
Unified explicit algebraic Reynolds stress model
for compressible, heat-releasing and

supercritical flows with large density variation

By Igor A. Grigoriev1, Geert Brethouwer1, Stefan Wallin1,2

and Arne V. Johansson1
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To be extended

An explicit algebraic model (EARSM) for variable denstiy turbulent flow devel-
oped by Grigoriev et al. [Phys. Fluids (2015)] is revisited here. We apply it to
a quasi one-dimensional nozzle flow, a wall-jet flow with combustion and large
density variation and a supercritical flow of carbon dioxide with heat transfer
and buoyancy. It is confirmed that the coupling between strong mean density
gradient due to high speed, heat release or thermodynamic variations and the
’local mean acceleration’ of the flow produces strong turbulent density and heat
fluxes, which strongly affect the turbulence. The possible calibration branches
are identified and analyzed. We show that a simple and unified calibration of
the model gives good predictions for all cases considered. Therefore, the model
is a reliable tool for the computation of compressible flows with large density
variation.

1. Introduction

Explicit algebraic Reynolds stress modeling of turbulence has proved to be a
useful tool for predicting qualitative and even quantitative features of turbulent
flows in many practically important configurations. Starting with modeling of
incompressible sheared and rotating flows in simple geometries (Wallin and Jo-
hansson (2000)), the model has been improved for the application to flows in
curved geometries (Wallin and Johansson (2002); Gatski and Wallin (2004))
and later generalized to include passive (Wikström et al. (2000)) and active
scalars (Lazeroms et al. (2013); Grigoriev et al. (2015)). Although the area
of compressible turbulence has been subject to a rather detailed analysis, see
Friedrich (1998) and Gatski and Bonnet (2013), we conclude that there is a
clear need for improvement due to the following reason. The initial investi-
gation of the effects of compressibility was motivated mainly by the study of
a mixing layer by Sarkar et al. (1989); Speziale and Sarkar (1991), in which

case the pressure-dilatation correlation p′ ∂k u′k is the most natural candidate
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to be analyzed. This is the consequence of the fact that two of the most impor-
tant compressibility factors – the mean dilatation and mean density gradient of
the flow – are weak in the mixing layer. In addition, ’mean local acceleration’
(Dt Ui−gi) has also negligible effect in this case. We may expect that turbulence
is prone to an immediate reaction to the mean dilatation ∂k Uk, mean density
gradient ∂i ρ̄ and ’mean local acceleration’ analogous with the consideration

of the rapid part of the pressure-strain correlation Π
(r)
ij = p′ (∂i u′j + ∂j u′i)

(r)

developed in Launder et al. (1975). Then, the influence of these ’driving forces’
will be proportional to the turbulence kinetic energy K and can be captured
by a rapid distortion theory (RDT). In contrast, the pressure-dilatation corre-

lation p′ ∂k u′k should be proportional to KM2
t (Mt =

√
2K/cs is a turbulent

Mach number, where cs is a speed of sound), at least not greater than ∼ KMt

which is a leading order in the expansion of related integral expression (Sarkar
(1992)), and represents a higher-order nonlinear effect of K in which acoustic
equilibration of turbulence should be taken into account as well.

Thus, the ’minor’ effect of the pressure-dilatation correlation has attracted
more attention than a consistent analysis of the ’major effects’ of mean dilata-
tion, mean density variation and ’local mean acceleration’. Although ’minor’
effects can be quite important and comparable to the ’major’ effects, they repre-
sent the next stage in the consideration. To improve the modeling, we analyzed
the extension of the rapid pressure-strain correlation to flows with significant
mean dilatation in Grigoriev et al. (2013). The resulting model turned out
to be realizable in several test cases, unlike earlier models like Wallin and Jo-
hansson (2000) based on inconsistent generalization of the rapid pressure-strain
correlation to compressible flows. Later in Grigoriev et al. (2016) we confirmed
that the model gives reasonable results consistent with RDT in the case of
a one-dimensional homogeneous compression of turbulent flow. In Grigoriev
et al. (2015) we also analyzed the influence of an active scalar represented by
the turbulent density flux driven by a mean density gradient and ’local mean
acceleration’. Considering quasi one-dimensional nozzle flow and adopting an
ad-hoc calibration we illustrated that including density flux effects in the model
does not deteriorate realizability, in fact improves it for the chosen calibration.
However, analyzing DNS data for combustion in a wall-jet flow by Pouransari
et al. (2013) we refined the calibration which allowed us to demonstrate via
a fixed-point analysis that our model correctly predicts streamwise and wall-
normal density fluxes as well as ayy and axy components of the anisotropy
tensor. Two other components, axx and azz have a certain offset associated
with the simplified form of the rapid pressure-strain correlation inhereted from
the Wallin and Johansson (2000) model, but display correct response to the
change in model parameters. Here, x, y and x denote the streamwise, trans-
verse and spanwise directions, respectively.

