
Abstract

The generation of vibration caused by rough surfaces in rolling or

sliding contact is studied theoretically and experimentally.

The coupling between normal contact vibration and friction force

in a sliding contact is studied theoretically and numerically, account-

ing for a non-linear Hertzian contact. An exact numerical solution is

derived that provides updated values for the mean vibratory separa-

tion and mean friction force of two bodies in sliding contact.

The case of two bodies in rolling contact is studied theoretically,

starting from a general non-linear relation between contact force and

contact deformation. A general linear contact-interaction model is de-

rived, and it is shown that existing linear contact models are obtained

as special cases of this model. This provides for new possibilities in

efficiently estimating the dynamic response caused by the rolling con-

tact of rough surfaces.

A numerical contact-computation program is employed, to com-

pute the parameters of the contact-interaction model, that accounts

for the detailed surface topography within the contact region. A

method for using estimated parameters from small representative sur-

face topography samples to predict the non-stationary dynamic re-

sponse caused by the rolling contact of lengthy contact-interaction

paths is proposed. This task is accomplished by applying a Monte-

Carlo procedure.

A test-rig is built where a steel ball is allowed to roll over a steel

beam having a machined surface. The rig is intentionally built for in-

vestigating the resulting dynamic response caused by contacting rough

surfaces. The developed model is applied to the beam-ball dynamic

system and validated by comparing predicted and measured dynamic

response levels of the beam. This clearly indicates that the measured

dynamic response is caused by the surface micro-topography, which

verifies the future applicability of the test-rig.

An extended experimental parametric study is carried out that in-

vestigates the variation of dynamic response created by changing sur-

face topography amplitude and rolling velocity. This study is carried

out by comparing measured changes of response levels with antici-

pated changes, which attributes the source of dynamic excitation to

the measured surface profile spectra. The results further strengthen

the applicability of the test rig as well as indicate the limitations of

using linear theory.
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Chapter 1

Introduction

1.1 General background and outline of thesis

Noise control is becoming increasingly more important in modern society,
putting high demands on the engineers and researchers who work within
this field. Usually the field of noise control is considered to consist of three
parts, control of the source of noise, the transmission of vibration and noise
and, finally, noise control at the receiver. This thesis deals with one of the
possible sources of noise, that is the noise generated owing to the contact
of real – rough – surfaces. Most people have experienced noise from this
type of source, being disturbed by the noise caused by, for example, a train
passing by. In this case, an important source of noise is the contact of railway
and train wheel surfaces. As a matter of fact, vehicles of different kinds are
responsible for a substantial part of the everyday noise in modern society.
Other examples are different kinds of geared transmissions. The role of the
gearbox, for instance in a truck, is to transmit the power generated by the
engine to the drive unit. An unwanted effect is the generation of vibration
and noise. This is often attributed to the global design of the gear teeth. It
has also been shown that the surface micro-geometry of gear teeth may have
a substantial influence on noise generated in gearboxes.

This thesis comprises four papers that discuss the generation of dynamic
response that is due to the contact between rough surfaces. This topic is
studied theoretically as well as experimentally, verifying the developed the-
ory. In the first paper - Paper A - the effect of the Hertzian contact non-
linearity on the mean vibratory separation of two bodies in sliding contact is
studied theoretically and numerically. In Paper B, a general linear contact-
interaction model is derived, and it is shown that other established dynamic
excitation model are obtained as special cases of this model. The developed
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theory is applied to a beam-ball system in Paper C, and a test-rig is built
that provides the possibility of experimentally verifying the theory. The ex-
perimental results verify the accuracy of the computations. In Paper D, a
parametric experimental study is carried out, investigating the limitations of
the developed theory.

In addition to the appended papers, preliminary results from an ongoing
study concerning the generation of gear noise are discussed in Chapter 4.
Concluding remarks and suggestions for further research are given in Chap-
ter 5.

1.2 Surface roughness

The intended design of a surface will, in some respects, deviate from the real
surface. This is a consequence of the surface machining process. Rather than
specifying the exact appearance of the surface, the designer will specify the
desired tolerance of the final machined surface.

The global shape of a surface is denoted as its form. Form errors are
the long wavelength deviations of the real surface from its intended form.
This type of error may result as a consequence of the inaccurate alignment
of a workpiece during manufacturing. Fine (short wavelength) irregularities
of a surface produce the surface roughness. These type of irregularities are
generally a consequence of the particular production process. The waviness
is a surface irregularity intermediate in wavelength between form error and
surfaces roughness, and it may be a consequence of the workpiece vibrating
during the manufacturing process. The distinction between different kinds
of surface errors may not always be clear. This thesis deals with rough
surfaces. Long wavelength surface roughness irregularities might, however,
also be denoted as wavy surfaces.

