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Kungliga Tekniska Högskolan, Stockholm.

©I.A. Grigoriev 2016

Universitetsservice US-AB, Stockholm 2016



Turbulence modeling of compressible flows with
large density variation

Igor A. Grigoriev
Linné FLOW Centre, KTH Mechanics, Royal Institute of Technology
SE-100 44 Stockholm, Sweden

Abstract

In this study we highlight the influence of mean dilatation and mean density
gradient on the Reynolds stress modeling of compressible, heat-releasing and
supercritical turbulent flows. Firstly, the modeling of the rapid pressure-strain
correlation has been extended to self-consistently account for the influence of
mean dilatation. Secondly, an algebraic model for the turbulent density flux
has been developed and coupled to the tensor equation for Reynolds stress
anisotropy via a ’local mean acceleration’, a generalization of the buoyancy
force.

We applied the resulting differential Reynolds stress model (DRSM) and
the corresponding explicit algebraic Reynolds stress model (EARSM) to homo-
geneously sheared and compressed or expanded two-dimensional mean flows.
Both formulations have shown that our model preserves the realizability of the
turbulence, meaning that the Reynolds stresses do not attain unphysical val-
ues, unlike earlier approaches. Comparison with rapid distortion theory (RDT)
demonstrated that the DRSM captures the essentials of the transient behaviour
of the diagonal anisotropies and gives good predictions of the turbulence kinetic
energy.

A general three-dimensional solution to the coupled EARSM has been for-
mulated. In the case of turbulent flow in de Laval nozzle we investigated the
influence of compressibility effects and demonstrated that the different calibra-
tions lead to different turbulence regimes but with retained realizability. We
calibrated our EARSM against a DNS of combustion in a wall-jet flow. Cor-
rect predictions of turbulent density fluxes have been achieved and essential
features of the anisotropy behaviour have been captured. The proposed cali-
bration keeps the model free of singularities for the cases studied. In addition,
we have applied the EARSM to the investigation of supercritical carbon dioxide
flow in an annulus. The model correctly captured mean enthalpy, temperature
and density as well as the turbulence shear stress. Hence, we consider the
model as a useful tool for the analysis of a wide range of compressible flows
with large density variation.

Descriptors: Turbulence, DRSM, EARSM, active scalar, compressible flow,
reacting flow, supercritical flow
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Turbulensmodellering av kompressibel strömning
med stor densitetsvariation

Igor A. Grigoriev
Linné FLOW Centre, KTH Mekanik, Kungliga Tekniska Högskolan
SE-100 44 Stockholm, Sverige

Sammanfattning

I denna studie undersöks p̊averkan av betydande faktorer som medeldilata-
tion och medeldensitetsgradient p̊a kompressibel, värmegenererande och su-
perkritisk turbulent strömning. För det första har modelleringen av den snabba
trycktöjningskorrelationen utvidgats till att p̊a ett självkonsistent sätt beskriva
p̊averkan av medeldilatation. För det andra har en algebraisk modell för
det turbulenta densitetsflödet (densitets-hastighetskorrelationen) kopplats till
tensorekvationen för den Reynoldska spänningens anisotropi via den lokala
medelaccelerationen som inkluderar flytkraft.

Vi har tillämpat den resulterande differentiella Reynolds spänningsmod-
ellen (DRSM) och den motsvarande explicita algebraiska Reynolds spännings-
modellen (EARSM) p̊a homogent skjuvade och komprimerade eller expander-
ade tv̊adimensionella medelströmningar. B̊ada formuleringarna har visat att
v̊ar modell bevarar turbulensens realiserbarhet, vilket innebär att de Reynold-
ska spänningarna inte antar ofysikaliska värden, till skillnad fr̊an tidigare for-
muleringar. Jämförelser med snabb distortionsteori (RDT) visar att DRSM
f̊angar essensen av det transienta beteendet hos de diagonala anisotropikompo-
nenterna och ger god prediktion av turbulensens kinetiska energi.

En generell tredimensionell lösning till den kopplade EARSM:en har hit-
tats. I fallet med turbulent strömning genom de Lavalmunstycke undersökte
vi p̊averkan av kompressionseffekter och visade att olika kalibreringar leder till
olika turbulensregimer, men med bevarad realiserbarhet. Vi har kalibrerat v̊ar
EARSM mot DNS av förbränning i en väggjet. Modellen ger korrekta predik-
tioner av densitetsflöden och anisotropi. Den föreslagna kalibreringen ger en
modell utan singulariteter för de fall som studerats. Dessutom har vi tillämpat
EARSM:en för strömning av superkritisk koldioxid i en annulär rörgeometri.
Modellen f̊angar medelprofiler för entalpi, temperatur, densitet och turbulenta
skjuvspänningar korrekt. S̊aledes anser vi att modellen är tillämpbar vid analys
av en mängd olika kompressibla strömningsfall med stora densitetsvariationer

Nyckelord: Turbulens, DRSM, EARSM, aktiv skalär, kompressibel strömn-
ing, reaktiv strömning, superkritisk strömning
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Preface

This thesis presents an explicit algebraic and differential Reynolds stress
models for the simulation of compressible, heat-releasing and supercritical tur-
bulent flows with large density variation. We have considered stationary and
non-stationary homogeneously sheared and compressed flows, de Laval nozzle
flow in a quasi one-dimensional approximation, a combustion wall-jet with flow
and supercritical flow of S-CO2 in an annulus. The first part presents a short
introduction to the area as well as a guide through the obtained results. The
second part consists of 3 published articles and 2 reports (to be extended and
reworked into articles). The layout of the published papers has been adjusted
to fit the format of this thesis, but their content has not been changed except
for the correction of small mistakes.

Paper 1.
I.A. Grigoriev, S. Wallin, G.Brethouwer & A.V. Johansson, 2013
A realizable explicit algebraic Reynolds stress model for compressible turbulent
flow with significant mean dilatation. Phys. Fluids 25(10), 105112

Paper 2.
I.A. Grigoriev, S. Wallin, G.Brethouwer & A.V. Johansson, 2015
Capturing turbulent density flux effects in variable density flow by an explicit
algebraic model. Phys. Fluids 27(4), 045108

Paper 3.
I.A. Grigoriev, S. Wallin, G.Brethouwer, O.Grundestam & A.V.
Johansson, 2016
Algebraic Reynolds stress modeling of turbulence subject to rapid homogeneous
and non-homogeneous compression or expansion. Phys. Fluids 28(2), 026101

Paper 4.
I.A. Grigoriev, S. Wallin, G. Brethouwer & A.V. Johansson, 2016
Unified explicit algebraic Reynolds stress model for compressible, heat-releasing
and supercritical flows with large density variation. To be extended.

Paper 5.
I.A. Grigoriev & W.M.J. Lazeroms, 2015
Direct solution for the anisotropy tensor in explicit algebraic Reynolds stress
models. To be extended.
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IG revealed that the EARSM coupled with the turbulent density flux admits
a closed solution for the nozzle flow with a resulting fourth-order polynomial
consistency equation. Further, IG has found general 2D and 3D solutions for
the coupled problem. The simulations and analysis were carried out by IG with
feedback from AJ, SW and GB.
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AJ proposed to compare DRSM and RDT results when applied to a homo-
geneously sheared and compressed turbulence. AJ also proposed to calibrate
EARSM coupled to turbulent density flux with DNS data of combustion in
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stratified turbulent flow with forcing. The simulations and analysis have been
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IG learned from Jurriaan Peeters (TU Delft, Netherlands) about a problem
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I am an old man now, and when I die and go to heaven
there are two matters on which I hope for enlightenment.
One is quantum electrodynamics, and the other is the
turbulent motion of fluids. And about the former I am
rather optimistic.

Horace Lamb (as attributed to)
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CHAPTER 1

Introduction

1.1. Turbulence

The word ’turbulence’ is very widespread and there is a commonplace tendency
to apply it to every phenomenon characterized by chaotic unpredictable mo-
tion potentially abundant in extraordinary events and whose statistics deviates
from the normal (Gaussian) distribution. Nevertheless, there is an obvious ex-
ample of a non-turbulent system with chaotic motion – the fully deterministic
Lorenz attractor (Lorenz (1963)) representing atmospheric convectively forced
nonlinear system with dissipation. Therefore, it must be stressed that the sys-
tems which exhibit nonlinear dynamics can possess features typical for what we
call ’turbulence’. For instance, the evolution of hot thermonuclear plasma in
a strong magnetic field, which makes the fluid motion quasi two-dimensional,
demonstrates anomalous and irregular transfer of heat and particles, which
can be predicted by a reduced system of equations based on the separation of
slow unstable motions and rapid stable motions (Pastukhov and Chudin 2005,
2010). The principles of such a plasma evolution are very similar to those of
the intermediate-scale two-dimensional atmospheric motions such as cyclones
and anticyclones. For more examples of nonlinear dynamical and chaotic sys-
tems see e.g. Strogatz (2004). These two cases are illustrations of so-called
’two-dimensional turbulence’ observed in a fluid flow (Kraichnan (1971)) when
kinetic energy can flow from large scales to small scales (direct cascade) and in
the opposite direction (inverse cascade). The energy tends to pile up on large
scales forming coherent structures, rather than to dissipate at small viscous
scales.

However, by letting the third dimension to come into play we will observe a
drastic change – on average, only direct cascade becomes possible and it really
develops at certain conditions. Namely, strong enough fluid forces, e.g. shear
and strain, ’shatter’ fluid streamlines into finer and finer patches. During such
a process, occurring in the range of spatial scales called ’inertial’ and placed
between the largest and smallest scales, the kinetic energy is progressively trans-
mitted by the cascade to dissipative scales where it is finally destroyed. Impor-
tantly, this process cannot be neglected or separated from large-scale dynamics
and cardinally modifies it. So, here we adopt a convention to imply by turbu-
lence only a three-dimensional fluid dynamics in situations with a developed
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4 1. INTRODUCTION

direct inertial cascade. As shown by Biferale et al. (2012), local reversions are
always present even in isotropic turbulence but are not significant.

Although it has not been strictly proved so far that turbulence is a conse-
quence of a dynamics governed by the Navier-Stokes equation (in fact, some-
times you can come across one or another attempt to discuss the origin of
turbulence without invoking the equation), nowadays it is considered to give
a reliable description of the phenomenon. For a general compressible flow the
Navier-Stokes equation is written as

∂t (ρ ui) + ∂k (ρ ui uk) = −∂i p+ ρ gi + ∂k τik,

τik =
[
µ(∂kui + ∂iuk) +

(
µv −

2
3µ
)
δik∂lul

]
, (1.1)

where ui is velocity, ρ – density, P – pressure, gi – gravity vector, τik – viscous
stress tensor; the fluid is assumed to be Newtonian and µ is dynamic viscosity
while µv is the bulk viscosity. As has been experimentally demonstrated by
Osborne Reynolds in 1883, turbulence in incompressible flow develops when
the Reynolds number Re = ρLV/µ is high enough – the value itself varies
between different cases and lies in the range ∼ 103 − 106 (L and V are char-
acteristic macroscopic length- and velocity-dimensions). At the moment, few
exact analytical results describing the inertial cascade of a turbulent flow have
been extracted from equation (1.1). Moreover, the two most celebrated of
them were derived for an isotropic stationary turbulence and asymptotically
high Re: the scaling stating that the spectral density of energy in the inertial
range is E(k) ∼ ε2/3 k−5/3 (Kolmogorov (1941a)) and the exact expression for

the third-order longitudinal structure function in that range S
(3)
lll (r) = −4/5 ε r

(Kolmogorov (1941b)), where ε is the dissipation rate at viscous scales. Inter-
estingly, the last result is better sustained in forced than in decaying turbulence,
see e.g. Antonia and Burattini (2006). In equilibrium isotropic turbulence ε
is just equal to the energy input at large scales, but otherwise the quantity
has to be determined somehow. To the latter purpose already Kolmogorov
(1942) proposed to solve an appropriately constructed system of equations for
the turbulence kinetic energy and turbulence dissipation.

