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Sammanfattning 
Elhybridfordon (HEV) har ökat i popularitet över hela världen pgg sin låga bränsleförbrukning, 

vilket har minskat efterfrågan på olja. Detta gynnar i hög grad miljön, eftersom detta leder till 

mindre utsläpp och följaktligen en lägre växthuseffekt. Därför pågår aktiv forskning inom detta 

område med en ökad efterfrågan på nya och bättre strategier för bränsleförbrukning. 

Många olika metoder för energihantering av HEV använder en särskild metod; dynamisk 

programmering. Dynamisk programmering ger ett optimalt globalt resultat men på bekostnad av 

längre beräkningstider. Den mest använda metoden för att motverka denna typ av problematik i 

högdimensionella system är Approximate Dynamic Programming (ADP). 

Denna avhandling undersöker och beskriver litteraturen på de olika metoderna för ADP tillämpade 

på HEV samt en genomförandefas som visar en minskning av beräkningstiden för ett HEV-

problem gällande energihantering. 
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Abstract 
Hybrid Electric Vehicles (HEV) have been gaining popularity worldwide for their efficient fuel 

consumption and therefore an overall reduction in the oil demand. This greatly benefits the 

environment since this leads to lesser emissions and hence lower greenhouse effect. Therefore 

research in this field is very active with a demand for new and better fuel consumption strategies. 

Many different methods for the energy management of HEV are being used, one particular method 

which promises global optimality is Dynamic Programming. Dynamic Programming yields a 

global optimum results but suffers from high computation cost. Among the different methods to 

counter this curse of dimensionality one of the popular is Approximate Dynamic Programming 

(ADP).    

This thesis investigates the literature on the different methods of ADP applied to HEV and an 

implementation showing a reduction in the computation time for a specific HEV energy 

management problem.  
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NOMENCLATURE 

 

Abbreviations 

DP Dynamic Programming 

ADP Approximate Dynamic Programming 

HEV Hybrid Electric Vehicle 

ICE Internal Combustion Engine 

EM Electric Motor 

EMS Energy Management Strategy 

PMP Pontryagin’s Minimum Principle 

ECMS Equivalent Consumption Minimization Strategy 

DDP Deterministic Dynamic Programming 

IDP Iterative Dynamic Programming 

SoC State of Charge 
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1  INTRODUCTION 

This introduction contains the background information regarding the importance of optimal fuel 

consumption in HEVs as well as motivation for further research. 

 

1.1 Background 

The global increase in car density and the price increase of the limited oil resources along with 

environment emissions have led to the development of Hybrid Electric Vehicles (HEV) [1]. The 

sale of HEV’s have been showing an upward trend as seen that only in the United States alone the 

sale of HEV’s rose from just 17 in the year 1999 to 317,507 in the year 2012 [2].  

HEVs utilize another energy source along with Internal Combustion Engine (ICE) to reduce the 

fuel consumption. This energy source is usually an Electric Motor (EM) with a battery providing 

the power supply to the motor. Also different orientations of HEVs are available namely series, 

parallel and combined. 

The challenge for the development of a HEV is how to coordinate power flow control of both the 

mechanical and electrical path. This leads to a need for an Energy Management Strategy (EMS). 

This EMS or in other words control strategy is implemented in the vehicle’s central controller in 

the form of an algorithm which regulates the drive train of the vehicle. The main objective of the 

EMS is to minimize the total fuel consumption in a manner that the driver’s power demand is 

delivered along with enforcing system and component level constraints.  

When this EMS is formulated in an optimal control frame work, it becomes a nonlinear, 

constrained and dynamic optimization problem. By assuming full knowledge of future driving 

conditions, Dynamic Programming (DP) can be used to ensure a global optimal solution. DP 

represents the best possible solution for solving this optimal control problem by using discretized 

time, state space and inputs.  

 

1.2 Problem Description 

The EMS of a HEV is not a trivial task and to achieve the optimum fuel consumption different 

control methods are used. The three most common methods for optimal control of HEV fuel 

consumption are Dynamic Programming (DP), Pontryagin’s Minimum Principle (PMP) and 

Equivalent Consumption Minimization Strategy (ECMS). A comparison of these three can be 

found in the doctoral thesis of Lorenzo, “A Comparative Analysis of Energy Management 

Strategies for Hybrid Electric Vehicles” [3].  Also other different energy management strategies 

can be found in resarch paper of Salmasi ”Control Strategies for Hybrid Electric Vehicles: 

Evolution, Classification, Comparison and Future Trends” [4] and of Sciaretta & Guzzella,  

”Control of Hybrid Electric Vehicles” [5]. However for this thesis the scope is only limited to 

Dynamic Programming. Therefore we will only consider DP as the EMS. The figure below shows 
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a comparison of different methods that can be used for solving the optimal control problem in a 

HEV.  

 Figure 1. Different classification of Hybrid power train control strategies, from [4] 

1.2.1 Deterministic Dynamic Programming 

Dynamic Programming was invented by Bellman and has since been popular since it guarantees 

globally optimal solution and can solve a contrained non-linear and mixed integer problem [6]. In 

our case of HEV, DP can be used to compute an optimal control signal using an advanced known 

driving cycle, therefore the term ’deterministic’. As we will consider parallel HEV only, the 

control signal would therefore be in determining the power split between ICE and EM i.e. how 

much power should be provided by ICE and EM repectively given a known driving cycle. 

However DDP when applied to multi-state problem suffers from high compuatational time which 

Bellman referred to as the curse of dimensionality.  

1.3 Purpose 

The purpose of this thesis is to investigate different methods that would lower the computational 

demand that DDP suffers from. The main part would be the literature study; in order to find out 

the most effective methods (in terms of computational demand) available or being researched in 

the specific case of HEVs. This would then be used by a Phd student at the machine design 

department in implementing it in their research project. Also an implementation showing a 

reduction in computational demand in a specific way would be shown.    

1.4 Delimitations 

Just like any thesis we need to limit the scope of this thesis, therefore I would only focus on 

simulations based on MATLAB software and not any other software or any hardware rig. 

Implementing the investigated research methods in the literature review would not be possible due 

to time restriction. Too much focus on modelling or the different types of HEVs would not be 
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considered since the scope is more towards investigating the methods of lowering the 

computational time in a DDP. 

1.5 Method 

The thesis has been carried out as follows: 

 A literature review on the methods available to reduce the computational time, 

generally expressed as Approximate Dynamic Programming (ADP) and Iterative 

Dynamic Programming (IDP). 

 

 A simulation with a reduction in computational time of a parallel HEV in MATLAB. 

 

 Final discussion and conclusions as to which method is most promising and best 

suitable for further research.  
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2  FRAME OF REFERENCE 

This chapters starts with a basic introduction to Dynamic Programming followed by a literature 

review of Approximate Dynamic Programming and Iterative Dynamic Programming applied to 

parallel HEVs. 

2.1 Deterministic Dynamic Programming 

 

The DP usually used is also known as Determinstic Dynamic Programming (DDP). The following 

explanation of DDP has been based on a book appendix from Guzzella and Sciarretta [7], phd 

thesis of Lorenzo [3] and lecture notes from Eriksson [8]. 

Dynamic Programming (DP) is a numerical method used to slove multi-stage decision making 

problems, and can provide optimal solution to very complex problems. DP is based on Bellman’s 

principle of optimality which states that: 

”An optimal control policy has the property that no matter what the previous decision (i.e. controls) 

have been, the remaining decisions must constitute an optimal policy with regard to the state 

resulting from the previous decisions.” 

In DDP a discrete-time dynamic system is considered 

   𝑥𝑘+1 = 𝑓𝑘(𝑥𝑘, 𝑢𝑘, 𝑤𝑘),               𝑘 = 0,1, … ,𝑁 − 1.       (1) 

The dynamic states 𝑥𝑘, control inputs 𝑢𝑘, and disturbances 𝑤𝑘 are both discrete in time and value. 

As the name suggests the DDP is determinstic i.e. the disturbance 𝑤𝑘 must be known in advance. 

In the case of a HEV, this disturbance is the drive cycle. 

The control sequence is denoted as 𝜋 = {𝜇0, 𝜇1, … , 𝜇𝑁−1}, and the cost associated with using this 

control policy with inital state 𝑥0 is defined by  

 𝐽𝜋(𝑥0) = 𝑔𝑁(𝑥𝑁) + ∑ 𝑔𝑘(𝑥𝑘, 𝜇𝑘(𝑥𝑘))
𝑁−1
𝑘=0 .    (2) 

Hence the optimal control trajectory 𝜋0 is that which minimizes the cost 𝐽𝜋 

    𝐽0(𝑥0) = min
𝜋

𝐽𝜋(𝑥0).      (3) 

The DDP algorithm is applied as following: 

 

1. Set k=N, and set the final cost as 𝐽𝑁(𝑥𝑁) = 𝑔𝑁(𝑥𝑁) 

2. Set k=k-1 

3. In a discretized state-space grid, find the optimal cost to go  

𝐽𝑘(𝑥𝑘) = min
𝑢𝑘

𝑔𝑘(𝑥𝑘, 𝑢𝑘) + 𝐽𝑘+1(𝑓𝑘(𝑥𝑘, 𝑢𝑘))      (4) 

4. If k=0, return the solution 

5. Go to step 2 

Even though the DDP assures global optimal solution it is difficult to implement when using more 

than one state and control variable due to the computational burden. Bellman referred to this as 

the curse of dimensionality [6], [9]. Due to this all the DDP algorithms computational complexity 

is in the order of 
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𝒪(𝑁 . 𝑝𝑛. 𝑞𝑚),        (5) 

 

where N is the number of time steps, p and q are the number of discretized values for state and 

control input (value discretization), n is the number of states and m is the number of control inputs. 

A very popular example of DP is the shortest time problem. The problem as shown in the figure 2 

below is to travel from point A to point B.  

           Figure 2. The shortest path problem  

 

The travel time is represented by a number on each leg. We can do all the possible calculations 

(direct enumeration) and see which route gives the shortest time. However through the principle 

of optimality DP ensures an optimal solution with the minimum time (with respect to the direct 

enumeration approach). Given that the optimal path goes through the node ‘x’, the minimum cost-
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to-go is evaluated. As shown the calculation is done in backward direction i.e. starting from node 

B and choosing the leg with the lowest cost consequently reaching node A. 

DP is used to implement a supervisory controller in HEV. The control is the power split between 

the ICE and the energy storage device (usually a battery), at each time step. The cost usually 

corresponds to the fuel consumption. The power split at each time step is determined using the 

state of each powertrain component and the power requested by the driver. Using the vehicles 

current speed and drivers demand (accelerator position), the power to be delivered to the wheels 

is determined by the controller.  

The state variable is a dimensionless number known as State of Charge ‘SoC’ or State of Energy 

‘SoE’, which represents the remaining battery’s capacity. The state is discretized and gridded into 

each time step. This is shown in the figure 3 below. 

        Figure 3. Arc cost for a HEV [3] 

The SoE can take a finite number (in the figure above only 0.6, 0.65 and 0.7). The objective of DP 

is to minimize the total cost by selecting an optimal sequence of SoE. As shown in the figure above 

first the arc costs are calculated, which are the costs associated with moving from the node at time 

k, to another node at time k+1. As shown above for k=4, three values of SoE are admissible namely 

nodes H, I and K. From here only one is to reach L (i.e. one with the lowest cost).  

If we take H at k=4, the cost to reach L is 1.4. Similarly 1.9 and 0.7 for nodes I and K. When at 

time k=3, there are three node namely E, F and G. As seen each node has the possibility to go to 

any of the next three nodes, however the one with the lowest arc cost will be taken. 

Once these arc costs are calculated, the cost-to-go is calculated going from final point L to A in 

backwards direction. This can be seen in the figure 4 below. 

          Figure 4. Optimal cost-to-go for a HEV [3] 
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As seen the arc costs are summed, starting from node L and going to node A. The path shown 

above is the most optimal since it gives the lowest cost-to-go. 

However this example above is a very simple and straight forward one. In reality the control 

doesn’t always/mostly lead to a discretized state [7]. In all the DP algorithms, we need to usually 

compute the last term 𝐽𝑘+1(𝑓𝑘(𝑥𝑘, 𝑢𝑘)) of equation (4). This is due to the fact that since 𝑥𝑘 is 

discretized into finite number of values, similarly the term 𝐽𝑘(𝑥𝑖) is only defined for those possible 

values.  

The problem occurs when the new state which is calculated using 𝑓𝑘(𝑥𝑘, 𝑢𝑘) does not match the 

discretized value of 𝑥𝑘. The figure 5 below shows the problem. 

 

Figure 5. Calulation of 𝐽
𝑘
(𝑥𝑖), the state variable at k+1 are found at time k and 𝑥𝑖, using the controls 𝑢1, 𝑢2 and 𝑢3 

respectively  

All the possible inputs 𝑢1, 𝑢2 and 𝑢3 are evaluated when calculating 𝐽𝑘(𝑥𝑖), and the cost associated 

with the respective control inputs need to be added to the cost-to-go, as shown in 

   𝐽𝑘(𝑥𝑖) = min [

𝑔𝑘(𝑥𝑖, 𝑢1) + 𝐽𝑘+1(𝑓𝑘(𝑥𝑖, 𝑢1))

𝑔𝑘(𝑥𝑖, 𝑢2) + 𝐽𝑘+1(𝑓𝑘(𝑥𝑖, 𝑢2))

𝑔𝑘(𝑥𝑖, 𝑢3) + 𝐽𝑘+1(𝑓𝑘(𝑥𝑖, 𝑢3))

].    (6) 

 

Therefore as shown the term 𝐽𝑘+1(𝑓𝑘(𝑥𝑘, 𝑢𝑘)) needs to be approximated. Nearest neighbour or 

interpolation is usually used to evaluate it, however by using the nearest neighbour unnecessary 

energy may be added or subtracted so therefore interpolation is most commonly used. 

