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Abstract

The wheel-rail contact is at the core of all research related to vehicle-
track interaction. This tiny interface governs the dynamic performance
of rail vehicles through the forces it transmits and, like any high stress
concentration zone, it is subjected to serious damage phenomena. Thus,
a clear understanding of the rolling contact between wheel and rail is
key to realistic vehicle dynamics simulation and damage analysis.

In a multi-body dynamics simulation, the demanding contact pro-
blem should be evaluated at about every millisecond for several wheel-
rail pairs. Hence, a rigorous treatment of the contact is highly time-
consuming. Simplifying assumptions are therefore made to accelerate
the simulation process. This gives rise to a trade-off between the accu-
racy and computational efficiency of the contact model in use.

Conventionally, Hertz+FASTSIM is used for calculation of the contact
forces thanks to its low computational cost. However, the elliptic patch
and pressure distribution obtained by Hertz’ theory is often not realistic
in wheel-rail contact. Moreover, the use of parabolic traction bound in
FASTSIM causes considerable error in the tangential stress estimation.
This combination leads to inaccurate damage predictions.

Fast non-elliptic contact models are proposed by others to tackle this
issue while avoiding the tedious numerical procedures. The studies
conducted in the present work show that the accuracy of these models
is case-dependent.

To improve the accuracy of non-elliptic patch and pressure estima-
tion, a new method is proposed. The method is implemented in an al-
gorithm named ANALYN. Comparisons show improvements in patch
and, particularly, pressure estimations using ANALYN.

In addition, an alternative to the widely-used FASTSIM is developed
, named FaStrip. Unlike FASTSIM, it employs an elliptic traction bound
and is able to estimate the non-linear characteristic of tangential stress
distribution. Comparisons show more accurate estimation of tangential
stress and slip velocity distribution as well as creep forces with FaStrip.

Ultimately, an efficient non-elliptic wheel-rail contact model consis-
ting of ANALYN and FaStrip is proposed. The reasonable computatio-
nal cost of the model enables it to be used on-line in dynamics simula-
tion and its accuracy can improve the damage predictions.

Keywords: wheel-rail contact, non-elliptic contact, rail vehicle dynamics, rol-
ling contact, vehicle-track interaction, wheel-rail damage
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Sammanfattning

Kontakten mellan hjul och räl är central i all forskning kring fordon-
bana interaktion. Detta lilla gränssnitt styr spårfordons dynamiska pres-
tanda genom de krafter det överför och, liksom andra spänningskoncen-
trationer, är det utsatt för allvarliga skadefenomen. Således är en tydlig
förståelse av den rullande kontakten mellan hjul och räl nyckeln till rea-
listisk fordonsdynamisk simulering och skadeanalys.

I simulering bör kontaktproblemet hjul-räl utvärderas varje millise-
kund. Därför är en strikt behandling av kontakten mycket tidskrävande.
Förenklande antaganden görs därför för att snabba upp simuleringspro-
cessen. Detta ger upphov till en kompromiss mellan noggrannhet och
beräkningseffektivitet för kontaktmodellerna.

Konventionellt används Hertz+FASTSIM för beräkning av kontakt-
krafter tack vare sin låga beräkningskostnad. Dock är kontaktytan och
tryckfördelningen som erhålls genom Hertz teori ofta inte realistisk för
hjul-räl kontakt. Dessutom kan användningen av parabolisk traktions-
gräns i FASTSIM orsaka betydande fel i uppskattning av den tangen-
tiella spänning. Denna kombination leder till en oprecis skadeanalys.

Snabba icke-elliptiska kontaktmodeller har föreslagits av andra fors-
kare för att lösa detta problem och undvika omfattande numeriska beräk-
ningar. De studier som utförts i detta arbete visar att noggrannheten hos
kontaktytan och uppskattningen av tryckfördelningen för dessa model-
ler är skiftberoende. De studier som utförts i detta arbete visar att nog-
grannheten hos dessa modeller är fullberoende.

För att förbättra noggrannheten av den icke-elliptiska kontaktytan
och tryckuppskattningen, föreslås en ny metod. Metoden är implemen-
terad i en algoritm kallad ANALYN. Jämförelser visar på förbättringar
för kontaktytan och, i synnerhet, tryckuppskattningen med ANALYN.

Dessutom har ett alternativ till den välkända FASTSIM utvecklats,
kallad FaStrip. Till skillnad från FASTSIM, används en elliptisk trak-
tionsgräns och metoden kan prediktera en icke-linjära tangentiell spän-
ningsfördelning. Jämförelser visar på förbättrad noggrannheten för spän-
ning och glidhastighetsfördelning samt krypkrafter med FaStrip.

Sammanfattningsvis förslås en effektiv icke-elliptisk kontaktmodell
som består av ANALYN och FaStrip. Den rimliga beräkningskostnaden
för modellen gör det möjligt att använda den odirekt i dynamisk simu-
lering och dess noggrannhet kan förbättra skadeanalysen.
Nyckelord: hjul-räl kontakt, icke-elliptisk kontakt, spårfordons dynamik, rul-
lande kontakt, fordon-bana interaktion, hjul-räl utmattning
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Thesis contributions

The main contributions of the present work reported in this thesis are as
follows:

• It is shown that the accuracy of available models based on vir-
tual penetration is problem-dependent so that less accurate contact
patch and pressure estimation in certain wheel-rail contact cases is
expected.

• A new method is proposed for the analytical estimation of non-
elliptic normal contacts in which the surface deformation is ap-
proximated instead of being neglected.

• An algorithm named ANALYN is developed based on the propo-
sed method. Using this algorithm, the contact patch and pressure
distribution estimations are considerably improved in comparison
to the virtual-penetration-based models. The ANALYN algorithm,
implemented in MATLAB, is much faster than CONTACT.

• A fast wheel-rail contact model is proposed by combining ANA-
LYN and FASTSIM. The model improves the accuracy of creep
force estimation in non-elliptic cases.

• It is shown that a satisfactory creep force estimation does not ne-
cessarily imply a reasonably accurate estimation of contact patch
and stress distribution.

• An alternative to FASTSIM, named FaStrip, is proposed for esti-
mation of tangential stress distribution. It is based on an extension
of the two-dimensional half-space solution to three-dimensional
elliptic contacts. Using FaStrip, the estimation of tangential stress
and slip velocity distributions as well as creep force is improved
without increasing the computational cost.

• A fast non-elliptic wheel-rail contact model suitable for on-line da-
mage analysis in dynamics simulation packages is proposed by
combining ANALYN and FaStrip.

• It is shown that the proposed model can improve damage predic-
tion in the wheel-rail interface by providing more accurate estima-
tion of contact details than the Hertz+FASTSIM model.
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Part I

OVERVIEW





1 Introduction

The performance of rail vehicles is inevitably tied to tiny areas where the
wheels meet the rails. This highly-stressed interface is the root of almost
all research areas of interest in vehicle-track interaction — from dynamic
performance of the vehicle to maintenance of the infrastructure. There-
fore, a good understanding of the contact phenomenon between wheel
and rail is crucial to designing an optimized railway system of transpor-
tation.

From the start, the wheel-rail contact has been of crucial interest to
railway engineers. In fact, the mere idea of reducing the traction in-
terface to a small area by using harder materials such as steel is at the
core of what separates the railway from road transport. By doing so, the
energy loss due to rolling resistance is significantly reduced. However,
introducing such a drastic change raises other issues and challenges to
confront.

Research fields which involve wheel-rail contact are vast. The dy-
namics behaviour of rail vehicles is dependent on the forces applied to
the wheelsets through this interface. Nowadays, multi-body dynamics
simulation of rail vehicles is a significant part of their design process.
Such simulations need a reasonably accurate estimation of the wheel-
rail contact forces. Without having an appropriate understanding of the
wheel-rail interaction, the essential safety analysis of stability and de-
railment or the ride comfort analysis are disputable.

Today, with increasing demands from the market for heavier axle
loads and higher speeds, the costly maintenance of both the infrastruc-
ture and the rolling stock is among the top items in the concern list of
all train operators and track owners. A great portion of these mainte-
nance costs stems from the deterioration phenomena occurring in the
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CHAPTER 1. INTRODUCTION

notorious wheel-rail interface. Two of these phenomena to blame are
namely wear and rolling contact fatigue (RCF). In recent years, there has
been a substantial amount of research dedicated to comprehending and
predicting these phenomena [1]. Nevertheless, the primary step that en-
ables detailed investigation of such mechanisms is to clearly know the
shape and size of the contact patch and the distribution of the stresses
within it. This is what the solution to the wheel-rail contact problem can
provide us with.

In addition, environmental aspects such as energy usage of railway
transport are closely connected to the wheel-rail interaction. The gro-
wing interest in studying wheel-rail generated noise (see [2]) and wear
particle emissions (see [3]) necessitates a more detailed investigation of
the contact phenomenon. The energy usage of rolling stock is dependent
on the friction and adhesion levels in the wheel-rail interface. Modelling
the adhesion situation in this interface (see [4]) is also crucial for safety
issues regarding braking performance. However, modelling friction for
an open system subjected to different sources of contamination and va-
riable environmental conditions is still a challenge to researchers.

Generally, the treatment of wheel-rail contact can be divided into
two parts: a geometric (kinematic) part, which aims at the detection
of the contact points, and an elastic (elasto-plastic) part, which solves
the contact problem from a solid mechanics point of view. The geome-
tric part requires the geometrical data from track and wheelset together
with the kinematics of the wheelset. Wheel and rail profiles, track geo-
metry and irregularities, and wheelset geometry together with its lateral
displacement and yaw angle are all inputs to the contact geometric sol-
ver. The contact point detection may be carried out by assuming the
wheel and the rail as rigid or accounting for their local flexibilities. Ha-
ving the points of contact and velocity vector of the wheelset, the cree-
pages (normalised sliding velocities) are also calculated. The output of
the geometric part is the essential input for the elastic solver.

The elastic problem is, basically, to find the area formed by the bo-
dies in contact (i.e. contact patch), and to indicate the distribution of
the contact pressure (normal compressive stress) together with the dis-
tribution of the tangential (shear) stress over this patch. This detailed
information may be used for damage analysis such as wear and RCF
predictions (see [5]). The total friction force, better known as creep force
in wheel-rail contact, is calculated by integration of traction over the
patch.

In multi-body system (MBS) simulation software packages used for
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dynamic analysis of rail vehicles, there is a contact module to deal with
wheel-rail interaction. Figure 1.1 illustrates how this contact module is
coupled to the system dynamics. It is also possible to include an auxi-
liary part for damage analysis shown in Figure 1.1 by dashed lines.

In this thesis, the focus is on the elastic part of the wheel-rail contact.
Hence, the points of contact, the creepages and the wheel displacement
are all taken for granted. The reader is therefore referred to [6] for more
information in this regard. In Chapter 2, the necessary theoretical back-

Figure 1.1: The contact module within an MBS software
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CHAPTER 1. INTRODUCTION

ground from Contact Mechanics is briefly discussed. Following that, in
Chapter 3, the concepts regarding rolling contact phenomenon in rail
vehicle application are addressed. The theories of rolling contact in two
and three dimensions and the application of the finite element method
are covered in Chapter 4. Chapter 5 discusses various methods for the
calculation of wheel-rail contact forces necessary for vehicle dynamics
simulation. Damage prediction models and their required data from the
wheel-rail contact model are briefly introduced in Chapter 6. In Chapter
7, fast non-elliptic contact models proposed in the literature are analy-
sed. Further challenges involved in wheel-rail contact modelling are
addressed in Chapter 8. In Chapter 9, the author’s research work and
scientific contributions are summarised. Finally, concluding remarks as
well as future research directions to follow are presented in Chapter 10.
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2Fundamentals of
Contact Mechanics

Despite the fact that contact is the principal way of applying forces and
as a result of that the stress concentration in its vicinity is of crucial
concern, contact Mechanics is, in fact, a contemporary research field
within solid mechanics. Historically, it is said that it all began with
the publication of Heinrich Hertz’ highly appreciated paper [7] in 1882.
Although he is mostly known for his contributions on electromagnetic
waves, Hertz is actually the most famous name in the history of Contact
Mechanics.

The aim of this chapter is to touch upon the fundamentals of Contact
Mechanics later needed in treating wheel-rail contact. Firstly, the contact
problem between two solid bodies is defined in its general form. Se-
condly, Hertz’ solution to his contact problem is presented and its as-
sumptions and limitations are discussed. Finally, the well-known Bous-
sinesq (and Cerruti) equations for half-spaces are introduced.

2.1 General contact problem

In a general contact problem two bodies of arbitrary surface come into
contact at an interface. The body surfaces may have relative motions
with respect to each other at the interface and friction may arise. The
bodies in contact may have elastic or inelastic material properties. The
type of contact may also vary. A non-conformal contact occurs when the
two bodies meet in only a point (or a line) before applying load and the
size of the contact area after loading is small compared to the characte-
ristic sizes of the bodies. A contact is conformal if the surfaces in contact
conform, thus making a comparably large contact area.
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CHAPTER 2. FUNDAMENTALS OF CONTACT MECHANICS

Solving a general contact problem, considering material, geometri-
cal and tribological complexities is highly tedious. However, in case of
wheel-rail contact, some valid simplifications may be made.

Having bodies with quasi-identical material in contact can simplify
the general problem. Here, quasi-identity means that the material pro-
perties of the bodies have the following relation,

G1

1− 2ν1
=

G2

1− 2ν2
, (2.1)

where G1, G2, and ν1, ν2 are the shear modulus and Poisson ratio of
the first and the second body, respectively. This condition implies that
the tangential stresses cause equal and opposite normal deformation on
surfaces in contact. The same statement is true for the effect of normal
stress on tangential deformation. Hence, in a non-conformal contact, the
normal contact solution of the two quasi-identical bodies is independent
of the tangential loading. The contact problem can therefore be divided
into normal and tangential parts.

2.2 Quasi-identical bodies in contact

The contact problem between two quasi-identical solid bodies is defined
in this section. The solution to the normal contact problem is the deter-
mination of the area under contact and the contact pressure distribution
within this area. In order to deal with the problem, several quantities
should be introduced. Figure 2.1a illustrates two bodies in touch at the
first point of contact. A Cartesian system of coordinates is defined with
its origin at the first point of contact and vertical z-axis pointing up-
wards while lateral y-axis and longitudinal x-axis are within the tangent
plane where the contact area is formed after loading. The contacting
surfaces of the bodies are represented by z1(x, y) and z2(x, y) for the first
and the second body, respectively. The bodies after normal loading are
also shown in Figure 2.1b. The centres of the bodies are assumed to
be pressed towards each other by a distance, δ, known as penetration
(approach). The distance between the undeformed surfaces (before loa-
ding), z = |z1| + |z2|, is called separation. The normal deformation of
the bodies on the surfaces, uz1 (x, y) and uz2 (x, y), may be added together
to form uz = |uz1 | + |uz2 |, which is called the normal surface deforma-
tion. The distance between the deformed surfaces (after loading) can be

8



2.3. HERTZ’ PROBLEM

(a)
(b)

Figure 2.1: (a) Defined coordinate system and (b) contact terminology.

denoted by,

h(x, y) = z(x, y)− δ + uz(x, y). (2.2)

Using this distance function, h(x, y), the normal contact problem can be
expressed through the following contact inequalities,

h(x, y) ≥ 0, σz(x, y) ≤ 0, (2.3)

where, σz is the normal stress on the surface. Here, the tensile contact
stress due to molecular attraction between the bodies is neglected. The
contact normal stress can thus only be compressive and is therefore cal-
led contact pressure, p(x, y) = −σz. The contact inequalities (2.3) can be
rewritten as

h(x, y) = 0, p(x, y) > 0 (x, y) ∈ C,
h(x, y) > 0, p(x, y) = 0 (x, y) /∈ C, (2.4)

where, C denotes the area of contact.

