
ANALYSIS AND DESIGN OF

CONFORMAL ARRAY ANTENNAS

Patrik Persson

                           

KTH

Royal Institute of Technology
Division of Electromagnetic Theory

Stockholm 2001



P. Persson: Analysis and Design of Conformal Array Antennas

ii

ISBN 91-7283-231-2

Akademisk avhandling som med tillstånd av Kungliga Tekniska Högskolan framlägges till offentlig
granskning för avläggande av teknisk doktorsexamen i teoretisk elektroteknik, tisdagen den 29 januari
2002, kl. 13.15 i Kollegiesalen, Administrationsbyggnaden, KTH, Valhallavägen 79, Stockholm.
Avhandlingen kommer att försvaras på engelska.

Copyright  2001 Patrik Persson
Printed in Sweden by Universitetsservice US AB, Stockholm
December 2001



Abstract
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Abstract

Today there is a great need for communication between people and even between
things, using systems onboard e.g. aircraft, cars, ships and satellites. As a
consequence, these communications needs require antennas mounted on or integrated
in the surfaces of different vehicles or platforms, i.e. conformal antennas. In order to
ensure proper operation of the communication systems it is important to be able to
determine the characteristics of these antennas.

This thesis is about the analysis and design of conformal antennas using high
frequency asymptotic methods. Commonly used eigenfunction solutions or numerical
methods such as FDTD, FEM or MoM are difficult to use for arbitrarily shaped
electrically large surfaces. However, the high frequency approximation approach
together with an accurate ray tracing procedure offers a convenient solution for these
surfaces. The geodesics (ray paths) on the surfaces are key parameters in the analysis
and they are discussed in detail.

In the first part of the thesis singly and doubly curved perfectly electrical conducting
(PEC) surfaces are studied, with respect to the mutual coupling among aperture type
elements. A synthesis problem is also considered where the effect of the mutual
coupling is taken into account. As expected, the mutual coupling must be included in
the synthesis procedure to be able to realize the prescribed pattern, especially in the
shaped main lobe. Furthermore, the polarization of the antenna elements is very
important when considering antennas on generally shaped surfaces. For such antennas
the polarization must most likely be controlled in some way for a proper function. For
verification of the results two experimental antennas were built at Ericsson
Microwave Systems AB, Mölndal, Sweden. The first antenna is a circular cylinder
with an array of rectangular waveguide fed apertures and the second antenna is a
doubly curved surface (paraboloid) with circular waveguide fed apertures. It is found
that it is possible to obtain very accurate results with the asymptotic method when it is
combined with the Method of Moments, i.e. a hybrid method is used. The agreement
compared to measurements is good at levels as low as –80 dB in many cases.

The second part of the thesis is about the development of a high frequency
approximation for surface field calculations on a dielectric covered PEC circular
cylinder. When using conformal antennas in practice they have to be covered with a
radome for protection and with the method developed here this cover can be included
in the analysis. The method is a combination of two different solutions, one valid in
the non-paraxial region of the cylinder and the other is valid in the paraxial region.
The method is verified against measurements and reference results obtained from a
spectral domain moment method code.

Keywords: Conformal antennas, conformal arrays, UTD, high frequency method,
MoM, hybrid method, mutual coupling, singly curved surface, doubly curved surface,
geodesics, dielectric covered circular cylinder, non-paraxial region, paraxial region,
waveguide fed apertures, synthesis.
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1

1. Conformal antennas

1.1 Introduction

The first 7 chapters of this thesis are included to give a background to the topic and
the theory, as well as a summary of the different papers included in the thesis. In
general, research papers are limited to only a few numbers of pages, which means that
they are difficult to understand without a background in the area.

In Chapter 1 an introduction to the area is given in terms of history, advantages,
disadvantages, applications and expectations for the future. In the next 4 chapters,
Chapters 2 – 5, a more rigorous theoretical background is presented to give the reader
a background to the included papers. Chapter 6 contains a summary of the different
papers included in the thesis as well as their connection to each other. Finally, in
Chapter 7 a reference list is given.

1.2 Definition of a conformal antenna

In The IEC International Electrotechnical Vocabulary, Chapter 712: Antennas 712-
01-13 a conformal antenna is defined as:

An antenna which conforms to a surface whose shape is mainly determined by
considerations other than electromagnetic, e.g. aerodynamic or hydrodynamic
considerations.

Before proceeding it is worthwhile to point out that the term “conformal” is a general
term and shall not be restricted to curved surfaces only. An antenna on a flat or
faceted surface is also a conformal antenna since the antenna is conformal to the
surface. However, to simplify the discussion of different antennas the commonly used
interpretation of conformal antennas as antennas on smooth, curved surfaces is
adopted here.

1.3 A historical review

Research about conformal arrays can be tracked back at least to the 1950's. One of the
Scandinavian pioneers was H. L. Knudsen from Denmark [Knudsen 1953]. During
the following 20 years a lot of different studies were performed. The research was
aided by the development at this time of the Geometrical Theory of Diffraction
(GTD), which is based on ray theory and presented by Keller in 1962 [Keller 1962].

But let us return to the very beginning. Ray theory can be tracked back to the ancient
Greeks when such famous people as Pythagoras and Empedocles were studying
optics. The law of reflection for light incident on a smooth surface was first stated by
Euclid (circa 330-275 BC). This ray based theory was then further developed by
Willebrord Snell (Snells law, 1621), Fermat (Fermat’s principle, 1654) and William
Hamilton (he put the theory on a firmer, mathematical basis, 1824-1844). Thus, the
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theory of (classical) geometrical optics was born. However, properties such as phase,
polarization, or diffraction were not included in the theory.

To include these phenomena, a wave theory approach was needed. In 1665 Hook and
Grimaldi observed the diffraction and interference of light. Twenty-five years later
(1690) Christiaan Huygens was able to derive the law of reflection by using wave
theory. But it took more than 100 years before it was verified by new experiments,
performed by Thomas Young (1803) and Augustin Fresnel, that a wave theory of light
was needed to explain diffraction and other phenomena. When it later was shown that
light is an electromagnetic wave governed by Maxwell’s equations diffraction studies
were undertaken by many physicists, e.g. Lord Rayleigh, Lord Kelvin, Sir George
Stokes, Kirchoff, Helmholtz and Mie. See [Josefsson 1981, Kouyoumjian 1965,
McNamara et al. 1990] for references.

An important step forward was made in 1896 when Arnold Sommerfeld [Sommerfeld
1896] was able to find the exact solution for plane wave diffraction by a conducting
half-plane. Unfortunately, exact solutions were limited to very few problems, and
therefore it was necessary to combine the (classical) geometrical optics and the wave
theory. A modified geometrical optics, i.e. the geometrical optics (GO) we now today,
was presented by Luneberg [Luneberg 1944] and Kline [Kline 1951]. But the
diffraction was not included. This was included in the geometrical theory of
diffraction (GTD) presented by Joseph Keller in the mid 1950’s, although the theory
was not published until 1962 [Keller 1962]. Additional information can be found in an
article by Keller [Keller 1985] in which he discusses the development of GTD from a
personal viewpoint. However, the GTD solution was not perfect since it was not valid
across the boundary between the lit and shadow regions, see Fig. 2.1. This problem
was solved when the uniform theory of diffraction (UTD) was introduced by
Kouyoumjian’s group [Kouyoumjian et al. 1974, Pathak et al. 1980, 1981a-b].

In addition to the ray based theory, other asymptotic solutions were considered. The
diffraction of radio waves around the earth was studied by V. A. Fock and presented
in 1945 [Fock 1945]. Many other references can be found on this topic, [Bird 1984,
1985, 1988, Boersma et al. 1978, Chang et al. 1976, Golden et al. 1974, Lee et al.
1976, 1978a-b, Shapira et al. 1974, Stewart 1971]. See also [Hansen 1981, Hansen
1998] for a more extensive list of references. The field solution for sources mounted
on or in the vicinity of a PEC circular or elliptic cylinder was studied in great detail by
J. R. Wait, mainly in the 1950’s. Many of his results were presented in the book
Electromagnetic Radiation from Cylindrical Structures in 1959 [Wait 1959].

With these breakthroughs in the theoretical methods a new class of problems were
possible to study – antennas on smooth surfaces, i.e. conformal antennas. As a start
circular cylinders and cones were studied. In 1967 the predicted nose radar
development as shown in Fig. 1.1 was presented. This vision was quite optimistic and
even today the number of real life conformal antennas is not very impressive, even if
experimental antennas for research purposes are included. Obviously, conformal
antennas are difficult to analyze and as a consequence useful design experience is still
missing. An additional reason for the limited number may be that they in general are
difficult to build.
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An overview of the history of conformal antennas can be started with circular dipole
antenna arrays. In these the radiating elements are not conformal to a surface, instead
they are located on a circle. An example is the Wullenweber antenna. The antenna is
also known as CDDA (Circularly Disposed Dipole Array) or CDAA (Circular Dipole
Antenna Array). The Wullenweber antenna is a receive-only antenna and it is mainly
used by the military for intelligence gathering operations. These antennas are huge
and can consist of up to four concentric circles with a diameter of almost a thousand
feet. The height can measure from eight feet to over a hundred feet [McAulay 1963,
Cummings 2001]. An example of a Wullenweber antenna is shown in Fig. 1.2.

Moving on to “real” conformal antennas on curved surfaces a lot of research was done
in the 1960’s. An overview of the recent research in the area was presented in The
IEEE Transactions on Antennas and Propagation, special issue on conformal arrays in
1974. But no “solid-state conformal nose radar” was presented. Instead, cylindrical
and conical arrays were the hot topics. Below are a couple of examples presented in
the special issue:

Figure 1.1. The predicted nose radar evolution in 1967 [Thomas 1967].

Figure 1.2. A Wullenweber antenna from Augesburg, Germany [URL:
http://www.resistor.net/web/wullen/wullenweber.html. (2001-10-25)].
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• An analysis of the radiation pattern from an annular slot antenna for a space
shuttle. The calculations were compared against measurements from an 1/35
scale model of the spacecraft, see Fig. 1.3 [Jones et al. 1974].

