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High precision motion control has become an essential requirement in today’s advanced
manufacturing systems such as machine tools, micro-manipulators, surface mounting
robots, etc. As performance requirements become more stringent, classical controllers can
no longer provide satisfactory results. Although various approaches to the design of
controllers have been proposed in the literature, control problems associated with system
uncertainties, presence of high-order dynamics and system inherent nonlinearities remain
big challenges for control engineers.

Sliding mode control (SMC) based on the theory of variable structure systems (VSS) opened
up a wide new area of development for control designers. It provides a systematic approach
to the problem of maintaining stability and consistent performance in the face of modelling
imprecision and disturbances. The fundamental theory on SMC is briefly reviewed in the
thesis summary, including methods of sliding surface design, control law design, robustness
properties, application problems and common solutions.

Based on the excellent properties of SMC, and in particular the new definition of discrete-
time sliding mode (DSM), this thesis presents a control methodology which successfully
solves two of the major difficulties -- friction and flexibility -- in certain electrically driven
systems which are required to perform high precision motions. The main contributions of the
thesis are summarized as follows:

• Successful application of the discrete-time sliding mode control (DSMC) to electrically
driven high precision motion control systems. The designed controllers are robust and
chattering free.

• The utilization of one-step delayed disturbance compensation alleviates the most
difficult work on friction compensation, i.e., the modelling and identification of friction
become unnecessary. Simulation analysis and experimental verification show that the
accuracy of friction compensation depends only on the selection of sampling frequency.

• The provision of a simple and effective method for handling flexibility in DSMC
systems.

• The proposed frequency-shaped resonance ratio control (FSRRC) enables dynamic
adaptation of the virtual resonance ratio of a two-mass system.

• The combination of the proposed DSMC and FSRRC provides an effective and robust
method for controlling two-mass systems with wide resonance ratio variation.

High Precision Motion Control Based on a Discrete-time Sliding Mode Approach
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1.  Introduction

1.1  Background and objective

High precision motion control has become an essential requirement in tod
advanced manufacturing systems such as machine tools, micro-manipulators
face mounting robots, etc. As performance requirements become more strin
classical controllers such as the PID controller, which has been the most favo
controller and widely used in industry for generations, can no longer provide s
factory results. Although various approaches to the design of better controllers
been proposed in the literature, control problems associated with system unce
ties, presence of high-order dynamics and system inherent nonlinearities rema
challenges for control engineers.

High precision motion control is first challenged by the presence of friction. F
tion, as a highly complex, nonlinear phenomenon exists in almost every mecha
system involving relative motion between parts. Different characteristics of fric
can appear in different types of contacting surfaces and the magnitude of fri
depends on the physical properties of the interacting surfaces as well as the
The problems caused by friction primarily result in unacceptable tracking/posit
ing errors which can not simply be eliminated by introducing an integral action
the controller. Particularly, when low-speed small-amplitude motion tasks
required, nonlinear friction in combination with integral action typically leads to
called stick-slip limit cycles.

Problems related to mechanical flexibility are also challenges for achieving
acceleration/high speed control. In industrial environments, servo motors are
cally linked to their end effectors by transmission mechanisms having finite s
ness. A realistic model of such systems may include numbers of resonance m
which in the transfer function appear as finite zeros and pairs of complex conju
poles near the imaginary axis in the complex plane. The achievable stable loop
is limited by these poles or pole-zero pairs, along with the overall drive perfo
ance. In most traditional applications, the frequencies of the resonance are ord
magnitude above the required control bandwidth and thus they are usually ign
by modelling the process as a rigid system. However, difficulties arise in app
tions that require the controlled system to have a bandwidth approaching at lea
lowest resonance frequency. A control system based on the rigid model may no
vide enough loop attenuation to prevent the controlled system from oscillations
may possibly lead to instability at or near the frequencies of the resonance. A
1
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pensator based on pole-zero cancellation is in general impractical, since in
cases, the frequencies of the resonance are not known exactly and may shift d
the operation. An error in resonance frequencies and their relative damping etc
result in a designed controller that is even worse than a controller that ignore
resonance phenomenon. An alternative is to use a state space design method t
the poles of the closed-loop system at desired locations. This requires measure
or observation of all states of the oscillatory mechanical parts. From an econ
and instrumentation point of view, many types of industrial drive systems actu
provide only a single position feedback device on the motor side. Therefore, ho
suppress vibration becomes significantly important for applications which req
both high accuracy and fast response.

In addition, other uncertainties which may also be regarded as parasitic effec
often present in real-world systems. These effects can include:

• Parametric uncertainty, such as parameter changes due to, e.g., different ope
conditions and load changes;

• Actuator/sensor nonlinearities, such as hysteresis, dead-zone, saturation,
output slope changes in operating ranges as well as the nonlinearit
quantization when using AD converters for digital-computer control;

• Backlash and compliance in gear-trains;

• Time delays

The research objective of this thesis is to develop a control methodology for in
trial applications which are required to perform high precision motions. The m
efforts are put on how to robustly handle friction and flexibility problems in elec
cally driven systems, however other parasitic effects are also considered. It is
desired that the designed controllers should have certain adaptive features suc
the robustness can be guaranteed not only with the respect to stability but also
the respect to performance. The research is focused more on engineering utility
on mathematics, i.e., to provide control techniques of industrial relevance and a
cability.

1.2  An overview of previous research

1.2.1  On friction compensation

Problems related to modelling, identification and compensation of friction in c
trolled mechanical systems have been very attractive for researchers for deca
is clear that friction compensation is an important part of solving the tracking
2
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regulation problems in motion control systems. Most developed friction compe
tion approaches are model based except a few special techniques such as im
control (Yang &Tomizuka, 1988; Popovic,et al.,1995). Therefore, modelling is
often regarded as the first essential component of nonlinear friction compens
In general, good models are expected to provide good performance in friction
pensation. Both static and dynamic friction models can be found in the litera
Friction models accompanied with different compensation methods were sum
rized in Armstrong-Helouvry,et al. (1994), Olsson (1996) and Olsson,et al. (1998).
Static friction models are furnished by a map between force/torque and velocity
they usually include the static, Coulomb and viscous friction components. S
models also involve the Stribeck effects and other nonlinear phenomena, such
Armstrong’s seven parameters model (Armstrong-Helouvry, 1991). However,
basic feature of static models, i.e., the discontinuity at zero velocity hardly ma
friction compensation effective during zero-velocity crossings, since the models
to describe the friction dynamics in this region. Hence, dynamic models have
been developed, including the Dahl model (Dahl, 1968), the LuGre model (Can
de Wit, et al., 1995), the integrated friction model (Swevers,et al., 2000) and other
models (Haessig & Friedland, 1991; Blimam & Sorine, 1995), in order to han
friction effects in vicinity of zero velocity. Among the proposed dynamic mode
the LuGre model is the most quoted friction model for dynamic friction compen
tion. The superiority of this model over many other models is that it captures mo
the observed friction phenomena, such as the complicated Stribeck effects, the
teresis nature due to friction lag, the spring-like behaviour during presliding and
ying breakaway force depending on the changing rate of the applied force. All t
characteristics are integrated into a first order nonlinear differential equation.
model is excellent for simulation analysis of systems with friction and may also
used in control applications if a few plant dependent friction parameters can be
tified.

Model based friction compensation for high precision control has often b
reported (Lee & Tomizuka, 1996; Yao,et al, 1997, Lee & Kim, 1999). This method
requires accurate identification of the friction parameters, hence the selection
proper identification method is an important issue in control design. Different m
ods for identifying the parameters of the friction models can also be found in the
vey paper of Armstrong-Helouvry,et al (1994). One difficulty of friction
identification is the requirement of measuring acceleration which is needed in o
to observe the friction force and take into account inertia effects at the same
Unfortunately, acceleration is immeasurable in many practical motion control
tems unless additional expensive equipment is used. One alternative is to us
desired acceleration as an estimate of true acceleration, and then the inertia an
3
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tion parameters can be individually identified through a set of experiments, acc
ing to e.g. the identification procedure presented in Johnson and Lorenz (1
However, the time-varying friction characteristics, i.e., parameters in friction mo
may vary in a wide range during operation, still creates difficulties for accurate
tion compensation. It is unlikely that a good compensation can be achieved bas
a fixed, off-line identified friction model. Therefore, friction compensation oft
needs to be combined with other robust control methods such as adaptive c
(Yao, et al., 1997) or sliding mode control (Song & Cai, 1995; Song,et al., 1995;
Lee & Kim, 1999). On-line friction identification methods, either directly adapt
or observer based adaptive, have been developed for continuously updating fr
parameters (Singer, 1993; Canudas de Wit & Lischinsky, 1997; Canudas de W
Ge, 1997; Ge,et al.,1999). However, on-line adaptation is in general used for tr
ing the slowly time-varying parameters such as Coulomb friction, it can not gua
tee good compensation in the low velocity region, in which friction has very
dynamics. Moreover, the adaptive algorithms become more complicated a
number of parameters that need to be adapted increases. For example, Canu
Wit & Lischinsky (1997) used the LuGre friction model to compensate dynam
friction at low velocities. They proposed an adaptive algorithm, in order to simp
the computation algorithm, a strict assumption, i.e., on structured parameter v
tion had to be made. In addition to this possibly quite drastic assumption,
dynamic friction models also require high sampling rates (in the order of 10kH
more). If the sampling rate is limited, the accuracy of the friction model and
updating speed are highly questionable. So far, no publication has been found w
deals with problems of friction modelling and compensation with limited sampl
frequencies.

1.2.2  On vibration control

Mechanical resonance problems were early encountered in many different
speed control systems, such as rolling mill drives in steel industry (Dhaouadi,et al.,
1991, 1993). It was found that the conventional techniques based on PI control
no longer provide satisfactory results as the demands on the quality of steel
and precision of strip thickness became more stringent. Since higher perform
was required from the speed control loop in terms of accuracy and fast respons
desired control bandwidth became closer and closer to the resonance frequen
the system, and thus induced torsional vibrations. Similar problems arise in m
electrically-driven motion control systems due to ever increasing motion con
quality requirements, such as in modern machine tools. Couplings’ and joints’
ticity within these high performance systems can no longer be neglected.
dynamics of such a system must hence be modelled as a two-mass or multi
4
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system, and careful tuning of the closed-loop characteristics is needed so as to
mize the excitation of the mechanical resonance. Many solutions on suppress
mechanical resonance have been proposed and are briefly discussed below.

Speed differentiation feedback can be used to increase the system stiffness (
1991; Hsien,et al., 1997; Colombi & Raimondi, 1994), however, this requires dire
measurement of the both motor and load side variables. State feedback con
also a favoured method in control design, in which case the desired tran
response is obtained by, e.g., pole placement or linear quadratic Gaussian d
with loop transfer recovery (LQG/LTR). When all states are not measurable,
order or reduced-order state observers can be used to estimate the unmeasure
(Dhaouadi,et al., 1993, 1994; Schäfer & Brandenburg, 1990; Brandenburg
Schäfer, 1990). Disturbance or load torque observers have often been used t
mate the torque transmitted through the flexible components (Schäfer & Bran
burg, 1989; Hori,et al., 1994; Sugiura & Hori, 1996). One important factor has be
noticed, in that the resonance characteristics of a two-mass system can be des
by its resonance ratio which is the quotient of the undamped natural anti-reson
frequency and resonance frequency of the system. Based on a disturbance ob
the concept of resonance ratio control was proposed (Sugiura & Hori, 1994; Hoet
al., 1996; Hori,et al., 1999) and subsequent works on torsional vibration supp
sion control are summarized in Hori (1995a, 1995b, 1996). For some nonlinear
tems, such as multi-link manipulators, nonlinear estimators were also proposed
Zaki and ELMaraghy (1995) designed a robust observer based on sliding mode
trol for flexible-link manipulator control.

