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Abstract

For an apparatus as big as the pension system, the financial stability is
essential. An important feature in the existing pension system is the balance
mechanism, which secures the stability of the system. The balance ratio is
obtained by dividing the assets by the liabilities. When this ratio drops
below 1.0000, it triggers the so-called automatic balancing.

While the existing pension system has achieved its goal of being finan-
cially stable, it has become clear that the indexation of the pensions during
balancing periods has properties that are not optimal. On a short-term per-
spective the income pension system is exposed to the risk of reacting with
a lag, or reacting unnecessarily strong. This gave rise to a new legislative
proposal, issued by the government. The goal of the proposal is to obtain
a smoother and more up-to-date development of the income pension, i.e. a
shorter lag period, without jeopardizing the financial stability. In addition to
this it is also desirable to simplify and improve the existing calculation meth-
ods. In order to compare the existing calculation methods in the pension
system with the new legislative proposal, a simplified model of the existing
pension system and the modified version of it, are created.

The results of this study shows that the new legislative proposal decreases
the volatility in the pensions and it avoids the deepest valleys in the balance
ratio. The development of the pension disbursements in the new system has
a higher correlation with the development of the average pension-qualifying
income than in the current system. Moreover, the results show that the
new system has a shorter lag period which makes the income pension sys-
tem more up- to-date with the current economic and demographic situation.
The financial stability is still contained, and the new system also handles
variations in the inflation better than the current system

Keywords: PAYG, Income Pension, Balance Ratio





Sammanfattning

För en apparat så stor som pensionssystemet är den finansiella stabiliteten
viktigt. En betydelsefull egenskap i det befintliga systemet är balansmekanis-
men som säkrar stabiliteten i systemet. Balanstalet beskrivs som pensions-
systemets tillgångar dividerat med skulderna. När detta förhållande faller
under 1,0000 utlöser det den så kallade automatiska balanseringen.

Trots att det nuvarande pensionssystemet har uppnått sitt mål med att
vara finansiellt stabilt har det visat sig att indexeringen av pensionerna un-
der balanseringsperioder har egenskaper som inte är optimala. På kort sikt
finns det en risk att inkomstpensionssystemet reagerar med en viss tidsför-
dröjning, eller att den reagerar onödigt starkt. Detta gav upphov till ett
nytt lagförslag som är utfärdat av regeringen. Målet med förslaget är att få
en jämnare och mer aktuell utveckling av inkomstpensionerna, dvs. en kor-
tare eftersläpningsperiod utan att äventyra stabiliteten i systemet. Utöver
detta är det även önskvärt att förenkla och förbättra de nuvarande beräk-
ningsmetoderna. För att kunna jämföra de befintliga beräkningsmetoderna
i pensionssystemet med det nya lagförslaget har en förenklad modell av den
befintliga pensionssystemet samt den modifierade versionen skapats.

Det framgår tydligt av resultaten från denna studie att det nya lagför-
slaget minskar volatiliteten i pensionerna och undviker de djupaste dalarna
i balanstalet. Utvecklingen hos pensionsutbetalningarna i det nya systemet
har en högre korrelation med den genomsnittliga pensionsgrundande inkoms-
ten jämfört med det nuvarande systemet. Utöver detta visar resultaten att
det nya systemet har kortare eftersläpningsperiod vilket gör inkomstpen-
sionssystemet mer aktuellt. Den finansiella stabiliteten bibehålls och det nya
systemet hanterar även fluktuationer i inflationen på ett bättre sätt än i det
nuvarande systemet.
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1 Introduction

This section will give a short introduction to the topic covered in this thesis,
including the problem formulation, background information and the aim of
the study.

1.1 Background

Every year billions of SEK goes in and out of the Swedish pension system
[15]. For an apparatus as big as the pension system, the financial stability
is essential. It is important that this stability can withstand changes in the
economic and demographic development.

In 1999, the Swedish Pension Agency implemented a new, reformed pen-
sion system in order to replace the old ATP system. The ATP system had
been in use between the years 1960 and 1998. It had a fairly weak connection
to the socio-economic development and did not account for the increasing
life expectancy, which is why it was necessary to reform the ATP system.
Instead of only accounting for the best 15 years, the new system uses the
pension credits for every year. The pension credits, i.e. the amount set aside
each year for the income pension and the premium pension, does in the
current system follow the general income development instead of the price
development that used to be the case.

Another very important feature in the new pension system is the bal-
ance mechanism which secures the stability of the system, regardless of the
economic and demographic development. The balance ratio is obtained by
dividing the assets by the liabilities. When this ratio drops below 1.0000, it
triggers the so-called automatic balancing. During the balancing period, the
size of the pensions will be affected differently depending on the magnitude
of the balancing.

While the existing pension system has achieved its goal of being finan-
cially stable, it has become clear that the indexation of the pensions during
balancing periods has properties that are not optimal. On a short-term per-
spective the income pension system is exposed to the risk of reacting with
a lag, or reacting unnecessarily strong. This gave rise to a new legislative
proposal (Ds 2015:6), issued by the government. The goal of the proposal is
to obtain a smoother and more up-to-date development of the income pen-
sion, i.e. a shorter lag period, without jeopardizing the financial stability.
In addition to this it is also desirable to simplify and improve the existing
calculation methods.
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1.2 Purpose

The main purpose of this study is to compare the existing calculation meth-
ods in the income pension system with the new legislative proposal [26],
which is expected to be fully implemented in the next couple of years. In
order to do this, a simplified model of the existing pension system and the
modified version of it, are created in the programming language R. Some of
the variables are deterministic while others are random. A more in-depth
explanation of the variables is presented in Section 4. For the demography,
different scenarios are studied. The model will be able to serve as an analyt-
ical tool for the pension system where one can simulate different scenarios.
This will give a flexible model, making it useful not only for this study, but
also for further research.

It is important that one can obtain results for individual cohorts as well
as in an aggregated form. A cohort is a group of individuals that have shared
a specific event during a certain time period. In this thesis, a cohort refers
to individuals that are born in the same year. With the aid of the results
the legislative proposal are analyzed and evaluated: Does the proposal have
the expected impact and does it cause any unwanted side effects? It could
be complicated to evaluate a pension system since there are many different
opinions on what defines a good pension system. Therefore, the study also
includes a discussion of these topics.
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2 Theoretical Background

This section gives the necessary theoretical background to this study. It
begins with an introduction to the Swedish Pension System as well as infor-
mation about areas relevant to pension systems in general. Since the cre-
ated model includes random variables, this section also contains information
about stochastic modeling and simulation techniques.

2.1 The Swedish Pension System

The pension in Sweden consists of different components: the national re-
tirement pension, the occupational pension and the private pension. These
components differ in size depending on different factors for each individual,
e.g. income and employer. Another reason for this is the fact that the private
pension saving is a voluntary part of the pension.

The national retirement pension has several components: The income
pension, premium pension and, in some cases, guarantee pension. 18.5 per-
cent of a person’s salary and other taxable benefits are each year set aside
for the national retirement pension. The largest part, 16 percent, goes to
the income pension and the remaining, 2.5 percent, goes to the premium
pension [13]. Hence, the income pension is an income-based pension and
the size of the pension credit is based on the income one has had during its
working career. There is also an income ceiling, which is the largest income
per year that contributes to the pension. The level of the ceiling is recalcu-
lated every year and is based on the wage trends in Sweden [18]. For the
premium pension, the individual chooses which pension fund they want to
invest their money in. Thus, the size of the premium pension depends on
how the invested money develops in the chosen funds. If the individual do
not actively place its money, they will automatically be placed in the state
pension fund AP7 Såfa [19].

The guarantee pension is a safety net for those who have had a low or
non-existing income based pension. This part of the national retirement
pension is governmentally financed and to be qualified for a full guarantee
pension one need to have lived in Sweden for at least 40 years between the
ages of 16 to 64. If one has lived in Sweden for a shorter period then the
guarantee pension decreases with 1/40 for every year missing [20].

In addition to the national retirement pension, most of the employees in
Sweden also get occupational pension. This is a certain amount of money
that the employer sets aside on a monthly basis. The sum varies between
employers since they have different agreements. There are two different
types of occupational pension schemes: defined-benefit (DB) and defined
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contribution (DC). In a DB pension system the individual are guaranteed
a certain percentage of its wage when retiring. When it comes to the DC
pension the employer pays a fixed amount of money that the individual can
invest as he or she choose. This means that the size of one’s occupational
pension will be affected by the profit and the managing fees of the chosen
funds if one have a DC pension in contrast to the DB system. In some cases
the pension can be a combination of these two different types [17].

If an individual feel the need to complement the other parts of their
pension, the person can save in a private pension. As mentioned earlier,
this is a voluntary part of the pension and therefore one have the power
to choose funds as one wants. As oppose to traditional saving, investing
in private pension has the advantage of providing tax deductions on the
invested capital. In 2015 however, the taxation rules for the private pension
were changed. This means that the deduction for private pension is reduced
with 85%. Moreover, the government has announced that there is a high
probability that the deductibility will entirely disappear in 2016. If the
monthly savings are larger than the allowed deduction there will be a double
taxation of the invested capital [14].

There are six AP-funds in the pension system: AP 1-4, 6 and 7. These
funds, with the exception AP7, act as a buffer in the national retirement pen-
sion. This means that the funds are used to handle the differences between
cash inflow and outflow. The first four AP-funds each receive one quarter of
the social security contributions made towards the state pension system and
they all pay one quarter of the benefits due from the state pension system.
AP6 differs from these four; it neither receives any contributions nor pays
any benefits. It has a long-term investment strategy and only invests in un-
quoted companies. As mentioned earlier, the seventh AP-fund manages the
premium pension for those that don’t actively place their money [2].

An individual’s pension savings are blocked and can’t be withdrawn be-
fore the age of 61, which is the minimum pension age in Sweden. The
recommended pension age is 65, but one has the right to keep working until
67. It is possible to work even longer than that if the employer agrees to it.
The pension age is something that is constantly discussed and it is likely that
these numbers will be adjusted in the future as the demographic structure
changes [15].

2.2 Pension Systems

This section gives an introduction to pension systems in general and provides
some background information on some of the concepts commonly used within
this field.

It is very common to consider a pension system as an overlapping gen-
eration model (OLG). The simplest form is a model consisting of two age
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groups: the working generation and the retired generation, where each in-
dividual lives for two time periods. An individual at time t belonging to
the working generation will, at time t+ 1, belong to the retired generation,
while a retired individual at time t will be dead at time t + 1. Every time
period a new working generation will enter the system while the previously
retired generation leaves it [23]. This is however, not a very accurate way of
modeling a pension system as the variation within these groups is high. In-
stead one would have to categorize the individuals into age groups, creating
an OLG model where each generation represents a certain birth year. This
enables a more flexible model and allows for results for individual cohorts.

There are two main alternatives when creating a pension system. One
way of setting it up is to, as in the case of the Swedish premium pension,
use a fully funded system. This means that all contributions paid are placed
in funds and saved individually for each contributor. The income pension
however, which is the main focus of this thesis, uses a so called pay-as-you-
go system (PAYG). In a PAYG system, the pension contributions coming in
throughout a certain year are used to finance the pension disbursements for
that same period [15]. The income pension also uses a buffer fund, meaning
that any excesses are put into the fund, making it possible to cover future
deficits which lead to a more financially stable system. In theory, PAYG
systems are commonly defined without any funded assets, but in practice
there are often a substantial amount of funded assets. Financial balance can
be described as

ATt +BFt − St = 0

where ATt is the contribution asset at time t, BFt represents the buffer fund
and St the pension liability. Given that the economy and the demography
are in a steady state the buffer fund will be zero and hence AT ss

t = Sss
t . In

this setting, a steady state is defined as a situation when the average wage
at each age, in relation to the total average wage, is constant over time and
analogous for the number of retirees. In reality, a steady state is an unlikely
scenario and therefore not very useful when the aim is to create a realistic
and accurate model [25].