Interpolation is used to evalute the cost-to-go 𝐽𝑘+1, and since it is not an analytic function that can 

be evaluated or differentiated, it has a relatively high computational demand [10]. 
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2.2 Approximate Dynamic Programming 

 

ADP as the name specifies an approximation to the conventional DP, so that computational 

requirements could be reduced. Below some literature has been investigated which applies ADP 

to the HEV fuel consumption optimization problems.  

2.2.1 Approximate Dynamic Programming Applied to Parallel Hybrid 
Powertrains 

 

One of the papers published that use ADP applied to HEV is that of Johannesson and Egardt [11]. 

This paper uses two ideas for computational simplification; Approximation of value function using 

piece-wise linear approximations on a sparse grid and model approximation to simplify dynamic 

programming iteration.  

The vehicle under study is a parallel HEV. The EM is located between the ICE and the gearbox. 

This can be seen in the figure 6 below. 

         Figure 6. Parallel HEV layout 

 

The model of the vehicle is an inverse simulation model, starting from the chassis model 

 𝐹 = 𝑚 ∙ 𝑎 + 0.5 ∙ 𝜌 ∙ 𝑣2 ⋅ 𝐶𝑑 ∙ 𝐴𝑓𝑟𝑜𝑛𝑡 + 𝑚 ⋅ 𝑔 ⋅ sin 𝜃 + 𝑓𝑟 ∙ 𝑚 ∙ 𝑔 ∙ cos 𝜃.  (7)  

Where F is the force at the wheels, 𝑚 mass of the vehicle, 𝑎 vehicle’s acceleration, 𝑣 velocity, 𝜃 

road grade,   𝜌 is the density of air, 𝐶𝑑 vehicle’s drag coefficient, 𝐴𝑓𝑟𝑜𝑛𝑡 vehicle’s frontal area, 𝑔 

the gravitational acceleration, 𝑓𝑟 the rolling resistance coefficient. 

As for the power train model, 𝑇𝑑𝑒𝑚 is the torque demand at the wheels. The speed of electric motor 

𝜔𝐸𝑀 in relation to the demand speed 𝜔𝑑𝑒𝑚 is represented as 

                                                   𝜔𝐸𝑀 = 𝑟𝑔 ∙ 𝜔𝑑𝑒𝑚.  (8) 

Where 𝑟𝑔 is the gear ratio and its index 𝑔 represents gear number. The torque demand 𝑇𝑑𝑒𝑚 must 

be fulfilled by the torque from the ICE, 𝑇𝐼𝐶𝐸 and the torque from EM, 𝑇𝐸𝑀. 

                                                               𝑇𝐼𝐶𝐸 − 𝑇𝐸𝑀 =
𝜂𝑔∙𝑇𝑑𝑒𝑚

𝑟𝑔
              𝑇𝑑𝑒𝑚 ≤ 0      (9) 

                                                               𝑇𝐼𝐶𝐸 − 𝑇𝐸𝑀 =
𝑇𝑑𝑒𝑚

𝜂𝑔∙𝑟𝑔
                  𝑇𝑑𝑒𝑚 > 0,  (10) 

ICE 

Clutch 

EM Gearbox 

Battery 

𝑇𝐼𝐶𝐸  

𝜔𝐼𝐶𝐸  𝜔𝐸𝑀 𝜔𝑑𝑒𝑚 

𝑇𝑑𝑒𝑚 
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Where 𝜂𝑔 denotes the mechanical efficiency, and 𝑇𝑑𝑒𝑚 is negative when power can be regenerated. 

The torque of the ICE, 𝑇𝐼𝐶𝐸 and the gear, 𝑔 are determined with EMS. The fuel mass rate, 

𝑐(𝜔𝐼𝐶𝐸 , 𝑇𝐼𝐶𝐸), is given as linear interpolation as shown in the figure 7 below: 

                   Figure 7. The fuel mass rate for six different speeds of ICE [11] 

 

The electric motor losses are represented as a linear interpolation map, and the battery is modeled 

as a resistive circuit.  

The author here formulates the parallel hybrid model such that the dynamic state is the continuous 

SoC, and the discrete states, 𝐼𝐶𝐸𝑜𝑛 (IC engine on) and the gear number, g. The control signal 

comprises of  𝑇𝐼𝐶𝐸 (the torque of IC engine) and discrete states 𝐼𝐶𝐸𝑜𝑛(IC engine on/off) and gear 

number g, 𝑢𝑘 = (𝑇𝐼𝐶𝐸 , 𝑔𝑘+1, 𝐼𝐶𝐸𝑜𝑛,𝑘+1)      

First the basic DP will be explained followed by ADP. The continuous state SoC is quantized and 

by applying Dynamic Programming algorithm the optimal control signal can be found. Using 

backwards iterations from final time sample N to the first a number of value functions can found  

  𝐽𝑘
𝑖 (𝑆𝑜𝐶𝑘) =  min

𝑇𝐼𝐶𝐸 ,𝑗

{ 𝑐(𝜔𝐼𝐶𝐸,𝑘 , 𝑇𝐼𝐶𝐸) + 𝑑𝑖𝑗 + 𝐽𝑘+1
𝑗

(𝑆𝑜𝐶𝑘+1)}.  (11) 

Where i = 1, …, n, and n is the number of discrete states i.e. gears and IC engine on/off at the 

sample k. And j = 1 , …, m , where m is the number of discrete states i.e. gears and IC engine 

on/off at the sample k+1. Linear interpolation is used to solve 𝐽𝑘+1
𝑗 (𝑆𝑜𝐶𝑘+1) in equation (11). 

The expression 𝑑𝑖𝑗 is the instantaneous cost term associated with gear switches and transitions 

from engine off to on. 𝑐(𝜔𝐼𝐶𝐸,𝑘 , 𝑇𝐼𝐶𝐸) is the other instantaneous cost term which is the fuel 

consumption. 

After the DP iterations in equation (11) have terminated, the optimal state and control trajectory 

can be simulated by using the initial condition. The control trajectory which would be optimal is 

given by 

𝑢𝑘 = 𝑎𝑟𝑔 min
𝑇𝐼𝐶𝐸,𝑗

{ 𝑐(𝜔𝐼𝐶𝐸,𝑘 , 𝑇𝐼𝐶𝐸) + 𝑑𝑖𝑗 + 𝐽𝑘+1
𝑗

(𝑆𝑜𝐶𝑘+1)}.  (12) 

Where linear interpolation is used to solve 𝐽𝑘+1
𝑗 (𝑆𝑜𝐶𝑘+1). Notice here that the equations (11) and 

(12) might seem same in a glance however they are different since in (11) the minimum value 

function is to be found, while in (12) by using the term ‘arg’ the control variable i.e. 𝑇𝐼𝐶𝐸 and the 

discrete states 𝑔𝑘+1, 𝐼𝐶𝐸𝑜𝑛,𝑘+1, are to be determined which minimize the cost in (11). These are 

the controls associated with the minimized value function in (11). 
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Now for the ADP in which the first idea was motivated by studying the value function for a large 

number of trajectories based on specific routes. It showed that the slope of the value function varies 

very slightly between different speed trajectories. It also studied the numerical sensitivity by using 

40 or less sparse grid points and 2000 simple grid points. The figure 8 below shows the simulated 

SoC trajectory for 2000 and 40 equally spaced grid points respectively. 

                   Figure 8. SoC trajectory for 2000 and 40 equally spaced grid points [11] 

It was further shown that the value function is locally approximated by a linear function of SoC. 

The linear interpolation in (11) could be approximated by two linear pieces, where one is for 

charging and the other for discharging. By applying this in the neighborhood of  SoC = 𝑆𝑜𝐶0 gives 

𝐽𝑘+1
𝑗 ( 𝑆𝑜𝐶0 + ∆𝑆𝑜𝐶) ≈ 𝐽𝑘+1

𝑗 (𝑆𝑜𝐶0) + 𝜆𝑠(𝑗, 𝑆𝑜𝐶0)∆𝑆𝑜𝐶.   (13) 

 

The index s of the slope 𝜆 denotes that 𝜆 is dependent on the sign of ∆𝑆𝑜𝐶. 

The next idea involved exploiting typical form of nonlinearities to attain a quadratic programming 

solution. Firstly for the given engine speed 𝜔𝐼𝐶𝐸, the fuel consumption is quite linear to the engine 

torque 𝑇𝐼𝐶𝐸 

𝑐(𝜔𝐼𝐶𝐸 , 𝑇𝐼𝐶𝐸) ≈  𝑐0(𝜔𝐼𝐶𝐸) + 𝑐1(𝜔𝐼𝐶𝐸)𝑇𝐼𝐶𝐸.    (14) 

 

The second observation involves the electric loses. The electric loses can be represented by piece- 

wise quadratic function of the electric machine torque 𝑇𝐸𝑀. This way the change of SoC over 

sampling rate ∆𝑡 can be expressed as 

𝑆𝑜𝐶𝑘+1 ≈  𝑆𝑜𝐶𝑘 + ∆𝑡. [𝑏𝑠0(𝜔𝐸𝑀, 𝑆𝑜𝐶) + 𝑏𝑠1(𝜔𝐸𝑀, 𝑆𝑜𝐶)𝑇𝐸𝑀 + 𝑏𝑠2(𝜔𝐸𝑀, 𝑆𝑜𝐶)𝑇𝐸𝑀
2.  (15) 

 

The parameters b are independent on the sign of ∆𝑆𝑜𝐶 therefore the subscript s. Now the DP 

iteration of the 𝑖𝑡ℎ value function at time index k can be approximated by using equations (13), 

(14) and (15).  

𝐽𝑘
𝑖𝑗(𝑆𝑜𝐶𝑘) =  min

𝑇𝐼𝐶𝐸

{ 𝑐0(𝜔𝐼𝐶𝐸) + 𝑐1(𝜔𝐼𝐶𝐸)𝑇𝐼𝐶𝐸  + 𝐽𝑘+1
𝑗 (𝑆𝑜𝐶𝑘) +

 𝜆𝑠(𝑗, 𝑆𝑜𝐶𝑘)∆𝑡. [𝑏𝑠0(𝜔𝐸𝑀, 𝑆𝑜𝐶𝑘) + 𝑏𝑠1(𝜔𝐸𝑀, 𝑆𝑜𝐶𝑘)𝑇𝐸𝑀 + 𝑏𝑠2(𝜔𝐸𝑀, 𝑆𝑜𝐶𝑘)𝑇𝐸𝑀
2]}   (16) 

 

Hence the right hand side of equation (16) shows that it is piece wise quadratic in 𝑇𝐼𝐶𝐸 and that it 

can be solved explicitly by solving two scalar quadratic problems.  
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Once the problem in (16) is solved and the optimal trajectory for the control variable 𝑇𝐼𝐶𝐸 is 

determined, the other control variables are left to be determined. These are retrieved by 

                                                       𝐽𝑘
𝑖 = min

𝑗
{𝐽𝑘

𝑖𝑗 (𝑆𝑜𝐶𝑘) + 𝑑𝑖𝑗}.    (17)  

The ADP scheme used here is only used to calculate the value functions. While for the simulation 

and for calculating the optimal control signal (12), the nonlinear, inverse simulation model is used 

both for ADP solution and nonlinear DP solution. The figure 9 below shows the simulation of SoC 

trajectory for 2000 and 20 respectively equally spaced grid points.  

Figure 9. SoC trajectory for ADP scheme with 20 equally spaced gird points and DP for 2000 equally spaced grid 

points. [11] 

The figure 10 and 11 below show the results from both the ADP and conventional DP method. It 

can be seen that ADP leads to a solution quite similar to that of a conventional DP. 

Figure 10. The simulated gear and ICE-state trajectory, where the dashed curves represent 2000 equally spaced grid 

points of DP scheme and the straight line represents 20 equally spaced grid points for ADP scheme. [11] 
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Figure 11. The simulated ICE torque trajectories, where the dashed curves represent 2000 equally spaced grid points 

of DP scheme and the straight line represents 20 equally spaced gird points for ADP scheme. [11] 

It can be seen that the ADP-scheme is able to produce quite close approximation for the optimal 

state and the control trajectory. Also the figure 11 above shows ICE torque for the time period 

where there is the largest difference between the two schemes.   

The results in [11] show that good approximations can be achieved using ADP which enable the 

reduction of computational time. Also the fuel consumption estimate difference is only 0.8%.  

 

 

2.2.2 Cubic Splines Approximations of the Dynamic Programming 
Cost-to-go in HEV Energy Management Problems 

 

Another paper from Larsson and Egardt [12] takes the idea of Johannesson and Egardt [11] further; 

first by applying sparse grids to PHEV (Plug-in Hybrid Electric Vehicle). The author however 

discovers that sparse grids are not applicable for PHEV case since the solution tends to degrade 

more quickly as the number of sparse grid points are reduced. Also the author proposes to 

approximate the cost-to-go with cubic splines. This approximation will lead to a closed form 

solution for the continuous control signal. This way the need to grid the control signal can be 

avoided.  

