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Optimal control of boundary layer transition.
Markus Högberg Department of Mechanics, Royal Institute of Technology
S-100 44 Stockholm, Sweden

Abstract

Methods for optimal control of transition in boundary layers are investi-
gated and developed in this thesis. A model problem is studied in order to
investigate an approximative method for objective function gradient computa-
tions. The approximation is to use the continuous formulation of the equations,
instead of the discrete counterpart, to derive the optimization problem. The
conclusion is that the approximative method is sufficiently accurate for the
purpose of transition control. A nonlinear control approach using the Navier–
Stokes equations and the associated adjoint equations to minimize an objective
function measuring the energy of the perturbation to a laminar flow is devel-
oped and tested using direct numerical simulations.

A similar optimization problem is posed, using the Orr–Sommerfeld–Squire
equations, which can be solved directly to obtain localized physical space feed-
back control laws. The performance of these control laws is quantified in direct
numerical simulations by computing transition thresholds. It is shown that the
threshold values can be increased by about 500% for a random perturbation.
By using a physically motivated modification of the objective function it is
shown that these linear controllers are also able to relaminarize a low Reynolds
number turbulent flow.

In this linear framework an estimator in the form of an extended Kalman
filter is developed and shown to have exponential convergence using the normal
derivative of the normal vorticity as a wall measurement. The estimator and
controller are combined into a compensator for which transition thresholds are
computed. In this case the threshold value for the random perturbation is only
increased by about 48%.

The linear control approach is then applied in direct numerical simulations
of spatially developing boundary layer flows with successful reduction of per-
turbation energies for Tollmien–Schlichting waves and optimal perturbations
in the Blasius boundary layer. In a Falkner–Skan–Cooke flow the control strat-
egy also reduces the energy of traveling and stationary, saturated cross-flow
vortices.

Descriptors: laminar-turbulent transition, transition control, turbulence con-
trol, flow control, boundary layer flow, channel flow, optimal control, adjoint
equations, Riccati equations, Orr–Sommerfeld–Squire equations, secondary in-
stability, transient growth, DNS, oblique waves, Falkner–Skan–Cooke flow,
cross-flow vortices.



Preface

This thesis is about optimal control of transition and turbulence in channel
and boundary layer flow. The first part is a summary of the research presented
in the papers included in the second part. An effort has been made to make
the summary available to a general audience, and short sections describing
methods and equations are included to make the thesis more self-contained.
The summary also includes presentation of, and discussions about, the main
results obtained. References to the papers in part 2 are made in order to clar-
ify where to find more detailed information. Related research is reviewed and
referred in order to put the present work into context and to help identify orig-
inal contributions. A guide to the papers and the different authors respective
contributions is also included in the last chapter of the thesis.

The seven papers in part 2 are adjusted to comply with the present thesis
format for consistency, but their contents have not been altered compared to
published or submitted versions except for minor corrections. The presentation
is streamlined for clarity, and the discussion and the papers are for this reason
not organized in chronological order.

Stockholm, 20011002
Markus Högberg
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Part 1

Summary





CHAPTER 1

Overview

1.1. Introduction

The desire to control processes governed by the laws of nature has been a driving
force for mankind ever since we were unable to control fire. The potential
benefits from such abilities has attracted researchers in many areas such as
biology, chemistry, combustion, aerodynamics, physics and fluid mechanics. In
these areas many processes with complex dynamics occur, and the gains from
being able to control these processes can be substantial from economic as well as
environmental perspectives. Within the field of fluid mechanics there are many
challenging control problems to consider. The ability to prevent turbulence
could have a large impact on the performance of air and water vehicles since
the drag, and thereby also the fuel consumption, can be decreased. Enhancing
or stimulating turbulence can also be of interest where efficient mixing or heat
transfer is desired. In other applications the main concern is to suppress or
trigger separation in a controlled manner. Flow control can take many different
forms and some kind of classification of different strategies is useful. The term
passive control is used when the flow is affected without requiring an input of
energy. The swimsuits developed to decrease the drag of a swimmer uses a
passive strategy where the manufacturers claim to have imitated the skin of a
shark. Apparently it is a successful design since so many new world records
have been set by people wearing those suits. Another sport where passive flow
control has had an impact is golf. The small dimples in the surface the ball
trigger turbulence and thereby separation is delayed and drag is reduced. As
opposed to passive control, active control requires an energy input to the flow.
This is done either according to a predetermined scheme in an open loop or
determined from measured data in a closed loop. An example of an active,
open loop, approach to flow control is used in the process of continuous casting
of metals. Magnetic fields are applied to affect the flow in the mold during the
casting process to improve the quality of the solid metal. Another example is
the application of suction on the wing or fin of an airplane to stabilize the flow
and decrease drag. Closed loop active control is also known as reactive control
which means that information about the state of the process measured and
used in feedback to the controller that acts based on this information. This
kind of controller is used in large scale flow systems e.g. to get the optimal
mixture of gas and air in a combustion engine to maximize the efficiency and
minimize pollution. It is not as commonly used to affect the flow itself on a
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4 1. OVERVIEW

small scale as it is for these larger systems. In the last decade there has been
rapid development of mechanical sensors and actuators for small scale flow
measurement and actuation through the MEMS technology, and these devices
are being used in laboratory experiments around the world. The development
of this new technology could mean that we in the near future will see more
active and reactive flow control in practical use. In this thesis the topic of flow
control is approached from a numerical perspective. Tools from optimization
and control theory are applied to fluid mechanical systems in order to evaluate
different strategies. The focus is on active and reactive control of flows in
simple geometries. Such model problems are used to evaluate new methods
and to establish what is doable and what is not, which provides important
information for future research in this field.
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Control region
Measurement region

Figure 1.1. Schematic picture of measurement based control
of boundary layer transition.

1.2. Objectives

In figure 1.1 a hypothetical flow control situation is sketched. A homogeneous
flow from the left flows past a flat plate on which a thin boundary layer develops.
On the surface of the flat plate the fluid is at rest and at a short distance above
the surface it has the speed of the freestream, the region in between where
there is a rapid change in fluid velocity is the boundary layer. If the flow
is perturbed in the boundary layer, for example by a surface roughness or
free stream turbulence, these perturbations can grow and cause transition to
turbulence. One goal of transition control is to be able to prevent this from
happening. In an experiment this could mean that at some region of the surface
of the plate measurements are made to obtain information about the state of
the flow. This information is then used to compute an optimal normal velocity
distribution to be applied in the control region and hopefully transition can be
avoided or at least delayed.

The process of transition from laminar to turbulent flow is an area of
intensive research and many of the secrets of the dynamics of this nonlinear
process are yet to be revealed. Complicated processes leading to transition
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such as the bypass transition scenarios with nonlinear effects are non-intuitive
and can therefore be difficult to control. The goal of the current work is to
determine how to control such processes in the optimal way given the method
of controlling the flow, and an objective function describing the features of
the flow to be controlled. In other words the problems studied can be viewed
as the formulation and solution of an optimization problem. Exploring the
many possibilities for flow control within this framework is necessary in order
to identify efficient and feasible flow control schemes for practical use. One
can also speculate that by doing this, it is possible study the results to gain
insight into the physics of transition and perhaps identify key mechanisms of
this complex process. The studies are limited to low Reynolds numbers and
simple geometries where the bypass transition scenarios are dominating, and
exponential primary instabilities are absent unless the mean flow profile has an
inflection point. These flows are suitable to study in numerical experiments,
and numerical methods as well as reliable simulation codes have been developed
for these purposes. The transition scenarios considered in this work have been
subject to intensive studies and the recent book by Schmid & Henningson
(2001) covers many aspects of transition and contains most of the present
knowledge in this field.

1.3. Problem formulation issues

The complicated physics of a transitional flow makes it difficult to identify the
key mechanisms to be targeted by an effective control scheme. Different phys-
ical properties of the flow can be affected by the controller through the choice
of objective function, which therefore is an important part of the formulation
of the optimization problem. In the present thesis a measure of the energy of
flow perturbations is often used in the objective functions, but this is not in
any way suggested to be the best choice for all cases. Other possibilities are
e.g. drag, mass flux, vorticity or something that is not a quantity of the flow
itself such as the transition point.

There are several possibilities to affect the flow of a fluid. Heating and
cooling can be used to affect the viscosity of the fluid, application of magnetic
and electrodynamic forces can be used when the fluid is conducting and blow-
ing and suction through small holes can be used if the flow in bounded by a
solid surface. Different methods are applicable to different situations and flow
characteristics. The method of actuation chosen here is blowing and suction at
solid walls since it is a fairly simple way of acting on the flow, and also because
it is a technique that is widely used both in experimental and numerical stud-
ies. The blowing and suction is also restricted to have zero net mass flux, and
this will limit the ability of the control to affect the mean flow but is suitable
for controlling perturbations.

When the objective and the actuation technique is chosen the formulation
of the optimization problem is basically done. The next step is to choose the
equations to use for description of the flow that the optimal controller is to
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be designed for. The properties of the governing equations will also implicitly
determine what methods can be used to solve the optimization problem. When
the Navier–Stokes equations are used, an iterative optimization technique must
be used due to the nonlinearities of the equations. If the governing equations
are the linearized Navier–Stokes equations, the optimal solution can be found
directly through the solution of Riccati equations. Once all choices have been
made, the framework in which the control is developed is determined and it
is also known in what sense the control will be optimal. It is important to
remember in the nonlinear control case that the resulting control obtained is
far from general, and only optimal with respect to the particular perturbation,
and the discretization of the control. In the linear control case we can compute
controllers that are independent of the initial perturbation and time, which
makes this approach more general.

1.4. Optimization methods

The optimization methods used in the present work are very general, and in-
stead of giving a detailed description for the particular problems considered
here a more general form is used to illustrate the methods. In particular one
can look at a general real system of equations to get a picture of how the non-
linear and the linear optimization approaches are connected. There are many
equivalent ways of formulating these problems, and a common method not dis-
cussed here is to use a Lagrangian multiplier technique, whereas an adjoint
equation approach is used in this work. The papers in the second part of the
thesis give more detailed information on these methods.

1.4.1. Nonlinear equations

Consider a dynamical system described by the evolution equation,

ẋ = A(x) + B(x,u), x(t = 0) = x0,

where the dot denotes a time derivative, x is the state variable and u represents
a forcing. The operators A, describing the dynamics, and B, describing how
the forcing affects the dynamics, can be dependent of the state corresponding
to a nonlinear case or independent of the state in a linear case. The problem
is now to find the function u that minimizes an objective function,

J =
1
2

T∫
0

x∗C∗1C1x + �2u∗u dt,

where the T denotes the time interval and an asterisk (∗) indicates a transpose.
The quantity of the state to be minimized is measured through C1. Assuming
that B(x) is given, the problem is to find u = u+ such that J (u+) ≤ J (u)
for all possible functions u. We wish to find an expression for the gradient of
J with respect to u in order to use gradient based optimization techniques to
find u+. By defining the operator,

L(x) = ẋ−A(x),
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we can write the state equation as,

L(x) = B(x,u), x(t = 0) = x0.

To find the gradient with respect to u we need to look at first variation of J ,

δJ =

T∫
0

x∗C∗1C1δx+ �2u∗δu dt
�
=

T∫
0

(
DJ
Du

)∗
δu dt,

and of the state equation,(
∇x L(x)−∇x B(x,u)

)
δx = ∇u B(x,u)δu, δx(t = 0) = 0.

Defining the inner product,

〈p, δu〉 =
T∫
0

p∗ · δu dt,

and using the adjoint identity,

〈p,N δu〉 = 〈N �p, δu〉+ boundary terms,

allows us to define the adjoint equation,(
∇x L(x)−∇x B(x,u)

)�

p = C∗1C1x, p(t = T ) = 0,

where p denotes the adjoint state variables with properly defined boundary
conditions. Combining the adjoint equation and the variational form of the
objective-function gives us the gradient,

DJ
Du

=
(
∇u B(x,u)

)�

p+ �2u.

Since the operators are nonlinear we need to iterate by updating the control
in the opposite direction of the gradient and then compute the new gradient
until a minima is reached.

1.4.2. Linear equations

If the operators in the previous section are linear we can use a direct technique
to solve the optimization problem. This is because we can directly identify
what the solution should be from the equations and compute it numerically. In
the following the derivation is summarized and for mathematical details of this
problem see e.g. Ito & Morris (1998). It is assumed that A is a linear closed
operator and that B is linear and bounded. The equation can now be written,

ẋ = Ax + Bu, x(t = 0) = x0,

and the gradient expression becomes,
DJ
Du

= B�p+ �2u.
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By introducing a linear mapping such that,

p = X(t)x,

where X self-adjoint and non-negative we can find the optimal solution by
setting the gradient to zero. This gives a feedback law for u,

u = − 1
�2
B�X(t)︸ ︷︷ ︸
K(t)

x.