Design based on transfer functions involves frequency domain problem form
tions, in which loop shaping is a classical design approach. The basic idea o
loop shaping is to specify the magnitude of some transfer functions as a functio
frequency, and then a controller can be found which gives the desired closed
frequency response. However, classical loop shaping may be difficult to appl
complicated systems, e.g., when the transfer function of the controlled system
several pole-zero pairs and/or it contains uncertainties. For providing a syste
method of designing robust controllers, a powerful technique for design of ro
controllers using a frequency domain optimization method, namely H control,
been developed. In the design of an H controller, the uncertainties are expr
by real or complex perturbation with a mathematical representation, and the pr
is characterized by its nominal transfer function plus an additive uncertainty
assuming that the process uncertainty is known for each frequency in terms of v
tions in amplitude and phase, the robust stability and robust performance o
closed loop system can be analysed. Methods using H control theory to des

∞
∞

∞

5
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robust control for a flexible multi-mass system with parameter uncertainties are
quently reported. For example, H loop-shaping design for speed control of
mass systems were reported by Iseki & Hori (1994) and Chun & Hori (1994),
for high performance tracking control by Hsien,et al. (1997). A vibration control of
a two-mass system usingµ-synthesis was proposed by Hirata,et al. (1996). It is
noted that these methods usually result in relatively high order controllers and
designs are sometimes conservative in practice.

Quantitative feedback theory (QFT) is another unified theory that emphasize
use of feedback for achieving the desired system performance despite of uncer
and process disturbances. A promising feature of QFT is that it embeds the per
ance specifications into the design process. The Nichols chart is the key tool
through all design procedures. Boundaries (in terms of stability and disturb
rejection) plotted on a Nichols chart are the guidelines for the designer to play
shaping. The control result can also be first judged by the shape of the resu
closed-loop transfer function, which is displayed in the Nichols chart and give
insight to if at any area of the design problems still remain. Kidron & Yaniv (199
used the QFT techniques to design robust controllers for a low damping unce
resonance system. In Nordin & Gutman (1996), a benchmark problem for an e
three-mass system was solved by two-degree-of-freedom loop shaping with the
design method, and the method has been further improved for speed control of
tic systems with backlash (Nordin, 2000).

Input command shaping is another approach towards vibration reduction of fle
systems. The purpose of the command shaping is to remove some frequency c
nents from the input signal. If the removed frequencies are close to the contr
system resonance, the system oscillations due to this resonance can be re
Shaping may involve both setpoint shaping and actuator command shaping
shapers may reside either completely outside the closed loop to shape the se
(Singer & Seering, 1988, 1990) or in the loop to shape the command to the act
(Vukosavic & Stojic, 1998). However, this method does not consider disturba
rejection problems, e.g., it is not possible to remove the unwanted frequency co
nents from a step disturbance.

1.3  Motives for using sliding mode control

There is no unique solution to different control problems. Some methods ma
more attractive for certain control problems, while others may also be acceptabl
far as friction compensation is concerned, the effectiveness of model based fr
compensation has been proved in many reports, of which some have been men

∞
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in the above overview section. The used friction models include both adva
dynamic models and simple static models. It is known that friction identificatio
usually a tough and time consuming work. Moreover, using a more complicated
tion model may not always lead to better compensation results than just using a
ple friction model, e.g., the model of Coulomb friction, since the quality
compensation depends not only on the model, but also on the implementation
straints. As already mentioned, how accurate the parameters can be identifie
how accurate the system state variables, such as velocity, can be measured
mated are also key factors. Small error in velocity may possibly result in very in
curate friction compensation both in magnitude and direction, which in t
seriously deteriorates the performance near the zero velocity region. This is an
reason that the dynamic friction models so far have mostly been applied only in
ulation analysis and at laboratory stages.

It is concluded that a more effective but applicable friction compensation me
must be developed. Note that even in the same type of series manufac
machines, differences in parameters among individual machines are present
tainties, e.g., uncertainty in friction parameters due to time-varying friction cha
teristics, operating condition changes, load changes, etc. It is highly desired th
same control settings should meet the control specification for all machines o
same type, i.e., without individual tuning. However, this goal is difficult to ful
with the existing compensation techniques, due to the limitations related to
fixed model based and on-line identification based friction compensation. This
culty motivates us to seek for alternative approaches, i.e., to find a design metho
which, a robust controller can be designed by considering only the nominal pro
parameters. At the same time, the designed controller should have good distur
rejection, including friction rejection, such that high precision motion can
achieved without calling for complicated friction modelling and identification me
ods. Furthermore, unmodelled dynamics should also be appropriately handl
avoid causing serious performance degradation.

The theory of variable structure systems (VSS) opened up a wide new area of d
opment for control designers. Variable structure control (VSC), which is freque
known as sliding mode control (SMC), is characterized by a discontinuous co
action which changes structure upon reaching a set of predetermined switchin
faces. This kind of control may result in a very robust system and thus provid
possibility for achieving our goals. Some promising features of SMC are lis
below:

• The order of the motion equation can be reduced.
7
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• The motion equation of the sliding mode can be designed linear and homoge
despite that the original system may be governed by nonlinear equations.

• The sliding mode does not depend on the process dynamics, but is determin
parameters selected by the designer.

• Once the sliding motion occurs, the system has invariant properties which m
the motion independent of certain system parameter variations and disturba
Thus the system performance can be completely determined by the dynam
the sliding manifold.

1.4  Thesis organization

The thesis is structured as follows:

• Fundamentals of VSS and SMC.In Section 2, the concept of VSS and slidin
mode are first introduced through a simple example. Then the fundamenta
SMC are summarized, including basic definitions, methods of sliding surface
control law design, robustness properties and the methods on handling chat
problems.

• Discrete-time sliding mode.Section 3 reviews the basic developments of slidi
mode in sampled-data systems. Two descriptions of discrete-time sliding m
(DSM) are presented. Chattering attenuation by the new definition of DSM
addressed.

• Handling specific control problems.Section 4 and 5 summarize previous work
on handling friction and flexibility problems in variable structure systems.

• Practical applications.The application and modification of SM and DSM contr
design have resulted in several scientific papers. Section 6 summarizes the r
and contributions of the four appended papers.

• Conclusions.Finally, conclusions are drawn in Section 7 and some suggest
on future work are also discussed.

Throughout section 2 to 5, some essential results of other researchers are refer
briefly introduced and discussed. The descriptions are quite short and the rea
referred to the referenced sources for a more detailed coverage.
8
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2.  Sliding mode variable structure control

2.1  Introduction to variable structure systems

Variable structure systems (VSS) first appeared in the late fifties in Russia, as a
cial class of nonlinear systems. At the very beginning, VSS were studied for sol
several specific control tasks in second-order liner and nonlinear systems (U
2000). The most distinguishing property of VSS is that the closed loop syste
completely insensitive to system uncertainties and external disturbances. How
VSS did not receive wide acceptance among engineering professionals until th
survey paper was published by Utkin (1977). Since then, and especially during
80’s, the control research community has shown significant interest in VSS.
increased interest is explained by the fact that robustness has become a
requirement in modern control applications. A great deal of efforts have been p
establishing both theoretical VSS concepts and practical applications. Some o
concepts and theoretical advances of VSS are covered in, e.g., DeCarlo,et al.
(1988), Slotine & Li (1991), Utkin (1992), Hung,et al. (1993) and Zinober (1994).
Due to its excellent invariance and robustness properties, variable structure c
has been developed into a general design method and extended to a wide sp
of system types including multivariable, large-scale, infinite-dimensional and
chastic systems. The applications include control of aircraft and spacecraft fl
control of flexible structures, robot manipulators, electrical drives, electrical po
convertors and chemical engineering systems.

2.1.1  An example of a variable structure system

To understand the concept of variable structures, the basic notion of VSS is de
strated by a simple example similar to the one used in Utkin (1997).

Let us consider a second-order system with a feedback controlu

(1)

It is easy to compute the eigenvalues of the closed-loop as

If we assume , then there are two linear structures correspon

to either  or :

ẋ̇ aẋ u a 0
u kx–=

>,+=

λ1 2, a a2 4– k±( ) 2⁄=

k b b a2 4⁄>,=

k 0< k 0>
9
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1) If , is a pair of complex conjugate poles with positive real pa

and the equilibrium point of this structure is an unstable focus at the ori
Fig. 1(a) shows the phase portrait of this structure.

2) If , the structure has two real eigenvalues, one is stable with

one is unstable with , hence the equilibrium point is a saddle at the ori

The phase portrait of the system is shown in Fig. 1(b).

Both these structures are unstable. However, note that in the second structure
is a motion along the line corresponding to the stable eigenvalue , i.

motion which tends to the origin. Therefore, if we define a switching function

and let the system switch on the lines and according to the switch

law

(2)

the resulting phase trajectory is shown in Fig. 1(c). It can be seen that by the sw
ing law (2), the state trajectories of the two unstable structures replace each oth
the line , hence all the trajectories are oriented towards the line

then asymptotically converge to the origin. Thus the resulting VSS is asymptotic
stable.

k b= λ1 λ2,[ ]

k b–= λ2 0<

λ1 0>

ẋ λ2– x 0=

s ẋ x,( ) xs1 s1, ẋ λ2– x= =

x 0= s1 0=

k
b if s 0>,
b if s 0<,–




=

x 0= s1 0=

(c)

x.

x

Fig.1. Asympototically stable VSS consisting of two unstable structures.

(a) (b)

x. x.

x x

(k = -b)(k = b)
s>0

s<0

s<0

s>0

s
1=0

s
1 =0
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This example indicates that by changing structures, it is possible for a syste
combine useful properties of each of the structures. Moreover, new properties w
are not inherent in any of the structures may also be attained (Utkin, 1977).

2.1.2  Sliding mode in variable structure systems

The above example reveals a new type of motion, which is the so called sli
mode. The line is also called the switching surface. Different choices

switching surfaces produce different system responses. In general, sliding
arises along a trajectory which is not a trajectory of any of the involved structu
To show this let us reconsider the above example by defining the switching su
as

(3)

Fig. 2 illustrates different phenomena for different selection of . For ,

observing the dotted line trajectory in Fig. 2, it is seen that if the state vector is
turbed at below the line , it will circle to the point before adjoinin

the switching line again. While for , the line consists of the e

points of the trajectories coming from both sides of the line, and thus any pertu
tion forcing the state vector off the line is always immediately forced back to the
since the phase-plane velocity vectors always point towards the line. Thus the
ing mode may occur on this line.

s1 0=

s1 ẋ λx+ 0= =

λ λ λ2=

t t0= s1 0= t1

0 λ λ2< < s1 0=

s1 0 λ, λ2= =

x

x
.

Fig.2. Sliding mode in a second-order VSS.

t0

t1

s1 0
0 λ λ2< <

=

xs1 0>xs1 0<
11
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Clearly, the condition for sliding mode to occur is that the structure of the sys
varies during the control phase, therefore the control is named asvariable structure
control (VSC). Since the sliding mode (SM) plays an important role, the cont
method is also referred to assliding mode control(SMC). We can see that the phas
trajectory of the resulting VSS consists of two parts: a) reaching mode, in whi
trajectory starts from anywhere on the phase plane, moves towards the swit
surface and reaches the surface in finite time; b) sliding mode, the trajectory as
totically tends to the origin along the surface . Some important facts of

example can be observed:

1) Sliding mode occurs on a trajectory which is not inherent in either of the
structures shown in Fig. 1(a) and (b).

2) During sliding mode, the second-order problem is replaced by a first-o
motion equation (3).

3) During sliding mode, the dynamics of the system is only governed by
parameter and thus it is invariant. This property is very important
controlling processes containing uncertainties and disturbances.