• An 8-element linear array located along the generatrix of a cone was built to
study wide-angle scanning. A picture of the antenna is shown in Fig. 1.4.
[Villeneuve et al. 1974].

• A cylindrical array for the TACAN (Tactical Air Navigation) system was
presented [Christopher 1974, Shestag 1974], see Fig. 1.5.

Figure 1.3. The geometry of a space shuttle orbiter [Jones et al. 1974].

Figure 1.4. 8-element linear array on a cone [Villeneuve et al. 1974].
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At the Naval Electronics Laboratory Center (NELC) in San Diego different
cylindrical and conical phased array antennas were studied, see e.g. the proceedings
from the Conformal Array Antenna Conference held at NELC in January 1970.
However, their research activities on conformal antennas were shut down in 1976.

After the conformal antenna era in the 1960’s and 1970’s the interest of conformal
arrays began to decrease. The antennas were difficult to analyze and their
performance was perhaps not as good as expected. Furthermore, the computers were
not powerful enough to analyze practically useful antennas so the interest from
industry was low. It was not until the 1990's that the interest rose again. Now the
computers were more powerful, but instead design tools were missing for some cases
and there was a lack of design experience. In addition to modeling problems other
practical problems must be considered: how to feed the antennas for a desired
function?, what about polarization?, etceteras. As a result, the cylindrical and conical
shaped antennas were studied again. Some examples are:

• At the university in Karlsruhe, Germany, an experimental microstrip antenna
on a circular cylinder was studied. This was a joint program between the
Institut für Höchstfrequenztechnik und Elektronik and Ericsson Microwave
Systems AB in Mölndal, Sweden [Löffler et al. 1999]. A picture of the
antenna is shown in Fig. 1.6.

• A microstrip demonstrator for investigation of beamforming algorithms and
the potential of conformal arrays for future radar applications was built at the
Research Institute for High Frequency Physics and Radar Techniques (FGAN-
FHR) in Wachtberg, Germany [Gniss 1998]. See Fig. 1.7.

• In Fig. 1.8 a conical, faceted, satellite antenna is shown. This antenna was
built at Alcatel in France [Martin et al. 2001].

Figure 1.5. The electronically modulated cylindrical array
antenna for TACAN system [Shestag 1974].
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• Another example is the smooth cylindrically shaped antenna built at TNO
Physics and Electronics Laboratory in The Netherlands, see Fig. 1.9 for a
picture. They have also built a faceted surface, see [Visser et al. 1999].

• Waveguide fed apertures on a circular cylinder was studied and built at
Ericsson Microwave Systems AB, Mölndal, Sweden [Persson et al. 1998,
1999a-b]. A more detailed study is found in Paper I in this thesis.

Figure 1.8. A conical satellite
antenna built at Alcatel, France
[Martin et al. 2001].

Figure 1.6. The experimental
microstrip antenna built at the
university of Karlsruhe, Germany
[Löffler et al. 1999].

Figure 1.7. A demonstrator built at FGAN-
FER, Germany. The picture shows a sector
elliptical array and the upper part of the
receiver [Gniss 1998].

Figure 1.9. Another demonstrator built
at TNO, The Neatherlands [Visser et al.
1999].
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Antennas on more general surfaces are difficult to find. One example was presented in
1987 by R. W. Willis. Plessey Radar Ltd. has studied a rectangular waveguide array
on an ellipsoidal surface and they were studying both mutual coupling and the
radiation pattern [Willis 1987]. Later, at the Phased Array Systems and Technology
symposium in 1996 the Technical Research and Development Institute (TRDI) of
Japan Defense Agency presented three conformal phased arrays. In cooperation with
Toshiba and NEC they built one with a spheroidal surface shape for an aircraft nose
radar application, see Fig 1.10 (a). The second antenna is for fuselage applications
(Fig. 1.10 (b)) and it is mounted on a doubly curved surface. Finally, there is an
antenna for wing applications shown in Fig 1.10 (c). Each type of antenna uses about
600 transmitting and receiving modules and the pattern is formed using digital beam
forming technique [Kanno et al. 1996a-b, Rai et al. 1996].

Figure 1.10. Three different conformal arrays presented by the Technical Research
and Development Institute of Japan Defence Agency in 1996. (a) An antenna for
nose applications [Rai et al. 1996]. (b) Another example for fuselage applications
[Rai et al. 1996, Kanno et al. 1996b]. (c) An elliptic shaped antenna for wing
applications [Rai et al. 1996, Kanno et al. 1996a].

(a)

(c)

(b)
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At the same conference two additional conformal antennas were shown. One
"Secondary surveillance radar antenna" from Toshiba [Samejima 1996], and a
cylindrical phased array from NEC [Kiuchi et al. 1996].

Another doubly curved surface that has been built is a paraboloid of revolution with
an array of circular waveguide radiators. This antenna was built at Ericsson
Microwave Systems AB, Mölndal, Sweden in 2000 [Josefsson et al. 2001, Persson et
al. 2000a-b, 2001b, 2001e]. A more detailed study of this antenna is presented in
Paper V.

Additional examples of recently studied conformal antennas can be found in the
proceedings from the 1st and 2nd European Workshops on Conformal Antennas held in
Karlsruhe, Germany 1999 and in The Hauge, The Netherlands 2001, respectively.
More examples have probably been studied within the military industry.

1.4 Why a conformal antenna?

The problems of radiating from
sources in the presence of smooth
convex objects and the diffraction
of a plane wave by such objects
are of great interest in the design
of antennas on structures.
Conformal antenna arrays are
required, whenever an antenna has
to conform geometrically to some
shaped surface, like that on an
aircraft or a smaller flying
platform. This may be due to
reasons of payload space
limitations, for aerodynamic
reasons when the antenna shape
has to adapt to an
aerodynamically optimized non-
planar surface, or the antenna has
to be non-planar in order to reduce
its radar cross-section.

Another reason to use non-planar
antenna arrays is given whenever
there is need for a very large field
of view (larger than the customary
± 60° field of view for planar
arrays). This is important for
future aircraft that will use vector
thrust and, thus, can decouple the
flight and aircraft axes, see Fig.
1.11.

Figure 1.11. An aircraft for the future, the
Joint Strike Fighter (JSF) [Sirak 2001].

Figure 1.12. Possible future locations for base
station antennas [URL: http://www.telestructures.
com/products. (2001-12-19)].
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In addition to military applications the conformal antennas are also important in
mobile communication. Future mobile base stations can be concealed for aesthetical
reasons, see Fig. 1.12.

The most important application of the conformal antenna concept in the future will be
found in the smart skin approach, which envisages the integration of non-planar active
antenna apertures in curved surfaces adapted to the skin of the platform (aircraft,
satellite, car etc.), see Section 1.7.

1.5 The challenges

As described in the earlier sections of this chapter, the vision for conformal antennas
presented in 1967 have not been fulfilled. The main reason is the difficulties related to
the analysis and design of conformal antennas.

A fundamental problem in the analysis is that the possible surfaces for a conformal
antenna are infinite in number. Furthermore, if there is no symmetry each element will
see a different environment and this complicates the mathematics. As a consequence,
the element factor can not be factored out from the array factor. This is directly
transferred to the simulation time needed for the analysis. If the simulation time for
each antenna configuration is long a detailed design of the antenna may be difficult,
i.e. available data in design handbooks are limited to some few cases.

Another thing to consider is how to deal with elements contributing in the wrong
direction. Probably they have to be turned off for satisfactory pattern control. Cross
polarization is also a problem. Since each radiator points in different directions, the
polarization vector from each radiator will not contribute in the same direction when
viewed from the desired observation point. This means that the polarization must be
controlled in some way, which complicates the design. As a consequence, new
synthesis methods must be developed that are fast and can handle the new features of
conformal antennas. Some examples of new algorithms can be found in the literature,
see e.g. [Bucci et al. 1995, Jiao et al. 1993, Vaskelainen 1997, 2000].

From a manufacturing point of view, conformal antennas will be more expensive to
build and there may be problems in providing compact electronics that can fit in the
backside of the curved surface.

But the most urgent challenge is to obtain design methods and software for conformal
antennas so that their properties can be predicted. Then the concept may be of more
interest for future applications.

1.6 Conformal arrays versus planar arrays

The most obvious difference between a conformal array and a planar array is the
geometry and the grid lattice. In the planar case the elements are typically located in a
symmetric rectangular or triangular grid. Thus, the planar array can in most
applications be analyzed as an infinite array and there are known methods for this, see
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Section 2.2 (special techniques may need to be applied for the edge elements). The
planar array should also be simpler and cheaper to manufacture.

But the planar array has usually not the desired aerodynamic shape. Consequently, a
planar array requires an aerodynamic radome. Take the nose radar in an aircraft as an
example. The radar is flat and it is covered with a radome, i.e. there is a lot of waste
space behind the radome. Furthermore, the space that the radome occupies around the
periphery of the array may limit the array diameter.

The operational bandwidth and maximum scan angle of planar arrays have
fundamental limitations. If elements are placed much closer than half a wavelength
the mutual coupling will increase and degrade performance. If they are placed further
apart, the maximum scan angle is limited by grating lobes. For a conformal array an
active sector can be moved along the surface. Thus, the scan angle is increased and
the grating lobe phenomenon is reduced. This presumes that the elements can be
turned on and off during operation. Otherwise, grating lobes may appear from the
elements pointing in the wrong direction.

Another advantage with a conformal array is that the radar cross section in many
cases will be lower than for a planar array. When a plane wave is incident on a curved
surface the energy will be diffracted along the surface and the reflected energy will be
defocused and hence have lower intensity compared with the reflection from a planar
surface.

1.7 The future

For the future the term "smart skins" has been launched, see Fig. 1.13. This is a term
for a structure that is very thin and can be mounted on any surface, no matter the
shape. The structure will contain sensors of different kinds with the necessary feeding
and other modules. However, the step to this goal is quite demanding. The biggest
problems are the analysis and construction of these antennas/sensors. For example,
there are a number of different sensors that should work together without disturbing
the function of each other. Furthermore, the mechanical construction should be
adjustable to different surfaces and at the same time strong enough for any possible
strain that could be the case on e.g. an aircraft or satellite [Caplot et al. 1996, Fray et
al. 1996, Varadan et al. 1996].

