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Abstract 

 Today’s society keeps trying to improve efficiency in production and general 

reliability in systems. This is true for all types of companies that are driven to use 

optimization techniques in their work. One major field impacted by these studies is transport. 

Railway companies set the example and make optimization a priority in order to handle train 

flows the best way possible. That is why the French National Railway Company imagined an 

informatic tool to decide how trains are to be parked optimally. The thesis exposed in this 

report has been proposed for treating the modeling and programming parts of the project. 

 Modeling the station has been done in association with railway experts who bring their 

knowledge about the station infrastructure. They are also a reference for determining the 

constraints a train must obey when arriving at the station, parking and leaving. Only useful 

aspects of the station must be taken into account. That is why a compromise has been chosen 

in the level of detail modeled. 

 Then, a mathematical formulation of the problem has been proposed. The decision 

variables are for each train its arrival path, parking track and departure path. There are lots of 

possibilities and the choice can be difficult. The constraints are quite numerous as well. Thus, 

it has been decided to divide the constraints in two parts: hard and soft constraints. The 

general idea is to find a solution that obeys all hard constraints and minimizes the number of 

soft constraints not respected.  

 The project consisted also in choosing a language to code the model and a solver. The 

mathematical model has been written with the modeling language OPL that calls the solver 

Cplex. This software is one of the best to solve large scale problems that may arise for 

complex stations. Since the problem was a Mixed Integer Programming; the solver uses the 

Branch & Cut algorithm that is a combination between different techniques. It consists in 

applying the Branch & Bound algorithm while cutting the feasibility region. Heuristics 

techniques are also used by the algorithm in order to provide quickly a feasible solution. After 

running the program, we get a solution which is optimal according to the approach discussed 

earlier on. More precisely, it would determine for each train an arrival path, a parking track 

and a departure path. 
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 The program developed during this thesis is proposed to the stations. It would help 

them in deciding how trains are parked on one day. This decision is made in a conception 

phase happening several months before the actual day treated. Several major stations have 

tested the optimization tool. Thanks to a regularity coefficient, they are able to judge the 

quality of the solution. Since this score has been increased, the solution is judged as rather 

good. Furthermore, they will use it for the year 2016. A significant advantage is also the time 

for making the decision. When the modeling phase is done, a few minutes are enough to 

produce a solution for a given train set, whereas it can take several weeks of work by hand. 
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Introduction 

The thesis has been proposed by SNCF that is the French National Railway 

Company.  I am particularly thankful to Mr. HOUZEL who proposed this project and to all 

the members of his team who have been very helpful and welcoming.  

The aim here is to go through an application of optimization techniques within the 

transport field. As a matter of fact, railways companies get to use optimization techniques in 

order to handle logistical issues.  

The subject was to design a tool in order to optimize train positioning in the stations. It 

is indeed quite difficult to predict for each train on which track it should be parked, while 

respecting various types of constraints. All stations are restricted by many constraints and 

receive a great amount of trains each day. Most of the stations in France determine track 

occupancy by hand. The goal was to help them in their task by developing a tool that indicates 

how to park trains in the optimal way.    

This problem may be quite difficult to solve, even for a computer. The aim is not only 

to determine parking tracks but also arrival paths and departure paths for each train received 

by the station. Lots of possibilities are created and affect substantially computation’s time. 

Indeed, between three hundreds and five hundreds trains are to be treated depending on the 

station. Furthermore, there can exist a dozen of paths coming from a same station track - and 

coming to a same station track.  

The constraints are manifold and the optimization problem is thus associated with a 

multiobjective function. There are different ways to deal with this type of problematic. 

Different techniques will be presented that allow a lighter and faster computation but induce a 

loss in the quality of the solution.  

This report explains how this optimization problem has been treated. First, a global 

description of the problem is presented, and then the mathematical model that has been 

elaborated is exposed. It will also go through the algorithm and the different tools used to 

solve this optimization problem, and finally the accuracy of the model and solutions will be 

discussed.   
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Part 1: Problem Presentation 

 

1) Data Input 
 

As data input, the program gets information from infrastructure and trains. 

Infrastructure knowledge leads to different lists of tracks, and all connections between them. 

Moreover, the program is informed about all arrival and departure times. Many train 

characteristics are also available (type of train, origin, destination, length, etc.).     

 

2) Output: Track Occupancy Diagram 
 

One of the missions of the staff of every railway station is to create a diagram that 

represents the positioning of every train in the station. This diagram is really convenient to 

have a global view on how tracks are used over one day. Railway experts call it a Track 

Occupancy Diagram. This will be the output of our program. A solution indicates on which 

tracks trains are parked and the diagram is a representation of a solution. This graphic 

visualization looks like the one on Figure 1.  
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Figure 1 : Example of Track Occupancy Diagram 

 

Time is represented on the horizontal axis and the vertical axis is used to represent 

platform lines geographically. Each segment on the diagram represents a train and its 

indicative numbers–for inbound and outbound trains- are posted above as a comment. The 

length of the line is proportional to the parking time of the train. The beginning of the line 

indicates indeed the arrival time as the end of the line indicates the departure time. Trains can 

be represented either by a single line or a double line. The number of lines (1 or 2) indicates 

the number of train sets. A coupling can occur, that is to say that two different train sets enter 

the station at different time, are put together and leave the station as a double train. The 

opposite operation is called a cut: two train sets constitute a single train and are separated, 

creating two different trains. In addition, different train categories are represented by different 

colors (high-speed train, regional trains, etc.). This type of diagram is very useful for many 

staff members who can visualize quickly tracks occupancy. It also provides a picture of the 

system robustness. A diagram more robust would be subject to fewer modifications in case of 

unexpected developments (delays).  