2.2  Sliding mode control design

There is currently a large interest in sliding mode control algorithms due to t
robustness properties and possibilities to decouple a high dimensional design
lem into a set of lower dimensional independent sub-problems. In this sectio
brief review of the main SMC design methods, application problems and co
sponding solutions are presented. To provide a clear introduction to the key d
techniques of SMC and to minimize confusion, the discussion concentrates on
linear systems or systems which are at least linear in the control variables. S
basic definitions are first given in the following:

The switching surface:Consider a general type of system represented by the s
equation,

(4)

The control  with its respective entry  has the form

(5)

s1 0=

λ

ẋ f x u t, ,( ) x Rn u Rm∈,∈,=

u x t,( ) ui x t,( )

ui x t,( )
ui

+ x t,( ) if si x( ) 0>

ui
- x t,( ) if si x( ) 0<




= i 1 … m, ,=
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where and are continuous functions. is an

dimensionalswitching function. Since undergoes discontinuity on the su

face ,  is called aswitching surfaceor switching hyperplane.

Sliding mode:Let be a switching surface that includes the orig

. If, for any x0 in S, we havex(t) in S for all t > t0, thenx(t) is asliding mode

of the system.

A sliding mode exists, if in the vicinity of the switching surfaceS, the tangent or
velocity vectors of the state trajectory always point towards the switching surfa

Sliding surface: If sliding mode exists on , i.e., if for every poin

in the surface there are trajectories reaching it from both sides of the surface,
the switching surfaceS is called asliding surface or sliding manifold.

Reaching condition and region of attraction:Existence of a sliding mode require
stability of the state trajectory towards the sliding surface

least in a neighbourhood ofS, i.e., the representative point must approach the surf
at least asymptotically. This sufficient condition for sliding mode is calledreaching
condition.The largest neighbourhood ofS for which the reaching condition is satis
fied is called the region of attraction.

Reaching mode:The state trajectory under the reaching condition is called
reaching modeor reaching phase.

Note that for annth-order system withm inputs, the total number of switching sur

faces is , according to the following

1) m surfaces of dimension (n-1), i.e., ;

2) surfaces of dimension (n-2), which correspond

to the intersection of two surfaces, i.e., ;

3) surfaces of dimension (n-3), ,

;

......

ui
+ x t,( ) ui

- x t,( ), si x( ) si x( ) n 1–( )

ui x t,( )

si x( ) 0= si x( ) 0=

S x s x( ) 0={ }=

x 0=

S x s x( ) 0={ }=

S x s x( ){ 0}= =

2m 1–

Si x si x( ){ 0} i, 1 … m, ,= = =

m

2 
  m!

m 2–( )!2!
------------------------- m m 1–( )

2
----------------------= =

Sij Si Sj i j, ,∩ 1 … m i j≠, , ,= =

m

3 
  Sijk Si Sj Sk∩ i j k, , ,∩ 1 … m, ,= =

i j k≠ ≠
13
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4) Finally, a single surface of dimension (n-m), which is the intersection of all
surfaces, i.e., .

Therefore, it is possible to have different sliding modes in such a syst
However, there are many ways in which a sliding motion can begin, and thes
called switching schemes. It is noted that sliding mode may not exist on each
faces, but on their intersections. The sliding mode associated with is calle

eventual sliding mode(Hung,et al., 1993). Fig. 3 shows that a sliding mode exis
on the intersection of the two switching surfaces.

Having defined all the basic concepts, the most commonly used design proce
of SMC are presented in the following sub-sections. Normally, the design of S
consists of two parts: First, the sliding surface, which is usually of lower order t
the given process, must be constructed such that the system performance durin
ing mode satisfies the design objectives, in terms of stability, performance i
minimization, linearization of nonlinearities, order reduction, etc. Second,
switched feedback control is designed such that it satisfies the reaching con
and thus drives the state trajectory to the sliding surface in finite time and main
it there thereafter.

2.2.1  Sliding surface design

Sliding surfaces can be either linear or nonlinear. The theory of designing li
switching surfaces for linear dynamic system has been developed in great dep
completeness. While the design of sliding surfaces for more general nonlinear
tems remains a largely open problem. For simplicity, in this thesis we focus onl

SE x s x( ) 0={ } Si Sj ... Sm∩∩∩= =

2m 1–

SE

Fig.3. Geometric interpretation of two intersecting switching
surfaces and a one-dimensional sliding mode.

(x0, t0)

s1 0=

s2 0=

(xf, tf)

s = 0
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linear switching surfaces. Moreover, for surface design, it is sufficient to cons
only ideal systems, i.e., without uncertainties and disturbances. Some com
methods for defining the differential equation of sliding mode are summarized h

Consider a general system

(6)

with a sliding surface

whereA(x), B(x) are general nonlinear functions ofx, and .

Equivalent control method(Utkin, 1992): The equivalent control is found by recog
nizing that is a necessary condition for the state trajectory to stay on

sliding surface . Therefore, setting , i.e.,

yields the equivalent control

(7)

where is nonsingular. When in sliding mode, the dynamics of the sys

is governed by

(8)

For example, if the system (6) is linear and described by

(9)

whereA andB are properly dimensioned constant matrices. The switch surface
be defined as

(10)

i.e., , where,  is a  matrix, and then we have

(11)

ẋ A x( ) B x( )u+=

S x s x( ){ 0}= =

x Rn u Rm∈,∈

ṡ x( ) 0=

s x( ) 0= ṡ x( ) 0=

ṡ x( ) ∂s
∂x
------ 

  ẋ
∂s
∂x
------ A x( ) ∂s

∂x
------B x( )ueq+ 0= = =

ueq
∂s
∂x
------B x( ) 

  1– ∂s
∂x
------ A x( )–=

∂s
∂x
------B x t,( )

ẋ I B x( ) ∂s
∂x
------B x( ) 

  1– ∂s
∂x
------– 

  A x( )=

ẋ Ax Bu+=

s x( ) Λx t( ) 0= =

∂s
∂x
------ Λ= Λ λ1… λm]T,[= m n×

ueq ΛB( ) 1– ΛAx–=
15
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(12)

(8) and (12) describe the behaviour of the systems (6) and (9), respectively, w
are restricted to the switching surface if the initial condition satisfi

. For the linear case, the system dynamics is ensured by a sui

choice of the feedback matrix . In other words, the choice of

matrix  can be made without prior knowledge of the form of the control vectou.

Canonic form (Utkin, 1977): For a linear single input system, if the system mo
can be transformed to controllable canonic form

(13)

The sliding surface can be defined by

(14)

The coefficients in the switch function (14) define the desired characteristics o
sliding mode, i.e., the characteristics of the closed loop system after the rea
phase.

Coordinate transformation(Utkin & Young, 1978): For the linear system (9), sup
pose there exists a nonsingular transformation  such that

where  is  and nonsingular. The system is then transformed to

(15)

where , . The switching surface can be written

. Without loss of generality, we can assume that is nons

gular, and in sliding mode we have , i.e., is related linearly

 and the system satisfies

ẋ I B ΛB( ) 1– Λ–( )Ax A BK–( )x= =

x t0( )

s x t0( )( ) 0=

K ΛB( ) 1– ΛA=

Λ

ẋi xi 1+ i, 1 … n 1

ẋn

–, ,

ai xi– bu+
i 1=

n

∑

= =

=

s x( ) Λx λ1x1 λ2x2 λ3x3 … xn+ + + + 0= = =

H

HB
0

B2
 
 =

B2 m m×

ẋ1 A11x1 A12x2
ẋ2

+
A21x1 A22x2 B2u+ +

=
=

x1 Rn m–∈ x2 Rm∈

s x( ) Λ1x1 Λ2x2+= Λ2

Λ1x1 Λ2x2+ 0= x2

x1
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(16)

where . (16) represents an order system in which

viewed as the control input to the constrained system, hence the dynamic beha
of the sliding mode is determined by

The above procedures show that the design of an appropriate sliding surfac
been transformed to a reduced-order state feedback design problem. In gene
the pair is controllable, is also controllable, thus it is possible

use classical feedback design, e.g., pole placement or linear quadratic meth
compute such that has desired characteristics. Having foundK, the

desired switching function can be designed as

(17)

where  can be selected arbitrary. A simple selection is to let .

The linear quadratic (LQ) approach(Utkin & Young, 1978): For linear time-invar-
iant systems, optimal sliding mode, or more precisely, optimal choice of the ve

of (17) can be obtained by minimising a quadratic cost over an infinite time in

val. For example, since can be regarded as the input of the system (16), LQ

mization can be used to find the optimal sliding mode for (16) by minimizing

Without loss of generality, we can let , and then the optimal control

obtained by

whereP is a positive definite matrix which is the solution of the Riccati equation

Then the switching function (17) is obtained by

(18)

ẋ1 A11x1 A12x2
x2 K x1–=

+=

K Λ2
1– Λ1= n m–( )th x2

ẋ1 A11 A12K–( )x1=

A B,( ) A11 A12,( )

K A11 A12– K

s x( ) Λx Λ2 K I,[ ]x= =

Λ2 Λ2 I=

K

x2

J x1
TQ11x1 2x1

TQ12x2 x2
TQ22x2+ +( ) td

ts

∞
∫=

Q12 0= x2

x2 Q22
1– A12

T Px1– K x1–= =

A11
T P PA11 PA12Q22

1– A12
T P–+ Q11–=

s x( ) K x1 x2+ Q22
1– A12

T P I,[ ]x= =
17
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Dynamic sliding surface/frequency-shaped sliding surface(Young & Özgüner,
1993): The sliding surfaces designed above are all static, i.e., they are different
combinations of the state variables. Young & Özgüner (1993) proposed a new
of switching surface which appear as a linear operator. The purpose of the d
was to attenuate high frequency components in the error dynamics, thus to
vibrations due to the interaction of sliding mode and unmodelled dynamics of
system. This design method will be introduced later inSection 5.

Time varying surface for tracking control(Slotine & Sastry, 1983; Slotine, 1984
Slotine & Li, 1991): For a single input system, one way is to define the sliding s
face according to the desired control bandwidth

(19)

wherex is tracking error andλ is a strictly positive constant which determines th
closed-loop bandwidth. We can see that depends only on the tracking error
example, ifn = 2,

which is simply a weighted sum of the position and velocity errors; and ifn = 3,

It can also be seen that the scalars represents a true measure of tracking perfor
ance.

Other methods for design of both linear and nonlinear sliding surfaces can als
found in the literature, such as designing robust sliding hyperplanes via a Ri
approach (Kim,et al., 2000), constructing a discontinuous surface for VSS by a L
punov approach (Su,et al., 1996b) and designing an adaptive sliding surface
model reference VSC (Nonaka,et al., 1996; Yao & Tomizuka, 1994; Su & Leung
1993; Bartolini,et al.,1997; Bartolini & Ferrara,1999).

2.2.2  Control law design

Once the sliding surfaces have been selected, attention must be turned to solvi
reachability problem. This involves the selection of a state feedback control func

which can drive the state towards the surface and thereafter m
tains it on the surface. In other words, the controlled system must satisfy the re
ing conditions. For general MIMO systems, different switching schemes
different reaching laws during approach of the sliding mode. The commonly u

s x t,( ) d
dt
----- λ+ 

  n 1–
x 0= =

s x

s ẋ λx+=

s ẋ̇ 2λ ẋ λ2x+ +=

u : Rn Rm→ x
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reaching laws and the developed control methods were summarized in DeCaet
al.(1988) and Hung,et al. (1993).

Reaching laws

For both SISO and MIMO systems, the commonly used reaching conditions
specified in the following forms:

• The direct switching function approach

The classic sufficient condition for sliding mode to appear is to satisfy the cond

(20)

and a similar condition was also proposed by Utkin (1977), i.e.,

(21)

These reaching laws result in a VSC where individual switching surfaces and
intersection are all sliding surfaces. This reaching is global but does not guar
finite reaching time.

