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Abstract iii

Abstract

Solubility Modelling in Condensed Matter. Dielectric Continuum Theory and
Nonlinear Response.
Lars Sandberg, Theoretical Biophysics Group, Department of Physics,
Royal Institute of Technology, SE-106 91 Stockholm, SWEDEN.

The solubility of molecules in condensed matter is an important field in biophysics
with applications in the food and pharmaceutical industry. Moreover, a good model
description of electrostatic interactions is fundamental to the understanding of structure
and function of biological macromolecules.

This thesis presents my research on implicit solvation models where the solvent is
described by a dielectric continuum. Nonlinear response effects like dielectric satura-
tion and electrostriction are studied. Rigorous electrostatic theory is developed to esti-
mate hydration free energies for ionic and molecular solvation in water. Approximate
screened electrostatic potentials are used to derive theoretical hydrophobicity scales.
Furthermore, they are applied to polyampholytes to determine the acidity equilibrium
of ionizable groups in proteins at different pH values. The main conclusions are:

� Dielectric continuum theory that includes nonlinear response effects can quanti-
tatively model the hydration of ions with valency 1 to 4. For monovalent ions the
electrostriction work is at least 10 times smaller than the saturation contribution,
but the nonlinearity is negligible compared to the ionic hydration free energy.

� Nonlinear effects are important to small organic polar molecules for which the
hydration free energies are smaller. Dielectric saturation reduces the average error
of calculated hydration free energies by 25% to a value twice the experimental
uncertainty of��� kJ/mol with the use of a standard force field.

� The screened multipole potential approach in the dipole approximation is success-
ful to describe octanol-water partitioning of amino acid side chains. However, the
dielectric saturation effect is crucial to include in the implicit solvation model.

� A screened Coulomb potential model is equally good as and at least 100 times
faster than the linear Poisson-Boltzmann model to predict p�a values of ion-
izable groups in proteins. However, the electrostatic screening must be treated
differently in the protein core and in the solvent interfacial region. Moreover, for
buried isolated groups the electrostatic self-energy becomes important.

� Numerically calculated p�as by linear response models are extremely sensitive
to the specific choice of the low dielectric constant value of the macromolecule.
Furthermore, time averaged p�a values are stabilized over a time interval of about
100 ps along a molecular dynamics trajectory.

Key words: Dielectric saturation, modified Langevin-Debye theory, screened Coulomb
potential, electrostriction, implicit solvation model, hydration free energy, hydropho-
bicity, partition coefficient, p�a, biomolecular titration.
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Preface

This thesis presents the results of my research at Theoretical Physics, Department of
Physics at the Royal Institute of Technology during the period 1997-2002. The dis-
sertation is divided into two parts, where the first part serves to introduce the reader
to this field of science and to put my research into its context. The first chapter is a
brief overview of my research area and aims at to introduce the reader to the thesis. In
the second chapter the physical toolbox to deal with many-body systems is reviewed.
Macroscopic and microscopic electrostatics, and the microscopic foundation of polar-
ization is found in chapter three. Dielectric continuum theory and the difference be-
tween linear and nonlinear dielectric response is discussed in the fourth chapter. In
chapter five implicit solvation models and their applications are reviewed. Finally I
make some comments on my scientific articles. The second part of this work contains
the scientific publications that form the basis of the thesis and in which the results of my
research are presented in more detail. The articles are refered to by Roman numerals in
the first part of the thesis.

Before I started to write my thesis I looked around for writing tips and found a list
of 20 useful rules, of which the first and foremost was:Be more or less specific. I have
tried to follow this advice through.

List of Papers

I ��� Calculations Along a Bacteriorhodopsin Molecular Dynamics Trajectory
L. Sandberg, and O. Edholm
Biophys. Chem.65, 189-204 (1997).

II A Fast and Simple Method to Calculate Protonation States in Proteins
L. Sandberg, and O. Edholm
Proteins36, 474-483 (1999).

III Calculated Solvation Free Energies of Amino Acids in a Dipolar Approximation
L. Sandberg, and O. Edholm
J. Phys. Chem. B105, 273-281 (2001).
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IV Nonlinear Response Effects in Continuum Models of the Hydration of Ions
L. Sandberg, and O. Edholm
J. Chem. Phys.116, 2936-2944 (2002).

V Calculated Hydration Free Energies of Small Organic Molecules Using a Non-
linear Dielectric Continuum Model
L. Sandberg, R. Casemyr and O. Edholm
Submitted to J. Phys. Chem. B.

Work not included in this thesis

VI Response to “A Fast and Simple Method to Calculate Protonation States in Pro-
teins”
L. Sandberg, and O. Edholm
Proteins40, 4-5 (2000)

This Author’s Contribution to the Papers

Paper I is based on a molecular dynamics simulation of bacteriorhodopsin made by
O. Edholm. However, I did all the electrostatic calculations. We both participated in
the writing of the article. Paper II was initiated by me since I wanted to evaluate the
screened Coulomb potential approach. I developed the DaPDS model in discussion with
O. Edholm. The ionization Monte Carlo program was written by me and I did all the
calculations. The work of writing the article was shared between us. The idea behind
paper III came from O. Edholm. I developed the implicit solvation theory approach.
Moreover, the calculations were performed by me and I wrote the draft of the article.
Paper IV treats nonlinear dielectric effects and the theory was derived by me in discus-
sion with O. Edholm. The calculations were also made by me. Furthermore, I prepared
the draft of the paper. Paper V is a result of R. Casemyrs diploma work which I had
the pleasure to co-supervise. This paper is based on the nonlinear response theory of
paper IV, but further developed by me. I wrote the implicit solvation program code to
study the solubility of molecules in water. The major part of the computer simulations
were made by R. Casemyr, but I performed some myself too. We analysed the results
together. The draft of the article was written by me.
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Chapter 1

Introduction

Before I came here I was confused about this subject. Having
listened to your lecture I am still confused. But on a higher level.

– Enrico Fermi

1.1 Molecular Biophysics in Perspective

It has occured to me that very few people know what biophysics is and more especially
the discipline of theoretical molecular biophysics. Probably, one of the most common
prejudices against physicists is that they only consider “elliptically shaped molecules
in uniform fields” and not “hexachlorophene”1. I would not say that this is completely
wrong but there are often good reasons for a careful investigation of physical events in
order to interpret experimental measurements and to describe and simplify mathemati-
cal models which are adapted for the physical problem by just approximations. To me
(theoretical) physics is the art of approximations. In one sense physics is a utopia; it
deals only with ideal or idealized systems. However, the word physics originates from
the Greek word����� (physis) meaningnature, and this is really what it is all about.

Being a biophysicist simply means that you have a physical background but use
your knowledge in the fields of chemistry, biochemistry, molecular biology and other
life sciences, all of which have evolved from being pronounced descriptive sciences to
become more analytical in the last century. This is a process in progress. To quote
Blumenfeld [1]:

The known principal laws of physics are quite sufficient for a complete de-
scription and understanding of the structure and functioning of all existing
biological systems. (The laws of chemistry are not mentioned, because the
foundation of these laws does not, in principle, require any new postulates.)

1This sentence is a good way of telling the readers background. If you find this to be true and smile at
the first statement you probably have a background in chemistry. However, if you find the second statement
funny, or do not comprehend it, you are definitely a physicist. By the way, I am a physicist.

5



6 Chapter 1. Introduction

Figure 1.1. From the left: A phospholipid molecule with the polar head group and two hy-
drocarbon tails. The lipids aggregate into a bilayer structure which forms the cell membrane
(courtesy of E. Lindahl [2]).

The fundamental building block of living organisms is the cell, which has an aver-
age dimension of about 0.01 mm. Cells have an astounding variety of structures and
functions, and group to form cooperative multicellular systems. These systems are fur-
ther organized into a hierarchy of tissues, organs, organ systems which build up the full
organism.

The importance of water can hardly be over-emphasized. Life is closely intercon-
nected with aqueous solutions. The cell consists of more than 70% water but is discon-
nected from the surroundings by an encapsulating biological membrane (see Fig. 1.1).
This division into an interior and exterior world is crucial to life, since living systems
always operate out of equilibrium. The non-equilibrium state is momentous in order to
encode, process and store biological information. It is maintained by the generation of
gradients, e.g. concentration or potential gradients, using membranes as the partitioner.
The cellular inside is composed of the cytoplasm and the cell nucleus. The cytoplasm
contains the cytosol liquid, several types of subcellular units called organelles and the
cytoskeleton which strengthen the cell membrane.

Genetic information is stored in the DNA, which is a biopolymer found in the cell
nucleus. The DNA polymer is constructed from four types of nucleobases attached to
a polymeric sugar-phosphate backbone. These single strand polymers form a comple-
mentary double strand structure, i.e. double-helix DNA (see Fig. 1.2). This molecular
structure was unveiled by Watson and Crick in 1953 [3]. To quote the physicist Otto
Frisch2: “That was perhaps the greatest single advance in biology since Darwin’s con-
cept of natural selection, and it happened right under my nose; but I didn’t understand
what was going on” [4]. The genetic information is transformed into protein sequences
according to the central dogma of molecular biology. The DNA is transcribed into a
RNA copy which proceeds to the ribosome where the protein synthesis does occur. The
ribosome is an example of an organelle. In the protein synthesis the RNA is translated

2Otto Frisch was active in Cambridge at the time of the discovery of Watson and Crick, and is famous for
the idea of nuclear fission (a term borrowed from biology and cell fission) which he came up with together
with his aunt Lise Meitner.
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Figure 1.2. Left: A short segment (12 base pairs) of double helix DNA.Right: A small
globular protein, here the��� amino acid long folded polypeptide chain of Lysozyme.

into a polypeptide chain by the linkage of amino acid molecules. The polypeptide is
then folded into the final complex product, the protein (see Fig. 1.2). It is amazing what
a few simple molecular building blocks can achieve. The four nucleotides encode for
twenty amino acids that build up all the proteins which are the machinery of life.

Proteins have a diverse functionality in organisms, e.g. they constitute structural el-
ements (e.g. the cytoskeleton), catalyse specific biochemical reactions (enzymes), reg-
ulate metabolic processes (hormones) and are a vital part of the immune system (anti-
bodies). Moreover, some proteins perforate the cell membranes and act like channels
that exchange substances with the extra-cellular world. Channel proteins are vital to the
cell function since some of them are generators of the indispensable gradients across
the membranes. All natural proteins are linear polymers, so the only things to vary
are the sequence and the chain length. As was said before, the genetic code specifies
twenty amino acids, but occasionally these are complemented by prosthetic groups, e.g.
metal ions or certain organic molecules. However, the functionality depends on the spe-
cific three dimensional structure of the folded protein, which is a highly complex and
heterogeneous system.

1.2 Solubility of Solutes in Solvents

The headline of this section defines a subject that probably is one of the most common
and important fields in natural science. It includes everything from doping of semicon-
ductors, alloys and composite materials, soft drinks, washing-up liquids, drug absorp-
tion, to biochemical reactions. The essence of this thesis boils down to the empirical
fact that oil and water do not mix. However, salt is easily soluble in water. There is
a general chemical principle that sayslike dissolves like. Why is that and how can we
describe it?

This thesis will revolvearound aqueous solutions since life occurs in such envi-
ronments. The solubility of small organic molecules is important both to the food and
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pharmaceutical industry. Drug design has several meanings, i.e. from a medical view-
point it mainly concerns with toxicity, and from a chemical perspective it has to do
with synthesis and stability. However, from a biophysical point of view the biological
activity of a compound is regarded as a series of independent binding, transport and
processing events which start when the drug enters the body and ends when it is metab-
olized or excreted. All of these steps involve free energy changes. The difference in free
energy will determine how the compound partitions between different environments or
different reactants and products. Furthermore, the intermediate free energy barrier will
determine the rate of such partitioning.

The cell consists of more than 70% water but is separated from the surroundings by
the cell membrane. Biomembranes are usually constructed out of phospholipids, which
in an aqueous solution self-assemble into lipid bilayer compartments called a lipid vesi-
cles or liposomes. The reason for this is that lipids areamphipathic, i.e. one end of the
molecule loves water (hydrophilic) while the other is oily and fears it (hydrophobic).
The bilayer structure is favourable since the hydrophobic ends group together and the
hydrophilic ends face the water on both side of the membrane. However, the cell has
to exchange and interact with its surrounding. Water and ions for instance cannot per-
meate the cell through the cell membrane due to its hydrophobic interior. To facilitate
a selective permeability across the membrane transporters are needed, i.e. carriers and
channel proteins. The monomers of proteins have different characteristics and can also
be divided into hydrophilic and hydrophobic amino acids. Protein folding is driven by
the hydrophilic/hydrophobic interaction between the amino acids in the protein and the
aqueous solution. Water-soluble globular proteins tend to pack hydrophobic groups in
the core of the protein and let hydrophilic groups be exposed to the water solvent. Mem-
brane proteins have hydrophobic amino acids facing the membrane to match the lipid
bilayer environment. Furthermore, some hydrophilic amino acids may be in a charged
state. Macromolecules that consist of both acidic and basic groups are calledpolyam-
pholytes. The protonation state of such ionizable groups in proteins is dependent on
global system properties, e.g. the pH, but also on the local protein/solvent environment.

All of the examples above are dependent on solvation and environmental effects and
moreover have impact on bioinformatics and structural predictions. The human genome
is today known and we are in the post-genomic era [5,6]. Hence the whole machinery of
life is in our hands, and the ever expanding biological and chemical databases will stim-
ulate the design of ligands and inhibitors as new drug candidates. However, the need for
fast and accurate methods to determine free energy changes is evident, and computer-
aided drug design (CADD) is a valuable tool in the process from target identification
through the optimization of lead compounds to a candidate drug.

1.3 Modelling, Simulation and Experiment

There are four fundamental forces in the world as we know of today, i.e. the gravita-
tional, the electromagnetic, the weak and the strong force. To some people the number
four seems to be small, but much work has been put down on trying to unify these forces
during the previous century and the work continues in the present. Today grand unified
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Real System Theory: Make Model Model System

Experiment Computer Simulation Theory: Approximations

Measured Result Numerical Model Result Analytical Prediction

Test of Model Test of Approximations

Figure 1.3. The relation between experiment, theory and modelling, and computer simulation.

theories (GUT’s) unify the last three forces at high energies, but gravitation still eludes
the physics community. This is, however, a different story. In the light of this thesis
only the electromagnetic force is of interest since the gravitational force is important
mainly on the cosmological scale and the weak and strong forces are important at the
subatomic level. This thesis is about the scale in between, that is the (classical) physics
of every day life, and we are left with electromagnetic forces.

Whenever a scientist is faced with a problem the first thing to do is to choose a rele-
vant description level to model the system. Available physical description levels include
quantum mechanics, classical mechanics and statistical mechanics/continuum levels.
Quantum mechanics is needed for binding and for intramolecular properties. Classical
mechanics seems to work well for intermolecular interactions. Statistical mechanics is
used to describe large systems. Continuum models simplify the calculations for sys-
tems of macroscopic size. The final choice will be dependent on the need for details
versus the need for speed in the calculations. Furthermore, a too detailed description
level will probably become mathematically complex and therefore involve many more
or less severe approximations. Model selection is a difficult task for which you need to
have knowledge and a lot of experience. To me a model cannota priori be classified as
good or bad, but only as relevant or irrelevant to thespecific problem.

Today, starting from a physical model, computer simulations can confirm and some-
times even predict and guide new experimental findings, see Fig. 1.3. Nowadays there
actually are three ‘experimental’ possibilities, i.e.in vivo, in vitro, andin silico mea-
surements3. The rapid development of computers has contributed to the fundamental
success and advancing in this field of science. Over the last twenty years the simu-
lation capacity has increased at least by a factor of one million. This means that the
gap between experiments and simulations is today to some extent bridged. New ways
to collaborate and divide the work between simulation scientists and experimentalists
have been or will be developed. There are many areas of application, e.g. material and

3The study of biochemical reactions inside living cells in their natural environment is calledin vivo. If
the experiment takes place in a test tube it is calledin vitro (lat. in glass).In silico means that the ’test tube’
comes from Silicon Valley.
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polymer science, biotechnology and the pharmaceutical industry. The computer rev-
olution has not slowed down, and will continue at an even higher pace. However, the
simulation results do of course depend on the model foundation. Larger and longer sim-
ulations can never compensate a poor model. The interplay between theory, i.e. model
building, on one hand and simulations and experiments on the other must always be
vivid. The increased computer capacity can be used to simulate more complex and/or
ab initio models, but it is of equal importance to approximate and simplify models in
order to get faster algorithms, thus being able to do even longer simulations and obtain
better statistics. The bottom line of this thesis is that things are not as easy as they first
seem, but almost.

