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Abstract

This thesis deals with interconnections between composition, structure and proper-
ties, in materials like perovskites and alloys. The structural stability of orthorhom-
bic and cubic perovskite structures and the dynamical and thermodynamical stabil-
ity in the Hume-Rothery binary alloy systems are studied using Density Functional
Theory. The crystal structure adopted by perovskites at ambient conditions and
at high pressures is modelled by the revised Global Parametrization Method, in
conjunction with the Exact Muffin-Tin Orbitals Theory. The Coherent Potential
Approximation is used to study the elastic properties of the substitutionally disor-
dered Ag-Zn alloys.
The main results of the thesis are:

• The structural stability of ScAlO3 perovskite in the orthorhombic phase,
relative to the high symmetry cubic phase, is shown for pressures up to ∼
200 GPa. The octahedral tilting is reduced by pressure but an orthorhombic-
cubic phase transition is predicted to take place only at very high pressures.

• A Global Parametrization Method is proposed for the orthorhombic phase of
perovskites. The revised Global Parametrization Method (revGPM) com-
bined with ab initio total energy methods, is a suitable tool to describe and
predict small structural changes, i.e. the pressure, temperature and compo-
sition dependence of the orthorhombic distortion. Using the revGPM, it is
shown that in MgSiO3 the octahedral tilting becomes more pronounced at
high pressure.

• CaSiO3 is predicted to have a distorted non-cubic ground state structure.
The orthorhombic structure is energetically more favorable than that with the
cubic symmetry up to pressures of ∼ 150 GPa. Temperature may stabilize
the cubic structure already in this pressure range.

• The distorted ground state, which is generally observed in perovskites, is
explained in terms of the relative linear overlap and the repulsion effects
between the semicore states of the oxygen and that of the cations.

• Elastic anomalies are found in Ag-Zn binary alloys, with rapid variations in C ′

and C44 for the bcc and fcc structures. The fcc structure shows strong elastic
anisotropy at concentrations around 50 at.−% Zn, and the bcc structure is
isotropic only near the Zn end. The bcc structure is stabilized relative to the
fcc structure at concentrations of 50 at.−% Zn, and above ∼ 70 at.−% Zn
both cubic structures become thermodynamically unstable.

Key words: density functional theory, electronic structure, high pressure, per-
ovskite structure, phase transition, structural stability, geophysics, binary alloys,
elastic constants.
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Preface

This thesis is based on research performed during the period 1998-2002 at the
Department of Physics, Royal Institute of Technology, Stockholm.

The thesis consists of two parts.

• In the first part, composed of an introduction and five chapters, the ab initio
electronic structure methods, their application in modelling the adopted crys-
tal structure and in structural stability, are addressed. Chapter 2 contains
a short review of the many-electron problem and a brief presentation of the
Density Functional Theory. In Chapter 3 the electronic structure methods are
discussed with a more detailed description of the EMTO-FCD-CPA, which
has been used to obtain the results presented in this thesis. Chapter 4 gives
an introduction to the current problems in the field of perovskite materials
and treats existing parametrization models to describe their crystal struc-
ture. In Chapter 5 the application of the Global Parametrization Method to
minerals is presented. The last chapter approaches the subject of dynamical
stability, through elastic constants calculations for Hume-Rothery electronic
compounds.

• The second section of this thesis consists of eight papers:

1. Blanka Magyari-Köpe, Levente Vitos, and János Kollár
Ab initio study of structural and thermal properties of ScAlO3 perovskite
Phys. Rev. B 63, 104111, (2001).

2. Blanka Magyari-Köpe, Levente Vitos, Börje Johansson, and János Kollár
Parametrization of perovskite structures: an ab initio study
Acta Cryst. B 57, 491, (2001).

3. Blanka Magyari-Köpe, Levente Vitos, Börje Johansson, and János Kollár
Model structure of perovskites: cubic-orthorhombic phase transition
Comp. Mat. Sci., accepted, (2002).
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4. Blanka Magyari-Köpe, Levente Vitos, Börje Johansson, and János Kollár
High pressure structure of ScAlO3 perovskite
J. Geophys. Res.- Sol. Ea., accepted, (2002).

5. Blanka Magyari-Köpe, Levente Vitos, Göran Grimvall, Börje Johansson,
and János Kollár
Low-temperature crystal structure of CaSiO3 perovskite: An ab initio to-
tal energy study
Phys. Rev. B 65, 193107, (2002).