 



 

 

 

 

Many stations in France produce the 

constraints by hand. This repe

method appears quite obsolete but is still carried on. 

Track Occupancy Diagram from data about infrastructure and trains received at the station. 

This job can be quite complex and repetitive because the positioning must 

constraints described by the station staff.  

 

3) Infrastructure Modeling
 

 An essential step of the project was to propose a model for the station and the whole 

problem. The infrastructure of a station can be quite complex and the idea was to make a 

simplification out of it, keeping in mind to make a tool not overly complicated.

of Gare de Lyon in Figure 2 exemplifies this complexity.

Figure 
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Many stations in France produce the diagram for some typical day

repetitive work can take several weeks for two or three

method appears quite obsolete but is still carried on. The aim of the project is thus to produce 

from data about infrastructure and trains received at the station. 

can be quite complex and repetitive because the positioning must 

described by the station staff.   

Infrastructure Modeling 

An essential step of the project was to propose a model for the station and the whole 

infrastructure of a station can be quite complex and the idea was to make a 

simplification out of it, keeping in mind to make a tool not overly complicated.

in Figure 2 exemplifies this complexity. 

Figure 2: Track plan of Gare de Lyon 
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typical days and check all 

two or three people. This 

The aim of the project is thus to produce 

from data about infrastructure and trains received at the station. 

can be quite complex and repetitive because the positioning must obey some 

An essential step of the project was to propose a model for the station and the whole 

infrastructure of a station can be quite complex and the idea was to make a 

simplification out of it, keeping in mind to make a tool not overly complicated. The track plan 
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a) Station Model 
 

 In a station, there are many mechanisms and it may be useless to describe the entire 

infrastructure with high precision. That is why a macroscopic point of view has been adopted. 

Of course, a certain level of refinement is necessary in order to produce Track Occupancy 

Diagrams. However, going very deep into the modeling would have taken more time and 

would have been worst for the algorithm performance. The key here is to choose wisely the 

level of sophistication when describing paths. 

 

b) Path Definition 
 

 A path is defined by a sequence of tracks. All tracks are associated with a level that 

represents how far the track is from the station. Using more levels would lead to a better 

model with taking into account a maximal number of intersections. The path would be 

described more precisely. The station model elaborated would also be more complex. It has 

been decided to use three levels in the general case: platform lines, middle tracks and main 

tracks. 

Platform lines: These are the tracks alongside the platforms. This is where trains are parked 

and passengers can get onboard. 

Middle tracks: They are the connections between platform lines and main tracks. 

Main tracks: They are the furthest tracks from the station. They are pre-determined and 

depend directly on the origin/destination of the train. 

 From the station diagram, it appears that all tracks are not connected. By analyzing all 

these connections, a list of feasible paths can be elaborated. This list was checked by the 

station experts who know perfectly which paths are to be taken or not. Indeed, it has been 

decided to let behind the paths which are not used in practice. 
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4) Decision Variables and Constraints 
 

Creating a Track Occupancy Diagram can be seen as an optimization problem. Indeed, 

the aim is to find the best diagram responding to several constraints by adjusting some 

decision variables.  

 

a) Decision Variables 
 

When producing a Track Occupancy Diagram, the station staff has to determine the 

following parameters:  

- receiving track 

- path for arrival 

- path for departure 

 

b) Stations Constraints 
 

It is very complicated to provide a complete set of constraints followed by every 

station. Some constraints are global, but some of them are specific for just one station, 

adapted for its infrastructure and staff. Let us go through several basic constraints considered 

by every station. We will ignore specific constraints that have emerged for one specific 

station. Those constraints are generally less important and associated with minor coefficients 

in the objective function. 

 

Track access: some constraints come from the geometry of the station. In fact, we 

suppose that the main track is fixed for each train. All platforms are not reachable from a 

given origin.  

Platform length: A platform line is able to receive a train if and only if the length of 

the platform alongside the track is greater than the length of the train (all passengers must be 

able to embark and disembark).  
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Reallocation: This is the minimal spacing time between two successive trains on a 

same platform line. It ensures that a train cannot access a track if already occupied. For safety 

precaution, this time is usually of several minutes.   

Crossing:  This constraint comes from paths incompatibility. It is indeed impossible to 

take two crossing paths at the same time. This notion is illustrated in Figure 3 and Figure 4. 

 

Order of track                Platform Track        Middle Track   Order of track 

 

Figure 3: Compatible paths  

 

In the illustration Figure 3, the situation is feasible: 

- Train 1 takes the arrival path 2/1 

- Train 2 takes the departure path 5/3 

This couple of trains is not concerned for crossing constraints. 

 

 

 

 

 

 

 

Order of track           Platform Track        Middle Track    Order of track 

 

Figure 4 : Incompatible crossing paths 
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In the illustration Figure 4, the situation is not feasible: 

- Train 1 takes the arrival path 3/1 

- Train 2 takes the departure path 5/2 

Indeed, there is a crossing of tracks between two levels (middle tracks and platform 

tracks). Thus, two trains taking those paths must be separated from several minutes. 

In practice, detecting a crossing is done by comparing the relative geographic position 

of the tracks. Operational staff appoints each track by a name and all of them are associated 

with an index that represents the position of the track. A simple way to detect a crossing is to 

compare the order of track indexes. If the order is the same for all levels (platform tracks, 

middle tracks and main tracks), there is no crossing. On the other hand, there is crossing if 

orders are inversed between two different levels.    