Further Reading

For a general introduction see: L. Stryer,Biochemistry [7], K. E. van Holdeet al.,
Principles of Physical Biochemistry [8], and H. Lodishet al., Molecular Cell Biology [9]



Chapter 2

The Many-Body Problem and
Continuum Theory

Space; the final frontier . . .
Star Trek

Every student of natural science knows how to solve a two-body problem, e.g. the clas-
sical gravity motion of the earth-moon system or the quantum hydrogen atom. However,
when the three-body problem is encountered the system is chaotic and according to the
famous work of Poincar´e does not have an analytical solution. Of course it gets even
worse for a general many-body system. This chapter aims at listing the available tools
that have been developed to cope with the many-body problem which, listed in order of
complexity, include classical/quantum mechanics, statistical mechanics and continuum
methods. However, a word of warning is needed. Even though this text is outlined to
show the connection between these approaches, no such solid connection mathemat-
ically exists between classical/quantum mechanics and statistical mechanics. Having
said that, we may in good faith return to the story.

2.1 Classical Mechanics

Let us consider a medium that consists of� particles. The local coordinates of these
particles are called the configuration of the system. The specific configuration is an
element in the configuration space�, which is a smooth�� -manifold with local co-
ordinates���	 � � � 	 ���. However, the physical microstate of an isolated� -particle
system at a time
 is, in classical mechanics, fully determined by the local momen-
tum and spatial coordinates���	 � � � 	�� � ��	 � � � 	 ��� � ��� 	 �� � which represents a
point inphase space 	 (a
� -manifold). Note that time is considered to be a parameter.

11
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When the system evolves in time the microstate will move along a trajectory in	-space
according to Hamilton’s equations of motion

���



�
��

����
and

���



� �
��

����

� � �	 � � � 	 �
� � �	 	 �

(2.1)

where� ��� 	 �� � � � ��� � � � ��� � is the Hamiltonian describing the system.
These equations of motion are a set of
� first order differential equations called a
dynamical system.

The change with time of any observable� �
� � � ��� �
�	 �� �
�� which do not
explicitly depend on
 may now be written
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where the bracket symbol��	 �� is called the Poisson bracket. It is anti-symmetric in
its arguments. We now introduce the Liouville operator� � ��� 	 ��. It is possible to
symbolically integrate Eq. (2.2) which leads to the following local solution

� �
� � ����� ���	 (2.3)

where� ��� is the supplementary initial condition of the system. The Hermitian oper-
ator���� is called the classical propagator and is the generator of time evolution. From
Eq. (2.2) one easily realizes that the time derivative of the Hamiltonian is zero and there-
fore the Hamiltonian is a constant of motion� � � equal to the total energy of the
isolated system. The trajectory of the microstate is entirely embedded in a (
� � �)-
dimensional hypersurface of	 defined by� � � and is called the energy surface.

However, any realistic mechanical system can hardly be considered to be isolated,
but is in contact with its surroundings. For example the dielectric media which are of
special interest to us will interact via temperature and/or pressure exchange and more-
over will be influenced by an external electric field. In these systems the energy will
no longer be conserved but will fluctuate in time. However, if the equations of motion
are extended to include a thermostat (and/or barostat) we are still able to describe the
time evolution of the system. This is possible if we apply Gauss’ principle of least
constraint and use the Gaussian isokinetic equations of motion or use Nos´e-Hoover me-
chanics [14,15].

An observable� will change with time when the microstate moves along the trajec-
tory on the energy surface. When the observable is studied, the measurement is usually
made over a long time interval and is a time average, that is

� � ���
���

�




� �

�

� �
� 
� (2.4)
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The measurement� should not depend on the initial state� ��� so the time average is
made over the whole trajectory (infinte time).

Up till now everything seems clear, just specify the initial conditions of the system
and let it loose by integrating the equations of motion. This task is simple to achieve
when the system is small, that is less than about a million particles. The technique is
called molecular dynamics (MD). However for real macroscopic systems which consist
of about���� particles we will encounter big problems. Not only to find a computer
which is fast and has a sufficiently large memory, but to correctly specify the initial
conditions of the system. We are in need of a different approach to tackle macroscopic
problems. The name of the saviour is statistical mechanics.

2.2 Statistical Mechanics

In general we do not know the
� initial coordinates of a macroscopic system to de-
termine its microstate. Furthermore, the dynamics of the system may be so sensible to
the initial microstate that it is non-reproducible. Instead we usually have knowledge
about a few macroscopic properties of the system such as the energy, the volume, the
temperature etc. Quite many microstates will fulfil these restrictions which define the
thermodynamic state of the system. The infinitely large set of all such phase points
constitutes a Gibbs ensemble of systems, all having the same Hamiltonian but not nec-
essarily the same dynamical state. The microstates of the ensemble are distributed with
a probability that depends on the given thermodynamic state. The rˆole of statistical
mechanics is to avoid solving the equations of motion and study the time evolution of
one system and instead focus on this set of phase points and make an instantaneous
averaging over the ensemble. In this way the microscopic Hamiltonian is related to the
different thermodynamic quantities of the macroscopic system.

A Hamiltonian system is, according to the famous Liouville theorem, a volume
measure preserving dynamical system. Therefore	 is a probability space with a proba-
bility measure� and a one-parameter group of measure preserving transformations on
	. These transformations are the generators of time evolution of the system. The mea-
sure of an infinitesimal domain of	 is � � � 	 where���� 	 �� � is the probability
density and	 � ��

������� is the volume element. For an isolated atomic system
with � � � Æ�� �� � where� is a normalization constant such that��	� � � we ob-
tain the microcanonical ensemble��	 �	��. Equilibrium statistical mechanics is based
on two assumptions

� Principle of equal probability

� The ergodic hypothesis.

The first assumption is in the classical case based on the Liouville theorem which says
that the measure of the phase volume element is invariant. As a consequence the density
of systems in the neighbourhood of a system in phase space remains constant in time.
The most important set of density functions� which do not depend on time are func-
tions of the Hamiltonian and of other constants of motion, see e.g. the microcanonical
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probability density and the Gibbs measure (see below). The ergodic hypothesis, intro-
duced by Boltzmann in 1884, implies that any system trajectory uniformly explores the
‘whole’ subspace of the ensemble (the surface of constants of motion), that is

�� 	 � � (2.5)

where�� 	 represents the ensemble average of the observable� . The matematical
background of the hypothesis is difficult and has grown into a complete new field of
mathematics called ergodic theory. There exists several attempts to prove the ergodic
hypothesis of which the Birkhoff’s ergodic theorem is the most prominent one. How-
ever, even this theorem has one serious drawback [10, 17] so much remains to be done
before we have a clear understanding of the relationship between classical mechanics
and statistical mechanics. The computer simulation technique to sample phase space in
a statistical sense is called stochastic methods (e.g. Monte Carlo methods MC).

However, ensembles are artefacts and depend on the particular type of system under
consideration. The states of a non-isolated isothermal system is distributed according
to the Gibbs measure with probability density� � � ������� �. This ensemble
type was first introduced by Gibbs under the namecanonical ensemble ��	 �	 � �. This
thesis will employ the��	 �	 �	 � � ensemble where� is the electric field strength each
molecule feels inside the dielectric medium. The system is assumed to consist of�
independent indistinguishable molecules. Let� be the number of degrees of freedom of
any one molecule when� � �. Now, according to classical statistical mechanics the
��	 �	 �	 � � ensemble partition function is

���	 �	 �	 � � �
�

� ����

�
�

	 ���� 	�� �	� �
 
� (2.6)

The partition function� is a function of the macroscopic properties that define the
ensemble. The ensemble average of an observable� is

�� 	 �
�

�

�
�

	� ��� 	 �� � ���� 	�� �	� �
 
� (2.7)

One usually defines a thermodynamical potential

���	 �	 �	 � � �� ��B� �����	 �	 �	 � � (2.8)

which has a minimum value at equilibrium. This potential is the link between ther-
modynamics and the statistical mechanics ensemble. The fundamental thermodynamic
relation (the first law of thermodynamics) is

� �� –�rev � – rev � �! � ��	 � � �� � �	 � (2.9)

where� is the system dipole moment,� is a unit vector in the direction of the electric
field� . The thermodynamic relation for� becomes

� � �� � �!� � �!� � ��	 � � �� � �	 � (2.10)

and the whole body of thermodynamics will now follow.
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2.3 Continuum Theory

One might have the impression that everything is fine concerning how to approach the
many-body problem. However, the partition function is sometimes non-trivial to calcu-
late and yet another approach which would further simplify the procedure is welcomed.
Both approaches so far deal with a finite (countable) number of degrees of freedom of
the system. If the system is macroscopic (about���� particles) the number of degrees
of freedom is almost infinite (uncountable) and it is of interest to study the many-body
system behaviour in this limit.

In thecontinuum limit we let the number of particles per unit volume go to infinity
(uncountable number of degrees of freedom) and replace the discontinuous microscopic
medium with a hypothetical continuum where each point in the continuum medium par-
takes in the physical course of event. We have obtained a classical field theory in which
the spatial coordinates become parameters like time. In the Lagrangian formulation for
continuous systems the fields become the new dynamical variables and are piecewise
continuous functions of the space-time parameters. Via Hamilton’s variational principle
they fulfil the Euler-Lagrange equations which are the new set of equations of motion.
The Euler-Lagrange equations are in general nonlinear partial differential equations in
the fields.

By the continuum limit procedure we have obtained partial differential equations
which replace the complicated many-body problem and fully describe its physical prop-
erties as a macroscopic system. Furthermore, one of the basic assumptions is that the
laws which are valid for the macroscopic system remain valid for infinitesimal parts
of it. The continuum model can always be linked via dimensional regularization1 to
the microscopic many-body system. This makes it possible to develop and improve the
continuum model based on the understanding of the microscopic medium.

Electrodynamics is in a way the archetype of a classical field theory. The equations
of motion are in this case simply the macroscopic Maxwell equations for the electro-
magnetic fields. However, the microscopic electrodynamical description is in itself a
field theory but macroscopic electrodynamics is even more ‘fieldish’ with new field
quantities that are introduced to describe the interaction with the dielectric medium.
Further examples are Newton’s theory of gravity, fluid and continuum mechanics. Even
the thermodynamic limit (canonical ensemble�	 � 
 �	 "	 � constant) in statis-
tical mechanics is often equivalent to a properly defined continuum limit, in which
Boltzmann’s constant�B vanishes together with the microscopic scales of length and
time [18]. Moreover, a classical system is the continuum limit� 
 � of a correspond-
ing quantum system.

2.4 Summary

The many-body problem is a difficult problem to tackle in physics and several methods
exists depending on the specific system under study, i.e.

1The reverse of the continuum limit procedure.
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� Classical mechanics (MD simulation)

� Statistical mechanics (MC simulation)

� Continuum theory (partial differential equations)

Which method that works the best depends on the situation and how well we can de-
scribe the system. It is not always true that a microscopic approach is the most bene-
ficial. Sometimes, a continuum model can efface complicated microscopic interactions
and give more accurate results since these interactions may be difficult to capture in
an approximative Hamiltonian. Moreover, the computational speed which varies with
system complexity may also be a crucial factor.

Further Reading

CLASSICAL MECHANICS: A nice introduction is found in Goldstein,Classical Me-
chanics [12], and Scheck,Mechanics, From Newton’s Laws to Deteministic Chaos [13].
STATISTICAL MECHANICS: For the general theory I recommend Tolman,The Princi-
ples of Statistical Mechanics [19], and McQuarrie,Statistical Mechanics [16].
ERGODIC THEORY: See Keller,Equilibrium States in Ergodic Theory [17].
COMPUTER SIMULATION METHODS: The classic reference is Allen and Tildesley,
Computer Simulation of Liquids [20], but see also Hansen and McDonald,Theory of
Simple Liquids [21], HeermannComputer Simulation Methods [22], and Frenkel and
Smit Understanding Molecular Simulation [23].



Chapter 3

Theory of Electric Polarization

Many a mickle makes a muckle
English proverb

This chapter concerns with models that describe dielectric properties based on the
knowledge of the building blocks of matter. There are three different types of mate-
rials, i.e. conductors, semiconductors and dielectrics (isolators), but here the focus will
be on dielectrics. When an external field is applied to a dielectric medium we will have
an interaction. The present chapter deals with the available methods of approaching
this complex problem. We will consider the system to be described in classical terms to
keep things ‘simple’. Models describing conductors and semiconductors must be based
on quantum mechanics but dielectrics on the other hand satisfy classical mechanics.
Even though the theory ought to be derived in light of quantum mechanics the outcome
will be the same and most classical observables are possible to exchange with their
corresponding quantum mechanical expectation values.

We start with a brief review of the macroscopic theory where the complex micro-
scopic many-body system of interacting particles and fields is replaced with fields and
continuous media. The macroscopic equations of electrostatics will then be derived
from the microscopic Maxwell-Lorentz equations. Moreover, the polarization on the
molecular level is discussed and different models depending on system state properties
are introduced.

3.1 Dielectrics in Static Electric Fields – Macroscopic
Theory

The two fundamental postulates of electrostatics in free space are

� � #�� � �free and �� � �� (3.1)

The first postulate tells us that the electric field is non-solenoidal unless� free � �.
Hence, in a vacuum the static electric field� is a flux vector whose flow sources are

17
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the free charges in space. The second postulate says that the electric field is irrotational
and therefore there exists a potential���� defined by� �� ���. If we insert this in
the first postulate we obtain the electrostatic Poisson equation

� � �� � �
�free

#�
� (3.2)

This is alinear second order partial differential equation for which thesuperposition
principle holds. When the electric field is solenoidal we have the Laplace equation. The
Laplacian operating on a scalar field at a point is a measure of the difference between
the average value of the field in an infinitesimal neighbourhood of that point and the
field value at the point itself. The Poisson equation therefore tells us that the potential
in the local surrounding of a point differs from the averaged potential proportional to
�free$#�.

The general solution to this equation is found by Fourier transformation and is writ-
ten as a convolution integral between the free space Green function and the inhomogen-
ity �free$#�, that is

���� �

�
��

���
�free��

��

�%#��� � ���
� (3.3)

For a localized point charge distribution� free��� �
�
&�Æ������ the potential becomes

���� �
�
�

&�
�%#��� � ���

� (3.4)

We now leave empty space and enter the world of dielectrics, that is we consider
scenarios when a static electric field interacts with a medium. The electrostatic version
of Maxwell’s macroscopic equations is

� �� � �free and �� � �� (3.5)

The displacement� is a flux vector whose flow sources are the true and free charges
of the medium. We note that the static electric field still is irrotational. However, the
Maxwell equations are not very useful unless we can specify a relation between the�

and� fields. This is the local constitutive relation1

� � #�� ���� 	 (3.6)

where��� is the polarization of the medium. Outside the dielectric��� � �. Inserted in
the first Maxwell equation we find

� � #�� � �free�� ���� � �free� �bound� (3.7)
1In this thesis we will use a localized definition of the polarization, which in general is a functional of

the electric field. However, there may exist spatial correlations, and nonlocality states that the polarization
at a point� is not only determined by the electric field at that point, but also by the field at points in the
neighbourhood of�. The nonlocal constitutive relation will lead to awave vector dependent polarization
which might be important over microscopic distances [24, 25]. It has been proved to be important for long-
range effects in conductors and superconductors.
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Figure 3.1.The averaging of the microscopic field���� results in a slowly varying macroscopic field����.

The� field in a medium is a flux vector of free charges plus some new charges which
are due to the polarization of the material (bound charges). Note that this equation may
no longer be linear and thus the superposition principle is not valid per se. The phe-
nomenological theory of Maxwell’s macroscopic equations is a continuum description
of matter based on the three classical (Maxwell) fields�	� and��� which are contin-
uous functions of space (and time for nonstationary fields).

