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That's why it's always worth having a few philosophers around the 

place. One minute it's all Is Truth Beauty and Is Beauty Truth, and 

Does A Falling Tree in the Forest Make A Sound if There's No one 

There to Hear It, and then just when you think they're going to start 

dribbling one of 'em says, Incidentally, putting a thirty-foot 

parabolic reflector on a high place to shoot the rays of the sun at an 

enemy's ships would be a very interesting demonstration of optical 

principles. 
 

– Om, in Small Gods by Terry Pratchett 
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Abstract 

Tomography in soft X-ray microscopy is an emerging technique for 
obtaining quantitative 3D structural information about cells. One of its 
strengths, compared with other techniques, is that it can image intact 
cells in their near-native state at a few 10 nm’s resolution, without 
staining. However, the methods for reconstructing 3D-data rely on 
algorithms that assume projection data, which the images are generally 
not due to the imaging systems’ limited depth of focus. To bring out the 
full potential of tomography in soft X-ray microscopy an improved 
understanding of the image formation is desired. 

This Thesis reviews zone plate-based X-ray microscopy for biological 
imaging and the theory necessary for a numerical implementation of a 3D 
image formation model. Furthermore, a novel reconstruction approach is 
proposed that improves the overall resolution in a reconstruction of a 
tomographically imaged object. This is demonstrated by simulations and 
experiments. Finally, this Thesis covers work on the Stockholm X-ray 
microscope, including an upgrade of the X-ray source yielding 
unprecedented brightness for a compact system. With this upgrade it was 
possible to do high-quality imaging of cells in their near-native state with 
only 10 second exposures. 
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Sammanfattning 

Tomografi i mjukröntgenmikroskopi är en ny teknik för att få ut 
kvantitativ strukturell 3D information om celler. Dess styrka jämfört med 
andra tekniker är att den kan avbilda intakta celler i deras nära naturliga 
tillstånd med ett par 10 nm upplösning, utan omfattande preparering. 
Dock är metoderna för att rekonstruera 3D-data beroende av algoritmer 
som antar projektionsdata, vilket bilderna i allmänhet inte är på grund av 
avbildningsystemens begränsade skärpedjup. För att få ut den fulla 
potentialen av tomografi i röntgenmikroskopi behövs en ökad förståelse 
för avbildningsprocessen. 

Denna avhandling behandlar zonplatte-baserad röntgenmikroskopi 
för biologisk avbildning och den nödvändiga teorin för en numerisk 
implementering av en avbildningsmodell i 3D. En ny 
rekonstruktionsmetod föreslås som förbättrar upplösningen i 
rekonstruktionen för ett tomografiskt avbildat objekt. Detta visas i 
simuleringar och experiment. Slutligen omfattar denna avhandling arbete 
på Stockholms mjukröntgenmikroskop, inklusive en uppgradering av 
röntgenkällan som ger oöverträffad ljusstyrka för ett kompakt system. 
Denna uppgradering möjliggör högkvalitativ avbildning av celler i deras 
nästan naturliga tillstånd med endast 10 sekunders exponering. 
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Figure 1.1: Robert Hooke’s 
microscope 

Chapter 1 

1 Introduction 

1.1 Microscopy 

The term microscope commonly refers to the compound microscope, 
invented in the beginning of the 17th century*, consisting of an objective 
close to the specimen and an ocular close to the observer [2]. Using the 
compound microscope depicted in Fig. 1.1 Robert Hooke studied and 
published drawings of insects and plants with a level of detail otherwise 
imperceptible [3], to great scientific interest 
and success. 

The desire to observe ever finer details 
spurred the research in the area and the 
development of a theory of optical 
principles [4, 5]. Among many 
improvements in the optical design and 
illumination scheme [6] of the microscope, 
a fundamental resolution limit was found, 
by Lord Rayleigh [7] formulated as the 
minimal distance ∆r between points that 
can be resolved 

 
0.61

r
NA

λ
∆ =  , (1.1) 

where NA is the numerical aperture of the objective and λ is the 
wavelength of the light. Rayleigh’s resolution limit dictates that a 
conventional visible light microscope cannot resolve distances shorter  
                                                             
* By whom is not clear. Some suggest one of the dutch spectacle-makers Zacharias Janssen and Hans 
Lippershey, while other put forth the Italian scientist Galileo Galilei as the inventor [1]. 
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Figure 1.2: Illustration of the 
two challenges of high-resolution 
microscopy: resolving power and 
signal-to-noise ratio. 

than 200 nm, given that the shortest wavelength in the visible spectrum 
is 390 nm (violet light), and the highest achievable NA is approximately 
1.5 using immersion objectives. This level of resolution is insufficient for 
resolving smaller organelles of the cells [8]. 

Another equally important aspect in high-resolution imaging is 
contrast. With insufficient contrast the signal in the image does not stand 
out, even when the resolution is adequate. Figure 1.2 illustrates image 
quality in relation to resolving power and signal-to-noise ratio (SNR). 
Weak contrast is a challenge in conventional light microscopes and is the 
reason that other imaging modalities than absorption have been 
investigated [8]. With, eg., phase-contrast methods the resolution is still 
governed by Eq. 1.1 but the contrast is greatly enhanced. Fluorescence 
microscopy achieves not only high contrast, but also provides functional 
information in bio-imaging through the use of fluorescent bio-markers. 

Optical super-resolution techniques that breach the resolution limit of 
Eq. 1.1 has been demonstrated using the evanescent near-field [9] or a 
well-controlled activation/deactivation of fluorophores in fluorescence 
microscopy [10, 11]. The instrument with highest resolution power, 
however, is the electron microscope by virtue of electrons exhibiting a 
wavelength (de Broglie-wavelength) of λ = h/p [12], where p is its 
momentum and h is the Planck constant. For typical electron microscope 
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Figure 1.3: “Hand 
mit Ringen”. Anna 
Röntgen’s left hand. 

operation Eq. 1.1 yields a picometer-scale resolution, but in reality the 
resolution is aberration-limited to the Ångström-scale [12]. 

1.2 X-rays 

A similar scientific advance was made possible 
by Wilhelm Röntgen’s discovery of X-rays. 
Röntgen noted that electrons accelerated in a 
vacuum tube emitted rays on impact that were 
invisible to the eye, but a fluorescent screen 
showed shadow images of objects put in their 
path [13]. His work on the subject awarded him 
the first Nobel Prize in physics. 

X-rays’ use in medical diagnosis and science 
was immediately obvious [14], as demonstrated 
by Röntgen’s photoprint of a radiograph of his 
wife’s hand, shown in Fig. 1.3. It soon also 
became an important tool for material science 
and crystallography [15-17]. 

X-rays, as all electromagnetic radiation (EM), are characterized by 
their vacuum wavelength (λ), or equivalently their oscillation frequency (f 
= c/λ), wavenumber (k = 2π/λ) or photon energy (ħω, ω = 2πf). Which is 
used depends on the scientific field and what aspect is most directly 
related to the effect of interest. In the visible range of the EM-spectrum 
the wavelength determines of what color light is perceived (violet at 390 
nm – red at 700 nm), and the reflectivity-spectrum of matter give 
physical objects their color. Figure 1.4 shows the EM spectrum from 
infrared to X-rays. Note the characteristics of each named region. In the 
infrared region the spectrum exhibit more dynamic behavior due to the 
interference of molecular vibrational states. At visible-light wavelengths 
the transmission smooth out and is relatively high for air and water, but 
quickly drops in the ultraviolet region. The first half of the X-ray region is 
characterized by high amount of absorption for all elements, and the 
presence of absorption edges. As the photon energy increases the 
attenuation length gets longer. At higher energies the transmission once 
again allows the X-rays to penetrate longer distances in air. The names 
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Figure 1.4: The EM-spectrum, ranging from infrared (15 μm) to hard 
X-rays (30 keV) with attenuation length spectra for air, water and 
graphite (carbon) calculated using data from Refs. [18-21]. Dotted 
segments represent missing or unreliable data. 

hard X-rays and soft X-rays were quickly adopted for rays that could and 
could not penetrate air [15]. 

1.3 X-ray microscopy 

X-ray microscopy is the union of the two previously mentioned 
breakthrough technologies. There are many variations of the concept, 
utilizing different parts of the X-ray spectrum and for a wide range of 
applications, with researchers constantly exploring new ones. A selection 
of techniques used for imaging includes: contact [22], point projection 
[23, 24], full-field operating with amplitude and phase contrast 
(XRM/TXM) [25], scanning transmission (STXM) [26], holographic [27], 
diffractive [28] and ptychographic [29] imaging, to name a few. 

The appeal of X-ray microscopy for biological imaging is due to a 
combination of factors that allows the technique to do high-resolution 
imaging of whole samples in their natural state. Of special interest is 
operation in the water-window part of the X-ray spectrum, where the 
difference in absorption between water and proteins makes for an 
excellent natural contrast mechanism to probe the structure of bio-
samples. 

The shorter wavelength of X-rays lowers the resolution limit imposed 
by Eq. 1.1 compared to visible-light microscopes, but in terms of 
resolution the electron microscope is still indisputably superior. 
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However, considering the maximum allowable radiation dose delivered to 
a biological water-and-protein cryo-fixated sample, X-ray microscopy 
operating in the water-window outperforms electron microscopy at 
sample thicknesses of > 0.5 µm [30]. Currently X-ray microscopy is the 
only technology capable of nanoscale imaging of intact cells of > 1 µm 
thickness in their near-native state [31, 32]. 

This work deals mainly with full-field soft X-ray microscopes, 
hereafter referred to as XRMs, operating in the water-window. 

1.4 This work 

This work builds upon Paper A-F appended in this Thesis. In chapter 2 
soft X-rays, their properties and interactions with matter are discussed. 

In chapter 3 the imaging process in an XRM is described and a 
mathematical model for wave-propagation is derived. The model is 
implemented as a numerical algorithm for simulating the image 
formation of a general 3D object (such as a cell) and its accuracy is 
verified and results compared with previous results and experiments. 

Tomography and the challenge of a limited depth of focus are briefly 
discussed in chapter 4, and a novel approach to mitigate the limited 
depth-of-focus problem is suggested. The approach is demonstrated to 
yield higher resolution in the full sample for theoretical as well as 
experimentally acquired tomography-data than conventional methods. 

In chapter 5 the Stockholm XRM is described, and the important 
factors for achieving a stable high-brightness liquid-nitrogen-jet laser-
plasma source are discussed. Furthermore a software controller system is 
presented that connects to the microscope’s instruments and sensors and 
provides a clean user interface for the operator and a platform for tools 
and scripts. 
 
 





 

Chapter 2 

2 Soft X-rays and X-ray microscopy 

2.1 Introduction 

Soft X-rays occupy the range in-between extreme ultraviolet and hard X-
rays. There are no hard limits on the range, rather the application and 
characteristic of the X-ray radiation determines if it is “soft”. However, 
many have adapted the loose definition of the soft X-ray range as 
extending from photon energies of 250 eV to “several keV”, 
corresponding to the wavelength range 5 nm – “some 0.1 nm” [33]. As 
noted in the previous chapter, the soft X-ray region is characterized by 
the presence of absorption edges and high amount of absorption in 
general for all elements. While hard X-rays immediately found 
applications in, e.g., medical imaging [14] and crystallography [15-17], the 
shallow penetration depth of soft X-rays in air made them more 
challenging to use because of vacuum requirements [33]. At the same 
time, it is precisely the high amount of interaction with matter that makes 
the soft X-rays a very sensitive tool to use for analysis. In particular, and 
of importance for biological applications, is the photon energy range 284 
eV – 543 eV (wavelength range 4.37 nm – 2.28 nm), corresponding to the 
K-absorption edges of carbon and water, respectively. In this range, 
known as the water-window (see Fig. 2.1), the radiation has sufficiently 
long attenuation length to penetrate cell-sized objects, and equally 
important: carry a strong signal for biological specimens due to the 
natural contrast mechanism exhibited by the difference in absorption 
between (oxygen-rich) water and (carbon-rich) proteins. 
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Figure 2.1: At 284 eV – 543 eV (4.37 nm – 2.28 nm) in the EM-
spectrum lies the water window, bounded by the absorption edges of 
carbon and oxygen. Microscope operation in this range exhibits a 
natural contrast for a water-and-protein sample. 