6. Blanka Magyari-Köpe, Levente Vitos, Göran Grimvall, Börje Johansson,
and János Kollár
The orthorhombic phase of CaSiO3 perovskite
Mat. Res. Soc. Symp. Proc. 718, (2002).

7. Blanka Magyari-Köpe, Levente Vitos, Börje Johansson, and János Kollár
The origin of octahedral tilting in orthorhombic perovskites
Submitted for publication, (2002).

8. Blanka Magyari-Köpe, Göran Grimvall, and Levente Vitos
Elastic anomalies in Ag-Zn alloys
Submitted for publication, (2002).

The Author’s Contribution to the Papers

• Paper 1. All the calculations were performed by me, and I participated in the
writing, discussions and analysis of the results.

• Paper 2. The calculations were divided between me and Levente Vitos. I had
a major contribution in the motivation for this work and in the evaluation of
the related experimental data. The manuscript was written partly by me.

• Paper 3. All the calculations were performed by me, and the main part of
the writing had been done by me.

• Paper 4. I performed all the calculations, and I had a major contribution in
the writing.

• Paper 5 and 6. The calculations were performed by me and Levente Vitos,
and the writing was shared with the other authors.
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• Paper 7. The calculations involved in the modelling were performed by me. I
collected and evaluated the related experimental data, and I participated in
the writing.

• Paper 8. All the calculations were done by me, and the writing was shared
with the other authors.

Papers not Included in the Thesis

1. Alexander I. Landa, Chun-Chieh Chang, Prashant N. Kumta, Blanka Magyari-
Köpe, Levente Vitos, Rajeev Ahuja, and Igor A. Abrikosov
First Principles Simulations of Phase Stability in Stoichiometric and Doped
LiMnO2
Mat. Res. Soc. Symp. Proc. 677, (2001).

2. Nils Sandberg, Blanka Magyari-Köpe, and Thomas R. Mattsson
Self-diffusion rates in Al from combined first-principles and model potential
calculations
Submitted for publication, (2002).
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Chapter 1

Introduction

The development of quantum mechanics in the 1920′s introduced a detailed descrip-
tion of the electronic structure of atoms. However, a similar understanding of solids
has been achieved only in the past four decades, owing to complex electron-ion and
electron-electron interactions in these systems.

It has been a triumph of contemporary quantum mechanics to solve accurately
Schrödinger’s equation for many-electron systems and show how the electronic in-
teractions occur. In theoretical works one tries to determine energy levels of atoms,
bond lengths, lattice parameters, elastic constants, cohesive energies, etc., without
any other initial information than the chemical composition. These methods are
referred to as ab initio, because in this sense they start ’from the beginning’; there
is no other empirical information used as input in the computer modelling.

With the rapidly developing computer facilities ab initio methods based on den-
sity functional theory have become an important complement and sometimes even
an alternative to experimental studies. Therefore, during the last decades, the com-
putational methods have been continuously improved. An important achievement
was the introduction of the linearized methods [1] for electronic structure calcula-
tions, which made it possible to treat more complex systems within a reasonable
computing time. In the last years the continuous advances in computer science
made it possible to consider more accurate methods [2, 3, 4] as alternative options
to the linear methods. In the following chapters, an outline of the major achieve-
ments in this field is given together with a summary of the theories that represent
the state-of-the-art for describing phase stabilities and subtle structural changes in
perovskites and alloys.

3
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Chapter 2

Quantum Theory of
Interacting Electron Gas

2.1 Introduction to the Many Electron Problem

In a given crystalline solid, the main theoretical interest is focused on the com-
putation of the electronic structure. Therefore, the Schrödinger equation is to be
solved, where Ψ is the wave function for the N electrons and the M nuclei;

ĤΨ = EΨ. (2.1)

The Hamiltonian can be expressed as1

Ĥ = T̂e + T̂n + Û + V̂en + V̂nn, (2.2)

with the kinetic energy contribution from the electrons and nuclei

T̂e =

N∑

i=1

−∇2i , T̂n =

M∑

j=1

−
∇2j
Mj

, (2.3)

and the electron-electron, nucleus-electron, nucleus-nucleus Coulomb interactions

Û =

N∑

i=1

N∑

j 6=i

1

|ri − rj |
, V̂en = −

M∑

j=1

N∑

i=1

2Zj

|ri −Rj |
, V̂nn =

M∑

i=1

M∑

j 6=i

ZjZi

|Rj −Ri|
,

(2.4)

where ri and Rj denote the electronic and nucleus configurations, respectively. The

1In the following the Rydberg unit system is used: h̄
2

2m
= 1, e2

4πε0
= 2.