The DP is formulated so that the sub-problem which is going to be solved at each instance of time 

and state is defined by  

   𝐽𝑖−1(𝑥𝑗) = min
𝑢∈𝑈

{ 𝑔(𝑢) + 𝐽𝑖 (𝑥𝑗 + 𝑓(𝑥𝑗 , 𝑢))}    (18) 

where ‘i’ is the time index; i=N, N-1, … , 2, and ‘j’ is the state index;  j= 1, 2, … , M.  

In the recursion procedure the continuous control variable 𝑢 is gridded and 𝐽𝑖 which is the cost-to-

go is evaluated by linear interpolation in between the defined grid points. However at some grid 

points close to the state constraints, all the available controls will lead to a violation of the state 

constraints. In order to have the smallest possible violation, linear extrapolation will be used for 

the cost-to-go. This will in fact avoid infinite values during interpolation.  

The optimal control signal at some state �̂� for time 𝑖 can then be obtained by, 

   𝑢𝑖
∗ = 𝑎𝑟𝑔min

𝑢∈𝑈
{𝑔(𝑢) + 𝐽𝑖+1(�̂� + 𝑓(�̂�, 𝑢)) }.    (19) 
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This can be approximated as 

    𝑢𝑖
∗ = 𝑎𝑟𝑔min

𝑢∈𝑈
{𝑔(𝑢) + 𝑠𝑖(𝑓(�̂�, 𝑢)) }.    (20) 

Where ‘s’ is called the equivalence factor. However (19) and (20) are equal as shown by 

approximating the cost-to-go with a first order Taylor expansion, 

  𝐽𝑖+1(�̂� + 𝑓(�̂�, 𝑢)) ≈ 𝐽𝑖+1(�̂�) + 
𝜕𝐽𝑖+1

𝜕𝑥
|
�̂�
. (�̂� + 𝑓(�̂�, 𝑢) − �̂�).   (21) 

Substituting (21) into (19) gives 

    𝑢𝑖
∗ = 𝑎𝑟𝑔min

𝑢∈𝑈
{𝑔(𝑢) +

𝜕𝐽𝑖+1

𝜕𝑥
|
�̂�
. 𝑓(�̂�, 𝑢) }.   (22) 

The term 𝐽𝑖+1(�̂�) is omitted since it is independent of ‘u’. Therefore the information which is of 

key importance is not the cost itself rather it is the slope with respect to the state. 

As mentioned earlier sparse grids are not applicable to PHEV, therefore the need to approximate 

the cost-to-go using splines was recommended. A brief overview of splines would be given which 

will be further used in another paper by the same author [13].  

Say that 𝐽�̃� is cubic spline function which is piecewise cubic over a set of k disjoints called knot 

spans, or in other words subintervals, 𝑥𝑗+1 , 𝑗 = 0,… , 𝑘 − 1. The spline function is defined as a 

cubic polynomial over each knot span ‘j’ 

   𝑃𝑗(𝑥) = 𝑠0
𝑗
𝑥3 + 𝑠1

𝑗
𝑥2 + 𝑠2

𝑗
𝑥 + 𝑠3

𝑗
,       𝑥𝑗 ≤ 𝑥 ≤ 𝑥𝑗+1 .  (23) 

The spline functions are then described as: 

    𝐽�̃�(𝑥)  = {
𝑃0(𝑥), 𝑥0 ≤ 𝑥 < 𝑥1

…               ,          …
𝑃𝑘−1(𝑥), 𝑥𝑘−1 ≤ 𝑥 ≤ 𝑥𝑘

    (24) 

where 𝑥𝑗  are the spline knot points and 𝑗 = 0,… , 𝑘. 

 

For computing the approximation, it is assumed that the cost-to-go matrix has been computed i.e. 

𝐽 ∈ ℝ𝑁 ×𝑀, where ‘N’ is the time steps and ‘M’ is the cost at the states. The cost-to-go at time step 

i is then described as a vector 𝐽𝑖 ∈ ℝ𝑀. The best spline approximation 𝐽𝑥
�̃�  to the slope of the cost-

to-go 𝐽𝑥
𝑖 =

𝜕𝐽𝑖

𝜕𝑥
 , needs to be found. Let �̅� ∈ ℝ𝑀−1 be the gridded values of the state for which the 

slope of the cost-to-go 𝐽𝑥
𝑖  is defined. The result is a constrained linear least squares problem given 

by 

     min
𝑠

‖𝐽𝑥
�̃�  (�̅�, 𝑠) − 𝐽𝑥

𝑖 (�̅�)‖
2

2
.    (25) 

Where ‘s’ represents the spline parameters. This is in order to minimize the deviation or difference 

in the original cost-to-go 𝐽𝑥
𝑖  and the one approximated with splines 𝐽𝑥

�̃� . 
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After the approximation it is now left to see how sensitive the simulation is towards the number of 

spline knot points used. This can be seen in the figure 12 below, where ‘case A’ represents simple 

grid points used and ‘case B’ represents that sparse grid points are used. 

 Figure 12. Simulation results for different number of knot points and splines [12] 

The control signal with state �̂� and time step i is given as 

    𝑢𝑖
∗ = 𝑎𝑟𝑔min

𝑢∈𝑈
{𝑔(𝑢) + 𝐽𝑥

�̃� (�̂�) .  𝑓(�̂�, 𝑢) }.   (26) 

As can be see that the slope in (22) has been replaced by the spline approximation in (26). Hence 

with this approximation both the memory and computational time can be reduced without any 

degradation in fuel economy.  

 

2.2.3 Analytic Solutions to the Dynamic Programming sub-problem in 
Hybrid Vehicle Energy Management 

A continuation of the previous discussion will be done using the author’s next paper [13], where 

splines would be used to gain a solution for the control signal (the torque split). The author outlined 

that the main computational bottle neck is actually the optimal control signal’s which need to be 

determined at each time step and state, otherwise also known as DP sub-problems.  

The methodology usually used to find the optimal control is to quantize the continuous torque split 

(control signal) and then using interpolation determine the gridded cost-to-go. Therefore the less 

computationally and memory demanding way is to derive an analytical solution for the optimal 

control signal, thereby avoiding to go through time consuming interpolation. 

The vehicle model is implemented as a non-causal quasi-static approach as in (7). 

For the motor two different models are used. One is a quadratic model given as 

   𝑃𝑚
𝑞𝑝 = 𝑑0𝜔𝑚𝑇𝑚

2 + 𝑑1(𝜔𝑚)𝑇𝑚 + 𝑑2(𝜔𝑚).    (27)  

Where 𝑇𝑚 is the motor torque and 𝜔𝑚 the motor speed. 

The piecewise linear motor model is given as. 

  𝑃𝑚
𝑙𝑖𝑛 = max  { 𝑑1

−(𝜔𝑚) + 𝑑2(𝜔𝑚)      ,     𝑑1
+(𝜔𝑚)𝑇𝑚 + 𝑑2(𝜔𝑚) }.  (28) 

Where 𝑑1
− defines the slope for negative 𝑇𝑚 and 𝑑1

+ defines slope for positive 𝑇𝑚. The d 

coefficients for both models are speed dependent.  

The mass fuel rate ‘g’ of the engine is given as linear function of engine torque 𝑇𝑒 at a given engine 

speed 𝜔𝑒. This is given as 
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    𝑔 = 𝑐𝑓(𝑐0(𝜔𝑒)𝑇𝑒 + 𝑐1(𝜔𝑒))𝑒𝑜𝑛,    (29)  

where the fuel price is represented as 𝑐𝑓 and state of engine as 𝑒𝑜𝑛 ∈ {0,1}. The figure 13 below 

shows the models. 

        Figure 13. Approximations of the engine and the motor [13]  

The battery is modelled as an open circuit voltage 𝑉𝑜𝑐 with constant internal resistance ‘𝑅𝑖𝑛’ in 

series. The state 𝑥 is the SoC (state of charge) given as 

   �̇� = 𝑓(𝑥, 𝑃𝑏) = −
𝑉𝑜𝑐(𝑥)−√𝑉𝑜𝑐

2(𝑥)−4 𝑅𝑖𝑛𝑃𝑏

2𝑅𝑖𝑛𝑄
,    (30)

  

where ‘Q’ denotes battery capacity. Also the net battery power is 

      𝑃𝑏 = 𝑃𝑚 + 𝑃𝑎 ,     (31)  

with 𝑃𝑎 being the auxiliary power load and 𝑃𝑚 the power required by the electric motor. 

The torque at the wheel is. 

    𝑇𝑝 = 𝜂𝑓𝑟𝑓(𝑇𝑚 + 𝑟𝑒(𝑘)𝑇𝑒) + 𝑇𝑏 ,    (32) 

where 𝑟𝑓 is the gear ratio and 𝜂𝑓 the efficiency of the final drive. Also 𝑟𝑒(𝑘) = 𝜂𝑔𝑏(𝑘) ∙ 𝑟𝑔𝑏(𝑘), is 

the effective gear ratio with gear numbers 𝑘 ∈ { 1 , 2 , … , 5} , drive ratio 𝑟𝑔𝑏(𝑘) and mechanical 

efficiency 𝜂𝑔𝑏(𝑘). The torque of the friction brake is 𝑇𝑏 . 

As for the formulation of energy management problem, let 𝑢𝐼 be the integer control signal defined 

by: 

    𝑢𝐼 = 𝑒𝑜𝑛 .  𝑘 ∈ { 0 , 1 , … , 5 },    (33) 

where 𝑒𝑜𝑛 is the engine state and ‘k’ the gear number. Since the net torque of the powertrain 𝑇𝑝 

should meet the demand torque 𝑇𝑑, therefore the motor torque which is continuous control signal 

is given by 

      𝑢𝑐 = 𝑇𝑚.     (34) 

The engine torque is then given implicitly in (32).  

A brief overview of the conventional DP algorithm will be given and then followed by the 

approximation. For solving the conventional DP algorithm a grid of size 𝑛 × 𝑚 is made where n  

is the time steps and m are the discrete points given as 𝑥1, 𝑥2, … , 𝑥𝑚. With a cost-to-go matrix 𝐽 ∈
ℝ𝑛×𝑚, the problem is solved recursively backwards in time until the first time step is reached.  
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The DP sub-problem at time i and state grid j can be defined as 

  𝐽𝑖−1[𝑗] ≜ min
{𝑢𝑐,𝑢𝐼}∈{𝑈𝑐,𝑈𝐼}

{𝑔(𝑢𝑐, 𝑢𝐼) + 𝐽𝑖 (𝑥𝑗 + 𝑓(𝑥𝑗 , 𝑢𝑐))} ,   (35) 

where 𝑔(𝑢𝑐, 𝑢𝐼) is the stage cost and 𝐽𝑖 (𝑥𝑗 + 𝑓(𝑥𝑗 , 𝑢𝑐)) is the cost-to-go, 𝑖 = 𝑛 , 𝑛 − 1 , … , 2, 

𝑗 = 1 , … ,𝑚; with initialization as 𝐽𝑛[𝑗] = 𝐺(𝑥𝑗). The computational cost of (35) is quite high 

since the cost-to-go is a matrix where the cost-to-go is evaluated through linear interpolation.  

In order to reduce the computational demand the right hand side of (35) needs to be formulated in 

such a way that it can be minimized algebraically with respect to the continuous control signal 𝑢𝑐, 

for a fixed integer control 𝑢𝐼. Therefore we define 

    ℎ(𝑢𝑐, �̅�𝐼) ≜ 𝑔(𝑢𝑐 , �̅�𝐼) + 𝐽�̃� (𝑥𝑗 + 𝑓(𝑥𝑗 , 𝑢𝑐)),   (36)   

where 𝐽�̃� is a local approximation of the gridded cost-to-go around state 𝑥𝑗. Then by differentiating 

ℎ with respect to 𝑢𝑐 and equating it to zero, the continuous control signal can be obtained as 

     �̂�𝑐(�̅�𝐼) = argmin
𝑢𝑐

ℎ(𝑢𝑐, �̅�𝐼).     (37) 

Consequently the solution to the DP sub-problem by redefining (35) becomes: 

  𝐽𝑖−1[𝑗] ≜ min
𝑢𝐼∈𝑈𝐼

{𝑔(𝑢𝑐
∗(𝑢𝐼), 𝑢𝐼) + 𝐽𝑖 (𝑥𝑗 + 𝑓 (𝑥𝑗 , 𝑢𝑐

∗(𝑢𝐼)))}.   (38) 

Even though (38) and (35) hardly look different, the computational demand is significant between 

both. In (35) the continuous control signal 𝑢𝑐 is quantized into 𝑝 points and the cost-to-go has to 

be evaluated through interpolation 𝑝 times for each gear decision 𝑢𝐼. 

An exploitation is done in order to derive an analytical solution for the continuous control signal. 

It happens that the state 𝑥 has slower time dynamics compared to that of the system. This is a valid 

assumption if the sample time is about one second and the energy buffer is sufficiently large. Since 

a large energy buffer (i.e. a battery) is considered, this implies that the state will change only 

slightly over one time sample. Therefore for each DP sub-problem it would be sufficient enough 

to use a local approximation of the cost-to-go.  

The approach for approximating the cost-to-go with a quadratic spline function is used. A 

piecewise linear motor model is used since it is not possible to use a quadratic motor model, in 

order to attain an analytic solution. But to preserve the system dynamics the quadratic motor model 

is used to update the cost-to-go. 