A standard method of quantifying surface roughness is to use a profilome-
ter, with a thin stylus that has a small radius, typically a few microns. A
small load is applied to the stylus, which is moved over the surface registering
the surface height along a straight profile of length L. The average roughness
Ra is defined as [1]

Ra =
1

L

∫ L

0

|z| dx,

where z is the height of the surface profile, relative to its mean height. An-
other parameter is the Root Mean Square (RMS) roughness Rq, which is
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defined as [1]

Rq =

√

1

L

∫ L

0

z2 dx,

where z is the height of the surface profile, relative to its mean height.
The resulting roughness of a surface is dependent on the specific surface

machining process. Typically, it is possible to obtain an average surface
roughness Ra of 0.1 µm to a couple of micrometers by grinding the surface.
Grinding, however, comprises an extensive family of different techniques,
depending on the specific application, In many cases, the final surface is a
result of different processes. Gear finishing is an important application. The
requirements on the final gear place high demands on the manufacturing
process. For a summary of the different available surface machining processes
involved in gear finishing see e.g. Amini [2].
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Chapter 2

Dynamic response caused by

contact between rough surfaces

The work of Hertz [3,4] on contact mechanics is a cornerstone of mechanical
engineering [5]. Hertz developed closed-form solutions for non-conforming
elastic contacts between smooth surfaces. All real surfaces, however, are
rough. Thus, the assumption of smooth surfaces is quite crude. But it has
been shown that Hertzian theory gives a good approximation if the surface
roughness amplitude is small compared to the global approach of two bodies
in rolling contact [6]. The case of two bodies in contact with surface roughness
wavelengths much longer than the dimension of the contact area can be solved
by assuming that the surfaces are locally smooth within the contact region if
the surface roughness amplitude is not too big. For shorter surface roughness
wavelengths, however, the Hertzian approximation has to be corrected, for
instance by applying a low-pass filter on the measured surface topography.
This accounts for the filtering of surface topography within the region of
contact. Nowadays, modern computers and numerical methods provide the
possibility of detailed studies of the contact-interaction mechanisms as well
as of the analysis of the generated noise and vibration.

In the two following sections, a brief summary of some of the research
that has been carried out during the last 30 years is given. The references
given also serve as a background to Chapter 3, where the results of this thesis
are summarised. The specific case of surface microgeometry and its relation
to gear noise is treated in Section 2.3.
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2.1 Theoretical models

A lot of research [7–13] was carried out during the 1970s on how to model
the vibration caused by rolling contact of rough surfaces. Remington [14,15]
(1987) presented and validated a comprehensive model for the prediction
of the noise caused by a railway wheel rolling on a track, verifying that
small-scale roughness on the running surfaces is a major contributor. The
contact-interaction model includes local contact stiffness and spatial filter-
ing of the surface roughness owing to the finite size of the contact area.
Thompson [16,17] (1993) generalises this interaction model by also including
cross-receptances, coupling the response in different directions at the contact.
Thus, in addition to the relative displacement owing to the surface roughness
normal to the contacting surfaces, similar inputs in other directions may be
included. Remington and Webb [18] (1996) examines two calculation proce-
dures for estimating the blocked-contact force spectrum caused by roughness
in a rail/wheel contact. This is the contact force obtained when restricting
the relative movement of wheel and rail. By combining the blocked-contact
force with a linearised contact stiffness and the wheel and rail impedances,
the true interaction force spectrum is estimated.

Evidently, the source of excitation caused by rough surfaces can be mod-
elled and obtained by different procedures. However, the physical mechanism
is the same, indicating that the specific way of accomplishing this task is
problem dependent. By deriving and formulating a more general model the
relationship between the relative displacement model and the blocked force
model can be better understood. It is reasonable to expect that some prob-
lems are more suitably modelled by either one of these models. For other
problems it may be that both the blocked force and the relative displace-
ment model works equally well. In this thesis, this subject is investigated,
providing some of the answers to the above questions.

In addition to rolling contact, there is the case of sliding contact. This
results in excitation normal to the contacting surfaces. In some applications,
for example gear meshing, the contact interaction comprises both rolling and
sliding contact. The coupling between between normal contact vibration,
caused by surface roughness excitation, and friction force has been studied
by Hess et. al. [19, 20]. It is shown that the the non-linear relation between
contact deformation and resulting contact force results in an increase in the
mean vibratory separation of the contacting bodies, thereby reducing the
mean friction force.
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2.2 Experimental Studies

Ever since surface roughness was recognised as a potential source of dynamic
excitation, causing noise and vibration, there has been a strong interest in
modelling this. Accompanying theoretical modelling, considerable effort has
been spent on experimental validation. A classic approach is to study the dy-
namic response of two discs in rolling and/or sliding contact [7,8,21]. A moti-
vation for this specific type of measurement setup originated from recognising
the resonance associated with contact deformation as being an important fac-
tor. The advantage of the setup is the possibility of isolating the vibrations
of the discs from other sources of vibration in the vicinity of the contact
resonance. Fischer [22] approached the problem of surface roughness excita-
tion by studying the dynamic response of a glass plate when a steel ball was
rolled over it. By changing the roughness of the glass plate and/or the speed
and size of the ball, conclusions regarding the excitation process were drawn.
An important application is the noise generated owing to a wheel/rail con-
tact. An early experimental validation of this was made by Remington [13].
This investigation was carried out by measuring the noise produced by the
interaction of the steel wheels of a small personalised rapid transit vehicle
with the rails of a test track. Later [15], a similar investigation using a
full-scaled transit car on a test track was undertaken. Lately, Thompson et.
al. [23] have carried out experimental investigations on full-scale passenger
and freight wagon sets, investigating the sound radiation during pass-by of
the train. This work was done as a part of validating the TWINS program1

