a quantity often preferred

over variance as it is of the same order of magnitude as the mean of a random
variable.

σX =
√
V ar[X] (3.2.6)

3.2.2 Random variable sampling

When a value of a random variable is needed by the code, its value is sampled.
There are numerous procedures and algorithms allowing for efficient and reliable
generation of random values. The random number generators (RNG) are in fact
deterministic algorithms [12] generating a sequence of pseudo random numbers.
This sequence must be statistically independent and it should be tantamount to the
real random sequence. The RNG implemented in Serpent accepts a user provided
integer value, so called seed, to initialize the sequence of pseudo random numbers.
The same seed always yields the same sequence of numbers.

Sampling is best explained on a very basic procedure. Namely, the inversion
method. It takes advantage of a fact that the probability densities of a random
variable integrated over entire space must yield unity:∫ ∞

−∞
fX(x)dx = 1. (3.2.7)
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First, a uniformly distributed variable y is sampled in a range [0, 1]. This value
is then equated to the cumulative distribution function of x:

y = FX(x). (3.2.8)
Random variable x is found by taking the inverse function of the cumulative

distribution. In this way, the sampled variable exhibits same distribution as its
probability density function.

Unfortunately, obtaining the inverse of the probability density function (pdf) is
not always possible. In such a case one can use rejection techniques, which do not
require an inverse of the pdf of the sampled variable, rather accepts its direct form.

3.2.3 Neutron tracking in Serpent
As it was already mentioned, the neutron transport in Monte Carlo codes explicitly
simulates and follows the neutron path and its interaction in the computational
domain. The distance travelled by a neutron between two consecutive interaction
sites is called a track. The entire set of tracks and interactions experienced by a
particle from birth to death is called a history [6]. A typical Monte Carlo simulation
consists of millions of simulated neutron histories.

Each homogeneous region in the considered geometry can be characterized by
the total macroscopic cross section, Σt, which encompasses all particle-matter in-
teractions considered in a given simulation. It is recalled, that the macroscopic
cross section can be understood as a probability of a particle to experience a given
interaction per centimeter travelled within a medium. Let us denote the proba-
bility that the neutron does not experience an interaction before reaching distance
x as p(x). This probability decreases over distance dx by the value of the condi-
tional probability that the neutron undergoes an interaction while traversing said
distance [6]:

dp = −p(x)Σtdx. (3.2.9)
Noting that for x = 0 the probability is p = 1, the solution of differential

Equation (3.2.9), yields:

p(x) = e−xΣt . (3.2.10)
Thus, the PDF of the conditional probability, that the neutron first moves a

distance x without interacting with the medium and then experiences an interaction
within dx, is:

f(x) = Σte
−xΣt . (3.2.11)

Following the definition of the cumulative density function introduced in Section
3.2.1, for the function at hand, it will look as follows:

F (x) ≡
∫ x

−∞
f(x) =

∫ x

0
Σte
−zΣtdz = 1− e−xΣt (3.2.12)
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It is evident that an inverse of this cdf is easily attainable, therefore allowing the
free path distance (track) to be sampled using the inversion method. By sampling a
uniformly distributed variable y over the range [0, 1), we obtain a distance travelled
by neutron between two subsequent collision sites as:

x = − ln(1− y)
Σt

(3.2.13)

The sampled distance is valid only in the material which cross section was used
when determining the neutron track length. If the neutron enters a region with
different material properties, the distance has to be re-sampled with a new to-
tal macroscopic cross section. This requires the code to determine the point at
which the boundary between materials is crossed by a particle. This is tradition-
ally achieved by a so called ray-tracing algorithm, which tracks the neutron from
surface-to-surface. At every collision site it determines the distance to the nearest
material boundary in the direction of neutron movement. Such an approach limits
the geometry definitions to simple geometrical objects [6] and even then, might re-
quire rather complicated equations to be solved. In extreme cases, when the neutron
track crosses several surfaces, a significant additional computational time is wasted
for the neutron-surface distance calculations.

Woodcock [13] proposed a delta-tracking method, which suitably replaces the
surface-to-surface ray-tracing. In numerous cases it is much more efficient computa-
tionally. To understand it, the definition of a virtual collision is introduced. It is an
interaction which does not change the direction or speed (energy) of the travelling
neutron. As any other interaction considered in this text, it can be characterized by
the macroscopic cross section, Σ0. Essentially this type of interaction is not a colli-
sion per se as it does not disturb the neutron flight. Therefore, it is concluded that
an arbitrary number of virtual collisions suffered by the neutron will not influence
the outcome of the simulation [14].

As it was identified in the description of the ray-tracing technique, the reason
why the distance needs to be re-sampled is a different total cross section, charac-
terizing different materials in the system. When a neutron crosses the materials’
boundary, the remaining track length can be adjusted to yield the equivalent cumu-
lative probability. In delta-tracking method the idea is to homogenize the material
cross section, so that the sampled neutron track distance remains valid over entire
computational domain. This is achieved by adjusting the material cross section by
increasing it by appropriate value of the virtual collision probability [14]:

Σ0,m + Σt,m = Σmaj (3.2.14)

where Σ0,m is the virtual collision cross section added to a given material m;
Σmaj is so called majorant cross section, which is the maximum of all total cross
section in the system. An additional rejection sampling is introduced to the tracking
routine, to distinguish between the virtual and actual collisions. If the virtual
collision occurs, a new neutron track is sampled and neutron simply moves forward
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without a change in direction or energy. The probability of neutron experiencing
the virtual collision at the interaction site is simply:

P = Σ0,m
Σmaj

(3.2.15)

The greatest advantage of the delta- over ray- tracking method is that the neces-
sity to compute the nearest optical distance of neutron from the surface no longer
exists. The simplified geometry treatment is reduced to determining the sign of the
surface function at each interaction point [14].

Nevertheless, usage of delta-tracking in neutron stochastic simulations is not
free of problems either. For instance, a presence of localized heavy absorbers results
in a very high majorant and increased number of sampled virtual collision, effec-
tively leading to lengthening the simulation. This considerably brings the tracking
efficiency down. Serpent successfully deals with this issues by introducing ‘the ex-
tended delta-tracking method’ [6]. It flexibly switches from delta-tracking to the
conventional surface-to-surface method whenever the collision sampling efficiency
falls below a user defined value [15].

3.2.4 Neutron interactions

After the distance travelled by a neutron is sampled, it is moved to a new position.
The target nucleus n is sampled among all nuclides present at the given interaction
site. The probability Pn, for a nucleus of type n to be chosen, depends on total
macroscopic cross sections as:

Pn = Σt,n

Σt,m
, (3.2.16)

where Σt,m is the macroscopic total cross section of the local material; Σt,n is
the total macroscopic cross section of a nuclide n in material m. Likewise, a nuclear
reaction type with the target nucleus is sampled with the probability of:

Pk = Σk,n

Σt,n
, (3.2.17)

where Σk,n is the macroscopic cross section of reaction type k for the isotope
n. Thus, the conditional probability of choosing reaction k of isotope n present in
material m at the interaction site is expressed as:

Pn,k = PnPk (3.2.18)

Reaction types are effectively divided into three types: capture, fission, scatter-
ing. The fission event terminates the neutron life. Its position is scored and will
serve as a birth place of neutrons in the subsequent neutron generation. The scatter-
ing (elastic and inelastic) changes the energy and direction of the incident neutron.
The capture event constitutes all reaction emitting non-neutron secondary particles
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such as (n, γ),(n, p) or (n, α). Those reactions terminate the neutron history the
same way the fission does.

3.2.5 Finding the multiplication factor

In this work, the main focus is placed on simulating a stationary solution to the
criticality problem. The Monte Carlo solves the k-eigenvalue problem (conceptually
similar to the problem dealt with by the deterministic code presented in Section 2.1)
by the so-called power iteration method.

The simulation is divided into n cycles consisting of a certain number of neutron
histories (a batch will be used to denote all neutron histories calculated per one
calculation cycle). All fission sites obtained per batch are saved and used as a
source distribution in the successive cycle. The number of neutron birth sites usually
differs from the constant number of neutrons simulated in each cycle. Thus, the
multiplication factor is defined in the Monte Carlo simulations as [6]:

kn = fission source sites in cycle n
simulated histories per cycle . (3.2.19)

It offers the same physical interpretation as the multiplication factor already
introduced in the text. Usually, for lattice physics purposes the initial source dis-
tribution is assumed to be uniform in the systems’ fissile material.

In order to maintain the proper neutron population size, some fission sites must
be discarded (for kn > 1) or duplicated (for kn < 1). Otherwise the neutron
population would not be balanced between subsequent cycles. Neutrons involved
in the procedure are selected at random. Such a procedure introduces bias to
the neutron distribution in space and energy and has a potential to significantly
distort the results. This is especially a problem for systems far from criticality [16].
We iterate neutron generation by generation, to find the value k that will make the
system critical. The system is forced into critical steady-state and what one obtains
(quoting after [16]) is:

“the right answer to the wrong problem”.

The results for systems with atypically high or low k eigenvalues will have to be
challenged from this perspective.

3.2.6 Estimating results

A Monte Carlo simulation results in an estimation of whatever specific parameter
was to be tallied. Serpent, by default, evaluates reaction rates integrated over given
space, using the collision estimates, in the form of [15]:

R = 1
V

∫
V

∫ Ei

Ei+1
f(r, E)φ(r, E)d3rdE (3.2.20)
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where the response function f(r, E) can represent any physical parameter. If
it is set to unity, it will yield an volume averaged neutron flux. If it is a reaction
cross section, the result will be the corresponding reaction rate of the considered
reaction type. The tallying (collection of scores for the given response function)
can be done over a chosen material, volume or geometrical structure. Results are
usually collapsed to an energy structure of choice.

One very important thing to note is that results obtained by Monte Carlo anal-
ysis are random variables themselves. The central limit theorem (CLT) dictates
a type of their distribution. It states that a normalized sum of sufficiently large
random sample size, will be approximately normally distributed, regardless of the
sampled variables’ underlying distribution. Thus, Monte Carlo output is usually ex-
pressed as a mean over N cycles (Equation (3.2.21)) with a corresponding standard
deviation [6].

x̂ = 1
N

N∑
n=1

xn (3.2.21)

It is observed that cycle wise random variables, xn, are in fact averages obtained
from a given batch neutron histories simulated during the cycle. Figure 3.1 shows
the cycle-wise k-eigenvalue estimates distribution over evenly spaced ranges between
highest and lowest values in the dataset (so-called bins), for a simplified lattice
problem. It indeed exhibits a normal distribution, even for differently sized bins.
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Figure 3.1: Distribution of k-eigenvalue cycle-wise estimates. Bins, in which results
are grouped, are evenly spaced between lowest and highest value in the dataset.

In the end, what is reported back by Serpent is the mean value of tallied pa-
rameter and the relative statistical error, which is simply standard deviation of the
mean value of the estimate.

24



3.3. NUCLEAR DATA LIBRARY

3.2.7 Challenges in Monte Carlo methods

Although Monte Carlo codes offer the advantage of explicitly mimicking physical
interactions between neutrons and matter with very little approximations, they have
their own issues which need to be understood and considered when such methods
are used. Not only do they require more CPU (Central Processing Unit) time to
obtain reliable results, compared to more swift and efficient deterministic codes, but
their results are always burdened with a certain degree of statistical uncertainty.

Serpent is not free from these limitations. Three main issues must be addressed
when solving the neutron transport with stochastic methods [17]:

• convergence of the power iteration method: lack of convergence might yield
erroneous solution

• bias in results of the multiplication factor and reaction rate distributions:
caused by k-eigenvalue power iteration inter-cycle dependencies (see Section
3.2.5). The bias might result in other than fundamental solution to the prob-
lem.

• bias in uncertainties for k and reaction rates distributions: the requirement
of CLT is for the sampled random variables to be statistically independent. It
is slightly violated by the inter-cycle bias, therefore the uncertainties reported
by Monte Carlo code are usually under-estimated

A treatment of the above listed issues is discussed in Section 6. Most of the times
these are successfully taken care of by sufficient number of inactive cycles and neu-
tron population size.

3.3 Nuclear data library
In order to perform any kind of simulation with a lattice code, a proper nuclear data
library needs to be provided as an input to the code. All codes considered in this
work use libraries based on different releases of the United States Evaluated Nuclear
Data File (ENDF), which creation is overseen by the Cross Section Evaluation
Working Group. The ENDF/B library provides accurate basic physics data for
individual isotopes, such as nuclear reaction cross sections, thermal scattering data,
radioactive decay data, fission product yields, etc. It is widely accepted that the
most recent evaluated data libraries represent the best understanding of nuclear
interactions at any given particular time.

Complete, evaluated cross section data files are based upon multifarious ex-
pertise such as: nuclear experimentation; nuclear theory and model predictions;
statistical analysis; processing of nuclear data [18].
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HELIOS 1.8.1 library is based on the ENDF/B-VI release, whilst libraries used
with PHOENIX5 and Serpent were derived from the ENDF/B-VII.1 compilation
[19] (except for thermal scattering data used by Serpent which is based on the
ENBF/B-VII.0 [18] as the new continuous data format is not yet supported by this
code).

Each new release of the ENDF/B files introduces major advances over the previ-
ous one. The following changes, introduced in the version VII.0, include but are not
limited to [18]: new cross sections for U, Pu, Th, Np and Am actinide isotopes; more
precise standard cross sections for neutron reactions on 1H, 6Li, 10B, Au and for
235U,238U fission; new evaluations for the most important fission products (95Mo,
99Tc, 101Ru, 103Rh, 105Pd, 109Ag, 131Xe, 133Cs, 141Pr, 153Eu); improved thermal
neutron scattering; an extensive set of neutron cross sections on fission products.
Version VII.1 brought further changes to gadolinium cross sections and updated 228
other evaluations [19].

The validation efforts of ENDF/B-VII.0 showed an improved behaviour of the
MCNP code (it is a well established general purpose Monte Carlo code developed
at Los Alamos National Laboratory) using libraries based on this release over the
previous one (ENDF/B-VI.7). The revision of 238U resonance range and inelastic
scattering in fast regions, together with the reduced 16O(n, α) cross section and
revised scattering kernel for hydrogen in water, drastically improved the multipli-
cation factor prediction in thermal system benchmarks [18]. The systematic under
prediction of the keff , previously exhibited in the critical assembly benchmarks and
others with the use of ENDF/B-VI, was eliminated. The difference could be as high
as 1000 pcm.

Due to the fact that HELIOS uses libraries based on the older release of evaluated
nuclear data, some major differences in the results between this code and Serpent are
expected. In [20] differences in k∞ from using the same stochastic code (MCNP)
with the same release but two subsequent versions of the ENDF/B-VI libraries
were as high as 400 pcm. For two, substantially different nuclear data files, these
differences could be much higher, than those.

It must be noted that, even if libraries are based on the same release of the
ENDF/B, ones used by deterministic and probabilistic codes are principally differ-
ent, as the evaluated nuclear data is processed differently and yet different formats
are required by the codes. Serpent (as well as MCNP) accepts data in a continuous
energy ACE format (A Compact ENDF format), which takes a form of tabulated,
point-wise configuration. On the other hand, libraries for HELIOS and PHOENIX
are collapsed into multiple energy groups. A 47 neutron energy group library is
utilized by HELIOS in production calculations to generate two-group data for the
3-D core calculations [3]. Moreover, due to simplifications in depletion and trans-
port calculation, selected data is adjusted to account for phenomena resulting from
these approximations.
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Chapter 4

Depletion Calculations

The neutron transport equation and ways of solving it discussed so far have disre-
garded the fact that the fuel (and structural materials present in the reactor as well)
changes its composition over time as a direct consequence of exposure to neutron
radiation. The varying isotopic composition of the fuel affects its neutronic and
physical properties throughout its lifespan. Consequently, time dependence in the
utilized lattice codes is dealt with by solving the so-called transmutation equations.
The most important mechanisms, governing the time evolution of isotopic compo-
sition, are encompassed by the Bateman depletion equation. For a given nuclide i
in a considered depletion zone, the equation can be expressed in a form [1]:

dNi(t)
dt

=
∑
j

[∫ ∞
0

yij(E.t)σfj
(E, t)φ(E, t)dE

]
Nj(t)

+
[∫ ∞

0
σci−1(E, t)φ(E, t)dE

]
Ni−1(t)

+ λ′iN
′
i −

([∫ ∞
0

(σfi
(E, t) + σci(E, t)

]
dE

)
Ni(t)− λiNi(t),

(4.0.1)

where
∑
j

[∫∞
0 yji(E, t)σfj

(E, t)φ(E, t)dE
]
Nj(t) is the creation rate of nuclide

i directly from fission of nuclide j;
[∫∞

0 σci−1(E, t)φ(E, t)dE
]
Ni−1(t) is the rate of

production of nuclide i due to radiative neutron capture by nuclide i − 1; λ′iN ′i is
the rate of decay of nuclide i′ resulting in production of nuclide i;
([
∫∞

0 (σfi
(E, t) + σci(E, t)] dE)Ni(t) + λiNi(t) is the loss rate of nuclide i due to

fission, transmutation and decay respectively. The radioactive decay constants and
fission yields are provided with the nuclear data libraries.

