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Abstract

The group of Medical Imaging at KTH School of Technology and Health is
developing a micro-CT. CT images are produced by taking transmission projec-
tion data from di�erent angles. This projection data is then turned into a three
dimensional attenuation map of an object, using a reconstruction algorithm.
A number of reconstruction algorithms were studied and implemented in a re-
construction software that can be used to reconstruct projection data from the
STH micro-CT. The reconstruction software gives the possibility to use a mul-
tiresolution technique when there is insu�cient memory. The multiresolution
technique were tested and the results showed that the best performance was
with 10% overlap and when the splitting of subvolumes were done in the axis
of rotation.

In order to to be able to design a CT protocol that achieves adequate diagnostic
performance with the lowest reasonable dose, di�erent image quality metrics
were reviewed. As a result of this, a model observer for image quality assess-
ment was implemented and tested. The results suggested that the implemented
model observer can be used for CT-protocol optimization.
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Sammanfattning

Enheten för medicinsk bildteknik vid Skolan för Teknik och Hälsa på KTH hål-
ler på att utveckla en mikro-CT. CT-bilder produceras genom att med hjälp av
röntgenstrålning samla in projektionsdata från olika vinklar. Denna projektions-
data omvandlas sedan till en tredimensionell attenueringskarta av ett objekt med
hjälp av en rekonstruktionsalgoritm. Ett antal rekonstruktionsalgoritmer stude-
rades och implementerades i en rekonstruktionsmjukvara som kan användas för
att rekonstruera projektionsdata från STH mikro-CTn. Rekonstruktionsmjuk-
varan ger möjlighet att använda en multiresolutionteknik när GPU-minnet är
begränsat. Multiresolutiontekniken testades och resultaten visade att det bästa
resultatet genererades med 10 % överlappning och när uppdelningen av subvo-
lymer gjordes i rotationsaxeln.

För att kunna utforma ett CT-protokoll som uppnår tillräcklig diagnostisk kva-
litet med lägsta rimliga dos, granskades olika bildkvalitetsmått. Som ett resultat
av detta har en �model observer� implementerats och testats för bedömning av
bildkvalitet. Resultaten tyder på att den implementerade �model observern� kan
användas för optimering av CT-protokoll.
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1 Introduction

Computed Tomography (CT) is a medical imaging modality that has been clini-
cally available since the 1970s. A CT is a x-ray imaging technique, which consist
of two major parts, a moveable x-ray source and detector. The CT images are
produced by taking transmission projection data from di�erent angles and this
projection data is then turned into a three dimensional attenuation map of
an object by using a reconstruction algorithm [1]. The transmission of x-rays
through an object without interaction with the object can be assumed to follow
the Lambert-Beer law:

Ip = I0e
−

∫
µ(l)l dl (1)

where Ip is the number of primary photons hitting the detector, I0 is the number
of x-rays leaving the x-ray source, µ is attenuation coe�cient and l the position
on the line through the object. The attenuation coe�cient is the fraction of
monochromatic x-rays interacting with a material per unit length. The attenu-
ation coe�cient is energy and material dependent, for example bone has higher
attenuation coe�cient than water and water has higher attenuation coe�cient
than air. In practice the x-ray sources used clinically today are not producing
monochromatic x-rays but polychromatic x-rays, therefore the attenuation map
produced by a CT will be based on the mean energy of the x-ray spectrum
produced by the x-ray source [1].

The �rst generation of CT scanners used a pencil beam x-ray source with a
single detector. This type of CT scanner used a scanning method where, for
each angle, the x-ray source and detector moved along parallel trajectories op-
posite to each other, which is shown in �gure 1. A big improvement of CT
scanners was when a fan beam x-ray source was used together with a detector
row consisting of multiple detector elements. This fan beam CT geometry can
be seen in �gure 1. The next big improvement of CT scanners was when a
cone beam x-ray source was used together with a detector consisting of multiple
detector rows. The micro-CT that was used in this project uses a cone beam
CT geometry and is shown in �gure 2 [1].

Figure 1: Left) Parallel beam CT geometry. Right) Fan beam CT geometry.
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1.1 Purpose of study

Figure 2: The micro-CT in this project uses a cone beam geometry.

The group of Medical Imaging at KTH School of Technology and Health is
developing a micro-CT/miniPET for imaging of small animals together with the
Institute of Nuclear Research of the Hungarian Academy of Science, ATOMKI,
in Debrecen, Hungary. The STH micro-CT is being built by the group of Med-
ical Imaging at KTH. A micro-CT is CT but with pixel sizes in the range of
micrometers. The STH micro-CT uses a cone beam geometry and has a �at
panel detector with 2400·2400 pixels, where the pixel width is 50µm.

1.1 Purpose of study

The �rst part of this project was about studying the reconstruction problem
(going from projection data to a reconstruction of the object) and di�erent ex-
isting algorithms. The next step was to implement a reconstruction software
that can perform reconstruction on projection data obtained from the micro-CT.

The quality of a reconstruction depends on how the CT protocol is set up.
A CT protocol is made up of a set of di�erent parameters used during the
acquisition of projection data and the reconstruction process. As x-rays are
ionizing radiation, it is important that the radiation dose is kept to a reason-
able minimum. Due to this fact it is important to �nd a good image quality
metric which can be used to design a CT protocol that achieves adequate di-
agnostic performance with the lowest reasonable dose. The second part of the
project was to review di�erent image quality metrics and implement a software
calculating this quality metric.

1 INTRODUCTION 2



2 Reconstruction algorithms

In this chapter the mathematical foundation, which many reconstruction algo-
rithms rely on, will be presented. Di�erent reconstruction algorithms will also
be explained in detail.

2.1 Radon transform

The transformation of the object to the projection data acquired in a �rst-
generation CT scanner was formulated Johann Radon already in 1917 [2]. The
two dimensional Radon transform will be described in detail in this section for
simplicity, but it can easily be expanded into a three dimensional space.

A line y = ax+ b can also be described in its normal form as:

t = x cos(θ) + y sin(θ) (2)

Expressing a line as in equation 2 makes it easier to mathematically describe
the projections of an object from a certain angle. Consider an arbitrary object
as f(x, y) and the line integral of this object, with a certain t and θ, as p(tl, θk).
This line integral p(tl, θk) can be expressed as:

p(tl, θk) =

∫ +∞

−∞

∫ +∞

−∞
f(x, y)δ(x cos(θk) + y sin(θk)− tl) dx dy (3)

where δ is the dirac delta function, which means that the integral is only com-
puted over the line x cos(θk) + y sin(θk) = tl. The projection data obtained
using a �rst-generation CT scanner from a certain angle θk is described mathe-
matically as in equation 4 and seen in �gure 3.

p(t, θk) =

∫ +∞

−∞

∫ +∞

−∞
f(x, y)δ(x cos(θk) + y sin(θk)− t) dx dy (4)

Figure 3: An object f(x, y) and its projection p(t, θk).
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2.1 Radon transform

Now extend equation 4 to apply for θ = [0, 2π] and the following equation is
obtained:

p(t, θ) =

∫ +∞

−∞

∫ +∞

−∞
f(x, y)δ(xcos(θ) + ysin(θ)− t) dx dy (5)

Equation 5 is the Radon transform of the object f(x, y). The projection data,
p(t, θ), presented in the form of intensity as a function of t and θ as coordinates
is often called a sinogram [2]. In �gure 4 the Shepp-Logan phantom and its
sinogram can be seen.

Figure 4: Left) The Shepp-Logan phantom. Right) The corresponding sino-
gram.

Now it is time to discuss how this translates to data from the CT. As dis-
cussed in the introduction, the attenuation of the x-ray intensity in the object
corresponds to Lambert-Beer law, which is repeated here for convenience.

Ip = I0e
−

∫
µ(l)l dl (6)

where Ip is the number of primary photons hitting the detector, I0 is the number
of x-rays leaving the x-ray tube, µ is attenuation coe�cient and l the position
on the line through the object. Now divide both sides in equation 6 with I0,
take the natural logarithm of it and multiply with −1.

−ln(
Ip
I0

) =

∫
µ(l)l dl (7)

Let the line be expressed in its normal form.

−ln(
Ip
I0

) =

∫ ∫
µ(x, y)δ(xcos(θ) + ysin(θ)− t) dx dy (8)

The right side of this equation is the same as in equation 4, which shows why
the Radon transform can be considered as a mathematical description of the
data acquisition in a CT. This is only valid for a monochromatic beam but can
be considered as an approximation for the polychromatic beam too.

An intuitive way to recover the object f(x, y) is a method called backprojection.
It can simply be described as putting back the value of each line integral along
the line it originated from [2]. This can be formulated in the following way:
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2.2 Fourier slice theorem

f(x, y) =
1

2π

∫ 2π

0

p(t, θ) dθ (9)

where t = xcos(θ) + ysin(θ). The backprojection often results in a blurring as
seen in �gure 5. This blurring e�ect will be discussed further in the next section
about the Fourier slice theorem.

Figure 5: Left) The Shepp-Logan phantom. Right) The corresponding backpro-
jection of the radon transform of it.