Since there are numerous industrial applications of high-speed flows, it is
highly desirable to have a unified model for predicting turbulence behaviour
of these flows. Probably, the most characteristic configuration is a de Laval
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nozzle in which flow accelerates from subsonic to supersonic (even hypersonic)
speed. Its conception comprises the operation of airplane engines describing
correct air dynamics in their intakes and outlets (ramjets, scramjets and rock-
ets). There are also low-speed applications with large density variation, e.g.
internal combustion engine (ICE) with associated gas cycles (Brayton, Erics-
son, Stirling etc.) characterized by a significant heat release due to combustion.
Here the compression/expansion is produced not due to the conversion of ki-
netic energy of the flow into internal energy but directly through the exchange
between different forms of internal energy. Another related example is a flow
of thermodynamically supercritical fluid where a moderate variation in tem-
perature or pressure can lead to a drastic change in density. As an example
found in nature, we can mention astrophysical jets emanating from rotating
galaxies which can be approximately considered as an analogue of nozzle flows
(Matsuda et al. (1990)). The turbulent evolution of accretion discs themselves
(Balbus and Hawley (1998)) may constitute an interesting base for the inves-
tigation of turbulent phenomena. Such effects as downbursts of wind can also
be interesting from the perspective of our model as representing a case with an
interplay of a noticable density gradient and large acceleration of the flow.

In this paper we will first reconsider the quasi one-dimensional nozzle flow
and identify two branches of the root for the consistency relation, the spuri-
ous S-branch (restricted only to quasi one-dimensional consideration) and the
physical P -branch (which can be extended to complex three-dimensional con-
figurations), depending on the calibration. We will also illustrate that both
branches can exhibit ’normal’ and ’anomalous’ behaviour depending on subtler
changes in the calibration. Then we will illustrate how the general framework
based on the ’normal’ P-calibration is applied to combustion in a wall-jet flow
marked with a large density gradient. Finally, supercritical flow of S-CO2 in
an annulus will be considered too. Although a reliable consideration of these
cases would require the application of a related LES we hope that the current
analysis can provide reasonable hints on what is happening in reality.

2. Formulation of the model

In Lazeroms et al. (2013) it has been demonstrated that in buoyancy driven
flows the coupling between the density flux, an active scalar, and turbulence
becomes very important. The solution of the coupled system of equations for
the anisotropy tensor and turbulent heat flux (proportional to density flux due
to Boussinesq approximation) resulted in an algebraic expression depending on
mean velocity gradients, mean temperature gradient and gravity. In Grigoriev
et al. (2015) it was shown that for a more general case of compressible flows
instead of a buoyancy force, gravity, we should use the ’local mean acceleration’
Dt Ui−gi coupled with density flux ∂i ρ̄. Here we will briefly describe the model
developed in Grigoriev et al. (2015), whose derivation implies the application
of a weak-equilibrium assumption, i.e. putting advection and diffusion terms
to zero, to the equations for the anisotropy tensor aij and normalized turbulent
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density flux ρ′ u′i/(
√
ρ′2
√
K). We will use the definitions

D = τ ∂k Uk, Sij = τ

2

(
∂j Ui + ∂i Uj

)
− D3 δij , Ωij = τ

2

(
∂j Ui − ∂i Uj

)
,

ζ̊i = ρ′ u′i√
ρ′2
√
K
, Γi = τ

√
K√
ρ′2

∂i ρ̄, Υi = τ

√
ρ′2

ρ̄
√
K

(
Dt Ui − gi

)
, (1)

where τ = K/ε is the turbulence characteristic time scale and D, Sij , Ωij , ζ̊i,
Γi, Υi the nondimensionalized dilatation, strain- and vorticity-tensors, density-
velocity correlation, density gradient and ’local mean acceleration’, respectively.
The model is given by a system of equations for the anistoropy tensor aij and