5



6 Chapter 2. Quantum Theory of Interacting Electron Gas

most straightforward way would be to solve the Schrödinger equation for a large
cluster of atoms with a given crystal structure and for the interacting electrons.
Thus, the ground state wave function Ψ(r1, r2, ..., rN ,R1,R2, ...,RM ) is the basic
quantity of interest that has to be determined. However, in order to deal with such
an enormous number of interacting particles, a separation of variables in the wave
function form, regarding atomic and electronic configurations, should be performed.
In addition, considering the Born-Oppenheimer approximation [5], the motion of
the nuclei can be neglected due to the large difference in mass between the electron
and the atomic nucleus. Thus the solid is assumed to be built up of a skeleton of
atomic nuclei, with positions that are ’frozen’. This approximation corresponds to
the limiting case of zero temperature (0 K), where is no vibrational motion of the
atoms. Quantum mechanics implies that there is a zero-point motion even at 0 K
in a real material, but that contribution is neglected.

Even with the Born-Oppenheimer approximation the many body problem is
not solvable exactly and has to be simplified considerably before it can be treated.
Historically, approximate solutions were found by making an Ansatz for Ψ or con-
sidering related quantities, and from there obtaining the Schrödinger equation of
the one-particle states. Some of these solutions will be listed in the following.

2.2 The Thomas-Fermi Method

The basic idea, originally suggested by Thomas [6] and Fermi [7], is to use the
electron density n(r) as a fundamental quantity instead of the N -electron wave
function Ψ(r1, ..., rN ).

The assumption stated by Thomas (1927) was that “electrons are distributed
uniformly in the six dimensional phase space” and there is an effective potential field
that “is itself determined by the nuclear charge and this distribution of electrons”.

In the Thomas-Fermi method the kinetic energy term is estimated from the
homogeneous electron gas, described by a local approximation (E ∼[n(r)]5/3 [8]).
This approximation gave valuable results but was too crude to handle cohesive
energies and structural problems. It has been shown [9, 10] not to be able to
describe the bonding of atoms to form molecules or solids. Another serious defect,
which adds to the failure of this method, is the lack to account for the shell structure
of the atom. This led to the incorrect description of the properties related to the
change in the atomic number, i.e. the atoms are predicted to shrink with increasing
atomic number Z [11]. Nevertheless, in spite of all these deficiencies, in its focus
on the density, the Thomas-Fermi was a prototype for later theories.

2.3 Hartree and Hartree-Fock Methods

In the so called wave function methods [12], the many-electron part of Ψ is expressed
in terms of products of one-electron wave functions. This method gives results of
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very high accuracy for small systems, but requires extensive calculations for larger
systems.

A simple approximation was used by Hartree [13], describing a system of elec-
trons moving independently in the effective Coulomb potential of all the other elec-
trons. The many-electron wave function is written as a product of single particle
functions,

Ψ(r1, r2, ..., rN ) = Φ1(r1)Φ2(r2)...ΦN (rN ), (2.5)

where Φk(rk) is the k th electron orbital. These functions satisfy a one-electron
Schrödinger equation,

[−∇2i + Vext + Ui]Φi(r) = εiΦi(r), (2.6)

where Vext is the external potential given by the nuclei, and Ui is the Coulomb
potential which is calculated by solving the Poisson’s equation,

−∇2Ui = 8π

N∑

j 6=i

|Ψj |2. (2.7)

However, further improvements proved to be necessary for this model. Fock (1930)
[14] included the condition that the electrons being fermions have to satisfy the Pauli
exclusion principle. This requires that no two electrons occupy the same state, or
equivalently that the many-body wave function Ψ is antisymmetric with respect to
interchange of any pairs of electrons. From here a more frequently used approxi-
mation to the Schrödinger equation for atoms and molecules had been formulated,
the Hartree-Fock theory. Additionally, Slater [15] proposed the Hartree-Fock wave
function to be defined as a Slater determinant of one-electron wave functions. The
Pauli principle is fulfilled by construction;

Ψ(r1, r2, ..., rN ) =
1√
N !

∣∣∣∣∣∣∣∣

Φ1(r1) Φ1(r2) ... Φ1(rN )
Φ2(r1) Φ2(r2) ... Φ2(rN )
... ... ... ...