Due to presence of time-dependent neutron flux terms in Equation (4.0.1), one
has to deal with a non-linear coupling between burnup and transport equations. To
simplify the problem, the depletion calculation is divided into short time intervals,
during which fluxes and cross sections are assumed constant in the considered de-
pletion regions. The procedure used for coupling transport and burnup is explained
in Section 4.3. To further simplify the above equation, the spectrum-collapsed cross
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sections and total fluxes are utilized. Thereby, effectively dealing with the energy
dependence of the variables. In deterministic codes, this basically means taking the
flux-weighted average of group cross sections [3]:

σi =
∑
g σi,gφg∑
g φg

, (4.0.2)

This is in contrast to the Monte Carlo code where flux-averaged cross sections
can be tallied directly [21].

Transmutation and decay of nuclides follow well-established burnup chains.
These chains are rather complicated and often intertwined [3] due to the num-
ber of isotopes present in each chain. This introduces a main challenge in obtaining
a proper solution to the set of Bateman equations. The actual means, of solving it,
offered by the codes, differ rather substantially.

4.1 Solving linearised burnup chains in HELIOS
In HELIOS, the burnup chains are simplified by excluding contributions from less
important isotopes. For instance, the number of explicitly treated fission products
is reduced by grouping many of them into lumped or pseudo fission products [3].
This mostly impacts the short-lived fission products. The burnup chains are fixed
and include nuclides with significant impact on the reactivity or radioactivity of
the fuel. The presence of those isotopes purposefully excluded from burnup chains,
is emulated by adjusting the fission yields or cross sections of considered fission
products.

Complicated burnup chains are then re-shaped into a linearised form resulting
in a set of coupled first-order differential equations. Linearisation, implemented in
the utilized version of HELIOS, assumes that each isotope in the chain has only one
precursor and successor. To even further reduce the computational time devoted to
solving the chains, they are broken off at chosen isotopes, into shorter ones. The
cut-off part of the chain is represented by a dummy isotope [3] at the end of the
original chain. This dummy nuclide rate of change is taken as an additional yield
of the first isotope in the cut-off part of the chain.

The burnup chains processed in the aforestated manner can be solved using
analytical methods, i.e. by applying the Laplace transform. However, the resulting
final equations are prone to the loss of significant digits and might introduce large
errors in calculated number densities [3]. Thus, the computational method proposed
by England in [22] is implemented to avoid such issues.

4.2 Burnup matrix exponential approximation in Serpent
From the outset, Serpent developing team focused on optimizing calculation rou-
tines, which results in generally faster performance than other neutron transport
Monte Carlo codes [23]. The approach taken in dealing with the system of Bateman
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equations is a prime example of that mindset. Instead of re-shaping and breaking
off the burnup chains to make the problem solvable with the analytical methods,
Serpent deals with the matrix exponential for the full burnup system. The trans-
mutation equations can then be written in the matrix notation as [1]:

dN(t)
dt

= A(t)N(t), (4.2.1)

where A is the so called burnup matrix containing all the decay constants,
nuclide reaction rates and yields of nuclides considered in the depletion calculations;
N are nuclide density vectors. This equation can be solved formally by the matrix
exponential method, if the matrix coefficients are assumed constant. For the initial
conditions in the form of N(0) = N0 the matrix exponential solution of Equation
(4.2.1) is:

N(t) = eAtN0 (4.2.2)

Pusa [24] investigated the mathematical properties of the burnup matrices, as
well as their eigenvalues, and proposed computing the matrix exponential by the
Chebyshev rational approximation method (CRAM). The numerical method was
refined and implemented in the Serpent code (see [25] and [26] for more details).

Solving the matrix exponential directly eliminates the need for approximations
and avoids numerical issues emerging when solving simplified linear burnup chains.
Nevertheless, the stiffness of the matrix at hand introduces challenges in its own
right. Serpent takes an advantage of that fact and is able to perform the depletion
calculation for a full set of nuclides. The burnup chains are formed automatically,
from the initial composition basing on the available nuclear data.

4.3 Coupling transport and burnup equations

The transport and burnup equations are strongly coupled. The flux and spectrum-
averaged cross sections obtained during the transport calculation depend on the
nuclide inventory of the system, whose time evolution is governed by the depletion
calculations. In turn, the coefficients of the burnup matrix depend on the transport
equation solution. As it was shown in previous sections, the solution of the burnup
problem assumes that flux and matrix coefficients are constant during time step dt.
Thus, the irradiation history is divided into a set of time steps, in between which
the new fluxes and cross sections are calculated in the transport simulation with
new nuclide compositions.

The simplest time integration method, forward Euler scheme, is conditionally
stable and would require very short time steps to keep the validity of the constant
flux assumption. This approach is even less practical in the presence of burnable
absorbers [3]. Therefore, so called predictor-corrector methods (i.e. implicit meth-
ods) are widely adopted. The underlying principle under various schemes falling
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under that category is that the burnup is re-evaluated after the initial step with a
new flux and a kind of average is given as the answer.

In HELIOS the predictor-corrector method looks as follows. The constant neu-
tron flux and spectrum, calculated for the composition at the beginning of step N0,
are used to deplete the fuel during the time step dt. Thus, the new composition at
the end of step, Npredictor, is obtained. A transport problem is solved for the newly
obtained composition, yielding so called predictor flux. This is what constitutes
the predictor step. The initial fuel composition is re-depleted using predictor flux,
producing Ncorrector composition. The final nuclide concentration, Neos, is taken as
the average of Npredictor and Ncorrector.

In Serpent predictor-corrector method is slightly different. After the identical
predictor step, the code re-depletes the initial fuel composition with the average
initial and predictor flux. The so-obtained number densities are accepted as final
ones for this particular step.

The latter predictor-corrector method in such a form is deficient, in a sense
of being only conditionally stable [27]. This means that appropriately short time
steps must be used in the irradiation history. Dufek et al. [28] showed that predictor
corrector methods are generally not suitable for coupled Monte Carlo simulations.
Due to that fact, results of Serpent depletion calculations will have to be examined
from the point of view of numerical stability. In this regards, Serpent offers a user to
choose from the range of more robust higher order predictor corrector schemes [29].
The advantages of these schemes were not investigated in this work. Other, stable
coupling schemes for Monte Carlo have been recently developed (i.e. Stochastic
Implicit Euler method [30]), promising more reliable results. Nevertheless, the
described predictor corrector method is used with Serpent in this work, as it is the
closest one to the coupling scheme implemented in HELIOS.
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Chapter 5

Quantities of interest

Section 3.1 states that the main purpose of lattice physics codes is to accommodate
the needs of the nodal core simulator. This is realized through the generation of
a proper set of macro- and microscopic, few-group, homogenized cross sections. In
order to support the verification efforts of group constants generated by the deter-
ministic code, the corresponding energy and flux integrated values from Serpent will
serve as a reference. This chapter shows how quantities of interest are calculated in
Monte Carlo and deterministic codes.

5.1 Homogenized group constants
Lattice physics codes solve the neutron transport equation for individual fuel as-
semblies segments applying reflective boundary conditions. The solution methods
described in Chapter 3 are used to generate proper parameters at the end of calcu-
lations. The homogenized cross sections are then fed into nodal codes to allow for
a full-core three dimensional simulation.

Deterministic codes, such as HELIOS and PHOENIX, divide the modelling do-
main into flat-flux regions characterized by a specific material composition. After
group flux calculations converge, the macroscopic cross sections (or other interaction
parameters) are flux and volume averaged in the following way [3]:

Σx,IG =
∑I
i=1

∑G
g=1 Σx,igφigVi

φIGVI
, (5.1.1)

where i is the considered region, I is the number of all regions included in
the homogenization (most often all regions in the computational domain), g is the
energy group number, G is the number all energy groups, whereas x is the given
reaction type.

In this notation, φIG denotes energy and volume integrated average flux:

φIG = 1
VI

I∑
i=1

G∑
g=1

φigVi. (5.1.2)
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Just to remind the reader: φig is the value solved for by the transport calculation
in the deterministic code.

Homogenized cross sections obtained by the Monte Carlo code are in principle
the same: flux-volume integrated quantities. However, due to the intrinsic char-
acteristics of solving the transport problem, the procedure of obtaining them is a
bit different. Serpent first directly tallies the denominator and numerator of Equa-
tion (5.1.3), which gives an expression for flux-volume average of the corresponding
continuous-parameter, in the [Ei, Ei+1] energy range:

Σx,g =
∫
V

∫ Ei+1
Ei

Σx(r, E)φ(r, E)d3rdE∫
V

∫ Ei+1
Ei

φ(r, E)d3rdE
. (5.1.3)

The energy condensation of parameters is performed on the user defined energy
‘micro’ structure [31]. This multi-group structure can be used in a B1 critical
spectrum calculation, if so desired. Lastly, the energy groups are further condensed
into the few-group representation [21].

The homogenized cross sections calculated in the way presented above, are used
in the process of obtaining the assembly multiplication factor, as discussed in the
subsequent Section.

5.2 The multiplication factor

HELIOS, uses modified absorption and scattering cross sections in order to avoid
the use of (n,xn) cross sections directly in the transport calculations [3]:

{
σa → σ′a = σa − σn2n − 2σn3n

σs → σ′s = σs + 2σn2n + 3σn3n
(5.2.1)

This manipulation is done at the stage of nuclear library generation. Coefficients
in front of the cross sections are chosen in such a way as to account for the mul-
tiplying character of σn2n and σn3n scatterings, in which 2 and 3 neutrons emerge
respectively. No such correction is done on the library data in Serpent. In order to
properly account for the neutron multiplication effect of (n,nx) reactions, Serpent
calculates additional absorption and scattering macroscopic cross sections, during
tallying of the results.

Therefore, it was decided to derive the k∞ estimate from the two-group neu-
tron balance. There are several reasons supporting this decision. Firstly, it will
ensure that the two multiplication factors obtained from the codes, follow the same
definition, thus making the two directly comparable. Secondly, these multiplica-
tion factors will stem from the use of the homogenized cross sections. This should
provide an additional measure of how accurate the cross sections delivered by the
investigated deterministic code are. Additionally, it will show whether the neu-
tron balance equation holds for the cross section modifications performed in the
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two codes and that the approaches to the treatment of the multiplication effect of
(n,xn) reactions are valid and equivalent in both cases.

Assuming no time dependencies ( δφδt = 0) and no leakage, the neutron balance
equation for any energy group g simplifies to:

Σt,gφg = χg
k∞

G∑
i=1

νΣf,iφi +
G∑
i=1

Σi→g
n1nφi + 2

G∑
i=1

Σi→g
n2nφi + 3

G∑
i=1

Σi→g
n3n , (5.2.2)

where G corresponds to the total number of energy groups; νΣf is the fission
neutron yield cross section; χi is the fission spectrum; Σn1n, Σn2n and Σn3n are the
(n,2n), and (n,3n) scattering cross sections, respectively; φ is the neutron flux; k∞
is the infinite multiplication factor; Σt is the total cross section.

The total cross section in group g can be defined as:

Σt,g = Σa,g +
3∑

x=1
Σnxn,g, (5.2.3)

where Σa,g is the total absorption cross section and includes both fission and
capture cross sections; Σnxn,g =

∑G
i=1 Σg→i

nxn is the total scattering cross section.

Adopting similar modifications as in HELIOS (see Equation (5.2.10)), but for macro-
scopic rather than microscopic cross sections, two new quantities are obtained. One
is the reduced macroscopic absorption cross section:

Σ′a,g = Σa,g −
3∑

x=1

(
(x− 1)Σnxn,g

)
(5.2.4)

The other is the macroscopic production scattering cross section:

ϑΣs,g =
3∑

x=1

(
xΣnxn,g

)
, (5.2.5)

where ϑ is the average number of neutrons produced in (n,xn) reactions. Ana-
logically, the group-to-group macroscopic scattering (from group i to group g) pro-
duction cross sections can be defined as:

ϑΣi→g
s =

3∑
x=1

(
xΣi→g

nxn

)
. (5.2.6)

It is noted that the total scattering production cross section is related to group-
to-group scattering production cross sections in the following manner:

ϑΣs,g =
G∑
i=1

(
ϑΣg→i

s

)
. (5.2.7)
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Plugging Equations (5.2.4) and (5.2.5) into (5.2.3), the total cross section can
be re-written as:

Σt,g = Σ′a,g + ϑΣs,g. (5.2.8)

Finally, utilizing Equations (5.2.8) and (5.2.6), Equation (5.2.2) becomes:

(
Σ′a,g + ϑΣs,g

)
φg = χg

k∞

G∑
i=1

νΣf,iφi +
G∑
i=1

(
ϑΣi→g

s φi
)

(5.2.9)

The above neutron balance equation can be collapsed into two neutron energy
groups. Assuming the same ranges of energy groups, for both HELIOS and Serpent
(with the group boundary at 0.625 eV), the energy domain becomes divided into
a thermal energy group (denoted with a subscript 2) and an epithermal group
(denoted with a subscript 1). Moreover, the following assumption is made, for the
fission spectrum: {

χ1 = 1
χ2 = 0

(5.2.10)

It is interpreted to mean that all fission and delayed neutrons emerge with
energies higher than the assumed groups’ boundary. This is a viable assumption
since the number of neutrons born with energies smaller than the assumed threshold
is negligible.

Thus, the neutron balance for the thermal group looks as follows:(
Σ′a,2 + ϑΣs,2

)
φ2 = ϑΣ1→2

s φ1 + ϑΣ2→2
s φ2 (5.2.11)

After reshuffling terms in Equation (5.2.11) one obtains:

φ2
φ1

Σ′a,2 = ϑΣ1→2
s −

(
ϑΣs,2 − ϑΣ2→2

s

)φ2
φ1

(5.2.12)

In accordance with Equation (5.2.7), the scattering production cross section in
the group 2 is written as:

ϑΣs,2 = ϑΣ2→1
s + ϑΣ2→2

s (5.2.13)

Additionally, the removal cross section is defined as:

Σr ≡ ϑΣ1→2
s − ϑΣ2→1

s

φ2
φ1

(5.2.14)

Combining Equations (5.2.14), (5.2.13) and (5.2.12) one obtains:

φ2
φ1

= Σr

Σ′a,2
(5.2.15)
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The neutron balance expanded in the epithermal group, denoted with the sub-
script 1, takes the form:(

Σ′a,1 + ϑΣs,1
)
φ1 = ϑΣ1→1

s φ1 + ϑΣ2→1
s φ2 + 1

k∞

(
νΣf,1φ1 + νΣf,2φ2

)
(5.2.16)

An expression for k∞ obtained from Equation (5.2.16) is as follows:

k∞ =
νΣf,1 + νΣf,2

φ2
φ1

Σ′a,1 + ϑΣ1→2
s − ϑΣ2→1

s
φ2
φ1

(5.2.17)

By plugging Equations (5.2.14) and (5.2.15) into (5.2.17) the final expression
for k∞ is obtained:

k∞ =
νΣf,1 + νΣf,2

Σr
Σ′a,2

Σ′a,1 + Σr
(5.2.18)

The same formulation of the infinite multiplication factor is used in the West-
inghouse’s 3-D nodal code using two-group homogenized cross sections supplied by
lattice codes [32]. The following has shown that the neutron balance holds for the
cross section modifications implemented in Serpent in order to properly capture the
multiplying nature of (n,xn) reactions [33]. The approach is by principle identical to
the HELIOS and PHOENIX5 approach, which is based on the modification of the
nuclear data library at the stage of its generation. The above derived formula for
k∞ will be used for purposes of the comparison of the results. Moreover, the two-
group homogenized constants, fission reaction rates in fuel pins and the individual
pin burnups are to be considered in the comparisons.
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Chapter 6

Calculation Setup

This section outlines vital details of the calculation parameters together with rea-
soning supporting presented choices. Special attention was paid to addressing issues
inherent to Monte Carlo codes listed in Section 3.2.7.

6.1 Geometry and materials
The geometry chosen for this benchmark calculation is a SVEA-96 Optima3 BWR
fuel assembly with significant burnable absorber loading. Details of the geometry
implemented in both codes were taken from [34]. The model aims at representing
the average shape of the fuel box along the fuel column. A side-by-side comparison
of the SVEA-96 Optima3 representation in both codes can be found in Figure 6.1.