2.3 Hertz’ problem

24-year-old Heinrich Hertz was curious to know how the optical pro-
perties of multiple-stacked lenses may change due to the applied force
needed to keep them bound together. His curiosity resulted in a very
well-known paper in Contact Mechanics. In his paper [7], he cited Wink-
ler’s book [8] and mentioned that the case of two elastic isotropic bodies
which touch each other over a tiny part of their outer surfaces is of prac-
tical interest.
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CHAPTER 2. FUNDAMENTALS OF CONTACT MECHANICS

In fact, it was Winkler who touched upon the subject in his book
in 1867. He introduced a so-called elastic foundation for the treatment
of the contact problem. An elastic foundation is analogous to a mat-
tress with vertical springs. The springs are not connected to each other
in any way; therefore, they can be compressed independently of their
neighbouring springs. Figure 2.2 schematically illustrates Winkler’s ap-
proach. In this approach, the deformation at one point depends only on
the load at that point. This idea helps to ease the solution for finding the
contact area. However, the results are dependent on the value chosen
for the stiffness of the springs. It is shown that there is no unique value
for the stiffness that leads to accurate results in different contact cases.
This method is therefore rarely used for the normal contact problem.

Not satisfied with Winkler’s approximation, Hertz intended to solve
the problem more accurately. Nevertheless, he still had to base his solu-
tion upon the following assumptions:

• The bodies in contact are homogeneous, isotropic, and linearly
elastic. Infinitesimal strain is also assumed.

• The bodies can be considered half-spaces in the vicinity of the
contact. This requires the dimensions of the contact area to be
significantly smaller than the dimensions of each body. Moreo-
ver, the dimensions of the contact area should be smaller than the
relative radii of the bodies in contact. In other words, the bodies
should form a non-conformal contact. This implies that the contact
patch is assumed to be planar.

• The surfaces of the bodies are represented by quadratic functions
in the vicinity of contact. In other words, the curvatures of the
surfaces in contact are constant.

Figure 2.2: Winkler elastic foundation approach
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2.3. HERTZ’ PROBLEM

• The bodies are assumed to be perfectly smooth, which implies fric-
tionless contact. (This may be replaced by the assumption of quasi-
identical materials in non-conforming contact.)

Based on these assumptions, Hertz proposed the solution for the deter-
mination of contact area and pressure distribution between two bodies
in contact. Assume that each body has two principal radii: one in the
y-z plane (R1x, R2x) and the other in the x-z plane (R1y, R2y). Figure 2.3a
illustrates these terms. The separation for this case can be written as,

z(x, y) = Ax2 + By2, (2.5)

where,

A = 1
2

(
1

R1y
+ 1

R2y

)
,

B = 1
2

(
1

R1x
+ 1

R2x

)
,

(2.6)

with A and B known as relative longitudinal and lateral curvature res-
pectively.

Hertz recognized that a semi-ellipsoidal pressure distribution over
an elliptic contact area satisfies the contact inequalities (2.4). Hence, the
contact patch is an ellipse with semi-axes a and b. The Hertzian patch
and pressure distribution is shown in Figure 2.3b.

(a)
(b)

Figure 2.3: (a) Principal radii of bodies in contact and (b) Hertzian contact patch and pres-
sure distribution.
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The pressure distribution over this patch is

p(x, y) = p0

√
1−

( x
a

)2
−
(y

b

)2
, (2.7)

where p0 is the maximum contact pressure at the first point of contact.
The integration of the contact pressure over the contact patch must be
equal to the total applied force due to static equilibrium. The maxi-
mum pressure p0 is therefore related to the prescribed contact force, N,
through

p0 =
3N

2πab
. (2.8)

The semi-axes a and b are dependent on the geometry and material
property of the bodies in contact and the prescribed force. The geome-
trical dependency is manifested through an intermediate parameter, θ,
defined as

cos θ =
|A− B|
A + B

. (2.9)

Knowing θ, one can find the Hertzian coefficients, m, n and r, by using
pre-calculated tables (see e.g. [9]). The semi-axes of the contact patch
and the approach are then given by

a = m
(

3
4

N
E∗

1
A + B

) 1
3

,

b = n
(

3
4

N
E∗

1
A + B

) 1
3

,

δ = r

((
3
4

N
E∗

)2
(A + B)

) 1
3

,

(2.10)

where

1
E∗

=
1− ν1

2

E1
+

1− ν2
2

E2
, (2.11)

with E1, E2 and ν1, ν2 being the elastic moduli and Poisson ratios of the
bodies in contact.
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2.3. HERTZ’ PROBLEM

If the penetration, δ, is prescribed instead of the force, N, the equa-
tions (2.10) are replaced by,

a = m
√

δ

r(A + B)
,

b = n
√

δ

r(A + B)
,

N =
4E∗

3

√
1

A + B

(
δ

r

)3
.

(2.12)

Hertz, thus, offers a closed-form solution to the contact problem.
This is what makes it attractive to engineers. His solution has been used
in many applications including the wheel-rail contact. However, one
should be cautious about the validity of its underlying assumptions.

The first assumption regarding linear elasticity of the materials in
contact may be violated in wheel-rail application due to higher axle
loads in modern railway operation. However, it should be noted that
contact pressure levels higher than the yield strength of the material do
not necessarily imply plastic flow on the surface. This is because the
plastic yield criteria are based on the stress state in all three dimensions.
In absence of tangential stresses, the plastic yield starts to occur beneath
the surface and by increasing the load level it will eventually reach the
surface (see [10]). Results from Telliskivi and Olofsson [11] show that
plastic flow in the wheel-rail contact surface results in reduced contact
pressures and enlarged contact patches.

The other debated assumption of the Hertz solution used in railway
application is the half-space assumption. As mentioned earlier, the di-
mensions of the contact patch should be considerably smaller than the
characteristic dimensions of the contacting objects. Such an assumption
may be valid in wheel tread-rail head contact (see Figure 2.4a). Ho-
wever, there are concerns about its validity in wheel flange-rail gauge
corner contact. Note that wheel and rail rarely come into contact in field
sides.

In order to evaluate the half-space assumption, FEM analysis which
is not limited to such assumption can be used. Such analysis has been
performed by Yan and Fischer [12] to investigate the applicability of
Hertz theory to wheel-rail contact. They have compared the results from
Hertz to the ones from FEM analysis for several contact applications,

13



CHAPTER 2. FUNDAMENTALS OF CONTACT MECHANICS

(a)
(b)

Figure 2.4: Schematic of (a) possible wheel-rail contact zones and (b) possible conformal
contact of worn profiles.

including UNICORE wheel profile over UIC60 rail profile for four dif-
ferent contact positions. Their conclusion is that regardless of where
the contact position is, the Hertz solution is valid only if the contact
zone does not spread into a region where the curvatures of the pro-
files change and if plastic flow does not occur. Results from Wiest et al.
[13] regarding wheel-rail switch contact confirm this conclusion. In non-
conformal wheel flange-rail gauge contact, although the relative lateral
radius is quite small, the contact width in this direction is even smaller.
The half-space assumption may therefore be considered to be valid.

However, what makes the half-space assumption disputable in wheel-
rail contact is the conformal contact cases rather than wheel flange-rail
gauge contact. The conformal wheel-rail contact may occur due to worn
profiles. In this case, the width of the contact patch may be comparable
to the relative lateral radius. Figure 2.4b illustrates the possible confor-
mal contact zone for worn profile combinations. The flange root is prone
to high wear rates and heavily worn profiles tend to conform.

As mentioned in the conclusion from Yan and Fischer [12], the Hertz
solution is not valid if the contact patch is spread into a zone with va-
rying lateral curvature. In fact, Hertz’ assumption regarding the repre-
sentation of the surfaces with quadratic polynomials is often violated
in the contact between wheels and rails of standard profiles. Figure 2.5
illustrates the relative curvature variation for S1002/UIC60 combination
with rail inclination 1:40 in several contact cases. The relative curvature
value within the penetration zone, in these cases, is highly varied.

It was Paul and Hashemi [14] who were the first to publish a non-
Hertzian wheel-rail contact solution. Several investigations, among them
[15, 16, 17], show that the contact patch has a non-elliptic shape even in
wheel tread-rail head contact (see Figure 2.6). This is because the contact
patch in this case is spread widely in the lateral direction and thus the
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2.4. BOUSSINESQ EQUATIONS
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Figure 2.5: (a) Three possible contact locations for various wheelset positions (b, c, d)
lateral curvature variation in the penetration zone for different wheelset displacements,
∆y. The origin is at the first point of contact.

relative lateral curvature varies through the patch.

2.4 Boussinesq equations

Looking back to the general contact conditions in Equation (2.4), two
inequalities are enforced to contact pressure, p(x, y), and deformed dis-
tance, h(x, y). The relation between these two terms is provided through
the elastic deformation term, uz. We recall the relation between stresses
and strains from Hooke’s law:

σ = Eε, (2.13)

where, σ and ε are the stress and the strain tensors, respectively, and E is
the elasticity tensor. Considering the compatibility relation between de-
formations and strains, Equation (2.13) can be transformed into surface
form and written for the normal deformation as

uz(x, y) =
∫

C
A(x, y)p(x, y) dA, (2.14)

where uz(x, y) is the normal deformation at coordinate (x, y) on the contact
surface, p(x, y) is the contact pressure distribution, and A(x, y), called the
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CHAPTER 2. FUNDAMENTALS OF CONTACT MECHANICS

influence function, relates the displacement at one point to the applied
load at another. The integration is over the whole contact area, C.

The influence function depends on the geometry of the surface as
well as the material properties. It is calculated for a few surfaces in
theory of elasticity, in particular for a half-space. The influence func-
tion for elastic half-space can be calculated based on the Boussinesq (and
Cerruti) formula for the deformation under a point load. The derivation
for a half-space is reported by Love [18]. Using that, Equation (2.14) for
the contact between two half-spaces is

uz(x, y) =
1

πE∗
x

C

p(ξ, η)√
(x− ξ)2 + (y− η)2

dξdη. (2.15)

This equation together with Equations (2.2) and (2.4) can be used
to solve normal contact problems between elastic bodies with arbitrary
surfaces where the half-space assumption is valid. In contact cases where
surfaces cannot be represented by quadratic functions, i.e. the relative
curvature is not constant (non-Hertzian contacts), there is no closed-
form solution available. The integration in Equation (2.15) is therefore
numerically calculated for an arbitrary contact area, C. To this end, the
contact area is divided into k rectangular (or strip-like) elements. Using
a discrete version of Equation (2.14), for the elements in the contact area
Equation (2.2) is rewritten as

k

∑
j=1

Aij pj = δ− z(x, y), (2.16)

where Aij is the influence coefficient (number) which is the normal de-
formation at element i due to a unit pressure at element j. Such a rela-
tion may be used in numerical methods treating rolling contact. In the
CONTACT algorithm developed by Kalker [19] based on his complete
rolling contact theory, which is discussed in Chapter 4.5, the contact area
is divided into rectangular elements and Equation (2.16) is used. Knothe
and Le The [15] also use Equation (2.16) in their proposed numerical
method; however, they chose strip-like elements along the rolling direc-
tion in order to reduce the computational costs. Figure 2.6 illustrates
their contact patch estimation compared to the Hertz solution for va-
rious wheelset lateral displacements. Note that only half of each patch
is plotted, since the contact patches are symmetrical about the y-axis.

16



2.4. BOUSSINESQ EQUATIONS

Figure 2.6: Wheel-rail contact patch for different wheelset positions. Hertz’ solution (da-
shed lines) compared to the non-elliptic half-space solution. From [15].
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3Rolling-Sliding
Phenomenon

In basic physics, the motion of a rigid wheel may be described as pure
sliding or pure rolling. The resistance force due to friction is attributed
to the sliding motion and it is absent in pure rolling motion. In reality,
however, pure rolling motion never occurs. It is a combination of rolling
and sliding that takes place.

In this chapter the basic concepts regarding rolling-sliding motion
are addressed. Common terms such as slip, creepage and spin in rolling
contact are defined and their calculation in railway application is shown.
Finally, the theory of micro-slip in rolling contact is presented and the
solution to the rolling contact problem is discussed.

3.1 Basic concepts

Two forms of motion may be considered for a rigid wheel: the sliding
motion, in which all the points on the wheel have the same velocity
as the centre of mass, and the pure rolling motion, which consists of a
sliding motion plus a rotation around the centre of mass with a specific
angular velocity. Figure 3.1a illustrates these two parts and velocities of
different points in pure rolling. In pure rolling, the angular velocity, ω,
should be equal to v0/r0, where v0 is the sliding velocity and r0 is the
radius of the wheel. In pure rolling, at the point of contact, the velocity
component due to rotation counterbalances the one from sliding. The
contact point is thus at rest and serves as the instantaneous centre of
rotation.

However, the wheel may not necessarily rotate with angular velo-
city v0/r0. It may have some over-speed (under-speed), ω′, so that
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CHAPTER 3. ROLLING-SLIDING PHENOMENON

(a)

(b)

Figure 3.1: (a) Pure rolling and (b) rolling-sliding motion of a rigid wheel.

ω = v0/r0 + ω′. In this case, the point of contact is no longer at rest
and a relative movement exists between the contacting surfaces. This is
called a rolling-sliding motion and is shown in Figure 3.1b.

According to the definition, friction occurs when there is a relative
motion in the interface between two bodies in contact. Thus, in pure rol-
ling, where no relative velocity at the interface exists, no friction arises.
In rolling-sliding, On the other hand, non-zero velocity at the point of
contact implies a relative motion between the material points in contact
and causes a friction force. Note that this force opposes the relative
motion at the interface, not the overall relative motion of the bodies in
contact. In fact, it is this friction force that enables a rolling wheel to
change its (rolling) speed. To brake or accelerate a rolling wheel, an ex-
tra torque should be applied to the wheel to generate under-speed or
over-speed. This results in a relative motion at the point of contact and
generates the friction force in the desired direction in order to change
the acceleration or retardation of the wheel (see Figure 3.2).