Φn(r1) Φn(r2) ... Φn(rN )

∣∣∣∣∣∣∣∣
. (2.8)

The exchange potential introduced in addition to the Hartree term is however a
non-local potential. Slater used a simple dimensional argument to show that the
exchange potential in a system of variable density could be approximated by a term
with a local dependence on the density ∼ [n(r)]1/3 [16].

The results obtained using this method in the case of the homogeneous electron
gas indicated that the density of states at the Fermi level was zero [12]. This had
serious implications for its use in solid state physics, especially when dealing with
metals, which by definition have a non-zero density of states at the Fermi level.
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One way to cure this weakness of the Hartree-Fock theory would be to take higher
order electron-electron correlations into account (like building the wave function
as a linear combination of different possible Slater determinants). The energy
resolution can be drastically improved, and therefore the quality of the results, but
computationally becomes very costly.

2.4 Density Functional Theory (DFT)

Parallel to the Hartree-Fock method, and in the spirit of the early Thomas-Fermi
model and its further improvements, a more general theory was proposed by Ho-
henberg and Kohn (1964) [17]. They have shown that for the ground states, the
Thomas-Fermi method may be regarded as an approximation to an exact theory,
the density functional theory (DFT).

In their first theorem, Hohenberg and Kohn (1965) stated that “for a system of
electrons in an external potential, the potential and thus the Hamiltonian and the
ground state energy are uniquely determined by the electron density n(r)”.

As a consequence of this theorem the total ground state energy may be written
as a unique functional, E[n], of the electron density n(r). A different separation of
the energy terms is proposed, which turns out to be more successful;

E[n] = Ts[n] +

∫
[Vext(r) + U(r)]n(r)dr + Exc[n], (2.9)

where Ts is the kinetic energy of a system with density n if there were no electron-
electron interactions, U is the electron-electron Coulomb potential, and Vext is the
external potential due to the nuclei. Exc, the exchange and correlation energy, is
defined as the difference between the exact energy functional and the other terms
on the right hand side. It should be noted that since the independent-electron
kinetic energy term is a large part of the total kinetic energy [18], it is convenient
to transfer the difference between the true kinetic energy and Ts to the Exc term.
This decomposition of the total energy functional is the main advantage of the
Kohn-Sham theory, compared to the Thomas-Fermi method. In the expansion of
Eq. 2.9, except the exchange and correlation energy, all the other terms can be
evaluated exactly. It is noteworthy that the exact treatment of the kinetic energies
removes many of the deficiencies of the Thomas-Fermi approximation.

The second theorem, known as the variational principle, states that “the true
ground state electron density n(r) minimizes the total energy functional E[n]”.

Levy [19, 20] suggested an alternative view of the density functional theory
and presented an extended general derivation of the proof of the Hohenberg-Kohn
theorem. Following that approach, the total Hamiltonian of the interacting N -
electron system can be written,



2.4. Density Functional Theory (DFT) 9

Ĥ = T̂s + Û +

∫
Vext(r)n̂(r)dr, (2.10)

where

n̂(r) =

N∑

i=1

δ(r− ri), (2.11)

is the electron density operator. Regarding the second theorem, the ground-state
energy is obtained by minimizing the expectation value of Ĥ over all antisymmetric
N -electron wave functions,

E =< Ĥ >= min
Ψ

=< Ψ|Ĥ|Ψ > . (2.12)

Defining the electron density as n(r)=< n̂(r) >, this minimization can formally be
separated into two steps;

E = min
n(r)

[
F [n] +

∫
Vext(r)n(r)dr

]
, (2.13)

and

F [n] = min
Ψ→n

< Ψ|T̂s + Û |Ψ >, (2.14)

where the second minimization is done for all Ψ that give the density n.

In this context F [n] does not refer to a specific system, and not even to the
external potential Vext, and therefore can be considered as a universal functional
of the density.

An equation for the optimal electron density, i.e. the density n(r) which mini-
mizes the total electronic energy, is now obtained by applying the Euler-Lagrange
equation to Eq. 2.14, yielding

δF

δn(r)
+ Vext(r) = µ, (2.15)

where δF
δn(r) is a functional derivative. µ is a Lagrange multiplier, corresponding

to the constraint of a constant particle number. From Eq. 2.11 we have for the
N -electron system

∫
n(r)dr = N. (2.16)

If we write Eq. 2.15 for the interacting and non-interacting electrons cases, and
since the two mathematical problems are identical, one can obtain the expression
for an effective potential [21]
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Veff(r) = Vext(r) +

∫
2
n(r′)

|r - r′|dr
′ + Vxc(r). (2.17)

The Schrödinger equation for noninteracting particles in this formalism is regarded
as the Kohn-Sham [22] equations

[−∇2 + Veff(r) ] Ψi(r) = εi Ψi(r), (2.18)

where εi are called one-electron Kohn-Sham energies. The corresponding expression
for F [n] becomes

F [n] = Ts[n] +

∫ ∫
n(r)n(r′)

|r - r′| drdr
′ + Exc[n], (2.19)

where Exc is the exchange and correlation energy of an interacting system with
density n(r).