Pension systems could be set up as a DB scheme, which means that the
pension is a fixed percentage of the salary. The alternative to this is to
use a DC scheme, where instead the contributions are predetermined. The
choice between these two schemes will impact how the risk is distributed
between active and retired individuals. A DB scheme will guarantee one’s
income during the retirement, and if it is also a PAYG system, most of the
risk is put on the active individuals, as they are responsible for financing
the disbursements of the pensioners. In contrast, a DC scheme will shift the
majority of the income risk towards the retirees. In a funded DB scheme
however, the risk is borne by the sponsor of the pension plan (e.g. the
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government or the employer). With such a design, the sponsor promises to
provide certain pension benefits at the time of retirement and will have to
cover for possible deficits [9].

A concept which is important to grasp in order to fully understand pen-
sion systems is the so called turnover duration. It can be described as the
expected time that an average unit of currency is expected to stay in the
system, from the time it is paid in as pension contribution to the time it is
paid out in the form of pension disbursement [15]. A conceptual image of
the turnover duration, OT, can be seen in Figure 1 as an interval between
the money-weighted average age of the contributors and the equivalent value
for the retirees.

Figure 1: Conceptual picture of the turnover duration, modified version of a
figure in an article written by Settergren, O. and Mikula, D. [25].

In Figure 1 the left curve displays the contribution revenue for the differ-
ent age groups at a specific time and the right curve the paid out pension
disbursements. In the graph above, the two curves are overlapping. This is
almost always the case since not everyone retires at the same age.

It is possible to achieve financial balance by changing either the size
of the pension liability, the rate of the contributions, or both. This can
be accomplished in various ways by implementing specific rules into the
framework of the system. The automatic balancing mechanism, which is
described more thoroughly later in this thesis, is a feature in the Swedish
pension system that makes it possible to regulate the contributions.

There are both advantages and disadvantages with a PAYG system com-
pared to a funded system. An aging population with reduced fertility rates
and increased life expectancies will impact the ratio between the number of
retirees and the number of contributors. This will cause the contribution
structure to shift since the contribution rates, as well as the retirement age
will have to be adjusted in order to keep the system sustainable. Another
advantage with the funded system is the internal rate of return (IRR). The
IRR of a funded system is based on the rate of return on the capital which
on a short term period can be lower than the corresponding rate for the
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PAYG system, but in the long run one should expect it to be higher. This
is under the condition that the economy and demography is not in a steady
state but, as mentioned earlier, that is not a very likely case [25].

The pension balances is the sum of the pension credits for each year. In
a PAYG system, the pension balances of the deceased goes to the survivors
in the same age group, meaning that those who live longer will receive more
benefits than they have earned. In contrast, a funded system might lead to
poverty in old age, as the saved pensions might not last the entire lifetime.
The government would then have to provide minimum benefits which could
be costly. The continuous redistribution of pensions is, in that sense, a very
good feature in a PAYG system.

A transition from a PAYG system to a funded system will give rise to an
additional problem. PAYG systems are built upon the promise that the next
generation will contribute to the pensions. The last generation will therefore
be left with nobody to pay their pension which will give rise to a problematic
scenario [9].

As is usually the case, there is no definite wrong or right and both of
the systems has its benefits. The World Bank’s guideline for public pension
schemes is a five-pillar pension system, consisting of both mandatory and
voluntary parts, using PAYG as well as funded systems. However, the Bank
emphasizes that there is no general solution that can be applied in all situ-
ations as a pension system is very complex and there are many aspects that
factors in. For a more thorough look at the recommendations, the reader is
referred to the paper Pension Systems and Reform Conceptual Framework
[10].

2.3 Quantifying Pension System

A pension system is a very complex apparatus with a lot of features and
details that can be adjusted. Defining a good pension system is not an easy
task, as it is quite subjective what features that are most desirable. One
can make a comparison to a portfolio optimization problem. Obviously one
would want high expected return and low volatility on the invested capital,
but since one quality often comes at the expense of another, a trade-off
problem is obtained.

One of the most important qualities in a pension system is the financial
stability which have to be able to endure variations in the economy as well
as in the demographic structure. Since there are so many individuals and
so much money involved, it is vital that it can handle large fluctuations
and possible crises. In order to attain a sustainable system it is therefore
important to have flexibility.

When constructing a financially stable system, it is often an advantage
to keep the rules in the decision process as simple as possible so that it
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is easy to legislate. This will create an automatic procedure with fewer
subjective judgment calls. However, this automation might cause substantial
welfare losses since there is a risk of unnecessary activation of the decision
rules. This leads to a trade-off situation where the alternative is a less
automated system with more situation-based judgments which gives rise to
an uncertainty regarding the reaction to a particular course of event [16].

Another issue related to pension schemes is the risk that the involved
parties might face in terms of volatility. This is particularly the case in a
DC scheme where the retirees are exposed to income risks. It is therefore
desirable to keep this volatility to a minimum as it might have a large impact
on certain groups [26].

In 2009, the Australian Centre for Financial Studies (ACFC) in collab-
oration with Mercer, an American company specialized in pension funds
management and consulting, developed the pension index Melbourne Mer-
cer Global Pension Index (MMGPI). The aim is to quantify the quality of
different countries’ retirement schemes, and provide a solid foundation to
the debate of pension systems in general. ACFC is an independent, non-
profitable research institute funded by the Victorian Government. Their
report for 2014 compares retirement plans for 25 different countries and it
also contains information on what measures need to be taken in order to
reach a higher index value [3].

Comparing different systems is difficult since each scheme has evolved
from each country’s specific circumstances. A system that works perfect
in one country might not be the optimal solution in another. The ACFC
and Mercer has tried to identify some characteristics that could make up
a good measurement of the quality of a pension system. The index takes
values between 0 and 100 and is based on values in three different sub-
categories: adequacy, sustainability and integrity. The index value is the
weighted average of the three just mentioned sub-indexes where adequacy are
considered the most important with 40% of the weight and where the weights
for sustainability and integrity are 35% and 25% respectively. The first of the
three stated categories considers the base level of income and the replacement
rate (the percentage of an individual’s salary that is paid out in pension
disbursement) of a median income earner. This might cause the index to
be misleading, as it will not represent the full range of income levels. This
design choice is motivated by the fact that the index, without this limitation,
would be to complex and distract from the adequacy of the majority of
workers. There are several factors that are studied in the assessment of this
sub-index. This includes, among other thing, the tax benefits for pension
savings, the system’s benefit design, the net investment return and how
savings are handled for changes in employment. The second measurement,
sustainability, examines the system on a long-term perspective. It analyzes
if the retirement scheme is fit to handle future demographic changes, which
is a big problem since many countries has an aging population where the
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ratio between retirees and workers is increasing. The third and final sub-
index, integrity, focuses on the private sector. It studies regulations and
the protection and level of communication that is provided regarding, for
example, risks.

When determining the index value of a retirement scheme, the system is
measured against more than 50 questions in total. A more detailed descrip-
tion of the index and the questions used can be found in the yearly report
Melbourne Mercer Global Pension Index 2014. In 2014, Sweden obtained an
overall index value of 73.4. Some of the recommendations that was suggested
in order to receive a better grade was to increase the state pension age and
improve tax incentives for employee contribution. Tables containing infor-
mation of how the different countries’ pension system scored on the index
can be found in Appendix B [4].

2.4 Sensitivity and Scenario Analysis

Sensitivity and scenario analysis are both forecasting techniques. Sensitivity
analysis is a method that is useful when trying to determine how sensitive the
outcome of a certain variable is to changes in the independent input variable
assumptions. There are different approaches to determine how sensitive the
model outputs are to changes in the model inputs. A common technique is to
study the effects of changes in a singe input value and assuming no changes
in all the other inputs. Moreover, sensitivity analysis can be used to predict
results of situations that are different from the base scenario by step-wise
changing the initial assumptions of one or more of the input variables. The
base scenario is the set-up of the model using the most realistic and accurate
assumptions.

Sensitivity analysis usually involves uncertainty reduction, by determin-
ing how the uncertainty in the output of a model can be allocated to different
sources of uncertainty in its inputs. In economic models, there is often some
uncertain variables, such as interests rates and inflation rates. Therefore the
sensitivity analysis is a good method for studying the effect of these vari-
ables when they deviate from the their expected values and conclude which
variables are causing the largest deviation in the output variables [24].

When it comes to scenario analysis, there is usually also a base scenario
that is defined in the same way as for the sensitivity analysis. But with this
method several alternative future prognoses are considered in order to ana-
lyze possible future event. Similarly to the sensitivity analysis, this method
can also help deal with uncertainty. Usually a worst-case scenario and a
best-case scenario are set up in a scenario analysis in order to study what
the best and worst outcomes of one or more variables are. The extreme sce-
narios is often set up in order to stress test the model, meaning that one try
to determine how the system will react during e.g. an economic crisis. This
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makes it possible to find the weakness and de strengths of the stress tested
system [1].

2.5 Monte Carlo and Historical Simulation

The most commonly used tool in stochastic simulation is the Monte Carlo
technique. The probability of an event to occur is normally calculated as the
volume of the specific outcome relative to that of a space with all possible
outcomes. The Monte Carlo method deviates from this intuitive notion as it
has the opposite approach. It calculates the volume of a set by interpreting
the volume as a probability [7]. The basic idea is to sample independent,
identically distributed copies, X1, . . . , Xn, of a random variable and study
the number of occurrences in the set A. The probability estimator, p̂, of
P(X ∈ A) can hence be written as

p̂ =
1

n

n∑
i=1

I (Xi ∈ A)

where I is the indicator function [7].
Another possible approach is to use historical simulation. With this

approach, the probability distribution is obtained from historical data. In
comparison to the Monte Carlo method, the set-up is simpler as it is a fully
nonparametric method. The following example will describe the procedure
in detail.

A portfolio, which has the value Vk at time k, consists of d assets with
the return vector

Rk = (R1
k, . . . , R

d
k)

T

where k = −n, . . . , 0 and where 0 denotes the current time. The full histor-
ical sample can thus be expressed as {R(−n), . . . ,R0}.In order to simulate
the returns over a time period with length T , one draws T vectors with
replacement from the historical sample and form the componentwise prod-
uct of these, denoted by R

∗(T)
1 . Repeating this process m times results

in the sample {R∗(T)
1 , . . . ,R

∗(T)
m }. The return vectors R−n, . . . ,R0 being

independent and identically distributed, results in R
∗(T)
1 , . . . ,R

∗(T)
m being

identically distributed as well, but not independent. They are however con-
ditionally independent given R(−n), . . . ,R0. The sample can be transformed
into {f(R∗(T)

1 ), . . . , f(R
∗(T)
m )}, where f(R∗(T)

k ) is a sample of the portfolio
value, VT , at time T for k = 1, ...,m. This sample generates a distribution
of the portfolio value, VT [11].

These methods both have positive and negative aspects. Historical simu-
lation does not assume any particular distribution which makes the modeling
significantly simpler. It has the ability to capture historical behavior in the
market, however it is not certain that the data from the past reflects the
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current situation. In this regard, there is a risk of using data that is too old
since there might have been structural changes in the market which makes
it important to analyze which data set to use. An example of this is the
inflation policy in Sweden which had a major change in 1992, making the
data before that irrelevant for a forecast; this is discussed in Section 4.3.4.

2.6 Sample Size

In order to keep the computational time relatively short it is important to
choose a suitable sample size. There is a trade-off between the accuracy of
the results and the computational budget. When determining the sample
size one can study the behavior of the results as the size increases. Here
follows some convergence theory which can be useful in this context.