In general, for a rigid body in rolling motion, the point of contact ei-
ther instantaneously sticks to the other surface (pure rolling) or it slides
(rolling-sliding). However, in reality, bodies in contact are deformable
and they meet not just in one point but in an area known as contact
patch. Within this patch, material points undergo deformations and
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(a) (b)

Figure 3.2: (a) Acceleration and (b) braking of a rigid wheel due to the applied torque T.

these deformations influence the relative velocity of the corresponding
points on the surfaces in contact. The relative velocities due to rigid
body motion of the wheel may be compensated for by elastic deforma-
tion of the bodies. This may occur at a zone inside the contact patch,
called the stick zone, where corresponding points stick to each other wi-
thin that zone. For other points within the contact but outside stick zone,
the rigid body velocities exceed the elastic contribution and the corres-
ponding points start to slide over each other. This phenomenon is called
micro-slip [10]. Figure 3.3 schematically illustrates the division of the
contact area in to stick (adhesion) and slip (sliding) zones.

(a) (b)

Figure 3.3: Micro-slip in contact between elastic bodies (a) initially at rest and (b) in rolling-
sliding motion
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3.2 Slip, creepage and spin

Slip velocity is a kinematic quantity defined in rolling contact. It is the
relative velocity of corresponding points from the bodies in contact. This
quantity is important in calculating the tangential stresses transmitted
between the bodies.

The slip velocity (or slip, in short) is made up of the contributions
from rigid-body motion and elastic deformation, u, of the bodies in
contact. The relative rigid-body velocities of two bodies in contact, indi-
cated by subscripts 1 and 2, are calculated as

∆vx = vx1 − vx2 ,
∆vy = vy1 − vy2 ,
∆ωz = ωz1 −ωz2 ,

(3.1)

where vx and vy are longitudinal and lateral velocities and ωz is the
angular velocity around the normal axis. The elastic contribution to the
relative velocity for rolling in the x-direction is obtained by taking the
material derivative of the relative elastic deformation,

Dux
Dt = V ∂ux

∂x + ∂ux
∂t ,

Duy
Dt = V ∂uy

∂x + ∂uy
∂t ,

(3.2)

where

ux = ux1 − ux2 ,
uy = uy1 − uy2 , (3.3)

and V is the (rolling) speed. Having that, the slip, s, is written as

sx = ∆vx + ∆ωzy−V ∂ux
∂x + ∂ux

∂t ,

sy = ∆vy −∆ωzx−V ∂uy
∂x + ∂uy

∂t .
(3.4)

Assuming steady-state rolling ( ∂(.)
∂t = 0) and dividing by the rolling

speed, Equation (3.4) is rewritten as

sx
V = υx − ϕy− ∂ux

∂x ,

sy
V = υy + ϕx− ∂uy

∂x ,
(3.5)
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3.2. SLIP, CREEPAGE AND SPIN

Figure 3.4: Material point on wheel and its counterpart on rail at rest (dashed line) and in
motion (solid line). The rigid body distance lrigid, is due to relative rigid body motion and
lslip is the slip distance between the corresponding points.

where

υx = ∆vx/V,
υy = ∆vy/V,
ϕ = ∆ωz/V,

(3.6)

with υx and υy called longitudinal and lateral creepage, respectively, and
ϕ called spin. Note that here the spin value is assumed to be positive
clockwise. A schematic of a material point and its counterpart in rolling
contact is shown in Figure 3.4 to make it easier to understand the slip
Equation (3.5).

In wheel-rail contact, creepages and spin are calculated based on the
geometry of the wheel-rail pair and kinematics of the wheelset. For a full
derivation of creepages and spin, see [20]. Here, only dominant terms
involved in creepages and spin are discussed.

The major contributors to longitudinal creepage are the over(under)-
speed, ω′, due to braking or acceleration, and the radius difference, ∆r,
between the nominal, r0, and the actual rolling radii. The lateral cree-
page is mainly due to the yaw angle, ψ, of the wheelset. The spin is ge-
nerated due to the conical shape of the wheels and inclined rails. In this
case the plane in which the contact area is formed is inclined with res-
pect to the wheel’s rotational axis. The rotational velocity of the wheel
thus has a component in the normal direction of the contact interface,
ωz, which causes spin. This is shown schematically in Figure 3.5a.

In addition to the terms mentioned above, there are also dynamic
terms due to wheelset lateral, y, and yaw, ψ, motions that contribute to
creepages and spin.
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(a) (b)

Figure 3.5: Illustration of (a) geometric spin and (b) wheelset schematic.

Overall, creepages and spin in railway applications may be expres-
sed as,

υx = −∆r
r0

+ r0ω′±b0ψ̇
V

υy = −ψ + ẏ
V ,

ϕ = sinγ
r0

+ ψ̇cosγ
V ,

(3.7)

with ∆r = r − r0 being the rolling radius difference at the contact point
and b0 shown in Figure 3.5b(with minus sign for the right wheel). The
time derivatives of the lateral and yaw motions of the wheelset are shown
by ψ̇ and ẏ, respectively.

3.3 Rolling contact problem

When a wheel starts to roll on the rail, the material points of the wheel
that enter the contact area initially have zero traction on the leading
edge of the patch. As they travel along the contact area towards the
trailing edge, the shear stress starts to build up and causes elastic defor-
mation. This deformation counteracts the relative rigid-body motion of
the wheel with respect to the rail. Therefore, the overall slip between
the points on different surfaces will be zero and the points stick to each
other. This forms the stick zone adjacent to the leading edge. As the
shear stress grows along the stick zone, it reaches the traction bound
which, according to Coulomb’s law of friction, is equal to the normal
pressure times the coefficient of friction. At this level the elastic de-
formation can not fully counterbalance the relative rigid-body motion
between the points on opposite surfaces and the points start to slip.
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3.3. ROLLING CONTACT PROBLEM

Figure 3.6: Stick and slip zones within the contact patch for various longitudinal creepage
values.

The zone in which the points slip over each other neighbours the trai-
ling edge of the contact patch and its size depends on relative rigid-body
magnitudes and the traction bound. Figure 3.6 illustrates the schematic
shape of the stick and slip zones within the contact patch for pure longi-
tudinal creepage, υx.

T conditions for the rolling contact problem are thus described for
two different zones within the contact patch. In the stick (adhesion)
zone:

s = 0, |q| ≤ µp, (3.8)

with q being the tangential (shear) stress. In the slip zone:

|s| > 0, q = − s
|s|µp, (3.9)

where s = (sx , sy) is calculated from Equations (3.5).
To solve the rolling contact problem, the elastic deformation, u =

(ux , uy) is calculated using Equation (3.8) for the stick zone. Using theo-
ries of elasticity one can then find the corresponding tangential stress, q,
that generates deformation u. In the slip zone the tangential stress ma-
gnitude is known. According to the definition of friction, the direction
of the frictional resistance (tangential stress) must oppose the direction
of the relative motion (slip).

It should be mentioned that in the proceeding description of the rol-
ling contact problem, quasi-identity of the bodies in contact are assumed
and therefore the normal and tangential contact parts are treated inde-
pendently.

Deriving the tangential stresses from Equations (3.8, 3.9), the friction
(creep) forces are calculated by integrating the stresses over the contact
patch. The creep forces versus creepages (and spin) can then be plot-
ted. Such a diagram is called the creep curve in railway applications. A
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Figure 3.7: Creep curve and slip zone growth for pure longitudinal creepage (υy=ϕ=0).

schematic of a creep curve in case of pure longitudinal creepage is illus-
trated in Figure 3.7. It is shown that the creep force is linearly related
to creepage for small creepage values, where the contact patch is almost
fully covered by the stick zone. As the creepage increases, the slip zone
grows and it eventually covers the whole contact area. The creep force
will thereby saturate.
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4Rolling Contact
Theories

The study of rolling contact, or more accurately rolling-sliding contact, is
said to have begun in 1926 with the publication of Carter’s paper [21] on
the solution of the two-dimensional rolling contact problem. The three-
dimensional rolling contact was touched upon by Johnson [10] about
thirty years later. His theory was based on the sliding contact theories.
Kalker [22] continued to study the subject. He published several theo-
ries among which there is a complete theory of three-dimensional rolling
contact. Using his theory, it is possible to solve the problem numerically.
His theory, however, is limited by the elastic half-space assumption. La-
ter on, others like Wriggers [23] studied the problem using FEM. Using
FEM, the half-space limitation is lifted and material non-linearities can
be included. However, it raises other issues to be dealt with.

This chapter covers the essentials regarding rolling contact theories
in two and three dimensions. Moreover, FEM analysis of rolling contact
with application to wheel-rail interaction is briefly discussed.

An interesting historical overview of the wheel-rail rolling contact
theory development is given by Knothe [24].

4.1 Carter’s theory

The first published rolling contact theory is by Carter [21] in 1926. At
about the same time Fromm published his thesis [25] on creep analysis
of rolling elastic discs where he proposes a similar theory.

Carter’s paper is on running quality of electric locomotives and its
goal is to derive a relationship between creepage and creep force of the
driving locomotive wheels. He was interested in tractive and braking
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forces of locomotive driving wheels. His work is based on earlier studies
by Reynolds on belt drives.

Carter forged the term creepage as "the ratio of the distance gained
by one surface over the other, to the distance traversed". He stated that
the longitudinal dimension of the wheel-rail contact patch for new pro-
files are in general greater than the lateral one. However, due to wear
the profiles flatten and the contact patch can be assumed to be a uniform
wide strip. He assumed wheel and rail profiles to be two cylinders with
parallel axes. The problem is thus reduced to a two-dimensional one
due to the plane strain state.

As discussed in the previous chapter, the contact patch is divided
into stick and slip zones. In the stick zone, the slip vanishes. Therefore,
in two dimensional contact with pure longitudinal creepage, Equation
(3.5) becomes

∂ux

∂x
= υx = constant (4.1)

for the points within the stick zone. In the slip zone, the tangential stress,
qx, reaches its upper bound,

qx(x) = µp(x), (4.2)

where µ is the coefficient of friction. The direction of qx must oppose the
slip,

qx(x)
|qx(x)| = − sx(x)

|sx(x)| . (4.3)

Carter assumed that the stick zone borders the leading edge of the
contact area. In order to satisfy the stick zone requirement stated in
Equation (4.1), Carter subtracted an elliptic traction distribution from
the traction bound to form the tangential stress distribution over the
contact area. The tangential stress distribution over the contact strip is
thus

qx = q′x + q′′x , (4.4)

where

q′x = µp = µp0

√
1−

( x
a
)2 − a ≤ x ≤ a,

q′′x = − (a−d)
a µp0

√
1−

(
x−(a−d)

d

)2
− a− 2d ≤ x ≤ a,

(4.5)
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4.1. CARTER’S THEORY

Figure 4.1: Tangential stress distribution based on Carter’s theory for parallel cylinders in
contact.

with a and d being the half-length of the contact area and the half-length
of the slip zone, respectively. Figure 4.1 illustrates the tangential stress
distribution in Carter’s theory.

The tangential strain, ∂ux
∂x , within the stick zone can be derived from

the tangential stress distribution (see [10]) as

∂ux

∂x
=

2(1− ν2)
aE

µp0(a− d), (4.6)

which is constant.
In order to relate creepage to creep force, a relation between creep

force, Q, and the half-length of the slip zone, d, is obtained by integrating
the tangential stress in Equation (4.5) over the contact patch,

d = a

√
1− Q

µN
, (4.7)
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where N is the normal force and Q is the total tangential force known as
creep force in railway applications. Inserting Equations (4.1) and (4.7)
into Equation (4.6) and using Hertz’ relationship for p0, one obtains the
relation between creepage and creep force in two-dimensional rolling
contact as

υx = −µa
R

(
1−

√
1− Q

µN

)
, (4.8)

where 1/R = 1/Rw + 1/Rr is the relative curvature of the wheel and the
rail cylinders. The creep force - creepage relationship in Equation (4.8)
can be rewritten in a non-dimensional manner as,

Q
µN

=


−
(

2 + R
µa |υx|

)
Rυx
µa

Rυx
µa < 1

− υx
|υx |

Rυx
µa ≥ 1

(4.9)

that is plotted in Figure 4.2 and known as the creep curve.

Figure 4.2: Carter’s creep force - creepage curve.

4.2 Johnson’s theories

Johnson published the first three-dimensional rolling contact theory for
circular contacts in two separate papers in 1958. His first paper [26] is
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on rolling motion of an elastic sphere on a plane involving longitudinal
and lateral creepages. In his theory, the stick zone has a circular shape,
after Mindlin’s solution for sliding contact [27]. He also assumes that
the stick zone neighbours the leading edge at one point. However, he
himself shows that such assumption leads to errors in part of the slip
zone adjacent to the leading edge. In this area, the slip is in the same
direction as the tangential stress which is in contradiction to the friction
law stated in Equation (3.9).

Johnson also considered the case for vanishingly small creepages and
derives linear relationships between creepages and creep forces. Kal-
ker [22], examined these relations and compared them to his own linear
theory and showed that errors of about 20% are expected.

In his second paper [28], Johnson considered the effect of spin in
circular rolling contact. He showed that spin causes a lateral creep force
and derived a relation between infinitesimal spin and creep force.

Later, Vermeulen and Johnson [29] extended the theory for circular
contacts in pure creepage (without spin) cases to elliptic contacts. Si-
milar to Johnson’s previous work, the strategy is to use the solution for
sliding contacts with micro slip, derived by Deresiewicz [30] for ellip-
tic contact. The only difference is that the stick zone borders the lea-
ding edge at one point in order to reduce the area of error in a rolling
contact case. Figure 4.3 illustrates the stick zone shape and location in
this theory. The shaded area is where the friction law is not satisfied.

Figure 4.3: Stick and slip zones based on Vermeulen and Johnson’s theory. In the shaded
area, the slip and frictional stress have the same direction.

31



CHAPTER 4. ROLLING CONTACT THEORIES

4.3 Kalker’s linear theory

As shown by Johnson [26], a linear relation can be derived for creep
forces in case of vanishingly small creepages and spin. For this limi-
ting situation, one can assume that the contact area is fully covered by
the stick zone. Therefore, it is also known as the no-slip theory. In this
theory, the friction law and the coefficient of friction are discarded. Kal-
ker [22] studied this case to find the linear creepage - creep force rela-
tionship. He considers the tangential stress distribution over the contact
area to be

q(x, y) = P((
x
a

)m, (
y
b

)n)
√

1− (
x
a

)2 − (
y
b

)2, (4.10)

where P((x/a)m, (y/b)n) is a polynomial function in x/a and y/b of or-
der m + n. To calculate the creep forces Kalker truncates the polynomial
function P at m + n = 5 and enforces the boundary condition that the
stress at the leading edge should vanish. Thus, in this theory, the unloa-
ded material flows into the contact patch from the leading edge and as
it passes towards the trailing edge the traction is built up boundlessly.

The creep forces and spin moment can be calculated by integrating
the stresses over the contact patch, which yields

Fx = −C11Gc2υx ,

Fy = −C22Gc2υy − C23Gc3 ϕ,

Mz = −C23Gc3υy − C33Gc4 ϕ,

(4.11)

where c =
√

ab is the effective patch size and Cij are the so-called Kalker
coefficients. These coefficients depend only on Poisson’s ratio and the
contact ellipse axis ratio a/b. They are available in tabulated form in
[19]. Spin is defined to be positive clockwise in Equations (4.11).

