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Electromagnetic Fields in Moving and Inhomogeneous Dielectrics
Paul Piwnicki
Laser Physics and Quantum Optics, Royal Institute of Technology, 2001

Abstract

The present thesis deals with electromagnetic effects created by the motion
or inhomogeneity of a dielectric medium.

In the first paper the quantum Röntgen effect is discussed. Here a rotat-
ing Bose-Einstein condensate – or another kind of quantum fluid – is placed in
a charged capacitor. The medium’s rotation creates a magnetic field. Quan-
tum media can only rotate in form of vortices, which leads to a magnetic field
corresponding to the field of a magnetic monopole.

In the remaining part of the thesis the geometrical representation of electro-
magnetic fields in moving and inhomogeneous media is discussed. It is shown
that an inhomogeneously moving dielectric, e.g., a vortex, defines a space-time
metric and light rays follow null-geodesics defined by this metric. This means
that light propagation in a moving medium is analogous to light propagation in
a gravitational field. The possibility of creating laboratory models of astronom-
ical objects, e.g., black holes is discussed.

The applicability of the newly developed media with extremely low group
velocity for the actual creation of such an experiment is considered.

Furthermore, a model for the case of the slowly moving medium is discussed.
Here the light propagation is analogous to the motion of a charged particle
propagating through a magnetic field. The velocity of the flow corresponds to
the vector potential. Consequently, light propagation in a vortex corresponds
to the Aharonov-Bohm effect.

Finally, a complete geometrical description of light in an inhomogeneous di-
electric at rest is presented. It is shown that light trajectories are geodesics of
a three-dimensional metric defined by the medium. Here even the propagation
of the fields is discussed in the language of differential geometry and it is shown
that the field vectors are parallel transported along the rays. These consider-
ations can be generalized to the four-dimensional case where the field-strength
tensor is parallel transported along the ray. This emphasizes the far-reaching
analogy between light in moving media and light in gravitational fields.
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Chapter 1

Introduction

The general theory of relativity is one of the most beautiful physical theories,
if not the most beautiful at all. Beginning from seemingly obvious assumptions
it leads us to the understanding of a wide range of effects from the “simple”
motion of a planet around the Sun to the creation of extreme objects like black
holes. While the ideas of quantum theory remain strange and trigger a feeling
of incompleteness, general relativity leads to the impression of a fundamental
harmony. But despite the clear mathematical structure it is hardly possible to
obtain an intuitive feeling for the concepts used. The idea of a curved space,
which may even be intermingled with time, is far beyond our everyday expe-
rience with the concepts of space and time. For the general public, general
relativity is mostly about black holes and similar curiosities and the concern
with these widely misunderstood concepts often serves as a popular scientific
surrogate for a lost feeling of transcendence.

Abstract physical concepts often become more comprehensible when a more
tangible analogous system is presented. This means that one has to look for a
different system following essentially the same mathematical rules as the original
one. Its physical realization, however, should be much easier and the physical
processes involved should be better accessible for our intuitive understanding.
Such an analogy should, on one hand, enable the researcher to develop a better
intuition for the object of his work. On the other hand, those interested in
popular science would, be aided by the analogy to get a feeling that the objects
of their interest can be described in comprehensible technical terms and actually
are not magic. A good analogous model might even allow scientists to perform
experiments leading to conclusions about the original system.

The attempt to find an experimental analogy for general relativity has be-
come a hot topic in the last few years and different ideas have been presented,
many of them focusing on the creation of a laboratory model of a black hole
[1, 2]. This renewed interest in a laboratory model of general relativity was
triggered by developments in experimental technology. For the work presented
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here, this was mainly the development of slow light media, media allowing a
reduction of the group velocity of light to the order of meters per second [3].
This development has been made possible by the experimental creation of Bose-
Einstein condensates (BEC) [4], which constitute one of the media where the
slow light can be observed. As BEC have been available for some time now
many different experiments have been performed on them. For example, var-
ious groups reported the creation of vortices in Bose-Einstein condensates [5].
In our model we consider light propagating in a moving dielectric medium. The
medium defines a space-time metric and light follows the null geodesics as it
does in a gravitational field. Then the vortex in the medium can serve as an
optical black hole. The general effect that light can be forced to change its
direction is known from everyday life; everyone has seen the flickering light over
a campfire. The effect is created by the medium that is dragging the light along
when it moves. The velocity of the light is reduced due to the presence of the
dielectric and, therefore, the medium can move faster than the light in it. In
this case all light is forced to move in the direction of the medium. This effect
reminds strongly of what happens within the event horizon of a black hole and,
at least in theory, it allows one to think of the creation of a black hole in the
laboratory. As long as nondispersive media are used, extreme velocities would
be necessary. The creation of slow light media with vortices makes the idea of
a laboratory black hole more realistic. The analogy between light in moving
media and light in a gravitational field is not only valid for the propagation of
light rays but also extends to the vector nature of light.

Another interesting effect involving a moving medium and static electromag-
netic fields was discovered by W.C. Röntgen [6]. He showed that a dielectric
sheet rotating in a charged capacitor creates a magnetic field. This effect may
appear counterintuitive as one is tempted to treat the rotating sheet as if it
had an inertial rest frame. To understand this effect one has to remember that
Maxwell’s equations are not valid in the usual form in the rotating system of
the sheet [7]. In the quantum version of this experiment the sheet has to be
replaced by a quantum dielectric – a BEC – and the rigid rotation by a vortex
flow, as this is the only way a quantum fluid can rotate. As in Röntgen’s case
the dielectric creates a magnetic field. But this time the field has essentially
the form of the field of a magnetic monopole. Thus the quantum vortex cannot
only serve as a black hole but also mimic a magnetic monopole.

The thesis is structured as follows: In chapter 2 we discuss the general
properties of light ray propagation in moving dielectrics. In chapter 3 a complete
geometrical theory of light in moving media is presented. In chapter 4 we discuss
the Quantum Röntgen effect. The 5th chapter is devoted to a discussion of
black hole metrics and the comparison of black holes in general relativity and
analogues in moving media. Finally, in the 6th chapter we discuss effects in
slowly moving media, which might become observable in a real experiment.
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Chapter 2

Light rays in moving media

2.1 The homogeneously moving medium

The constancy of the velocity of light in vacuum is one of the fundamental
points of the special theory of relativity. From the postulate that the velocity
of light has to be constant in all frames of reference follow many surprising
results, e.g., the relativity of simultaneity telling that it depends on the motion
of the observer which events happening at two different points are considered
simultaneous. The constant velocity of light makes the wave fronts spherical for
all observers with the emitter at the centre of the spheres. Although we are used
to call c the velocity of light it actually is of minor importance for the theory
that there actually exists some process propagating at this velocity. The crucial
point is that there is a maximum velocity and all objects moving potentially at
this velocity have the same velocity in all frames. The existence of a maximal
velocity leads to the conclusion that one has to give up the simple Gallilean law
of addition of velocities which allows one to reach any arbitrarily high velocity
by subsequent additions. The relativistic law of “addition” of velocities takes
the form

v =
u+ v′

1 + (u · v′/c2) . (2.1)

Here v′ is the velocity of some particle as measured by an observer moving at
the velocity u when seen from the laboratory system. v is the particle’s velocity
as seen from the laboratory. For simplicity only the case with u and v′ being
parallel has been shown. The general formula is quite cumbersome, but even this
simple case clearly shows that c remains unchanged during the transformation.

In a homogeneous dielectric medium light propagates at a lower velocity than
in vacuum. The ratio of both these velocities is called the index of refraction n.
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The velocity in the medium c′ then becomes

c′ =
c

n
. (2.2)

This velocity transformation is only valid as long as the medium is at rest in
relation to the observer; when the medium is in motion the velocity has to be
transformed according to equation (2.1) with v′ replaced by c′. Thus although
it is still light that is moving it has lost its special role within special relativity
as its velocity is now lower than the maximum velocity. This light has different
velocities depending on the motion of the observer. What is still different from
the motion of massive particles is that light in a medium has a given velocity
for every direction. In the medium at rest, the velocity is c′ in every direction.
When this velocity is transformed to the moving system the resulting velocities
will obviously be different for different directions, but the chosen direction –
including the orientation – fixes the velocity in a unique way. Expressing this
in formulas leads to terms which are not particularly illuminating so we avoid
presenting the calculations. But one can give a glimpse of what happens to light
by looking at wavefronts in the moving medium. In the medium at rest, wave
fronts are spheres centered at the point of emission. In the moving medium they
are subjects to Lorentz contraction and obtain an ellipsoidal shape. We follow
the discussion given by Møller [8]. Let us consider an elementary wave emitted
at some point within the medium. In the medium’s rest frame this elementary
wave is obviously a sphere fulfilling the equation

x′2 + y′2 + z′2 − c′2t′2 = 0 (2.3)

where the primed quantities are those in the rest frame of the medium. Using
the Lorentz transformation

x′ = (x− ut)γ, y′ = y, z′ = z, t′ = (t− ux/c)γ (2.4)

with

γ =
1√

1 − (u/c)2
. (2.5)

we can transform this equation to the laboratory frame to get

(x− at)2

b
+ y2 + z2 − bc′2t2 = 0 (2.6)

with

a = v
1 − 1/n2

1 − u2/(n2c2)
, b =

1 − (u/c)2

1 − [u/(cn)]2
. (2.7)
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Thus an elementary wave that is emitted at the time t from some point P =
(x0, y0) in the xy-plane of the laboratory system will at the time t+ ∆t have a
curve of intersection with the xy-plane that is described by the equation

(x − x0 − a∆t)2

b
+ (y − y0)2 − bc′2∆t2 = 0. (2.8)

This is an ellipse with its center at the point Q = (x0 + a∆t, y0) and its short
semiaxis in the direction of the medium’s motion. The elementary waves are
thus dragged by the medium and contracted in the direction of motion (cf.
Fig. 2.1). One should note that also here in the case of light propagation in the
vacuum the wavefronts become concentric spheres, i.e., the centre of the spheres
rests in all systems.

P1 P2 P3

u

Figure 2.1: An elementary wave in a moving dielectric. The medium is moving
to the right at the velocity u. A light wave is emitted at P1. The wave fronts
are elliptical and they are dragged in the direction of motion of the medium.
P2 and P3 denote the centres of the subsequent wave fronts.

It should be mentioned that the question of how light propagates in a moving
transparent medium has been discussed at a very early stage of modern physical
science. As early as 1818 A.J. Fresnel [9] discussed the question how much of
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the ether is dragged by a moving medium. This approach led him to the result
that when a light ray is moving in a flowing fluid the velocity measured by an
outside observer is

v =
c

n
±
(

1 − 1
n2

)
u (2.9)

where u is the velocity of the medium. This formula is valid in the case that light
and medium are moving in parallel directions. Although the theory behind the
derivation of this formula differs strongly from our ideas of electromagnetism
the result agrees to first order with the result obtained with the means of special
relativity. One simply inserts c′ for v′ in equation (2.1) and calculates the first
order in u/c. Fresnel’s result was confirmed experimentally by Fizeau in 1848
[10].

The fact that the light we consider here propagates at a velocity that is lower
than the vacuum velocity of light – the maximum velocity of special relativity
– means that it is possible for a material particle to move faster than light. In
particular, it becomes possible for the medium itself to move faster than the
light that is propagating in it. In this case the light has no possibility to move
in the direction opposite to the motion of the medium. Even if the light is
propagating in the opposite direction when seen from the medium system it is
dragged by the medium in the direction of the medium’s motion. As we will
discuss later it is no accident that this description might strongly remind the
reader of what happens beyond the event horizon of a black hole, where all light
is forced to move towards the centre of the black hole.

2.2 Rays in inhomogeneously moving media

In the preceding section we discussed light propagation in a homogeneously mov-
ing medium, i.e., the whole medium moved at the same velocity in the same
direction. Discussing this medium as a moving medium is of rather academic
interest since there is a frame of reference with the medium at rest where all
calculations become much simpler. The central point of this work is the dis-
cussion of light in media moving inhomogeneously, i.e., with the velocity of the
medium depending on position and maybe time. The most important example
used in our work is that of a vortex, a structure known in everyday life from
the emptying bath-tub. But one should keep in mind that even a dielectric disc
in constant rotation is moving inhomogeneously and one should be very careful
not to treat the rotating disc as if there was an inertial frame rotating with the
disc allowing one to apply the physical laws in their usual form in the disc’s
frame. This intuitive procedure leads to wrong results. It would not predict,
e.g., the Sagnac effect [11] leading to the idea of a laser gyroscope [7, 12] .

For a discussion in the spirit of the preceding section we assume that the
inhomogeneously moving medium consists of many small droplets propagating
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P1 P2 P3

u

Figure 2.2: Wave fronts in a dielectric moving faster then the light in the dielec-
tric. One easily sees that all light is effectively moving to the right, although at
different velocities.

homogeneously for a short period of time. In each of these droplets the light
ray propagates on a straight trajectory according to the rules discussed in the
preceding section. While moving through the medium the light passes through
different droplets and it has to fit smoothly into the system of allowed velocities
in any droplet. Thus the problem of finding the trajectory of the light ray
corresponds to the question how the straight trajectories in the different droplets
can be fitted together. Although this point of view allows us to formulate the
problem it does not lead to a simple method of actually finding the trajectory.