Of the three terms of the effective potential in Eq. 2.17 the first two, the external
potential and the Hartree potential, can be calculated exactly. The remaining term,
called exchange-correlation potential, is defined as the functional derivative of the
Exc,

Vxc(r) =
δExc[n(r)]

δn(r)
. (2.20)

After solving Eq. 2.18, the electronic charge density can be recalculated as

n(r) =
N∑

i=1

Ψ∗
i (r)Ψi(r), (2.21)

and the total energy is obtained from

E[n] =

N∑

i=1

εi −
∫ ∫

n(r)n(r′)

|r - r′| drdr
′ −
∫
Vxc(r)n(r)dr + Exc[n], (2.22)

where the sum runs over the all occupied states.

Thus, the complex many-body problem, including non-local potentials, is re-
duced in DFT to a set of one-electron equations which includes only an effective
potential. However, the wave functions Ψi and the eigenvalues εi are only artificial
constructions and in a strict sense do not have any direct physical meaning. In Eq.
2.22 the total energy of the ground state is obtained from the sum of the Kohn-
Sham energies, from where the double-counted Coulomb energy is subtracted, see
Eq. 2.9, and similarly corrections are included for the true exchange-correlation
interaction, see Eq. 2.19.
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2.5 Approximative Exchange-Correlation Function-
als

As pointed out above, within the DFT formalism a relationship between the inter-
acting system, (for which the total energy we wish to calculate), and the simplified,
noninteracting system, (for which we solve the Scrödinger equation by Eq. 2.18), is
established. The exchange-correlation energy, contains by definition all the terms
which can not be treated exactly in the non uniform electron gas. Therefore, ap-
proximations have been proposed to evaluate its functional form.

One general problem with any formulation of the exchange-correlation potential,
Vxc, is that, since it describes the contribution to the total potential from the many-
body interaction between all electrons, it should be non-local, in a similar sense as
the exchange potential in the Hartree-Fock theory.

In spite of the fact that the exact forms of Vxc or Exc are not known, some
exact results and inequalities can be considered. Electrons correlate their motion
to satisfy the Pauli exclusion principle, and also to screen the electric field sur-
rounding each electron. Therefore, the exchange-correlation energy is connected to
this interaction through

Exc[n(r)] =

∫
n(r)εxc[n(r)]dr =

∫
n(r)dr

∫
nxc(r,r

′)

|r - r′| dr
′, (2.23)

where εxc denotes the exchange-correlation energy density, and is expressed in terms
of the exchange-correlation hole density, nxc(r,r

′). The effect of the interelectronic
repulsions is incorporated in this quantity by considering the probability of finding
an electron at the distance r′, while having already one at the point r in space. Thus,
the exchange-correlation energy results from the interaction between an electron
and its exchange-correlation hole. If nxc(r,r

′) is divided into separate parts due to
exchange and correlation effects, nxc(r,r

′) = nx(r,r
′)+nc(r,r

′), the following three
sum rules [23] are to be satisfied. Each electron is surrounded by a volume which is
depleted of charge, and a surplus of positive charge is viewed through the absence
of negative charge,

nx(r,r
′) ≤ 0. (2.24)

The exchange hole should contain only one electron, i.e. at all r positions

∫
nx(r,r

′)dr′ = −1. (2.25)

Finally, since the correlation interaction represents a redistribution of electrons, it
does not have a contribution to the total number of particles;
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∫
nc(r,r

′)dr′ = 0. (2.26)

From the isotropic nature of the Coulomb interaction, performing the variable sub-
stitution R ≡ r - r′ in Eq. 2.23, it has been shown [24] that the exchange-correlation
energy depends only on the spherical average of the nxc(r, R). In consequence, the
obtained Exc is a good approximation even in cases where is an inaccurate descrip-
tion of the nonspherical part of nxc.