2.2 Interaction with matter 

Following the discovery of X-rays it was debated for a time whether they 
were of corpuscular (particle) or light nature. Röntgen himself noted in 
his original publication [13] that the newly discovered rays did not refract 
or reflect (noticeably) as light ought to do. Also, the energy transfer 
seemed inconsistent with the current theory of light [15]. Now it is known 
that X-rays are light, albeit of short wavelength, that it experiences an 
index of refraction very close to unity in all materials and therefore 
reflects and refracts very weakly and that the inconsistencies are resolved 
by the quantum theory of light that was developed at the same time [34-
36].  

A rigorous treatment of the subject requires delving into quantum 
electrodynamics, but for this work a simpler semi-classical model of 
radiation and matter will suffice. The radiation’s interaction with matter 
is described by quantum theory as photons carrying the energy ħω, where 
ħ = 6.582119514 × 10-16 eV·s is the reduced Planck constant and ω = 2πf  
is the photon’s angular frequency. The light’s propagation, however, is 
described as a wave-motion with velocity c = 299 792 458 m/s. The two 
fundamentally different paradigms are reconciled by treating the 
intensity calculated using wave-mechanics as the statistical expected 
number of photons occupying a certain state or location. 
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Should a photon be intercepted by an atom or free electron, there are 
various processes that can take place. The probability measure for each 
process is given as a cross-section, representing the effective hit-surface 
that the photon experiences. The important processes for soft X-ray 
radiation are elastic scattering and various photo-absorption processes. 

The elastic scattering and absorption of soft X-rays may be modelled 
as the result of forced oscillations of electrons. Using this simple yet 
useful model a material’s interaction with EM radiation may be described 
by the complex index of refraction [16] 

 1n iδ β= − −  , (2.1) 

where δ and β represents the amount of phase shift and attenuation per 
wavelengths λ traversed in the material, respectively. In complex 
notation, a plane wave Eω of angular frequency ω = 2πf is manipulated by 
matter according to  

 ( )( , ) (0,0)exp ( )t i t nω ω ω= − ⋅E r E k r  , (2.2) 

where the wavevector k gives the direction of propagation and has 
magnitude 2π/λ. The notation using δ and β in the complex index of 
refraction is customary in the X-ray region [33], up to a sign convention 
for iβ which may differ. 

Both parts, δ and β, of a material’s index of refraction are strongly 
wavelength dependent. Especially around the absorption-edges of the 
constitutive elements, where electronic transition energies of the atoms 
match the photon energy, the atomic response is very sensitive to 
wavelength. 

2.3 Sources 

2.3.1 Accelerator-based 

Synchrotrons and X-ray free electron lasers make use of the radiation 
emitted by accelerating charged particles, here electrons, moving at 
relativistic speeds. The electrons are guided along a trajectory by focusing 
elements and bending magnets and intercepted by insertion devices 
where static magnetic fields cause accelerative motion in the transverse 
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Figure 2.2: Synchrotron-radiation sources and their characteristic 
spectra. The harmonics of the undulator emission can be shifted, thus 
accessing a broad spectrum. 

direction, either as a simple bend (bending magnet) or as a number of 
oscillations (insertion devices). 

Due to the special theory of relativity the emitted radiation from the 
near-light-speed electrons is concentrated to an extremely narrow 
forward-pointing cone. Additionally, when changing from the electron’s 
frame of reference to the lab frame of reference, the radiation’s spectrum 
is shifted to the X-ray region. 

The three structures where synchrotron-radiation is produced are the 
previously mentioned bending magnet (BM) and two types of insertion 
devices: wigglers (W) and undulators (U). The structures are 
characterized by how they manipulate the electrons’ trajectory and the 
nature of their emission. The bending magnet, required for all storage 
rings, constitutes a single bend and yields broadband emission. The 
wiggler is in a simplified sense a sequence of bending magnets, 
multiplying the output emission with the number of bends. In the 
undulator the electron trajectory’s deviation from the center is smaller 
and there is more overlap between each bend’s radiation cone, to the 
effect that interference sorts the radiation spectrum into narrow 
bandwidth harmonics. Fig. 2.2 illustrates the sources and their 
characteristics. 

Synchrotrons generally run many beamlines simultaneously, each 
with a bending magnet or insertion device producing radiation that after 
some beam-conditioning enters the experiment station. Modern (third-
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generation) synchrotrons generally have all source-structures 
represented. As such, a synchrotron can host a wide variety of 
experiments and serves many different scientific branches. The 
synchrotrons currently hosting XRMs are ALS [37], BESSY II [38] and 
ALBA [39]. Diffraction limited storage rings like upcoming MAX IV [40] 
show promise to be excellent light sources of microscopy. 

The X-ray free electron laser (XFEL) is an emerging technique with 
five facilities currently in operation [41-45], and more under 
commissioning [46, 47]. The XFEL utilizes a linear accelerator that 
injects relativistic electrons into a long (several 10s of meters) undulator. 
The electrons in the undulator react to the emitted radiation so as to line 
up in microbunches that synchronize their motion and effectively create a 
gain medium for self-amplified spontaneous emission (SASE). Once 
SASE has been established the electrons emit coherently, adding to the 
EM-field’s amplitude rather than its intensity, boosting the brightness 
several orders of magnitude. 

Accelerator-based sources are the brightest artificial sources for X-
rays and provide a platform for a wide variety of experiment stations in 
need of high X-ray flux. Other advantages include the tuneability over a 
wide range of photon energies, availability of high degree of coherence 
and polarization-control.  

2.3.2 Plasma 

A plasma source is an attractive alternative to accelerator-based sources 
for some applications. The spectrum emitted from a plasma is a mix of 
the bremsstrahlung generated by free electrons constantly accelerated by 
ions, and line emission from bound electrons transitioning between 
energy levels. 

The shape of the total emitted spectrum of a plasma depends on its 
temperature and the transition probabilities between the atomic orbitals 
of its constituents. The most active area in the spectrum is found by 
Wien’s displacement law, stating that for a black body of temperature T 
(measured in kelvin, K) the brightest emission is at wavelength 

 max 2900μm K /Tλ = ⋅  . (2.3) 
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Although black-body radiation does not take line emission into 
account, the intensity of the line with wavelength λ is highest when 
matched by λmax. Of particular interest are the K-alpha emission lines, 
corresponding to electron transitions to the innermost shell, which are 
strong spectral lines (for high enough temperatures) and typically located 
in the soft X-ray region [33]. 

A lab-generated hot dense plasma has very short lifetime since it 
quickly expands and dissipates its heat. Therefore their operation 
requires that a large amount of energy is deposited into the plasma 
volume in a short amount of time. Means of exciting the plasma include 
high-power pulsed laser operating on gas puffs [48], liquid jets [49] and 
solids [50], and electric discharge operating in conjunction with pinch 
plasma-confinement [51]. 

Plasma sources are far behind accelerator-based sources in terms of 
brightness and lack the possibility to tune the photon energy during 
operation. Also they do not emit coherent or polarized light. However, 
they can be built much more compactly than accelerator facilities, 
providing a low-cost alternative with much higher availability. The 
development of such sources promises to spread some of the techniques 
earlier reserved only to accelerator-based sources to a wider scientific 
community. 

2.3.3 Other sources 

Water-window emission from X-ray lasers [52] and non-linear high-
harmonic generation [53] have been demonstrated and even used for 
imaging, but their average brightness levels have so far been weak 
compared to the accelerator and plasma-based sources.  

2.3.4 Average spectral brightness as figure of merit 

It is customary to compare different X-ray sources by their average 
spectral brightness B, defined as 

 
2 2

 [s] [mm ] [mrad ] 0.1% BW

photons
B

time area solid angle
=

× × ×
 . (2.4) 

The average spectral brightness measure is natural since it is invariant to 
temporal, spatial, angular and spectral filtering by ideal devices. The 
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relevance of this measure for full-field 
microscopy can be understood by 
formulating the ultimate goal of an 
acquisition as to get information from the 
sample to the detector. In other words, the 
illumination system should provide as 
many photons (photons/time) of 
compatible wavelength (0.1 % BW) as 
possible within the field of view and inside 
the acceptance angle of the objective (area 

× solid angle). The average spectral 
brightness of a selected set of sources is 
plotted in Fig. 2.3. 

While it appears in this figure that the 
compact sources are behind the 
synchrotron-based sources by 5 – 9 orders 
of magnitude in performance, it is 
partially misleading. For XRM, a smaller 
spot size, a more narrow illumination cone 
or narrow bandwidth than the experiment 
actually requires will favor the average-
spectral-brightness number, without 
favoring the acquisition. Another more 
relevant measure for XRMs would be the 
photon flux at the sample plane in the 
objective’s field of view, acceptance angle 
and bandwidth window. The synchrotron 
beamlines hosting XRMs, e.g., XM-1 [37], 
U41-TXM [32] and MISTRAL [39], yield  
 
Figure 2.3: The average spectral 
brightness of a few XFEL- and 
synchrotron-based sources [54], of which 
some are hosting XRMs (BESSY II (U), 
ALS (BM) & ALBA (BM), and some 
compact plasma sources [48, 49, 51]. 
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something in the order of 2 × 1010 photons/s using this measure, while 
the Stockholm XRM’s plasma source produces approximately 2 × 108 
photons/s [Paper C]. The two orders of magnitude’s difference using this 
merit is distinct, but not as much as the average-spectral-brightness 
merit makes it. 

Another example of when another merit than average spectral 
brightness is relevant is for experiments that require ultra-short pulses of 
high peak spectral brightness [55, 56]. This is the measure for which 
XFELs truly shine due to the femtosecond-short pulses they produce. 

In conclusion, the average spectral brightness is an important 
measure for benchmarking, but the experiment requirements determine 
what figure of merit is most relevant. 

2.4 Optics for soft X-rays 

Since X-rays refract and reflect very weakly it is challenging to make 
optics for redirecting and focusing light in the X-ray spectrum. For soft X-
rays refractive optics is simply precluded since no material yield a 
significant amount of refraction within one absorption length of 
propagation. 

2.4.1 Reflective 

There are however two cases where a high amount of reflectivity is still 
achieved: glancing incidence and multilayer mirrors. 

A multilayer mirror consists of thin layers alternating between two 
materials of different index of refraction. Common combinations for 
water-window radiation include chromium with one of scandium (Cr/Sc), 
titanium (Cr/Ti) or vanadium (Cr/V). At normal incidence constructive 
interference intensifies the reflectivity of radiation with wavelength twice 
the multilayer period (thickness of a bilayer). Consequently the layers 
should have nm-scale thickness for soft X-rays, requiring extreme 
precision in the deposition process [57]. Local normal-incidence 
reflectivities of 32 % at λ = 3.11 nm (Cr/Sc), 17 % at λ = 2.73 nm (Cr/Ti) 
and 9 % at λ = 2.42 nm (Cr/V) have been reported [58]. For microscope 
optics the requirement on uniformity over a large area makes 
reflectivities around 3 %, depending on wavelength, more realistic [59], 
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although recent developments show promise of > 4 % reflectivity in the 
near future. 

X-rays, for which (the real part of) the index of refraction is < 1, 
experience total external reflection when incident on a surface at such 
low glancing angle that Snell’s law admits no solution for refracted rays. 
Thus grazing incidence optics – curved mirrors designed to be used 
within the glancing angle of total external reflection – provide an efficient 
method for focusing X-rays. Efficiencies exceeding 80 % are reported [38, 
60] Also here a sub-wavelength precision is necessary in the fabrication 
process [57]. 