A sequence of random variables {Xn} converges in probability to the
random variable X, if and only if it holds for all ε > 0 that

P (|Xn −X| > ε)→ 0,

as n→∞, and this is denoted as

Xn
p−→ X,

as n → ∞. Let X1,. . . ,Xn be independent, identical distributed samples.
The sample average, Xn, can then be expressed as

Xn =
1

n

n∑
i=1

Xi.

The weak law of large numbers states that the sample average converges in
probability towards the expected value, µ, thus

Xn
p−→ µ,

as n → ∞ [8]. In practice however, the sample size is limited due to con-
strains such as time. While increasing the number of simulations will give
more accurate results, it could in some cases be very costly which is why
it is important to analyze the selection of sample size. One way of making
the selection is by incrementally increasing the number of simulations and
study the convergence of the sample average. The sample size in this thesis
is determined as a trade-off between simulation time and the variance of the
results. In order to illustrate this, Figure 2 shows how the mean value of the
number of balancing years varies with the sample size for a certain scenario.
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Figure 2: The average number of balancing years for different sample sizes.

As one can see in Figure 2, the results converges relatively fast towards a
value around 22 balancing years, however there is almost no improvement at
all when increasing the sample size from 200 to 1200. Since the simulation
time will approximately be six times as long, one has to carefully consider
whether that small improvement is necessary. When running the simulation,
in order to make it more efficient, 1200 outcomes are first simulated where-
upon a random sample was selected out of these for different sample sizes.
This was done in five iterations so that one can see how the values vary.

2.7 ARMA Models

The ARMA models are an important class of models for forecasting time se-
ries, and are defined by linear difference equations with constant coefficients.
The ARMA(p,q) processes are stationary and expressed as

Xt =

p∑
i=1

φiXt−i +

q∑
i=1

θiZt−i + Zt (1)

where the error, Zt, is white noise. This means that the errors are indepen-
dent and identically distributed with zero mean and a finite variance.

The ARMA(p,q) process consist of two parts: The autoregressive (AR)
terms and the moving average (MA) terms. Here p is called the order of the
AR part and q is called the order of the the MA part. However, in this thesis
the time series is described only by the AR(p) part and is here defined by
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Xt =

p∑
i=1

φiXt−i + Zt

where the error, Zt, is Gaussian white noise. This means that the errors
are independent and identically distributed with a normal distribution that
has zero mean and a finite variance. In addition to this, the errors, Zt, are
independent of the lagged variables [5].
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3 Mathematical Background of the
Swedish Pension System

The general layout of the Swedish pension system has already been intro-
duced earlier in this report. This section focuses on explaining the income
pension system in mathematical terms and present the calculation methods.
The segment is divided into three parts, where the first one presents the ex-
isting mathematical framework while the second part consists of the changes
suggested in the legislative proposal Ds 2015:6. The final part summarizes
some of the most important differences between the current calculation meth-
ods and the corresponding equations in the legislative proposal.

3.1 Mathematical Framework of the Income Pen-
sion

The existing Swedish pension system has an extensive mathematical frame-
work behind it and this section will present the calculation methods that are
of most interest for this thesis. For a more thorough explanation, the reader
is referred to the Orange Report [15] where all the calculation methods are
found. This thesis uses the same variable notation as the Swedish Pension
Agency, which in some cases includes Swedish characters. This is done in
order to make it easy for the reader to find the equivalent equations in the
Orange Report and remove any confusion that contradicting notations might
cause. The only exception to this notation is the income index which in this
report is referred to as IX so that it will not be mistaken for the inflation
which is expressed as I.

In order to project the pensions and pension balances, which follows the
development of the average income, the so called income index, IXt, is used,
and it is calculated as

IXt =

(
ut−1

ut−4
· KPIt−4

KPIt−1

) 1
3

· KPIt−1

KPIt−2
· k · IXt−1 (2)

where
ut =

Yt
Nt

(3)

and where t is the calendar year, KPI the consumers price index for June,
k the adjustment factor for the error in estimation in ut−2 and ut−3, Nt the
number of persons aged 16-64 with pension-qualifying income (PGI) and Yt
the total PGI without limitation by the ceiling for persons aged 16-64 and
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after the deduction of the individual pension contribution. The PGI is based
on earnings from wages and social insurance benefits. To make the income
index easier to grasp, one can break down the change in this variable into
two parts, where the first one is the annual change in the average inflation-
adjusted income over the last three years, and the second part being the
inflation for the last year. The income for the two most recent years is
based on estimates, which is why the adjustment factor k is included in the
calculations.

The pension disbursements are calculated at the time of retirement by
dividing the pension balance with the annuity divisor for the retiree’s cor-
responding birth cohort. The annuity divisor reflects the remaining life
expectancy and the calculation method for this variable can be found in
Appendix A. The income pension is thereafter recalculated every year by
multiplying the old value with the ratio between the new and old balance
index, Bt, and divided by 1.016.

A very important feature in the pension system is the balancing mech-
anism which was implemented in order to secure the financial stability of
the system. The balance ratio, BTt, is obtained by dividing the system’s
assets by the pension liabilitity. If the liabilities of the system exceeds the
assets, the balance ratio will be less than 1.0000 and a so-called balancing
is activated to restore the financial stability of the system. When the bal-
ancing is activated, the balance index is used instead of the income index.
The balancing will end when the balance index reaches the same level as the
income index, meaning that the value of the balance index will never exceed
the value of the income index. Figure 3 shows how the balancing mechanism
works during a balancing period.

Figure 3: A graph showing the mechanics of the balancing mechanism [15].
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At the beginning of each balancing period, i.e. when the balancing mecha-
nism is triggered, the balance index, Bt, is calculated as,

Bt = IXt ·BTt (4)

In the years that follow, the balance index is calculated as

Bt+1 = Bt ·
(
IXt+1

IXt

)
·BTt+1. (5)

As mentioned earlier, the balancing mechanism is triggered when the balance
ratio is less than 1.0000. For the years during a balancing period, the product
of the balance ratios are calculated, forming the cumulative balance ratio,
BT cum

t . When the balancing ends, this cumulative value is set to 1.0000, i.e.
this ratio will never exceed one. This variable is a measure of how strong
the balancing effect is and it is calculate as

BT cum
t =


t∏

i=t0

BTi, during a balancing period

1.0000, otherwise

where t0 is the year the balancing is trigged. The balance ratio, BTt is
obtained in the following way:

BTt+2 =
ATt +BF t

St
. (6)

Here ATt is the contribution asset, BF t is the smoothed value of the buffer
fund and St is the pension liability. The smooth value of the buffer fund is
calculated as an average of the aggregate market value of the assets in the
buffer fund, BFt, over the last three years as

BF t =
BFt +BFt−1 +BFt−2

3
(7)

while the pension liability is calculated as

St = SAt + SPt. (8)

Here, SAt and SPt are the liability to the active and retirees respectively,
the calculations for these are presented in Appendix A. The contribution
asset, ATt, is attained by the following equation

ATt = At ·OT t (9)

At is the smoothed value of the contribution revenue, At, and is calculated
as
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At =
At +At−1 +At−2

3
·
(

At

At−3
· KPIt−3

KPIt

) 1
3

·
(

KPIt
KPIt−1

)
(10)

OT t is the smoothed turnover duration and is obtained with

OT t = median [OTt−1, OTt−2, OTt−3] (11)

The use of the median instead of an average value is motivated by the fact
that the median is better at removing extreme values. The turnover duration
OTt, as mentioned before, can be seen as the expected time from when the
pension credit has been earned until the pension is paid out in the form of
income pension. It is obtained in the following way

OTt = ITt + UTt (12)

where ITt is the pay-in duration and UTt is the pay-out duration at time t.
The calculation methods for these are found in Appendix A.

3.2 The Legislative Proposal

The legislative proposal consists of two main proposals: A smoother balance
ratio and a more up-to-date income index. In addition to this, it is sug-
gested to change and simplify the calculations for the contribution asset, the
turnover duration and pension liability which are used in the calculations of
the balance ratio.

All of the equations presented in this section as well as additional details
about the proposals is found in the legislative proposal Ds 2015:6 [26].

As mentioned earlier, balancing is used to secure the system’s financial
stability and long-term ability to disburse pensions under the obligations that
apply. But during the ongoing balancing period it has been recognized that
balancing can lead to a process of unexpected large variations in the pensions.
The balancing reduces the indexing of pensions and pension balances. A
substantial decrease of the liability may mean that a surplus occur, this
surplus will be distributed as an increased indexing in order to restore the
level of the pensions. The development of the pension liability in comparison
to the assets, will therefore not reflect the real state of the system. As a
consequence, the balance ratio may fall under 1.0000 again. The effect of
this is that there will be a high risk that the balance ratio will swing around
that level. These periods are hard to avoid but can at least be alleviated.
This is expected to be done with the new proposal about a smoother balance
ratio. The suggestion is that the calculations during a balancing period
should be based on a dampened balance ratio. The effect of the balancing
will be limited to one-third of resulting surplus or deficit. Therefore, the
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smooth balance ratio will be used when calculating the balance index. It is
calculated as

BT ∗
t = 1 +

(
BTt − 1

3

)
(13)

where

BTt =
ATt−2 +BFt−2

St−2
. (14)

The aim with this suggestion is to decrease the volatility of the pensions
during a balancing period. This is done by adjusting the balancing need
gradually over a number of years and thus alleviating the direct effect for
the retirees. On the other hand, there is a risk that the balancing period
will be extended, which e.g. might affect the buffer fund negative. It has
been assessed that a limitation of one-third of the balancing need is a suitable
compromise between the effects in the short and long term. For the interested
reader, a more detailed explanation on how this was determined can be found
in the appendix in the legislative proposal Ds 2015:6 [26].

The income index is one of the key elements in the mathematical frame-
work for the income pension system. As mentioned earlier, the change in
the income index shows the development of the average income. In the leg-
islative proposal there are some suggestions on changes in the calculations
of the index in order to obtain an easier and more up-to-date version of it.
The proposal is that the income index at year t will be a measure of the
change in the average income between year t− 2 and t− 1. The value of the
average income at year t− 1 will be determined by a forecast made in year
t − 1 and the value at year t − 2 will be determined by a forecast made in
year t − 2. A forecast is necessary since the data is not known at the time
of the evaluation. This is due to the fact that the taxation information will
not be available until a later date.

The smoothing in the development of the real income in the current con-
struction of the income index implies that the development of the pensions
adapts to the average income with a lag. The same is applied in order to
compensate for an increase in prices, but this lag is not as great. The lag
that is adjusted to varying growth is causing problems for the systems fi-
nancial stability and also leads to unwanted volatility for the retirees. The
current index construction can be hard to grasp when it comes to analyzing
and explaining a certain index outcome. Simplification and transparency
are therefore of great importance which is why it is desirable to have simple
relations that fulfills the intentions. Likewise, the index should to a greater
extent reflect the current situation and measure the development of the av-
erage income better. The proposed income index is calculated as
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IXt = IXt−1 ·
ut−1

ut−2
(15)

where

ut =
Yt
Nt
. (16)

This can be compared with the calculations of the current income index
which is described in Equation (2) and (3). In short, the difference between
the current and proposed income index is that the current income index is di-
rectly affected by the last year’s inflation, while the real income is smoothed.
The suggested income index follows the development of the nominal income,
which often means that variations in inflation do not get the same direct
impact.