Several tools have been developed to study and predict turbulent flows.
One of them is Direct Numerical Simulation (DNS) of turbulent flows, whereby
the governing equations are solved numerically without employing any mod-
eling assumptions. In realistic configurations it is extremely time consuming
even using modern supercomputes since spatial resolution has to be nearly as
fine as the Kolmogorov length scale η = (ν3/ε)3/4 while time resolution nearly
as fine as, at least, the corresponding time scale τη = (ν/ε)1/2. For explicit
methods, the Courant-Friedrichs-Lewy condition may also impose even more
demanding requirement on the time resolution, see discussion in Pope (2011).
For this reason, approaches which demand less computational power are re-
quired to predict at least certain features of turbulence behaviour. As a first
step, one can use Rapid Distortion Theory (RDT) to exactly describe the initial
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linear stage of turbulence evolution (Hamlington and Ihme (2014)). However,
even such simplified approach can be only effectively applied to homogeneous
flows and does not say anything about the state of saturated non-linear tur-
bulence. To this purpose, Large Eddy Simulation (LES) has been proposed,
which is based on the separation of full dynamic quantities into filtered and
subgrid-scale (SGS) parts. On one hand, implicit LES methods do not use
any modeling for SGS-part and assume that the numerical dissipation gives
a sufficient dissipation rate of turbulence kinetic energy at the smallest scales
(Grinstein et al. (2007)). Observe that such numerical schemes are related
to shock-capturing schemes, which indicates a possible analogy between the
processes of turbulence dissipation and dissipation through a shock wave. An-
other mainstream view is that models which relate filtered correlations of SGS
quantities (e.g. turbulent stresses or density fluxes) to certain functions of fil-
tered quantities are really necessary and adequate in capturing correct physics
of the cascade energy transfer. In principle, the relations can be of arbitrary
nature, i.e. integral, differential or algebraic. Indeed, the dynamic procedure
(Germano et al. (1991)), based on the assumption of self-similarity of subgrid
scale motions, is a very important tool in LES. Up-to-date, mostly algebraic
approaches turned out to be useful in giving reasonable tools for building the
structure of SGS-models, e.g. the model by Smagorinski (1963). Moreover,
these model have a form similar to the models developed for solution of the
Reynolds Averaged Navier-Stokes (RANS) equations when full quantities are
devided into ensemble averaged mean quantities and fluctuating quantities with
the resulting mean momentum equation written in the Reynolds averaged form
(although density-weighted Favre averaging is commonly considered to be bet-
ter adjusted for the analysis of compressible flows, we will argue that it has
serious drawbacks)

∂t (ρ̄ Ui) + ∂j (ρ̄ UiUj) = −∂j Rij − ∂iP + ∂j τij + ρ̄ gi−

−
(
∂t ρ′ u′i + ∂j (ρ′ u′i Uj) + ∂j (ρ′ u′j Ui)

)
, (1.2)

where Ui = ui (operation X denotes ensemble averaging), Rij = ρ u′i u
′
j is

the Reynolds stress tensor and ρ′ u′i – density-velocity correlation. Note that
this is not equivalent to the LES approach of separating the quantities and
is not equivalent to time averaging. There is a conceptual difference between
LES and RANS, expressed mainly as different choice of length and time scales,
even if the corresponding SGS-model and a model for Rij have the same tensor
structure. LES can be considered as a ’truncated DNS’ in which the filter width
∆, located in the inertial range and being the smallest resolved scale, is the
characteristic length scale. Meantime, in RANS the scales are detemined by the
macroscopic turbulence parameters K3/2/ε and K/ε, where K is the turbulence
kinetic energy of all fluctuating motions. This explains the fact that LES in
contrary to RANS simulations indeed requires full three-dimensional treatment,
to resolve turbulent fluctuations in the inertial range, even in statistically two-
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or one-dimensional flows, see e.g. Marstorp et al. (2009) and Rasam et al.
(2013, 2014).

LES is expensive, especially for wall-bounded flows at high Re. Turbu-
lence modeling of compressible flows is less matured than incompressible flow
modeling and there are still some unresolved issues. In this thesis we will con-
centrate exclusively on developing and examining RANS models for turbulent
compressible flows with large mean density variation and significant ’local mean
acceleration’ – the difference between the substantial derivative of mean veloc-
ity and gravity vector (Dt Ui − gi). However, we will also have in mind the
possibility of adopting elements of the modeling to LES in line with Marstorp
et al. (2009); Rasam et al. (2013, 2014). Hence, we are interested in the solution
of the equation for Rij

∂tRij + ∂k (Rij Uk) + ∂k Tijk = Pij − εij +Πij + Ψij , (1.3)

where terms on the right-hand side represent production, dissipation (εij =
ρ̄ εij), pressure-strain rate and ’baroclinic production’, respectively. The equa-

tion for ρ′ u′i will be formulated later. But even differential Reynolds stress
models (DRSM) which engage in a straightforward solution of (1.3) are rather
expensive computationally, although they are invaluable tools for describing
the initial transitory dynamics of turbulence, which can be compared with
the predictions of RDT. Fortunately, explicit algebraic Reynolds stress models
(EARSM) are less expensive than DRSM, and the latter effectively may be
reduced to the former using the weak-equilibrium assumption, which implies
that advection and transport of the anisotropy tensor are negligible. Thus, we
will focus mostly on EARSM of compressible flows further.

EARSM, proposed independently by Girimaji (1996); Johansson and Wallin
(1996); Ying and Canuto (1996); Wallin and Johansson (2000) for modeling in-
compressible and weakly compressible turbulent flows, has found many success-
ful applications. They comprise two-dimensional and three-dimensional shear
flows and boundary layers (Wallin and Johansson (2000)), flows with rotation
and curved flows (Wallin and Johansson (2002); Gatski and Wallin (2004)),
flows with passive scalar transport (Wikström et al. (2000)) and active scalars
interacting with buoyancy forces (Lazeroms et al. (2013, 2015)). The most
apparent advantages of EARSM over eddy-viscosity models are their aptitude
to take into account flow rotation, change of flow conditions and turbulence
anisotropy in free shear and boundary layer flows. There is a strong evidence,
based on a posteriori examinations of EARSM (Wallin and Johansson (2000)),
that the weak-equilibrium assumption holds well in many flows of engineering
importance, except in regions where the shear and strain vanish. Hence, many
of the full DRSM capabilities are inherited. Today numerous realizations of
incompressible EARSM are incorporated into commercial CFD codes.

1.2. Compressible turbulence

Aiming at the RANS description of turbulent compressible flows, we have to
add the mean continuity equation and mean energy equation, which can be
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written as
∂t ρ̄+ ∂i (ρ̄ Ui) + ∂i ρ′ u′i = 0 (1.4)

and

∂t (ρ̄ Ẽ) + ∂j

(
[ρ̄ Ẽ + P ]Uj +

ρ′ u′j U
2
i

2 + UiRij +
ρ u′i

2 u′j
2 +

γ p′ u′j
γ − 1

)
=

= ∂j (τij ui − qj), Ẽ = U2
i

2 +K + P/ρ̄

γ − 1 + Ui ρ′ u′i/ρ̄, (1.5)

respectively. Here Ẽ = ρE/ρ̄ is the density-weighted (Favre) averaged total
energy E = u2

i /2 +p/(γ− 1) and qi is the heat flux. Observe that the equation

for Ẽ is used instead of a mean pressure equation and although two sets of
primary quantities {Ui, ρ̄, P} and {Ui, ρ̄, Ẽ} are interchangeable, the latter is
preferrable.

Before going to the discussion of the modeling of turbulent compressible
flows, we will make up a general picture of the phenomena for which our de-
velopments can find future applications. The compressibility is directly related
to the change in the internal energy of the flow and, hence, there are two ways
to create a substantially compressed or expanded flow. The first way is to
work with a high-speed flow which allows to transform sufficient amounts of
kinetic energy of the flow into its internal energy and reversely (involving both
non-isentropic and isentropic processes) for a noticeable change of volume to
occur. However, the highest registered wind speed on the Earth is ∼ 140 m/s
with Mach number M ∼ 0.4 (F5 Bridge Creek-Moore tornado, Oklahoma, May
3, 1999) which is the lowest boundary when compressible effects become im-
portant. Moreover, the highest recorded speed of the Jet Stream around the
Earth is ”only” ∼ 110 m/s. Thus, we do not expect that more or less stable
fast motions of air around us will induce true compressibility. Nevertheless,
there is another way to let compressibility into play which is revealed in pro-
cesses involving heat release or cooling, e.g. combustion (explosive or not) and
condensation. Apparently, such extreme events as volcano eruptions and big
fires trigger enormous rapid convection currents of air, gases and particles rush-
ing through the gradient of density with strong acceleration. Or, for instance,
straight-line winds like downbursts also represent interaction of strong den-
sity variation due to precipitation and gravity force. Even much more steady
and large scale turbulent atmospheric events are strongly influenced by a non-
uniform density distribution (across the height) and gravity, but for such cases
a Boussinesq approximation to (1.1) or (1.2), accounting for the density varia-
tion only in the gravity-force term, is sufficient as has been proved for e.g. the
stably-stratified atmospheric boundary layer (Lazeroms et al. (2013)) and the
diurnal cycle (Lazeroms et al. (2015)).

Fortunately for a researcher, a vast realm of industrial applications involv-
ing high-speed flows still anticipates better theories and numerical simulation
approaches. Credibly, the most representative setup is a de Laval nozzle in
which flow accelerates from subsonic to supersonic (even hypersonic) speed. Its
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conception comprises the operation of airplane engines revealing air dynamics
in their inlets and exhausts. Rocket engines are the most straightforward real-
isations of the concept with a flow of fuel-oxidizer mixture starting with zero
speed in the combustion chamber and emanating from the nozzle to create a
thrust. These engines do not require an atmosphere since both fuel and oxi-
dizer are stored in the rocket. In contrast, airbreathing ramjets and scramjets
can fly only at M > 1 and use air as an oxidizer which makes them more eco-
nomical and efficient (provided their operational speed is achieved somehow).
They do not require an axial compressor – supersonic air is decelerated and
compressed through the inlet contraction, but while in ramjet combustion hap-
pens at subsonic speed in scramjet it happens still at supersonic speed. Unlike
jet engines, internal combustion engines (ICE) with associated gas cycles, e.g.
Otto, Brayton, Ericsson or Stirling cycles, represent low-speed combustion pro-
cesses with mean piston speed not exceeding ∼ 30 m/s (this number represents
Top Fuel dragster). Nevertheless, compression or expansion characterized by
large density variation and large acceleration occurs during the engine cycle due
to exchange between different forms of internal energy and mechanical energy.
The mechanical action manifests itself through ’push’ not ’thrust’ now. In ad-
dition, the initiation and evolution of detonation and deflagration waves are
crucially regulated by the process of turbulence mixing on their fronts which
increases the effective area where ignition starts. In general, shock-turbulence
interaction presents a theoretically clean case when a sudden increase in density
can have strong impact on the dynamics. Another related situation is a flow of
thermodynamically supercritical fluid, when a slight variation in temperature
or pressure can lead to a drastic change in density. A reasonable prediction of
turbulent flow of supercritical carbon dioxide S-CO2 may help the control and
operation of cooling systems of nuclear plants. As an example found in nature
beyond the Earth, we can mention astrophysical jets emanating from rotating
galaxies which can be approximately considered as an analogue of nozzle flows
(Matsuda et al. (1990)). The turbulent evolution of accretion discs (Balbus and
Hawley (1998)) also may constitute an intriguing base for the investigation of
turbulent phenomena.

Thus, there are numerous and various conditions when compressibility of
a turbulent flow has to be properly accounted for. Indeed, the area of com-
pressible turbulence has attracted extensive and detailed studies, see Friedrich
(1998); Gatski and Bonnet (2013) for more extensive reviews and references
which include experiments as well as DNS, LES and RANS simulations. The
early investigation of the effects of compressibility on turbulence was instigated
mainly by analysis of a mixing layer (Sarkar et al. (1989); Speziale and Sarkar

(1991)). For this case, the pressure-dilatation correlation p′ ∂k u′k is the most
natural nominee to be analyzed since all three most substantial compressibility
factors – the mean dilatation D = τ ∂k Ui (we use the nondimensionlized quan-
tity where τ = K/ε is the turbulence time scale), mean density gradient ∂i ρ̄
and ’local mean acceleration’ (Dt Ui − gi) – are of vanishing influence in the
mixing layer. However, the presure-dilatation correlation becomes important
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only when the turbulent Mach number Mt =
√
K/cs approaches unity and the

turbulence level is extremely high which places the related cases to a range of
marginal or rather theoretical interest. Another striking feature marking state
of the art of LES approaches to compressible turbulent flows is that the un-
derlying SGS models are in general simpler than those used for incompressible
flows, e.g. Smagorinsky model supplemented by a diffusivity-type temperature-
or density-flux. Further, earlier EARSM versions, developed for compressible
flows, e.g. Wallin and Johansson (2000); Gomez and Girimaji (2013b), suffer
from inconsistencies if applied to cases with significant ’major’ factors D, ∂i ρ̄
and (Dt Ui − gi).