2.4.2 Diffractive 

Another method of redirecting X-rays is by using diffraction gratings that 
split the radiation into several diffraction orders. The Fresnel zone plate 
(ZP) is a circular symmetric grating with period that decreases with 
radius in such a way that it acts as a positive thin lens for light in the 
positive diffraction orders [61]. For soft X-rays a common design is with 
N zones that alternate between material and non-material at radii rn, 
determined by 

 ( )
22 2nr n f nλ λ= +  , (2.5) 

for each zone number n ≤ N, where f is the desired focal length for the 
first order diffracted light at wavelength λ. Traditionally the first 
diffraction order has been used for imaging since it typically yields the 
highest efficiency, but imaging with higher orders is possible and has 
been demonstrated [62]. The focal length fm of diffraction order m is f/m 
and the efficiency of odd orders are 1/m2 of the 1st order [33]. The even 
orders of diffraction completely cancel out. 

From this design an expression for the NA of the ZP’s mth diffraction 
order can be calculated, which inserted in Eq. 1.1 gives for the Rayleigh 
resolution ∆r the simple relation 

 1.22
N

r r m∆ = ∆  , (2.6) 

expressed in the outermost zone-width ∆rN. Figure 2.4 illustrates a ZP, its 
outermost zone-width and diffraction orders. 
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Figure 2.4: Fresnel zone plate (ZP) with outermost zone-width ∆rN, 
diffraction orders m=1, 3 and 5, and depth of focus (DOF). 

Aside from the manufacturing accuracy, the efficiency of the ZP is 
determined by the material and the zone thickness. Thus, a high-
performing ZP should have narrow outermost zone-width and thick zones 
in order to be high-resolving and efficient, respectively. The combination 
is a challenging fabrication task. 

Features in the ZP’s focal plane are imaged to the detector plane with 
the diffraction limited resolution of Eq. 2.6. As features move out of focus 
they gradually blur in a fashion that is highly illumination dependent 
[63]. However, for all cases it is customary to define the depth-of-focus 
(DOF) as one would for a thin ideal lens [33] 

 
2

2 2

4

( )

N
r

DOF
m NA m

λ

λ

∆
= =

⋅
 , (2.7) 

as the distance on the optical axis where the intensity is >80 % of the 
maximum intensity for a focused plane wave. 

2.5 Schematic and brief explanation of XRM 

The design of the X-ray microscopes considered in this work (soft X-rays, 
full-field, transmission) is similar to that of a conventional microscope in 
that it has the same basic components: light source, condenser, sample 
holder, objective and detector, as shown in Fig 2.5.  

2.5.1 Source 

The soft X-ray source is one of the synchrotron- or plasma-based sources 
discussed in section 2.3. While many compact sources have demonstrated  
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Figure 2.5: Simplified illustration of the basic components in a full-
field transmission X-ray microscope, here with a grazing incidence 
condenser and zone-plate objective. The undiffracted light (red) 
propagates through the system without hitting the detector. The light 
scattered by or transmitted through the object and focused by the 
objective (blue) forms the image. 

microscope operation [48, 51, 64], most biological applications have been 
performed at synchrotron facilities [65-69]. However, now some table-
top systems are reaching brightness levels were biological imaging in 
many applications is feasible [70]. 

2.5.2 Condenser 

For the condenser there are many possibilities within the optical 
elements suited for soft X-rays. Grazing incidence [32], multilayer 
mirrors [59], and large ZPs [37] have all been explored. Which focusing 
element is optimal depends on the source characteristics and the type of 
experiment is to be performed. 

It is customary in XRM to use critical illumination, wherein the 
source is imaged by the condenser to the sample plane by a single optical 
element [61]. If the image of the source is smaller than the field of view, it 
may be scanned during an exposure to provide the entire view with light 
[38]. If the source’s image is larger than the field of view, photons are lost 
and the problem with stray light worsens [63]. 

Under normal imaging conditions in XRM, the condenser nominally 
produces a uniform hollow-cone illumination, characterized by the 
numerical apertures NAillmin and NAillmax of the hollow cone’s inner and 
outer surfaces, respectively. The point of the hollowness is to avoid 
shining undiffracted light on the detector which would severely degrade 
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image quality. Often only the NAill, referring to NAillmax, is stated. The 
influence of the illumination’s shape is further discussed in Sect. 3.3.1. 

2.5.3 Sample 

The sample, in case of hydrated cells, is usually cryo-frozen before being 
transferred to the vacuum of the microscope. The cryo-fixation allows a 
hydrated specimen into the vacuum and protects the structural integrity 
of the cells against radiation damage. This combination enables the 
imaging of whole cells in their near-native state, which is the strong point 
of XRMs. The sample holder may, aside from customary x- , y- and z-
stage have tilt capability in order to collect tomographic datasets. 

2.5.4 Objective 

A ZP is usually used for objective [71, 72], due to its aberration free 
imaging at high resolution [61], although grazing incidence optics is also 
utilized albeit at much lower resolution [73, 74].  

2.5.5 Detector 

Finally the intensity image is recorded at a charge-coupled device (CCD) 
where incident photons build up charges at the pixels which are digitally 
read. Important parameters of a CCD include quantum efficiency (the 
detection probability of a photon), readout- and dark current-noise, 
readout time, and dynamic range. 
 
 



 

Chapter 3 

3 Image formation in X-ray microscopy 

3.1 Introduction 

A capable image formation model is of utmost importance in several 
phases of a developing a technology such as XRM. In the design phase the 
model can predict what information the microscope can bring out from 
the sample and what the critical parameters are. During operation the 
model may be used to extract quantitative data from the images, and on 
encountering unexpected results it may aid in finding an explanation. In 
the post-processing step the model may be incorporated in algorithms for 
further refinement of the extracted data. However, an image formation 
model is inherently an approximation of the real imaging scenario. What 
approximations are justified and how accurate a model is required 
depends ultimately on what the study of interest is. 

In this chapter the theory behind three different image formation 
models suitable for XRM are reviewed, with a special emphasis on the 
assumptions and approximations undertaken. The three models are: 
simple projections, (coherent and incoherent) imaging of thin objects and 
imaging of 3D objects. For the latter an implementation and some results 
are presented. 

3.2 Theory of wave propagation 

This section goes through the governing laws of classical electrodynamics, 
finding an (explicit) form for propagating the EM field through an 
arbitrary geometry. Similar treatments are found in many textbooks, e.g., 
Refs. 33, 75, 76. 
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3.2.1 Maxwell’s equations 

In classical electrodynamics the EM interaction with matter is governed 
by Maxwell’s equations. In a form that distinguishes free and bound 
charge, the equations may be stated [75] 

 

0

t

t

ρ
∂

∇× = − ∇ ⋅ =
∂

∂
∇ × = + ∇ ⋅ =

∂

B
E D

D
H J B

    , (3.1) 

where E, H, D, B and J are the electric, magnetic, electric displacement, 
magnetizing and current density vector fields, respectively, and ρ is the 
charge density. The symbols × and · represent the cross product and dot 
product, respectively. (The symbol × is also used at some places in this 
work to denote multiplication between scalars. Its use makes the meaning 
unambiguous). Lastly, the symbol ∇ is the vector differential operator, 
and in extension “∇ ×” is the curl operator and “∇ ·” is the divergence 
operator acting on a vector field. All fields are dependent on position r 
and time t which, although not explicitly expressed in the equations 
unless there is reason to emphasize the dependence, is implicitly 
understood. 

3.2.2 Superposition principle and the time-harmonic form 

Whereas ρ and J describe the density and flux of free charges, the effect 
of bound charges are embedded in how the displacement field D and 
magnetizing field B responds to the electric field E and magnetic field H, 
which is determined by the medium. In vacuum the constitutive relations 
describing the interaction between D and E and between B and H read: 
D = ε0E and B = µ0H where ε0 and μ0 are the electric permittivity and 
magnetic permeability of vacuum, respectively. However, in the most 
general case the constitutive relations may be complicated and not easily 
lend themselves to further analytical treatment [75].  

Here a linear medium is assumed, i.e. the constitutive relations fulfill 
the superposition principle: f(x + y) = f(x) + f(y) and f(ax) = a f(x), 
making the entirety of Maxwell’s system of equations also linear. It is 
then possible and convenient to consider components of different 
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oscillation frequency f separately. For this purpose the time-harmonic 

electric field Eω is introduced, related to the electric field through a 
Fourier transform and inverse transform, given by 

 
( ) ( , )

( , ) ( )

i t

i t

t e dt

t e d

ω
ω

ω
ω ω

−

+

=

=

∫

∫

E r E r

E r E r
 , (3.2) 

respectively, where i is the imaginary unit and ω = 2πf the angular 
frequency. Similarly the time-harmonic fields Hω, Dω, Bω, Jω and ρω are 
introduced for the other quantities in Eq. 3.1, all sub-indexed with ω. 

Note that the time-harmonic fields are complex in value, in contrast to 
the original fields of Eq. 3.1. The phase and magnitude of the complex 
value is the phase and magnitude of a quantity’s ω-oscillations. 

Making a stronger claim about linearity in the medium, it is now 
assumed that at angular frequency ω the constitutive relations are given 
with the medium’s local electric permittivity εω(r) and magnetic 
permeability µω(r) as proportionality constants  

 
( ) ( ) ( )

( ) ( ) ( )

ω ω ω

ω ω ω

ε

µ

=

=

D r r E r

B r r H r
 . (3.3) 

3.2.3 Vector and scalar wave equation 

With the newly introduced complex time-harmonic quantities and further 
assuming that the medium has no free charges (J = ρ = 0), Maxwell’s 
equations yield 

 
0

0

i

i

ω ω ω ω ω

ω ω ω ω ω

ωµ ε

ωε µ

∇× = ∇⋅ =

∇× = − ∇⋅ =

E H E

H E H
    , (3.4) 

after insertion of Eq. 3.3 into Eq. 3.1, and reducing by the common factor 
e–iωt. 

For an isotropic medium, which is henceforth assumed, εω and µω are 
scalars. Extension to anisotropic materials by having them be tensors of 
rank 3 is possible, but not investigated in this work. 
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The theory is further restricted to non-magnetic materials by having 
the magnetic permeability μω equal the vacuum permeability μ0. Next the 
vector identities [75]  

 ( ) ( ) 2 andω ω ω∇× ∇× = ∇ ∇⋅ −∇E E E  

 
( ) ( )ω ω ω ω ω ωε ε ε∇⋅ = ⋅∇ + ∇⋅E E E

 , 

are used on Eq. 3.4 to decouple the fields and obtain for Eω the self-
contained vector differential equation 

 2 2

0
( ) 0ω ω ω ω ω ωε ε ε µ ω∇ + ∇ ⋅ ∇ + =E E E  .  (3.5) 

In cartesian coordinates, r = (x, y, z), only the second term of Eq. 3.5 
couples the components of Eω = (Ex, Ey, Ez)ω. As revealed by the ∇ε/ε-
factor the coupling occurs in an inhomogeneous medium because of the 
relative change in electrical permittivity. Pseudo-homogeneity in the 
medium is now assumed, in the sense that although the medium is 
inhomogeneous the gradient ∇ε interacts so weakly with the EM-field 
that the coupling term of Eq. 3.5 may be dropped. Without coupling, the 
equation for each component { , , }x y zψ ∈ of Eω may be stated as 
independent scalar wave equations 

 

2 2
2

2, , 0
n

E E
c

ω
ω ψ ω ψ

ω
∇ + ⋅ =  ,  (3.6) 

where c = (ε0 μ0)-½ is identified as the speed of light and nω = (εω/ε0)½ is 
the medium’s complex-valued index of refraction (defined earlier). As the 
equation of 3.6 is identical for the x-, y- and z-component the sub-index 
ψ is dropped and the scalar wave equation stated 

 
2 2 2

0, 0E n k Eω ω ω ω∇ + ⋅ =  ,  (3.7) 

where the vacuum wavenumber k0,ω = ω/c = 2π/λ is introduced for an 
even more compact form. Now that it has been clarified what quantities 
depend on ω those sub-indices will be dropped as well, but the frequency 
dependence is implicitly understood from here on. 
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3.3 Theory of coherence and interference 

Suppose now that an extended source produces a beam of EM radiation 
that is intercepted by a surface Q. By the Huygens principle [2], the 
continued propagation of light can be treated as originating from a set of 
secondary sources q at Q. 