Substituting the linear mapping and the feedback law into the adjoint equation
and combining it with the state equation leads to an operator Riccati equation
for X that has to be satisfied for any admissible x,(

Ẋ +A�X +XA−X
1
�2
BB�X + C∗1C1

)
x = 0, X(t = T ) = 0.

If T → ∞ in the objective function we need to find the stationary solution to
the Riccati equation to get the optimal time-independent feedback law.

A related problem is that of state estimation when only a noisy measure-
ment of the state is assumed to be known. The objective is then to reconstruct
the state from these measurements in an optimal fashion. Formulating this
problem in the linear setting also leads to a Riccati equation similar to the one
for the control problem. This optimal estimator is also known as a Kalman
filter.

1.5. Governing equations

For the reader not familiar with the governing equations and the basic stability
results forming the foundation for analysis of transition a short summary is
given in this section. The flow of an incompressible Newtonian fluid is gov-
erned by the Navier–Stokes equations. In their dimensionless form they can be
written using Cartesian tensor notation,

∂ui
∂t

+ uj
∂ui
∂xj

= − ∂π

∂xi
+

1
Re

∂2ui
∂x2j

,

∂ui
∂xi

= 0,
(1.1)

where {ui}3i=1 are the velocity components and π is the pressure. The Reynolds
number Re is composed of a length scale L, a velocity scale U and a viscosity
scale ν such that,

Re =
UL

ν
.

The choice of length scales and velocity scales depend on the particular flow
considered. The centerline Reynolds number Recl = Uch/ν is often used for
the laminar channel flow. It is based on the centerline velocity Uc and half the
height of the channel h. For turbulent flows the skin-friction Reynolds num-
ber Reτ = ūτh/ν is commonly used. The velocity scale is here the mean
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skin-friction velocity ūτ =
√
τ̄w/ρ, where τ̄w = µ(∂ū/∂y)wall is the mean

skin friction on the walls. For boundary layer flows the displacement thick-
ness δ∗ is used as the characteristic length scale and the freestream velocity
U∞ as velocity scale. This gives the displacement thickness Reynolds num-
ber Reδ∗ = U∞δ∗/ν. The Navier–Stokes equations are also accompanied by
boundary conditions, depending on the geometry, and initial conditions. On a
solid surface it is common to apply a no-slip condition meaning that the fluid
is at rest. In the case of control the boundary conditions can also be used to
describe the actuation. If a fluid is flowing past a wall the velocity of the flow
rapidly increases as we move away from the surface. This region where the
velocity changes is known as the boundary layer and its thickness depends on
the Reynolds number. In the boundary layer the flow is sensitive to pertur-
bations and under certain conditions these can be unstable. By multiplying
the Navier–Stokes equations (1.1) with ui and integrating over a volume V
with homogeneous boundary conditions we obtain the Reynolds–Orr equation
describing the evolution of the perturbation energy EV ,

dEV

dt
= −

∫
V

ui uj
∂Ui

∂xj
dV − 1

Re

∫
V

∂ui
∂xj

∂ui
∂xj

dV, (1.2)

where Ui is used to denote the base flow. In the derivation of this equation the
nonlinear terms have dropped out showing that the governing mechanism for
energy growth is linear. The first integral on the right hand side represents the
exchange of energy between the base flow and the perturbations and the sec-
ond integral represent the viscous dissipation. If the energy of a perturbation
reaches a sufficiently large amplitude, nonlinear effects become important and
redistribute energy between different modes and there is a possibility for tran-
sition to turbulence. The importance of linear mechanisms for energy growth
(see e.g. Henningson (1996)), motivates the use of the linearized Navier–Stokes
equations.

A particular form of the linearized Navier–Stokes equations is obtained
by linearizing around a base flow and then projecting the two dimensional
equations on a divergence free manifold eliminating the pressure. The equation
obtained through this procedure is,

∂

∂t
∆v = −U ∂

∂x
∆v + U ′′ ∂v

∂x
+

1
Re

∆2v

v = v′ = 0 at solid walls and in the far field,
(1.3)

where v is the normal velocity and a prime (′) is used to denote a normal de-
rivative. When wave like perturbations are considered, equation (1.3) is known
as the Orr–Sommerfeld equation. The drawback of the linearized equations is
that they are only valid if the flow is spatially invariant, meaning that it has
exactly the same characteristics no matter at what location it is considered.
If the base flow changes, e.g. in the streamwise direction of a flat plate, the
linear analysis only provides an approximation of the dynamics of the flow. Ne-
glecting the effects of viscosity in the Orr–Sommerfeld equation, the Rayleigh
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equation is obtained. Lord Rayleigh (1880) showed using this equation that
the base flow must have an inflection point to support exponential instabili-
ties. Fjørtoft (1950) strengthened this necessary criterion by showing that the
inflection point must also be associated with a maximum of the spanwise mean
vorticity. Under these conditions the flow can experience what is known as an
inviscid instability. The Orr–Sommerfeld equation has for a long time been
used to analyze wave like perturbations in a viscous flow in terms of eigen-
values and eigenvectors. If an eigenvalue is unstable, a perturbation exciting
the corresponding eigenmode will grow at an exponential rate. These unstable
eigenvalues can only be found for certain velocity profiles and if the Reynolds
number is larger than a critical value.

The early focus in transition research was on growth and breakdown caused
by so called Tollmien–Schlichting (TS) waves corresponding to unstable eigen-
values of the Orr–Sommerfeld equation. The critical value of the Reynolds
number, above which unstable eigenvalues exist, has been determined for many
flows, and in some cases they were found to be infinite even though the flow can
indeed be turbulent. More conservative critical Reynolds numbers can be com-
puted from the Reynolds–Orr equation but the most reliable values are those
obtained from experiments. Morkovin (1969) noted that other mechanisms for
transition were observed in experiments and that the TS-mechanism could be
bypassed. The term bypass transition originates from this statement and basi-
cally includes all transition scenarios with perturbation growth not originating
from a two dimensional exponential instability. In experiments investigating
the turbulent bursting process, Kim, Kline & Reynolds (1971) noted that prior
to a turbulent burst, low velocity fluid was lifted up from the wall. The un-
derlying inviscid linear mechanism was analyzed by Landahl (1975) in order to
explain burst regeneration. Landahl (1980) also studied this mechanism in the
context of inviscid growth of localized disturbances, and the reported findings
are referred to as the lift-up effect in the literature. The lift-up effect is the
physical mechanism responsible for e.g. the generation and algebraic growth of
streamwise streaks in a boundary layer.

When three dimensional perturbations are considered an additional equa-
tion is needed to describe the perturbations,

∂ω

∂t
= −U ′ ∂v

∂z
− U

∂ω

∂x
+

1
Re

∆2ω,

ω = 0 at solid walls and in the far field,
(1.4)

where ω( = (∇ × u) · e2) is the normal vorticity. This equation is known as
the Squire equation when wave like perturbations are considered. The eigen-
modes of the combined Orr–Sommerfeld–Squire equations are not orthogonal
and therefore a perturbation can experience transient growth even if all eigen-
values of the system are stable. The non-orthogonality allows destructive in-
terference between different eigenmodes possibly resulting in an initial pertur-
bation with low energy. If the modes then decay at different rates, the total
energy of the perturbation will increase. Once the maximum distance between
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the modes, measured in an energy like metric, has been reached the perturba-
tion energy will start to decay. In the last decade this mechanism for energy
growth has received much attention, see e.g. Gustavsson (1991); Butler &
Farrell (1992); Reddy & Henningson (1993) and Trefethen et al. (1993).

1.6. Flow control background

A complete review of all aspects of flow control would extend hundreds of years
back in time but here only an attempt to cover the last decade or so is made.
An extensive amount of work has been done in flow control in the past, and
reviews of experimental and numerical work have been written on the subject
by for example Moin & Bewley (1994), Joslin, Erlebacher & Hussaini (1996),
Gad-el-Hak (1996), Lumley & Blossey (1998) and Bewley (2001). Articles
mainly concerning the mathematical aspects of the optimization methods used
for flow control can be found in the books edited by e.g. Gunzburger (1995) and
Sritharan (1998). The focus in this section is on computational transition and
turbulence control in boundary layer and channel flow. A nice recent review of
computational efforts in flow control is also given by Hinze & Kunisch (2000)
in an issue of Flow, Turbulence & Combustion devoted to adjoint methods and
their applications.

1.6.1. Laminar flow control

The most straightforward method to eliminate growth of perturbations is to
stabilize the boundary layer by modifying the mean flow profile. This is one
of few active flow control methods that has actually been attempted in flight
experiments. The mean flow is then altered by applying distributed suction on
the wing. A review of the efforts on laminar flow control can be found in Joslin
(1998). Recently more advanced schemes using an optimized profile for the suc-
tion distribution have been developed. In Pralits, Hanifi & Henningson (2001)
the parabolized stability equations (PSE) are used coupled with the boundary
layer equations to minimize the perturbation energy through modification of
the mean flow. Balakumar & Hall (1999) performed similar optimization to
move the transition point as far downstream as possible given certain restric-
tions. Similar methods can also be used to optimize the geometry of e.g. a
wing to get the desired properties.

1.6.2. Wave cancellation

The paper by Thomas (1990) reviews the early efforts on the control of TS
waves using an anti-phase control strategy. A brief review is given also by Met-
calfe (1994). It is reported that experimental attempts to cancel TS waves have
resulted in delay of transition but complete cancellation of the perturbations
has never been obtained. One important issue in experiments is precise actua-
tion, and many papers on experimental flow control are focused on determining
the properties of a particular actuator and its effect for specific perturbations.
Actuation is no problem numerically since it is just a matter of altering the
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boundary conditions. It is difficult to find comparisons between experimental
data and computational results since an experimental actuation device is not
always properly modeled in the computations. Using direct numerical sim-
ulations, Laurien & Kleiser (1989) studied the possibilities of delaying and
accelerating transition due to TS waves in a parallel Blasius boundary layer by
local two dimensional blowing and suction. The report that the control is only
effective if applied at an early stage of transition when the perturbations are
still two dimensional, but even then complete cancellation is not obtained. A
three dimensional base flow with localized perturbations was considered in the
recent paper by Wassermann & Kloker (2000). They investigated control of
crossflow vortex packets using a phase shifted modal control scheme with actu-
ation through blowing and suction. They found that the phase shift needed to
be individually adjusted for the different modes in order to achieve substantial
reduction of perturbation energy.

1.6.3. Opposition control

One of the most popular control strategies for numerical control of turbulence
is opposition control. The term comes from the numerical investigation of Choi,
Moin & Kim (1994) where a detection plane for the velocity was introduced
in the flow at a distance y+ ≈ 10 from the walls in a channel. The detected
velocity was then phase shifted by 180◦ and applied as a boundary condition
on the wall. With this method the drag in a turbulent channel at Reτ = 100
was reduced by as much as 25% using the normal velocity and by 30% using
the spanwise velocity. These results have inspired further research on similar
methods, and the drag reduction obtained through this simple method has
become somewhat of a benchmark for other schemes to be compared with.
The dependence on the location of the detection plane was explored by e.g.
Hammond, Bewley & Moin (1998). They investigated the control action and
its effects, explaining why the control fails when the detection plane is to close
or to far from the surface. The control strategy was also evaluated by Farrel &
Ioannou (1996) by application to a linear system with the possibility to change
the phase shift as well as the location of the detection plane. This approach
enabled them to study the linear dynamics of the closed loop system with
opposition control finding that the variance of their parameterized turbulence
could be reduced as much as by 70% near the wall. Wind tunnel experiments
were recently performed by Rebbeck & Choi (2001) using opposition control
showing the possibility for drag reduction also in practice.

The physical mechanism behind the success of opposition control is re-
lated to manipulation of near-wall streamwise vortices. The scheme effectively
moves the regions of high shear related to these vortices away from the wall
and thereby reduces drag. An alternative way of treating the near wall vortices
was reported by Koumoutsakos (1997) who applied control by prescribing the
vorticity flux at the wall. An in phase control increases the vorticity flux and
and out of phase control reduces it through cancellation of near wall vortices.
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This idea was applied to a turbulent channel flow at Reτ = 180 by Koumout-
sakos (1999) resulting in a drag reduction of about 40% for the out of phase
control. It should also be noted that this feedback control scheme only relies
on measurements of the instantaneous pressure at the wall. In a recent paper
Gmelin & Rist (2001) evaluates the direct feedback of wall vorticity flux for
control of transition in boundary layers using direct numerical simulations and
linear stability theory.