where wheel and rail surface roughness spectra provide the excitation. The
rail/wheel contact-interaction problem was also the motivation for a test-rig
constructed by Feldmann [24]. The experimental setup consisted of a hollow
steel cylinder that rolls on two steel beams. Feldmann used the experimen-
tal outcome to verify theoretical results, using a model that converted the
surface roughness topography to an equivalent force-impulse. Thompson,
however, argued that this model is unrealistic, violating Newton’s third law,
see Thompson’s reply [25] to Feldmann’s letter [26]. Thompson also com-
mented that the contact load provided by Feldmann’s experimental set-up is
low, considerably increasing the likelihood of loss of contact, explaining the
results obtained by Feldmann [24]. In this thesis experimental results are
presented in Paper C [27], using a test-rig providing an ever lower contact
load. The results are compared with a prediction of the response, using a
linear model that comply with Newton’s third law. The possibility of loss of
contact is discussed in Paper D [28].

1TWINS ”Track-Wheel Interaction Noise Software”

7



2.3 An application: The influence of surface

microgeometry on gear noise

It is well known that geared transmissions act as an important source of noise
and vibration. The major contribution to noise emitted from gears is often
attributed to the transmission error [29], which is defined as the difference
between the position that the output shaft of a gear drive would have if the
gearbox was perfect, without errors, and the actual position of the output
shaft [30]. This source of excitation is related to the macrogeometry of the
gear teeth, as well as the elastic deformation during a meshing period.

As far as microgeometry is concerned, that is, the surface roughness, a
great deal of research has not been undertaken. The few studies that have
been published, however, indicate that the effect of surface roughness ought
not be neglected; e.g. [21, 31, 32]. For example, in an experimental study
by Masuda et al. [31], it was shown that different surface finishing methods
may result in noise-level differences of approximately 5 dB(A). Amini [33]
presented experimental results concerning the influence of surface finishing
methods on subsequent noise levels, considering the micro-waviness of the
surface topography (undulations) owing to the surface finishing process; e.g.
grinding. Three gears with the same macro-geometry – i.e. gear tooth shape
– but with different micro-geometries were manufactured. This was accom-
plished by first grinding all surfaces of the three gears under equal circum-
stances. The amplitude levels of the undulations were then reduced on two of
the gears to a fraction of 0.32 and 0.40 relative to the level of the third gear.
This was realised by using a honing machine. The same pinion, with its sur-
face finished by green-shaving, was used for all the tests. The gear/pinion pair
of interest was placed in a gearbox that also contained another gear/pinion
pair, with a different tooth-meshing frequency. Sound pressure levels cor-
responding to the first and second harmonics of the gear-mesh frequency
were presented for three different loads and running speeds varying between
500 and 3,000 rev/min (revolutions per minute). The results indicated that
there was no significant change in the harmonic amplitude level of the gear-
meshing frequency with respect to the undulation amplitude of the surface
profile. However, the harmonic corresponding to twice the gear-meshing fre-
quency decreased consistently with the decreasing undulation amplitude of
the surface profile. Thus, a conclusion from the work of Amini [33] is that sur-
face undulations have a negligible influence on the harmonic corresponding
to the gear-meshing frequency, but may influence higher orders. Moreover, it
has previously experimentally been shown [34] that surface period waviness
creates ”Ghost Noise”.
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Chapter 3

Summary of appended papers

and main results

3.1 Paper A

A theoretical model for the generation of vibration and friction forces that
are due to sliding contact between rough surfaces is investigated. Numerical
methods for treating this problem were developed by Hess et. al [19, 20],
approximately accounting for the non-linear Hertzian contact. It was shown
that the Hertzian non-linearity results in an increased mean vibratory sepa-
ration of the two contacting bodies, thereby a decreased mean frictional force.
In Paper A [35] it is shown that it is possible to obtain an exact solution to
this problem, providing updated numerical values for the resulting statistical
moments of the mean vibratory separation. Furthermore, by assuming an
external dynamic force to be uncorrelated with the surface roughness exci-
tation, it is possible to study the combined effect of these sources.

