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Abstract 
 

High Cycle Fatigue (HCF) failure is a common failure type for many mechanical 
components. Traditional HCF design is based on the deterministic safety factor approach, 
typically used in conjunction with the point stress method. A current development is to 
explicitly model the uncertainty of the design set-up, and compute the probability of 
failure, 𝑝𝑓. If 𝑝𝑓 can be computed in an appropriate way, the contributions to fatigue can 

be identified and managed. Probabilistic design gives improved control over safety, 
which helps to avoid overly conservative design.  
 
One of the applications dealt with in this work is gas turbine compressor blades. For this 
type of component requirements on safety coincide with requirements on high efficiency, 
low weight, etc. In such case, methods for accurate fatigue assessment become extra 
important. 
 
In order to perform an appropriate fatigue design, certain requirements must be fulfilled. 
For example, the fatigue model that is used must be accurate and the relevant material 
parameters must be accurately determined. Other requirements are that the mesh used in 
the FE-computations for the stress field is fine enough, a HCF post-processor that enables 
application of fatigue models to real components must be available and a method for 
computation of 𝑝𝑓including all uncertainties should also be available.  

 
In Paper A, it is shown that for a gas turbine compressor blade, it is the number of 
elements through the blade’s thickness that is the most important mesh property for 
convergence in 𝑝𝑓. 

 
In Paper B, it is investigated which test strategy that should be used in order to perform 
accurate estimations of material parameters in multiaxial HCF criteria by use of as few 
laboratory tests as possible when different types of scatter are present, and when the cost 
to perform the fatigue tests is taken into consideration. It is shown that performing tests 
on few stress ratios located far away from each other is the best strategy, and that for tests 
performed in a high quality laboratory, scatter in specimen misalignment has an 
insignificant influence on the parameter estimation. 
 
In Papers C and D, the prediction accuracy for the probabilistic volume based Weakest 
Link (WL) model and the Volume method for the Probability of Fatigue (VPF) is investigated. 
A novel specimen design is suggested for investigation of the volume effect. Based on the 
results, the newly developed VPF is favoured for design purpose. In Paper D, the HCF 
post-processor AROMA-PF is also presented, and used for computation of 𝑝𝑓 for a real 

gas turbine compressor blade geometry. The behavior of the predicted fatigue probability 
curves is very different between WL and the VPF for low 𝑝𝑓-values.  

 
In Paper E, a new method for fatigue probability assessment is presented. The 
classification of aleatory uncertainty type 1 and type 2 is also introduced. The suggested 
method is applied to a bladed disk in a gas turbine for computation of 𝑝𝑓. The results 

show that the epistemic uncertainty in the modeling of the aero-forcing gives the major 
contribution to uncertainty in 𝑝𝑓. 

 
  



 
 

 

  



 
 

Sammanfattning 
 

Högcykelutmattning (HCF) är en vanlig orsak till komponenthaveri. Traditionellt 
genomförs HCF analyser deterministiskt genom användning av punktspänningsmetoder 
och säkerhetsfaktorer. En pågående utveckling inom industrin är att explicit modellera 
den osäkerhet som finns i problemet och beräkna sannolikheten för brott, 𝑝𝑓. Om 𝑝𝑓 kan 

beräknas är det också möjligt att identifiera och åtgärda bidragen till utmattningsrisken. 
Probabilistisk utmattningsanalys ger förbättrad information om säkerhetsmarginalen mot 
utmattning, vilket bidrar till att alltför konservativ dimensionering kan undvikas. 
 
En komponent som arbetet i detta projekt delvis har fokuserats på är kompressorblad i 
gasturbiner. För denna typ av komponenter möter krav på hållfasthet andra krav på hög 
effektivitet, låg vikt, etc. I ett sådant fall är det extra viktigt med noggranna HCF 
analyser. 
 
För att noggranna HCF analyser ska kunna genomföras måste vissa villkor vara 
uppfyllda. Till exempel måste den utmattningsmodell som används ge en bra 
beskrivning av utmattningsrisken och relevanta materialparameterar måste bestämmas 
noggrant. Fler villkor som måste vara uppfyllda är att ett tillräckligt stort antal element 
används i FE beräkningen för spänningshistoriken, att en post-processor som möjliggör 
användande av utmattningsmodeller på riktiga komponentgeometrier finns tillgänglig 
och att det finns en metod för beräkning av 𝑝𝑓 som inkluderar alla osäkerheter i 

problemet. 
 
I Artikel A visas att det är antalet element genom tjockleken på ett kompressorblad som 
är den viktigaste egenskapen hos FE-nätet för att konvergens ska erhållas i beräkningen 
av brottsannolikheten 𝑝𝑓. 

 
I Artikel B undersöks hur utmattningsprov skall genomföras på bästa sätt för att 
bestämma materialparametrar i fleraxliga utmattningskriterier med så lågt antal prov 
som möjligt. Olika typer av spridning påverkar provresultaten och kostnaden för att 
utföra proven inkluderas i analysen. Resultaten visar att prov bör genomföras på få 
spänningskvoter som är lokaliserade långt ifrån varandra. Resultaten visar också att prov 
som utförs i ett professionellt laboratorium har så liten spridning i snedställning av 
provstaven att det ger en mycket liten påverkan på parameterskattningen, d.v.s. det är 
den korrekta informationen om spridningen i materialets utmattningsegenskaper som 
erhålles vid provningen. 
 
I Artikel C och Artikel D undersöks noggrannheten för de volymbaserade 
utmattningsmodellerna Weakest-Link (WL) och Volume method for the Probability of Fatigue 
(VPF). En ny typ av provstav för undersökning av volymeffekt används vid 
utmattningsprovningen. Resultaten visar att den nyutvecklade VPF modellen är att 
föredra vid utmattningsanalys. I Artikel D presenteras även HCF post-processorn 
AROMA-PF vilken sedan används för att genomföra beräkning av 𝑝𝑓 för en verklig 

kompressorbladsgeometri.  
 