1.6.4. Suboptimal control

Possible applications of gradient based optimal control techniques were identi-
fied and analyzed by Abergel & Temam (1990) and much of the current efforts
on optimal flow control can be traced back to the ideas in this particular pa-
per. Choi et al. (1993) introduced the concept of suboptimal control of a fluid
system and applied it to the Burgers equation. The basic idea of suboptimal
control is to avoid the large memory and computational time requirements for
optimal control by using an objective function over one time step only. The
methodology was applied to a turbulent channel flow at Reτ = 100 by Bew-
ley & Moin (1994) resulting in a 17% drag reduction. Even though this was
less than what was obtained with opposition control this method was based
on optimal control theory, which is a firm foundation, and has a potential for
improvements. In practice a control scheme can only rely on measurable in-
formation that can be used to impose certain boundary conditions to the flow.
Through analysis of the governing equation one can come up with boundary
conditions that will minimize the instantaneous value of a specific objective
function. The suboptimal control of Lee, Kim & Choi (1998) uses this idea
to derive the optimal boundary conditions for minimizing a carefully designed
objective function based on wall pressure fluctuations or wall shear stress, re-
sulting in a skin friction drag reduction of up to 22%.

Lee et al. (1997) used a neural network to adaptively find a feedback law
for the local wall shear stress to control turbulence using direct numerical sim-
ulations. They achieved about 20% drag reduction using this strategy, and also
with a simple control scheme deduced from the optimized neural network drag
reduction of the same order was achieved.

1.6.5. Nonlinear control

The body of literature on this subject is huge and only work on channel and
boundary layer flow is considered here, noting that investigations for other ge-
ometries and problem formulations can be very similar, see e.g. Gunzburger &
Manservisi (2000) or Berggren (1998). The step from the suboptimal scheme
to an optimal scheme is taken by extending the time interval over which opti-
mization is performed. A particular type of objective function is the one used
for receding horizon optimization, which means that a large time interval is
divided into smaller parts, and then the control is optimized over these parts
successively with only a penalty on the final state in each interval. It is possible
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with this method to completely relaminarize a flow with turbulent initial con-
ditions and this has been done using direct numerical simulations by Bewley,
Moin & Temam (2001) and using large eddy simulations by Collis et al. (2000).
In the investigations of Bewley, Moin & Temam (2001) it was found that the
performance of the resulting control can differ widely depending on the choice
of flow properties included in the objective function, which was also indicated
by Lee, Kim & Choi (1998). A terminal measure of turbulent kinetic energy
was found to be the most suitable one to use to obtain relaminarization. Hinze
& Kunisch (2000) prefers the term sub-optimal also for the receding horizon
control, but in theory it should be possible to use a long enough time interval to
obtain relaminarization without the receding horizon technique. The increase
in memory requirement can be avoided by using a check-pointing technique
(see e.g. Berggren, Glowinski & Lions (1996)) at the expense of increased com-
putational cost. In paper 2 in this thesis a direct numerical simulation code for
solving the nonlinear optimal control problem in channel flow is developed and
tested for controlling oblique wave perturbations. The code is developed do
have a simple structure and to be suitable for extension to the spatial bound-
ary layer flow. The approximative method of using the continuous equations
to derive the control problem is also evaluated for a simple model problem in
paper 1.

A problem setup similar to the one in figure 1.1 was studied for a two
dimensional flow using direct numerical simulations by Joslin et al. (1997).
The measurement region was located downstream of the actuation and they
considered both a spatial boundary layer flow and a channel flow. The objective
was to match the shear stress in the perturbed flow to that in a laminar flow on a
portion of the wall. They reported that actuation through blowing and suction
resulted in successful delay of transition due to TS waves in both channel flow
and in the Blasius boundary layer.

1.6.6. Linear control

The focus of flow control has to a large extent been on the problems of drag
reduction and turbulence control. In many applications turbulence can be
avoided initially but eventually there is transition to turbulence. If the control
is applied during the transition process the need for turbulence control can
perhaps be avoided. Since energy growth in a fluid flow is a linear process it
makes sense that linear equations could be used to control transition. The find-
ings reported by e.g. Henningson (1996); Farrel & Ioannou (1996); Kim & Lim
(2000) about the importance of linear mechanisms for sustaining turbulence
indicate that linear controllers could also be used to control turbulence.

Using the linearized equations for flow control is a fairly new concept. One
early study was that of Bower et al. (1987) where the superposition control
concept was evaluated using the Orr–Sommerfeld equations with periodic blow-
ing and suction as boundary condition. A simple proportional control scheme
based on measurements of wall shear was used by Hu & Bau (1994). They used
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heating and cooling at the wall to modify the viscosity of the flow in order to
suppress instabilities. In the aforementioned paper by Farrel & Ioannou (1996)
the linear equations are used to evaluate the opposition control strategy. In
Gmelin & Rist (2001) the performance of a wall vorticity flux feedback scheme
is quantified e.g. by computations of neutral curves for the controlled linear
system.

Classical control theory was applied to two dimensional perturbations in
a laminar channel flow by Joshi, Speyer & Kim (1997). The control problem
is based on a stream function formulation of the Orr–Sommerfeld equations.
Blowing and suction actuation was computed using feedback of wall shear. By
using a constant gain feedback integral compensator they could stabilize the
flow and modify its properties. Modern control theory was used to compute op-
timal (H2) controllers using this stream function formulation in Joshi, Speyer,
& Kim (1999). The same formulation has also been used to develop reduced
order robust controllers for the multi wavenumber case in Cortelezzi & Speyer
(1998) and Cortelezzi et al. (1998). Recently Baramov, Tutty & Rogers (2000)
used a similar approach to develop robust (H∞) controllers, accounting for ef-
fects of localized actuation. The two dimensional controllers were extended for
application to three dimensional flows by augmenting an ad hoc scheme in the
third dimension in Lee et al. (2001). For a turbulent channel flow at Reτ = 100
this scheme resulted in a drag reduction of 17%.

Three dimensional perturbations were considered by Bewley & Liu (1998)
where both optimal and robust control strategies were evaluated for both sub-
and supercritical Reynolds numbers at isolated wavenumbers in a linearized
channel flow. A problem formulation for three dimensional perturbations is
also discussed in Kang et al. (1999) and for multiple wavenumbers in Kang,
Cortelezzi & Speyer (1999). The key property utilized in these three papers is
the decoupling of different wave number pairs when the Orr-Sommerfeld-Squire
equations are used. It was suggested in Bewley & Liu (1998) that the opti-
mal control for the full physical system could be obtained through an inverse
Fourier transform of optimal controllers computed for an array of wave number
pairs. Bamieh, Paganini, & Dahleh (2000) reports that such optimal control
laws, computed for a spatially invariant distributed system, should be spatially
localized with exponentially decaying tails. In paper 3 in the present thesis,
localized feedback laws for both control and estimation are computed using a
slightly modified version of the problem formulation in Bewley & Liu (1998).
The performance of these controllers and estimators is quantified in terms of
their ability to prevent transition in paper 4. A simple nonlinear extension
through gain scheduling is introduced together with a modification of the ob-
jective function in paper 3 and shown to be sufficient in order to relaminarize
a low Reynolds number ( Reτ = 100 ) turbulent channel flow. Section 3.5.3 in
this thesis, contains recent results showing that relaminarization of the same
turbulent flow can also be obtained without gain scheduling using a fully linear
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state feedback controller. A comparison with the nonlinear optimal control is
performed in paper 5 to demonstrate consistency between the two methods.

The advantage of using control theory is that the optimization problem
can be solved off-line independently of the particular perturbation to the flow.
Unfortunately the control tools are developed for dynamical systems that can
be written in the standard form ẋ = Ax and this is, today, only manageable
for simple flows and geometries. For spatially developing flows the iterative,
adjoint based optimization technique is more suitable even when the governing
equations used are linear. Cathalifaud & Luchini (2000) considered control
of the spatially developing laminar flow over a flat-, as well as a concave-
wall with optimal perturbations using the the boundary layer equations. They
computed distributions of blowing and suction that successfully minimized the
objective functions penalizing terminal values, or an integral over time, of the
perturbation energy. In Walter, Airiau & Bottaro (2001) a similar problem is
studied using the linear PSE focusing on TS wave perturbations. A possible
advantage of using PSE is that non-parallel effects are accounted for, and it
is also easy to extend to include weak nonlinear effects. In paper 7 the linear
controllers developed in the present work for parallel flows are shown to be
applicable also in the spatial setting. Successful suppression of exponential
instabilities as well as transiently growing perturbations is obtained even when
the perturbation amplitude is large.

1.7. Thesis outline

The main focus of the work in this thesis is the second part of the measurement
based control strategy where the information about the state of the flow is
assumed to be available. The question is then how to use this information in
the optimal way. The optimization techniques described in section 1.4 can be
applied to these flow control problems using either linear or nonlinear equations.
In order to test different strategies a simpler flow than the one depicted in
figure 1.1 is studied initially, namely the flow in a channel between two parallel
infinite walls. The results from this simple flow case is then extended to more
complicated situations. The application of nonlinear adjoint based optimization
technique to control of the Navier–Stokes equations for flow in a channel is
described briefly in chapter 2 based on the work in papers 1 and 2. The linear
control theory and its application to flow control and estimation in papers
3, 4 and 5 is discussed in chapter 3. In chapter 4 the work from paper 7
about application of the linear controller to spatially evolving flows is discussed
for different flow situations and perturbations. Implications for the secondary
instabilities studied in paper 6 are also discussed. Finally a brief discussion of
the main results and suggestions for future work is presented in chapter 5, and
quick guide to the papers included in this thesis and the contribution of the
respective authors is given in chapter 6.



CHAPTER 2

Nonlinear control

When applying the nonlinear approach to compute optimal controls an itera-
tive optimization technique must be used due to the nonlinearities in the state
equation. These nonlinearities prevent direct solution of the optimization prob-
lem since the solution cannot be identified directly from the equations. To do
iterative optimization, information about the gradient of the objective func-
tion can be used. The alternative to use an optimization approach that is not
based on gradient information is not feasible due to the high dimensionality
of the problem. An efficient method for obtaining gradient information is the
adjoint equation approach. Only two numerical simulations are then required
independently of the number of degrees of freedom. The drawback of this ap-
proach compared to other ways to compute the gradient is that information
must be saved about the whole solution of the equations in space and time.
This requires a lot of computer memory. From a practical point of view this
type of control is not very useful since it will only work for exactly the flow
perturbation that has been studied. On the other hand important details about
the nonlinear mechanisms involved could be revealed since these are accounted
for by the resulting optimal control. The approach is also easily extended to a
robust formulation accounting for the worst case disturbance as described by
Bewley, Temam & Ziane (2000). A control that is robust in this sense can be
applied in more general situations.

2.1. Control problem

Considering nonlinear control, the governing equations are the incompressible
Navier–Stokes equations in dimensionless form,

∂u
∂t

+ (u · ∇)u = −∇π +
1

Recl
∇2u,

∇ · u = 0,
(2.1)

where u is the velocity vector, π is the pressure and Recl denotes the Reynolds
number of the flow. The equations are complemented by boundary and initial
conditions. Consider the flow in a channel that is periodic in x and z, illustrated
in figure 2.1, driven by a condition that keeps the mass-flux constant. The al-
ternative of using a constant pressure gradient to force the flow would explicitly
determine the mean drag in the channel and applying boundary control would

17
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Figure 2.1. Geometry of flow domain Ω for channel flow simulations.

not change that. The flow is laminar and has an initial perturbation of some
kind that will cause energy growth and perhaps also transition to turbulence.

Control is applied through blowing and suction normal to the channel walls
ΓU and ΓL and is restricted to have a zero net mass flux. The control has a
continuous distribution over the wall and is represented by number of sinusoidal
modes. The velocity components in the horizontal directions are subject to a
no-slip condition on the walls.

The objective function describing what will be minimized by the control
contains a measure of the energy of the perturbation to the laminar flow. A
measure of the control input is also included to regularize the optimization
problem and bound the control energy used. It is also useful to allow the time
interval which the objective function covers be variable in order to be able to
modify the optimization problem. Using ϕ to denote the control the objective
function is,

J(ϕ) =
ε

2

T c
2∫

T c
1

∫
Γ

|v|2 dΓdt+
1
2

T o
2∫

T o
1

∫
Ω

(u− uT )2 dΩdt, (2.2)

where v = e2 · u, (T c
1 , T

c
2 ) is the control time period and (T o

1 , T
o
2 ) is the ob-

servation time period. The target velocity profile is denoted uT and ε is the
regularization parameter. The optimization problem is then: find ϕ∗ which
satisfies,

J(ϕ∗) ≤ J(ϕ) ∀ v(ϕ)|Γ ∈ Uad,
where Uad denotes the set of admissible controls.
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2.2. Model problem

The proper way of deriving the adjoint equations is to use the discretized
version of the equations and objective function and derive the discrete adjoint
equation from them. This can however be a much more difficult derivation
than starting from the continuous equations. By studying a model problem for
shear flow instabilities the effect of the approximation of using the continuous
equations could be investigated. By solving the same optimization problem
using a spectral method for the approximative formulation and a finite element
method (FEM) with an exact formulation, the differences could be evaluated.
The details of this study is reported in paper 1 in this thesis. Considering the

Γ

Γ
Ω

U(y)

Γ

Γ

y

x

0

c 1

0

Figure 2.2. The computational domain studied in the model problem.

scalar advection diffusion equation,

ut + U(y)ux − αu − 1
R
∆u = f in Q = Ω× (0, T ),

u = 0 on Σ0 = Γ0 × (0, T ),

u = ϕ on Σc = Γc × (0, T ),
R

2
U(y)u− ux = 0 on Σ1 = Γ1 × (0, T ),

u(t = 0) = u0,

in a two dimensional domain Ω with the boundary Γ depicted in figure 2.2.
The indices t or x denote a derivative in time or space and the velocity profile,

U(y) = (1− e−y)/(1− e−ymax),

is chosen to mimic a boundary layer profile. Control is applied through the
boundary condition for u on the inflow boundary Γc and the boundary condition
on the outflow boundary Γ1 is non-reflecting. For the optimization problem the
objective function is,

J(ϕ) =
ε

2

∫
Σc

ϕ2 dΣ +
1
2

∫
Q

u2 dQ,
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where ε is the regularization parameter. Optimization using information about
the gradient of the objective function is then performed using a standard con-
jugate gradient method.