Supposing that a spline approximation has been done using the previous paper of Larsson and 

Egardt [12], the cost-to-go can then be described as 

 𝐽�̃� (𝑥𝑗 + 𝑓(𝑥𝑗 , 𝑢𝑐)) = 𝑠0. (𝑥𝑗 + 𝑓(𝑥𝑗 , 𝑢𝑐))
2 + 𝑠1. (𝑥𝑗 + 𝑓(𝑥𝑗 , 𝑢𝑐)) + 𝑠2.  (39) 

Where 𝑓(𝑥𝑗 , 𝑢𝑐) the state equation is given by (30), and the piecewise linear model of the motor 

by (28). Also only one spline segment is considered per sub-problem. For solving the DP sub-

problem re-writing (36), using (28)-(34) and (39) results in obtaining an expression dependent 

only on 𝑢𝑐, 

ℎ𝑏(𝑢𝑐, �̅�𝐼) = 𝑐𝑓 . (𝑐0

𝑇𝑑
𝜂𝑓𝑟𝑓

−𝑢𝑐

𝑟𝑒(𝑢𝐼)
+ 𝑐1) + 𝑠0. (𝑥𝑗 + 𝑓(𝑥𝑗 , 𝑢𝑐))

2 + 𝑠1. (𝑥𝑗 + 𝑓(𝑥𝑗 , 𝑢𝑐)) + 𝑠2. (40)  
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For a convex and non-increasing  𝐽�̃� on a spline segment, ℎ𝑏 will be convex in 𝑢𝑐, therefore the 

minimizing control signal will be given as 

      

�̂�𝑐
†(�̅�𝐼) = argmin

𝑢𝑐

ℎ𝑏(𝑢𝑐, �̅�𝐼) = −
𝑑1

†
𝑟𝑒

2(𝑢𝐼)( 𝑅𝑖𝑛𝑄(2𝑠0𝑥𝑗+𝑠1)−𝑠0𝑉𝑜𝑐(𝑥𝑗))
2

4𝑅𝑖𝑛(𝑐𝑓𝑐0𝑅𝑖𝑛𝑄2+𝑟𝑒(𝑢𝐼)𝑠0𝑑1
†
)
2  +  

𝑉𝑜𝑐
2 (𝑥𝑗)−4𝑅𝑖𝑛(𝑃𝑎+𝑑2)

4𝑅𝑖𝑛𝑑1
† .     (41) 

Where 𝑑1
†
 means either 𝑑1

+ or 𝑑1
−, and �̂�𝑐

†(�̅�𝐼) is either of the two solutions �̂�𝑐
+ or �̂�𝑐

−. This way the 

constrained control signal is given as 

    �̂�𝑐(�̅�𝐼) =  {

�̂�𝑐
+(�̅�𝐼),     𝑖𝑓 𝑢𝑐

+ > 0  ∧    𝑢𝑐
− > 0

�̂�𝑐
−(�̅�𝐼),     𝑖𝑓 𝑢𝑐

+ < 0  ∧    𝑢𝑐
− < 0

0,               𝑖𝑓 𝑢𝑐
+ < 0  ∧    𝑢𝑐

− > 0

.      (42) 

 

The figure 14 below shows the algorithm of both the simple DP and the one with spline 

approximation in pseudo-code. 

        Figure 14. Pseudo-code of simple DP and one with spline approximation [13] 

The storage requirements for the approximated method is far less than the conventional DP since 

the cost-to-go, at each time step is saved as small number of spline parameters rather than a vector 

defined over the gridded state values.  
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The cost-to-go for the two approaches i.e. conventional DP and the one with spline approximation 

will be discussed. For the conventional DP the shape of the cost-to-go with 2000 state grid points 

can be seen in the figure 15 below. 

  Figure 15. Conventional DP with 2000 grid points. The cost-to-go 𝐽 and its derivative 
𝜕𝐽

𝜕𝑥
 at  

   different time steps, where ‘n’ represents final time step [13] 

The solid black line is the initialization of the cost-to-go at the final time sample, and has two 

different slopes. The slope which is steeper enforces soft final constraint. As for the constant and 

gentle slope it represents the region in the state space from where it is possible to reach the end of 

the trip using mainly electric energy (since a PHEV is being considered). However as the DP 

iterations runs backwards the gentle slope will gradually diminish. This effect is also seen for the 

derivative of the cost-to-go with respect to the state.  

As for the spline approximated cost-to-go, four quadratic splines are used along with 2000 state 

grid points. The spline cost-to-go along with the comparison of the conventional DP cost-to-go 

can be seen in the figure 16 below: 

Figure 16. The approximated cost-to-go �̃� and its derivative 
𝜕�̃�

𝜕𝑥
 at different time steps, where ‘n’ represents final time 

step. The spline knot points are represented by diamond symbols. The plot on the right shows a comparison between 

the cost-to-go obtained using the conventional DP and approximated DP. [13] 
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The simulated state trajectories can be seen in the figure 17 below. Note that the local linear 

approximation has not been included from the paper of Larsson and Egardt [13] since it was not 

recommended by the author as it violates principle of optimality. Also it is not suitable for small 

energy buffers and longer sample times.  

     Figure 17. The simulated SoC trajectories [13] 

As verified from the figure 17 the results are pretty much similar. The fuel consumption and 

computational time can be seen in the figure 18 below. 

        Figure 18. Computation time and fuel consumption [13] 

2.3 Iterative Dynamic Programming 

Since the next paper is based on Iterative Dynamic Programming (IDP), therefore an introduction 

of IDP will be given which is based on chapter 4 from Luus, “Iterative Dynamic Programming”  

[14]. 

A continuous dynamic system is described by a vector differential equation as follows 

     
𝑑𝐱

𝑑𝑡
= 𝐟(𝐱, 𝐮, 𝑡).      (43) 

Where the initial condition is 𝐱(0), and the state vector 𝐱 has dimensions (𝑛 × 1), and the control 

vector 𝐮 has dimensions (𝑚 × 1). The performance index is a scalar function of a special form 

   𝐼[𝐱(0), 𝑡𝑓] = 𝜓 (𝐱(𝑡𝑓)) + ∫ 𝜙(𝐱, 𝐮, 𝑡)𝑑𝑡
𝑡𝑓
0

,    (44) 

with a specified final time 𝑡𝑓. The optimal control problem is to find an optimal control policy 𝐮, 

between 0 ≤ 𝑡 < 𝑡𝑓, so that the performance index is minimized.  

The problem is divided into sequence of stages with a piecewise constant control policy in-between 

the intervals. The problem is divided into 𝑃 stages, with each stage of length 𝐿,  

      𝐿 =
𝑡𝑓

𝑃
.      (45) 

The performance index then becomes 

  𝐼[𝐱(0), 𝑃] = 𝜓 (𝐱(𝑡𝑓)) + ∑ ∫ 𝜙(𝐱(𝑡), 𝐮(𝑘 − 1), 𝑡)𝑑𝑡
𝑡𝑘
𝑡𝑘−1

𝑃
𝑘=1 .  (46) 

Where 𝑡𝑘−1 is the time at the beginning of stage 𝑘, with the control 𝐮(𝑘 − 1) being constant for 

the time interval 𝑡𝑘−1 ≤ 𝑡 < 𝑡𝑘. 
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For the construction of the grid of the state vector 𝐱, each component 𝑥𝑖 is allowed to take 𝑁 values 

over a region 𝑠𝑖, at each time stage. The only exception is the first stage, where the specified initial 

condition would be taken. Therefore there would be 𝑁𝑛 grid points at the stages 2, 3, … , P. The 

center point of the grid is obtained from the previous iteration which is the best value for 𝐱. 

As for the allowable values for the control vector 𝐮, each component 𝑢𝑗  is allowed to take 𝑀 values 

over a region 𝑟𝑗, at each time stage. The center point is taken from the previous iteration’s best 

value. Thus there are 𝑀𝑚 allowable values for the control vector for each of the grid points of 𝐱. 

Now starting from the first iteration which starts from the last time stage 𝑃. The calculation at this 

stage would be for the time interval 𝑡𝑓 − 𝐿 ≤ 𝑡 < 𝑡𝑓. Since the allowable control values are 𝑀𝑚 

for each 𝐱-grid point, therefore the performance index would be evaluated for 𝑀𝑚 values 

  𝐼[𝐱(𝑡𝑓 − 𝐿), 1] = 𝜓 (𝐱(𝑡𝑓)) + ∫ 𝜙(𝐱(𝑡), 𝐮(𝑃 − 1), 𝑡)𝑑𝑡
𝑡𝑓
𝑡𝑓−𝐿

.  (47) 

By comparing these 𝑀𝑚 values of performance index, the one associated with the minimum value 

would be kept. This lowest value of the performance index would correspond to a value of control 

𝐮(𝑃 − 1). This control is the best for that particular 𝐱-grid point.  

Now stepping back one stage so that we come at stage 𝑃 − 1, which corresponds to the time 

interval 𝑡𝑓 − 2𝐿 ≤ 𝑡 < 𝑡𝑓 − 𝐿. Now once again we consider 𝑀𝑚 values of control. But when we 

integrate (43) from 𝑡𝑓 − 2𝐿 to 𝑡𝑓 − 𝐿, it is very unlikely that the state 𝐱(𝑡𝑓 − 𝐿) would be any one 

of the grid points at stage 𝑃. This problem is shown in the figure 19 below where 𝑛 = 2, 𝑁 = 5,
𝑚 = 1, and 𝑀 = 4.  

       Figure 19. The difficulty of reaching the grid points using four values of control [14] 

This way the grid consists of 5 × 5 matrix. As shown in the figure above the grid point (2,3) at 

stage 𝑃 − 1 has four trajectories leading on to stage 𝑃. The allowable values of the control namely 

𝑢 = 𝑎, 𝑏, 𝑐 and 𝑑, don’t hit any of the grid points on stage 𝑃. Inorder to continue integration the 

point closest at stage 𝑃 of the trajectory is taken, i.e. for the trajectory corresponding to 𝑢 = 𝑎, the 

grid point (2,3) is taken for stage 𝑃; similarly for 𝑢 = 𝑏, the grid point (3,3); for 𝑢 = 𝑐, the grid 

point (5,5) and for 𝑢 = 𝑑, the grid point (4,2). By comparing the values of these four performance 

index at time 𝑡𝑓 only the control associated with the lowest performance index is kept. However 

this only establishes the control policy of grid point (2,3) at stage 𝑃 − 1. This procedure is repeated 

until the remaining 24 grid points calculations for stage 𝑃 − 1 is completed.  
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For each of the remaining stages 𝑃 − 2, 𝑃 − 3,… , 𝑒𝑡𝑐, the procedure as above is repeated, until 

stage 1.  The stage 1 corresponds to the time interval for 0 ≤ 𝑡 < 𝐿 and the grid point consists only 

of the initial condition 𝐱(0). 𝑀𝑚 values of performance index are compared at this stage and this 

finishes the first iteration. Even with a large number of grid points and control values the optimal 

control policy is not anyway near the global optimal solution.  

From the first iteration the optimal trajectory provides the center point for 𝐱-grid at each stage, 

while the optimal control policy from the first iteration gives the central values of control at each 

stage. The regions 𝑠𝑖 and 𝑟𝑗 are contracted by a small amount in every iteration. With several 

iterations done it is expected that the optimal control policy would converge to a sufficient 

accuracy.  

The IDP algorithm is thus summarized below as: 

1. Start by dividing the time interval from 0 to 𝑡𝑓 into P time stages, with each being of 

length L. 

 

2. For an initial control policy the number of test values for 𝐮 are denoted by R and the 

initial region size 𝑟𝑖𝑛. The region contraction factor 𝛾 is also chosen, which is used 

after every iteration and the number of grid points as N. 

 

3. The total number of iterations to be used in every pass is chosen and the iteration 

number index is set to 𝑗 = 1. 

 

4. The region size vector is set as 𝐫𝑗 = 𝐫𝑖𝑛. 

 

5. The best control policy which is the initial control policy for the first iteration, is used 

to integrate (43) from 𝑡 = 0 to 𝑡𝑓, N times with different values for control in order to 

generate N number of 𝐱-trajectories. These values of 𝐱 at the beginning of each time 

stage are stored such that 𝐱(𝑘 − 1) corresponds to the value of 𝐱 at the beginning of 

stage 𝑘. 

 

6. By starting at stage 𝑃, which corresponds to time 𝑡𝑓 − 𝐿, each of the N stored values 

for 𝐱(𝑃 − 1) (the grid points from step 5) integrate (43) from 𝑡𝑓 − 𝐿 to 𝑡𝑓, with each 

R allowable values for the control vector being calculated from 

 

    𝐮(𝑃 − 1) = 𝐮∗𝑗(𝑃 − 1) + 𝐃𝐫𝑖   (48)  

 

where 𝐮∗𝑗(𝑃 − 1) is the best value from the previous iteration and 𝐃 is diagonal matrix 

of random numbers between −1 and 1. From R values of performance index, choose 

only the control values that give the minimum value and store these values as 

𝐮(𝑃 − 1). Now the best control for each of the N grid points are available.  