3.2 Derivation of the Macroscopic Maxwell Equations

The electrodynamics of microscopic composite particle systems, e.g. atoms and molecules
consisting of charged point particles (electrons and nuclei), in the framework of classi-
cal non-relativistic theory is governed by the Maxwell-Lorentz field equations

� � � � � � ��
��

�

� �

� � � �
'

#�
� ��

�

(�
��

�

� ��	�

(3.8)

� and� are the microscopic electric and magnetic fields and' and	 are the microscopic
charge and current densities. All charges are included in' and	. The Maxwell-Lorentz
field equations are a system of linear first order partial differential equations for which
the superposition principle is valid. The microscopic fields produced by these charges
vary extremely rapidly in space and in time. However, microscopic fluctuations are
averaged out over space, giving smooth and slowly varying macroscopic quantities.
The macroscopic Maxwell’s equations may be derived from the microscopic equations
by a suitable averaging procedure [26, 27]. There are three main types of averaging
which have been proposed, i.e. spatial averaging, time averaging and ensemble aver-
aging. However, Russakoff advocates the use of spatial averaging solely in order to
construct acceptable macroscopic fields [26]. We will in this section follow Russakoff
but later on also use statistical mechanics since it leads the way to thermodynamics.
Henceforth we are only interested in the electrostatics, which reduces the system of
equations of interest to

� � � �
'

#�
and � � � �� (3.9)
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A macroscopic observable, e.g. the electrostatic field�, is equal to the spatial average
of the microscopic quantity, e.g. the field����, defined as

���� � �����	 )	 ��

�
��

��� )���� ��� � ���	 (3.10)

where)��� is an element of the space of infinitely smooth test functions of compact
support. It is positive, even and normalized. Consequently, the averaging volume is not
a sharply defined region in space but rather a volume with a transition zone in which
the averaging weight smoothly goes to zero. So far the dimensions of the averaging
volume have not been discussed. Usually the averaging is assumed to take place over a
region small on the macroscopic scale, but large compared to the intermolecular spacing
[26, 28]. However, it has been argued that the averaging might take place over a much
smaller region, namely that of the primitive unit cell of the medium Bravais lattice
[29,30].

Space differentiation and averaging commutes, since���	 )	 � ���	 )	. The
averaged Maxwell-Lorentz field equation of electrostatics is now

� �� �
�'���	 )	

#�
� (3.11)

Now consider a medium made up of bound charges (molecules) and non localized free
charges, i.e.' � 'free � 'bound. In the special case of no free charges we have' �
'bound�

�
'����, where� is a molecular indexation and'���� is the charge density of

the�th molecule. Let�� be the position vector of the molecule and� � be the position of
the *th charge in the molecule relative the laboratory coordinate system. The average
for the�th molecule is

�'����	 )	 �

�
��� )����'��� � �

�� (3.12)
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�

&�

�
��� )����Æ�� � �� � ��� (3.13)

�
�
�

&�)�� � �� � ����� (3.14)

However,��� � �� � �� is of atomic length. Hence� � � � � ��� which makes it
possible to expand the test function in a Taylor series in the vicinity of�� � �. With the
abbreviation�$��� � �� this gives

�'����	 )	 �
�
�

&�

�
)�� � ���� ��� � �)�� � ��� (3.15)
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�� &�)�� � ����
� � �)�� � ��� (3.17)
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This is the multipole expansion of the averaged molecular charge density. The various
terms are the molecular multipole moments, i.e. the charge, the dipole moment, the
quadrupole moment etc.

�'����	 )	 � �&�Æ�� � ���	 )	 � � � �
�Æ�� � ���	 )	 (3.19)
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Summing up over all the molecules and adding the microscopic free charges, the aver-
aged microscopic charge density becomes

�'���	 )	 � �free����� � � ��� �
�
�

�
�

���� �
������ � � � � (3.21)

where�free is the macroscopic charge density,� is the macroscopic dipole density and
���

��
� is the macroscopic quadrupole density2. When (3.21) is inserted in (3.11) one

finds �
�

��

�
#��

� � +� �
�
�

�� �
��� � � � �

�
� �free� (3.22)

If (3.22) is compared with the first Maxwell equation (3.5) the displacement vector field
� is identified as

� � �,�� � �#��
� � +� �

�
�

�� �
��� � � � �� (3.23)

� �#��
� ���� � #�� ���� 	 (3.24)

where��� is the electric polarization. The displacement vector is a macroscopic quantity
and the detailed extent of the microscopic molecular charge distribution is replaced in its
effects by a multipole expansion sum for macroscopic phenomena. If higher multipole
densities can be neglected the electric polarization is equal to the dipole density and is
consequently denoted� .

3.3 Polarization Theory from a Microscopic Viewpoint

In the previous section we saw that the polarization of a dipolar medium is� �
��	 $� where the system dipole moment� �

�

�. We will work excludingly

in the dipole approximation. In order to have a full understanding of the relationship
between the microscopic world and the macroscopic Maxwell’s equations, we need to
describe the molecular dipole moment
 in terms of measurable microscopic polariza-
tion effects. We will then use statistical mechanics to link this with the macroscopic
polarization in the continuum limit. There exists three different types of polarization:

2Note that���� is not traceless. It is related to the traceless definition of the macroscopic quadrupole
moment��� by��� ��

�
�
������� � ��Æ������� � ���� �

�
�
� ��Æ������.
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Figure 3.2.The measured relative permittivity of distilled water as a function of the frequency
of the applied electric field [35]. The water dipoles keep up with the alternating field for
frequencies below� GHz. Above this value the permittivity rapidly drops since only the
induced polarization remains. The experimental frequency interval is	 to 
	 Ghz. The values
above
	 GHz represented by the non filled circles are extrapolated using a Debye equation
fitting. The exact value of the high field frequency permittivity can not be experimentally
resolved but is often set equal to the square of the refractive index which for water is���.

� Induced polarization due to electronic and atomic deformation (bound charges)

� Orientational polarization of permanent dipole moments (bound charges)

� Ionic polarization of mobile ions in the dielectric (free charges).

These three contribution terms can be separated out when the frequency dependence
of the polarization is examined, see Figure 3.2. All atoms and molecules have the
ability to become polarized by the distortion of their electronic structure, that is induced
polarization. Some molecules have a permanent dipole moment� and are called polar
molecules. If the molecule lacks a permanent dipole moment it is called a non-polar
molecule. Let� be the local electric field that interacts with the molecule. Now the
molecular dipole moment is [32]


 � ��� �
�


� � � � � � � � (3.25)

The polarizability is a second order tensor and the first hyperpolarizability� is a third
order tensor. Hyperpolarizabilities often give a small contribution and when ignored the
molecular dipole moment simply is


 � ��� � (3.26)

The individual molecular Hamiltonian is considered as a sum of three terms. First a
term that incorporates the internal degrees of freedom in the absence of the electric field,
secondly the orientational polarization in the electric field and thirdly the polarization
due to the molecular deformation in the electric field

�m ��� ��ori ��ind� (3.27)
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Now, the system Hamiltonian consists of all individual molecular Hamiltonians and
a term describing the interaction between the molecules

� ��interact�

��
���

��m��� (3.28)

For an ideal gas the kinetic energy of the molecules is assumed to be much larger than
the interaction energy between them and� interact � �. These conditions are met for
high temperatures and low densities, and is approximately fulfilled for a real dilute gas
at room temperature.

3.3.1 Non-Polar Molecules in Electric Fields

The induced dipole moment of a non-polar atom in an external field� is 
 � � .
The potential energy of polarizing the molecule is called the quadratic Stark effect and
is

�ind � �
�
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�


� � � � (3.29)

Hydrogen and hydrogen-like systems show a different response and instead fulfil what
is called the linear Stark effect [33]. For atoms the polarizability tensor consists of
a scalar and a tensorial part. If the total angular momentum quantum number- � �
or �

� , the atomic polarizability is scalar and thus isotropic [34,p. 20]. Molecules have
in general an anisotropic polarizability parallel with (��) and perpendicular to (��) an
axis of symmetry of the molecule. When we speak of the molecular polarizability we
usually mean the averaged polarizability over all directions in the molecule, which is a
scalar quantity.

The total Hamiltionian of a dilute system of identical non-polar molecules, labeled
by an index�, in a homogeneous electric field is

� �
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����� �

�


������

�����

�
	 (3.30)

where�� is the molecular Hamiltonian in the absence of the electric field. As the
system is dilute and the field is homogeneous each induced dipole sees the same electric
field � ���� � � which can be considered to be applied from outside the system. Eq.
(2.6) yields the ensemble partition function

���	 �	 �	 � � � ���	 �	 �	 �� ����
 ���	 (3.31)

where���	 �	 �	 �� is the ensemble partition function at zero electric field for ideal
indistinguishable molecules. The Helmholtz free energy is defined by Eq. (2.8). Hence
according to Eq. (2.10) the induced polarization is
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����

� "��� (3.32)
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3.3.2 Polar Molecules in Electric Fields

We will now discuss the orientational polarization Hamiltonian. The electrostatic en-
ergy of a single dipole moment in an electric field� is

�ori � �� � � � (3.33)

Now consider a system of polar molecules labeled by an index�. A general classical
Hamiltonian in the dipole approximation

� � �
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������

�����
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is parametrized by the local electric field� �� �� and by the symmetric set of the coupling
constants� ������ � �� �� � � ������ � ����, where

������� � �� �� �
��� � �� �

�Æ�� � ���� � ���
���� � ���

�

�%#���� � �� ��
� (3.35)

We will first narrow the discussion to only comprise the case of free dipoles in an ex-
ternal homogeneous field, i.e. a system of non-interacting molecules with all coupling
constants set to zero and totally uncorrelated dipoles.

Non-interacting System of Polar Molecules

Let us assume that each molecule in the system has a permanent dipole moment�which
can orient freely in space. In the absence of an external field the thermal fluctuations will
tend to keep the molecules randomly oriented, so that the total system dipole moment
will be zero. However, in the presence of a field the dipoles partially align to oppose
the field and minimize the total energy, thus forming a net total dipole moment. As
the molecule system is dilute and the field is homogeneous each dipole sees the same
electric field, that is� ���� � � for all �, which can be considered to be applied from
outside the system. The Hamiltionian becomes
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The ensemble partition function for the dilute gas system of indistinguishable polar
molecules is

���	 �	 �	 � � � �np
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 �� � ��� ..)

�
(3.37)
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Figure 3.3.The graph of the Langevin function����with its least upper bound of� displayed
by the dotted line. The Langevin function can be expanded in the power series���� � ���
when�� �, which is shown by the grey solid line in the diagram.

where�np is the nonpolar partition function. Hence the polarization of a dilute non-
interacting dipole system is

+ �
�� � �	

�
�

�

��

�
� ���

��

�
����

� "�/���� � � "��

� " ��	� "��	 (3.39)

where the Langevin function/�0� � �����0� � �$0 and��	 is the ensemble averaged
molecular dipole moment in the field. The Langevin function has a least upper bound
/�0
�� � �, see Fig. 3.3. In cases when the argument is large this functional depen-
dence gives rise to an orientational polarization behaviour called dielectric saturation.

Coupled System of Polar Molecules – Mean Field Approximation

We will now examine a system of interacting polar molecules, which is prominent in
non-ideal gases and of course in liquids and solids. The isotropic dielectric medium
is modelled by a Bravais lattice of molecular unit cells in space� � �

� , labeled by
an index�. To avoid obscurity in the derivations we use a spin lattice approach and
associate a polar vector�� to each lattice site, with a fixed magnitude equal to the
permanent dipole moment of the polar molecule. This system of interacting spins is
now described by the isotropic Heisenberg spin Hamiltonian
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The leading idea of themean field approximation method is to consider a central molec-
ular unit cell and assume that neighbouring unit cells form an averagemolecular field
�� which acts on the primary unit cell. The spin within the central unit cell now fluc-
tuates in an external effectivemean field � MF � � � �� and fluctuations from the
mean extending outside this unit cell are neglected. Consequently the system behaves
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as if it is composed of independent free spins in an homogeneous field� MF and the
many-body problem of interacting spins is reduced to a number of one-body problems
of free spins, simplifying things a great deal. The system Hamiltonian in the mean field
picture becomes

�MF �
�
�



����� � ����� � �MF

�
� (3.41)

The mean field partition function has the same form as that of a non-interacting system,
that is

�MF��	 �	 �	 �MF� � ���	 �	 �	 ��
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which gives that the polarization for the interacting system becomes
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The question that remains is which�� is the optimal one. Thermodynamic first order
perturbation theory arrives at theGibbs-Bogoliubov-Feynman inequality

� � �MF��
���� 	MF � �MF �

����� 	MF 	 (3.44)

where�� � � ��MF [37]. This inequality represents a variational principle that
can be extremized to find the optimal�� which maximizes the far right expression.
That is
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����� 	MF (3.45)
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where1 � �
�
� ���� � �� �� and we conclude that best choice for the molecular field

is �� � �1��	MF and
� � �MF � 1��	MF� (3.47)

It is to be noted that the mean field� MF is an artefact of the mean field approximation
and not a real electric field. Furthermore, polar molecules have the additional ability
to deform in the applied field, that is induced polarization. It is also a well-known
fact that the mean field approximation method does not describe phase transitions and
critical phenomena very well. We will, however, focus on physical problems where
such situations do not occur and the mean field approximation is indeed justified.

3.3.3 Theory of Ionic Solutions

Mobile ions in an electrolyte, that is a free non-localized charge distribution, tend to
increase the “polarization” effect of the solvent. In the primitive model of electrolytes
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the system is assumed to consist of charged free moving hard sphere ions in a linear re-
sponding continuous medium with a dielectric constant# r. This means that the system
has long range interactions of Coulomb potential type. As a consequence the prob-
lem cannot be treated as a deviation from ideal gas behaviour, since the second virial
coeffiecient diverges [16,p. 327]. It is, however,possible to combine all the virial co-
efficients in such a way that the singularities cancel out and give a finite result [39].
Unfortunately, in our approach to solve this problem the polarization expression is not
derived from a partition function.

The electrolyte system consists of� anions and� cations. The total potential
energy of the charged system is� ���	 � � � 	 ��� �, where� includes both the pair po-
tential energy and remaining short range ionic interactions. The electrostatic potential
fulfills the Poisson equation

� � #�#r�2��� � �����	 (3.48)

with the solution

2��� �

���
���

&�
�%#�#r �� � ���

� (3.49)

The average potential keeping one ion fixed in the canonical ensemble is (with� � �
�� � � � ��� )

��2��	 ���	 �

�
�� 2��������
�� ����

� (3.50)

It is possible to translate the coordinate system and let the fixed ion become the central
ion at the origin. The total charge density of an isotropic system can be written in terms
of the radial distribution function,3����� � ������	�
, for the ions

������	 �
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"�&��
�����	�
	 (3.51)

where4����� is the potential of mean force. The charge density and the average poten-
tial satisfies the Poisson equation. This is an exact formulation.

The Debye-H¨uckel theory [38] is based on two approximations. First, the potential
of mean force is equal to the electrostatic energy of the average potential, i.e.4 ����� ��
&�

��2���	 � &������. Secondly, the exponential function is approximated in a linear
first order series expansion. Thus�� fulfills the linear Poisson-Boltzmann equation

������� � 5
������ with 5� �
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���

"�&
�
� � (3.52)

The isotropic solution is the screened Coulomb potential [16]

����� �
&��
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�%#�#r��� � 5��
� 6 �	 (3.53)
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where� is the ion diameter. Since ions of equal sign repel and ions of opposite sign
attract each other, there is an inclination for counter ions to distribute themselves around
the central ion. This so called ionic atmosphere screens the central ion, thus causing the
potential to decline more rapidly than the Coulomb potential. According to��2���	 �
����� and Eq. (3.52), (3.53) the ionic atmospheric charge within a sphere of radius�
around the central ion is

���� �

� 	

�

� �����	 �%�� � � &�

�
� � 5�

� � 5�
���		��
 � �

�
(3.54)

and the total ionic atmosphere is��� 
�� � �&�. Now the sphere encloses the total
free charge of���� � &� and according to Gauss’s law
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The polarization is given by Eq. (3.24) and since we assume that the solvent medium
shows linear dielectric response, � #�#r� (see Eq. (4.18)) we find that
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Note that this is the medium polarization due to both the ions and the solvent which is
represented by a continuous dielectric medium. If the solvent polarization due to the
central ion is removed, the isotropic ionic polarization remains and is found to be
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The Debye-H¨uckel theory is an exact limiting law, i.e. it describes correctly the
thermodynamical properties of all solutions of strong electrolytes as the concentration
approaches zero. It works best for monovalent ionic solutions, i.e.� � � solutions.

Further Reading

CLASSICAL ELECTRODYNAMICS: The basic theory is found in Jackson,Classical
Electrodynamics [28]. However, an intriguing discussion of continuum theory is given
in Robinson,Macroscopic Electromagnetism [27].
STATISTICAL METHODS OFMOLECULES IN ELECTRIC FIELDS: I recommend Mc-
Quarrie,Statistical Thermodynamics [36].
IONIC SOLUTIONS: Again McQuarrie,Statistical Mechanics [16].