• The Lyapunov function approach

Choosing the Lyapunov function candidate

 or (22)

where, is a symmetric positive-definite matrix which assigns different weights

the different elements of , so that a different approach rate for each can be

ified if needed. The global reaching condition is then given by

(23)

This reaching law results in a VSC where sliding mode is guaranteed only on
intersection of all switching surfaces, i.e., theeventual sliding mode, whereas points
on the individual switching surfaces may or may not belong to the sliding surf

Finite reaching time can be guaranteed if (23) is modified to ,
strictly positive.

• The reaching law approach

Gao & Hung (1993) proposed areaching lawwhich directly specifies the dynamic
of the switching surface by the differential equation

(24)

si ṡi 0 i,< 1 … m, ,=

ṡi
si 0+→
lim 0 and ṡi

si 0-→
lim 0><

V x t,( ) 1
2
---sTs= V x t,( ) 1

2
---sTMs=

M

S si

V̇ x t,( ) 0<

V̇ x t,( ) ε–< ε

ṡ Q s( ) Kf s( )–sgn–=
19
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where the gains  and  are diagonal matrices with positive elements, and

,

where,

and the scalar functions  satisfy the condition

, when

Various choices of and specify different rates for approachingSand yield dif-
ferent structures in the reaching law.

Control laws

In the design of controllers, the first two reaching approaches are actually the
for a SISO system, while for a MIMO system, different switching schemes can
used.

• Control hierachy method

The hierarchical control method uses the first reaching law i.e., the classical
cient condition for a sliding mode. This method is to establish a control sche
such that sliding modes take place in a preassigned order, i.e., the system state
from the initial condition , moves progressively onto lower dimensional switch

surfaces and eventually reaches the final sliding surface :

The disadvantage of this method is that the control is determined by a set of co
cated inequalities. For example, for the system (9), the determination of the conu
involves the solution ofm pairs of inequalities,

, (25)

Solving (25) is usually a very difficult task. As a result, the scheme is seldom u

Q K

s( )sgn s1( ) … sgn(sm)sgn[ ]T= f s( ) f 1 s1( ) … f m sm( )[ ]T=

si( )sgn

1 si x( ) 0>

0 si x( ) 0=

1– si x( ) 0<





=

f i

si f i si( ) 0> si 0≠

Q K

x0

SE

x0 S1 S1 S2∩( ) S1 S2 S3∩∩( ) … SE→ → → → →

ṡi x∂
∂si Ax Bu+( )

>0, whensi 0<

<0, whensi 0>



= = i 1 ..., m,=
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• Diagonalization method

The method is useful for large scale systems. The essential feature of the diag
zation methods is to convert a multi-input (m-input) design problem intom single-
input design problems via a nonsingular transformation. Two approaches have
proposed, i.e., nonsingular transformation of the control and nonsingular tran

mation of the sliding surface. The first approach results in a new control vecto

which permits one to independently choose them-entries of to satisfy any one o
the above three reaching laws; and the second approach is based on the fact t
equivalent system is invariant to a nonsingular switching surface transformation
the controls are decoupled by this nonsingular transformation. Interested re
may find the details about these two control methods in DeCarlo,et al.(1988) and
the corresponding references therein.

• Augmenting the equivalent control

Recall that during sliding mode, one can compute the equivalent control acc

ing to (7) or (11). However, only using can not drive the state towards the slid

surfaceS if the initial conditions of the system are not onS. One popular design
method is to augment the equivalent control with a discontinuous or switched
i.e.,

(26)

where is a continuous control defined by (7) or (11), and is added to sa

the reaching condition which may have different forms. For a controller having
structure of (26), we have

For simplicity, assume , then .

According to DeCarlo,et al. (1988), some often used forms of  are given belo

1) Relay type of control, i.e.

(27)

u*

u*

ueq

ueq

u ueq uN+=

ueq uN

ṡ x( ) ∂s
∂x
------ ẋ

∂s
∂x
------ A x( ) B x( ) ueq uN+( )+[ ]

=
∂s
∂x
------ A x( ) B x( )ueq+[ ] ∂s

∂x
------B x( )uN

=
∂s
∂x
------B x( )uN

+

= =

∂s
∂x
------B x( ) I= ṡ x( ) uN=

uN

uN α s( )sgn–=
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where is a diagonal matrix with its elements , can be either a cons

matrix or state dependent , and

Each control unit  meets the reaching condition since

2) Linear continuous feedback

(28)

where is defined in the same way as above, and hence the reaching condit

3)  Linear feedback with switching gains

(29)

The reaching condition is satisfied with

4) Univector nonlinearity with scalar factor

(30)

where  is a scalar. Thus the reaching condition is satisfied with

• The reaching law method

By using the reaching law approach proposed in Gao & Hung (1993), the co
can be directly obtained by computing the time derivative of along the reac
mode trajectory, i.e.,

α αi 0> α

α x( )

s( )sgn s1( ) … sgn(sm)sgn[ ]T=

uiN

si ṡi αisi x( ) si x( )( ) 0 if si x( ) 0≠,<sgn–=

uN α– s x( )=

α

si ṡi αisi
2 x( ) 0<–=

uiN ψx= ψ, ψ ij[ ]= ψ ij,
aij 0 si xj 0>,<

βij 0 si xj 0<,>



=

si ṡi si ψ i1x1 ψ i2x2 … ψ inxn+ + +( ) 0<=

uN
s x( )
s x( )

---------------– ρ=

ρ 0>

sT x( )ṡ x( ) s x( ) ρ 0<–=

s x( )
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(31)

Thus, we have

(32)

By this approach, the resulting sliding mode is not preassigned but follows the n
ral trajectory on a first-reach-first-switch scheme. The switching takes place dep
ing on the location of the initial state.

Three practical forms of the reaching law are:

1) Constant rate reaching

(33)

The state reaches the switching surface at a constant rate .

resulting controller is the same as the control (26) where is relays w

constant gains.

2) Constant plus proportional rate reaching

(34)

The term forces the state to approach the switching surfaces faster whes is

large. The resulting controller is the same as the control (26) where comb

the relay type and linear feedback control.

3)  Power rate reaching

, (35)

In this case, the reaching speed is faster when the state is far away fromS,and
slower when the state is nearS.

2.2.3  Robustness and invariance

One of the most distinguishing properties of a SMC system is robustness and i
sitivity to modelling errors and disturbances. The sliding mode is said to beinvari-
ant if the differential equation of the sliding mode is entirely independent of effe
related to modelling uncertainties and external disturbances. This invariance
erty requires that the process uncertainties and disturbances satisfy the so
matching condition, which is characterized in the following.

ṡ
∂s
∂x
------ A x( ) B x( )u+( ) Q– s( ) Kf s( )–sgn= =

u
∂s
∂x
------B x( ) 

  T ∂s
∂x
------ A x( ) Q s( ) Kf s( )+sgn+ 

 –=

ṡ Q– s( )sgn=

si ṡi qi=

uN

ṡ Q– s( )sgn Ks–=

Ks–

uN

ṡi ki si
α si( )sgn–= 0 α 1 i,< < 1 … m, ,=
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Consider a linear uncertain system

(36)

where , , andA, Bare nominal matrices of the system,

denote uncertain components andE denotes a disturbance matrix. is the distu
bance. If the condition

(37)

is satisfied, then thematching conditionholds. The physical meaning of (37) is tha
all uncertainties and disturbances enter the system through the control channe

This condition can also be extended to a general nonlinear system of the form
& Hung, 1993)

(38)

wherep is an uncertain parameter vector whose values belong to some close
bounded set, hence and represent the variations and un

tainties in the plant parameters and control interface respectively, re
sents the lumped disturbances. Similar to the linear system, the invariance ho
the following matching conditions are satisfied:

(39)

With the matching conditions, the system can be written as

(40)

where . Assume that where

is a non-singular scalar valued function, then the control can be desig
according to the form

where , . The derivative of the Lyapunov function (22)
(for simplicity, the variables ofx, t,etc. are suppressed in the following equations

ẋ A ∆A+( )x B ∆B+( )u Ef+ +=

x Rn∈ u Rm∈ n m> A B∆,∆
f t( )

rank B A B E∆∆[ ]( ) rank B( )=

ẋ A x( ) ∆A x p t, ,( )+ B x( ) ∆B x p t, ,( )+( )u f x p t, ,( )+ +=

∆A x p t, ,( ) ∆B x p t, ,( )
f x p t, ,( )

∆A x p t, ,( ) B x t,( )∆ Ã x p t, ,( )
∆B x p t, ,( ) B x t,( )∆B̃ x p t, ,( )

f x p t, ,( ) B x t,( )∆ f̃ x p t, ,( )

=
=
=

ẋ A x( ) B x( )u B x( )e x u p t, , ,( )+ +=

e x u p t, , ,( ) ∆ Ã ∆B̃ ∆ f̃+ += e x u p t, , ,( ) ρ x t,( )≤
ρ x t,( )

u ueq ρ̂ x t,( ) s x( )
s x( )

---------------–=

ρ̂ x t,( ) α ρ x t,( )+= α 0>

V̇ sT ∂s
∂x
------ ẋ sT ∂s

∂x
------ A B ueq ρ̂ s

s
-------– 

  Be+ + 
 = =
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Substituting (7) into the above equation, yields

which guarantees the sliding mode.

2.2.4  Chattering problem and its reduction

It has already been mentioned that to guarantee the desired behaviour of the c
loop system, the sliding mode controllers require an infinitely fast switching me
nism. However, due to physical limitations in real-world systems, directly apply
the above developed control algorithms will always lead to oscillations in so
vicinity of the switching surface, i.e., the so calledchattering phenomenon. There
are two possible mechanisms which produce chattering (Young,et al., 1999). First,
chattering may be caused by the switching nonidealities, such as time delays o
constants, which exist in any implementation of switching devices, typically incl
ing both analog and digital circuits as well as microprocess implementations.
ond, even if the switching device is considered ideal and capable of switching
infinite frequency, the presence of parasitic dynamics, i.e., unmodelled dynam
also causes chattering to appear in the neighbourhood of the sliding surface
parasitic dynamics are those of fast dynamics of actuators, sensors and othe
frequency modes of the controlled process, which are usually neglected in the
loop model used for control design if the associated poles are well damped and
side the desired bandwidth of the feedback control system. However, in sli
mode controlled systems, due to the discontinuity of the control signal, the inte
tions between the parasitic dynamics and the switching term may result in a no
caying oscillation with finite amplitude and frequency, i.e., chattering. If
switching gain is large, such kind of chattering may even cause unpredictable i
bility.

The chattering problem is considered as a major obstacle for SMC to become a
appreciated control method among practising control engineers. To reduce the
tering effect has long been a main objective in research on SMC. The exi
approaches for chattering reduction in design of SMC are summarized in the fo
ing.

• Boundary layer control(Slotine & Sastry, 1983; Slotine & Li, 1991): A bound
ary layer around the sliding surface is specified. Inside the boundary layer
switching function is usually replaced by a linear feedback gain, thus the co
signal becomes continuous and chattering is avoided. The shortcoming o
approach is that the robustness properties of the sliding mode are actuall

V̇ BT ∂s
∂x
------ 

  T

s ρ̂– ST ∂s
∂x
------Be+= α BT ∂s

∂x
------ 

  T

s 0<–≤
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inside the boundary layer, such that uncertainties and parasitic dynamics mu
carefully considered and modelled in the feedback design in order to avoid in
bility. Trade-off between control precision and robustness to unmodelled high
quency dynamics in the case of boundary layer control is discussed in Sl
(1984).

• Observer-based sliding mode control(Utkin, 1992; Young,et al., 1999; Haskara
& Özgüner, 1999): This approach utilizes asymptotic state observers to cons
a high frequency by pass loop, i.e., the control is discontinuous only with res
to the observer variables, thus chattering is localized inside the observer
which bypasses the plant, see Fig. 4. This approach assumes that an asym
observer can indeed be designed such that the observation error converges
asymptotically.