I Artikel E presenteras en ny metod för beräkning av 𝑝𝑓 och klassificeringen av aleatorisk 

osäkerhet i typ 1 och typ 2 introduceras. Den föreslagna metoden tillämpas på en blisk i 
en gasturbin för beräkning av 𝑝𝑓. Resultaten visar att den epistemiska osäkerheten i 

modelleringen av lasten från den strömmande fluiden bidrar mest till osäkerhet i 
beräknad brottsannolikhet 𝑝𝑓.   
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1. Introduction 

Fatigue failure is a common failure type for structural components. It is very 

serious and costly, and may lead to substantial damage. An example of a fatigue 

related failure of an aircraft engine is presented in Figure 1. In this case, the root 

cause of the engine failure was fatigue crack initiation in a too thin-walled oil 

feed pipe, which allowed the release of oil that resulted in an internal oil fire.  

 

 
Figure 1. An example of a fatigue related failure in an aircraft engine. The Figure 

is taken from [1]. 

 

This work is focused on high cycle fatigue (HCF). For HCF, the number of load 

cycles until failure is high. The time elapsed from crack nucleation to final failure 

is usually short, and no prior warning is obtained before failure occurs. This is 

one reason why it is important to avoid HCF failure.  

 

HCF methods with high prediction capability become especially important in 

order to enable optimization of applications for which high demands on safety 

coincide with demands on low weight and high efficiency. Furthermore, good 

accuracy in the fatigue prediction reduces the need of expensive component 

testing for validation purposes. Even if the need of validation tests cannot be 

totally reduced, good prediction methods increases the probability to identify 

inadequate designs early in the development chain before testing is initiated.  

 

Methods for design against uniaxial fatigue, such as Wöhler curves and 

Goodman diagrams, were developed already during the 19th century. The 

development of more general HCF damage models, applicable to multiaxial 

stress histories, was initiated in the middle of the 20th century. Examples are the 

local multiaxial HCF models suggested by Sines [2], Crossland [3] and Findley 

[4]. From the mid-1900s until today, a large number of HCF models have been 



Daniel Sandberg 

16 

 

suggested, see for example [5-9]. They are aimed to be applicable to general stress 

histories. Noteworthy is that despite the amount of work effort that has been 

devoted to development of new fatigue models, it is the early developed models 

that still are the most frequently used models in industrial situations. 

Development of generally applicable HCF models is an area that still attracts 

substantial interest from researchers.  

 

Statistical models for HCF prediction, typically based on weakest-link theory [10-

11], have been more extensively studied and developed over the past 20 years 

[12-24]. 

1.1 The COMP-project 

An example of a component subjected to HCF is a compressor blade in gas 

turbines, located in front of the combustion chambers, see Figure 2. The blades 

are subjected to vibrations due to the periodic excitation from the surrounding 

flow. The critical situations from a fatigue point of view occur when the 

frequency of the excitation forces coincides with an eigen frequency for the 

structure.  

 

 

 

Figure 2. Overview of the gas turbine Siemens SGT-700, taken from [25]. 
 

Failure in turbomachinery in aero planes may lead to great harm. Failure in 

stationary turbomachinery, for production of electricity, leads to large societal 

losses. This is true for operating systems, but also during testing of new 

component designs. Combining safe design and optimized compressor blades 

requires use of accurate fatigue models.  

 

HCF design of gas turbine compressor blades includes several technical areas, 

such as aero-elasticity, structural damping and material fatigue, see Figure 3. 
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From aero-elastic and structural damping computations, the stress history in the 

blades is obtained. The stress history can then be used for HCF assessment.  

 

 

 
Figure 3. HCF design of vibrating turbomachinery components, such as 

compressor blades, includes several technical disciplines. 

 

The work presented in this thesis is conducted within the COMP project, which 

is part of the Turbo Power initiative [26]. The COMP project is performed in close 

cooperation between Swedish gas turbine industry and several Departments at 

KTH. The overall goal in COMP is to develop and validate a computational tool 

that covers all the technical disciplines involved in the design chain, see Figure 3, 

and that can be used to perform HCF prediction for components subjected to 

aero dynamically induced vibrations.  

 

The COMP project is divided into four work packages (WPs), with the aim that 

each work package is specialized in a particular technical discipline. The work 

packages are: WP1 Synthesis of computations, WP2 Aero-forcing and Aero-

damping, WP3 Structural damping and WP4 Material fatigue. The present work 

is performed within WP4 Material fatigue.  

1.2 State-of-the-art in HCF design 

In industry, HCF design is traditionally performed by use of the deterministic 

safety factor approach and the point stress method. From a computed multiaxial 

stress history 𝝈(𝒙, 𝑡), a local multiaxial HCF criterion is used to transform 𝝈(𝒙, 𝑡) 

into a fatigue effective scalar stress field, 𝜎eff(𝒙). The effective stress field 𝜎eff(𝒙) 

describes the severity of the loading from a fatigue point of view at each point 𝒙 



Daniel Sandberg 

18 

 

in the component. The HCF criteria can be of different types, for example based 

on the critical plane approach [4-8] or based on stress invariants [2,3,9]. Use of 

critical plane criteria usually involves a time-consuming search for the critical 

plane at each material point 𝒙. Therefore, in an industrial situation, due to its 

short computational time, stress invariant based HCF criteria are very popular to 

use. One example of a local multiaxial HCF criterion is Sines´ criterion. Fatigue 

failure is predicted if 

 

 𝜎eff,S(𝒙) = 𝜂 ∙ √𝐽2,amp(𝒙) + 𝛼S ∙ 𝜎(𝒙)h,mean ≥ 𝜎eff,S,c  , (1) 

 

at any point 𝒙 in the component. The stress measure √𝐽2,amp is the square root of 

the amplitude of the second invariant of the stress deviation tensor and 𝛼S is a 

material parameter that controls the influence of the mean hydrostatic stress, 

𝜎h,mean , on the effective stress 𝜎eff,S . The “mean” here refers to maximum-

minimum average during the cycle. The parameter 𝜎eff,c  is a critical effective 

stress (the fatigue limit) and 𝜂 is a safety factor. The material parameters 𝛼 and 

𝜎eff,c are determined from fatigue test data. Another example of a stress invariant 

based local multiaxial HCF criterion is the one suggested by Crossland. It is very 

similar to Sines´ criterion, but instead the maximum hydrostatic stress is used to 

modify √𝐽2,amp, according to 

 

 𝜎eff,C(𝒙) = 𝜂 ∙ √𝐽2,amp(𝒙) + 𝛼C ∙ 𝜎(𝒙)h,max ≥ 𝜎eff,C,c. (2) 

 

When the point stress method is used for fatigue prediction, the fatigue risk for 

the component is predicted by only the largest effective stress. In deterministic 

HCF design, a component is considered safe from fatigue if the maximum 

stressed point is stressed below the critical stress 𝜎eff,c for the chosen value of the 

safety factor 𝜂, see Figure 4. In Figure 4, Sines´ criterion is used for computation 

of the effective stress 𝜎eff,S, and the safety factor 𝜂 = 2. 
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Figure 4. When the point stress method is used, the component is considered as 

safe if all material points are stressed below the critical stress  𝜎eff,S,c for the 

current choice of 𝜂.  