To clarify the classification into ’major’ and ’minor’ factors, we observe the
following. One may suggest that turbulence is prone to an immediate response
to the gradients of mean quantities as well as to a local gravity force experi-
enced by a fluid element in line with the results on the modeling of the rapid

part of the pressure-strain correlation Π
(r)
ij = p′ (∂i u′j + ∂j u′i)

(r)
in incompress-

ible flows by Launder et al. (1975). Certainly, RDT analysis by Simone et al.
(1997) supports the idea that the primary influence on the turbulence is caused
by the modification of the structure of the turbulence due to the impact of the
driving forces listed above. While it is proportional to the turbulence kinetic
energy K and in homogeneous flows can be captured by RDT, the pressure-
dilatation correlation p′ ∂k u′k should be proportional to KM2

t , in any case it
is not greater than ∼ KMt which is a leading order in the expansion of the
associated integral expression by Sarkar (1992). This represents a higher-order
nonlinear in K effect in which acoustic equilibration of turbulence should be
taken into account as well, hence, we call it ’minor’. In equation (1.3) the
’kinematic’ production Pij (due to interaction of the Reynolds stress tensor
with shear, strain and dilatation) and ’baroclinic’ production Ψij (due to inter-
action of the turbulent density flux with ’local mean acceleration’) have exact
expressions while εij can be taken as isotropic (see e.g. Oberlack (1997) for a
more advanced approach). Thus, a crucial step in the analysis of turbulence
evolution in a RANS framework is the consideration of the structure of the
rapid pressure-strain correlation.

As a first practical approximation, Π
(r)
ij can be constructed as linear in K,

linear in the gradients of mean quantities and local gravity as well as linear in
the anisotropy tensor aij ≡ Rij/(ρ̄ K) − 2/3 δij (and ρ′ u′i). The last require-
ment can be relaxed in principle since nonlinearity in the anisotropy tensor is
a structural nonlinearity consistent with RDT and different from the nonlin-
earity at high K. Hallbäck et al. (1990), Johansson and Hallbäck (1994) and
Sjögren and Johansson (2000), working with incompressible flows, tested such
generalized models. They give a possibility to achieve better results for any
chosen test case. But then a particular nonuniversal calibration, which wors-
ens predictions when applied to different cases, has to be adopted. Therefore,
we prefer to stick to simpler models since they have wider range of applicability.
An expected objection to the usage of turbulence models essentially built to
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give correct turbulence evolution in a RDT limit, characterized by high strain-
rate S∗ ∼ τ ∂j Ui, is that in realistic situations the nonlinear effects (of various
nature) cannot be neglected and the strain-rate would be of order unity. Appar-
ently, this is true for an incompressible sheared flow which gradually converges
to its asymptotic state. In contrast, strongly compressible flow processes are
typically of very rapid and abrupt nature, e.g. cylinder flows in ICE or flows
through jet engines. Steady and unsteady compressible flows achieve their as-
ymptotic states in a short interval (often measured by compression ratio ρ/ρ0
not by time itself) while sustaining the high-strain regime. Hence, the anal-
ysis of strongly compressible turbulence in RDT limit is meaningful and we
may hope that the DRSM and EARSM developed for such conditions can have
somewhat wider applicability.

Turning to previous studies of compressible turbulence, we will mention
Aupoix (2004) who modeled a compressible mixing layer using a K − ε model
supplemented by the EARSM of Wallin and Johansson (2000) and examined
its spreading rate evolution. Experiments of Boree et al. (2002) examined the
generation and breakdown of a compressed tumbling motion and Toledo et al.
(2007) corroborated their conclusions using LES. Specifically, the influence of
the curvature and flow separation during intake has been revealed and several
types of instability during the breakdown have been identified in the studies.
It is worth to highlight that both experiment and LES revealed a maximum of
turbulence kinetic energy in the tumble core instead of a minimum predicted
by Le Roy and Le Penven (1998) with an eddy-viscosity model. Thacker et al.
(2007) investigated the effect of compressibility on the rapid pressure-strain
correlation and applied the results to classify compressible mixing and bound-
ary layers as a function of the turbulent Mach number Mt and the gradient
Mach number Mg = S l/cs (S - shear rate, l - characteristic length scale). The
authors argued, employing the wave equation for pressure fluctuations, that on
the long time RDT is unable to accurately describe the properties of statisti-
cally stationary turbulence in the case of homogeneous shear. In a somewhat
related sequence of studies Bertsch et al. (2012); Gomez and Girimaji (2013a)
have identified three different thermodynamical pressure regimes in compress-
ible turbulent flow depending on Mg. They modeled the rapid pressure-strain
correlation covering the entire range of Mg for homogeneous shear flow and
formulated an EARSM for compressible flow based on this ground but not
considering strong mean dilatation (Gomez and Girimaji (2013b)). Kim and
Park (2013) adopted a Girimaji-like compressibility factor function to derive an
explicit solution for compressible ARSM with dilatation-related terms approx-
imately accounted for and a cubic algebraic equation as a consistency relation.
They examined the compressible mixing layer, supersonic flat-plate boundary
flow and planar supersonic wake flow to verify the performance of their model.
However, the improvements of Kim and Park (2013) are chiefly due to compress-
ibility factor function F which modifies the rapid pressure-strain correlation in
cases which exhibit negligible effects associated with the mean dilatation and
turbulent mass flux.
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Thus, both modeling and application issues of the ’minor’ effect of the
pressure-dilatation correlation and the effects of thermodynamic characteriza-
tion attracted more careful analysis than the examination of turbulent cases
governed predominantly by the ’major’ effects of mean dilatation, mean density
variation and ’local mean acceleration’. ’Minor’ effects in certain conditions can
become comparable to the ’major’ effects but their investigation represents the
next level in the hierarchy of theories. Note that the general tensorial form,
which would lead to the correct model for the rapid pressure-strain correlation,
has been outlined several times in the literature (Speziale and Sarkar (1991);
Gomez and Girimaji (2013a)). But even the realizability conditions in EARSM
and DRSM, i.e. the positiveness of the eigenvalues of the Reynolds stress ten-
sor, which becomes easily violated at significant compression or expansion if
the turbulence model is inconsistent, had not received due regard. The work
which compounds this thesis basically started with the notion how correct rapid
pressure-strain correlation for the flows with strong mean dilatation should be
constructed (Grigoriev et al. (2013)). Physical situations appropriate for the
analysis in the framework of the resulting EARSM are not easily found on the
spot and, therefore, we considered two simple flow cases to show the realizabil-
ity of the model which makes it advantageous over earlier compressible models
like Wallin and Johansson (2000).

As a concommitant result, we confirmed that the varying fluid viscosity
modifies the dissipation equation (Coleman and Mansour (1991)) and in isen-
tropic compressible flow the effect is manifested through the mean dilatation
while in combustion case heat release has direct effect too.

Further, an algebraic model for an active scalar of the turbulence density
flux ρ′ u′i shows that ρ′ u′i is driven mainly by the mean density variation as
well as by the ’local mean acceleration’.

Analogously to the influence of the mean velocity gradients on the pressure-
strain correlation, ∂i ρ̄ also can have an input through the coupling of ρ′ u′i and
(Dt Ui−gi). In Grigoriev et al. (2015) we coupled the models for the anisotropy
tensor and turbulent density flux to arrive at an EARSM self-consistently taking
into account both effects. We have shown that the density fluxes do not violate
the realizability of the model, although only one of two possible calibration
branches has been considered there.

Moreover, the general tensor invariant three-dimensional solution was de-
veloped. In Grigoriev et al. (2016) we corroborated the validity of the DRSM on
which the corresponding EARSM is based showing that for a one-dimensional
homogeneous compression the results are consistent with RDT by Mahesh et al.
(1994). In Grigoriev et al. (2016) we also analyzed DNS data for combustion
in a wall-jet flow by Pouransari et al. (2013). Refining the calibration we
performed a fixed-point analysis confirming that our model correctly predicts
streamwise and wall-normal density fluxes as well as wall-normal and shear
components of the anisotropy tensor.
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Then, we revised the quasi one-dimensional nozzle flow and identify two
branches of physical root, the spurious S-branch and the physical P -branch
which arise depending on the calibration. Both branches can manifest ’normal’
and ’anomalous’ behaviour according to smaller changes in the calibration. It
is highly desirable to have a unified model for predicting turbulence behaviour
of different flows, and we show that the ’normal’ P-calibration can be applied
not only to combustion case, but to turbulent supercritical flow of S-CO2 in
an annulus with varying temperature.



CHAPTER 2

Algebraic modeling of compressible turbulent flow with
an active scalar flux

2.1. Turbulence equations

There are two natural approaches to the averaging of velocities in compressible
flow – kinematic Reynolds averaging and dynamic Favre averaging. In the
former case the mean velocitites are obtained by averaging over the states of our
ensemble, Ui = ūi ≡

∫
ui(t, r, s) dns, while in the latter the ensemble averaging

is performed with weight of the density, ũi = ρ ui/ρ̄. The mean velocities

are related as Ui = ũi − ρ′ u′i/ρ̄ while the velocity fluctuations u′i = ui − Ui
(Reynolds) and u′′i = ui − ũi (Favre) – as u′i = u′′i + ρ′ u′i/ρ̄. Observe that
the remaining primary quantities, density ρ and pressure p, are averaged as
{ρ̄, p̄} ≡

∫
{ρ, p} dns in both approaches. Theoretically one always assumes the

definition
∫
q d ns ≡

N∑
i=1

q(n)/N, N → ∞, where q(n) are different realizations.

The nature of these differences can be ascribed e.g. to infinitesimal variations
in initial conditions from realization to realization. Due to oversensitivity of
the Navier-Stokes equation to initial conditions at high Re, initially negligible
variations erratically diversify specific flow patterns for every realization. By
assumption, the extracted mean values do not represent the detailed structure
of turbulence fluctuations but are influenced by their averaged moments. For
steady turbulent processes time averaging of experimental and DNS data is
supposed to give credible mean quantities.

One can work in either Reynolds or Favre formulation and it can be verified
that the quantitative differences between them are rather small, at least for
flows with M ≤ 0.5 (Grigoriev et al. (2016)). Moreover, since at some moment
we will necessarily apply a modeling procedure which is formally identical for
both formulations, the difference between the predictions will allegedly fall
within the range of accuracy of the RANS approach. Hence, we will stick here
to the Reynolds averaging which has an additional advantage that the recent
(optical) measurement techniques like PIV and LDA measure the kinematic
velocity, not density-weighted. Finally, although ε-equation is to a large extent
empirical, the dissipation is advected by Ui, not by ũ = ρ ui/ρ̄ which indirectly
supports the preference of the Reynolds averaging.

13
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Essentially, to be able to consider the compressible turbulence in the frame-
work of RANS, we will need to formulate equations for five turbulence quan-
tities: anisotropy tensor aij = ρ u′i u

′
j/(ρ̄ K)−2/3 δij , turbulence kinetic energy

K = ρ u′i u
′
i/(2 ρ̄), turbulence dissipation per unit mass ε = µ (∂k u′i − ∂i u′k)2/(2 ρ̄)

(although different definitions can be used for the quantity), turbulent density

flux ρ′ u′i and density variance ρ′2. The equation for the anisotropy tensor is

derived from the exact equation for the Reynolds stress tensor Rij = ρ u′i u
′
j

(1.3) and the turbulence kinetic energy equation (halved trace of (1.3)) and
reads (Grigoriev et al. (2013))

ρ̄ K Dt aij + ∂k Tijk −
(
aij + 2

3δij
)
∂k Tk = Pij − εij +Πij + Ψij−

−
(
aij + 2

3δij
)(
P − ε+Π + Ψ

)
, (2.1)

where the production tensor, dissipation tensor, pressure-strain correlation and
’baroclinic’ production tensor (generalizing the buoyancy production) are given
by

Pij = −Rjk ∂kUi −Rik ∂kUj , εij = 2
3 ρ̄ ε δij , Πij = p′in (∂iu′j + ∂ju′i),

Ψij = −ρ′ u′j (Dt Ui − gi)− ρ′ u′i (Dt Uj − gj),
(2.2)

respectively, while transport term Tijk is not specified here. The halved traces
of the quantities are denoted as P (≡ Pkk/2) – production due to velocity gra-
dients, ε – dissipation per unit volume, Π – pressure-dilatation correlation and
Ψ – ’baroclinic’ production. p′in stands for the inertial part of the fluctuating
pressure which also has the acoustic and viscous parts (Grigoriev et al. (2013)).
The second formula in (2.2) represents a common simplification (unlike Ober-
lack (1997), we do not consider anisotropic dissipation), while the others are
exact. We introduce the definitions

D = τ ∂k Uk, Sij = τ

2

(
∂j Ui + ∂i Uj

)
− D3 δij , Ωij = τ

2

(
∂j Ui − ∂i Uj

)
,

ζ̊i = ρ′ u′i√
ρ′2
√
K
, Γi = τ

√
K√
ρ′2

∂i ρ̄, Υi = τ

√
ρ′2

ρ̄
√
K

(
Dt Ui − gi

)
, (2.3)

where τ = K/ε is the turbulence characteristic time scale and D, Sij , Ωij , ζ̊i,
Γi, Υi the nondimensionlized dilatation, strain- and vorticity-tensors, density-
velocity correlation, density gradient and ’local mean acceleration’, respectively.
Then,

P = −Rjk ∂k Uj = −ε
(
aij Sij+ 2

3 D
)
, Ψ = Ψii

2 ,
Ψij
ε

= −(ζ̊i Υj+ ζ̊j Υi). (2.4)
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The equations for the turbulence kinetic energy K (exact except for the
need to model Tk and Π) and turbulence dissipation per unit mass ε (empirical)
are

∂t (ρ̄ K) + ∂k (ρ̄ K Uk) + ∂kTk = P − ε+Π + Ψ,

∂t (ρ̄ ε) + ∂k (ρ̄ ε Uk) + ∂k T
(ε)
k =

= τ−1
(
Cε1

[
P
ε

+ 2
3 D

]
− 4

3 D − Cε2 + τ
Dt ν

ν
+ CεΠ

Π

ε
+ Cεb

Ψ

ε

)
ε,

(2.5)

where the unconventional terms in the second equation give the impact of D,
ν̄, Π and Ψ . The two last terms are included into (2.5) in the usual spirit of
formulating the ε-equation in analogy with the K-equation, i.e. using the coeffi-
cients Cεb and CεΠ , for the baroclinic and pressure-dilatation correlation effects,
respectively. For a heated ideal gas the substantial derivative of kinematic vis-
cosity can be approximated as τ Dt ν/ν = (1−n (γ− 1))D+nγ (γ− 1) εtot/c2s
where εtot includes both turbulent dissipation and heat realease while n ≈ 2/3
is a constant which comes from Sutherland’s law.