• Disturbance observer and compensation(Elmali & Olgac, 1992; Moura,et al.,
1997b; Young,et al.,1999a, b): A disturbance may be compensated first by in
ducing a disturbance observer, in this case the switching gain will depend o
upper bound of the disturbance estimation error, instead of the disturbance
bound itself, thus a SM control can be obtained by a much lower switching
than in its conventional counterparts. The disturbance observer can also be s
mode based, in this case the control law consists of a conventional contin
feedback control component and a component derived from the SM disturb
estimator for disturbance compensation. If the compensation is sufficient, the
no need to employ a discontinuity in the feedback control for achieving slid
mode. Hence, the chattering is no longer a matter of concern since a conven
feedback control instead of SMC is applied. This scheme is illustrated in Fig

plant

Sliding mode

High frequency
bypass loop

reference
input

disturbance

x̂estimated states

d

r

observer

High gain limit

 Control

+

-

Feedback x

Fig.4. The observer based sliding mode control.
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• Frequency-shaped SMC(Young & Özgüner, 1993; Moura,et al., 1997a, b): This
method is based on introducing a low-pass filter in the design of the sliding
faces to suppress frequency components in the same range as unmodelled
frequency dynamics. Clearly it may still be necessary to combine this me
with the other chattering reduction methods described above in order to solv
problem of finite switching time.

• High-order/second-order sliding mode control(Bartolini & Pydynowski, 1996;
Bartolini, et al., 1998, 1999): The control action is in this case a function
higher order time derivatives of the sliding variable. For example, the sec
order sliding mode approach allows the definition of a discontinuous contro

steering both the sliding variable and its time derivative to zero, so that

plant input is a continuous control and thus chattering can be avoided. The
ficulty is that there is no general method for tuning the parameters which cha
terize the various algorithms.

• VSC control with sliding sector(Furuta & Pan, 1999): A Lyapunov function is
used as an effective method to design a robust controller for uncertain sys

For a single input system described as, , a Lyapunov fu
tion candidate is usually chosen as the square of theP-norm, i.e.,

where is a positive definite symmetric matrix. It has been proven by the aut
that for any controllable system, there always exists a special subset arou

hyperplane, inside which theP-norm decreases, i.e., without needin

plant

Disturbance

Linear
reference
input

disturbance

y output

d̂
Observer

d

controller
r

Sliding Mode

Fig.5. Disturbance compensation with sliding mode disturbance
observer.

u̇

s ṡ

u

ẋ Ax Bu x Rn∈,+=

V x p
2 xTPx 0 x 0≠,>= =

P

V̇ xTRx–≤
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any control action, whereR is a positive semi-definite symmetric matrix. Such
subset is named as the PR-sliding sector. One can use this property to design
controller such that outside the sliding sector, the VS control law is used to m
the state into the sliding sector, and once the state is inside the secto
Lyapunov function decreases with a specified velocity and zero input.

• Nonlinear/time-varying sliding surfaces: Most of the switch surfaces propose
for VSC have been determined independently from the initial conditions. S
with these typical switching surfaces may be sensitive to parameter uncert
and external disturbances during the reaching phase. Therefore, in ord
achieve better transient response, different nonlinear/time-varying sliding
faces have been proposed for eliminating the possibly unpleasant reaching p
so that the controlled system is maintained in sliding mode all the time. A few
ferent methods for defining nonlinear/time-varying sliding surfaces are as
lows:

- Designing time-varying sliding manifolds by utilizing co-states of the plant, i
for a linear plant , the sliding surface is defined

 (Young & Özgüner, 1996, 1997).

- Time-varying sliding surface with changing slope, i.e., the sliding surface
defined by , where, instead of using a constant, is selected
nonlinear function of some of the system states (Furuta, & Tomiyama, 1996)

- Moving switching surfaces, i.e., the sliding surface is obtained by rotation a
or shifting the switching surface towards the predetermined sliding surfac
order to pass arbitrary initial conditions (Choi,et al.,1993).

- Some special nonlinear sliding surfaces (Stepanenko & Su, 1993; Hsu, 199
et al., 1999).

• Discrete-sliding mode control(Utkin, 1994; Su,et al., 1993, 1996a, 2000): Since
the controllers nowadays are most likely to be implemented by digital compu
it is unavoidable to approach a practical SMC design in discrete time. Disc
time sliding mode control is detailed in the next section.

ẋ Ax Bu+=

s C t( )x Ċ, C t( )A–= =

s ẋ λx+= λ
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3.  Sliding mode control in sampled-data systems

The VSS theory was originally developed from a continuous time perspective. I
been realized that directly applying the continuous-time SMC algorithms to
crete-time systems will confront some unconquerable problems, such as the li
sampling frequency, sample/hold effects and discretization errors. Since the sw
ing frequency in sampled-data systems can not exceed the sampling frequency
continuous control does not enable generation of motion in an arbitrary manifo
discrete-time systems. This leads to chattering along the designed sliding surfa
even instability in case of a too large switching gain. Fig. 2 illustrates that in
crete-time systems, the state moves around the sliding surface in a zigzag man
the sampling frequency.

As digital computers nowadays are widely involved in the implemetation of con
algorithms, it is apparently necessary to develop or generalize the SMC meth
ogy to discrete-time control systems. Actually, a lot of works have been done in
field. Two concepts of discrete-time sliding mode have been suggested for the d
of SMC aimed at sampled-data systems.

3.1  Quasi-sliding mode

Early contributions on applying the SMC theory in discrete-time systems can
found in (Milosavljevic,1985; Sarpturk,et al., 1987; Furuta, 1990; Sira-Ramirez
1991). These works were based on the concept ofquasi-sliding mode(QSM) intro-
duced by Milosavljevic (1985). Quasi-sliding mode is also termed as “pseudo-
ing mode” by other authors, e.g.,Yu (1994). The concept of QSM is used to exp
the fact that the conditions for existence of SM in a continuous-time system do
necessarily guarantee the motion of a sampled-data system to bring the state

state trajectory

Fig.6. Discrete-time system with discontinuous control.

sliding surfaces(x)=0
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tory close to the sliding surface. Consider a sampled-data system with the prede
sliding surface

(41)

The desired state trajectory of a discrete-time VSC system should have the follo
features:

A1) Starting from any initial state, the trajectory will move monotonically towar
the switching plane and cross it in finite time.

A2) Once the trajectory has first crossed the switching plane, it will cross the p
again in every successive sampling period, resulting in a zigzag motion a
the sliding surface.

A3) The size of each successive zigzagging step is nonincreasing and henc
trajectory stays within a specified band.

Definition 1 (Gao et al.,1995):

The motion of a discrete VSC system satisfying the conditions A2 and A
called aquasi-sliding mode (QSM). The specified band which contains the QS
is called the quasi-sliding mode band (QSMB) and is defined by

where  is the width of the band.

For single input systems, the main approaches for the design of QSM control
can be categorized into the following two methods:

1) Discrete Lyapunov function based

Sarpturk,et al. (1987) noticed that unlike the case in continuous-time SMC,
switching control in the discrete-time case should be both upper and lower bou
in a open interval, in order to guarantee the convergence of sliding mode. Reca
in continuous-time SMC, the control (26) is composed of the equivalent control
a switching control. Converting this control to discrete-time gives

(42)

Hui & Zak (1999) observed that if is a relay control with a constant amplitu

the relay must be turned off in some neighbourhood of the surface, in order to r

xk 1+ Φxk Γuk+=

s Λx 0= =

x ∆ s x( ) +∆<<–{ }

2∆

uk uk
eq vk+=

vk
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(34),
the switching surface, otherwise, the trajectory will chatter around the surface w
chatter amplitude at least as large as the amplitude of the relay output. The id
sliding sector (Furuta,1990) was used to solve this problem, i.e., to specify a re
in a neighbourhood along the sliding mode, where linear control is used to kee
state inside the region after it has reached the region. The switching contr
applied only when system states are out of the region. In this case, the de
switching surface is different from the sliding surface. Based on a discrete Lyap
function,

the reaching law is given by

(43)

which ensures . Furuta (1990) proposed a control law of the type

(44)

where the equivalent control  is the solution of

(45)

and therefore the equivalent control for the system (41) is

(46)

 is a discontinuous control law which will be zero inside the sliding sector.

2) Reaching law based approach

Gaoet al. (1995) pointed out that the reaching law (43) was incomplete for a sa
factory guarantee of a discrete-time sliding mode, since it does not ensure the c
tions A1 and A3. The authors proposed a reaching law based approach for des
the discrete-time sliding mode control law. For a discrete-time system describe
(41), the reaching law can be extended from the continuous-time reaching law
and for a SISO system, it can be written as

(47)

The equivalent form of the reaching law for discrete-time SMC is

(48)

Vk
1
2
---sk

2=

sk sk 1+ sk–( ) 1
2
--- sk 1+ sk–( )2< for sk 0≠

Vk 1+ Vk<

uk uk
eq FDxk+=

uk
eq

∆sk sk 1+ sk– 0= =

uk
eq ΛΓ( ) 1– Λ Φ I–( )xk–=

FD

ṡ t( ) ε s t( )( )sgn– qs t( )–= ε 0 q 0>,>,

sk 1+ sk– qTsk– εT sk( )sgn–= ε 0 q>0,  1-qT>0,>,
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where is the sampling period. The inequality forT guarantees that starting
from any initial state, the trajectory will move monotonically towards the switch
surface and cross it in finite time. Then the control law for discrete SMC is der
by comparing

with the reaching law (48), which yields,

(49)

The width of the quasi-sliding mode band is . It was shown in Gaoet

al. (1995) that, in steady state, the trajectory will move within the small band gi
by

(50)

indicating that the width of the band decreases with decreasing sampling perio

3.2  Discrete-time sliding mode

So far the developed sliding mode has always been associated with discontinui
motion equations. To cope with the sampling frequency limitations of sampled-
controllers, Drakunov & Utkin (1992) introduced a new concept of “sliding mod
for an arbitrary finite-dimensional discrete-time system. As clarified by the auth
the essence of sliding modes in dynamic systems is that a motion exists in
manifold of state trajectories, and that the time to achieve this motion is finite. He
the discrete-time sliding mode (DSM) is defined by

Definition 2:

In a discrete-time dynamic system:

(51)

a discrete-time sliding modetakes place on the subset of the manifo

, if there exists an open neighbourhood of th

subset such that for  it follows that .

The authors also characterized the similarity between sliding modes in continu
and discrete-time systems in terms of the non-invertible shift operator. It is kn

T 0>

sk 1+ sk– Λxk 1+ Λxk– ΛΦxk ΛΓuk Λxk–+= =

uk ΛΓ( ) 1– ΛΦxk Λxk– qTsk εT sk( )sgn+ +[ ]–=

2∆ 2εT
1 qT–
----------------=

x s x( ) εT<{ }

x k 1+( ) F x k( )( )= x Rn∈,

M

S x s x( ) 0={ } s Rm m n<( )∈,= U

x U∈ s F x( )( ) M∈
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that a general description of dynamic systems in a matrix spaceX can be expressed
mathematically by families of the transformation with shift operator,

(52)

whereF is a continuous function ofx, , ( or Z to embrace con-

tinuous and discrete-time cases). For the formulation of the concept of “sli
mode” in dynamic systems, the core idea is that the closed loop systems repres
by transformation (52) are not invertible, since the inverse transformation value
states in the sliding manifold are not unique. Therefore we have the following de
tion:

Definition 3:

A point x in the state space of a dynamic system with a family of semigro

transformations is said to be asliding mode pointat the moment

if for every , the transformation is not invertible a

this point and an equation  has more than one solution .

A set in the state space is asliding mode setif for every the
pointx is a sliding mode point at the momentt.