turbulent density flux ζ̊i

N aij = −S̃ij +
(
aik Ωkj −Ωik akj

)
, S

(+)
ij = ζ̊i Υj + ζ̊j Υi −

2
3 Υk ζ̊k δij ,(

Nζ δik + cS Sik + cΩ Ωik

)
ζ̊k = −

(
aik + 2

3 δik
)
Γk −

2
3 cΥ Υi,

S̃ij = 6
5 Sij + Cζ S

(+)
ij , Nζ = 2

9 N −
c1
2 − cρ + (cs − 1− 3 cD) D3 , (2)

where a consistency relation must be added

N = c′1 + 9
4

(
− ajk Skj − ζ̊k Υk

)
, c′1 = 9

4 (c1 − 1), (3)

which is non-linear in N since aij and ζ̊i are implicitly dependent on N through
(2). N is related to P/ε = −ajk Skj−2/3D and the consistency relation makes
sure that the N used within the model is consistent with the resulting P/ε.

In Grigoriev et al. (2015) we developed a method of solving (2) which

takes into account that aij formally depends both on Sij and S
(+)
ij linearly and

the solution to the first equation of the system is known and can be explcitly
written. Substituting it into the second equation we can explicitly solve for
ζ̊i. By substituting the solution for ζ̊i back into the aij-equation we obtain the
full algebraic solution. It depends on the only unknown quantity N for which
a polynomial equation is formulated. In general it does not admit an exact
solution and must be approximated.

We will not go into the further details of the modeling here, instead we will
try to show how a unified model comprising applications to several different
cases can be formulated.

3. Quasi one-dimensional plane nozzle flow

For a quasi one-dimensional plane nozzle flow system (2) can be solved exactly
without employing the general two-dimensional or general three-dimensional
methods, which are algebraically consistent indeed. Although it is very advan-
tageous, the effective determinant of a one-dimensionally reduced linear system
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of equations (2) is ∼ Nζ not ∼ N2
ζ or ∼ N3

ζ and this can lead to an unpleas-
ant effect: while one-dimensional problem is singularity free, a singularity may
appear when applying the general 2D or 3D solution (Grigoriev et al. (2015)).
Although it identically cancels out in the one-dimensional case, adding slight
2D- or 3D-effects may result in unphysical behaviour. Thus, it is important to
identify the roots which represent branches without singularities (even when a
system is exposed to moderate changes).

−16 −14 −12 −10 −8 −6 −4 −2 0

−2

0

2

4

6

8

10

12

14

F

N

S

P

Figure 1. Real roots of the quartic equation (4) in a quasi one-
dimensional plance nozzle flow as function of F . Blue, red, green
and magenta curves correspond to N (1), N (2), N (3) and N (4), re-
spectively. Black horizontal line is solution to the quadratic equa-

tion N2− c′1 N − 27
10 IIS = 0 for the ζ̊i ≡ 0 case. Branch represented

by N (2), to the left of the vertical line and above ζ̊1 ≡ 0 solution,
is a spurious branch (S). Branch composed of N (1) and N (3), to

the right of the vertical line and below ζ̊1 ≡ 0 solution, is physical
branch (P).

The N -equation for the nozzle flow can be factorized to a fourth order
polynomial equation written as

N4 −
(
c′1 − F

)
N3 −AN2 −BN − C = 0,

F = 9
2

[
− cρ −

c1
2 + (cS − 1− 3 cD) D3 + cS S11

]
, (4)

where the expressions for A, B, C can be found in Grigoriev et al. (2015).
The exact solution to (4) is shown in fig.1 (in colour). Apparently, the roots
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indicated by arrows are both candidates for a physical root. Since at the inlet
of the nozzle we prescribe the strain to be absent, the choice of the branch
depends on the value of cρ. In Grigoriev et al. (2015) we assumed cρ > 0 and

arrived at the root N (2) (upper indicated with arrow on fig.1). However, we
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Figure 2. Spatial evolution for high strain-rate S∗0 = 11.3 in a
quasi one-dimensional plane nozzle flow. (a) and (c) – normalized

production
P + Ψ

ε
: red shows the ’incompressible’ part, blue – the

’dilatational’ part, green – the ’baroclinic’ (corresponding to the
density-velocity correlation) part, black – total production, respec-
tively. (b) and (d) – anisotropy tensor components: red – a11, blue
– a22, green – a33. Solid lines represent ’normal’ solutions, dashed