 

There are always a number of uncertainties present in the design set-up. In 

traditional deterministic HCF design, the safety factor 𝜂 , typically based on 

engineering experience, is used to account for all present uncertainties.  

1.3 HCF design of the future 

A current development is to explicitly model the uncertainty of the design set-up. 

The purpose of this is to estimate the probability of failure, 𝑝𝑓. If it is possible to 

model the probability of failure in an appropriate way, the sources of failure risk 

can be identified and managed. This is of utmost importance in order to reach 

different goals, such as high efficiency, low weight, low total cost, etc. The 

traditional deterministic safety factor approach and the probabilistic based 

approach are methods of totally different types. The first gives a yes/no answer 

to fatigue and the latter gives the probability of fatigue failure 𝑝𝑓.  

 

Uncertainties of the design set-up for a compressor blade are, for example, 

uncertainty in aero-forcing, aerodynamic damping, structural damping, 

manufacturing, assembly and in fatigue strength, see Figure 5.  

 

𝜎eff,S(𝒙) 
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Figure 5. Example of uncertainties of the design set-up. 

 

The uncertainty can be of two types. The first type is epistemic uncertainty, 

which is due to an uncertainty in the model of problem. This uncertainty is often 

described by a parameter with fixed but un-known value. An example of 

epistemic uncertainty in the set-up given in Figure 5 is the accuracy in the 

modeling of the aero-forcing. An error in the unsteady pressure that acts on the 

blades is propagated through the computational chain, and affects the 

computation of the fatigue probability 𝑝𝑓.  

 

The second type of uncertainty is aleatory uncertainty, which is due to natural 

variations in the problem. The aleatory uncertainty can be of two types: Type 1 

and Type 2. Type 1 aleatory uncertainty is modeled by use of probability density 

functions for each stochastic variable that influences the problem. An example of 

type 1 aleatory uncertainty is variation in thickness of a component due to 

manufacturing tolerances.  

 

Type 2 aleatory uncertainty is modeled by use of a base probability that remains 

even when all stochastic variables of the problem are replaced by deterministic 

values. In this work, type 2 aleatory uncertainty is the component-to-component 

variation in fatigue strength that stems from the material. Given a certain fatigue 

effective stress field, 𝜎eff(𝒙), the type 2 aleatory uncertainty is modeled by use of 

a 𝑝𝑓
fat-model.  

1.4. Probabilistic HCF models  

For many materials, defects and weak spots (voids, inclusions, particles), 

randomly distributed within the component, is the cause of fatigue failure. The 
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variation in the microstructure of the material leads to a variation in fatigue 

strength between components. The probability to find a defect severe enough to 

cause fatigue failure of the component under the current stressing conditions is 

computed by use of a 𝑝𝑓
fat-model. 

 

One of the most well-known 𝑝𝑓
fat-models is the weakest-link volume model (WL). 

WL was originally developed by Weibull [10] to describe the scattering static 

strength of brittle materials, and was later transferred to fatigue [11]. In WL, a 

component is divided into a number of sub-volumes 𝑑𝑉. The term weakest-link 

comes from the assumption that as soon as one sub-volume 𝑑𝑉 in the component 

fails, the whole component fails. An equivalent stress is computed from an 

integration of the effective stress field over the component volume 𝑉,  

 

 𝜎eq = [
1

𝑉0
∫ 〈𝜎eff(𝒙) − 𝜎th〉𝑏

𝑉
𝑑𝑉]

1/𝑏

, (3) 

 

where the threshold stress 𝜎th  and the Weibull exponent 𝑏  are material 

parameters estimated from test data. The reference volume 𝑉0  is chosen 

arbitrarily. The equivalent stress is a single scalar stress value used to describe 

the fatigue severity of the fatigue effective stress field 𝜎eff(𝒙) in the component. 

The failure probability 𝑝𝑓
fat for the component is obtained by insertion of 𝜎eq into 

the Weibull distribution according to  

 

 𝑝𝑓
fat = 1 − exp [− (

𝜎eq

𝜎u
)

𝑏
], (4) 

 

where the characteristic fatigue strength 𝜎u is a parameter fitted to test data. The 

more stressed a sub-volume 𝑑𝑉 is, the more that sub-volume contributes to the 

equivalent stress in Eq. 3, and to the failure probability 𝑝𝑓
fat in Eq. 4.  

 

In contrast to the point stress method, WL is sensitive to the statistical volume 

effect. This is because WL is based on an integration of the fatigue effective stress 

field over the component volume. Use of a model that captures the volume effect 

is especially important for appropriate HCF assessment of optimized 

components without a single highly stressed hot spot, but with a large highly 

stressed region with many possible sites for fatigue crack initiation. For 

compressor blades, that depending on the vibrational mode might be loaded 

with large regions of medium-high stress, see Figure 6, the volume effect will be 

important to consider in the HCF assessment.  
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Figure 6. Gas turbine compressor blades are typically loaded with large regions 

of medium high stress, which gives many potential crack initiation sites. Effective 

stress contours due to vibrational modes are shown. 

 

Transferability of HCF models is crucial. A good transferability ensures that a 

fatigue model can be transferred from one geometry to another, for example from 

a specimen geometry to the actual component geometry, without loss of accuracy 

in the fatigue prediction. Without good transferability, accurate HCF predictions 

cannot be obtained.  

 

WL shows improved transferability compared to the point stress method [12,13] 

when fitted to components with a single highly stressed notch. However, for 

components with competing crack initiation sites, the transferability for WL is 

limited, resulting in poor fatigue predictions at low and high failure probability 

[15,17]. 