2.5.1 Local Density Approximation (LDA)

Let assume that the exchange-correlation energy of a single electron at the position
r is equal to the exchange-correlation energy of a homogeneous electron gas of
density n0 equal to the local electron density n(r). The electron feels a field from
an electron gas with an average density n0. Because of its local character this has
been named the local density approximation (LDA).

Thus, Eq. 2.23 becomes

ELDA
xc [n(r)] =

∫
n(r)εLDAxc [n(r)]dr, (2.27)

where εLDAxc [n(r)] = εhomxc [n(r)].
The extension of the LDA to treat magnetic properties in atoms and molecules

leads to the local-spin density approximation

ELSDA
xc [n↑(r), n↓(r)] =

∫
n(r)εLSDAxc [n↑(r), n↓(r)]dr, (2.28)

where the n↑(r) and n↓(r) are the charge densities for the two spin states.
There are a number of proposed parametrizations for the εLSDAxc (r). The most

accurate exchange-correlation functionals are obtained from parametrizations based
on quantum Monte-Carlo simulations, e.g. Green’s function Monte Carlo data of
Ceperley and Alder [25]. One of the most widely used version, was proposed by
Perdew and Wang [26] in 1992.

The LDA gives the exact description in the case of a uniform electron density,
and in addition was expected to give reliable results for systems where the density
is slowly varying or has high values. It has been found however that this approx-
imation is well suited even for cases where those conditions are not fulfilled, e.g.
in a crystal, where the charge density is rapidly varying close to the nucleus. The
success of LDA in predicting structures and macroscopic properties can be partly
attributed to the obeying to the sum rules (Eqs. 2.24-2.26), and to the fact that
many physical properties of interest are influenced primarily by the valence states,
for which the uniform electron density represents a good approximation.

There are also cases when the LDA does not give the correct answers. Such
situations are the calculation of the band gaps in semiconductors and insulators,
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(which are systematically underestimated [27]); the overbinding tendency, ( i.e.
overestimated cohesive energies and underestimated lattice parameters); the wrong
ground state for some magnetic systems, (e.g. Fe predicted to be hexagonal close
packed and non magnetic instead of body centered cubic and ferromagnetic [28]);
the case of strongly correlated systems and the Van der Waals interactions are not
properly treated.

2.5.2 Generalized-Gradient Approximation (GGA)

The limitations of the LDA mentioned above were attributed partly to the neglect
of the exchange-correlation functional dependence on the local variations of the
electron density. To include the nonlocal effect, Hohenberg and Kohn [17] and
Kohn and Sham [22] suggested its incorporation through the gradient of the electron
density. Thus, Eq. 2.23 can be written in the generalized density-approximation
(GGA) as

EGGA
xc [n↑(r), n↓(r)] =

∫
Fxc(n↑(r), n↓(r,∇n↑(r),∇n↑(r)dr. (2.29)

It should be noted that in a straightforward expansion in terms of the gradient,
the sum rules for the exchange hole are violated. Therefore, several corrected
generalized gradient expansions have been proposed, of which the Perdew-Wang
functional (PW91) [29, 30] was one of the most commonly used in calculations.
In the construction of this functional, the unphysically long-range parts of the
exchange-correlation hole were eliminated by imposing a real-space cutoff. Later
works, in 1996, by Perdew, Burke, and Ernzerhof [31], and by Perdew, Burke and
Wang [32], gave small improvements over the PW91 functional, e.g. all parameters
are fundamental constants, the obtained potential is smoother, etc. These GGA
functionals have been quite successful in correcting some of the deficiencies of the
LDA. Some of the main improvements are the correction of the overbinding in
many systems, (e.g. larger lattice constants and lower cohesive energies); and
the correct magnetic ground state of Fe. Although there are many improvements
over the LDA, in some cases LDA provides ground state properties which are in
much better agreement with experiments than the GGAs. One such a system is
represented by the perovskites. In Paper 1 of this thesis both functionals have been
tested for ScAlO3.
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Chapter 3

Electronic Structure
Calculations

3.1 Band Structure Methods

In the previous chapter, within the DFT, we obtained the effective one-electron
equations, i.e. Eq. 2.18, which can be solved self-consistently. The charge densities
recalculated by Eq. 2.21 at each step, are used as input through a mixing scheme
to evaluate again Eq. 2.18. This procedure is repeated until the calculated total
energy, Eq. 2.22, differs negligibly from the value obtained in the previous iteration.