lines – ’anomalous’, dotted lines – ζ̊1 ≡ 0 case. (a-b) represent the
spurious root, (c-d) – the physical. The corresponding calibrations
are shown in table.1

noticed that both two-dimensional and three-dimensional determinants change
sign during the change from subsonic to supersonic regime. Since a real nozzle
flow always has at least small 3D-components, the solution based on N (2) has to
be considered as spurious. In addition, when cΥ ≡ 0 it results in an anomalous
behaviour of ζ̊1, i.e. it is negative and directed parallel to the density gradient,
from the region with low density to the region of high density. In principle such
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a situation cannot be completely discarded when considering turbulent flows
and it may happen in separated restricted regions but it is unlikely to happen in
a large region. As we have also shown, by increasing cΥ we change the direction
of ζ̊1 to ’normal’ (opposite to the gradient of mean density), from the inlet up
to the outlet at sufficiently high cΥ (this also requires higher magnitudes of cS
and cD). The branch exhibits a critical dependence on the model parameters
cD, cS , cΨ and cΥ . Surprisingly, even then model (2) supplemented by a k− ω
model is robust enough to show realizable results.
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Figure 3. Spatial evolution for high strain-rate S∗0 = 11.3 in a
quasi one-dimensional plane nozzle flow. (a) – N , (b) – normalized

density flux ζ̊1. Red lines – spurious S-branch, blue lines – physi-

cal P-branch, dotted lines – ζ̊i ≡ 0 solution. Solid lines represent
’normal’ solutions, dashed lines – ’anomalous’ solutions.

Table 1. Calibrations in figures 2. and 3.

S-normal P-normal S-anomalous P-anomalous
cΨ 0.0 0.0 1.0 1.0
cS −3.0 1.0 −1.0 1.0
cρ 1.0 −4.0 1.0 −4.0
cD 3.0 0.0 1.0 0.0
cΥ 0.6 0.0 0.0 1.0

In Grigoriev et al. (2016) we used a different calibration cρ = −4.0, cS =
cΩ = 1.0, cΨ = 0, cD = 0, cΥ = 1.5 to perform a fixed-point analysis of a wall-
jet flow with large density variation caused by combustion. Good predictions of
the density fluxes and anisotropy tensor components have been demonstrated.
But when applied to the nozzle flow, a large negative cρ means that we choose

the root composed of N (1) and N (3), not N (2). Moreover, both in the com-
bustion case and the nozzle case 2D- and 3D-determinants do not change sign
during the evolution thus demonstrating a robust behaviour. For this reason
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we can call the lower branch in fig.1 as ’physical’ (P). Interestingly, at cΥ = 0
the density flux demonstrates ’normal’ behaviour but increasing the parameter
we arrive at an ’anomalous’ behaviour all along the nozzle. Observe that on
the P-branch the solution is not so sensitive to the parameters as on S-branch.

In fig.2 we show the results for both the S- and P -branches illustrating that
each may behave ’normally’ or ’anomalously’. The corresponding sets of pa-
rameters are summarized in table.1. In fig.3 the evolution of the corresponding
N and ζ̊1 is shown.

Since only DNS and experiments can decide which scenario becomes real-
ized, the figures can be valuable in keeping the most characteristic features of S-
and P-branches and ’normal’ and ’anomalous’ regimes. Note, for example, that
the P-’normal’ solution has a very wide plateau in a11 and significant peak in
a33. Analogously, a maximum in ζ̊1 happens then close to the outlet, unlike for
the S-’normal’ solution, and the opposite applies to the ’anomalous’ solutions.

4. Combustion in a wall-jet flow
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Figure 4. Strain-tensor components and dilatation in a case of
combustion in a wall-jet turbulent flow. (a) S12 – magenta. (b)
Black – D, red – S11, blue – S22, green – S33. Solid – the quantities
based on Reynolds averaged velocities, dashed – on Favre averaged

ones.