 

An alternative to WL is the Volume method for the Probability of Fatigue (VPF) 

[20-21], a model developed in the COMP project. The failure probability is 

computed according to 

 

 𝑝𝑓
fat = 1 − exp[−𝑞〈𝑉∗ − 𝑉th〉] , (5) 

 

where 𝑞 is a material parameter, 𝑉th is a threshold volume and 𝑉∗ is the highly 

stressed volume in which the effective stress is above a threshold stress 𝜎th. The 

parameters 𝑞, 𝑉th and 𝜎th are determined from fatigue test data. The threshold 

volume 𝑉th may be seen as an ad-hoc stress gradient adjustment. For the VPF, as 

soon as a sub-volume 𝑑𝑉 is stressed above the threshold stress 𝜎th it contributes 

to the highly stressed volume 𝑉∗, and to the failure probability 𝑝𝑓
fat. In contrast to 

WL, a further increase of stress in the sub-volume 𝑑𝑉  does not increase the 

contribution from that sub-volume to 𝑝𝑓
fat.  

 

Fatigue here? 

…or here? 

…or here? 

…or here? 

Fatigue here? 

…or here? 

…or here? 
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A motivation why increased stress in a sub-volume 𝑑𝑉  should not lead to 

increased contribution to 𝑝𝑓
fat  from that sub-volume is that the local stress 

concentration at a, say, spherical inclusion is independent of the size of the 

inclusion. The risk of fatigue crack initiation at the defect can then also be 

considered as independent on the size of the inclusion. On the other hand, the 

distribution of the stress near a spherical defect is dependent on the size of the 

defect. Decreased size of the defect leads to increased stress gradient, and a more 

rapidly decrease in stress with increased distance from the inclusion. Even if a 

fatigue crack is initiated, if the stress is rapidly decreased, the crack may stop to 

grow. The work presented in this thesis is based on a phenomenological 

approach to fatigue design. Micromechanical considerations are only used as 

background inspiration for the phenomenological models. 

1.5 Requirements for good HCF design 

In the list below, several requirements that must be fulfilled in order to be able to 

compute an appropriate value of the fatigue probability 𝑝𝑓 are listed.  

 

 It is necessary to have a good description of the loading of a component.  

 Variability in for example (i) geometry due to tolerances in manufacturing, 

(ii) residual stresses remaining from manufacturing, (iii) assembly, (iv) 

service environment and (v) operator handling must be identified. 

 A CAD model with sufficient degree of modeled geometrical details must be 

generated for use in for example an FE software for stress computation, or in 

a CFD analysis for computation of the load. 

 The FE model used for stress computation should describe the physical 

problem in a proper way, and the finite element mesh must be fine enough. 

 The HCF models include material parameters that must be estimated from 

fatigue tests. Due to scatter in test results, an increased number of fatigue 

tests increases the probability of appropriate parameter estimation. However, 

since performing fatigue tests is expensive and time-consuming, it is of 

interest to perform the type of tests that contribute with much information 

from as few tests as possible, i.e. a good test strategy is required. 

 The transferability of the 𝑝𝑓
fat-model and the local multiaxial HCF criterion 

used for computation of the effective stress must be good. Also, the HCF 

models must be straight forward to use in conjunction with the FEM, and 

from a practical point of view, the computational time cannot be too long.  

 A fatigue post-processor which enables application of both local multiaxial 

HCF criteria and probabilistic 𝑝𝑓
fat -models to the stress history in the 

component must be available. 
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 Given all uncertainties of the design set-up, a method for the computation of 

the total failure probability 𝑝𝑓 must be available. 

 

In this thesis, several aspects of the fatigue assessment problem is dealt with. Of 

all the requirements mentioned above, focus is especially on (i) develop methods 

for efficient fatigue testing, (ii) investigation of the important mesh properties for 

convergence in 𝑝𝑓
mat  for a gas turbine compressor blade, (iii) evaluate the 

prediction accuracy/transferability of HCF models for typical gas turbine 

materials, (iv) develop a numerical tool that enables application of HCF models 

to real gas turbine components and (v) develop methods for computation of 𝑝𝑓 

including all uncertainties, see Figure 7.  

 

 
Figure 7. Some requirements that must be fulfilled and items that must be 

considered for an accurate HCF assessment. 

2. The optimal strategy for fatigue testing 

Material parameters in multiaxial HCF criteria are determined from fatigue test 

data. For estimation of the classical uniaxial fatigue limit (the stress that 

corresponds to 50 % failure probability) only one type of test needs to be 

performed. There exist several investigations in the literature on how fatigue 

tests should be performed in order to determine an appropriate value of the 

uniaxial fatigue limit by use of few tests [27-30].  

 

Determination of parameters in multiaxial HCF criteria requires different types 

of tests to be performed. Material parameters are typically fitted to test results 
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obtained for cylindrical specimen geometries. Tests are usually performed by 

subjecting the specimens to cyclic uniaxial loading, cyclic torsional loading or a 

combination of uniaxial and torsional loading, with or without a phase shift 

between the applied loading types.  

 

Fatigue test results are always affected by different types of scatter. An increased 

number of fatigue tests increase the probability to determine good values of the 

material parameters. However, performing fatigue tests is expensive and time-

consuming. Therefore, there is an interest in performing as few tests as possible.  

 

In Paper B, based on the cost to perform the fatigue tests and the value of the 

information obtained from the testing, by taking into account scatter in the 

material´s fatigue properties and in the specimen misalignment, it is investigated 

which test strategy that should be used in order to determine appropriate values 

of the material parameters in local multiaxial HCF criteria by use of as few tests 

as possible. The methodology used for the investigation is described in Figure 8.  

 

 
Figure 8. Methodology used to identify the optimal test strategy.  

 

Firstly, by fitting the material parameters 𝛼S and 𝜎eff,S,c in Sines´ HCF criterion, 

see Eq. 1, to fatigue tests performed in uniaxial loading for smooth Titanium 

specimens at different stress ratios 𝑅, the fatigue behavior due to scatter only in 

the material´s fatigue properties is assumed to be known.  

 

Monte Carlo simulations are then used to perform test series according to three 

test strategies (TS), denoted TSA, TSB and TSC. All three TS involve performing 

fatigue tests in uniaxial loading for different stress ratios 𝑅 in the Haigh-plane. 