2.2 Fourier slice theorem

In �gure 5 the result using backprojection was shown. The reason behind this
blurring e�ect and how it can be avoided will be discussed in this section.

The Fourier transform plays an important part in the Fourier slice theorem
as one might expect by looking at its name. The one and two dimensional
Fourier transform are shown in equation 10 and equation 11 respectively.

F (w) =

∫ +∞

−∞
f(x)e−i2πwx dx (10)

F (u, v) =

∫ +∞

−∞

∫ +∞

−∞
f(x, y)e−i2π(ux+vy) dx dy (11)

The one dimensional Fourier transform of an projection p(t, θ) with respect to
t is expressed as:

P (w, θ) =

∫ +∞

−∞
p(t, θ)e−i2πwt dt (12)

Substituting equation 5 in equation 12.

P (f, θ) =

∫ +∞

−∞

∫ +∞

−∞

∫ +∞

−∞
f(x, y)δ(xcos(θ) + ysin(θ)− t)e−i2πwt dt dx dy

(13)

P (w, θ) =

∫ +∞

−∞

∫ +∞

−∞
f(x, y)e−i2πw(xcos(θ)+ysin(θ)) dx dy (14)

Substituting u = w cos(θ) and v = w sin(θ).

P (w, θ) =

∫ +∞

−∞

∫ +∞

−∞
f(x, y)e−i2π(ux+vy) dx dy (15)
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2.2 Fourier slice theorem

Comparing equation 11 and 15 it is possible to see that the Fourier transform
of a projection is a slice of the two dimensional Fourier transform of the object,
P (w, θ) = F (u, v) = F (w cos(θ), w sin(θ)). An illustration of this relationship is
show in �gure 6 and this is what is called the Fourier slice theorem [2].

Figure 6: Fourier transform of a projection p(t, θk).

If starting in the other end, with the Fourier transform of the object, it is
possible to understand why image gets blurred. Take the Fourier transform of
the object F (u, v) and do the two dimentional inverse Fourier transform.

f(x, y) =

∫ +∞

−∞

∫ +∞

−∞
F (u, v)ei2π(ux+vy) du dv (16)

Do the same substitution as earlier u = w cos(θ) and v = w sin(θ) and use polar
coordinates.

f(x, y) =

∫ 2π

0

∫ ∞
0

F (w cos(θ), w sin(θ))ei2πw(x cos(θ)+y sin(θ))w dw dθ (17)

Considering that F (w cos(θ), w sin(θ)) = P (w, θ), the fact that F (w, θ+ 180) =
F (−w, θ) and using equation (2).

f(x, y) =
1

2

∫ 2π

0

∫ ∞
−∞
|w|P (w, θ)ei2πwt dw dθ (18)

The inner integral is the one dimensional inverse Fourier transform with respect
on w. The outer integral is the backprojection. So to be able to get the correct
object function, the Fourier transform of the projection should be multiplied
with a ramp �lter (|w|) in the Fourier domain and then the inverse Fourier
tranform should be performed followed by backprojection of those values. If
the �ltering process is not done, the lower frequencies will have higher values in
the frequency domain than the true case and therefore the object gets smeared
out [5]. In the case above, the projection does not include noise, but that is not
the case in the real world. Noise often consists of high frequency components
and therefore the ramp �lter is often multiplied by a smoothing window function
in the Fourier domain to reduce the enhancement of noise. Using a smoothing
window function of course also reduces the high frequency components that
should be in the object function [2].
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2.3 Filtered backprojection

2.3 Filtered backprojection

Filtered backprojection (FBP) is what this process of multiplying with a �lter in
Fourier domain is called. In FBP, each projection is convolved (noted as ∗) with
a �lter, h(t), hence its name. Equation 19 shows how the �ltered backprojection
process can be described mathematically.

f(x, y) =
1

2

∫ 2π

0

p(t, θ) ∗ h(t) dθ (19)

2.4 FBP with fan beams

The second-generation CT does not use parallel rays but rays in shape like a
fan. There are two types of fan beam projections depending on the the detector
used, either the projections are sampled at equiangular or equispaced intervals
[5]. In this thesis the focus will be on the equispaced detector like in the �at
panel detector that is used in the STH micro-CT. The most straight forward way
of doing the reconstruction from fan beam projections is re-binning. Another
method used is weighted FBP [6]. The projections obtained from the fan beam
geometry will be expressed P (s, β), where s is the distance from the central
detector and β is the angle the projection is obtained from.

2.4.1 Re-binning

The idea of re-binning is to combine rays from di�erent angles so that a new
sinogram can be constructed which is similar to the case where parallel rays
would have been used instead. An illustration of this process can be seen in
�gure 7.

Figure 7: Re-binning of projection data from fan beam geometry to obtain
projection data corresponding to parallel beams.

In �gure 8 the geometry of CT system using an equispaced detector is seen,
but with an imaginary detector put to pass through the origin. D is the distance
between the source and the origin, s is the location at the imaginary detector,
β is the projection angle, θ is the corresponding projection angle in the parallel
case, γ is the angle from the ray passing through the origin (the center of
rotation) and t is the smallest distance from the ray passing through the location
s on the imaginary detector to the origin. With help of this �gure it is possible

2 RECONSTRUCTION ALGORITHMS 7



2.4 FBP with fan beams

to obtain the relationship between the fan beam data and the parallel beam
data.

t = s cos(γ) = s
D√

D2 + s2
(20)

θ = β + γ = β + arctan(s/D) (21)

With these relationships the parallel projection is formed from the fan beam
projection like:

P (t, θ) = P (s
D√

D2 + s2
, β + arctan(s/D)) (22)

Figure 8: The geometry of CT system using an equispaced detector.

2.4.2 Weighted FBP

In fan-beam geometry (contrary to the parallel-beam case) the x-rays hitting
the detector are divergent. The projection values therefore need to be weighted.
The weighted FBP (WFBP) algorithm can be described mathematically as:

f(x, y) =
1

2

∫ 2π

0

D2

U2
(P (s, β)

D√
D2 + s2

) ∗ h(s) dβ (23)

where, U is the distance between the source and the line parallel with the imag-
inary detector that intersects the point (x, y). U can expressed mathematically
as U(x, y, β) = D − y cos(β) + x sin(β). h(s) is the �lter.

2 RECONSTRUCTION ALGORITHMS 8



2.5 Feldkamp

The weighted FBP can be implemented in the following three steps [5]:

1. pre-weighting : There is a variation in the density of rays incident on the
detector row depending on the distance from the central detector. Therefore
the pre-weighting shown in equation 24 is applied.

P (s, β)w = P (s, β) cos(γ) = P (s, β)
D√

D2 + s2
(24)

2. �ltering : Fourier transform each projection and multiply with the �lter.
Then do the inverse Fourier transform.

3. distance weighted backprojection: The backprojection is done using a
D2/U(x, y, β)2-weighting due to the divergence of the fan beam.

2.5 Feldkamp

The Feldkamp algorithm (FDK) was the �rst practical reconstruction algorithm
for cone beam reconstruction [8]. The Feldkamp algorithm can be seen as an
evolution of the weighted FPB algorithm for fan beams. Like WFBP discussed
in section 2.4.2, Feldkamp also consists of the three steps pre-weighting, �ltering
and distance-weighting [6].

Figure 9: Cone beam CT geometry using an equispaced detector.

The Feldkamp algorithm is treating each detector row as a fan beam pro-
jection after the values of that row have been projected on the central plane
(x,y-plane), see �gure 9. The only di�erence in principle to the fan beam case,
is that there is an extra pre weighting factor and that the backprojection is done
di�erently since the beam geometry is di�erent [8]. The Feldkamp algorithm
can be expressed as:

f(x, y, z) =
1

2

∫ 2π

0

D2

U2
(P (s, z, β)

D√
D2 + s2 + z2

) ∗ h(s) dβ (25)

2 RECONSTRUCTION ALGORITHMS 9



2.6 Algebraic Reconstruction Methods

where z is the z-coordinate corresponding to �gure 9.

The Feldkamp algorithm consists of the following three steps [5]:

1. pre-weighting : As in WFBP, the pre-weighting shown in equation 24 is
also applied but now with an extra factor, to account for the rays hitting the
non-central detector row.

P (s, z, β)w = P (s, z, β) cos(γ) cos(α) = P (s, z, β)
D√

D2 + s2

√
D2 + s2

√
D2 + s2 + z2

(26)
where α is the angle between the z row and the x,y-plane from the source.

2. �ltering : Fourier transform each projection and multiply it with a �lter
just like in WFBP.

3. distance weighted backprojection: The backprojection is done using a
D2/U(x, y, β)2-weighting due to the divergence of the cone beam.