In Grigoriev et al. (2016) we have compared DNS data of combustion in
a wall-jet flow by Pouransari et al. (2013) with our EARSM (Grigoriev et al.
(2015)) adopting a P -calibration cΨ = 0.0, cρ = −4.0, cS = cΩ = 1.0, cD =
0.0, cΥ = 1.5. Even with this roughly chosen set of parameters (without further
comprehensive calibration) we have obtained good accuracy in the prediction
of the turbulent density flux components at different streamwise positions (in
regions where weak-equilibrium assumption is applicable). The jet is effectively
two-dimensional and far from the wall spanwise fluctuations vanish, unlike the
cross-stream fluctuating component which becomes dominant. We are exclu-
sively interested in the region where strong turbulence (characterized by high
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turbulence kinetic energy K) is developed. As expected, the region coincides
with high kinematic gradients of the flow (Pouransari et al. (2016)). In ad-

dition to K, strong density variance ρ′2 is observed in the regions with high
mean density gradient ∂i ρ̄. Revisiting the case, we want to more carefully ad-
dress the questions concerning the choice of the Reynolds averaging over Favre
averaging, the relative importance of the effects of shear, strain, dilatation and
coupling of the density gradient with ’local mean acceleration’, as well as to
test a possibility to use the S-calibration in this case.

The relation between Reynolds and Favre averaged velocities Ui and Ũi,

respectively, is ρ̄ Ui = ρ̄ Ũi − ρ′ u′i and the magnitude of ůi = ρ′ u′i/ρ̄ is 1− 2%
of Ux for this case with maximum Mach number Mmax = 0.5. However, the
wall-normal derivatives ∂y ůi can be comparable to ∂x Ux and ∂y Uy. Indeed,
fig.4(b) shows that the diagonal components of Sij and D exhibit substantial
differences between Reynolds and Favre formulations. The difference between
the formulations for the main driving factor S12 is of the same order but in
comparison with S12 it is not very significant. It can be demonstrated that
the anisotropies and density fluxes resulting from the velocity gradients and
Υi computed in our EARSM using both approaches are very close. Moreover,
the difference between the results is smaller than the accuracy of the model
(although the anisotropy tensor also differs between formulations, this differ-
ence is negligible). In general, the preference of the Reynolds or Favre averaged
implementation can be decided only by performing both and making a compar-
ison. Based on the current data, we cannot make a decisive conclusion. Note

that both formulations employ the same EARSM, only substituting Ũi or Ui
depending on the formulation. This is an inevitable consequence of the need to
model the rapid pressure-strain correlation. The only difference between the
implementations is that Υi ∼ ρ̄ (Dt Ui − gi) is used in the Reynolds averaged
approach while in the Favre averaged approach Υi ∼ −(∂i P − τ̄ij) must be
adopted.

Although the turbulent density flux is rather weakly coupled to the anis-
toropy equation in this particular case, it visibly improves the slopes of a11 and
a33 near y+ ≈ 100 and the values themselves between y+ = 300 − 400 as we
indicated in Grigoriev et al. (2016). The offset between the DNS and the model
magnitudes of a11 and a33 is due to the simplified rapid-pressure strain correla-
tion model with q3 = 1 in the underlying EARSM. The influence of dilatation
is rather small in this case (two or three times smaller than the influence of the
turbulent density flux) and essentially emerges through non-zero S33 ≡ −D/3.
By increasing the parameter cD beyond ∼ 2 we would increase the influence of
D so it noticably affects ζ̊i, but the data from this DNS study does not give a
possibility to make an accurate calibration of cD. Actually, the best option for
the calibration of constants which represent the effect of dilatation would be
the nozzle flow. Unfortunately, at the moment we have not succeeded in find-
ing DNS or experimental data which give a possibility to perform reasonable
comparisons with our model for that case.
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Figure 5. The influence of mean density gradient and ’mean local
acceleration’ in a case of combustion in a turbulent wall-jet flow.
(a) – Υi, (b) – Γi. Red – x-components, blue – y-components. (c)
red – Γx Υx, blue – Γy Υy, green – Γx Υy. (d) magenta – Γy Υx, black
– II∗S/10.