In order to find the equations describing the motion of light in the medium
we take into account that light is a wave phenomenon fulfilling a wave equation.
As we are only interested in the trajectory we confine our attention to a scalar
model of light propagation and introduce the scalar light field ψ. In a medium
at rest ψ has to fulfill the wave equation.(

∇2 − n2

c2
∂2

∂t2

)
ψ = 0. (2.10)

This equation differs from the equation for light in vacuum only by the factor
n2 that multiplies the time-derivative term. The equation can be rewritten in
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the form (
∇2 − 1

c2
∂2

∂t2
− n2 − 1

c2
∂2

∂t2

)
ψ = 0. (2.11)

The first two terms in the brackets of (2.11) form the d’Alembert operator that
is invariant under Lorentz transformations. As the medium is assumed to be at
rest, its four velocity

uµ = γ(1,v) (2.12)

is of the form

uµ = (1,0). (2.13)

This allows us to interpret the time derivative as a term of the form ∂µu
µ with

the four gradient

∂µ =
(

1
c

∂

∂t
,∇
)
, (2.14)

and thus we get a covariant form of the wave equation, because we can rewrite
it in the form

[∂α∂
α + (n2 − 1)(uα∂α)2]ψ = 0. (2.15)

The index of the second derivative term has been lifted by Minkowski’s metric
tensor

ηµν = diag[1,−1,−1,−1], (2.16)

i.e.,

∂α = ηαβ∂α. (2.17)

In the whole thesis Einstein’s summation convention is applied, i.e., we always
sum over repeated indices (See Appendix A).

In order to discuss the propagation of light rays in the moving medium, we
have to choose the light field in the form

ψ = AeiS (2.18)

where A is a slowly varying envelope and

S =
∫

(−ω dt+ k · dx) = −
∫
kµ dx

µ (2.19)

is the phase. Here we introduced the wave four-vector

kν =
(ω
c
,−k

)
(2.20)

9



and the line element

dxν = (c dt, dx). (2.21)

For the geometrical approximation to be valid it is important that the phase
(2.19) varies much faster than the envelope A. This assumption allows us to
neglect all terms containing derivatives of A. Inserting (2.18) into (2.15) then
gives

kµk
µ + (n2 − 1)(uµkµ) = 0 (2.22)

kµkνg
µν = 0 (2.23)

with

gµν = ηµν − (n2 − 1)uµuν . (2.24)

One can easily convince oneself by explicitely calculating the product that
the covariant form of (2.24) is

gµν = ηµν −
(

1
n2

− 1
)
uµuν . (2.25)

Relation (2.23) strongly resembles the relation for the wave vector of light used
in the general theory of relativity. In that case gµν is the metric tensor describing
the structure of space-time. In our case this tensor reflects the velocity profile
of the moving medium. But the formal analogy of these two cases allows us
to interpret the motion of light in a dielectric in the spirit of general relativity
and call the tensor introduced in (2.24) the metric tensor of the system. We
can thus conclude that light propagating in the moving medium will follow the
geodesic defined by this metric (cf. Appendix A).

What should be noted here is that due to the structure of the metric tensor
the spatial components of the co- and contravariant forms of the k-four vector
will be different; in particular they will not be parallel anymore. According to
definition (2.20), the space components of the covariant wave vector kµ form
the three-dimensional wave vector. The space components of the contravariant
vector kµ = gµνkν , however, are parallel to the velocity. This means that in a
moving medium wave vector and velocity need not be parallel – they are if they
are parallel to the direction of motion of the medium. With k being the gradient
of the phase it is clear that k has to be orthogonal to lines of constant phase
– the wave fronts depicted in figures 2.1 and 2.2. Consequently, the velocity
vector of the light ray in general will not be orthogonal to the wave front, a fact
that should be taken into account when interpreting the pictures.

In the actual calculation in Paper Two we have chosen a Hamiltonian ap-
proach instead of explicitly solving the geodesic equation. We started from the
wave equation (2.22) in the explicit form

ω2 − c2k2 + (n2 − 1)γ2(ω − u · k)2 = 0 (2.26)
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and defined ω to be the Hamiltonian. This leads to the Hamiltonian of light
rays in the moving medium in the form

H =
(

c2 − u2

n2c2 − u2

)1/2(
c2k2 − n2c2 − c2

n2c2 − u2
(u · k)2

)1/2

+
n2c2 − c2

n2c2 − u2
(u · k).

(2.27)

Now one gets the equations of motion by evaluating Hamilton’s equations

dx
dt

=
∂H

∂k
,

dk
dt

= −∂H
∂x

(2.28)

which can then be solved numerically. Obviously, this method of approaching
the problem of finding the light trajectories is not the only one possible. The
essentially two-dimensional structure of the flows considered in the present thesis
suggests discussing the motion in the complex plane which allows one to apply
the very convenient methods of complex analysis. This is done in Paper Four
for the low velocity region of the vortex flow.
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Chapter 3

Electromagnetism in
Moving Media

In the preceding section we discussed light in a moving medium in the spirit
of papers Two, Three and Four where the light is essentially seen as a scalar
particle propagating at some well defined velocity. We were led to the descrip-
tion of light in moving media as a ray following the null-geodesics of a metric
defined by the medium. In this approach the electromagnetic nature of light
is completely neglected and no information about the vector nature of light is
given. Already W. Gordon in his 1923 paper [13] Zur Lichtfortpflanzung in der
Relativitätstheorie pointed out that electromagnetic fields in a moving dielec-
tric can be described using the methods of general relativity. The following
considerations partly follow Gordon’s approach.

3.1 Some properties of electromagnetic fields

Generally, electromagnetic fields obey Maxwell’s equations which are usually
known in their three-dimensional form:

∇ · B = 0, ∇× E = −∂B
∂t

(3.1)

∇ · D = 0, ∇× H =
∂D
∂t

.

These equations have to be complemented by the constitutive equations which
usually account for the properties of a medium but they also attain a non-trivial
form when a non-inertial frame is applied. In the simplest case of fields in an
isotropic dielectric at rest the constitutive equations have the form

D = εε0E, B = µµ0H. (3.2)
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Here ε and µ are the electric and magnetic permeabilities, respectively. In order
to describe electromagnetism in a moving dielectric it is more convenient to turn
to the four-dimensional description. Here we have to introduce the field-strength
tensor

Fµν =




0 Ex Ey Ez

−Ex 0 −cBz cBy

−Ey cBz 0 −cBx

−Ez −cBy cBx 0


 ,

Fµν =




0 −Ex −Ey −Ez

Ex 0 −cBz cBy

Ey cBz 0 −cBx

Ez −cBy cBx 0


 (3.3)

where the form used in flat space with the Minkowski metric (2.16) has been
given. The tensors Hµν and Hµν are defined in an analogous way with E and
cB replaced by D and H/c, respectively. With these definitions Maxwell’s
equations (3.1) can be written in the covariant form

∂Fλµ

∂xν
+
∂Fµν

∂xλ
+
∂Fνλ

∂xµ
= 0 (3.4)

for the first pair of equations and

∂Hλµ

∂xµ
= 0 (3.5)

for the second one. Whenever electromagnetic fields in curved space are con-
sidered, one has to use the usual rule of general covariance and replace partial
derivatives by covariant ones (cf. (A.10)). One easily sees that equation (3.4)
remains unchanged due to the symmetry of the Christoffel symbol and the anti-
symmetry of the field-strength tensor. For equation (3.5) we get

∇µH
λµ = ∂µH

λµ + Γµ
ρµH

λρ + Γλ
ρµH

ρµ. (3.6)

The last term vanishes because of symmetry reasons and the other two terms
can be combined into one to give:

1√−g
∂
√−gHλρ

∂xρ
= 0 (3.7)

where we have used the identity [14]

Γµ
µλ =

1
2
∂ln

√−g
∂xλ

. (3.8)

Here g is the determinant of the metric tensor gµν . It is interesting to notice
that in addition to general covariance required for all theories used within the
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framework of general relativity Maxwell’s equations show additional symmetries.
One of them has been discussed for the first time by E. Cartan [15] and H. Weyl
[16] in the second decade of the 20th century. They showed that Maxwell’s
equations can actually be written in a form not containing the metric tensor at
all, not even in the covariant derivative. In order to do so they used instead
of the tensor Hµν the tensor density Hµν =

√−gHµν . The tensor density
differs from a tensor field by its transformation properties under changes of
coordinates. When a tensor density is transformed it has to be multiplied by
the Jacobi determinant in addition to the usual transformation.

Maxwell’s equation (3.5) then acquires the form

∂µHµν = 0 (3.9)

where in all coordinate systems the partial derivative has to be used. Conse-
quently, the Cartan-Weyl form of Maxwell’s equations allows to write them in
a form which is completely independent of the metric structure.

Another property of Maxwell’s equations which will play an important role
in the following discussion is their conformal invariance. Conformal transfor-
mations are usually known as transformations leaving angles unchanged. Thus
a general conformal transformation can be described by a multiplication by a
scalar field that for convenience will be denoted by Ω−2:

g̃µν = Ω−2gµν . (3.10)

We want to show now that in empty space Maxwell’s equations are invariant
under this kind of transformations. We obviously allow for a curved space, i.e.,
the metric tensor gµν is arbitrary. We then get the simple four-dimensional
constitutive equation:

Hµν =
1
ε0
gµλgνρFλρ. (3.11)

Further we have to allow for the multiplication of the fields by some power of
Ω when they are transformed to the new system. We thus get for the new field

F̃µν = ΩsFµν , (3.12)

H̃µν = Ωs−4Hµν (3.13)

where the integer s is usually called the conformal weight. A traditional proof
of the fact that Maxwell’s equations in empty space are conformally invariant
uses the transformation properties of the Christoffel symbol under conformal
transformations and can be found in the book by Wald [17]. A three-dimensional
version of this calculation is given in Paper Five. We prefer to take a short-cut
and note that equation (3.4) does not contain the metric tensor even in the
general form. From this we conclude that for this equation to be conformally
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invariant we have to choose s = 0. Therefore we must set H̃µν = Ω−4Hµν .
Inserting this into (3.5) we get

1√−g̃
∂
√−g̃H̃λρ

∂xρ
=

1√−g̃
∂(Ω4√−gΩ−4Hλρ)

∂xρ
= 0 (3.14)

which is equivalent to the original Maxwell equation. One should emphasize
that this result is not trivial in the sense that the contributions of the field
and the metric tensor cancel only in the case of a four-dimensional space-time.
The result of (3.14) shows that the tensor density Hµν remains unchanged in
a conformal transformation confirming that Maxwell’s equations written in the
Cartan-Weyl form do not depend on the choice of the metric.

3.2 Electromagnetic fields in moving media

After these fundamental remarks we can turn our attention to electromagnetic
fields in moving media. As has been mentioned in the preceding section, the
presence of a medium strongly influences electromagnetic phenomena. In par-
ticular when these phenomena are observed by an outside observer they depend
on the way the observer is moving. We assume the medium to be moving at the
three-velocity u, i.e., the four-velocity

uµ = γ
(
1,

u
c

)
. (3.15)

The constitutive equations then appear in the generalized form [18]:

Hλρuρ = εε0F
λρuρ, (3.16)

Fλρuν + Fρνuλ + Fνλuρ =
µ

ε0
(Hλρuν +Hρνuλ +Hνλuρ).

These equations have been introduced for the first time by H. Minkowski [19]
and one can easily convince oneself that when u is set to zero they reduce to
(3.2). Since Minkowski’s equations are written in a covariant way and are valid
in one frame – the rest frame of the medium – they must be valid in all frames.
They form the starting point of Gordon’s considerations.

Before presenting his derivation we should note one point in equation (3.16).
In a moving medium the connection between the field-strength tensors F and H
becomes more complicated than one is used to. They are not “parallel” anymore,
i.e., they cannot be transformed into each other by a simple multiplication by
a scalar. Only if the choice of medium parameters

ε =
1
µ

(3.17)

is made the fields in the medium behave like in empty space. Although this
choice is highly non-physical in real space, it will turn out to be quite important
in the discussion of moving inhomogeneous media.
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Now we can show how the general electromagnetic field in a moving medium
can be described via a metric tensor induced by the medium. Using (3.4), (3.5)
and (3.16) and the fact that

uρuρ = 1 (3.18)

we can reexpress the field Hρν in terms of Fρν ,

µ

ε0
Hρν = Fρν + (1 − εµ)(uρFνλu

λ − uνFρλu
λ), (3.19)

or in contravariant notation
µ

ε0
Hρν = F ρν + (1 − εµ)(uρF νλuλ − uνF ρλuλ). (3.20)

This result can be rewritten in the form
µ

ε0
Hρν = Fλι

[(
ηλρηνβ

)
+
(
n2 − 1

) (
ηλρuνuι + ηνιuλuρ

)]
,

(3.21)

where we have used the identity εµ = n2. We are free to add the term
(n2 − 1)2uλuρuνuιFλι. It vanishes being simultaneously symmetric and an-
tisymmetric when the indices λ and ι are interchanged. Now we can write Eq.
(3.21) in the form

µ

ε0
Hρν =

(
ηλρ +

(
n2 − 1

)
uλuρ

) (
ηνι +

(
n2 − 1

)
uνuι

)
Fλι.

(3.22)

We finally rewrite this in the form

µ

ε0
Hρν = gρλgνιFλι (3.23)

where the symbol gµν stands for the effective metric (2.24). Thus we can again
interpret gµν as an effective metric tensor and (µ/ε0)Hρν as the contravariant
counterpart of Fρν . To denote this, Gordon puts parentheses around the indices
whenever an index has been moved with the metric (2.24), and so we get in his
notation

F (ρ)(ν) = gρλgνιFλι. (3.24)

Obviously, the first set of Maxwell equations (3.4) is untouched by this change.
For the discussion of the second equation (3.5) we have to remember that we
want to interpret the fields now as propagating in empty, but curved, space. In
this case the tensors Fµν and Hµν differ only by a constant: F ρν = Hρν/ε0 and
we can introduce the H-tensor in the new metric as H(µ)(ν) = µHµν and check
if equation (3.4) is valid for it, i.e., we want the expression 1/

√−g∂ρ
√−gH(ρ)(ν)
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to vanish. The determinant g assumes the value −εµ = −n2. That can be seen
from the fact that the metric tensor in the moving medium (2.24) can be ob-
tained from the metric tensor in the medium at rest gµν

0 = diag[n2,−1,−1,−1]
via a Lorentz transformation. The determinant of a Lorentz transformation is
±1 because the Minkowski metric is Lorentz invariant. Consequently, the de-
terminant of gµν does not depend on the frame of reference and is thus equal
to −n2 = det(gµν

0 ) in all frames. Thus we get for the H-field in the new metric
the result:

1√−g∂ρ

√−gH(ρ)(ν) = µ∂ρH
ρν = 0. (3.25)

This means that in the case of constant medium parameters the electromagnetic
fields in the moving medium can be interpreted as fields in an empty space with
a nontrivial metric. The metric of the medium presented hitherto seems to be
the most natural one but it obviously is not unique. As we have shown before,
Maxwell’s equations are conformally invariant and therefore any other metric
of the form Ω−2gµν can be used. In contrast to the metric of real space where
the behaviour of massive objects can be used to determine the right choice of
a metric tensor, in our case the metric is defined only by electromagnetic phe-
nomena and therefore all metrics that can be transformed into each other by a
conformal transformation are equivalent. This also means that all other quan-
tities calculated from the metric – like the curvature tensor – are not uniquely
defined by the fields. In particular, it is possible to create a curvature by a
conformal transformation even if the original metric led to a flat space.