The Feldkamp algorithm is an approximate reconstruction algorithm. An exact
reconstruction algorithm can exactly reconstruct the object given that the data
is free of noise, if the detector is made in�nitly small and projections are taken
from in�nitely many angles [8]. Tuy's su�ciency condition states what condi-
tions must be ful�lled to make an exact reconstruction. The conditions are the
following [9]:

1. The trajectory of the x-ray source should be outside the object.

2. The trajectory should be bounded, continuous and almost everywhere
di�erentiable.

3. Every plane intersecting the object must also intersect the source trajec-
tory.

In a cone beam CT like the STH micro-CT that is used in this thesis, the third
condition is not ful�lled. Take a look at �gure 9 and imagine a plane parallel
to the central plane with z 6= 0. That plane will never intersect the source
trajectory as the source trajectory is only in the central plane where z = 0.
This is why the Feldkamp algorithm is only exact in the plane where z = 0 (if a
ramp �lter is used and no noise is present). When the object is homogeneous in
the direction of the axis of rotation (here z) the pre-weighting will then result
in that the projections of rows z 6= 0 will be equal to z = 0, which makes the
Feldkamp algorithm exact in this case. The Feldkamp algorithm is otherwise
an approximate algorithm [8].

2.6 Algebraic Reconstruction Methods

Algebraic Reconstruction Methods (ARM) is a di�erent way of doing the recon-
struction compared to the FBP based methods. The main idea behind ART is
seeing the reconstruction process as a system of equations, where f is the object,
p is the data and W is the system matrix. f is the vector with the unknowns.

Wf = p (27)

2 RECONSTRUCTION ALGORITHMS 10



2.6 Algebraic Reconstruction Methods

For simplicity the two dimensional case will be considered in this section, but
the reasoning is the same in the three dimensional case. The system of equations
in equation 27 can be rewritten as:

M∑
j=1

wi,jfj = pi , i = 1, 2, ..., N (28)

whereM is the number of pixels and N is the number of lines in all projections.
In the case Radon transform, wi,j will be the weighting factor that gives the
contribution of pixel j to the projection value of line i, pi, and fj is value of the
object at pixel j [5].

In a small system of equations, the problem in equation 27 would be solved by
�nding the inverse of W and then multiply it by p, f = W−1p. Unfortunately
this is not practically possible as the size of W is very large in typical clinical
or pre-clinical CT set-ups. For example, in the case of the STH micro-CT used
in this project, the number of elements in W for just a two dimensional slice
reconstruction shown with 512 pixels · 512 pixels, which are reconstructed from
100 projections are M · N = 262144 · 240000 = 62914560000 elements, which
makes it impossible to store the full matrix in the memory [10]. Fortunately,
there are iterative methods to solve big systems of equations like this. These
iterative methods are based on a method �rst introduce by Stefan Kaczmarz in
1937 [5].

2.6.1 Kaczmarz's method

To be able to show how this method works with help of �gures, an object with
2 pixels is considered and projections from three angles with a single detector
are used. The system of equations in this case can then be expressed in the
following way:

w1,1f1 + w1,2f2 = p1

w2,1f1 + w2,2f2 = p2

w3,1f1 + w3,2f2 = p3

(29)

In �gure 10 the iterative scheme of Kaczmarz's method is illustrated when used
on the equations in (29).
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2.6 Algebraic Reconstruction Methods

Figure 10: Illustration of Kaczmarz's method. The vector fk

is projected on the next hyperplane until the solution is found.

Kaczmarz's method starts with an initial guess of f0, which often is a zero
vector. f0 is then projected on the hyperplane represented by the �rst equation
in (29). The projected vector is what is used as the new value of f. f1 is then
projected on the hyperplane of the second equation in (29) and so on. By looking
at �gure 11 it is possible to see that the iterative update scheme in �gure 10
can be formulated as [5]:

fk+1 = fk −
−−→
HG (30)

Figure 11: Update procedure of Kaczmarz's method.

2 RECONSTRUCTION ALGORITHMS 12



2.6 Algebraic Reconstruction Methods

The use the update formulated in equation 30 the vector
−−→
HG must be ex-

pressed in vectors that are known. To start with, the length of vector
−−→
HG can

be expressed as:

|
−−→
HG| = |

−−→
OF | − |

−→
OA|

= fk ·
−−→
OU − |

−→
OA|

(31)

where
−−→
OU is the unit vector in the normal direction of the hyperplane, which

can be expressed as:
−−→
OU =

wi√
wi ·wi

(32)

The vector
−−→
OC is a vector to an arbitrary point on the hyperplane which means−−→

OC = f and remember that wif = pi. This means that the length of
−→
OA is

|
−→
OA| =

−−→
OU ·

−−→
OC =

wi√
wi ·wi

· f =
pi√

wi ·wi
(33)

The direction of
−−→
HG is the same as the unit vector

−−→
OU and as the length of−−→

HG is known it is possible to express
−−→
HG as:

−−→
HG = |

−−→
HG| ·

−−→
OU =

fk ·wi − pi
wi ·wi

wi (34)

Which �nally leads to the update formula:

fk+1 = fk − fk ·wi − pi
wi ·wi

wi (35)

It has been shown that Kaczmarz's method converges to the unique solution if
there is a unique solution and to a least-square solution if the system is over- or
under-determined. In the case of an overdetermined system with inconsistent
data, Kaczmarz's method will bounce around the intersections of the hyper-
planes as shown in �gure 12 [5]. When the data includes noise, the least square
solution may not be as close to the true solution compared to when the iterative
scheme was stopped before reaching the least square solution. This has led to
the term semi-convergence, which means that the solution at �rst converges to
the true solution but then after a certain number of iterations it starts to diverge
from the true solution [13].
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Figure 12: Illustartion of Kaczmarz's method with inconsistent data.

Look at �gure 10 and imagine that two of the hyperplanes were orthogonal.
Theoretically, the solution would be found in only two iterations if the sys-
tem has an unique solution [11]. This lead to the idea of using Gram-Schmidt
orthogonalization to speed up the process. Unfortunately the Gram-Schmidt
procedure is not computational e�ective. It is better to order the projections
so that the hyperplanes are more or less orthogonal or use random ordering [12].

Kaczmarz method has been presented here because it constitutes the founda-
tion of many of the reconstruction algorithms used to solve the problem in
equation 27. Algebraic Reconstruction Technique (ART) is an reconstruction
algorithm almost identical to Kaczmarz method. When using ART a relaxation
parameter is often applied in order to take shorter steps towards the solution,
as this can reduce the salt and pepper noise that usually appear in ART [5].

2.7 Simultaneous Iterative Reconstruction Technique

The procedure of Simultaneous Iterative Reconstruction Technique (SIRT) is in
many ways similiar to ART but with one fundamental di�erence. In SIRT the
object vector f is updated after going through all equations and not like in ART
were each update is after projection of f onto the hyperplane of that equation.
SIRT still does the projections like in ART but the update of f is the average
of all f vectors obtained when projecting onto each hyperplane. SIRT can be
described as follows:

fk+1 = fk − λkCWTR(Wf− p) (36)

where λ is the relaxation parameter, R and C are diagonal matrices with scaling
values. Depending on which variant of SIRT that is used, R and C has di�erent
values. R can be a diagonal matrix with correction values for the length the
ray is passing through the reconstruction volume, which is the row sums of the
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weight matrix, ri,i = 1/
M∑
j=1

wi,j . C can also be a diagonal matrix but with

the column sums of the weight matrix, cj,j = 1/
N∑
i=1

wi,j . Another common

possibility is that R and C is set to the identity matrix, I. The Landweber
version of SIRT uses R = C = I. When R = 1

N diag(1/(wi · wi) and C = I,
then equation (36) is just like in ART but with an average update after all rows
and not after each row as in ART.

2.8 Simultaneous Algebraic Reconstruction Technique

ART su�ers from salt and pepper noise, while SIRT produce more smooth im-
ages. On the other hand SIRT converges slower than ART [15]. A big advantage
of SIRT is that each projection can be done in parallel before the update is done
which minimizes the disadvantage of slow convergence. Simultaneous Algebraic
Reconstruction Technique (SART) is a method that combines the best part of
ART and SIRT. A simpli�ed explanation of SART is that is it is the ART al-
gorithm but the object vector f is updated after going through all equations in
one projection angle and not after each equation like in ART [5].

2.9 Conjugate Gradient Least Squares

The SIRT algorithm can be seen as special case of the gradient descent method
that minimizes |Wf−p|2. The gradient descent method is an iterative method to
�nd the minimum of a function, the iterative scheme is shown in equation (37).
It makes use of the fact that the gradient shows the direction were the function
is growing fastest and update the solution with a step size λk in the opposite
direction.

fk+1 = fk − λk∇X(f) (37)

where ∇X(f) = ∇1

2
|Wf − p|2 = WT (Wf − p). One problem is that the

opposite gradient direction might not be the fastest way to the minimum as
seen in �gure 13 where the contour lines of a function are in form of ellipses.
The gradient descent method resulting in a zigsaw path to the minimum. In
the gradient descent method the step size is the length to a place fk+1 where
the gradient of fk+1 is orthogonal to the gradient at fk [10].

Figure 13: The gradient descent method.