Passenger flow: In most of cases, two tracks are alongside a same platform. In order to 

avoid overcrowding it is necessary to prevent some type of trains from parking alongside the 

same platform. For example, if a train arrives while another train is about to leave the station, 

there can be around two thousands passengers on the platform. Overcrowding increases global 

risks. 
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Part 2: Mathematical Formulation 

 

1) Optimization Problem Formulation 
 

As in any optimization problem, a major question that arose is what the decision 

variables are and what is to be optimized. It was clear that the only degrees of freedom were, 

for each train, its arriving path, parking track and departure path. However, it was not really 

obvious what quantity would be minimized or maximized. From meeting with stations’ 

personal, it appeared that the main goal was to minimize the number of broken rules. The 

constraints proposed by the stations are indeed very demanding and it is not possible to 

respect all of them. Thus, a possible definition for “the best solution” is the one with the fewer 

number of broken rules.  

In general, it is impossible to park all trains by respecting all constraints. An idea 

would be to authorize unparked trains, and then try to minimize the number of trains not 

parked. Another idea is to authorize for a train (or a couple of trains) to break a rule, and then 

an objective would be to minimize the number of broken rules. The formulation exposed 

below gathers these ideas. 

 

a) Variables 
 

For each train, we are able to choose its receiving track, its arrival path and departure 

path. From it, the following Boolean decision variables are considered: 

- ��(�, �) where � is a train and � a platform line. ��(�, �) = 1 if and only if the train � 
is parked at the track �. 

- �	(�, 	) where	� is a train and 	 an arrival path. �	(�, 	) = 1 if and only if the train � 
takes arrival path 	. 
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- ��(�, �) where � is a train and � a departure path. ��(�, �) = 1 if and only if the train � 
takes departure path �. 

- �(�) where � is a train. This variable is equal to 1 if and only if the train � is not 

received by the station.  

 

b) Soft and Hard Constraints 
 

There are two types of rules. Some involve just one train (track access, platform 

length) and other concern couples of trains (reallocation, crossing, passenger flows). For those 

which concern couples of trains, constraints are expressed by a minimal spacing time between 

the two trains. The problem is that it is often impossible to respect this spacing time for each 

couple of trains concerned and thus to find a feasible solution.  

The idea is to relax this constraint “partially”. In fact, for each constraint, two time 

values are considered. They correspond to two levels of constraint: hard and soft constraint. A 

hard constraint will be a “normal” constraint in the model. Each soft constraint is associated 

with a Boolean variable. This variable is set to 1 if the constraint is broken and 0 otherwise. A 

part of the objective function will be the sum of these variables.  

Example:  Let us suppose that the trains T1 and T2 need to be parked on different 

tracks. 

Hard constraint formulation 

Minimize: objective function 

Subject to:  For all platform lines q, xq (T1, q) + xq (T2, q) ≤	1 

Soft constraint 

Minimize: objective function + s 

Subject to:  For all platform lines q, xq (T1, q) + xq (T2, q) – 1 ≤	s 
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This formulation imposes the variable s to be equal to 1 if and only if T1 and T2 are 

parked on the same track, that is to say the soft constraint is broken. 

 

c) General Constraints 
 

 This paragraph describes how positioning constraints have been translated in 

mathematical terms. Once again, specific constraints will be ignored in this paragraph. 

Sets notations: 

- T would denote the set of trains 

- Q would denote the set of platform lines 

- I would denote the set of arrival paths 

- J would denote the set of departure paths 

- O would denote the set of possible origins 

- D would denote the set of possible departures 

 

i) Track Allocation 

Each train must be parked on not more than one track (see Equation 1). 

		∀t ∈ T				� xq(t, q)�∈� 	≤ 1 (1) 

 

 

Since all these variables are Boolean, this equation means that at most one of these 

variables is equal to one. 
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		∀t ∈ T				� xq(t, q) + y(t) = 1�∈�  

 

(2) 

This second equation allows us to impose �(�) 	= 	1 if none of the tracks receive the 

train t.   

Moreover, we impose to find an arrival and departure path if and only if the train � is 

received on a track. 

∀t ∈ T													� xq(t, q)�∈� =	�xi(t, i) =	�∈	� �xj(t, j)�∈	�  

 

(3) 

 

 

Every train must park on a track which is reachable. A track is said reachable if there 

exists a path to go to this track and a path to leave from this track, depending on the origin 

and the destination of the train. Moreover, the size of the track must also be large enough to 

receive the train. Those data are told by the following parameters: ��(�) is the size of the 

platform line �, ��(�) is the size of the train �,  (�) 	∈ !  is the origin of �, "(�) 	∈ #  is the 

destination of � . Moreover, a circulation matrix $  has been extracted from the station 

diagram. It connects origins and destinations with platform lines. $( , �) = 1 if and only if 

the platform line � is reachable from the origin  . The same goes with  $(", �) where " ∈ D. 

		∀t ∈ T, q ∈ Q				s. t					M(o(t), q) = 0				or				M(d(t), q) = 0					 
or										Lq(q) ≤ Lt(t)			,				xq(t, q) = 0 

(4) 

 

This definition of variables induces a redundancy since a path includes a platform line 

already given by 	��(�, �). Precisely, a parameter is associated with each arrival path i and 

departure j: Q(i) is the platform line included in path i.  We use Equation 5 and 6 to link those 

correlated variables: if a train � is not parked on track		�, then it does not take a path including 

the track		�. 
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∀t ∈ T,			q ∈ Q, i	 ∈ I	s. t		Q(i) = q,				xi(t, i) ≤ 	xq(t, q) (5) 

 

															∀t ∈ T,					q ∈ Q, j	 ∈ J	s. t				Q(j) = q,				xj(t, j) ≤ 	xq(t, q) 
 

(6) 

The interpretation of these inequalities is in Equation (7). 