Fig.5 demonstrates the influence of the ’active scalar’ effects (as contrasted

to purely kinematic effects) represented by a turbulent density flux ζ̊i which
depends on Γi and Υi and is coupled to aij . The normal-wall y-component of
Γi is dominant and ranges ∼ [−4, 3] while Υi is dominated by the streamwise

x-component ranging ∼ [−0.25, 0.2]. Since in the ζ̊i-equation Γy is coupled
with a12 and a22 which in the region of interest are close to 0.3 and −0.3,
respectively, we may conclude that the influence of cΥ Υi-term is ∼ 6 times less
significant than the influence of Γi itself. Observe that IIΓ Υ = Γk Υk is not
important and only Γy Υx is of relative importance, ∼ 10% of the influence of

II∗S = IIS + D2/3 as seen from fig.5(c-d). Thus, the term cΥ Υi affects ζ̊i in a
rather restricted way. Similarly, the influence of Γi Υj on the coupled system
(2) is rather small, although still visible. Note that quantities like II∗S and Γi Υj
constitue the coefficients of the consistency relation, not their square roots.

Finally, we intend to verify if a S-calibration would give reasonable results
in the case of reacting wall-jet flow. The emerging singularity in the effective
deteminant of (2) can be handled by taking Det/(∆2 + Det2) instead of 1/Det.
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Figure 6. DNS data of a wall-jet of fuel injected into an oxidizer by
Pouransari et al. (2013) together with model predictions. (a) and

(b): normalized density fluxes ζ̊x (left) and ζ̊y (right), respectively.
Anisotropies a12, a22 (c) and a11, a33 (d), respectively. Dashed lines
– DNS Pouransari et al. (2013), solid lines – the P-root of Grigoriev
et al. (2015), dashed lines – the S-root of the model. x/h = 25.
y+ = y uτ/ν = 102.4 y/h.

In this case we choose ∆ =
√

5 (a specific value is not so important if not
very small or large). To arrive at reasonable predictions of the density fluxes
and anisotropies at x/h = 25, as in Grigoriev et al. (2016), we adopt cΨ =
0.0, cρ = 1.0, cS = −2.2, cΩ = −0.8, cD = 0.0, cΥ = 1.5. The comparison with
P -calibration and DNS is shown in fig.6. We see that the anisotropies are very
little affected by the switching from one calibration to the other (except the
effects of S-singularity near y/h = 0.5) which is the consequence of a rather
small Mach number M = 0.5 (as we assured analyzing the nozzle flow, it is
effectively in the incompressible regime when strain J dominates dilatation
D). We also see that although the predictions obtained using S-calibration
are worse than those obtained with P -calibration, the former gives reasonable
results and, moreover, a chosen calibration is applicable even when changing
the streamwise position x/h. One can also note that varying cΥ we change ζ̊x
in the P -calibration while ζ̊y is effected in the S-calibrations. Thus, a kind
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of π/2 ’phase change’ occurs when changing the branch which illustrates that
the physics on the two branches is different. Again, we may expect that the
decisive test to choose between the calibrations have to be performed in the
supersonic regime.

5. Flow of supercritical carbon dioxide with heat transfer

When a substance has a temperature and pressure higher than the critical tem-
perature and pressure Tcr and Pcr, respectively, it possesses properties inherent
both to gases and liquids and is called a supercritical fluid. Although for a vast
amount of substances Tcr is moderate and even low (e.g. 647.1 K for water and
190.4 K for methane, respectively), the critical pressure is typically larger than
∼ 40 atm (He has the lowest Pcr = 2.245 atm). At any P > Pcr there is a
pseudo-critical temperature Tpc at which the specific heat at constant pressure
cp has a distinct maximum. In the vicinity of Tpc thermodynamic properties
vary very sharply under slight changes in temperature. Consequently, a super-
critical fluid can undergo strong volume changes even in a low speed regime
without chemical reactions. The combination of significant mean dilatation
D, mean density gradient ∂i ρ̄ and mean acceleration Dt Ui makes the analysis
of such cases very appealing for the testing and calibration of the proposed
EARSM.

In this section we will analyze turbulent upward flow of supercritical C O2
in a cylindrical annulus with radial heat transfer due to temperature difference
between inner and outer walls. This low-Mach number case has been subject
to a DNS study by Peeters et al. (2014) which we will use as a reference. The
critical parameters of carbon dioxide are Tcr = 304.1 K and Pcr = 7.377 MPa
and the DNS study assumes that the thermodynamic pressure P ∗0 = 8 MPa
while the temperatures of the walls are T ∗h = 323 K (inner) and T ∗l = 303
K (outer). Here, and in the following, the physical quantities representing the
setup are marked with the superscript ∗. At P ∗0 the pseudo-critical temperature
is T ∗pc = 307.7 and is found between the walls. In the RANS framework, the
developed state can be considered as stationary with only the streamwise (x-
) mean flow component varying in the radial (r−) direction. Although the
Reynolds averaged mean velocities may possess non-zero dilatation, at this
stage we will neglect its effect and concentrate on the more direct influence of
variable density.