Mechanical protection

EM protection/filter

Radiating elements

Active circuits

Control signal distribution,
supply, cooling etc.

Structure

Thin!

Figure 1.13. The smart skin vision [Josefsson 1999].
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2. Analyzing conformal array antennas – an overview

2.1 Introduction

For the analysis of conformal array antennas the knowledge of the mutual coupling
among the radiating elements and the radiation patterns of individual elements are
essential ingredients. The first step in the analysis of conformal antennas is to find the
electromagnetic field on the surface or in space in the presence of an arbitrary shaped
body. Unfortunately, the exact analytical solution to this problem, using the separation
of variables, exists only for a very limited number of geometries. In addition, the
solution, if it exists, can be difficult to use due to numerical difficulties.

The different methods available belong to two different categories; low frequency
methods and high frequency methods. The difference between them is set by the
definition of the term high frequency. Using the term high frequency means that the
fields are being considered in a system where the properties and size parameters of the
geometry vary slowly with the frequency. A high frequency method does not have an
upper frequency limit, instead the limitation of the method is that the geometry must
be large in terms of the wavelength at the given frequency. From an engineering point
of view these conditions are often fulfilled for large bodies when the frequency is in
the microwave frequency band or higher.

The first part of this chapter, Section 2.2, gives an overview of different low
frequency methods that can be used when studying conformal antennas. If the
geometry is complex there are several reliable numerical procedures, e.g. the moment
method, that are available for solving the radiation problem. However, in the high
frequency domain, numerical techniques based on matrix methods become
impractical and one has to use asymptotic techniques suitable for large k (free space
wave number), i.e. high frequency methods. The high frequency approach and its
properties are discussed in Section 2.3. Finally, some additional comments about high
frequency methods are discussed in Section 2.4.

2.2 Low frequency analysis

One way of analyzing conformal arrays is to use the separation of variables and
express the solution in a modal or harmonic series expression. Such a solution is
possible to obtain only for some special cases, such as a perfectly conducting circular
cylinder, elliptic cylinder or sphere. One of the first to study cylindrical geometries
was Wait [Wait 1959]. However, if the geometry is more complex, e.g. a rotationally
symmetric surface of arbitrary cross section, a modal analysis is very difficult if not
impossible to obtain. In addition, a modal solution is typically highly complex in
nature and related to convergence problems when the size of the geometry is
increased (in terms of wavelengths). Hence, the process of extracting numerical
results can be difficult and very time-consuming.

The commonly used technique when solving the problem with a modal expansion is
to transform the 3-D problem into a spectrum of 2-D solutions. Thus, the formulas
involve an infinite summation over a discrete angular spectrum and an integration
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over a continuous axial spectrum. From a numerical point of view this infinite
summation must be truncated. Some attempts to solve the convergence problem,
without using high frequency techniques, are found in the literature. The most
commonly used technique is to transform the slowly converging harmonic series into
a residue series expansion. The special case of a circular cylinder is considered in e.g.
[Wait 1959, Stewart 1971] and the cone is treated in [Golden 1974]. Another possible
way is to separate the solution into its real and imaginary parts and change the
integration contour [Safavi-Naini et al. 1976].

A modification of the modal solution is to include the method of moments in the
analysis. By using Fourier transform techniques cylindrical structures can be analyzed
as 2-D problems with harmonic longitudinal field variations  [Harrington 1961]. The
3-D solution is determined from a finite set of such 2-D solutions, each one obtained
separately, in this case using the moment method. This approach is used extensively
by Kildal’s group at Chalmers University of Technology, see e.g. [Kildal et al. 1996,
Sipus et al. 1998]. A similar technique is also found in [Peterson 1989].

A common way of analyzing infinite planar arrays is to use the theory of periodic
structures. When the elements are excited in phase, or when a constant progressive
phase difference is applied between successive elements, the field problem is uniquely
defined by the unit cell performance. The same procedure can be employed for arrays
of equally spaced elements on a circular cylinder. But when the surface containing the
array does not have rotational symmetry, or when the element spacing on a
rotationally symmetric surface is not uniform, the theory of periodic structures cannot
be applied to simplify the calculation. For a general description of the unit cell
analysis, see e.g. [Amitay et al. 1972]. The PEC circular cylinder is considered in
[Munger 1971] and a dielectric covered PEC circular cylinder is studied in [Balzano
1974].

When increasing the complexity by considering an arbitrarily shaped (3-D) body no
exact analytical solution exists, instead numerical methods have to be used. In the low
frequency range, several reliable numerical procedures, e.g. method of moments
(MoM) [Harrington 1968, Wang 1991], finite element methods (FEM) [Jin 1993] and
finite difference time domain methods (FDTD) [Taflove 1995], are available for
solving the radiation/scattering problem. However, for higher frequencies, these
numerical techniques become impractical since the associated matrix becomes very
large.

2.3 High frequency analysis

Solving a problem with a high frequency approach means that asymptotic techniques
are used, and thus, approximations have to be introduced. The most important
approximation, as mentioned in the introduction, is that the surface has to be large in
terms of wavelengths and it must have a smooth curvature. This is not a serious
limitation since, as can be shown, the minimum radius of curvature of the surface is
quite small. A commonly used rule is that 2 5kR >= −  (k is the wave number, R is the
radius of the cylinder) for accurate results [McNamara et al. 1990].
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The Geometrical Theory of Diffraction (GTD), developed by Keller [Keller 1962], is
based upon the assumption that fields propagate along ray trajectories. By extending
the concepts of Geometrical Optics (GO) it was possible to describe the phenomenon
of diffraction by introducing a new class of diffracted rays which exist in addition to
the GO rays. These diffracted rays satisfy Fermat’s principle. The different diffraction
coefficients were found via the asymptotic high frequency solutions to appropriate
canonical problems. This was possible because diffraction, as well as
reflection/transmission, is a local phenomenon at wavelengths that are small in
comparison to the size of the radiating object. The coefficients shall model the local
electrical and geometrical properties of the surface near the point of diffraction.

The GTD formulation provides a relatively simple procedure for analyzing antennas
in the presence of a smooth surface, unfortunately it fails at ray shadow boundaries,
see Fig. 2.1 for a definition of the different areas used in the analysis. GTD also fails

within the transition regions adjacent to the shadow boundaries. In these regions the
diffraction coefficients generally predict infinite values. The failure of the GTD
within the transition regions can be overcome with the development of a uniform
asymptotic analysis (UTD) of the relevant canonical diffraction problem. Thus, the
UTD retains all the advantages of the GTD and overcomes the failure of the GTD in
the shadow boundary transition regions. This generalization was mainly done by
Kouyoumjian's group at The Ohio State University [Kouyoumjian et al. 1974, Pathak
et al. 1980, 1981a-b].

Before bringing this section to an end, some important assumptions of the GTD/UTD
approach will be discussed. The formulation is essentially scalar in nature and
heuristic in some parts. Despite this, GTD/UTD is very useful and can be applied to
both scalar (acoustic) and vector (electromagnetic) problems. The most important
knowledge when using GTD/UTD is information about the ray trajectories, along

Shadow
region

Deep Shadow
(Umbra)

Lit region

Lit region
Deep lit region

Deep lit region
Penumbra

Penumbra

Shadow boundary

Shadow boundary

Source

Figure 2.1. Definition of the different regions in space when a
source is illuminating a smooth cylindrical surface.
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which the field is propagating. Furthermore, polarization information is needed as
well as the amplitude and phase variations along the ray path.

As an example of the different properties of the ray based field, diffraction by a
smooth convex conducting surface will be considered, shown in Fig. 2.2. The ray
connecting the source point ( sP ) and the observation point (P) satisfies the

generalized Fermat principle. This means that the surface diffracted ray path is such
that the path sP Q QP′  is an

extremum, although not necessarily a
minimum. Thus, sP Q′  and QP  are

straight lines in free space and they
will be tangent to the surface at Q′
and Q , respectively. The part on the
surface between Q′  and Q  follows a
geodesic of the surface.

Due to the surface diffraction the
polarization of the incoming ray field
may be altered when the ray is
attached to the surface at Q′ . This is
determined by the torsion factor and
rays propagating along an arbitrary
surface have, in general, nonzero
torsion. When the ray leaves the
surface at Q the polarization will,
once again, be constant, i.e. it is a
ray with zero torsion.

The amplitude and phase variation of the field along the straight lines in free space
follows from the GO representation. But the field variation along the surface is more
complicated. First of all, a ray propagating on the surface will lose energy
continuously due to rays diffracted from the
surface. The radius of curvature along the
geodesic primarily determines the amount
of energy that is lost along the geodesic. In
addition, the strength of the surface ray
field also depends on the width of the
surface ray strip, which changes along the
path, see Fig 2.3. This effect is described by
the divergence factor, which can be
obtained from differential geometry.

All of these effects are given by a transfer
function. The interpretation of the transfer
function in the GTD solution is that it
connects the real surface field at Q′  to a so-
called boundary layer field, as defined by
Keller, by a launching coefficient. At the point Q the surface ray field is transformed

P

Q

Q′
sP

x

y

Figure 2.2. Ray surface diffraction on a
circular cylinder.

Q′

Q

Central ray

Figure 2.3. A surface ray strip
connecting Q′  and Q .
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to the true surface field or current by an attachment coefficient. As mentioned above,
the GTD solution is not valid at the boundaries between different regions in space,
and we have to use the UTD solution instead. UTD is also valid when the distance
between Q′  and Q  is small ( )0.3 0.5λ≈ − . This solution is not written in terms of

different coefficients, instead the solution is written in terms of Fock functions as will
be described in Chapter 3, but it recovers the GTD solution in the non-transition
regions.

From the interpretation of the transfer function, it is not possible to "measure" the
field at points along the geodesic since only the local properties at Q′  and Q are used
in the analysis. As a consequence it may happen in some cases [McNamara et al.
1990] that the tangential electric field at a PEC surface seems to be non-zero along the
geodesic, which of course is not true.