3.2 Paper B

The rolling contact of rough surfaces is studied theoretically, considering the
non-stationary contact-interaction of two structures with rough surfaces in
rolling contact. A general linear contact-interaction model is derived. It is
shown that the relative-displacement model [14, 15] and the blocked-force
model [18] are special cases of the derived model. The specific model ob-
tained is dependent on the choice of linearisation of the original non-linear
relation between deformation and contact force. The relation between the
derived model and the relative-displacement and the blocked-force models
is discussed, and it is shown that the models, to a first order approxima-
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tion, are equivalent if the non-linearity is not too severe. This provides for
new possibilities of efficiently computing the dynamic response caused by the
rolling contact of rough surfaces. A computation of the relative-displacement
excitation term requires a numerical simulation of the displacements of the
interacting bodies for a constant contact-interaction force. In practise, for
each relative position of the two bodies - along the contact-interaction path
- an inverse problem has to be solved. Given a specified contact-interaction
force, the resulting displacement of the two bodies must be computed. This
is carried out by successively moving the two bodies closer or farther apart
until the contact-interaction force is equal to the specified force. The search
for the correct contact-interaction force should be systemised, for instance,
by utilising a Newton-Raphson’s method [36]. A consequence of the de-
rived model [37] is that less effort has to be spent on carefully comput-
ing the relative-displacement excitation term, since the computed contact-
interaction force is allowed to deviate somewhat from the specified static
force. As a result, the computation results in two quantities; first of all, the
relative-displacement excitation term dc(t). This term is equal to the vary-
ing distance between the contacting bodies. The second term is the varying
contact-interaction force F0(t, dc(t)) that is obtained when computing the
relative-displacement term. This term is denoted the blocked force with re-
spect to the relative displacement. In addition, the contact stiffness k0 has
to be estimated. In Paper B [37] it is shown that the relative-displacement
term can be replaced by the sum of F0(t, dc(t)) and k0 · dc(t).

3.3 Paper C

The dynamic response caused by the rolling contact of rough surfaces is stud-
ied experimentally and numerically, considering the non-stationary contact
interaction of a steel ball and a steel beam with rough surfaces. This is car-
ried out by building a test rig whereby a steel ball is allowed to roll over a
steel beam having a machined surface. The test rig is shown schematically
in Figure 3.1. The dynamic response of the unconstrained part of the beam,
between the two clamping pairs, is measured as the ball is allowed to roll over
the beam. The previously developed theoretical model [37] for predicting dy-
namic response caused by the rolling contact of rough surface is applied to
this problem, and validated by comparing predicted and measured accelera-
tion levels. A comparison between predicted and computed response levels
(acceleration power spectral density) is shown in Figure 3.2. The agreement
between predicted and measured dynamic response is satisfactory, indicating
the validity of the linear contact-interaction model.
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Figure 3.1: Schematic illustration of measurement test rig.
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Figure 3.2: Computed (dotted line) and measured (solid line) acceleration
PSD level (dB re. 1 m/s2) for a rolling velocity of 1 m/s. Result from [27].

3.4 Paper D

A parametric experimental study is undertaken, investigating the dynamic
response that is due to the rolling contact of surfaces with different surface
roughness amplitudes. The study is carried out on the previously devel-
oped test rig [27], assessing the limitations and possibilities of using this
test rig for future studies. The different possibilities of modelling the dy-
namic excitation owing to rough surfaces in a rolling contact is discussed

11



in Paper B [37]. An alternative to the computation procedure undertaken
in Paper C [27] is to directly measure the relative-displacement excitation
term. This is undertaken by utilising a Rank Taylor Hobson stylus1 pro-
filometer, measuring the surface profile height along straight lines. The use
of a profilometer is a wide-spread and well-established technique for mea-
suring surface roughness, and it provides the possibility of carrying out an
easy comparison between different surfaces, measured at different laborato-
ries. The validity of using the corresponding surface profile power spectra
– as the source of dynamic excitation caused by surface roughness – is ex-
amined by analysing measured differences in acceleration level as the result
of different surface roughness spectra. The possibilities and limitations of
using these as a relative-displacement excitation source are also examined.
It is shown that there is a satisfying correspondence between the change in
the surface profile spectra and the change in the measured acceleration level
if the surfaces are not too rough. The effect of increasing the rolling veloc-
ity is also investigated. It is anticipated that the predicted increase of the
change in the acceleration level when using surface profile spectra will result
in an underestimation of the actual measured increase because of the effect
of contact filtering. This is confirmed by measurements. However, the mea-
surements also indicate that there are additional effects, for low frequencies,
that are not accounted for by the linear prediction model. In this frequency
interval, the measured increase in the acceleration level cannot be attributed
to surface profile spectra, with or without the inclusion of a contact filter.
The dynamic behaviour of the beam-ball system for low frequencies merits
further research. The modelling of the dynamic response in Papers C and
D [27,28] is made under the assumption of a continuous rolling contact. This
assumption should be investigated more closely.

1Form Talysurf Mk 1 with a needle radius 2 µm
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Chapter 4

An investigation of the

dynamic response in geared

transmissions

The purpose of this chapter is to report some results from an ongoing project
concerning the generation of noise and vibration in gearboxes, as well as giv-
ing a brief background to gear dynamics. The main interest of this author is
to assess the possible influence of surface microgeometry on radiated noise,
and apply the results presented in the Papers appended to this thesis. This
project is ongoing, and only a minor portion of some preliminary experimen-
tal results are presented here.

The experimental part of the work is carried out at Volvo CE in Eskil-
stuna, using a test rig designed and constructed by Mats Åkerblom, Volvo
Construction Equipment / Department of Machine Design, KTH. The au-
thor of this thesis has with Mr. Åkerblom been involved in planning and
carrying out the dynamic and acoustic measurements. The test rig provides
the possibility of studying the dynamic response of different gear-pinion pairs
under controlled conditions.