Density, dynamic viscosity and thermal conductivity are non-dimensionalized
by their pseudo-critical values ρ∗pc, µ

∗
pc and λ∗pc, respectively, while tempera-

ture and enthalpy as h = (h∗ − h∗l )/(h∗h − h∗l ) and T = (T ∗ − T ∗l )/(T ∗h − T ∗l )
so that they vary in the range [0, 1]. The velocity is non-dimensionalized by
the bulk velocity w∗b =

∫
u∗x dS/Scs, where the cross section of the annu-

lus is Scs. The Reynolds number is defined as Re = ρ∗pc w
∗
b Dh/µ

∗
pc, where

Dh = 2 (Rout − Rin) represents the length scale which coincides with the
outer radius of the annulus Rout = 2Rin, while the Prandtl number is de-
fined as Prh = [µ∗pc (h∗h− h∗l )]/[λ∗pc (T ∗h − T ∗l )]. In correspondence with Peeters
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et al. (2014) we take Re = 10000, P rh = 2.848 and consider one case with-
out gravity and one case with gravity gx = −1/Fr, where Froude number
Fr = w∗b

2/(|g∗x|Dh) = 10. The DNS data are not yet available and for this
reason the comparisons will be essentially of qualitative and preliminary nature.

The friction Reynolds number Reτ = ρ∗pc u
∗
τ (Rout − Rin)/µ∗pc for these

cases can be estimated as ∼ 220, which is close to the lower boundary when
turbulence becomes developed. For this reason near-wall low-Re corrections
would be needed but we skip them to make the presentation as clear and clean
as possible.

It is assumed that the thermodynamic pressure is uncoupled from the hy-
drodynamic pressure which has a homogeneous favourable gradient pushing the
fluid upward. We write the mean momentum equation as

ρ̄ ∂t Ui + ρ̄ Uj ∂j Ui + ∂j Rij + ∂i Phy =

= 2Re−1 ∂j (µ S̃ij) + ρ̄ gi + Rij
ρ̄
∂j ρ̄+

[
(c′′ρ + c′ρ/2) τ−1

]
ρ′ u′i, (5)

where S̃ij = 0.5 (∂i Uj + ∂j Ui − 2/3 ∂k Uk δij). Observe that the sum c′′ρ + c′ρ/2
forms the coefficient cρ = c̄ρ/2− (c′′ρ + c′ρ/2) and for simplicity we will put the
sum to 4.0. This will be shown to be a reasonable choice, and to emphasize
the importance of the last term on the right-hand side of (5) we completely
skipped the following terms (see formula (A.8) in Grigoriev et al. (2015)):

ρ̄ ∂j
ρ′ u′i u

′
j

ρ̄
+ c̄p

ρ′ u′i ρ
′ u′j

ρ′2
∂j ρ̄+ 2

3 cΥ
ρ′2

ρ̄
(Dt Ui − gi)−

−
(
cD ∂k Uk δij + cm ∂j Ui + cn ∂i Uj

)
ρ′ u′j . (6)

The first two terms should not be very important while the others are zero due
to adopting P -’normal’ calibration used for the nozzle and combustion cases,
both with cΥ = 0.0 and cΥ = 1.5 (in the latter case we neglect the influence of
the density-variance in the third term).

The density-velocity correlation is governed by (2) and we additionally as-
sume that the correlations of other thermodynamic quantities are proportional
to ρ′ u′i, for instance, h′ u′i = (∂ h/∂ ρ)P∗

0
ρ′ u′i. Then, the energy equation can

be formulated as

ρ̄ ∂t h̄+ ρ̄ Uj ∂j h̄+ ∂j(ρ̄ h′ u′j) = (RePrh)−1 r−1 ∂r

(
r λ̄ ∂r T

)
. (7)

Finally, we combine equations (5) and (7) with a K − ω model.