The electric field with angular frequency ω from a single point source 
q shall henceforth be denoted Eq and is treated according to the previous 
section’s theory, thus satisfying the wave equation 3.7. 

Now, however, the theory is loosened somewhat by allowing the ω-
oscillations at q to shift in phase randomly over any amount of time. 
While this contradictory statement is an abandonment of the strictly 
monochromatic definition of Eq. 3.2, by allowing a narrow bandwidth Δω 
for each angular frequency ω, it works out if the integral transform is not 
too densely sampled (dω > Δω). Furthermore, it has a clear physical 
interpretation: The emission events generating the radiation at the 
extended source, whether from a plasma or accelerator, have a finite 
duration after which they are succeeded by new emission events of 
uncorrelated phase [77, 78]. 

In this statistical approach to wave propagation, the most natural 
definition of intensity I at a point p is as the time-average of the squared 
norm of the electric field 

 ( ) ( ) ( )*I E E= ⋅p p p , (3.8) 

where the brackets <> denote time average and the symbol * denotes 
complex conjugate. In the presence of multiple sources the mutual 

intensity J and the degree of coherence γ are important factors for 
determining the propagation of intensity. Both are functions of two 
spatial positions p1 and p2 [79] 

 1 2 1 2( , ) ( ) ( )*J E E= ⋅p p p p  ,        and (3.9) 

 1 2 1 2 1 2
( , ) ( , ) ( ) ( )J I Iγ = ⋅p p p p p p  . (3.10) 

Note how the degree of coherence, being two points’ mutual intensity 
normalized to the geometric mean of the points’ intensity, is a complex 
number with a magnitude in the range [0, 1]. A magnitude of 0  
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Figure 3.1: Degree of coherence γ between a reference and four signals 
respectively, shown as complex phasors to the right. Note that only the 
relative phase shift, and not amplitude, is relevant for the value of γ. 

corresponds to no phase correlation at all, while a magnitude of 1 means 
perfect correlation. Its phase reveals the offset of the two points’ 
oscillations phase. Fig. 3.1 illustrates varying degree of coherence among 
different oscillating signals. 

The general equation describing the propagation of mutual intensity 
through an arbitrary optical system from a surface Q of illumination to a 
surface D of detection is given by [79] 

 1 2 1 2 1 1 2 2 1 2( , ) ( , ) ( , ) ( , )*J J K K dq dq= ∫ ∫d d q q q d q d
QQ

  (3.11) 

Where K(q,d) is the transmission function that maps a unit-amplitude 
oscillation at q to d, and dq1 and dq2 are area elements of Q. Provided 
that Eq(d) is known, the transmission function is given by normalization 
with amplitude and area element of the source point 

 ( , ) ( ) ( )K E I dq= ⋅qq d d q   (3.12) 

Using this and going to a discrete sum over q1 and q2 instead of the 
continuous integral of 3.11 yields an expression for the intensity I(d) at D  

 
1 2

1 2

1 2

,

( ) ( , ) ( , ) ( ) ( )*I J E Eγ
∈

= = ⋅ ⋅∑ q q

q q

d d d q q d d
Q

 , (3.13) 

where it has been noted that J(d, d) is equal to I(d) by the definition of 
mutual intensity in Eq. 3.9. 

In the case that there is no correlation between source points, i.e. 
γ(q1,q2) = δ(q1,q2) = 0 for all q1 ≠ q2 and 1  for q1 = q2, Eq. 3.13 reduces to 
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the incoherent case where the total intensity is simply the sum over each 
individual source point’s contribution 

 ( ) ( )I I
∈

=∑
q

qd d
Q

 . (3.14) 

However, where there is a correlation between different points q1 and q2, 
mixed terms of the form Eq1(d) Eq2(d)* will contribute to the sum of Eq. 
3.13, bringing out their mixed spatial frequencies to the intensity image. 
This may give rise to interesting interference patterns as the phase 
difference varies over the detection surface, and provides a mean to probe 
the phase shift of an electric field. This is the basis of, e.g., interferometry 
and Young’s double slit experiment. 

Equation 3.13 describes very generally the image formation in the 
partially coherent case, of which coherent and incoherent imaging are 
special cases. In the coherent case there is perfect correlation, |γ| = 1, for 
all pairs of source points (or there is only one source point), and in the 
incoherent case all source points are pairwise uncorrelated and present in 
all directions. 

3.3.1 Imaging performance in partially coherent imaging 

In XRM, correlation between source points are generally unwanted as it 
introduces speckle phenomena to the image which may be hard to 
interpret. Should a large portion of the condenser be coherently 
illuminated, it is customary to use one of many anti-speckle strategies 
such as a moving diffuser or wobbling condenser [80]. 

Even when all source points are uncorrelated the imaging will be 
partially coherent if not all directions are represented. Indeed, this is the 
typical case in all microscopy since the illumination’s NA is limited. Here 
Refs. [79, 81] are followed in defining the m-parameter 

 ill objm NA NA=  , (3.15) 

as a qualitative measure of the degree of coherence due to this factor. In 
the limiting cases � = 0 and � → ∞ the imaging is coherent and 
incoherent, respectively, and for everything in between the imaging is 
partially coherent. However, already at � ≥ 1 the imaging can to a good 
approximation be considered incoherent [61]. 
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Figure 3.2: The OTF’s magnitude, i.e. modulation transfer, for a 30 nm 
ZP at three different illumination NAs. For comparison the spatial 
frequency corresponding to the Rayleigh-resolution of Eq. 2.6 is plotted 
as well. 

Rather than the Rayleigh resolution it is more informative to consider 
the imaging system’s optical transfer function (OTF) in a discussion 
about the imaging performance. Simply put the OTF states how faithfully 
a spatial frequency υ in the object plane is transferred to the image plane 
[76]. 

The theoretical OTF, based on Goodman’s reasoning on overlapping 
areas [76], for some different values of the m-parameter is plotted in Fig. 
3.2 for a 30 nm ZP. It shows clearly that the maximum achievable 
resolution increases with more incoherent illumination but yield lower 
contrast at the lower spatial frequencies. Note however that the OTF was 
evaluated for a solid cone illumination, whereas in XRM the illumination 
cone is typically hollow. The same theoretical treatment is still valid, but 
generate rather different OTFs (see, e.g., Ref. 62) than those shown in 
Fig. 3.2. Thus the m-parameter alone is not a complete description of the 
partially coherent illumination. 

3.4 Photon noise 

The theoretical treatment of X-rays’ wave propagation has so far been 
performed in the classical electrodynamic realm. An extension to the 
semi-classical is here adapted by considering the quantum nature of 
photons in the detection apparatus. As mentioned in Sect. 2.2, photons 
with angular frequency ω interact with an energy quanta ħω, where ħ is 
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the reduced Planck constant, and the intensity calculated using classical 
theory is to be interpreted as an average rate of photons. 

For an average intensity of I incident on the area A, and considering 
each photon as an independent event, statistics states that the probability 
P(A, ∆t, N) of N photon events during a time-frame ∆t is given by the 
Poisson distribution [78] 

 
( )

( )( , , ) exp
!

N
I A t

P A t N I A t
N

ω
ω

⋅ ⋅ ∆
∆ = − ⋅ ⋅ ∆

ℏ
ℏ  . (3.16) 

For the purpose of simulating imaging with photon noise, given an 
intensity image I, a photon image I is generated as the outcomes of 
discrete random variables for each pixel element  

 { }: ( , , )N P A t N= ∆I  , (3.17) 

with the probability distribution P of Eq. 3.16, where A is the pixel area 
and ∆t is the exposure time. 

This source of noise is inherent in the quantum description of light, 
even for an ideal detector. Additional sources of noise in a non-ideal 
detector include conversion noise, readout noise, as well as a limited 
quantum efficiency [78], but for this Thesis only photon noise is 
modelled. 

3.5 Illumination bandwidth 

If the illumination has sufficiently narrow bandwidth, Eq. 3.2 needs only 
be sampled once for a single angular frequency ω. What exactly is a 
sufficiently narrow bandwidth depends upon how sensitive the intensity 
images are to ω. If a noticeable difference is present for images of 
different ω within the bandwidth, Eq. 3.2 should be sampled more 
densely to properly cover the illumination spectrum. As oscillations of 
distinctly different frequencies are uncorrelated over time, the imaging of 
each ω can be treated separately [76], and the final photon image is given 
by a direct sum of each ω‘s photon image 

 total ωω
=∑I I  . (3.18) 
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3.6 Image formation models 

The Eqs. 3.7 and 3.13 are the main results of the mathematical treatment 
undertaken so far and will serve as basis for the three image formation 
models contained in this chapter. Equations 3.16-3.18 add the possibility 
to include photon noise and polychromatic illumination to the models. 

The theoretical treatment of wave propagation and coherence shall 
now be used to derive some image formation models. Note that while the 
emphasis of this work is on full-field microscopes, the formalism is 
equally valid for scanning transmission microscopes (STXMs) [61, 82]. 

Consider a microscope with illumination, object, imaging optics and 
detector. While the intensity I and EM field E are everywhere defined, the 
superscripts Q, A, B, D, are used for certain surfaces/planes. They are, in 
their given order: source surface, object entrance plane, object exit plane 
and detector plane, respectively. The coordinate system is oriented so 
that the z- and optical axis coincide. See Fig. 3.3 for visual reference. 

Note also that for an analysis of an imaging setup, there is not an 
unambiguous choice for the surface Q of source points q. In this work the 
exit pupil of the illuminating condenser is the preferred choice, but other 
surfaces (at the source itself or in the illumination’s path) are possible, as 
long as the degree of coherence is properly taken into consideration. 

The goal of an image formation model should be to predict the 
intensity ID at the detector, as this is always the observed quantity [78]. 
For the reader’s comfort the mathematical formulas utilized in the 
different image formation models are summarized in Table 3.1. 

 

Figure 3.3: Visualization of planes and coordinate system. (Figure 
adapted from Paper A).  
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3.6.1 Simple projections 

Assuming that the electric field propagates in mainly the positive z-
direction through the medium and is unaffected by a gradient in the x- 
and y-direction, the ∂2E/∂x2 and ∂2E/∂y2 terms are neglectable so that 
only ∂2E/∂z2 remains of the Laplace operation ( 2∇ ) on E reducing Eq. 
3.7 to 

 
2

2 2

02
0

E
n k E

z

∂
+ ⋅ =

∂
 ,  (3.19) 

which is an autonomous second-order linear differential equation with 
solution  

 ( )0( , ) ( , ) exp ( , , )
z

z
E x y E x y ik n x y x dz= ⋅ ∫

B

A

B A  ,  (3.20) 

in the volume bounded by A and B. Equation 3.19 admits also a similar 
solution with the sign reversed in the exponent. It represents a wave 
travelling in the negative z-direction. It violates this section’s initial 
assumption and is not further considered. 