2.4 Final comments

Except for GTD/UTD solutions described above other asymptotic solutions are
possible. An asymptotic solution is not unique, since there are many ways to
approximate the field in a certain problem, see e.g. [Hansen 1998, Kouyoumjian
1965] for a list of references. For example, physical optics (PO) is another well-know
approach. This technique is mainly used in the computation of electromagnetic wave
scattering, as well as in studies of reflector antennas. Using the PO method the
induced surface current density on the scatterer or antenna surface is given by the
GO’s current density at those areas of the surface directly illuminated by the incident
field. Everywhere else the current is assumed to be zero. This current is then used in
the radiation integral to find the scattered or radiated fields.

In this chapter a number of methods have been discussed that can be used when
analyzing an antenna problem. All of them have some unique properties, which are
good for a certain problem. This means that for a complex problem a combination of
methods may be the preferred choice, so-called hybrid methods. In the case of
conformal antennas UTD is often combined with another method. Since UTD is a
solution for large surfaces in terms of wavelengths it may not be accurate enough for
near field calculations. To overcome this limitation the accuracy in the local near field
region can be improved using e.g. the method of moments, see e.g. [Burnside et al.
1975, Persson et al. 2001a, Thiele et al. 1975].

So far, only convex surfaces have been considered. But a spacecraft, for example, can
contain concave parts as well. Thus, for the future this class of surfaces must be
included to be able to handle general surfaces. A ray based theory can be used for
these cases, but there will be some additional features to take care of, e.g. caustics and
whispering gallery modes [Inami et al. 1982, Felsen et al. 1976, Ishihara et al. 1978,
1988].
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3. Development of asymptotic methods

3.1 Introduction

The present work is based on the development and verification of asymptotic/high
frequency methods for electromagnetic (EM) problems. From the mathematical
viewpoint, asymptotic methods are methods for expanding functions, evaluating
integrals, and solving differential equations, which become increasingly accurate as
some parameter approaches a limiting value. Here, the interest is about solutions to
electromagnetic problems, which become valid as the free space wave number k  (or
angular frequency ω ) approaches infinity. Typically asymptotic representations are
semiconvergent, i.e. they tend to converge with the first few terms but then diverge
with the addition of further terms.

The EM problem is not initially formulated as an integral equation. However,
integrals of the type

( ) ( ) ( )jkq z

C
I k F z e dz= ∫ (3.1)

are frequently encountered. Here ( )q z  is an analytic function, ( )F z  is a "well-

behaved function" and C  is a suitable contour in the complex z-plane. The idea is
now to obtain an asymptotic approximation of this integral for large k . This may be

done by a “saddle point” method, see e.g. [Bender et al. 1999, Felsen et al. 1973].

In this chapter the different building blocks used in the development of an asymptotic
method is discussed. The procedure is general, although some steps are related to
curved surfaces only. Fig. 3.1 shows a flow chart that gives an overview of the
different steps in the procedure and they are connected to the different sections in this
chapter. All steps described below may be found in different adequate textbooks
[Collin et al. 1969, Felsen et al. 1973, Ishimaru 1991, Pathak 2001, Wait 1959] among
others, but the theory will be repeated here for convenience.

Initial properties and
branch cuts: Sections 3.2 –
3.3.

The Watson transformation:
Section 3.4.

The polar transformation:
Section 3.6.

The Fock substitution:
Section 3.5.

Figure 3.1. The disposition of Chapter 3.

The steepest descent
representation: Section 3.7.
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3.2 Properties of the integrand

Let us start from the very beginning. When solving an EM problem the solution may
be expressed in a Green’s function representation, see e.g. [Tai 1994]. This
representation usually involves single or double integrals that must be evaluated for
explicit information on field behavior. However, the different steps shown in Fig. 3.1
can also be applied to the potentials and then the field is found by taking the
derivative of the potentials. This approach is often used when no dielectric layer is
present, see Paper VI for a more detailed discussion.

Here we will apply the different steps on the field expression related to a cylindrical
surface. Thus, we assume that the field is given by the following integral
representation

( ) ( ), , , , , zjk z
z r zu r z T r k k e dkϕ ϕ

∞
−

−∞

= ∫ (3.2)

with 2 2 2
r zk k k= −  and k ω εµ= . An j te ω  time dependence is assumed and

suppressed.

The integral is usually evaluated by contour deformation in the complex zk  plane due
to branch point and (or) pole singularities. But to be able to deform the contour and
employ Cauchy’s theorem it is necessary to have a single-valued integrand in the
entire complex zk  plane. This is not the case since the transverse wave number rk  is

a double valued function of zk , see Eq. (3.2). To make the definition of the double

valued function rk  unique, a two-sheeted complex zk  plane is necessary, with branch
cuts providing the means of passing from one Riemann sheet to the other. The
selection of branch cuts is arbitrary but determines the disposition of those regions of
the complex zk  plane in which Im 0rk <  or Im 0rk > . In this case the branch cuts
are defined with the help of the radiation condition for an outgoing wave. Thus, the
proper branch will be

Im 0rk <  and Re 0rk > . (3.3)

One may define the two branches of rk  as the "proper" and "improper" ones, i.e.

Im 0    PROPER BRANCHrk < ⇒ (3.4)

Im 0    IMPROPER BRANCHrk > ⇒ (3.5)

Thus, the branch cut must be defined by

Im 0    BRANCH CUTrk = ⇒ (3.6)
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3.3 Definition of 2 2
zk k−  in the complex plane and the determination of the

path of integration

The integration path in Eq. (3.2) is along the real zk  axis. But it has to be modified
due to branch point singularities and (or) pole singularities. In the lossless case the
branch points lie on the integration path since k is real. To modify the contour it is
convenient to introduce an infinitesimal loss so that k ( )1 2k jk= −  has a small

negative imaginary part. Thus, the branch points are displaced from the real axis in
the zk  plane into the second and fourth quadrants.

Before modifying the integration contour the branch cuts need to be found. From
above they are defined as Im 0rk =  which means that

2

on cut on cut 2
on cut

Re 0
Im 0 Re 0

Im 0

r
r r

r

k
k k

k

 >= ⇒ >< ⇒ 
=

. (3.7)

Thus, it is useful to study the lines on which 2Re 0rk =  and 2Im 0rk =  but also to find

the regions where 2Re 0rk >  and 2Re 0rk < . In Fig. 3.2 the different regions are

shown in the zk  plane.

The branch cuts can now be defined according to the definition in Eq. (3.7). With this
selection of branch cuts the next step is to investigate the square root function in the
different quadrants to find the areas in which the conditions in Eq. (3.3) is fulfilled.
Following the procedure outlined in e.g. [Felsen et al. 1973] the "top" and "bottom"
Riemann sheets are given below in Fig. 3.3.

If we let the loss go towards zero, i.e. 2 0k → , it follows that the original path of
integration should be indented around the branch cut singularities into the first and
third quadrants, see Fig. 3.4. In addition to the branch cut singularities the integrand in

Re zk

Im zk

-k

k

2Im 0rk =

2Im 0rk =

2Re 0rk =

2Re 0rk = 2Re 0rk >

2Re 0rk <

Figure 3.2. The zk  plane.
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Eq. (3.2) can possess pole singularities along the integration path, and their avoidance
is analogous to the approach above.

3.4 The Watson transformation

To be able to proceed the function ( ), , ,z rT r k kϕ  has to be included since it is a

function of zk . Without any limitations in the general procedure, the focus will be on
the field solution due to a source located on a circular cylinder. For this problem, the
waves are given in terms of a Fourier series in ϕ  and a Fourier transform in the z
direction. This solution is called a modal or harmonic series representation as was
mentioned earlier in Chapter 2. Thus, ( ), , ,z rT r k kϕ  may be given as

Re zk

Im zk

-k

k

Figure 3.4. The modified integration contour for the lossless case.

Improper (bottom) sheet ( )Im 0rk >Proper (top) sheet ( )Im 0rk <

Re zk

Im zk

-k

k

Re 0rk >

Re 0rk <

Path of integration.

P(2)

P(3) P(4)

P(1)

Re zk

Im zk

-k

k

Re 0rk <

Re 0rk >

I(4)

I(2)

I(1)

I(3)

Figure 3.3. The top and bottom sheet of the zk plane.
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( ) ( ) { } ( ), , , , , , For convenience ,jn jn
z r z r z

n n

T r k k G n r k k e G n k eϕ ϕϕ
∞ ∞

− −

=−∞ =−∞

= = =∑ ∑
(3.8)

and the complete field solution given in Eq. (3.2) is therefore rewritten as

( ) ( ), , , zjk zjn
z z

n

u r z G n k e e dkϕϕ
∞ ∞

−−

=−∞−∞

= ∑∫ . (3.9)

Here ( ), zG n k  is the Green’s function for the particular problem. See Fig. 3.5 for the

geometry when the field point is assumed to be on the surface, i.e. r a= .

Before considering the integral we need to deal with the infinite series in Eq. (3.8).
This is a problem since the series has to be truncated which raises the issue of
convergence. Furthermore, ( ), zG n k  will contain various Bessel and Hankel

functions (for the circular cylinder case) which often are time consuming to calculate
accurately. An additional problem is that the convergence will depend on the size of
the cylinder. Since Eq. (3.8) is a Fourier series representation it may be written as a
series of cos nϕ  and sin nϕ . The harmonic series can be recognized as a series of
standing waves around the cylinder. As a consequence, the required number of terms
in Eq. (3.8) is therefore directly related to the size of the cylinder. A large number of
terms are necessary for a large cylinder (in terms of wavelengths). When studying
large surfaces it is therefore important to transform the solution to a representation
with improved convergence characteristics.

Figure 3.5. The geometry, r a= in this case.
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s
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To find an alternative representation which may be used for electrically large radii the
Watson transformation technique can be used. The basic idea is to transform the
slowly convergent series representation in Eq. (3.8) into a fast convergent series in
which only a few terms are necessary for accurate numerical results.