2.2.1. Continuous formulation

A solver for the optimization problem derived from the continuous equations
was implemented using a Chebyshev collocation method to give good accuracy.
The gradient of the objective function in the continuous formulation is,

∇J(ϕ) = εϕ+
1
R
px

∣∣∣
Γc

, (2.3)

where p is the solution to the associated adjoint equation.

2.2.2. Discrete formulation

A finite element discretization was made of both the state equation and the
objective function. Then the associated discrete adjoint equation was derived
based on the discrete equations. This results in an optimization problem where
the gradient is obtained to machine precision of the computer. In the fully
discrete case, the gradient is a vector∇J∆th of dimensionN×M , where N is the
number of time steps andM is the number of mesh points on the Γc boundary,
excluding the corner points. Each component of this vector is evaluated by
computing,

(∇J∆th )i,n = ε

∫
Γc

wiϕn dΓ +
∫
Ω

unwi dΩ

−
∫
Ω

wi

[(
1
∆t
− α

)
pn − pn+1

]
dΩ

− 1
R

∫
Ω

∇pn · ∇wi dΩ−
∫
Ω

Upn+1wi
x dΩ,

(2.4)

where n = 1, . . . N , i = 1, . . . M , and where wi are the base functions of the
FEM discretization such that it is 1 at node i on Γc and zero at all other nodes
of the triangulation. In expression (2.4), the fully discrete co-states {pn}Nn=1
are obtained by solving the corresponding discrete adjoint equation.

It is clear that the gradient expression (2.4) would not be obtained by
simply discretizing the continuous expression (2.3). Also the discrete adjoint
equation differs substantially from what is obtained by discretizing the contin-
uous counterpart.

2.2.3. Comparing the formulations

Comparing the two methods was mainly performed in terms of convergence
rate. In particular the dependence on the different numbers of degrees of free-
dom, or resolution, and the parameters α and R was studied. A typical plot of
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Figure 2.3. Energy growth in box at different stages of op-
timization. R = 50 and α = 1.5

the reduction in the gradient norm shows a large drop for the first iterations us-
ing either method. The curve then flattens out and from the slope of the curve
in this region the convergence rate is computed. The fully discrete formulation
was found to have faster convergence in general, and the dependence on the
parameters and the resolution was larger for the continuous formulation. The
conclusion from this study was that using the adjoint equations derived from
the continuous formulation was sufficient to get close to the optimal solution
of the control problem. Especially when focusing on controlling strong insta-
bilities the approximate formulation was found to be sufficient. In figure 2.3 it
is shown that the strong instability is taken care of in the first few iterations of
the optimization, and the additional iterations required to reach the optimal
solution is merely a fine tuning of the control. Despite the differences in conver-
gence rate, the performance in the initial steps of the optimization was found
to be similar for both formulations. It was also observed that convergence rate
for the later iterations decreased rapidly with increasing R. This indicates that
the computational cost will increase when applying this methodology to high
Reynolds number flows since a larger number of iterations will required to find
the optimal solution.

2.3. Derivation and Implementation

Motivated by the findings from the model problem, the continuous equations
are used to derive the adjoint equations for the nonlinear optimization problem.
The drawback is that only an approximation of the true optimal solution will
be obtained. In order to decrease the sensitivity to changes in the number of
degrees of freedom in time of the control a parameterization of the control in
time was found to be useful. The full derivation of the adjoint equation and
gradient expression is given in paper 2 in this thesis.
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To facilitate efficient implementation and solution of the optimization prob-
lem the existing spectral channel flow code of Lundbladh, Henningson & Jo-
hansson (1992) was used as a template for the optimization code. The code
uses Fourier modes in the periodic directions and Chebyshev polynomials in
the wall normal direction with either a collocation or tau method. The time
stepping scheme is a four step Runge–Kutta method for the advective terms
and a Crank-Nicholson method for the viscous terms. The solver is based on
a velocity-vorticity (v − ω) formulation of the Navier–Stokes equations, and
therefore the adjoint equations need to be put in that form prior to implemen-
tation as well. The Navier–Stokes equations (2.1) in v − ω form are (Benney
& Gustavsson (1981)),

∂∆v
∂t

=
(
∂2

∂x2
+

∂2

∂z2

)
H2 − ∂

∂y

(
∂H1
∂x

+
∂H1
∂z

)
+

1
Recl

∆2v,

∂ ω

∂t
=
∂H1
∂z

− ∂H3
∂x

+
1

Recl
∆ω,

(2.5)

where H = u× (∇× u). Using the objective function 2.2 the gradient is,

∂J

∂ϕL
=
∫
ΓL

ψL

(
εϕTL ψL − σ

)
dΓ, (2.6)

and

∂J

∂ϕU
=
∫
ΓU

ψL

(
εϕTUψL + σ

)
dΓ. (2.7)

where ψ denotes the base functions for the control, the index L and U denotes
the lower and upper wall respectively, and σ denotes the adjoint pressure. The
adjoint equation in the form corresponding to v − ω for the adjoint states is

−∂∆p2
∂t

=
(
∂2

∂x2
+

∂2

∂z2

)
H̃2 − ∂

∂y

(
∂H̃1
∂x

+
∂H̃1
∂z

)
+

1
Recl

∆2p2,

−∂ (∇× p)2
∂t

=
∂H̃1
∂z

− ∂H̃3
∂x

+
1

Recl
∆(∇× p)2,

(2.8)

where p = (p1, p2, p3) denotes the adjoint states and,

H̃ = −u× (∇× p) + 2(∇p)Tu+ χ[T o
1 , T

o
2 ](u− uT ).

The function χ[t1, t2] is such that it is one if t ∈ [t1, t2] and zero otherwise.The
adjoint equations are solved backwards in time. Considering this, equations
(2.5) and (2.8) are identical except for the expressions for H and H̃ , and the
same solver can be used for both equations with only small modifications.

Since the advantage of the v−ω formulation is that pressure is eliminated
the adjoint pressure is not solved for explicitly. Fortunately its gradients can
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easily be evaluated on the walls through the expression,

σx

∣∣∣∣
W

=
1

Recl

∂2p1
∂y2

∣∣∣∣
W

+ v
∂p1
∂y

∣∣∣∣
W

,

σz

∣∣∣∣
W

=
1

Recl

∂2p3
∂y2

∣∣∣∣
W

+ v
∂p3
∂y

∣∣∣∣
W

,

where W denotes either wall. From this information we can then compute the
objective function gradient by integrating to get the adjoint pressure on the
walls. Note that we cannot get the constant part of the adjoint pressure but
it is not needed since zero mass flux control is considered. A check of how
accurately the gradients of the objective function are computed can be done by
comparison with a finite difference computation. By perturbing the control at
every degree of freedom we can compute the finite difference gradient and then
it can be compared to the one computed using the adjoint equations. Testing
this for a few different cases shows that the error obtained by computing the
norm of the difference between the normalized gradients obtained from the
finite difference and adjoint computations respectively is less than 1% in the
initial iterations.

2.3.1. Optimization

When the gradient has been determined, and standard gradient based opti-
mization algorithm can be applied to solve the problem. A steepest descent
approach is not so efficient, and a conjugate gradient algorithm is not well
suited for non-linear problems. Instead a limited memory quasi Newton ap-
proach called L-BFGS-B described in Byrd et al. (1994) is used for the nonlin-
ear optimal control problem. This algorithm was downloaded from the Internet
and included in the code without modifications.

2.4. Control of oblique waves

Optimal control of transition initiated by oblique waves applying the method-
ology outlined in this chapter is attempted to evaluate the code before further
development.

2.4.1. Transition scenario

The transition scenario involving oblique waves as initial perturbation is a four-
stage process. Oblique waves force streamwise vortices that through the lift-up
mechanism creates streamwise streaks that can breakdown to turbulence thr-
ough secondary instabilities. From the linearized equations the transient energy
growth associated with the formation of the streaks is found to be due to the
non-orthogonality of the eigenmodes of the system. This mechanism for energy
growth is thoroughly studied and explained in e.g. Gustavsson (1991); But-
ler & Farrell (1992); Reddy & Henningson (1993) and Trefethen et al. (1993).
The breakdown process of the streaks due to the secondary instability is under
active investigation, the recent experimental work of e.g. Westin et al. (1994),
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Matsubara & Alfredsson (2001) and Elofsson (1998) has increased the physical
understanding and so has numerical studies by e.g. Berlin et al. (1999).

2.4.2. Control

Control is applied at the different stages of the transition scenario to investigate
how sensitive the control is to different initial conditions.
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Figure 2.4. solid: The energy growth without control ;
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Figure 2.4 shows the energy evolution of controlled flow in a channel where
the initial condition is a pair of oblique waves and Recl = 2000. The control
is allowed to act in all Fourier modes of the simulation and is distributed with
20 degrees of freedom in time. In all cases the observation starts at t = 50 and
continues until the end of the simulation, and once the control has been turned
on it remains so until the end of the simulation.

First control is applied from t = 0, denoted case 1, and the energy growth is
initially slightly larger than in the uncontrolled case, but thereafter the energy
rapidly decays. In this case the control acts on the oblique waves directly pre-
venting them from inducing strong streamwise vortices. In case 2 the stream-
wise vortices have already formed and control is applied at t = 25. Initially the
energy follows the curve for the uncontrolled case but then at approximately
t = 35 it starts decaying. Finally in case 3 the control is applied at t = 50
to the growing streaks. In this case the energy also follows the curve for the
uncontrolled case until t = 55 before it starts decaying. It should be noted
that there is a difference between the cases in terms of how large fraction of
the control interval that is overlapping the observation interval which makes it
hard to draw specific conclusions. At least we can conclude that the control
can handle the different stages of the transition process.

In all cases about 10-15 iterations of the optimization algorithm was needed
to reach a converged solution with the criterion that the reduction of the ob-
jective function was close to zero in the last iteration. The reduction of the
gradient norm was about three orders of magnitude. These results indicate
that using the continuous formulation of the optimization problem is feasible
for this type of scenario.



CHAPTER 3

Linear control and estimation

Using the linear equations opens up for the use of modern control theory tech-
niques. With an objective function over infinite time, we can get a time in-
dependent solution of the optimal control problem. We can then apply this
control online in direct numerical simulations of different transition scenarios,
and using a gain scheduling technique also to turbulence. The need for gain
scheduling is due to that the change in the mean flow profile, which we have
used to linearize the equations, is large from a laminar to a turbulent flow.
The main drawbacks of this approach is that is neither considers the nonlinear
terms of the equations governing the flow nor the evolution of the mean flow
profile and non-parallel effects.