Among all possible different types of fatigue tests that can be performed, uniaxial 

fatigue tests for cylindrical specimens are tests that are relatively easy to perform, 



Daniel Sandberg 

26 

 

and that can be carried out in many mechanical testing laboratories. In TSA, tests 

are performed at two stress ratios in the Haigh plane, in TSB tests are performed 

at three stress ratios and in TSC, tests are performed at five stress ratios, see 

Figure 9. 

 

 
Figure 9. Test strategies used in the Monte Carlo simulations for estimation of the 

material parameters 𝛼S and 𝜎eff,S,c. 

 

In the Monte Carlo simulations, scatter in both the material´s fatigue properties 

and in the specimen misalignment are included. Typical values of the specimen 

misalignment are measured by gluing strain gauges onto a specimen, and 

measure the gauge response when the specimen is mounted in the testing 

machine, see Figure 10. The specimen misalignment is described by a 

displacement |𝜟| and a rotation |𝜽| of the specimen ends. In Figure 10, the Sines 

effective stress due to the rotation |𝜽| and the displacement |𝜟| is presented.   

 

For each TS, 5,000 test series are performed with 300 tests in each series. The 

estimation of the parameters 𝛼S and 𝜎eff,S,c are continuously updated after each 

test performed in the test series. The value 𝑉  obtained from the testing is 

computed from the error in the parameter estimation, and by including the cost 

to perform the tests, 𝐶 , the benefit 𝐵  earned from the testing is computed 

according to 

 𝐵 = 𝑉 − 𝐶. (6) 
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Figure 10. The specimen misalignment is measured by use of strain gauges. 

 

In Figure 11, the development of 𝐵′, which is the benefit 𝐵  normalized with 

respect to the maximum possible value 𝑉, is plotted against the number of tests 

performed in a test series, 𝑛tot, for each one of the seven stress ratio combinations 

shown in Figure 9. 

 

 
Figure 11. Benefit from the fatigue testing. 

 

It is seen that the maximum benefit is obtained by performing tests according to 

TSA at two well separated stress ratios. The benefit is maximized at 22 tests. The 

results in Paper B also show that for tests performed in a high quality laboratory, 

specimen misalignment has an insignificant influence on the material parameter 
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estimation. This means that it is the correct information about material´s fatigue 

properties that is obtained from the testing. 

3. Transferability of HCF models 

In Paper C and Paper D, the transferability for WL and the VPF is investigated. 

Fatigue tests are performed for specimens manufactured from Cr-steel and 

Titanium, two materials often used in gas turbine components. The 

transferability for WL and the VPF is investigated by fitting the models to the 

experimental data, and compare the predicted fatigue probability to the 

experimental results.  

 

In Paper C, fatigue tests are performed in rotating bending for single notched 

cylindrical specimens manufactured from Cr-steel, a material typically used for 

stationary turbomachinery. Tests are performed for specimens of three sizes. In 

Paper C, a novel specimen design is suggested for investigation of the volume 

effect. The specimen lengths are scaled with the scale factor 𝑆, and the load 

applied to the specimen is scaled with 𝑆2. The maximum stress at the notch is 

then the same for each specimen size. However, due to the size scaling of the 

specimen, the highly stressed volume 𝑉∗ scales with 𝑆3, see Figure 12.  

 

 
Figure 12. Fatigue tests are performed for three specimen sizes. 

 

The point stress method is insensitive to the specimen size scaling. Since WL and 

the VPF both involve a volume integration of the stress field, the fatigue 
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predictions are sensitive to the size scaling of the specimen. With the small 

specimen geometry as reference, the fatigue probability according to WL and the 

VPF for a scaled geometry is written according to 

 

 𝑝𝑓,scaled
fat = 1 − (1 − 𝑝𝑓,𝑆=1

fat )
𝑆3

 (7) 

 

and 

 

 𝑝𝑓,scaled
fat = 1 − exp[−𝑞〈𝑆3𝑉𝑆=1

∗ − 𝑉th〉], (8) 

 

respectively.  

 

In Figure 13, the test results are shown. Eight types of tests are performed. By 

performing several tests for each type of test, the corresponding experimental 

failure probability 𝑝𝑓
exp

 is estimated. It is seen that the experimental failure 

probability 𝑝𝑓
exp

 is increased with increased maximum stress in the specimen. 

The failure probability is also increased for increased specimen size, which is 

explained by a volume, area or stress gradient effect.  

 

 
Figure 13. Test results for Cr-steel. 

 

By minimizing the sum of errors 𝑒2 between experimental failure probability and 

predicted fatigue probability, 
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 𝑒2 = ∑ [𝑝𝑓,𝑖
exp

− 𝑝𝑓,𝑖
fat(𝜽)]

2
𝑛
𝑖=1 , (9) 

 

where 𝜽 is a parameter vector and 𝑛 = 8, the relevant material parameters are 

determined for WL, the VPF and the point stress method. In Paper C, 

computation of the effective stress is performed by use of Sines criterion. For the 

point stress method, the critical Sines fatigue effective stress, 𝜎eff,S,c, is described 

by a Weibull distribution. The result from the parameter fit is shown in Table 1, 

along with the corresponding value of 𝑒2 (in Table 5 in Paper C it is the value of 

𝑒, not 𝑒2, that is given). The reference volume 𝑉0 = 1 mm3 is used in WL. For the 

VPF, the threshold volume 𝑉th  =  0 is obtained from the parameter fit, which 

may indicate on a low stress gradient effect.   

 

Table 1. The optimal set of parameters, and the corresponding error 𝑒2 for Cr-

steel. 

Model 
𝜎u   

(MPa)  

𝜎th   

(MPa)  
𝑏   

(1)  

𝑞   

(mm−3)  

𝑉th   

(mm3)  

Error 𝑒2 

(1) 

WL (volume) 535 0 30.1 - - 0.106 

VPF (volume) - 448 - 0.0446 0 0.0942 

Sines (point) 529 0 27.8 - - 0.101 

 

The error 𝑒2 defined in Eq. 9 is an objective measure of the transferability for the 

HCF models. As can be seen in Table 1, the error between experiments and 

model predictions is very similar for all three models. 