While discussing light in moving media we had in mind some fluid with
constant density and therefore the most natural case was the homogeneous
medium with constant parameters. But one might also think of performing an
experiment in a gas with the parameters depending on the velocity and thus
depending indirectly on time and position. Or one might think of a mixture of
fluids with different densities. We will not specify the exact properties of the
system considered but simply assume that ε and µ depend on time and position
without specifying the precise nature of this dependence.

The derivation of the medium metric given in the preceding section remains
unchanged but when discussing Maxwell’s equations in the medium system we
have to take into account that µ is not a constant. This means that we want to
introduce a field H̃µν for which an equation of the form (3.25) is valid even in
the presence of a medium. This condition leads to the relation√

µ

ε
H̃µν = F (µ)(ν). (3.26)

Thus in the medium system the fields are connected by new medium parameters

ε̃ =
1
µ̃

=
√
µ

ε
. (3.27)
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Equation (3.27) shows that in the case of an inhomogeneous medium the trans-
formation to the new metric does not eliminate the medium completely. Thus
light propagates as in curved space filled with a medium with a very specific
property: the electric and magnetic permeabilities are inverse to each other.
This means that the effective velocity of light as seen from the medium frame
is c. It seems obvious that the light rays will follow the same trajectories as in
the homogeneous medium with the same effective metric. In order to prove this
conclusion and in order to go beyond ray optics we now introduce the complete
wave equation in the moving medium.

3.3 The wave-equation in the moving medium

In this section we derive the wave equation for the electric and magnetic fields
in the moving medium. The derivation presented will be completely general in
the beginning and we will show later on that the effective metric discussed in
the preceding sections makes the wave equation simpler. In order to establish
the wave equation in a moving medium we generalize the usual well known
procedure of finding wave equations from Maxwell’s equations. This means
that we apply the derivative operator to equation (3.4) and get

∇ν∇νFλµ + ∇ν∇λFµν + ∇ν∇µFνλ = 0 (3.28)

where we introduced the derivative operator with an upper index. This is simply
defined as

∇ρ = gρν∇ν . (3.29)

Now we rewrite equation (3.5) in terms of the F -field to get

∇ρF
ρν =

∂ log
√
µ/ε

∂xρ
F ρν =

(
∇ρ log

√
µ

ε

)
F ρν . (3.30)

In order to be able to profit from the last equation we have to interchange
the order of derivations in the last two terms of (3.28). As is discussed in the
Appendix this is not a trivial procedure in the general space.

In the case of tensors with two covariant indices we get for the commutator

[∇ρ,∇λ]Fµν = Rσ
µρλFσλ +Rσ

νρλFµσ. (3.31)

We then get for the whole commutator term

Cµλ := gνρ[Rσ
µρλFσν +Rσ

νρλFµσ +Rσ
νρµFσλ +Rσ

λρµFνσ].
(3.32)

As the concrete form of this term will be of no importance for our following con-
siderations we will denote it by the symbol Cµλ. One should only keep in mind
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that no derivatives of the field-strength tensor are present in this expression.
Thus we can write equation (3.28) in the form

∇ν∇νFλµ + ∇λ∇νFµν + ∇µ∇νFνλ + Cµλ = 0 (3.33)

Inserting the covariant version of (3.30) into (3.33) gives the full wave equation
in the medium:

0 = ∇ν∇νFλµ +
(
∇λ∇ν log

√
µ

ε

)
Fµν (3.34)

+
(
∇µ∇ν log

√
µ

ε

)
Fνλ + ∇ν log

√
µ

ε
∇λFµν + ∇ν log

√
µ

ε
∇µFνλ + Cλµ.

This can be still simplified by applying (3.4) to give the final form

∇ν∇νFλµ + (Fµν∇λ + Fνλ∇µ)∇ν log
√
µ

ε
−∇ν log

√
µ

ε
∇νFλµ + Cλµ = 0.

(3.35)

This is the wave equation for electromagnetic waves in an isotropic medium.
Note that when

√
µ/ε is constant this equation reduces to the simpler form

∇ν∇νFλµ + Cλµ = 0 (3.36)

which is very similar to the wave equation in flat space-time. The partial deriva-
tives have been replaced by covariant ones and there is an additional commutator
term. The wave equation allows us to study geometrical optics in the dielectric.
For that we define as usual

Fµν = Fµνe
iS . (3.37)

Inserting this into equation (3.35) and dividing the result by eiS gives

0 = − ∇νS∇νSFµλ (3.38)

+ i(2∇νS∇νFµλ + ∇ν∇νSFµλ −∇ν log
√
µ

ε
∇νSFµλ) (3.39)

+ ∇ν∇νFµλ + (Fµν∇λ + Fνλ∇µ)∇ν log
√
µ

ε
+ Cλµe

−iS . (3.40)

With S being dimensionless its derivative ∇αS obviously does have a dimension.
It might therefore seem strange that the terms in equation (3.38) are ordered
according to powers of ∇αS as we are used to that only dimensionless quantities
can be used as expansion parameters. That the case is somewhat different from
the usual expansion becomes clear when we look at (3.37) and assume there
that the phase S is varying much faster than the envelope Fµν and the medium
parameters µ and ε. This assumption leads to a clear separation between the
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terms in the different lines of (3.38). In the simplest approximation we can thus
assume that the term in the first line vanishes separately, i.e.,

0 = ∇νS∇νS. (3.41)

This equation is equivalent to (2.23) and now we can show explicitly that the
light ray is a geodesic of the metric of the medium. Since the wave fronts of the
propagating light are the surfaces of constant S the gradient of S, i.e., ∇αS,
is the tangent vector to the ray. Assuming that the light ray is following the
geodesic we can write the geodesic equation (A.18) in the form

0 = ∇αS∇α∇βS (3.42)

which can be rewritten in the form

0 =
1
2
∇β(∇αS∇αS) (3.43)

showing that for the ray to be a geodesic it is sufficient that the right-hand side
of (3.41) is constant. As we already new from our earlier discussion, the terms
describing the form of the ray are detached from the tensor structure of the
field. This enters in the next order expression. We then assume that equation
(3.41) is fulfilled and we can go one step further and get the equation:

2∇νS∇νFµλ + ∇ν∇νSFµλ −∇ν ln
√
µ

ε
∇νSFµλ = 0. (3.44)

As we will prove now this equation shows that the field-strength tensor is parallel
transported along the ray in the generalized sense of (A.17). Keeping in mind
that ∇νS is the tangent vector to the ray we can rewrite equation (3.44) as

∇νS∇νFµν =
1
2

(
−∇ν∇νS + ∇ν ln

√
µ

ε
∇νS

)
Fµν . (3.45)

This shows that the factor 1/2
(
−∇ν∇νS + ∇ν ln

√
µ/ε∇νS

)
plays the role

of the scalar a in (A.17). The right-hand side of (3.45) describes how the
“intensity” of the field changes along the curve. The first term contains a
generalized d’Alembertian of S showing that not only the values of S on the
curve but even the values in its vicinity play a role for the evolution of the field-
strength tensor. This term is a measure for how fast different geodesics move
away from each other. A brief discussion of the analogous three-dimensional
problem can be found in Paper Five. The second term of the right-hand side is
created by the changing properties of the medium. One can eliminate this term
by introducing an auxiliary field

Lµν = 4

√
µ

ε
Fµν . (3.46)
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This transformation leaves the equation for the trajectory unchanged, but the
equation for the transport of the field amplitudes attains the form

(2∇νS∇νLµλ + ∇ν∇νSLµλ) = 0 (3.47)

which corresponds to the equation for the field Fµν in a homogeneous medium.

3.4 The inhomogeneous medium at rest

The discussion of electromagnetism in moving media strongly resembles the
discussion of electromagnetism in inhomogeneous media at rest presented in
Paper Five. Essentially, the three-dimensional case can be seen as a special
case of the four-dimensional discussion of inhomogeneous media. Reducing the
consideration for the four-dimensional case to the situation of a medium at rest
leads to the metric tensor

gµν = diag
[

1
n2
,−1,−1,−1

]
. (3.48)

As we have discussed before the systems remains unchanged if we apply a con-
formal transformation to the metric tensor. The conformal transformation that
will become important here is the multiplication by n2. This transforms the
metric (3.48) into

g̃µν = diag
[
1,−n2,−n2,−n2

]
. (3.49)

Although the physical descriptions of light propagation by (3.48) and (3.49) are
equivalent they correspond to different interpretations of the introduction of
the medium metric. When looked at from the laboratory what happens in the
medium is that the velocity of light is diminished in dependence of the medium
properties. Seen from an inernal perspective light is always propagating at
the constant velocity c but the space structure is changed. When the metric
(3.48) is applied this corresponds to time running faster than usually, i.e., the
same period of time is shorter when seen from the medium than from the lab
perspective. Therefore the velocity of light is higher when seen from the medium
than when looked at from the laboratory. Note that in an inhomogeneous
medium the “velocity of time” dt′/dt depends on position. The interpretation
of the metric (3.49) is inverse: distances in the medium system are larger than in
the laboratory system and therefore it needs higher velocities for the same ways.
Here the time is untouched. Obviously other conformal transformations can be
chosen as well but they do not lead to any clear interpretations. The importance
of the metric (3.49) is, that it leads directly to the three-dimensional discussion
of Paper Five. For the nonmoving medium the four-dimensional metric can be
seperated into the time-part – the term in the upper-right corner of the metric
tensor and the spatial part, the three-by-three matrix in the lower-left part. In
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our case the spatial part is particularly simple, it is proportional to the unit
matrix. When the metric tensor has the form (3.49) all the medium properties
are moved to the spatial part and therefore one can simply use that as the spatial
metric of the system. As it is discussed in Paper Five this choice of metric leads
to light trajectories in the three-dimensional becoming geodesics and the fields
B and E being parallel transported along the ray. Clearly, any other four-
dimensional metric can be used for the reduction to the three-dimensional case,
but the information included in the time-term does not appear in the metric
but corresponds to a dielectric medium. Thus while the reduction to three
dimensions of (3.48) corresponds to flat space filled with a medium and (3.49)
corresponds to a curved but empty space all other four-dimensional metrics will
lead to a curved space filled with a medium. The second case is discussed in
detail in Paper Five where it considered the natural case. It should be mentioned
that the results of Paper Five can easily be found by inserting the metric (3.48)
inte the equations presented in the preceding section and rewriting the field-
strength tensors in terms of the three-dimensional fields.

The three-dimensional case allows us to present a simple picture of an in-
homogenous medium as a curved space. Imagine a medium with an index of
refraction dependent only on the radius r in cylindrical coordinates, e.g., the
index of refrection increasing towards the origin in form of a Gaussian added to
the constant 1. Light rays coming in the plane orthogonal to the z-axis. These
light rays coming towards the origin will be scattered avoiding the areas of high
n. As this is a two dimensional problem now, we can simply imagine everything
going on in a transparent sheet with the light being confined to this sheet as it
can be confined to an optical fiber. But this sheet has to be curved, it has to
have a hill, a bump in its center making the way to the opposite side longer for
light rays moving within it. Such a set-up has actually been realised in form
of the “geodesic lens” [20]. This model allows us to actually reconstruct the
curved space corresponding to the an inhomogeneous medium.
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Chapter 4

The Röntgen effect

In 1888 Wilhelm Conrad Röntgen, who later discovered X-rays, published an
article [6] in which he describes the following effect: A dielectric sheet made
of glass or India rubber is placed in a large charged capacitor and is rotated.
During the rotation a magnetic field can be observed above the dielectric. This
simple effect is what we will call here the Röntgen effect. In spite of its simplicity,
it is rarely mentioned in most modern textbooks, a brief discussion can be found
in the Russian book by Tamm [21], where the experiment is attributed to the
Russian physicist A.A. Eikhenvald.

As long as we consider the experiment in lowest order of the velocity of the
dielectric, it can be understood easily. The capacitor creates two layers of electric
charges in the dielectric sheet. While moving, the charges create a magnetic
field that can be observed. Thus, in lowest order, the effect is equivalent to
two parallel layers of charge in the vacuum. This seems to be surprising. As
is well known from the beginners courses in electrodynamics, two parallel and
oppositely charged layers produce a field only in between, whereas the region
outside is field-free. So it is clear that a uniform motion of the configuration,
that is equivalent to going to another inertial frame, cannot create a field. But
in Röntgen’s experiment, the dielectric was rotating and hence there was no
rest frame of the dielectric from which one could Lorentz-transform the field
to the laboratory frame. Obviously, it would be possible to calculate the field
of the rotating layers in the comoving – rotating – frame. But in this frame,
Maxwell’s equations are not valid in their usual form (3.1), but have to be
transformed to the rotating system. To this end one can introduce a metric
valid in the rotating system and get the transformed Maxwell equations from
(2.4) and (2.7). As their explicit form will be different from the structure in an
inertial system, the solutions will be different as well. Note also that as Post
points out in his paper on the Sagnac effect [11] it is by no means clear which
coordinate transformation brings us from the laboratory frame to the frame of
the rotating system.
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There is still another intuitive way of understanding the effect. Consider
only one charged sheet, say in the x− y-plane. It creates an electric field

E = (2Θ(z) − 1)E0ez (4.1)

that changes only at the sheet itself, but has constant values above and below it.
When moved, it will create a magnetic field that is orthogonal to the direction
of the electric field E and the velocity u. In lowest order in u we get

B =
1
c2

E× u. (4.2)

Thus also the magnetic field changes only at the sheet itself and so the contri-
butions of both sheets cancel outside. Having a microscopic look at the system
we see many charged particles creating an electric and, when moving, a mag-
netic field. The components of the electric field parallel to the sheet cancel, and
thus the field is orthogonal to the sheet. When the system is moving at a con-
stant velocity, the magnetic fields of ‘neighboring’ particles cancel as well, due
to equation (4.2). But as soon as the sheet is not in uniform motion anymore,
‘neighboring’ particles do not move at equal velocities, and thus the magnetic
fields created have different strengths and do not cancel. Because these resulting
fields will be dependent on z, it is clear that the contributions of both sheets
cannot cancel exactly.