When designing linear controllers and estimators the starting point is the
linearized Navier–Stokes equations known as the Orr–Sommerfeld–Squire equa-
tions governing the evolution of small perturbations {v, ω} to a laminar flow
U(y). These equations may be written using a Fourier representation at each
wavenumber pair {kx, kz} as

˙̂v = ∆̂−1 {−i kxU ∆̂ + i kx U
′′ + ∆̂(∆̂/Recl)}︸ ︷︷ ︸

LOS

v̂, (3.1a)

˙̂ω = {−i kz U ′}︸ ︷︷ ︸
LC

v̂ + {−i kx U + ∆̂/Recl}︸ ︷︷ ︸
LSQ

ω̂, (3.1b)

where ∆̂ ≡ ∂2/∂y2 − k2x − k2z and hat (̂ ) denotes Fourier coefficients and a
prime (′) denotes a derivative with respect to y. Note that ∆̂ is invertible
only if the boundary conditions are included. The Reynolds number Recl =
Uch/ν parameterizes the problem, where h is the half-width of the channel,
Uc is the centerline velocity, and ν is the kinematic viscosity of the fluid. The
boundary conditions are ω̂(y = ±1) = ∂v̂/∂y(y = ±1) = 0 and v̂(y = ±1) =
φ̂±1 where φ̂±1 is the control signal on the upper and lower wall. Since these
equations are linear and decoupled for different wavenumber pairs it is possible
to develop controllers and estimators using optimal control theory for each
wavenumber separately. These can then be combined into a physical space
controller or estimator through an inverse Fourier transform. Paper 3 contains
a detailed description of how this is done and the key points are summarized
in the following sections.
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3.1. Controller

To be able to apply modern optimal control theory to a dynamical system it is
first put in a standard form. In order to obtain this standard form the control
needs to be parameterized and expressed as a forcing term instead of a bound-
ary condition to the equations. Since the system is linear the superposition
principle can be utilized to lift the boundary conditions and give the desired
form. In principle this lifting can be done using any continuous function satis-
fying the boundary conditions of the problem. One possible choice, used here,
is the stationary solution to the inhomogeneous problem with the boundary
conditions to be parameterized set to unity. The system can then be written,

˙̂x = Â x̂+ B̂ û, (3.2)

where,

x̂ =
[
x̂h
φ̂±1

]
, Â =

[
N̂ N̂ Ẑ
0 0

]
, B̂ =

[−Ẑ
I

]
, û = ˙̂

φ±1, (3.3)

and,

N̂ =
[LOS 0
LC LSQ

]
,

[
v̂
ω̂

]
=
[
v̂h
ω̂h

]
+
[
v̂p
ω̂p

]
= x̂h + Ẑφ̂±1, (3.4)

where the index h denotes the homogeneous part of the solution and p denotes
the particular solution used for lifting the boundary condition. In order to
formulate the optimization problem an energy measure is introduced such that,

Ê =
1

8 k2

1∫
−1

f(y)
(
k2|v̂|2 +

∣∣∣∣∂v̂∂y
∣∣∣∣2 + |ω̂|2) dy =

[
v̂∗ ω̂∗] Q̂ [ v̂

ω̂

]
, (3.5)

where k2 = k2x + k2z and f(y) is a weighting function that allows modification
of the energy measure and that is equal to one unless otherwise stated. For
the case when the flow is divided into a homogeneous and a particular part the
energy measure becomes,

Ê = x̂∗
[
Q̂ Q̂Ẑ

Ẑ∗Q̂ Ẑ∗Q̂Ẑ

]
x̂ = x̂∗Q̂x̂.

From modern control theory we know that the feedback law K̂ in,

û = K̂x̂, (3.6)

minimizing the objective function,

Ĵ =

∞∫
0

(
x̂∗Q̂x̂+ �2 û∗û

)
dt, (3.7)

is given by the non-negative self-adjoint solution X̂ of the Riccati equation,(
X̂Â+ Â∗X̂ − 1

�2
X̂B̂B̂∗X̂ + Q̂

)
x̂ = 0, ∀ admissible x̂, (3.8)
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Figure 3.1. Localized controller gains for Recl = 2000 with �2 =
0.01 relating the state x inside the domain to the control forcing
u at the point {x = 0, y = −1, z = 0} on the wall: visualized are
a positive and negative isosurface at of the convolution kernels for
(left) the wall-normal component of velocity at ±100 and (right)
the wall-normal component of vorticity at ±1.

through the relation,

K̂ = − 1
�2
B̂∗X̂. (3.9)

Notice that this feedback law uses only the homogeneous part of the flow
inside the channel. It can easily be modified to be a feedback law for the full
flow field by subtracting the contribution from the ( known ) inhomogeneous
part. Optimal feedback laws can then be computed for a large number of
wave number pairs that sufficiently resolves the dynamics of the system and
combined in an inverse Fourier transform to yield a physical space control law
described by convolution kernels. The control signal in physical space can then
be computed through the convolution integral,

φ̇±1(x, z, t) =
∫
Ω

(
k±1,v(x− x̄, ȳ, z − z̄) v(x̄, ȳ, z̄, t) +

k±1,ω(x − x̄, ȳ, z − z̄) ω(x̄, ȳ, z̄, t)
)
dx̄dȳ dz̄,

(3.10)

where k±1,v and k±1,ω are the v and ω components of the feedback law for
the upper and lower wall. In figure 3.1 feedback kernels for the control are
depicted as isosurfaces to illustrate their structure. Both the kernel for the
normal velocity and the one for normal vorticity are elongated in the upstream
direction and they also angle away from the wall. This makes sense from a
physical point of view since the kernels then account for the convective time
delay of the perturbations due to the change in the base flow velocity profile
in the normal direction. The controller then “knows” that perturbations near
the wall move slower than they do closer to the center of the channel.
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3.1.1. Properties of X̂

We have already seen that the Riccati equation provides the optimal solution
in section 1.4, where X̂ was introduced as the linear mapping between the
state and the adjoint state. To get a feeling for what the solution to the
Riccati equation (3.8) represents one can look at the problem from a different
perspective. Consider the closed loop system obtained by inserting (3.9) via
(3.6) into (3.2),

˙̂x =
(
Â− 1

�2
B̂B̂∗X̂

)
x̂. (3.11)

Introduce a scalar measure V of the perturbations such that,

V = x̂∗X̂x̂,

where X̂ is self-adjoint, positive and independent of time. By taking the time
derivative of this measure an expression for the evolution of this scalar quantity
is obtained. This can be written as,

V̇ = ˙̂x
∗
X̂x̂+ x̂∗X̂ ˙̂x.

Inserting (3.11) and performing some algebra results in,

V̇ = x̂∗
(
X̂Â+ Â∗X̂ − 2

�2
X̂B̂B̂∗X̂

)
x̂. (3.12)

If X̂ = Q̂ this would correspond to the Reynolds–Orr equation (1.2) with
control, neglecting nonlinear terms. Notice that any self-adjoint, positive X̂
satisfying, (

X̂Â+ Â∗X̂ − 2
�2
X̂B̂B̂∗X̂

)
x̂ < 0, ∀ x̂ �= 0,

would guarantee stability, in the sense of Lyapunov, of the system (3.11) since
V ≥ 0 and V̇ < 0. If the energy measure operator Q̂ would satisfy this
inequality, the resulting closed loop system would not experience any transient
growth. If X̂ is chosen to be the solution of the Riccati equation (3.8) expression
(3.12) can be rewritten such that,

V̇ = x̂∗
(
−Q̂ − 1

�2
X̂B̂B̂∗X̂

)
x̂.

Inserting (3.6) we obtain,

V̇ = −
(
x̂∗Q̂x̂+ �2û∗û

)
,

and one can conclude that V is uniformly decaying. The optimal control ob-
tained is thus such that the objective function (3.7) can be written,

Ĵ =

∞∫
0

(
x̂∗Q̂x̂+ �2 û∗û

)
dt =

∞∫
0

−V̇ dt = V (t = 0) = x̂∗0X̂x̂0, (3.13)
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where x̂0 denotes the initial perturbation since V → 0 as t → ∞. It can also
be shown that any other stabilizing controller will give a larger value of this
objective function.

3.2. Estimator

To be able to apply these control techniques in real life situations, we must use
a method that only requires a limited amount of information about the flow. In
the nonlinear control case this would require that we knew the initial conditions
exactly and could compute the optimal control off-line and then apply this
control to the system. In most cases this is not possible and we need to rely on
measurements of different flow quantities. In the linear control framework we
can develop an estimator that can be used to reconstruct the state of the flow
at the same time as it evolves. We can then use that information to compute
the control online. The estimator is based on a model of the actual system,
and through control theory we can determine how to force this model in the
optimal way given measurements of the flow. The action of the control due to
the inhomogeneous boundary condition need not be accounted for since it is
assumed to be known, and only an estimator for the homogeneous problem is
needed. Consider the system,

˙̂xh = N̂ x̂h + [Ĝ1, 0]ŵ,

ŷ = Ĉx̂h + [0, αI]ŵ,
(3.14)

where ŷ is a measurement of the state disturbed by a random (zero-mean white
Gaussian) process ŵ. In the state equation the disturbance enters through the
matrix Ĝ1 which should be the square root of the expected covariance of the
state disturbances. Since this is a nontrivial quantity to find, the normalized
energy measure operator Q̂ as well as the identity I has been used as expected
covariance. The parameter α allows for some flexibility in the estimator design.
The measured quantity is the wall normal derivative of the normal vorticity at
the channel walls divided by the Reynolds number,

Ĉx̂h =
1

Recl


∂ω

∂y

∣∣
y=+1

∂ω

∂y

∣∣
y=−1

 .
An estimator of this system can then be described by,

˙̂xe = N̂ x̂e − ψ̂,

ŷe = Ĉx̂e,

ψ̂ = L̂ (ŷ − ŷe) = L̂∆ŷ,

(3.15)

where ψ̂ is a forcing term driving the estimator state x̂e towards the measured
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Figure 3.2. Localized estimator gains relating the measurement
error (ŷ − ŷe) at the point {x = 0, y = −1, z = 0} on the wall
to the estimator forcing terms v inside the domain: visualized are
a positive and negative isosurface of the convolution kernels for
(left) the wall-normal component of velocity at ±0.002 and (right)
the wall-normal component of vorticity at ±0.035. The kernels are
computed using Ĝ1Ĝ

∗
1 = Q̂, Recl = 2000 and α = 100.

state x̂h through the feedback law L̂ for the difference between the measure-
ments. When the measurement noise in the system is white, the optimal es-
timator forcing is the Kalman filter, which is computed by solving a Riccati
equation similar to the one for the control problem. From the non-negative
self-adjoint solution Ŷ of,

(
Ŷ N̂∗ + N̂ Ŷ − 1

α2
Ŷ Ĉ∗ĈŶ + Ĝ1Ĝ

∗
1

)
x̂e = 0, ∀ admissible x̂e, (3.16)

the optimal estimator forcing L̂ is obtained through the relation,

L̂ = − 1
α2
Ŷ Ĉ∗.

Using the same strategy as in the control case and computing the optimal
estimator forcing for a large number of wavenumber pairs we can obtain an
estimator forcing in physical space through an inverse Fourier transform. The
physical space forcing can then be computed through the convolution integrals,

ψv(x, y, z, t) =
∫
x̄,z̄

[
Lv,+1(x − x̄, y, z − z̄)∆y(x̄, y = +1, z̄, t)

+ Lv,−1(x− x̄, y, z − z̄)∆y(x̄, y = −1, z̄, t)
]
dx̄dz̄,

(3.17)
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and,

ψω(x, y, z, t) =
∫
x̄,z̄

[
Lω,+1(x− x̄, y, z − z̄)∆y(x̄, y = +1, z̄, t)

+ Lω,−1(x− x̄, y, z − z̄)∆y(x̄, y = −1, z̄, t)
]
dx̄dz̄,

(3.18)

where Lv,±1 and Lω,±1 are the physical space convolution kernels for the es-
timator forcing exemplified in figure 3.2. The estimator forcing kernels are
elongated mainly in the downstream direction and the one for the normal vor-
ticity angles away from the wall. In a similar way as in the control case the
kernels thus account for the convective time delay due to the shape of the base
flow profile. The effect on the measurement error from perturbations closer
to the center of the channel result in a forcing further downstream than for
perturbations near the wall. In the simulations an extended Kalman filter is
used. This means that a forcing computed from the linear equations is used to
force the full nonlinear Navier–Stokes system.

3.3. Compensator

Combining the estimator and the controller gives us a compensator. We use
the measurements to reconstruct the state, and then we use the reconstructed
state to compute the control and apply it to the system we whish to control.
Since optimal (H2) control is considered rather than robust control the separa-
tion principle ( see e.g. Skelton (1988) p. 411 ) applies and the estimator and
controller can be computed separately. If instead robust (H∞) control is de-
sired a coupled system of two Riccati equations must be solved with additional
requirements on the solutions. The initial condition in the estimator used is
usually an unperturbed laminar flow, but if the measured state is partially
known a better initial guess could be provided as illustrated in paper 5.

3.4. Spatial localization

One important feature of the convolution kernels obtained is their spatial lo-
calization. This property of the optimal controllers computed for a spatially
invariant system was predicted theoretically by Bamieh, Paganini, & Dahleh
(2000), and in the present work it is demonstrated in practice. This means
that the assumption of spatial periodicity becomes redundant since only local
information is utilized. The kernels decay exponentially at a distance from
the origin and can be truncated to have truly compact support. It has been
verified in simulations that this operation does not significantly degrade the
performance as reported in paper 4. An illustration of the exponential decay is
provided in figure 3.3 where four control kernels for v have been computed with
the same parameters but for different box sizes with maintained resolution. The
square value of the kernel is integrated in y onto an x− z plane, and this plane
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Figure 3.3. Illustration of exponential decay of control con-
volution kernel for normal velocity. a: As a function of x̄ b: As
a function of z̄. Solid lines: box size 2π × 2π with resolution
32 × 64 in x × z, dashed lines: box size 3π × 3π with resolu-
tion 48 × 96 in x × z, dashed-dotted lines: box size 4π × 4π
with resolution 64 × 128 in x × z and dotted lines: box size
6π × 6π with resolution 96 × 192 in x × z. In all cases � = 1,
Recl = 2000 and the number of gridpoints in y was 70.

is than integrated in z or x to obtain a one dimensional representation of the
kernel as a function of x or z. It is clear that if the box size is increased, the
kernels continue to decay. This property of the kernels facilitates a physical
implementation of the system where the need for communication between ar-
rays of sensors and actuators is small compared to a global feedback system.
For more discussion about this issue see paper 3 or Bewley (2001).