(a) Geometry in Serpent 2 (b) Geometry in HELIOS

Figure 6.1: Side by side comparison of the geometric representation in the two codes

There are 3 distinct moderator regions, namely, the external bypass, the internal
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bypass (water cross) and the coolant region in direct contact with fuel rods. This
division allows for setting different conditions in each of these respective regions.
Moreover, a neutron detector is present in the bottom right corner of the spatial
domain, and the control rod is placed in the top left corner for those branch cases
requiring its presence. Normally, several different control rods and their different
structural parts would be considered. In order to keep a number of branch cases to
a reasonable value only one type of control rod is considered in this work. Namely,
a typical horizontal design of an ABB control blade. The geometry modelling does
not assume any thermal expansion corrections and in both cases dimensions are
preserved. In both instances the spacer grid presence will be emulated by ‘dissolving’
its materials in the active coolant composition. This approach eliminates a necessity
for overly complex modelling of the spacer grid detailed geometry. There are 7
different types of pins in the lattice, each with a different uranium enrichment and
gadolinium content. Table 6.1 characterizes all types of pins in the model in terms
of uranium enrichment (weight percentage of U) and gadolinium content (Gd2O3
weight percentage in the entire fuel mixture). Pin types colors in Figure 6.1 are
analogous to those in Table 6.1.

Table 6.1: Pin types

U-enrichment Gd-content

3.2 0
3.4 0
4 0

4.2 0
4.5 0
3.4 4.0
4.5 4.5

In order to ensure geometrical equivalence of the models, areas of respective
regions are calculated in both Serpent and HELIOS. The deterministic code sums up
the volume of all cells filled with the same materials. In Serpent, random geometrical
points are sampled to estimate volumes [15]. To achieve good statistical accuracy
the number of random points to be sampled is chosen to be 109. The gas gap is not
explicitly modelled and the fuel is smeared to occupy an entire volume within the
cladding. Table 6.2 presents results of the comparison. For brevity, some regions
are collapsed into one (i.e. fuel, cladding). Moreover the external bypass region
includes the space otherwise occupied by the control rod and the detector, whereas
‘box’ encapsulates both the water cross channel and the fuel box.

Obtained values assure that geometrical proportions used in both codes are
equivalent. Differences are attributed mainly to the round-off errors introduced by
HELIOS routines when summing up volumes of small cells, accuracy of the Monte
Carlo sampling, and the approximations used to model curvatures in non-cylindrical
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Table 6.2: Volume comparison between the two models. Monte Carlo uncertainties
are very small (below differences reported in the table) and therefore not reported.

HELIOS (reference) Serpent rel. difference [%]

Coolant 99.6332 99.6320 0.0012
Internal bypass 13.8896 13.8891 0.0036
External Bypass 44.5108 44.5110 -0.0004

Fuel pins 53.8145 53.8145 0.0
Cladding 16.1484 16.1484 0.0
Fuel box 11.4791 11.4794 -0.0029
TOTAL 239.4756 239.4744 0.0005

parts of the geometry in HELIOS (whereas Serpent allowed for exact modelling of
the geometry).

Materials were defined using isotopic number densities of the compositions. The
structural materials used in the model are:

• Zircaloy for cladding and the fuel box
• Inconel for the spacer grid
• Stainless steel for the control rod’s structural material
• Boron carbide for the control rod’s absorber

Table 6.3: Structural materials’ composition

Stainless Steel 304 Inconel 625 Zircaloy-2
[% wt] [% wt] [% wt]

Co - 1.038 -
Cr 19.152 25.293 0.100
Fe 70.351 5.477 0.120
Mn 2.014 0.559 -
Mo - 5.102 -
Ni 8.483 62.531 -
Sn - - 1.500
Zr - - 98.230
N - - 0.050

Structural materials and compositions of alloys, shown in Table 6.3, are consis-
tent with their respective entries in the HELIOS library [3]. The water composition
is simplified to only two isotopes: 16O and 1H.
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6.2 Serpent: Inactive cycles
As mentioned in Section 3.2.7, the fission source distribution convergence should be
reached before any tallying is started. This is important in order to obtain results
not contaminated by its initial distribution. It can be achieved by discarding a
sufficient number of initial neutron batches during which no results are tallied.
These batches are also called ‘inactive’ cycles as opposed to ‘active’ cycles during
which the actual tallying takes place. Usually, the source converges within the first
tens of cycles for a 2-D full lattice problem with reflective boundary conditions,
as the fission source is very close to being uniformly distributed within the fissile
material.

Nonetheless, it is imperative to assess the source convergence for the reference
calculation performed in Serpent. A proper number of inactive cycles to discard
has been determined as this parameter will stay fixed in every transport calculation
performed by the probabilistic code during the depletion and consecutive branch-off
calculations.

Brown investigated and proposed computing the so-called Shannon entropy of
the fission source distribution in order to assess its convergence [17], [35]. A short
description of the Shannon entropy concept, its application to the fission source
convergence assessment and subsequent use in Serpent is discussed in the following
sections.

6.2.1 Shannon entropy
Shannon entropy was named after C.E. Shannon, who introduced this concept in
1948 [36] as a quantity that could measure the average missing information of a
random information source. For a set of N possible independent events, each with
its own probability of occurrence p1, p2, ..., pN , Shannon defined a measure of how
‘uncertain we are of the outcome’ [36] as:

H = −K
N∑
i=1

pi · log2(pi) (6.2.1)

where K is a positive constant. It also quantifies the unevenness of the probability
distribution p [37]. This interpretation allows to understand the applicability of
Shannon entropy to the fission source distribution.

6.2.2 Shannon entropy in source convergence assessment
Brown found out that, when applied to the fission source distribution approaching
steady-state, Shannon entropy converges to a single steady-state value [35].

In order to obtain Hsrc (Shannon entropy of the fission source distribution) a
grid is superimposed over the computational domain, discretizing it into N grid
boxes. During each cycle a number of fission sites that fall inside each grid box is
tallied. This forms a discretized estimate of the source distribution sj , j = 1, N [17].
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Now, treating grid boxes as a set of possible events and their tallied fission source
estimates (sj) as probabilities of occurrence of these events, (it is easy to imagine,
especially as the fission source is usually normalized to unity, namely:

∑N
j=1 sj = 1)

the fission sites distribution estimates can be directly plugged into Equation (6.2.1):

Hsrc = −
N∑
j=1

sj · log2(sj) (6.2.2)

The constant K is set to 1 to reflect the normalization of the source to unity, a
common practice in Monte Carlo codes.

Bearing in mind the interpretation of Shannon entropy as a measure of the prob-
ability distribution unevenness, it becomes apparent that Shannon entropy will have
its minimum and maximum for localised and uniformly distributed fission sites re-
spectively. For a fission source normalized to unity and N grid boxes:

•Minimum: For all fission sites concentrated in just one grid box j0, s(j0) = 1 and
s(j) = 0 for j 6= j0. Thus Hsrc = 0

•Maximum: For a uniform distribution s(j) = 1
N and Hsrc = log2(N)

When used for the convergence assessment, an exact value of Shannon entropy
is less important than its evolution over the inactive cycles.

Serpent sums the fission source distribution estimates over the grid chosen by
a user and prints out the value after each cycle. It may also print the obtained
source distribution map, but it is much easier to investigate line plots rather than
2-D or 3-D maps [35]. It is worth noting that in some particular cases, even though
Shannon entropy converges, the true source does not achieve steady-state until the
infinite multiplication factor becomes stationary as well. It is thus necessary to
consider both of these values, when looking for a right number of neutron batches
to discard.

6.2.3 Fission source convergence in Serpent calculations

A mesh, which is superimposed on the geometry model by Serpent, is chosen to be
a 1000 by 1000 regular square lattice. This results in 106 grid boxes within which
fission sites are to be counted. The fresh fuel conditions and the assembly reference
state (given in Table 7.2) are considered and a neutron batch size is taken as 20,000
neutrons per cycle. An initial fission source distribution is assumed to be uniform
inside the fissile material. It is a default guess that is relatively close to the actual
distribution in a critical assembly lattice. A run consisting only of inactive cycles
is performed, yielding a behaviour of the infinite multiplication factor and Shannon
entropy presented in Figure 6.2.

Figure 6.2 show the fission source convergence taking place within the first 100
cycles. In all calculations 200 cycles will be discarded to ensure some conservative
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Figure 6.2: Fission source distribution and the infinite multiplication factor conver-
gence assessment

margin.

6.3 Serpent: Energy grid thinning

The Serpent code uses an unionised energy grid for all the continuous-energy cross
sections [38]. The cross section library used by the code is produced from the eval-
uated nuclear data (described in Section 3.3) and processed into a tabular form.
The cross section values at each neutron energy point E are calculated by interpo-
lation [38]

σ(E) = E − Ej−1
Ej − Ej−1

(σj − σj−1) + σj−1, (6.3.1)

where Ej−1 and Ej are points on the energy grid and σj is the cross section
from the tabulated data at an energy point j. The unionised energy grid means
that the cross section data specific to each isotope is tabulated using the exact
same energy points for all isotopes. The energy grid is reconstructed by the code
using a maximum precision allowed by a user, τ . The denser the grid is, the more
memory is demanded to store information during calculation, but the closer the
original evaluated nuclear data is represented. An overly coarse grid may reduce
the accuracy of the computations.

The approach to the grid construction adopted in Serpent ensures that all im-
portant energy points are preserved during a grid thinning process. This includes
all local cross section extrema, the minimum energy of the threshold reactions and
all points in S(α, β) thermal scattering data. All other points are combined if the
following condition is met [38]:

42



6.4. SERPENT: NEUTRON POPULATION SIZE

τ >
Ej − Ej−1

2 (6.3.2)

Leppänen [38] investigated the influence of the grid reconstruction tolerance on
thermal systems and found out that no statistically significant impact on results is
present if the tolerance parameters is below or equal to 10−4. This is especially the
case for systems with a large amount of nuclides, where the number of important en-
ergy points is in a range of tens of thousands. Table 6.4 presents thinning parameter
and resulting number of grid points chosen for the calculations in Serpent.

Table 6.4: Unionised energy grid

Thinning tolerance Energy grid points

10−4 277,567

6.4 Serpent: Neutron population size
Choosing an adequate number of neutron histories to be simulated is a vital part
of every Monte Carlo calculation.

The neutron batch size, i.e. the fixed number of neutrons simulated in one
cycle, has to be relatively large to minimize and ideally practically eliminate the
inter-cycle bias in k∞ and tallies. The inter-cycle bias comes from the number
of neutrons (or total neutron weight) normalisation between cycles of the power
iteration process [17]. Brissenden and Garlick [39] showed that this bias is inversely
proportional to the number of neutrons used per cycle, M , as:

∆k ∝ 1
M

(6.4.1)

All uncertainties reported by the code are also affected by the bias and are
always present regardless of the number of neutrons per cycle or the number of
cycles. They might be 2 to 5 times higher than the actual uncertainties computed
by the Monte Carlo code [17] and are inversely proportional to the total number of
neutron histories (the neutron batch sizeM times the number of cycles N , as shown
in Equation (6.4.2)). This has to be considered when discussing obtained results.

δk ∝ 1
MN

(6.4.2)

Most ideally, a brute-force method (re-running the same model several times
with different random number generator seed) would be used to obtain the true
value of uncertainties. Although it does not reduce the bias, it allows for a better
judgement of the results. This could be done by either re-running the calculation
several hundreds times with a lower neutron number, as in [40], or less times but with
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considerably larger number of neutron histories, as in [20]. A standard deviation
of such a set of calculations could then be obtained. Although the most desirable
and reliable mean of obtaining the uncertainties, such an approach would require
tremendous computational resources which was not available for this particular
work.

The neutron population size is also a concern from the point of view of error
propagation in Monte Carlo calculations. The error propagating from the transport
calculation uncertainties are negligible as long as the standard deviation of the
output is kept relatively small ( [41], [42], [43], [44]).

In order to find a neutron batch size producing results adequately accurate, a
series of depletion calculations was run with different neutron batch sizes. The
fuel pin division as described in Section 6.5 and the reference assembly state from
Section 7.3 was used in these considerations. The neutron batch size varied from
10,000 to 80,000 neutrons per cycle by its successive multiplication by a factor of 2
between runs. The number of active cycles was set to 1,000. K∞, its uncertainty,
and chosen isotope number densities over burnup were compared against the results
obtained with the largest amount of neutron histories.

Figures through 6.3a to 6.3c show the result of the calculations. Except for
Figure 6.4, which shows a standard deviation of k∞ as reported by Serpent, all others
show results related to the case with the smallest statistical deviation (80,0000
neutrons per batch). Figure 6.3c shows a very small sensitivity to the neutron batch
size of the 235U number density as differences are less than just a few hundredths of
percent. Even smaller discrepancies were reported in the case of 238U. On the other
hand, the gadolinium isotopes have shown to be more sensitive to the investigated
parameter. For a case with the worst statistical standard deviation (a case with
only 10,000 neutrons per batch) the difference would peak up to 2.6% and 4.5% for
155Gd and 157Gd respectively. The differences in k∞ are relatively small for a 40,000
compared to a 80,000 neutron batch and do not exceed 30 pcm. In that case they
also do not follow any particular trend which could indicate a constant bias between
the compared results. The standard deviation achieved with 40,000 neutrons per
batch is mostly below 10 pcm. At this point, increasing the neutron population by
2, would render accuracy gains not proportional to the additional time needed to
complete a full set of calculations.

Based on this discussion the neutron batch size to be used in Monte Carlo
transport calculations is 40,000. For 1,000 active cycles it yields 40 million neutron
histories.

6.5 Spatial meshing: Serpent

The gadolinium bearing rods exhibit strong burnup characteristics properties and
introduce a significant heterogeneity in the assembly due to high absorption cross
sections of the 155Gd and 157Gd isotopes. This heterogeneity is somewhat more
pronounce in BWR, compared to PWR type of fuel assemblies due to a non-
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Figure 6.3: A sensitivity of the number densities to the neutron batch size. The
number densities are homogenized over entire assembly
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Figure 6.4: k∞ standard deviation for various neutron batch sizes

homogeneous moderator density distribution (moderator is denser in the water
channel and the assembly external bypass than inside the fuel box). A special
modelling consideration should be given to the handling of gadolinium pins in both
deterministic and probabilistic codes. A proper spatial division of Gd-pins is needed
to correctly account for self-shielding effects and corresponding heterogeneities in
the depletion calculations, as they might have a non-negligible influence on the evo-
lution of the number densities and reactivity during the fuel burnup. Tohjoh [41]
investigated the azimuthal and radial division influence on the Monte Carlo deple-
tion calculation results for a 8x8 BWR fuel assembly. The study emphasized the
importance of the radial and azimuthal division of such pins. The following sec-
tions give a brief explanation of phenomena associated with Gd-pin depletion and
present the result of calculations aiming at finding an adequate spatial discretization
of assembly pins.

6.5.1 Radial division

Due to very large absorption cross sections of 155Gd and 157Gd, a vast majority of
thermal neutrons entering fuel pins containing gadolinium are absorbed by these iso-
topes. In case of fresh fuel and a homogeneous distribution of isotopes in these fuel
regions, gadolinium closer to the pin surface will absorb the neutron entering it and
will be depleted before other Gd nuclei located deeper inside. Thus, allowing more
thermal neutrons to subsequently penetrate deeper into the fuel pin. This might
be referred to as the ‘onion-skin effect’ [1]. Figure 6.5, presenting a depletion of a
single fuel pin containing gadolinium, visualizes the aforementioned phenomenon.
Gradual radial depletion of gadolinium can be observed, allowing for more fission
events to take place in regions where the poison had been burned out (bright white
color). It begins at the outer rim of the fuel pin and propagates inwards.

In order to properly capture this behaviour during the depletion calculation,
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(a) 0 MWd/kgHM (b) 1 MWd/kgHM (c) 3 MWd/kgHM (d) 5 MWd/kgHM

Figure 6.5: Visualisation of the onion-skin effect. Shades of red and yellow corre-
spond to a relative fission power, and shades of blue to a relative thermal flux (flux
below 0.625 eV). The power and the flux are normalized after the first burnup step.
Therefore, changes in the flux and fission reaction rates can be visually traced as
gadolinium depletion propagates from the pin surface to its center.

pins containing gadolinium must be divided into multiple radial zones [41]. Several
calculations with a different radial division of Gd-pins were run for the chosen
assembly geometry and reference conditions. The azimuthal pins division was set
to 6 and kept constant throughout these runs. Twenty million neutron histories
were used per transport calculation to achieve acceptable statistical accuracy. The
moderator void in the fuel box was set to 60%, as in the reference assembly condition
(refer to Table 7.2). Calculations were restricted to burnup slightly after the infinite
multiplication factor peak, which is a result of almost entire 155Gd and 157Gd being
burned out. The largest difference is expected to show up around the peak (in this
case the k∞ peak falls between 10 and 11 MWd/kgHM). Table 6.5 summarizes all
cases used in this analysis.