In Paper One we discuss a version of the Röntgen effect with a quantum
dielectric replacing Röntgen’s glass disc. By a quantum dielectric we mean
a dielectric with a macroscopic wave function. This kind of systems can be
created experimentally in form of Bose-Einstein condensates, rather cold states
of bosonic matter where a macroscopic part of the atoms is in the ground state
of the system and thus a macroscopic part of the particles have a common wave
function. Three kinds of Bose-Einstein condensates are experimentally available
– the superfluid component of liquid 4He and alkali and hydrogen condensates
in magnetic traps. A discussion of fluid helium can be found in the book by
Tilley and Tilley [22], and condensates in magnetic traps are discussed to some
extent in the review article by Dalfovo, Giorgini, Pitaevskii, and Stringari [23].

The details of the condensates are not important for the present discussion.
One only has to know that they consist of polarizable atoms and thus their
motion in an electric and magnetic field can be described by the Lagrangian
[24]

L =
m

2
v2 +

α

2
E2 − αv · (E× B), (4.3)

to lowest order in v/c, where α is the polarizability. This leads to the Hamilto-
nian

H =
1

2m
(p + αE × B)2 − α

2
E2 (4.4)
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corresponding to the Schrödinger equation

i�
∂ψ

∂t
=

1
2m

(−i�∇ + αE× B)2ψ − α

2
E2ψ. (4.5)

Note that the Hamiltonian is analogous to that of a charged particle moving
in a magnetic and electric field, with the Poynting vector E × B replacing the
vector potential and the square of the electric field acting like a scalar potential.
Here |ψ|2 corresponds to the density of the dielectric, and the macroscopic wave
function can be written in the form

ψ = |ψ| exp(iS). (4.6)

In the beginning of Paper One we show that such a condensate placed in an
electric field will behave as a dielectric, i.e., electric and magnetic fields in the
medium obey Maxwell’s equations (3.1) with the constitutive equations

D = ε0(1 + χ)E + ε0χu× B (4.7)
H = ε0c

2B + ε0χu× E. (4.8)

Note that these equations are the first order version of the covariant constitutive
equations (3.16) where ε0µ0 = c−2. In equations (4.7) and (4.8) χ stands for
the susceptibility

ε0χ = α|ψ|2 (4.9)

that is proportional to the density of the dielectric. The crucial question for
our discussion is to what extent a quantum dielectric is able to rotate. From
the Hamiltonian (4.4) we get for the velocity of the quantum dielectric the
expression

u =
1
m

(�∇S + αE× B). (4.10)

The E×B term can be neglected, as it contributes a small additional rotational
motion not depending on a gradient of S. At least in our case it will not allow
for a rotation with vanishing ∇S since B vanishes with vanishing u. Thus we
can restrict the discussion to the expression

u =
1
m

�∇S. (4.11)

Any kind of rotation is connected to a nonvanishing value of the circulation

κ =
∮

u dl =
∫

∇× u dA (4.12)
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and thus to a nonvanishing curl of the velocity profile. But as the curl of a
gradient always vanishes we obtain the nonrotationality condition for quantum
matter

∇× u = 0. (4.13)

This seems to prove that rotational motion in a quantum dielectric is impossible.
But the second equality of (4.12) is valid only if u is defined in the whole
area encircled by the integration contour, i.e., only if the probability density is
finite in the whole area. Thus one option to obtain a flow with nonvanishing
circulation is to consider the quantum matter in a vessel having the form of
two concentric cylinders. The superfluid is then confined to the region between
the two cylinders, a multiply connected region. This configuration allows for a
rotation around the center of the cylinders, but still the condition (4.13) must
be fulfilled as the circulation has to vanish for every integration contour not
encircling the hole. The only velocity profile allowing for this is

u =
W
r

eϕ. (4.14)

The line with r = 0 does not pose any problems here, as it is in the region
forbidden for the dielectric. We finally get an additional condition, leading
to a quantization of the flow. Because all of the quantum dielectric should
be described by one wave function, there must be a continuous phase factor
exp(iS), and thus we see from equation (4.14) that S must be of the form

S = −nϕ (4.15)

where ϕ is the azimutal angle. In order for the phase factor to be continuous,
the discontinuities of S must be integral multiples of 2π and thus n in (4.15)
must be an integer.

Up to now we have created a multiply connected region by putting an ob-
stacle into the quantum dielectric. But it turns out that this is not necessary, as
it is possible to create vortices in a superfluid without obstacles. They have the
same velocity profile (4.14) and at the center a hole is created spontaneously,
making the probability density vanish. Thus the only rotational motion possible
for a macroscopic wave function is in the form of a vortex (4.14). We show in
Paper One, that when this dielectric is put into a capacitor it creates a field of
the form

B ≡ Φn

4πr2
er − 2fn(z)

ρ
eρ (4.16)

where

fn(z) = − �n

2mc2
χ(z)E(z) (4.17)
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is proportional to the density of the dielectric, it is constant in the medium
and vanishes outside. In equation (4.16) er is the radius vector in spherical
coordinates, eρ is the radius vector in cylindrical coordinates. Φn stands for the
magnetic flux

Φn = 4π
∫ ∞

−∞
fn(z)dz (4.18)

created by the vortex. Note that the field (4.16) is valid only in the limit of
a small thickness of the dielectric, i.e., a small distance between the induced
charges. The field consists of two components. The first one is the field of a
monopole placed on the axis of rotation. Outside the dielectric it is the only
field present. Inside the dielectric there is a second component. This field is
parallel to the disc and points towards the axis of rotation. This field is needed
to ensure that the condition ∇ · B = 0 is fulfilled. But as long as only the field
outside the medium is measured, the setup appears like a magnetic monopole.
The field inside the medium is standing for what is happening backstage, like the
performer in a puppet theater, it remains invisible but is indispensible for the
illusion to appear. Thus the setup creates an illusion of a magnetic monopole,
not a real one that can be maintained without tricks.

The original Röntgen effect involved a rigid rotator. Due to condition (4.13)
rigid rotation of a quantum dielectric is impossible. A rigid rotator corresponds
to the velocity profile

u = Ω × r (4.19)

with Ω being a constant angular velocity. Thus the curl takes the value

∇× u = 2Ω. (4.20)

Hence it is not possible to find any area with vanishing circulation, and the
problem cannot be solved by excluding some areas as it has been done in the
case of the vortex. It is possible, however, to mimic a rigid rotation by an array
of vortices. Consider an array of vortices, each one of them with a circulation
κ, and a density of nv vortices per unit area. Averaging the circulation over
an area with many vortices, the averaged circulation becomes proportional to
the area enclosed by the integration contour. This is also the case for the rigid
rotator. Thus this array of vortices corresponds to a rigid rotator with angular
velocity

Ω =
κnv

2
. (4.21)

A dense regular array of vortices corresponds to a sheet of magnetic monopoles
and thus will create a field analogous to the electric field of a sheet of electric
charges, i.e., a homogeneous field orthogonal to the surface of the sheet. An
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array of vortices does actually correspond to a realistic physical situation. As
Tilley and Tilley [22] demonstrate, it is energetically more favorable to distribute
a given amount of circulation over many vortices than to have all the circulation
concentrated in one large vortex. The fact that a rigid rotator can be replaced
by an array of vortices, i.e., a system without a defined center corresponds
to the fact that physical effects showing up in rotating systems but absent in
linear motion (e.g. Röntgen- or Sagnac effect) do not depend on the position
of the axis of rotation. This might be surprising as the axis seems to be the all
important point of a rotating system.
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Chapter 5

The Optical Black Hole

It sometimes happens that a scientific paper is published and some little remark
made in this paper becomes famous even outside the scientific community and
begins to live its own life detached from the other ideas discussed in the paper.
The most famous example is the case of Schrödinger’s cat. In his 1935 paper
Die gegenwärtige Situation in der Quantenmechanik [25] Erwin Schrödinger de-
scribes in five lines the idea of bringing a cat into a superposition of the states
“dead” and “alive”. The paper itself is still valuable reading for anyone in-
terested in the fundamentals of quantum theory and is frequently republished
in books on the history of quantum mechanics. But it is the cat that finally
survived and that makes Schrödinger’s name much more widely known to the
general public than the names of the other fathers of quantum theory. Some-
thing similar happened on a much smaller scale to the notion of the optical
black hole. This term appears in the title of a subsection of Paper Two where
we describe that a moving medium with the velocity profile of a vortex might be
able to suck in light rays coming too close to the vortex core. Although Paper
Two is a rather technical paper discussing a formal analogy between general
relativity and moving media the mention of the black hole in the laboratory cre-
ated a totally unexpected interest in our work. As in the case of Schrödinger’s
cat which should bring the paradoxes of quantum mechanics to a macroscopic
and thus comprehensible scale, our work would reduce the strangest objects in
the universe, the black holes, to laboratory scale.

Everyone believes to know what a black hole is, these strange objects in-
evitably swallowing anything that comes to close to them, the place where our
notions of space and time loose their meaning with time becoming space and
vice versa and, last but not least, these tunnels that will allow us to the travel
to other universes via their worm holes. Will the black hole in the lab then
present a tamed version of the monster star, a version one can have a look at
or even take into one’s hand? Or is it possibly dangerous, will it suck in all the
lab including the scientists and continue swallowing whole cities and only be
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satisfied when the whole Earth has been transformed into a black hole? Maybe
the vortex in my bathtub will transform into a black hole? Questions about
questions that have to be answered and lots of journalists getting on their way
to find the answers. Our attempts to answer the questions led to many articles
in the general [26] and popular [27] press discussing the topic of optical black
holes. It should be mentioned that here the news bulletin published by the
American Institute of Physics proved extraordinarily effecient, a short notice
published there [28] made journalists who do not read the technical journals
interested in the topic. That the older idea of creating acoustical black holes
[29] did not get a comparable attention results probably from the fact that it
had never been mentioned in the Bulletin. After a wave of popular articles and
our second paper on the topic (Paper Three) had been published we were con-
fronted with criticism from the scientific community, in particular researchers
working in the field of general relativity. The main point criticized was the use
of the expression black hole, since this term is usually reserved for objects having
a real event horizon, but our black hole does not. This discussion led to the
publication of a comment [30] and a reply [31] in Physical Review Letters. The
wide interest in the topic of optical black holes makes it worthwhile to present
how one easily can test if a metric corresponds to a black hole or not. This
allows us to show that our optical black hole is not a black hole in the usual
sense of the word and that – at least in theory – this can be repaired easily.

5.1 Real black holes

Usually the term “black hole” denotes an astronomical object with a gravita-
tional field that is so strong that everything coming too close to it is attracted
so strongly that it inevitably falls into the hole’s centre. Expressed in a more
technical way a black hole is distinguished by a region around it where no rest
is possible and every motion has a component towards the centre. The border
of this region is usually called the “event horizon”. Obviously, motion in itself
is not a simple concept in general relativity and it is always possible to find a
system where a particle is at rest. Thus we have to speak of rest or motion with
respect to some observer being very far away from the black hole. For that we
need to use some kind of spherical coordinates with a radial coordinate r being
a measure for the distance to the hole. Simultaneously the coordinates should
correspond to spherical coordinates in flat Minkowski space at infinity. This is
not the place to discuss these fundamental questions extensively, we rather stick
to the usual systems of coordinates used in the case of black holes. The most im-
portant property of any field of metric tensors to describe a possible space-time
structure is to be a solution of the Einstein equation (A.25). In our case we are
interested in solutions in space that is empty, except for some matter that might
be concentrated around the centre of the system of coordinates. Here we will
briefly discuss two of the most important solutions of the Einstein equation in
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empty space that exhibits an event horizon: the Schwarzschild solution and the
Kerr solution. The Schwarzschild solution describes a static black hole, while
the Kerr solution is valid for a rotating black hole.

The simplest way to identify an event horizon is to examine the properties of
velocity vectors in the given metric. Velocity vectors uµ are not defined in the
case of light because they are introduced as derivatives of position with respect
to curve length, which vanishes identically along the whole light trajectory. Its
product with the mass, the contravariant velocity vector pµ = muµ, has a well
defined generalization for the case of light. Then pµ becomes a null-vector and
can be interpreted as the derivative of position with respect to some other curve
parameter λ. The momentum vector pµ of a massive object must always be a
timelike vector, that of light a null-vector, i.e.,

gµνp
µpν ≥ 0, (5.1)

with the equality sign valid in the case of massless objects, e.g., light. The
property of being timelike or null does not depend on the chosen system of
coordinates. Obviously, a spacelike velocity vector would lead to a superluminal
motion. To prove that a metric describes a black hole one has only to show that
there is an inner region where every timelike vector necessarily has a radial
component pointing towards the centre of the black hole. Let us begin our
discussion with the best known case of the Schwarzschild metric

ds2 =
(

1 − 2M
r

)
dt2 − dr2

1 − 2M/r
− r2(dθ2 + sin2 θdφ2). (5.2)

Here M denotes the mass of the black hole measured in length units as usual
in general relativity. This representation of the Schwarzschild metric becomes
singular for r = 2M . This does not mean that the metric itself becomes singular
as can be shown by transforming (5.2) to one of the various other representa-
tions. The representation (5.2) is perfectly well-behaved inside the sphere with
r < 2M and thus we can use it in our discussion of the behaviour of momentum
vectors. In order to calculate the square of pµ in this metric we have to replace
the line elements by the components of pµ to get

gµνp
µpν =

(
1 − 2M

r

)
ptpt − prpr

1 − 2M/r
− r2(pθpθ + sin2 θpφpφ).