In addition to the proposal about a smooth balance ratio and an up-to-
date income index, there are suggestions on some changes in the calculation
of the balance ratio. One of the suggestions is that the smooth contribution
revenue, At, that is used in the calculation of the contribution asset at year
t, see Equation (9), will be replaced by the sum of the contributions to the
pay-as-you-go system received the same year. Hence, the contribution asset
is suggested to be calculated as

ATt = At ·OTt−1. (17)

As one can see in Equation (6) the balance ratio, BTt, is calculated as the
ratio between the system’s assets and liabilities. The main asset which is
the contribution asset is, at this point, calculated as the smooth contribution
revenue multiplied with the smooth turnover duration, see Equation (9). The
calculation of the smooth contribution revenue have been designed by how
the income index is calculated. The purpose was to even the variation in the
ratio between contribution asset and the liability. If the sum of the revenues
in the nominator grows faster than the average income, the contribution
asset will increase more than the indexing of the pension liability. Hence, the
balance ratio increases. With the inverse relation, the balance ratio decreases
and there will be a high risk that the balancing will be activated. A smooth
measure for the contribution asset that is constructed in the same way as
the income index was intended to decrease the volatility in the balance ratio.
Since the calculation method is suggested to be different for the income index,
IX, the main reason to apply the current configuration of the contribution
revenue is thus gone, and that is why it is suggested to replace the smooth
contribution revenue by the sum of the contributions to the pay-as-you-go
system received at year t.

Another change is that, in the calculation of the contribution asset at year
t, the turnover duration for year t − 1 will replace the median value of the
turnover durations in the current calculations, see Equation (17). Moreover,
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the value of the buffer fund in December 31 at year t will replace the average
value of the buffer fund in the existing calculations, see Equation (14). Since
the smooth balance ratio is a damping of the real balance ratio, there is no
need for smoothening the assets in the current calculation of the balance
ratio in order to alleviate the balancing effect.

It is also suggested that the turnover duration, OTt, should be calculated
as the difference between expected capital-weighted pay-out age, UÅt, and
expected capital-weighted pay-in age, IÅt:

OTt = UÅt − IÅt. (18)

The turnover duration correspond to the difference in the expected capital-
weighted age between the average pension contributor and retiree. The calcu-
lation methods for the pay-out age and pay-in age are presented in Appendix
A. In the current calculation of the turnover duration, the flexibility in the
retirement pattern is ignored since the turnover duration is divided into pay-
in duration, ITt, and pay-out, UTt, duration with a determined retirement
age. In reality however, individuals retire at various ages as there are no
fixed retirement age. This means that the current calculation method does
not include data from individuals that retire after the determined retirement
age for the pay-in duration and, in a similar fashion, exclude data before
this determined retirement age for the pay-out duration. This give rise to an
overestimation of the turnover duration, as well as of the contribution asset.

The legislative proposal includes one more suggestion, and that is some
changes in the calculations of the pension liability. When determining the
pension liability for the active individuals at year t, it is suggested that the
change in the income index between the year t and t+1 should not be taken
into account. Moreover, during a balancing period it is suggested that the
calculation of the pension liability for the retirees year t should include the
effect of the dampened balance ratio for year t+1. In the current calculations
of the pension liability (see Appendix A), the liability to the active and
retirees are indexed to different times. The liability to the retirees is indexed
to year t, whereas for the active individuals at year t includes indexing to year
t + 1. Thus, the two parts of the liability are calculated based on different
years when it comes to the development of the income index, as well as of
the balance index. Hence, the purpose with the proposal is that the two
different parts of the pension liability will be calculated based on the same
principles. The pension liability is given by

St = SAt + SPt (19)

where the liability to the active individuals, SAt, is obtained by the following
equation,

SAt = PB∗
t +

Bt

IXt
· IPRt + TPt. (20)
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Here, IPRt is the estimated pension credit earned for the income pension
at year t and TPt is the estimated value of the ATP, year t, for persons
who have not began to draw this pension. PB∗

t is the sum of the pension
balances, irrespective of the change in the income index between year t and
t+ 1, and it is given by

PB∗
t =

PBt

IXt+1

IXt

. (21)

Here PBt is the total balances at year t. The pension liability to the retired
individuals is obtained by

SPt = BT ∗
t+1 ·

Rutb
t∑

i=61

Ui,t · 12 ·
(
Dei,t +Dei,t−1 +Dei,t−2

3

)
(22)

where Ui,t is the total pension disbursements in December of year t to age
group i and Dei,t is the economic annuity divisor for the age group i at time
t (see Appendix A).

3.3 Summary

This section summarizes and compares the most important features of the
existing pension system and the altered version suggested in the legislative
proposal. Table 1 sums up some of the most important calculation methods
in the existing pension system as well as in the new legislative proposal in
order to give an easy overview of the changes that are proposed.

Table 1: Comparison of the calculation methods in the existing pension
system versus the new legislative proposal

Variable Existing New

IXt

(
ut−1
ut−4

· KPIt−4
KPIt−1

) 1
3 · KPIt−1

KPIt−2
· k · IXt−1 IXt−1 · ut−1

ut−2

BTt+2
ATt +BF t

St

ATt +BFt
St

BT ∗
t - 1 +

(
BTt − 1

3

)
OTt ITt + UTt UÅt − IÅt

ATt At ·OT t At ·OTt−1

SAt PBt +
Bt
IXt

· IPRt + TPt
PBt
IXt+1
IXt

+ Bt
IXt

· IPRt + TPt

SPt

Rt∑
i=61

Ui,t · 12 ·
(

Dei,t+Dei,t−1+Dei,t−2

3

)
BT ∗

t+1 ·
Rutb

t∑
i=61

Ui,t · 12 ·
(

Dei,t+Dei,t−1+Dei,t−2

3

)

One of the goals with the new proposal is to achieve a more up-to-date
income index, IXt. The income index that is used today includes data for
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the average PGI, ut, from up to four years back. This causes an undesirable
lag in the variable, IXt, which is why it has been suggested to change this
and only use data from two years back. From empirical studies, it has also
been noticed that variations in the inflation has increased the volatility in
the income index. Therefore, as can be seen in Table 1, the inflation has
been removed for the new proposal.

Another important change in the proposal is the adjustment of the way
the balance ratio is calculated. Firstly, the new suggested balance ratio only
uses the aggregated market value of the assets in the buffer fund, BFt, for the
year t instead of, as it is currently, an average of the last three years. This
is expected to, similarly to the change in the income index, reduce the lag
caused by old data. The big change however, is the implementation of a new
smoothed balance ratio, BT ∗

t . The use of this dampened variable instead of
the regular balance ratio will adjust the balancing gradually over a number of
years instead of an instant sharp adjustment. It is designed in such a way that
the impact of the balancing is reduced to one-third of the surplus or deficit.
E.g. a ratio of 0.7 would cause a relatively strong balancing, as it is 0.3 below
the value 1.0, where the assets match the liabilities. The smoothed balance
ratio will then be 1− 0.3/3 = 0.9, giving a reduced balancing effect. This is
expected to decreases the volatility in the pension disbursements which has
been one of the biggest issues in the current mathematical framework.

A change has also been proposed in the estimation of the turnover du-
ration, OTt. As of now, the variable is calculated as the sum of two inter-
vals, while the new suggestion takes the difference of two expected capital-
weighted ages. The new proposed estimator is more sensitive to the flexibility
of the retirement pattern which is expected to give a more accurate value.

The calculation of the contribution asset, ATt, in the current pension
system uses a smoothed value of the contribution revenue, At, specifically
designed by how the income index is calculated. With the change in the in-
come index, this is no longer necessary and the smoothed value is replaced by
the the contribution revenues for the year t. The smooth turnover duration
is also substituted with the turnover duration of the previous year t− 1.

The estimation of the pension liabilities are changed in the new legislative
proposal. In the current framework, the liabilities for the active individuals,
SA, are indexed to year t+1, while the corresponding variable for the retirees,
SP , is indexed to year t. It is therefore proposed that the effect of the income
index between these years are removed so that the two liability variables are
based on the same principles. In addition to this, the new pension liability of
the retirees is, during a balancing period multiplied with the smooth balance
ratio at year t+ 1 as one can see in Table 1.
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4 The Modeling Framework

This section provides a description of how the model of the income pen-
sion system is constructed. This includes the structure of the model, stochas-
tic modeling, assumptions and simplifications. In addition to this, the sce-
narios used for the simulations are presented.

4.1 The Model Structure

The created model is set up in discrete time where each time step corresponds
to one year. This makes sense in the way that most of the necessary data is
available on a yearly basis, however it do cause some issues which is discussed
in Section 6. The population in the model is divided into cohorts, where
each cohort represent a specific birth year. The data is not broken down by
gender.

A model of an apparatus as big as the income pension system needs a
lot of input variables. There are four inputs that are modeled stochastically;
these are presented later in this section. The rest of the inputs are deter-
ministic and includes data for variables such as population, annuity divisor
and mortality rate. Since a lot of the variables are calculated recursively
it is necessary to have historical data for these. As oppose to the inputs,
which are mostly historical data and demographic projections, the outputs
consists of mainly economical variables such as pension liabilities, balance
ratio, pension volatility and pension disbursements.

Most of the input data for the deterministic variables are taken from
Pensionsmodellen [12] which is a model developed by the Swedish Pension
Agency. It is deterministic, i.e. there are no random elements incorporated.
The model is created in Excel and allows for financial projections of the
pension system on a macroeconomic level. The disadvantage with this model
is the fact that it takes a long time to run each simulation which makes it
inefficient to test different scenarios. In order to utilize Pensionsmodellen as
much as possible, some of the projected data is used after modification.
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4.2 Simplifications

There are many ways of defining a model, but generally it is considered as
a representation of a real feature, whether it is an object, a behavior or, as
in this case, a system. The Swedish pension system is a very complex and
large apparatus, which is why it is necessary to make some simplifications in
order to make the model more efficient and manageable.

The retiring process is quite complicated in practice since everything is
not all black and white. In this model, it is assumed that there are two
different states, you are either active or retired, and once you have retired it
is not possible to go back to being active. In practice however, it is possible
to come back from retirement and one also has the possibility of becoming a
part-time retiree. There are also different levels of part-time retirement plans
as some people might work 20% while another works 80%. This complexity
and the lack of available data for all these possible retirement plans motivates
this simplification.

As mentioned earlier, the created discrete model develops iteratively with
a time step of one year. This means that one does not take into account how
the values have developed during the year. E.g. people retiring early during
the year will have received more pension disbursements during that year
than those that retire in the end, however the model does not distinguish
them. To compensate for this, it is assumed that all newly retired individuals
retire in the middle of the year. The same problem appears when calculating
the value of the buffer fund. The capital in the buffer fund is affected by
the in and out payment as well as the return. These payments are made
throughout the year, meaning that the net of these will also yield interest.
Similarly to the new retirees, it will be assumed that all the payments occur
in the middle of the year. The semi-annual interest rate, r1/2, used for this
net value is calculated as

r1/2 = (1 + r)1/2 − 1,

where r is the yearly return of the buffer fund.
In order to model the stochastic processes some assumptions and simpli-

fications have been made. In this model, it is assumed that the average wage
growth is identical for all cohorts. Regarding the employment rate, which is
also modeled stochastically, it has been assumed that the percentage change
is the same for all age groups. This does not mean that the employment
rate is the same for all ages since they have different base values. This is
explained further in the next section.
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4.3 Stochastic Modeling

There are four inputs that are modeled stochastically: the real average wage
growth, the return of the buffer fund, the inflation and finally the employ-
ment rate. This section presents the models of the random variables and the
reasoning behind the set-up.

4.3.1 Wage Growth

For this variable, historical data of the yearly wage growth between the years
1993-2014 have been analyzed. Figure 4 shows a Q-Q plot where the sample
quantiles are plotted against the corresponding quantiles of the standard
normal distribution.

Figure 4: Q-Q plot with the wage growth on the y-axis and the standard
normal distribution on the x-axis.