Table 6.5: Radial sensitivity study cases

Radial Azimuthal Total number of zones
division division per Gd pin

Case 1 4 6 24
Case 2 8 6 48
Case 3 12 6 72
Case 4 16 6 96
Case 5 20 6 120
Case 6 24 6 144

Case 6 serves as a reference when analysing the sensitivity of results to the
radial division of pins, due to its finest discretization. The behaviour of k∞ and the
important Gd isotopes content in the assembly is shown in Figure 6.6.

As can be seen in Figure 6.6b, increasing the radial division of Gd pin from
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Figure 6.6: Sensitivity of results to radial division of gadolinium pins. Number
densities were homogenized over entire assembly volume.
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4 to 20 zones reduces the peak difference in the gadolinium number density from
over 30% to slightly below 1%. However, no significant improvement in the infi-
nite multiplication factor can be witnessed in Figure 6.6 for more than 16 radial
rings, which may be caused by limited statistical accuracy due to only 20 million
neutron histories being simulated per transport calculation. Likewise, Tohjoh [42]
had not observed much influence of increasing the radial division beyond 16 on the
multiplication factor for the 8x8 BWR fuel assembly either. In the light of these re-
sults it was decided to divide Gd-pins into 20 radial zones for the final probabilistic
reference calculations.

6.5.2 Azimuthal division

The previous section focused on the radial division of Gd-pins. However, azimuthal
division cannot be neglected in case of a BWR assembly. This is due to the fact
that different moderator density, prevails in the water channel and the external fuel
box bypass, as compared to the coolant inside the fuel box, thereby causing the
neutron spectrum in a BWR to be highly space-dependent [1]. This in turn should
induce an azimuthal dependence of the gadolinium depletion rate in the pins. Such
an effect was also investigated by Tohjoh in the spatial discretization study [41]. It
has been confirmed that there is a difference in the burnup among the azimuthally
divided regions of Gd-rods [41]. Some discrepancies were also found for regular
UO2 pins located at the periphery of the assembly (i.e. in the vicinity of the denser
moderator regions). The study has shown that accounting only for the radial and
neglecting the azimuthal division might cause discrepancies as high as 1500 pcm in
the estimate of the infinite multiplication factor of the assembly (see also in [45]).

The influence of denser water regions located in the center and periphery of the
fuel assembly is clearly visible in Figures 6.7 and 6.8 obtained for the fresh assembly
at the reference fuel condition. Figure 6.7 shows the energy integrated neutron
flux along the assembly diagonal. The flux was scored on the superimposed grid,
dividing the assembly into 1 million even grid boxes. Gd-pins are positioned at the
two visible valleys in the neutron flux profile. The difference in the flux distribution
entering these pins from the opposite sides will cause an uneven depletion, which
cannot be captured without the azimuthal division of pins.

The space-dependence of the neutron flux is additionally visualized in Figure
6.8. The figure presents the relative thermal flux in the moderator region (shades
of blue) and the relative fission power (shades of yellow and red). Gadolinium
pins are clearly visible, as they exhibit the lowest relative fission powers (drawn
in dark red). Highest thermal fluxes are present in the fuel assembly corners and
in the water channel, where the moderation is most effective. In these regions
the moderator is denser (0% void) as opposed to the coolant regions (60% void).
This yields a stronger fission power in the parts of the pins exposed to the neutron
currents coming from these regions. In addition, the anisotropy of the angular flux
is increased in these regions.

Similarly, as in Section 6.5.1, a series of depletion calculations was run to find
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Figure 6.7: Neutron flux along the diagonal of the fuel assembly.

Figure 6.8: Relative thermal flux and relative fission power in the fresh fuel condi-
tions. Shades of red and yellow correspond to relative fission power, and shades of
blue to relative thermal flux (flux below 0.625 eV).

the appropriate azimuthal Gd-pins division. In this case the radial division was
set and kept at 20, as concluded through the radial division sensitivity analysis.
The azimuthal division was subject to change. The reference condition of the as-
sembly, the default geometry and composition were used in the analysis. Table 6.6
summarizes all calculated cases considered in this study.

As shown in Figure 6.9, the influence of azimuthal division on k∞ is almost
negligible (below 8 pcm for the most coarse division) for all cases. This is most
probably due to the fact that all considered configurations readily employed some
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Table 6.6: Azimuthal sensitivity study cases

Radial Azimuthal Total number of zones
division division per Gd pin

Case 1 20 4 80
Case 2 20 6 120
Case 3 20 8 160
Case 4 20 10 200

sort of azimuthal division, since a case with no azimuthal discretization had not been
calculated. Nevertheless, a non-negligible difference in the Gd number densities is
present for a case with only 4 azimuthal regions, as seen in Figures 6.9a and 6.9b.
These differences fall below 1% for both Gd isotopes when each radial ring is divided
into at least 8 azimuthal regions. Thus, this is the number with which Gd-pins were
chosen to be azimuthally divided. It must be noted here, that the UO2 pins were
divided in the same way in both codes. They are divided into 2 radial rings without
any azimuthal division.

6.6 Spatial meshing: HELIOS
In a deterministic code the spatial mesh is not only important from the point of
view of materials depletion but also for the solution of the transport equation itself.
This is due to the fact that the neutron transport equation is solved for each space
element of the spatial domain. One of the problems is a reactivity bias reported
in high coolant void cases, due to the flat-flux approximation within each mesh
region [45]. Forslund et al. [45] investigated an influence of the spatial and angular
mesh refinement on a full scale 2-D BWR fuel assembly. The study aimed at finding
an accurate and cost-effective mesh to use in standard HELIOS lattice calculations.

Their suggestions for the spatial meshing in HELIOS will serve as a base for
all cases calculated in this study with deterministic codes. Additional motivation
supporting this choice is that their recommendations form a basis upon which this
deterministic code is utilized in production calculations at the moment. Therefore
such configuration should be validated. Table 6.7 summarizes mesh configuration
and a coupling order used in distinctive model’s regions. The coupling order k,
provides information about the angular discretization of the interface currents be-
tween space elements. The convention follows the one outlined in HELIOS methods
manual [3]. So called ‘mesh index n’ divides the coolant and bypass regions as
illustrated in Figure 6.10 adopted from [45]. In case of fuel pin cells, the coupling
order and the mesh index in Table 6.7 refer to active coolant regions.
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Figure 6.9: Sensitivity of the results to azimuthal division of gadolinium pins. The
number density were homogenized over entire assembly volume.
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Table 6.7: Mesh refinement in HELIOS; k is the coupling order, n refers to the
mesh index

k n radial azimuthal
rings sectors

Internal bypass 4 4 - -
External bypass 4 4 - -
Coolant regions 4 4 - -

UO2 pins - - 2 1
BA pins - - 7 8

Active coolant area Bypass 

Mesh index, n = 4 

Figure 6.10: Definition of the mesh index n. Figure
adopted from [45].
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Chapter 7

Results

Bearing in mind that the objective of the lattice physics calculations is to, ultimately,
feed nodal simulators with the homogenized few group constants, it was decided that
a series of typical reactivity cases should be run to support the validation efforts
and ensure that accurate cross sections are generated by the benchmarked code.
The calculations were performed in the following order: first, the fuel was depleted
in an unrodded lattice (i.e., absence of the control rod) at the so-called ‘reference’
coolant condition. Next, restart calculations were conducted at the selected burnup
values. At each burnup point of choice a series of perturbation calculations was
carried out to obtain a complete parameter space of typical reactivity states of a
fuel assembly. These are called branch calculations. Section 7.1 details all branch
cases for which simulations were performed. Specific branches were chosen based
on the requirements for PHOENIX5 when supporting needs of a BWR nodal core
simulator [46].

In order to keep the presentation and discussion of the results orderly, com-
parisons between HELIOS and Serpent for the fresh fuel conditions are presented
in Section 7.3, depletion calculation results are given in Section 7.4, and branch
calculations in Section 7.5.

7.1 Reactivity points

Fuel depletion was performed from 0 to 80 MWd/kgHM assembly burnup, with a
power density normalization set to 30.7 kW/gHM. The irradiation history in form of
burnup steps is listed in Table 7.1. Both codes use the predictor-corrector method
to perform burnup calculations.

In order to restrain a number of restart calculations to a reasonable value, branch
cases were run every 1 MWd/kgHM until the fuel was depleted to 20 MWd/kgHM
and then every 2 MWd/kgHM until the 80 MWd/kgHM mark was reached. Due
to computational time it would take to obtain a full set of branch calculations for
several different coolant density depletion histories using the Monte Carlo code,
only the reference coolant density was accounted for. The reference fuel assembly
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Table 7.1: Burnup steps in MWd/kgHM of average assembly burnup

0.001 0.01 0.1 0.2
0.3 0.4 0.6 0.8
1 to 18 with a step of 0.25
18 to 20 with a step of 0.5
20 to 30 with a step of 1
30 to 80 with a step of 2

condition, which was used during the depletion, is presented in Table 7.2. In branch
calculations only perturbed parameters change, whilst the remainder is kept at their
reference values.

Considered branch cases were limited to the most basic ones (excluding instances
where more than one parameter, except for the momentaneos coolant void, changes
with respect to its reference value) and are listed below:

• Coolant density branch: the coolant density is changed by considering different
void fractions at rated saturation conditions. A full set of coolant conditions
is listed in Table 7.3. This case is designated as ‘DUMR’ in the result presen-
tation.

• Fuel Doppler temperature branch: this branch calculates homogenized nodal
cross section data for off-reference values of the fuel temperature. The con-
sidered temperature is 1200 K (as opposed to 900K at nominal conditions).
This branch is run for various momentaneous coolant voids. It is designated
as ‘DOPP’ in the result presentation. Temperatures are chosen so that inter-
polation in Serpent nuclear data library is avoided.

• Spacer grid insertion branch: a segment of the fuel assembly containing a
spacer grid is considered in this branch. A spacer grid material is uniformly
mixed within the coolant. Various momentaneous coolant conditions are con-
sidered. It is designated as ‘SPAC’ in the result presentation.

• Control rod insertion branch: a control rod blade is placed in the model’s
top left corner. The active part of a control blade comprises of boron car-
bide (B4C). Various momentaneous coolant conditions are considered. It is
designated as ‘CROD’ in the result presentation.

• Boron injection branch: a natural soluble boron is injected into the considered
fuel assembly segment. The two chosen concentrations in all water regions of
the model are 2,000 and 100,000 ppm. Although the second value seems rather
high, such local levels of boron concentration have been observed during some
severe BWR core transient simulations. It is necessary to see how the deter-
ministic code does perform under such conditions. These cases are denoted
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as ‘BORO-1’ and ‘BORO-2’ for low and high soluble boron concentrations
respectively.

Table 7.2: Fuel assembly reference conditions. Temperatures were chosen to avoid
interpolation in Serpent nuclear data library.

Parameter Unit Value

Coolant void % 60
In. Bypass void % 0
Ex. Bypass void % 0
Sat. Vapour density kg/m3 0.0366
Sat. Liq. Density kg/m3 0.7390
Coolant temp. K 600
Fuel temp. K 900
Spacer grid - not present
Control rod - not present

Table 7.3: Coolant states used in branch calculations

Coolant In. bypass Ex. bypass Sat. vapour Sat. liquid Temperature
# void [%] void [%] void [%] density [kg/m3] density [kg/m3] [ K ]

1 60 0 0 0.0366 0.7390 600
2 0 0 0 0.0366 0.7390 600
3 30 0 0 0.0366 0.7390 600
4 90 0 0 0.0366 0.7390 600
5 99 0 0 0.0366 0.7390 600

7.2 Variance underestimation in Serpent

Due to inter-cycle correlations in Monte Carlo simulation, discussed in Section 3.2.7,
it is worthwhile to assess the variance underestimation in the results reported back
by the code. The uncertainty under-prediction was studied by comparing apparent
and real standard deviations, as in [47]. The fresh fuel simulation under the ref-
erence condition was re-run 50 times, each time with a different random number
generator seed. This way the statistical independence between those runs should be
ensured. Unfortunately, a similar assessment was not conducted for number densi-
ties obtained during burnup due to time it would have required to re-run the entire
depletion sequence sufficient number of times.

The apparent standard deviation is taken as an arithmetic mean of variances
from N independent runs and is denoted as σa. The real standard deviation is then
calculated as a standard deviation of a sample of N independent simulations [47]:
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σr =

√√√√ 1
N − 1

N∑
n=1

(xn − x̂)2, (7.2.1)

where xn is a given estimate from an individual simulation; x̂ is the mean of
that estimate from all N runs. A ratio between the real and the apparent value
of standard deviation constitutes a measure of the under-estimation committed by
the Monte Carlo code. The assessment of this uncertainty under-estimation was
conduced for the assembly k∞ and pin-wise fission reaction rates. The apparent to
real standard deviation ratio for these considered parameters was close to unity in
all cases. This confirms a proper choice of the neutron population and the number
of inactive cycles for the considered model, as the inter-cycle bias seems to be
practically eliminated.

7.3 Fresh fuel Conditions
Table 7.4 presents a comparison of the infinite multiplication factor for all considered
configurations at fresh fuel conditions (no burnup), where the obtained values from
Serpent serve as a reference. Table gives the absolute difference, k∞HELIOS −
k∞Serpent, expressed in units of pcm, 10−5.

As seen from Table 7.4 the obtained differences exhibits a very strong depen-
dence on the void fraction of the coolant. Except for calculations with an addition of
strongly absorbing medium (control rod or soluble boron), HELIOS under-predicts
the multiplication factor at the nominal coolant density. Furthermore, these dif-
ferences shift to an over-prediction of the multiplication factor as the coolant void
grows. Take DUMR branch as an example. For 0% coolant void, the discrepancy
between the codes is seen to be -266 pcm, that changes almost linearly with void
to reach 121 pcm at 99% void. It is worth noting, that the coolant number density
decreases linearly due to a homogeneous equilibrium model (HEM) approximation
used at the modelling stage, which states that at a given saturation pressure, the
boiling water density depends linearly on its void. In case of the control rod pres-
ence, similar trends in differences are visible. However, k∞ is over-predicted at all
values of the coolant void, and the discrepancies grow together with it (from 65
to 970 pcm). Moreover, Pearson r-correlation coefficient between the coolant void
and discrepancies in k∞ is above 0.95 for each case type (except for BORO branch
cases, for reasons explained later), which further supports the conclusion of a strong
positive correlation between these two quantities (i.e., the coolant void and k∞).

What sets the cases with soluble boron apart from others is that the boron
number density varies with the void fraction of the coolant. It is so, because boron-
to-water particle ratio is constant in each case (set to 100,000 ppm or 2,000 ppm).
Thus, the number density of boron in the model varies accordingly with the void
fraction (it is larger for lower voids and smaller for the higher ones). Therefore, it
is expected that these cases will not follow the linear trend to the same extent as
seen when only the coolant density changes.
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Table 7.4: k∞ comparison for fresh fuel conditions. Uncertainties of Monte Carlo
calculations are given as the standard deviation divided by a mean value. Results
from Serpent are subtracted from those of HELIOS.

k∞ k∞ difference
case coolant state HELIOS Serpent [pcm]

DUMR 1 (60% void) 0.99681 0.99824 (0.00008) -118
DUMR 2 (00% void) 1.02490 1.02750 (0.00008) -266
DUMR 3 (30% void) 1.01285 1.01471 (0.00009) -184
DUMR 4 (90% void) 0.97827 0.97815 (0.00009) 16
DUMR 5 (99% void) 0.97311 0.97216 (0.00008) 121

DOPP 1 (60% void) 0.99120 0.99292 (0.00007) -167
DOPP 2 (00% void) 1.01976 1.02285 (0.00008) -298
DOPP 4 (90% void) 0.97263 0.97293 (0.00008) -30
DOPP 5 (99% void) 0.96757 0.96661 (0.00007) 90

SPAC 1 (60% void) 0.95120 0.95272 (0.00008) -127
SPAC 2 (00% void) 0.97643 0.98014 (0.00008) -378
SPAC 4 (90% void) 0.94431 0.94397 (0.00008) 13
SPAC 5 (99% void) 0.93514 0.93470 (0.00008) 87

CROD 1 (60% void) 0.76348 0.75943 (0.00011) 402
CROD 2 (00% void) 0.83371 0.83306 (0.00010) 65
CROD 4 (90% void) 0.71888 0.71138 (0.00011) 764
CROD 5 (99% void) 0.70541 0.69573 (0.00010) 970

BORO-1 1 (60% void) 0.24794 0.25746 (0.00011) -952
BORO-1 2 (00% void) 0.18223 0.19103 (0.00010) -880
BORO-1 3 (30% void) 0.20991 0.21914 (0.00011) -922
BORO-1 4 (90% void) 0.30323 0.31264 (0.00010) -941
BORO-1 5 (99% void) 0.32474 0.33406 (0.00010) -931

BORO-2 1 (60% void) 0.84093 0.84008 (0.00010) 84
BORO-2 2 (00% void) 0.80201 0.80092 (0.00009) 109
BORO-2 3 (30% void) 0.82220 0.82124 (0.00010) 95
BORO-2 4 (90% void) 0.85889 0.85736 (0.00010) 152
BORO-2 5 (99% void) 0.86471 0.86256 (0.00010) 215
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In the following paragraphs a more thorough investigation into the coolant
density branch results is attempted to better understand their dependence on the
coolant void fraction. Figure 7.1 shows HELIOS-to-Serpent ratios of 2-group con-
stants plotted against the coolant void. Likewise, Figure 7.2 depicts HELIOS-to-
Serpent ratios of the thermal and epithermal neutron flux. Even though the neutron
energy spectrum hardens with rising void in both codes, it does so more in the code
HELIOS. Unexpectedly, under the higher void conditions, HELIOS over-predicts
the assembly reactivity as compared to Serpent, even though it predicts harder
spectrum (observe the thermal flux ratio in Figure 7.2).