The first step is to investigate the integral given below

( )
1 2

sinC C

A
I d

ν
ν

νπ+
= ∫ . (3.10)

The contour 1 2C C+  is shown in Fig. 3.6 and it encloses 2 1N +  poles since the
integral has poles at nν = . By taking the residues at each pole the integral can be
evaluated and we get, when N →∞ ,

( )
( )

( )2 2
sin

jn

n n
n

A
I j j A n e π

ν

ν
π

νπ
ν

∞ ∞
−

=−∞ =−∞
=

= =∂
∂

∑ ∑ . (3.11)

From Eq. (3.11), the series expression in Eq. (3.8) can be expressed as

( ) ( ) ( ) ( )

1 2

,1
, , , ,

2 sin

j
zjn

z r z
C C

n

G k e
T r k k G n k e d

j

ν ϕ π
ϕ ν

ϕ ν
νπ

∞ − −
−

+=−∞

= =∑ ∫ . (3.12)

This transformation is called the Watson transform.

The next step is to evaluate the integral in Eq. (3.12). Depending on how this is made,
solutions valid in different regions will be obtained. The different regions are
described in Fig. 3.7 in which the illuminated (lit), boundary and shadow regions to
the source are shown. In addition, the deep lit or deep shadow region can be addressed
in some cases. These terms are used when the interior region of either the lit or
shadow region is assumed, i.e. the point or area of interest is located away from the
boundary region. See also Fig. 2.1 for a more detailed definition of the different
regions.

Figure 3.6. The integration contour for the Watson transform.

1C

× × ×× ××× × ×× ×
1 2 N-N -2 -1
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One option is to deform the contour 1 2C C+  and take the residues at the poles of

( ), xG kν  which will give a solution valid in the (deep) shadow region only, see

[Ishimaru 1991, Wait 1959] for more details. The poles can be identified as waves
that creep along the surface and they are called creeping waves for a PEC surface. For
a surface covered with a
dielectric layer other
types of waves are
possible and they are
classified according to
their phase velocities and
attenuations as described
in Chapter 5.

If a solution valid in the
illuminated region is of
interest the integrand can
be evaluated along the
original, undeformed,
contour by means of the
saddle point technique.
In that case the solution
is the geometrical optical (GO) solution. This is typically the case if the radiation
pattern is of interest. But this solution will not give a correct result in the shadow
region and it will not be valid in the boundary region.

However, if the solution shall be valid in the boundary region (and the shadow and
illuminated regions as well) the integral is evaluated along the original contour by the
technique developed by Fock [Fock 1945]. Using Fock’s approach ( ), , ,z rT r k kϕ  can

be expressed in terms of the so-called Fock functions. Note that this solution will
recover the GO solution in the deep lit region, when the result is approximated and
evaluated by means of the saddle point technique.

Here, the Fock solution is described and we present results valid for surface field
calculations. This is the required input to mutual coupling calculations.

Thus, consider the integral in Eq. (3.12). By replacing ν ν→ −  the integral along

( )2 Im 0C ν >  can be rewritten as

( ) ( ) ( ) ( )

2 1

, ,

sin sin

j j
z z

C C

G k e G k e
d d

ν ϕ π ν ϕ πν ν
ν ν

νπ νπ

− − −−
=∫ ∫ . (3.13)

Along ( )1 Im 0C ν <  we can write

 2

0

1
2

sin
j j m

m

je eνπ νπ
νπ

∞
− −

=

= ∑ . (3.14)

Source

Illuminated/lit region

Boundary region

Shadow region

Figure 3.7. The different regions in space.
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With Eqs. (3.13)-(3.14) substituted into Eq. (3.12) ( ), , ,z rT r k kϕ  is expressed as

( ) ( ) ( ) ( )( )

( ) ( ) ( )( )

1

2 22

0

2 22

0

, ,

,

j mj m
z z

mC

j
j mj m

z

mj

T G k e G k e d

G k e e d

ν π ϕ πν ϕ π

ε
ν π ϕ πν ϕ π

ε

ν ν ν

ν ν

∞
− − +− +

=

∞− ∞
− − +− +

=−∞−

 = + − =  

 = ±  

∑∫

∑∫
(3.15)

where 
( ) ( )
( ) ( )

the plus sign is used if , ,

the minus sign is used if , ,
z z

z z

G k G k

G k G k

ν ν
ν ν

 = −
 = − −

.

In Eq. (3.15) each exponential term, for a given m, can be identified as a wave which
has crept around the cylinder m times along geodesics in the ϕ̂+  and ϕ̂−  direction,
respectively. However, this expression is often simplified since in most problems the
term 0m =  is assumed to be enough when ka is large. Furthermore, only waves in one
direction, ϕ̂+  in general, are considered. This will be assumed here, i.e. the field is
given as

( ) ( ), , , z

j

jk zj
z z

j

u r z G k e d e dk

ε
νϕ

ε

ϕ ν ν
∞−∞

−−

−∞ −∞−

 
 =  
 
 
∫ ∫ . (3.16)

3.5 The Fock substitution

Without going into any details (they can be found in e.g. [Fock 1945, Wait 1959]), the
Hankel functions in ( ), zG kν  have to be approximated in order to get a numerically

useful function. One solution is to use the asymptotic representations for the Hankel
functions used by Fock [Fock 1945]. In that case the field solution in Eq. (3.16) can
be expressed in so-called Fock functions, known from the UTD solution for a non-
covered surface. Observe that there are different Fock functions for different problems
in the UTD analysis, there are Fock scattering functions, Fock radiation functions and
Fock coupling functions, respectively [McNamara et al. 1990].

Following the approach made by Fock a substitution is introduced which transforms

the ν  plane to a τ  plane by ( )1/3/ 2r s r sk r k rν τ= + , called the Fock substitution.

Here r sk r  is the argument of the Hankel functions in ( ), zG kν  and their order is ν .

The benefit of this substitution is that the Hankel functions can be approximated by
the so-called third order approximation, i.e. they are approximated as proportional to
the Airy functions. As a consequence the integral in the τ  plane is called the Fock
function.
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Before proceeding, the parameter sr  needs to be discussed in more detail. By making

the Fock substitution the surface field are interpreted as travelling along the chosen
radius sr . Thus, for each of these various substitutions the ray paths lie on a

cylindrical surface whose radius of curvature is given by the chosen “suitable” radius

sr .

For a PEC circular cylinder without a dielectric layer the suitable choice is the radius
of the PEC circular cylinder, see Fig. 3.8 (a). But if there is a dielectric layer present

the number of choices are infinite. And any choice between the inner radius a and the
outer radius b is possible, see Fig. 3.8 (b). Depending on the choice, a different ray
interpretation follows. However, in general the preferable choice is determined by the
problem. If microstrip antennas are considered the most reasonable choice for sr  is

the outer radius b. On the other hand, if the source is located on the PEC surface, as in
the case of dielectric covered apertures, the preferable choice is the inner radius a.

As mentioned above the integral in the τ domain is usually called the Fock function.
This term has mainly been used when deriving asymptotic solutions to problems
involving surfaces without a dielectric layer. In this case the Fock function can be
solved very easily by e.g. a residue series representation [McNamara et. al. 1990]. But
for the case with a dielectric covering the surface, the integral in the τ  domain is
referred to as the generalized Fock function, if only the saddle point contribution is
considered [Munk 1996]. In this case there is no residue series expansion and the
integral has to be solved numerically. However, when more terms are considered in
the SDP integration the complexity increases and additional approximations of the
Hankel functions are used due to numerical considerations. In these cases the term
Fock function is not used [Ertürk et al. 2000b, Persson et al. 2001c-d, 2001f].

Figure 3.8. The interpretation of sr  for; (a) the non-covered PEC

circular cylinder, (b) the dielectric covered PEC circular cylinder.

sr a=

?sr =

a ba

(a) (b)
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3.6 The polar transformation

Although Eq. (3.16) converges faster than Eq. (3.9) for electrically large cylinders, the
computation of the field can be performed more efficiently if the original contour in
the zk  plane is deformed into its steepest descent path (SDP) on which the integrand

decays most rapidly. To do that the integral in the zk  plane has to be transformed to
the appropriate form shown in Eq. (3.1). This is facilitated if a new complex variable
ψ  is introduced via the transformation

cosrk k ψ= (3.17)

sinzk k ψ= (3.18)

With this transformation 0rk =  will be a regular point in the ψ  plane. Since sinψ  is
a periodic function of ψ  with the period of 2π , it is evident that a multiplicity of ψ
values corresponds to the same value of zk . As a consequence the branch points of

rk  have been eliminated.

Applying the transformation in Eq. (3.18), the two-sheeted zk  plane is mapped into
the strip Reπ ψ π− ≤ ≤  in the ψ  plane. The detailed correspondence between regions

in the ψ  plane and those in the two-sheeted zk  plane depends on the choice of branch

cuts in the zk  plane. With the choice made here the different regions in the proper and

improper zk  plane are mapped to the complex ψ  plane according to Fig. 3.9. The
mapping of the unmodified integration contour is also shown in the Fig. 3.9. Note that
k is assumed to be real in this case. The details in this mapping can be studied if Eq.
(3.18) is separated into its real and imaginary parts.

π− π
2

π Reψ

Imψ

2

π−

P(1) P(4)

P(3)P(2) I(1)I(4)

I(3) I(2)

Figure 3.9. Mapping from the complex zk  plane to the complex ψ  plane, k real.
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When k is complex the various regions in the ψ  plane become distorted as sketched
in Fig. 3.10. Observe that the boundary curves are asymptotic to the lines

Re 0ψ = ± ∆  where ( )1
2 1tan /k k−∆ = .

3.7 The steepest descent representation

By introducing polar coordinates, ( )cos ,  sinss r z sϕ α α= =  (see Fig. 3.5 and Fig.

3.8 for the geometry), and with the aid of Eqs. (3.17)-(3.18) the integral in Eq. (3.16)
is rewritten as

( ) ( )

( )
( ) ( )

( ) ( )

1/3

1/3

cos
cos / 2

cos

, cos / 2 cos

                 ,
s

s

s
C

s
j kr

jksr
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ksq
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u s kr k

G e d e d

F e d
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ψ

α ψ ψ
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 −    − − 


  = × 


 
  =  

  
  

=

∫

∫

∫
(3.19)

were Cψ  is the integration contour in the complex ψ  plane, s is the geodesic length

and α  is an angle defined in Fig. 3.5. Now, the integral in Eq. (3.19) is in the proper

Figure 3.10. Mapping from the complex zk  plane to the complex ψ
plane, k complex and Im 0k < .