The figure indicates that the wage growth can be approximated with a nor-
mal distribution since the Q-Q plot is approximately linear [11]. The mean,
µ, and the standard deviation, σ, can be estimated from the intercept and
the slope of the Q-Q plot. In this case the wage growth was found to have
the mean 36.3 · 10−3 and the standard deviation 13.7 · 10−3.
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4.3.2 Return of the Buffer Fund

Modeling the return of the buffer fund is a little bit more complicated than
what is the case for the wage growth. Figure 5 shows a Q-Q plot of historical
samples for the yearly log return against the standard normal distribution.

Figure 5: Q-Q plot with the yearly log returns against the standard normal
distribution

The economy fluctuates in what are called business cycles, which is a process
of economic expansion and contraction. These ups and downs obviously has
an impact on the expected return on the financial market [22]. This especially
seem to be the case during an economic recession where the return seem to
behave differently. During the financial crisis in 2008 for example, the buffer
fund had a return of −21.55% which is the low point of the sample data. In
Figure 5, it looks like the majority of the sample points seem to be normally
distributed, however the historical samples have a heavier left tail than the
reference distribution. The return is set up using a scenario approach where
the stochastic process follows one distribution during normal years and a
different distribution during an economic recession.

Deciding what sample points belong to a normal year and what points
that does not is subjective. One could argue that seven points deviate from
the line in Figure 5, however in this case it was decided that five of the
sample points deviated from the normal years. A Q-Q plot against the
standard normal distribution with these five excluded give the result seen
in Figure 6. Here one can see that the obtained Q-Q plot is close to linear
and the log return during normal years can therefore be approximated with
a normal distribution. The mean and the standard deviation is estimated to
0.121 and 40.7 · 10−3 respectively.
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Figure 6: Q-Q plot with the yearly log returns during normal years against
the standard normal distribution.

To identify the distribution during an economic recession one could use the
same procedure as above, however the sample for these years would be s o
small that a Q-Q plot would not provide any accurate results. It is therefore
assumed that it has a uniform distribution in the interval [−0.25, 0.01], where
the interval is chosen so that the lower limit is just below the smallest of the
deviating values and the upper limit just above the largest. The probability
of an economic recession is calculated as the ratio between the number of
deviating sample points and the total number of sample points. In this case
the probability is calculated to 1/7 since there are five deviating points and
the complete sample consists of 35 values. The yearly log return, r, of the
buffer fund can hence be mathematically expressed as

r = Z ·X + (1− Z) · Y, (23)

where
X ∈ N(0.121, 40.7 · 10−3) and Y ∈ U(−0.25, 0.01).

are independent random variables and where the random variable Z is Bernoulli
distributed and defined as

Z =

{
1, with probability 6

7

0, with probability 1
7

(24)

and independent of X and Y . This return model gives an expected value of
0.087 and a standard deviation of 0.080. This can compared to the sample
mean and standard deviation which are 0.082 and 0.071 respectively.
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4.3.3 Employment Rate

The employment rate is modeled so that it fluctuates around a constant, ci,
which is set differently for each age group i. The deviation, qt, in percentage
from these constants is modeled stochastically and assumed to be equal for
all groups. The employment rate Qi,t for age group i at time t can therefore
be expressed as

Qi,t = ci · (1 + qt).

The employment rate Qt for the whole population can be calculated as

Qt =
n∑

i=n0

wi,t ·Qi,t

where n0 is the youngest employed age group, n the oldest employed age
group, and where the weight,wi,t, is the size of the cohort in relation to the
whole active population.

For the deviation, qt, a dynamic relationship is estimated using an autore-
gressive model. The method that is presented in this section uses a similar
approach as an investigation made by Socialdepartementet in 2004 which was
used to analyze the pension system at the time [27]. In Figure 7 one can see
historical data of the employment rate between the years 1970-2014 as well
as the mean value represented by the horizontal red line.

Figure 7: Historical data of the employment rate compared to its mean value,
for the ages 16-64. The data is collected from Statistics Sweden (SCB).

From the historical data of the employment rate, Q̃t, a sample of the devia-
tion is obtained as
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q̃t =
Q̃t

µ̂
− 1

where µ̂ is the estimated mean value of the historical employment rate. This
gives a total of 45 sample points to use in the analysis. This sample was
then used to perform ordinary least squares (OLS) regressions, where a few
different lag models were tested. It was found that an AR(2) model, i.e. a
model using two lags, were to prefer since adding extra lags gives a practically
identical value for the adjusted R2. In the investigation mentioned earlier,
made by Socialdepartementet, it was also found that a model using two lags
were optimal. The estimated model for the deviation, q, is expressed in the
following way

qt = 1.538 · qt−1 − 0.664 · qt−2 + εt, (25)

where εt is the error term defined as in Section 2.7 and with an estimated
standard deviation of approximately 12.4 · 10−3.

In order to estimate the constants ci, historical data was studied for
different age groups and their mean values were calculated. Here, historical
data for the years 2005-2014 was used since the employment patterns has
changed a lot during the most recent years. Figure 8 shows the employment
rate, as well as the mean, for different age groups during the last ten years.

Figure 8: Plots showing historical data of the employment rate compared to
its average, for different age groups.
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As can be seen in Figure 8 the ages between 25 and 64 are divided into four
groups with a span of ten years each. There is no need to create smaller inter-
vals for these groups since they have similar employment patterns. However,
within the age groups 16-24 and 65-74 there are larger variations which is
why these have been split up into smaller sub-groups. E.g. the employment
rate for a 24-year old is significantly higher than the corresponding value for
a 16-year old. The constant ci for the age group i is found Table 2.

Table 2: List of the average values of the employment rate between the years
2005-2014 for different ages

Age 16 17 18 19 20-24 25-34 35-44 45-54 55-64 65 66-68 69-72

Mean 0.04 0.13 0.32 0.60 0.75 0.85 0.88 0.86 0.71 0.54 0.15 0.05

4.3.4 Inflation

There are a few things that one has to consider when modeling the inflation.
Inflation is often modeled as an autoregressive model since it has been found
that there is often a correlation with values for previous years, i.e. a year
with high inflation often tend to be followed up by another year with high
inflation and vice versa [27]. Another factor that has to be considered is
the current inflation target of two percent that Sweden’s central bank has
determined [21]. Since this is the existing guideline it is reasonable to create
a model with an expected value of two percent. However, in the current
economic situation this value might seem unrealistic and some experts are
questioning the inflation target [6]. One can only speculate about what is
going to happen in the future, especially for a long simulation period. Since
the target of two percent still stands, this is what is used as the expected
value for the inflation in this thesis.

Modeling the inflation by the use of historical data has its problems since
economic situation has changed over the years. The inflation target of two
percent were implemented in 1992, meaning that the data before that year
is based on different conditions. In Figure 9 the inflation during the years
1960-2014 are plotted together with the average.
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Figure 9: Historical data of the inflation between the years 1960-2014. The
data is collected from Statistics Sweden (SCB).

In the figure above, one can see that there is a drastic change in the inflation
from the year 1992, which is due to the implementation of the inflation target.
There are several ways of adapting the model to this fact. The method that
is presented in this section uses a similar approach as an investigation made
by Socialdepartementet [27].

The model is first adjusted to the inflation target. In order to do this, two
main aspects need to be considered. As mentioned earlier, the expected value
is set to two percent. However, since the data before 1992 has a relatively
high volatility, there also needs to be an adjustment for this. The standard
deviation of the model is, by scaling, set to be the same as the standard
deviation in relation to the average value of the inflation between the years
1960-2014. This means that since the inflation target, 2%, is smaller than
the average inflation for the period, 4.6%, the model has also, because of the
scaling, a smaller standard deviation than the historical data. The historical
inflation, defined as Ĩt, is used for estimating a model for the inflation, It.
First, the deviation from the average value, Ĩt−0.046, is multiplied with the
ratio between the inflation target and the average value, 0.020/0.046. This
gives the stochastic process for the deviation, it, which has the desired scaled
standard deviation and is expressed as

it =
0.020

0.046
·
(
Ĩt − 0.046

)
. (26)

Inserting the historical inflation in Equation (26) provides a new sample.
From this, an AR(1) model is estimated for it by performing an OLS regres-
sion where the intercept is set to zero, giving the equation
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it = 0.836 · it−1 + εt,

where εt is the error term which has an estimated standard deviation of
9.13 · 10−3. It was found that an AR(1) model were to prefer since adding
extra lags gives a practically identical value for the adjusted R2. In the
investigation mentioned earlier, made by Socialdepartementet, it was also
found that an AR(1) model was optimal. In order to get an expected value
of two percent, one has to modify it into the equation

It = 0.020 + 0.836 · (It−1 − 0.020) + εt, (27)

where the relation between it and It is given by

it = It − 0.020. (28)

Another way of modeling the inflation is to only consider data between the
years 1992 and 2014, i.e. after the inflation target was implemented. Figure
10 shows the development of the inflation for these years as well as the
average value.

Figure 10: Plot showing historical data of the inflation between the years
1992-2014. The data is collected from Statistics Sweden (SCB).

The reasoning behind the scaling of the inflation in the previous method
were to adjust the data to the inflation target. With this data set however,
there is no need for scaling. The main argument for using this newer data
is obviously the fact that all the values are adapted to the current inflation
policy and all of the data points are based on the same grounds. The problem
with this method is the fact that the sample size is much smaller, this has a
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negative effect on the predictability of the model. Because of this fact, this
way of modeling the inflation is not used in this thesis.

4.4 Scenarios

In the previous section the stochastic modeling was presented. It is also
interesting to study how some of the deterministic variables affect the system.
Demographic factors have a heavy influence on pension systems and it is
therefore important to include different population scenarios in the analysis.
In this thesis the demographic development is covered by three different
scenarios produced by SCB, one main alternative, one with a high population
growth and one with a low growth [28]. The scenarios are affected by factors
such as life expectancy, net migration, mortality and fertility. The high
growth alternative has large values for all these factors while the low growth
alternative has small values.

In addition to the demographic aspects it is also important to evaluate
the system during different economic situations. It is interesting to study a
scenario where the years of economic recession occur more frequently. This
thesis is therefore implementing a more pessimistic scenario for the return
of the buffer fund. In Section 4.3.2 the stochastic model for the return were
presented. In the pessimistic scenario the random variable Z, which was
defined in Equation (24), is changed to

Z =

{
1, with probability 5

7

0, with probability 2
7

, (29)

i.e. the probability of an economic recession is increased from 1
7 to 2

7 , this
was chosen arbitrarily.

Another economic situation that is relevant for the study is a scenario
with a significantly lower expected value for the inflation. This is motivated
by the fact that the inflation during the most recent years has been well
below the inflation target of 2 percent. As mentioned earlier in Section
4.3.4, the inflation target is disputed and the approach to it might change
in the future. Therefore, an inflation model with an expected value of 0.5
percent is analyzed. The model is constructed in the same way as explained
in Section 4.3.4 with data between 1960-2014. This results in the following
equation

It = 0.0050 + 0.836 · (It−1 − 0.0050) + εt, (30)

where εt has an estimated standard deviation of 2.28 · 10−3.
The employment rate is a factor that has a heavy influence on the pension

system. Therefore it is interesting to study a pessimistic scenario where the
employment rate is significantly lower than in the main model. For this
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specific scenario, the fixed mean values that are explained in Section 4.3.3
are multiplied with the factor 0.8 for all the different age groups. However,
the deviation from the mean value, qt, presented in Equation (25), is still
the same.

Furthermore, a situation with a lower expected value of the wage growth
is studied. For this scenario the wage growth is modeled in the same way as
in Section 4.3.1 but where the mean is set to 25 · 10−3.

The scenarios presented in this section are combined in order to cover a
broad spectrum of possible future projections. The system is stress tested,
i.e. it is subjected to a scenario where the inflation, the return and the
employment rate are all set to be lower than their main models so that the
system can be evaluated during a crisis.