The multiplication factor sensitivity to changes in the homogenized group cross
sections is given in Table 7.5. These factors are calculated for the k∞ expression in
the form of Equation 5.2.18. They are calculated as ∆k = (∆Σi/Σi)Σi(δk/δΣi)105

[pcm]. The relative change in cross section ∆Σi/Σi is +1%. Results presented in
the Table are averaged over the void range 0-99%.

Table 7.5: k∞ sensitivity to biases in group constants for DUMR cases.

Σa1 Σa2 νΣf1 νΣf2
φ2
φ1

∆k HELIOS -352 -646 269 734 80
∆k Serpent -364 -628 289 709 77

The epithermal energy group absorption cross section is over-predicted by the
deterministic code at 0% void (HELIOS-to-Serpent ratio is greater than 1, see Fig-
ure 7.1). This ratio between the codes decreases with increasing void. It means that
values predicted by the two codes are getting closer to each other. Simultaneously,
the ratio of epithermal fluxes between the codes is practically constant (see Figure
7.2). Therefore, the over-prediction of the parasitic neutron absorption in the ep-
ithermal energy group by HELIOS gets smaller with the increasing coolant void.
On the other hand, the HELIOS-to-Serpent ratio of the macroscopic nu-fission cross
section (νΣf ) in the thermal energy range increases with the increasing void. The
over-estimation of this parameter in HELIOS rises with decreasing coolant density.
Such trends in behaviour of described parameters, together with their quantified
influence on the model’s reactivity (Table 7.5), are a direct cause of the positive
shift, with the increasing coolant void, of the multiplication factor difference be-
tween the codes. It is noted that the thermal group absorption cross section ratio
exhibits almost an identical trend as compared to the one showed by νΣf2 ratio. Its
impact on the k∞ is of the opposite sign but slightly smaller absolute value, there-
fore it does not fully compensate the positive impact introduced by the increasing
HELIOS-to-Serpent ratio of νΣf2.

Unfortunately, it is not possible to state what is a definite cause of different
group constants predicted by the codes. Most probably this is a net effect of multi-
ple factors acting simultaneously. The first and most obvious one contributing to the
observed differences is the fact that various distributions of the ENDF/B libraries
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Figure 7.1: Biases in 2-group constants versus the coolant void (given as HE-
LIOS/Serpent ratio)
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Figure 7.2: Bias in thermal and epithermal flux (given as HELIOS/Serpent ratio)

are used by HELIOS and Serpent. As it was mentioned in Section 3.3 ENDF/B-
VII.0 introduced changes to fission reactions of 235U and 238U, scattering kernel
of 1H bound in water and new evaluations for 155Gd and 157Gd isotopes. Even
more importantly the 238U resonance range was re-evaluated. Non-identical 238U
resonance integrals could explain differences in the epithermal absorption macro-
scopic cross sections. However, accelerating rate of discrepancy change in the high-
est void region, suggests some additional influence, most probably resulting from
the methodology of solving the neutron transport itself. Indeed, the bias asso-
ciated with the coolant void content was observed and reported for deterministic
codes using the Current Coupling Collision Probabilities methodology in other stud-
ies( [45], [48] ). This particular bias mechanism stems from the approximations of
angularly isotropic and spatially flat source. Even though it might produce good
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results for relatively high coolant densities, the assumption becomes problematic
under the high void conditions, where anisotropic scattering phenomena becomes
more important.

Due to a fact, that the actual nature of neutron scattering is anisotropic, rather
than isotropic (some angles are favoured over the others for a given medium and
collision energy), “smaller number of collisions will strengthen the neutron stream-
ing in a direction-preferentially manner” [45], especially under higher coolant void
conditions. The enhanced neutron leakage, due to a longer neutron mean free path
caused by impaired neutron slowing-down by less dense moderator, increases the
importance of the higher order anisotropic scattering. The cross section trans-
port correction implemented in the code, to treat the anisotropic scattering, may
additionally contribute to the said effect. In [49] it was showed that the outflow ap-
proximation, in place in HELIOS, over-estimates the transport cross section in the
neutron energy range of 103− 106 eV, which in this consideration falls within, what
has been defined as the epithermal energy group. A higher prediction of the macro-
scopic transport cross section, leads to a smaller value of the epithermal group’s
diffusion coefficient, as compared to values obtained with Serpent, which treats the
neutron scattering explicitly. The following definition of the diffusion coefficient is
used [9]:

Dg = 1
3Σtr,g

(7.3.1)

where Σtr,g is the so-called transport cross section in an energy group g. When
the outflow transport approximation is used, the transport cross section is expressed
as:

Σtr,g = Σt,g − Σ1
s,g (7.3.2)

Table 7.6 shows the diffusion coefficients calculated by Serpent and HELIOS to be
diverging with growing coolant void.

Table 7.6: Epithermal group diffusion length discrepancies versus void.

the coolant void [%] 0 30 60 90 99
∆D1[ 1

m ] -0.4153 -0.4730 -0.4930 -0.5094 -0.5136

The aforementioned discrepancies become larger as the coolant in the assembly
fuel box is getting less and less dense. The reader is reminded, that in the discussed
model, the moderator inside the water cross, central channel and the assembly
external bypass, is under constant physical conditions (0% void and constant tem-
perature) in all considered cases. Due to the fact that the transport approximation
has been identified as one of the probable causes of these erroneous predictions, an
alternative transport correction based on the work of Choi et al. [49] is proposed to
be implemented in the future PHOENIX5 release. A better agreement of transport
cross section in epithermal energy groups obtained using inflow rather than outflow
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approximation was demonstrated. Principles behind the said approximation are
outlined in Appendix B.

As it was stated in Section 3.3, HELIOS 1.8.1 uses a library based on the
ENDF/B-VI, whilst Serpent utilizes a newer, ENDF/B-VII generated, library. A
contamination of results, being an effect of the usage of different nuclear data, may
be quite significant. Therefore, a task of pinpointing an exact cause of each differ-
ence in numerical values becomes very complicated. PHOENIX5 will use libraries
based on the same ENDF/B distribution as Serpent. Thus, once the code becomes
available for testing, the contamination from the basic nuclear data will be consid-
erably less significant. However, it will not be eliminated entirely as both codes use
different library formats and the PHOENIX library is discretized in energy domain,
whereas data used by Serpent comes in continuous energy format. Despite that fact,
a better quantification of methodological biases highlighted in this section will be
allowed by using cross section libraries based on the same nuclear data compilation.

Another aspect of interpreting obtained data, is the over- or under- estimation of
the fission source importance when the system is far from criticality. Cases with the
high boron concentration fall under this definition. Issues inherent to using power
iteration method for Monte Carlo criticality calculations were outlined in Chapter
3.2.5. The solution of the static k-eigenvalue problem is equivalent to the physical
multiplication factor only if the considered system is truly critical. In instances far
from criticality the k-eigenvalue calculated for example by power iteration method
will certainly be biased. HELIOS code is not free of these limitations as it also
employs power iteration method when calculating the fission neutron source. Two
codes as different as HELIOS and Serpent most surely exhibit different fission source
biases in very sub-critical fuel assembly calculations. Unfortunately, those biases
were not quantified in neither of the codes.
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7.4 Depletion

The solution of the depletion problem for the reference assembly conditions is dis-
cussed in this section. The infinity multiplication factor and chosen homogenized
isotopic number densities are compared between HELIOS and Serpent. The differ-
ence is taken as output values from Serpent subtracted from results of HELIOS.
Fuel exposure is reported in units of energy released from the fuel divided by the
initial heavy-metal inventory: MWd/kgHM.

7.4.1 Stability of Monte Carlo depletion

Due to a fact that the burnup-transport coupling scheme of choice is only con-
ditionally stable (discussed in Section 7.4), results of Monte Carlo depletion have
to be investigated from the point of view of numerical stability before a proper
comparison between the codes is carried out.

Accounting for the fact that the analysed fuel assembly and the configuration of
pins (spatial placement and initial composition) is symmetrical with respect to one
of its diagonals (the one linking the top left and the bottom right vertices of the
Figure 6.1a), burnup in pins occupying symmetrical positions should be identical. In
practice some differences are expected both in Monte Carlo and deterministic codes.
In the former code, this would be caused by statistical fluctuations: although the
assembly is symmetrical, calculated fluxes will never be exactly the same. In the
latter, the effect would be invoked purely due to numerical errors (e.g., round-off
errors). Regardless, if disparities in pins burnup are too significant such solution
would have to be rejected as incorrect, calling for a revision of irradiation history
by employing shorter burnup steps.

In order to facilitate the analysis, lattice maps showing relative differences be-
tween burnup values of pins occupying symmetrical positions in the lattice were
created and investigated for each depletion step for Serpent and HELIOS. This re-
sulted in 117 burnup maps. Only two are presented in Figure 7.3. In that Figure
a position of a pin in the lattice is defined by the row and column number on the
x and y-axis. In case of the Serpent code, the most severe discrepancy between
pins occupying symmetrical positions was only 0.05%, while being much smaller on
average. Figure 7.5 presents a similar phenomenon in HELIOS output. However,
for the deterministic code the relative burnup difference is smaller by an order of
magnitude. From this perspective, there seem to be no stability concerns.

The validity of Monte Carlo burnup calculation was additionally inspected from
the point of view of the step-wise fission reaction rate distribution. Dufek et. al [28]
recommended looking closely at the neutron flux or power distribution when dealing
with conditionally stable predictor-corrector schemes. An estimate of the fission
reaction rate integrated over the fuel pin volume, is used in these considerations
instead. It is an indirect estimate of integral flux in a pin (multiplied by a proper
response function). In this regard, obtained results were investigated by looking
at the fission rate evolution in pins during 5 consecutive burnup steps. This is
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(b) Average assembly burnup: 80 MWd/kgU

Figure 7.3: Relative burnup discrepancies in pins occupying the symmetrical po-
sitions in Serpent model. Row and column number five depict the inbypass water
wings and the central water channel.
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Figure 7.4: Relative burnup discrepancies, at an average assembly burnup of 7
MWd/kgU, in pins n pins occupying the symmetrical positions in HELIOS model.
Row and column number five depict the inbypass water wings and the central water
channel.

done for each row of pins separately, at every depletion step. The objective is to
observe if step-wise oscillations are large enough to fall outside of the fission rate
estimated standard deviation. Some oscillatory behaviour is expected to be caused
by the statistical variance. It is not considered problematic as long as the step-
wise differences stay within the range of the reaction rates’ standard deviation. An
example of a set of row- and step-wise graphs exhibiting stable burnup sequence is
provided in Appendix A. Data analysis showed no instability issues for reasonably
short depletion steps (up to the step size of 1 MWd/kgHM).

However, for the last series of burnup steps of 2 MWd/kgHM, the pin-wise fission
reaction rates showed oscillations exceeding the corresponding standard deviations
reported by the code. This can be observed in Figure 7.5. It shows pin-wise reaction
rates in the eight row of pins in the fuel lattice. Unstable evolution of the sequence of
steps 20-22 is clearly visible for a fuel pin at position 5 in Figure 7.5. Such behaviour
is exhibited by numerous pins at various positions in the lattice. The mean value of
fission rate in pin at position 6 at step 22, which should follow the trend established
by neighbouring pins and fall below the value of step 21, does the opposite. These
two points lie outside of each other’s 1-sigma range, as reported by the code. It has
been already mentioned, that uncertainties reported by the Monte Carlo codes are
usually under-estimated. As it was discussed in Section 7.2, the underestimation
of the variance in the pin-wise estimates is negligible, therefore reported standard
deviation is assumed to be equal to the actual one. Isotalo et al. [50] imply that
when the predictor-corrector method is used, it is not enough to look solely at step-
wise results. Numerical oscillations should be sought for between corrector and
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predictor steps results for a given depletion step as well. Unfortunately, due to a
way the simulation was set up such data was unattainable.

Despite the fact that those apparent small oscillations was discovered in pin-wise
fission reaction rates, the assembly burnup does not deviate significantly from its
expected symmetric characteristic (see Figure 7.3). This observation suggests that
these instabilities have marginal influence on homogenized parameters generated
during the calculation sequence. Nevertheless, burnup steps as long as and longer
than 2 MWd/kgHM should be avoided when using the predictor corrector method
in Serpent for similar depletion problems in the future.
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Figure 7.5: Possible numerical oscillations in Serpent found for a very long burnup
steps: 2MWd/kgHM. Values for the eight row of pins in the lattice are plotted.
Error bars are not provided for the sake of graph’s legibility. Standard deviation
over the mean estimated value is 0.0016 on average.

7.4.2 Burnup comparison between codes

Figure 7.6 shows evolution of differences in k∞ between the codes as the fuel de-
pletion progresses. In the beginning, the discrepancy increases, to reach its peak at
around 7 MWd/kgHM. Its trend reverses thereafter. Burnup of gadolinium isotopes,
which are very strong neutron absorbers, is slower in HELIOS than in Serpent (see
Figure 7.7). The large difference in k∞ vanishes as discrepancies in the gadolinium
content becomes less and less pronounce.

Presented results show the paramount importance of properly addressing deple-
tion of nuclides experiencing rather significant self-shielding. In an instance when
too strong self-shielding is predicted by the code during the transport problem so-
lution, the transmutation cross section used for a subsequent depletion of the given
isotope, tends to be too small. This in turn leads to over-estimation of the number
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Figure 7.6: Comparison of k∞ evolution with burnup.

density of the self-shielded nuclide at the end of the burnup step. Thus, the self-
shielding will cause the disparities between the codes to build up during depletion.
This has a potential to affect the entire calculation [29]. An inspection of Figure
7.7 leads to a conclusion that this is exactly a case between Serpent and HELIOS.
The deterministic code over-estimates the gadolinium content during initial steps
of fuel exposure. The difference becomes irrelevant once the burnable absorber is
practically burned out (roughly at around 15 MWd/kgHM). There could be several
reasons for the deterministic code to under-estimate the burnable absorber deple-
tion rate. One of them could be discrepancies in the microscopic cross sections used
in the transport calculation (the Serpent code utilizes new evaluations for 155Gd
and 157Gd cross sections). The other could be non-equivalent meshing (i.e., spatial
division) of gadolinium bearing pins.
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Serpent utilized significantly more radial rings in BA pins allowing the number
density distributions to be calculated more accurately along the pin radius during
burnup calculations. In HELIOS more coarse division, identical to the one used
in production calculations, was imposed. To investigate this possible source of
discrepancies, HELIOS mesh has been changed to exactly mimic the one used in
Serpent. Figure 7.8 depicts the difference in the multiplication factor over burnup
calculated by HELIOS with the production mesh and the refined one. Calculations
were performed for different coolant void values. Addition of the radial rings to BA
pins seems to influence mostly the depletion of the burnable absorber. It causes 100
pcm peak difference in the value of k∞ between the models with different meshes
but has a marginal impact on the output after the gadolinium is mostly burned out.
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Figure 7.8: k∞ difference between the production and refined fuel pins’ mesh in
HELIOS calculations. The production mesh results are used as a reference.

Inequality of the depletion rate of gadolinium and initially accumulated error
between the deterministic and the Monte Carlo code cause the k∞ absolute differ-
ence to rise considerably. A separate depletion case, excluding burnable absorbers
was run to confirm the dominating influence of the gadolinium on the burnup cal-
culations. Figure 7.9 depicts the said comparison and shows strong influence of
inclusion of the burnable absorber in a form of gadolinium. In both plotted lines
the corresponding Serpent calculation served as the reference.