Chapter 4

Static Dielectric Response

As simple as possible but not simpler
– Albert Einstein

In the previous chapter dielectric polarization was discussed from the microscopic prop-
erties of matter. The derived results include the electric field acting on the molecules
in the medium, the so called local field� . This chapter will discuss the relationship of
� with the electric field inside the dielectric�. Furthermore, the concept of electric
susceptibility is introduced.

In condensed matter at high temperatures the kinetic energy of the system is more
dominant than the potential energy and the equilibrium phases of matter are isotropic
and homogeneous and have full rotational and translational symmetry. However, with
decreasing temperature the system will undergo phase transitions into stable states of
lower symmetry. These states are more ordered and strongly correlated. The liquid state
differs from the gaseous state by having a higher density and local positional correla-
tions, but still keeping a high symmetry. However, in the solid phase this symmetry is
broken and the particles are arranged in a periodic lattice which is neither isotropic nor
homogeneous as a liquid.

Let us consider a dielectric that is a linear, homogeneous and isotropic medium,
e.g. a liquid. This kind of medium is called asimple medium. Furthermore, we apply an
external uniform electric field� � to the medium. The dielectric now becomes polarized
and a depolarization field which opposes the applied field is induced. If the� � field
is uniform and the medium has an ellipsoidal boundary the depolarization becomes
uniform as well. The electric field inside the medium becomes

� �
��

#r
	 (4.1)

where the dielectric constant#r � �. The dielectric constant of the medium, also called
the relative permittivity, can be measured as the ratio of the capacitance of a capacitor
with and without the sample medium present. The above holds when the external field
is not too strong.

29
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We would now like to relate the macroscopic relative permittivity of the medium to
the microscopic system which constitutes the dielectric. The static relative permittivity
is related to the static electric susceptibility7e by #r � 7e � �, where the static electric
susceptibility often is defined by the ratio of the polarization and the electric field, that
is

7e ��
�

#�

�
+

�

�
�

� (4.2)

Note that the susceptibility is a macroscopic averaged quantity since it is defined from
the macroscopic Maxwell fields� and�. The macroscopic polarization can be found
by dimensional regularization, that is by the microscopic theory and the statistical me-
chanic results of chapter 3.

However, yet another definition would be

7e ��
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�
�+

��

�
�

� (4.3)

These two definitions coincide in the weak-field limit when� 
 �, but they differ
significantly when the electric field becomes stronger and the polarization is saturated.
The second definition is preferable when electrostatic energies are to be evaluated since
the energy density becomes [IV]
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where we have assumed that the displacement vector is parallel with the electric field
which is true for isotropic liquids. Furthermore, the differential definition is also ap-
propriate in the dimensional regularization procedure when one goes back and forth
between classical field theory and classical mechanics via the continuum limit. Statisti-
cal mechanics tells us that the polarization
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which in a direct way leads to
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We are interested in the high temperature susceptibility7� but not in any critical
phenomena. Moreover, different microscopic approaches are examined: from systems
of free polar molecules to interacting systems using the mean field approximation. First,
however, the local field concept is examined.

4.1 The Local Field

The concept of a macroscopic local field that acts on a molecule is crucial to the de-
scription of a dielectric medium as presented in the current disposition of the subject.
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The local field� may differ substantially from the electric field� in the medium. It is
found already in Lorentz presentation on the theory of electrons from 1909 [40,pp. 137-
138]. However, this traditional derivation is after thinking it over seemingly confusing
and incongruous, see also [41].

Consider a dielectric medium that consists of identical polar molecules. Assume
that the dielectric medium consists of a crystal structure of infinite extension where
each molecular unit cell of volume�c has a microscopic localized charge distribution
describing the molecule. Molecules in different unit cells are assumed to be totally un-
correlated. An external field is applied to the medium which gives rise to a microscopic
electric field� inside the dielectric. At the microscopic description level the system
satisfies the Maxwell-Lorentz field equations in a vacuum which are linear differential
equations. Therefore, according to the superposition principle the complicated electric
field � can be separated into two contributing fields

���� � �self��� � �else���	 (4.7)

where�self is the field from flow sources inside the molecular unit cell (the self-field) and
�else is the field from external flow sources (the else-field). However, these microscopic
fields are unneccessary complicated to work with, and the corresponding macroscopic
fields are easily obtained as spatial averages. Let� � be the geometric centre of the
molecular unit cell�. According to Jackson [28,p. 149] the average microscopic field
over a sphere which encloses the molecular unit cell is

�self���� �
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�
	 (4.8)

where
 is the dipole moment of the charge distribution inside the sphere with respect
to the centre of the molecular unit cell. If the flow sources are exterior to the sphere
then

�else���� �
�

�

�


�� �else��� � �else����	 (4.9)

where�else���� is the microscopic field at the unit cell centre. The problem is that the
molecular unit cells of a dielectric medium are not spherical and that� c is in general
smaller than� . Hence,� does not only enclose the central molecular unit cell but
also overlaps with neighbouring cells as well. However, the formulation is exact for
spherical molecular unit cells for which

�self���� � �
�

�#�


����

�c
� �

�

�#�
� (4.10)

The local field� is defined by

� ���� �� �else���� � �else����� (4.11)

Note that the macroscopic field� is equal to the microscopic field from external sources
acting at the centre of the molecular unit cell, and thereby its name. Eq. (4.7) now gives
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�

�#�
� � (4.12)
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Figure 4.1. A dielectric medium with an elliposoidal boundary in an external field�	. The
Lorentz sphere around an arbitrary molecule is illustrated by the dashed circle.

which is the traditionalLorentz relation [40, p. 308]. However, even though this is
a good approximation for molecules in a dilute gas, it is not valid for a condensed
dielectric medium. Nevertheless, Bucher has shown that the Lorentz relation is correct
to second order for simple cubic lattice structures and that only small modifications are
needed for orthorhombic unit cells [30].

If the dielectric medium has an internal structure each primitive unit cell may con-
tain several polar molecules. Furthermore, the geometry of the primitive unit cell vol-
ume can be very complicated. For such systems it is more appropriate to use the tra-
ditional derivation by Lorentz cavity method that introduces the concept of the Lorentz
sphere. However, this will lead to an apparent paradox which I call the local field para-
dox.

Let us choose a reference molecule and place it at the centre of a fictious sphere,
called theLorentz sphere (LS), of volume�LS. The exterior (the far region) of the
sphere will be treated by macroscopic theory while the inside (the near region) is treated
microscopically. The local field is as before defined by� �� �� �� �else����. Now split
the�elsefield of Eq. (4.7) into two terms which gives

� � � far
else��

near
else ��self � � ��near

else ��
near	 (4.13)

where�near� �near
else��self. Since�near is the field from all the localized microscopic

charges inside the Lorentz sphere we have according to Eq. (4.8)

�near���� � �
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where� LS is the dipole moment of the localized charges with respect to the centre
of the Lorentz sphere. The final step is true for a Lorentz sphere with a radius that is
small on the macroscopic scale leaving� constant throughout the volume, but large
compared to intermolecular distances so that it contains many molecules. Moreover,
Lorentz assumed that the molecular unit cells which are located inside the Lorentz cav-
ity form a simple cubic lattice in the dipole approximation. The lattice sum over the
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parallel dipoles in the applied uniform field is zero at the centre due to symmetry and
�near

else���� � � [28,40,41]. Therefore

� � � �
�

�#�
	 (4.15)

which again is the Lorentz relation.
The local field paradox arises from that the dielectric medium is considered to be

described by a dipole lattice, where lattice points inside the sphere do not contribute at
all, but apparently the outside dipoles situated on the Lorentz sphere contribute with the
polarization��$�#�. This is clearly a misconception since the polarization term arises
from the interior of the sphere, more specifically in the case of the Lorentz relation
entirely from the self-field of the central reference molecule.

4.2 Linear Dielectric Response Theory

Linear dielectric response theory is presented in most elementary and intermediate text
books on electromagnetism. However, in the best cases it is also mentioned that this
is merely an approximation. The polarization is represented by a polar vector, and
since� ���� � �� ��� for isotropic liquids, it can be expressed by the power series
expansion

� ��� � #�7�� � #�7��
�� �������� (4.16)

Accordingly, we find that the polarization is always parallel with the electric field�.
Therefore, we can write� � +� where� is a unit vector parallel with�. According
to Eq. (4.3) the electric susceptibility becomes1

7e��� � 7� � �7��
� ������� (4.17)

In the weak field limit, only the first term is important and7e � 7� where7e � #r � �.
Now the polarization becomes linear in the electric field

� ��� � #�7e�� (4.18)

This is the starting point of linear dielectric response theory2. Note that this implies that
� � #�#r� according to the constitutive relation (3.6).

4.2.1 The Langevin-Debye Model

The first theory for polar substances was presented by Debye in 1912 [42]. He was
motivated by the success of Langevin in 1905 to describe paramagnetism [43, 44]; a
theory which was later abandoned for the quantum mechanical treatment of Brillouin
in 1927 [45,p. 257]. Debye assumed that the dielectric medium can be described by a

1Note that a different expression is obtained if the ratio definition (4.2) is applied.
2For nonisotropic crystals with a molecular structure of low symmetry this expression is exchanged with

a tensor equation	� �
�

� 
	�
��
e �� , where���e is the tensor susceptibility.
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Figure 4.2.Then electric susceptibility according to the Langevin-Debye model as a function
of the normalized temperature�crit. Above the Curie point � crit the medium behaves
as a dielectric, but below this temperature the medium show a ferroelectric behaviour with a
limiting value of�e�	� � �� [41, chapt. 14].

system of polar molecules and that the polarization is given by Eq. (3.39). In the weak-
field limit �� � �B� and the Langevin function may be expressed by a power series
expansion to the first order. The polarization can then be written

+ � " ��	� "�� �
"���

�
� � "��� (4.19)

The first term, which is the orientational polarization, is proportional to the inverse of the
temperature. This is known as Curie’s law and was first recognized in the temperature
dependence of paramagnetic materials. Furthermore, Debye used the Lorentz relation
to relate the electric field� in the medium and the local field� . In the linear response
approximation (4.18) the Lorentz relation leads to a local field expression of

� � � �
�

�#�
� �

#r � 

�
�� (4.20)

If this expression for the local field is inserted in the polarization formula, and the
polarization fulfils the linear dielectric response theory, we find the following equation
for the relative permittivity

#r � �

#r � 
�
"�

�#�
�
"���

�#�
� (4.21)

This is called theLangevin-Debye formula and is an extended Clausius-Mossotti model
since�
 � results in the Clausius-Mossotti equation which relates the relative permit-
tivity to the electronic polarizability. In optics this equation is called the Lorentz-Lorenz
relation. At optical frequencies the relative permittivity#� equals the refractive index
of the material squared3 and

#� � �

#� � 
�
"�

�#�
� (4.22)

3If the relative permeability is equal to one which is in general a very good approximation.
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Figure 4.3.Left: The Onsager model.Right: The Kirkwood model.

The Clausius-Mossotti model describes nonpolar liquids and solids well. The Langevin-
Debye model is found to work for polar gases at low densities or high temperatures and
for dilute solutions of polar compounds in nonpolar solvents. However, for polar liquids
there are non physical Curie points where# r 
 � at some critical temperature (see
Fig. 4.2). The reason behind this is that the left side of the Langevin-Debye formula
will never exceed one, but the right hand side is not bounded. For example, the critical
temperature in water is�crit � ��
� K and the right hand side has a value about�
which results in a puzzling water relative permittivity of��. This very high critical
temperature implies that the molecular dipole moment ‘must’ decrease in the liquid state
in order to obtain reasonable susceptibilities for polar liquids. For water it is found to be
���D in order to have a relative permittivity of ��! at room temperature, while the gas
phase value is���! D. Moreover, the Langevin-Debye model predicts that the relative
permittivity of polar liquids is very sensistive to temperature changes. For example,
the Langevin-Debye model results in a water relative permittivity of���� at� � ��
K and !��� at � � ��� K while the correct experimental values are��� and 
�
.
Clearly the Langevin-Debye model is erroneous and the problem can be traced back to
the Lorentz relation. Inherent in the Lorentz relation lies the approximation� near

else � �,
and it should not come as a surprise that the Langevin-Debye model works for non-
interacting polar molecules for which this is true, but does not work for polar liquids
and solids for which this assumption is not fulfilled unless the system is described by
parallel dipoles on simple cubic lattice.

4.2.2 Reaction Field Models

When dielectric liquids are studied the��near
else field can no longer be neglected. Un-

fortunately, this field depends on the local internal structure of the molecules of the
medium. Let us assume that the molecules inside the Lorentz sphere are indentical and
can be described by a finite dipole lattice. Then, according to the mean field approxi-
mation, the effective electric field is

�MF � � ��� 	 (4.23)
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where the average molecular field�� � �� near
else. This approach was used by Onsager

in which he introduced two electric fields, first thecavity field � � � MF and second
thereaction field � � �near

else, such that� � ��� [46]. Furthermore, the mean field
approximation predicts that the best choice for the molecular field is� � 1
. Hence,
the molecular dipole moment is


 � �� �� � �� ���� 1
�	 (4.24)

and

 �

�

�� �1
�

�

�� �1
� � ��� ���� (4.25)

Note that both the effective permanent and effective induced dipole moments change in
the mean-field picture from their original molecular values. Consequently

+ �
�� � �	MF

�
� " �8	MF � " ���	MF � "��9	 (4.26)

where

���	MF � ��/����9� � ����9
�

�
���

���� �1��
9 (4.27)

when��9 � �B� . This, together with Eq. (4.18), results in the following equation for
the relative permittivity of the dielectric medium

#r � � �
�

�� �1

�
"�

�#�
�

�

�� �1

"���

�#�

�
9

�
� (4.28)

In addition, the polarizability term can be substituted with the Lorentz-Lorenz equation.
Still, the expressions for the reaction field coefficient1 and the cavity field� remain
to be found. They depend on the local arrangement of the molecular unit cells which
is not very well known. However, Onsager pictured to himself each molecular unit cell
as areal empty spherical cavity embedded in a dielectric continuum with a dielectric
constant equal to that of the medium (c.f. the Lorentz cavity method). Hence, each unit
cell cavity of radius�c contains only one molecule, that is

�%��c"

�
� �� (4.29)

Onsager’s hypothesis was then that the cavity and reaction fields are determined by
solving the Laplace equation for this empty cavity with additional proper boundary
conditions, i.e. the potential is finite and a continuous differentiable function [28, 31].
Classical electrostatics yields that the cavity field inside the empty cavity, placed in the
medium with a uniform electric field�, becomes [31,pp. 74-78]

� �
�#r

#r � �
�� (4.30)

Note that the cavity field is uniform which comes from the fact that the cavity has an
ellipsoidal boundary. The reaction field is obtained by placing a point dipole
 at the
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Model year relative permittivity
Langevin-Debye ���� ��.�
Onsager ���� �	.�
Kirkwood ���� � 
 � ��.�
Kirkwood-Fröhlich ���	 � 
 � ��.�
Haggis et al. ���� � H-bonded layers 	.�

Experimental 	.�

Table 4.1. The different models for the relative permittivity of pure water (� � ���� D) at
room temperature. The final row calculations are taken from Haggis, Hasted and Buchanan
[50]. The experimental data is from the CRC Handbook of Chemistry and Physics [35].

cavity centre and again solve the Laplace equation [31,pp. 130-137]. The reaction field
coefficient is then identified as

1 �
�

�%#���c

�#r � ��

#r � �
� (4.31)

The above, together with Eq. (4.29) and the Lorentz-Lorenz relation which may be used
to substitute the molecular polarizability, results in

�

�� �1
�

�#r � ���#� � �

��#r � #��
� (4.32)

After some manipulations of Eq. (4.28) this leads to theOnsager equation

�#r � #���#r � #��

#r�#� � ��
�
"���

�#�
� (4.33)

The Onsager equation is quadratic in# r and the positive root represents the relative
permittivity of the dielectric medium.