In a two-dimensional case, considering Equation (4.9), the initial slope
of the creep curve is

lim
υx→0

∂(Q/µN)
∂υx

= −2R
µa

, (4.12)

and the linear approximation of Carter’s curve is thus

Q/µN = −2
Rυx

µa
. (4.13)
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Figure 4.4: Kalker’s linear theory versus Carter’s creep curve (bold blue line).

Figure 4.4 illustrates the linear theory creep curve in comparison to Car-
ter’s for this case.

The linear theory of Kalker is rarely used directly to calculate the
creep forces in rail vehicle dynamics simulation since creepages and spin
values above the application range of this theory is common in railway
applications. However, it is used in other theories as an accurate estima-
tion of the creep forces for the special case of vanishing slip.

4.4 Strip theory

In 1963, Haines & Ollerton [31] proposed their theory for elliptic rolling
contact in a pure longitudinal creepage case. In this theory, the elliptic
contact patch is sliced into strips parallel to the rolling direction where
each strip is considered as a two-dimensional contact problem. In fact,
the interaction between strips is neglected and each strip is treated as a
plane strain case. In this manner, Carter’s two-dimensional solution is
extended to three-dimensional contacts. Figure 4.5 schematically shows
this extension.

Unlike Vermeulen & Johnson’s theory, here the stick-slip boundary
is a reflection of the leading edge about a line perpendicular to the rol-
ling direction. In this case, an arc of points on the leading edge sticks
whereas in Vermeulen & Johnson’s case only one point on the leading
edge sticks. Figure 4.6 illustrates the stick-slip division and the tangen-
tial stress distribution on a strip parallel to the rolling direction predicted
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Figure 4.5: From Carter’s two-dimensional solution to strip theory for three-dimensional
elliptic contacts.

by the strip theory.
In addition to proposing a theory, Haines & Ollerton conducted ex-

periments to measure the tangential stress distribution over the patch
using the photo-elastic technique. In their experimental set-up, two bo-

Figure 4.6: Stick and slip zones based on the strip theory. The tangential stress distribution
along a strip is also shown.
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dies of revolution made of resin roll over each other in a hot air chamber.
The rolling is stopped at an instance and the strain state of the bodies is
frozen. The stress distribution on the contact surface can then be deduc-
ted. Figure 4.7 shows two examples of the contact surface after freezing.
The experiments confirm that the stick zone (light regions within the
patch in Figure 4.7) is "lemon-shaped" and placed adjacent to the lea-
ding edge as predicted by the strip theory.

Figure 4.7: Frozen contact patches of rolling contact with partial slip captured using photo-
elastic technique. The light and dark regions within the contact patch correspond to stick
and slip zones. Adapted from [31].

Later, Kalker [32] included lateral creepage and (limited) spin in the
strip theory and presented an extensive theoretical background for the
theory. According to Kalker’s strip theory formulation, the longitudinal
and lateral stress distributions in the stick zone are

qx(x, y) =
µp0

a0

[
κk

√
a2(y)− x2 − κ′k

√
(a(y)− d(y))2 − (x− d(y))2

]
,

(4.14)

qy(x, y) =
µp0

a0

[
λk

√
a2(y)− x2 − λ′k

√
(a(y)− d(y))2 − (x− d(y))2

]
,

(4.15)

in which µ is the friction coefficient and p0 is the maximum Hertzian
pressure. The half-length of the patch and half-length of the slip zone for
the strip at the lateral coordinate y are denoted by a(y) = a0

√
1− (y/b0)2

and d(y), respectively. The terms κk, κ′k, λk, and λ′k together with d(y) are
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dependent on creepages and spin,

d(y) =

√
η2 + (1− ψ2)ξ

2
+ ηψ

(1− ψ2)
a0

1− ν
, (4.16)

κk = κ′k =
ξ

ξ
2

+ η2

[
−ηψ +

√
η2 + (1− ψ2)ξ

2
]

, (4.17)

λk =
η

ξ
2

+ η2

[
−ηψ +

√
η2 + (1− ψ2)ξ

2
]

+ ψ, (4.18)

λ′k =
η

ξ
2

+ η2

[
−ηψ +

√
η2 + (1− ψ2)ξ

2
]

, (4.19)

with ν being the equivalent Poisson’s ratio ξ, η and ψ are normalised
terms defined based on creepages (υx, υy) and spin (ϕ) as follows,

ξ = − G
2µp0

υx − ψy/a0, (4.20)

η = − G
2µp0

(1− ν)υy, (4.21)

ψ = − G
2µp0

a0 ϕ, (4.22)

in which G is the equivalent shear modulus.
In the slip zone, the tangential stress depends on whether the strip

is in full slip. In strips which consist of both stick and slip parts, the
distributions are

qx(x, y) =
µp0

a0

ξ

[
−ηψ +

√
η2 + (1− ψ2)ξ

2
]

ξ
2

+ η2

√
a2(y)− x2, (4.23)

qy(x, y) =
µp0

a0

[
ξ

2
ψ + η

√
η2 + (1− ψ2)ξ

2
]

ξ
2

+ η2

√
a2(y)− x2, (4.24)

while for strips in full slip, the tangential stress distributions are

qx(x, y) =
µp0

a0

ξ√
(η/(1− ν))2 + ξ

2

√
a2(y)− x2, (4.25)
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qy(x, y) =
µp0

a0

η/(1− ν)√
(η/(1− ν))2 + ξ

2

√
a2(y)− x2, (4.26)

Kalker has set the applicability domain of his strip formulation to li-
mited spin such that |ψ| < 1. Compared to experimental results of Poon
[33], the shape of the stick-slip boundary is well estimated by Kalker’s
strip theory for this limited range of spin.

Although the comparison to experimental results proved some ca-
pabilities of the strip theory, it was abandoned shortly after. Besides its
limited applicability domain, there are two main reasons behind this.

In case of pure creepage (ϕ=0), the strip theory estimation is highly
satisfactory for contact ellipses with small semi-axes ratio (a0/b0) where
it resembles the rectangular contact patch for parallel cylinders in contact.
For instance, the strip theory estimation in comparison to the rigorous
solution of CONTACT (see the next section) for semi-axes ratio a0/b0=0.2
is shown in Figure 4.8.

However, the accuracy of the strip theory diminishes as the semi-
axes ratio (a0/b0) of the contact patch increases, i.e. the contact patch
elongates in the rolling direction. In case of a circular contact, for ins-
tance, relative errors of 25% are expected in the pure creepage case. Fi-
gure 4.9 shows how inaccurate the strip theory estimation is for a contact
patch with semi-axes ratio a0/b0=5.

Moreover, in the pure spin case, the accuracy of the theory is low.
This is seen even for patches with low semi-axes ratios. The relative
error in force estimation with respect to CONTACT is up to 20% for
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Figure 4.8: (a) creep curve and (b) stress distribution on the central strip for for υx = 1.5
with semi-axes a0=0.2 mm and b0=1 mm.
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Figure 4.9: (a) creep curve and (b) stress distribution on the central strip for for υx = 0.02
with semi-axes a0=5 mm and b0=1 mm.

a0/b0=0.2. For a circular contact, this error rises to 40%.

4.5 Kalker’s complete theory

In 1979 Kalker [34] published his so-called complete theory of rolling
contact. Using this theory all combinations of creepages and spin for any
two elastic bodies of revolution in contact is treated. Kalker’s complete
theory is based on the principle of maximum complementary energy.
This theory is sometimes called Kalker’s variational theory because using
the variational approach, the rolling contact problem is formulated in
its weak form and a solution is found that satisfies the elastic half-space
theory and rolling contact boundary conditions on the surface. The elas-
ticity equilibrium equations within the bulk material are treated using a
boundary element method (BEM).

Although, in some literature, Kalker’s complete theory is called the
exact theory, it does not give an exact solution free of any limiting as-
sumptions. In fact, its numerical implementation converges to the exact
elastic half-space solution. The theory is thus based on the following
limiting assumptions:

• Homogeneous, linear elastic materials

• Half-space assumption (i.e. non-conformal contact)

• Coulomb’s friction law
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Kalker’s variational theory is implemented by him in a computer
code named CONTACT [35]. In this implementation, a potential contact
area should be indicated as input. This area is then discretized into rec-
tangular elements of the same size. The contact pressure and traction at
each element are constant.

First, the normal contact problem is solved using an algorithm cal-
led NORM. The Boussinesq-Cerruti equations for elastic half-space are
used to relate the surface deformations to contact pressures (see Section
2.4). To find the contact patch from the potential contact area, an ite-
rative process is conducted in the NORM algorithm. In each iteration,
elements with negative pressure value are eliminated from the contact
area until all the remaining elements have positive pressure values. The
NORM algorithm is usually the most computationally-demanding part
of the CONTACT code in case of non-Hertzian contacts.

After obtaining the contact patch and pressure distribution, the trac-
tion in each element is calculated using the TANG algorithm. Linear
slip equations in the stick zone and non-linear traction (tangential stress)
equations in the slip zone are solved by TANG. The non-linear equations
require a non-linear solver such as the Newton-Raphson method.

In case of having non-quasi-identical material in contact, the nor-
mal and tangential contact problems are coupled and can not be trea-
ted independently. In this case, an algorithm called KOMBI is used in
CONTACT. KOMBI is a modification of the well-known Panagiotopou-
los approach [22], in which the normal problem is then solved assuming
a frictionless contact. The tangential part is solved using the previously
calculated normal part. The normal contact is again solved considering
the effect of tangential solution. This process is repeated until the solu-
tion converges. Kalker states that the KOMBI algorithm does not always
converge.

The iterative scheme to find the contact patch in NORM and the so-
lution of the non-linear system of equations in TANG, make CONTACT
computationally demanding. Therefore, it is rarely used in dynamics si-
mulation. CONTACT is usually used as reference to evaluate other fast
and efficient contact models in non-conformal contact cases.

4.6 Kalker’s simplified theory

The high computational cost of CONTACT and the urge for a generic
wheel-rail contact model applicable to dynamics simulation motivated
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Kalker to develop a simplified rolling contact theory that can cover all
combinations of creepages and spin. He based his simplified theory on
Winkler’s approach. This approach to the normal contact problem is
discussed in the preceding chapter where the elasticity of the bodies in
contact is replaced by an elastic bed. In the tangential direction, the
same approach is taken, where it resembles a wire brush. Like the inde-
pendent movement of the wires on a brush, each point on the surface is
assumed to deform independently of its neighbouring points. Winkler’s
approach in normal and tangential directions is shown in Figure 4.10.

In Kalker’s simplified theory, a simple linear relationship between
the surface deformation and traction is assumed,

u = Lτ, (4.27)

where u=(ux , uy, uz) is the deformation vector, τ=(qx , qy, p) is the trac-
tion vector and L is the so-called flexibility parameter.

Using the simplified theory in the normal direction, uz=Lp, for Hert-
zian contacts makes no sense since it gives an inaccurate solution while
the accurate analytical solution is already provided by Hertz. However,
applying the simplified theory to the tangential part offers capabilities
to simplify and accelerate the estimation of the tangential stress distri-
bution.

The essential part of the simplified theory is the calculation of the
flexibility parameter. By equating the creep forces calculated by the sim-
plified theory to the ones from the exact half-space solution, the flexibi-
lity parameter is obtained. Since the results from the exact solution for
a general case are not available in a closed form, this is restricted to the

Figure 4.10: Schematic of real versus simplified contact representation in normal and tan-
gential directions.
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vanishing slip (full adhesion) solution available through Kalker’s linear
theory.

For full adhesion in steady state rolling, the surface deformation can
be calculated from Equation (3.5) as,

ux = υxx− ϕxy + f (y),

uy = υyx + ϕ x2

2 + g(y),
(4.28)

where f and g are arbitrary functions of y that act as the integration
constants. Using (ux , uy) = L(qx , qy) and applying the boundary condi-
tions, qx(a(y), y) = 0 and qy(a(y), y) = 0, at the leading edge of the contact,
the traction distribution will be

qx = [υx (x− a(y))− ϕ (x− a(y)) y] /L,

qy =
[
υy (x− a(y)) + ϕ

(
x2 − a2(y)

)
/2
]
/L,

(4.29)

where a(y) is half the length of the contact patch at y. The total forces
can be calculated by integrating the traction distribution over the contact
patch,

Fx = −8a2bυx
3L ,

Fy = −8a2bυy
3L − πa3bϕ

4L .

(4.30)

Because the elliptic contact patch is symmetric about the x-axis, spin
does not contribute to the longitudinal creep force in these equations.

By equating the coefficient of the creepages and spin in Equation
(4.30) to the ones obtained using the linear theory in Equation (4.11),
the flexibility parameter is obtained. However, it is impossible to find a
single flexibility parameter to satisfy all three equations. Therefore, three
different flexibility parameters are calculated corresponding to each cree-
page and spin,

Lx =
8a

3GC11
, Ly =

8a
3GC22

, Lϕ =
πa2

4GcC23
. (4.31)

Kalker also introduced an alternative to these three flexibility para-
meters: a single weighted parameter,

L =
Lx|υx| + Ly|υy| + Lϕ|ϕ|c√

υ2
x + υ2

y + (ϕc)2
(4.32)
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For the traction bound, i.e. the limit of traction based on Coulomb’s
law, two alternatives are possible. The first obvious choice is the Hert-
zian pressure distribution times the coefficient of friction,

µp(x, y) = µp0

√
1−

( x
a

)2
−
(y

b

)2
, (4.33)

where p0 is expressed in Equation (2.8). The other alternative is to re-
place the Hertzian pressure distribution with the one based on the sim-
plified theory in normal direction,

µp′(x, y) = µp′0

(
1−

( x
a

)2
−
(y

b

)2
)

, (4.34)

which is parabolic with p′0 being,

p′0 =
2N
πab

. (4.35)

In absence of spin, the simplified theory can provide an analytical
solution. In presence of spin, however, a numerical algorithm is needed.
Kalker published an algorithm based on the simplified theory known as
FASTSIM [19].

He suggests using the parabolic traction bound of Equation 4.34 in
FASTSIM. There are two reasons for this. First, the parabolic traction
bound results in more accurate stick-slip boundaries. This is also confir-
med by Linder [36] and Quost et al. [37] as well. Figure 4.11 illustrates
the stick-slip boundaries achieved by using either parabolic or elliptic
traction bounds in FASTSIM.

(a) (b) (c)

Figure 4.11: Tangential stress distribution by simplified theory with (a) parabolic and (b)
elliptic traction bound compared to (c) CONTACT for pure spin case. The red arrows
represent elements in the slip zone and the blue represent the ones in the stick zone.
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Second, using a parabolic traction bound results in a more accurate
estimation of the creep forces. This is despite the fact that the FAST-
SIM estimation of the tangential stress within the slip zone differs from
the complete half-space theory (CONTACT). One explanation might be
that, in FASTSIM, the error due to the linear distribution of the stress in
the stick zone counteracts the error due to the parabolic distribution in
the slip zone. Therefore, the integration of the stresses over the whole
contact area yields the creep forces with lower error levels. Figure 4.12
depicts the creep curves estimated using parabolic or elliptic traction
bounds in FASTSIM. The error relative to CONTACT is also shown in
the same figure.