Taking the squared norm of Eq. 3.20 yields Beer-Lambert’s law [2] for 
the intensity 

 ( )( , ) ( , ) exp ( , , )
z

z
I x y I x y x y z dzµ= ⋅ −∫

B

A

B A  ,  (3.21) 

where µ is the local absorption coefficient (LAC), defined by µ = 2k0β. 
In the simplest reasonable image formation model, the intensity 

image at the detector is simply a geometric magnification of the intensity 
at the exit plane (z = zB) of the object 

 
2

1
( , ) ( , )I Mx My I x y

M
=D B .  (3.22) 

Note that in discarding here the wave nature of light, the coherence and 
interference effects treated in Sect. 3.3 did not enter the calculations. 
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3.6.2 Coherent imaging of thin objects 

For thin objects the electric field at the object’s exit plane B is again taken 
as the result of Eq. 3.20. Instead of geometrical magnification, the effect 
of a lens system is modelled using Fourier optics. 

For a single coherent mode of EM radiation, originating at the source 
point q and emerging at the object’s exit plane as Eq

B, the optical imaging 
system’s transfer function to the detector plane is given by a spatial 
filtering [76] as 

 { }{ }11
( , ) ( , )E Mx My E x y A

M

−= ⋅ ×
q q

D B
F F  , (3.23) 

where the filter A in this context is usually referred to as the aperture 

function. While Eq. 3.23 is very general and may be used to model the 
imaging of a broad set of scenarios, it is here restricted to an objective 
with circular aperture stop, numerical aperture NAobj, focal length f and 
no aberrations except defocus by an amount Δf. The aperture function, as 
a function of spatial frequency ν = (νx, νy), then takes the form [76] 
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With no defocus (Δf = 0), the aperture function is simply a circ-function 
that filters out spatial frequencies with magnitude higher than the cutoff 
νmax = NAobj/λ. 

3.6.3 Incoherent imaging of thin objects 

While the applicability of an incoherent imaging model in XRM may be 
debated, it yields an elegant analytical form for the intensity image 
worthy of mention  

 { }{ }1

2

1
( , ) ( , )I Mx My I x y OTF

M

−= ⋅ ×D B
F F  , (3.25) 

which is similar to Eq. 3.23 but operates on the intensity instead. The 
filter OTF is the objective’s optical transfer function, and is related to the 
aperture function in being its auto-correlation function. 
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3.6.4 Coherent imaging of 3D objects 

The theory derived in this section will mainly be used to follow EM 
propagating nearly parallel with the optical axis (or z-axis, c.f. Fig. 3.3). 
That is the usual situation in a low-NA transmission microscope. In this 
case it is computationally less demanding to consider the envelope of the 
fast λ-variations in E. The envelope u, defined by 
 exp������ =  �, yields 
for Eq. 3.7 the equation 

 2 2 2

02 ( 1) 0
u

u ik k n u
z

∂
∇ − + − =

∂
 .  (3.26) 

The envelope-equation does not incur any additional approximation 
(yet). Now however, the assumption is made that the envelope is slowly 
varying in the z-direction to the extent that ∂2u/∂z2 can be neglected, 
allowing the formulation of the differential equation 

 
2 2

2 2
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( 1)
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 ∂ ∂ ∂
= + + − 

∂ ∂ ∂ 
 ,  (3.27) 

also known as the parabolic wave equation (PWE) [83], that explicitly 
defines the evolution of the envelope from initial conditions at z = zA and 
knowledge about the medium’s index of refraction. Solving the PWE for 
the envelope yields the transmitted field Eq

B 

 0ik z
E u e= ⋅q q

BB B
 , (3.28) 

but the phase factor is often irrelevant and may be omitted from the 
calculations. 

3.6.5 Partially coherent imaging 

Application of Eq. 3.13 (or Eq. 3.14 in the case of no mutual coherence 
between the source points) yields the intensity image at the detector for 
the thin objects of Sect. 3.6.2 and the thick objects of Sect. 3.6.4. 

3.7 Review of assumptions and approximations 

3.7.1 The general theory 

• Classical electrodynamics [Eq. 3.1] 



IMAGE FORMATION IN X-RAY MICROSCOPY   |  33 

Although it is known to be an approximative theory, it is still applicable to 
a vast amount of cases. In particular its use for studying the X-ray 
propagation is customary [25, 33, 83, 84]. In a semi-classical model the 
photon’s quantum nature is sometimes invoked to account for 
phenomena as the photoelectric effect [34] and photon noise [78]. 

• Linear, isotropic and non-magnetic medium [Eqs. 3.3 and 3.5] 

In general inelastic scattering or birefringence are negligible for soft X-
rays [61], and in particular for biological matter magnetism is non-
existent. 

• Pseudo-homogenous [Eq. 3.6] 

Numerical investigations of X-rays’ propagation through thick structures, 
assuming that the electrical permittivity’s gradient has a negligible 
influence, has been done by Kopylov et al. [83], Kurokthin et al. [84] and 
others, producing credible results. To test the validity of the 
approximation, the author extended the 3D wave propagation algorithm 
to include the gradient in the numerical evaluation, but found negligible 
difference. 

• Quasi-monochromatic [Eqs. 3.8-3.13] 

XRMs typically operate with very narrow bandwidth-illumination. For 
ZP-based microscopes this is a requirement since ZPs have strong 
chromatic aberration (c.f. the f-dependence on λ in Eq. 2.5). In the typical 
calculation just a single wavelength is considered and Eq. 3.2 sampled for 
a single ω. 

3.7.2 Thin object approximation 

Discarding the ∂2E/∂x2 and ∂2E/∂y2 terms from Eq. 3.7  in order to state 
Eq. 3.19 effectively prohibits any propagation of the incident and 
scattered EM in the transverse directions. If either the object is very thin, 
or the illumination propagates parallel to the z-axis and is scattered very 
weakly, this approximation may hold. In the typical XRM imaging 
scenario this condition is not fulfilled. 
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3.7.3 Slowly varying envelope 

This assumption, leading up to the PWE (Eq. 3.27), is necessary to make 
a numerical evaluation of the wave equation computationally feasible for 
the problem sizes considered. Without it the wave equation is stiff, 
meaning that the iterations must proceed with unreasonable dense 
sampling to capture the fast oscillations and are also susceptible to 
numerical instabilities [85]. 

Note that Fourier optics makes use of the paraxial approximation 
which is a very similar statement about wave propagation that deviates 
only by a small amount from the optical axis [76]. Thus, for image 
formation models that make use of Fourier optics to model the lens 
function, the slowly varying envelope incurs no extra limitation. In 
particular the paraxial approximation and slowly varying envelope 
assumption hold for low-NA instruments such as XRMs. 

3.7.4 Numerical investigation 

The results of a numerical evaluation of Eq. 3.27 using the finite 
differential method (FDM) [85] was compared in Paper D against 
numerical evaluations using the finite element method (FEM) [86] and 
the rigorous coupled wave theory (RCWT) [87]. 

FEM, although applicable to a larger set of problems, is limited to 
comparatively small geometries. RCWT, while being a rigorous method 
free of the approximations required by FDM and FEM, is limited to 
analysis of periodic structures. The three methods are therefore 
compared in a scenario in which all methods are applicable. The scenario, 
first investigated in Ref. 88 using dynamical theory, considers the 
efficiency of the 6th diffraction order in thick gratings of rectangular 
nickel zones. 

For this scenario the consistent results, shown in Fig. 3.4, 
demonstrate the validity of each method’s respective approximations, and 
for the general case it strengthens the evidence of the methods’ proper 
function. 
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Figure 3.4: Comparison of the 6th order of diffraction’s efficiency for 
X-rays incident on thick nickel-gratings of different line-to-space ratios, 
and calculated using three different numerical methods: rigorous 
coupled wave theory (RCWT), finite differential method (FDM) and 
finite element method (FEM). Adapted from Paper D. See also Paper D 
and Ref. 88 for more details on the simulation scenario. 

3.8 3D wave propagation implementation 

Numerically, defining the field from a point source incident on the 
sample is a simple evaluation of the analytical expression for a spherical 
wave (at long distances to a good approximation a plane wave), and 
propagating the field transmitted through the object to the detector is 
elegantly performed using Fourier optics according to Eq. 3.23. This 
portion of the numerical task is readily solved, even at sizes up to 10.000 
× 10.000 sampling points, for standard desktop computers. 

However, the EM propagation through a thick sample may be 
computationally demanding. For this Thesis a 3D wave propagation 

algorithm suitable for normal desktop-computers was developed. The 
algorithm solves the PWE (Eq. 3.27) and is an extension of the numerical 
model of Bertilson et al. [63]. The algorithm propagates the EM-field 
iteratively in steps of ∆z from A to B using FDM for an Nx×Ny-grid of 
points. 
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Defining f as the right-hand-side of Eq. 3.27, the algorithm uses the 4th 
order Runge-Kutta (RK4) method [85], in which k1 - k4 are first defined as 
intermediate evaluations of f(z, u) = ∂u/∂z: 
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( , ) ( , )

( , ) ( , )

z z
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z z
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∆ ∆

= = + +

= + + = + ∆ + ∆
 , (3.29) 

which are then combined in the weighted sum 

 1
1 1 2 3 46

( 2 2 )n n nu u k k k k TBC+ = + + + + +  , (3.30) 

to estimate un+1 from un. TBCn is a term that manipulates the border 
elements of the current iteration’s field in order to enforce transparent 
boundary conditions [89]. 

The FDM implementation of this Thesis is explicit, meaning that each 
iteration is a direct evaluation of Eqs. 3.29 and 3.30. Implicit methods are 
better at handling stiff equation systems, where a too large step size 
throws off explicit methods into numerically unstable behavior [85]. 
However, their computation time is severely punished when going from 
2D to 3D. Explicit methods do not suffer this same punishment. 

The discussion on computational complexity from Paper A is 
summarized as follows: In the 2D-case where a strip of N points’ EM 
amplitude is propagated, explicit and implicit methods all have 
computational complexity O(N) per iteration step. In the 3D-case, where 
a grid of N=M×M points’ EM amplitude is propagated, the computational 
complexity is O(N2=M4) for implicit methods, but only O(N=M2) for 
explicit methods. Therefore, although implicit methods are readily used 
in many calculation tasks [63, 84] in the 2D-case, they are unsuited for 
the general 3D-case. 

As a final note on explicit and implicit methods: the step size for the 
3D FDM method presented in this Thesis has so far been limited by the 
desired sampling in the z-direction, rather than stability issues. 

The implementation of this Thesis operates on either an object volume 
described by a vectorized set of geometrical shapes that define the 
material content, or on a 3D voxel-grid of complex refractive index-
values. Figure 3.5 illustrates both object descriptions. Each mode of 
operation has its advantages over the other. 
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Figure 3.5: (a) A cell phantom defined by a vectorized set of simple 
geometrical shapes. (b) Slices from a 3D voxel data set of the same 
phantom. The 3D wave propagation algorithm is implemented for both 
types of object-descriptions. 

3.9 Results and comparison 

The proper function of this thesis’ 3D wave propagation algorithm is 
verified by calculating the image formation for a phantom used by Ref. 
63, as well as a phantom made to imitate diatom-frustules that were 
experimentally imaged at the XRM at BESSY II [38]. The calculated 
images show good agreement with earlier published results and the 
experimentally acquired data, respectively. 