(5.3)

For r > 2M we can choose a velocity vector with only a time component:
pµ = (pt,0) descrbing a massive particle at rest for the observer at infinity and
being a well-behaved timelike vector. For r < 2M the first term of the right
hand side of (5.3) becomes negative and therefore a vector describing a particle
at rest becomes timelike and therefore it is not a proper velocity vector anymore.
Only if we choose a finite value of pr the momentum vector can become timelike
forcing the particle to move towards the center of the black hole. In a sense it is
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the same force that makes us move forward in time that forces an object within
the horizon to fall on the black hole. Although propagation in the opposite
direction, i.e., from the centre towards the horizon would solve the problem as
well nothing can change its direction of motion, because it would have to go
through a state of vanishing pr which is not allowed. In a black hole that has
been created in a process of gravitational collapse the surface of the collapsing
star must have moved through the horizon and thus has to proceed towards the
centre. Everything else that can be found between the horizon and the star’s
surface must have come from outside and will therefore proceed towards the
centre. The physical meaning of the mathematically allowed opposite kind of
object, a white hole, with all particles moving outwards is unclear. This problem
is similar to the question about the direction of time and one should take care
that the velocity vector of an object propagating inside the horizon turns into
the velocity vector of an object propagating forward in time.

A more general form of a black-hole metric is the Kerr metric for a rotating
black hole. The Kerr metric takes the form

ds2 =
∆
ρ2

[dt− a sin2 θ dφ]2 +
sin2 θ

ρ2
[(r2 + a2)dφ − a dt]2 +

ρ2

∆
dr2 + ρ2dθ2

(5.4)

with

∆ = r2 − 2Mr + a2, (5.5)
ρ = r2 + a2 cos2 θ, (5.6)

a =
S

M
(5.7)

where S is the angular momentum of the black hole and therefore the parameter
a is a measure of rotation. The optical black hole we discuss in Paper Two and
in the following section has a cylindrical symmetry and we are concerned only
with motion in the plane orthogonal to the cylinder axis. As the aim of the
discussion of the Kerr black hole is the comparison with the optical model we
do not need the Kerr metric in its full glory. We will only discuss motion in
the equatorial plane of the black hole, i.e., θ = π/2 and consequently, pθ = 0.
Effectively we have to use the three-dimensional metric

ds2 = −∆
r2

[dt− a dφ]2 +
1
r2

[(r2 + a2)dφ − a dt]2 +
r2

∆
dr2. (5.8)

Assuming as before that the particle considered is at rest, i.e., only pt is different
from zero we get the condition

r2 − 2Mr + a2

r2
(pt)2 − 1

r2
[a pt]2 ≥ 0 (5.9)

which leads to

r ≥ 2M. (5.10)
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In both equations the equal sign is valid for the case of light. Note that for
r = 2M light can be at rest for the observer at infinity. Although this is the
condition the event horizon has to fullfill in the case of the Schwrzschild metric,
it does not describe the horizon in the case of the Kerr metric. In the region
just beyond the limit (5.10) – the static limit – no particle can be at rest, but
it does not necessarily move towards the centre of the system: it may orbit at
a fixed value of r as well. In this case the non-vanishing components of the
momentum vector are pt and pφ. Thus even partcles with a vanishing value of
angular momentum are forced to move around the center. This effect is usually
addressed as frame dragging. As we are only interested in the sign of the square
of pµ we can devide the whole vector by pt and examine the vector (1, 0,Ω, 0)
where Ω = pφ/pt is the angular velocity. Inserting this into the metric (5.8)
gives the condition

−(r2 − 2Mr + a2)(1 − aΩ)2 + [(r2 + a2)Ω − a]2 ≥ 0. (5.11)

Applying high-school methods one can show that this condition can only be
fulfilled if

r > M +
√
M2 − a2. (5.12)

This condition defines the event horizon of the Kerr black hole. Every massive
particle and, as a limiting case, every light ray coming to the centre of the hole
closer than that will fall into it. Whereas the Schwarzschild metric always leads
to the creation of an event horizon this is obviously not the case for the Kerr
metric. A collapsing star that is rotating to fast, i.e., when a > M will not have
any event horizon.

5.2 Light trajectories in the vicinity of a black
hole

– the potential method

The aim of the present section is to give a very brief account of a text-book
method for calculating the main features of light trajectories in the vicinity of
a black hole. The section is meant as a background for section 5.4 where these
methods will be applied to models in moving media. In our presentetion we
follow the discussion given in the book by Schutz [32].

First we consider light propagating in the equatorial plane of a Schwarz-
schild metric and consider its four-momentum pµ in polar coordinates. Since
the Schwarzschild metric depends neither on time t nor on the angle φ the cor-
responding components of the momentum four-vector are conserved quantities.
We introduce the definitions

E = −pt and L = pφ (5.13)
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Figure 5.1: Effective potential for light rays propagating in the Schwarzschild
metric. The trajectory of a light ray depends only only on the ratio of its energy
E and angular momentum L and not on the separate values. Here the ratio of
the potential over angular momentum is depicted as a function of the radius.
The fact that V/L is equal to the inverse impact parameter b−1 allows for a
clear interpretation of the diagram. The zero of the potential at r0 corresponds
to the Schwarzschild radius.

where E is the energy and L the angular momentum. One should keep in mind
that light trajectories do not depend on E and L separately but only on their
ratio

b =
E

L
(5.14)

which simply is the impact parameter. What we are interested in are the values
of r where light rays with a given impact parameter reach an extremal distance
from the centre, i.e., the turning points. They can easily be found by calculating
the left hand side of

gµνpµpν = 0. (5.15)

The turning point is then defined by the condition that pr = dr/dλ vanishes.
In the present case this is equivalent to require that pr = 0. The energy which,
for a given value of angular momentum, corresponds to some turning point can
be introduced as the value of the effective potential at that point:

V 2(r) =
(

1 − 2M
r

)
L2

r2
. (5.16)

Figure 5.2 shows a plot of the normalized potential V/L = b−1. The most
important feature of this potential is its “pit” as Misner, Thorne and Wheeler
[33] call it. Whereas in Newtonian gravity every massive particle with a non-
vanishing value of angular momentum experiences a potential barrier that pre-
vents it from reaching the center of the coordinate system, in the Schwarzschild
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metric particles with finite values of angular momentum can fall into the cen-
ter. This is so even in the case of light as can be easily seen from the potential
picture 5.2. The potential reaches its maximum value at r = 3M , i.e., for 3/2
of the Schwarzschild radius. For a given value of the angular momentum L the
energy has to be lower than V (r) = L/(3

√
3M), i.e., the impact parameter has

to be larger than 3
√

3M for the particle to be reflected of the potential barrier
and to escape to infinity. For higher energies there is no barrier and particles
coming from outside fall into the black hole. Light having exactly the energy
L/(3

√
3M) can orbit the black hole on an unstable photon orbit. Although

all light coming from infinity and approaching the black hole closer than 3M
inevitably falls into the black hole, this value does not yet define the event hori-
zon since light emitted within this region may still escape if having a radial
component of momentum pointing outwards.

The situation becomes somewhat more complicated as soon as we go to
the case of the Kerr black hole. As before, we confine our attention to the
equatorial plane. We will not give a full account of the calculations necessary
for the potential in the Kerr metric, but following along the same lines as in the
Schwarzschild case we arrive at(

dr

dλ

)2

=
(r2 + a2)2 − a2

√
∆

r4
(E − V+)(E − V−) (5.17)

which leads to the two solutions for the potential:

V± =
2Mra± r2

√
∆

(r2 + a2)2 − a2∆
L. (5.18)

Here we have to distinguish between the cases of positive and negative angular
momentum, i.e., light propagating in the direction of rotation of the central
body or in the opposite one. We assume that light incoming from infinity has
to have positive energy1 and therefore the potential V+ is relevant for light
with positive angular momentum and V− for negative one. In figure 5.2 the
potentials are sketched for a Kerr metric with a slowly rotating central body,
i.e., for the case of a Kerr black hole with M > a. It is easy to interpret these
diagrams in the same spirit as in the discussion of the Schwarzschild black hole.
Both potentials have a maximum. This means that for both positiv and negative
angular momenta light rays coming too close to the black hole will fall into it. As
the maxima for negative and positive angular momenta correspond to different
values of r there are two different trajectories with a constant value of r. For
negative angular momenta the constant radius is equal to 2M , i.e., the position
of the static limit. The extremum of V− corresponds to light propagating on an
unstable photon orbit. Note that at the event horizon both potentials become

1This is not necessarily the case for light moving in the vicinity of the black hole. This
fact gives rise to the Penrose effect allowing to extract rotation energy from a rotating black
hole.
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Figure 5.2: Effective potentials for light rays propagating in the Kerr metric
with a slowly rotating central body, i.e., M > a. Diagram A corresponds to
light with angular momentum in the same direction as that of the black hole, in
case B the angular momenta are in opposite directions. r0 corresponds to the
event horizon and rs to the static limit. As both plots have a maximum, light
coming in on eather side of the star can fall into it when arriving at a low value
of the impact parameter b = L/E.

complex. Finally, figure 5.3 shows the potentials for the case of a Kerr metric
with a fast rotating central body. As even in this case both potentials reach
extreme values all light coming from outside with a sufficiently high energy will
fall into the center. This case does not, however, describe a black hole. Light
with energies very close to but smaller than limr→0 V+(r) = L/a can come to
arbitrarily small values of r and still escape.

5.3 The dielectric model

The considerations of chapter 3 show the formal connection between light in a
gravitational field and light in a moving dielectric medium. The chosen velocity
profile defines a space-time metric which governs the motion of light rays. This
analogy allows one to think of models of astronomical objects that might be
created in the laboratory, e.g., the optical black hole. The flow profile chosen
for the discussion of a potential black hole is that of a vortex. Vortices are known
in everyday life from the bathtub. When a bathtub is draining, the water close
to the drain is set into circular motion. The vortex considered in Paper Two
differs in one important point from the bathtubs vortex, the flow has no radial
component, all medium particles are moving on circles with fixed radii around
the core. This is obviously not what we expect from a vortex in a bathtub.

The dependence of the three-velocity on position in the standard vortex takes
the form (4.14). Although this vortex has many important physical applications,
describing, e.g., the only way a quantum fluid can rotate (see chapter 4), it is
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Figure 5.3: Effective potentials for light rays propagating in the Kerr metric with
a fast rotating central body, i.e., M < a. Diagram A corresponds to light with
angular momentum in the same direction as that of the black hole, in case B the
angular momenta are in opposite directions. r0 corresponds to the event horizon
and rs to the static limit. Plot B reaches its maximum for r = 0 this means
that particles with their angular momentum pointing in the same direction as
the star’s can come arbitrarily close to it and still escape. This is the case for
light with a sufficiently large impact parameter (low energy). This means that
there is no event horizon and therefore this case does not correspond to a black
hole. Particle with a small impact parameter always fall into the centre.

not quite suitable for our purpose. We are interested here in effects that happen
at very high medium velocities and (4.14) reaches the velocity of light already
for a finite value of r. Consequently, this vortex does not exhibit a real vortex
core. This problem can be solved by introducing an additional Lorentz factor

γ =

√
1 − W2

c2r2
(5.19)

in the denominator. Thus in the present section we consider the vortex with
the velocity profile

u =
W
γr

eφ. (5.20)

This leads to the four velocity

uµ =

(√
1 − W2

c2r2
,
W
r

eφ

)
. (5.21)

Note that there is no limit on the length of the spatial part of a four-velocity.
For the following discussion we will introduce a slightly changed representation
of the velocity vector. In the definitions of the vortex flow given above we
applied the normalized vector eφ. The problem is that this vector cannot be
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derived from the usual polar coordinates as a derivative ∂/∂r. It belongs to a
non-coordinate system of orthonormal bases. As this is not convenient for our
following calculation we introduce the coordinate vector

ēφ = reφ (5.22)

which takes into account the dependence of the circumference of circles with
constant r on the radius. So we can rewrite our vortex in the form

uµ =

(√
1 − W2

c2r2
,
W
r2

ēφ

)
. (5.23)

In order to be able to write the space-time metric ds2 generated by the moving
medium we need the covariant version of the four-velocity vector of the flow

uµ = ηµνu
ν (5.24)

where the Minkowski metric has to be used in the form valid in cylindrical
coordinates

ηµν = diag[1,−1,−r2,−1]. (5.25)

Applying now the formula for the metric induced by the medium (2.24) one gets

ds2 =
(

1
n2

− W2

c2r2
+

1
n2

W2

c2r2

)
dt2 − 2

(
1
n2

− 1
)W

c

√
1 +

W2

c2r2
dt dφ

−
(
r2 +

(
1 − 1

n2

)W2

c2

)
dφ2 − dr2 − dz2. (5.26)

Now we can recall the methods used in the discussion of the Kerr metric and
find the static limit and a potential event horizon for the metric induced by
the vortex flow. We should keep in mind that the metric (5.26) has physical
significance only for light propagating in the moving medium. But nevertheless
the discussion of fictitious massive particles moving according to this metric
leads us on the shortest way to interesting results. As before, we obtain the
propagation of light as the limiting case of a vanishing square of the momentum
vector. Thus we make again the ansatz of the momentum vector of a particle
at rest and obtain the result that rest is not possible for

r <
W
c

√
(n2 − 1). (5.27)

It does not come by surprise that the same condition defines the region where
the medium velocity is higher than the velocity of light in the medium, for r =√

(n2 − 1)W/c these velocities are equal. Thus the moving medium provides us
with a simple model of what happens at a static limit: the medium moves at
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the same velocity as the light in the medium. Therefore light propagating in the
medium in the opposite direction to the direction of motion of the medium will
be at rest for the external observer. Closer to the axis of rotation the medium
is faster than light and thus all light has to move in the same direction as the
medium. In our laboratory model we are in the comfortable situation that we
can look at the system from outside and we can, at least in theory, use objects
that are not subject to the metric of the medium. One might think of placing a
light source in the moving medium and watching the light being dragged away
in the medium. In real space-time a look from outside is not available to us,
but the geometrical model of light in moving media provides us with a method
of getting an intuitive feeling for what is going on in regions with more or less
extreme metrics. One should emphasize that this is of value in itself which is by
no means dependent on the possibility of actually performing these experiments.
The idea of interpreting the Schwarzschild metric as space flowing towards the
black hole has also been mentioned by Edward R. Harrison in his popular book
Cosmology: the science of the universe [34].