Finally, the equations for the density-velocity correlation and density vari-
ance are

∂t ρ′ u′i + Uk ∂k ρ′ u′i + ρ̄ ∂k
ρ′ u′i u

′
k

ρ̄
+ ρ′ u′i ∂k Uk + ρ′ u′k ∂k Ui+

+Rik
∂k ρ̄

ρ̄
+ ρ̄ u′i ∂k u

′
k + ρ′

ρ
(∂i p− ∂k τik) = 0 (2.6)

and

∂t ρ′2 + Uk ∂k ρ′2 + ∂k ρ′2 u′k + 2 ρ′2 ∂k Uk+

+ 2 ρ′ u′k ∂k ρ̄+ 2 (ρ̄ ρ′ + ρ′2/2) ∂k u′k = 0. (2.7)

Apparently, two of equations (2.5) and one equation (2.7) have to be mod-
eled and solved for the primary scalar quantities needed also in the algebraic
formulations discussed below. Recall that in LES approach it is common to
relate such scalar quantities to the gradients of filtered quantities, e.g. subgrid
kinetic energy may be written like KSGS = Cs∆

2 (∂i Uj)2 with fixed spatial
scale ∆ but dynamically changing Cs which reflects the self-similarity of large
scales of turbulent flow (Germano et al. (1991)). RANS does not perform such
a structural analysis of a turbulent flow and basically requires the solution of
the differential equations for these scalars. However, the differential equation
(2.1) for aij in many cases of interest can be simplified by applying weak-
equilibrium assumption and putting left-hand side to zero (?). This implies
that we concentrate on quasi-stationary cases with non-significant advection
term and equilibrated diffusion – namely, tensorial Tijk-diffusion becomes ex-
pressed through scalar Tk-diffusion. The resulting aij-equation transforms into
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a tensorial algebraic equation. We must emphasize that this regime of turbu-
lence evolution does not imply stationarity of the primary quantities K, ε and
ρ′2, i.e. the equilibration between the production and dissipation terms.

Thus, the application of the weak-equilibrium assumption reduces a differ-
ential Reynolds stress model (DRSM) to an algebraic Reynolds stress model
(ARSM) which with a proper solution procedure can be further reduced to an
explicit algebraic Reynolds stress model (EARSM). In a similar fashion equa-

tion (2.6), using (2.5) and (2.7), can be rewritten as an equation for ζ̊i, and the
corresponding weak-equilibrium assumption can be imposed.

As we pointed out in Introduction, turbulent compressible flow attracted
extensive studies but the main concern was the examination of ’minor’ effects
like pressure-dilatation correlation Π = p′in ∂k u

′
k in, preferentially, homoge-

neous shear flows. In contrast, we aim to concentrate on ’major’ compressible
effects – significant mean dilatation, large density variation and strong mean
’local gravity’. Two main problems associated with this are a self-consistent
modeling of the pressure-strain correlation Πij in (2.1) and, in EARSM context,
coupling of (2.6) to (2.1).

2.2. Pressure-strain correlation in compressible flows

We are going to highlight the effect of mean dilatation on the traceless part
Πij− 2

3 Π δij of the pressure-strain correlation. Assuming that the turbulence is
self-similar at large scales and down to sufficiently small scales, we expect that
the response of chaotic motions to mean (or filtered) motions is immediate and
can be described through algebraic relations involving mean quantities. Hence,
we divide the traceless part of the pressure-strain correlation into a sum of slow,
rapid and ’baroclinic’ parts. The turbulent Mach number Mt is supposed to

be small and consequently Π – negligible. The slow part Π
(s)
ij in compressible

flow is described by the usual return-to-isotropy form, i.e. Rotta’s assumption
(Rotta (1951))

Π
(s)
ij = −c1 ε aij . (2.8)

We will model the rapid-part Π
(r)
ij , responsible for the reaction to the gra-

dients of the mean velocities, in line with the scheme of Launder, Reece &
Rodi (Launder et al. (1975)) originally developed for incompressible flows. The
formalism developed in Johansson and Hallbäck (1994), where for the rapid
pressure-strain the most general form of non-linear in the anisotropy tensor
model was proposed, is used here but we restrict ourselves only to modifying
the linear terms. Keeping in view the integral solution to the Poisson equation

∂ii p = −∂ik(ρ uiuk) + ∂tt ρ+ ∂ii

[(
µv + 4

3µ
)
∂k uk

]
+

+ 2 ∂i
[
− ∂i µ∂k uk + ∂k µ∂i uk

]
, (2.9)
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we conclude that in the formal representation of the integral for Π
(r)
ij the vari-

ations of the mean flow gradients are slow enough – the correlation length of
turbulence is much smaller than the macroscopic length scale – to be extracted
from the integrals:

Π
(r)
ij =

(
Mim

jl +Mjm
il

)
∂mUl ≡

≡ τ−1
(
Mim

jl +Mjm
il

)(
Slm +Ωlm

)
+ D3 τ−1

(
Mim

jm +Mjm
im

)
. (2.10)

In homogeneous incompressible turbulence the expression is exact andMim
jl is

Mim
jl = −(2π)−1 ∫ ∂2 ρ(x)um(x)ui(x + r)

∂rl ∂rj

d3 r
r
. (2.11)

It satisfies the symmetry conditions

Mim
jl =Mmi

jl =Mim
lj , Mim

il =Mim
jm = 0,

Mim
jj = 2Rim ≡ ρ̄ K

(
4
3 δim + 2 aim

)
(2.12)

resulting from the integral definition (2.11).

In order to generalize the representation (2.10) to compressible turbulent
flows, we will assume that Mim

il satisfies (2.12) even in nonhomogeneous con-
ditions and is expressible through the anisotropy tensor and its algebraic com-
binations. The most general expression for Mim

il is (Johansson and Hallbäck
(1994); Sjögren and Johansson (2000))

Mim
jl = A1 δim δjl +A2 (δij δml + δil δmj) +A3 δim ajl +A4 δjl aim

+A5 (δij aml + δil amj + δmj ail + δml aij) +Mnon(aim ajl...).
(2.13)

The second condition in (2.12) rules out the terms with dilatation from the
expression for the rapid pressure-strain (2.10), and all the dependence on di-
latation is comprised into the definition of the strain-rate tensor (2.3). The

resulting expression for Π
(r)
ij , with Mim

jl linear in the anisotropy tensor and

obeying the relations (2.12), is

Π
(r)
ij

ε
= 4

5 Sij + q3

(
aik Skj + Sik akj −

2
3 akm Smk δij

)
+

+ 7 q3 − 12
9

(
aik Ωkj −Ωik akj

)
. (2.14)

Observe, that (2.14) does not depend explicitly on the dilatation and in three-
dimensional formulation is formally the same as in incompressible case (in
two-dimensional notations the formulation is modified, see Grigoriev et al.
(2013)). In the original model of Wallin and Johansson (2000), the extension of
the Launder-Reece-Rodi pressure-strain rate to compressible flows was carried
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out by incorrectly expanding the incompressible version following Vandromme
(1992). Although both approaches are empirical, the approach developed here
models the physics in a correct way, as will be shown in the next chapter. In
particular, the new approach will remain realizable in flow cases where the
original model fails. The model behaviour will be tested in both EARSM and
DRSM contexts.

The slow pressure-strain part counteracts the influence of dissipation on
the anisotropy tensor, the rapid part counteracts turbulence production due to
velocity gradients as can be seen from a different form of (2.14)

Π
(r)
ij = −q3

(
Pij −

2
3P δij

)
+ ε

16 q3 − 12
9

(
aik Ωkj −Ωik akj

)
−

−ε 60 q3 − 36
45 Sij − ε

2
3 q3D aij .

(2.15)

Allegedly, there should be a part of the pressure-strain correlation which coun-
teracts production of the anisotropy by the ’baroclinic’ term in equation (2.1),

i.e. Ψij−
(
aij+ 2

3 δij
)
Ψ , which quantifies the combined effect of the turbulent

density flux and ’local mean acceleration’. Hence, we identify the ’baroclinic’
part of the pressure-strain correlation

Π
(Ψ)
ij = −cΨ

(
Ψij −

2
3 Ψ δij

)
, (2.16)

where constant cΨ determines the amount of the relaxation.

The expression for the rapid pressure-strain correlation Π
(r)
ij contains three

tensor groups. Rapid distortion theory univocally defines the coefficient before
the first tensor group while the input of the second and the third tensor groups
still admits interpretations and depends on the parameter q3 (Wallin and Jo-
hansson (2000); Grigoriev et al. (2013)). Taking q3 = 1 we reduce aij-equation
to a simple form written as

N aij = −S̃ij +
(
aik Ωkj −Ωik akj

)
, S̃ij = 6

5 Sij + Cζ S
(+)
ij ,

S
(+)
ij = ζ̊i Υj + ζ̊j Υi −

2
3 Υk ζ̊k δij

(2.17)

where Cζ = 9
4 (1− cΨ ). Solution to (2.17) is linear in Sij and ζ̊i and inversely

proportional to N . Also the consistency relation for N (or, equivalently, the
consistency relation for (P + Ψ)/ε ∼ N)

N = c′1 + 9
4

(
− ajk Skj − ζ̊k Υk + Π

ε

)
, c′1 = 9

4 (c1 − 1) (2.18)

must be formulated in which N depends linearly on aij and ζ̊i.
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We immediately note that equation (2.17) can be solved as

a = β1 T̃(1) + β̄3 T̃(3) + β4 T̃(4) + β6 T̃(6) + β9 T̃(9), ĨV = tr (S̃ Ω2),

T̃(1) = S̃, T̃(3) = ĨV (Ω2 − IIΩ/3 I3), T̃(4) = S̃ Ω−Ω S̃,

T̃(6) = S̃ Ω2 + Ω2 S̃− 2/3 ĨV I3, T̃(9) = Ω S̃ Ω2 −Ω2 S̃ Ω, (2.19)

where the tensor groups are linear in S̃ij , not in Sij . The groups and the

coefficients β1 = −N (2N2 − 7 IIΩ)Q−1, β̄3 = −12N−1Q−1, β4 = −2 (N2 −
2 IIΩ)Q−1, β6 = −6N Q−1, β9 = 6Q−1, Q = (N2 − 2 IIΩ) (2N2 − IIΩ) are in
the form given by Grigoriev et al. (2015). Unlike Wallin and Johansson (2000),
we redefined T̃(3) and β̄3 to make the latter to depend only on N and Ωij .

If ζ̊i is known, e.g. by solving the differential equation (2.6), then we are
able to formulate the polynomial equation for N which is of sixth order in a
general three-dimensional case. In this way the problem of the determination
of aij would be solved and reduced to the need to solve N -equation. In a two-
dimensional case the equation becomes quartic and its physically consistent
root can be unambiguously identified.

However, to arrive at a computationally non-expensive model we need to
confine ourselves to considering the cases when an algebraic model for ζ̊i can
be used as well. Since aij and ζ̊i are dynamically connected, one can expect
that normally both are in equilibrium or non-equilibrium (understood in weak-
or another fashion) regime simultaneously. For this reason we proceed to the

problem of coupling algebraic equations for aij and ζ̊i. Observe that the nondi-

mensionlized density flux ζ̊i is only one example of an active scalar and in
general there can be other kinds of active scalars, e.g. associated with interac-
tion with electromagnetic field, or several active scalars can occur. One should
note that different active scalars have different coupling terms and cannot be
treated with a uniform method in general.