��	(�, �) 	= 0	 => 	�		(�, 	) 	= 0 (7) 

 

The main track taken by a train belongs among the input data. Thus, we need to 

prevent a train from taking a path which does not include the given main track. 

∀t ∈ T,i ∈ 	arrival	path	including	a	main	track	which	is	not	taken	by		t,				 
xi(t, i) = 0 

(8) 

 

		∀t ∈ T,j ∈ departure	path	including	a	main	track	which	is	not	taken	by		t,				 
xj(t, j) = 0		 

(9) 

 

ii)  Double trains 

Double trains have been detected in the Track Occupancy Diagram Figure 1.Those 

trains are really common. We divided them in two types: cuts and couplings. A cut happens 

when two train sets are separated in the station and a coupling happens when two train sets 

arrive at different times but are put together in the station.  

 

In data input, a double train is considered as two trains. Thus, it is necessary to create a 

constraint for parking in the same platform line. Moreover, trains subjects to a cut have the 

same arrival path since they arrive together. Similarly, coupling trains have the same 

departure path. 
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In order to detect double trains, we are provided with arrival and departure numbers of 

all trains. Two trains are subjects to a cut if and only if they have the same arrival number. 

They are subject to a coupling if and only if they have the same departure number. Let us 

denote for all train � in T @ABCDEF its arrival number and #ABCDEF its departure number. 

Mathematically, those constraints are expressed in equations (10), (11) and (12). 

 			∀q ∈ Q, 			∀t1 ∈ T,			t2 ∈ T	s. t   @ABCDEF(�1) = @ABCDEF(�2)   or 																																							#ABCDEF(�1) = #ABCDEF(�2)   then ��(�1, �) 	= 	��(�2, �) 	

 

 

(10) 

∀i ∈ I,          ∀t1 ∈ T,			t2 ∈ T						s. t       @ABCDEF(�1) = @ABCDEF(�2)   �	(�1, 	) 	= 	�	(�2, 	) 
 

(11) 

∀j ∈ J,           ∀t1 ∈ T,			t2 ∈ T						s. t								#ABCDEF(�1)= #ABCDEF(�2) ��(�1, �) 	= 	��(�2, �) (12) 

 
 

 
iii)  Crossing/ Reallocation/ Passengers flows 

Modeling these three constraints is based on the same principle. The part below will 

only detail how the reallocation constraint is handled. 

Sets definition 

There are different types of reallocation constraints. An index k is used to indicate 

which type of re-allocation is being processed. For example, different types of constraints 

could correspond to different types of train. It is necessary to distinguish several cases 

because the spacing time constraint could be different if we deal with high speed trains or not. 

Stations personal prefer indeed to be more cautious with high speed trains. In every station, 

constraints can depend on train characteristics. However, they do not always depend on the 

same data (for example, type of train can be replaced by origin and destination). These 
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features are given by the station staff that always has requirements due to the uniqueness of 

every station. 

In order to know if two trains could violate the hard bound of reallocation, we create 

for each type k a set: HE�_FEJKK L(M). This set gathers all risky couples of trains: 

∀	k, setNOPQQRS(k) = {		(t, r)	couple	of	trains	such	that ∶ a(r)∈ 		 Wa(t), d(t) + T_ℎJF"(M)	Y		} (13) 

where : 

- a(r) is the arrival time of r 

- a(t) is the arrival time of t 

- d(t) is the departure time of t 

- [_ℎJF"(M) is the spacing time corresponding to the “hard” reallocation constraint of 
type k. 

 

For each of these couples, we want to insure that they don’t park on the same track: 

∀k			∀(t, r) ∈ setNOPQQRS(k), q ∈ Q										xq(t, q) + xq(r, q) ≤ 1 (14) 

 

Another constraint is created for the “soft constraint”. This constraint should ensure 

that a variable is set to 1 if the station constraint is broken. Similarly, another set is created 

that gathers all couples of trains that may break the soft rule of reallocation.  

∀	k, set\R]^NOPQQRS(k) = {		(t, r)	couple	of	trains	s. t ∶ 		a(r)
∈ _d(t) + T̀ PNa(b), d(t) + T_soft	(k)c		} (105) 

 

Using the same notation as before and T_soft(k) is the spacing time corresponding to 

the “soft” reallocation constraint of type k. 
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Let us call the constraint variable		�_FEJKK L(�, F). The goal here is to set this variable 

to 1 if and only the soft rule is broken. In mathematical terms: 

∀k			∀(t, r) ∈ set\R]^NOPQQRS(k),q ∈ Q										xq(t, q) + xq(r, q) − 1	 ≤ 	x_realloc(t, r)	 (16) 

	
A similar analysis could be done for the constraints of « crossing» and « passenger 

flows ». However, a slight difference appears for the constraint of crossing tracks that 

involves the variables �	(�, 	) and	��(�, �) (not ��(�, �)). 
 

d) Objective Function 
 

The problem has been formulated as a minimization of the objective function. Indeed, 

this function will be incremented by the number of non received trains and violated 

constraints. 

Each constraint is associated with a penalty coefficient. A big coefficient would mean 

that respecting the constraint is more important. Indeed, the solver will prefer a solution 

respecting the constraints associated with high weights. For each constraint “C”, these 

coefficients will be denoted		L Eef. 

Another quantity introduced for the objective function is what we could call “the 

missing time”. This time, denoted $[(�, F) measures how far the couple of trains (�, F)	is 

from respecting the soft constraint. Let us consider an example of trains that are subjects to 

reallocation problem. Their characteristic times are given in Table 1. 