 

The objective measure of transferability defined in Eq. 9 is one input that can be 

used for ranking of the HCF models. The behavior of the failure probability 

curves can also be used as input for ranking of the models. The fatigue 

predictions obtained by use of WL, the VPF and the point stress method are 

plotted for the optimal set of parameters in Figures 14 and 15, and compared to 

the experimental data.  

 

In Figures 14 and 15, it is seen that the effect on the failure probability due to the 

specimen size scaling is exaggerated at high stress levels for both WL and the 

VPF. The results in Figure 14 show that for the small specimen geometry, at high 

stress, the fatigue probability predicted by use of the VPF is lower than the 

fatigue probability predicted by use of WL. Due to the lack of experimental 

results at high stress levels for the small specimen geometry the true fatigue 

behavior is un-known, and the low failure probability prediction obtained from 

the VPF can either be confirmed or rejected. In Figure 15, there is also a tendency 

that the experiments do not fall on both sides of the failure probability curves. 

The predictions at the intermediate stress level are conservative whereas the 
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predictions at the low stress level are non-conservative. The VPF shows the best 

prediction accuracy at low stress levels. 

 

 
Figure 14.  Fatigue predictions obtained by use of WL, the VPF and the point 

stress method plotted as function of maximum stress, and compared to the test 

data. 

 

 
Figure 15.  Fatigue predictions obtained by use of WL, the VPF and the point 

stress method plotted as function of the scale factor 𝑆, and compared to the test 

data. 
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An investigation of the specimens’ fracture surfaces showed that cracks initiated 

at, or very close, to the specimen surface. In [31], after that the work in Paper C 

had been performed, it is actually shown that probabilistic area based HCF 

models show increased prediction capability in terms of the objective measure 

defined in Eq. 9 for the tests presented in Figure 13 compared to the volume 

based WL and the VPF. This suggests that the increase in failure probability due 

to increased specimen size seen in Figure 13 is due to a statistical area effect 

rather than due to a volume or gradient effect. 

 

In Paper D, fatigue tests are performed for smooth and notched cylindrical 

specimens manufactured from Titanium, a material commonly used in aero-

space applications. Tests are performed in uniaxial loading at different stress 

ratios. In total 10 different types of tests are carried out. Computation of the 

fatigue effective stress 𝜎eff  is performed by use of Sines´ and Crossland´s HCF 

criteria. The parameters in the local HCF criteria, and in WL and the VPF are 

fitted to all the obtained test data by minimization of the sum of the error 𝑒2 

between experiments and predictions defined in Eq. 9. The optimal choice of 

parameters and the corresponding error 𝑒2  are presented in Table 2. The error 𝑒2 

is also shown in Figure 16. It is seen that the smallest error 𝑒2 = 0.390 is obtained 

for the VPF when Crossland´s criterion is used for computation of the effective 

stress. The largest error 𝑒2 = 0.912 is obtained for Sines´ HCF criterion used in 

conjunction with the VPF. The parameter values in Table 2 are corrected 

compared to the values in Paper D, where the von Mises stress 𝜎vM = √3 ∙ 𝐽2 

mistakenly was used instead of √𝐽2  for computation of the effective stress 

according to Sines´ and Crossland´s HCF criteria. 

 

Table 2. The optimal set of parameters, and the corresponding error 𝑒2  for 

Titanium. 

Model 
𝜎u   

(MPa)  

𝜎th   

(MPa)  

𝑏   

(1)  

𝑞   

(mm−3)  

𝑉th   

(mm3)  

𝛼   

(1)  

Error 𝑒2 

(1) 

WL - Sines 342 0 29.0 - - 0.96 0.723 

WL - Crossland 792 0 35.1 - - 2.29 0.390 

VPF – Sines - 310 - 0.790 0 1.00 0.912 

VPF – Crossland - 764 - 0.561 0 2.47 0.441 
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Figure 16. The error 𝑒2 for the optimal set of parameters. 

 

In terms of the objective transferability measure defined in Eq. 9, the results in 

Figure 16 show that the fatigue predictions obtained by use of Crossland´s HCF 

criterion is more accurate compared to the predictions obtained by use of Sines´ 

criterion. An improvement in the fatigue predictions in terms of the error 𝑒2 for 

WL compared to the VPF is also noted, but the difference is not that clear.  

 

In Figure 17, the experimental results are compared to the fatigue predictions 

obtained from WL and the VPF by use of the optimal set of parameters shown in 

Table 2.  It is seen that the behavior of the failure probability curves are very 

different depending on which 𝑝𝑓
fat -model that is used. For smooth specimen 

geometries, the response from the VPF is more deterministic compared to the 

response obtained from WL. The deterministic response obtained from the VPF is 

explained by the low stress gradient in the smooth specimens. For only a small 

increment in the load, the stress in a large portion of the specimen volume goes 

from a value just below the threshold stress 𝜎th to a value above 𝜎th.  

 

For WL, and for the VPF used in combination with Sines, the failure probability 

prediction is clearly wrong for one stress ratio for the notched specimen. Both 

experiments clearly fall on the same side of the 𝑝𝑓
fat-curve.  

 

In [31], neither an improvement nor a degradation of the objective transferability 

measure in Eq. 9 are observed when area based probabilistic models are applied 

to the test data for Titanium shown in Figure 17.  
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Figure 17. Test data compared to predicted failure probability for Titanium when 

(a) Sines´ and (b) Crossland´s HCF criteria are used for computation of the 

effective stress 𝜎eff. 

4. The HCF post-processor AROMA-PF 

Given a certain stress history computed by use of the FEM, HCF assessment of a 

component requires the use of a HCF post-processor. Some commercial FE-

softwares include a fatigue post-processing module, e.g. ANSYS fatigue module. 

However, the HCF post-processing is typically performed by use of a separate 

software, either a commercial software (e.g. FEMFAT, fe-safe, P⦁FAT or n-code) 

or an in-house developed fatigue post-processor.  

 

In order to enable probabilistic HCF assessment of gas turbine compressor 

blades, the HCF post-processor AROMA-PF has been developed, see Paper D. 

The program is written in Matlab. Standard FE data is used as input, which 

makes the program compatible to most commercial FE softwares. A number of 

local multiaxial HCF criteria have been implemented for computation of the 

fatigue effective stress field 𝜎eff(𝒙). Given the effective stress field, WL or the VPF 

is used to compute the failure probability. The program has been delivered to the 

industrial partners in the COMP-project. Even if the primary purpose of the 

development of AROMA-PF is HCF assessment of compressor blades, the 

(a) Sines                                                            (b) Crossland 
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program can be applied to other components as well. A schematic of AROMA-PF 

is presented in Figure 18.  