 

7. Now stepping back to stage 𝑃 − 1 which corresponds to the time 𝑡𝑓 − 2𝐿 and for each 

of the N grid points the following calculation is done. As in the previous step, for 

𝐮(𝑃 − 2) choose R values and by taking the initial state as 𝐱(𝑃 − 2), integrate (43) 

over one stage length. Continue the integration over the last time stage by using the 

stored value of 𝐮(𝑃 − 1) from step 6. This value of 𝐮(𝑃 − 1) corresponds to the grid 

point closest to the value of state vector that has been reached. The optimum control is 

found by comparing R values of the performance index and storing the 𝐮(𝑃 − 2) 

associated with the lowest value of performance index.  
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8. By continuing until stage 1, which corresponds to time 𝑡 = 0, the initial stage is 

reached. The initial stage has only one single grid point as specified. Just as before, by 

integrating (43) and comparing the R values of performance index, the optimum 

control 𝐮(0) is found. Also the corresponding 𝐱-trajectory is stored. This now 

completes one iteration. 

 

9. The region for the allowable control is reduced by 

 

     𝐫𝑗+1 = 𝛾𝐫𝑗     (49)  

 

where the iteration number is j. The best control policy from step 8 is used as the 

midpoint for the allowable values of control which are denoted by superscript *. 

 

10. The iteration index j is incremented by 1 and step 5 onwards is repeated for a specified 

number of iterations and the results are interpreted.  

2.3.1 An iterative Dynamic Programming Approach for the Global 
Optimal Control of Hybrid Electric Vehicles under Real-time 
Constraints  

The paper of Wahl and Gauterin [15] uses Iterative Dynamic Programming (IDP) in solving the 

curse of dimensionality and hence reducing the computational requirements. Since a slightly 

different representation for the explanation will be used, we will first start with a brief description 

of Dynamic Programming (DP) and then go on to IDP. 

As discussed earlier, DP is about breaking a complicated problem into a number of simpler 

problems to optimize. This is more easily solved and also leads to a global optimal solution.  

This multistage problem is divided into N parts and described by the following equation 

    𝑥𝑘+1 = 𝑔𝑘(𝑥𝑘, 𝑢𝑘),          𝑘 = 0,1, … ,𝑁   (50) 

where 𝑥𝑘+1 is the state vector and 𝑔𝑘 is the transfer function. A quality criterion for each stage 𝐼𝑘 

is defined which can vary from stage to stage, which depends on the previous state vector 𝑥𝑘, the 

next state vector 𝑥𝑘+1, and the control vector 𝑢𝑘. It is not dependent anyway to full state history  

     𝐼𝑘 = 𝐼𝑘(𝑥𝑘, 𝑥𝑘+1, 𝑢𝑘).     (51) 

 

The full quality criterion J for the entire problem is the combination of each stage quality criterion 

𝐼𝑘 and the criterion of the end behavior 𝐸(𝑥𝑁) 

    𝐽 = ∑ 𝐼𝑘(𝑥𝑘, 𝑥𝑘+1, 𝑢𝑘) + 𝐸(𝑥𝑁)𝑁−1
𝑘=0 .    (52) 

The problem at each stage is solved backwards i.e. starting from the last stage N. As we move 

backwards in state vector ( 𝑘 = 𝑁 − 1 , . . .  , 0) the optimal control 𝑢𝑘 is found by minimizing the 

quality criterion 𝐽𝑘 

   𝐽𝑘(𝑥𝑘−1) =  min
𝑢𝑘

( 𝐼𝑘(𝑥𝑘−1, 𝑥𝑘 , 𝑢𝑘−1) + 𝐸(𝑥𝑁)).   (53) 

Even though DP finds global optimum for discrete time problems, due to interpolation and 

dimensionality it restricts itself from being used for practical multidimensional problems.  

In order to counter these problems the use of Iterative Dynamic Programming (IDP) is used. IDP 

is based on DP and reduces the rapid increase in memory and computational time by applying the 
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DP iteratively several times. It is done by reducing the search grid for optimal trajectory in each 

iteration.  

For the first iteration a coarse state grid and control is used resulting in a trajectory. This trajectory 

is further used as the center of the grids for the next iteration.  

The IDP algorithm is explained in the following steps: 

1. Create N sub-problems by dividing the problems into N stages 

 

2. For each state vector 𝑥 and control vector 𝑢, choose a midpoint for the grid and 

initialize a grid size 𝑟 for each 𝑥 and 𝑠 for each 𝑢. Set the number of grid points 𝜉 for 

each 𝑥 and the number of allowable points 𝜒 for each 𝑢 

 

3. Using 𝑘 = 0,1, … ,𝑁 stages create the control grid 

 

4. Using 𝑘 = 0,1, … ,𝑁 − 1 stages create the state grid 

 

5. Starting from 𝑘 = 𝑁, the last stage, calculate the quality criterion using (52) for each 

state grid point 𝑥𝑘−1 and each control grid point 𝑢𝑘. This will lead to an optimal control 

vector 𝑢𝑜𝑝𝑡,𝑘 for each state grid point 𝑥𝑘−1 

 

6. Now step back to stage 𝑘 ≔ 𝑘 − 1 and for each state grid point 𝑥𝑘−1, calculate the 

quality criterion using (53) is found. By minimizing the quality criterion the optimal 

control vector 𝑢𝑜𝑝𝑡,𝑘 is found 

 

7. Continue until the stage 𝑘 = 1 is reached by repeating step 6 i.e. is the previous step 

 

8. The control policy 𝑢𝑜𝑝𝑡 with its corresponding state trajectory 𝑥𝑜𝑝𝑡 is stored 

respectively. This policy is the one for the first iteration. Next go to step 2 and store 

the found optimal control policy 𝑢𝑜𝑝𝑡 and the state trajectory 𝑥𝑜𝑝𝑡 as the new midpoint 

for control and state vector 

 

9. Consequently the state grid 𝑟 and the control grid 𝑠 are reduced by a factor of 𝛾 as: 

𝑟 ≔ 𝛾𝑟 and 𝑠 ≔ 𝛾𝑠 

 

10. The process is to be continued for a number of iterations until 𝜉 and 𝜒 coarseness 

represent adequate accuracy 

 

Given the IDP algorithm the next task is its application to a HEV. The optimal control problem 

for the HEV here is split into two sub-problems so that it can be implemented in real-time. The 

first problem searches for an optimal velocity trajectory within a route model by using given 

driving behavior constraints i.e. maximum allowed lateral and longitudinal accelerations. The 

route model includes information about upcoming route like speed limits, grade and curvature of 

the road. 

Now from the first problem we have the needed force over distance therefore the second problem 

searches for the optimal torque split using a precise vehicle model. Both problems are solved using 

IDP.  
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The vehicle model considered in this paper is based on a sports turismo car with an 8-speed gear 

box, electric motor (EM), internal combustion engine (ICE) and a decoupling clutch. The 

schematic of the vehicle model can be seen in the figure 20 below. 

         Figure 20. Vehicle power train model of a HEV [15] 

 

The state variables include the State of charge (SoC), the engine on/off status o, and the gear i. 

The control variables include engine torque 𝑇𝑒𝑛𝑔, motor torque 𝑇𝑚𝑜𝑡, brake torque 𝑇𝑏, the 

decoupling clutch status 𝑐𝑠𝑡, and the gear g.  

 

    𝑥𝑘 = [
𝑠
𝑖
𝑜
]  ,               𝑢𝑘 =

[
 
 
 
 
𝑇𝑒𝑛𝑔

𝑇𝑚𝑜𝑡

𝑇𝑏

𝑐𝑠𝑡

𝑔 ]
 
 
 
 

    (54) 

 

A quasi-static model is used to find the required velocity and acceleration through the forces acting 

on the wheels. The total driving force required 𝐹𝑥, is the sum of rolling resistance 𝐹𝑟, aerodynamic 

drag 𝐹𝑑, grade resistance 𝐹𝑔, acceleration force 𝐹𝑎, and the longitudinal force in the curves 𝐹𝑐, 

    𝐹𝑥 = 𝐹𝑟 + 𝐹𝑑 + 𝐹𝑔 + 𝐹𝑎 + 𝐹𝑐.     (55) 

The torque at wheels is calculated as 𝑇𝜔 = 𝐹𝑥 ∙  𝑟𝑡𝑖𝑟𝑒, and the loses in the gearbox and the efficiency 

of the engine, motor and battery is saved as maps for backward calculation. The fuel consumption 

�̇�𝑓 is computed as a function of engine torque 𝑇𝑒𝑛𝑔 and speed 𝜔𝑒𝑛𝑔 

     �̇�𝑓 = 𝑓(𝑇𝑒𝑛𝑔, 𝜔𝑒𝑛𝑔).     (56) 

In order to reduce the complexity the problem is split into optimal vehicle trajectory, which is first 

order IDP and the optimal vehicle control which is a third order IDP. 

Starting with the first problem of finding the optimal vehicle trajectory, the problem is modeled 

so that the state variable 𝑥 and the control variable 𝑢 becomes 

     𝑥𝑘 = 𝑣,         𝑢𝑘 = 𝐹𝑥.     (57) 

The control variable is defined by (55), while the state variable which is the velocity can be limited 

before computation by using constraints which would result in faster computation. Using a digital 

map the speed limit can be determined, thus serving as the upper limitation for the maximal 

velocity. By considering the drivability comfort the maximum lateral and longitudinal acceleration 
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is defined in a certain range. This way the velocity in road curvature as well as in acceleration and 

deceleration phases is limited to 

     𝑣𝑐𝑢𝑟𝑣𝑒 = √
𝑎𝑙𝑎𝑡,𝑚𝑎𝑥

𝑟𝑐𝑢𝑟𝑣𝑒
.     (58) 

The upper and lower velocities are represented as 𝑣𝑢 and 𝑣𝑙, as shown in the figure 21 below: 

 Figure 21. Optimal velocity trajectory using IDP method with 10 iterations [15] 

As shown in the figure above the search space (state space) has also been reduced with the help of 

𝑣𝑢 and 𝑣𝑙. The middle of the two boundary is set as the initial velocity and the number of iterations 

as 𝑖. For the first iteration the state grid 𝑟 is the difference between 𝑣𝑢 and 𝑣𝑙: 𝑟
1 = 𝑣𝑢 − 𝑣𝑙.  

The state grid gets reduced by a factor 𝛾, and 𝑘 in each stage is proportional to new boundaries 

around 𝑣𝑜𝑝𝑡 (optimal trajectory) 

    𝑣𝑢,𝑘
𝑖+1 = 𝑣𝑜𝑝𝑡,𝑘

𝑖 + 0.5 ∙ 𝛾 ∙ (𝑣𝑢,𝑘
𝑖 − 𝑣𝑙,𝑘

𝑖 ),   (59) 

    𝑣𝑙,𝑘
𝑖+1 = 𝑣𝑜𝑝𝑡,𝑘

𝑖 − 0.5 ∙ 𝛾 ∙ (𝑣𝑢,𝑘
𝑖 − 𝑣𝑙,𝑘

𝑖 ).   (60) 

The performance index: 𝐼𝑣 = 𝐸 + 𝛼 ∙ 𝐿 is defined instead of a quality criterion for each state 𝑥. 

The term 𝐸 is energy needed from one state to another 

    𝐸 = 𝐹𝑥 ∙△ 𝑠 +△ 𝐸𝑘𝑖𝑛 +△ 𝐸𝑝𝑜𝑡.    (61) 

Where △ 𝑠 is the distance travelled, 𝐸𝑘𝑖𝑛 the kinetic energy, and 𝐸𝑝𝑜𝑡 the potential energy. The 

term 𝐿 is the deviation of the actual or investigated velocity 𝑣𝑎𝑐𝑡,𝑘 to the upper boundary 𝑣𝑢, so 

that higher velocities could be forced 

     𝐿 = 𝑣𝑢,𝑘 − 𝑣𝑎𝑐𝑡,𝑘.     (62) 
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The results for the performance index is presented in the figure 22 below. 

Figure 22. Performance index vs iteration number for different 𝛾 (reduction factors), based on data of route A [15] 

The grid points for the state variable is set as 𝜉 = 3. For the above figure 𝑖 = 50 iterations are 

used which are plotted vs performance index 𝐼, and where 𝐼 = 1 is the global optimum. Also seen 

in the figure above, the reduction factor 𝛾 between 0.01 and 0.49 never reaches the global 

optimum. Therefore we need 𝛾 to be above 0.5 and below 1. 

By using the sum of squared performance index 𝐼, the best grid reduction factor 𝛾 for route A is 

0.52. This can be seen in the figure 23 below. 

Figure 23. Grid Reduction Factor 𝛾 vs Squared Sum of Performance index for both route A and B [15] 

A different route B is investigated and its reduction factor 𝛾 is found to be 0.61 as the best choice. 

Due to different topological characteristics of route B from A, the optimal reduction factor 𝛾 is 

also different. This shows that the length and characteristics of the road plays a vital role in 

selecting this optimal reduction factor 𝛾. 
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In the figure 24 below the number of grid points for the state variables 𝜉 is varied in samples of 8 

i.e. a quadratic increase from 2 to 256 states of 𝑥.  

Figure 24. A quadratic increase in state variables from 2 to 256 over the number of iterations and the computational 

time on an Intel i5-2520M CPU with 2.50 Ghz [15] 

As seen from the figure 24 above the computational time increases linearly in regard to an 

exponential decrease of iterations.  

Now coming to the optimal vehicle control, the torque required at the wheels 𝑇𝜔 can be computed 

using the optimal velocity 𝑣𝑜𝑝𝑡 and the optimal force at the wheels 𝐹𝑥,𝑜𝑝𝑡 (using the first IDP). In 

order to minimize the fuel consumption the optimal torque split needs to be found using the second 

IDP.  