How will the system handle a sudden downward shift in for example the
return and the inflation compared to a more prolonged negative develop-
ment? These are aspects that are also included in the evaluation of the
system. In order to study how the system handles sudden downward and
upward shifts in the return of the buffer fund, the following model for the
return, rL1 , is used

rL1 =



E[r], if t = t1

−0.25, if t1 + 1 ≤ t ≤ t1 + 4

E[r], if t = t1 + 5

Z ·X + (1− Z) · Y, otherwise

(31)

where X, Y and Z are defined as in the main model presented in Section
4.3.2. In this scenario the return will, at time t1, be the expected value of
r whereupon it in the following year, t1 + 1, makes a sudden shift down to
-0.25, i.e. the lower limit of Y . Thereafter it stays constant for four years
before it shift back up to the expected value of r again. After this period, the
return is modeled as the main model. Figure 11 shows a plot of a simulation
ran with the above mentioned model.
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Figure 11: A simulation of the return using the model presented in Equation
(31). The red dashed lines marks the interval [t1, t1 + 5].

The purpose of this scenario is to see how the model reacts to sudden shifts
in the return. Therefore the return is set to E[r] before and after the dip
to make sure that there is a swift change. Otherwise, there is a chance that
there already is a downward trend in the curve, thus defeating the purpose
of the scenario. The time t1 is set to 5, i.e. five years after the start of the
simulation. It was chosen arbitrarily, but at the beginning of the simulation
in order to see its effect for the nearest future. The length of the marked
interval in Figure 11 was set to four years to chock the system for a short
period, but still be long enough to be distinguished from the main scenario
which, although with a small probability, can take the same extreme values.

In order to study a more prolonged downward shift and recovery, the
following model for the return, rL2 , is used

rL2 =


E[r]− E[r]− (−0.25)

4
· (t− t1), if t1 ≤ t ≤ t1 + 4

−0.25 + E[r]− (−0.25)
4

· (t− (t1 + 4)), if t1 + 5 ≤ t ≤ t1 + 8

Z ·X + (1− Z) · Y, otherwise,
(32)

where X, Y , Z and t1 are defined as for the previous model presented in
Equation (31). At time t1, the return will be the expected value of r where-
upon it will decline in a constant slope during the following four years down
to −0.25. After this minimum value has been reached, it will start increasing
back up to the expected value with the same constant speed as during the
decline. The end points of the interval at which the prolonged decline and
recovery occur, is set to the expected value of r in order to obtain a clear
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extended downward and upward shift. A simulation ran with this model is
illustrated in Figure 12.

Figure 12: A simulation of the return using the model presented in Equation
(32). The red dashed lines marks the interval [t1, t1 + 8].

Here, t1 is set to 5 for the same reasons as for rL1 . The length of the marked
interval in Figure 12 is chosen to be 8 years in order to study the effects
during a short interval. A interval shorter than 8 years would result in a
scenario too similar to rL1 as the slope of the decline and increase would be
too steep.

Similarly to the return, the system is studied when the inflation makes
a sudden shift down versus a more prolonged decline. The scenario with
the sudden shift is modeled equivalently to Equation (31) which gives the
following equation

IL1 =



E[I], if t = t1

−0.020, if t1 + 1 ≤ t ≤ t1 + 4

E[I], if t = t1 + 5

0.020 + 0.836 · (It−1 − 0.020) + εt, otherwise.

(33)

The inflation is hence modeled normally, i.e. as Equation (28), during the
majority of the simulation time, however during the interval [t1+1, t1+4] it
will make a sudden shift down and have a constant value of −2.0%. Figure
13 visualizes a simulation ran with the inflation model IL1 .
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Figure 13: A simulation of the inflation using the model presented in Equa-
tion (33). The red dashed lines marks the interval [t1, t1 + 5].

The more prolonged decline and recovery is modeled in the same way as
the return in Equation (32). This means that it decreases with a constant
slope until it reaches−2.0% at which point it begins to increase with the same
constant speed as during the decline. The inflation, IL2 , for this scenario is
expressed in the following way,

IL2 =


E[I]− E[I]− (−0.020)

4
· (t− t1), if t1 ≤ t ≤ t1 + 4

−0.020 + E[I]− (−0.020)
4

· (t− (t1 + 4)), if t1 + 5 ≤ t ≤ t1 + 8

0.020 + 0.836 · (It−1 − 0.020) + εt, otherwise.
(34)

Figure 14 shows a simulation of the inflation ran with the model presented
in Equation (34).

39



Figure 14: A simulation of the inflation using the model presented in Equa-
tion (34). The red dashed lines marks the interval [t1, t1 + 8].

For a more detailed overview of all the different scenarios, see Appendix C.
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5 Results

The model of the Swedish income pension system is simulated between
the years 2013-2060. For each of these simulations there are several key re-
sults that are studied for the current system as well as for the new legislative
proposal. Some of the results that are analyzed are the number of years with
balancing, the number of balancing periods, the lowest balance ratio and the
volatility in the balance ratio during balancing periods. This volatility is
calculated as the standard deviation of the balance ratio during balancing
periods since it only affects the pensions during these periods. In addition
to these, the correlation between the development in the average PGI and
the pension disbursements is analyzed.

The simulations are performed multiple times for each scenario, and mean
values are obtained. This gives a good assessment of how the system are
affected by specific future outcomes. First, the number of simulations, n, has
to be determined. This is done according to the method described in Section
2.6. Thus, different values of n are tested in order to study when the mean
values seem to converge, indicating that the results are accurate. Deciding
which results to a use as base for studying convergence is not completely
straightforward since the values has different convergence speed for different
scenarios. The determining factor is therefore the most volatile variable. By
plotting the mean value of the variable against the sample size as in Figure
2, it was found that a sample size of 1000 was suitable.

The first scenario that is studied is considered to be the most probable
of the scenarios as it includes the main population projections produced by
Statistic Sweden as well as the main stochastic models presented in Section
4.3, and it is defined as Scenario 1. The properties of this and all the other
scenarios are explained in Appendix C in Table 12 and 13. Obviously it
is not a perfect prediction since it is practically impossible to predict the
demographic and economic situation for such a long period. In addition to
this, it is likely that there will be future changes in the pension system which
will affect the outcome. Although this is the case, these scenarios still give an
indication of how the system handles certain demographical and economical
situations.

Scenario 1 gives the results presented in Table 3 for the current pension
system and the new legislative proposal.
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Table 3: Results for Scenario 1

System
Years
with

balancing

Balancing
periods

Years
per

balancing
period

Balancing
volatility

Lowest
balance
ratio

Correlation*

mean (min-max) mean (min-max) mean mean mean mean

S
ce
n
ar
io

1 Proposal 11.2 (6-23) 1.0 (1-3) 11.0 1.0% 0.96 0.75

Current 6.7 (3-19) 2.1 (2-4) 3.2 2.1% 0.91 0.54

Difference 4.5 -1.1 7.8 -1.1% 0.04 0.21

*The correlation between the development in the average PGI at time t and the pension
disbursements for the current and new system at time t+ 3 and t+ 1 respectively.

In Table 3 one can see that there are significantly more years of balancing in
the new proposal, and the number of balancing periods are on average fewer
in the new proposal. The lowest balance ratio on the other hand is not as low
as for the current system. This indicates that the new legislative proposal
has a more prolonged balancing period, however it avoids the deepest valleys
in the balance ratio. This is exactly one of the desired features with the new
dampened balance ratio as one would want a smoother development in the
balancing mechanism. This can be seen in Figure 15 where the cumulative
balance ratio, BT cum

t , for the new and current system are plotted.

Figure 15: A simulation of the turnover duration for Scenario 1.
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The correlation between the development in average PGI and the develop-
ment in the average pension disbursements is higher for the new legislative
proposal than they current system. It is important to note that the correla-
tion for the new proposal uses the average PGI for the last year, i.e. one lag
period, while the corresponding results for the current system uses the aver-
age PGI lagged three years. This is due to the fact that the current system
reacts with a longer lag period and the use of a more recent PGI development
would give misleading results with a significantly lower correlation. Figure
16 shows a simulation of the development in the pensions and PGI for the
new and the current system in Scenario 1. It is seen that the new system has
a shorter lag period than the current system and also a higher correlation
between the development of the PGI and pensions.

Figure 16: A simulation of the development in the pensions and PGI for the
current and the new system.

As mentioned earlier, the turnover duration, OTt, in the current system is
overestimated. The new legislative proposal suggests a lower, more accurate
estimation. In Figure 17 a plot of the turnover duration in Scenario 1 is
shown. Here, one can see that the desired feature is obtained, i.e. the
turnover duration is lower for the new system compared to the current. The
other scenarios give similar results for this variable.
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Figure 17: A simulation of the cumulative balance ratio for Scenario 1.

In Scenario 2-3 the wage growth and the employment rate are set to their
respective low model in order to study how these variables affect the system.
These results are seen in Table 4.

Table 4: Results for Scenario 2 and 3

System
Years
with

balancing

Balancing
periods

Years
per

balancing
period

Balancing
volatility

Lowest
balance
ratio

Correlation

S
ce
n
ar
io

2 Proposal 11.3 (7-22) 1.0 (1-3) 11.2 1.1% 0.96 0.74

Current 7.2 (3-16) 2.1 (2-4) 3.6 2.2% 0.91 0.54

Difference 4.1 -1.1 7.6 -1.1% 0.05 0.20

S
ce
n
ar
io

3 Proposal 11.0 (6-22) 1.0 (1-3) 10.8 1.0% 0.96 0.74

Current 6.6 (3-18) 2.1 (2-4) 3.2 2.1% 0.92 0.54

Difference 4.4 -1.1 7.6 -1.1% 0.04 0.20

The lowered employment rate in Scenario 3 and the lowered expected wage
growth in Scenario 2 does not have any major effect on the system as the
result are very similar to the ones in Scenario 1.

Table 5 contains results that show how the return affects the pension
system. All the inputs, except the return, are kept the same as Scenario
1, which gives an indication of how the system reacts to different behaviors
in the return. These are denoted as Scenario 4-6 and a summary of their
properties can, as already mentioned, be found in Appendix C.
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Table 5: Results for Scenario 4 - 6

System
Years
with

balancing

Balancing
periods

Years
per

balancing
period

Balancing
volatility

Lowest
balance
ratio

Correlation

S
ce
n
ar
io

4 Proposal 14.1 (7-32) 1.2 (1-5) 12.9 1.1% 0.96 0.74

Current 8.8 (3-26) 2.3 (2-5) 3.9 2.2% 0.91 0.52

Difference 5.3 -1.1 9.0 -1.1% 0.05 0.22

S
ce
n
ar
io

5 Proposal 20.2 (13-34) 1.1 (1-4) 18.9 1.1% 0.96 0.74

Current 14.3 (4-24) 2.7 (2-7) 5.7 2.3% 0.92 0.48

Difference 5.9 -1.6 13.2 -1.2% 0.04 0.26

S
ce
n
ar
io

6 Proposal 18.7 (7-30) 1.2 (1-4) 16.7 1.0% 0.96 0.74

Current 11.8 (4-24) 2.9 (2-6) 4.3 2.2% 0.92 0.51

Difference 6.9 -1.7 12.4 -1.2% 0.04 0.23

As can be seen in Table 5, a lower return of the buffer fund, results in a more
stressed pension system. The number of balancing years and the number of
balancing periods all increases. However, the lowest balance ratio as well as
the balancing volatility have similar values to Scenario 1. In Scenario 4, the
probability of an economic recession is doubled which, not very surprisingly
results in more balancing years. Comparing Scenario 5 and Scenario 6 is
interesting as it shows the difference between how the system handles a
sudden shift in the return compared to a more prolonged decline. While the
new legislative proposal show similar results for the two, the current system
is having more trouble dealing with the sudden shift in Scenario 5. There are
on average 2.5 more balancing years (increase of 21%) for the current system
compared to a difference of 1.5 years (increase of 8%) for the proposal.