Based on these definitions, the design procedures for discrete-time sliding
control were developed. For a discrete-time system, the discrete sliding mode c
interpreted as that the states are only required to be kept on the sliding surfa
each sampling instant. Between the samples, the states are allowed to deviat
the surface within a boundary layer, see Fig. 3.

Unlike the equivalent control (46) in Furuta (1990), the equivalent control is h
derived from the solution of , which gives

F t t0 ., ,( ) : X X→

t0 t T∈, t0 t≤ T R∈

X

F t t0 ., ,( ){ }t0 t≤

t T∈ t0 T t0 t<,∈ F t t0 ., ,( )

F t t0 ζ, ,( ) x= ζ

Σ T X×⊂ t x,( ) Σ∈

state trajectory

sliding surfaces(x)=0

Fig.7. Discrete-time sliding mode in sampled-data systems.

sk 1+ 0=
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(53)

This indicates that the equivalent control (53) will drive the state onto the slid
surface in one sampling period.

Since the control signal in a sampled-data system will show jumps from a con
ous time point of view, the formal concept of continuity is not compatible with
notion of discrete-time control. The following definition defines the concept of c
tinuity for discrete time control systems.

Definition 4 (Su,et al., 1996a)

The discrete-time control law is said to be discontinuous if

continuous if , smooth if , where denotes th

backward difference operator .

According to definition 4, (53) means that the sliding mode can be generated in
crete-time systems with acontinuousfunction on the right hand side of the syste
equations. Thus chattering is no longer a matter of concern. This is the most str
contrast between discrete-time sliding mode and continuous-time sliding mode
thermore, in continuous-time systems with continuous control, the sliding man
of state trajectories can be reached only asymptotically, while in discrete time
tems with continuous control, sliding motion with state trajectories in some m
fold may be reached within a finite time interval (Utkin, 1994).

3.3  Discrete-time sliding mode control of uncertain systems

Suppose that the dynamic system (36) satisfies the matching condition (37),
that we can rewrite the system as

(54)

where, , in which is the lumped disturbance. Denoti

, and , the discrete-time representation of t

system can be obtained by applying a zero-order-hold sampling with samp
periodT to the continuous-time process. This gives

(55)

uk
eq ΛΓ( ) 1– ΛΦxk–=

uk ∆uk O 1( )=

∆uk O T( )= ∆2uk O T2( )= ∆

1 z 1––

ẋ Ax Bu Bd+ +=

Bd Ax∆ Bu∆ Ef+ += d

x kT( ) xk= u kT( ) uk= d kT( ) dk=

xk 1+ Φxk Γuk Γdk+ +=
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where are obtained from integrating (54) over one sampling time inte

, which gives , .

If the control law design is done from a QSM point of view, e.g., using the idea
sliding sector (Furuta, 1990) or from deriving the control by the discrete-time re
ing law (48) (Gao,et al., 1995), the selection of in (44) and in (50) bot

require knowledge of the disturbance upper bound. The control accuracy is aff
by disturbances since the sliding sector and /or quasi-sliding mode band are a
dependent on the perturbation. Potential instability and loss of performance d
the use of an attractive and non-invariant switching sector has been discuss
Tang & Misawa (1998). Based on a state feedback switching sector, the au
developed a discrete-time VSC for linear multivariable systems with matc
parameter uncertainty. It was found that a conservative bound on uncertaint
usually required in order to obtain a globally, uniformly and asymptotically sta
system.

In general, holding the continuous-time matching condition does not necess
mean that the same condition also holds in a discrete-time system since the
order-hold does not take place in the disturbance channels. Hence, the distur
may not be rejected completely even if discrete-time sliding mode occurs. How
the error introduced due to the fact that the disturbance does not satisfy the mat

condition is . In other words, this discrete-time model is an appro

mation of the exact model described by the same matrices. From an engi

ing design perspective, the approximate models are usually adequate
the inter-sampling behaviour of the continuous-time process is also close w

 to the state values at the sampling instants (Young,et al.,1999).

According to the definition 2 and 3, the DSMC is supposed to steer the state o
system (55) towards the sliding surfaceSand then maintain it onSat each sampling
instant, such that

By solving , the equivalent control for this perturbed system is obtaine

(56)

(56) is not realizable since it requires complete information of the disturbance

computing . To solve this problem, a one-step delayed disturbance estim

Φ Γ,

t kT k 1+( )T,[ ]∈ Φ eAT= Γ eAτ τBd
0

T
∫=

FD ε

O T2( ) O T2( )
Φ Γ,

O T2( )

O T2( )

sk Λxk 0= =

sk 1+ 0=

uk
eq ΛΓ( ) 1– ΛΦxk– dk–=

dk

uk
eq
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was used in (Su,et al., 1993, 1996a, 2000, Young,et al., 1999), i.e., to compute the
disturbance in the previous sampling instant as

(57)

Then is used to approximate the current disturbance , such that the eq

lent control (56) is approximated by

(58)

The very promising feature of this method is that it does not require the knowle
of the disturbance bounds, which makes the control design very simple. The e
tiveness of the controller can be immediately seen by applying the control (58
(55), resulting in the closed-loop dynamics

(59)

where by denoting , is the control error, or by pre-multipl

ing  to both side of (59), the error can actually be expressed by

(60)

We can see that if is a constant disturbance, equals zero and doe

depend on the magnitude of . The effects of different types of uncertain

namely exogenous disturbances, system parameter variations and control coef
variations, were analysed in Su,et al. (1996a). It has also been proven that if the d
turbance satisfies the boundedness and smoothness conditions, the control

able to constrain the system to stay on an boundary layer of the sliding
face (Su,et al.,2000).

It is known that when the state is not onS, the equivalent control (53) tries to drive
the state onto the sliding surface in one sampling period. However, if the initial s

is far away fromS,since , the magnitude of the control (53

may become infinitely large as , this requirement is far beyond the actua
limitation. Two methods have been proposed for practical implementation of
control law. One method that was proven by Utkin (1994) takes into account

actuator saturation value , by the control law

Γdk 1– xk Φxk 1– Γuk 1–––=

dk 1– dk

uk ΛΓ( )– 1– ΛΦxk dk 1––=

xk 1+ I Γ ΛΓ( ) 1– Λ–( )Φxk Γ dk dk 1––( )+=

∆dk dk dk 1––= Γ dk∆

Λ

sk 1+ ΛΓ∆dk=

dk sk 1+

dk

O T2( )

ΛΓ( ) 1– O 1 T⁄( )=

T 0→

um
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(61)

the system can be forced into the vicinity of discrete-time sliding mode in a fi
number of steps. Another approach was proposed in Su,et al. (1993, 1996a). Let

denote the boundary layer ofS, whereU is the set of

admissible values of the controlu. Then, using a reaching law similar to that define
by Gao (1995), the control law will be of the form

(62)

The positive definite matrix will determine the rate for the state to approach

boundary layer . The magnitude of has to be chosen small enough in orde

to over-shoot .

uk

uk if uk um≤

um

uk

uk
--------- if uk um>







=

ST xk uk U∈( ){ }= O T( )

uk

uk if xk ST∈

uk ΛΓ( )– 1– Λ sk– K sk( )sgn+( ) otherwise



=

K

ST K

ST
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4.  Handling friction by sliding mode control

In this thesis, one of the main objectives is to solve the friction problems by SM
However, friction is neither an exogenous disturbance, nor is the uncertainty in
model parameters that affect natural frequencies of the controlled process. How
tion affects the VSC system has not been deeply studied, and so far there are
few papers investigating the friction problems in such systems. In most co
related papers dealing with friction, friction is commonly modelled as stick-slip f
tion with a discontinuity at zero velocity according to the following:

For nonzero velocity, slip friction is

(63)

and for zero velocity, stick friction is given by

(64)

where is the amplitude of stick friction and the general model for slip fricti

is

(65)

In which is the constant Coulomb friction force, is the Stribeck velocity, a

 is the viscous damping.

Young (1998, 1999) observed a special behaviour in systems with two discont
ties. The author found that a proper combination of the two discontinuities may
ate a new class of system trajectories which are closely related to sliding mode
was studied through a set-point regulation problem of a single degree-of-free
system of the form

(66)

f ẋ( )
F ẋ( ) if ẋ 0>,
F ẋ( ) if ẋ 0<,–




=

f u( )

Fs if u Fs≥,

u,
Fs if u Fs≤,–






= if F– s u Fs< <

Fs 0>

F ẋ( ) Fs Fs Fc–( )e
ẋ v0⁄( )2

–
kvẋ+ +=

Fc v0

kv

mẋ̇ u f–=
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where is the friction described by (63) and which is simply denoted

. If a bang-bang friction compensation is applied

the system (66), a second order system with two discontinuities is formed as

(67)

It is observed that for the system (67), if the sliding surface is defined as the inte
tion of  and , i.e.,

(68)

the state of the system can not approach this manifold directly. However, with
bang-bang compensation, sliding mode may occur in the sense of hierarchica
trol, i.e., sliding mode occurs first on , then on the intersection of a

, implying that the origin is asymptotically stable. This special behaviour w
discussed in Young (1998) and further investigated in Young (1999). In the
report, by utilizing the sampled-data sliding mode characteristics, the author
lysed explicitly the sliding mode hierarchy in the class of systems with two disco
nuities. It was shown that when , the dynamics of such systems

behave in the following manner: 1) A discrete-time sliding mode first occurs on
manifold , the “sampling period” is however non-uniform and will tend

zero as time increases. 2) While on , , but discrete-time sliding m

does not occur at since is not zero after a finite time. 3) acts as a

stituted “control” (it is not discontinuous but it is changing sign), which keeps
system on .

In parallel, it was discovered that the class of systems with inherent right hand
discontinuities induce a stiction region in the original system. This stiction phen
enon was generalized and handled within the framework of variable structure
trollers by Hatipoglu & Özgüner (1999), and a multi-layer sliding mode contro
was proposed for the SISO case. The systems are described in their comp
forms with right hand-side discontinuities onp surfaces,

(69)

where and aren times smoothly differ-

entiable functions, for any , and , where

f

f F ẋ( )sgn= u u1 x( )sgn–=

mẋ̇ u1 x( )sgn– F ẋ( )sgn–=

x 0= ẋ 0=

Sxẋ x ẋ,( ) Sxẋ{ xẋ 0}= = =

x 0= x 0=

ẋ 0=

u1 F 0> >

x 0=

x 0= ẋ 0→
ẋ 0= ẋ t j( ) ẋ

x 0=

x n( ) f x( ) µ s x( )( )sgn⋅ h x( )v
v̇

+ +
u y, x
=

= =

µ µ1…µp[ ] R1 p×∈= h .( ) f .( ): Rn, R→

h .( ) 0≠ x x ẋ … x n 1–( ), , ,[ ]T= u v R∈, u
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is the control input such that the output tracks the reference signal .

ther,  denotes the tracking error.

First, the sliding surface is defined as

(70)

where  is an ideal feedback linearization input which has the form

(71)

So, if in (69) is replaced by , it will lead to a linearized system i.e., the track

error dynamics is given by,

(72)

By appropriately choosing the parameters , (72) can be made asym

ically stable and  at the desired rate.