2.3. Coupling with active scalar

So, now we concentrate on the influence of the turbulent density flux on the
turbulence behaviour. This effect emerges due to the combined action of ρ′ u′i
and ’local mean acceleration’ (Dt Ui − gi). Indeed, in a freely falling fluid
element the latter quantity is zero and none modification originates from the
inhomogeneity of density which is a primary driver of the density flux. Modeling
the different terms in (2.6) as shown in Grigoriev et al. (2015) and imposing
the weak-equilibrium assumption we reduce the equation to an algebraic form:(

Nζ δik + cS Sik + cΩ Ωik

)
ζ̊k = −

(
aik + 2

3 δik
)
Γk −

2
3 cΥ Υi

Nζ = 2
9 N −

c1
2 − cρ + (cs − 1− 3 cD) D3 − (1− cp) ζ̊k Γk.

(2.20)
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With cp = 1 the equation for ζ̊i becomes formally linear and can be algebraically

solved when coupled to (2.17). ζ̊i depends on aij through the right-hand side
of (2.20) and through the dependence of Nζ on N . In the formal solution

(2.19) the anisotropy tensor will depend linearly on Sij and S
(+)
ij . We split

aij into two parts aij = a
(0)
ij + a

(+)
ij so that the former is expressed in terms

of Sij , Ωij , N while the latter depends on Ωij , ζ̊i, Υi, N . However, the term

a
(+)
ij Γj on the right-hand side of (2.20) can be algebraically transformed into

Cζ L
(Γ Υ )
ij ζ̊j with L

(Γ Υ )
ij depending on the known quantities Ωij , Γi, Υi and one

unknown quantity N . For example the (+)-part of T̃
(1)
ij Γj ≡ S̃ij Γj transforms

as

(
T̃

(1)
ij Γj

)(+)
= Cζ

(
ζ̊i Υj + ζ̊j Υi −

2
3 ζ̊k Υk δij

)
Γj =

= Cζ

(
IIΓ Υ δij + Γj Υi −

2
3 Γi Υj

)
ζ̊j . (2.21)

Performing similar transformation for the (+)-parts of all tensor groups we
rewrite equation (2.20) like

(
Ñζ δij + cS Sij + cΩ Ωij + Cζ L̃

(Γ Υ )
ij

)
ζ̊j = −a(0)

ij Γj −
2
3

(
Γi + cΥ Υi

)
,

Ñζ = Nζ + Cζ
L(Γ Υ )

3 , L̃
(Γ Υ )
ij = L

(Γ Υ )
ij − L(Γ Υ )

3 δij , L(Γ Υ ) = L
(Γ Υ )
kk .

(2.22)
We solve this equation by inverting the matrix on the left-hand side to find
ζ̊i in terms of Sij , Ωij , Γi, Υi, N . Subsequently, (2.19) serves to express aij
through Sij , Ωij , Γi, Υi and N .

Finally, the consistency relation N = 9
4

(
c1 − 1 − ajk Skj − ζ̊k Υk

)
pro-

vides us with an algebraic equation for N . Generally this equation is too
complex and even assuming cS = cΩ = Cζ = 0 (or some other particu-
lar set of fixed parameters) we cannot obtain a tractable equation even for
a zero-order approximation N0. However, a possible procedure is to start
with the quartic equation for compressible two-dimensional flow with ζ̊i ≡ 0
and proceed with approximations. Therefore, employing iterative sequence

Nn = c′1 + 9
4

(
− ajk(Nn−1)Skj − ζ̊k(Nn−1)Υk

)
we treat corrections due to

three-dimensionality and non-zero ζ̊i on an equal footing. For the cases stud-
ied so far, the iterations converge very quickly and the first-order solution is
already very close to the answer. However, convergence cannot be guaranteed
a priori for cases with very strong three-dimensional and density flux effects.
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To conclude, observe that many important flow cases (with and without
active or passive scalars) are statistically two-dimensional but even their con-
sideration in the framework of large-eddy simulation requires general three-
dimensional formulation of SGS model.

2.4. Formal methods

Finding solution to a system of (2.17) and (2.20) is just a particular case of
a general problem which arises when considering more complicated turbulence
models. Restricting ourselves to the models with linear in the anisotropy ten-
sor and active scalar reaction to the mean quantities, we formulate a general
quasilinear equation

{
λx = L(x) + ϕ,

λ = α+ f(x),
(2.23)

where vector x contains the components of both the anisotropy tensor and the
active scalar and λ represents the consistency variable while L, ϕ and α can
be easily identified from the equations in the original form. Formally, if V is a
n-dimensional vector space, then L : V → V is a linear operator and ϕ ∈ V is
a given vector, f : V → R is a linear functional on V while α ∈ R is a given
constant. So, we need to find x ∈ V and λ ∈ R satisfying (2.23).

Due to Cayley-Hamilton theorem some power n of L, equal to the dimen-
sion of the operator, can be expressed as a sum of lower powers. Recursively
computing the powers Lk of the first of equation in (2.23) we arrive at a formal
solution for x

x =
n−1∑
k=0

βkLk(ϕ), βk = ck+1 + ck+2λ+ · · ·+ cnλ
n−k−1

c0 + c1λ+ · · ·+ cnλn
,

λn+1 + dnλ
n + dn−1λ

n−1 + · · ·+ d0 = 0,

(2.24)

where dk = ck−1 − αck −
∑n−k−1
j=0 cj+k+1f [Lj(ϕ)] and ck are coefficients of a

characteristic polynomial cnLn+cn−1Ln−1 + · · ·+c0I = 0 (c−1 = 0) depending
only on L. If ϕ is not arbitrary but has a specific structure, then x may also be
defined on a set narrower than V and then mth power of L(x) can be expressed
through a sum of lower powers, m < n. Now, (n + 1)th (or (m + 1)th) order
polynomial equation for λ can be formulated.
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For example, a generalized system of (2.17), (2.18) and (2.22) with ζ̊i 6= 0

N aij = −C1 Sij − Cζ S(+)
ij + aik Ωkj −Ωik akj+

+C2

(
aik Skj + Sik akj −

2
3 (akm Smk) δij

)
,(

Ñζ(N) δij + cS Sij + cΩ Ωij

)
ζ̊j = −aij Γj −

2
3

(
Γi + cΥ Υi

)
,

S
(+)
ij = ζ̊i Υj + ζ̊j Υi −

2
3 Υk ζ̊k δij ,

N = c′1 − C3

[
tr (aij Sji) + ζ̊i Υi

]
(2.25)

can be reformulated and solved using this approach and the resulting λ- (or
N -) equation will be of 5 + 3 + 1 = 9th order. Although earlier unnoticed,
there is a direct way to arrive at the solution – without the reformulation of
the problem and working with matrix aij and vector ζ̊i.

Namely, multiplying left-hand side of the first of the equations in (2.25)
by N and iteratively replacing N aij on the right-hand side, we get a formal

solution for aij which is linear in Cζ S
(+)
ij and C1 but quasilinear in Sij unless

C2 ≡ 0. From a practical point of view it is important to specify that this
solution procedure may be first developed for the case C2 ≡ ζ̊i = 0, then
with moderate modifications generalized to C2 6= 0, ζ̊i = 0 case and eventually
(rather obviously) extended to ζ̊i 6= 0 case. Another issue is that in contrast to
the above approach involving operator L, we may use several shortcuts which
reduce the number of the recursions needed.

Now we have a formal solution for aij which has a constituent linear in

ζ̊i. Directly solving the second equation in (2.25), we arrive, finally to the

expression for aij and ζ̊i and a polynomial N -equation. Observe that this last
example generalizes the problem solved in section 2.3 and also justifies the
development of this direct solution method. Indeed, unlike the other cases
considered, this case does not seem to admit another solution procedure as
clear and simple as described.



CHAPTER 3

Homogeneous and rapidly distorted turbulent flows

Much of the complexity and uncertainty in RANS simulations of turbulent flows
is associated with the modeling of turbulent diffusion terms (Wilcox (2006)).
Nevertheless, in homogeneous flows the diffusion is identically zero while in
rapidly distorted flows only linear in turbulence kinetic energy terms are im-
portant. In many cases the influence of boundaries is crucial for finding the
turbulence parameters in developed flow. However, we claim that analysis of a
model aiming to capture the behaviour of highly compressible flows should be
first undertaken in the regions sufficiently far from the wall, where mean dilata-
tion and ’local mean acceleration’ become significant, and near-wall corrections
are not needed. This gives the possibility to examine the realizability of the
chosen modeling approach and to determine the growth rates of turbulence
kinetic energy.

In this chapter we will consider several generic cases representing com-
pressed and expanded, stationary and non-stationary flows. Statistically two-
dimensional flows in conditions with zero density flux ζ̊i ≡ 0, as is the case for
truly homogeneous flows, have the following EARSM solution:

a = −6
5

1
N2 − 2 IIΩ

(N S2D + S2D Ω−Ω S2D)− 3
5
D
N

(δ2D − 2
3 δ

3D),

S2D =

J σ 0
σ −J 0
0 0 0

 , Ω =

 0 ω 0
−ω 0 0
0 0 0

 , D = τ (∂x Ux + ∂y Uy),

J = τ

2 (∂x Ux − ∂y Uy), σ, ω = τ

2 (∂y Ux ± ∂x Uy), S2D = S−

− D2

(
δ2D − 2

3 δ
3D
)
,
P
ε

= −2
3 D + 6

5
N

N2 − 2 IIΩ

(
IIS −

IIΩ
3
D2

N2

)
. (3.1)

Detailed definitions of the above quantities can be found in the papers in Part
II, here we will only say that σ represents shear rate, ω – rotation rate, J
– strain rate and D – dilatation rate while invariants of the flow are IIS =
tr (S2) = 2 (σ2 + J 2) + D2/6 and IIΩ = tr (Ω2) = −2ω2. The consistency
relation for N = c′1− 9/4 ajk Skj = c′1 + 9/4 [P/ε+ 2/3D] is given by a quartic
algebraic equation

N4 − c′1N3 −
(

2 IIΩ + 27
10 IIS

)
N2 + 2 c′1 IIΩN + 9

10 IIΩD
2 = 0. (3.2)

23
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The mean dynamics of homogeneous and rapidly distorted turbulent flows
is described by equations which omit the influence of turbulence and viscosity:

ρDt Ui + ∂i P = ρ gi, ∂t ρ+ ∂k (ρUk) = 0, Dt P + γ P ∂k Uk = (γ − 1)Q.
(3.3)

Observe that the forcing (per unit mass) gi, generalizing the gravity force,
and the heating (per unit volume) Q can be important for the self-consistent
evolution of a mean flow.

3.1. Stationary homogeneous shear and strain
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Figure 3.1. Homogeneous shear flow. (a) – invariant map, arrows
indicate the sides of the limiting curvilinear Lumley triangle, (b) –
λ1: σ = 0 – magenta, σ = 0.5σ1 – green, σ = 2σ1 – blue, σ = 4σ1
– red, black line - λ1 = −2/3; diamonds – new model, solid lines –
old model. σ1 ≈ −1.696 is the shear rate giving P/ε = 1 at D = 0.

Vandromme (1992) proposed to extend the rapid pressure-strain correlation

to compressible flows using an incompressible representation of Π
(r)
ij analogous

to (2.15) but with the last term, obviously, missing. This resulted in the ab-

sence of the term in compressible Π
(r)
ij while N preserved its incompressible

definition N = c′1 + 9/4P/ε in the corresponding EARSM. In some way, such
an approach made sense because it prioritised to secure that the influence of
turbulence production in compressible flows was identical to that in incom-
pressible flows. Indeed, in strong expansion processes the proposed model in
this study naturally predicts a negative turbulence production while the old
model restores positive values of P with growing D. However, the old model
does so at the price of violating the realizability.

To illustrate this, we consider a stationary evolution of an expanding homo-
geneously sheared and strained plane flow (Ui = U [x, y] δix) with large D > 0
arising due to spatial acceleration of the flow created by a favourable pressure
gradient ∂i P , by heating Q or by forcing gi. The case is representative e.g.
of a heated, or heat-releasing, pipe flow and in general does not require high
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Mach numbers. In approximately homogenenous conditions it can be exam-
ined in the EARSM framework, but note that the homogeneity is violated here
because of ζ̊i 6= 0 driven mainly by ∂i ρ 6= 0. In order not to go beyond (3.1)

and (3.2), which is enough to justify the new model for Π
(r)
ij , we additionally

assume that Υi ≈ 0. This condition decouples the influence of the density flux
on the turbulence and is approximately valid in regions where U ≈ 0 or when
the flow if forced exclusively by gi, not by a pressure gradient.