 

 
Figure 18. Schematic of AROMA-PF. 

 

In AROMA-PF, the volume integration in WL and the VPF is performed by use 

of the effective stress at the element´s Gauss points, and standard Gauss 

integration. Compared to use only the centroid stress in each element for the 

volume integration, the current method gives convergence in 𝑝𝑓
fat by use of less 

finite elements in the model. The volume integration has been implemented for 

all standard FE-elements used in industry. For compressor blades, in Paper A it 

has been shown that it is the number of finite elements used through the 

thickness of the blade that is the important mesh property in order to reach 

convergence in 𝑝𝑓
fat.  

 

In Paper D, WL and the VPF are applied to a compressor blade subjected to a 

more realistic time-varying stress history. Three load cases (LC) are analyzed. In 

Figure 19, by use of artificial scaling of the blade´s vibrational amplitude, the 

fatigue probability 𝑝𝑓
fat is plotted against the maximum effective stress in the 

blade. It is seen that the response from the two HCF models are very different at 

low stress levels. The response obtained by use of the VPF is much more 

deterministic compared to the response obtained from WL. Component testing 



Daniel Sandberg 

36 

 

may give an indication on which 𝑝𝑓
fat-model that should be used for the blade, 

and will give more information about the transferability for the 𝑝𝑓
fat-model. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 19. Failure probability 𝑝𝑓
fat plotted against maximum effective stress in the 

compressor blade. 

5. A new method for fatigue probability assessment 

When accounting for several types of uncertainties, fatigue probability 

assessment is traditionally performed by use of the First-Order Reliability 

Method (FORM) or Second-Order Reliability Method (SORM) [32-34]. If 𝒛 

denotes a set of stochastic variables, a performance function 𝑔(𝒛)  is used to 

compute the probability of fatigue. In a fatigue context, the performance function 

is for example defined as the difference between a critical fatigue stress with 

known distribution and the maximum fatigue effective stress in the component.  

 

Use of FORM and SORM requires to find the Most Probable Point on the limit 

state curve. The limit state is 𝑔(𝒛) = 0, and the failure set is 𝑔(𝒛) ≤ 0. That is, 

𝑝𝑓 = Prob(𝑔(𝒛) ≤ 0). Both FORM and SORM, but especially the latter, may be 

relatively complicated for practicing engineers. 

 

In Paper E, a new method for fatigue probability assessment is suggested. The 

method is applied to a bladed disk in a gas turbine, and the failure probability is 

computed for a specific load case.  
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According to the suggested method, the fatigue probability is computed from an 

integration of the joint probability density function for the stochastic variables 𝒛, 

and the base probability due to uncertainty in the material, 

 

 𝑝𝑓 = ∫ 𝑝𝑓
fat ∙ 𝜙(𝒛) 𝑑𝒛. (10) 

 

Eq. 10 is the law of total probability, where 𝑝𝑓
fat is the conditional probability. 

From Eq. 10, if the stochastic variables are approaching deterministic values, 

𝑝𝑓 = 𝑝𝑓
fat  (evaluated at the deterministic values). In Paper E, WL is used for 

computation of 𝑝𝑓
fat. In Eq. 10, the value of 𝑝𝑓

fat is implicitly obtained from the 

𝑝𝑓
fat-model for each particular set of 𝒛. Application of a numerical integration 

scheme to Eq. 10, in which the 𝑝𝑓
fat-value is computed for each iteration is very 

time-demanding. Instead, a surrogate model for 𝑝𝑓
fat  is suggested for the 

evaluation of Eq. 10. Use of the surrogate model allows to explicitly express the 

failure probability 𝑝𝑓
fat in terms of 𝒛.   

 

The analysis includes aleatory type 1 uncertainty in (i) aero-forcing, (ii) damping 

and (iii) structural mistuning, aleatory type 2 uncertainty in fatigue strength, and 

epistemic uncertainty in the modeling of the aero-forcing and damping. Based on 

the results obtained from computation of Eq. 10, it is shown that for the bladed 

disk, the epistemic uncertainty in the modeling of the aero-forcing and damping 

gives a large uncertainty in the failure probability 𝑝𝑓.  

 

In Paper E, stochastic variables directly related to variation in the geometry of the 

disk, e.g. the thickness of the blades, are not used. However, given the relevant 

statistical distribution for such variable, it can be included in Eq. 10 by 

modification of the joint probability density function 𝜙(𝒛)  and the surrogate 

model for 𝑝𝑓
fat. If an extra stochastic variable is included in the problem, the full 

analysis must be performed again in order to obtain 𝑝𝑓
fat. This further emphasizes 

that 𝑝𝑓
fat is obtained implicitly, from the 𝑝𝑓

fat-model.   
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6. Conclusions 

The work is concluded as follows: 

 The best strategy for performing fatigue tests for material parameter 
determination in local multiaxial HCF criteria is to perform tests at few 
well separated stress ratios. 
 

 In a high quality laboratory, the influence on the parameter estimation 
from specimen misalignment is small, i.e. it is the correct information 
about the material properties that is obtained from the testing. 
 

 The behavior of the failure probability curves predicted by use of WL and 
the VPF is different, both for specimens and component geometries. 
 

 Based on the objective transferability measure defined in Eq. 9, by 
studying the behavior of the failure probability curves in Paper C and 
Paper D, and by taking into account the results in [31], the VPF is favored 
for design purpose. 
 

 In terms of the objective transferability measure defined in Eq. 9, 
Crossland´s criterion gives improved fatigue predictions compared to 
Sines´ criterion.  
 

 For Cr-steel, based on the observation that fatigue cracks initiate at, or 
very close to the surface, and based on the results in [31], it can be 
assumed that the fatigue probability is described by a statistical area 
effect.  
 

 In order to determine which HCF model that most accurately reflects the 
true fatigue behavior of a gas turbine compressor blade, component 
testing is required. 
 