In this chapter, a method of solving the eigenvalue problem, Eq. 2.18, is pre-
sented. Electronic states in a periodic crystal can be written as Bloch sums of
orbitals centered at atomic sites R;

Ψi (k, r) =
∑

R

eikR Ψi (r - R). (3.1)

In other words, the translation and the Hamiltonian operators commute and have
an equivalent set of eigenfunctions. The energy band-structure is given by the
eigenvalues εi(k) of the one-electron Schrödinger equation derived from Eq. 2.18;

[−∇2 + Veff(r) ] Ψi(k, r) = εi(k) Ψi(k, r). (3.2)

In the solid εi(k) are occupied from the lowest energy eigenvalue up to the Fermi
energy, in accordance with the Pauli exclusion principle. The Schrödinger equation
is solved by expanding the wave functions Ψi(k, r) in some basis set {χj(k,r)}jmax

j=1 ;

15
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Ψi(k; ε, r) =

jmax∑

j=1

Aij(k)χj(k; ε, r). (3.3)

Introducing energy-dependent basis functions has the advantage of a larger flexi-
bility in the representability of Ψi(k, r). This adaptability decreases the necessary
total number of j, and gives accurate solutions since the basis can be adequately
chosen for the particular problem. The disadvantage is that by using the energy
dependent expansion in the one-electron equations, and by applying the variational
principle of Rayleigh-Ritz, the matrix of the one-electron equations system has a
complicated non-linear dependence on energy.

If the total wave function is expanded in an energy-independent basis set a lin-
ear eigenvalue problem is achieved, e.g. linear muffin-tin orbitals method (LMTO)
[33, 34]. If further approximations are used, e.g. the atomic sphere approxima-
tion (ASA), the computational time is considerably reduced, but unfortunately the
accuracy is diminished.

One more remark can be done at this point, and that is to refer to the number of
k points involved in solving Eq. 3.2. The self-consistently calculated energy bands
become more accurate, if they are solved for a large number of k points. There is
however a linear increase in the computation time with the number of k points.

3.2 Exact Muffin-Tin Orbitals Theory (EMTO)

In the exact muffin-tin orbitals theory (EMTO), the Schrödinger equation is solved
within themuffin-tin approximation. Thus, the potential has a constant value in the
interstitial regions of a crystal and a spherically symmetric description in regions
where it is rapidly varying, i.e. close to the atomic nuclei. Therefore, within the
EMTO one uses

v(r) ≈ vmt(r) ≡ v0 +
∑

R

[vR(rR) − v0] , (3.4)

where R runs over the lattice sites, and the following notations are introduced for

the rest of this chapter rR ≡ |r - R| and r̂R ≡ ̂r - R. In Eq. 3.4 vR(rR) are the
spherical potentials, which become equal to v0 outside the potential spheres of radii
sR.

Equation 3.3 is rewritten in terms of a complete basis set,

Ψi(r) =
∑

RL

ψ̄a
RL(εi, rR) v

a
RL,i. (3.5)

Here and in the following L stands for (l,m), and ψ̄a
RL are the muffin-tin orbitals

defined for each site R. In Eq. 3.5 the l summation usually includes terms up to
lmax = 3, i.e. the s, p, d and f orbitals. The coefficients vaRL,i are determined from
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the condition that the expansion in Eq. 3.5 should be solution of Eq. 2.18 in the
entire space.

Inside the potential spheres, centered at R, the partial waves are chosen as
basis functions. They are defined as products of the regular solutions of the radial
Schrödinger equation

∂2[rRΦRl(ε, rR)]

∂r2R
=
[

l(l+1)
r2

R

+ vR(rR)− ε
]
rRΦRl(ε, rR), (3.6)

and the real spherical harmonics

ΦRL(ε, rR) = ΦRl(ε, rR) YL(r̂R). (3.7)

In the interstitial region, where the potential is approximated by v0, the screened
spherical waves are used as basis functions. They are defined in conjunction with
nonoverlapping spheres of radii aRl, are centered at all sites R, and are solutions
of the wave equation

[∇2 + κ2]Ψa
RL(κ, rR) = 0. (3.8)

The boundary condition that on their own a-spheres they behave like pure real
harmonics, while the angular part projection on all the other a-spheres (at R′ 6=
R) vanishes, has to be fulfilled. Here κ2 = ε − v0. The screened spherical waves
form a complete basis set in the a−interstitial region. They may be expanded in
spherical harmonics YL′(r̂R′) around any site R′ as

ψa
RL(κ, rR) = fa

Rl(κ, rR) YL(r̂R)δRR′ δLL′ +
∑

L′

gaR′l′(κ, rR′) YL′(r̂R′) S
a
R′L′RL(κ),

(3.9)
where fa

Rl(κ, rR) and gaRl(κ, rR) are linear combinations [3] of spherical Bessel
jl(κrR) and Neumann nl(κrR) functions [35]. The expansion coefficients Sa

R′L′RL(κ)
are the elements of the slope matrix [2].