𝐼𝑏 is the performance index which is the sum of the fuel consumption over distance. The model in 

(54) is considered where the number of state variables for the gear 𝜉𝑖 = 8, while the on/off discrete 

status of engine 𝜉𝑜 = 2. The SoC is continuous so it has to be discretized at △ 𝑠 = 𝜉𝑠 − 1. 

The SoC represents the battery percentage charge capacity 𝐶𝐵𝑎𝑡, and is directly proportional to 

time △ 𝑡 and also to distance between two stages △ 𝑥 

     △ 𝐸 =
𝐶𝐵𝑎𝑡

△𝑠
= 𝑃 ∙△ 𝑡 = 𝑃 ∙

△𝑥

△𝑣
 .   (63)   

A small distance △ 𝑥 results in a high resolution of SoC △ 𝑠. The resolution to achieve a practical 

power demand 𝑃 for the EM gets smaller when the next distance stage 𝑥𝑘+1 is farthest. Using this 

approach the number of grid points for the SoC state variable is set to a value which is dependent 

on the capacity and needed accuracy. In each iteration the intervals △ 𝑠 and △ 𝑥 are reduced by 

the grid reduction factor 𝛾 = 0.5 (using the optimal velocity trajectory). The grid 𝑟 and the 

partially optimal SoC trajectory 𝑠𝑜𝑝𝑡,𝑘 for every iteration, similar to (59) and (60) is used. The 

upper and lower bounds are defined by the battery capacity. This is seen in figure 25 below. 
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 Figure 25. A schematic grid reduction of SoC over distance [15] 

Since the two IDP algorithms were implemented by NMPC, assuming the top speeds to be 𝑣𝑡𝑜𝑝 =

60 𝑚/𝑠, and the control horizon should be greater than 𝑑𝑐𝑜𝑛𝑡𝑟𝑜𝑙 = 𝑣𝑡𝑜𝑝 ⋅ 𝑡𝑐𝑜𝑚𝑝 in order for the 

overlapping of control horizon. Since in every 𝑖 iteration △ 𝑥 is bisected, therefore the moving 

horizon is also bisected which varies over 𝑖 iterations: 𝑑𝑚𝑜𝑣 = 2𝑖 ⋅ 𝑑𝑐𝑜𝑛𝑡𝑟𝑜𝑙 ,    𝑖 = 4,… ,1.    

 𝑡𝑐𝑜𝑚𝑝 represents the computing time and it depends on the memory size. The battery size has a 

range of 2500 meters for full electric driving and with a buffer it is doubled to 𝑑𝑚𝑜𝑣,𝑚𝑎𝑥 ≃ 24 ⋅
320 = 5120 meter. The computational time 𝑡𝑐𝑜𝑚𝑝 for both algorithms on an IBM PowerPC 750 

GL, 900 Mhz is below 𝑡𝑐𝑜𝑚𝑝 = 10 seconds.  

The figure below shows the states for the two IDP algorithms: 

Figure 26. The Velocity and SoC trajectories for a country road extract and the marker is the starting point of the 

updated trajectory for the next 320 meters [15] 

Each marker represents the starting point for the trajectory generated for the upcoming control 

horizon running every 𝑡𝑐𝑜𝑚𝑝. The SoC is determined using 3 different starting points (0%, 50%, 

100%). As seen in the lower plot of figure 26 a global optimum is reached even though different 

starting points are used.  

 



 40 

2.4 Discussion regarding the investigated methods 

  

In regards to the different methods mentioned above several conclusions could be derived. These 

are summed up as: 

 As seen in the literature review, the first paper uses lesser number of grid points along 

with simplifying the Dynamic Programming iteration which turns it into a quadratic 

programming problem. This would eventually lead to a faster solution. 

 

 The second paper reduces the computational time by attaining an analytical solution to 

finding the optimal control with the help of cubic splines. The cubic splines are used 

to approximate the value function which lead to the derivation of the analytical optimal 

control. 

 

 The third and the last paper uses Iterative Dynamic Programming (IDP), which is a 

different form of Dynamic Programming to solve the HEV fuel consumption problem. 

It attains the solution by iterative application of DP method until a good enough 

solution is reached. 
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3  IMPLEMENTATION 

The implementation contains modelling and optimization of fuel consumption for a parallel HEV. 

 

3.1 DPM-Toolbox  

A toolbox to solve Dynamic Programming (DP) problem is available from Sundström and 

Guzzella [16]. This toolbox or function solves discrete time optimal-control problems. Only the 

objective function and model equations need to be provided for its implementation. 

A detailed overview about it can be found in paper from Sundström and Guzzella [16], and it will 

be used in our implementation due to the time limitation of the thesis. In fact we will carry forward 

an earlier example of HEV [17] in the DPM-toolbox, however with an optimization in order to 

reduce computational time of the simulation. 

 

3.2 Parallel Hybrid Electric Vehicle Model 

The modelling part of the parallel HEV is based on paper from Sundström, Guzzella & Soltic [17]. 

As seen in earlier chapters, the parallel HEV model is quasi-static model where the signals flow 

from the drive cycle to the powertrain in one direction. The model can be described as 

     𝑥𝑘+1 = 𝑓(𝑥𝑘, 𝑢, 𝑣, 𝑎, 𝑖),    (64) 

where 𝑥𝑘 is the SoC in the battery, 𝑢 is the torque split factor, 𝑣 the vehicle speed, 𝑎 vehicle 

acceleration and 𝑖 gear number. The configuration of the parallel HEV can be shown in the figure 

27 below. 

     Figure 27. Full parallel hybrid vehicle configuration [17] 

The model of the vehicle is based on midsized vehicle with a mass of 𝑚0 = 1503 𝑘𝑔, which along 

with a 1.6l internal combustion engine becomes a total mass of 𝑚0 + 𝑚𝑖𝑐𝑒 = 1611 𝑘𝑔. The total 

mass of the vehicle is 

    𝑚𝑣𝑒ℎ = 𝑚0 + 𝑚𝑖𝑐𝑒 + 𝑚𝑒𝑚 + 𝑚𝑏𝑎𝑡𝑡.    (65) 

Where 𝑚𝑖𝑐𝑒 is the engine mass, 𝑚𝑒𝑚the motor mass, 𝑚𝑏𝑎𝑡𝑡 the mass of the battery. The inputs to 

the model are the vehicle speed 𝑣𝑣𝑒ℎ and the vehicle acceleration 𝑎𝑣𝑒ℎ, taken from the drive cycle.  

The outputs from the vehicle model are the wheel rotational speed 𝜔𝑣𝑒ℎ, wheel rotational 

acceleration ∆𝜔𝑣𝑒ℎ, and the torque of the wheels 𝑇𝑣𝑒ℎ. The following equations determine the 

outputs 

   𝜔𝑣𝑒ℎ =
𝑣𝑣𝑒ℎ

𝑟𝑤ℎ𝑒𝑒𝑙
                       ∆𝜔𝑣𝑒ℎ =

𝑎𝑣𝑒ℎ

𝑟𝑤ℎ𝑒𝑒𝑙
.    (66) 
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Where 𝑟𝑤ℎ𝑒𝑒𝑙 is radius of the wheel and torque required at the wheels is 

    𝑇𝑣𝑒ℎ = (𝐹𝑓 + 𝐹𝑎 + 𝐹𝑖). 𝑟𝑤ℎ𝑒𝑒𝑙,    (67) 

and the air drag force of the vehicle is 

    𝐹𝑎 = 0.5 ∙ 𝜌𝑎𝑖𝑟 ∙ 𝑐𝑑 ∙ 𝐴 ∙ 𝑣𝑣𝑒ℎ
2 .     (68) 

The inertial force is 

    𝐹𝑖 = (𝑚𝑣𝑒ℎ + 𝑚𝑟𝑜𝑡) ∙ 𝑎𝑣𝑒ℎ,     (69) 

where m𝑟𝑜𝑡 is the moment of inertia of the drivetrain converted to an equivalent mass. The force 

of the friction is 

    𝐹𝑓 = 𝑚𝑣𝑒ℎ ∙ 𝑔 ∙ (𝑐𝑟0 + 𝑐𝑟1 ∙ 𝑣𝑣𝑒ℎ
𝑐𝑟2 ),    (70) 

where 𝑐𝑟0, 𝑐𝑟1, 𝑐𝑟2 and 𝑐𝑑 are the coefficients of friction.  

 

As for the modelling of the gearbox, the gearbox is modelled as a six gear manual transmission 

and same gear ratios for all configurations. The inputs to the gearbox model are the wheel speed, 

wheel acceleration, wheel torque and gear number 𝑖. The outputs of the model are the rotational 

speed of the crankshaft and acceleration of crankshaft along with the torque of the crankshaft. The 

efficiency of the gearbox is constant for all gears 𝜂𝑔𝑏 = 0.95. This way the torque on the clutch 

side of the gearbox becomes 

    𝑇𝑏 = {  

𝑇𝑣𝑒ℎ

𝜂𝑔𝑏∙𝛾(𝑖)
          𝑇𝑣𝑒ℎ ≥ 0

𝑇𝑣𝑒ℎ∙𝜂𝑔𝑏

𝛾(𝑖)
            𝑇𝑣𝑒ℎ < 0   

,    (71) 

where the gear ratio for each gear is 𝛾(𝑖). The rotational speed and acceleration of the crankshaft 

is 𝜔𝑐 =  𝛾(𝑖) ∙  𝜔𝑣𝑒ℎ and ∆𝜔𝑐 = 𝛾(𝑖)  ∙  ∆𝜔𝑣𝑒ℎ. 

The torque split which is represented as 𝑢 or control in equation (64), it determines how much the 

torque split should be made between the EM and the ICE. The torque split is to be determined at 

each time step, and is defined as a continuous variable 𝑢 ∈ [−1 , 1]. When the torque split is 

negative it means that more torque is provided by the ICE than demanded, so as to recharge the 

battery and where 𝑢 = −1 representing full recharge. The value 𝑢 = 0 represents that torque is 

only provided by the ICE. And the positive values means that torque is being provided both by 

ICE and EM. The value 𝑢 = 1 means that full torque is being provided by EM or full brake energy 

recuperation.  

The torque demand depends on the torque split factor as follows 

  𝑇𝑑𝑒𝑚 = {
𝑇𝑔𝑏 + 𝑇𝑒𝑚0                   𝑢 = 1 𝑎𝑛𝑑 𝑇𝑒𝑚,𝑚𝑎𝑥 > 𝑇𝑑𝑒𝑚

𝑇𝑔𝑏 + 𝑇𝑒𝑚0 + 𝑇𝑖𝑐𝑒0                                   𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
,   (72) 

where 𝑇𝑖𝑐𝑒0 is the engine drag torque, 𝑇𝑒𝑚0 the motor drag torque, 𝑇𝑔𝑏 torque demand of the gear 

box.  

The torque demand of the EM and ICE are both determined using the total torque demand 𝑇𝑑𝑒𝑚, 

the torque split factor 𝑢, the limits of the battery current and the motor torque, and the limits of the 

engine torque and speed.  
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As for the modelling of the ICE, a Williams approximations is used i.e. the mean effective pressure 

of the brake 𝑝𝑏𝑚𝑒𝑝 is an affine function of the mean effective pressure of the fuel 𝑝𝑓𝑚𝑒𝑝, 

      𝑝𝑏𝑚𝑒𝑝 ≈ 𝑒(𝜔𝑐) ∙  𝑝𝑓𝑚𝑒𝑝 − 𝑝𝑏𝑚𝑒𝑝0(𝜔𝑐).   (73) 

Where 𝑒(𝜔𝑐) is the internal efficiency and the drag mean effective pressure is 𝑝𝑏𝑚𝑒𝑝0(𝜔𝑐). The 

drag torque of the engine is then given as 

    𝑇𝑖𝑐𝑒0 = 𝐽𝑖𝑐𝑒 ∙ ∆𝜔𝑐 +
𝑉𝑑 ∙ 𝑝𝑏𝑚𝑒𝑝0(𝜔𝑐)

4 ∙ 𝜋
,    (74) 

with 𝐽𝑖𝑐𝑒 the inertia and 𝑉𝑑 the displacement. The fuel consumption is then calculated as 

     ∆𝑚𝑓 =
𝑇𝑖𝑐𝑒 ∙  𝜔𝑐

𝑒(𝜔𝑐) ∙  𝑄𝑙ℎ𝑣
,     (75) 

where 𝑄𝑙ℎ𝑣 is the lower heating value of gasoline. The mass of the ICE is well approximated as 

     𝑚𝑖𝑐𝑒 = 𝑉𝑑 ∙  𝑐𝑑𝑚/𝑑𝑉,     (76) 

where 𝑐𝑑𝑚/𝑑𝑉 is a constant approximated as 𝑐𝑑𝑚/𝑑𝑉 = 67.6 [𝑘𝑔/𝑙]. 

 

The model of the EM is based on a detailed simulation data of a 24 kW motor. The drag torque of 

the motor is 

     𝑇𝑒𝑚0 = 𝐽𝑒𝑚 ∙  ∆𝜔𝑐     (77) 

where 𝐽𝑒𝑚 is the motor inertia. In order to determine the electric power required or supplied to the 

battery a map Γ(𝜔, 𝑇) is used, which is derived from detailed simulations. 