After these general remarks let us return to the discussion of the vortex
metric. We now want to answer the fundamental question: “Is the optical
black hole a black hole?” or putting it more technically: “Does the optical
black hole have an event horizon?” This is essentially the question that was
discussed in the comment [30]. To answer these questions we again turn to the
methods introduced for the Kerr metric, i.e., we ask if velocity vectors of the
form (1, 0,Ω, 0) in cylindrical coordinates correspond to allowed velocity vectors
in all space. As before we can calculate the range of allowed angular momenta
Ω from the unequality

(
1
n2

− W2

c2r2
+

1
n2

W2

c2r2

)
− 2

(
1
n2

− 1
)W

c

√
1 +

W2

c2r2
Ω2

−
(
r2 +

(
1 − 1

n2

)W2

c2

)
Ω > 0. (5.28)

This with the assumption that for some r there are no values of Ω such that
(5.28) is true lead to the condition

r2

n2
< 0 (5.29)

which obviously is never fulfilled. Consequently, the optical black hole is not
really a black hole as it does not have an event horizon, a fact that is in accor-
dance with our former results showing that light rays propagating with the flow
can come arbitrarily close to the vortex’ core.

In our opinion, one should nevertheless stick to the term optical black hole as
our results reached the larger public under this name. Finally, even in physics an
adjective-noun combination may have a new meaning not obviously deducible
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from the separate words, like angular momentum which does not mean a special
case of normal momentum, but describes a new entity.

The fact that the vortex does not have an event horizon does not mean that
it should not be possible to create horizons in moving media. One can easily
imagine that a black hole in the medium needs a radial component of flow, i.e.,
we need some kind of a sink in the centre. We suggest the simple flow profile:

u = −α
r
er (5.30)

where α is a constant. As before we introduce a correction factor 1/γ with γ
defined as in (5.19) but with W replaced by α. This leads to the four velocity
of the medium in the form

uµ =

(√
1 +

α2

c2r2
,
α

cr
er

)
. (5.31)

Note that here the co- and contravariant versions of the four velocity differ only
in the sign of the spatial part since ηrr = −1. Therefore we get for the metric:

ds2 =
(

1
n2

+
1
n2

α2

c2r2
− α2

c2r2

)
dt2 + 2

(
1
n2

− 1
)
α

cr

√
1 +

α2

c2r2
dt dr

+
(
−1 +

1
n2

α2

c2r2
− α2

c2r2

)
dr2 − r2dφ2 − dz2 (5.32)

and this leads to the condition for the horizon:

r <
α

cr

√
n2 − 1. (5.33)

As one would have expected we have thus created a “real” optical black hole
with an event horizon. The horizon corresponds to the region where the flow
reaches the velocity of light in the medium, beyond this line the medium is
moving so fast towards the sink that all light is dragged down the drain. The
present model allows us to discuss the idea of an optical white hole, which is
simply the time reversed version of our black hole. We only need to replace the
sink in the centre by a source and thus invert the flow of the medium. Then
the medium beyond the horizon is moving faster than light and thus pushes all
light that might appear within the horizon to larger values of r.

5.4 Black-hole potential in the moving medium

In section 5.2 we discussed a method used for calculations in general relativity
that allows to easily predict the most important features of particle and light-ray
propagation in the vicinity of black holes and similar structures. The objective
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of this section is to show how these methods – explicitely using the metric –
allow one to discuss even light propagation in moving media. We will discuss
the two flow profiles introduced in the preceding section, the vortex and the
“drain”. We begin our discussion with the latter. This corresponds to a setup
with the medium in cylindrical coordinates flowing radially towards a drain,
where it vanishes. The flow profile has the form given in equation (5.23) and
light propagation is governed by the metric (5.26). As in the cases discussed
in section 5.2 the system is symmetric under time translations and rotations
around the z axis and consequently we can write the contravariant momentum
four-vector as pµ = (−E, pr, L, 0) with the energy E and the angular momentum
L being constants of the motion. Now we calculate gµνpµpν using formula (2.24)
in order to find the contravariant metric tensor. We thus get

0 =
1
r2

(
L2 + 2Epr(n2 − 1)α

√
r2 + α2

+p2
r(r

2 − α2(n2 − 1)) +E2(α2 − n2(r2 + α2))
)
. (5.34)

To get the values of r for the turning points we set the derivative dr/dλ = pr

equal to zero. In contrast to the cases discussed before, where pr and pr only
differed by a factor of −1, here the relation is non-trivial because the metric
tensor has a non-vanishing t-r-component. We can calculate pr and get in
terms of pr and E

pr = grµp
µ =

prr2 + E(n2 − 1)α
√
r2 + α2

(n2 − 1)α2 − r2
(5.35)

which – when inserted into (5.34) – leads to

pr =
1
r2

√
E2n2r4 − L2 (r2 − (n2 − 1)α2). (5.36)

Setting pr equal to zero leads to the result for the potential V in the form

V (r) =

√
r2 − (n2 − 1)α2

nr2
L (5.37)

which has been plotted in Figure 5.4. The similarity with the potential of the
Schwarzschild black hole (Figure 5.2) is striking. All features observed in the
potential of the Schwarzschild metric can be found here as well: There is a
maximum corresponding to the unstable photon orbit and telling us that light
rays with a sufficiently high energy, i.e., sufficiently small impact parameter
inevitably fall into the centre. Furthermore, the potential becomes complex –
and thus meanigless – at the event horizon. Thus the “drain” model of the
black hole turns out to be very closely related to the Schwarzschild black hole
and can reproduce the general features of light motion in this metric.
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Figure 5.4: Effective potential for light rays propagating in a medium flowing
radially towards a sink. The potential is essentially the same as in the case
of the Schwarzschild black hole (Figure 5.2). This picture shows that the es-
sential features of real black holes can be recreated in the moving medium. r0
corresponds to the event horizon of the system. In this case the event horizon
coincides with the radius where the velocity of the medium becomes equal to
the velocity of light in the medium.

Let us, finally, turn our attention again to the original optical black hole
– the vortex profile. Proceeding along the same lines as in the discussion of
the Kerr metric we again assume that the light propagation can be described
by a momentum four-vector pµ = (−E, pr, L, 0) which has to be a null-vector.
Applying again equation (2.24) for the covariant metric, we

p2
r = E2

(
n2 +

(n2 − 1)W2

r2c2

)
− 2

EL

r3
(n2 − 1)

W
c

√
r2 +

W2

c2

+L2

(
(n2 − 1)W2

r4c2
− 1
r2

)
. (5.38)

As before we require that pr (= −pr) vanishes and we thus get a condition for
the turning points and consequently an equation for the potential:

0 =
(
n2 +

(n2 − 1)W2

r2c2

)
(E − V+)(E − V−). (5.39)

As in the case of the Kerr black hole we have two potentials, one of them should
be used for light with positive and the other one for light with negative angular
momentum. The two potentials have the form:

V± =
±c2nr2 + (n2 − 1)W√

c2r2 + W2

c2n2r3 + (n2 − 1)rW2
L. (5.40)

As in the case of the Kerr metric, we will only consider light with positive energy
and therefore are only interested in the parts of the potential diagrams where
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V± is positive. These diagrams are shown in figure 5.5. Diagram A shows the
effective potentials for light with positive angular momentum. The hatched area
corresponds to a forbidden region, i.e., the values of r that cannot be reached by
light with a given energy. The presence of forbidden radii leads to two different
kinds of possible light trajectories for any value of angular momentum. In one
case light is coming in from infinity, reaches the upper limit of the forbidden
interval – the outer turning point – and escapes to infinity again. The other
trajectory corresponds to light coming out of the vortex, reaching the lower limit
of the interval – the inner turning point – and falling back into the vortex. Both
limits tend to zero when the angular momentum is approaching zero from above,
i.e., for V/L diverging to infinity, but remain finite and well-separated for all
values. This means, in particular, that light with positive angular momentum
can come arbitrarily close to the vortex core without falling into it. Only when
the angular momentum becomes exactly zero light flies directly into the core.
For angular momenenta diverging to infinity the outer turning point diverges.
Thus the outer trajectory then correspond to light following a straight path at
infinity. Note that, as we discuss it in section 6.2, the path at infinity is still
influenced by the vortex flow due to the long-range nature of the chosen profile.
The inner turning point approaches r =

√
n2 − 1W/c for a diverging angular

momentum. This means that light emitted from the vortex core with a positive
angular momentum cannot get farther than that.

Diagram B shows the potential for negative angular momenta. Here the
potential reaches a maximum. When the absolute value of V−/L is below this
maximum, i.e., for high absolute values of the angular momentum, the situation
is essentially the same as in case A. The main difference is that there is a
minimal value for the inner turning point which is equal to the static limit. As
soon as |V−/L| becomes larger than the maximum, light coming from infinity is
swallowed by the vortex as no potential barrier is present here. |V−/L| reaches
its maximum at the radius of the unstable photon orbit, i.e., at this radius light
can propagate on a circular trajectory around the core.

Although the method presented here allows us to avoid the trigonometric
functions appearing in Paper Two it is still quite cumbersome and not par-
ticularly illuminating. The features deduced here from the potential picture
correspond to the trajectories dipicted in figures 2A and 3A and B of Paper
Two. Note that the same parameters have been used for the potential pictures
and the trajectory plots. The circle in Figure 3A of Paper Two appears at the
maximum of Figure 5.5 B whereas the radius where the trajectiories change
their direction of motion around the vortex core corresponds to the static limit.
Although having a negative angular momentum the light has to propagate in
the direction of flow showing that frame dragging can be observed in the rotat-
ing medium. On the other hand light can come out of the vortex and fall back
into it with the distance between the inner and outer turning points decreasing
with increasing energy. Examples of trajectories corresponding to diagram 5.5
A are shown in figure 2B of Paper Two.

43



Obviously, the methods used for the discussion of light trajectories in Paper
Two led to most of the results presented here. But, when compared, it turns
out that the potential method of the general theory of relativity leads to the
complete results in a much faster and simpler way. Furthermore, our discussion
gives an example of how the mathematical equivalence of light in moving media
and light in a gravitational field can be used for practical calculational purposes.
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Figure 5.5: Effective potentials for light rays propagating in the vortex profile,
i.e., in the original optical black hole. Picture A shows that there is a potential
barrier for all light rays with a positive value of angular momentum, the hatched
region corresponding to a forbidden zone. Since the barrier gets arbitrarily close
to zero, light rays coming in from infinity can get arbitrarily close to the vortex
core without falling into it. This is different from the case of the Kerr black hole
and shows that the optical black hole is not a black hole in the usual sense of the
word. The potential for the negative-angular-momentum case shown in diagram
B resembles that for the Kerr metric (Figures 5.2 and 5.3). In particular, one
observes a maximum of the potential. This means that light rays with angular
momenta within a whole range (with −V−/L larger than the maximum in B)
can fall into the core.
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Chapter 6

Light in slowly moving
media

In the preceding chapter we discussed the deep analogy between light propaga-
tion in a gravitational field and in an idealized moving dielectric medium. While
leading to interesting theoretical insights, the discussion is of little experimental
importance because the interesting effects need medium velocities that are at
least comparable to the velocity of light in the medium. For nondispersive me-
dia as those considered in the discussion the index of refraction hardly exceeds
the value of 2. Unfortunately, it is hard to imagine that it will ever become
possible to create vortices in the laboratory with fluid velocities reaching locally
values of about c/2. In a real experiment one has to content oneself with much
lower velocities. There are several ways out of the dilemma. One solution is to
use a signal that is slower than light. This means using sound and thus creating
acoustical black (dumb) holes. This approach is widely used and there is good
prospect for experiments in the near future. While a few years ago it seemed
that only sound is a good candidate for a slow signal in the medium it turned
out that even light can be slowed down to surprisingly low velocities of meters
per second. The light velocities in these special slow-light media bring us much
closer to real medium velocities. The black hole in the slow-light medium is
discussed in Section 6.1. Finally, one may want to stick to the setup with light
propagating in a nondispersive medium but concentrate on effects observable
in the region far outside the vortex core where the medium is moving slowly.
While relativistic effects are not observable in this region, the approximations
applicable to a slowly moving medium lead to another interesting analogy. It
turns out that in this approximation the velocity of the medium acts on light in
the medium as a vector potential acts on charged particles. Consequently, our
vortex corresponds to an optical version of the Aharonov-Bohm effect. This is
described in section 6.2.
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6.1 Slow Light and Optical Black Holes

In 1999 even the general press published articles reporting about experimental
setups allowing to slow down light propagating in a medium to velocities much
smaller than what one is used to call the velocity of light. The scientific back-
ground to these stories was that the group of Lene Vestergaard Hau at Harvard
University succeeded in slowing down a light pulse propagating in a sodium
Bose-Einstein condensate to a velocity of 17 m/s [3]. An analogous effect was
observed in Rubidium vapor [35]. In the meantime it even became possible to
bring light to a standstill [36].