Applying a fixed-point analysis to this case we obtain that at any values of
shear σ ≡ ω and dilatation D > 0 the model given by (3.1) remains realizable.
Indeed, fig.3.1(a,b) confirms that the anisotropy lies within the Lumley triangle

while the lowest eigenvalue λ1 = −a33/2 −
√
a2

12 + (a22 − a11)2/4 is always
larger than −2/3 (to guarantee that all the components of the diagonalized

Reynolds stress tensor are not negative: R̃αα ∼ λα + 2/3 ≥ 0). In contrast,
the old model by Wallin and Johansson (2000) always becomes unrealizable at
high D. In the absence of shear the minimum asymptotic (at D → ∞) value
of aαα is a11 → −4/(3

√
5) > −2/3 while in the old model a11 ≈ −1. Now

negative production is admissible with P/ε→ −0.07D while the old approach
would lead to P/ε → 0.35D. The exact values of P/ε, and consequently the
growth rates of K, strongly depend on the coefficients in the ε-equation.

Observe from fig.3.1(b) that the higher σ the steeper the angle at which the
old model λ1 crosses the −2/3 unrealizability line. The red curve with σ = 4σ1
crosses the black line at π/2 angle – and at larger D there are no continuous
non-imaginary N -solution. At higher σ this happens even before the turbulence
unrealizability is achieved. We mention that not only in EARSM but also in
DRSM framework the old model becomes unrealizable under strong expansion.
It stays realizable in compression processes but predicts wrong growth rates of
K. From this analysis we conclude that the new formulation is to be preferred
over the old one.

3.2. Quartic vs cubic

The quartic equation (3.2) derived in Grigoriev et al. (2013) modifies the cubic
equation by Wallin and Johansson (2000) for incompressible EARSM. The
additional term represents the interaction of rotation and dilatation. It might
seem that when both ω and D are large the term would always be important
and this ’interaction’ would be physical. These statements have to be refined.

In Grigoriev et al. (2016) we have shown for the case of plane homoge-
neous compression and shear at high strain-rate (in a context related to the
next section although all the algebraic aspects also cover the case of the pre-
vious section) that when σ, J , ω and D are comparable, the cubic equation
underestimates N only by ∼ 5%. The eigenvalues of the anisotropy tensor
become overestimated by ∼ 5%, which is not critical for the realizability, while
turbulence kinetic energy gains only ∼ 2% during the temporal evolution. By
switching off the shear σ we will make the use of the quartic equation crucial
for the prediction of all the quantities (at |ω/D| ≥ 0.35) and for realizability
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Figure 3.2. The relative error when using cubic equation, (3.2)
without the last term, instead of the full quartic equation (3.2).

N (3) is the root of the cubic equation, while N
(4)
max is the maximum

which quartic root can achieve when IIS and IIΩ are given.

(at |ω/D| ≥ 0.6). Thus, shear σ and strain J , entering IIS on an equal footing,
have a larger weight than ω and D and only when the quantities are substan-
tially reduced the problem really requires a full consideration. Indeed, putting
J to zero as well we find that already at |ω/D| ≈ 0.15 the realizability becomes
broken when using the cubic equation.

However, one can see that −0.9 IIΩD2 ≤ −2 IIΩ 2.7 IIS . The equality
is achieved only if σ = J ≡ 0 when (3.2) reduces to a quadratic equation
N2 − c′1N − 2.7 IIS = 0. Thus, given the specific values of IIS and IIΩ we can
construct a set of different flow situations confined between two extremities:
the case with D = 0 and N = N (3) and the case with σ = J = 0 and
N = N

(4)
max = N (2). A flow from this set has N in the range [N (3), N

(4)
max].

Although the lower extremity requires only the cubic equation and the upper
– only the quadratic, all the cases between them need full quartic equation for
the modeling. Fig.3.2 shows the maximum relative error which amounts up
to ∼ 20% in the region where neither the cubic nor quadratic equations can
be used. Remarkably, increasing IIS from 0 to higher values (at any IIΩ) the
maximum error increases exceptionally fast.
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σ = J ≡ 0 implies that the flow is axisymmetric and rotation does not
influence the turbulence in our model approximation and only dilatation is
effective. But even at the other extreme, when |ω| exceeds the eigenvalues of
the strain-tensor Sij by a factor ∼ 5, only the axisymmetric components of the
anisotropy tensor survive. Moreover, if (ω/D)2 � 0.1 and ω2 � (σ2 + J 2) a

simplified consistency relation

[
1+2.7 (σ2 +J 2)/IIΩ

]
N2− c′1N −0.45D2 = 0

can be employed. Already at |ω/D| ≈ 1.0 this approximation is very accurate
(Grigoriev et al. (2016)).

To summarize, in many cases of interest the quartic equation (3.2) can be
approximated but in complex flows with unpredictably varying conditions we
will need to use the full form.

3.3. Non-stationary homogeneous compression

In Grigoriev et al. (2016) we extended the application of our EARSM and
the corresponding DRSM to unsteady compressed (or expanding) and sheared
homogeneous flows in the RDT limit when dimensionless ’total strain-rate’
S∗ =

√
2 (IIS +D2/3) & 10. Specifically, we examined a flow whose evolution

is prescribed as

Ux = (1 + d0 t)−1 (d0 x + s0 y), Uy,z = 0, ρ = (1 + d0 t)−1 ρ0, (3.4)

while P = (1 + d0 t)−γ P0 and D/ d0 = 2J /d0 = 2σ/s0 = 2ω/s0 = τ ρ/ρ0.
This dynamics identically fulfills the equations (3.3), although an external forc-
ing is required to sustain it. Parameter d0 is responsible for dilatation (d0 < 0
in the compression case) and s0 for shear. Importantly, the evolution of all the
quantities depends on the compression ratio ρ/ρ0, not on the time itself.

Since in non-stationary processes ∂t aij 6= 0, we first confirmed that DRSM

based on the proposed modeling of Π
(r)
ij converges to EARSM. In both for-

mulations turbulence kinetic energy K and ’turbulence frequency’ ω̄ ∼ ε/K
demonstrate power-law growth during the compression while approaching the
singularity, i.e. K ∼ ρ/ρpK0 and ω̄ ∼ ρ/ρpω0 . The exponent pK depends ex-
clusively on the shear-to-compression ratio s0/d0 while pω also depends on the
constants in the ε-equation. Until s0/d0 < 7 (we give standard values to all
the model parameters) the turbulence evolves in the RDT regime and S∗ grows
because ω̄ grows slower than linearly with compression. However, at s0/d0 ≥ 7
the exponent pω approaches unity and turbulence time scale equilibrates kine-
matic gradients leading to a constant asymptotic strain-rate S∗. Increasing
s0/d0 we quickly decrease the asymptotic S∗ below 10 and the turbulence is
not rapidly distorted anymore.

Thus, DRSM and EARSM reveal consistent and physically correct trends,
see Grigoriev et al. (2016) for more details. Also DRSM has been used for
the comparison of the transient evolution of initially anisotropic, created by
accumulating an amount of shear β0 = |s0 t0|, turbulence with RDT results by
Mahesh et al. (1994). The considered fourfould compression is quite an extreme
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Figure 3.3. Behaviour of diagonal anisotropies and turbulence ki-
netic energy under homogeneous compression and shear at s0/d0 =
0.1. Left column – diagonal anisotropies at β0 = 3: red – a11,
blue – a22, green – a33. Right column – K: red – β0 = 3 , blue
– β0 = 2, green – β0 = 1, black – β0 = 0; purple dotted line –
EARSM. Dashed lines – RDT (from Mahesh et al. (1994)), solid
lines – DRSM. Upper row – ρ/ρ0 on abcissa, lower row – −d0 t on
abcissa. (Grigoriev et al. (2016))

process and based on the analysis we have concluded that the proposed model
can be applied to highly compressible cases.

Fig.3.3 shows that DRSM correctly captures the essentials of the evolution
of the diagonal anisotropies for β0 = 3 even with the rapid pressure-strain corre-
lation model that is linear in aij , Sij and Ωij Grigoriev et al. (2013). Then, the
figure demonstrates that the turbulence kinetic energy is in fairly good quan-
titative agreement with RDT for all available β0 = 0, 1, 2, 3. Hence, our model

for Π
(r)
ij is a reliable tool for predicting the effects of strong compressibility and

its simplicity makes it rather universal.

Interestingly, the purple dotted line in the upper left corner, which repre-
sents K given by EARSM, almost coincides with K provided by RDT starting
at β0 = 3. Probably, an anisotropic state with β0 = 3 really is a ’saturated’
state which is energetically close to the asymptotic EARSM state (though with
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different anisotropies). Observe that in the RDT limit the terms with c′1 can be
omitted in the equation (3.2) which effectively becomes a biquadratic equation

N4 − (2 IIΩ + 2.7 IIS
)
N2 + 0.9 IIΩD2 = 0.

3.4. de Laval nozzle flow

Turbulence in a real nozzle flow is typically in non-equilibrium and for this
reason a validity of RANS approach is arguable in this case. Nevertheless, we
may expect that stream tubes lying close to the centerline exhibit more or less
equilibrium and homogeneous turbulence behaviour. In particular this should
be true for rapidly distorted flows when turbulent scales are well separated
from the mean flow scales. Working in a standard quasi one-dimensional ap-
proximation (Anderson (2004)), we have examined stationary de Laval nozzle
flow, i.e. flow expanding from subsonic to supersonic speed. In the RDT limit
equations governing the mean flow are

dU

U
= −M−2 d ρ

ρ
= M−1 dM

1 + γ−1
2 M2

= (M2 − 1)−1 dA

A
. (3.5)

Hence, ρ, U (as well as P ∼ ργ) depend only on Mach number M . Although the
area A determines M , we can (at least theoretically) avoid the specification of
A which is advantageous for examination of the above mentioned stream tubes
when the area variation might be not easily found.
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Figure 3.4. Spatial evolution for high strain-rate in a quasi one-
dimensional plane nozzle flow. (a) – spurious (S), physical(P) and

ζ̊i ≡ 0 roots of N . (b) – normalized density flux ζ̊1. Red lines – S-

branch, blue lines – P-branch, dotted lines – ζ̊i ≡ 0 solution. Solid
lines represent ’normal’ solutions, dashed lines – ’anomalous’ solu-

tions.

To start with, we analyzed the nozzle flow by applying the EARSM putting
ζ̊i ≡ 0 and proved that our model is realizable in both subsonic and supersonic
regions dominated by strain J and dilatation D, respectively. Since this flow
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is characterized by strong density variation and ’local mean acceleration’, we
extended the analysis to a self-consistent accounting for the coupling with ζ̊i 6=
0. This resulted in the need to solve another quartic equation

N4 −
(
c′1 − F

)
N3 −AN2 −BN − C = 0, (3.6)

where the expressions for A, B, C and F depend on the parameters cΨ , cS , cρ,
cD and can be found in Grigoriev et al. (2015). The solution of the equation
points out that there are two primary branches of calibration specified by the
given parameters. The first one is physical (P) and admits a consistent exten-
sion of the case to two-dimensional or three-dimensional geometries, while the
other is spurios (S) and has a singularity (zero determinant of the system of
equations) if making such an extension.
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Figure 3.5. Spatial evolution for high strain-rate in a quasi one-
dimensional plane nozzle flow. (a) and (c) – normalized production
P + Ψ

ε
: red shows the ’incompressible’ part, blue – the ’dilatational’

part, green – the ’baroclinic’ part, black – total production, respec-
tively. (b) and (d) – anisotropy tensor components: red – a11, blue
– a22, green – a33. Solid lines represent ’normal’ solutions, dashed

lines – ’anomalous’, dotted lines – ζ̊1 ≡ 0 case. (a-b) represent the
spurious root, (c-d) – the physical.
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In addition, both calibration branches can have a ’normal’ behaviour, when
turbulent density flux is directed opposite to the density gradient, and ’anoma-
lous’ behaviour, when ζ̊i is in the same direction as ∂i ρ̄. These cases are
illustrated in fig.3.4(a,b) (recall that density is decreasing along de Laval noz-
zle flow). Remarkably, both branches in the ’normal’ and ’anomalous’ regime
lead to realizable results which is shown in fig.3.5(b,d). The calibrations are
rather robust to the variations in the model parameters. Also the trends of
the various components of the turbulence production are given in fig.3.5(a,c)

including ζ̊i ≡ 0 case.

We expect that the P-’normal’ branch is most likely to be found in nature.
However, we cannot completely reject the possibility that the other solutions
can be realized during the evolution. In particular, ’anomalous’ solutions are
not strictly prohibited in turbulence, since turbulence equilibrium is far from
being identical to thermodynamical equilibrium, although certainly have to be
confined to limited regions. The qualitative behaviour of both turbulent density
fluxes and turbulence anisotropies differs much between various regimes and
possesses particular properties inherent for the specific regime. For instance,
according to the P-’normal’ solution a11 has a wide plateau throughout the
nozzle and ζ̊x has a peak in strongly compressible region unlike S-’normal’
solution. To conclude, we hope that even this simple analysis can be useful
for identifying the physics revealed by the experiments and DNS, apart from a
possibility to extend the analysis to more advanced RANS and LES contexts.