Onsager uses molecular unit cells and the mean field approximation method to de-
scribe the system of interacting polar molecules. Hence, fluctuations from the mean
extending outside the central unit cell are neglected. Possible short range ordering may
orient the molecules in small crystal like domains where the dipole moments no longer
will have a random orientation with respect to their nearest neighbouring dipoles. When
short range ordering and correlations are important, e.g. in condensed matter of associat-
ing polar compounds, the simple solution would be to use the correct primitive unit cell
with more than one molecule. Alternatively, one could increase the radius of the empty
cavity to enclose the central molecule plus the neighbouring coordination shell(s). The
behaviour of the dipoles inside the cavity is treated by means of statistical mechan-
ics. Kirkwood developed a model for nonpolarizable molecules represented by point
dipoles [47]. Let� be the dipole moment of the central molecule and� c the average
total dipole moment of the cavity in the field of the central dipole in a fixed orientation.
Now

� �� c � �
�
�c�
���

���� .��	 �� ��3K 	 (4.34)
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Figure 4.4.The relative permittivity of water as a function of temperature. The filled squares
represent the experimental data and the solid line is the Kirkwood-Fr¨ohlich model (the water
density, the refractive index and the relative permittivity as a function of temperature was
taken from the CRC Handbook of Chemistry and Physics [35]). The Kirkwood correlation
factor was fitted by linear regression to the experimental data and is�K � ���	��	�		�

( in degrees Celsius). The dotted black line shows the erronous temperature dependence of
the Langevin-Debye model in the temperature window 20-30ÆC.

where.�� is the angle between the central dipole and dipole*. The Kirkwood correla-
tion factor3K indicates the degree of correlation between the permanent dipole moments
of the molecules. In the Onsager model the cavity encloses only the central molecule
and the correlation factor is one, since��� .�� � �.

The theory was generalized by Fr¨ohlich who treated polarizable molecules in the
cavity by modelling them as effective point dipoles in a dielectric continuum with a
dielectric constant of#�, which corresponds to a smeared out polarizability [49]. This
resulted in theKirkwood-Fröhlich equation

�#r � #���#r � #��

#r�#� � ��
�
"�3K�

�

�#�
� (4.35)

The prediction ability of the water relative permittivity is much improved, see Table 4.1.
Eq. (4.35) reduces to the Kirkwood model when#� � � and gives the Onsager equation
for 3K � �. Nevertheless, Fr¨ohlich’s approach has been criticized for obscuring the
exact nature of the approximations made in the derivation, c.f. [31,51].

If only the nearest neighbours are considered the Kirkwood correlation factor re-
duces to

3K � � � : ���� .	 	 (4.36)

where: � �c � � is the average number of neighbours in the first coordination shell.
This approximation was evaluated for several polar liquids by Oster and Kirkwood [48].
The molecules in polar liquids sometimes associate by forming hydrogen bonds which
will lead to a correlation factor3K 6 �. As a rule of thumb�� ; 3K ; ��� for
nonassociating polar solvents whereas associating polar compounds have3 K 6 . In
the Kirkwood-Fröhlich model non physical Curie points are missing and the theory
describes the temperature dependence of polar liquids very accurately, see Fig. 4.4.
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4.3 Nonlinear Dielectric Response Theory

Up to now we have only discussed simple media, i.e. linear, homogeneous and isotropic
dielectric media, but we will in this section relax the first assumption and treat nonlinear
dielectric liquids. Different approaches to nonlinear dielectric continuum models will
be discussed.

Nonlinear polarization effects have in the recent decades become a hot topic in op-
tics and nonlinear phenomena such as optical rectification, optical harmonic generation,
frequency mixing, self-focusing of light and stimulated Raman scattering, are just a few
relevant examples [52]. However, this thesis is about static polarization effects which
include

� Dielectric saturation (normal/anomalous and hyperpolarizabilities)

� Anisotropic polarizability

� Electrostriction.

Dielectric saturation springs from the fact that the thermally fluctuating dipoles of the
dielectric medium tend to align in the field when they are exposed to an electric field.
If the field strength increases, the dipoles will become more and more aligned until
they are totally aligned. The orientational polarization has reached its upper limit and
has become saturated. In this process the relative permittivity will fall off and it turns
into a function of the applied electric field strength, that is#���. The second item of
anisotropic polarizability is related with the Kerr effect but is outside the scope of this
thesis. However, a brief discussion is found in B¨ottcher [31,pp. 309]. Finally, when an
electric field is applied at a constant pressure the dielectric medium becomes deformed
in the field. This phenomena, that causes compression of the solvent liquid, is called
electrostriction and is found in all dielectric materials.

Dielectric saturation becomes important for electric field strength about�� � V/m in
bulk water [53, 54]. Although this is a very strong field strength it must not be con-
fused with the measured dielectric breakdown strength of the liquid, which for water
is �
�! -  ���  ��� V/m and for liquid nitrogen is��� - 
���  ��� V/m [35]. The di-
electric breakdown strength depends heavily on the solvent-electrode system, i.e. liquid
impurities, electrode geometry and separation etc. [55,p. 100]. Nevertheless, the in-
trinsic strength of liquids may be at least���� V/m which has been confirmed by field
emission experiments on liquid nitrogen [56]. Therefore, the breakdown field lacks an
intrinsic physical meaning and the only field strength which is important is the one that
induces ionization of the molecule.

Models for dielectric saturation have a long history and date back to the 1920s. The
subject was pioneered by Debye, Pauling, Webb, Sack and others [58–61]. However,
this was before the Onsager model and the results were unfortunately not that quantita-
tive.



40 Chapter 4. Static Dielectric Response

0 5 10 15 20
 x = µ0F/kBT

0.0

0.2

0.4

0.6

0.8

1.0

γ(
x)

Eqn. (4.41)
Eqn. (4.42)
Eqn. (4.43)

Figure 4.5. The proportionality parameter� as a function of the dielectric system intensive
parameters (temperature and local electric field).

4.3.1 Dielectric Continuum Theory Does Not Imply Linear Response

In this section we will illustrate, in detail, the continuum limit procedure of a micro-
scopic model system. The polarization is+ � "8 where" is the dipole density and8
is the total average dipole moment of the solvent medium molecules in the direction of
the electric field. In the continuum limit" 
 � and hence8 � +$" 
 �. However,
when the dipole moment goes to zero it it plausible that it will respond linearily in the
field, c.f. Eq. (3.39). Hereby one may draw the conclusion that dielectric continuum
theory implies linearity. However, continuum modelling and the choice of the way to
approach the continuum limit is a very delicate matter. We will demonstrate that it is
indeed possible to choose a continuum limit path in which8
 � as"
� and at the
same time capture the nonlinear dielectric effects of the system. The continuum model
is linked by dimensional regularization to a corresponding microscopic theory that de-
scribes the nonlinear responding physical system satisfactory. However, the continuum
limit path must be carefully chosen to correctly describe the system during the limiting
process. Once the limit has been taken the macroscopic field theory is independent of
how the limit was implemented and the continuum model is consistent and nonlinear.

Let us consider a huge dielectric medium at thermal equilibrium to which an ex-
ternal uniform electric field is applied. The system can be described at the microscopic
level by (classical) statistical mechanics in the��	 �	 �	 � � ensemble where� is the lo-
cal electric field inside the dielectric. The Langevin-Debye model is the simplest model
for a polar dielectric medium, in which the system is modelled by localized dipolar
molecules that become saturated in strong electric fields. Dispite its well-known short-
comings the Langevin-Debye model is adequate to illustrate how nonlinearity is cap-
tured by a dielectric continuum theory. The polarization of the medium is according to
the Langevin-Debye model

+ � "8 � "�� � "�/���� �� (4.37)

Both the local field and the polarization are functions of the electric field� inside the
dielectric, that is� � � ��� and+ � + ���. The Lorentz relation relates the local
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field � to the electric field in the medium according to Eq. (4.12). The polarization is
constant in the medium at a fixed temperature and a fixed electric field�. Now write

+ � +def � +ori	 (4.38)

where+def � "�� is the deformation polarization and+ori � "�/���� � is the orien-
tational polarization of the molecular permanent dipole moment in the field�.

We would now like to find the functions��"� and��"� such that in the continuum
limit " 
 � we have��"� 
 � and��"� 
 � with + constant (or equivalently:
keep+def and+ori constant). This is a system scaling problem. Assume that at a cer-
tain system reference scale+def � ��"�� and+ori � "���/����� �. This may be
the microscopic molecular scale of dielectric solvent discreteness used in the statistical
mechanics model. If the system is renormalized in such a way that

��"�" � ��"� ��
��"�

��
�
"�
"

(4.39)

and

"��"�/����"�� � � "���/����� � ��
��"�

��
�
"�
"

/����� �

/����"�� �
(4.40)

we find that the polarization is independent of the scaling parameter". Eq. (4.39) is in
fact trivially linear since it is founded on the assumption that the induced electronic po-
larization shows linear response, that is hyperpolarizability effects are neglected. How-
ever, Eq. (4.40), which corresponds to the orientational polarization in the field� , in-
corporates the nonlinear effect of dielectric saturation. In the continuum limit��"�
 �
we can always express the Langevin function in the denominator by a power series ex-
pansion, and to a first order approximation let/�0� � 0$� with 0 � ���"�� . Eq.
(4.40) then becomes�

��"�

��

��

�
"�
"

�/����� �

����
��
"�
"
<����$�B� �	 (4.41)

where the system proportionality parameter< is introduced. This parameter is a func-
tion of the thermodynamical state variables� and� which are fixed for the system.
The equation above tells us how to choose��"� in the approach to the continuum limit,
see Fig. 4.5. The resulting macroscopic model will be a nonlinear dielectric continuum
model without any physical inconsistency.

Eq. (4.41) is simplified in the weak-field limit of linear response (�� �� � �). In
this limit /�0� � 0$� (0 � ���� ) and�

��"�

��

��

�
"�
"
� (4.42)

In the opposite limit of dielectric saturation and a nonlinear responding medium (�� �� �
�) /�0� � � and �

��"�

��

��

�
"�
"

��B�

���
� (4.43)
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We have shown that the nonlinearity that originates from the microscopic molecular
discontinuity is captured by the deduced macroscopic field model obtained via the con-
tinuum limit " 
 �. However, the continuum limit path must be carefully chosen to
correctly describe the system during the parameter scaling. It depends on the thermo-
dynamical state variables, i.e. the temperature� and the local electric field� . Once the
limit is reached the macroscopic field model is independent of how the limit was im-
plemented. Hence, if the electric field varies in space the macroscopic model is always
consistent but the limiting procedure may be impractical to carry out in reality. This is,
however, rarely required. Dielectric continuum theory does not imply linear dielectric
response.

Papazyan and Warshel have recently claimed that the linearity of a continuum model
is a direct consequence of being the continuum limit of a dipolar model [57]. Dielec-
tric continuum theory should therefore imply linearity. Besides, a nonlinear continuum
model that attempts to account for dielectric saturation would have a fundamental in-
consistency and be physicallyad hoc according to Papazyan and Warshel. Nonlinearity
implies solvent discreteness. These conclusions are false according to the discussion in
this section.

4.3.2 Why Reaction Field Models Will Not Work

There have been several attempts to extend the Kirkwood-Fr¨ohlich equation to situa-
tions where dielectric saturation becomes important [65,66], all of which include more
or less severe approximations (see e.g. the discussion about Booth’s paper in Sandberg
and Edholm [IV]). The common starting point seems to be the premise of the relation
between the applied electric field� and the cavity field� in Eq. (4.30). The reaction
field model is based on two distinct assumptions: first the mean field approximation,
and second Onsager’s empty cavity and the use of the Laplace equation to calculate the
cavity and reaction fields. The strength, but also the weakness, of reaction field theory
stems from the introduced concept of a real cavity. However, in the case of nonlinear
dielectric response we cannot assert the validity of the Laplace equation, but have to
start from the macroscopic Maxwell equations (3.5) and the constitutive relation (3.6)
which give

�#��
���� � � � �free� (4.44)

The polarization is given by Eq. (4.16). Let us introduce the following quantity

=��� �� � �
�

#�

+

�
� � � 7� � 7��

� � 7��
� � � � � (4.45)

This=��� is related to, but must not be confused with, the relative permittivity function
#��� [IV]. Now

��� � �
�free

#�=���
�
� � �=

=���
(4.46)

and we find that for a nonlinear dielectric in a strong inhomogeneous field� the sec-
ond term on the right will not disappear due to saturation. Hence, the Laplace equation
is replaced by a nonlinear partial differential equation. This will lead to difficulties in
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Figure 4.6. The relative permittivity function of the modified Langevin-Debye model in sev-
eral pure liquid solutions in the field of an ion. The solid line corresponds to a monovalent ion
and the dashed line to a divalent ion.

obtaining the cavity field and the reaction field. The nonlinearity will drastically change
the model response to a uniform electric field�, even for a weakly nonlinear respond-
ing medium [64]. This comes from the fact that the superposition principle is no longer
valid. Brito, Grosse and Halloy [64] have treated the three classical analogue problems
of (i) a nonlinear dielectric sphere in a uniform field, (ii) an electric dipole in a lin-
ear sphere surrounded by a nonlinear medium and (iii) a linear dielectric sphere in a
nonlinear medium with applied field. The conlusion is that neither the cavity field nor
the reaction field will be uniform but inhomogeneous inside the empty4 cavity. If the
reaction field is inhomogeneous, the approximation of representing the polar molecule
with a point dipole also becomes questionable. Furthermore, Bordewijk [63] has stud-
ied the effect of a nonlinear medium on the first saturation term in the electric field
dependence of the polarization, see Eq. (4.16). He finds that the nonlinear approach
yields an expression that differs up to�" from the corresponding linear response ex-
pression. The complexity of the calculations becomes exceedingly more complicated
for more strongly nonlinear media. Consequently, the reaction field approach becomes
inaccessible for qualitative models of dielectrics.

4.3.3 The Modified Langevin-Debye Model

Now that we understand that reaction field models cannot be utilized for strong electric
fields and nonlinear dielectric media due to the problem that arises from the concept
of a real cavity, a different approach must be taken. It is a well-established fact that
the Langevin-Debye theory is inadequate for condensed matter due to invalid approx-
imations. However, this theory benefits from the fact that it does not include any real
cavities. The Lorentz sphere is merely a mathematical device used in the derivation
of the Lorentz relation. Therefore, Sandberg and Edholm tried to modify the orig-
inal Langevin-Debye model to asymptotically resemble the reaction field model of
Kirkwood-Fröhlich in the weak field limit at which it is valid [IV]. The mean field

4Hence still linear responding.
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approximation in the Onsager model tells us that the cavity field� � � � � is less
than the local field� . Hence, a Onsager correction factor�
 is introduced to scale
down the orientational field such that

+ � " ��	mLD � "�� � "3K�/����
� � � "��� (4.47)

Via Eq. (4.3) this will result in themodified Langevin-Debye equation (mLD)

#���� �

#��� � 
�
#� � �

#� � 
�
"�3K�

��

�#�

/�����
� �� (4.48)

The Onsager correction factor is found by taking the weak field limit of the modified
Langevin-Debye equation and set it equal to the Kirkwood-Fr¨ohlich equation (4.35)
which leads to

�
 ��
�#r�#� � �

�#r � ��#r � #��
� (4.49)

The local field� is related to the electric field� by the modified Lorentz relation
which is obtained from the ordinary Lorentz relation with the expression above for the
polarization

� �
"3K��#� � �

�#�
/����
� � �

#� � 

�
�� (4.50)

For any electric Maxwell field�, the modified Lorentz relation will self-consistently
give the corresponding local field� which is used in Eq. (4.48) to determine the rel-
ative permittivity (see Fig. 4.6). The modified Langevin-Debye model is valid for any
electric field strength including the strong field case of dielectric saturation. The ap-
proximation made in current form of the modified Langevin-Debye model is that both
the Onsager correction factor and the Kirkwood correlation factor should be indepen-
dent of the electric field�, but they may have a temperature dependence. The system
polarization of the modified Langevin-Debye model can be rewritten as

�� � �	 �
��

�

9��3K�/���9�	 (4.51)

where the mean field� �� �
� . It is now possible to derive the corresponding parti-
tion function

�mLD��	 �	 �	9� � ���	 �	 �	 �� �
���������

�
������9

��9

���K

� (4.52)

This partition function makes it possible to use the machinary of thermodynamics start-
ing from the modified Langevin-Debye model.

4.3.4 Isotropic Solutions – Screened Coulomb Potentials

In general the Maxwell’s equations are not analytically soluble, especially when nonlin-
ear media are examined. However, for a few highly symmetric problems the analytical
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solution is simple. A very good example is the isotropic solution that occurs for a free
point charge or a spherically symmetric charge density distribution. The simplest ex-
ample is the Coulomb potential but it also includes the primitive model of ions with
the screened Coulomb potential of the Debye-H¨uckel model. However, these are linear
response models and the question is if dielectric saturation can be described in a similar
simple manner. If the applied field shows spherical symmetry the electric field inside
the medium becomes� � ������	 where� is the distance to the flow source. Hence
the relative permittivity function#��� � #������ may show an isotropic saturation be-
haviour.