The Conjugate Gradient Least Squares (CGLS) algorithm also evaluates the

gradient to �nd the minimum of X(f) =
1

2
|Wf − p|2 but with the advantage
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of doing it in fewer steps due to the use of conjugate directions [10]. The con-
jugate gradient descent method is an e�ective method to solve systems of the
form Af = b but can also be used to �nd the solution to the least square prob-
lem [16]. The minimum of |Wf − p|2 can be found by setting the gradient to

zero. ∇X(f) = ∇1

2
|Wf − p|2 = WT (Wf − p) = 0. Letting WTW = A and

WTp = b, a system of the form Af = b is obtained.

The main idea behind the conjugate gradient descent method is to reshape
the contour lines into circles and then go in the orthogonal direction. It will
then go straight to the minimum as seen in �gure 14 [10]. In the rest of this
section the conjugate gradient descent method will be derived to get a better
understanding of what actually is happening.

Figure 14: The conjugate gradient descent method

Two vectors are A-orthogonal or conjugate if uTAv = 0. This means
that two vectors are A-orthogonal, if the two vectors when the contour lines
are stretch into circles, becomes orthogonal. In �gure 15 the vector d1 is A-
orthogonal to d0.

Figure 15: Left) A two dimensional problem, Af = b Right) The same problem
in a "stretched out" space.

Take a set of conjugate search direction vectors d0,d1, ...,dn−1. The vector
to the minimum, the error vector e0 can be be expressed as a linear combina-
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tion of the vectors di. In �gure 15 it is possible to see that the vector e0 is
combination of d0 and d1.

−e0 =

n−1∑
i=0

aidi (38)

where ai is the contribution of each vector di. The values of ai can be found by
�rst multiply both sides with A.

−Ae0 =

n−1∑
i=0

aiAdi (39)

Now multiply with one of the search direction vectors dk on both sides.

−dk
T

Ae0 =

n∑
i=1

aidk
T

Adi (40)

dk and di are A-orthogonal, this means that when k 6= i the inner product is
zero. Now it is possible to solve for the step size a.

ak = − d
kTAe0

dk
T

Adk
(41)

Divide the error vector e0 into two pairs

e0 = ei −
i−1∑
j=1

ajdj = −
n−1∑
j=i

ajdj −
i−1∑
j=0

ajdj

−→ ei = e0 +

i−1∑
j=1

ajdj

(42)

Using this it is possible to rewrite equation (41) as equation (43). Keep in mind
that the added sum is 0 due to A-orthogonalization.

ak = −
dk

T

A(e0 +
k−1∑
i=0

aidi)

dk
T

Adk

ak = −d
kTAek

dk
T

Adk

(43)

And −Aek can be seen as the residual in the k:th step.

ak =
dk

T

rk

dk
T

Adk
(44)

Now it is possible to calculate the vector to the minimum e0 as in equation (38)
if a set of n A-orthgonal vectors d1,d2, ...,dn exist. To compute this set it is
possible to use Gram-Schmidt conjugation which is a similar process as Gram-
Schmidt orthogonalization. This procedure is shown in equation (38) and �g-
ure 16.

di = ui +

i−1∑
j=0

βi,jdj (45)
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βi,j is obtained by multiplying both sides with Adj and then use fact that di

and dj are A-orthogonal and then solve for βi,j .

βi,j = −u
iTAdj

dj
T

Adj
(46)

In �gure 16 the Gram-Schmidt conjugation process is shown. Put u0 as the �rst
search direction and imagine u1 as a combination of a vector parallel to d0, ua,
and a vector A-orthogonal to d0, ub. d

1 can then be constructed by subtracting
ua from u1. A drawback with the Gram-Schmidt procedure is that all previous
search vectors have to be stored in the memory to construct a new one [16].

Figure 16: The Gram-Schmidt conjugation process.

By setting u0 as the residual it is possible to use a nice property of the resid-
uals, the fact that they are orthogonal to the previous residuals. It can also be
shown that the residual is orthogonal to all of the previous search directions and
that the new search direction constructed from the residual is A-orthogonal to
all previous search directions. This makes the Gram-Schmidt conjugation easy.
The new search direction is then computed by only knowing the previous search
direction [16].

The CGLS algorithm starts with setting the initial conditions, usually an empty
image is set as f0, then the residual and the �rst search direction will be set to
b. b is as earlier mentioned, the same as WTp. The iterative scheme of the
CGLS algorithm can be seen below.

ak =
dk

T

rk

dk
T

Adk

fk+1 = fk + akdk

rk+1 = rk − akAdk

βk+1 = −r
k+1T

Adk

dk
T

Adk

dk+1 = rk+1 + βk+1dk

(47)
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2.10 Theoretical conclusions

To conclude this chapter a list of advantages and disadvantages for the di�erent
algorithms will be discussed brie�y.

The fastest algorithm is the Feldkamp algorithm as it only have one backpro-
jection, while the iterative methods uses multiple forward and backward pro-
jections. However, the Feldkamp algorithm is more dependent on the number
of projections as it can not correct the backprojected values like the iterative
methods. In the Feldkamp algorithm, the only way to reduce the e�ect of the
backprojected values put at voxels not contributing so much, is by increasing
the number of angles.

The SART algorithm should converge faster than SIRT in terms of iterations as
it updates the reconstruction object more frequently. Also the CGLS algorithm
should converge faster than the SIRT algorithm as the updates are done in a
more e�ective way.

The Feldkamp algorithm uses di�erent �lters to handle the noise, in iterative
methods this is done by using a relaxation parameter and early stopping.
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3 Image Quality

The reconstruction quality and image quality in general, depends on parameters
like spatial resolution, contrast and noise. To design a good CT protocol a good
image quality metric that takes all these parameters into account is important.
This chapter will review di�erent quality metrics used today and discuss its
suitability for image quality assessment of CT images.

3.1 Modulation Transfer Function

One common image quality metric is the the Modulation Transfer Function
(MTF). The MTF is the absolute value of the Fourier transform of the Point
Spread Function (PSF), which is the intensity distribution in the image when
reproducing a point object [17].

Now the imaging process will be explained and hopefully clarify the impor-
tance of the PSF in this process. Let an object be a point at position x,
f(x) =

∫
f(x′)δ(x′ − x)dx′, then the image (when noise is absent), I, will

show an image of the intensity of the point object distributed over a larger
area. This distribution, as mentioned earlier, is the PSF and it is the sys-
tem's response to that point. Now take three points (x1, x3 and x5) with a
signal as in the �gure 17, then the image given by the system can describe as
I(x) = f(x1)PSF(x− x1) + f(x3)PSF(x− x3) + f(x5)PSF(x− x5), where f(xi)
is the intensity of the original point object [17].

Figure 17: The imaging process.

A continues object can be regarded as a sum of point objects extremely close
to each other. This means that the image from the system can be described
as a convolution of the original object and the PSF, which can be described
mathematically in the following way:

I(x) =

∫ +∞

−∞
f(x′)PSF(x′ − x) dx′ (48)
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Which in the two dimensional case looks like:

I(x, y) =

∫ +∞

−∞
f(x′, y′)PSF(x′ − x, y′ − y) dx′ dy′ (49)

The absolute value of the Fourier transform of the PSF is as earlier mentioned
the MTF. Looking at �gure 17 again and at the di�erence in intensity at x3

and x5 compared to x4, it is seen that intensity di�erence between these points
are quite large. Now looking at x1 and x3, which are closer to each other, the
intensity di�erence between these points and x2 are now small. From this it
is possible to conclude that if point objects are close to each other (high spa-
tial frequency) the intensity di�erence is smaller than when they are far away
from each other (lower spatial frequency). This intensity di�erence for di�erent
spatial frequencies is what the MTF describes. In some sense the MTF gives
information about the detectability of small details [17].

In a CT image, reconstructed with iterative methods, the PSF is not the same
from region to region. An imaging system with the same PSF at all locations
in the �eld of view is called stationary, while a system that has PSFs that vary
depending on the position is called non-stationary. The CT system using iter-
ative methods is therefore a non-stationary system and the MTF as a quality
metric is not suitable [1].

3.2 Signal to Noise ratio and Noise Power Spectrum

The signal to noise ratio (SNR) is one of the most used image quality metrics
and is de�ned as:

SNR =
Signal

Noise
=

∑
(fi − f̄bg)
σbg

(50)

where fi is the pixel value at pixel i, f̄bg is the mean of the background and σbg
is the standard deviation of the background. Albert Rose suggested in 1948,
based on empirical results, that an object is always visible if SNR > 5. This
is also what is called the Rose criterion [1]. Even tough SNR has been used
as a quality metric for a long time it has its limitations. The pixel based SNR
does not include any information about the frequency dependence of the noise
signal. A problem with that is that even though the standard deviation of the
background is the same, the visibility of the object can be di�erent [1]. A better
quality metric is instead the Noise Power Spectrum (NPS), which is simply the
Fourier transform of the noise. The NPS contains the frequency dependence
of the noise [1]. NPS relies on assumptions that the noise is stationary. The
noise is stationary if the noise properties are the same in di�erent regions of the
image. The problem is that the noise in CT images is generally not stationary
and the NPS as a quality metric is not a suitable [22].