The low group velocities are not due to a very high value of the nondispersive
index of refraction n. They are a result of the very strongly dispersive character
of the medium, i.e., the index of refraction n depends strongly on the frequency
of light. We should emphasize that the results presented here have to be inter-
preted carefully. We mentioned that the problem of the nondispersive model
presented in the preceding chapter is the high value of the velocity of light in
the medium. In the media to be discussed here the group velocity of light be-
comes very low. This suggests the interpretation that the objects propagating
in the moving medium are some kinds of wave packets, light particles pulled
into the black hole by a flow moving faster than the light. This interpretation is
misleading, an actual experiment would be performed with plane waves which
propagate at velocities very close to the vacuum velocity of light. The effect is
then rather due to the very strong position dependence of the phase velocity
and not the low value of the group velocity. Obviously, it is still remarkable,
that the slow light media allow for much higher values of the critical radius of
an optical black hole, but one should be careful not to draw to far reaching
conclusions from this fact.

Light in a dispersive medium obeys the wave equation

k2 − ω2

c2
− χ(ω)

ω2

c2
= 0 (6.1)

where χ = n2 − 1 is the susceptibility. A wave group in a dispersive medium
moves at the group velocity

vg =
dω

dk
=
(
dk

dω

)−1

. (6.2)

Using equation (6.1), we get for the group velocity

dω

dk
=
(√

1 + χ

c
+
ω

c

dχ

dω

1
2
√

1 + χ

)−1

. (6.3)

Consequently, a strong dependence of the susceptibility on the frequency leads
to a small value of the group velocity. To achieve the strong dispersion an effect
called electromagnetically induced transparency (EIT) has been applied.
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Figure 6.1: Three level system needed for the creation of electromagnetically
induced transparency. A strong drive laser field couples the levels a and c,
making the medium transparent for the weak probe laser tuned to the transition
a↔b.

Electromagnetically induced transparency is an effect of quantum coherence
with three atomic levels in an approximate Λ configuration being involved (see
figure 6.1). For the creation of EIT two lasers are needed. One of them – the
probe laser – is tuned to the frequency of the transition between the upper
level (a) and one of the lower levels (b). It is the propagation of this beam
we are actually interested in when performing the experiment. With only the
probe laser present, its light would be absorbed by the medium very fast. The
situation changes as soon as the second laser – the drive laser – is used. The
drive laser light is strong and it is tuned to the transition between the upper
state and the second of the lower states (c), creating a quantum interference
that makes the medium effectively transparent to the probe beam. When both
lasers are tuned exactly to their respective transition energies both the real and
imaginary parts of the susceptibility vanish. Thus the probe light will propagate
through the medium without loss and at the vacuum velocity of light. In Fig.
6.2 the dependence of the susceptibility on the detuning is shown. A detailed
discussion of the effect can be found in the book by Scully and Zubairy [37]. A
comprehensive account of the theory of slow light is given in [38].

Two points are important in figure 6.2. First the imaginary value of the
susceptibility vanishes at the resonance frequency. Thus the medium becomes
perfectly transparent in the case of resonant light. Without the drive laser this
light would be completely absorbed by the medium. The second point is the
strong linear dependence of the real part on the detuning of the probe leading
to a low value of the group velocity. In Paper Three we used a simplified model
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Figure 6.2: Susceptibility for the probe laser beam in electromagnetically in-
duced transparency. The plot shows the dependence of the real (whole lines)
and imaginary (dashed lines) parts of the susceptibility χ on the detuning ∆
of the probe beam. The drive beam is assumed to be on resonance. Arbitrary
units are used.

of EIT. We assumed the susceptibility to be of the form

χ(ω′) =
2α
ω0

(ω′ − ω0) + O
(
(ω′ − ω0)3

)
(6.4)

with ω0 being the resonance frequency of the a ↔ b -transition. We neglected
the imaginary part of the susceptibility χ and assumed the real part to be linear
close to resonance.

In the setup we discuss in Paper Three the medium is moving relatively
to the light source. Consequently, the light frequency in the rest frame of the
medium is different from the frequency in the frame of the light source. But it
is the frequency in the local frames of the medium particles that fixes the value
of the susceptibility and so the susceptibility will depend on the velocity of the
medium. Thus the frequency dependence of the susceptibility comes into play.
Although the probe light is assumed to be monochromatic, while transforming
the wave equation (6.1) into the laboratory system we have to keep in mind
that the frequency appearing in the argument of the susceptibility is still the
frequency in the rest frame of the medium. We get for the wave equation

k2 − ω2
0

c2
− χ(ω′)

ω′2

c2
= 0, ω′ =

ω0 − u · k√
1 − u2/c2

(6.5)

where ω0 is the frequency of the probe laser. In equation (6.5) the relation
between frequency and wave vector can become very involved. For our purpose
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we use the susceptibility in the form (6.4), expand the wave equation (6.5) to
second order in u, and get

k2 − 4
(
k · u

c

)2

α+ 2
u
c
· kαω

c
−
(

1 +
u2

c2
α

)
ω2

c2
= 0. (6.6)

Since this equation is quadratic in k and ω we can rewrite it in the form

gµνkµkν = 0, (6.7)

with the definition

kν =
(ω
c
,−k

)
(6.8)

and the metric tensor

gµν =


 1 + αu

2

c2 αu
c

αu
c −1 + 4αu⊗ u

c2


 . (6.9)

Thus even the propagation of light in a highly dispersive medium can be de-
scribed with the help of a metric tensor in the spirit of general relativity. Note
that the precise result for the wave equation (6.6) strongly depends on the ap-
proximations made. Using higher orders in the expansion of the wave equation
(6.5) or in the expansion of the susceptibility would create higher terms in k
and ω. In that case, no relativistic model would be valid anymore. Note also
that the susceptibility (6.4) is only valid within a narrow frequency range. If
the frequency detuning due to the Doppler effect of the moving medium exceeds
this range our analysis is not applicable anymore. However, one may compen-
sate for the overall Doppler detuning in the particular region of the flow one
is interested in, by adjusting the frequency of the probe light. As long as we
accept our model and the approximations made, all the techniques used in the
case of the nondispersive medium can be used once again.

The particular example of a flow is the same as we have used in the case of
the nondispersive medium. Again we consider the velocity profile in the form of
a vortex (5.21). As discussed in the previous section, light rays are null geodesics
of the metric (6.9) and the vortex acts as an optical black hole (in the generalized
sense) that can swallow light rays coming too close to it. Note a small difference
of the black hole when compared to the nondispersive case. In the nondispersive
case only light rays propagating in the direction opposite to the flow can fall into
the black hole. They do so when they come to close to the core of the vortex.
Light rays propagating with the flow could come arbitrarily close to the vortex’
core and still escape. In the dispersive medium this not the case. Here two
kinds of critical radii are possible. Whereas the soft critical radius corresponds
to that encountered in the nondispersive case, the hard critical radius is a new
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feature. All light rays coming closer to the core than the radius fall into it.
But even this radius does not constitute a real event horizon. Light with an
initial momentum pointing outwards are still able to escape. Obviously, this
description gives only a vague idea of a possible experiment. As mentioned
before in a real experiment it would not be light rays but rather plane waves of
monochromatic light that would be used. Furthermore the hard critical radius
is, due to a high velocity, beyond experimental feasibility. It might even be an
artifact of the approximation valid only over a narrow velocity range.

But nevertheless, the soft critical radius might be possible to create in a real
experiment. A plane wave that passed through such a vortex should show a
clear trace of this encounter thus representing a lab model of a light wave which
came close to some interesting astronomical object.

6.2 The optical Aharonov-Bohm effect

The spectacular effects described in the preceding chapter needed extremely
high medium velocities, i.e., the possibility of creating a vortex that would re-
main stable very close to the vortex core. The application of slow light suggested
in the preceding section brings us closer to the realization of an optical black
hole, but the creation of a slow light medium requires an immense experimental
machinery. But light propagation through a vortex allows observing interesting
effects even with more modest experimental means. One can confine the atten-
tion to nondispersive media and regions of the vortex where the flow is relatively
slow, i.e., far from the vortex core. This allows expanding the Hamiltonian for
light in the moving medium (2.27) to first order in u/c – u being the velocity of
the medium – to get

H =
c

n
k +

(
1 − 1

n2

)
u · k. (6.10)

Applying Hamilton’s equations (2.28) we get the velocity

v =
dx
dt

=
c

n

k
k

+
(

1 − 1
n2

)
u. (6.11)

We are free to rescale the velocity by multiplying it by k, the modulus of the
wave vector k and thus get

w = kv. (6.12)

Rewriting the equation of motion in terms of w yields

dw
dt

=
(

1 − 1
n2

)
(∇× u) × w. (6.13)
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This resembles strongly the equation of motion for a charged particle moving
in a magnetic field. In this analogy, u corresponds to the vector potential and
w to the velocity. In case we choose the vortex (4.14) as the velocity profile we
arrive at an analogy to the Aharonov-Bohm effect.

The Aharonov-Bohm effect [39] played an important role for the understand-
ing of quantum mechanics. It corresponds to a situation where a vector potential
influences an electron in a region where no magnetic field is present. The vector
potential is of the form

A = A0
eφ

r
(6.14)

and is created by a thin solenoid. While the magnetic field is strong inside the
solenoid it vanishes outside. But electrons passing by the solenoid are influ-
enced by the vector potential even if they do not penetrate the solenoid. Their
trajectories are unchanged, but their wave properties change leading to altered
interference patterns. The unchanged trajectories are well in accordance with
the predictions of classical mechanics. A version of the Aharonov-Bohm ef-
fect involving a water vortex and surface waves together with its experimental
realization has been discussed in [40].

Charged particles moving in an Aharonov-Bohm potential acquire only a
phase shift, but their velocity is unchanged as there is no force acting on them.
In our case w is constant, but the modulus of the real velocity v changes. That
the velocity cannot stay unchanged is already clear from Fresnel’s formula (2.9)
because the rays pass through regions with varying flow velocities. In particular,
rays passing on two different sides of the vortex’ core will move with different
velocities, as one of them propagates with the flow and the other against it.
But it is still remarkable that the rays are not bent, as it would happen in most
other nontrivial velocity profiles in this approximation. As long as we are only
interested in trajectories or stationary wave phenomena, light in the vortex and
the Aharonov-Bohm effect are fully equivalent. This can be seen from figure 1
of Paper Two.

Instead of (6.10) one can introduce a new Hamiltonian for light in the vortex
corresponding to a rescaled time parameter. In order to find this Hamiltonian
we start from the wave equation (2.15) to first order in u/c and choose n2ω2/c2

as our new Hamiltonian. We get

H = k2 + 2ω
n2 − 1
c2

u · k. (6.15)

But as long as we want to be exact to first order in u/c only we can always add
a quadratic term, and get

H =
(
k + ω

n2 − 1
c2

u
)2

, (6.16)
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a Hamiltonian having the same structure as that of a charged particle propa-
gating in a magnetic field. This shows the analogy between light and charged
matter waves. In writing the last expression, one should keep in mind that the
quadratic term has been added only to make the expression look nicer and to
show the similarity with the magnetic case. But this expression is different from
the correct second-order expansion of the Hamiltonian and may be used only
when the second order term can be neglected. Note that a magnetic model
can also be introduced for the slow light medium. As we point out in Paper
Four this approximation corresponds to the metric tensor (6.9) in first order in
an expansion with respect to the parameter u/√vgc with vg being the group
velocity in the slow light medium.

With modern interferometric methods it should be a rather simple task to
perform an experiment showing the optical Aharonov-Bohm effect. As it is one
of the simplest experiments in the field it is quite surprising that there are no
reports of such experiments having been performed. A solution for the wave
pattern in the optical Aharonov-Bohm effect is given in Paper Four together
with a picture of the wave. This is compared with the form of the wave fronts
as calculated from the full Hamiltonian (2.27).

The optical Aharonov-Bohm effect has a special importance for all the work
presented here as it was the starting point of all our thinking about light in
moving media.
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Chapter 7

Conclusions

In the present thesis I discuss simple models concerned with electromagnetic
fields in dielectric media. In Paper One the quantum version of the Röntgen
effect is discussed. We show that a vortex in a quantum medium can create
a magnetic field equivalent to that of a monopole. Paper Two discusses the
motion of light rays in moving media. In this paper only the case of nondisper-
sive media is addressed. We show that a moving medium defines a space-time
metric for light that is propagating along null geodesics defined by this medium.
An appropriately chosen flow profile, e.g., a vortex allows to recreate important
features of a black hole. An actual experiment using the connection between
moving dielectrics would have to employ slow light media, where the group
velocity of light is reduced by many orders of magnitude due to the effect of
Electromagnetically Induced Transparency. The theory of a relativistic descrip-
tion of light propagation in this kind of media is given in Papers Three and
Four. In Paper Five a theory of light propagation in an inhomogeneous medium
at rest is presented. In this case a three-dimensional metric can be introduced
with the light following geodesics of this metric and the polarization vectors be-
ing parallel transported along the ray. A generalization of these considerations
to the four-dimensional case is presented in the introductory chapters of the
present thesis.

The further development of the fields presented in this thesis will be twofold.
On one hand some of the ideas should finally find an experimental realization.
There are not many fundamental obstacles on the way to the observation of the
quantum Röntgen effect or the optical Aharonov-Bohm effect. It is probably
mostly a question of interest among the experimental groups. It would be
particularly interesting to observe the quantum version of the original Röntgen
experiment – involvoing an array of vortices. The observation of relativistic
effects in slow light media will take more effort and will be preceded by the
observation of acoustical black holes. Those experiments may contribute with
valuable experience. Obviously, the work presented in this thesis only gives a
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very general theoretical idea of how such experiments might be performed and a
lot of work for the experimentalists remains to find adequate technical solutions.

From the theoretical point of view, the other expected direction of develop-
ment may be even more exciting. We gave a model of general relativity based
about light propagation in a moving medium. Light in a dielectric is a well-
known phenomenon even when it comes to its quantum nature. Therefore also
a quantum description of the relativistic model should be available. Thus one
might think of drawing conclusions on the nature of gravitation from the model.
Or, finally, even perform experiments showing quantum relativistic effects like
the Hawking radiation. At the moment this idea is rather fiction than science
but it shows a long-term direction in which research can go.
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Appendix A

Fundamental Ideas of
Differential Geometry and
General Relativity

It cannot be the aim of the present work to present a comprehensive account
of the ideas of general relativity, but since the description of electromagnetic
phenomena in moving media shows a far-reaching similarity to the description
in a curved space we want to briefly introduce the main concepts.