The integral form of Maxwell’s first equation is called Gauss’s law�
�

� � �� � �

�


�free
�� � �	 (4.53)

where the volume� is a compact subvolume of the dielectric medium. The medium has
a closed surface boundary�� with the unit outer normal�� and surface area form�
enclosing the total free charge�. If the boundary surface is spherical it is a Gaussian
surface. Hence the Gauss’s law may be integrated and the isotropic displacement field
is

� �
�

�%��
��	� (4.54)

The displacement field is related to the electric field by the constitutive relation (3.6).
Furthermore, if Eq. (4.3) is used we will find

�,

��
� #� � #�7e��� � #�#���� (4.55)

If the above is integrated the displacement field becomes

,��� �

� �

�

#�#��� � � #�#���� �

� �

�

#��
�#

��
�	 (4.56)

where we use the integration by parts method in the second step. Hence

� �
,

#�#���
�

�

#�#���

� �

�

#��
�#

��
�	 (4.57)

and the conclusion is that it does not exist a simple relation between the electric field
and the displacement field unless the relative permittivity is independent of� and the
integral term vanishes. Nevertheless, this approach is rigorous and does indeed have
practical applications, see further [IV].

However, screened Coulomb potential approaches traditionally use the ratio defini-
tion of the electric susceptibility where theradial dielectric function is defined by

=��� �� � �
�

#�

+

�
�

�

#�

,

�
�� � � #�=����� (4.58)
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Figure 4.7.The radial dielectric function of water in an ionic field. The large frame shows the
radial dielectric function with a water molecular dipole moment of���� D according to the
model by Ehrenson [70]. The original Langevin-Debye model is displayed in the small frame
(� � 	��� D) [68,70]. The dashed lines represent the corresponding screening functions.

This will lead to the electric field expression of

� �
�

�%#�=�����
��	� (4.59)

This seemingly neat and direct approach has, however, severaldisadvantages. The elec-
trostatic energy becomes complicated to evaluate [IV,appendix]. Furthermore, the elec-
tric potential will be shielded by a different function called the screening function����
[II,III]

� �
�

�%#������
� (4.60)

According to Maxwell’s equations the electric field is irrotational and� �� ���.
Hence, the relation between the screening function and the radial dielectric function
which is dictated by the spherical geometry is

=��� �
�����

���� � � ���	
� (4.61)

This is obtained simply by calculating�� and equalize it with the electric field expres-
sion. In the weak field case of no saturation both the screening function and the radial
dielectric function will be equal to the dielectric constant of the dielectric medium. Let
us assume that this will be true at a distance>� from the flow source. The above relation
can be paraphrased into

�

�
�
����

�

�
��
����

=���

�
� �� (4.62)

This nonlinear ordinary differential equation is called Bernoulli’s equation which to-
gether with the boundary condition���� 
 # r when� 
 >� has the general solu-
tion [67,p. 30]

�

����
�

�

#r>�
� �

� ��

	

��
�

=�������
� (4.63)
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Figure 4.8. Left: The electric potential solution of the Maxwell equations with the modified
Langevin-Debye model for two positively charged monopoles (�	�� e) separated by	�� nm.
The contours show the spatial dependency of the relative permittivity.Right: The same as
before but one of the monopoles has been changed into a negative charge. Hence, for more
than one flow source the solution is not equal to a sum of individual flow source solutions (see
the contours), that is the superposition principle is not valid. This becomes very evident for
localized charge distributions with higher multipole moments, c.f. the figure to the right.

The radial dielectric function can be obtained from a theoretical approach such as
the Langevin-Debye theory [65, 68–70]. However, empirical estimates for the radial
dielectric function are also commonly found in the litterature [71–73]. However, since
dielectric saturation is a nonlinear problem for which the superposition principle does
not hold, the radial dielectric function approach becomes nothing but a special case
of minor significance. For systems involving more than one point charge the symme-
try is broken and one has to return to the Maxwell’s equations which must be solved
numerically (see Fig. 4.8) [V].

Further Reading

GENERAL THEORY: See Jackson,Classical Electrodynamics [28], and Böttcher,The-
ory of Electric Polarization [31].
THE LANGEVIN-DEBYE MODEL: A readable presentation, although somewhat time-
honoured, is found in Van Vleck,Electric and Magnetic Susceptibilities [45]. See also
Kittel, Introduction to Solid State Physics [41].
REACTION FIELD MODELS: The classic references are B¨ottcher,Theory of Electric
Polarization [31], and Fröhlich,Theory of Dielectrics [74].



48



Chapter 5

Thermodynamics of Solvation
and Biophysical Applications

If you’re not part of the solution
you’re part of the problem

English proverb

This chapter covers a subject that is old but has flourished in the last two decades. Solva-
tion and the estimation of free energy changes are most important both experimentally
and theoretically to a great many areas in science and industry. However, the free en-
ergy is a global property of a system and cannot doubtlessly be divided into different
fragmentary contributing terms. This makes modelling of solvation challenging and
exciting, but also full of pitfalls.

5.1 Theory of Solvation

We will in this section consider simple mixtures of solutes at a low concentration in a
liquid solvent. Hence the solvent is almost a pure liquid, but the solute is very far from
its pure state since it is surrounded entirely by solvent molecules. Henry’s law relates the
solubility of a gas in a liquid solution to the gas pressure maintained above a solution.
Mixtures obeying the Henry’s law are calledideal dilute solutions. Let us consider an
ideal dilute solution of a solute (denoted by a subscript 2) and a solvent (subscript 1)
which is in equilibrium with the solute vapour at partial pressure� � � "��B� . Hence,
the pressure�� of the solute vapour obeys Henry’s law where the Henry’s law constant
is defined by

�H �� ���
����

��
0�
� (5.1)

0� is the mole fraction of the solute in the solution. Since the partition system is in
equilibrium, the chemical potential of the solute is equal in the two phases, that is

�gas
� � �sol

� � (5.2)
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If we assume that the gas phase is ideal and consists of indistinguishable molecules the
partition function is

�����	 �	 � � �
�:��

��

���
	 (5.3)

where:���	 � � is the molecular partition function. Furthermore, it is possible to write
:���	 � � � � :



��� � where� is the gas volume and:
��� � includes the internal number

of states per molecule and the remaining translational part. The chemical potential now
becomes

�gas
� � ��B� ��

:�
��

� �
��� � � �B� �����$�B� �	 (5.4)

where we have introduced�
��� � � ��B� �� :
� . The chemical potential of the solute
in the solution is obtained from

�sol
� �

�
��

���

�
�����

� (5.5)

Thermodynamic perturbation theory of liquids will give an expression for the Helmholtz
free energy of the solution [16]. Neff and McQuarrie apply first order Barker-Henderson
theory to mixtures of real liquids for�. The Percus-Yevick theory and the compress-
ibility equation are used to describe the reference equation of state of a hard sphere
mixture [75]. Furthermore, they assume that the hard sphere diameters are additative
and that the interaction potential energy is a sum of the two-body potentials only. When
the Neff and McQuarrie model expression of�sol

� is inserted together with the ideal gas
expression of�gas

� in Eq. (5.2) they find that

���H � ��
>�
#��

�
�HS
�

�B�
�
�exc
�

�B�
	 (5.6)

where�HS
� is the hard sphere chemical potential and�exc

� is an excess term from the
hard sphere reference system.#�� is the molar volume of the solvent. The�HS

� term is
in fact equal to the result obtained byscaled particle theory of creating a hard sphere
cavity in the solvent. The scaled particle theory of Reiss, Frisch, Lebowitz and co-
workers [76,77] states that the cavity formation free energy is equal to

�HS
� ��� � ��B� ����� �%��"�$�� � � ��$ (5.7)

and

�HS
� ��� � �� ���� ����

� ����
� � 6 ��$	 (5.8)

where�� is the hard sphere diameter of the solvent. The first equation is exact while the
second equation is obtained by asymptotic expansion of the reversible work of cavity
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formation and is a very precise extrapolation formula. The coefficients are temperature
and density dependent and are
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� ����� ?� �

�
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where? � %���"�$
. The excess term of the Neff and McQuarrie model is found to be
composed of two terms

�exc
� � �int

� � �cor
� (5.13)

where the interaction term (the reversible work of ‘charging’) is

�int
� �

� �

�

������"3������%�
� � (5.14)

and������ is the two-body interaction potential between the solute and the solvent.
3����� is the radial distribution function. The correction term� cor

� describes the ef-
fect on the solvent-solvent interactions due to the insertion of one solute molecule to
the solution. Since Neff and McQuarrie use the true hard sphere reference state with
the hard sphere pressure in the solution (very high pressure), they need the correction
term for ‘compensation’. However, the approach is simplified by Pierotti [78–80] who
developed the following intuitive two step model

� Formation of a cavity in the solution for the solute

� Calculate the reversible work of charging the solute.

This model involves the following approximations: first, Pierotti exchanges the hard
sphere pressure with the experimental hydrostatic pressure, and thereby he makes the
correction term needless in his model. Second, he uses a uniform radial distribution
function3����� � .�� � ���$�. This results in the following equation

���H � ��
>�
#��

�
�9int

>�
�

�9cav

>�
� (5.15)

The solvation free energy simply becomes a sum of an interaction term and a cavity
formation term

�9s � >� ���H �>� ��
>�
#��

� �9int ��9cav� (5.16)
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The Pierotti theory of solvation has been closely tested and is found to be satisfactory,
see e.g. [80–82].

The scaled particle theory expression for the cavity formation work can be compared
with the classical thermodynamics formula for creating a macroscopic spherical cavity
in a liquid

 ��� �� �� � <!

�
��

�Æ

�

�
�

�%��

�
�� �%��<

�
��

�Æ

�

�
	 (5.17)

where< is the macroscopic surface tension andÆ$� is a first order surface curvature
correction term. This expression is very similar, by chance, to the scaled particle theory
extrapolation formula. However, note that the�� term is missing.

5.2 Solubility Equilibrium in Ideal Dilute Solutions

In this section we will discuss implicit continuum models and their usefulness to de-
scribe solvation effects. Recent reviews on the subject are the 1994 review of Tomasi
and Persico [83] and the two reviews by Roux and Simonson, and by Cramer and Truh-
lar, both from 1999 [84, 85]. These three reviews show that although this research area
has more than eighty years to its account, it is still rapidly growing.

In organic chemistry one distinguishes between three different types of solvents, i.e.
nonpolar, polar protic andpolar aprotic solvents. A protic solvent has a hydrogen atom
attached to an atom of a strongly electronegative element. Hence, molecules of protic
solvents have the ability to be hydrogen bond donors and can associate by forming
hydrogen bonds. Examples of protic solvents are water and alcohols. Aprotic solvents
lack the hydrogen on the atom of the strongly electronegative element and do not have
the ability to be a hydrogen bond donor. Aprotic solvents1 dissolve ionic compounds
and cations very well but do not solvate anions to any appreciable extent. This thesis
mainly concerns work on ideal dilute solutions of protic solvents, in particular aqueous
solutions. Consequently, a brief summary of the physical properties of liquid water is
in place.

5.2.1 Water as a Solvent

The significance of water in our environment can hardly be underrated and it is ubiqui-
tous in all aspects of human endeavour. Water is the only naturally occuring substance
that under normal conditions exists in all three physical states, i.e. the solid, liquid and
gaseous state. The water molecule is a small and ostensibly simple molecule, see Fig.
5.1, but in the condensed phase water is not a simple liquid (physicists favour liquid ar-
gon). Moreover, water has several unusual physical properties. For example, the water
maximum density occurs near�ÆC which is above the freezing point in the liquid state.
The specific heat of water is large compared with that of other substances, and there-
fore water is able to store large amounts of thermal energy. Finally, the melting point

1Examples of important aprotic solvents are acetone,N,N-Dimethylformamide (DMF), Dimethyl sulfox-
ide (DMSO) and Dimethylacetamide (DMA).
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104.5o

0.0958 nm

Figure 5.1. The electronic configuration of the oxygen atom has sp
 hybridization with a
close to tetrahedral geometry where the two hydrogens are at two of the vertices and two
electron lone-pairs are at the other two vertices. This means that water can be both a hy-
drogen bond donor and acceptor to other molecules and therefore easily forms very stable
arrangements. This is the basic reason for the complex properties of water in the condensed
phases.

at �ÆC and boiling point at���ÆC are much higher than those of hydrogen compounds
of related elements to oxygen in the periodic table. All of this indicates that liquid wa-
ter is highly cohesive and has a strong correlated internal structure. This structure is
measured by X-ray diffraction [86] or neutron diffraction [87] and is interpreted as a
radial distribution function (RDF) for liquid water which is the probability distribution
for water molecules around a central water molecule. Locally, there is an exclusion
volume out to��! nm with a subsequent peak at��� nm due to the correlated nearest
neighbours [86]. This is followed by an oscillating decrease in correlations towards the
average density at a couple of molecular diameters away from the origin. Each molecule
is hydrogen bonded to��� nearby neighbouring molecules in average, compared to� in
ice, in a tetrahedral-like structure. Hence, water forms a strong hydrogen bonded net-
work structure even in the liquid state. However, the water molecule is a small molecule
and the hydrogen bonds tend to constantly break and reform which means that liquid
water behaves like a fluid; it flows. The measured vacuum molecular dipole moment
is ���!! Debye (D) [88]. However, the water dipole moment of small water clusters
increases to about�
 D [89]. The dipole moment in bulk water is not possible to mea-
sure. Quantum mechanicalab initio calculations on ice crystals give an average total
dipole moment of���� D [90], whereasab initio computations on liquid water show a
broad dipole distribution around��� D [91,92]. Hence, water is not only an associative
polar molecule but also has the ability to become highly polarized.

Examples of simple classical nonpolarizable water models employed in explicit
water simulations of biophysical systems are the SPC [93,pp. 331] and the TIP0P
(0 � �	 �	 !) [94, 95] models. The development of classical polarizable models are in
progress, see [96,97].
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Figure 5.2.The electrostatic energy uncertainty of a monovalent ion due to a�� � 	�		� nm
uncertainty in the radius as a function of the ionic radius. The diagram shows the difference
between the Born model (squares) and the modified Langevin-Debye model (filled circles).
Note that the latter is more robust to a radius uncertainty, especially for smaller ions for which
the solvent becomes more strongly saturated.

5.2.2 Hydration of Atomic Ions

The hydration of atomic ions might seem to be a problem of minor practical relevance,
but is in fact a very good test of the validity of different solvation model approaches
and a way to determine which physical properties that are essential to the problem.
Furthermore, it is an important way to check the sensitivity of the model parameters.
The solvent is assumed to be described by a statistical mechanics model from which
we take the continuum limit over to a dielectric continuum model which represents our
implicit solvation model. The solvation free energy of a solute molecule is obtained by
a Pierotti like model approach. Atomic ions have a very appealing isotropic geometry,
in particular ions that are isoelectronic with the inert gases. This spherical symmetry
will simplify the mathematical model and the calculations significantly.

In 1920 Born proposed a model for ionic hydration, which was probably the first
ingenious use of continuum electrostatics to study solvation [98]. Born applied electro-
static linear response theory to calculate the electrostatic energy of the implicit contin-
uum water solvent in the field of the ionic solute. The flux of the electric field from a
localized charge distribution� through any spherical surface that encloses���� is given
by Gauss’s law

���� �
�

�%#�#r��
�	� (5.18)

The electrostatic energy is calculated as the work of charging the ion. The electrostatic
energy density is given by Eq. (4.4) which together with the linear response assumption
Eq. (4.18) leads to

4e �
�


#�#r�

�� (5.19)

Now the electrostatic interaction energy is calculated as the difference in electrostatic
energy between the water phase and the vacuum reference state, that is

� e �  e�wat�  e�vac � �
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which is the famousBorn equation. The radius�B is a model parameter and represents
the dielectric beginning.

However, it was soon realized that this approach has some deficiencies. The prob-
lem was traced down to the solute/solvent interactions in the local solute environment.
In this cybotactic region the solvent molecules behave differently from ordinary bulk
solvent molecules. These anomalous effects are essentially due to nonlinear dielectric
response and electrostriction. They are sometimes called first solvation shell effects,
which is an inappropriate name since both the molecular correlations and the nonlinear
effects extend beyond the first solvation shell.

The nonlinear response analogue to the Born equation is

� e � �
��

�%#��0
�

� �

	�

� �%��
� �

�

�� #�#��
����	 (5.21)

where�� is the dielectric beginning. The integral term can be computed if the relative
permittivity as a function of the applied electric field is known. Some authors have
used the Block and Walker radial dielectric function [73,99], while others have applied
the Langevin-Debye model [68–70]. Sandberg and Edholm have used the modified
Langevin-Debye model to carry through the integration [IV]. The dielectric saturation
effect is less than 10 kJ/mol for monovalent ions but can be about 1000 kJ/mol for
quadruvalent ions [IV]. One advantage of the nonlinear response model over the Born
equation is that it is less sensitive to the model radius parameter, see Fig. 5.2.