π−
π Reψ

Imψ

2

π−

P(1) P(4)

P(3)P(2) I(1)

I(3)

I(4)

I(2)

2

π

21

1

tan
k

k
−  

∆ =  
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canonical form to be evaluated asymptotically by the method of steepest descent. First
the integration contour Cψ  is transformed to its steepest-descent path (SDP), i.e. to a

path on which ( )Im q ψ    remains constant. The saddle point is obtained by setting

the first derivative of ( )q ψ  to zero which yields sψ α= , thus, the SDP through the

saddle point is defined by

( ) ( )Im Im sq q jψ ψ   = = −    . (3.20)

The complete SDP (shown in Fig. 3.11) requires that ( )Im cosj jψ α − − = −  , i.e.

( ) ( )cos Re cosh Im 1ψ α ψ   − =    . (3.21)

Applying Cauchy’s theorem, the integral is given as

residues
SDPC Cψ

= +∑∫ ∫ (3.22)

where the residues correspond to poles located between Cψ  and SDPC .

In addition to the deformation of Cψ  to SDPC  the (generally complicated) function

( )q ψ  is considered. In the asymptotic evaluation of the integral in Eq. (3.19) the

vicinity of the saddle point is the most important region. Thus, in the next step ( )q ψ

Figure 3.11. The contour of integration Cψ  and the steepest-descent

path ( SDPC ) in the ψ  plane.

π− π
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π Reψ

Imψ
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π−
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is replaced with a polynomial that describes the characteristics of ( )q ψ  in the vicinity

of the saddle point sψ . The form of the polynomial depends on the properties of

( )q ψ  and ( )F ψ , as described in e.g. [Felsen et al. 1973]. In this case where ( )q ψ′

has a simple zero at sψ  and ( )F ψ  is regular near sψ , the polynomial is given as

( ) ( )
2

s
t

q q
ks

ψ ψ= − . (3.23)

With this transformation the ψ  plane is mapped to a complex t plane in which the
SDP is mapped onto the real axis and the saddle point is mapped to the origin. The
integral in Eq. (3.19) then becomes

( ) ( )
2

, tu s F t e dtα
∞

−

−∞

= ∫ � . (3.24)

If only a first order approximation of ( ),u sα  is enough, the integral in Eq. (3.24) can

be solved easily by expanding ( )F t�  in a power series around 0t =  (the saddle point).

Keeping only the first term in the power series expansion the well known solution for

( ),u sα , found in many textbooks, is given as

( ) ( ) ( ) ( )2
, ,    sksq

s
s

u s F e k
ksq

ψπα ψ
ψ

− →∞
′′

� . (3.25)

However, if this assumption is not enough the integral has to be solved numerically,
preferable by using the Gauss-Hermite quadrature approach [Abramovitz 1970].

3.8 The paraxial region

Using a surface ray approach may not
always be the best choice. The reason for
using the Watson transformation and thus,
the surface ray interpretation, is the poor
convergence of the traditional solution. By
using the Watson transformation the slowly
convergent radially propagating series
representation is converted into a rapidly
convergent circumferentially propagating
series representation, as described above.
But due to this, difficulties appear in the so-
called paraxial region, i.e. in the region
along the axial direction of the cylinder
where the radius of curvature goes towards
infinity, see Fig. 3.12. This is unfortunately

Figure 3.12. The non-paraxial region
(shaded) and the paraxial region at

the cylinder ( )o70limitα ≈ .

αlimit
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a common feature for ray based solutions. For a PEC cylinder without a dielectric
layer the high frequency solution is still useful [Pathak et al. 1978]. But if a dielectric
layer is included a completely different method has to be used in the paraxial region
[Ertürk 2000a]. The essence of this formulation is based on the fact that the
circumferentially propagating series representation of the appropriate Green’s
function is periodic in one of its variables, and hence can be approximated by a
Fourier series. This is described in more detail in paper VII.
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4. General smooth convex surfaces

4.1 Introduction

In the previous chapter the approach for developing asymptotic solutions was
described. Since this approach requires that the Green’s function or the potentials to
the problem are known only a few canonical cases can be solved. However, a solution
valid for arbitrary smooth convex surfaces is necessary for a general analysis of
conformal antennas. Here, the generalization of the asymptotic method to arbitrary
convex PEC surfaces is discussed.

The idea is to find asymptotic solutions for the canonical circular cylinder and sphere
geometries, respectively. These results are then heuristically generalized with the aid
of the local properties of high frequency wave propagation to treat an arbitrary convex
surface. But first, a short introduction to geodesics is given.

4.2 Geodesics

As mentioned in Section 2.3 geodesics are of great importance when using
GTD/UTD. Thus, without the knowledge about the geodesics connecting the source
and observation points on a general surface, no ray based theory can be used. The
geodesics satisfy the generalized Fermat's principle. They can be derived from
differential geometry by a differential equation. Unfortunately this equation is
difficult to solve for a general surface and some kind of numerical ray tracing
procedure has to be used.

However, the ray tracing procedure can be simplified for certain geometries. In these
cases the geodesic equation can be written and solved in closed form, thereby
considerably reducing the numerical computations. The class of surfaces that can be
analyzed in this way belongs to the geodesic coordinate system, i.e. the parameter
lines of the surface are orthogonal to each other. Examples are any of the eleven
surfaces defined by the Eisenhart coordinate system. In addition, the geodesics on any
rotational symmetric surface can be found in closed form [Jha et al. 1995, Rosquist
2001].

The advantage of an analytically described geodesic is that all ray parameters can be
found in a closed form, i.e. a much easier and faster analysis of the surface is possible.
In paper IV the geodesic concept is discussed in great detail.

4.3 The convex cylindrical surface

As a first step the generalization of the circular cylinder solution to an arbitrary
convex cylinder with a slowly varying curvature is discussed. This generalization is
based on the local nature of the high frequency wave propagation. To accomplish this
generalization the neighborhood of each point along the geodesic on the convex
cylinder is approximated by a circular cylinder with the same local radius of curvature
as the convex cylinder. This means that the total solution may be viewed as a
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summation of a number of “circular cylinder solutions”, i.e. some parameters are
rewritten in integral form for the general convex cylinder. As an example, the Fock
parameter given in the circular cylinder case as

21 33 1

2 g

k
sξ

ρ
  =        

(4.1)

is generalized to

( )( )

( )
21 33 1

2

Q

Q g

k
d

τ

τ
ξ τ

ρ τ′

  =        ∫ . (4.2)

Here ( )gρ τ  is the surface radius of curvature and it is assumed to be slowly varying

along the geodesic line and s is the length of the geodesic. The integral is evaluated
along the geodesic, which requires knowledge about the geodesics connecting the
source and observation points at the surface. For general convex cylinders these
generalized expressions are easy to solve since the surfaces are developable surfaces
(singly curved surfaces), i.e. the geodesics are always straight lines.

The generalization presented here is also assumed to be accurate for the cone
geometry. The reason for this is that the cone surface is also a developable surface.

4.4 Generalization to an arbitrary convex surface

As described above the procedure of generalizing the solution to an arbitrary convex
cylinder is straightforward. But the method to treat a smooth convex surface of any
shape is more difficult and heuristic in nature. In order to get an asymptotic solution
for a general convex surface the cylindrical solution is not enough, since the principal
radii of curvature in general are different and finite for a general surface. Furthermore,
the torsion is generally not a constant, as mentioned in Section 2.3.

Another canonical problem is the sphere. The sphere has a constant radius of
curvature since both principal radii of curvatures are equal and finite, i.e. the
geodesics are great circle paths which possess no torsion. Thus, the circular cylinder
and sphere geometries do not possess all of the general properties associated with an
arbitrary convex surface. Nevertheless, they provide some useful information and an
asymptotic solution for an arbitrary surface can be developed on the basis of these two
solutions. Additional assumptions are required, and some of them are completely
heuristic in nature.

Let us study the canonical circular cylinder and sphere solutions in more detail. If the

two solutions are expressed in terms of the surface ray coordinates: the binormal ( )b̂ ,

tangential ( )t̂  and normal ( )n̂  unit vectors at the surface, see Fig. 4.1, they can be

analyzed and compared to each other in a convenient way. It turns out that the
dominant differences between the circular cylinder and sphere solutions are the
torsion associated with the surface rays and the different Fock functions, which appear
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in the two solutions. This means that the sphere solution is possible to obtain from the
cylindrical solution if the
torsion is set to zero and the
cylinder Fock function is
replaced with the sphere Fock
function. Furthermore, since the
torsion is zero for the sphere,
the circular cylinder solution
seems to be more general than
the sphere solution. Therefore,
the idea is to use the circular
cylinder solution as the basic
building block for the general
solution.

The approach for generalizing these two canonical solutions is based on the same
principles as was used for the arbitrary convex cylinder solution, i.e. the solution can
be viewed as a summation of
circular cylinder solutions. But in
this case some additional features
are included due to the geometrical
properties of the surface. Thus, by
using a combination of differential
geometry, reciprocity, local
properties of wave propagation at
high frequencies and heuristically
defined functions an asymptotic
solution valid for a general convex
smooth surface is obtained. In
addition to the asymptotic
solution, knowledge about the
geodesics is crucial as mentioned
earlier, see e.g. Eq. (4.2). The
details in the generalizing
procedure will not be given here,
they can be found in
[Kouyoumjian et al. 1974, Pathak et al. 1978, Pathak et al. 1980, 1981a-b]. Observe
that there are small differences in the procedure depending on whether the source
and/or observation points are on the surface or not.

Finally, the asymptotic solution recovers, of course, the solutions obtained for the
canonical circular cylinder and sphere geometries when it is specialized to these cases.
Furthermore, the solution should be expected to reduce to the planar surface as well.

4.5 Final comments

The above described procedure has been used when a perfectly electrical conducting
(PEC) smooth, convex surface was considered. It is based on the fact that the
canonical asymptotic solutions can be expressed in surface ray coordinates. This is

Q′

Q

n̂

b̂ t̂

Figure 4.1. The surface ray coordinates at a point
along the geodesic connecting Q′  and Q.