Figure 7.10 presents the differences in 135Xe number densities. Discernible
jumps in the inter-code difference of this parameter can be observed every time
a burnup step length is significantly increased. First such occurrence is seen at 18
MWd/kgHM, when the depletion step is raised from 0.25 to 0.5 MWd/kgHM, then
again at 20 MWd/kgHM (step increases from 0.5 to 1 MWd/kgHM) and lastly, the
most pronounced jump at 30 MWd/kgHM (step increases from 1 to 2 MWd/kgHM).
The reason for these increments is the way the poisonous xenon is treated in the
codes. In both, Serpent and HELIOS, concentration of 135Xe and its precursors
(namely 135I) is forced into an equilibrium with the neutron flux. The secular
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steady-state condition for xenon can be written in a simplified from as [50]:

NXe135 = γXΣfφ

λX + σXφ
(7.4.1)

where NXe135 is 135Xe number density; γX is the cumulative fission yield; Σfφ
is the total fission rate in a considered material; λX is the decay constant of 135Xe;
σX is its microscopic capture cross section.

Such treatment is put in place to prevent xenon oscillations in between consecu-
tive steps of the burnup sequence ( [3], [15]). The most apparent factor contributing
to the observed jumps in the concentration difference is a fact that the predictor-
corrector method is implemented differently in HELIOS and Serpent. As explained
in Section 4.3, the end-of-step concentrations are calculated differently. What it ac-
tually implies, is that conceptually different fluxes are used by the codes to obtain
end-of-step nuclide concentrations. The longer the time steps are, the larger the
differences in these fluxes will be. It is directly reflected in reported 135Xe number
densities. It is worth noting that these jumps in the number density differences are
directly proportional to the increment in the length of burnup steps.

An additional depletion sequence was run with HELIOS, in which burnup steps
where twice as dense. The influence on results was marginal, diminishing the k∞
discrepancies between the codes by roughly 30 pcm. It hints towards other factors,
such as differences in nuclear libraries to be dominating the observed differences.

Figure 7.14 shows discrepancies in the burnup of individual pins between HE-
LIOS and Serpent at different stages of the irradiation history. Namely: 15, 44
and 80 MWd/kgHM. The first chosen moment is when, according to Figure 7.7, the
burnable absorber is practically burned-out in both models. It shows that the bur-
nup of pins surrounding the central water channel in the assembly is under-predicted
in the deterministic code, whereas pins on the assembly periphery are burned out to
the greater extend as compared to Serpent. Depletion state of pins with the burn-
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Figure 7.10: 135Xe concentration in Serpent and Helios. Discrepnacies related to
Serpent values.

able absorber is underestimated in the deterministic code at that point. It is true
for pins located, at the following lattice positions (following the notation of Figure
7.14): (3,1);(3,3);(7,1);(9,7). These are pins with the highest BA content. By that
time, pins with smaller content of gadolinium, placed in positions: (1,1);(9,1) and
(9,9), have lost the significant amount of the burnable absorber nuclides and the de-
terministic code starts to over-predict their burnup, as it does for neighbouring pins.
The average depletion of 44 MWd/kgHM is the moment where the disparities of the
multiplication factors between HELIOS and Serpent are the smallest for this deple-
tion case. However, this seems to be only a net effect of differently depleted pins
compensating each other’s contributions. The last step, 80 MWd/kgHM, shows a
build up of previously displayed errors. It also shows how differences in the solution
of the transport problem drive discrepancies in the depletion calculations (dispari-
ties in the fission power distribution directly cause different fuel burnup rates in the
fuel pins).
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Figure 7.11: 239Pu concentration in Serpent and Helios. Discrepnacies related to
Serpent values.
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Figure 7.12: 238U concentration in Serpent and Helios. Discrepnacies related to
Serpent values.
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Figure 7.13: 235U concentration in Serpent and Helios. Discrepnacies related to
Serpent values.
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Figure 7.14: Pin burnup maps for depletion under 60% void. The assembly is
symmetrical along its diagonal. Water pins and symmetric pin positions are marked
in white. Vales are HELIOS - Serpent. 73
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7.5 Branches

Figures 7.15 - 7.20 summarize results obtained for each set of branch calculations
under different momentaneous coolant conditions.

Similar trends in dependencies of the error on the coolant void are observed,
as those discussed in Section 7.3, except for the high concentration boron injection
branches. In these cases, the highly absorbing medium dominates the model be-
haviour and discrepancies between the codes. Likewise, differences change in the
same manner as it does in the base depletion calculation. Such an evolution is
expected as the fuel composition between the two codes diverges as the burnup
progresses. Once again the most significant disparities in k∞ are observed in the
presence of strongly absorbing control rods and very high voids (Figure 7.18), as
well as very high natural soluble boron concentration (Figure 7.20).

In order to separate errors stemming from contrasting fuel compositions, the base
case burnup multiplication factor differences were subtracted from ones reported in
branch calculations. Figures 7.21 - 7.26 present the output post-processed in such
a way. For the coolant density, fuel Doppler temperature and spacer grid branches,
the bias associated with the coolant void behaves in a very similar manner. It
changes as the gadolinium depletion progresses and settles at rather fixed values
afterwards. The bias in a case of the spacer grid branch is naturally of a different
magnitude. The coolant composition and the number density of water molecules
in that case are different, due to the spacer grid material being homogeneously
dissolved in its region.

A branch with lower soluble boron concentration (2,000 ppm of natural boron
in the coolant) and the one with the inserted control rod do not exactly follow
tendencies prevalent in the already mentioned cases. Nevertheless, the influence of
gadolinium depletion is strongly discernible. However, the corrected differences do
not assume a constant magnitude as they did for already described branch types.

The largest deviations from trends prevalent in other branches are exhibited
by a very high natural soluble boron concentration branch (100,000 ppm of natural
boron in the coolant). Except for the initial rise in bias, attributed to the gadolinium
influence getting weaker as its concentration diminishes, the evolution which follows
is characterized by a certain degree of oscillations (see Figure 7.26).

7.6 Historic comparative studies

Previous studies, aiming at quantifying the accuracy of deterministic codes in pro-
duction calculations performed for BWR fuel assemblies with reference to equivalent
Monte Carlo simulations, were gathered. Instances with similar BWR fuel assem-
blies (mainly older version of the SVEA-96 design) were selected to assess how well
deterministic codes performed in these particular works.

Efforts presented in [51], [52], [53] will be used to create this synopsis. In all of the
quoted studies, a well-established stochastic code MCNP (A General Monte Carlo
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Figure 7.15: Coolant density branch k∞ differences.
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Figure 7.16: Fuel temperature branch k∞ differences.
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Figure 7.17: Spacer grid insertion branch k∞ differences.
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Figure 7.18: Control rod insertion branch k∞ differences.
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Figure 7.19: Low boron concentration branch k∞ differences.

-1000

-800

-600

-400

-200

 0

 200

 400

 600

 0  10  20  30  40  50  60  70  80

k ∞
 d

iff
e
re

n
ce

 (
H

E
LI

O
S
 -

 S
e
rp

e
n
t)

 [
p
cm

]

burnup [MWd/kgHM]

60% void
00% void
30% void
90% void

99 void

Figure 7.20: High boron concentration branch k∞ differences.
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Figure 7.21: Coolant density k∞ differences diminished by basic depletion bias.
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Figure 7.22: Fuel temperature k∞ differences diminished by basic depletion bias.
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Figure 7.23: Spacer grid insertion k∞ differences diminished by basic depletion bias.
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Figure 7.24: Control rod insertion k∞ differences diminished by basic depletion bias.
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Figure 7.25: Low boron concentration k∞ differences diminished by basic depletion
bias.

-800

-600

-400

-200

 0

 200

 400

 0  10  20  30  40  50  60  70  80

k ∞
 d

iff
e
re

n
ce

 m
in

u
s 

b
a
se

 d
e
p
le

ti
o
n
 e

rr
o
r 

[p
cm

]

burnup [MWd/kgHM]

60% void
00% void
30% void
90% void

99 void

Figure 7.26: High boron concentration k∞ differences diminished by basic depletion
bias.
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N-Particle Transport Code developed by the Los Alamos National Laboratory), was
used to create the reference solution. It is worth mentioning that every version of
Serpent was benchmarked against MCNP yielding results correct within statistics.
Unfortunately, in none of the quoted reports was the Monte Carlo code used to
perform burnup calculations.

• Study [51] used the SVEA-96 Optima 2 geometry. For the fresh fuel conditions
and no control rod HELIOS 1.7 under-predicted the multiplication factor by
almost 600 pcm for majority of cases in comparison with MCNP. With control
rod and 40% void this difference shrunk to 300 pcm. Different ENDF/B data
versions were used in the codes. MCNP libraries were based on a mix of
ENDF/B-V and VI, whereas HELIOS libraries were derived from ENDF/B-
VI.2 and VI.3. The summary of results is presented in Table 7.7.

• Study [52] was performed for an even older fuel assembly design: SVEA-96S
Optima. Under fresh fuel conditions and burnable absorber presence HELIOS
over-predicted the multiplication factor by roughly 400 pcm on average. With
no burnable absorber and coolant void set to 50% this discrepancy shrunk to
200 pcm. Different ENDF/B distributions were used by the codes. MCNP
utilized a mix of ENDF/B-V and VI distributions. On the other hand HELIOS
1.5 used libraries based on ENDF/B-VI. The summary of this comparison is
given in Table 7.8.

• Study [53] used the SVEA-96S Optima geometry. Libraries of both codes were
based on very similar ENDF/B data. Namely, ENDF/B-VI.2 by MCNP and
ENDF/B-VI.3 by HELIOS 1.7). Control rod presence was not simulated. For
various void conditions HELIOS under-predicted value of the multiplication
factor with almost constant bias of 650 pcm.

No studies were found, utilizing the ENDF/B-VII with stochastic and ENDF/B-
VI with deterministic code, for a similar geometry as the one considered in this
thesis. Results of [52] exhibit positive bias in the HELIOS code, which stands in
contradiction with other presented studies. It is noted that an older version of the
HELIOS code, than the one in reports [51] and [53], was used. Exact roots of these
discrepancies are irrelevant from a point of view of this work.

The biases showcased in those studies allow to state that HELIOS 1.8 and Ser-
pent results, presented in Section 7.3, agree rather well and do not exhibit errors
larger than similar comparisons done before. It is true for fresh fuel conditions in
the range of typical fuel assembly state parameters, even though the nuclear data
libraries are essentially different. Unfortunately, disparities are slightly bigger for
more challenging conditions (high void in the presence of the control rod or high
boron content).
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CHAPTER 7. RESULTS

Table 7.7: Summary of results from [51]

Coolant void Control Rod k∞,HELIOS − k∞,MCNP

0% no 446
40% no 495
80% no 586
40% yes 277

Table 7.8: Summary of results from [52]

Coolant void Burnable absorber k∞,HELIOS − k∞,MCNP

0% yes -364
50% yes -416
75% yes -382
50% no 177
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Chapter 8

Conclusions

The work aimed at validating current BWR lattice physics methodology used at
Westinghouse Electric Sweden AB. A wide range of lattice calculations was per-
formed in the stochastic Serpent code to support the said efforts and create bench-
mark Monte Carlo solutions for comparison with HELIOS 1.8.1. These results, to-
gether with created framework, will serve in the future benchmarking of the newest
lattice physics code, PHOENIX 5, once its stable version is released for valida-
tion purposes. Investigation of the results obtained with HELIOS was somewhat
hindered by the fact that the two codes used nuclear data libraries based on very
different distributions of the Evaluated Nuclear Data File. Therefore, clear separa-
tion between disparities in results stemming from short-comings of the methodology
implemented in the deterministic code and nuclear libraries was not possible with
the attained data.

Nevertheless, this comparison can be used to quantify the influence of improve-
ments to the CCCP method, adopted in PHOENIX5. It also proved the feasibility
of using the Serpent code for creation of the reference Monte Carlo solution.

For a typical range of void fractions (roughly up to 90%) and for the fresh
fuel conditions, Serpent and HELIOS codes diverged to an acceptable extent (the
multiplication factor for infinite lattice configuration was within 400 pcm range).
More significant discrepancies appeared for extreme cases of control rod presence
in very high void conditions (k∞ differences as high as 1000 pcm) and rather large
content of the natural soluble boron (absolute k∞ differences roughly at a level of
900 pcm).

The presented disparities do not seem to be solely a result of discrepancies in
the nuclear data libraries used by Serpent and HELIOS. The macroscopic constants
comparison in fresh fuel conditions and investigation of the multiplication factor
behavior in the two codes, confirmed the void content bias phenomenon discovered
by others in prior studies. The strong positive correlation between the coolant void
magnitude and difference in HELIOS and Serpent results was found. Several pos-
sible contributors to this effect are listed. Except for the most obvious source of
differences, namely disparities in the basic nuclear data utilized by the two codes,
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one may also list the isotropic scattering assumption together with the associated
transport approximation implemented in the deterministic code and the sensitivity
of HELIOS results to the spatial meshing of the model. The latter one can be
treated with a finer mesh used in the calculations, and the former one by intro-
ducing more accurate transport correction. The mesh division influence has been
investigated by Forslund et al. [46]. Unfortunately unresolved convergence problems
and memory issues were encountered in full lattice calculations with this version of
HELIOS. It would be worthwhile to carry those investigations out again, with the
newest version of PHOENIX. The alternative transport correction approximation is
proposed in Appendix B, based on work of Choi et al. [49]. It was shown to reduce
the over-prediction of the transport cross section in the epithermal energy range. A
FORTRAN subroutine is provided for a future implementation in PHOENIX.

Depletion calculation results highlighted the importance of proper treatment of
burnable absorbers. They dominate the trends in differences between the codes
during initial steps of burnup. Moreover, it was concluded that depletion steps
longer than 2 WMd/kgHM should be avoided when using Monte Carlo burnup
calculations coupled by conditionally stable predictor-corrector schemes. A use of
more robust and numerically stable methods is highly encouraged in the future
calculations (i.e. implicit Euler method proposed by Dufek et al. [30]).

PHOENIX 5 nuclear libraries are to be based on the same ENDF/B release as
the one used with Serpent in this work. It will allow for minimizing their influence on
the comparison and as a consequence, for more methodology oriented investigation
of the deterministic code behaviour. This work is to be carried out as a follow-up
to what is presented in this thesis.
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Appendix A

Monte Carlo burnup stability
investigation

A visualization of data analysed when investigating the Monte Carlo burnup calcu-
lations numerical stability. Minor oscillations between consecutive steps are smaller
then the standard deviation for the corresponding fission rate estimates, thus ex-
hibiting stable behaviour. Burnup steps from 20 to 24 are presented. Interval
between steps is 0.250 MWd/kgU (roughly 8 days). Each plot represents one row of
pins of the fuel lattice. Value on the x-axis indicate the position of a pin in the row.
Number of pins in each row may differ due to the geometry of the fuel assembly.
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Appendix B

Inflow transport correction

The need for the transport correction arises from the simplifying assumption put
forth during the transport calculations: namely, isotropic scattering. In determinis-
tic codes, it is customary to avoid the explicit treatment of the angular dependence
of the cross sections. The anisotropic character of the neutron scattering is treated
implicitly by the transport correction of the total cross sections. By definition the
corrected transport cross section for the in a given energy group g, is [54]

Σtr,g = Σt,g −
∑
g′ Σ1

s,g′→gφ
1
g′

φ1
g

, (B.0.1)

where Σtr,g is the corrected transport cross section; Σt,g is the total cross section;
Σ1
s,g′→g is the P1 group-to-group scattering cross section; φ1

g is the g-th group P1
flux moment (i.e. neutron current). From the form of Equation B.0.1 it is apparent
that the transport cross section is dependent on the higher order cross sections and
flux moments. The problem is that the exact evaluation of the P1 angular flux
component in the above equation requires very detailed transport calculation and is
rendered impractical [54]. Therefore an approximation is customarily adopted for
that parameter [9].

HELIOS 1.8.1 implements so called out-flow (or out-scatter) approximation. In
that approach the knowledge of the flux moments is not needed. It is so due to
the assumption of amount of incoming and outgoing P1 scattering neutrons being
equal [49]. It is illustrated by Equation B.0.2.

∑
g′

Σ1
s,g′→gφ

1
g′ ≈

∑
g′

Σ1
s,g→g′φ

1
g. (B.0.2)

Then, the transport corrected cross section, in P0 order approximation, simplifies
to:

Σtr,g = Σ1
t,g −

∑
g′

Σ1
s,g→g′ . (B.0.3)
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It was shown that the assumption in the outflow approximation, is valid for
the thermal energy range but is falls apart for the higher neutron energy groups
( [54], [49]). The errors stemming for this approximation introduce negative bias in
the k-eigenvalue solutions. Smaller values of the multiplication factors were reported
in deterministic codes using outflow as opposed to inflow transport approximation
( [49], [54]).