Fig.7 shows that the profiles of the velocity, thermodynamic parameters
and turbulent shear stress for gx = 0 without buoyancy effects are indeed very
close to DNS results by Peeters et al. (2014). However, the radial heat flux is
∼ 10% underpredicted. Although this can be improved by a finer calibration,
we prefer to leave it as it is for the time being. We do not have any reference
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data for a streamwise heat flux ρ̄ h′ u′x, but the related streamwise mass flux
ρ′ u′x, last term on the right-hand side of (5), contributes to the development
of correct profiles. This is confirmed by fig.7 illustrating the erroneous shift of
the zero-point of shear stress when this term is neglected. The mean thermal
conductivity λ̄ is overestimated by 5% at r ≈ 0.55 (where ρ′2 attains its

maximum) and this is because in the expansion λ̄ = λ(h̄)+0.5 (∂2 λ/∂ h̄2)P∗
0
h′2

we omit the second term with the second derivative reaching large negative
magnitudes (∼ −20). The results for gx = −0.1 with buoyancy are also shown
to demonstrate the trends (at the moment without comparing with DNS data).
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Figure 7. Upward flow of supercritical C O2 with heat transfer in
an annulus at Re = 10000. Dashed lines represent the case with
zero gravity. The outcome of neglecting the last term on the rhs of
the equation (5) is illustrated by dash-dotted lines for gx = 0. Solid
lines describe the case with gravity gx = −0.1 with cΥ = −0.1. (a) –
mean velocity; (b) – thermodynamic parameters; (c) – shear stress
components; (d) – radial- and streamwise-components of heat flux.
r is scaled with Dh.

The mass fluxes, turbulence kinetic energy, density variance and diagonal
anisotropies are shown in fig.8. It is also shown that non-zero cΥ noticeably
changes only ρ′ u′x but does not effect the other quantities much. This implies
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that in cases with weak-coupling between ζ̊i and aij the coefficient is not very
important, unlike in cases with strong coupling, e.g. nozzle flow.
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Figure 8. Upward flow of supercritical C O2 with heat transfer in
an annulus at Re = 10000. Dashed lines represent the case with
zero gravity. The case with gravity gx = −0.1 is described by solid
lines for cΥ = 0 and dash-dotted lines for cΥ = 1.5. (a) – streamwise
mass flux; (b) – radial mass flux; (c) – diagonal anisotropies a22 and
a33; (d) – turbulence kinetic energy and density variance. r is scaled
with Dh.

Although we invoked several simplifications while applying our EARSM to
the case of supercritical flow, the obtained results are rather accurate and show
consistent physical trends. We suppose that gradually including the neglected
effects will significantly improve the predictions which will be compared with
full DNS data.

6. Conclusion

In this paper we have revisited the cases considered in the previous papers
Grigoriev et al. (2013, 2015, 2016) and considered the case of a supercritical
fluid. Here we have made an attempt to derive a unified explicit algebraic Rey-
nolds stress model for compressible turbulent flow with large density variation.
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Starting with de Laval nozzle flow in a quasi one-dimensional approximation,
we have shown that there are two primary branches of calibration associated
with the influence of the turbulent density flux. Namely, a spurious branch
which leads to a model singularity when applied to two- and three-dimensional
flows, and a physical branch which shows non-singular behaviour in all the ana-
lyzed flow configurations. Both branches can exhibit ’normal’ behaviour, when
the density flux is in the direction opposite to the gradient of mean density,
and ’anomalous’ behaviour with the density flux being parallel to the gradient.
It is remarkable that in either of the calibrations the realizability of turbulence,
i.e. positiveness of the eigenvalues of the Reynolds stress tensor, is retained
everywhere.

The ’normal’ calibration of the physical branch is the most probable can-
didate for use in reality. It gives good predictions of the density fluxes in the
wall-jet flow with heat release. It has been applied as well to an upward flow
of supercritical carbon dioxide with heat transfer and buoyancy. Due to the
simplifications made, there are still slight differences between the EARSM and
the corresponding DNS data but the main trends are predicted correctly.

In both the combustion and supercritical case the coupling between the
anisotropy tensor equation and the density flux equation is not very important.
This means that the influence of certain terms is of secondary significance and
the model performance is not sensitive to the specific values of related constants.
Thus, they cannot be calibrated yet. The comparison with experimental or
DNS data for the nozzle flow, when the coupling is strong, would be very
useful to this purpose, but we have not found appropriate data.

Summarizing, we find that our model indeed can be applied to several
compressible flow cases with large density variation, including high-speed and
low-speed flows, heat-releasing and supercritical flows. We are looking forward
to more comparisons and more advanced applications of the model.
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