A brief background to the influence of surface microgeometry on gear
noise was given in Section 2.3. It is well-established that an important pa-
rameter for gear noise and dynamic response relates to global gear-tooth
geometry and stiffness. A general background to the dynamic modelling of
geared transmissions is therefore presented in Section 4.1. A few results of
the ongoing research project are presented in Section 4.2.
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4.1 A background to modelling the dynamic

response in geared transmissions

The main topic of this thesis is dynamic response caused by the contact
between rough surfaces. For geared transmissions, however, it is well estab-
lished that global gear-tooth geometry and stiffness is of importance for the
dynamic response during operation. In order to assess for which cases surface
topography may be of importance, a good understanding of the global dy-
namic behaviour is essential. The material presented in this section serves as
a general background to dynamical modelling, and may be used as a starting
point for future research.

The mathematical models presented in the literature, for analysing and
simulating the dynamic response of gears, vary in complexity; from very
simple linear SDOF(single degree of freedom) models to models involving
non-linear multi-dimensional contact elements and compliant gear bodies. It
may be noted, however, that even though some models are inherently quite
complex, many simplifications are often made in order to obtain tractable
solutions. A short summary is made below of a few papers that illustrate
several interesting features of the modelling strategies of today. For earlier
references, the reader is advised to study the extensive review by Oezgueven
et al. [38] (1988), in which a general classification of the mathematical models
used in gear dynamics was made, including references to 188 publications.

An example of a simple dynamic model of a pair of spur gears is the single
degree of freedom (SDOF) model by Amabili & Rivola [39]. In this model,
deformation is allowed only at the tooth contact. Such a model might be valid
when the gear-pinion pair is mounted on stiff bearings, and when the gear
shafts have a high torsional compliance in comparison with the contact. The
transmission error is expressed as a varying linear displacement along the line
of action. Thus, for this model a scalar transmission error function is required
to be known in advance. Another feature is that both the stiffness and
the damping vary during a mesh period. The stationary dynamic response
of this system is obtained by applying an iterative spectral method, using
Floquet theory. In principle, this works by expanding the varying material
parameters, the excitation and the solution in harmonic components. The
unknown harmonic component amplitudes of the solution are then obtained
by iteration.

In many cases, the above-mentioned model type is not sufficient. Velex &
Maatar [40] (1996) presented a lumped parameters model for a single-stage
geared system, including a time-dependent non-linear mesh stiffness, mount-
ing errors, flank modifications, profile and load errors. Each gear blank
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is modelled as a rigid body with six degrees of freedom, and the effect of
gear shafts and bearings are accounted for by linear stiffness elements. The
contact is accounted for by dividing the tooth surfaces in independent ele-
mentary cells of equal stiffness, and the number of cells in contact have to be
determined at each instant of time. Unlike many other models, the dynamic
mesh stiffness and the transmission error are the outcome of the numerical
dynamic simulation instead of being determined by a prior static analysis.
The response computation was performed by combining a time-step integra-
tion scheme with a contact algorithm, determining the instantaneous contact
length in each time-step.

A similar complex model, also including multi-stage geared systems, was
presented by Raclot & Velex [41] (1999). In this model, each pinion or gear
is assimilated to a rigid cylinder with six degrees of freedom, and the con-
tact deformation is assimilated to a Winckler type foundation that is formed
by a series of lumped stiffnesses along the potentional lines of contact. The
derived equations of motion are found to be non-linear with time-varying
coefficients. The dynamic response is obtained by first conducting a quasi-
static analysis, whereby transmission error components are obtained. An
iterative spectral method is used to obtained the stationary response. In
order to validate the method, a time-step integration combined with the nor-
mal contact algorithm was used as a reference case. The time-step procedure
accounted for all non-linearities, solving the original equations of motion
without any simplifications. It was noted that large amplitude jumps, such
as attributed to loss of contact, could not be well represented by the iterative
spectral method, and it was commented that the iterative spectral method
seems to be suitable for essentially heavily loaded gear systems. In cases of
low contact-loss ratio, however, the iterative spectral method compared well
with the results of the time-step integration technique. This method also
has the advantage of highly reduced computational times, allowing extensive
parametric studies.