Soft constraint at  

5 minutes 

T1 Departure 

Time 

T2 Arrival 

Time 

gh(hi, hj) in 

minutes 

Case 1 14:00 14:04 1 

Case 2 14:00 14:02 3 

Table  1 
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 This quantity will be an indicator and will allow us to impose a higher weight on 

couples that are far from respecting the soft constraint.  

The objective function fRk�			can be written as follows: 

fRk� = coefP]]OS^P^�Rl ∗�y(t)^∈n  

+	coefNOPQQRS ∗ � x_realloc(t, r) ∗ MT(t, r)(^,N)∈\O^opqrstuvvpw
 

		+	coefSNR\\�lx ∗ � x_crossing(tr) ∗ MT(t, r)(^,N)∈\O^opqrwspooyz{
 

		+	coef|P\\OlxON_}QR~ ∗ � x_passenger_}low(tr) ∗ MT(t, r)(^,N)∈\O^opqr�uotz{ts_}vp�
 

+ S 

Where S represents other minor specific objectives.  

(17) 

 

 

2) Problem Complexity 
 

The difficulty comes from several aspects of the problem. We deal with a high number 

of variables and constraints. A positive aspect of the problem would be that it is quite easy to 

find a feasible solution. Indeed, deciding to let all trains unparked is a solution. However, any 

solution with many unparked trains will not be accepted by the station since the final goal is 

to receive all trains.  

In order to be more concrete and give an idea of the size of the problem, let us give 

some representative figures about the optimization problem at hand. We will take the example 

of the Montparnasse station that generates a medium size problem in comparison with other 

stations that have been treated.  
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Trains Ntrains 369 
Platform Lines Nlines 28 
Arrival Paths Na 95 

Departure Paths Nd 103 

Table  2 : Data Figures 

  

The size of the sets that are built in pre-treatment depends on how trains are spread all 

over the day. It leads to the figures presented in Table 3 for a typical day. For every rule L	 ∈ 	 {FEJKK L, LF HH	A�, eK �	�JHHEA�EF},  we denote  HE�� 	= 	⋃ HE��(M)� . 

 setNOPQQRS NRealloc 5210 set\R]^NOPQQRS NSoftRealloc 368 

setSNR\\�lx NCrossing 5210 

set\R]^SNR\\�lx NSoftCrossing 368 

set|P\\OlxON_}QR~ NFlow 4487 

set\R]^|P\\OlxON_}QR~ NSoftFlow 7 

Table  3: Constraints Sets Figures 

  
We compute the number of variables: 

 Ntrain ∗ (Nlines + Na + Nd) + 	NSoftRealloc + NSoftCrossing + NSoftFlow  =  369		   * (    28     + 95  + 103) +    368          +         368            +    7   =  84137 variables        
 
 

It is difficult to compute the exact number of constraints. However, this number can be 

read on a “lp file” produced by the program. This number is generally between 2,500,000 and 

3,000,000. As an example, we get 2,693,736 constraints for the station of “Paris Austerlitz” 

which is one of the smallest that have been treated. 

 

We are clearly dealing with a large scale problem. As we will discuss later, it is then 

important to choose an appropriate algorithm and an efficient solver.  

 



   

  Master Thesis Report 

     

 24 

Part 3: Solving the Problem 

 

1) A Multiobjective Function 
 

 One of the characteristics of the problem at hand is that the objective function is 

multicriteria. The aim is indeed to minimize the number of different not respected constraints 

that all depend on the positioning of the trains. The objective function has been described 

previously as a sum of different sub-objective functions. Different coefficients are given to 

sub-functions in relation with the importance of the sub-objectives.  

 This method is usual for mulicriterial optimization. However, there are different ways 

to proceed which could provide us with other solutions. Two other methods have been tested 

and will be described in the next paragraphs. 

 

a) Sequencing Problem 
 

This method consists in doing several optimizations and considering one objective at a 

time. The objectives would be considered according to their order of importance. From one 

step to another, we will impose the value of the objective as a hard constraint. Let us be more 

concrete and give an example. Let us assume that the problem is reduced to the two following 

objectives: maximize train affectation and minimize reallocation constraints not respected. 

The problem can be written as: 

Minimize  @ ∗ ∑ 	y(t) + 	B ∗ 	∑ xNOPQQRS(^,N) ∗ MT(t, r)(^,N)∈\O^opqrstuvvpw^∈n  

Subject to: c1, c2,…,cn set of constraints 

where A and B are coefficients. In our case, A is much larger than B because the aim is to 

park as many trains as we can, regardless of broken soft constraints. 
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Thus we can make an optimization in two steps. First, we solve (MIP1) 

(MIP1)  Minimize  ∑ y(t)^∈n	  

Subject to : c1, c2,…,cn set of constraints 

From this, we get an objective value of �, meaning that � trains can not be parked. We 

know from now on, that at least � trains won’t be parked whatever the soft constraints are. 

And we also know that there exists a solution with � trains not parked since we considered the 

exact same set of constraints. We can now solve (MIP2): 

(MIP2)  Minimize  ∑ x_realloc(t, r) ∗ MT(t, r)(^,N)∈\O^opqrstuvvpw  

Subject to: c1, c2,…,cn set of constraints, ∑ y(t)^∈n = � 

This problem will minimize the number of broken soft constraints, imposing that we 

park as many trains as possible. Note that another possibility is to add the constraint ∑ y(t)^∈n ≤ � + 	�	 where � is an arbitrary quantity which allows a small deviance from the 

optimal solution of the first objective. 

 In practice, around eight subobjectives are considered. Thus, this process will go on 

for six other stages.  