Figure 4.2. The development of UTD for a
general smooth convex surface? [Gordon
1985, p. 129].
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possible only if the saddle point contribution is taken into account in the SDP
integration. But if more points are needed along the SDP path it seems not possible to
rewrite the asymptotic solution in a ray parameter form. Thus, a generalization to a
general surface is much more difficult in that case. This is typically the case for a
dielectric covered surface since, in general, more points besides the saddle point are
needed in the SDP integration [Ertürk et al. 2000b, Paper VI].
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5. Poles and surface waves

5.1 Introduction

In the theory presented in the earlier chapters the total field on the surface is
approximated as rays propagating along geodesics. However, no attempt has been
made to describe this field in terms of different wave types. This can be done by
identifying the poles of the Green’s function. Each pole corresponds to a wave
propagating along the surface and it can be classified according to its characteristics:
phase velocity and attenuation.

A complete analysis of this topic is beyond the scope of this thesis. However, this
chapter is included to give a brief background to the area and to the physical
interpretation of ray based fields described in earlier chapters.

First, the different wave types possible for the covered PEC circular cylinder will be
discussed in Section 5.2. In order to connect this to the planar case the properties of
the grounded planar dielectric slab is discussed in Section 5.3. Finally, in Section 5.4
the two cases are compared and discussed. The different geometries considered are
shown in Fig. 5.1.

5.2 The dielectric covered PEC circular cylinder

To be able to classify the modes supported by the dielectric layer on a curved PEC
surface it is necessary to solve for the complex azimuthal propagation constants

( )p zkν , 1, 2,...p = , i.e. to identify the poles of the ν  dependent spectral integrand in

Eq. (3.16). Depending on the pole locations in the complex ν  plane, they will be
classified as leaky, creeping or trapped waves. In Fig. 5.2 the contour in the ν  plane
is shown as well as the positions of some poles.

Figure 5.1. (a) The dielectric covered PEC planar geometry. (b) The
dielectric covered PEC circular cylinder geometry.

(a) (b)
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In order to study the characteristics of the poles the complex roots are decomposed
into their real and imaginary parts as p p pjν ν ν′ ′′= − . The following criteria are then

used for the classification of the different waves supported by the geometry
[Naishadham et al. 1993];

if 2p rk aν ′ <  then they correspond to leaky waves

if 2p rk aν ′ ≈  then they correspond to creeping waves

if 2p rk aν ′ >  then they correspond to trapped waves

where 2 2
0r zk k k= −  (see Eq. (3.2)) and 2a  is the outer radius of the cylinder, see

Fig. 5.1 (b)#.

In Fig. 5.3 the normalized phase and attenuation coefficients for the 1p =  mode are

shown as a function of the outer radius, 2rk a , of a covered cylinder and the thickness
of the dielectric layer d  (see Fig. 5.1 (b)).

From Fig. 5.3 it can be seen that a thin layer will support a creeping wave only,
according to the definition, since the phase coefficient is not significantly affected by
a change in radius. But the attenuation increases rapidly for small radius as known
from the non-covered surface. Since 1 2 0/ /rk a c vν ′ =  where 0c  is the velocity of light

in free space and v is the phase velocity of the mode, the creeping wave is traveling
almost at the speed of light. The creeping waves are usually referred to as Watson
type creeping waves [Paknys et al. 1986] since they will reduce to the usual creeping
waves on a PEC cylinder when the coating vanishes. In contrast to other kinds of
modes no cut-off frequency exists for the Watson type creeping waves.

                                                          
#  It can be remarked that this classification is not a 100% clear distinction between waves of
different types.

Figure 5.2. The original contour in the complex ν  plane with some poles shown.
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ε
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If the layer becomes thicker a transition region takes place at a thickness of about

0/ 0.23d λ ≈ . At this thickness the modes begin to become trapped since the

attenuation constant decreases with increasing phase constant. When the layer
becomes thicker the modes will remain trapped, as long as the thickness is moderate

Figure 5.3. The normalized (a) phase and (b) attenuation for the 1p =  mode and

the axial wave number 0zk =  and 2.1rε = ( 1d d= in Fig. 5.1) [Naishadham et al.
1993].

(b)

(a)
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compared to the radius. Trapped waves are slow waves whose phase velocity is less
than the speed of light and they possess a low attenuation. These waves are often
referred to as Elliott type creeping waves. It can be noted that there is a continuous
transition from a Watson type creeping mode to an Elliott type creeping mode when
the thickness is increased. Thus, only a few Elliott type creeping waves can exist on a
covered cylinder [Elliott 1955, Paknys et al. 1986]. A more detailed study of the effect
of higher order modes can be found in [Paknys et al. 1987, Richard et al. 1997, 1999]
where some examples are given which show how higher order modes are contributing
to the total field.

If the radius is decreased (keeping the frequency constant) for a layer thicker than the
transition thickness ( )0/ 0.23d λ ≈ , the initially (well) trapped mode becomes

transitional and then leaky, i.e. 1 2rk aν ′ < . The leaky waves are improper waves with
high velocity and the attenuation is increasing for decreasing outer radius.

5.3 The grounded dielectric slab, planar case

The integrals for the solution to the planar case can be evaluated using the same
approach as was presented in Chapter 3, except for the Watson transformation part
[Collin et al. 1969, Felsen et al. 1973, Ishimaru 1991]. Thus, the field solution is
given as the sum of the SDP contribution and the residues, see Eq. (3.22). The

residues are due to poles ( )pψ  and branch-cut poles ( )bψ , which will be described

below.

In Fig. 5.4 the SDP contour is shown as well as the different areas in the plane
corresponding to the proper and improper zk  plane discussed in Chapter 3. As shown,

the SDP contour will move as a function of the angle θ  (see Fig 5.1 (a)). Depending

θ

+SDP

-SDP

π− π
2

π Reψ

Imψ

P(1) P(4)

P(3)P(2) I(1)I(4)

I(3) I(2)

SDPC

2

π−

Figure 5.4. The different steepest descent paths in the ψ  plane.
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on θ , the SDP may run anywhere between the limiting path -SDP  through / 2θ π= −
to +SDP  through / 2θ π= .

In Eq. (3.22) the first part of the solution is the steepest descent integral and it will be
considered first. The main contribution to this integral is from the vicinity of the
saddle point and it is given as

( ) ( ) ( )cos / 42
SDP

jkr
jkr j

s
C

e
F e d F e

kr

ψ α πψ ψ π ψ
−

− −∫ � (5.1)

where ( )F ψ  has no singularities near an isolated first order real saddle point sψ .

This field is observed everywhere in the lit region and it may be interpreted as a local
plane wave field propagating along the radial direction r to the corresponding
observation point. Thus, it represents the direct, reflected and refracted fields of
geometrical optics.

In addition there are poles pψ  that are roots to the dispersion relation for the specific

problem. They can be located anywhere in the ψ  plane and their domain of
contribution and significance is connected to their relative locations with respect to
the SDP and the saddle point. Thus, only the poles, which may be captured by the
SDP, need to be included in the analysis.

These pole fields may be classified depending on their phase velocities and
attenuation. The different wave types are shown in Table 5.1, but only two of them
will be briefly considered here. A more detailed analysis of the wave types can be
found in e.g. [Collin et al. 1969, Felsen et al. 1973].

Pole position pψ Wave type

( )/ 2 Im ,  Im 0p pjπ ψ ψ± + > Proper surface waves

( )/ 2 Im ,  Im 0p pjπ ψ ψ± + < Improper surface waves

In I(2) and I(4) Leaky waves

In P(1), P(2), P(3) and P(4) Proper complex waves

In I(1) and I(3) Noncontributing waves

Due to the pole locations in Table 5.1, there are some waves that will not interfere
with the field solution, they are the improper surface waves and noncontributing
waves, respectively. The proper complex waves will not be discussed here since they
will not appear in the grounded dielectric slab case.

Table 5.1. Definition of different wave types corresponding to
the pole locations [Collin et al. 1969].
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The (proper) surface waves will be the main contribution to the surface field for the
grounded dielectric slab. These poles will be located on the vertical lines
Re / 2pψ π= ±  and they are slow waves. If a small loss is included the poles will

move slightly from the vertical lines. There will only be a limited number of surface
wave modes and the number of modes will depend on the thickness d and rε , see Fig
5.1 (a).

The second wave type is the leaky wave. Leaky waves are improper complex roots
and are in general not significant because of their relatively large attenuation. If a
leaky wave pole exists it will contribute in a part of space in which θ  (see Fig. 5.1.
(a)) is larger than a certain value cθ [Collin et al. 1969, Ishimaru 1991].

In addition to the surface waves there may be branch-point fields. These fields are
referred to as lateral waves. Such waves
may appear in the case where a source is
located in the presence of an interface
between two dielectric media. If both
dielectrics are lossless and the medium
containing the source is denser than the
exterior region it is possible to find an
angle of total reflection, or critical
refraction. Thus, this wave is incident on
the surface at the critical angle γ , it is
then propagating just below the surface
with the propagation constant of the lower
medium. At the same time the wave is
radiating into the upper medium in the
direction of the critical angle, see Fig. 5.5 [Felsen et al. 1973, Ishimaru 1991].

5.4 Discussion of the relation between the planar and cylindrical cases

In the two previous sections different names are used for the different wave types
possible for each case. Unfortunately, the names are often interchanged or used
arbitrarily in the literature. One of the reasons is that there is no accepted terminology
for waves on planar or curved surfaces, respectively.

The two most commonly used names for a wave in a layered medium are “surface
wave” or “creeping wave”. The term creeping wave is mainly used for curved
surfaces where attenuation due to curvature is present. But the term creeping wave is
not useful as a general term for surface waves on cylinders, since a dielectric covered
cylinder may support other kinds of modes and the creeping wave is just one of them
as has been described in Section 5.2. The same argument can be used for a planar
surface for which the term surface wave is used in general. However, the planar
surface can support other types of waves and the surface wave is just one of them, see
Section 5.3.

In Table 5.2 the different waves described above are summarized and renamed to
facilitate the comparison between the planar and cylindrical cases. The concept used

Figure 5.5. The lateral wave.
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is to include creeping waves in the different wave types for the cylindrical case. From
the table we can see that there are two wave types that appear in both cases; trapped
waves and leaky waves. However, in contrast to the planar case, there are two types of
trapped creeping waves in the cylindrical case. Both types of waves give rise to
effects that will look like creeping waves which shed energy due to curvature, but one
of them sheds much less and is almost trapped. In addition, there will be lateral waves
in the planar case, if supported by the structure.