3.5. Performance of controller

3.5.1. Direct numerical simulation code

The direct numerical simulations with linear control and estimation in tem-
poral channel flow have been performed using the code described and used in
Bewley, Moin & Temam (2001) with necessary modifications. The code uses
a discretization with Fourier modes in the directions parallel to the walls and
an energy-conserving second-order finite difference scheme on a stretched stag-
gered mesh for the wall normal direction. The components with derivatives
in the directions parallel to the walls are marched in time using a low-storage
third-order Runge–Kutta method. An implicit Crank–Nicholson method is
used for each sub-step of the Runge–Kutta method for all terms containing a
wall normal derivative to allow strong blowing and suction without imposing
restriction on the time step to maintain numerical stability. The control laws
are computed using the same resolution as in the simulations i all cases. The
computation of the feedback convolution integrals for both control and esti-
mation was implemented both in physical space and in Fourier space. The
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Full-state feedback � = 0.1

Scenario Recl Grid Lower Upper Factor

( SV ) 2000 16× 128× 64 6.50× 10−5 6.55× 10−5 10
3000 16× 128× 64 1.50× 10−5 1.55× 10−5 9.6
5000 16× 128× 64 3.05× 10−6 3.10× 10−6 11.5

( OW ) 2000 16× 128× 64 2.38× 10−4 2.50× 10−4 102
3000 16× 128× 64 6.50× 10−5 7.00× 10−5 109
5000 16× 128× 64 1.60× 10−5 1.70× 10−5 122

( N ) 2000 32× 128× 64 5.00× 10−4 5.01× 10−4 7
3000 32× 128× 64 1.80× 10−4 1.90× 10−4 6.8
5000 32× 128× 64 5.00× 10−5 5.05× 10−5 5.7

Table 3.1. Full information controlled transition thresholds
for the initial perturbations: (SV)–Streamwise vortex, (OW)–
Oblique wave and (N)– Random perturbation.

two methods are equivalent and result in identical control signals providing a
confirmation that implementation was correct. For the sake of computational
efficiency, the Fourier implementation was used in all simulations presented
here.

3.5.2. Transition thresholds

In order to quantify the performance of the linear controller, simulations have
been performed to determine the threshold energy for transition for certain
perturbations. The uncontrolled thresholds were determined by Reddy et al.
(1998) and the same initial conditions have been used in this study reported in
paper 4. To the streamwise vortices and oblique wave perturbations a compo-
nent of the random noise is also added, corresponding to 1% of the perturbation
energy, in order to break symmetries and trigger secondary instabilities. In ta-
ble 3.1 the resulting thresholds for the controlled system are tabulated with a
comparison to the uncontrolled threshold values in the “Factor” column. The
factor is computed by dividing the mean threshold value from the controlled
case with the one for the corresponding uncontrolled case. In summary the
threshold values indicate that the oblique wave perturbation is easy to control
compared to the random noise and streamwise vortex perturbations. One can
expect roughly about one half order of magnitude higher perturbation energies
required for transition in the controlled case with random noise.
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3.5.3. Turbulence control

During transition to turbulence there is a substantial change in the mean ve-
locity profile and the same is true for relaminarization. The linear controller is
computed for a specific mean flow profile and does not take its evolution into
account. Application of feedback control kernels computed for the turbulent
mean flow profile, using f(y) = 1 in (3.5), to a three dimensional turbulent
channel flow at Reτ = 100 results in a drag reduction of about 15%. By
introducing a simple gain scheduling technique, where controllers have been
computed for the seven different velocity profiles shown in figure 3.4 ranging
from the laminar to the turbulent one, the controller can be allowed to adapt to
the current mean flow during a simulation. This gain scheduling can be viewed
as a nonlinear extension of the linear control law. The scheduling is done by
computing the energy of the difference between the current mean flow in the
simulation and the profiles used to compute feedback laws at each time-step.
The kernels corresponding to the profile with the smallest difference from the
mean flow are then used to compute the control. In addition to the gain sched-
uling, the objective function had to be modified to make the controller work.
This was discovered when testing to use the identity matrix instead of Q in
the objective function when computing the kernels. The idea was to make the
controller focus on the perturbations near the channel walls. Using the identity
matrix has this effect due to that the stretched grid obtained from using the
Gauss-Lobatto collocation points is finer near the walls. Unfortunately the re-
sulting control is then grid dependent, and to avoid the grid dependency f(y)
was introduced in the energy measure (3.5) to get a similar effect.

The direct numerical simulations were performed in a box with the dimen-
sions 4π × 2 × 4/3π and with a resolution of 64 × 64 × 64 using a Fourier,
Finite difference, Fourier discretization in x × y × z respectively. The control
kernels were computed in the same box with a resolution of 64×70×64 Fourier,
Chebyshev, Fourier modes.

In figure 3.4 the energy, normalized drag and control effort is plotted for
three different realizations of the turbulence control. To verify some robustness
of this control strategy using f(y) = (1−y2)−1/2 two different initial conditions
have been used. Notice that there is rapid decay of energy as well as drag in
all three cases. The drag has an initial transient increase of about 10% before
it decays when the controllers using the weighted energy measure are used.
Using the control computed using the identity matrix produces an increase of
up to 60% in drag initially. In the plot of the control effort one can clearly see
transient jumps when the gain-scheduling has decided to switch control kernel.
Relaminarization of a three dimensional turbulent channel flow at Reτ = 100
using zero mass flux blowing and suction control has previously only been
achieved using nonlinear optimal control, see e.g. Bewley, Moin & Temam
(2001) and Collis et al. (2000). They used a receding horizon optimization
strategy in direct numerical simulations and large eddy simulations respectively.
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Figure 3.4. Evolution of initially fully-developed turbulence
at Reτ = 100 with three different controller realizations. Top-
left: mean velocity profiles used to compute kernels for the gain
scheduling. Top-right: energy of flow perturbation. Down-left:
normalized mean drag. Down-right: mean-square value of the
control φ. Solid is from using the identity matrix in the ob-
jective function dotted and dashed are with a weighted energy
measure using f(y) = (1 − y2)−1/2 for two different initial
conditions. Note that application of the gain-scheduled linear
feedback causes the fully turbulent 3D flows to relaminarize in
all three cases.

The need for a modification of the energy measure in order to obtain re-
laminarization indicates that there exists a better physical quantity than total
perturbation energy to use in the objective function. Kim & Lim (2000) per-
formed direct numerical simulations where they showed that the coupling term
LC in (3.1b) is crucial for the maintenance of the turbulent process near the
wall. They suggested that an objective function targeting the effect of this
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Figure 3.5. Evolution of initially fully-developed turbulence
at Reτ = 100 when a linear controller computed using � = 1
and f(y) = 1 + U ′(y)2 in (3.5) is applied at t+ = 0 (solid)
and at t+ = 300 (dot-dashed). Top-left: The velocity profile
used to compute the control kernels (solid), laminar and turbu-
lent profiles (dashed). Top-right: energy of flow perturbation.
Down-left: normalized mean drag. Down-right: mean-square
value of the control φ. Note that application of the completely
linear feedback causes the fully turbulent 3D flow to relami-
narize in both simulations.

coupling term could result in a effective controller. Inspired by this an energy
weighting of the form f(y) = 1 + U ′(y)2 was introduced. Control kernels were
then computed using only one of the intermediate velocity profiles used for the
gain scheduling described earlier. The velocity profile U(y) used to compute
the kernels can be compared to the fully turbulent and the laminar mean ve-
locity profiles in the upper left plot in figure 3.5. The control kernels computed
for this profile were then tested in two simulations. The evolution of energy
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Figure 3.6. Convergence of estimator for a random pertur-
bation at Recl = 3000. Solid with Ĝ1Ĝ∗
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and drag in these simulations are shown together with the mean square value
of the control in figure 3.5. In these cases the transient increase in drag is
about 50% when the control is applied but then there is rapid decrease. These
recently obtained results show that it is possible to relaminarize low Reynolds
number turbulence with zero mass flux blowing and suction using a completely
linear control approach.

3.5.4. Linear v.s Nonlinear optimal control

Comparing the resulting control from the linear and nonlinear methods is inter-
esting from a consistency point of view. With the linear approach the control
is computed online whereas the nonlinear method requires many optimization
iterations to obtain the control. Adjusting the objective functions and the pa-
rameters of the problems to make them comparable should result in practically
the same control signal.

In paper 5 this is verified by computing the optimal control for an oblique
wave perturbation with small amplitude using the linear approach. The re-
sulting control signal is then inserted into the nonlinear code. Computing the
gradient of the objective function using the nonlinear optimal control method
shows that the gradient norm is very small for the linear control solution. In
a case where strong nonlinearities are present the methods should differ and
such a study could provide information about the key nonlinear effects in the
transition process.

3.6. Performance of estimator

An estimator is tested by running two direct numerical simulations simultane-
ously. One simulation has an ’unknown’ initial perturbation and the other one
is the estimator. The normal derivative of the normal vorticity at the walls is
measured in both simulations and the difference is used to force the estimator
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Figure 3.7. Energy evolution in estimator with Ĝ1Ĝ
∗
1 = Q̂

for an oblique wave perturbation with different values on the
penalty parameter: a) Dashed– measured state. Solid– esti-
mator state with α = 0.01. b) Estimator state for α= 0.001,
0.01, 0.05, 0.1, as dash-dot, solid, dotted, dashed respectively.

using the linear forcing kernels. The initial state in the unknown flow is a
random perturbation at an energy level below the transition threshold and the
initial guess in the estimator is an unperturbed laminar flow at Recl = 3000.
Figure 3.6 shows that the state in the estimator converges exponentially to
the unknown state after an initial transient. Using Ĝ1Ĝ∗

1 = Q̂ gives a small
transient during a long time whereas using Ĝ1Ĝ∗

1 = I gives a larger transient
for a shorter time. Since both the initial behavior and the convergence are
important issues there is no obvious reason why one would be better than the
other for the compensator.

In figure 3.7a the energy evolution of the unknown state (dashed) and the
estimator state (solid) is plotted. In this case an oblique wave at Recl = 2000
is the initial perturbation. The dependence on the parameter α for this case
is illustrated in figure 3.7b. It is shown that decreasing the penalty on the
measurements gives a more rapid reaction in the estimator up to a limit. The
convergence can be improved by providing a better initial guess or perhaps by
using additional measurements of the flow at the walls.

3.7. Performance of compensator

The combination of the controller and estimator where the state estimate is
used to compute the control is called a compensator. In figure 3.8 an oblique
wave is controlled at Recl = 2000 using both full information control (dashed)
and the compensator (solid). In terms of energy reduction the compensator
works almost as well as the full information controller in this case as reported
in paper 5.

To quantify the performance of the compensator with Ĝ1Ĝ∗
1 = Q̂, transi-

tion thresholds are computed through direct numerical simulations for random
noise initial perturbations at Recl = 2000, 3000, 5000 and for oblique waves
and streamwise vortices at Recl = 2000. With Ĝ1Ĝ

∗
1 = I only one case at

Recl = 2000 with random noise is tested. In some sense this is a worst case



3.7. PERFORMANCE OF COMPENSATOR 39

0 100 200 300 400 500
0

2

4

6

8
x 10

−5

time
E
ne

rg
y

Figure 3.8. Performance of full information linear controller
(dashed) and compensator using Ĝ1Ĝ∗

1 = Q̂ (solid) compared
to the uncontrolled (dotted) energy evolution.

Measurement feedback α = 0.1, � = 0.1

Scenario Recl Grid Lower Upper Factor

Ĝ1Ĝ
∗
1 = Q̂

( SV ) 2000 16× 128× 64 1.75× 10−5 2.00× 10−5 2.9

( OW ) 2000 16× 128× 64 1.25× 10−5 1.50× 10−5 5.8

2000 16× 128× 64 9.00× 10−5 1.00× 10−4 1.31
( N ) 3000 16× 128× 32 3.25× 10−5 3.50× 10−5 1.28

5000 16× 128× 32 1.00× 10−5 1.25× 10−5 1.30

Ĝ1Ĝ
∗
1 = I

( N ) 2000 16× 128× 64 1.05× 10−4 1.10× 10−4 1.48

Table 3.2. Compensator controlled transition thresholds for
the initial perturbations: (SV)–Streamwise vortex, (OW)–
Oblique wave and (N)– Random perturbation. Upper part
of table with Ĝ1Ĝ∗

1 = Q̂ and lower part with Ĝ1Ĝ∗
1 = I.

study since the initial state in the estimator is a laminar flow without perturba-
tions. The performance is not as good as in the full information case, probably
due to that the estimator convergence is slow and has an initial transient. In
table 3.2 the results are tabulated in the same way as for the full informa-
tion control case. Again oblique waves appear to be the easiest to control and
random noise the most difficult. The increase in transition threshold for the
random noise case is only about 30% using Ĝ1Ĝ∗

1 = Q̂ which is a lot less than
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in the full information case. For the case with Ĝ1Ĝ∗
1 = I the initial transient

in the estimator is larger. The threshold value is increased by 48% with the
compensator showing that this is a slightly better strategy. The choice of Ĝ1
is a delicate issue and further research is needed to find the optimal choice for
transition control.