Choi et al. [49] showed that the other approximation yields more accurate trans-
port cross sections in the higher energy range. Thus, avoiding the systematic nega-
tive bias. Namely, inflow (or in-scatter) transport approximation. In that case, the
P1 flux moments from Equation B.0.1 are evaluated using P0 moments as [54]:

φ1
g ≈

φ0
g

Σt,g
. (B.0.4)

The transport corrected cross section, using the inflow approximation, takes the
following form:

Σtr,g = Σ1
t,g −

∑
g′ Σ1

s,g′→g(φ0
g/Σt,g)

φ0
g/Σt,g

(B.0.5)

The algorithm presented by Choi et al. [49] has been written in a form FOR-
TRAN2003 subroutine, so that it could be easily added to the PHOENIX5 source
code in the future, to ensure less erroneous transport approximation. The subrou-
tine is presented below. Given the number of energy groups, total and scattering
cross sections, convergence and under-relaxation parameter, neutron energy, spec-
trum, it changes the transport corrected cross section array in the proper part of
the code.

SUBROUTINE inflow_corr(g,conv,chi,totalxs,scattxs,in_tr_xs,omega)
implicit none ! no implicit decaltaion of variables

! Defining ’input/output’ variables for this subroutine
integer, parameter :: dp=kind(0.d0)
integer, intent(in) :: g ! Number of energy groups
real(dp),intent(in) :: chi(g), totalxs(0:1,g), scattxs(0:1,g,g)
real(dp),intent(in) :: conv ! Convergence parameter
real(dp),intent(in) :: omega! Under-relaxation factor
real(dp),intent(out):: in_tr_xs(g) ! Actual in_tr_xs argument in

! the main program
! Defining local variables used by this subroutine
integer :: g1,g2,k1,k2,c! Control variables for loops
real(dp) :: b,i,j ! buckling, i and j -> control variables
real(dp) :: alpha1 ! Parameter needed for even-n flux update
real(dp) :: sum(0:1,g) ! Sum of scattxs(n,g’,g)*flux(n,g’)

! needed for even-n flux moments
real(dp) :: flux2(0:1,g), in_tr_xs2(g) ! Variables with index ’2’
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! store previous itertaion resluts.
!For convergence check 5).

! 1-a) Initializing buckling and control variables
b = 1e-10_dp
g1= 0
g2= 0
i = 0

! 1-b) Initializing group dependent variables
do g1 = 1, g

flux(0,g1) = chi(g1)
flux(1,g1) = 0.0_dp
flux2(0,g1) = flux(0,g1)
flux2(1,g1) = flux(1,g1)
in_tr_xs (g1) = totalxs(0,g1)

end do

! Starting the main loop
do k1 = 1, 100 ! Max. number of iterations

! arbitrarily chosen as 100
! 2) Updating even-n flux

do k2 = 1, 100 ! Max. number of iterations
! arbitrarily chosen as 100

i = 0
j = 0

do g1 = 1,g ! Loop over all energy groups
sum(0,g1) = 0.0_dp

do g2 = 1,g ! Update the sum of
! scattxs(n,g’,g)*flux(n,g’)

sum(0,g1) = sum(0,g1) + scattxs(0,g1,g2)*flux2(0,g2)
! Scattering from group g2 into group g1

end do
! Update alpha1 parameter

alpha1 = -(1.0_dp * 1.0_dp / 3.0_dp / in_tr_xs(g1) )

flux(0,g1) = (chi(g1) + sum(0,g1)) / (totalxs(0,g1) -alpha1*b)
i = i + flux2(0,g1) ! Sum over all old P0 flux moments
j = j + flux2(1,g1) ! Sum over all updated P0 flux moments

end do

flux2(0,:) = flux(0,:) ! Update the old P0 flux value

if (( abs(i-j)/i) < 0.001) then ! Check convergence,
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exit ! convergence test on the flux sum
end if

end do

! 3) Updating odd-n flux moments
do g1 = 1, g ! Loop over all energy groups

flux2(1,g1) = flux(1,g1) ! Update the old P1 flux value
! Update the P1 flux value
flux(1,g1) = - flux(0,g1) / ( 3 * in_tr_xs(g1) )

end do

! 4) Updating the transport XS based on updated flux moments
do g1 = 1, g ! Loop over all energy groups

in_tr_xs2(g1) = in_tr_xs(g1) ! Update the old transport xs values
sum(1,g1) = 0.0_dp
do g2 = 1, g ! Update the sum of scattxs(n,g’,g)*flux(n,g’)

sum(1,g1) = sum(1,g1) + scattxs(1,g1,g2)*flux(1,g2)
end do

! Update the transport cross section
in_tr_xs(g1) = totalxs(1,g1) - sum(1,g1) / flux(1,g1)
! Under-relaxation of the new tr. xs value
in_tr_xs(g1) = in_tr_xs(g1)*omega + (1.0_dp - omega)*in_tr_xs2(g1)

end do
! 5) Checking convergence for transport cross section and fluxes moments
c = 1
do g1 = 1,g ! Loop over all energy groups

if ((abs(in_tr_xs(g1)-in_tr_xs2(g1))/in_tr_xs(g1)) > conv ) then
c = 0

else if ( (abs(flux(1,g1) - flux2(1,g1))/flux(1,g1)) > conv) then
c = 0

else if ( (abs(flux(0,g1) - flux2(0,g1))/flux(0,g1)) > conv) then
c = 0

end if
end do
if (c == 1) then ! If all group xs and fluxes converge, break the loop

exit
end if

end do
END SUBROUTINE inflow_corr
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Appendix C

Serpent input file

It has been decided not to include the entire input file but rather the geometry
card exclusively. It might be of interest to other users who would like to work with
SVEA-96 Optima 3 geometry.
set title "SVEA-96 Optima 3"

% --- Geomtery
% --- Squares encompassing fuel box and domain
surf 999 sqc 0.0 0.0 7.7375
surf 998 sqc 0.0 0.0 7.01
surf 994 plane -1 1 0 -14.4375

cell 131 0 outside 999
cell 100 0 exby 998 -999 (-1007:1001) 994
cell 99 0 fill 120 -999 998 1007 -1001
cell 98 0 fill 121 -994 -999
cell 97 0 fill 101 -998
cell 119 120 exby 998 -999 998 1007 -1001

% --- Control Rod: CR82M
% --- CR is placed in the north-west corner of the assembly
% It’s divided into two parts (norh and west).
% --- North part
surf 5000 py 7.335
surf 5001 px -6.6375
surf 5002 px -6.2735
surf 5003 px -5.4285
surf 5004 px -4.5835
surf 5005 px -3.7385
surf 5006 px -2.8935
surf 5007 px -2.0485
surf 5008 px -1.2035
surf 5009 px -0.3585
surf 5010 px 0.4865
surf 5011 px 1.3315
surf 5012 px 2.1765
surf 5013 px 3.0215
surf 5014 px 3.8665
surf 5015 px 4.7115
surf 5016 px 5.5565
surf 5017 px 5.9435
surf 5018 cyl 5.5565 7.7375 0.4025
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surf 9993 plane 1 1 0 0 %fuel box diagonal

% --- Defining structural and absorbing material cells
cell 50100 111 SteelWaterMix 5000 -999 -5018 5016
cell 50101 111 SteelWaterMix 9993 -999 5000 -5001
cell 50102 111 SteelWaterMix 5000 -999 5001 -5002
cell 50103 111 fill 50001 5000 -999 5002 -5003 %CR 1
cell 50104 111 fill 50002 5000 -999 5003 -5004 %CR 2
cell 50105 111 fill 50003 5000 -999 5004 -5005 %CR 3
cell 50106 111 fill 50004 5000 -999 5005 -5006 %CR 4
cell 50107 111 fill 50005 5000 -999 5006 -5007 %CR 5
cell 50108 111 fill 50006 5000 -999 5007 -5008 %CR 6
cell 50109 111 fill 50007 5000 -999 5008 -5009 %CR 7
cell 50110 111 fill 50008 5000 -999 5009 -5010 %CR 8
cell 50111 111 fill 50009 5000 -999 5010 -5011 %CR 9
cell 50112 111 fill 50010 5000 -999 5011 -5012 %CR 10
cell 50113 111 fill 50011 5000 -999 5012 -5013 %CR 11
cell 50114 111 fill 50012 5000 -999 5013 -5014 %CR 12
cell 50115 111 fill 50013 5000 -999 5014 -5015 %CR 13
cell 50116 111 fill 50014 5000 -999 5015 -5016 %CR 13
cell 50118 111 exby -999 -1001 5016 5018
cell 50119 111 exby 9993 -5016 -5000 1005

pin 50001
B4C 0.3068
SteelWaterMix

pin 50002
B4C 0.3068
SteelWaterMix

pin 50003
B4C 0.3068
SteelWaterMix

pin 50004
B4C 0.3068
SteelWaterMix

pin 50005
B4C 0.3068
SteelWaterMix

pin 50006
B4C 0.3068
SteelWaterMix

pin 50007
B4C 0.3068
SteelWaterMix

pin 50008
B4C 0.3068
SteelWaterMix

pin 50009
B4C 0.3068
SteelWaterMix

pin 50010
B4C 0.3068
SteelWaterMix
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pin 50011
B4C 0.3068
SteelWaterMix

pin 50012
B4C 0.3068
SteelWaterMix

pin 50013
B4C 0.3068
SteelWaterMix

pin 50014
B4C 0.3068
SteelWaterMix

% --- Moving absorbing pins to the correct position
utrans 50001 -5.851 7.7375 0
utrans 50002 -5.006 7.7375 0
utrans 50003 -4.161 7.7375 0
utrans 50004 -3.316 7.7375 0
utrans 50005 -2.471 7.7375 0
utrans 50006 -1.626 7.7375 0
utrans 50007 -0.781 7.7375 0
utrans 50008 0.064 7.7375 0
utrans 50009 0.909 7.7375 0
utrans 50010 1.754 7.7375 0
utrans 50011 2.599 7.7375 0
utrans 50012 3.444 7.7375 0
utrans 50013 4.289 7.7375 0
utrans 50014 5.134 7.7375 0

%-- West Part
surf 5100 px -7.335 %Crth
surf 5101 py 6.6375 %CRcwh
surf 5102 py 6.2735
surf 5103 py 5.4285
surf 5104 py 4.5835
surf 5105 py 3.7385
surf 5106 py 2.8935
surf 5107 py 2.0485
surf 5108 py 1.2035
surf 5109 py 0.3585
surf 5110 py -0.4865
surf 5111 py -1.3315
surf 5112 py -2.1765
surf 5113 py -3.0215
surf 5114 py -3.8665
surf 5115 py -4.7115
surf 5116 py -5.5565
surf 5117 py -5.9435
surf 5118 cyl -7.7375 -5.5565 0.402
% --- Defining structural and absorbing material cells
cell 50200 111 SteelWaterMix -5100 -999 -5118 -5116
cell 50201 111 SteelWaterMix -9993 -999 -5100 5101
cell 50202 111 SteelWaterMix -5100 -999 -5101 5102
cell 50203 111 fill 50301 -5100 -999 -5102 5103 %CR 1
cell 50204 111 fill 50302 -5100 -999 -5103 5104 %CR 2
cell 50205 111 fill 50303 -5100 -999 -5104 5105 %CR 3
cell 50206 111 fill 50304 -5100 -999 -5105 5106 %CR 4
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cell 50207 111 fill 50305 -5100 -999 -5106 5107 %CR 5
cell 50208 111 fill 50306 -5100 -999 -5107 5108 %CR 6
cell 50209 111 fill 50307 -5100 -999 -5108 5109 %CR 7
cell 50210 111 fill 50308 -5100 -999 -5109 5110 %CR 8
cell 50211 111 fill 50309 -5100 -999 -5110 5111 %CR 9
cell 50212 111 fill 50310 -5100 -999 -5111 5112 %CR 10
cell 50213 111 fill 50311 -5100 -999 -5112 5113 %CR 11
cell 50214 111 fill 50312 -5100 -999 -5113 5114 %CR 12
cell 50215 111 fill 50313 -5100 -999 -5114 5115 %CR 13
cell 50216 111 fill 50314 -5100 -999 -5115 5116 %CR 13
cell 50217 111 exby -9993 5100 -1003 1007
cell 50218 111 exby -5100 -5116 1007 5118

pin 50301
B4C 0.3068
SteelWaterMix

pin 50302
B4C 0.3068
SteelWaterMix

pin 50303
B4C 0.3068
SteelWaterMix

pin 50304
B4C 0.3068
SteelWaterMix

pin 50305
B4C 0.3068
SteelWaterMix

pin 50306
B4C 0.3068
SteelWaterMix

pin 50307
B4C 0.3068
SteelWaterMix

pin 50308
B4C 0.3068
SteelWaterMix

pin 50309
B4C 0.3068
SteelWaterMix

pin 50310
B4C 0.3068
SteelWaterMix

pin 50311
B4C 0.3068
SteelWaterMix

pin 50312
B4C 0.3068
SteelWaterMix

pin 50313
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B4C 0.3068
SteelWaterMix

pin 50314
B4C 0.3068
SteelWaterMix

% --- Moving absorbing materials pins to correct position
utrans 50301 -7.7375 5.851 0
utrans 50302 -7.7375 5.006 0
utrans 50303 -7.7375 4.161 0
utrans 50304 -7.7375 3.316 0
utrans 50305 -7.7375 2.471 0
utrans 50306 -7.7375 1.626 0
utrans 50307 -7.7375 0.781 0
utrans 50308 -7.7375 -0.064 0
utrans 50309 -7.7375 -0.909 0
utrans 50310 -7.7375 -1.754 0
utrans 50311 -7.7375 -2.599 0
utrans 50312 -7.7375 -3.444 0
utrans 50313 -7.7375 -4.289 0
utrans 50314 -7.7375 -5.134 0

%-- TIP (in south-west corner of the fuel assembly)

pin 121
dtabso 0.3556
dtclad 0.4762
exby 0.6000
dtclad 0.7000
exby

utrans 121 7.7375 -7.7375 0

% --- Fuel box: water wings
% --- West Wing
% --- Support surfaces:
surf 3000 py 0.28
surf 3001 py -0.28
surf 9002 px 0.28
surf 9003 px -0.28
surf 9994 py 0.0
surf 9995 px 0.0

% --- Upper part surfaces
surf 3002 plane 1.506881 1 0 -2.947966
surf 3003 plane -0.414025 1 0 0.914984
surf 3004 plane -0.415384 1 0 1.004230
surf 3005 plane 5.333333 1 0 -11.786666
surf 3006 py 0.08
surf 3007 plane -3.076923 1 0 8.593846
surf 3008 plane 0.711743 1 0 -1.889395
surf 3009 plane 0.711743 1 0 -1.987900
surf 3010 plane -3.076923 1 0 9.658461
surf 3011 py 0.2
surf 3012 plane 3.076923 1 0 -18.181538
surf 3013 plane -0.711743 1 0 4.451957
surf 3014 plane -0.711743 1 0 4.550462
surf 3015 plane 3.076923 1 0 -19.246153
surf 3016 px -6.67
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% --- Upper part as one cell
cell 30010 101 box (-3002 -3004 3003 3005):(-3005 -3007 -3006 9994):

(3007 -3008 3009 -3010):(3010 -3000 3011 3012):
(-3012 3013 -3014 3015):(-3015 3016 -3006 9994)

% --- Lower part surfaces
surf 3102 plane -1.506888 1 0 2.947963
surf 3103 plane 0.414020 1 0 -0.914984
surf 3104 plane 0.415384 1 0 -1.004230
surf 3105 plane -5.333333 1 0 11.786666
surf 3106 py -0.08
surf 3107 plane 3.076923 1 0 -8.593846
surf 3108 plane -0.711743 1 0 1.889395
surf 3109 plane -0.711743 1 0 1.987900
surf 3110 plane 3.076923 1 0 -9.658461
surf 3111 py -0.2
surf 3112 plane -3.076923 1 0 18.181538
surf 3113 plane 0.711743 1 0 -4.451957
surf 3114 plane 0.711743 1 0 -4.550462
surf 3115 plane -3.076923 1 0 19.246153

% --- Lower part as one cell
cell 30110 101 box (3102 -3103 3104 -3105):(3106 -9994 3105 3107):

(-3107 3108 -3109 3110):(-3110 3001 -3111 -3112):
(3112 3114 -3113 -3115):(3115 3106 -9994 3016)