Blankenship & Singh [42] (1995) noted that ”...Virtually all dynamic
models consider a scalar expression for the force generated within the gear
mesh and consider mostly kinematic transmission error and variation in
mesh stiffness...”, and claimed that such models are inadequate in describ-
ing coupled motions excited by certain geometrical errors, mass unbalance
etc. They proposed a generalised six-DOF (three moments and three forces)
gear-mesh interface model for the dynamic analysis of internal and external
spur and helical gears. This also includes a dissipative part, accounting for
non-conservative gear-mesh forces and moments. Furthermore, the trans-
mitted gear force was decomposed into a static and a vibratory component.
Tooth separations, however, are neglected, but the authors comment that the
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presented theory can be expanded to also include gear-backlash phenomena.
As an example, the proposed model was applied to a helical gear. By in-
troducing the concept of the Green’s function (giving resulting displacement
from a load distribution within the contact), a means to utilise the results
of a general contact-computation procedure was demonstrated, for instance
a finite element code with specialised gear-contact elements. This model is
inherently non-linear, but by using a quasi-static analysis technique a linear
time variant (LTV) gear-mesh interface model was derived. It was noted,
nonetheless, that the applicability of this technique is limited by the implicit
assumptions that dynamic gear displacements and mesh forces have negli-
gible influence on instantaneous mesh stiffness and transmission error. The
significance of including out-of-plane mesh-force terms was also discussed,
and it was noted that ”...the inclusion of the ... term is inappropriate in
analyses that neglect sliding friction, since gear-mesh frictional forces are of
the same order.”.

In a follow-up paper by Blankenship & Singh [43] (1995), the above-
mentioned model is applied to spur and helical gears to illustrate the im-
portance of elastic-force transmissibility via the gear-mesh interface. Rather
than considering only the response owing to internal excitation, the authors
argue that to predict the generation of structure-borne noise not only must
the vibratory excitation within the gear mesh be predicted, but so too the
transmission of external forces and moments via the gear mesh. The previ-
ously derived gear-mesh model [42] was simplified to various linear forms, and
the off-line-of-action force transmissibility associated with a single-stage heli-
cal gear pair was analysed. Given the steady-state forced response of a linear
system, the dynamic transmissibility is associated with the ratio between re-
sponse and applied forces or moments. Two spectral matrices were derived
that are associated with force transmissibility via and within the gear-mesh
interface. In this context, a method for rating different vibratory modes was
discussed. The proposed methodology was applied to a spur and helical gear
system, demonstrating the applicability of the suggested technique.

Vinayak et al. [44] extended the gear-mesh interaction model of Blanken-
ship & Singh [42] to multi-mesh transmissions, modelling each gear as a rigid
body with six degrees of freedom. As proposed in [42], a multi-dimensional,
position-dependent formulation was used to model the gear-mesh interac-
tion. Two types of excitation were considered; external torque excitation or
internal static transmission error. The governing equations of motion were
linearised by introducing a simplified mesh-force expression. This brought
about a linear-time-variant (LTV) system. By further neglecting the time-
varying part of the gear stiffness, a linear-time-invariant (LTI) model was
obtained. The analytical LTI system was compared to a FEM-model (Finite
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Element Method) with rigid gears, flexible shafts and bearings, that simu-
lated the mesh interface by an array of linear spring elements. For the two
configurations studied, it was noted that the analytical model had virtually
the same eigenfrequencies as the FEM model, but requiring greatly reduced
computation time. The response of the LTV system was analysed using a
multi-term harmonic-balance method and direct numerical integration. The
predicted time signals were found to be virtually identical for the cases stud-
ied. Furthermore, a comparison between predicted results of the LTV and the
LTI model was made. For the cases studied, it was noted that the LTI model
failed to predict sidebands associated with parametric excitation phenomena.

In 1998, Vinayak & Singh [45] further extended the multi-body dynam-
ics formulation to also include compliant gear bodies in multi-mesh trans-
missions. By combining distributed gear-mesh stiffness and a gear-blank
compliance model, a set of non-linear differential equations was obtained.
The flexural motions of the gear blanks were obtained by utilising ring- and
flexural-plate theory. Linear time-variant (LTV) and linear time-invariant
(LTI) equations of motion were obtained, and the results of several solutions
techniques were compared. It was shown that the LTI analytical multi-body
formulation compared well with a FEM model.

The papers that have been reviewed herein illustrate some typical features
of dynamic gear modelling. Admittedly, there are many other features not
covered by these examples. For instance, the modelling of rattle-phenomena
and backlash, etc. Also, other types of gear transmission, such as a planetary
gear, may require special considerations.

4.2 The experiment

4.2.1 Description of test rig

A gear test rig constructed by Mats Åkerblom at Volvo Construction Equip-
ment in Eskilstuna was used for the tests.

The rig is schematically shown in Figure 4.1. The rig is built as a square
test rig, with a primary and a secondary gearbox. The term ”square” refers
to the shape of the rig, with two axles connecting the two gearboxes, thus
forming a geometrical square. The test rig is driven by a motor that is con-
nected by axle 1 to the secondary gearbox. Within each gearbox, the two
axles are connected by a helical gear/pinion pair. The secondary gearbox is
capable of pivoting around axle 1. The degree of pivoting is controlled by
a hydraulic cylinder connected to the other side of this gearbox. The force
applied by the hydraulic cylinder corresponds to a moment with respect to
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the centre of axle 1, and is balanced by gear-tooth contact forces in the
gear/pinion pair. Thus, a moment is applied to the gear/pinion pair in the
secondary gearbox. This moment is balanced by a moment applied to the
gear/pinion pair in the primary gearbox. The force applied by the hydraulic
cylinder is measured by a force transducer, providing the possibility of com-
puting the moment applied to the contacting gears. During the tests, the
force is continuously monitored and automatically adjusted if necessary by
using a feed-back control algorithm.