CHAPTER 4

Control of spatial boundary layer flows

Spatially evolving flows, such as the boundary layer on a flat plate, have dif-
ferent stability properties than the parallel flows such as the flow in a channel.
The methodology for computing linear controllers developed in this thesis sum-
marized in section 3.1 assumes that the flow is parallel and can be described
as periodic in the spatial directions. With small modifications to this approach
by including a two component base flow and using the Falkner–Skan–Cooke
boundary layer profiles we can apply it to boundary layer flows as well. As-
suming that the control laws developed are insensitive to small changes in
the Reynolds number and that non-parallel effects are small, we can also apply
these controllers to the spatially evolving flow to test what kind of performance
we can get. The assumption about the non-parallel effects is not true since we
can see clearly that they are significant by comparing direct numerical simu-
lations and local stability analysis. From a controls perspective the individual
eigenvalues of the system may be less important than the total dynamics. The
Reynolds number insensitivity is perhaps also not a good assumption from the
stability perspective but might be valid for the controlled system.

4.1. Linear control methodology

In the boundary layer case we still use the Orr–Sommerfeld–Squire equations
but with a freestream boundary condition in one end instead of a wall as in
the channel flow case. Also the equations are formulated for a two component
base flow, and become,

dv̂
dt

= ∆̂−1[−(i kx U + i kzW )∆̂ + i kx U
′′ + i kzW

′′ +
1

Reδ∗
∆̂2]︸ ︷︷ ︸

LOS

v̂

dω̂
dt

= [i kxW ′ − i kz U
′]︸ ︷︷ ︸

LC

v̂ + [−i (kx U + kzW ) +
1

Reδ∗
∆̂]︸ ︷︷ ︸

LSQ

ω̂

(4.1)

where v̂ and ω̂ = i(kzû − kxŵ) are the amplitude functions for the normal
velocity and the normal vorticity, respectively. A prime (′) denotes a derivative
in the wall-normal direction and U andW are the meanflow components in the
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Figure 4.1. Left: Isosurfaces at 25 (light) and -25 (dark) of
convolution kernel for v. Right: Isosurfaces at 0.5 (light) and
-0.5 (dark) of convolution kernel for ω.

chordwise and spanwise directions respectively. The boundary conditions are

v̂(0) = φ , ∂v̂
∂y (0) = 0 , ω̂(0) = 0, (4.2)

v̂(y)→ 0, ∂v̂
∂y (y)→ 0, ω̂(y)→ 0 as y →∞. (4.3)

Here Reδ∗ is the Reynolds number based on the velocity scale U∞ and the
displacement thickness δ∗, both taken at the stream-wise location x0. The
procedure to compute the optimal control is then the same as described in
section 3.1, with the addition of a penalty parameter r2 on the control velocity
itself, for details see paper 7. Feedback convolution kernels computed for a
Falkner–Skan–Cooke base flow are shown in figure 4.1. The spatial localization
properties are also obtained for the boundary layer profiles and this is a key
property for the extension to a spatial flow. Testing the kernels in a parallel
boundary layer shows that their characteristics are similar to those observed
in the channel flow.

4.2. Application of Linear Controller

The linear controller cannot be expected to be the optimal one for a spatial
boundary layer since it is using a parallel flow assumption. Also the kernels
are based on one particular mean flow profile, so it will not be able to perform
as well when the mean flow is changing in the spatial directions. By only
applying the control in a small neighborhood of where the control kernel is
computed it should perform fairly well. Considering a Falkner–Skan-Cooke
flow we have a mean flow that changes both direction and length scale in the
downstream direction. Since the effect of these variation cannot be accounted
for with the present control method this flow serves as a good test case for
the robustness to variation in the mean flow of the controller. The success
in relaminarizing low Reynolds number turbulence in the channel using gain
scheduling indicates that there is some robustness of this type. Application of
the control is limited in the chordwise direction to be only in a strip on the
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wall. The control kernel is then computed for the position in the center of
this strip.The kernels are computed to act on perturbations to the mean flow
and in the parallel flow this means excluding only the α = β = 0 mode. In
the spatial flow all β = 0 modes are used to describe the mean flow and these
components must be subtracted before computing the control. To obtain the
control signal, the convolution integral for the time derivative of the control
velocity is computed for the entire wall. The control velocity is then updated
for the next time step and filtered to remain within the specified region with
zero net mass flux.

4.3. Numerical simulations

The direct numerical simulations are performed using the spectral code for spa-
tial boundary layer flow described in Lundbladh et al. (1999). The code uses
a Fourier discretization in the spanwise and chordwise directions and a Cheby-
shev collocation- or tau-method can be used in the wall-normal direction. Time
marching is performed using a three or four stage, third order, Runge–Kutta
method for the advective terms and a second order Crank–Nicholson method
for the viscous terms. The simulation of a spatial flow with periodic bound-
ary conditions is possible through a fringe region technique where a volume
force that is nonzero only in a small part of the simulation box is added to
the Navier–Stokes equations. This forcing makes the simulated flow periodic
and thus the Fourier discretization is feasible. Note that the flow in the fringe
region is non-physical, but the upstream influence is small. The fringe region
technique was thoroughly investigated in Nordström, Nordin & Henningson
(1999). The computation of the control convolution integrals is implemented
in Fourier space since this is more efficient numerically, and this is equivalent
to a physical space implementation as verified in the code used for the channel
flow simulations in chapter 3. For details about box size and resolution used
in the simulations see paper 7.

4.4. Control of TS waves

One simple test case for control of spatial flows is the Blasius boundary layer
perturbed by a two dimensional TS wave. The perturbation is introduced
through an oscillating volume force just upstream of the position where it
becomes unstable (branch I). In the uncontrolled case it then grows until it
reaches the position where it becomes stable again (branch II). When control
is applied in the unstable interval the perturbation decays exponentially and
the control signal looks just like a TS wave with decaying amplitude. Figure
4.2a shows the energy evolution in the box for the uncontrolled case (dashed)
and for the case with control (solid). In figure 4.2b, the control signal as a
function of x is plotted for a few different times covering one time period of the
TS wave.
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Figure 4.2. a: The spatial energy growth of a TS wave per-
turbation in a Blasius boundary layer with (solid) and without
(dashed) control. The non-dimensional frequency of the per-
turbation is F = 200. Control is applied in x ∈ [75, 225]. b:
Control signal during one time period of the TS wave.
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Figure 4.3. a: The spatial energy growth of the optimal spa-
tial perturbation at x = 237.24 with Reδ∗ = 468.34 in the
Blasius boundary layer. Dotted: computed from the boundary
layer equations. Dashed: computed with DNS. Dash-Dotted:
With control applied in x ∈ [75, 225]. Solid: With control
applied in x ∈ [75, 725]. b: The control (v) distribution at
y = z = 0 for the streak mode in the case with control in
x ∈ [75, 725] (solid) and x ∈ [75, 225] (dashed).

4.5. Control of streamwise streaks

A more complicated perturbation in the Blasius boundary layer is the optimal
perturbation for forcing streamwise streaks. The spatial optimal perturbation
(Andersson, Berggren & Henningson (1999); Luchini (2000)) with maximum
growth at x = 237 is marched using the linear equations to the beginning of
the computational box. Control is then applied downstream in two different
intervals, one short (x ∈ [75, 225]) and one longer (x ∈ [75, 725]). The control
kernels are computed for the position in the center of these intervals and then
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Figure 4.4. Falkner–Skan–Cooke base flow and coordinate
system used. ψ is the angle to the streamline of the flow in
the free-stream, U∞ is the chord-wise free-stream component
and W∞ is the spanwise freestream component. The dashed
line is the streamline of the flow in the freestream over a flat
plate with a pressure gradient in the x direction

applied in direct numerical simulations. The energy evolution of the uncon-
trolled and the two controlled flows is plotted if figure 4.3a. Uniform decay of
the energy is not obtained in any of the two cases but the growth is efficiently
lowered by the control within the control interval. Downstream of the control
region the perturbation grows again, but does not reach the same energy as in
the uncontrolled case. The control signals are shown in figure 4.3b showing an
initial peak of the control velocity initially and then a region of slow decrease
until the end of the control interval. During the long control interval there
is a substantial evolution of the mean flow not accounted for by the control
strategy, but still the energy growth is lowered in the whole interval.

4.6. Falkner–Skan–Cooke flow

A Falkner–Skan–Cooke (FSC) flow is the solution of the boundary layer equa-
tions for the flow over a swept wedge. This flow is similar to what can be found
on a part of the wing of a commercial aircraft. Figure 4.4 shows the profiles of
the base flow in a coordinate system aligned to the direction of the freestream.
The particular base flow considered has a Reynolds number of of Reδ∗ = 337.9
based on the local displacement thickness and chordwise freestream velocity
at the beginning of the computational box. The chordwise dependence of the
base flow is described by the relation

U∞ =
(
x

x0
+ 1
)m

where m = 0.34207 and x0 = 354.0 is used here. The normalized spanwise
freestream velocity is W∞ = 1.442. The Blasius flow used earlier is a special
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Figure 4.5. Snapshots of the normal velocity v in an xz-plane
at y = 0.5 without control (a) and with control (b). Black is
v ≤ −4.5 × 10−5 and white is v ≥ 5.5 × 10−5. The control is
applied in x ⊂ [75, 225].

case of this flow with m = 0 and W∞ = 0. The velocity profiles are then
computed numerically using the equations described in e.g. paper 6. Notice
that this base flow is only used as an initial condition and to compute boundary
conditions on the upper part of the domain in the simulations. The base flow
was first used in simulations of control of linear instabilities in a parallel flow
to test the control kernels in the flow they are developed for, and also to verify
the implementation of the control.

4.7. Control of cross-flow vortices

4.7.1. Traveling vortices

If a perturbation with a random distribution in the spanwise direction, changes
randomly in time, traveling cross-flow vortices develop downstream. The am-
plitude of the perturbation is low enough to ensure linear development of the
vortices within the computational box. A snapshot of the normal velocity in
an x − z plane is shown in figure 4.5a. The linear feedback control is then
applied in a strip centered at x = 150 with a width of 150 inlet boundary layer
thicknesses. The kernels used are computed with �2 = 102 and r2 = 0. The
simulation is then run again, starting with an unperturbed flow, but now with
control. A snapshot at the same time as for the uncontrolled case is shown in
figure 4.5b and it shows that there is a significant reduction of the amplitude
of the normal velocity within and downstream of the control region. Looking
closely at figure 4.5b one can see that a light shade, indicating a positive normal
velocity leads to a dark spot in the control region, and vice versa for darker
shades, suggesting that the control is of opposition type initially. The time
averaged evolution of the perturbation energy integrated in z for the uncon-
trolled and controlled cases is plotted in figure 4.6. The positive effect of the
applied control is clearly shown and also that the decay of energy continues
even downstream of the control region. The difference between the controlled
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Figure 4.6. Time average of energy integrated in the z di-
rection for uncontrolled (dashed) and controlled (solid) simu-
lations of traveling crossflow vortices.

and uncontrolled perturbation energy where the fringe region starts is about
four decades.
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Figure 4.7. Energy growth of uncontrolled perturbation and
effect of applied control in spatial DNS for β = 0.25. Dashed:
uncontrolled. Solid: controlled with l2 = 102 and r2 = 0 in
the interval x ∈ [25, 175] centered at x = 100. Dash-dot: con-
trolled with l2 = 102 and r2 = 0 in the interval x ∈ [145, 295]
centered at x = 220.

4.7.2. Stationary vortices

Using a stationary perturbation in the beginning of the computational box,
the crossflow vortices generated are also stationary. Given that the amplitude
of the perturbation is sufficiently large the vortices will reach an amplitude
where they saturate through non-linear interactions. The energy in the β = 1
mode for the uncontrolled flow, plotted as the dashed line in figure 4.7, grows
exponentially initially. Nonlinear saturation causes the growth rate to decrease
and close to the fringe it is close to zero. Studying the energy of the five lowest
beta modes shows that all the modes have similar behavior but the β = 1
mode dominates. The linear control is applied to the stationary cross-flow
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Figure 4.8. The normal velocity on the wall at z = 0 in the
controlled cases with stationary perturbations. a: Control at
x ∈ [75, 225], b: Control at x ∈ [145, 295].

vortices in two different strips and the resulting energy evolution is plotted
in figure 4.7. First the control is applied at a position close to where the
perturbation is generated and the amplitude of the vortices is low. The energy
of the controlled perturbation is plotted as the solid line in figure 4.7. The
perturbation energy decays in the region of the control strip, and then starts
growing again downstream. The control signal in this case, plotted in figure
4.8a for one spanwise location at z = 0, shows a regular oscillatory behavior
as expected in this linear case. Then the control strip is moved downstream to
a position, centered at x = 220, where the vortices have reached an amplitude
large enough for nonlinear effects to become apparent. The energy decay is
not as smooth as in the previous case illustrated by the dash-dotted line in
figure 4.7, but there is still a large reduction of the perturbation energy by the
control within the control strip. The control signal, plotted in figure 4.8b for
one spanwise position at z = 0, is not as regular in this case probably due to
the nonlinear effects.