Thus, the resemblance between the waves in the planar and cylindrical cases becomes
clear. When 2a →∞  in the cylindrical case the effect of the curvature will decrease,
i.e. the different poles in the cylindrical case will recover the poles in the planar case.
As a consequence the pole locations in the planar case can be used to find the poles in
the cylindrical case, which are more difficult to find. In Fig. 5.6 the different wave
types and geometries are related to each other, the non-covered PEC circular cylinder
is also included.

PEC cylinder with a dielectric layer

Wave types in
Section 5.2

Modified names

Creeping wave Watson type creeping wave

Trapped wave Elliott type creeping wave
  Trapped creeping
  waves

Leaky wave Leaky type creeping wave

Planar dielectric slab backed by a ground plane

Wave types in
Section 5.3

Modified names

Surface wave Trapped surface wave

Leaky wave Leaky type surface wave

Lateral wave -----------

Furthermore, the transition from a Watson type creeping wave to a Elliott type
creeping wave occurs at a thickness of the dielectric layer which closely corresponds
to the cutoff thickness associated with the onset of a trapped surface wave on a
grounded dielectric slab. It has also been shown that the behavior of the Elliott type
creeping mode closely resembles that of a trapped surface wave in the planar case
when 2 20rk a ≈  [Naishadham et al. 1993, Paknys et al. 1986].

(a)

(b)

Table 5.2. Summary of different wave types in the (a) cylinder case,
(b) planar case.
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Figure 5.6. The different waves associated with geometries
related to this work and their relation to each other.

Planar dielectric slab backed
by a ground plane

PEC cylinder with
a dielectric layer

PEC cylinder

� Trapped surface waves.

� Leaky type surface waves.

� Lateral waves, if supported
by the geometry.

� Watson type creeping waves.

� Leaky type creeping waves.

� Elliott type creeping waves.

� Watson type creeping waves.

When b →∞

When the coating
vanishes
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6. Summary of the papers

6.1 Introduction

In this chapter the different papers included in the thesis are summarized.
Furthermore, they are related to each other by the flowchart as shown in Fig. 6.1. All
papers, except for one, deal with the verification of available and developed high
frequency methods for different geometries. The stand-alone paper is a brief study of
the synthesis problem for a circular cylinder.

Paper I
Investigation of the accuarcy of a
hybrid UTD/MoM method on a
PEC circular cylinder. If higher

order waveguide modes are
included in the analysis, an

agreement down to –80 dB is
possible.

Paper II
The hybrid method is generalized
to different analytically described
singly (convex) curved surfaces.

Paper III
In this paper we consider

synthesis of an one-row-array
located on a PEC circular

cylinder. The effect of the mutual
coupling is included to study its

effect on the shaped beam.

Paper IV
Geodesics are the most important
parameter in a ray based theory.

In this paper geodesics on a
doubly curved surface are

considered, in particular the
general paraboloid of revolution.

Paper V
The hybrid UTD/MoM method

described in paper I is applied to
a doubly curved surface. To do
this the results from paper IV is

included in the analysis.

Paper VI
A high frequency method for
mutual coupling calculations

between waveguide fed apertures
on a PEC cylinder covered with a
dielectric layer is developed. This
paper deals with circumferentially
and axially polarized waveguides

in the non-paraxial region.

Paper VII
Circumferentially polarized

waveguides are considered in the
paraxial region.

Non-covered
PEC surfaces

Covered PEC
surfaces

Figure 6.1. The different papers included in this thesis.
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6.2 Paper I

In this paper the problem of calculating the mutual coupling between apertures on a
perfectly conducting (PEC) circular cylinder is considered. Although it is a canonical
problem, the goal with this paper was to introduce the hybrid UTD/MoM method that
will be used in the following papers. This hybrid method makes it possible to include
higher order aperture modes in order to improve the accuracy. It is found that the
UTD/MoM solution gives very accurate results, even for small cylinders. The method
was verified against results found in the literature as well as against measurements
performed at Ericsson Microwave Systems AB in Mölndal, Sweden. For this purpose
a cylindrical test antenna with 54 apertures was built.

With the single mode approximation there is very good agreement down to coupling
levels as low as –60 dB. Adding a few additional modes improves the results only
slightly, until the TM11 mode is taken into account. When using this fifth mode (in
cut-off order) an even better agreement between measured and calculated results is
obtained both in amplitude and phase. Now, the theoretical model predicts accurately
coupling levels as low as –80 dB. Hence the results are certainly sufficient for array
design purposes.

6.3 Paper II

The next paper is a generalization of the model presented in paper I. For practical
reasons, other structures than circular cylinders may be useful. For example, the front
part of an aircraft wing in profile looks more as a parabolic cylinder than a circular
cylinder.

In this paper analytically described PEC convex cylinders are considered. This makes
it possible to investigate the curvature dependence of the mutual coupling.
Conceivable surfaces are the elliptic, parabolic and hyperbolic cylinders. The results
in this paper are not verified against any reference results, since they are difficult to
find. Furthermore, very sharp surfaces are considered in this paper to investigate the
behavior of the UTD formulation. The provisional conclusion is that the results
obtained in this paper are reasonable from a physical point of view.

6.4 Paper III

The third paper is a spin-off paper of paper I.  Pattern synthesis for a conformal array
antenna on a cylinder is presented using the method of alternating projections. Both
the side lobe region and the shape of the main beam are controlled. The method
includes the effect of the mutual coupling in the synthesis. It is shown that neglecting
the mutual coupling leads to poor results, especially in the shaped beam region.

In pattern synthesis problems, the desired output is usually the excitation of the
radiating elements, e.g. the set of dipole currents or slot voltages etc that produce an
acceptable pattern shape. However, array elements can in practice not be fed from
ideal current or voltage sources. Therefore the designer wants to know the required
excitation from the feeding structure (power divider, phase shifters etc) that will
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produce the desired element excitations when the array impedance characteristics
(mutual coupling) is accounted for.

6.5 Paper IV

For antennas on complex surfaces, the characterization of the antenna performance
can, in most cases, only be done experimentally using e.g. scaled models. This is time
consuming and expensive, furthermore, the study of parameter variations within a
given configuration is difficult.

However, using a high frequency approximation together with an accurate ray tracing
method the inconveniences above may be possible to overcome. For a general surface
a numerical ray tracing procedure has to be used. But for a class of surfaces that can
be described analytically in three dimensions it is possible to reduce the numerical
computations. This class includes quadratic cylinders and even non-developable
surfaces such as ellipsoids and paraboloids, in fact any rotational symmetric surface
for which the cross section is known in a closed form expression. All these surfaces
belong to the so-called geodesic coordinate system.

In this paper we have considered the problem of finding geodesics on a doubly curved
surface, specially the general paraboloid of revolution (GPOR). It is the most
important parameter to determine in the UTD formulation. When the geodesic is
known the other parameters can be expressed and calculated. Furthermore, the
phenomenon of geodesic splitting is discussed.

The goal with this paper was to describe the mathematics behind and the physical
properties of geodesics on a smooth doubly curved convex surface.

6.6 Paper V

To be able to analyze the performance of an array antenna on a doubly curved surface
the mutual coupling has to be investigated. In contrast to a flat or a singly curved
surface the mutual coupling between antenna elements on a doubly curved surface
depends on the polarization in a rather complex way. Since the polarization in each
element on a general surface can be more or less arbitrary in a global coordinate
system it might be necessary to be able to control or change the polarization in the
elements. Another possibility is to optimize the rotations of the antenna elements in
order to get a desired polarization in the radiation pattern. Thus, it is very important to
be able to calculate the mutual coupling between antenna elements arbitrarily located
on a general surface and with arbitrary polarizations.

In this paper we investigate the mutual coupling between apertures located on a
doubly curved convex perfectly conducting (PEC) surface and compare the theoretical
results with measured results. The apertures can be arbitrarily located on the GPOR;
thus, a full 3-D analysis has been performed. In the theoretical analysis the hybrid
method presented in paper I is used, but generalized to handle a doubly curved surface
as well. The main difference is the geodesics, which are more difficult to find as
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described in paper IV. The experimental antenna was built at Ericsson Microwave
Systems AB in Mölndal, Sweden.

As expected, the results are very dependent on the polarization of the antenna
elements. A deeper analysis of the radiation pattern and other characteristics for this
kind of antenna may give information about the need for steering the polarization etc.

6.7 Paper VI

Presented in this paper is the development of an efficient and accurate asymptotic
Green’s function technique, which is used to calculate the surface fields excited by
tangential magnetic sources on the surface of a large (in wavelengths) PEC circular
cylinder that is covered with a dielectric layer. These new expressions allow us to
calculate the mutual coupling between waveguide fed apertures located on the PEC
surface. One difference, however, compared to the non-covered surfaces is that the
solution has to be divided into two parts namely the paraxial and non-paraxial regions.

The model for the non-paraxial region is presented in this paper for the two major
polarization cases (cross polarization is not considered). The development of this high
frequency method is based on the main steps shown in Chapter 3. To verify the model
some numerical results are included. These results show a good agreement between
the asymptotic solution developed here and results obtained with the G1DMULT
code. Comparison with measured data is also included in this paper for isolated
coupling values along the circumferential direction. The measured results were
obtained from an experimental antenna built at Ericsson Microwave Systems AB,
Mölndal, Sweden.

6.8 Paper VII

The final paper is about the development of the high frequency approximation in the
paraxial region. Here, a completely different approach has to be used. The basic idea
of this formulation is that the circumferentially propagating series representation of
the appropriate Green’s function is periodic in one of its variables. Hence, the Green’s
function can be approximated by a Fourier series expression. The coefficients of this
series expansion can be efficiently obtained by numerical integration. One of the
advantages of this formulation is that it requires the evaluation of well-known
(Sommerfeld) 1-D integrals instead of the 2-D integral (or integral/summation)
required by the rigorous spectral formulation.

Presented in this paper are results from circumferentially polarized apertures. Since no
measured results were available for this case the results are compared with data
calculated from the G1DMULT code.
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