In the FASTSIM algorithm, the elliptic contact patch is discretized
into strips parallel to the rolling direction and each strip is further dis-
cretized into rectangular elements. The shear stresses along each strip
are first calculated as

qn+1
x = qn

x −
(

υx

Lx
− ϕy

Lϕ

)
dx, (4.36)

qn+1
y = qn

y −
(

υy

Ly
+

ϕx
Lϕ

)
dx, (4.37)

where superscript n indicates the sequence of the element in the strip.

The magnitude of the total shear stress qt =
√

q2
x + q2

y at each element is
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Figure 4.12: (a) Creep curve estimation by FASTSIM using either parabolic or elliptic trac-
tion bound and (b) the estimation error relative to CONTACT.
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(a) (b)

Figure 4.13: Comparison of FASTSIM and CONTACT creep curves for (a) no spin and (b)
pure spin cases. From [19].

then compared against the parabolic traction bound,

g =
2µN
πab

(
1− (

x
a

)2 − (
y
b

)2
)

, (4.38)

and for qt > g, the shear stresses are recalculated as,

qn+1
x = qn+1

x
g
qt

, (4.39)

qn+1
y = qn+1

y
g
qt

. (4.40)

Kalker [22] has also published an evaluation of the FASTSIM creep
force estimation using CONTACT. Figure 4.13 shows comparisons for
pure creepage and pure spin cases of circular contact. As can be seen,
FASTSIM results are satisfactory, especially for the pure creepage case.
Kalker claims [22] that the errors are about 10% in case of pure creepages
or longitudinal creepage and spin, and up to 20% for combination of la-
teral creepage and spin compared to CONTACT. This is while FASTSIM
is claimed to be about 1000 times faster than CONTACT.

In case of no-spin (pure creepages), the creep force estimation using
FASTSIM is better in unsaturated cases. Figure 4.14a shows creep curves
estimated using FASTSIM compared to CONTACT for υx = υy and semi-
axes ratio a0/b0 = 0.2. The estimation error relative to CONTACT is also
shown in Figure 4.14b.

In the presence of large spin, the accuracy of FASTSIM diminishes.
This can be seen in Figure 4.15, where a pure spin case of circular contact
is considered. The error exceeds 25% for very large spin values. The
creep force and estimation error in case of spin and opposing lateral
creepage is also shown in Figure 4.16.
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(a) (b)

Figure 4.14: (a) Comparison of FASTSIM and CONTACT creep curves for υx = υy of elliptic
contact with a0/b0 = 0.2 and (b) absolute estimation error of FASTSIM for longitudinal and
lateral creep forces.

(a) (b)

Figure 4.15: (a) Comparison of FASTSIM and CONTACT lateral creep curve for pure spin
of circular contact and (b) estimation error of FASTSIM for lateral creep force.

(a) (b)

Figure 4.16: (a) Comparison of FASTSIM and CONTACT lateral creep curve for spin and
opposing lateral creepage of circular contact and (b) estimation error of FASTSIM for late-
ral creep force.
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4.7 FEM analysis

The FEM analysis can provide the ultimate available solution to the
contact problems which violate the underlying assumptions of Kalker’s
variational method. It is not bound to the half-space assumption and
various material properties can be considered. Moreover, more detai-
led friction laws than the well-known Coulomb’s law can be used. Like
any numerical method, however, there are several numerical issues to
be dealt with.

In general, FEM is a numerical method of solving partial differential
equations (PDEs). It eliminates the spatial derivatives and converts the
PDE into a system of algebraic equations. To do so, the bodies under in-
vestigation, considered to be a continuum, are discretized into elements
with certain number of nodes. The solution to the PDE using FEM is
exact at the nodes, while between the nodes it is approximated by poly-
nomials known as shape functions.

In Solid Mechanics, three sets of equations are formulated in each
element: the compatibility equations, which relate the strains to the dis-
placements, the constitutive equations, which relate the stresses to the
strains, and the equations of motion.

Development of FEM analysis for rolling contact started in the early
1980s [38]. When FEM is applied to rolling contact problems, several
features should be considered. Some of these features are quite general
in any FEM analysis, such as the mesh dependency of the results or the
choice of time integration scheme. Others may be more crucial in case
of rolling contact problems, for instance, which kinematic description
should be used or how the contact conditions should be enforced.

Regarding the mesh size, since contact stresses are of high magnitude
in a rather small area, the mesh should be adaptively refined in this area
of stress concentration in order to achieve the required accuracy. This
makes the analysis computationally time-consuming.

There are generally two alternatives for kinematic description of the
rolling contact problem in the analysis. One is a Lagrangian approach,
in which the system of coordinates is particle-fixed. It is mainly used for
static or short-displacement problems. The other option, which seems
to be more efficient in application to rolling contact, is the so-called Ar-
bitrary Lagrangian-Eulerian (ALE) approach in which the total displa-
cement of the rolling wheel is divided into a rigid-body motion and the
deformation of the material point.

The contact conditions between the two bodies should be enforced
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in the FEM formulation in a mathematical way. These conditions can
be divided into the normal and the tangential contact conditions. The
contact conditions can be imposed in two different ways. One way is to
introduce geometrical constraint equations. The other way is to develop
a constitutive law for the micro-mechanical contact approach.

The geometrical constraint application is basically done using either
the Lagrange multiplier approach or the penalty method. In the former,
a new degree of freedom is added to the system of equations in order to
fully satisfy the contact constraints. However, serious numerical issues
may arise due to this added equation. The penalty method, relaxes the
constraint conditions by considering some flexibilities to avoid numeri-
cal issues. The trade-off is that the constraints are not fully satisfied.

The alternative to the geometrical constraint application is to intro-
duce constitutive laws in the contact interface. This approach is justified
by considering the micro-mechanical characteristics of the surfaces in
contact and their roughness. Figure 4.17 illustrates the different natures
of constraint application methods, where gap is the distance between
the contacting surfaces. Velocity-dependent friction laws may also be
introduced for tangential equations.

One common use of FEM analysis for wheel-rail contact is, in fact,
to evaluate the accuracy of half-space-based elastic theories in deba-
ted contact conditions such as flange-gauge corner contact. As mentio-
ned earlier, Yan and Fischer [12] investigated the applicability of Hertz’
theory in different wheel-rail contact cases. Wiest et al. [13] have basi-
cally done the same investigation for contact in switches. Telliskivi and
Olofsson [11] also investigated the effect of half-space and elasticity as-
sumptions on the contact solution by comparing elasto-plastic (kinema-

Figure 4.17: Geometrical and constitutive relations for normal contact. From [38].
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tic hardening) FEM results to the ones obtained using CONTACT and
Hertz’ theory. In Figure 4.18, the results from these methods are compa-
red for two different contact cases.

There are not many FEM studies on the tangential problem of wheel-
rail rolling contact. All the above mentioned studies are focused on the
normal contact problem. Zhao and Li [39] have done a three-dimensional
FEM analysis of simple wheel-rail geometries using an explicit time in-
tegration approach. Damme et al. [17] have studied the FEM analysis
of wheel-rail rolling contact using the ALE approach. They considered
standard wheel-rail profiles of S1002/UIC60 with rail inclination 1:40.
It is done for a single wheel with a load of 90 kN. Although the coeffi-
cient of friction is taken to be 0.15, full sticking is assumed throughout
the contact area. Figure 4.19 shows the contact pressure distribution in
the wheel central position obtained by Damme et al. and the results
from the CONTACT software for the same case. Maximum stress in the
contact area is lower for the FEM results. One reason may be the fact
that the penalty method used in the FEM formulation allows for some
penetration which, in turn, decreases the contact stiffness. The other
reason might be related to the half-space assumption. In the CONTACT

Figure 4.18: Comparison of maximum contact pressure and the contact area between three
different contact methods for case 1: flange contact, and case 2: tread contact of worn
profiles. Taken from [11].
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4.7. FEM ANALYSIS

(a) (b)

Figure 4.19: Contact pressure distribution obtained by (a) FEM (from [17]), and (b)
CONTACT software. Note that the y-axis is positive towards the gauge-corner.

software, the contact surface is assumed to be flat (as a consequence
of half-space assumption). However, in the FEM analysis, the contact
patch is not necessarily flat and is more inclined at the right end of the
patch where the pressure values are lower compared to the CONTACT
solution.
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5Creep Force
Calculation

As indicated earlier, wheel-rail contact modelling is a crucial part of si-
mulation of rail vehicle dynamics. The output of a contact module in
an MBS code may be categorized based on how detailed it is. For the
analyses in which the vehicle dynamic response is of interest, the requi-
red output is normal and creep forces at each contact. One of the main
requirements of a contact module within an MBS code is its computatio-
nal efficiency. This is because the contact problem should be evaluated
at every time step, often being less than a millisecond, for several wheel-
rail pairs. Having a detailed time-consuming contact module, regardless
of how accurate it may be, is not desirable for engineers who have to run
the simulation of rolling stock for some hundreds of kilometres. Hence,
researchers have striven to develop more accurate and realistic contact
models while maintaining low computational cost.

In this chapter, methods that only calculate the creep forces requi-
red for vehicle dynamics simulation are presented. Generally, in these
methods the normal contact problem is solved using Hertz; the contact
patch is therefore an ellipse represented by its semi-axes. Here, some
well-known methods of this kind are discussed. A comparison of these
methods in MBS simulation (assuming elliptic contact) has been publi-
shed by Vollebregt et al. [40].

5.1 Linear theory with linear saturation

In the preceding chapter the linear characteristic of the creepage - creep
force relationship for vanishingly small slip was discussed. It was also
shown that Kalker has derived analytical relations to calculate creep
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CHAPTER 5. CREEP FORCE CALCULATION

forces for combinations of creepages and spin using the so-called Kal-
ker coefficients.

However, using the linear theory formulation presented in Equation
(4.11) for creep force calculation in vehicle dynamics simulation is not
recommended. This is because, regardless of Coulomb’s law of friction,
the creep forces can increase boundlessly above the frictional capacity of
the interface. It is therefore common to include a saturation law with the
linear theory in order to bound the creep force to the friction coefficient
times the normal force. The simplest way is to use a linear saturation so
that

Q =

{ √
F2

x + F2
y υt < 1,

µN υt ≥ 1,
(5.1)

where Q is the resultant creep force and (Fx , Fy) are calculated from
Equation (4.11) and

υt =
√

υ2
x + υ2

y, (5.2)

with

υx =
−C11Gc2υx

µN
,

υy =
−C22Gc2υy − C23Gc3 ϕ

µN
,

(5.3)

Figure 5.1 compares this method with the CONTACT solution for circu-
lar contact in the pure longitudinal creepage case.

Figure 5.1: Linear theory with linear saturation versus the CONTACT creep curve (dashed
blue line) for circular contact in pure longitudinal creepage.
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5.2. LINEAR THEORY WITH CUBIC SATURATION

5.2 Linear theory with cubic saturation

The linear theory formulated by Kalker can be combined with a cubic
saturation law in order to better resemble the exact half-space solution
from CONTACT. This is proposed, among others, by Shen et al. [41]
which is known as the SHE method. The creep force relation is

Q =
{ (

1− (1− υt/3)3) µN υt < 3
µN υt ≥ 3 (5.4)

This formulation have obvious similarities to the creep force rela-
tion from Vermeulen and Johnson’s theory. The linear part, however, is
based on Kalker’s linear theory, which is more accurate than Vermeu-
len and Johnson’s estimation. Moreover, the spin term is also included.
Figure 5.2 shows that this method matches accurately with the results
from CONTACT for a pure creepage (no spin) Hertzian case. However,
as the spin value increases beyond the linear domain, the accuracy is
significantly affected. This is shown in Figure 5.3.

Figure 5.2: Linear theory with cubic saturation (red line) versus CONTACT creep curve
(dashed blue line) for circular contact in pure longitudinal creepage.

This limitation of the cubic saturation method causes highly unsatis-
factory results in contact cases such as wheel-flange rail-corner contact
where high spin values are expected.

5.3 Polach’s method

Polach [42] bases his method on the assumption of a linear relationship
between the tangential deformation, u, and the traction, q. This assump-
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CHAPTER 5. CREEP FORCE CALCULATION

Figure 5.3: Linear theory with cubic saturation (red line) versus CONTACT creep curve
(dashed blue line) for circular contact in pure spin.

tion is presented by Kalker in his simplified theory, which is introduced
in Section 4.6. In Polach’s method the problem is solved in two steps.
First, the creep forces are calculated for a no spin case using the afore-
mentioned assumption. The pure spin case is then considered. In this
case, the centre of spin rotation is located on the longitudinal axis, since
the spin contribution to the longitudinal force in an elliptic patch is zero.
However, the exact position of this centre is not a priori known. Polach
assumes a vanishingly small semi-axis in the rolling direction (a → 0).
Consequently, the centre of spin is approaching the origin. The spin
contribution to the lateral force is then calculated and the result is ex-
tended to cases with larger a/b ratios in a heuristic manner. Finally, the
creep forces calculated for both no-spin and pure spin cases are added
together and limited by the traction bound. Polach [43] extended his
method to include falling friction and contamination effects.

5.4 Table-lookup method

As mentioned earlier, Kalker’s complete theory implementation, known
as CONTACT, is too expensive to be used for creep force calculation in
an MBS code. However, it is possible to pre-calculate a set of Hertzian
(elliptic) contact problems with CONTACT to form a table of results sui-
table for interpolation of creep forces in MBS code. Such a table can be
set up for typical wheel-rail material properties. The table’s input va-
riables are contact ellipse semi-axes ratio (a/b), creepages (υx , υy) and
spin (ϕ). Any possible wheel-rail contact case can then be interpolated
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using a linear or more advanced interpolation method. To make such
a table, a large number of simulations should be conducted. To speed
up the process a coarse grid may be used in CONTACT. The accuracy
of such a table-lookup scheme is therefore dependent on the number of
table entries, the CONTACT grid size and the interpolation method.

An example of a table-lookup scheme is the USETAB program de-
veloped by Kalker [44]. In USETAB, a linear interpolation is done on
115000 table entries where each entry is calculated with a CONTACT
grid of 10 × 10 elements. The study in [40] suggests USETAB as the
best creep force estimation method taking CONTACT (assuming elliptic
contact) as reference.
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6Damage Analysis

In addition to simulation of dynamics behaviour of rail vehicles, the pre-
diction of damage phenomena due to vehicle-track interaction is of great
importance.

The maintenance cost due to damage to wheels and rails has rai-
sed the need to predict damage phenomena [5]. An accurate damage
analysis enables the prediction of expected life of wheels and rails and
helps to optimize the maintenance intervals. The most common damage
phenomena in railway applications are wear and rolling contact fatigue
(RCF). Until about two decades ago, wear was the dominating damage
mechanism. By increasing the axle loads, RCF arises as a serious pro-
blem that can threaten the safety of the whole system. Therefore, many
studies are conducted on prediction methods of wear and RCF and their
interaction.

For an accurate prediction of wear and RCF (see [5]), a precise es-
timation of contact patch shape and size as well as the stress distribu-
tion within it is needed. Therefore, the contact model used in the MBS
code should not only output reliable contact forces but also the estima-
ted contact patch and stress distributions are needed as an input to a
damage analysis module.