The fundamental concept is that of a metric, i.e., in the simplest sense
the rule telling us how to calculate the length of a vector. Let aµ, with µ =
(0, . . . , 3), denote the components of a vector. Then the metric allows us to
calculate its length via the formula:

|a|2 =
3∑

µ=0

3∑
ν=0

gµνa
µaν = gµνa

µaν . (A.1)

In the last term we have applied Einstein’s summation convention, i.e., we sum
over all repeated indices. gµν is a symmetric tensor called the metric tensor. The
metric is often written in terms of ds – the “infinitesimal element of length.” In
order to give this notion a concrete meaning one introduces the “differentials”
dxµ and thus gets for the metric

ds2 = gµνdx
µdxν . (A.2)

In special relativity the metric can be described by the Minkowski tensor

ηµν =




1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1


 (A.3)
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which leads to

ds2 = (c dt)2 − dx2 − dy2 − dz2. (A.4)

One should be careful when interpreting this expression, because the idea of the
metric as an infinitesimal length might be rather misleading. The expression
should be understood as describing the contribution of the different components
of a vector to its length. In that sense the differentials dxµ should actually be
seen as what mathematicians call forms, fields of scalar valued linear mappings
on the tangent spaces. This means that a form defines at every point in space
a linear mapping of vectors defined in this points into the real numbers. The
differential dxµ should then be seen as the form dual to the basis vector eµ, i.e.,

dxν(eµ) = δν
µ. (A.5)

It is often very convenient to use a metric in the form (A.4) because it can
be transformed into a new frame when the forms dxµ are simply treated as
differentials and the chain rule is applied. One more point should be mentioned.
We called aµ a vector, but essentially this is only the collection of the vector’s
components in some basis. The whole vector should be written as

acon = aµeµ (A.6)

where the numbers aµ are the components, whereas eµ are the basis vectors. In
the language of mathematicians a is a vector, for physicists it is a contravariant
vector. A covariant vector should be written as

acov = aµdx
µ (A.7)

and will be called a form by mathematicians. We used the same letter for both
the co- and contravariant version of a vector. This is not the usual procedure in
mathematics where usually a greek letter, ω is particularly popular, is used for
the forms. This indicates that the relation between a co- and a contravariant
vector is not as intimate as it might seem. The metric defines which covariant
vector is the counterpart of a given contravariant one. One can calculate its
components via the formula

aµ = gµνa
ν . (A.8)

Sometimes different metrics are used in the same space, e.g., in the main text
the conformal transformation of a metric is discussed, i.e., one introduces a new
metric tensor g̃µν = Ω2gµν by multiplying the original one by some scalar field
Ω2. One sees immediatly that in the new metric, the covariant partner of a
vector will be different from before. In special relativity the metric in the whole
space is constant and of the form (A.3) if an appropriate system of coordinates
is applied. In general coordinates, the components of the metric will differ from
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(A.3) and may depend on position but the crucial property of the world of
special relativity is that the metric can always be brought into this form in the
whole space.

In the spaces discussed in the general theory of relativity this is usually
not the case, the metric used there is fundamentally different from (A.3). The
metric tensor can then be put into this form only at chosen points, but not in a
whole region. This leads to several complications. In the space equipped with a
Minkowski metric there is a natural – canonical – choice of coordinates. These
are the coordinates where the metric has the standard form (A.3). In this case
two vectors defined at different points can be said to be parallel if they have the
same coordinates because the basis vectors are equal in all space.

When a canonical system of coordinates is not available one has to look for
new ways of defining what it means for two vectors at two different positions
to be parallel. One should keep in mind that vectors defined at two different
points in space live in different tangent spaces and there is no a priori way of
telling which vector in one space corresponds to some vector in another space.
Thus although both spaces have equivalent structures there is no canonical
mapping between them and calling two vectors equal whenever they have equal
components does not create any practical procedure as the coordinates can be
chosen in both spaces independently. The concept of things being equal is
strongly connected to the concept of a derivative, the vanishing of a derivative
telling us that some object does not change. This can be used as a starting
point for our further discussion.

In the general case, i.e., when no natural system of coordinates is present
or a curvilinear system is used, e.g., polar coordinates, differentiating a vector
cannot be reduced to differentiating the vector components, but one has to make
sure to also differentiate the basis vectors in (A.6). Thus in the full derivative
the partial derivatives of the vector components have to be supplemented by
additional terms accounting for the change of the basis vectors. The whole
derivative of a vector can then be written as

∇αv
β = ∂αv

β − Γβ
αµv

µ (A.9)

where the last term – called a connection in mathematics – accounts for the
changes of the basis. In case of objects with more than one index a connection
term for every index is needed and it is added for lower indices and subtracted
for upper ones. Thus, e.g., a covariant second rank tensor Aµν has the covariant
derivative

∇αAµν = ∂αAµν + Γβ
αµAβν + Γβ

ανAµβ . (A.10)

A derivation of these expressions can be found in all books on general relativity
[14, 17, 33]. The expression (A.9) does not yet define the derivative in a unique
manner. One more condition is needed and, as we will explain now, one obtains
the physically most sensible choice by requiring that the covariant derivative
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of the metric tensor vanishes. As we have mentioned before, one can always
find a transformation of coordinates that transforms the metric tensor into the
Minkowski form at some chosen point thus introducing a local Lorentz system
at this point. When the metric is created by a moving medium the local Lorentz
frame corresponds to an orthogonal frame moving with some fluid droplet. Ac-
cording to the equivalence principle general relativity is based on, all laws of
physics have locally the same form in this system as they have globally in the
flat space of special relativity. This means, in particular, that the partial deriva-
tives of the basis vectors vanish and the covariant derivatives reduce to partial
derivatives of components. The metric tensor in a Lorentz system is constant:

∂µgαβ = 0. (A.11)

As the partial derivative in this equation is also the correct covariant derivative
at that point it will transform into the covariant derivative when the coordinates
are changed. As this procedure can be performed at any point in space we arrive
at the equation:

∇µgαβ = 0. (A.12)

Taking this result into account makes the covariant derivative unique because
it leads to the expression

Γα
βγ =

1
2
gαµ(∂γgµβ + ∂βgµγ − ∂µgβγ) (A.13)

for the Christoffel symbol that can be derived after some juggling with indices.
Note that the Christoffel symbol is symmetric when the two lower indices are
interchanged. Obviously, when a conformal transformation is performed on the
metric, the Christoffel symbol changes. This shows that the covariant derivative
depends on the metric.

Having introduced the concept of a generalized derivative – the covariant
derivative – we now can introduce the concept of geodesics and parallel trans-
port. In flat space it is an obvious concept to say that two vectors at different
points are “the same vector”. As we mentioned before it is not that easy in
the general space. Both vectors have to be at the same point to be compared.
Therefore one of them has to be transported to the other location and to make
sure that it is still the same vector when we arrive we require that the derivative
in the direction of the way vanishes during the whole journey. Thus calling the
tangent vector of the curve one wants to transport the vector along tα and the
vector to be transported vβ we get the condition for parallel transport:

tα∇αv
β = 0. (A.14)

The directional derivative can be seen as a derivative with respect to the curve
parameter. Calling the parameter λ we can rewrite equation (A.14)

Dvβ

dλ
=
∂vβ

∂λ
+ Γβ

αγt
γvα = 0. (A.15)
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where following the convention used in [33] we introduced the capital D as
symbol for the covariant derivative with respect to a parameter. Taking into
consideration that the tangent vector tα itself is a derivative we can rewrite
(A.15) as

∂vβ

∂λ
+ Γβ

αγ
dxγ

dλ
vα = 0. (A.16)

These identities define parallel transport in a strict sense, requiring that the
length of the vector remains unchanged during the transport. In a wider sense
one can still speak of parallel transport when only the condition

tα∇αv
β = avβ (A.17)

is fulfilled. a is some scalar field defined on the curve. This general definition
of parallel transport does not require the length of the vector to be constant
along the curve. Analogously, parallel transport can be defined for any other
kind of tensor. In special relativity, a particle moving freely follows a straight
trajectory and keeps a constant velocity. So we can say that in free motion the
velocity vector, i.e., the tangent vector is parallel transported. This allows us
to generalize free motion in curved spaces requiring the condition

tα∇αt
β = 0 (A.18)

to be fulfilled. Note that equation (A.18) remains unchanged only under a class
of parameterizations. When the parameterization is changed in a non-affine way
the length of the velocity vector tµ changes along the curve. This creates an
additional term parallel to tµ analogous to the right-hand side term in (A.16).

Even the geodesic equation can be rewritten in a form analogous to (A.16)
to give the coordinate form

d2xβ

ds2
+ Γβ

µν
dxµ

ds

dxν

ds
= 0 (A.19)

where the curve length s had to be used as parameter. Note that this parame-
terization cannot be used in the case of light because the curve length vanishes;
in that case light follows null-geodesics. The velocity vector has then to be
replaced by the contravariant wave vector kµ and another curve parameter has
to be applied. The generalization of parallelity to curved spaces in the form of
equation (A.14) seems simple and obvious but when compared to flat space it
has a crucial set-back: it leads to different results depending on the way the
vector is transported along, i.e., transporting some vector to another place will
give different results for different curves and – even more strangely – a vector
parallel transported along a closed path will usually not return to itself. This
failure is one of the signatures of space curvature and allows one to distinguish
spaces that are intrinsically curved from those where simply an unusual system
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of coordinates has been chosen. Other signatures of a curvature of space are the
geodesic deviation and the failure of covariant derivatives to commute. A mea-
sure of curvature is Riemann’s curvature tensor which has the following form
when written in coordinates:

Rα
βγδ = ∂γΓα

βδ − ∂δΓα
βγ + Γα

µγΓµ
βδ − Γα

µδΓµ
βγ . (A.20)

Having as many as four indices the Riemann tensor leaves much space for dif-
ferent definitions. The definition presented here is the one used by Landau and
Lifshitz [14] and Misner et.al. [33]. In flat space two particles moving along
geodesics, i.e., straight lines, may approach each other or drift apart, but the
distance is always a linear function of the curve parameter. Therefore the sec-
ond derivative of the distance has to vanish. This is not the case in curved space
where we get for the geodesic deviation the equation

D2nα

dλ2
+Rα

βγδu
βnγuδ = 0, (A.21)

where uβ is the tangent vector to the geodesic and nβ is a vector pointing
towards the point with the same time parameter on another geodesic. Another
property of curved spaces is the fact that derivatives do not necessarily commute.
This can be expected already from the explicit form of the covariant derivative
because usually the Christoffel symbols will depend on position and therefore
their partial derivatives will not vanish. The measure of the non-commutative
property is again the curvature tensor. Thus we get for the commutator of two
covariant derivatives applied to a vector:

[∇α,∇β ]vγ := (∇α∇β −∇β∇α)vγ = Rγ
αδβv

δ. (A.22)

In the case of objects with more indices than a vector, the commutator consists of
as many terms as there are indices. This means in particular that two derivatives
applied to a scalar field always commute. Now one should mention two further
definitions of contracted curvature tensors, the Ricci tensor:

Rγ
αγβ = Rαβ (A.23)

and its contracted version the scalar curvature

R = Rα
α. (A.24)

All the discussion of general relativity given here sees the curvature as something
passive, something given from outside. But general gelativity is also the theory
of curvature as an active participant that not only influences physical processes
but is influenced itself. For completeness we give the Einstein equation, the
equation describing the evolution of space time:

Rµν − 1
2
gµνR = 8πTµν . (A.25)
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Einstein’s equation connects the curvature of space-time to the energy-momentum
tensors of all fields that are subsumed under the common symbol Tµν . Conse-
quently, all physical processes are sources of the gravitational field. One should
note that not the whole curvature tensor but only the Ricci tensor enters Ein-
stein’s equation. This means that a vanishing energy-momentum tensor does
not necessary lead to a vanishing curvature. Due to the strongly non-linear
structure of Einstein’s equation, finding new solutions is an extremely tedious
task.
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[6] W.C. Röntgen, Ann. Phys. Chem. 35, 264 (1888)

[7] U. Leonhardt and P. Piwnicki, Phys. Rev. Lett. 62, 055801 (2000)

[8] Ch. Møller, The Theory of Relativity (Oxford University Press, Oxford,
1972)

[9] A. J. Fresnel, Ann. Chim. Phys. 9, 57(1818)

[10] H. Fizeau, C. R. Acad. Sci. (Paris) 33, 349(1851)

62



[11] E.J. Post, Rev. Mod. Phys. 39, 475 (1967)

[12] H. Lefevre, The fiber-optic gyroscope, Artech house, Boston, 1993

[13] W. Gordon, Ann. Phys. (Leipzig) 72, 421 (1923)

[14] L.D. Landau, E.M. Lif̌sic Teorija polja(Nauka, Moskva, 1988)[Engl. trans-
lation: L.D. Landau and E.M. Lifshitz, The Classical Theory of Fields
(Pergamon, Oxford, 1974)]

[15] E. Cartan, Ann. Ec. Norm. 41, 1 (1924)

[16] H. Weyl, Space-Time-Matter, Dover Publications, New York, 1951 (First
German edition: H. Weyl, raum-Zeit-Materie, Springer, Berlin, 1918)

[17] R.M. Wald, General Relativity, The University of Chicago Press, Chicago
and London, 1984

[18] L.D. Landau, E.M. Lif̌sic Ėlektrodinamika splošnych sred (Nauka, Moskva,
1992) [Engl. translation: L.D. Landau and E.M. Lifshitz, Electrodynamics
of continuous media (Pergamon, Oxford, 1984)]

[19] H. Minkowski, Nachrichten der K. Gesellschaft der Wissenschaften zu
Göttingen, math.-phys. Klasse, 53, 1908

[20] S. Solimeno, B. Crosignani, and P. DiPorto, Guiding, Diffraction, and Con-
finement of Optical Radiation, Academic Press, 1986
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