CHAPTER 4

Non-homogeneous turbulent flows

The analysis of a RANS model would be incomplete without examination of the
developed states of turbulence when on average turbulence production equals
dissipation. Local values of the production-to-dissipation ratio P/ε can be
quite different but in large parts with shear, strain, density variation and ’local
mean acceleration’ P/ε tends to be close to unity. This is illustrated in fig.4.1
for two flow cases we are considering in this chapter. The stationarity of these
setups allows for a reliable analysis of their converged states in the EARSM
framework.
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Figure 4.1. The components of turbulence production in fully
developed flows. (a) – combustion in a wall-jet flow; (b) – upward
flow of supercritical C O2 in an annulus with radial heat transfer.

There is a strong need to examine not only the model itself, but also to
validate it against experimental/DNS data. Only rather low Reynolds numbers
can be reached in modern DNS, but we will confirm that our EARSM performs
satisfactory and correctly predicts the physics of such cases. We choose here to
exclude near-wall corrections order to keep the analysis as clean as possible for
the time being. Since an appropriately calibrated model remains singularity-
free in a wide variety of flow configurations, the effects of three-dimensional
swirling can also be investigated e.g. by extending the approach to subgrid-
scale modeling for LES, in line with Marstorp et al. (2009).
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4.1. Combustion in a wall-jet flow

A turbulent flow with non-premixed combustion, when fuel is injected as a
wall-jet into an oxidizer environment, has been studied by Pouransari et al.
(2013) using DNS. The flow is characterized by significant density variations
and noticable acceleration, although dilatation is rather small. The maximum
Mach number is M = 0.5 implying that the exchange between kinetic energy
of a flow and its internal energy is not very important, and the inlet Reynolds
number is Re = 2000. A developed turbulent state is reached at a rather
far downstream position (∼ 24 times of the initial jet height h) where Reτ =
uτ h/ν = 220.

For this setup EARSM can be applied in a fixed-point fashion by comparing

only aij and ζ̊i ≡ ρ′ u′i/

√
ρ′2K while K, τ and ρ′2, as well as velocity and

density gradients, are taken directly from the DNS. A maximum in K is found
near the inflection point in the streamwise-velocity profile. The peaks in ρ′2

lie near the inflection points in the mean density profiles which justifies the
mechanism of the density variance production in (2.7).

The DNS shows that in the region of interest S11 and S22 are not larger
than 25% of S12, while S33 and D are approximately 3% and 10% of S12,
respectively. As contrasted to purely kinematic effects, the variable density acts
via a turbulent density flux ζ̊i which is driven by Γi and Υi. The normal-wall
component of Γi is prevailing and ranges ∼ [−4.0, 3.0] while Υi is dominated by
the streamwise component ranging ∼ [−0.25, 0.2]. We can conclude that the
influence of the cΥ Υi-term is ∼ 6 times less significant than the influence of Γi
itself. Observe that only the Γy Υx-component of the Γi Uj-tensor is of relative
importance, ∼ 10% of the influence of II∗S = IIS +D2/3. Hence, the term cΥ Υi
affects ζ̊i in a rather limited way. Mean velocity gradients affect the anisotropy
tensor with a weight proportional to IIS ∼ 10 while the density flux (coupled
with local mean acceleration) is weighted by |Γy Υx| ∼ 0.5. To summarize, the
flow is in a moderately strong turbulence regime S∗ ≈

√
2 IIS ∼ 4 with quite

observable effects of the mean dilatation and the density fluxes (5−10%) while
the major influence on the anisotropy tensor is associated with shear component
S12 aided by the strain components S11 and S22. The normalized density flux
ζ̊i is computed as an active scalar with minor but noticeable influence of the
coupling between aij and ζ̊i.

Fig.4.2 shows the behaviour of the components of ζ̊i and aij in DNS and in
EARSM with model parameters cρ = −4.0, cS = cΩ = 1.0, cΨ = 0.0, cD = 0.0
and cΥ = 1.5. At y+ < 50 the turbulence is dominated by near-wall effects and
the correspondence between DNS and the model is poor. A simple diffusion
correction in line with Wallin and Johansson (2000) is used in the region where
P/ε < 1. The principal improvement due to this correction is that a12 and
a22 have correct slopes in those regions. Away from the wall, the profiles of
a12 and a22 are captured significantly better than the profiles of a11 and a33
which are under- and overpredicted by the model, respectively. Primarily, this
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Figure 4.2. DNS data of a wall-jet of fuel injected into an oxidizer
by Pouransari et al. (2013) together with model predictions. Upper

row: normalized density fluxes ζ̊x (left) and ζ̊y (right), respectively.
Lower row: anisotropies a12, a22 (left) and a11, a33 (right), respec-
tively. Dashed lines – DNS Pouransari et al. (2013), solid lines – the
model Grigoriev et al. (2015). x/h = 25. y+ = y uτ/ν = 102.4 y/h.

is due to the choice of q3 = 1 (c2 = 5/9) in the model for the rapid pressure-
strain correlation (Wallin and Johansson (2000)). Observe that when cΨ = 0.0,

implying a maximum coupling between aij and ζ̊i, the slopes of a11 and a33
near y+ = 100 are given correctly. The prediction of both components of
ζ̊i is quite good even without further calibration. Importantly, the proposed
set of model coefficients can be employed in this combustion problem, the
nozzle flow as well as in the remaining case of supercritical flow. Although the
turbulent density flux is rather weakly coupled to the anistoropy equation in
this particular case, it visibly improves the slopes of a11 and a33 near y+ ≈ 100
and the values themselves between y+ = 300− 400. The dilatation affects the
turbulence only at values of cD beyond ∼ 2, but this DNS data is insufficient for
making an accurate calibration of the constant. The most suitable choice for
the calibration of the constants representing the effect of dilatation would be the
nozzle flow but we have not found DNS or experimental data for comparisons.
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Finally, the magnitude of ůi = ρ′ u′i/ρ̄ is 1−2% of Ux for this case with max-
imum Mach number Mmax = 0.5. Although the wall-normal derivatives ∂y ůi
can be comparable to ∂x Ux and ∂y Uy, it can be shown that the anisotropies and
density fluxes resulting from the EARSMs based on either Reynolds averaging
or Favre averaging approaches are very close. Moreover, the difference between
the corresponding predictions is smaller than the accuracy of the model.

4.2. Supercritical flow of carbon dioxide with heat transfer

At last, we will examine turbulent upward flow of supercritical CO2 in a cylin-
drical annulus with radial heat transfer caused by the temperature difference
between inner and outer walls. A DNS study by Peeters et al. (2014), which we
use as a reference, investigated this low-Mach number case for a zero gravity
case while in the subsequent study (unpublished yet) the authors also consid-
ered the case with buoyancy. The critical parameters of carbon dioxide are
Tcr = 304.1 K and Pcr = 7.377 MPa. When temperature and pressure are
higher than these critical values, CO2 becomes a supercritical fluid and ex-
hibits properties characteristic both for gases and liquids. To every P > Pcr
corresponds a pseudo-critical temperature Tpc with a distinct peak in the spe-
cific heat at constant pressure cp. Near Tpc the thermodynamic parameters of
the fluid change significantly under slight variations in temperature. Hence, a
supercritical flow can experience large volume changes even at low speeds and
without chemical reactions. The combination of significant mean dilatation D,
mean density gradient ∂i ρ̄ and mean acceleration Dt Ui means that the analysis
of supercritical flows is very helpful for testing and calibration of the proposed
EARSM.

The DNS study by Peeters et al. (2014) takes P0 = 8 MPa for the thermody-
namic pressure and the corresponding pseudo-critical temperature Tpc = 307.7
is found between the walls since Tinner = 323 K and Touter = 303 K. An
appropriate non-dimensionalization of the density ρ, dynamic viscosity µ, ther-
mal conductivity λ, temperature T , enthalpy h and velocity U is performed
(see Peeters et al. (2014) or Paper 4) and the Reynolds and Prandtl numbers
are chosen as Re = 10000 and Prh = 2.848, respectively. Then the friction
Reynolds number is Reτ ∼ 220, at the lower margin when turbulence is fully
developed. This turbulence state in the RANS framework is considered as sta-
tionary with one mean velocity component Ux which varies only in the radial
direction. One case without gravity and one case with gravity gx = −1/Fr,
where Froude number Fr = 10, are considered.

Decoupling the thermodynamic pressure from the hydrodynamic pressure,
which provides a homogeneous favourable gradient driving the flow upwards,
we can write the mean momentum equation as

ρ̄ ∂t Ui + ρ̄ Uj ∂j Ui + ∂j Rij + ∂i Phy =

= 2Re−1 ∂j (µ S̃ij) + ρ̄ gi + Rij
ρ̄
∂j ρ̄+

[
(c′′ρ + c′ρ/2) τ−1

]
ρ′ u′i, (4.1)
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Figure 4.3. Upward flow of supercritical C O2 with heat transfer
in an annulus at Re = 10000. Dashed lines represent the case with
zero gravity. Solid lines describe the case with gravity gx = −0.1.
(a) – mean velocity; (b) – thermodynamic parameters; (c) – com-
ponents of shear stress; (d) – radial- and streamwise-components of
heat flux. r is scaled with the outer radius of annulus.

where S̃ij = 0.5 (∂i Uj + ∂j Ui − 2/3 ∂k Uk δij). The sum c′′ρ + c′ρ/2 is put to
4.0 here which will be shown to give correct influence of the density-velocity
correlation on the mean velocity. Several terms on the right-hand side of (4.1)

are neglected to stress the significance of the last term ∼ ρ′ u′i. The equation
(4.1) is combined with the energy equation

ρ̄ ∂t h̄+ ρ̄ Uj ∂j h̄+ ∂j(ρ̄ h′ u′j) = (RePrh)−1 r−1 ∂r

(
r λ̄ ∂r T

)
. (4.2)

and supplemented with a K − ω model.

We adopted the following simplifications. The Reynolds averaged mean ve-
locity may have non-zero dilatation which is neglected in favour of the stronger
influence of variable mean density. Then, we assume that all the correla-
tions of thermodynamic parameters are proportional to ρ′ u′i, e.g. h′ u′i =
(∂ h/∂ ρ)P0 ρ

′ u′i. Finally, in expansions like λ̄ = λ(h̄) + 0.5 (∂2 λ/∂ h̄2)P0 h
′2

we will neglect the second term, although for e.g. λ the second derivative can
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reach large negative magnitudes and the second term contributes ∼ 5% to the
magnitude of λ̄.

Fig.4.3 demonstrates the profiles of the velocity, thermodynamic param-
eters and turbulent shear stress in the cases with and without buoyancy and
using a calibration similar to the calibration in the combustion case. The only
difference is that cΥ = 0 but the specific value of this parameters affects no-
ticeably only ρ′ u′x and does not change much the other quantities. Indeed, in

cases with weak-coupling between ζ̊i and aij the coefficient is of minor influence
while the analysis of cases with strong coupling, e.g. nozzle flow, can provide
information for its more accurate calibration. The radial heat flux is slightly
underpredicted while the mean thermal conductivity is slightly overestimated,
both facts can be attributed to the simplifications made and for the need for a
finer calibration. We are aiming for a unified calibration applicable to different
flow situations and fine tuning of the calibration will require reference data for
additional cases.

Although we do not have any reference data for a streamwise heat flux
ρ̄ h′ u′x, the related streamwise mass flux ρ′ u′x is crucial for the development of
correct profiles of all the quantities. Without its action the erroneous shift of the
zero-point of shear stress would be observed. Despite certain simplifications, the
EARSM results are quite accurate and exhibit consistent physical trends. We
suppose that by including the neglected effects we can significantly improve the
predictions which will be compared with full DNS data (to be received soon).



CHAPTER 5

Summary of the papers

In the preceding parts of the thesis we have tried to provide a consistent frame-
work which can help to understand the more detailed discussions and results
contained in the papers. Before presenting the papers themselves we will briefly
describe their contents and the logic connecting them.

Paper 1

A realizable explicit algebraic Reynolds stress model for compressible tur-
bulent flow with significant mean dilatation

Starting with this paper, we for the first time systematically accounted for
the effect of mean dilatation on the rapid part of the pressure-strain correla-
tion. This has allowed us to develop an EARSM for compressible turbulent
flows which, when expressed through vorticity- and traceless strain- tensors,
is identical to the corresponding incompressible model with a sixth-order al-
gebraic equation determining the model coefficients. The influence of variable
viscosity on the dissipation equation was also accounted for while an algebraic
model for the density-velocity correlations was outlined.