In Figure 18, there is a plot showing the cumulative balance ratio of a
simulation for Scenario 5 and 6, where all the inputs are identical, except
for the periods of economic recession that differentiate the two. The output
obviously varies between each simulation, but there are similarities in the
pattern.
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Figure 18: A simulation of the return using the return models presented in
Equation (11) and (12) in the current and the new system.

The return starts to decline in 2018, however since the balance ratio is cal-
culated from the value of the buffer from two years earlier the system reacts
with lag. For the legislative proposal, the cumulative balance ratio starts
to differ between the scenarios in 2020, i.e. two years after the decrease of
the return began. It takes even longer for the current system to react due
to the fact that it uses a smoothed value of the buffer fund. It is practi-
cally impossible for a system to be completely immune to these kind of swift
economic changes, however one can see that the legislative proposal is much
less volatile with a smoother development in the balancing. For the current
system one can see that Scenario 5, which has the sudden downward shift
in the return, causes a sharp spike in the cumulative balance ratio as the
return drops and the system adjusts for this change. In comparison, the
more gradual downturn in Scenario 6 leads to a smoother development since
the system has a longer adjustment period.

For the legislative proposal, the low return in Scenario 6 results in the
buffer fund being almost emptied out. Even though this is an extreme sce-
nario, it is something that should be taken into account when evaluating the
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two systems. Figure 19 shows how the capital in the buffer fund develops in
Scenario 6 in comparison to the main alternative in Scenario 1. In Scenario
1, the value keeps increasing as the inflow from the contribution revenue and
the return of the investments exceeds the outflow of pension disbursements.

Figure 19: A simulation of the buffer fund in the new system for Scenario 1
and 6.

In Scenario 7-9 the inflation model is varied in order to study the effect it has
on the systems. Table 6 contains the results from the simulations of these
scenarios.
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Table 6: Results for Scenario 7 - 9

System
Years
with

balancing

Balancing
periods

Years
per

balancing
period

Balancing
volatility

Lowest
balance
ratio

Correlation

S
ce
n
ar
io

7 Proposal 11.0 (6-24) 1.0 (1-3) 10.8 1.0% 0.96 0.74

Current 6.5 (3-19) 2.1 (2-4) 3.1 2.0% 0.92 0.58

Difference 4.5 -1.1 7.7 -1.0% 0.04 0.16

S
ce
n
ar
io

8 Proposal 11.0 (6-22) 1.0 (1-4) 12.1 1.0% 0.96 0.74

Current 10.0 (9-12) 2.9 (2-3) 3.5 16.4% 0.57 0.42

Difference 1.0 -1.8 8.6 -15.4% -0.39 0.32

S
ce
n
ar
io

9 Proposal 11.0 (6-26) 1.0 (1-3) 10.8 1.0% 0.96 0.74

Current 12.3 (11-14) 2.9 (2-3) 4.4 15.8% 0.57 0.44

Difference -1.3 -1.9 6.4 -14.8% -0.39 0.30

In Scenario 7 the expected value of the inflation is set to 0.5% as oppose to
2.0% in the main model. The results indicate that this change has no effect on
the system since there is almost no difference to Scenario 1. Similarily to the
analysis of the return of the buffer fund, a comparison has been made between
how the system handles a sudden downward and upward shift in the inflation
compared to a smoother and more extended decline and recovery (see Section
4.4 for a more detailed description). These two scenarios, denoted as Scenario
8 and 9, shows no visible effect on the legislative proposal. These results
show that the inflation has very little impact on the new legislative proposal.
The current income pension system on the other hand is highly influenced
by these inflation scenarios. The number of balancing years are increased,
in the latter scenario this value is almost doubled. There are on average
approximately one more balancing periods during the simulation time. The
biggest change however is the volatility in the balancing which is increased
from 2.0% to 16.4% and 15.8% respectively. This volatility causes the balance
ratio to drop down to a lowest point of 0.57 on average.

In the scenarios presented so far, one input variable is changed at the
time, while the others are set to their respective main models. In Scenario
10 however, the low models for the inflation, the return, the employment rate
and the wage growth are chosen. In this way, one can see how the system
handles a pessimistic future. The results from this scenario can be seen in
Table 7.
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Table 7: Results for Scenario 10

System
Years
with

balancing

Balancing
periods

Years
per

balancing
period

Balancing
volatility

Lowest
balance
ratio

Correlation

S
ce
n
ar
io

10 Proposal 14.2 (6-31) 1.1 (1-3) 13.3 1.2% 0.96 0.75

Current 9.1 (3-26) 2.1 (2-5) 4.3 2.4% 0.90 0.55

Difference 5.1 -1.0 9.0 -1.2% 0.06 0.20

The results show that the combination of the low models add to the stress
that is put on the system. The average number of balancing years is more
than what is the case for the scenarios where only one of the input variables
are set to low. The other key values are very similar to the previous values.

In Scenario 11-14, the model follows the high demography projections
from SCB’s latest population forecast. In Scenario 11 the other input pa-
rameters are set to their respective main model, while 12-14 have low settings
for the employment rate, the return and the inflation respectively. The re-
sults from the simulations is shown in Table 8.

Table 8: Results for Scenario 11 - 14

System
Years
with

balancing

Balancing
periods

Years
per

balancing
period

Balancing
volatility

Lowest
balance
ratio

Correlation

S
ce
n
ar
io

11 Proposal 10.9 (7-22) 1.0 (1-2) 10.8 1.0% 0.96 0.74

Current 6.5 (3-19) 2.1 (2-4) 3.1 2.1% 0.92 0.53

Difference 4.4 -1.1 7.7 -1.1% 0.04 0.21

S
ce
n
ar
io

12 Proposal 10.8 (6-22) 1.0 (1-2) 10.7 1.0% 0.96 0.74

Current 6.5 (2-17) 2.1 (2-4) 3.1 2.1% 0.92 0.54

Difference 4.3 -1.1 7.6 -1.1% 0.04 0.20

S
ce
n
ar
io

13 Proposal 13.4 (6-29) 1.1 (1-4) 12.7 1.1% 0.96 0.74

Current 8.3 (4-22) 2.2 (2-5) 3.8 2.2% 0.91 0.53

Difference 5.1 -1.1 8.9 -1.1% 0.05 0.21

S
ce
n
ar
io

14 Proposal 10.8 (6-23) 1.0 (1-2) 10.7 1.0% 0.96 0.74

Current 6.3 (3-17) 2.1 (2-4) 3.0 2.0% 0.92 0.58

Difference 4.5 -1.1 7.7 -1.0% 0.04 0.16
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The results are similar to the corresponding scenarios with the main demo-
graphic projection. There is however a slight improvement on the values,
indicating that a high population growth has positive effects on the pension
system. Just as for the main demography scenarios, Scenario 13 with the
low return has a major negative effect on the system.

Scenario 15-18 has the same properties as Scenario 11-14, with the excep-
tion of the demography which follows the low demographic projection from
SCB’s latest population forecast. In Table 9 the results from the simulations
are presented.

Table 9: Results for Scenario 15 - 18

System
Years
with

balancing

Balancing
periods

Years
per

balancing
period

Balancing
volatility

Lowest
balance
ratio

Correlation

S
ce
n
ar
io

15 Proposal 14.8 (7-46) 1.1 (1-4) 13.6 1.1% 0.96 0.74

Current 7.6 (3-27) 2.2 (2-6) 3.5 2.1% 0.92 0.54

Difference 7.2 -1.1 10.1 -1.0% 0.04 0.20

S
ce
n
ar
io

16 Proposal 15.2 (7-48) 1.1 (1-5) 14.0 1.1% 0.96 0.74

Current 7.7 (3-26) 2.2 (2-5) 3.5 2.0% 0.91 0.54

Difference 7.5 -1.1 10.5 -0.9% 0.05 0.20

S
ce
n
ar
io

17 Proposal 27.5 (8-48) 1.7 (1-7) 19.0 1.2% 0.96 0.72

Current 14.8 (4-46) 3.1 (2-8) 4.9 2.3% 0.91 0.47

Difference 12.7 -1.4 14.1 -1.1% 0.05 0.25

S
ce
n
ar
io

18 Proposal 14.9 (7-44) 1.1 (1-3) 13.9 1.1% 0.96 0.74

Current 7.5 (3-27) 2.2 (2-5) 3.4 2.0% 0.91 0.58

Difference 7.4 -1.1 10.5 -0.9% 0.05 0.16

As oppose to the high demographic development which barely had any effect
on the results, a low demographic development has an extreme impact on the
outcome. Using the main model for all the other input variables, increases
the average number of balancing years from 6.7 to 7.6 for the current system
and the legislative proposal from 11.2 to 14.8. The number of balancing
periods has also increased. It does not however, affect the lowest balance
ratio or the volatility in the balancing as there is little difference for these
values. Similar patterns can be seen for Scenario 16 and 18 (low employment
rate and low inflation respectively) where analogous results are obtained. In
Scenario 17 on the other hand, which has the low return model, the results

50



are amplified. In comparison with Scenario 4, i.e. main on all input variables
except for the return which was set to low, the average number of balancing
years are increased from 8.8 to 14.8 for the current system and from 14.1 to
as much as 27.5 for the legislative proposal. The average number of balancing
periods is also increased, but it does not seem to affect the deepest valleys
in the balance ratio as the average lowest value does not differ much from
the corresponding scenario with the main demography projections.
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6 Discussion

The created simplified models of the current and new income pension system
have made it possible to perform a lot of simulations with a short calcula-
tion time. It takes approximately 5.7 seconds for one simulation from the
year 2013 to 2060. This has given space to perform simulations for several
scenarios. These scenarios are not perfect predictions of the future, however
they do give indications on how the two systems handles different circum-
stances. If the pension system would be put under too much stress, there
would probably be extra preventive measures taken in terms of e.g. changes
in the regulations. This is one of many examples to why it is difficult to
project the future.

The results of the simulations allowed for an evaluation of the systems.
Both the current income pension system and the new legislative proposal
have features implemented in order to smoothen out variations in the pen-
sions. The current system uses moving averages and medians in its cal-
culation methods that are supposed to decrease the effect of e.g. a short
economic recession. An unwanted side effect of this is the fact that it uses
data from several years ago that might not be relevant to the current situ-
ation. It also causes the system to react with a lag, which was seen in the
results, especially when studying the different low return models.

The income index in the current system is severely lagged as it uses
data for the consumer’s price index from four years ago. This adds on to
the already mentioned problem of a pension system that is not completely
up-to-date with the current development. In addition to this, the income in-
dex is inflation-adjusted, which according to the results of this thesis causes
volatility in the pensions when there are sudden shifts in the inflation (Sce-
nario 8 and 9). Interestingly, the mean value of the inflation does not have
much effect on the system; it is these abrupt changes that put stress on the
system. While the current system uses the average development of the PGI
for the last three years, the legislative proposal only uses the development for
the previous year. This makes it lose the smoothening effect that the mov-
ing average provides, but at the same time reduces the lag. The inflation
is removed from the calculation with the goal of reducing the volatility that
comes with oscillations in the inflation. The results in this thesis shows that
this has been accomplished since the legislative proposal is practically unaf-
fected by variations in the inflation. Neither the scenario with sudden shifts
in the inflation, nor the scenario with the prolonged decline and recovery in
the inflation showed any indication of affecting the system. This is a desired
feature of a pension system, as one would want it to withstand changes in the
demographic and economic development. While the removal of the inflation
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reduces the volatility in the pensions, one can question whether the system
loses some of its ability to adapt to the economic situation.