This method has been tested and the results were quite satisfactory. It was effective to 

handle the affectation of the trains because this objective overrules the others. However, it has 

been observed that we got similar results by setting the coefficients such that		@ ≥ 100 ∗ �.   

Furthermore, this procedure was not really interesting for the rest of the problem. As a 

matter of fact, this method goes hand in hand with a classification of the objectives. But, there 

is no clear predominance between different soft constraints (reallocation and crossing 

constraints, for example). 

An upper side for this method could be about performance. In our case, the number of 

variables is reduced for each step of optimization. In practice, the difference was not really 

substantial.  

 



   

  Master Thesis Report 

     

 26 

b) The Ideal Point 
 

The principle of this method is to divide the problem into several subproblems. Each 

subproblem optimizes the problem considering only one subobjective, subjects to the same set 

of constraints. Let us say the global objective function can be decomposed into M	subobjectives as follows: 

 

Minimize f1(x)+…+fk(x) 

Subject to: c1, c2,…,cn set of constraints 

 

This global problem is divided into M subproblems (Pi), 1 ≤ 		 ≤ M 

(Pi)  Minimize fi(x) 

Subject to: c1, c2,…,cn set of constraints 

 

As a result, we get a set of optimal objective values {f1
*,…,fi

*,…,fk
*}. From now on, 

we will consider a new space of k dimensions, each direction associated with one 

subobjective. For each feasible solution we would associate a point in this space that would 

have (f1,…,fi,…,fk) for coordinates where fi  are the values of the subobjectives for the given 

feasible solution. 

In this space, we define the ideal point that has (f1
*,…,fi

*,…,fk
*) for coordinates. This 

point is called ideal because any feasible point would be “above” this point. Figure 5 

exemplifies the situation in two dimensions corresponding to two subobjectives.  
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Figure 5: Example of ideal point in two dimensions 

 

 The ideal point may or may not be feasible. The aim of this method is to find a 

solution as close as possible to the ideal point. This idea implies introducing a definition of 

distance between two points. Using any norm would be appropriate but can lead to different 

results.  

 This technique has been briefly tested with the infinite norm defined as follows:  

 � = (�i)1 ≤ 	 ≤ A			 ∈ �l				; 									||�|| = max		(	|�i|	)   
The results have not been evaluated correctly yet. However, it would not be relevant to 

treat the “train affectation” subobjective as any other subobjective. The affectation is much 

more important than respecting the soft constraints, thus it would need to be handled 

separately.  

 

 A global idea would be to mix these methods. The problem is sequenced in two 

phases. A first optimization tries to affect as many trains as possible in the diagram. A second 

optimization minimizes the number of broken soft constraints, using the ideal point technique. 

As it has been seen previously, a supplementary constraint would be added in the second step 
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that comes from the first optimization. This method has not been tested for lack of time. 

However, it remains a possible way of improving the global algorithm.       

 

2) Algorithms and Solvers 
 

Several softwares have been tested to solve this optimization problem. The first solver 

tested is called Gusek. This solver was chosen mainly because it is free. However, 

calculations could take quite a long time (several hours) and improving the algorithm was not 

an option.  

As a priority, the company wanted to solve their parking problems and produce an 

occupancy diagram quickly. That is why they invested in a more elaborated (and costly) 

software called Cplex. This one presents several assets. First, the description of the model is 

written with the modeling language OPL that is user-friendly. Communication with databases 

as Excel is very effective. A simple line of command allows the user to call data from Excel, 

defined as ranges. The last but not least advantage is the performance of the algorithm. The 

same problem that would take several hours to solve with Gusek runs within a few minutes 

with Cplex.  
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Figure 6: OPL interface 

  

This performance is due to the optimization algorithm developed by IBM, partly 

exposed next part. 

 

3) MIP Solver 
 

From the mathematical formulation of the problem, it appears that we deal with a 

Mixed Integer Problem (MIP). The objective function and all constraints depend linearly on 

variables. However, most variables are Boolean (and not real). To deal with this kind of 

problem, it has been chosen to use the Cplex branch and cut algorithm, which is 

recommended.  

This algorithm goes through several steps associated to different functions. These 

functions are directly implemented in the optimization software. We could influence the 
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algorithm by adjusting parameters. However, several tests lead us to decide to stick with 

default parameters. 

 

a) Presolve 
 

It eliminates useless equations/variables by analyzing primal and dual problems. This 

step takes a few seconds and is essentially. Indeed, the size of the problem will be reduced, 

that will improve the performance of the following steps. 

 

b) Branch & Cut Algorithm 
 

It consists in associating cut techniques with the branch & bound algorithm. First, let 

us define a cut and how it can be useful. 

A cut is a supplementary constraint which is satisfied by all integral solutions but not 

by the current fractional solution. Cuts are done at each node of the tree in order to reduce the 

feasible region as we can see in Figure 7. The illustration exemplifies this method in two 

dimensions, corresponding to two variables X1 and X2. The feasible region appears in grey 

and the optimal solution is pointed by the red dot. Since it is fractional, a possible cut is 

defined by the dark line that excludes the optimal solution without eliminating any integer 

solution.  

 



   

  Master Thesis Report 

     

 31 

 

Figure 7: Example of cut in two dimensions 

 

There are different types of cuts. The most used ones in our case are the following. 

They are generated automatically by the Cplex solver at each node. The integer part will be 

denoted  �. �  in the next section. 