3.9.1 Comparison with earlier 2D phantom object 

This thesis’ 3D wave propagation algorithm is compared against the 2D 
wave propagation algorithm of Bertilson et al. for the 2D water-and-
mylar phantom (Fig. 3.6a) used in Ref. 63, but extended along the x-axis 
in a constant matter (“extended 2D”, Fig. 3.6b) for the 3D method. 
It is natural that the methods, using the same underlying principles, 
should produce consistent results. Indeed, calculation of a focus series 
shown in Fig. 3.6d for the 2D algorithm and Fig. 3.6e for the 3D 
algorithm with profile plots in longitudinal direction (Fig. 3.6g) and 
transverse direction (Fig. 3.6h) confirm the consistency. 
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Figure 3.6: Focus series calculated on (a) the mylar-and-water 
phantom of Ref. 63 and extensions to 3D by (b) constant x-axis 
(“extended 2D”) and (c) spherical features such that the x=0-plane 
equals the original 2D phantom. The x=0-plane of the calculated focus 
series using the algorithm of Ref. 63 on the original 2D phantom (d), 
using the 3D algorithm on the extended 2D-phantom (e) and using the 
3D algorithm on the “true” 3D phantom (f) are depicted for qualitative 
comparison. For a quantitative comparison line profiles through a 
mylar feature are analyzed. The magenta lines in (h) shows the intensity 
variation in the mylar feature’s center as a function of defocus, while the 
blue, green and red in (i) are y-profiles at different defocus positions. 
“Normalized intensity” here refers to the ratio between the image 
intensity with and without object in the calculation volume. (Figure 
adapted from Paper A). 

  



IMAGE FORMATION IN X-RAY MICROSCOPY   |  39 

Next, to contrast the algorithms and demonstrate the necessity for a 
3D method, a simulation of the image formation using the 3D wave 
propagation algorithm is performed on a true 3D object. The 3D object is 
defined by replacing the cylindrical mylar-features of the phantom in Fig. 
3.6b with spherical mylar-features for the phantom in Fig. 3.6c. This 
object, while identical to the 2D object in the x=0-plane, cannot be 
represented in a 2D-description. Figure 3.6c shows a focus series 
calculated in the same manner as for the 2D object, with longitudinal and 
transverse profile plots included in Figs. 3.6g and 3.6h, respectively. The 
results show that the 3D mylar features’ DOF is shorter and yield stronger 
contrast reversal than their 2D counterparts’. 

Thus it has both been shown that the extended 3D method is 
consistent with the 2D method and that it provides new capabilities 
necessary to study the full 3D case. 

3.9.2 Comparison with experimentally acquired data 

In order to firmly establish the developed 3D image formation 
implementation as a feasible description of the physical image formation 
in an XRM, experimental data were acquired at the U41-TXM beamline 
[90] at HZB. As test objects the silica-rich frustules of diatoms were used, 
chosen because they have a rich 3D structure with high spatial 
frequencies and size similar to that of a typical mammalian cell. 

The imaging was performed at a photon energy of 510 eV (λ = 2.4 nm) 
with a 40 nm ZP, yielding according to Eq. 2.7 a DOF of 2.7 µm which is 
significantly less than the 14 µm of the object size. It is therefore clear 
that the thin object-approximation does not hold and a theory for thick 
objects must be used to correctly model the image formation. 

The ZP’s parameters results in the numerical aperture NAobj = 0.03, 
whereas the illumination has numerical aperture NAill = 0.02. The 
resulting m-parameter of 0.02/0.03 = 0.67 is well below the limit m = 1 
where incoherent imaging may be assumed. Thus the theory for 
modelling the image formation needs to include partially coherent 
illumination as well. The actual intensity distribution of the hollow-cone 
illumination was measured to allow for a proper comparison with 
simulations. 
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Figure 3.7: (a) Experimentally acquired focus series, at -5, 0 and +5 
μm defocus, of two overlapping diatom frustules. (b) A phantom 
rendered from different viewing angles, designed to have similar 
structure and material composition as the experimentally imaged 
frustule-pair. (c) A simulated focus series using the 3D image formation 
model on the phantom with the same microscope parameters as was 
used in the experiment. The squares indicate a pore which is studied in 
greater detail in Fig. 3.8. (Figure adapted from Paper A). 
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Figure 3.7a shows experimentally acquired images of the diatom-
frustule pair at defocus positions Δz = -5 μm, 0 μm and +5 μm relative 
their center. Because of the relatively short DOF no image in the series 
has the entire specimen in focus. This is seen in, e.g., the fringing the 
pores exhibit when they are out of focus. 

A tomographic data set was recorded at defocus position Δz = 0 and 
reconstructed using filtered back-projection [91]. The theory of 
tomographic reconstruction is briefly reviewed in next chapter. Here it 
was performed to gain quantitative structural data, that in combination 
with electron-microscopy studies of diatom frustules of the same species 
and a priori knowledge about them was used to design a 3D phantom 
similar in structure and composition to part of the imaged diatom-
frustule pair. Figure 3.7b shows the constructed phantom at different 
viewing angles. 

Using this phantom the image formation was simulated using the 3D 
image formation model with illumination parameters equal to the 
measure hollow-cone illumination used in the experiment. Figure 3.7c 
shows the calculated focus series for the same defocus positions and 
sample orientation that was used for the experimental acquisition 
depicted in Fig 3.7a. 

The experimental and simulated results show excellent qualitative 
agreement. They show the same sensitivity to defocus position, consistent 
with the 2.7 μm DOF. 

A more detailed comparison is made for the 120 nm diameter pore 
indicated by a square in each image. Figure 3.8 shows a focus series for  

 

Figure 3.8: (a) A focus series at defocus positions -5 μm to +5 μm in 1 
μm steps for the pore indicated in Fig. 3.7a. (b) The corresponding focus 
series from the simulation (Fig 3.7b). In both cases the defocus is relative 
to the frustule-pair center and not the pore, which is why the pore 
appears more focused at the more negative defocus positions. (Figure 
adapted from Paper A). 
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this pore generated by experiment and simulations. Also at this more 
detailed level the agreement is very good. 

 
 



 

Chapter 4 

4 Tomographic reconstruction 

4.1 Introduction 

Tomography builds upon the mathematical principles discovered by 
Radon [92], stating that a 3D density distribution ���, �, �� can be 
reconstructed from its 2D projection data ����, �� defined by 

 
( )

( , ) ( , , )
L

T x y z dlθ

θ

ξ η µ= ∫  , (4.1) 

where ���� are the projection lines defined by the parametrization 
��, �, �� =  ��/ , �/  cos � − % sin �, �/  sin � + %cos ��, for a tilt of θ 
about the x-axis at magnification M. 

The set of 2D projections Tθ are referred to as sinogram in the 
reduced 2D case and tomogram in the full 3D case. However, since the 
projection data defined by Eq. 4.1 does not mix data of different x-
positions, reconstruction algorithms typically treat each x-slice in the 
tomogram as a sinogram that can be independently reconstructed. 

There are a number of different algorithms for performing the 
reconstruction, and which is best depends on angular sampling, the 
object, what type of object is under study, and how closely the acquired 
images imitate projection data. The theory of tomographic reconstruction 
is further explored in Ref. 91. Here the filtered back-projection method 
and algebraic iterative methods are briefly discussed. 

Many of the algorithms are implemented in numerical computing 
environments such as MATLAB [93] and Python [94], and in specialized 
software such as TomoJ [95], Bsoft [96], IMOD [97] and Amira [98], that 
offers advanced pre- and post-processing tools. 
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4.1.1 Fourier slice theorem 

The Fourier slice theorem states that the projection of a 2D density 
distribution along some axis produces, when Fourier transformed, a slice 
in the Fourier spectrum of the original density distribution. Figure 4.1 
illustrates the process. 

 

Figure 4.1: Visualization of the Fourier slice theorem. The 1D frequency 
spectrum of a projection is the same as a slice of the 2D frequency 
spectrum. 

Consequently, when all projections are known, so is the original 2D 
density distribution’s spectrum, and in extension through inverse Fourier 
transformation: the original 2D density distribution itself. 

In practice the projections are sampled at discrete points and tilt 
angles. Also, in some instruments the tilt range is limited, leaving an 
angular range of missing data, known as missing wedge. 

The theory was here discussed for a 2D density distribution, but, as 
stated earlier regarding sinogram and tomogram, the theory is equally 
applicable to a 3D object by separating it into 2D slices that are treated 
independently. 

4.1.2 Filtered back-projection 

In the filtered back-projection (FBP) method [91] projection images ��  
are weighted in Fourier space by a ramp- or related filter to form the 
filtered dataset �)�, which is back-projected for all tilt angles θ over the 
reconstruction volume *��, �, ��, as 

 �( , , ) ( , )R x y z Tθ
θ

ξ η=∑  , (4.2) 
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where ��, ��  =    ��, � cos � + � sin �� defines the mapping from points 
in the projection images to lines in the reconstruction volume. 

4.1.3 Algebraic methods 

In the algebraic reconstruction technique (ART) [99] the reconstruction 
problem is formulated as a large system of linear equations. Direct 
solving is not feasible due to the size of the problem, the presence of 
noise, and it may be underdetermined. However, using an iterative 
algorithm that maximizes some figure of merit, an approximate solution 
is successively refined through each iteration. There are many variations 
on the technique, including the simultaneous iterative reconstruction 
technique (SIRT),  the simultaneous algebraic reconstruction technique 
(SART) and many more, that apply the correction to the reconstruction 
volume in different manners [91, 100]. 

4.2 Tomography in XRM 

If the XRM’s image formation is to a good approximation described by 
projections as described by Eq. 3.21, it is readily seen that the logarithm 
of an intensity image I normalized by a flatfield Iflatfield (intensity image 
without object) is a density projection as described by Eq 4.1, with the 
LAC μ as the density function. Thus, after collecting intensity images Iθ at 
tilt angles θ and a flatfield Iflatfield, a tomogram T is defined by 

 ( )flatfield( , ) log ( , ) ( , )T I Iθ θξ η ξ η ξ η= −  . (4.3) 

The theory of Radon thus applies and tomographic reconstruction 
techniques can be utilized to make high-quality high-resolution 3D 
images. This is an important tool in for quantitative analysis in XRM that 
has been used to shed new light on the ultrastructure of cells, using FBP 
[66, 69], and using algebraic iterative methods [67, 101]. 

However, in XRM imaging of cells, the DOF is often shorter than the 
thickness of the object [32, 102], challenging the validity of assuming 
projection-images. The pursuit of higher ultimate resolution and its 
dependence on outermost zone width ΔrN (see Eq. 2.6) is the driving 
force behind manufacturing and using ZPs with even smaller outermost 
zones [103]. However, as Eq. 2.7 points out, the DOF shortens with ΔrN  
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Figure 4.2: Illustration of the DOF-problem using three sample – ZP 
distances at defocus positions Δz1, Δz2 and Δz1. While each feature is 
imaged sharply in at least one of the images in the focus series, there is 
no defocus position where all features are simultaneously sharply 
imaged. (Figure adapted from Paper B). 

squared. Thus there is a tradeoff between high resolution and long DOF. 
Figure 4.2 illustrates the situation when it is not possible to have the 
whole sample within the ZP’s DOF. Not only are features imaged with 
sub-optimal resolution, but the fringing incurred by out-of-focus features 
may introduce artifacts in the reconstruction. Some authors report having 
settled for lower-resolution ZPs in order to better fulfil the DOF-
requirement [67]. 

Since the reconstruction algorithms build upon the projection model 
for image formation, it might be possible to implement an algorithm 
using a more accurate model that eliminates the DOF-problem. This is 
part of the motivation for the 3D image formation model developed in 
this work. Others have attempted this strategy for making an improved 
reconstruction algorithm that takes into account the PSF of the system 
[104, 105]. However, the algorithm has yet to demonstrate experimental 
success and the validity of the used image formation model is under 
discussion [Paper A]. 