For the case of two-dimensional mean flows we formulated a general model
and identified the physical root of the resulting fourth-order polynomial equa-
tion. The application of the model in a fixed-point analysis of a homogeneously
sheared and one-dimensionally strained flow with significant mean dilatation
demonstrated the realizability of the model.

After showing that significant simplifications for irrotational flow in a gen-
eral three-dimensional case can be made, we proceeded with the investigation of
a quasi one-dimensional plane nozzle flow. We supplemented the EARSM with
a K − ω model and assumed that the mean flow is isentropic and transcends
from subsonic to supersonic in the nozzle. The model is realizable for arbi-
trary strain-rates, which is controlled by the initial turbulence time scale. By
splitting the turbulence production into incompressible and dilatational parts,
we found that the negative dilatational part changes from negligible to domi-
nant when moving from the subsonic to supersonic region. As a consequence,
the total production attains negative values for arbitrary strain-rates, while
in the previous model at sufficiently high strain-rate the realizability region is
restricted only to positive values of production.

38
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Paper 2

Capturing turbulent density flux effects in variable density flow by an ex-
plicit algebraic model

To proceed further, we aimed to formulate an EARSM which in addition
to the effect of mean dilatation can account for the influence of varying den-
sity of the flow. To this purpose an algebraic model for the density-velocity
correlation, linearly relating the density-velocity correlation to the mean den-
sity variation, has been developed. This was coupled to the anisotropy tensor
equation through the ’local mean acceleration’, i.e. the difference of the sub-
stantial derivative of the mean velocity and gravity vector. The pressure-strain
correlation may acquire a term which acts as a relaxation of the ’baroclinic’
component.

To illustrate the application of the model in combination with a K − ω
model we again considered the case of a quasi one-dimensional plane noz-
zle flow. In that case the complexity of our coupled model is reduced to a
quartic polynomial equation. A physical root exists everywhere in the nozzle
and guarantees a realizable behaviour in different turbulence regimes if cer-
tain constraints on the model parameters are imposed. We considered one of
the calibration branches for which the behaviour of the anisotropy tensor is
less likely to become unrealizable in comparison to a model that neglects the
density flux. In general, the positive ’baroclinic’ production Ψ makes turbu-
lence more isotropic. Another remarkable effect is that the ’incompressible’
and ’dilatational’ components of production are reduced due to the influence of
the density flux but the ’baroclinic’ component substantially grows and causes
the total production to grow too. By contrast, the density variance through
the coupling with ’local mean acceleration’ acts to increase the anisotropy and
suppress turbulence production and the density flux, and even to change the
direction of the latter. In the region where density flux is positive, the com-
ponents of the anisotropy tensor and production react in opposite direction on
the variation of the model parameters.

General three-dimensional mean flows also admit an explicit solution for the
density-velocity correlation and anisotropy tensor. This is achieved by noting
that the right-hand side in the anisotropy tensor equation is linear in both
strain tensor and density-velocity correlation, which allowed us to formally solve
the equation. By substituting this solution into the equation for the density-
velocity correlation we transformed it so that it can be explicitly solved for the
density-velocity correlation. The order of the polynomial consistency relation
is smaller or equal to four only in specific flow cases and an iteration procedure
is needed to solve it. We have demonstrated that an iteration sequence in the
case of quasi one-dimensional plane nozzle flow converges rapidly and first-order
approximation is very close to the exact solution.
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Paper 3

Algebraic Reynolds stress modeling of turbulence subject to rapid homoge-
neous and non-homogeneous compression or expansion

To justify the DRSM and EARSM based on the proposed rapid pressure-
strain correlation model for compressible flows, proposed in Paper 1, we have
applied the models to the case of homogeneously compressed and sheared tur-
bulence. This is a natural setup to examine the evolution of turbulence in the
limit of asymptotically high strain rate when the behaviour of all quantities
depends only on the shear-to-compression ratio and evolves as function of the
compression ratio. We have compared the DRSM with the results of the rapid
distortion theory up to fourfold compression. The DRSM captures the evolu-
tion of diagonal anisotropies during the transient process fairly well, which is in
sharp contrast to standard compressible extensions of turbulence models. The
growth rates of the turbulence kinetic energy given by the present DRSM for
different initial conditions almost coincide with the exact RDT calculations.

After a transient period, the DRSM converges to an asymptotic state
with constant anisotropies predicted by EARSM. The EARSM is realizable
at all shear-to-compression ratios and its behaviour is divided into two distinct
regimes. When the shear-to-compression ratio is low or moderate, the normal-
ized strain rate grows continuously and turbulence remains in the RDT regime.
During such an evolution all the components of the anisotropy tensor are con-
served. In contrast, when shear effects are strong, turbulence approaches an
asymptotic state with moderate strain and the anisotropies vary significantly
during the evolution. Independent of the regime, the turbulence kinetic energy
both in DRSM and EARSM saturates at a power law growth, versus ρ/ρ0, with
an exponent depending exclusively on the shear-to-compression ratio.

We have shown that the consistency relation for EARSM needs to be ap-
plied in its full form only when shear is low in comparison to dilatation and
rotation. An astrophysically as well as engineering related case of spinned-up
and axisymmetrically compressed turbulent gas cloud has been introduced. The
model is in that case independent of the rotation rate unless non-axisymmetric
strain is added, hence, a simplified consistency relation can be used. In addi-
tion, this setup represents an asymptotic state for any case with a relatively
high rotation rate.

We have demonstrated the trends predicted by an extended DRSM in-
cluding the coupling of the density flux with ’local mean acceleration’ of the
flow when applied to an adiabatically compressed or expanded fluid with stable
stratification. This model can be relevant when considering certain stages of
deflagration and detonation processes in more general non-homogeneous flow
configurations. The EARSM with coupled density flux has been applied to
perform a fixed-point analysis of a DNS data of combustion in a wall-jet flow,
which represents a natural non-homogeneous example. Even with a simple cal-
ibration our model provided reasonable results for the turbulent density fluxes
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and turbulence anisotropies. Moreover, the calibration guarantees that our
model is free of singularities in a wide variety of three-dimensional flows, which
implies that it might be used as a subgrid-scale model in a LES context.

Paper 4

Unified explicit algebraic Reynolds stress model for compressible, heat-
releasing and supercritical flows with large density variation

Here we started with revisiting the flows examined in the previous pa-
pers and proceeded with an attempt to arrive at a unified explicit algebraic
Reynolds stress model for compressible turbulent flow with large density varia-
tion including high-speed and low-speed flows, heat-releasing and supercritical
flows. First we analyzed the EARSM in de Laval nozzle flow in a quasi one-
dimensional approximation, to obtain a closed form analytical solution, and
identified two main calibration branches which specify the mechanism of the
generation of the turbulent density flux. A spurious branch leads to a model
singularity when applied to two- and three-dimensional flows while a physi-
cal branch is free of singularities in a vast majority of flow situations. Both
branches under more detailed choice of the model parameters can possess ’nor-
mal’ behaviour and ’anomalous’ behaviour. The former is characterized by the
density flux directed opposite to the gradient of mean density while in the lat-
ter it is parallel to the gradient. Nevertheless, the realizability of turbulence is
retained everywhere in the computational domain independent of the type of
calibration.

Naturally, we expect that the ’normal’ calibration of the physical branch
is the most plausible option to produce realistic results. Indeed, in the wall-jet
flow with heat release good predictions of the density fluxes are obtained using
such a calibration. Also in the new case of upward flow of supercritical carbon
dioxide with heat transfer and buoyancy this calibration proved to be able to
correctly predict all the main trends. The specification of the constants not
very important in the combustion and supercritical flow cases has to be based
on a wider amount of experimental or DNS data including supersonic flows,
e.g. de Laval nozzle flow.

Paper 5

Direct solution for the anisotropy tensor in explicit algebraic Reynolds stress
models

This last manuscript is a counterpart to Lazeroms and Grigoriev (2015) and
shows the other way to find a solution to a matrix equation typical for EARSMs.
Unlike earlier approaches where the tensor groups are preconstructed or the so-
lution is given by applying the Cayley-Hamilton theorem, the current method
concentrates on producing ’shortcuts’ which reduce the number of iterations
needed to perform the direct solution of the equation or system of equations.
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First we confine ourselves to the consideration of a particular quasi-linear equa-

tion N a = −s+ao−oa+α
(
as+sa− 2

3 tr (as) I3

)
without the influence of

an active scalar (ζ = 0) and solve the problem for the general three-dimensional
compressible case. When deriving the solution we automatically obtain 9 tensor
groups based on a symmetric traceless s and anti-symmetric o tensors. Recall
that 10 independent symmetric tensor groups can be build using s and o, but
one is not present in the solution of the equation. Then we outline the solution
of the problem including a linearly coupled active scalar ζ, which is governed
by an equation linear in both ζ and a. This particular case with α 6= 0 and
coupling between a and ζ justifies the method developed since less involved
systems can be solved using simpler means. Since the solution process follows
systematic and elementary steps, its generalization may eventually lead to a
tools for solving more complicated systems of equations.



CHAPTER 6

Conclusions and outlook

The computation of turbulence is an art of compromise. Even today we can-
not perform a direct numerical simulation of a realistic engineering setup or
a natural phenomenon. Models which physically describe the interaction of
large and small scales without invoking various empirical hypotheses are still
missing. Solving RANS equations seems to represent a simple and at the same
time more or less general tool for the prediction of turbulence behaviour. In
this study, we have chosen to examine compressible turbulence. Examples of
such compressible flows are expansion of turbulence through de Laval nozzle
and shock-turbulence interaction. Also low Mach number turbulent flows may
experience large density variations, for instance, flows with significant heat re-
lease through reactions or combustion, supercritical flows with moderate heat
effects and mechanically compressed/expanded flows in e.g. internal combus-
tion engines. We have focused our modeling developments on explicit algebraic
Reynolds stress models (EARSM) and their corresponding differential Reynolds
stress models (DRSM), which are built using the following modeling assump-
tions. Firstly, we chose the rapid pressure-strain correlation to be represented
by only the most basic tensor groups, one of which is completely equilibrated
by the turbulence production. Such a model will of course have its limitations
and e.g. cannot predict effects like the attenuation of turbulence under pure
rotation. However, the influence of the ’dilatational relaxation’ is accounted
for in a correct way, which is crucial for retaining turbulence realizability when
the effects of compressibility are strong. Then the modeling of the terms in the
equation for the density-velocity correlation has been developed in a systematic
way. When this equation is coupled to the anisotropy tensor equation, which
is important when the density variation is significant and local acceleration of
the flow is high, the realizability is still preserved in both DRSM and EARSM
formulations. The latter is derived here in the general three-dimensional form
with all the complexity reduced to solving a polynomial consistency equation.
Thus, the model gives a plausible framework for the consideration of different
flow cases.

As follows from the analysis of the presented test cases, the level of coupling
between the anisotropy tensor and the turbulent density flux can be low or high.
The former situation is typical for combustion with moderate heat release and
Mach number ≈ 0.5 as well as for the flows of supercritical fluid without strong
acceleration or gravity. However, in the supersonic section of de Laval nozzle,

43



44 6. CONCLUSIONS AND OUTLOOK

the coupling is decisive in the prediction of the anisotropy tensor and fluxes.
Hence, only when the flow conditions are rapidly changing in space or time and
the case is characterized by significant dilatation, large density variation and
high ’local mean acceleration’ (be it due to gravity, centrifugal force or other
volume forces) the coupling is strong and the EARSM developed really has to
be employed in its full coupled form. It must be emphasized that even rather
weak corrections, as a result of accounting for the coupling, to the turbulent
quantities which are typically not very high themselves, are proportionally dis-
played on the converged profiles of the mean flow parameters. However, when
transient effects and inhomogeneities are very strong the weak-equilibrium as-
sumption is not valid and the EARSM cannot be applied. The DRSM proposed
in this study including the transport model for the density-velocity correlation
might be needed, for example for the consideration of cylinder flows in inter-
nal combustion engines or for the analysis of turbulence in deflagration and
detonation waves.

We demonstrated that in generic test cases as well as in realistic tur-
bulent flows our model gives reasonably correct predictions. This opens up
the possibilities to examine more complicated flow situations, including three-
dimensional and swirling flows. Obviously, SGS-reformulated model is a natural
application for such cases since LES always has to resolve all three dimensions.
Although a specific form of a modeling in LES is considered to be less impor-
tant than in RANS, we expect that in strongly compressible cases the model
will exhibit noticeable distinctions from simple standard models. In addition,
we consider the model as a good stepping stone for the initiation of new DNS
and experimental activities since now we are able to obtain, at least, tentative
results in the cases with high compressibility, which can give incentives for the
direction of future studies.
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