 

� Gomory’s Cut 

Let us say we deal with a constraint on the matrix form 

@ ∗ � = � (18) 

or equivalently  

�A(i, j) ∗ x(j) = �(	)�  (19) 

From equation (19), we can deduce: 

Cut 
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� (�A(i, j)� ∗ x(j))� − �B(i)�
= 	� (�A(i, j)� − 	A(i, j)) ∗ x(j)� + 	B(i) − �B(i)� 

(20) 

But for integer solutions,   

� (�A(i, j)� ∗ x(j))� =	� (�A(i, j)� ∗ �x(j)�)� ≤	� (�A(i, j) ∗ x(j)�)�
≤	 ��@(	, �) ∗ �(�)� � 

(21) 

And then the left hand side of (20) is nonpositive. So, the cutting plane is described by the 

following equation: 

� (�A(i, j)� − 	A(i, j)) ∗ x(j)� ≥ 	B(i) − �B(i)� (22) 

This equation is a new constraint true for all integer feasible points, but false for some 

fractional solutions. The feasible region is thus reduced. In dimension 2, it leads to a graphic 

representation as in Figure 7. 

 

� Zero-Half Cuts 

This type of cut concerns equations with integer coefficients. It consists in combining 

several equations and rounding down the right hand side of the equation. Let us give an 

example with five variables and two constraints. 

�(1) + 	2 ∗ �(2) + 	�(3) + 	3 ∗ �(4) ≤ 8		 (23) 

and		�(1) + 	3 ∗ �(3) + 	�(4) + 2 ∗ �(5) ≤ 5 (24) 

Computing the half sum of equations (23) and (24) implies (25).   

�(1) + �(2) + 	2 ∗ �(3) + 2 ∗ �(4) + �(5) ≤ 6.5	 (25) 

Considering all variables as integer, we can add the following cut: 
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�(1) + �(2) + 	2 ∗ �(3) + 2 ∗ �(4) + �(5) ≤ 6 (26) 

 

� Clique cuts 

This type of cuts concerns binary variables. It helps for detecting incompatibilities 

from several constraints. An example case follows, with three binary variables �, �	and	z. 
If			� + � ≤ 1; 	� + ¢	 ≤ 1; � + ¢ ≤ 1			 (27) 

then		� + � + ¢	 ≤ 1 (28) 

 

c) Heuristics 
 

All along the solving process, branching is mixed with heuristic methods. It consists in 

an approximation (round up or down) of the current optimal solution into an integral solution. 

The major advantage of this method is its capacity to find integer solutions sooner than if we 

would have continued the branching. The inconvenient is that this method can not be 

systematic since it lacks of theoretical guarantees. 

 

d) Cplex Progress Report 
 

Cplex provides us with a report useful for following the steps of the branch and cut 

algorithm. It gives information about the nodes explored and the solutions found. An example 

is in Figure 8. 
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Node NodesLe

ft 

Objective Iinf Best integer Cuts/ Best Bound ItCnt Gap 

0 0 3200 7 3540 Cuts : 5 24 3.6 % 

20+ 11   3350 3300 82 2.7 % 

39 3 Integral 0 3230 3180 126 1.4 % 

Figure 8: Example of Cplex report 

 

Every column can be read as follows: 

- Node : number of the node being visited 

- Nodes Left : number of nodes left to explore (not fathomed yet) 

- Objective : objective value at the visited node (or reason to fathom the node), blank if 
a new incumbent has been found by heuristics 

- Iinf : number of integer infeasible variables 

- Best integer : best integral solution found so far 

- Cuts/best bound: best objective value achievable. If « cuts » appears, a certain number 
of cuts have been generated 

- ItCnt : count of iterations 

- Gap: relative gap between the current best solution and the lower bound (or upper 
bound if we try to maximize) of the optimal objective value. 

 



   

  Master Thesis Report 

     

 35 

Part 4: Solutions 

 

1) Program Output  
 

 The optimization job is actually just part of the project because the tool is more 

complete than a simple optimizer and includes other features. First, it needs to communicate 

with databases that the company uses. Most of them are stored with Excel and that is why the 

code has been written in VBA. Some of my colleagues develop an interface in order to 

produce the Track Occupancy Diagram from the optimization results. This diagram is 

represented in Figure 9. If a train - or a couple of trains - does not respect a constraint, it 

appears in red in the diagram.  

 

 

Figure 9: Track Occupancy Diagram produced (Paris Gare de Lyon) 

 

This diagram is then presented to railway experts who are able to judge the quality of 

the solution. They can also indicate which particular points are to be improved. The general 

process consisted in going back and forth and improving step by step the program. After 
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several process stages, the solution was indeed satisfactory. The program reflected well 

enough the way of working of station’s staff. At this point, the tool could be delivered and 

used by the station. 

 

2) Results 
 

The program has been adapted and tested for ten stations. It has not been always easy 

to produce a solution. For most complex stations, we faced both memory allocation problems 

and slow convergence. However, we were able to bypass these issues and provide satisfactory 

results.  

 

i) Performance  

First, Cplex sometimes indicated an “out of memory status” while processing. This 

problem has been encountered with computers encoded in 32 bits only. The memory was 

consumed for extracting the model that is to say when constraints are built. 

 

Secondly, processing the Cut & Branch could be quite slow. For testing, we could 

consider just a subset of trains or/and a subset of rules. Then, a fewer number of variables and 

rules are considered and the size of the problem decreases. However, this solution is not 

pertinent for the user. The goal is indeed to provide a diagram with all trains and all rules 

considered. This problem was generally bypassed by adjusting the time limits between hard 

and soft constraints.  