     𝑃𝑒𝑚 =  Γ(𝜔𝑐, 𝑇𝑒𝑚),      (78) 

 

The efficiency map of the 24 kW electric motor is represented as 

   𝜂𝑒𝑚(𝜔𝑐, 𝑇𝑒𝑚) = {

𝑇𝑒𝑚∙ 𝜔𝑐

Γ(𝜔𝑐,𝑇𝑒𝑚)
               𝑇𝑒𝑚 ≥ 0

Γ(𝜔𝑐,𝑇𝑒𝑚)

𝑇𝑒𝑚∙ 𝜔𝑐
              𝑇𝑒𝑚 < 0

.    (79) 
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This is shown in the figure 28 below: 

 Figure 28. Map of the efficiency of the electric motor with maximum and minimum motor torque 

 

The battery is modeled as voltage source in series with a resistance. It is based on an ADVISOR 

model of 6.5 Ah NiMH battery. The input/output power of the battery is the total power supplied 

to or by the EM as 

     𝑃𝑒𝑚,𝑡𝑜𝑡 = 𝑃𝑒𝑚 + 𝑃𝑎𝑢𝑥,     (80) 

where 𝑃𝑎𝑢𝑥 is a constant auxiliary power demand with a value 𝑃𝑎𝑢𝑥 = 350 W. The battery’s current 

𝐼𝑏𝑎𝑡𝑡 is calculated as 

    𝐼𝑏𝑎𝑡𝑡(𝑃𝑒𝑚,𝑡𝑜𝑡) =
𝑉𝑜𝑐−√𝑉𝑜𝑐

2 −4 ∙ 𝑅𝑖𝑛𝑡 ∙ 𝑃𝑒𝑚,𝑡𝑜𝑡

2 ∙ 𝑅𝑖𝑛𝑡
,   (81) 

where 𝑉𝑜𝑐 is the open circuit voltage and 𝑅𝑖𝑛𝑡 is the internal resistance of the battery. Both the open 

circuit voltage and the internal resistance are functions of SoC and the amount of modules, and the 

cells in each module, used in the battery. The battery current constraints are 𝐼𝑚𝑖𝑛 ≤ 𝐼𝑏𝑎𝑡𝑡 ≤ 𝐼𝑚𝑎𝑥, 

where both 𝐼𝑚𝑖𝑛 and 𝐼𝑚𝑎𝑥 are dependent on the capacity of the battery. The battery’s SoC is also 

used as its state 𝑥𝑘 and thus is calculated using 

         𝑥𝑘+1 =
−𝐼𝑏𝑎𝑡𝑡 ∙  𝜂𝑏𝑎𝑡𝑡 (𝐼𝑏𝑎𝑡𝑡)

3600∙𝑄𝑏𝑎𝑡𝑡
+ 𝑥𝑘,    (82) 

where 𝜂𝑏𝑎𝑡𝑡 is the battery’s charging efficiency and 𝑄𝑏𝑎𝑡𝑡 the battery’s capacity. 𝜂𝑏𝑎𝑡𝑡 is set as  

    𝜂𝑏𝑎𝑡𝑡  (𝐼𝑏𝑎𝑡𝑡) = {
1.0   𝐼𝑏𝑎𝑡𝑡 ≥ 0
0.9   𝐼𝑏𝑎𝑡𝑡 < 0

.    (83) 
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3.3 Optimizing Model of HEV 
 

As mentioned earlier, we will modify a previous HEV model [17], in order to reduce the 

computational time. In the modelling part, many interpolation commands of MATLAB have been 

used, starting first from the engine drag torque, which is listed in (75). The engine drag torque is 

represented for different crankshaft speeds, as shown in the table 1 below: 

 

Engine Drag Torque 

(Nm) 

       Crankshaft Speeds 

(rad/s) 
       22.24        112 

       22.24        168 

       22.47        224 

       23.37        280 

       24.65        336 

       27.27        392 

       29.85        447 

       29.77        503 

   Table 1. Engine drag torque for different crankshafts speeds 

In the modelling part the MATLAB command ‘interp1’ is used and the engine torque is 

calculated via the crankshaft speed. The interpolation function of MATLAB is very useful 

however it suffers from a relatively higher computational time since it contains rigorous error 

checks [7]. Instead of using the interpolation command we have approximated the engine torque 

vs crankshaft speed as an analytical function. This analytical function was found using MATLAB 

‘Curve Fitting’ application which is inbuilt in MATLAB R2014. The analytical function which 

provided the best fit was chosen as shown in the figure 29 below. 

           Figure 29. Engine drag torque interpolated function along with the analytical function  
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Next the engine efficiency is mapped using the interpolation command. The engine efficiency is 

calculated using the crankshaft speed. The table 2 below represents it: 

 

      Engine Efficiency         Crankshaft Speeds 

(rad/s) 
       0.423        112 

       0.420        168 

       0.446        224 

       0.445        280 

       0.446        336 

       0.445        392 

       0.440        447 

       0.423        503 

   Table 2. Engine efficiency for different crankshafts speeds 

The figure 30 below shows the interpolated and analytical curve plotted: 

                       Figure 30. Engine efficiency interpolated function along with the analytical function  

The maximum torque of the engine is also mapped along crankshaft speed. It is represented by 

table 3: 

      Maximum Engine 

Torque (Nm)  

       Crankshaft Speeds 

(rad/s) 
       129        112 

       163        168 

       190        224 

       194        280 

       197        336 

       199        392 

       198        447 

       196        503 

                                Table 3. Maximum engine torque for different crankshaft speeds 
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The curve showing the interpolated and analytical function of the maximum engine torque is 

shown in the figure 31 below: 

                  Figure 31. Maximum engine torque interpolated function along with the analytical function  

 

The battery’s internal resistance also changes at different values of SoC. The table 4 below shows 

the values of resistance at different values of SoC, when the battery is being discharged: 

 

Resistance (discharge 𝛀)                SoC 
       1.75        0 

       0.6        0.2 

       0.4        0.4 

       0.3        0.6 

       0.3        0.8 

       0.3        1.0 

                                Table 4. Discharging resistance’s for different values of state of charge  

The figure 32 below shows the interpolated and analytical function: 

                          Figure 32. Discharging resistance interpolated along with analytical function 
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As for the resistance’s while charging the table 5 below represents it: 

 

Resistance (charging 𝛀)                SoC 
       0.35        0 

       0.5        0.2 

       0.85        0.4 

       1.0        0.6 

       2.0        0.8 

       5.0        1.0 

                                  Table 5. Charging resistance’s for different values of state of charge  

The figure 33 below illustrates the interpolated function and the analytical function: 

                                    Figure 33. Charging resistance for different values of state of charge plotted 

 

Lastly the interpolation is done for the open circuit voltage of the battery which changes along 

with the SoC. The table 6 below illustrates it: 

 

Open Circuit Voltage (V)                SoC 
       230        0 

       240        0.2 

       245        0.4 

       250        0.6 

       255        0.8 

       257        1.0 

                                   Table 6. Charging resistance’s for different values of state of charge  
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The figure 34 below shows both the interpolated and analytical function plotted: 

                               Figure 34. Open circuit voltage for different values of state of charge plotted 
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4  RESULTS  

The results are presented and compared for both the optimized and non-optimized model, 

primarily the simulation time and plotted graphs are compared. 

 

To attain the results we used two different drive cycles, namely NEDC (New European Driving 

Cycle) and JN1015 (Japanese 10-15 mode cycles). Further information on both is presented on the 

website [18]. The figure below illustrates both these drive cycles: 

                                            Figure 35. NEDC drive cycle  

              

             Figure 36. JN1015 drive cycle 

 

4.1 Results for NEDC drive cycle 

We will first present the results acquired from the earlier example done in DPM-toolbox. The 

constraints are set as following: 
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Number of state grid points                100 

Maximum possible value of state                0.7 

Minimum possible value of state                0.4 

Number of input(control) grid points                10 

Maximum possible value of input (control)                 1 

Minimum possible value of input (control)                -1 

Initial state (𝒙𝟎)                0.55 

Maximum final state constraint                 0.56 

Minimum final state constraint                0.55 

                                     Table 7. Constraints for the HEV simulation 

Starting with the non-optimized example, the figure 37 below shows the SoC varying with time: 

          

            Figure 37. State of Charge varying with time (Non-optimized) for NEDC drive cycle 

 

 



 53 

The cost related with this simulation is shown in figure 38 below: 

        Figure 38. Cost of the simulation (Non-optimized) for NEDC drive cycle 

The simulation time and area under the cost curve (which represents the fuel consumption) is 

shown in the table 8 below: 

 

Time taken for 

simulation 

12.3922 seconds 

Area under the 

cost curve (fuel 

consumption) 

174.0292 

  Table 8. Simulation time and fuel consumption for the non-optimized simulation for NEDC drive cycle 

Using the same constraints as in table 7, but using the analytical function rather than the 

interpolated function as explained in the previous chapter’s section 3.3, the results are obtained. 

The figure 39 below shows how the SoC varies with time: 

  Figure 39. State of Charge varying with time (Optimized) for NEDC drive cycle 
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The plot of the cost related with this optimized simulation is shown in figure 40 below: 

                                      Figure 40. Cost of the simulation (Optimized) for NEDC drive cycle 

 

The simulation time and area under the cost curve (which represents the fuel consumption) for the 

optimized simulation is shown in the table 9 below: 

 

Time taken for 

simulation 

6.92 seconds 

Area under the 

cost curve (fuel 

consumption) 

174.0299 

 Table 9. Simulation time and fuel consumption of the optimized simulation for NEDC drive cycle 

 

By comparing table 8 and 9 it can be seen even though the fuel consumption is very much similar 

the simulation time for the optimized simulation is about half of the non-optimized one. 
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The figure 41 below present the both the non-optimized and optimized one together: 

Figure 41. State of charge of both the optimized and non-optimized simulation (interpolation method represents the 

non-optimized) for NEDC drive cycle 

Figure 42. Cost of both the optimized and non-optimized simulation (interpolation method represents the non-

optimized) for NEDC drive cycle 
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4.2 Results for JN1015 drive cycle 

The same constraints as that of table 7 are used and the results obtained. Starting with the non-

optimized example the figure 43 below shows the SoC varying with time: 

  Figure 43. State of Charge varying with time (Non-optimized) for JN1015 drive cycle 

 

 The cost related with this simulation is shown in figure 44 below. 

        Figure 44. Cost of the simulation (Non-optimized) for JN1015 drive cycle 
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The simulation time and area under the cost curve (which represents the fuel consumption) is 

shown in the table 10 below: 

Time taken for 

simulation 

6.4532 seconds 

Area under the 

cost curve (fuel 

consumption) 

174.0284 

        Table 10. Simulation time and fuel consumption for the non-optimized simulation for JN1015 drive cycle 

 

As for the analytical (optimized) function, the SoC varying with time is shown in figure 45 below. 

  Figure 45. State of Charge varying with time (Optimized) for JN1015 drive cycle 

 

The cost related with this optimized function is shown in figure 46 below: 

                                        Figure 46. Cost of the simulation (Optimized) for JN1015 drive cycle 
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The simulation time and the area under the curve (fuel consumption) for the optimized function is 

shown in table 11 below: 

 

 

 

 

              Table 11. Simulation time and fuel consumption for the optimized simulation for JN1015 drive cycle 

By comparing table 10 and 11, we can see that a reduction in computing time is seen for the 

analytical function without changing the fuel consumption much. The SoC and cost of fuel 

consumption of both the methods i.e. optimized and non-optimized can be seen in figure 47 and 

figure 48 below: 

Figure 47. State of charge of both the optimized and non-optimized simulation (interpolation method represents the 

non-optimized and vice versa) for JN1015 drive cycle 

Figure 48. Cost of both the optimized and non-optimized simulation (interpolation method represents the non-

optimized and vice versa) for JN1015 drive cycle 

 

Time taken for 

simulation 

4.021 seconds 

Area under the 

cost curve (fuel 

consumption) 

174.0277 
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5  DISCUSSION AND CONCLUSIONS 

This part discusses the summary and conclusions derived from the literature review and the 

implementation part. 

 

5.1 Discussion 

As seen in the literature review, basically two methods were discussed for tackling the curse of 

dimensionality namely ADP and IDP.  

For the ADP, mainly two papers were used, [11] and [13]. These used different strategies to model 

a DP problem so that a quicker solution could be achieved.  

The first paper [11] used lesser number of grid points along with modelling the DP sub-problem 

or iteration into a quadratic program which could then be solved through Quadratic Programming.  

Another other paper [13], cubic splines were used to approximate the cost-to-go and then attain an 

analytical solution for the optimal control. This way the need for gridding of the control signal was 

not needed. 

The second method, IDP, was based on [15]. In this algorithm, iterations were used in order to 

reach a good enough optimal solution. In each iteration the grid size was reduced so that the 

solution became smoother. This was implemented as real time and the results were quite 

impressive. The effectiveness of this method was possible also due to new technology available; 

for instance GPS (Global Positioning System), so that speeds limits etc. could be exploited as 

constraints. The use of IDP has also been recommended by Sciarretta & Guzzella [5] as a method 

to reduce the computational demand. 

As for the implementation part, keeping in view the time frame, an earlier done example of DP 

applied on a HEV was used [16]. This example was based on a general DP toolbox implemented 

in MATLAB. The modelling in this DP toolbox included MATLAB interpolation functions in 

order to model different sub-systems like motor efficiency, battery’s resistive values etc. However 

the use of MATLAB interpolation function command is not a very efficient one, therefore it was 

replaced with an analytical function and the results showed very little difference between the 

earlier done example and the one with the approximations. Moreover the time taken for the 

simulation to be completed was much less, therefore showing that it was an optimized one.   