This chapter briefly addresses the damage prediction models for pre-
diction of wear and RCF or both as well as the required contact details
to be provided by the contact model.

6.1 Energy-based models

In this type of models, including Pearce and Sherratt [45], Lewis and
Dwyer-Joyce [46], and Burstow [47], the damage is related to the dis-
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CHAPTER 6. DAMAGE ANALYSIS

sipated energy in the wheel-rail contact. The well-known Tγ term is
calculated as

Tγ = |Fxυx| + |Fyυy|, (6.1)

where (Fx , Fy) are creep forces and (υx , υy) are creepages in the longitu-
dinal and lateral directions. Using the graphs in Figure 6.1, the wear rate
according to Pearce and Sherratt or damage index according to Burstow
are obtained.

(a) (b)

Figure 6.1: (a) Wear rate according to Pearce and Sherratt for one wheel revolution and (b)
damage index according to Burstow.

The Tγ approach may be applied locally over the contact patch. In
this way, the spin contribution can be considered as well. For instance,
Dirks et al. [48] introduced a so-called Energy Index, EI in [N/m2],

EI(x, y) = qx(x, y)[υx − ϕy] + qy(x, y)[υy + ϕx], (6.2)

which is used as a measure of RCF damage.

6.2 Archard’s wear model

In Archard’s wear model [49] the wear rate is related to the sliding dis-
tance, normal force and tribological properties of the contact. According
to this model, the worn-off volume, Vwear in [m3], is calculated as

Vwear = k
sdN
H

, (6.3)
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with sd being the sliding distance in [m], H being the hardness of the
material in [N/m2] and k being the wear coefficient.

The wear coefficient is determined by means of lab tests and presen-
ted in a wear map (see Figure 6.2) as a function of the sliding velocity
and contact pressure.

Jendel [50] has applied Archard’s model to wheel-rail contact locally.
He replaced the normal force, N, with the contact pressure, p, times
the element area, thus finding the wear depth for each contact surface
element,

∆z = k
sd p
H

. (6.4)

It is evident from Figure 6.2 that wear may be categorized into three
regimes of mild (k = 1− 10 · 10−4), severe (k = 30− 40 · 10−4) and catas-
trophic (k = 300− 400 · 10−4). It is seen that there is a sudden jump in
the wear map between these regimes. Thus the wear coefficient is highly
sensitive to sliding velocity and contact pressure estimation. The wear
coefficient may vary up to 400 times with a slight error in contact pres-
sure estimation. This implies the significance of the wheel-rail contact
model estimation of contact pressure as well as sliding velocity.

One of the differences between Archard’s model and energy-based
wear models is that, according to Archard, wear occurs only in the slip
zone. There would be no wear in the stick zone since no sliding occurs.

Figure 6.2: Wear map for k coefficient under dry conditions for wheel and rail materials.
From [50].
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Therefore, it is also important to use a wheel-rail contact model that can
accurately estimate the stick-slip division of the contact patch.

All in all, to be able to use Archard’s wear model, the contact model
should provide an accurate estimation of contact pressure as well as slip
velocity (sliding distance) within the slip zone.

6.3 Fatigue index model

To predict the RCF occurrence, the shakedown theory [10] can be used.
Based on this theory, a shakedown limit is defined which is dependent
on maximum contact pressure, p0, and material yield stress in shear, k.
If the so-called utilized friction (adhesion utilization),

µu =
Q
N

=

√
F2

x + F2
y

N
, (6.5)

exceeds the limit, k/p0, fatigue cracks will initiate on the surface. The
surface-initiated Fatigue Index (FIsur f ) is developed by Ekberg et al. [51]
as

FIsur f =

√
F2

x + F2
y

N
− k

p0
. (6.6)

It is assumed that damage occurs for FIsur f > 0.
Dirks and Enblom [52] show that the precision of the fatigue index

model could be improved if it is applied locally at each contact element.
Dirks et al. [48] proposed a Stress Index,

SI =
√

q2
x + q2

y − k, (6.7)

similar to the fatigue index model which is dependent on shear stress
distribution, (qx , qy), over the contact patch. Damage occurs at a point
when SI > 0.
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7Fast Non-Elliptic
Contact Models

The accuracy of the analytical creep force methods (see Chapter 5) is
affected by the presence of large spin values. The statistical study in
[40] of the contact cases occurring in passenger train travel on normal
track suggests that large values of spin occur rather frequently. This
motivates the need for more accurate methods for the tangential part
of the contact. Moreover, all the aforementioned creep force calculation
methods are based on Hertz’ solution for normal contact, while contact
patches are often non-elliptic in wheel-rail applications.

In addition, as mentioned in the previous chapter, the damage ana-
lysis of the wheel-rail interface necessitates the determination of the
contact pressure and traction distributions within the contact patch. It
is obvious that analytical creep force methods do not provide this infor-
mation.

In this chapter, methods are discussed that provide this information
while being fast enough to be used on-line in MBS codes. Since the detai-
led contact solution is a time-consuming process with today’s computer
power, these methods provide approximate solutions based on simpli-
fying assumptions. This simplification is done both for the normal and
the tangential parts of the problem. In the normal part, approximate
solutions are suggested to find non-elliptic contact patches analytically.
The approximation in the tangential part is also done to achieve a me-
thod capable of providing detailed traction distribution while being fast.
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CHAPTER 7. FAST NON-ELLIPTIC CONTACT MODELS

7.1 Normal part

7.1.1 Multi-Hertzian method

In the 1980s, Pascal and Sauvage [53] realized the existence of possible
secondary contact points from the sudden "jumps" observed in the evo-
lution of contact parameters with respect to wheelset lateral displace-
ment. Although these jumps exist when the wheel flange comes into
contact, they observed them even in the tread contact for small wheelset
displacement. They concluded that the jumps are indicative of secon-
dary contact points which come into contact due to the elastic deforma-
tion of the profiles resulting from the contact pressure. Thus, in detec-
ting the points of contact, if elastic profiles are considered rather than
rigid ones, several contact points may be possible to find. Each contact
point indicates a separate contact patch. A Hertzian ellipse is then cal-
culated for each patch using the curvature values at that point.

In order to detect the secondary contact point, the so-called gutter
concept [54] is used. According to this concept, for any separation func-
tion which is non-parabolic (non-Hertzian) a secondary contact point
exists. This secondary point has to be located where it would be found
after (or had been found before) a potential jump. Its location can thus
be found by virtually displacing the wheelset, at each time step. Figure
7.1a shows the application of the gutter concept to find the secondary
ellipse in a wheel-rail contact case. Six separation functions are shown
corresponding to six virtual lateral displacements. The contact patch
estimation using this method in comparison to FEM is also shown in Fi-
gure 7.1b. Contact ellipse semi-axes are calculated based on the profile
curvatures at each contact point.

(a)

(b)

Figure 7.1: (a) Determination of possible secondary contact points using the gutter concept
and (b) multi-Hertzian contact ellipses versus FEM results. From [54].
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Although this method, known as multi-Hertzian, is nowadays used
on-line in MBS codes, it was too slow for this purpose at the time it
was developed. Therefore, Pascal decided to replace contact ellipses by
a single equivalent ellipse. This theoretical equivalent contact ellipse
is determined in a manner that results in the same creep force as the
sum of the ones from two separate ellipses while the direction of the
force is determined by weighted averaging. The two separate ellipses
from the multi-Hertzian method and the replaced equivalent ellipse for
S1002/UIC60 pair at wheelset central position are shown in Figure 7.2.
The equivalent ellipse approach may be adequate for dynamic simula-
tions but it is not suitable for damage analyses such as wear calculations
due to the non-physical contact patch and stress distribution.

Figure 7.2: Multi-Hertzian versus equivalent ellipse method. From [53].

7.1.2 Virtual penetration

To be able to estimate non-elliptic contact patches in a fast manner, an
approximate contact method should be used for the normal contact part.
In fact, an analytical solution of the contact Equation (2.2) for arbitrary
profiles does not exist. This is because to calculate the surface deforma-
tion, uz, the contact patch and pressure must be known a priori. Using
an iterative scheme is therefore inevitable. This is why the accurate so-
lution of the contact Equation (2.2) for these profiles is computationally
expensive.
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CHAPTER 7. FAST NON-ELLIPTIC CONTACT MODELS

In order to reduce the computational effort needed, one should sim-
plify this equation. In 1996, Kik and Piotrowski [55] suggested an ap-
proximate method based on a concept called virtual penetration. In this
concept, the surface deformations are neglected (uz=0) and it is assumed
that the bodies can rigidly penetrate into each other. It is suggested that
a smaller virtual penetration value, δv, than the prescribed one, δ0, may
result in a penetration zone which is close enough to the real contact area
and can be regarded as the contact patch. The virtual penetration value
can be set in different ways. As suggested by Kik and Piotrowski, it
should be about half the prescribed penetration value. Linder [36] and
Ayasse and Chollet [56] have used the same concept to develop their
own approximate non-elliptic methods.

The contact condition at contact boundaries can be expressed as,

z(x, y)− δ0 + uz = 0, (7.1)

where z(x, y) is the separation between the two surfaces in contact. As-
suming wheel and rail to be bodies of revolution, one can assume a qua-
dratic representation of the surfaces in the rolling direction. The profile
combination in the lateral direction is usually presented by a discrete
function of the lateral coordinate, g(y). Hence, Equation (7.1) can be re-
written as:

A(y)x2 + g(y)− δ0 + uz = 0, (7.2)

where A(y) is the relative longitudinal curvature. Figure 7.3 illustrates
the separation function.

The above equation can be simplified by neglecting the surface de-
formations and introducing virtual penetration. Thus,

A(y)x2 + g(y)− εδ0 = 0, (7.3)

where ε is the scaling factor. This is as if the bodies are virtually pene-
trated by the penetration value, δv=εδ0. The scaling factor ε in virtual
penetration-based methods can be defined in different ways.

In both the original Kik and Piotrowski method and the Linder me-
thod, the scaling factor is a constant number ε = 0.55. In a Hertzian case,
this leads to an elliptic contact patch with the following semi-axes,

A0x2 + g(0) = εδ0 ⇒ x = a =
√

0.55δ0/A0,

b =
√

0.55δ0/B0,
(7.4)
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Figure 7.3: The separation, z(x, y), in the defined coordinate system. Note that A(y) =
1/ (2R(y)).

where the index 0 indicates the values at the point of contact and B is the
relative lateral curvature. The ratio between the semi-axes of this ellipse
is different from the one from Hertz’ solution except when A0/B0=1.

Piotrowski and Kik [57] later introduced an updated version of their
method. In this version, a shape correction strategy is applied after-
wards to impose the Hertzian semi-axes ratio to the patch while preser-
ving its area. Thus,

ac =
√

abn0/m0 = 0.55δ0

√
n0/m0
A0B0

,

bc =
√

ab
n0/m0

= 0.55δ0

√
m0/n0
A0B0

,

(7.5)

while,

ac

bc
=

n0

m0
, acbc = ab. (7.6)

This strategy, however, does not result in the same Hertzian ellipse.
In Ayasse and Chollet’s method, named STRIPES, the scaling fac-

tor is a function of relative radii of curvature at the point of contact,
ε = ε(A0, B0). Since the virtual penetration leads to an ellipse with dif-
ferent semi-axes than a Hertzian ellipse, a correction has been applied to
the curvatures of the bodies in contact. Two correction approaches are
presented in [56].
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In the first approach, the local A(y) curvatures are corrected. The
scaling factor and corrected curvature are

ε = n0
2

r0(A0+B0) B0,

Ac(y) = (n(y)/m(y))2 B(y),
(7.7)

The contact patch in a Hertzian case will then be

a =
√

εδ0/Ac0 = m0

√
δ0

r0(A0+B0) ,

b = n0

√
δ0

r0(A0+B0) ,

(7.8)

which is identical to the Hertz solution.
In the second approach, both relative curvatures A and B are correc-

ted. The corresponding scaling factor and corrected curvatures are

ε = n0
2

r0(1+(n0/m0)2)
,

Ac(y) = (A(y)+B(y))(n(y)/m(y))2

(1+(n(y)/m(y))2)
,

Bc(y) = (A(y)+B(y))(
1+(n(y)/m(y))2

) .

(7.9)

The contact patch in a Hertzian case will then be

a = m0

√
δ0

r0(A0+B0) ,

b = n0

√
δ0

r0(B0+B0(n0/m0)2)
,

(7.10)

which has the same length as a Hertzian ellipse but different width. The
difference between A0 and B0(n0/m0)2 decreases when the curvature
ratio, λ = A0/B0, approaches unity or zero, hence the contact ellipse
converges to the Hertzian ellipse. For large values of λ, the ellipses dif-
fer considerably. Figure 7.4 illustrates the contact patches resulting from
all four virtual penetration strategies for circular wheel and rail profiles
with radii 200 mm and 80 mm, respectively, and wheel rolling radius
460 mm.
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Figure 7.4: Contact patches by (a) Linder, (b) Piotrowski - Kik, (c) STRIPES - A correction,
and (d) STRIPES - AB correction (red line) compared to the Hertzian ellipse (black dots).

7.1.3 Variations of Winkler’s approach

The Winkler (elastic foundation) approach has already been mentioned
in Section 2.3. Using this approach to solve a Hertzian contact (i.e. ha-
ving constant relative curvatures in contact) results in an elliptic contact
patch, much larger than the one from Hertz, and a parabolic pressure
distribution within it. In fact, the contact patch estimated using Winkler
elastic foundation is identical to the one estimated by virtual penetration
when ε=1. This approach leads to poor results in non-elliptic contact
cases.

However, several fast contact models have been proposed based on
a modified version of the Winkler approach. Alonso and Giménez [58]
have proposed a method called square root simplified theory (SRST), in
which the contact pressure is linearly related to the square root of the
normal deformation instead. This is done to achieve an elliptic pressure
distribution as in the Hertz solution. Moreover, they have used half the
penetration value instead, similar to Kik and Piotrowski’s suggestion
[55] in the virtual penetration approach.

Telliskivi [59] has proposed a so-called semi-Winkler approach in
which the effect of neighbouring material points on the deformation of
each point is taken into account through linear spring element connec-
tions. The stiffness of each spring element may be determined by expe-
rimental tests or FEM analysis.
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7.2 Tangential part

All the fast contact models based on virtual penetration use FASTSIM
to calculate the tangential stress distribution over the contact patch. As
mentioned earlier, it is a fast algorithm that can handle all combinations
of creepages and spin. In fact, of all the approximate rolling contact
models, it is only FASTSIM that can estimate the stress distribution in
the presence of unbounded spin.

In presence of spin, the direction of the stress is varied through the
contact patch and the stress direction at a point in the slip area is chan-
ged as spin magnitude changes. This makes it very difficult to find
an approximate analytical solution suitable for all spin magnitudes. In
FASTSIM, a numerical algorithm is utilized to handle this.

However, like any approximate solution, estimation errors are to be
expected using FASTSIM. A major source of estimation error in FAST-
SIM is with respect to the contact details such as tangential stress dis-
tribution. In Section 4.6, it is mentioned that a parabolic traction bound
is used in FASTSIM instead of the elliptic traction bound resulting from
the product of friction coefficient and contact pressure.