To ensure sliding mode on the surface (70), must be satisfied, then fo

SMC design, the corresponding control input  is picked as

where . The system will start to slide on the manifold after

finite time for any , leading to that and . However,

unbounded around since contains discontinuities. To avoid this prob

the authors proposed a continuous approximation

the discontinuous term . Further, considering also uncertainties in

and/or , a multi-layer sliding surface is designed to compensate the uncertai
This is done by adding an auxiliary discontinuous control into the feedback linea
ing control term (71) and replacing the discontinuity with its continuous approxim
tion, i.e.,

where and correspond to nominal values for the model parameters and
an auxiliary input, which gives

y x= xd

ε x xd–=

s v vd– 0= =

vd

vd
1

h .( )
--------- xd

n( ) k1ε n 1–( )– …– kn 1– ε̇– knε–[ ] f .( )– µ s .( )( )sgn⋅–{ }=

v vd

ε n( ) k1ε n 1–( ) … kn 1– ε̇ knε+ + + + 0=

k1 k2 … kn, , ,

ε 0→

ṡs 0<
v̇

u v̇ α s( )sgn⋅–= =

α v̇d ε+> s 0=

ε 0> v vd→ x xd→ v̇d

s 0= vd

sgnk x( ) 2 π⁄( )arc kx( )tan=

s .( )( )sgn f .( )
µ

vd
1

h .( )
--------- xd

n( ) k1ε n 1–( )– …– kn 1– ε̇– knε–[ ] f .( )– µ sgnk s .( )( ) w+⋅–{ }=

f .( ) µ w
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(73)

where the bounded uncertainties in the system parameters are

, ,

Then a reduced order manifold can be defined on the second layer sliding surf

(74)

and  is proposed to be ensured by the switching law

(75)

where .

This procedure may be repeated until the last manifold depends on the error on
do this, the discontinuous terms in the manifolds must be replaced with their co
uous approximations, thus avoiding to have infinite derivatives at the output. In
case that all states are not measurable, observer based sliding mode control h
been proposed.

This design procedure was also used in Drakunov,et al (1997), in which sliding
mode control is applied to control a rodless pneumatic servo actuator. After s
computations, the motion equation of the piston (and load) is derived as

whereY is the piston position, is the mass of the piston and load, is

effective piston area, is the pressure drop between chambers,

the viscous friction coefficient and is the Coulomb friction. If the desired pr

sure value is given by

the error dynamics can be linearized as a second order system

where . The author proposed different designs for set-point regula

and tracking control. For regulation problems, the parameters are sele

such that they provide an overdamped or critically damped response, i.e., in ord

ε n( ) k1ε n 1–( ) … kn 1– ε̇ knε
∆f .( ) µΦk s .( )( ) ∆µ sgnk s .( )( )⋅ w–( )±+[ ]
+ + + +

+ 0=

∆f .( ) f .( ) f .( )–= ∆µ µ µ–= Φk s( ) s( ) sgnk s( )–sgn=

sε ε n 1–( ) c1ε n 2–( ) … cn 2– ε̇ cn 1– ε+ + + + 0= =

sεṡε 0<

w k1 c1–( )ε n 1–( ) … kn 1– cn 1––( )ε̇ knε β sgnk s( )⋅–+ + +=

β ∆f .( ) µΦk s .( )( )+ ∆µ sgnk s .( )( )⋅ ε+ +>

MLẎ̇ AT∆P µuẎ– µcsgn Ẏ( )–=

ML AT

∆P P1 P2–= µu

µc

∆Pd

ML

AT
------- Ẏ̇d k1 Ẏ Yd

˙–( )– k2 Y Yd–( )–[ ] 1
AT
------ µuẎ µcsgn Ẏ( )+[ ]+=

ε̇̇ k1ε̇ k2ε+ + 0=

ε Y Yd–=

k1 k2,
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avoid the zero velocity manifold until the desired point is reached, the sys
must be constrained to approach the desired point from one side without overs
ing. For tracking control with the desired trajectory crossing over the zero-velo
manifold , sliding mode is achieved through two layers of sliding s

faces. The first layer sliding surface was designed to maintain the pressure o
surface in order to compensate uncertainty due to model

errors. Then the second layer sliding surface , could
reached in finite time.

In summary, these works on handling friction focus on variable structure contro
for continuous-time systems. Since the friction is viewed as a discontinuous fun
at zero velocity, the stiction manifold induced by this discontinuity can, accordin
Hatipoglu & Özgüner (1999), only be shrunk or entirely eliminated by apply
another discontinuous control in the same subspace as the discontinuous d
bance. Although the discontinuous control terms can be approximated by a con
ous function, a high bandwidth controller is needed to reduce the tracking er
However, such controllers are not always applicable since they may intensely e
the motion of flexible components in the process. Moreover, the proposed contr
observer structures will in practice be implemented in discrete time with a fi
sampling rate 1/T, leading to significant chattering around the reference and in
corresponding control signals, this phenomenon has been observed in the simu
results of Hatipoglu & Özgüner (1999).

ε 0=

σc ẋ 0={ }=

σ P Pd∆–∆ 0= =

s ε̇ cε+ 0 c 0>,= =
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5.  Handling mechanical flexibility in variable structure
systems

The insensitivity of sliding mode control to parameter uncertainty and external
turbances has been demonstrated in the control of rigid systems (Slotine & S
1983; Eun,et al., 1999; Lee & Lee, 1999; Golo & Milosavljevic, 2000). Howeve
care must be taken when designing SM/DSM controllers for flexible systems, s
the oscillating motion of flexible components in such systems may be unduly ex
by the SM control inputs. To avoid oscillations while preserving the insensitivity
the sliding mode, different approaches to be combined with sliding mode co
have been proposed. The most frequently cited method is the frequency-shape
ing mode (FSSM) introduced by Young & Özgüner (1993). Unlike the conventio
sliding surface which is the intersection of hyperplanes in the process state s
the frequency-shaped switching surface is a linear operator, through which com
sator dynamics are introduced. Here we will make a brief review of the design m
ods.

Consider a process model which can be transformed to the following form

(76)

and define the sliding surface as

(77)

where is a linear operator. Either pole-placement or linear quadratic (LQ) opt
methods can be used to design the desired dynamics of the sliding surface, i
find .

1) Pole-placement design

 can be realized as a dynamic system

(78)

The augmented system is

ẋ1 A11x1 A12x2
ẋ2

+
A21x1 A22x2 B2u+ +

=
=

s x( ) Λ x1( ) x2+=

Λ

Λ x1( )

Λ x1( )

ż Fz Gx1
y

+
Hz Lx1+

=
=

ż

ẋ1

ẋ2

F G 0

0 A11 A12

0 A21 A22

z

x1

x2

0

0

B2

u+=
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Then the sliding surface is

(79)

When , the equation of sliding mode is

and all its poles can be placed by the selection of if is co

trollable.

2) Optimal frequency-shaped LQ design

For the system (76), the quadratic cost function in the frequency domain can be
ten as

(80)

where  for all frequencies . There exists four cases:

(a) both  and  are constant for all frequencies

(b)  is function of  and  is constant for all frequencies

(c)  is function of  and  is constant for all frequencies

(d) both  and  are functions of

Case (a) has already been described in section 2.2.1 on page 17. For cases
(c), remember that is viewed as a control input to the reduced-order system

ing sliding mode, so selecting high-pass frequency characteristics for the elem
of is equivalent to minimizing high frequency control input to the syste

Similarly, by choosing low-pass characteristics for , the low frequen

motion of the system is penalized. Therefore, case (b) corresponds to design
pre-compensator and case (c) corresponds to designing a post-compensator
been shown that if and are the inverse of each other, identical closed-

poles and an optimal sliding mode can be obtained for the cases b) and c) (You
Özgüner, 1993). Here the design of case (b) is presented.

s x1 x2 z, ,( ) H[ L ]
z

x1
x2+=

s 0=

ż

ẋ1

F G

A12 A11 A12L–

z

x1
=

F G H L, , ,{ } A11 A12,( )

Js x1
* jω( )Q11 ω( )x1 jω( ) x2

* jω( )Q22 ω( )x2 jω( )+[ ] ωd∞–
∞

∫=

Q11 ω( ) 0 Q22 ω( ) 0≥,≥ ω

Q11 Q22

Q22 ω2 Q11

Q11 ω2 Q22

Q11 Q22 ω2

x2

Q22 ω( )

Q11 ω( )

Q11 Q22
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Choosing and of high-pass characteristic as represented by a sp

factor , i.e.,

then (80) becomes

where is regarded as the output of a filter or a dynamic sys

represented by

(81)

The transfer function of (81) is , and is the inpu

Consider the augmented system which is the original system extended with
above dynamic compensator (81)

where , and . The optimal slid-

ing surface for the augmented system can now be obtained by minimizing

The sliding surface is:

(82)

where, ,  is the solution of the Riccati equation

and , , .

Let , and then (82) becomes

(83)

which is a linear combination of the states of the following extended system

Q11 1= Q22

W2 jω( )

Q22 ω( ) W2
* jω( )W2 jω( )=

Js x1
* jω( )Q11 ω( )x1 jω( ) W2 jω( )x2 jω( )( )* W2 jω( )x2 jω( )+[ ] ω

= x1
* x1 ũ* ũ+[ ] td
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∞
∫

d∞–
∞
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ũ s( ) W2 s( )x2 s( )=

ż Fz Gx2
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+
Hz Dx2+

=
=

W2 s( ) D H sI F–( ) 1– G+= x2

ẋe Aexe Bex2+=
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Note that the selection of weighting functions is important in the design. Differ
weighting functions will result in different sliding surfaces. Koshlouei & Zinob
(2000) developed an iterative optimal design procedure, i.e., by comparing
eigenvalues of the reduced-order system, the sliding surface can be constructe
atively until the desired surface has been obtained. The authors further extend
method to the case when all weighting functions are frequency-dependent, i.e
case (d). Frequency-shaped sliding mode control based on H_inf andµ synthesis
was also studied by Nonami,et al.(1996).

It is seen that the basic idea of the above frequency-shaping is to insert a filter
an appropriate cut-off frequency into the sliding surfaces, and thus high frequ
vibrations due to interactions between the unmodelled dynamics and the sl
mode control can be damped out in the designated frequency band. The price
the response of the closed loop system may be significantly slowed down d
sliding mode. Further, since sliding motion occurs only after the system has rea
the sliding surface, the controller is actually a conventional state feedback cont
the reaching phase and hence the controlled system may be sensitive to unc
ties. Since the FSSM method does not consider system constraints during the
ing phase, the unmodelled dynamics may be excited already during this pe
leading to system oscillation or instability.

Other methods to avoid vibrations in SMC controlled flexible systems can als
found in the literature. These methods include frequency shaped sliding mode
the combination of terminal sliding mode control (TSMC) (Xu & Cao, 2000), whe
TSMC is specified by an increasing equivalent switching slope as tracking e
decreases, thus quickening the convergence of the tracking error; Frequency shaped
sliding mode with perturbation estimation to reduce the switching gain (Mouraet
al., 1997a, 1997b); Sliding mode with shaped command input to remove unde
frequency components from the control signal (Singh, 1994; Jalili & Olgac, 19
and sliding mode with time-varying or nonlinear sliding surface to eliminate rea
ing phase (Hara & Yoshida, 1996; Li,et al, 1999).

Notably, most frequency-shaped methods were approached in the continuous
domain. How to handle flexibility problems, especially the unmodelled dynamic
discrete-time SMC has not obtained much attention. One example was foun
Pieper & Surgenor (1993), in which the authors designed a DSMC for speed co

ż

ẋ1

ẋ2

F 0 G

0 A11 A12

0 A21 A22

z
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x2

0

0
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of an elastic system. The sliding surface was designed by LQ optimization wit
using frequency shaping, instead a dynamic switching gain was proposed to
the oscillatory modes due to the unmodelled dynamics, so as to increase the st
and robustness of the controlled system.
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6.  Summary of the appended papers

Paper A introduces the use of DSMC with delayed disturbance compensation
friction cancellation in a high precision point-to-point positioning system.Paper B
further proposes a model reference DSMC for high precision tracking control,
the influence of the choice of sampling period on friction compensation is anal
by simulation.Paper C combines DSMC with a vibration filter and hence propos
a new method, referred to as DSMVC for controlling a flexible system w
unmodelled dynamics.Paper D intends to design a positioning controller for two
mass systems whose resonance ratio may vary in a wide range. A frequency-s
resonance ratio control is proposed, and combined with the DSMVC, such that
accuracy, fast response positioning control is achieved. The experimental sy
used in the four papers are sketched as the following.