One of the goals of the legislative proposal is for the pensions to follow
the development of the average PGI to a greater extent than what is the
case today. This has been shown in the results, as the correlation is higher
for the new system for all the studied scenarios.

The demography is obviously an important factor when it comes to the
stability of a pension system. The results from the scenarios with a high
population growth slightly improved the stability of the system with a de-
creased average number of balancing years. The low demographic growth
scenarios proved to have a bigger impact on the systems, although as op-
pose to the high population growth, the systems were affected negatively. It
was especially shown that in combination with a low return, a lot of stress
were put on the systems where the number of balancing years were almost
doubled.

There are cases when the dampened balance ratio in the legislative pro-
posal is not optimal. In a hypothetical future scenario where there is a
long-term economic recession, the effect of the balancing in the new legisla-
tive proposal will be reduced to one third each year. However, since the
recession in this case is long-lasting, in hindsight it would have been bet-
ter with a stronger balancing mechanism from the beginning of the period.
Even though this would increase the volatility in the pension disbursements,
it would put the pension system in a more stable state, better prepared
to handle the tough period ahead. In the results from the simulations of
Scenario 6, which has a long period of economic recession, the capital in the
buffer fund gets extremely low. Without the dampening of the balance ratio,
this situation could have been alleviated. One can however conclude that
a PAYG system handles a low return scenario better than a fully funded
system since a fully funded system is more dependent on the return of the
investments.

Constructing a pension system is a difficult task since it is subjective
what features are the most desirable. The Melbourne Mercer Global Pen-
sion Index is an effort to quantify pension systems around the world. While
this may give an indication of the quality of a country’s pension system, it
is no absolute score. The subjectivity makes it impossible to create an in-
dex that everyone can agree on, especially because each country has its own
circumstance. Financial stability is obviously one of the most prioritized
properties and this was one of the main objectives when designing the exist-
ing system. This strict focus on stability did however lead to an unwanted
volatility in the pensions when the system adjusted itself with the automatic
balancing. Decreasing this volatility is one of the main goals with the new
legislative proposal, and the results in this thesis shows that this will be
accomplished. The financial stability is still contained, and the new system
handles variations in the inflation better than the current system. Another
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objective that, according to the results, are fulfilled is that the new system
has a shorter lag period which makes the income pension system more up-
to-date with the current economic and demographic situation. In addition
to this, the new calculation methods are simplified and easier to understand.

The existing pension system and the legislative proposal only exercise
negative balancing, i.e. when the liabilities exceed the assets. In the most
probable scenarios however, a surplus will be built up over time leading to a
great increase of capital in the buffer fund. Therefore it could be relevant to
implement positive balancing as well. In this way, the pension disbursements
would be increased when the system has a surplus. This is an interesting
topic for further research where one can study how this positive balancing
could be implemented and what criteria’s that should be required in order
to activate it without risking the stability of the system.
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A Additional Mathematical Background

This appendix contains supplementary equations for the chapter that de-
scribes the mathematical background of the current Swedish Pension Sys-
tem. For a more thorough explanation, the reader is referred to the Orange
Report [15] where all the calculation methods for the current system are
found. For additional details about the proposal the reader is referred to the
legislative proposal Ds 2015:6 [26].

The Current Income Pension System

Annuity Divisor for the Income Pension

Di =
1

12Li

r∑
k=i

11∑
X=0

(
Lk + (Lk+1 − Lk)

X

12

)
(1.016)−(k−i)(1.016)−

X
12 , i = 61, 62, . . . , r

k − i number of years of retirement (k = i, i+ 1, i+ 2 etc.)
X number of months (0,1,. . . ,11)
Li number of survivors in age group i per 100,000 born, according

to the life span statistics of Statistics Sweden. These statistics
are for the five-year period immediately preceding the year when
the insured reached the age 60 in the case if pension withdrawal
before age 65, and age 64 in the case of withdrawal thereafter

Average Retirement Age

Rt =

R∗
t∑

i=61
U∗
i,t ·Di,t · i

R∗
t∑

i=61
U∗
i,t ·Di,t

, R rounded off to nearest integer

i age at year-end
R∗

t oldest age group granted a new pension, year t
U∗
i,t total monthly pensions granted to persons in age group i, year t

Di,t annuity divisor, year t, age group i
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Pay-in Duration

ITt =

Rt−1∑
i=16

PRi,t · Li,t · (Rt − i− 0.5)

Rt−1∑
i=16

PRi,t · Li,t

PRi,t =

PRi,t

Ni,t
+

PRi+1,t

Ni+1,t

2
, i = 16, 17, . . . , Rt − 2

PRRt−1,t =
PRRt−1,t

NRt−1,t

Li,t = Li−1,t · hi,t, i = 17, 18, . . . , Rt − 1 where L16,t = 1

hi,t =
Ni,t

Ni−1,t−1
, i = 17, 18, . . . , Rt − 1

PRi,t the sum of 16 percent of pension-qualifying income and 16 per-
cent of the pension-qualifying amounts at year t, age group i, for
individuals who have not been registered as deceased in year t

Ni,t number of individuals in age group i who at any time through year
t have been credited with pension-qualifying income or pension-
qualifying amounts and have not been registered as deceased

Li,t proportion of persons in age group i, year t
hi,t change in proportion of persons in age group i, year t

Pay-out Duration

UTt =

Rt∑
i=Rt

1.016−(i−Rt+0.5) · L∗
i,t · (i−Rt + 0.5)

Rt∑
i=Rt

1.016−(i−Rt+0.5) · L∗
i,t

L∗
i,t = L∗

i−1,t · hei,t, where L∗
60,t = 1

hei,t =
Ui,t

Ui,t + Udi,t + 2 · Ud∗i,t
, i = 61, 62, . . . , Rt

Rt oldest age group receiving a pension, year t
Ui,t total pension disbursements in December of year t to age group i
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Udi,t total of last monthly pension disbursements to persons in age
group i who received pensions in December of year t− 1 but not
in December of year t

Ud∗i,t total of last monthly pension disbursements to persons in age
group i who where granted pensions in year t and did not receive
a pension payment in December of year t

L∗
i,t proportion of remaining disbursement to age group i, year t

hei,t change in pension disbursements due to deaths at year t for age
group i

Pension Liability
St = SAt + SPt

SAt = PBt +
Bt

It
· IPRt + TPt

SPt =

Rt∑
i=61

Ui,t · 12 ·
(
Dei,t +Dei,t−1 +Dei,t−2

3

)

Dei,t =

Rt∑
j=i

1
2 · (L

∗
j,t + L∗

j+1,t) · 1.016i−j−1

L∗
i,t

, i = 61, 62, . . . , Rt where L∗
Rt+1 = 0

SAt pension liability in year t in regard to pension commitment for
which disbursement has not commenced (pension liability to the
economically active)

SPt pension liability in year t in regard to pension being disbursed to
retired persons in the PAYG system

PBt total pension balances, year t, according to Ch. 62 §§ 2, 5 and 7,
Social Insurance Code

IPRt estimated pension credit earned for income pension, year t,
TPt estimated value of ATP, year t, for persons who have not began

to draw this pension
Dei,t economic annuity divisor for age group i, year t

The Legislative Proposal

Pay-in Age

IÅt =

Rintj
t∑

i=16
PRi,t · Li,t · (i+ 0.5)

Rintj
t∑

i=16
PRi,t · Li,t
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PRi,t =

PRi,t

Ni,t
+

PRi+1,t

Ni+1,t

2
, i = 16, 17, . . . , Rintj

t − 1.

PR
Rintj

t ,t
=
PR

Rintj
t ,t

N
Rintj

t ,t

.

Li,t = Li−1,t · hi,t, i = 17, 18, . . . , Rintj
t where L16,t = 1

hi,t =
Ni,t

Ni−1,t−1
, i = 17, 18, . . . , Rintj

t

PRi,t the sum of 16 percent of pension-qualifying income calculated and
16 percent of the pension-qualifying amounts at year t, age group
i, for individuals who have not been registered as deceased in year
t

Rintj
t is the oldest age group that has earned pension credit for income

pension at year t
Ni,t number of individuals in age group i who at any time through

pay-in year t have been credited with pension-qualifying income
or pension-qualifying amounts and have not been registered as
deceased

Li,t proportion of persons in age group i, year t
hi,t change in proportion of persons in age group i, year t

Pay-out Age

UÅt =

Rutb
t∑

i=61
1.016−(i−61+0.5) · L∗

i,t · (i+ 0.5) ·R∗
i,t

Rutb
t∑

i=61
1.016−(i−61+0.5) · L∗

i,t ·R∗
i,t

L∗
i,t = L∗

i−1,t · hei,t, where L∗
60,t = 1.

hei,t =
Ui,t

Ui,t + Udi,t + 2 · Ud∗i,t
, i = 61, 62, . . . , Rutb

t .

Rutb
t oldest age group receiving a pension, year t

R∗
i,t the proportion of pension liabilities in the age group i that belongs

the retirees at year t
L∗
i,t proportion of remaining disbursement to age group i, year t

hei,t change in pension disbursements due to deaths at year t for age
group i
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Ui,t total pension disbursements in December of year t to age group i
Udi,t total of last monthly pension disbursements to persons in age

group i who received pensions in December of year t− 1 but not
in December of year t

Ud∗i,t total of last monthly pension disbursements to persons in age
group i who where granted pensions in year t and did not receive
a pension payment in December of year t
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B Melbourne Mercer Global Pension
Index

This appendix contains tables explaining the grading system used in Mel-
bourne Mercer Global Pension Index, as well as lists of how different countries
are graded.

Table 10: Summary of different countries grading with the Melbourne Mercer
Global Pension Index [4].
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Table 11: Summary of different countries sub-index value with the Mel-
bourne Mercer Global Pension Index [4].
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C Scenarios

This appendix contains information of the different scenarios used in this
thesis.

Table 12: List of the different scenarios

Scenario Survival Fertility Net
Migration Inflation Return Employment

Rate
Wage

Growth

1 Main Main Main Main Main Main Main

2 Main Main Main Main Main Main Low

3 Main Main Main Main Main Low Main

4 Main Main Main Main Low Main Main

5 Main Main Main Main Low* Main Main

6 Main Main Main Main Low** Main Main

7 Main Main Main Low Main Main Main

8 Main Main Main Low* Main Main Main

9 Main Main Main Low** Main Main Main

10 Main Main Main Low Low Low Low

11 High High High Main Main Main Main

12 High High High Main Main Low Main

13 High High High Main Low Main Main

14 High High High Low Main Main Main

15 Low Low Low Main Main Main Main

16 Low Low Low Main Main Low Main

17 Low Low Low Main Low Main Main

18 Low Low Low Low Main Main Main
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Table 13: Explanation of the different scenario levels

Variable Development Description

Survival, Fertility,
Net Migration

Main The base projection from SCB’s latest population forecast

High The optimistic projection from SCB’s latest population fore-
cast

Low The pessimistic projection from SCB’s latest population fore-
cast

Inflation

Main The main inflation model presented in Equation (28)

Low The inflation model with an expected value of 0.5%, presented
in Equation (30)

Low* The inflation model presented in Equation (33)

Low** The inflation model presented in Equation (34)

Return

Main The main return model presented in Equations (23) and (24)

Low The return model presented in Equations (23) and (29)

Low* The inflation model presented in Equation (31)

Low** The inflation model presented in Equation (32)

Employment Rate
Main The main employment rate model presented in Section 4.3.3

Low The employment rate model presented in Equation (25), but
with the fixed values multiplied by a factor of 0.8

Wage Growth
Main The main wage growth model presented in Section 4.3.1

Low The wage growth model presented in Section 4.3.1, but with
an expected value of 25 · 10−3
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