3.3 Contrast to Noise Ratio

Another simple image quality metric is the Contrast to Noise Ratio (CNR),
which is de�ned as follows:

CNR =
Contrast

Noise
=

(f̄s − f̄bg)
σbg

(51)
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where f̄s is the mean of the signal, f̄bg is the mean of the background and σbg is
the standard deviation of the background. The CNR can be a good metric for
describing the signal amplitude in relation to the noise in simple objects with
homogeneous background [1]. But the detectability of an object also depends on
other factors than the signal amplitude and noise, like: size, shape of the object
and noise texture. These limitations make the CNR not a complete descriptor
of the ability to see a signal in the object [22].

3.4 Task based approach

Another form of image quality assessment is to evaluate the performance of an
observer performing a clinical relevant task. This approach is getting more and
more popular for image quality assessment of CT images.

The task based approach consists of three steps. The �rst one is to design
a clinical relevant task. The second step is to choose the observer, in other
words, who will perform the task. The third step is to evaluate the performance
of the observer and this performance will be used as the quality metric [22].
The performed task can be classi�cation, estimation or a combination of both.
A classi�cation task can be, if a lesion exist or not. An estimation task can be,
where the lesion exist. The observer can either be a human or computational
model of a human. Using human observers is expensive and time consuming
and as a consequence, a good model observer is often preferred [23].

To understand the logic behind many of the model observers used today, the
ideal observer in a binary classi�cation task will be derived.

The ideal observer will make its decision based on the value obtained by the
decision function. The decision function can be expressed in the following way:

d(g) =
p(H1|g)

p(H0|g)
(52)

where d(g) is the decision function, p(Hi|g) is the probability of having class
Hi given the image g. If d(g) > 1 class 1 is chosen otherwise class 0 is the
choice. In other words, class 1 is chosen if the probability that g comes from
class 1 is greater than the probability that g comes from class 0. It is possible to
reformulate the decision function to include information that is known. Using
Bayes' theorem the decision function becomes:

d(g) =
p(g|H1)p(H1)

p(g|H0)p(H0)
(53)

where p(g|Hi) is the probability density function of g given the class Hi and
p(Hi) is the probability of the class Hi. Rearranging equation (53) class 1 is
chosen if

p(g|H1)

p(g|H0)
>
p(H0)

p(H1)
(54)

The left side is the only part including the image, g, and is called the likelihood
ratio. The right side is the optimal decision threshold. The likelihood ratio is
the interesting part for the ideal observer as that part includes the image. To
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simplify the calculations the logarithm of the likelihood ratio (LLR) is used and
is de�ned as:

LLR(g) = ln(p(g|H1))− ln(p(g|H0) (55)

Now assume that the probability density functions of g given the class Hi is
Gaussian distributed, then p(g|Hi) can be written as

p(g|Hi) =
1

(2π)M/2 det(Ki)1/2
e−

1
2 (g−ḡi)

TK
−1
i (g−ḡi) (56)

where M is the number of pixels in each image, Ki is the covariance matrix for
class i and ḡi is the mean image of the images from class i.

In x-ray imaging, the two covariance matrices K0 and K1 is nearly equal [23].
Substituting equation (56) in equation (55), setting K0 = K1 = Kg and remov-
ing constants that exist in both classes the LLR becomes:

LLR(g) = (ḡ1 − ḡ0)TK−1
g g− ḡT1 K

−1
g ḡ1 + ḡT0 K

−1
g ḡ0 (57)

The last two terms are not dependent on g and can be put into the decision
threshold. The �rst term is the observer result, so the test statistic from the
ideal observer is:

t(g) = (ḡ1 − ḡ0)TK−1
g g (58)

Using the test statistic, t(g), it is possible to calculate the Receiver Operating
Characteristic (ROC) curve and its corresponding Area Under Curve (AUC) as
quality metric. What the ROC curve is and where it comes from will now be
explained.

When comparing the test statistic, t, to any choice of threshold, there are four
possible outcomes: true positive, true negative, false positive and false negative.
For each of these outcomes there is a probability of this outcome to occur, these
probabilities are often called true positive fraction (TPF), true negative fraction
(TNF), false positive fraction (FPF) and false negative fraction (FNF). These
fractions are de�ned in the following way:

TPF = p(t > threshold|H1) =
TP

TP + FN
(59)

TNF = p(t < threshold|H0) =
TF

TN + FP
(60)

FPF = p(t > threshold|H0) =
FP

TN + FP
(61)

FNF = p(t < threshold|H1) =
FN

TP + FN
(62)

The ROC curve is a plot of TPF versus FPF using di�erent thresholds. As seen
in equations (59) to (62) the ROC curve is dependent on the probabilities of
p(t(g)|H0) and p(t(g)|H1). The AUC value is the area under the ROC curve.
If p(t(g)|H0) = p(t(g)|H1) the ROC curve is a diagonal line and the AUC is
0.5 as seen in �gure 18, which means that there is an equal probability that g
comes from class 1 as class 0. If there is no overlap between the probability
density functions then the ROC curve goes from the bottom left corner to the
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top left corner and then to the top right. The AUC for this curve is 1 and
means that the decision is correct every time [23]. The AUC value can be seen
as the probability that a classi�er will produce a test statistic from a random
observation from class 1 with a higher value than a random observation from
class 0 [24].

Figure 18: Left) The ROC-curve when p(t(g)|H0) = p(t(g)|H1). Right) The
ROC-curve when there is no overlap between the probability density functions.

The Hotelling observer de�ned in equation (63) is a linear observer that is
equal to the ideal observer when the probability density functions are Gaussian
distributed and the covariance matrices are equal.

t(g)HO = wTg = (ḡ1 − ḡ0)TK−1
g g (63)

where Kg = 0.5(K0 +K1).

The inverse of the covariance matrix, K−1
g is not practically computable. Say

that an the observer looks at an region of interest of N ·N pixels, the covariance
matrixKg then has the size ofM ·M , whereM = N2 (M = 16348 in the case of
N = 128). A method that deals with this problem is the Channelized Hotelling
Observer (CHO), which is based on the Hotelling observer and is often used
in image quality assessment [23]. The CHO reduces the dimensionality of the
data by multiplying the image vector g by an operator U with the size M · C
where C is the number of channels (often less than 100) [22]. The CHO can be
expressed as:

t(g)CHO = wT
CHOv = (v̄1 − v̄0)TK−1

v v (64)

where v = UTg and Kv = UTKgU. The choice of channels are important
for how well the results from the CHO agrees with the results of the Hotelling
observer. A model observer can be used for image quality assessment of CT
images if the model observer is properly designed [22].
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3.5 Theoretical conclusions

A good image quality metric should take parameters like spatial resolution,
contrast and noise into account. From the review of the di�erent di�erent tools
for image quality assessment in this chapter, it is possible to conclude that
a task based approach is most suitable for image quality assessment of CT
reconstructions using iterative methods.
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4 Method

The purpose of this project is to implement a reconstruction software and a
image quality assessment tool. This chapter will explain how these softwares
were designed and evaluated.

4.1 Reconstruction

4.1.1 Preprocessing

Reconstruction algorithms assumes a perfect system but that is not the case
in the real life. A CT system can have many imperfections: the detector suf-
fers from noise, some detector elements might not work properly, the system
might not have a correct alignment between detector and the source and each
projection might not be independent of each other, just to give some examples.
Due to these imperfections, the projection data obtained from the CT must be
preprocessed. This section will describe how the e�ect of these imperfections
was reduced in the reconstruction software produced in this project.

One major noise source is the dark current, which is the signal obtained when
no x-rays hit the detector [1]. By collecting a set of images when the x-ray
source is turned o� and take a average of these it is possible to form a mean
dark current signal. By subtracting the mean dark current signal from each
projection it is possible to reduce the e�ect of the dark current noise.

A detector element producing a value deviating a lot from the expected value
can be called defective. The correction procedure in the reconstruction software
�nds the defective pixels based on the deviation from the mean value in the
beam pro�le. When the defective pixels are found, they are corrected by near-
est neighbour interpolation. The dark current signal is corrected in a similar
way but based on the deviation from the mean value in the dark current signal
instead.

The geometrical misalignment of the STH micro-CT system was investigated
by Lorenzo Di Sopra in his master thesis in 2015 [18]. A number of parameters
are given by an alignment procedure described in the thesis. The reconstruc-
tion software produced in this project uses these parameters to set up a correct
geometry.

Another question investigated by Di Sopra was the lag e�ect. The correction
formula investigated by Di Sopra can be used in the reconstruction software.
For more information about the lag e�ect and the correction formula the reader
is referred to the master thesis by Di Sopra [18].

4.1.2 Reconstruction algorithms and the ASTRA toolbox

For the reconstruction part of this project, the ASTRA Tomography Toolbox
version 1.6 was used. ASTRA consists of GPU implementations of the forward
(Radon transform) and the backprojection process but it also includes a set
of pre-built reconstruction algorithms. The ASTRA toolbox was chosen as it
outperforms other open source tomography software libraries with respect to
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computational speed [19]. In iterative algorithms, each iteration consist of one
forward projection and one back projection for all angles. The forward projec-
tion requires, as earlier described, as many calculations of line integrals as the
number of detector elements. With a GPU implementation these calculations
can be done hundreds at a time compared to a CPU implementation were only
a few calculations can be done simultaneously [20]. This highlights the need of
using the GPU for reconstructions using iterative algorithms.