Although using parabolic traction bound improves the creep force
estimation, it obviously increases the stress distribution error in the slip
zone. As shown in Figure 7.5a, in the full-slip case, the tangential stress
at the point of contact is overestimated by more than 33%. The average
error for tangential stress estimation in this case is 25% (see Figure 7.5b).

In addition to the errors in the slip zone, FASTSIM assumes a linear
development of the tangential stress in the stick zone. This deviates from
the non-linear distribution achieved using CONTACT. The combination

(a) (b)
Figure 7.5: (a) Tangential stress distribution along the rolling direction and (b) estimation
error of FASTSIM with respect to CONTACT.
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of linear stress growth and parabolic traction bound affects the stick-
slip division boundary. Figure 7.6 illustrates how the estimation of the
stick-slip boundary worsens as the creepage increases.

(a) (b)

Figure 7.6: Tangential stress distribution and stick-slip boundary estimation for circular
contact with (a) low and (b) high longitudinal creepage

7.2.1 FASTSIM adaptation to non-elliptic patches

Although FASTSIM has been combined with Hertz theory by Kalker, it is
not theoretically limited to elliptic contacts. There are several alternative
ways to apply FASTSIM to non-elliptic contact patches.

7.2.1.1 Non-elliptic flexibility parameter calculation

Knothe and Le The [60] have proposed an approximate method to cal-
culate the flexibility parameters for a non-elliptic contact patch based
on the results from the elastic half-space linear solution for that speci-
fic non-elliptic contact case. In order to derive the linear solution ba-
sed on the elastic half-space assumption, one needs to apply numerical
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integration to the slip equations. The results are specific to each non-
elliptic patch and therefore numerical integration should be done for
every contact case. Although computationally less expensive than the
CONTACT code, this approach is rather slow.

7.2.1.2 Equivalent ellipse adaptation

In order to skip the calculation of non-elliptic flexibility parameters and
employ the elliptic ones, an imaginary equivalent ellipse may be assi-
gned to the non-elliptic patch. Kik and Piotrowski [55] determined an
equivalent ellipse for each separate contact patch by setting the ellipse
area equal to the non-elliptic contact area and the ellipse semi-axis ratio
equal to the length-to-width ratio of the patch.

7.2.1.3 Local ellipses for each strip

By discretizing the contact patch into longitudinal strips, as done in the
Linder method [36] and the STRIPES method [56], one may treat each
strip differently. Instead of assigning an equivalent ellipse to the whole
patch, a virtual local ellipse may be assigned to each strip separately.
The flexibility parameters may then be calculated based on the local el-
lipses and applied to each respective strip. Assigning a local ellipse to
a strip may be done in various ways. Figure 7.7 depicts two different
techniques used in the Linder model and STRIPES. In the Linder model,
all local strip ellipses have the same lateral semi-axis. The longitudinal
semi-axis is then calculated so that the strip fits into the resulting ellipse.
In STRIPES, dissimilarly, the local ellipses are determined by employing
relative curvatures at the centre of the strip in Hertz solution.

(a) (b)

Figure 7.7: Virtual ellipse assignment to contact patch strips. Virtual ellipses for two arbi-
trary strips based on (a) Linder and (b) STRIPES.
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8Further Challenges in
Wheel-Rail Contact
Modelling

It is evident to engineers and researchers that the real physical wheel-
rail contact phenomenon is more complicated than the idealized theo-
retical models. In fact, several other physical phenomena, which them-
selves are complex in nature, are involved. Material non-linearities in
terms of plasticity may play a role in contact problems for high axle
loads. The friction itself is a complex phenomenon which seems to be
even more difficult to fully model in the wheel-rail interface subjected
to environmental changes. Other tribological aspects including surface
roughness and contamination in the form of third body layer influence
contact forces. What makes it even more problematic to mathematically
model this physical system is the lack of real-life measurements in or-
der to validate the proposed models. In this chapter a number of these
challenges ahead of wheel-rail modelling are briefly introduced.

8.1 Conformal contact

Apart from FEM, other existing methods for rolling contact, including
the CONTACT code, are not capable of treating conformal contact. In
fact, the underlying half-space assumption implies a flat (planar) contact
surface which is not valid in case of wheel flange root-rail gauge corner
contact of heavily worn profiles.

In wheel-rail conformal contact, the contact angle varies significantly
across the contact patch. This differs from the planar contact in two res-
pects. The first one is a geometrical aspect. The contact problem can no
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longer be represented by a single absolute coordinate system at the point
of contact to represent normal and tangential directions. Another aspect
is related to the mechanical problem. It is no longer valid to divide the
contact problem into normal and tangential parts and solve them inde-
pendently.

The geometrical aspect of conformal contact affects the contact solu-
tion in three ways:

• The separation (undeformed distance between the profiles), z(x, y),
is calculated along the normal direction at coordinate y which va-
ries from the normal direction at the point of contact.

• The rigid body slip is not constant across the contact patch. For
instance, the spin term may vary significantly across the contact
due to the change of contact angle.

• Both contact pressure and lateral shear stress contribute to the nor-
mal resultant force at the point of contact. The same goes for the
lateral creep force. When integrating the stresses to calculate the
resultant forces in the defined normal and lateral direction at the
point of contact, the contact angle at each surface element should
be considered.

The geometrical aspect of conformality can easily be considered by
including the contact angle variation. Ayasse and Chollet [56] have in-
corporated this in STRIPES. Piotrowski and Kik [57] have also included
this in the latest version of their model. Li [61] has implemented this
in CONTACT and developed a model called WEAR. Later, Burgelman
et al. [62] study the effect of spin variation for tread and flange contact
cases by comparing WEAR and CONTACT. They conclude that it has a
significant effect on the slip estimation.

The mechanical aspect of conformal contact implies that the tangen-
tial stresses cause different normal displacements on wheel and rail and
therefore, unlike non-conformal quasi-identical contacts, influence the
contact patch and pressure estimation. In a similar manner, the normal
contact influences the tangential problem.

Li [61] proposes replacing the influence functions based on Boussi-
nesq for half-space with the ones for a so-called quasi-quarter space cal-
culated using FEM. He concluded that the difference in influence func-
tions is not considerable.

Alonso and Gimenez [63] have studied the difference between the
influence functions for half-space and quasi-quarter space and conclude
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that the effect on normal contact is not considerable. However, they
have not considered the tangential problem.

Vollebregt and Segal [64] have followed Li in calculation of influence
functions for conformal contact and also considered the geometrical ef-
fect of conformality on the separation function. They concluded that
considering conformality results in reduced contact stiffness and gives
longer patches in the rolling direction but narrower in the lateral direc-
tion. They also mention that it is mainly the undeformed separation
calculation that has the major effect while the effect of new influence
functions is about 5%.

However, the comparisons between the non-conforming (half-space)
and conforming (quasi-quarter space) influence functions in [63] and
[64] are done for elliptic contact cases. In case of non-elliptic contact
with wide patch spreading in the lateral direction, the difference may be
more pronounced.

8.2 Plasticity

Johnson [10] shows that the onset of yield in frictionless rolling contact
of elastic cylinders occurs beneath the surface when

p0 = 3.3k (8.1)

where k is the shear strength based on the Tresca yield criterion. In the
presence of friction, the point of first yield is moved towards the surface
so that for

p0 = k/µ, (8.2)

yield occurs on the surface. A comparison between these two condi-
tions suggests that plastic flow of the material starts on the surface if
the coefficient of friction exceeds 0.3, approximately. Thus, if we take
the wheel material ER8, according to European standards, with nominal
yield stress σY=540 MPa and assume µ=0.3, the calculated maximum
pressure of about 1800 MPa is the limit for which the linear elasticity
assumption in the contact solution may be valid. It should also be no-
ted that the surface is hardened due to mechanical work, which results
in an increased yield limit on the surface. However, the plastic flow in
the outer (high) rail of tight curves is clearly evident. The yielding of
the material on the surface results in a plastic flow. The contact pressure
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is reduced and therefore the size of the contact patch increases. There
have recently been some attempts to include plastic flow rules in wheel-
rail contact models. Sebes et al. [65], for instance, extend the STRIPES
method by considering an elastic-perfectly plastic constitutive law.

8.3 Friction modelling

Unlike the theoretical creep curves that saturate at a constant maximum
force, the measured creep curves show a decrease in the force for high
creepages. This is often explained through the effect of temperature.
The high slip between wheel and rail causes high contact temperatures.
The increase in temperature causes the coefficient of friction to decrease,
resulting in decreasing maximum creep force at high creepages. This
phenomenon is known as the falling friction effect.

Ertz and Bucher [66] propose a temperature-dependent coefficient
of friction. They approximate the average contact temperature by assu-
ming that the dissipated power (Tγ) is distributed over the patch similar
to the contact pressure distribution.

Polach [43] incorporates a friction coefficient that decreases with in-
creasing slip velocity in his creep force model (see Section 5.3). The fric-
tion coefficient is exponentially (and inversely) related to the slip velo-
city .

Giménez et al. [67] include a slip-dependent friction law in FAST-
SIM. The friction coefficient is linearly related to the calculated local slip
until it reaches a constant minimum value. Piotrowski [68] does the
same with the difference that the friction coefficient for a particle that
enters the slip zone stays the same until it leaves the contact. This is ba-
sed on the tribological hypothesis that sliding damages the surface layer
and the friction coefficient can not recuperate to that of a static friction.
Others, including Rovira et al. [69], Spiryagin et al. [70] and Vollebregt
[71], have also modified FASTSIM to account for falling friction effects.

8.4 Other tribological aspects

Another difference between the theoretical creep curves and measured
ones is with respect to the initial slope of the curve. The measured
curves tend to be less steep. This implies a lower tangential stiffness
of the contact interface in reality. This is attributed to the effect of sur-
face roughness or existence of a softer third-body layer in the contact
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interface. In creep force methods, this may be compensated for by mul-
tiplying a reduction factor with Kalker coefficients (see [66]). Polach [43]
uses a similar approach in his model, where two different reduction fac-
tors are used in the stick and slip zones. For FASTSIM, Spiryagin et
al. [70] have introduced a variable flexibility parameter which is rela-
ted to the ratio of slip to stick zone. Vollebregt [72] extends the original
CONTACT by introducing an interfacial layer to account for the effect
of roughness and contamination on the reduced initial slope.

Real wheel and rail surfaces are rough on the microscopic scale. To
consider the effect of roughness is actually the basis of a more realistic
friction modelling. The presence of so-called asperities also implies the
distinction between the real contact area and the nominal one calculated
by neglecting roughness. Bucher et al. [73] have studied this effect for
wheel-rail contact.

Six et al. [74] propose a so-called Extended-Creep-Force (ECF) model
by taking a tribological approach which takes into account the effects
from third body layers including solids and liquids. This model does not
require any friction coefficient value as input and is able to cover both
reduced slope and falling friction effects. However, it requires other
input parameters and is limited to longitudinal creepage only.

Many other factors play an important role in modelling friction. Since
the wheel-rail interface is an open system, it is subjected to all sorts of
contamination and variation in environmental conditions. Olofsson et
al. [75] have surveyed the tribological aspects of the wheel-rail contact
including the adhesion in presence of water, sand and other contamina-
ted substances such as autumn leaves.

8.5 Measurements and validation

There are few techniques used for measuring the shape and size of the
contact patch and the pressure distribution for the contact between wheel
and rail profiles. Marshal et al. [76] and Pau et al. [77] have utilized an
ultrasonic approach, while Kleiner and Schindler [78] have used pres-
sure sensitive papers for this purpose. Nevertheless, they all studied
normal static contact. To the best of the author’s knowledge, there is no
measuring technique proposed to measure the tangential stress distri-
bution in wheel-rail applications. The only available measurements of
this kind are conducted on rubber or resin materials using photo-elastic
techniques [31, 33, 79].
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9Summary of the
Present Work

The motivation behind the present PhD work is to improve the damage
analysis in the wheel-rail interface via improving the contact model-
ling. The investigation by Enblom and Berg [80] on the effect of non-
elliptic contact modelling on wheel wear simulation concludes that wear
calculations using a non-elliptic contact model results in higher flange
root wear rate and differences in equivalent conicity compared to when
Hertz’ theory is used. Similar observations by other researchers such as
Linder [36] confirm that using a non-elliptic contact model improves the
wear prediction results in particular in the tread-flange transition zone
due to better modelling of the elongated and close-by contact zones.
Further observations [81] show that wear predictions using Archard’s
model are highly sensitive to stress and slip velocity distribution over
the contact patch.

Moreover, experience shows that the strategy of using a fast simple
contact model for dynamics simulation and a rigorous model for da-
mage prediction in a post-processing step may cause discrepancies. It
is mainly because the contact stiffness in the wheel-rail interface is de-
pendent on the contact model in use. There is therefore no guarantee
that the contact results used in the post-processing would satisfy the
equations of motion. Furthermore, using a rigorous contact model for
wear calculations even in post-processing is time-consuming.

The main goal of the present PhD work is to develop a model for the
wheel-rail contact applied to dynamics simulation of rail vehicles which
enables on-line damage analyses such as wear and RCF predictions.

The first phase of the work was the investigation of state-of-the-
art wheel-rail contact modelling. The models commonly used in en-
gineering applications were developed in the 1990s. It seems that the
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subsequent research work has not reached the break-through needed
for commercial software packages. Nevertheless, useful approaches are
available as a starting point for developing a fast and accurate contact
model.

The first part of an efficient wheel-rail contact model is a sufficiently
accurate determination of the contact patch as well as the distribution
of the contact pressure within it. In rigorous contact models such as
CONTACT, this is the most time-consuming part. On the other hand,
the closed-form Hertz solution, widely used in the MBS codes, is shown
to be inaccurate for damage analysis. Thus, there is a substantial gap
between fast but coarse estimations and accurate but slow solutions.

The second part of an efficient wheel-rail contact model is to de-
termine the tangential stress distribution, the stick-slip division of the
contact patch and the slip velocity distribution within the slip zone. The
accuracy of the FASTSIM algorithm used to solve the tangential contact
problem may be considered accurate enough for creep force estimations.
However, in terms of contact details, a more accurate but still fast ap-
proach to estimate the tangential contact details is sought.

The next stage is to combine and implement normal and tangential
methods in a feasible numerical algorithm which is both computatio-
nally efficient and robust. In fact, the performance of modern compu-
ters allows for more sophisticated algorithms than could be used a few
decades ago. However, numerical efficiency is still critical since these
calculations are to be repeated for every contact location at every time
step.

This chapter focuses on what the author has achieved during the
whole span of the PhD work. A short summary of the findings publi-
shed in the appended papers is presented.

9.1 Paper A

As the first step in this work, fast approximate contact models available
in the literature were reviewed. It is concluded that virtual-penetration-
based methods are good candidates since they allow for non-elliptic
contact estimations and are still fast enough to be used in dynamics si-
mulation. Piotrowski and Chollet [16] have summarized three different
methods based on this concept; however, there was little information
available on how accurate and fast they are in comparison to each other.

Therefore, these three methods, namely Kik-Piotrowski [55], Linder
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Figure 9.1: Comparison of (a) contact patch and (b) maximum pressure estimated by va-
rious contact models for the wheelset central position (∆y = 0 mm).