 

In general the hard constraints were chosen such that almost all trains were parked. If a 

few particular trains can not be parked, they will be treated manually by the station staff. It is 

always interesting to put a high level of soft constraints. Indeed, trains may be delayed for a 

few minutes and it is important to introduce margins into the diagram. However, this method 

induces a greater number of variables and constraints. That is why for most complex stations, 

we chose to set spacing times much lower. Tables 4 and 5 give the figures for spacing times 

used for the Montparnasse station in two cases. The model is simplified because we consider 

only one type of each rule (M = 1). 
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Case 1 
Spacing Time Hard 

Constraint (min) 

Spacing Time Soft 

Constraint (min) 

Reallocation 6 9 

Crossing 6 9 

Passenger flows 20 22 

Table  4 

 

Case 2 
Spacing Time Hard 

Constraint (min) 

Spacing Time Soft 

Constraint (min) 

Reallocation 5 6 

Crossing 5 6 

Passenger flows 15 20 

Table  5 

 

In order to find a satisfactory solution with basic spacing times (Case 1), the programs 

might run for one hour. When time values for each constraint are reduced (Case 2), a similar 

solution is found in around three minutes. So, we were able to find a satisfactory solution for 

every station by adjusting these parameters.   

   

ii)  Mathematical results 

The quality of the solution will be judged by comparison of what was produced 

before. The concrete way to compare diagrams is to evaluate the number of unparked trains 

and broken rules. The difference between them was not very significant. In fact, stations were 

already producing satisfactory diagrams. Thus, providing a solution of comparable quality is 

sufficient. The gain of the program consists in production efficiency. A solution is often found 

in less than five minutes with our program whereas they needed at least two weeks of work 

before.   
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In most cases, the diagram produced by stations staff did not even correspond to a 

feasible solution. As a matter of fact, they would break hard constraints in order to park all 

trains. The optimization program would let the train unparked instead. In those cases, we 

lowered the spacing time for hard constraints in order to make their solution feasible.  

We can take the “Saint-Lazare” station as an example. The comparison of broken rules 

lays in Table 6. This study corresponds to a day with reconstruction work when several paths 

are closed. Thus, the level of hard constraints has been chosen very low. That explains the 

high number of broken rules.  

   

Scenario Unparked trains 
Broken 

Reallocations 

Broken 

Crossings 

Broken 

Passenger Flows 

Objective 

Value 

Handmade 

Diagram 
32 11 118 27 321,934 

Optimized 

Diagram  
29 27 69 17 291,339 

Table  6 

 

Our program leads to an improvement of the objective function by 30,000 on this 

example. We see that we did not improve all aspects of the diagram since we get a higher 

number of broken reallocations. In fact, the objective function is a weighted sum of 

subobjectives. By adjusting the coefficients, we can choose to prioritize a certain type of 

constraint. In the “Paris Saint-Lazare” example, we took similar coefficients for all 

constraints. It is possible to adjust those coefficients depending on the demands of the station.     

  

3) Discussion 
 

Another function of the tool is to detect broken constraints from a diagram. This 

feature is really important because it allows the user to locate tight zones in a diagram. When 
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confronting with doubtful users, it was also a way to prove that the result from the 

optimization is indeed better than a handmade diagram. However, stations experts did not 

judge the produced diagram as perfect. Several reasons have been detected for possible 

defaults of the program.  

 

First, a set of rules has been created. However, it could happen that a station comes 

with a new rule never encountered before. Sometimes, it does not have been created because 

it entailed a too large complication. Sometimes, it was just impossible to make a mathematical 

formulation out of it. One good example has been encountered in a station called Lyon 

Perrache. In this station, some trains can not take some paths for technical reasons. Yet it is 

impossible to determine automatically which trains are concerned by this constraint. Only an 

expert could tell which ones were concerned one by one from their numbers. 

Secondly, the tool uses a simplification of the infrastructure. A lack of detail that has 

been pointed out is that travel times have not been taken into account. This level of precision 

would be useful for example for crossings. Spacing time between two trains depends indeed 

on how far the crossing is from the station. This notion has been neglected in the model. 

Finally, the program handled a large scale problem. For the biggest stations, it could 

deal with several thousands of variables and it could take a certain amount of time to find the 

optimal solution. In order to be sure to get a solution quickly, it has been decided to stop the 

algorithm after several minutes, even if the inspection of the tree was not done. Thus, it could 

happen that the solution found was not optimal, even though it was often very close to the 

optimum.  
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Conclusion 

In all types of industry, systems and processes efficiency are being improved 

continuously. Optimization techniques are very helpful to find the best possible way of 

working. However, it is often difficult to define properly the “best possible way” and we must 

go through modeling steps. 

 The thesis consisted in applying optimization methods for producing Track Occupancy 

Diagrams. The major part of the project was about modeling. As a matter of fact, a 

mathematical formulation of the problem must be done and it affects substantially the results 

provided by the solver. The modeling part has a double objective. First, it must be as close as 

possible to the reality in order to avoid approximation errors. Secondly, it is also important to 

be careful and keep in mind the efficiency problematic. The performance of the program 

depends substantially on the model.  

 This thesis has been very positive in a personal aspect. First, it was a perfect example 

of how to use optimization techniques in industry. My “university” knowledge has been 

applied to help a company. Colleagues and customers seem thankful and satisfied which is 

very rewarding as a personal experience. Secondly, this project allowed me to go further in 

my optimization understanding. For example, I discovered performance limitations for 

multicriteria objectives. Several alternatives have been explored to handle this issue. It is 

always very interesting to confront theoretical results with practical results. Finally, I had an 

overview of the company priorities. I understood that it is essential to get results quite soon in 

order to get feedback from railway experts. Indeed, it may be difficult to judge personally the 

quality of the model. Proposing a first solution is often useful to improve the program.  

 To conclude, this project was exactly what I was hoping for. It consisted in a typical 

application of a linear optimization problem. I also could observe directly the benefits of this 

work that is really rewarding.  
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