For cone-beam geometry, the ASTRA toolbox has GPU implementations of
three di�erent algorithms. These algorithms are the Feldkamp, SIRT and CGLS
algorithm, which all are described in detail in chapter 2. The Feldkamp (FDK)
algorithm in ASTRA uses a ramp �lter. The SIRT algorithm in the ASTRA
toolbox set C and R in equation (36) to be diagonal matrices with the column
and row sums of the weight matrix. For both the SIRT and the CGLS algo-
rithm it is possible to enforce a non negativity constrain, which is utilized in
the reconstruction software produced in this project.

In chapter 2 the possibility of using a relaxation parameter to reduce the noise
was discussed. ASTRA's SIRT algorithm does not include this possibility to
use a relaxation parameter. In order to be able to use a relaxation parameter
an own SIRT (Landweber version) algorithm using ASTRA's forward and back-
projection operators was implemented. In section 2.8 the SART algorithm was
described as a method that combines the best of the ART and SIRT algorithms.
Therefore a modi�ed version of the SART algorithm was also implemented. All
update steps in the self-implemented SIRT and SART algorithms were divided
by the number of projection angles times the length of the largest side in the
reconstruction volume. The relaxation parameter presented in this report is
excluding these values as those change from case to case.

To get a better understanding on how the algorithms behave, reconstructions
of the three dimensional Shepp-Logan phantom was performed with di�erent
noise levels. The relative error was the �gure of merit used to characterize the
performance. The relative error was de�ned in the following way:

Relative error [%] = 100 · |frecontruction − fphantom|
|fphantom|

(65)

As described in chapter 2, iterative methods starts with an initial guess of the
object it want to reconstruct. Often an empty volume is used as an initial guess
but a FDK reconstruction can also be used as the initial guess. In order to see
if there was any gain in using a FDK reconstruction as the initial guess, the
performance of the SIRT algorithm with and without a FDK initialization was
compared. The noise handling in iterative methods are done by using a relax-
ation parameter and by early stopping. To see how the value of the relaxation
parameter a�ect the reconstruction, reconstructions using di�erent relaxation
parameters ranging from 1 to 0.01 was compared. The added noise was Poisson
distributed with a maximum SNR of 116 and 139, which corresponds to the
SNR of the beam pro�le from the STH micro-CT with the following settings:
tube voltage = 45 kV, tube current = 600 µA, pulse width = 500 ms and tube
voltage = 30 kV, tube current = 800 µA, pulse width = 1500 ms respectively.
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4.1.3 Multiresolution technique

As discussed in section 4.1.2, using the GPU reduces the reconstruction time sig-
ni�cantly. The best GPU today has around 12GB in memory and costs around
5000$ [20]. This is not nearly enough in a high resolution reconstruction. Re-
member that the STH micro-CT used in this project has 24002 pixels. The
reconstruction volume might then be as large as 24003 and when counting 8
bytes per voxel this equals to around 110GB which is simply too much to store
in the GPU memory. To get around this problem a multiresolution technique
similar to the one proposed by De Witte et al. in 2010 was used [21]. This
technique works in �ve simple steps and will be demonstrated in the two di-
mensional case but works in exactly the same way in three dimensions. This
multiresolution technique works in the way that the image is split up in di�erent
subvolumes and each subvolume is reconstructed with high resolution one at a
time. The steps involved in the multiresolution technique are:

1. Do a low resolution reconstruction of the obtained projection data.

Figure 19: Left) The low resolution reconstruction. Right) The measured pro-
jection data.

2. Do Radon transform of the low resolution reconstruction but with the
part including the subvolume set to zero. The dark part in the projection data
in �gure 20 compared to �gure 21 is due to setting the subvolume to zero.

Figure 20: Left) The low resolution reconstruction with subvolume set to zero.
Right) The corresponding projection data.
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3. Remove this low reconstruction projection data from them measured
projection data. This should now approximately only include the projection
data from the subvolume.

Figure 21: Di�erence between measured projection data and projectio data from
low resolution reconstruction with subvolume set to zero.

4. Use an iterative method to �nd the subvolume that corresponds the best
to the measured projection data.

5. Store the subvolume and do step 2-5 for another subvolume.

Figure 22: Left) The low resolution reconstruction of the subvolume. Right)
The high resolution reconstruction of the subvolume.

This method has some drawbacks. When putting together the subvolumes
into one full high resolution reconstruction artefacts will be visible along the
subvolume borders. This is easily �xed by using an overlapping region at each
side of the subvolume [21].

The multiresolution technique just described was implemented in the recon-
struction software produced in this project. In order to see how well the im-
plementation works some testing was done using the Shepp-Logan phantom.
The relative error de�ned as in equation (65), was compared between full re-
construction and reconstructions using the multiresolution technique. Full re-
construction means that the reconstruction is done on the whole volume and
with the same resolution as in the multiresolution technique. The performance
between the full reconstruction and the multiresolution reconstruction was eval-
uated using di�erent percentage of overlap (ranging from 0-12%), subvolumes
created in di�erent directions and with and without noise. The noise added to
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the projection data was Poission distributed with a maximum SNR of 116.

4.2 Image quality assessment

As discussed in section 3.4, a model observer is preferred for image quality
assessment of CT images. The Channelized Hotelling Observer (CHO) with
Gabor channels has been shown to correlate well with human observers and
was chosen as the model observer in this project [25]. A Gabor function is a
multiplication of Gaussian function and a cosine function. The general form of
the Gabor function can be expressed as:

gabor(x, y) = e−4 ln(2)(
(x−x0)2+(y−y0)2)

ω2 )

· cos(2πfc((x− x0) cos(θ) + (y − y0) sin(θ)) + β)
(66)

where ω is the channel width, fc is the central frequency, θ is the orientation,
and β is the phase factor. The same parameters as those in the study by Leng
et al. was used, as their result correlated well with human observers [25]. The
parameters used in that study are shown in table 1.

ω [pixels]: 56.48 28.24 14.12 7.06
fc [cycles/pixel]: 3/128 3/64 3/32 3/16
θ [radians]: 0 2π/5 4π/5 6π/5 8π/5
β [radians]: 0 π/2

Table 1: The parameters used for the Gabor channels.

Internal noise was also added to the decision variable from the model observer
in order to match the human performance. In the study by Leng et al. the
internal noise was added in the following way:

t(g)noise = t(g) + a · σt0 · ε (67)

where t is the decision variable, a the weighting factor, σt0 is the standard devi-
ation of the decision variable from the images with no signal and ε is a random
number in the range (-1,1). a was in the study by Leng et al. set to 6 and that
weighting factor was also used in this project.

The model observer implemented performed a classi�cation task, in other words
it decided if a signal was present or not. To see if the implementation was cor-
rect, simulated images were created with a signal level of 21 Hounts�eld units
(HU) and a background level of 6 HU was shown with a dynamic range from
-160 HU to 240 HU. These were the settings used in the study by Leng et al.
To mimic the noise in their study, Gaussian distributed noise with di�erent
standard deviations (STD) was added to the images. The result of the model
observer was then compared to visual inspection of the ability to see the signal.

4.3 Optimization of CT protocol

A CT protocol includes many di�erent parameters. These parameters include
tube voltage, tube current, x-ray �lters, projection angles and reconstruction
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algorithms [1]. The parameters studied in this project were reconstruction algo-
rithms and number of projection angles. For the investigation of reconstruction
algorithms, simulated data using the Shepp-Logan phantom was used as men-
tioned in section 4.1.2. For the number of projection angles, reconstructions
from projection data obtained from the STH micro-CT was used. The image
quality was then investigated with a task based approach using the model ob-
server implemented in this project. The phantom used was the QRM Micro-CT
Low Contrast Phantom, which is a cylindrical phantom with four cylindrical
inserts with 4% and 8% contrast and with a 1 mm and 2.5 mm diameter [26].
The projection data was obtained using the following settings: tube voltage =
30 kV, tube current = 800 µA and pulse width = 1500 ms. The reconstruction
was done using a pixel size of 0.18 mm and using the multiresolution technique
where the reconstruction volume was divided in 3 subvolumes in axis of rotation.
The middle volume was used as input to the model observer.
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5 Results

In this chapter the results of this project will be presented. In section 5.1 results
from reconstructions of the Shepp-Logan phantom with di�erent algorithms
and parameter settings can be found. The results from reconstructions using
the multiresolution technique are presented in section 5.2. In section 5.3, the
results using the model observer are shown.

5.1 Reconstruction algorithms

The ASTRA toolbox comes with already implemented algorithms like FDK,
SIRT and CGLS. First the results using these pre-made algorithms will be pre-
sented and then the results from the self-implemented reconstruction algorithms
will be shown. The initial guess was an empty volume unless otherwise stated.
The added noise was Poisson distributed with a maximum SNR of 116 and 139.