If a uniform electric field is applied to a dielectric, the medium will feel an elas-
tic strain and change its dimensions. An example is the electrostrictive effect found
in liquids at a constant pressure. Moreover, if the applied field is inhomogeneous, a
medium density gradient towards regions where the field is stronger is created. Hence,
when a dielectric liquid is placed in a gradient field the density in the field will increase
yielding a larger relative permittivity. However, this effect is considered to be less im-
portant than the saturation effect. Desnoyers, Verrall and Conway [100] have developed
a model based on a thermodynamical relation derived by Frank [101]
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The idea is to calculate the effective pressure at� � � that will cause a similar change
in volume as that of the applied electric field. Desnoyers, Verrall and Conway apply the
isothermal compressibility
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which combined with the above relation results in
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This formula relates the effective pressure� to the electric field�. In order to inte-
grate Eq. (5.24) the compressibility and the relative permittivity must be expressed as
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functions of�. This is accomplished for the compressibility by the Tait-Gibson equa-
tion [102–105], in which5��� � �@ � ���� and@ is a mechanical constant of the
material. The permittivity is assumed to obey a similar empirical expression, that is
��$#���#$������ � �@ � ����. Desnoyers, Verrall and Conway integrate the latter
and insert it in the empirical Grahame model [71] for the relative permittivity and have
thus obtained#��	 �� which they use to numerically integrate Eq. (5.24). However,
Dunn [106] has instead used the Booth equation [65] and found a similar but slightly
different result. We have employed the Desnoyers, Verrall and Conway model to the
hydration of various ions and found the electrostriction work, equal to the quasistatic
pressure-volume work done on the solvent, to be negligible for monovalent ions and
small for multivalent ions [IV].

In an article from 1989 Jayaramet al. made a Monte Carlo simulation using the
free energy perturbation method to study the significance of nonlinear effects and they
concluded that the saturation is small for monovalent ions, and besides is in part can-
celled by electrostriction [107]. This is entirely in line with the result obtained by the
continuum model approach presented above since both the saturation term and the elec-
trostriction is almost negligible compared with the total ionic hydration free energy [IV].
However, for multivalent ions the saturation effects become increasingly important and
must be included into the continuum model in order to obtain qualitative results [IV].

5.2.3 Hydration of Small Organic Molecules

This field has been very vivid in the 1990s, probably due to its many important applica-
tions to the food and pharmaceutical industry. The problem has been dealt with by many
different approaches ranging from purely statistical approaches (QSAR/QSPR2), dipole
lattice models [108], molecular dynamic or Monte Carlo simulation methods [109,110],
to quantum mechanical models (e.g. the polarizable continuum model, PCM) [83]. Nev-
ertheless, implicit solvation models that make use of a continuum representation of the
solvent has probably been the most successful approach.

According to the Pierotti theory of solvation, the hydration free energy is a sum
of a solute/solvent interaction term and a term due to the formation of a solute cavity
in the solvent. The interaction theory stems from the Born model and the Onsager
model, but was extended by Kirkwood and Westheimer in the 1930s, who analyti-
cally solved the linear Poisson-Boltzmann equation (LPB) for simple molecular cavity
shapes [111–113]. In relation to the hydration of atomic ions this problem becomes
much more intricate due to the broken spherical symmetry of molecules. If the system
is homogeneous this is not a problem in the linear response approximation since the su-
perposition principle then holds. For an inhomogeneous system of non-trivial geometry

2The quantitative structure-activity relationships (QSAR) method correlates the dependence of different
biological activities with different physico-chemical properties. The quantitative structure-property relation-
ships (QSPR) method links the organic molecular structures to their physico-chemical properties. The aim
of these methods is to obtain a set of mathematical relationships between a set of compounds which form a
given training set and some biological activity values that can later be used in a quantitative manner to pre-
dict the activity of new compounds. The underlying concept of such analyses is the additivity of substituent
group contributions to biological activity values, which is due to the fact that the models are linear free energy
related.
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the Poisson equation must be solved numerically which allows for a general molecular
cavity [114]. Moreover, analytical approximation methods like the generalized Born
model (GB) have been developed. Here the electrostatic free energy is a sum of a vac-
uum Coulomb interaction term and a pair interaction reaction field term of the solvent.
The latter is formulated by an intuitive guestimate to resemble the solution of either
the Born equation, Onsager’s reaction field energy or the Coulomb plus Born polariza-
tion energy, depending on the position and distance of the charged pairs [115]. The
GB model has been implemented by Cramer, Truhlar and co-workers together with a
semiempirical quantum mechanical description of the solute molecule in many compre-
hensive parametrizations. These solvation method parametrizations are called the SM0
models [85,116].

The possible conclusion to be drawn from the hydration of atomic ions problem
about the nonlinearity of the system is that the electrostriction effect is negligible. How-
ever, although the dielectric saturation effect is small compared to ionic hydration free
energies it is not so compared to the hydration free energies of neutral polar molecules.
Furthermore, the molecular partial charges are similar in magnitude to that of monova-
lent ions. We can estimate the saturation effect to be in kJ/mol, whereas the measured
hydration free energies are between��� to ��� kJ/mol. This effect should also be de-
tectable in the experimental data since the uncertainty in the measurements is about��!
kJ/mol. Hence, the saturation effect is probably much more important to incorporate in
the solvation model for neutral polar molecules than for monovalent ions. However, in
the case of nonlinear response the broken symmetry is much more troublesome since
the superposition principle no longer is valid. Hence, the idea of using radial dielectric
functions to describe the molecular charges becomes futile. Instead one must return to
Maxwell’s equations. The nonlinear microscopic polarization can be described by the
modified Langevin-Debye model which in the continuum limit gives the polarization
Maxwell field. The Maxwell equations can be rewritten into one second order scalar
potential nonlinear partial differential equation which is solved iteratively on a grid by
the finite difference method [V].

5.3 Macromolecular Electrostatics

Electrostatic interactions are important to the structure and function of biological macro-
molecules, see reviews [117–129]. This vast subject includes among other things

� Molecular recognition and ligand binding

� Permeation, ion channels and active transporters

� Catalysis and enzymatic reactions

� Structural stability, folding and denaturation.

In the case of molecular recognition and binding, the electrostatic complementarity of
the ligand molecule and the host biomolecule is important. The molecular electrostatic
potential is utilized to identify active sites of receptors and to dock ligands into these
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sites. The permeability of biomembranes to ions and small molecules depends on the
difference in solvation free energy between the aqueous and membrane phases. This sol-
vation free energy difference is mainly due to changes in the electrostatic polarization
energy in the two media. It is also the main principle for peptide and protein partition-
ing between the aqueous and membrane phases. It has also been concluded that the ion
flow through ion channel proteins benefits by the artificial electrostatic environment of
the channel to overcome the membrane barrier. Life as such would not exist without
enzymes that catalyse vital reactions of living systems, since these reactions otherwise
become too slow. An enzyme can accelerate a reaction by a factor thousand or more.
The active site is designed to have a compatible size and construction to promote the
reaction, that is to lower the free energy barrier of the transition states. In connection,
extraordinary large p�a shifts of ionizable groups within the active site are not that
uncommon. Macromolecular configurations are stabilized by electrostatic interactions
between different parts of the biomolecule (e.g. in proteins) or between the macro-
molecule and ions in the solution (e.g. in DNA). The electrostatic interactions include
salt bridge formation, helix dipole-dipole interactions and the formation of hydrogen
bonds etc.

5.3.1 Hydrophobicity Scales

Hitherto, the interaction term of the Pierotti solvation model has been examined in de-
tail. However, there is also an energetic contribution to the solvation energy from the
cavity formation term which is found either by the scaled particle theory or by any
other similar approach. This contribution is important for ions, but more so for or-
ganic molecules. The cavity formation costs free energy since many hydrogen bonds in
the water have to break and the cavity itself does not interact with the solvent. The
favourable energetic contribution comes entirely from the solute/solvent interaction
term. The solvation energy will change since the solute perturbs the local microscopic
structure of the solvent. For instance, in the hydration of aliphatic hydrocarbons the
solute molecule cannot form hydrogen bonds with neighbouring water molecules in the
aqueous phase. The surrounding waters form a clathrate cage, that is the hydrocarbon is
enclosed in an ice-like structure of water, and the entropy of the solvent decreases. This
is called the hydrophobic effect. However, if the hydrocarbons cluster together, that is
the phases separate, the surface area per solute molecule will decrease and so will the
number of waters per solute molecule that are involved in the cage structure. This is
the entropy-favoured configuration of the solute/solvent system. Hence, the dispersal of
hydrocarbons into water is opposed by the entropy, which is why oil and water do not
mix. The free energy cost of hydrating one hydrocarbon molecule is proportional to the
number of carbons in the hydrocarbon chain [130].

Hydrophobicity scales of the transfer free energies for each amino acid are impor-
tant to the understanding of the energetics of protein-bilayer interactions. The scale is
used in the field of bioinformatics to predict the secondary structure of polypeptides and
proteins out of the primary structure sequence. Hydropathy plots are created by adding
the hydrophobicity affinity for each amino acid in a window of about 20 residues (a run-
ning average over the primary structure) which is the typical length of a transmembrane
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Figure 5.3. The thermodynamical cycle used to calculate the acidity constant of an ionizable
group in a macromolecule. The top part represents the aqueous phase (aq) and the lower part
is the macromolecular phase (mm).

helix. Peaks above a certain criterion level indicate potential transmembrane helix seg-
ments [131]. The periodicity of the hydrophobicity along a polypeptide chain can also
be used as a measure to determine secondary structures of the protein. The hydropho-
bic moment is one such measure which is applied to find amphipathic�-helices and
�-sheets [132,133].

However, there exist several experimentally determined scales which differ, some-
times considerably. The most commonly used scales are those of octanol-water transfer
since octanol is supposed to resemble the lipid bilayer/protein environment [134, 135].
Octanol-water partition coefficients are often used as QSAR descriptors, since the log-
arithm of the partition coefficients show good correlation with biological activity. Ac-
cordingly they are frequently employed in CADD. In computer simulations, simple
fragmental models are used, in which the total transfer free energy is the sum over the
product of the atomic solvation parameter and the atomic solvent accessible surface
area for all atoms in the amino acid [136]. The model works very well for nonpolar
atoms but there are problems for polar atoms [135]. The reason behind this is that the
polar part is not proportional to the accessible surface area, but rather to the reciprocal
polar volume [III]. A better model is to calculate the polar transfer free energy of the
permanent dipole in the amino acid side chain. However, there is a strong indication
of dielectric saturation effects in octanol solution which are found by both LPB and
screened multipole potential approaches [137, III]. Hence, it is crucial to incorporate
the solvent saturation effect in order to get consistent model results.

5.3.2 Polyampholytic Macromolecules and Titration

Macromolecules that contain both acidic and basic groups are called polyampholytes,
e.g. proteins. Hence, such molecules may be a polyelectrolyte depending on the indi-
vidual protonation state of the ionizable groups. The structure and function of macro-
molecules are dependent on the pH, since it affects the acidity equilibrium of the titrat-
able site groups. The proton affinity is contingent on the intrinsic acidity of the group,
but also on the interaction energy with other groups and with the local dielectric envi-
ronment.

The protonation state� of a macromolecule with� ionizable groups can be rep-
resented by a� -dimensional vectorÆ �, whose elementsÆ�� is equal to� or � due to
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whether site� is deprotonated or protonated. Let$ represent the macromolecule when
all ionizable groups are deprotonated. To bring$ to the protonation stateÆ � requires
A�Æ�� number of protons. Hence, the equilibrium reaction becomes

$%��Æ
��� $� A�Æ��%	 (5.25)

where the reaction free energy�9�Æ �� is a sum of the free energy changes of all the
ionizable groups in the macromolecule. The individual group free energies are found
with the help of the thermodynamical cycle scheme of Fig. 5.3. Let us solvate a model
compound with a known aqueous acidity constant [138] from a pure water phase to the
macromolecule/water phase when it is situated inside the macromolecule. The proton
affinity in the macromolecule is

p�a � �p�a�model�
�

�B� �� ��



�9s�&���9s�&%�

�
(5.26)

The solvation free energy�9s � �9cav��9int according to the Pierotti model. How-
ever,�9cav�&%� � �9cav�&� since the proton is small and the solvation free energy
change���9s� is only due to the change in (electrostatic) interactions in the different
environments. Nevertheless,���9 int� is cumbersome since the solvent/macromolecular
environment involves several ionizable groups which can be coupled and strongly cor-
related. Let us define

p�a �� p�i �
�

�B� �� ��
�9coupl	 (5.27)

where the intrinsic acidity p� i is the p�a value of the group when all other ioniz-
able groups are in their neutral charge state [139]. The coupling free energy�9 coupl

is usually approximated with the electrostatic interaction energy between the different
protonation sites. Now the reaction free energy of (5.25) is

�9�Æ�� �
��
���



Æ�� �B� �� ���p�i�� � ��9coupl��

�
� (5.28)

If the solution is dilute it is possible to paraphrase the acidity constant of this reaction
�a � '$('%(�$'$%� ( to

'$%��Æ
��(

'$(
� '%(� ����	Æ�
 � ����	Æ�
��	Æ�
 �� �� pH	 (5.29)

which in fact is the probability of finding the macromolecule in a protonation state� at
a certain pH. The fractional degree of protonation of group� is determined according to
statistical mechanics by averaging over all� possible states of the system, that is

�Æ�� 	 �
�

�

���
���

Æ�� �
���	Æ�
��	Æ�
 �� �� pH	 (5.30)
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where the partition function� �
�
����	Æ�
��	Æ�
 �� �� pH. The p�a of group� is de-

fined as the pH at which�Æ�� 	 �
�
� . This is obtained by making a titration over a wide

pH interval. The sum is straight forward to calculate when� � �� or Monte Carlo
sampling can be used to compute the fractional degree of protonation [II]. However,
the number of states rapidly increases with the number of sites. Tanford and Roxby
developed a method for calculating titration curves using average ionization states in a
mean field approximation [140]. Unfortunately, problems arise when groups are corre-
lated with strong site-site couplings. To resolve this problem approximation methods
have evolved, e.g. the reduced site approximation [141]. Furthermore, smarter Monte
Carlo algorithms that allows for simultaneous multiple site transitions [142] have been
developed.

The change in interaction free energy���9 int� in the two phases can be found by
several model approaches. Molecular dynamics simulations or Monte Carlo simula-
tions can give this free energy change with thermodynamic integration or by using the
linear response approximation. However, such calculations are relatively computer time
consuming. Moreover, microscopic simulations techniques often use periodic boundary
conditions and the long-range electrostatic interactions are either truncated at a certain
cut-off distance or handled with Ewald summation related techniques; all of which hav-
ing some drawback. Truncation may cause large energy fluctuations and the periodic
images of the Ewald method exaggerate the periodic properties of the system. Dipo-
lar models have also been applied to find���9 int�. Warshel and collaboraters have
developed the protein dipole Langevin dipole method (PDLD) [129,143,144]. The pro-
tein/solvent system is divided into three domains. First, the microscopic charge interac-
tion region. Secondly, the protein atoms that surround the charges, which are considered
as partially charged particles with an atomic polarizability. Thirdly, the solvent water
which is modelled by a discrete Langevin dipole lattice. The induced protein dipoles are
found via an iterative approach which is alternately combined with an iterative scheme
for the solvent Langevin dipoles.

Macroscopic linear response dielectric continuum models are well-liked since they
have a simple physical interpretation. The protein with a low dielectric constant is
embedded in implicit high dielectric solvent water. The dielectric constant makes a
discontinuous jump at the molecular surface, resulting in an induced surface charge
distribution. This charge distribution is the source of a reaction field which represents
the total polarization of the solvent. The Poisson-Boltzmann (PB) equation is applied
to macromolecular systems to account for the additional ionic polarization of the elec-
trolytic solvent. In 1934, Kirkwood [111] solved the linear Poisson-Bolzmann equation
(LPB) analytically for a spherical zwitterion with a low dielectric constant embedded
in electrolytic solvent water. Tanford-Kirkwood (TK) substituted the zwitterion with a
spherical protein and used this theory to analyse polyampholytic titration curves [139].
Gurd, Matthew and co-workers later developed the theory even further to account for
the solvent accessibility of the ionized groups by reducing the charge-charge interaction
energy according to the charged pairs’ solvent exposure. The last-mentioned method is
called the modified Tanford-Kirkwood theory (MTK) [145,146].