Tests of different gear geometries are made by changing the gear/pinion
pair in the primary gearbox, while letting the gear/pinion pair in the sec-
ondary gearbox remain the same.

The tests were carried out in a room not originally designed for acoustic
measurements. To reduce unwanted noise reflections, as well as to lower the
noise originating from the motor and the secondary gearbox, a five sided box
– with acoustic absorbents on inner walls and inner roof – was placed on top
of the primary gearbox.

Noise and vibration measurements were made for three different loads (no
load, 500 Nm, 1000 Nm) and three different rotational speeds of the first axle
(1,000, 1,500 and 2,000 rev/m). Note that for the no-load case, a moment
of approximately 140 Nm are applied to the gear-pinion pairs owing to the
weight of the secondary gearbox. Furthermore, for each load, a continuous
sweep of the rotational speed from 500 to 2,000 rev/min was made. 

  

 

PSfrag replacements

Secondary gearbox Primary gearbox

Primary axle

Figure 4.1: Schematic illustration of gear test rig.
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4.2.2 Results - repeatability

In Figure 4.2, the result of measuring the resulting sound pressure level SPL
on two occasions is shown. On both of these occasions, the same gear-pinion
pair was mounted in the primary gearbox. Between these measurements, a
number of tests of other gear designs were undertaken, but the gear-pinion
pair in the secondary gearbox was never replaced. The figure shows the
resulting sound pressure level measured by a microphone that is positioned
20 cm from the primary gearbox. The solid line shows the measured SPL as
a function of rotational speed (rev/min) of the gear on the first occasion and
the dotted line shows the SPL on the second occasion. The variation between
the two measured SPL’s is quite large. In addition to this, the SPL was also
measured at two additional positions. Moreover, three accelerometers were
positioned on the gearbox. The variation of acceleration level was smaller
than the SPL variation. The variation of the SPL at the other measurement
points was of the same order as the variation shown in Figure 4.2.

Some part of the deviation may be due to the positioning of the sen-
sors. Therefore, after having measured the dynamic response and resulting
SPL on the second occasion, all sensors were removed. After a couple of
hours, the sensors were again attached and the measurement procedure was
repeated. The resulting SPLs as a function of the rotational speed (rev/min)
before and after removing and re-attaching the sensors is shown in Figure
4.3. Evidently, the variation is quite small, and it was found to be even
smaller for the accelerometers. Oswald et. al. [46] carried out a similar ex-
perimental study, involving the influence of gear design on gearbox-radiated
noise. A single-mesh gearbox powered by a variable speed electric motor was
used. Acoustic intensity measurements were performed under steady-state
operating conditions, providing the possibility of computing the sound power
spectrum. They noted that the variation of the sound power that was due
to disassembling and reassembling the gear system may be of considerable
magnitude, and that this variation decreased slightly with decreasing load.
The largest build-variation was found to be 7.8 dB.

Work is currently in progress to analyse the data more carefully to explain
the possible reasons for the deviations shown in Figure 4.2. Furthermore,
Mr. Åkerblom will present results concerning the relationship between gear
design and noise at a later time. It is clear that an important part of such
an investigation is to assess the reproducability of the results. This brings
up the important issue of system robustness and robust design. A design is
classified as robust if its expected performance is insensitive to uncontrollable
perturbations [47,48]. For this specific case, the resulting SPL does not seem
to be robust with respect to the build-parameters.
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Figure 4.2: Measured sound pressure level as a function of RPM (rev/min).
The load corresponds to 1,000 Nm. Solid line shows result from first occasion.
Dashed line shows result from second occasion.
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Figure 4.3: Measured sound pressure level as a function of RPM (rev/min).
The load corresponds to 1,000 Nm. Solid line shows result from second occa-
sion. Dashed line shows result after removing and re-attaching the sensors.
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Chapter 5

Conclusions, concluding

remarks and suggestions for

future research

In Paper A new results are derived concerning the coupling of friction force
and dynamic response. Friction may be a non-negligible source of dynamic
excitation in geared transmissions [49]. The dynamic response and resulting
radiated noise of gears is often attributed to the transmission error. It should
be of interest to investigate more closely the influence of friction on the
resulting transmission error.

The derived linear contact-interaction model in Paper B has consequences
affecting numerical and experimental methods of estimating the dynamic ex-
citation owing to surface roughness. According to the results derived in Pa-
per B the relative-displacement and the blocked-force excitation models are
complementary. The requirement for deriving any linear contact-interaction
model is a well-educated guess of the resulting dynamic response. If the ac-
tual dynamic response, during operation, is close enough to this estimation,
a linear expansion will provide a valid model. As shown in Paper B, however,
a general linear expansion will result in two excitation terms. By including
both of these terms in the contact model, no distinction has to be made
between the relative-displacement model and the blocked-force model. For
instance, the computation of the blocked force by Remington & Webb [50] is
undertaken by allowing the wheel to follow the high amplitude, long wave-
length surface-roughness components. An excitation model that is equivalent
to the model derived in Paper B is obtained by adding the computed blocked-
force to the resulting computed displacement times contact stiffness of the
wheel. That model would also be accurate in the low frequency interval that
corresponds to long wavelength surface roughness.
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The test rig was intentionally built to study the dynamic response caused
by surface micro-geometry using small samples of the tested surfaces. Com-
parisons between predictions and measurements in Papers C and D verify
that the measured dynamic response indeed is related to the surface topog-
raphy.