In table 2 the results using the Feldkamp algorithm (FDK) are shown. In
�gure 23 to �gure 25 the reconstructions of noise-free projections are shown for
ASTRA's FDK, SIRT and CGLS algorithms. The relative error, using these
algorithms and when a FDK initialization is used for SIRT, is plotted against
the number of iterations in �gure 26. The FDK algorithm does not iterate, it
is only plotted for easier comparison.

Algorithm Maximum SNR Relative error [%]
FDK no noise 37.22
FDK 116 70.01
FDK 139 63.39

Table 2: Relative error for FDK.

Figure 23: Reconstructions using FDK.
Left) No noise. Middle) Maximum SNR=116. Right) Maximum SNR=139.
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Figure 24: Reconstructions from noise-free projections data using SIRT.
Top: left) 5 iterations middle) 10 iterations right) 20 iterations.
Middle: left) 35 iterations middle) 55 iterations right) 80 iterations.
Bottom: left) 110 iterations middle) 150 iterations right) 200 iterations.
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Figure 25: Reconstructions from noise-free projections data using CGLS.
Top: left) 5 iterations middle) 10 iterations right) 20 iterations.
Middle: left) 35 iterations middle) 55 iterations right) 80 iterations.
Bottom: left) 110 iterations middle) 150 iterations right) 200 iterations.

Figure 26: Relative error for reconstructions using FDK (red), CGLS (purple),
SIRT (blue) and SIRT with a FDK initialization (yellow). Noise-free projections.
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In �gure 27 to �gure 30, Poisson distibuted noise was added to the projec-
tions. The reconstructions from noisy projection data (maximum SNR=116)
using ASTRA's SIRT and CGLS algorithm are shown �gure 27 and �gure 28.
The relative error, for FDK, CGLS and SIRT with and without a FDK initial-
ization, is shown in �gure 29 and 30. In �gure 29 Poisson distributed noise with
a maximum SNR of 116 was added while in �gure 30 Poisson distributed noise
with a maximum SNR of 139 was added.

Figure 27: Reconstructions from noisy projection data (maximum SNR=116)
using SIRT.
Top: left) 5 iterations middle) 10 iterations right) 20 iterations.
Middle: left) 35 iterations middle) 55 iterations right) 80 iterations.
Bottom: left) 110 iterations middle) 150 iterations right) 200 iterations.
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Figure 28: Reconstructions from noisy projection data (maximum SNR=116)
using CGLS.
Top: left) 5 iterations middle) 10 iterations right) 20 iterations.
Middle: left) 35 iterations middle) 55 iterations right) 80 iterations.
Bottom: left) 110 iterations middle) 150 iterations right) 200 iterations.

Figure 29: Relative error for reconstructions using FDK (red), CGLS (purple),
SIRT (blue) and SIRT with a FDK initialization (yellow). Noisy projection data
(maximum SNR=116).
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5.1 Reconstruction algorithms

Figure 30: Relative error for reconstructions using FDK (red), CGLS (purple),
SIRT (blue) and SIRT with a FDK initialization (yellow). Noisy projection data
(maximum SNR=139).

Apart from the algorithms included in the ASTRA toolbox, as mentioned in
section 4.1.2, a SIRT (Landweber) and SART algorithm was also implemented.
The result using the Landweber algorithm, with the relaxation parameter set
to 0.5, is shown shown in �gure 31. The result of the SART algorithm is shown
in �gure 32 to �gure 33

Figure 31: Relative error between the phantom and the reconstruction from
noise-free (left) and noisy (right) projection data (maximum SNR=116) using
the Landweber algorithm with the relaxation parameter set to 0.5.

The e�ect of the relaxation parameter can be found in �gure 32. Poisson
distributed noise was added and the SART algorithm was used.
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Figure 32: Relative error between phantom and reconstruction from noisy pro-
jection data (maximum SNR=116) using SART with di�erent relaxation pa-
rameters: Blue) 1 Red) 0.5 Yellow) 0.1 Purple) 0.05 Green) 0.01.

In �gure 33 it is possible to see how the relaxation parameter a�ects the
reconstruction after one iteration of SART.

Figure 33: Reconstruction of the Shepp-Logan from noisy projection data (max-
imum SNR=116) using SART with di�erent relaxation parameters.
Top: left) 1 right) 0.5 Bottom: left) 0.1 right) 0.05
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5.2 Multiresolution technique

Reconstructions of the Shepp-Logan phantom were used to validate that the
multiresolution technique was correctly implemented. The relative error to the
Shepp-Logan phantom was compared for the full reconstruction and reconstruc-
tions using the multiresolution technique. Full reconstruction means that the
reconstruction is done on the whole volume and with the same resolution as
with the multiresolution technique. The reconstruction algorithm used in all
cases in this section was ASTRA's SIRT algorithm.

In �gure 34, 36 and 38 the blue line is the relative error that has been plot-
ted against the overlap used. The red line shows the relative error for the full
reconstruction. The splitting was made along the y- and z-axis, which makes the
reconstruction volume split up into four subvolumes. In �gure 35, 37 and 39 the
resulting reconstructions can be seen with di�erent overlaps used. The only bor-
der artefacts that are possible to see in these images are the ones in z-direction.
The results shown in �gure 34 and �gure 35 were after 500 iteration for both the
full reconstruction and the subvolumes. The results shown in �gure 36 and �g-
ure 37 were after 100 iterations. In �gure 38 and �gure 39 Poisson distributed
noise were added to the projection data and the results shown are after 150
iterations.

Figure 34: The relative error as a function of overlap used in the multiresolution
technique is shown as the blue line. The red line shows the relative error for a
full resolution reconstruction. 500 iterations were used and no noise was added.
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Figure 35: Reconstructions using the multiresolution technique with di�erent
overlaps. 500 iterations were used and no noise was added.
Top: left) 0% middle) 1% right) 2.5%
Bottom: left) 5% middle) 7.5% right) 10%

Figure 36: The relative error as a function of overlap used in the multiresolution
technique is shown as the blue line. The red line shows the relative error for a
full resolution reconstruction. 100 iterations were used and no noise was added.
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Figure 37: Reconstructions using the multiresolution technique with di�erent
overlaps. 100 iterations were used and no noise was added.
Top: left) 0% middle) 1% right) 2.5%
Bottom: left) 5% middle) 7.5% right) 10%

Figure 38: The relative error as a function of overlap used in the multiresolution
technique is shown as the blue line. The red line shows the relative error for
a full resolution reconstruction. 150 iterations were used and noise (maximum
SNR=116) was added.
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Figure 39: Reconstructions using the multiresolution technique with di�erent
overlaps. 150 iterations were used and noise (maximum SNR=116) was added.
Top: left) 0% middle) 1% right) 2.5%
Bottom: left) 5% middle) 7.5% right) 10%

The same test as above was performed with splitting in the axis of rotation,
which in this case is the x-axis. In �gure 40 and �gure 41 the reconstruction
volume was divided in 4 parts. 500 iterations were used and no noise was added.

Figure 40: Relative error as a function of overlap used in the multiresolution
reconstruction. 500 iterations were used and no noise was added.
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Figure 41: Reconstructions using the multiresolution technique with di�erent
overlaps. 500 iterations were used and no noise was added.
Top: left) 0% middle) 2.5% right) 5%
Bottom: left) 7.5% middle) 10% right) 12%

The computational time for the multiresolution technique was compared to
the time it took to the do the full reconstruction. The increase in computational
time as a function of overlap is shown in �gure 42. The reconstruction volume
was split in two parts along the y- and z- axis, resulting in 4 subvolumes. 100
iterations were done in both the full reconstruction and multiresolution recon-
struction case.

Figure 42: The increase in computational time using the multiresolution tech-
nique compared to the full reconstruction.
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5.3 Model observer

This section will show results from both the simulated images that were pro-
duced to validate a correct implementation of the model observer and the results
of the model observer with data from the STH micro-CT when using di�erent
numbers of projection angles.

In �gure 43 to �gure 49 the simulated images and the corresponding ROC-
curve of the model observer is shown. In �gure 50 the Area Under the Curve
(AUC) values are plotted when noise goes from high to low in order to mimic
the situation where the AUC values are plotted against the radiation dose level.
The noise level often decrease when the radiation dose increase.

Figure 43: Left) No signal image with gaussian distributed noise (STD=1).
Middle) Image with signal and gaussian distributed noise (STD=1). Right)
Corresponding ROC-curve.

Figure 44: Left) No signal image with gaussian distributed noise (STD=5).
Middle) Image with signal and gaussian distributed noise (STD=5). Right)
Corresponding ROC-curve.

Figure 45: Left) No signal image with gaussian distributed noise (STD=10).
Middle) Image with signal and gaussian distributed noise (STD=10). Right)
Corresponding ROC-curve.
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Figure 46: Left) No signal image with gaussian distributed noise (STD=20).
Middle) Image with signal and gaussian distributed noise (STD=20). Right)
Corresponding ROC-curve.

Figure 47: Left) No signal image with gaussian distributed noise (STD=30)
Middle) Image with signal and gaussian distributed noise (STD=30) Right)
Corresponding ROC-curve

Figure 48: Left) No signal image with gaussian distributed noise (STD=50).
Middle) Image with signal and gaussian distributed noise (STD=50). Right)
Corresponding ROC-curve.
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Figure 49: Left) No signal image with gaussian distributed noise (STD=100).
Middle) Image with signal and gaussian distributed noise (STD=100). Right)
Corresponding ROC-curve.