Numerical and approximate solutions to the LPB is commonly found in the litter-
ature. In the late 1990s, the generalized Born model got a lot of attention for applica-
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tions even to macromolecular systems [124, 127]. However, this approximate solution
to Poisson’s equation yields large deviations to the exact solution in the case of large
solutes, and extensive parametrization and testing is required to adjust the model to de-
scribe such systems. The Poisson equation was first solved numerically for a protein
system by Warwicker and Watson in 1982 [147]. Ionic polarization was later included
via the LPB equation [148,149]. The LPB equation is usually solved by an iterative fi-
nite difference solution procedure. Although this will give an exact solution to the LPB
equation the procedure is about two order of magnitudes slower than the GB model,
which explains the huge interest for the latter.

To this end only linear response models have been reviewed. However, models using
the nonlinear Poisson-Boltzmann equation with additional dielectric saturation via the
Booth equation (see pp. 42) have been suggested [150]. The normal saturation effect has
also been included via screened Coulomb potential (SCP) approaches. The theoretical
foundation for SCP models can be found by e.g. the modified Langevin-Debye model,
but most are in essence phenomenological and based on the ratio definition of the elec-
tric susceptibility. Nevertheless, it is important to remember the difference between the
screening function and the radial dielectric function. Furthermore, calculating electro-
static energies is not straight forward using this approach [IV], which is unfortunately
disregarded by most users. The application of SCP models to biophysical systems has
been proposed by several authors, c.f. [144,151–155, II].

The electrostatic energy is dependent on the dielectric response in the macromolec-
ular phase. This leads to the question: What is the dielectric constant of a macro-
molecule? The measured value of dried protein powder experiments yields a relative
permittivity of 2 to 5, c.f. [156]. Gilson and Honig [157] imagined a hypothetical infi-
nite�-helix protein, and calculated a dielectric constant of 3 to 4 using the Kirkwood-
Fröhlich equation. This led to a recommended value between 2 and 4 for the protein
dielectric constant to be used in macroscopic continuum models like the LPB equation.
However, it is hard to predict good��a values which reproduce experimental findings
with such a small dielectric constant and with a fixed protein structure. The predictions
are also very sensitive to the defined location of the macromolecular boundary and to
the specific value of#r in the recommended interval [I]. Odaet al. [158] concluded that
a value of 10 gives better estimations and Antosiewicz, McCammon and Gilson found
that#r � � results in more accurate predictions [159]. Nevertheless, these conclusions
are somewhat confusing and seem to be contradictory. Garcia-Moreno and collabora-
tors performed a protein engineering experiment in which amino acid mutagenis gave
an estimate, based on the Born model, of the hydrophobic core relative permittivity to be
about��-� [160]. Nakamura, Sakamoto and Wada studied positional fluctuations us-
ing normal mode analysis in vacuo and found a nearby local shielding of 5 to 10 [161].
The electronic polarization was uniformly about 3. King, Lee and Warshel did a similar
examination using a molecular dynamic simulation with explicit water and obtained a
value similar to 10 [162]. Smithet al. made long MD simulations from which they
analysed the net dipole fluctuations of a protein which yielded a dielectric shielding be-
tween 30 and 36 [163]. This value was due to large movements of ionizable side chains.
Hence, strong local shielding is owing to substantial conformational alterations, e.g.
dipole reorientation or local unfolding. This allows for reorientated fluctuating dipoles
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Figure 5.4. The relative permittivity of hen-eggwhite lysozyme along the�-axis of a cross-
section through the centre of the protein molecule. Black circles represent grid points located
in the aqueous solution and unfilled circles are situated inside the protein. The permittivity is
calculated by treating the system as an Onsager mixture of freely rotating dipoles (backbone,
sidechain and solvent). The spatial averaging is indicated by the dotted line, and takes place
over a sphere with a� nm radius. Please note that this approach gives an interior protein
permittivity of about�	-�� (Sandberg, unpublished results).

that give rise to a larger shielding than was expected in the first place. The “dielectric
constant” implicitly includes everything that is not incorporated explicitly in the macro-
scopic model. That is why calculated model��a values become much improved when
conformational flexibility is considered in connection with# r � � [164]. Hence, model
“inconsistencies” partly arise from the use of fixed protein structures in the calculations.

The solvent influence has so far been disregarded in the discussion. Ionizable groups
on the surface of the macromolecule will be strongly influenced by the solvent and
a high dielectric constant is adequate. Furthermore, it must be remembered that the
macroscopic permittivity is a consequence of an averaging procedure over the micro-
scopic system. This averaging takes place over some region in space, and the size of the
macromolecule itself is usually too small to not, to some extent, include the surrounding
solvent. Hence, the interaction shielding has a local character and the “dielectric con-
stant” becomes a weighting function which balances the solvent/macromolecule contri-
bution to the shielding. The macromolecule will have a hydrophobic core region and an
intermediate boundary region where the permittivity will depend on the distance to the
macromolecular/solvent interface [II]. This spatial averaging is also made possible by
treating the solvent/macromolecular system as an Onsager mixture of backbone, side
chain and solvent freely rotating dipoles, see Fig. 5.4. This approach predicts a protein
weak-field permittivity of about� (unpublished results). However, charged groups and
polar molecules inside the macromolecule will cause local saturation which lowers the
relative permittivity even further. Therefore, the effective interaction shielding under
study will depend on the exact type of multipole interaction. However, the local relative
permittivity is consistent. The assumption of freely rotating dipoles may certainly be
questioned due to possible hindered rotation of backbone and side chain dipoles. How-
ever, the Onsager approach neglects the association of far away correlations by formed
hydrogen bondings etc. which may partly compensate for this concern. Furthermore,
the backbone dipoles can be withdrawn and can instead be treated explicitly as a fixed
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hindered background term. This will lower the permittivity inside the protein. Never-
theless, this kind of approach can be very beneficial and will doubtlessly shed light on
the physics describing the complex macromolecular/solvent system.

Predictions of the isoelectric point pB and individual acidity constants p� a inside
macromolecules are valuable tests to validate the electrostatic approaches discussed in
the text above. The p�a values of titratable sites can be measured with great accuracy
by nuclear magnetic resonance (NMR) studies of the chemical shifts. Once the peaks in
the spectrum have been identified it is possible to do a titration and follow the fractional
degrees of protonation of these sites. Hence, comparison of predicted acidity constants
with measured experimental data is a very important test for macromolecular electro-
static models. However, most p�a shifts of ionizable groups between the aqueous and
macromolecular phases are quite small and well predicted by most model approaches.
That is why Schutz and Warshel stress the need for a discriminative benchmark set of
ionizable groups in order to separate consistent models from inconsistent models [129].



Comments on the Papers

The secret of being a bore ... is to tell everything.
– F. M. A. de Voltaire

Paper I

p�a Calculations Along a Bacteriorhodopsin Molecular Dynamics Trajectory (1997):
Molecular dynamics simulations are usually conducted with the protein in a fixed proto-
nation state. However, during the simulation there can be large conformational changes
in the structure. This paper concerns with how these structural alterations influence the
electrostatic interaction energies between ionizable groups in the macromolecule. The
p�a values of titratable groups are studied along a��� ps molecular dynamics trajectory
of a transmembrane protein called bacteriorhodopsin. The electrostatics is evaluated in
a linear response continuum model by solving the linear Poisson-Boltzmann equation,
using the program package MEAD [165]. The value of the protein dielectric constant
affects the results strongly when#r is between and�. To obtain stable mean p�a

values, the result must be averaged over a time interval of about��� ps.

Paper II

A Fast and Simple Method to Calculate Protonation States in Proteins (1999): This pa-
per deals with electrostatic interactions of screened Coulomb potential type in proteins.
As proteins are rather small inhomogenuous systems the relative permittivity function
is ambiguous to compute. Instead a phenomenological screening function is introduced,
whose parameters are adjusted to known experimental data. The protein is divided into
two separate regions, the outer boundary region and the inner core region. The inner
region has one set of parameters, while in the boundary region the parameters increase
linearly to the water solvent values as the surface is approached. This distance and po-
sition dependent screening (DaPDS) model is tested on several proteins, giving fast and
good results. In 2001, Kesvateraet al. published new experimental data for the acidic
groups of the calbindin protein [167]. Their measured p� a values are tabulated together
with our predicted values in Table 6.1, and the estimates are satisfactory. However, the
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Ionizable group DaPDS Predicted DaPDS shift Experimental Experimental shift
Glu4 – – ���� 	�� �	�
Glu5 ��� 	�� �	�� ��� 	�� �	��
Glu11 ���� 	�
 �	� ��	� 	�� �	�
Glu17 
�� 	�� �	�� �
� 	�� ���	
Asp19 ��� 	�� �	�
 
�
� 	�� �	�

Glu26 
��� 	�
 �	�� 
�	� 	�� �	�

Glu27 ���� 	� �	� ��� 	�� ����
Glu35 ���� 	�� �	�� ��� 	�� �	��
Asp47 ���� 	�
 ���� ���� 	�� �	��
Glu48 – – 
�� 	�� �	��
Glu51 – – ���� 	�� �	��
Glu52 
�� 	�� �	�� 
��� 	�� �	��
Asp54 ���� 	�� ���� ��� 	�� �	�

Asp58 
�	� 	� 	�	 
�
� 	�� �	�

Glu60 ��	� 	�� �	� ��� 	�� ����
Glu64 ���� 	�� �	�� ���� 	�� �	�
Glu65 ���� 	�
 �	�� ��
� 	�� ���	
Cterm – – ���� 	�� �	�

Table 6.1. Predicted and experimental p�a values of ionizable groups found in calbindin.
The shifts are calculated relative model compound p�a values of
�
 for Glu, 
�	 for Asp,
and��� for the Cterm. The shift root mean square displacement value is���� compared with
the experimental shifts.

protein structure that we used in our calculations is not identical to the primary structure
of Kesvateraet al, and this will certainly affect the outcome.

The paper has been commented by Mehler and Warshel [166]. Their main criticism
is that the DaPDS model lacks the self energy term. As stated in our article we believe
the self energy term to be small compared to the interaction energy term, but that it
may be more important for isolated deeply buried ionizable groups that are not part of
a charge complex. By this, we mean that for charge complexes the self energy should
be described by a higher multipole moment field term and not as a sum of individual
monopole terms. The Born equation is no longer relevant to use since it will overesti-
mate the self energy term. In our response [VI], we argue that we have indeed improved
the interaction energy with the DaPDS model, to such an extent that it is comparable
with the results of Mehler [154,155] and that it shows better results than the method of
Sham et al. [152]. Both of these models include the self energy term. However, if the
self energies of Mehler [155] are added to the DaPDS model interaction energies, the
final result improves. Thus, the self energy term is important for some interactions but
improvement in the interaction term is of fundamental importance to all interactions.

Paper III

Calculated Solvation Free Energies of Amino Acids in a Dipolar Approximation (2001):
Amino acid hydrophobicity scales are popular to use when to look for transmembrane
segments within a protein amino acid sequence. The most commonly applied scales
are those of octanol-water transfer [134, 135]. This paper describes the experimental
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octanol-water results in a simple solvation model. The model decomposes the trans-
fer free energy into three terms, i.e. a solvent entropic loss term, a permanent dipole
transfer free energy term and an ionization free energy term. The dipole transfer free
energy is estimated by calculating the change in electrostatic energy using an empirical
screened Coulomb potential approach. The transfer of amino acids is well-described
by the model, and the result is highly compatible with the corresponding experimental
values. Previous problems with polar compounds in fragmental models are resolved by
the dipole transfer which is proportional to the inverse polar volume and not to the polar
solvent accessible surface area. This paper also establishes that dielectric saturation is
important in order to obtain quantitative predictions of octanol-water partioning. This
has previously been indicated by the Poisson-Boltzmann calculations of Schmidt and
Fine [137], in which they have to use# r � � although the experimental value is# r � ��
to obtain reasonable results.

Paper IV

Nonlinear Response Effects in Continuum Models of the Hydration of Ions (2002): Non-
linear effects (dielectric saturation and electrostriction) are usually neglected when con-
tinuum theory is applied to implicit solvation models. Models that include dielectric
saturation often use screened Coulomb potentials, but such potentials are only valid in
case of single charge systems since the superposition principle is invalid for multiple
charge systems. This paper concerns with how to correctly calculate electrostatic en-
ergies and the derivation of the modified Langevin-Debye model. The relevance to the
hydration of ions is shown. The nonlinear response effect is calculated rigorously by
solving the Maxwell equations, which will give the correct electrostatic energy for any
charge configuration. Dielectric saturation is important to incorporate in the implicit
solvation model, but electrostriction is not that significant. For monovalent ions the
effect is similar in size to that of the experimental uncertainty (about�� kJ/mol). How-
ever, for multivalent ions the significance increases and for quadruvalent ions the effect
can be as large as���� kJ/mol or�!" of the total hydration free energy.

Paper V

Calculated Hydration Free Energies of Small Organic Molecules Using a Nonlinear
Dielectric Continuum Model (2002): The conclusions to be drawn from the hydration
of monovalent ions are that the electrostriction work is negligible and the dielectric
saturation free energy term is insignificant. The dielectric saturation is less than" of
the total hydration free energy for monovalent ions which corresponds to less than��
kJ/mol. This should be compared with the experimental uncertainty which is about��
kJ/mol for ions. However, it is incorrect to say that dielectric saturation is negligible
in the case of hydration of polar molecules. The reason why is simply that the partial
charges that are used for polar molecules have the same magnitude as that of monovalent
ions. Furthermore, the measured hydration free energies for polar molecules are in the
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range of�!� to�! kJ/mol with an uncertainty less than��! kJ/mol. Hence, a dielectric
saturation free energy contribution of! kJ/mol is both important and experimentally
detectable. The modified Langevin-Debye model is implemented to study the solvation
of small molecules. The molecules are described by a standard classical force field
where we have chosen the OPLS-AA force field. Dielectric saturation influences the
estimated hydration free energies of polar organic molecules, e.g.�-alcohols have a
root mean square displacement to the experimental data of�� kJ/mol with dielectric
saturation included, but
�� kJ/mol in the case of a linear response dielectric model.
Consequently, dielectric saturation is very important for the hydration of polar organic
molecules, more so than for the hydration of monovalent ions.
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[49] H. Fröhlich, Trans. Farad. Soc.44, 238 (1948).

[50] G. H. Haggis, J. B. Hasted and T. J. Buchanan, J. Chem. Phys.20, 1452 (1952).

[51] P. Bordewijk, Physica69, 422 (1973).

[52] E. Hecht,Optics 2nd Edition (Addison-Wesley, Reading, 1987).

[53] J. Malsch, Phys. Z.29, 770 (1928).



Bibliography 71

[54] H. A. Kołodziej, G. P. Jones and M. Davies, J. Chem. Soc., Faraday Trans. 271, 269
(1975).

[55] T. J. Gallagher,Simple Dielectric Liquids. Mobility, Conduction, and Breakdown (Oxford
UP, Oxford, 1975).

[56] R. Coelho and P. Sibillot, Nature221, 757 (1969).

[57] A. Papazyan and A. Warshel, J. Phys. Chem. B101, 11254 (1997).

[58] P. Debye and L. Pauling, J. Am. Chem. Soc.47, 2129 (1925).

[59] T. J. Webb, J. Am. Chem. Soc.48, 2589 (1926).

[60] V. H. Sack, Phys. Z.27, 206 (1926).

[61] V. H. Sack, Phys. Z.28, 199 (1927).

[62] A. D. Buckingham, J. Chem. Phys.25, 428 (1956).

[63] P. Bordewijk, J. Chem. Phys.58, 1220 (1973).

[64] P. Brito, C. Grosse and C. Halloy, Am. J. Phys.54, 1014 (1986).

[65] F. Booth, J. Chem. Phys.19, 391, 1327, 1615 (1951).

[66] J. A. Schellman, J. Chem. Phys.26, 1225 (1957).

[67] D. A. Sanchez, R. C. Allen Jr. and W. T. Kyner,Differential Equations 2nd Edition
(Addison-Wesley, Reading, 1988).

[68] M. Bucher and T. L. Porter, J. Phys. Chem.90, 3406 (1986).

[69] T. Kakitani and N. Mataga, Chem. Phys. Lett.124, 437 (1986).

[70] S. Ehrenson, J. Comp. Chem.10, 77 (1989).

[71] D. C. Grahame, J. Chem. Phys.18, 903 (1950).

[72] H. Block and S. M. Walker, Chem. Phys. Lett.19, 363 (1973).

[73] S. Ehrenson, J. Phys. Chem.91, 1868 (1987).
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