In Papers C and D two different methods are employed to predict the
dynamic response. The experimental conditions are somewhat similar to
Feldmann’s experiment [24]. Feldmann predicted the response by utilising
a prediction model that was questioned by Thompson (1994), see Authors
Reply to [26], arguing that Feldmann’s model requires an external excita-
tion force acting at the contact. The results presented here indicate that
quite good results can be obtained using a model that comply with physi-
cal intuition. The contact load is quite low compared to many applications.
Nevertheless, it is possible to predict the level of response with reasonable
accuracy by employing a linear-contact model.

In Paper D the linear relationship between surface roughness and dy-
namic response is investigated more closely. It is experimentally shown that
there is a satisfactory relationship between surface roughness spectrum level
and the dynamic response if the surface is not too rough. Interesting results
are obtained for low frequencies, where the dynamic response increases more
than one would expect from the surface topography. One possibility is that
increasing the rolling velocity brings about a higher probability of loss of con-
tact, followed by successive impacts. The low frequency dynamic behaviour
merits further research.

Research concerning gear noise is currently ongoing. Some preliminary
results from an experimental investigation are reported here. The results
indicate that the build variation reported by Oswald et. al. [46] may also be
present here. This brings forward the important question of the robustness of
dynamic systems. What is the sensitivity of dynamic response to the ”build-
parameters”? A closer investigation of this effect should be of interest to
researchers as well as engineers being faced with the task of experimentally
determining the resulting dynamic response of geared systems.
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[4] H. Hertz. Uber die Berüng fester elastischer Körper und uber die Härte
(on the contact of rigid elastic solids and on hardness). Verhandlungen
des Vereins zur Beförderung des Gewerbefleisses, 1882. Leipzig.

[5] K. L. Johnson. One hundred years of hertz contact. In Proc Instn Mech
Engrs Vol 196, pages 363–378, 1992.

[6] K. L. Johnson. Contact mechanics. Cambridge University Press, Cam-
bridge, 1985.

[7] R. M. Carson and K. L. Johnson. Surface corrugations spontaneously
generated in a rolling contact disc machine. Wear, 17:59–72, 1971.

[8] C. G. Gray and K. L. Johnson. The dynamic response of elastic bodies in
rolling contact to random roughness of their surfaces. Journal of Sound
and Vibration, 22(3):323–342, 1972.

[9] P. R. Nayak. Contact vibrations. Journal of Sound and Vibration,
22(3):297–322, 1972.

[10] P. R. Nayak. Contact vibrations of a wheel on a rail. Journal of Sound
and Vibration, 28:277–293, 1973.

23



[11] P. R. Nayak. Linearized contact vibration analysis. In Proccedings of
the symposium of the International union of theoretical and applied me-
chanics, pages 393–414, Enschede Netherlands, august 1974.

[12] E. K. Bender and P. J. Remington. The influence of rails on train noise.
Journal of Sound and Vibration, 37(3):321–334, 1974.

[13] P. J. Remington. Wheel/rail rolling noise, part IV: Rolling noise. Journal
of Sound and Vibration, 46(3):419–436, 1976.

[14] P. J. Remington. Wheel/rail rolling noise, I: Theoretical analysis. J.
Acoust. Soc. Am., 81(6):1805–1823, 1987.

[15] P. J. Remington. Wheel/rail rolling noise, II: Validation of the theory.
J. Acoust. Soc. Am., 81(6):1824–1832, 1987.

[16] D. J. Thompson. Wheel-rail noise generation, Part I: Introduction and
interaction model. Journal of Sound and Vibration, 161(3):387–400,
1993.

[17] D. J. Thompson. Wheel-rail noise generation, Part IV: contact zone and
results. Journal of Sound and Vibration, 161(3):447–466, 1993.

[18] P. Remington and J. Webb. Estimation of wheel/rail interaction forces
in the contact area due to roughness. Journal of Sound and Vibration,
193(1):83–102, 1996.

[19] D. P. Hess, A. Soom, and C. H. Kim. Normal vibrations and friction at
a hertzian contact under random excitation: theory and experiments.
Journal of Sound and Vibration, 153:491–508, 1992.

[20] D. P. Hess and A. Soom. Normal vibrations and friction at a hertzian
contact under random excitation: perturbation solution. Journal of
Sound and Vibration, 164:317–326, 1993.

[21] K. Ishida and T. Matsuda. Effect of tooth surface roughness on gear
noise and gear noise transmitting part. In ASME Pap Aug 18-21 n
80-C2/DET-70, 1980.

[22] H. M. Fischer. Der Einfluß von Oberflächenrauhigkeiten auf die
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