% --- East Wing
% --- Upper part planes
surf 3202 plane -1.50688 1 0 -2.947963
surf 3203 plane 0.41402 1 0 0.914984
surf 3204 plane 0.41538 1 0 1.004230
surf 3205 plane -5.33333 1 0 -11.786666

surf 3207 plane 3.07692 1 0 8.593846
surf 3208 plane -0.71174 1 0 -1.889395
surf 3209 plane -0.71174 1 0 -1.987900
surf 3210 plane 3.07692 1 0 9.658461

surf 3212 plane -3.07692 1 0 -18.181538
surf 3213 plane 0.71174 1 0 4.451957
surf 3214 plane 0.71174 1 0 4.550462
surf 3215 plane -3.07692 1 0 -19.246153
surf 3216 px 6.67

% --- East wing upper part cells
cell 30110 101 box (-3202 -3204 3203 3205):(-3205 -3006 9994 -3207):

(3207 -3208 3209 -3210):(-3000 3011 3210 3212):
(-3212 -3214 3213 3215):(-3215 -3216 9994 -3006)

% --- East wing lower part planes
surf 3302 plane 1.50688 1 0 2.94796
surf 3303 plane -0.41402 1 0 -0.91498
surf 3304 plane -0.41538 1 0 -1.00423
surf 3305 plane 5.33333 1 0 11.78666

surf 3307 plane -3.07692 1 0 -8.59384
surf 3308 plane 0.71145 1 0 1.88939
surf 3309 plane 0.71174 1 0 1.98790
surf 3310 plane -3.07692 0 -9.65846

surf 3312 plane 3.07692 1 0 18.18153
surf 3313 plane -0.71174 1 0 -4.45195
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surf 3314 plane -0.71174 1 0 -4.55046
surf 3315 plane 3.07692 1 0 19.24615

% --- Lower part as one cell
cell 30310 101 box (3302 3304 -3303 -3305):(3305 3106 -9994 3307):

(-3307 3308 -3309 3310):(3001 -3111 -3310 -3312):
(3312 3314 -3313 -3315):(3315 3106 -9994 -3216)

% --- North wing
% --- North wing left part cells
surf 3402 plane 1 1.50688 0 2.94796
surf 3403 plane 1 -0.41402 0 -0.91498
surf 3404 plane 1 -0.41538 0 -1.00423
surf 3405 plane 1 5.33333 0 11.78666
surf 3406 px -0.08
surf 3407 plane 1 -3.07692 0 -8.59384
surf 3408 plane 1 0.71174 0 1.88939
surf 3409 plane 1 0.71174 0 1.98790
surf 3410 plane 1 -3.07692 0 -9.65846
surf 3411 px -0.2
surf 3412 plane 1 3.07692 0 18.18153846
surf 3413 plane 1 -0.71174 0 -4.451957295
surf 3414 plane 1 -0.71174 0 -4.550462633
surf 3415 plane 1 3.07692 0 19.24615385
surf 3416 py 6.67

% --- North wing left part cells

cell 30410 101 box 3402 3404 -3403 -3405
cell 30411 101 box 3405 3406 -9995 3407
cell 30412 101 box -3407 3408 -3409 3410
cell 30413 101 box 9003 -3411 -3410 -3412
cell 30414 101 box 3412 -3415 3414 -3413
cell 30415 101 box 3415 3406 -9995 -3416

% --- North wing right part cells

surf 3502 plane 1 -1.50688 0 -2.94796
surf 3503 plane 1 0.41402 0 0.91498
surf 3504 plane 1 0.41538 0 1.00423
surf 3505 plane 1 -5.33333 0 -11.78666
surf 3506 px 0.08
surf 3505 plane 1 3.07692 0 8.593846
surf 3508 plane 1 -0.71174 0 -1.889395
surf 3509 plane 1 -0.71174 0 -1.987900
surf 3510 plane 1 3.07692 0 9.658461
surf 3511 px 0.2
surf 3512 plane 1 -3.07692 0 -18.18153
surf 3513 plane 1 0.71174 0 4.45195
surf 3514 plane 1 0.71174 0 4.55046
surf 3515 plane 1 -3.07692 0 -19.2461

% --- North wing right part cells

cell 30510 101 box -3502 -3504 3503 3505
cell 30511 101 box -3505 -3506 9995 -3507
cell 30512 101 box 3507 -3508 3509 -3510
cell 30513 101 box -9002 3511 3510 3512
cell 30514 101 box -3512 -3514 3513 3515
cell 30515 101 box -3515 -3506 9995 -3416

% --- South Wing
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% --- South wing left part planes

surf 3602 plane 1 -1.50688 0 2.94796
surf 3603 plane 1 0.41402 0 -0.91498
surf 3604 plane 1 0.41538 0 -1.00423
surf 3605 plane 1 -5.33333 0 11.78666

surf 3607 plane 1 3.07692 0 -8.59384
surf 3608 plane 1 -0.71174 0 1.88939
surf 3609 plane 1 -0.71174 0 1.98790
surf 3610 plane 1 3.07692 0 -9.65846

surf 3612 plane 1 -3.07692 0 18.18153
surf 3613 plane 1 0.71174 0 -4.45195
surf 3614 plane 1 0.71174 0 -4.55046
surf 3615 plane 1 -3.07692 0 19.24615
surf 3616 py -6.67

% --- South wing left part cells

cell 30610 101 box 3602 3604 -3603 -3605
cell 30611 101 box 3605 3406 -9995 3607
cell 30612 101 box -3607 3608 -3609 3610
cell 30613 101 box 9003 -3411 -3610 -3612
cell 30614 101 box 3612 3614 -3613 -3615
cell 30615 101 box 3615 3406 -9995 3616

% --- South wing right part planes

surf 3702 plane 1 1.50688 0 -2.94796
surf 3703 plane 1 -0.41402 0 0.91498
surf 3704 plane 1 -0.41538 0 1.00423
surf 3705 plane 1 5.33333 0 -11.78666

surf 3707 plane 1 -3.07692 0 8.59384
surf 3708 plane 1 0.71174 0 -1.88939
surf 3709 plane 1 0.71174 0 -1.98790
surf 3710 plane 1 -3.07692 0 9.65846

surf 3712 plane 1 3.07692 0 -18.18153
surf 3713 plane 1 -0.71174 0 4.45195
surf 3714 plane 1 -0.71174 0 4.55046
surf 3715 plane 1 3.076923 0 -19.24615

% --- South wing right part cells

cell 30710 101 box -3702 -3704 3703 3705
cell 30711 101 box -3705 -3506 9995 -3707
cell 30712 101 box 3707 -3708 3709 -3710
cell 30713 101 box -9002 3511 3710 3712
cell 30714 101 box -3712 -3714 3713 3715
cell 30715 101 box -3715 -3506 9995 3616

% --- Dimples
% --- WEST DIMPLE
% --- West Dimple Planes
surf 4010 plane -0.076571 1 0 0.594560
surf 4011 plane 6.486666 1 0 -43.510400
surf 4012 plane 6.491466 1 0 -44.462181
surf 4013 plane -0.071428 1 0 1.543714
surf 4014 px -6.72
surf 4015 px -6.86
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surf 4110 plane 0.076571 1 0 -0.5945600
surf 4111 plane -6.486666 1 0 43.5104000
surf 4112 plane -6.491466 1 0 44.4621813
surf 4113 plane 0.071428 1 0 -1.5437142

% --- West Dimple Cells
cell 31110 101 box -4014 4015 4110 -4010
cell 31111 101 box 4010 -4011 4012 -4013
cell 31112 101 box -4110 4113 -4112 4111

% --- East Dimple Planes
surf 4210 plane 0.076571 1 0 0.594560
surf 4211 plane -6.486666 1 0 -43.510400
surf 4212 plane -6.491466 1 0 -44.462181
surf 4213 plane 0.071428 1 0 1.543714
surf 4214 px 6.72
surf 4215 px 6.86
surf 4310 plane -0.076571 1 0 -0.5945600
surf 4311 plane 6.486666 1 0 43.5104000
surf 4312 plane 6.491466 1 0 44.4621813
surf 4313 plane -0.071428 1 0 -1.5437142

% --- East Dimple Cells
cell 31210 101 box 4214 -4215 4310 -4210
cell 31211 101 box 4210 -4211 4212 -4213
cell 31212 101 box -4310 4313 -4312 4311

% --- North Dimple Planes
surf 4410 plane 1 -0.076571 0 -0.594560
surf 4411 plane 1 6.486666 0 43.510400
surf 4412 plane 1 6.491466 0 44.462181
surf 4413 plane 1 -0.071428 0 -1.543714
surf 4414 py 6.72
surf 4415 py 6.86
surf 4510 plane 1 0.076571 0 0.594560
surf 4511 plane 1 -6.486666 0 -43.510400
surf 4512 plane 1 -6.491466 0 -44.462181
surf 4513 plane 1 0.071424 0 1.543714

% --- North Dimple Cells
cell 31310 101 box 4414 -4415 -4510 4410
cell 31311 101 box -4410 4411 -4412 4413
cell 31312 101 box 4510 -4513 4512 -4511

% --- South Dimple Planes
surf 4610 plane 1 0.076571 0 -0.594560
surf 4611 plane 1 -6.486666 0 43.510400
surf 4612 plane 1 -6.491466 0 44.462181
surf 4613 plane 1 0.071428 0 -1.543714
surf 4614 py -6.72
surf 4615 py -6.86
surf 4710 plane 1 -0.076571 0 0.59456
surf 4711 plane 1 6.486666 0 -43.51040
surf 4712 plane 1 6.491466 0 -44.46218
surf 4713 plane 1 -0.071428 0 1.54371

% --- South Dimple Cells
cell 31410 101 box -4614 4615 -4710 4610
cell 31411 101 box -4610 4611 -4612 4613
cell 31412 101 box 4710 -4713 4712 -4711

% --- Flow box (remaining parts)
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% --- East Wall
surf 1000 px 6.87
surf 1001 px 7.01

% --- West Wall
surf 1002 px -6.87
surf 1003 px -7.01

% --- North Wall
surf 1004 py 6.87
surf 1005 py 7.01

% --- South Wall
surf 1006 py -6.87
surf 1007 py -7.01

% --- Box Corners surfaces
% Needed for corners of the box walls.
% Each corner is enclosed within 4 surfaces:
% -a plane perpendicular to x dimension @
% (half width of the inner box) - (inner curvature radius)
% -a plane perpendiculat to y dimension @
% (half width of the inner box) - (inner curvature radius)
% -a circle with origin at plane’s intersation and radius =
% box curvature inner radius
% -a circle with origin at plane’s intersation and radius =
% (box curvature inner radius + wall thickness)

% --- NW corner
surf 1010 px -5.97
surf 1011 py 5.97

surf 1012 cyl -5.97 5.97 0.9
surf 1013 cyl -5.97 5.97 1.04

% --- NE corner
surf 1014 px 5.97
surf 1016 cyl 5.97 5.97 0.9
surf 1017 cyl 5.97 5.97 1.04

% --- SW corner
surf 1019 py -5.97
surf 1020 cyl -5.97 -5.97 0.9
surf 1021 cyl -5.97 -5.97 1.04

% --- SE corner
surf 1024 cyl 5.97 -5.97 0.9
surf 1025 cyl 5.97 -5.97 1.04

% --- Box Cells

cell 10000 101 box -1011 -1002 1003 4013 % West Wall Upper
cell 10002 101 box -4113 -1002 1003 1019 % West Wall Lower
cell 10003 101 box -1013 1012 -1010 1011 % NW corner

cell 10004 101 box -1005 1004 1010 -4413 % North Wall Left
cell 10005 101 box -1005 1004 -1014 4513 % North Wall Rigt
cell 10006 101 box 1014 1011 1016 -1017 % NE corner

cell 10007 101 box -1011 4213 1000 -1001 % East Wall Upper
cell 10008 101 box -4313 1019 1000 -1001 % East Wall Lower
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cell 10009 101 box 1024 -1025 -1019 1014 % SE corner

cell 10010 101 box -1006 1007 -1014 4713 % South Wall Left
cell 10011 101 box -1006 1007 1010 -4613 % South Wall Right
cell 10012 101 box -1010 -1019 1020 -1021 % SW corner

% --- NE water cross canal wall
surf 2000 plane 1.0 1.0 0 2.093036
surf 2001 plane 1.0 1.0 0 2.206173
% --- SW water cross canal wall
surf 2002 plane 1.0 1.0 0 -2.09303
surf 2003 plane 1.0 1.0 0 -2.20617

% --- SE water cross canal wall
surf 2004 plane -1.0 1.0 0 -2.09303
surf 2005 plane -1.0 1.0 0 -2.20617

% --- NW water cross canal wall
surf 2006 plane -1.0 1.0 0 2.093036
surf 2007 plane -1.0 1.0 0 2.206173

% --- Central water canal cells

cell 20000 101 box -3402 3002 -2007 2006 % NW wall
cell 20001 101 box 3502 3202 -2001 2000 % NE wall
cell 20002 101 box 3702 -3302 -2004 2005 % SE wall
cell 20003 101 box -3602 -3102 2003 -2002 % SW wall

% --- Cells containing moderator
% --- Internal bypass
% --- Central water canal region
cell 20100 101 inby (-2006 -2000 2002 2004):(3403 -3503 3603 -3703):

(-3203 3303 -3003 3103)
% --- Water wings bypass
cell 20101 101 inby (-3009 -3011 -3013 3109 3111 3113)
cell 20102 101 inby (-3209 -3011 -3213 3309 3111 3313)
cell 20103 101 inby (3409 3411 3413 -3509 -3511 -3513)
cell 20104 101 inby (3609 3411 3613 -3709 -3511 -3713)

% --- Active coolant

cell 20105 101 cool (1101 1102 1103 1104 1105 1111 1112 1113 1114 1115
1121 1122 1123 1124 1125 1131 1132 1133 1134 1135
1141 1142 1143 1144)

((-1010 1011 -1012):(1011 -4411 -1004 1010 -9003):
(-9003 3000 2007 4011 -1011 1002 ):
(-3000 3006 3008 3004 -3002):(3002 2007 -3000):
(-3000 3006 3014 4011):
(9003 -3406 -3404 -3408 3402):(-3402 2007 9003):
(9003 -3406 -3414 -4411))

cell 20106 101 cool -3016 -3006 3106 4014
cell 20107 101 cool -4414 3416 3406 -3506

cell 20108 101 cool (1106 1107 1108 1109 1110 1116 1117 1118 1119 1120
1126 1127 1128 1129 1130 1136 1137 1138 1139 1140
1145 1146 1147 1148)

((1011 1014 -1016):(1011 -1004 -1014 4511 9002):
(-1000 -1011 4211 3000 2001 9002):
(-9002 3506 3508 3504 -3502):(3502 -9002 2001):
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APPENDIX C. SERPENT INPUT FILE

(-9002 3506 3514 4511):(3202 -3000 2001):
(-3000 3006 3204 -3202 3208):(-3000 3006 3214 4211))

cell 20109 101 cool -4214 -3006 3106 3216
cell 20111 101 cool (1149 1150 1151 1152 1157 1158 1159 1160 1161

1167 1168 1169 1170 1171 1177 1178 1179 1180
1181 1187 1188 1189 1190 1191)

((-1019 -1010 -1020):(-1019 1006 -4611 1010 -9003):
(-9003 1002 1019 -3001 -4111 -2003):
(-3106 3001 -3104 -3108 3102):(-3102 3001 -2003):
(-3602 9003 -2003):(-3106 3001 -3114 -4111):
(3602 -3604 -3406 9003 -3608):
(-3406 9003 -3614 -4611))

cell 20112 101 cool 4614 -3616 3406 -3506

cell 20113 101 cool (1196 1195 1194 1193 1192 1186 1185 1184 1183
1182 1176 1175 1174 1173 1172 1166 1165 1164
1163 1162 1156 1155 1154 1153)

((-1024 -1019 1014):(-1019 1006 4711 9002 -1014):
(9002 1019 -1000 -3001 -2005 -4311):
(4711 3506 -9002 3714):(3506 -9002 3708 3704 -3702):
(3702 -9002 -2005):(-2005 3001 -3302):
(3302 -3106 3001 -3308 -3304):
(-3106 3001 -3314 -4311))

% --- External bypass

cell 20114 101 exby (1011 -1010 -1005 1003 1013) %around NW corner
cell 20115 101 exby (1014 1011 1017 -1005 -1001) %around SW corner
cell 20116 101 exby (-1019 1014 1007 -1001 1025) %around NE corner
cell 20117 101 exby (1021 -1019 -1010 1007 1003) %around SE corner

cell 20118 101 exby (4412 4415 -4512 -1005) %around N dimple
cell 20119 101 exby (-4615 4612 -4712 1007) %around S dimple
cell 20120 101 exby (-4015 -4012 4112 1003) %around W dimple
cell 20121 101 exby (4215 -4212 4312 -1001) %around E dimple
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