In Paper B the focus-stack backprojection (FSBP) method is presented 
that, at the cost of making more acquisitions, produces a more faithful 
reconstruction. 
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4.3 Focus-stack back-projection 

In the focus-stack back-projection method a focus-stack of images Iθ,1, 
Iθ,2, …, Iθ,S, is experimentally acquired at S defocus positions Δz1, Δz2, …, 
ΔzS, for each tilt angle θ. As in regular FBP, the images are appropriately 
normalized against a flatfield Iflatfield and filtered to create the filtered 
dataset �)�,+, for all tilt angles and defocus positions Δzs. The 
reconstruction is performed by making a linear combination of all back-
projections, with weighting functions ws operating in the defocus 
direction attached. The process, illustrated in Fig. 4.3, may be stated as a 
double sum over tilt angle and defocus position as 

 �( , , ) ( , ) ( )ss
R x y z T w zθ

θ
ξ η= × ∆∑ ∑  . (4.4) 

The weighting factors ws(Δz) should be chosen so that the total weight 
assigned to each voxel in the reconstruction volume equals 1. One choice 
of weighting factors are a set of asymmetric triangle functions defined as 
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with Δz0 = -∞ and ΔzS+1 = +∞, which corresponds to making for each 
voxel a linear interpolation, with respect to defocus-position, from the 
focus-stack. The rationale behind the method is that in the reconstruction 
step each voxel will have its contribution from images that are focused on 
that voxel’s position, provided that the image acquisition are sampled 
sufficiently in the defocus direction. While this argument does not 
constitute a proof of the FSBP’s proper operation and fails to consider the 
influence of out-of-focus features, simulations and experiments 
performed in the scope of Paper B indicate that it works well for the 
typical high-resolution imaging task. 
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Figure 4.3: The focus-stack back-projection algorithm (FSBP) makes 
use of a focus stack, in which the individual back-projections are 
subjected to a weighting factor and fused for each tilt angle. Finally, all 
fused back-projections are combined forming the reconstruction. 
(Figure from Paper B). 

The results of performing FBP- and FSBP-reconstructions are 
reproduced from Paper B for a simulated dataset in Fig. 4.4 and for an 
experimentally acquired dataset in Fig. 4.5. 

For the simulations the water-and-carbon phantom of Fig. 4.4 is 
defined with a carbon content of 10 % for the shell and 50 % for the 50 
nm – 200 nm spheres. A tomographic dataset is generated using the 3D 
image formation model of this Thesis, for λ = 2.4 nm radiation and tilt 
angles covering the 0° – 179° range in 1° increments with the focus stack 
at three defocus positions –3, 0, +3 µm relative the center. To include the 
effect of photon noise, each intensity image is subjected to the Poisson 
statistics treated in Sect. 3.4. FBP and FSBP are then compared for an 
illumination NA of 0.02 and 0.06 with a 20 nm ZP and an illumination 
NA of 0.02 with a 40 nm ZP. All simulations are performed assuming a 
ZP efficiency of 5 % and for two levels of photon flux incident on the 
sample: 7 × 107 ph/µm2/proj. and 7 × 109 ph/µm2/proj., where FSBP 
divides its photons among the images in one stack for a fair comparison. 
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Figure 4.4: Comparison of FBP and FSBP reconstructions from 
simulated tomographic data sets using different microscope parameters 
at λ=2.4 nm. A 20 nm ZP (NAobj=0.06) is used with NAill=0.02 for (a)-
(b), NAill=0.06 for (c)-(d). A 40 nm ZP (NAobj=0.03) is used with 
NAill=0.02 for (e)-(f). The m-parameter m=NAill/NAobj is given for each 
configuration. For the sub-volume shown in the insets, FBP performs 
satisfactory only with the 40 nm ZP (e). FSBP produces even better 
resolution for the same ZP and illumination combination (f). However, 
the most striking improvement when using FSBP is for the 20 nm ZP 
with NAill=0.02 where the features are completely blurred in the 
tangential direction for FBP (a), but sharply imaged for FSBP (b). 
Neither method performed well for the 20 nm ZP and NAill=0.06-case. 
Two doses, simulated using the photon-noise model of Sect. 3.X, were 
used: 7 × 107 ph∕μm2∕proj. angle (dotted line) and 7 × 109 ph∕μm2 proj. 
angle (solid line). (Figure adapted from Paper B). 



50  |   TOMOGRAPHIC RECONSTRUCTION 

FBP has problems with artifacts and tangential blur at distances > 3 
µm from the rotation center. Especially for the 20 nm ZP the FBP 
reconstruction performs poorly. However, as expected with a longer DOF, 
the reconstruction for the 40 nm ZP has less tangential blur, at the cost of 
lower maximal resolution. 

For all partially coherent imaging cases (m<1), FSBP produces 
distinctly better reconstructions than FBP in terms of overall resolution 
and contrast. 

Neither method performed well in the m=1 case. It is noted (but not 
shown here) that increasing the sampling of FSBP’s focus stack did not 
improve the results noticeably. While not completely understood, this 
observation supports claims that partially coherent illumination may be 
desirable for X-ray microtomography [32, 66] despite the fact that the m 
= 1 case is often cited as the preferred [39, 106]. 

 

Figure 4.5: (a) A slice from the reconstruction of the diatom-frustule 
pair using FBP. The dashed rectangle indicate a frustule rib, at 3-5 μm 
distance from the rotation center, of which magnified views from 
reconstructions using FBP (b) and FSBP (c) are shown. FSBP produce 
sharper reconstructions with less tangential blur, here visible at, e.g., 
the raphe (red arrows) and pore structures (green arrows). (Figure 
from Paper B). 
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The experimental dataset was acquired at the HZB Transmission X-
ray Microscope in Berlin [32]. At a photon energy of 510 eV (λ = 2.4 nm) 
a pair of overlapping silica frustules were imaged using a 40 nm ZP and a 
condenser with numerical aperture NAill = 0.02. The illumination and ZP 
parameters thus match the simulation parameters of Figs. 4.4e-f, yielding 
the coherence parameter m=0.67. The images were acquired for tilt 
angles covering the -55° – +55° range in 1° increments and, for FSBP, a 
defocus range of ∆z = -3 µm, 0 µm, +3 µm relative the rotation center. 

The silica rich frustules occupied an area of ~13 µm × 8 µm transverse 
to the rotation axis and contained both larger and smaller structures on 
spatial scales typical for wet bio-samples, albeit with larger contrast than 
bio-samples normally exhibit. 

Figure 4.5 shows a slice of the reconstruction of the whole object, with 
a magnified view of a frustule rib at distance 3 – 5 µm from the rotation 
center from reconstructions performed with FBP and FSBP, respectively. 

Also for the experimental data the FSBP approach seems to mitigate 
the tangential blur present in FBP’s reconstruction, thereby increasing 
the overall resolution of the reconstructed data. However, due to a 
missing wedge of 70° artifacts remain. In addition, even though image 
alignment was performed as carefully as possible, streaks in the 
reconstructed data indicate that it was not perfect. Still, FSBP does clearly 
improve the situation and is expected to have even more impact for 
higher resolution ZPs, as predicted by the simulations performed for Fig. 
4.4. 

 
 





 

Chapter 5 

5 The Stockholm X-ray microscope 

The idea of using a liquid-jet and droplets as a high-density debris-free 
renewable target material for a laser-produced plasma X-ray source was 
conceived at BIOX using droplets [107] in 1993 and a cryogenic jet [49] in 
1998. It led to the first compact water-window microscope with robust 
operation [108] in 2000. The appeal of the shorter wavelength-end of the 
water window, due to higher transmission, led Takman et al. to use liquid 
nitrogen (LN2) as jet-material in the laser-produced plasma for 
microscopy [109] and successfully perform imaging [110]. 

That is the origin of the Stockholm XRM, shown in Fig 5.1. Since then 
the microscope has demonstrated phase-contrast imaging (DIC [111] and 
Zernike [112]) and tomography of dry [113] and wet cryo-frozen [101] 
specimens. Biological applications have been demonstrated [70]. In 
upgrading the laser the source brightness was increased and imaging with 
exposure times comparable to that of early synchrotron-based 
microscopes were achieved [Paper C]. Later stability of the LN2-jet was 
improved [Paper D], leading to more reliable operation. 

5.1 Liquid-jet laser-plasma source 

The microscope utilizes the hydrogen-like (NVII, 1s-2p) line emission of 
nitrogen at λ = 2.478 nm, radiated by a laser-produced plasma. 

A 20-30 µm cryogenic jet with speed 20-60 m/s, is formed by driving 
super-cooled nitrogen through a tapered glass capillary nozzle with 3-20 
bar pressure [Paper C, D]. 
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Figure 5.1: The Stockholm X-ray microscope. 

A Nd:YAG-laser produces 1064 nm pulses at 2 kHz repetition rate; 
each pulse with duration 600 ps and carrying 75-100 mJ energy, for an 
average power of 150 – 200 W. It is an all-diode pumped MOPA (master 
oscillator power-amplifier) system consisting of a diode seeder, 
regenerative amplifier and three successive slab amplifiers. After beam-
shaping and focusing the pulse is typically concentrated to an 12 × 21 µm2 
area at the interaction point with the jet target (Fig. 5.2a). 

At the interaction point a small volume of liquid-nitrogen is quickly 
heated to temperatures of > 1.000.000 K [33, Paper C] resulting in a 
high-density plasma of highly ionized nitrogen. The characteristic 
emission of the plasma is plotted in Fig. 5.2c. 

The breakup length L, illustrated in Fig. 5.2b, is the distance the jet is 
intact. In order to form a stable plasma operation the jet must be hit by 
the laser within this distance from the nozzle-tip. However, operating too 
close to the nozzle at high power will deteriorate the stability of the jet 
and may even make it disintegrate prematurely due to thermal load. 
Experience shows that a minimum distance of 3 mm [Paper C] is 
required for high-power operation, making it a requirement that the 
breakup length should exceed this distance. 
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Figure 5.2: The LN2-jet laser-produced plasma source. (a) The cryostat 
and high-power pulsed laser. (b) The glass capillary nozzle shooting a 
jet of LN2 to the interaction point with the laser focus. (c) Measured 
spectrum from the LN2-jet laser-produced plasma source, showing 
strong emission at λ=2.48 nm and 2.88 nm. (Figure adapted from Paper 
C). 

Theoretically the breakup length of the jet should be 15 mm under 
typical operating conditions [109, Paper E] which is well above the 
requirement stated before. However, typical distances have previously 
been more in the range 3-5 mm [Paper C], making the success of plasma 
operation very sensitive to individual nozzle quality. 

With the laser upgrade the plasma’s emission was greatly boosted. 
However, spatial and temporal instabilities of the jet became more 
prominent. This motivated a more thorough investigation on the LN2-
jet’s stability. While not completely understood, experience indicates that 
nozzle quality and nitrogen purity is of importance. Paper E shows that a 
very important cause for the underperformance of jets seems to be that 
the onset of “fast” evaporation causes (inhomogeneous) freezing, putting 
stress on and destabilizing the jet. The theory is supported by two 
experiments, reported in Paper E, designed to lessen the evaporation and 
freezing, respectively. In the first experiment the jet was operated under 
ambient pressure, and in the second a radiative heating element in the 
form of a resistive coil hanging around the nozzle tip was implemented.  

5.2 Microscope 

The layout of the Stockholm XRM is shown in Fig. 5.3 and follows the 
general layout of XRMs discussed in Sect. 2.5. 
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The multilayer mirror condenser images the source to the sample 
plane (critical illumination) with a magnification of 1.6×. The illuminated 
spot is thus ~25 µm and the NA of the illumination is 0.06. In addition to 
imaging the source spot to the sample plane, the multilayer mirror acts as 
a monochromator for the 2.48 nm-line. 

The sample is mounted on a modified TEM-stage from that moves 
along 3 spatial axes and can tilt. This setup, using a commercial system, 
conveniently gives the microscope both cryo- and tomography-capability. 
For objective inhouse-fabricated nickel ZPs with outermost zone width 30 
– 40 nm are used. At a working distance of ~1 mm the ZP forms a 
~1000× magnified image on a back-illuminated CCD-detector. 