Figure 50: AUC values plotted against the noise level (high to low).
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In �gure 51 a slice of a reconstruction of the QRM Micro-CT Low Contrast
Phantom is shown. The blue box shows the location of a insert with 2.5 mm
diameter and a contrast of 8% compared to the rest of the phantom. The red box
shows the location of a insert with 1.0 mm diameter which has the same contrast
as the insert in the blue box. The same area was used also for background
images after a 45 degree rotation of the image. In �gure 52 reconstructions
from di�erent number of projection angles are shown. The dynamic range is
changed from (0,0.013) to (0.005,0.013) for better visualization. In �gure 53
the AUC values when using the model observer is shown for di�erent number
of projection angles.

Figure 51: The 2.5 mm insert is seen in the blue box and the 1.0 mm insert is
seen in the red box.
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Figure 52: Reconstruction of the QRM phantom using di�erent numbers of
projections. First row: left) 360 right) 180. Second row: left) 90 right) 72.
Third row: left) 45 right) 36. Fourth row: left) 24 right) 18.
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Figure 53: AUC values at di�erent number of projections and lesion sizes. Left)
2.5 mm insert. Right) 1.0 mm insert.
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6 Discussion

6.1 Reconstruction algorithms

In chapter 2 di�erent reconstruction algorithms were described. It was possible
to conclude that the Feldkamp algorithm (FDK) is the fastest algorithm as it
only uses one backprojection. Comparing the relative error in �gure 26, it is
clear that the iterative methods SIRT and CGLS are more accurate than FDK.
It is even more obvious that these iterative methods are more accurate than
FDK when looking at the relative error in �gure 29 and 30 which are when
noise is present. Another conclusion that was drawn in chapter 2, was that
CGLS should converge faster than SIRT. A surprising thing is discovered when
comparing the results of SIRT and CGLS, that is that the SIRT algorithm con-
verges faster than CGLS. This should, following the discussion in section 2.9,
most likely not happen and it is hard to �nd a good explanation for this. How-
ever, a possible reason can be that the condition number of the matrix WTW

might be very large, but this possibility should be investigated further.

Comparing the plots where noise were added to the projections in �gure 29, 31
and 32, it is possible to see that ASTRA's SIRT, the self-implemented Landwe-
ber and the SART algorithm obtain similar accuracy when a proper relaxation
parameter is chosen. Another conclusion that can be drawn is that SART needs
fewer iterations to obtain the same result, which also was concluded in sec-
tion 2.10. This does not necessarily mean shorter reconstruction time in the
reconstruction software produced in this project, as the SART algorithm imple-
mented stores the reconstruction on the CPU between each update. But from
a GPU memory usage point of view, the SART algorithm requires less memory
as only one projection has to be stored in the GPU at a time, which is good
when handling many and large projections.

The results in �gure 26 shows that using a FDK reconstruction as initiliza-
tion increases the convergence rate when the projection data is noise-free but
when looking at �gure 29 and 30, it is possible to see that the minimum relative
error is higher when a FDK reconstruction is used as initialization. ASTRA's
FDK algorithm, which is used in this project, uses a ramp �lter. The ramp
�lter, as described in section 2.2, enhance the noise. Using another �lter which
does not enhance the high frequencies as much, might lead to better results.
But this was not tested due to the fact that the ASTRA toolbox (the version
used in this project) does not give the possibility to change the �lter in an easy
way.

In iterative methods a way of controlling the noise is by using the relaxation
parameter. In �gure 32 the relative error using di�erent relaxation parameters
is shown. In this �gure it is possible to see the semi convergent behaviour of the
iterative algorithms. The smaller the relaxation parameter is the more accurate
is the solution. The downside is that the time to do the reconstruction increases
as each iteration takes a smaller step to the solution and therefore requiring
more iterations. As seen in �gure 33 the resulting reconstruction of 1 iteration
of SART using di�erent relaxation parameters shows big di�erences. When us-
ing a large relaxation parameter the high frequency components like noise is
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visible already in the �rst iteration, while using a small relaxation parameters,
the reconstruction only contains low frequencies at �rst.

6.2 Multiresolution technique

In �gure 34 the relative error is shown for di�erent overlaps when using the
multiresolution technique and when the splitting are not done in the axis of
rotation. The results shows that using the multiresolution technique leads, not
surprisingly, to a worse reconstruction. This is not surprising, as the projection
data of the low resolution reconstruction is only an approximation of the real
projection data. The image quality will therefore be worse when lowering the
resolution of the low resolution reconstruction. The results in �gure 36, where
only 100 iterations are done, shows that multiresolution technique leads to bet-
ter results when the solution is not close to the convergence point. This is due
to the fact that the reconstruction volume is di�erent for the full reconstruction
and each subvolume and that this will a�ect the reconstruction process. The
results will therefore not really be comparable when the number of iterations
is kept the same, but it gives a hint that using the multiresolution technique
might not need as many iterations as a full reconstruction needs.

The same test as discussed above was done, but now Poisson distributed noise
was added to the projections and 150 iterations were used. The results shown
�gure 38 clearly show that the multiresolution technique is more sensitive to
noise than the full reconstruction. A reason could be that the forward projec-
tion of the low resolution reconstruction, that now includes noise elements, will
lead to di�erent noise than what is originally in the projections. When expand-
ing the overlap this e�ect will be smaller and smaller due to the fact that a
larger part will be put to zero in step 2 in the multiresolution technique. If the
overlap is so big that the part removed is equal to the whole reconstruction vol-
ume, then step 3 will result in a projection data which is equal to the measured
projection data that is used in the full reconstruction.

In �gure 41 reconstructions from using the multiresolution technique are shown
but when the subvolumes are divided in the axis of rotation. Artefacts occur
in the border areas even when a larger overlap is used. The results in �gure 40
shows that dividing into subvolumes in the axis of rotation results in worse re-
constructions than dividing in the other directions when the overlap is small.
When the overlap is 10% and larger, the results are equal to the full reconstruc-
tion. The reason to the large artefacts seen when small overlaps are used is
probably that the projection values used, does not all come from the subvolume
that is being reconstructed. Areas at the border will therefore be reconstructed
from data that only partly comes from that area. The multiresolution technique
should try to correct for this, but it seems like it has larger problems to correct
in the direction of axis of rotation than the other directions. When the overlap
is increased to that amount that the projection values all comes from the sub-
volume, then the result is equal to the full reconstruction case.

Lastly, the increase in computational time using the multiresolution technique
compared to the full reconstruction was investigated with di�erent overlaps.
The result in �gure 42 shows a linear increase in computational time when the
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overlap is increased. It seems like the computational time increases with the
number of subvolumes times the overlap. When only a small volume of the full
volume is of interest, then only one subvolume including this volume of inter-
est needs to be reconstructed. The multiresolution technique can in that case
actually lower the reconstruction time.

6.3 Model observer

Looking at �gure 43 to �gure 49, it is possible to see that the corresponding
AUC values in �gure 50 correlates quite well with the human vision. With
Gaussian distributed noise with a standard deviation up to 10 HU, the AUC
values are close to 1 which tells us that the signal is easy to see. This also seems
to be the case by visual inspection. This indicates that the model observer is
correctly implemented.

The model observer implemented in this project was used to �nd an optimal
number of projections. By looking at the AUC-values in �gure 53, the 2.5 mm
insert can be found even at 18 projections, but that it rather easy to �nd until
36 projections. For the 1.0 mm insert 90 projections are needed to be able to see
it quite clearly. The model observer is set to correlate with human vision when
the dynamic range of the image shown has a 400 HU window. This is probably
not the case in �gure 52, so it is hard to draw a conclusion if this model observer
gets the same result as a human would by looking at those images. The ability
for a human to see a signal is very much dependent of the dynamic range used.

The number of projections needed to see an object is as seen above depen-
dent on the size of the interesting feature. But a correct reconstruction also
depend on if the shape of the object is correct and to correctly reconstruct a
more complex shape more projections are needed or projections from the right
angles. If the shape of the object is correct or not is not something the model
observer considers.
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7 Conclusions

The choice of reconstruction algorithm depends on the task and computational
power. The Feldkamp algorithm can be used when a fast reconstruction is
needed. When time is not an issue ASTRA's SIRT algotrithm with a empty
volume as initialization is preferred. When the amount of GPU memory is an
issue the SART algorithm and the multiresolution technique should be used.
The multiresolution technique can also be used to save time when only small
volume of the whole reconstruction volume is of interest. The multiresolution
technique should use an overlap of 10% and divide the volume in preferably the
axis of rotation.

From the review of di�erent tools for image quality assessment, the task based
approach seemed most suitable. From the results in section 5.3, it is likely that
the model observer implemented in this project can be used to optimize a CT
protocol for di�erent detection tasks.
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Appendix

The source code of the reconstruction software and the model observer can be
found at GitHub:

https://github.com/sseebbbbee/reconstruction-software-STH-micro-CT
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