5.2 Conclusions 

Using the literature review it can been seen that the most computational demanding part in the DP 

algorithm is the interpolation part. If somehow this can be replaced with some other efficient 

method the computational burden would also reduce.  

Each of the method used whether ADP or IDP resulted in a quicker solution. Given which method 

to choose depends greatly on the DPDynamic Programming application. If a very deep 

understanding and good mathematical modelling of the application is available then the methods 

used in papers [11] and [13] could be used. Otherwise to bypass the detailed mathematical 

modelling part, IDP could be used to get a quicker solution compared to that of a conventional DP 

algorithm. 
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6  RECOMMENDATIONS AND FUTURE WORK 

The recommendations along with future work are presented in this section. 

6.1 Recommendations 

Since the research field is related to HEV and optimal control/optimization, therefore for further 

research it would be better to have much more in depth knowledge related to these fields. For 

instance master level courses should be taken for HEV, optimal control and optimization so that 

some pre-knowledge is available before the start of the research. This way knowledge of 

mathematical programming/optimization would also be known and would help in producing a 

much higher quality research. Since in my case I started out without these fundamentals, not only 

did the time frame enhance but also quite a bit of the initial time was spent on attaining and 

understanding the basics. 

6.2 Future work 

Since the literature review was the main part in this thesis, therefore future work could be done to 

further enhance the literature review. 

Starting with the first [11] and the second paper [13] which involved ADP. More literature could 

be looked into where ADP has been applied to HEVs.   

Even for the IDP, more applications of it could be investigated. If enough material is available a 

toolbox could also be implemented and the solution compared with that of a simple/conventional 

DP algorithm. 

As mentioned in Powell’s book “Approximate Dynamic Programming” [19], backwards 

recursion’s are not possible when using multi-dimensional states. Therefore the alternative strategy 

is to step forward in time i.e. to use iterative algorithms in order to estimate the cost-to-go or value 

function. The names apart from IDP for this type of algorithms include forward dynamic 

programming, incremental dynamic programming, adaptive dynamic programming, heuristic 

dynamic programming, reinforcement learning and neuro-dynamic programming. The literature 

review could also be extend by including as many as possible of these algorithms.   

Lastly for the implementation part more drive cycles could be investigated to see the differences 

in simulation time. Moreover a more realistic model could also be implemented for instance by 

using QSS MATLAB toolbox [20].  
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APPENDIX A: MATLAB FUNCTION CODE 

This appendix contains the matlab function code used for simulation. It has been taken from [16] 

and changed for optimization. 

function [X C I out] = hev1(inp,par) 
%HEV Computes the resulting state-of-charge based on current state- 
%   of-charge, inputs and drive cycle demand. 
%    
%   [X C I out] = HEV(INP,PAR) 
% 
%   INP   = input structure 
%   PAR   = user defined parameters 
% 
%   X     = resulting state-of-charge 
%   C     = cost matrix 
%   I     = infeasible matrix 
%   out   = user defined output signals 
 a01 =       6.802;  
 b01 =       471.8;   
 c01 =       117.1;   
 a02 =        1042;   
 b02 =   5.233e+04;  
 c02 =   2.661e+04;  
 p1 =  -6.601e-07;  
 p2 =   0.0004269;   
 p3 =      0.3779; 

  
 a3 =       1.402; 
 b3 =      -8.211; 
 c3 =      0.3473; 
 d3 =     -0.1762; 
 a4 =    0.001444; 
 b4 =       7.726; 
 c4 =       0.381; 
 d4 =       1.512; 
 p12 =      -17.86; 
 p23 =       44.29; 
 p32 =       230.6; 
 a1 =       206.2; 
 b1 =     0.00334;   
 c1 =      0.3042;   
 a2 =       9.085;   
 b2 =     0.01843;  
 c2 =      -2.141;  
 t1 =  -6.869e-07;  
 t2 =   0.0006426; 
 t3 =     0.03411;   
 t4 =      -131.5;   
 t01 =   6.869e-07; 
 t02 =  -0.0006426; 
 t03 =    -0.03411; 
 t04 =       131.5; 

  
 k00 =      0.5006;  
 k10 =     0.00521;  
 k01 =    0.002273;  
 k20 =  -6.538e-05;  
 k11 =   2.878e-06;   
 k02 =  -6.509e-06;  
 k30 =   2.086e-07;  
 k21 =   6.701e-09;  
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 k12 =  -5.022e-09; 
 k03 =   5.215e-09;  
% VEHICLE 
%   wheel radius            = 0.3 m 
%   rolling friction        = 144 N 
%   aerodynamic coefficient = 0.48 Ns^2/m^2 
%   vehicle mass            = 1800 kg 
% 
% Wheel speed (rad/s) 
wv  = inp.W{1} ./ 0.3; 
% Wheel acceleration (rad/s^2) 
dwv = inp.W{2} ./ 0.3; 
% Wheel torque (Nm) 
Tv = (144 + 0.48.*inp.W{1}.^2 + 1800.*inp.W{2}) .* 0.3; 

  
% TRANSMISSION 
%   gearbox efficiency = 0.95 
% gear ratios 
r_gear =  [17 9.6 6.3 4.6 3.7 3.5]; 
% Crankshaft speed (rad/s) 
wg  = (inp.W{3}>0) .* r_gear(inp.W{3} + (inp.W{3}==0)) .* wv; 
% Crankshaft acceleration (rad/s^2) 
dwg = (inp.W{3}>0) .* r_gear(inp.W{3} + (inp.W{3}==0)) .* dwv; 
% Crankshaft torque (Nm) 
Tg  = (inp.W{3}>0) .* (Tv>0)  .* Tv ./ r_gear(inp.W{3} + (inp.W{3}==0)) ./ 

0.95... 
    + (inp.W{3}>0) .* (Tv<=0) .* Tv ./ r_gear(inp.W{3} + (inp.W{3}==0)) .* 

0.95; 

  
% TORQUE SPLIT 
%   engine inertia = 0.14 m 
%   motor inertia  = 0.03 m 
%   idle speed     = 100 rad/s 
% 
%Te0_list = [22.24   22.24   22.47   23.37   24.65   27.27   29.85   29.77]; 
we_list  = [112  168  224  280  336  392  447  503]; 
% Engine drag torque (Nm) 
x1=min(max(wg,we_list(1)),we_list(end)); 
y1= a01.*exp(-((x1-b01)./c01).^2) + a02.*exp(-((x1-b02)./c02).^2); 
Te0=dwg .* 0.14+y1; 
%Te0  = dwg * 0.14 + 

interp1(we_list,Te0_list,min(max(wg,we_list(1)),we_list(end))); 
% Electric motor drag torque (Nm) 
Tm0  = dwg * 0.03; 
% Total required torque (Nm) 
Ttot = Te0.*(inp.U{1}~=1) + Tm0 + Tg; 
% Torque provided by engine 
Te  = (wg>0) .* (Ttot>0)  .* (1-inp.U{1}).*Ttot; 
Tb  = (wg>0) .* (Ttot<=0) .* (1-inp.U{1}).*Ttot; 
% Torque provided by electric motor 
Tm  = (wg>0) .*    inp.U{1} .*       Ttot; 
inps = (Te>0).*(wg<100) + (Ttot<0).*(Tm>0); 

  
% ENGINE 
%   gasoline lower heating value = 42500000 J/kg 
%    
% engine internal efficiency 
eta  = [0.423  0.420    0.446    0.445    0.446    0.445    0.440    0.423]; 
% maximum engine  
Tmax = [129  163  190  194  197  199  198  196]; 
% Engine efficiency (function of speed) 
e_th= p1.*wg.^2 + p2.*wg + p3; 
%e_th = interp1(we_list,eta,wg,'linear*','extrap'); 
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% Fuel mass flow (function of power and efficiency) 
m_dot_fuel = Te.*wg./e_th./42500000; 
% Maximum engine torque 

  
Te_max=a1.*sin(b1.*wg+c1) + a2.*sin(b2.*wg+c2); 
%Te_max = interp1(we_list,Tmax,wg,'linear*','extrap'); 
% Fuel power consumption 
Pe = m_dot_fuel .* 42500000; 
% Calculate infeasible 
ine = (Te > Te_max); 

  

  
% MOTOR (from ADVISOR PM25) 
% motor speed list 
wm_list = [0   50  100  150  200  250  300  350  400  450  500  550  600]; 
% motor torque list 
Tm_list = [0 10 20 30 40 50 60 70 80 90 100 110 120 130 140 150 160]; 
% motor maximum torque (indexed by speed list) 
Tmmax   = [130 130 130 110 105 95 80 70 59 50 40 32 28]; 
% motor minimum torque (indexed by speed list) 
Tmmin   = -Tmmax; 
% motor efficiency map (indexed by speed list and torque list) 
etam = 0.01*[... 
      50 50 50 50 50 50 50 50 50 50 50 50 50 50 50 50 50    
      68 70 71 71 71 71 70 70 69 69 69 68 67 67 67 67 67   
      68 75 80 81 81 81 81 81 81 81 80 80 79 78 77 76 76 
      68 77 81 85 85 85 85 85 85 84 84 83 83 82 82 80 79 
      68 78 82 87 88 88 88 88 88 87 87 86 86 85 84 83 83 
      68 78 82 88 88 89 89 89 88 88 87 85 85 84 84 84 83 
      69 78 83 87 88 89 89 88 87 85 85 84 84 84 84 84 83 
      69 73 82 86 87 88 87 86 85 84 84 84 84 84 84 84 83 
      69 71 80 83 85 86 85 85 84 84 84 84 84 84 83 83 83 
      69 69 79 82 84 84 84 84 83 83 83 83 83 83 83 82 82 
      69 68 75 81 82 81 81 81 81 81 81 80 80 80 80 80 80 
      69 68 73 80 81 80 76 76 76 76 76 76 76 76 75 75 75 
      69 68 71 75 75 75 75 75 75 75 75 75 74 74 74 74 74]; 
% Electric motor efficiency 
x=abs(Tm); 
y=wg; 

  
e = (wg~=0) .* interp2(Tm_list,wm_list,etam,abs(Tm),wg.*ones(size(Tm))) + 

(wg==0); 
% Summarize infeasible 
inm = (isnan(e)) + (Tm<0)  .* (Tm < t1.*wg.^3 + t2.*wg.^2 + t3.*wg + t4) +... 
                   (Tm>=0) .* (Tm > t01.*wg.^3 + t02.*wg.^2 + t03.*wg + t04); 
e(isnan(e)) = 1; 
% Calculate electric power consumption 
Pm =  (Tm<0) .* wg.*Tm.*e + (Tm>=0) .* wg.*Tm./e; 

  
% BATTERY 
% state-of-charge list 
soc_list = [0 0.2 0.4 0.6 0.8 1]; 
% discharging resistance (indexed by state-of-charge list) 
R_dis    = [1.75    0.60    0.40    0.30    0.30    0.30]; % ohm 
% charging resistance (indexed by state-of-charge list) 
R_chg    = [0.35    0.50    0.85    1.00    2.00    5.00]; % ohm 
% open circuit voltage (indexed by state-of-charge list) 
V_oc     = [230     240     245     250     255     257]; % volt 

  
% Battery efficiency 
% columbic efficiency (0.9 when charging) 
e = (Pm>0) + (Pm<=0) .* 0.9; 
% Battery internal resistance 
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Pmgreater=a3.*exp(b3.*inp.X{1}) + c3.*exp(d3.*inp.X{1}); 
Pmlesser=a4.*exp(b4.*inp.X{1}) + c4.*exp(d4.*inp.X{1}); 
r = (Pm>0)  .* Pmgreater... 
  + (Pm<=0) .* Pmlesser; 
% r = (Pm>0)  .* interp1(soc_list, R_dis, inp.X{1},'linear*','extrap')... 
%   + (Pm<=0) .* interp1(soc_list, R_chg, inp.X{1},'linear*','extrap'); 

  
% Battery current limitations 
%   battery capacity            = 6 Ah  
%   maximum discharging current = 100A 
%   maximum charging current    = 125A 
im = (Pm>0) .* 100 + (Pm<=0) .* 125; 
% Battery voltage 
v =  p12.*inp.X{1}.^2 + p23.*inp.X{1} + p32; 
% v = interp1(soc_list, V_oc, inp.X{1},'linear*','extrap'); 
% Battery current 
Ib  =   e .* (v-sqrt(v.^2 - 4.*r.*Pm))./(2.*r); 
% New battery state of charge 
X{1}  = - Ib / (6 * 3600) + inp.X{1}; 
% Battery power consumption 
Pb =   Ib .* v; 
% Update infeasible  
inb = (v.^2 < 4.*r.*Pm) + (abs(Ib)>im); 
% Set new state of charge to real values 
X{1} = (conj(X{1})+X{1})/2; 
Pb   = (conj(Pb)+Pb)/2; 
Ib   = (conj(Ib)+Ib)/2; 

  
% COST 
% Summarize infeasible matrix 
I = (inps+inb+ine+inm~=0); 
% Calculate cost matrix (fuel mass flow) 
C{1}  = (Pe / 42500000); 

  
% SIGNALS 
%   store relevant signals in out 
out.Te = Te; 
out.Tm = Tm; 
out.Tb = Tb; 
out.wg = wg; 
out.Ib = Ib; 
out.Pb = Pb; 
out.Tema = Te_max; 

  
% REVISION HISTORY 
% ========================================================================= 
% DATE : March 02-2015     WHO :  Mohammad Sadiq          
% WHAT : interpolation command replaced by analytic functions 
% ------------------------------------------------------------------------- 
%  
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