 

Figure 5.3: The microscope layout of the Stockholm XRM resembles the 
general XRM layout depicted in Fig. 2.5, but uses a normal incidence 
multilayer mirror as condenser and a stop to define the hollow-cone 
illumination. The plasma source radiates in all directions, but here only 
the portion that contributes to the hollow-cone illumination is shown. 

5.3 Results 

5.3.1 Source operation 

Of the work on the source entailed in this Thesis, the upgrade to the 200 
W-laser constitutes a major part. With the new system the 2.48 nm-line 
emission was measured at different average power levels. The results, 
plotted in Fig. 5.4a, indicate a linear increase of emission with input 
power. It is therefore likely that the emission can be increased even 
further with future upgrades of the laser. The line emission peaks at 1.1 × 
1015 ph/(s × sr × line) for 200 W input power, compared with 1014 ph/(s × 
sr × line) for the old system [109]. This corresponds to average spectral  
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Figure 5.4: (a) Emitted power in the 2.48 nm-line as a function of laser 
power, and (b) the source as imaged onto the CCD showing the size 14 
μm × 20 μm for the emission area. (Figure adapted from Paper C). 

brightness in the order of 1012 ph/(s × mm2 × mrad2 × 0.1 % BW), given 
an emission area of 14 μm × 20 μm (Fig. 5.4b) and bandwidth λ/Δλ > 500 
[Paper C]. 

To assess the stabilizing influence of using ambient pressure or 
radiative heating on the jet, time-resolved flash-images were recorded for 
the LN2-jet operating under three different conditions: without heating, 
with heating, and with ambient pressure. Both interventions stabilized 
the jet to the benefit of the estimated hit-ratio from ~70-80 % at 
distances > 3 mm from the nozzle to virtually 100 % all the way to 5 mm. 

Operating the liquid-jet laser-plasma at distances 4 – 4.5 mm from 
the nozzle tip the stability with respect to the signal of an X-ray 
photodiode was measured. Again the heating by the radiator coil 
demonstrates a clear improvement in stability and average emission 
output, and demonstrates long-term (80 min) operation where every 
single 5 s exposure could have been used for imaging. 

5.3.2 Imaging 

Some images of Cryo-fixed B-cells, all acquired with 10 second exposures 
using the Stockholm XRM, are presented in Fig. 5.5. The plasma and 
illumination setup produced for these images 1-2 × 108 photons/s, or 2-4 
× 105 photons/µm2/s,  in the field of view.  
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Figure 5.5: Cryo-fixed human B-cells imaged with 10 second exposures 
in the Stockholm XRM. Already with these short acquisition times high-
quality high-resolution images are obtained, showing a level of 
structural detail not perceivable in a conventional light microscope. 
Note the large variation in transparency among the cells. In some of 
them, e.g. (a), (b), (e) and (i), the absorbing material, i.e. proteins, seems 
to have gathered at 1-2 locations. The author speculates that this shows 
different phases of mitosis, wherein the mitotic spindles pulls the 
chromosomes in two opposite directions [8]. In particular (i) is 
suggestive in this regard. 
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5.4 Discussion and future upgrades 

The average spectral brightness of the Stockholm XRM’s liquid-jet laser 
plasma source is steadily increasing. In terms of line emission the output 
have progressed from ~1013 ph/(s × sr × line) in 1998 [49], to ~1014 ph/(s 
× sr × line) in 2005 [109] and ~1015 ph/(s × sr × line) in 2012 [Paper C], 
i.e. by one order of magnitude every seventh year. 

As discussed in Sect. 2.3.4, for conventional full-field microscope 
operation the most relevant measure is not the source’s average spectral 
brightness, but rather the flux of photons in the sample plane’s field of 
view and objective’s acceptance angle. Using this measure the Stockholm 
XRM yields 1-2 × 108 photons/s in the sample plane, which is 2 orders of 
magnitude less than what the synchrotron-based XRMs have. However, 
this gap is expected to shrink even further with an upcoming upgrade of 
the multilayer mirror to a reflectivity of >3 % from the current 0.6 %, i.e., 
almost an order of magnitude improvement. 

Thus the trend of increased photon flux delivered to the sample plane 
continues for the Stockholm XRM’s compact system. It shows convincing 
promise to spread some of the excellent applications of XRMs, previously 
almost exclusively available at synchrotron facilities, to a larger scientific 
community. 

5.5 Instrumentation 

5.5.1 Motivation 

The Stockholm XRM’s performance steadily improves. The principles and 
successful operation has already been proved [70, 101]. Now the focus is 
shifting towards robust and stable operation and demonstrating more 
biology applications. 

To this end it is desired to ease the load on the operator. Currently the 
operator is weighed down by two commitments: instrument and 
application. Continuously having to monitor, tweak and optimize 
microscope parameters diverts attention from the experiment. This is 
especially so when the microscope instruments are spread out and 
lacking in common interface. Some are accessible with software, while 
some are accessible only through physical panels. 
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Accessing the microscope instruments through a common interface 
that visualizes the current experiment parameters would give the 
operator a much better overview of the current situation. In addition it 
opens up the possibility to combine the functionality between 
instruments and script some automated tasks. 

To this end the author began investigating the possibility to integrate 
the microscope instruments of the Stockholm XRM in a common 
software interface. The project is reported on in Paper F. 

5.5.2  Implementation 

The software is implemented using the LabVIEW programming language 
[114]. It is an industry-standard with very good support for a broad set of 
instruments. The code design can be compartmentalized into three 
layers, as depicted in Fig. 5.6. The top layer consists of graphical user 
interfaces (GUI) and scripts. The middle layer consists of instrument-
abstractions for each XRM component that specify what the component 
does, but not how. The concrete implementations that actually 
communicate with hardware are code in the form of plugins in the 
bottom layer. This design is flexible and modular and minimizes the 
impact of changes to unrelated code. 

 

Figure 5.6: The three-layer topology of the LabVIEW-code, illustrated 
by a selection of components. This architecture meets the design goals 
stated in Paper F. (Figure from Paper F). 
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5.5.3 Existing features 

Currently the software suite has support for the sample stage, X-ray CCD, 
voltage meter, and visual microscope cameras. The main components of 
the GUI are the main window, an imager tool and a cartographer tool, 
shown in Fig. 5.7. 

In the main window the available microscope instruments are 
managed, the status changes are logged and the pressure in the vacuum 
chambers and cryostat are plotted. In the imager tool the X-ray CCD is 
controlled and some tools for quick image analysis implemented to meet 
the needs of a typical workflow during image acquisition. The 
cartographer tool combines the capabilities of the X-ray CCD and the 
sample stage, painting a map of the sample grid while searching for 
objects to image and also provides click-and-goto functionality that 
greatly eases the process of navigating around on the sample grid. At the 
end of an experiment the software produces a log file with changes in 
system status, recorded images and the operator’s log entries. 

5.5.4 Planned features 

Development on implementing control over more instruments is already 
underway. Examples include jet-and-laser-focus-stage, ZP-stage, X-ray 
photodiode, temperature sensors and more. 

Moving more instruments to this platform opens up the possibility to 
do more automated tasks. The tasks may be more logging of system 
status, but also automated source optimization, position correction 
during tilt and tomographic acquisition, to name a few. 
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Figure 5.7: The most used GUI-components: (a) main window, (b) 
imager and (c) cartographer 

 



 

Chapter 6 

6 Summary 

This work’s contribution to the field of X-ray microscopy in general is the 
development and implementation of a 3D image formation model, which 
predicts the image formation for thick specimens more accurately than 
previous methods. The model allows arbitrary sample geometry and is 
well suited for modelling imaging of biological samples. 

Furthermore, a novel tomographic reconstruction approach using 
focus-series is suggested that addresses the depth of focus-problem 
inherent in high-resolution imaging of thick specimens. On theoretical as 
well as experimental data it improves resolution over the whole sample 
and suppresses artifacts due to the depth of focus – thickness mismatch. 

The development of a more accurate 3D image formation model also 
opens the path for more sophisticated reconstruction schemes. The most 
plausible strategy is probably to iteratively refine a reconstructed object, 
based on a tomogram (and maybe focus stack), based on the simulated 
image formation. 

The Stockholm XRM has after upgrades to the laser-produced liquid-
jet source achieved a level of performance comparable to that of early 
bending magnet-based XRMs, allowing relatively short exposure-time 
imaging of cryo-fixed specimens. In addition important progress has 
been made regarding the stability of the jet, increasing the robustness of 
the system. These achievements are important steps towards the long-
term goal of the Stockholm XRM-project: to increase the availability of 
the many XRM-techniques previously only available at synchrotron-
facilities to a wider scientific community. 

Lastly, the ongoing instrumentation effort makes the microscope 
operation smoother to the user. It increases the productivity during 
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experiments by presenting the relevant data and controls to the operator 
in a fashion tailored to typical workflow. 

All these items are contributions toward improving on the 3D imaging 
capabilities of X-ray microscopy. The work on a compact system 
increases the availability of the technique, reaching out to the small-to-
medium sized labs performing research related to structural biology. The 
work on numerical methods aids in optimizing the relevant parameters in 
X-ray microscopes, extract more accurate quantitative data from 
acquisitions and derive improved reconstruction algorithms. 

 
 

 



 

Summary of Papers 

This Thesis is based on Papers A-F listed below. The author had the main 
responsibility for the work presented in Paper A, B, D and F, including 
conceiving, preparing and performing the experiments and/or 
simulations, as well as analyzing and processing experimental and 
simulated data and writing the manuscripts. For Paper C the author 
actively contributed to discussions, preparations, experiments and 
writing. For Paper E the author actively contributed to discussions and 
support regarding the microscope system, and to some extent 
preparations and experiments. 

Paper A 

This Paper reports on the first 3D image formation model suitable for 
simulations of imaging cell-sized objects in an X-ray microscope. The 
theory behind the algorithm and a selection of other schemes are 
reviewed. Experimental data are acquired at the X-ray microscope 
beamline in HZB. Among the schemes considered, this Paper’s model 
most accurately describes the image formation of the experiment. 

Paper B 

In this Paper, focus-stack back-projection (FSBP), a novel reconstruction 
technique for X-ray microtomography, is proposed. FSBP addresses the 
depth of field-issue inherent in high-resolution X-ray microscopy by 
utilizing a focus-stack of images in each tomographic tilt-angle. Proof of 
concept is presented on simulated as well as experimental data, and 
shown to enhance the reconstruction’s overall resolution. 

Paper C 

In this Paper, the upgrade of the Stockholm X-ray microscope’s laser-
produced plasma-source is reported. Quantitative measures on the 
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photon flux, spectrum and source size are performed. The estimated 
brightness level surpasses that of all earlier compact water-window 
sources. With the new source high-resolution imaging of cryo-frozen cells 
with exposure time in the 10 s-range is demonstrated. 

Paper D 

In this Paper, a simulation toolbox, relevant to zone plate optics, for 
calculations on diffracting X-ray fields is presented. For wave-
propagation through a thick grating, the toolbox includes support for 
three numerical methods: the finite differential method (FDM), the finite 
element method (FEM) and the rigorous coupled wave theory (RCWT). 
The methods are shown to be consistent in a test scenario, indicating the 
sanity of the approximations undertaken in the FDM- and FEM-
implementation. 

Paper E 

In this Paper, the stable and unstable behavior of liquid-nitrogen jets are 
investigated in more detail. A contributing factor to unstable behavior is 
hypothesized to be evaporation-induced freezing. This theory is 
supported by two experiments that are shown to mitigate the freezing: 
ambient pressure and a radiative heating coil close to the jet. While the 
former method is incompatible with microscope operation, the latter is 
shown to stabilize the plasma short-term and long-term. 

Paper F 

In this Paper the instrumentation effort in the Stockholm X-ray 
microscope lab is presented. Motivation, design goals and code structure 
of the project are described. While the instrumentation does not yet entail 
all available instruments, the implemented functionality is already 
appreciated by the microscope operators. 
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