4.8. Implications for the transition process

Transition in a spatially evolving boundary layer in a complicated process to
study both numerically and experimentally. It was observed in experiments by
Kohama, Saric & Hoos (1991); Malik, Li & Chang (1994) and Deyhle & Bippes
(1996) that in a FSC flow with stationary cross-flow vortices, secondary insta-
bilities appeared before transition. Both high frequency and low frequency
secondary oscillations were observed, but the low frequency was observed early
in the breakdown process whereas the high frequency one appeared just prior
to breakdown. According to Malik, Li & Chang (1994) the strong, saturated,
cross flow vortices give rise to strong shear layers that appear to be inflec-
tionally unstable. Direct numerical simulations of this transition scenario were
then performed to try to investigate the structure and the properties of these
secondary instabilities by Högberg & Henningson (1998),( included as paper 6
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Figure 4.9. Growth rates. Solid: Modes with β = 1, high
and low frequency. Dotted: Based on max(urms), high and low
frequency. Dashed: Most unstable linear mode. Dot-Dashed:
Most unstable zero-frequency disturbance.

in this thesis ), and also by Malik et al. (1999) and Bonfigli & Kloker (2000).
Results from experiments reported by Lerche (1997) and Kawakami, Kohama
& Okutsu (1999) agree well with the findings from the numerical studies.

It was found in Högberg & Henningson (1998) that a low frequency mode
grows on weaker vortices whereas a high frequency instability appears to require
at least a partially saturated vortex. The two instabilities are also located at
different positions on the vortex, the low frequency one in the lower shear layer
of the vortex and the high frequency on the upper one. The growth rate of
the high frequency secondary instability is found to be much larger than the
one for the low frequency mode. For the high frequency instability it is shown
in figure 4.9 that the β = 1 mode has the most rapid growth initially, but it
is later exceeded by the growth rate of the maximum urms in the spanwise
direction. The location of the secondary instabilities on the saturated vortex
from the direct numerical simulations is shown to the right in figure 4.10 and
the location of the high frequency instability is also shown on the right in
figure 4.11. Qualitative agreement with experiments regarding the location
and properties of the secondary instability is observed. These comparisons
were presented at the poster session of IUTAM 99 in Sedona, AZ, USA 1999.
The location of the high and low frequency secondary oscillations is found to
be the same in the experiment as in the direct numerical simulations in figures
4.10 and 4.11.

Since the linear controller is able to reduce the strength of the cross-flow
vortices, even when they have started to saturate, the necessary condition,
at least for the high frequency secondary instability, has been removed. The
linear controller thereby implicitly controls the secondary instability through
the primary one. One possible problem with the linear controller is that it could
actually excite secondary instabilities in a highly nonlinear flow. The reason
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Figure 4.10. Left: Adapted from Kawakami et al. (1999)
Top layer: Shaded contours of urms of High-frequency insta-
bility. Middle layer: Shaded contours of urms of Low-frequency
instability. Bottom layer: Contours of urms of cross-flow vor-
tex. Right: From DNS by Högberg and Henningson. Top
layer: Contours of urms of High-frequency instability. Middle
layer: Contours of urms of Low-frequency instability. Bottom
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Figure 4.11. Left: From Lerche (1997). Gray: Iso-surface
of ∂Us

∂y = 4.0. (1,1) mode. Black-mesh: Regions of high-
frequency secondary instability. Right: From DNS by Högberg
and Henningson. Gray: Iso-volume of mean urms. Black:
Regions of high-frequency secondary instability.

is that effects from the modification of the mean flow by strong perturbations
is not accounted for. Also the effect of the control on the mean flow could
be of importance if the control amplitude is sufficiently large. Many of these
issues need to be studied in more detail, but the present results are sufficiently
encouraging to motivate further research.



CHAPTER 5

Discussion

In this thesis two different approaches to optimal control of transition are stud-
ied. The nonlinear, iterative, optimization procedure is widely used within the
flow control community and is indeed a powerful tool to use when computing
optimal controls. A debated issue is whether it is sufficient to solve the approx-
imative problem by discretizing a continuous formulation of the optimization
problem or if the exact optimization problem should be derived for the dis-
cretized equations. It was found in the present work that the approximate
method of discretizing the continuous optimization problem is sufficient to use
for control of strong instabilities but that the convergence rate can be lower
that when using an exact approach. The strength of the nonlinear method
is that there is a possibility to optimize basically any properties of the flow
or the geometry just by specifying the correct objective. Another strength of
this nonlinear method is that it can be used for exploring possibilities of con-
trolling separation or manipulation of a turbulent flow where nonlinear effects
are important. For active flow control the method has the drawback that it
cannot be used online and that it requires powerful computers, but methods
like the checkpointing technique can be used together with efficient algorithms
for parallelization to overcome these problems.

The second approach tested, and partially developed in this thesis is based
on the linear Orr–Sommerfeld–Squire equations which can be used in an opti-
mization problem that can be solved off-line providing a feedback control law.
It is shown that in a comparable case the linear approach yields approximately
the same optimal control signal as the nonlinear scheme. It is also demon-
strated that such linear feedback controllers are able to increase the transition
threshold for a random perturbation in channel flow by more than 500%. A
physically motivated modification of the objective function was sufficient to
obtain relaminarization of a low Reynolds number turbulent flow. The need
for a change of the objective function indicates that the fundamental mecha-
nism of turbulence to be targeted by an efficient control strategy remains to
be identified, and the idea to focus on the near wall region and the effect of
the linear coupling term between normal velocity and vorticity is a step in this
direction.

The transition scenario in a Falkner–Skan–Cooke flow is complicated when
secondary instabilities are considered but the successful extension of the linear
controller to this spatially developing flow is very promising. The amplitude
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of the cross-flow vortices can be lowered by application of control, and thus
transition through secondary instability growth can be avoided or delayed.
The use of the linear Orr–Sommerfeld–Squire equations appear to be sufficient
for transition control in many flows, even though nonlinear and spatial effects
are neglected.

The linear framework also facilitates the development of state estimators
that can be used to reconstruct a flow field from measurements in online sim-
ulations with exponential convergence. The convergence with the current for-
mulation was found to be a bit slow, but still exponential. The main problem
is the initial transient in the estimator, which exists for all cases tested, since
the combination of an estimator and a controller relies on the performance of
the estimator. The transition thresholds could only be increased by about 48%
for random noise perturbation in a channel flow which is much less than for
the full information controller. The fact that the controller mainly relies on
information close to the walls could be utilized in the estimator design in future
studies. If the flow field near the wall can be estimated with faster convergence
the compensator performance could be improved. Also further development
by incorporation of more measurements and knowledge about flow properties
could improve the present result. Testing and evaluating linear estimation and
compensation also in the spatial flow is suggested for a future study.

Once the estimation problem has been solved resulting in good perfor-
mance of the compensator, these controllers could be tested experimentally. It
should be noted that for practical implementation an extension of all aspects
of the present work towards robust schemes is necessary. The idealized setting
considered here is not likely to exist in practice even in a laboratory. This ex-
tension is however straightforward in terms of formulating the problem both in
the linear and nonlinear setting, as outlined by Bewley, Moin & Temam (1997)
and Bewley, Temam & Ziane (2000). The price of this extension is additional
complexity in the solution of the optimization problem. Also discrete actua-
tion and sensing needs to be considered and modeled in order to take the step
into the experimental setting in order to assure that this does not substantially
affect the performance of the scheme. Both the estimator and the controller
can work online given that a sufficiently fast computer is available. This means
that they could probably be used in an experimental setup with only minor
modifications.

Utilizing the tools from control theory is a very promising approach to
flow control that has a large undeveloped potential, and the work in this thesis
provides merely a few of the initial steps in the development towards practical
implementation. In this work we have only exploited the optimal (H2) con-
trollers so there is plenty of work still to be done in the intersection of fluid
mechanics and control theory.



CHAPTER 6

Quick guide to papers and authors contributions

Paper 1
Numerical approaches to optimal control of a model equation for shear flow in-
stabilities.
M. Högberg (MH) & M. Berggren (MB)

A model equation for shear flow instabilities is used to study the effects of
using an approximate approach of the adjoint based optimization technique.
The problem formulation and derivations were performed jointly by the au-
thors. Coding and numerical simulations and also post-processing of data was
performed by MH. The report was written in close cooperation between both
authors, where MB has written the more mathematical discussions. An early
version of this paper was published as a technical report (Högberg, Berggren
& Henningson (1999)). Published in Journal of Flow, Turbulence and Com-
bustion. 65 (3/4), 2000.

Paper 2
Optimal control in wall bounded flows.
M. Högberg, M. Chevalier (MC), M. Berggren & D. S. Henningson (DH)

In this paper a solver for the nonlinear optimization problem, using the adjoint
equations for gradient computations, is developed and tested for both channel
and boundary layer flow. The channel flow problem has been explored by MH
and the extension to boundary layer flow was performed by MC. Derivations of
adjoint equations and gradient expressions were done by MH and MC in close
cooperation with MB. Implementation for solving the channel flow problem
was performed by MH and for the boundary layer flow by MC. The report was
written jointly by MH and MC with feedback from MB and DH. The results
presented for the channel flow case were previously published in the proceedings
of ETC8, Barcelona (Högberg, Henningson & Berggren (2000)). Published as
a technical report of the Swedish Defence Research Agency (FOI-R-0182-SE),
2001.
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Paper 3
Spatially localized convolution kernels for decentralized control and estimation
of plane channel flow.
M. Högberg & T. R. Bewley (TB)

The derivation of the linear controllers and estimators is described and re-
sults from application to both transition and turbulence are presented. The
derivations of the optimization problems was done by MH under the supervi-
sion of TB. Implementations and simulations as well as kernel computations
were performed by MH and the paper was written by TB and MH jointly. In
particular, the discussion about spatial localization and its implications was
written by TB. An early, shorter version of this paper was published in the
proceedings of the 39th IEEE Conference on Decision and Control (Högberg &
Bewley (2000)). Submitted to Automatica.

Paper 4
Decentralized feedback control and estimation of transition in plane channel
flow.
M. Högberg, T. R. Bewley & D. S. Henningson

In this work the performance of the linear controller, estimator and compen-
sator is studied and quantified. Implementation and simulations as well as
kernel computations was performed by MH. The introduction was written by
DH and pictures were produced by MH. The implementation details and results
sections were written by MH with feedback from TB and all authors partici-
pated in writing the discussion. Submitted to Journal of Fluid Mechanics.

Paper 5
Optimal control of transition initiated by oblique waves in channel flow.
M. Högberg, T. R. Bewley, M. Berggren & D. S. Henningson

This paper compares the performance of the nonlinear and linear control ap-
proaches applied to the growth of oblique waves in channel flow. Parametric
studies and comparisons are presented. Simulations were performed by MH
who also wrote the paper. TB, MB and DH all contributed to this paper with
suggestions for improvements and through underlying work. Published in Proc.
Turbulence and Shear Flow Phenomena 2, vol. I, Stockholm, Sweden, 2001.
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Paper 6
Secondary instability of cross-flow vortices in Falkner-Skan-Cooke boundary
layers.
M. Högberg & D. S. Henningson

In this paper the secondary instabilities of cross-flow-vortices in Falkner–Skan–
Cooke boundary layers is studied. Much of the work was performed for the
MSc of MH (Högberg & Henningson (1996)), but post processing of data, pic-
tures and discussions as well as writing the journal paper was as a part of the
doctoral studies of MH. The idea for the project came from DH and simulations
were performed by MH with guidance from DH. The paper was written by MH
and DH jointly. Published in Journal of Fluid Mechanics, 368 1998.

Paper 7
Linear optimal control applied to instabilities in spatial boundary layers.
M. Högberg & D. S. Henningson

The application of linear optimal control to spatially developing flows is pre-
sented in this paper. TS-waves, optimal perturbations and traveling as well as
stationary cross-flow vortices are considered. Kernel computations implemen-
tation and simulations were performed by MH. The paper was written by MH
with feedback from DH. Submitted to Journal of Fluid Mechanics.
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Högberg, M., Berggren, M. & Henningson, D. S. 1999 Numerical Investigation
of Different Discretization Approaches for Optimal Control. Technical Report
TN 1999-74, FFA, the Aeronautical Research Institute of Sweden, P. O. Box
11021, S-161 11 Bromma, Sweden.
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