The experimental setup 1, a linear motor system, is used inPaper B (Paper A uses
the same linear motor with a similar setup). As shown in Fig. 8, the motor itself
only two components, i.e. the thrust rod and the thrust block which is mounted
bearing rail. For studying control problems associated with friction, another alum
ium bar with a friction adjustment device is mounted as shown in the figure.
motor is current controlled and an optical encoder with resolution of 0.5µm/step is
installed. The velocity feedback signal is obtained by the backward difference of
successive position signals.

The experimental setup used inPaper C is shown in Fig. 9. This is the so called Y
axis of a surface mount robot, the rotation of a current controlled DC motor is c
verted into a translational motion by a high precision ball-screw. A slide ta
attached to the ball-nut carries the load at high velocities. The total moving ra
along the Y-axis is 1.2 meters. The position is measured by an incremental en

thrust rod enclosed magnets

thrust block enclosed coil

Fig.8. The experimental setup 1 ---a linear motor system.

 bearing rail

motor
m

adjustable friction
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with resolution of 2µm/step mounted on the motor, and the velocity signal is a
obtained by the backward difference of two successive position signals. Di
bances and friction torques are assumed to act only at motor side in this applica

The experimental setup of the two-mass system forPaper D uses the same drive
system and measuring equipment as that of the setup 1. In addition, another m
connected to the motor by two thin steel plates, which introduces the mecha
resonance.

6.1  Friction compensation

DSMC with one-step delayed disturbance compensation is successfully appli
control a linear motor system with high friction (Paper A, B). The advantage of
using the discrete-time SMC is that the control does not involve the switching t
thus avoiding the chattering problems. Recall the control error expressed by (5

θm Coupling

Ball bearing

Flexible connection

Table & Load

im

Ball-screw
Ball bearing

Slide bearing

DC NutNut

xl ẋl,

Fig.9. The experimental setup 2 --- the Y-axis of the surface mount
Robot (SMR) from MYDATA.

thrust rod enclosed magnets

thrust block enclosed coil

Fig.10. The experimental setup 3 --- the two-mass system.

flexible links

bearing rail

motor

x1

ks/2

m1

x2

b1

ks/2

∆x

m2load
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(60) in section 4.3, and for simplicity assume that the disturbance mainly is

to friction, then the error given by (60) utterly depends on the difference in frict
between two successive sampling instances, i.e, . Considering

real physical phenomena behind friction, it is clear that friction can not be accura
modelled by a pure discontinuity as given by classical friction models, instead
tion is a continuous function of time with complicated and fast dynamics in
vicinity of zero velocity. Intuitively, also results in that , i.e.,

faster sampling rate results in a better friction cancellation. However, it must als
noted that a smallT will result in a large control input, and both the actuator limit
tion (i.e., ) and the features of DSMC (recall the control law of (61) or (6

may cause the control signal to chatter with the amplitude of , which in t

leads to high frequency oscillations in the system. Therefore, how fast a sam
rate is needed depends on the required control accuracy, and also on how fa
friction dynamics is in the vicinity of zero velocity. This was investigated inPaper
B through simulation with the LuGre friction model. It is shown in experiments t
a sampling rate higher than 100Hz is enough for avoiding limit cycles and achie
good friction compensation for point-to-point positioning. For tracking refere
trajectories which cross zero velocity, higher sampling may be used to reduc
errors around the zero velocity crossings. According to the common rule of thu
the choice of sampling frequency in a digital control must usually be in the rang
10-20 times of the desired closed-loop bandwidth. For the specific high speed
high precision systems used throughPaper A to D, the sampling rate is typically
selected as 500-1000Hz. Comparing to this frequency, the frequency require
friction compensation does actually not need any special consideration. There
the selection ofT may only take into account the dominant poles of the control
process and the required control bandwidth.

Paper A shows experimentally that given a straight forward VSC design for s
point regulation, the final reaching of the desired position accuracy depends on
the selection of sampling period without any knowledge of the friction. When
is large (T=0.02s), low-frequency limit cycles occur around the final position. Wh
the sampling period decreases (T= 0.012s), limit cycles can be entirely avoided an
steady-state error equal to the sensor resolution can be achieved. For evaluati
performance of DSMC is compared with digital PID and PD controllers, where
same one-step delayed disturbance compensation is introduced in all the contr
Comparison shows that robust positioning performance can only be achieved b
DSMC for both long distances (10 mm) and short distances (in the order of se
resolution, 2µm) positioning. PD control can only bring the system close to the g

dk

∆dk dk dk 1––=

T 0→ ∆dk 0→

u um≤

um±

T T
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of the
and a much longer positioning time is required. Adding an integrator, i.e., appl
PID control does not improve the performance, instead it results in limit cycles.

The tracking problem is further investigated inPaper B. It is shown that when the
desired trajectory crosses the zero velocity surface, the disturbance estimation

is usually of large value due to the fast friction dynamics, i.e., resulting i

large difference betweendk-1 anddk. In general, it is difficult to cancel the friction in

case the reference trajectory crosses zero velocity, however, it is still possib
reduce by reducing the sampling period according to the previous discussio

model reference sliding mode controller is designed for the control of a linear m
system in order to accurately control both transient and steady-state position t
ing. Moreover, by combining an additional integral action with the DSMC,
tracking errors around zero velocity are significantly reduced and the overall tr
ing performance is also greatly improved.

6.2  Vibration suppression

Paper C andD studies how to handle the unmodelled dynamics in DSM control
systems. Transmissions or links which are necessary in mechanical systems
general of finite stiffness, and the induced resonance modes are often close
required control bandwidth. To avoid exciting these high frequency modes,
must be taken during applying the DSMC to such a control system. For exam
recall the DSMC law (58) in section 3.3, wheredk-1 represents the estimated distu

bances. It must be noted thatdk-1 may contain not only low frequency disturbance

but also high frequency components due to those unmodelled dynamics. Dir
feedingdk-1 to the input may magnify those high frequency components thus res

ing in high frequency oscillations in the closed loop.

In Paper C, DSMC is applied to an industrial application in the form of a DC mot
and ball-screw driven high precision positioning system (Fig. 9), being one axis
multi-axis surface mount robot. Finite stiffness of the ball-screw and other flex
links induce several high frequency modes into the system, while only the m
position can be sensed. In this paper, a simple method to suppress the po
vibrations is proposed. That is done by bringing in a low-pass filter into
disturbance observer loop, such that with a proper cut-off frequency, the hi
order vibrations in the system can be effectively suppressed. This method is
simple. As the process is simplified as a two-mass system, the design only req
knowledge of the lumped mass associated with the motor side and the range
first resonance mode.

∆dk

∆dk

Q q( )
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The method based on DSMC with vibration suppression, i.e., DSMVC, propose
Paper C, is the basis for further research on the control of two-mass systems
different mass distribution. This study is motivated by the fact that many indus
processes can be modelled with two masses connected by a flexible link, while
sors are often attached only on the first mass, hence the achievable loop gai
significantly limited due to resonant vibrations. It is known that the dynamics o
two-mass system can be characterized by its resonance ratio, which in turn is
mined by the ratio of the two masses. So far there has been no general meth
controlling such two-mass systems with wide variation in resonance ratio.
ambition ofPaper D is to develop a control method to cope with vibration problem
in two-mass systems with different mass distribution. The concept of reson
ration control (Suriura & Hori, 1994) is adopted and improved with frequen
shaped characteristics, i.e., the virtual resonance ratio of a two-mass syst
increased by dynamically feeding back the estimated disturbance. The new vibr
suppression method has been successfully combined into the DSMVC to effec
suppress the resonant vibrations. The DSM controller and the resonance ratio
troller can be designed independently, which makes the design very simple and
to apply to different systems with wide variation in resonance ratio.

6.3  Summary of the contributions

• Successful application of the discrete-time sliding mode control (DSMC)
electrically driven high precision motion control systems. The desig
controllers are robust and chattering free.

• The utilization of one-step delayed disturbance compensation alleviates the
difficult work on friction compensation, i.e., the modelling and identification
friction become unnecessary. Simulation analysis and experimental verific
show that, with this method, the accuracy of friction compensation depe
mainly on the selection of sampling frequency.

• The provision of a simple and effective method for handling flexibility in DSM

systems, i.e., introducing a LP vibration filter in the disturban
compensation loop, by which high frequency vibrations due to unmode
dynamics can be effectively suppressed.

• The proposed frequency-shaped resonance ratio control (FSRRC) enable
dynamic adaptation of the virtual resonance ratio of a two-mass system.

Q q( )
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and
atio
• The combination of the proposed DSMC and FSRRC provides an effective
robust method for controlling two-mass systems with wide resonance r
variation.
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7.  Conclusions, discussions and future works

Based on the excellent properties of SMC and the new definition of DSM, this th
presents a control methodology which successfully solves two of the major diffi
ties -- friction compensation and vibration suppression -- in high performa
motion control systems. By the proposed approach, the desired performance c
specified in terms of the sliding surface which is independent from the choice o
control, and a robust, accurate and chattering free controller can be obtained
on a second order nominal process model. The control algorithms are simple
straightforward, without the need for friction modelling and identification tec
niques and without employing any complicated on-line adaptive algorithms.

To further improve the developed concepts and to facilitate practical and indus
usage of the results, there are still some issues open to further research. F
study of the stability conditions for the DSM controlled flexible systems is neede
has been noted that if tracking control is required in two-mass systems, the tra
error can not simply be reduced by introducing an integrator as it has been do
Paper B for a rigid system, especially when the system is perturbed by fricti
More in-depth analysis of the interaction between DSMC and friction, so as to
an explicit relation between the sampling rate and the parameters of the dyn
friction is also of interest. Furthermore, it must be noted that so far have the
posed methods only been applied to a specific class of electrically driven sys
i.e., the following conditions are satisfied:

1) The dynamics of the actuators (electrical motors) is negligible.

2) For two-mass systems, the sensor is attached on the first mass, and the res
mode is outside the required closed-loop bandwidth.

3) Disturbances (including friction) act only on the first mass.

Certainly, it would be interesting to apply the proposed method to different type
systems. However, doing this may immediately lead to violation of the above co
tions. Hence, as a natural extension, future works could be focused on solvin
following problems:

First, if the condition 1 or 3 is not satisfied, the matching conditions for disturba
rejection and insensitivity to parameter variations in SM are violated, hence
desired sliding mode can in general not be maintained. Some control methods
been developed to combat unmatched disturbances. The restriction on ma
conditions may be relaxed by introducing higher order sliding mode (Fridma
Levant, 1996; Eaton,et al., 1999; Jiang,et al., 1999). Discrete-time implementation
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of second order sliding mode control has been presented by Bartolini,et al., (1999a,
b; 2001). Young,et al.(1999) also demonstrated the design of continuous-time S
with prefilter for the case when the dynamics of the actuator can not be negle
However, these methods require derivatives of the states in the feedback c
implementation, and moreover, the disturbances must be restricted to the
which have bounded derivatives. No paper has been found which deals
unmatched friction disturbances.

Second, for two-mass systems, if the sensor is attached on the second mass, th
trol loop will encompass the resonance mode. Even if this resonance frequen
outside the desired bandwidth, it induces oscillations in the control loop. There
the resonance mode can no longer be neglected in process modelling, i.e., the
ess model has to be at least of fourth order. Asymptotic observers may be utilize
estimating the immeasurable states (Utkin, 1992). One study on observer base
crete sliding mode control can be found in Richter (1997).

The consideration of other nonlinearities, such as backlash, hysteresis, etc.
existing in the electro-mechanical systems may also be included in controller de
This may require another possible path for future works, i.e., to combine the S
with other advanced control technology, such as fuzzy logic, neural networks
learning control.
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