[36] and STRIPES (by Ayasse and Chollet [56]), were implemented. In
Paper A, these methods are evaluated using the CONTACT code [35] as
reference and compared to each other in terms of contact patch, pressure
and traction distributions, and creep forces.

Figure 9.1 illustrates the contact patch and pressure distribution of
these methods compared to CONTACT for the wheelset central posi-
tion. It is concluded from the pressure distribution estimated by various
virtual-penetration-based methods that there are significant discrepan-
cies compared to CONTACT results. The implementation of an alterna-
tive strategy suggested by Ayasse and Chollet [56] reveals that in spite
of less accurate contact patch estimation, this strategy significantly im-
proves the predicted pressure distribution. This improvement was not
documented by Ayasse and Chollet.

Other contact cases generated by the lateral movement of the wheel-
set are also considered. The results suggest that despite the reasonably
accurate contact patch estimation in the wheelset central position case,
there is considerable mismatch in certain other cases. Figure 9.2 shows
two of these contact cases where the wheelset is displaced 1 mm and 2
mm towards the field side.

The comparison of tangential contact results confirms that the varia-
tion in spin, taken into account by STRIPES, has significant effects on the
creep force and stick-slip separation in contact cases where the patch is
spread along the lateral axis. Figure 9.3 illustrates the tangential trac-
tion distribution calculated using STRIPES and CONTACT. As can be
seen, the tractions estimated by STRIPES are lower at the right end of the
patch and increase to a higher value at the left end due to the increase of
the contact angle, and thus spin value, from right to left. This results in
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Figure 9.2: Comparison of contact patch estimation by CONTACT (black circles), STRIPES
- baseline strategy (red line), and STRIPES - alternative strategy (blue chain line).
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Figure 9.3: Tangential traction estimated by (a) CONTACT and (b) STRIPES for a pure spin
case for the wheelset central position (∆y = 0 mm). Slip areas are encircled by red lines.

higher longitudinal creep forces calculated using STRIPES compared to
the one from other models. The performance of these models in vehicle
dynamics simulation is later compared by Burgelman et. al [82].

In accordance with the conclusions drawn from Paper A, possible
strategies to improve the contact patch and pressure estimation of the
fast non-elliptic models were sought. In the virtual-penetration-based
contact models studied in Paper A, the surface deformation, uz, is ne-
glected. As compensation for this drastic simplification, the penetration
is reduced to a fraction of it, known as virtual penetration.
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9.2 Paper B

In Paper B, an alternative approach to simplify the contact Equation (2.2)
is sought. The idea initiates from the fact that, in a Hertzian contact,
there is a similarity between surface deformation, uz, and the separa-
tion, z, where both are quadratic functions in x and y. This leads to the
idea of approximating surface deformation using the separation, in non-
Hertzian (non-elliptic) contact cases instead of neglecting them. Based
on this idea, a method named approximate surface deformation (ASD)
is proposed. The formulation of the new method is fully presented in
the paper. Sadly, there is a typing error in the published version of the
paper in the Vehicle System Dynamics journal. In Equation (14) of Paper
B, there is a factor 2 in the denominator which must be in the nominator
instead. The correct form of Equation (14) is thus

p0(y) =
2E∗

π

1
n(y)r(y)

d(y)
|a(y)| . (9.1)

The ASD method is implemented in an algorithm named ANALYN.
It is shown in Paper B, through theoretical contact case studies, that the
new method is capable of improving the contact patch estimation. In
fact, the virtual penetration concept is shown to be a simplified and spe-
cial case of the ASD method.

The comparison between ANALYN, STRIPES, and CONTACT for
two wheel-rail contact cases is illustrated in Figure 9.4. The results show
improvements in patch estimation achieved using the new method.

In addition to better estimation of the contact patch, the new method
is considerably closer to the CONTACT results in terms of pressure dis-
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Figure 9.4: Comparison of the contact patch estimation using CONTACT, STRIPES and
ANALYN for two wheelset lateral positions.
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Figure 9.5: Comparison of the maximum pressure distribution estimated using
CONTACT, STRIPES and ANALYN for two wheelset lateral positions.

tribution. This is shown for two contact cases in Figure 9.5.
The ANALYN algorithm is also compared to CONTACT in terms of

computational cost. The results presented in Paper B show that ANA-
LYN is about 300 times faster than CONTACT. This computational effi-
ciency of the algorithm enables its application to rail vehicle dynamics
simulation.

9.3 Paper C

To form a complete wheel-rail contact model, ANALYN was combined
with an adaptation of FASTSIM in Paper C. This was inspired from what
other researchers did with virtual-penetration-based normal contact mo-
dels. As discussed in Paper A, the adaptation of FASTSIM to non-elliptic
contact patches may be done in various ways. Two possible options (the
Kik-Piotrowski approach and the Ayasse-Chollet approach) are studied
in the paper and it is shown that the Ayasse-Chollet approach, where a
different set of flexibility parameters are used for each longitudinal strip
of the patch, gives more accurate results.

The ANALYN+FASTSIM model is evaluated using CONTACT and
compared against the Kik-Piotrowski model in terms of contact details
for two non-elliptic wheel-rail contact cases. Figure 9.6 shows the tan-
gential stress distribution and the stick-slip boundary predicted by the
proposed model compared to CONTACT.

In addition to the contact stresses, the creep force curves for chosen
non-elliptic cases are also studied. The comparison between the propo-
sed method and the Kik-Piotrowski model in terms of creep force esti-
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Figure 9.6: Tangential stress distribution for ∆y = 5 mm predicted by (a) CONTACT, (b)
ANALYN+FASTSIM, with ϕ = 0.25 1/m and νx = 2.5h.

mation are shown in Figure 9.7. It is shown that the proposed model can
improve the creep force estimation in non-elliptic cases.

However, it is also shown in Paper C that using a FASTSIM-based
approach for a tangential contact solution gives a less accurate estima-
tion of the stress distribution along the rolling direction in both stick
and slip zones. This is because FASTSIM assumes a linear stress growth
in the stick zone and uses a parabolic traction bound in the slip zone
that deviates from the elliptic contact pressure times the friction coeffi-
cient. In case of full slip, the error from using a parabolic traction bound
rises above 30%. Moreover, the slip velocity needed for wear analysis is
usually overestimated by FASTSIM.
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Figure 9.7: Creep curves of (a) longitudinal force in pure longitudinal creepage and (b)
lateral force in pure spin for ∆y = 0 mm.
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9.4 Paper D

These limitations of FASTSIM motivate the search for a more accurate
yet efficient estimation of the tangential stresses for damage analysis.
The efforts to use an elliptic traction bound and considering non-linear
growth of the stresses in the stick zone resulted in an alternative model,
presented in Paper D.

In Paper D, the proposed alternative is based on the strip theory,
which is an extension of the two-dimensional exact half-space solution
to elliptic contacts. It therefore considers a non-linear growth of the
stress and uses an elliptic traction bound. The original strip theory is
accurate for some limited conditions. It is therefore modified and combi-
ned with an algorithm similar to FASTSIM to form a versatile algorithm.
The algorithm is named FaStrip.

The original strip theory gives accurate results only for patches with
short semi-axis in the rolling direction. Using Kalker coefficients from
his linear theory, the strip theory is amended to give accurate results for
all types of contact ellipses.

Moreover, the original strip theory is only capable of considering in-
finitesimal spin, whereas FASTSIM, by means of a numerical algorithm,
is able to handle large spin as well. Although the FASTSIM estimation
of the stress magnitudes may not be favourable due to the use of a pa-
rabolic traction bound, it is an efficient way to find the stress directions
in the presence of large spin. This capability of FASTSIM is exploited in
FaStrip.

The proposed FaStrip algorithm, described in Paper D, is compared
to FASTSIM and evaluated using CONTACT. The comparison is done
in terms of creep force estimation for different creepages and spin com-
binations. Figure 9.8 illustrates the creep curves for lateral creepage and
opposing spin for circular contact. It also provides the error of estima-
tion for both FASTSIM and FaStrip in relation to CONTACT.

The stress distribution along the rolling direction is also compared.
An example is depicted in Figure 9.9. The advantage of using an elliptic
traction bound is, however, more obvious in full slip cases.

The slip velocity distribution is needed for wear analysis when Ar-
chard’s wear model is used. It consists of two parts: the rigid slip velo-
city, and the elastic contribution which is calculated differently based on
the contact theory in use. The calculation of the relative slip velocity (slip
velocity divided by the rolling speed) using the amended strip theory is
also presented in Paper D. A comparison of the relative slip velocity
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distribution from FaStrip is also made with FASTSIM and CONTACT
results (see Figure 9.10).

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

CONTACT

FaStrip

FASTSIM

F
/

N
y

μ

- ,υ φ
y

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5
0

5

10

15

20

E
rr

o
r 

[%
]

FASTSIM

FaStrip

- ,υ φ
y

Figure 9.8: Creep curves for lateral creepage and opposing spin [mm−1] (left) and estima-
tion error of FaStrip and FASTSIM with respect to CONTACT for the same case (right).

-1.5 -1 -0.5 0 0.5 1 1.5
0

0.1

0.2

0.3

0.4

0.5

q
x

[M
P

a
]

x [mm]

CONTACT

FaStrip

FASTSIM

Traction bound

-1.5 -1 -0.5 0 0.5 1 1.5
-0.1

0

0.1

0.2

0.3

0.4

q
y

[M
P

a
]

x [mm]

CONTACT

FaStrip

FASTSIM

Traction bound

Figure 9.9: Longitudinal (left) and Lateral (right) shear stress distribution over strip y =
+0.4 mm with υy = −0.2 and ϕ = 0.2 mm−1 for circular contact of a0 = 1 mm.

-1.5 -1 -0.5 0 0.5 1 1.5
0

0.2

0.4

0.6

0.8

1

1.2

R
e
la

ti
v
e
 s

lip
 v

e
lo

c
it
y

x [mm]

CONTACT

FaStrip

FASTSIM

-1.5 -1 -0.5 0 0.5 1 1.5
0

0.2

0.4

0.6

0.8

1

1.2

1.4

R
e
la

ti
v
e
 s

lip
 v

e
lo

c
it
y

x [mm]

CONTACT

FaStrip

FASTSIM

Figure 9.10: Relative slip velocity distribution over strip y = −0.4 mm with υx = −0.22
and ϕ = −0.22 mm−1 (left) and over strip y = 0.4 mm with υy = −0.2 and ϕ = 0.2 mm−1

(right) for circular contact of a0 = 1 mm
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9.5 Paper E

The final step in this PhD work is to combine the two proposed algo-
rithms of ANALYN for normal contact and FaStrip for tangential contact
calculations to form an efficient wheel-rail contact model suitable for dy-
namics simulation that also provides input needed for detailed damage
analysis.

Paper E presents such a contact model. The FaStrip algorithm, pro-
posed in Paper D for elliptic contacts, is applied to non-elliptic contact
patches obtained using ANALYN. The application is done in the same
manner as FASTSIM is combined with ANALYN in Paper C. The non-
elliptic patch is divided into strips along the rolling direction and each
strip is treated as the central strip of a contact ellipse, calculated using
the local curvatures at that strip.

The comparison is made with the conventional Hertz+FASTSIM mo-
del and evaluation is done using CONTACT. In addition to the contact
details and creep curves comparison, the effect of wheel-rail contact mo-
del on damage analysis is shortly addressed in Paper E. To this end,
the frictional energy index over the contact patch (see Equation (6.2))
is compared for a nominal wheel-rail tread contact. Figure 9.11 shows
the estimation using different contact models. It is seen that using the
conventional Hertz+FASTSIM model, not only is the damage measure
underestimated but the zone which is most prone to damage (with hi-
ghest energy index) is totally missed.
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Figure 9.11: The energy index, EI, over the contact patch predicted by different contact
models.
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Future Work

10.1 Concluding remarks

The main objective of this PhD work was to develop an efficient wheel-
rail contact model for application to dynamics simulation that enables
on-line damage analyses such as wear and RCF predictions. As presen-
ted in the previous chapter, five scientific papers were published that
each covers part of the path taken to attain this objective.

The comparison of the virtual-penetration-based contact models sho-
wed that the accuracy of these models is problem-dependent so that
less accurate contact patch estimation in certain wheel-rail contact cases
is expected. It is also shown that the pressure distribution estimation
using these models deviates from the results of the more accurate, but
computationally more expensive, CONTACT code.

In comparison to the virtual-penetration-based models, it is conclu-
ded that the proposed ANALYN algorithm for normal contact solution
improves the contact patch and pressure distribution estimations. Al-
though it is slower than the analytical solution provided by Hertz, it is
shown to be much faster than the rigorous CONTACT solution.

It is concluded that there is a possibility to improve the estimation
of the tangential stress distribution over the contact patch by replacing
FASTSIM with the proposed FaStrip algorithm without sacrificing the
computational efficiency.

Overall, it is shown that the combination of ANALYN and FaStrip
can make a fast non-elliptic contact model. This model can improve the
damage predictions in the wheel-rail interface by providing a more ac-
curate contact details estimation than the conventional Hertz and FAST-
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SIM model.

10.2 Future research directions

Based on the objectives of the work and the experience gained through
this PhD work, the following future research directions are suggested.

Application to damage analysis To see the effects of ANALYN+FaStrip
estimation of contact details on damage analysis, the proposed model
should be applied to damage analysis of a vehicle running a certain mi-
leage enough to conduct wear predictions and compare with the avai-
lable field measurements.

Implementation in an MBS code The ultimate goal of this work is to
implement the proposed contact model in an MBS code and use it for
both dynamics simulations and on-line damage analysis.

It should be mentioned that the proposed ANALYN+FaStrip model
presented in Paper E is only tested for a limited number of contact cases.
In fact, to demonstrate the versatility of a contact model and its ad-
vantages in comparison to other alternatives, a holistic study should be
conducted. Different wheel-rail profile combinations, kinematic condi-
tions and axle loads should be considered. To this end, a statistical ap-
proach should be taken in which various scenarios are studied. This is
not possible unless the proposed model is implemented in an MBS code.

Including tribological features The focus in this work is mainly the
solid mechanics aspects of rolling contact. However, the tribological
aspects of the wheel-rail interface, in particular modelling friction, is
of great importance from both vehicle dynamics and damage analysis
points of view. One of the features that many researchers have addres-
sed (and it is an ongoing research topic) is the falling friction phenome-
non. This feature is included by some researchers in FASTSIM. A similar
approach might also be applicable to FaStrip.

The effect of surface roughness and contamination on creep curves’
initial slopes is another issue to be included in order to obtain better
correspondence with measurement data.

Tackling conformal contact Conformal wheel-rail contact may occur
for worn profile combinations. All the available contact models used in
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today’s MBS codes are limited to the half-space assumption and there-
fore not valid to be used in conformal contact cases. Some researchers
have considered the variation of the contact angle and spin through the
contact patch due to non-planar contact surface. This can also be easily
implemented in FaStrip.

However, what is not so straightforward to consider is the effect of
tangential contact on contact patch and pressure. In a conformal contact
the separation of the normal and tangential parts is no longer valid.
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