 A new method for fatigue probability assessment is proposed, and 
applied to a bladed disk in a gas turbine. It is seen that uncertainty in the 
computation of the aero-forcing and aerodynamic damping gives a large 
uncertainty in the computed failure probability.  
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7. Future work 

Based on the obtained results, the following is suggested as possible future work: 

 

 The prediction accuracy for the local multiaxial HCF criteria could be further 

investigated by performing fatigue tests in multiaxial loading. 

  

 From experiments performed for low failure probabilities, it is possible to 

investigate which probabilistic HCF model that gives the best accuracy in the 

fatigue prediction at low 𝑝𝑓. However, an experimental based investigation of 

the distribution´s tail behavior requires very many tests to be performed, and 

is therefore very time-demanding.  

 

 An efficient method for identification of the region where it is important to 

have a good surrogate model to be used in the method in Paper E. This 

would help to ensure the accuracy in the computation of the failure 

probability.  

 

 For the bladed disk analyzed in Paper E, the effect of different mistuning 

patterns on the failure probability should be further investigated. If the effect 

is significant, different mistuning patterns can be modeled by introducing 

more stochastic variables. Stochastic variables that explicitly represent 

variations in geometry, e.g. thickness of the blades, could also be included in 

the failure probability computations.  

 

 It would be interesting to conduct fatigue tests for a real compressor blade 

geometry. This would give information about the transferability for HCF 

models from specimen geometries to the actual component geometry, and 

show which HCF model that gives the most accurate fatigue prediction for 

the blade. 

 

 Fatigue tests with the purpose to characterize the fatigue behavior in the 

VHCF regime could be performed. This is especially relevant for components 

that vibrate with high frequency, such as compressor blades. However, due 

to the large number of load cycles, performing such tests is time-demanding. 

 

 A more detailed investigation of the microstructure of the material and the 

specimens´ fracture surfaces may give increased understanding about the 

parameters that are important for fatigue crack initiation.   
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Summary of appended papers 

Paper A: FE-mesh effect of the volume based weakest-link fatigue probability applied to a 
compressor blade 
 
In order to obtain a converged fatigue prediction for a component, in this case a 

compressor blade, it is important that the finite element mesh is fine enough. In 

Paper A, by use of a load case where a compressor blade is subjected to a steady 

load due to rotation, and an amplitude load in form of a uniform pressure 

applied to the blade’s pressure side, it is investigated which mesh properties that 

are important in order to reach convergence in the computation of the failure 

probability.  

 

In Paper A, the Weakest-Link volume model (WL) is used for computation of the 

failure probability. The volume integration is performed by use of the stress at 

each element’s centroid (interpolated from the Gauss points), along with the 

corresponding element volumes. The advantage with this integration method is 

its simplicity. By changing the mesh properties of the blade, it is seen that the 

number of elements used through the thickness of the blade is more important 

than the blade’s in-plane mesh properties. 

 
 
Paper B: On the optimal choice of experiments for determination of parameters in 
multiaxial HCF-criteria 
 
The material parameters used in local HCF criteria must be determined from 

experiments. Performing a higher number of tests increases the probability to 

estimate appropriate parameter values. However, performing fatigue tests is 

very costly. Therefore, there is an interest to perform the type of tests that enables 

good parameter estimations by use of as few laboratory tests as possible. In 

Paper B, by use of results obtained from HCF testing for smooth Titanium 

specimens, and by taking the cost to perform fatigue tests and different types of 

scatter into account, it is investigated which test strategy that should be used in 

order to determine material parameters in multiaxial HCF criteria in the most 

effective way. 

 

The investigation is based on tests performed in the Haigh-plane. The results 

show that performing tests on few and well separated stress ratios is more 

effective than performing tests at many stress ratios. The results also show that 

specimen misalignment has a small influence on the parameter estimation for 

tests performed in a high quality laboratory, i.e. it is the correct information about 

the material´s fatigue properties that is obtained from the testing. 
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Paper C: An investigation of the prediction accuracy for volume based HCF models 
using scaled geometries and scaled loading  
 
In Paper C, the HCF prediction capabilities for WL and the Volume method for 

the Probability of Fatigue (VPF) are investigated, and compared to the point 

stress method. The models are calibrated to HCF experimental results obtained 

for cylindrical single notched 12 % Cr-steel specimens loaded in rotating 

bending. Tests are performed for three specimen sizes. The tests are designed 

such that at a certain stress level, independent of the specimen size, the 

specimens are subjected to a stress field that has the same shape on a specimens’ 

cross section, but a different gradient. Thus, the maximum stress in the notch is 

the same but the highly loaded volume differs between the specimens. The total 

error between experiments and model predictions are computed. The smallest 

total error is obtained for the VPF. The VPF also provides the most accurate 

fatigue prediction at low stress levels. Based on the results, the VPF model is 

favoured for design purpose. 

 

Paper D: Fast multiaxial high cycle fatigue evaluation in the probabilistic fatigue post-
processor AROMA-PF  
 

In Paper D, the probabilistic HCF post-processor AROMA-PF, developed mainly 

for HCF design of compressor blades, is presented and used for computation of 

the failure probability for a real compressor blade geometry. A closed form 

expression for the effective stress computed by use of a stress invariant based 

HCF criteria is presented. This enables extra fast computation of the effective 

stress. The transferability for WL and the VPF for Titanium is also investigated. 

In terms of an objective transferability measure it is seen that use of Crossland´s 

criterion gives the best fatigue predictions, while no such clear difference 

between WL and the VPF is seen. The results also indicate on that the true fatigue 

behavior for a compressor blade at low 𝑝𝑓 -values is between the predictions 

obtained by use of WL and the VPF. 

 

Paper E: Probabilistic fatigue design of gas turbine compressor blades under aleatory and 

epistemic uncertainty 

 

In Paper E, a new method for fatigue probability assessment is suggested. From 

integration of the joint probability density functions for the stochastic variables in 

the problem and the conditional probability of fatigue failure, the total failure 

probability for the component is obtained. The classification of type 1 and type 2 

is also introduced. 

 

The suggested probability assessment method is applied to a bladed disk in a gas 

turbine for computation of the fatigue probability for a specific load case. Both 
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epistemic uncertainty and aleatory uncertainty type 1 and type 2 are modeled. 

The results show that the epistemic uncertainty in the computation for the aero-

forcing and aerodynamic damping gives a large uncertainty in the computed 

total failure probability.  

 

 