The matching on the potential sphere, which is usually larger than the a-sphere,
is done by introducing a free electron solution from the potential sphere back to the
a-sphere. The mathematical condition imposed is that this joins continuously and
differentiable to the partial wave at sR and continuously to the screened spherical
wave at aR. The radial part of the backwards extrapolated free-electron solution
can be written [2] in the following form

ϕa
Rl(ε, r) = fa

Rl(κ, r) + gaRl(κ, r) D
a
Rl(ε). (3.10)

Here Da
Rl(ε) ≡ D{ϕa

Rl(ε, aR)} is the logarithmic derivative of ϕa
Rl(ε, r) calculated at

the a−sphere. The exact muffin-tin orbitals are constructed as the superposition
of the three basis functions, i.e.
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ψ̄a
RL(ε, rR) = ψa

RL(κ, rR) +Na
Rl(ε) φRl(ε, rR) YL(r̂R)− ϕa

Rl(ε, rR) YL(r̂R), (3.11)

where the last two terms are truncated outside the s−spheres. The normalization
function, Na

Rl(ε), and the logarithmic derivative, Da
Rl(ε), are determined from the

matching condition between φRL(ε, rR) and ϕ
a
RL(ε, rR) at rR = sR [3], viz.

1

Na
Rl(ε)

=
φRl(ε, sR)

fa
Rl(κ, sR)

D{φRl(ε, sR)} − D{gaRl(κ, sR)}
D{fa

Rl(κ, sR)} − D{gaRl(κ, sR)}
, (3.12)

and

Da
Rl(ε) = −f

a
Rl(κ, sR)

gaRl(κ, sR)

D{φRl(ε, sR)} − D{fa
Rl(κ, sR)}

D{φRl(ε, sR)} − D{gaRl(κ, sR)}
. (3.13)

Using the exact muffin-tin orbitals from Eq. 3.11, the wave function in Eq. 3.5 is
a solution of Eqs. 2.18 and 3.4, if inside the s−spheres the l ≤ lmax components
of the screened spherical waves, multiplied by the expansion coefficients, are can-
celled exactly by ϕa

Rl(ε, rR) YL(r̂R) v
a
RL,i. This is obtained if the kink cancellation

equation [36],

∑

RL

Ka
R′L′RL(εi) v

a
RL,i ≡

∑

RL

aR′
[
Sa
R′L′RL(κi)− δR′RδL′L Da

Rl(εi)
]
vaRL,i = 0,

(3.14)

is satisfied for all R′ and l′ ≤ lmax. Here, and in the following, κ2i ≡ εi − v0. For
energies εi fulfilling Eq. 3.14, the wave function inside the potential sphere at R

reduces to

Ψi(rR) =
∑

L

Na
Rl φRl(εi, rR) YL(r̂R) v

a
RL,i

+

l′>lmax∑

L′

gaRl′(κi, rR) YL′(r̂R)
∑

R′L

Sa
RL′R′L(κi) v

a
R′L,i, (3.15)

i.e. the l′ > lmax components of ψa
RL(κi, rR) penetrate into the spheres. The solu-

tions of Eq. 3.14 are the one-electron energies and wave functions. Alternatively,
these solutions may be obtained from the poles of the path operator gaR′L′RL(z)
defined for a complex energy z

∑

R′′L′′

Ka
R′L′R′′L′′(z) g

a
R′′L′′RL(z) = δR′RδL′L, (3.16)

by using the residue theorem and the expression for the overlap matrix of the exact
muffin-tin orbitals [2],
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∫
ψ̄∗
R′L′(z, r) ψ̄RL(z, r) dr = K̇a

R′L′RL(z). (3.17)

Here and in the following the over dot denotes the energy derivative. The total
number of states below the Fermi energy εF can be obtained as

N(εF) =
1

2πi

∮

εF

G(z) dz, (3.18)

where

G(z) ≡
∑

R′L′RL

gaR′L′RL(z) K̇
a
RLR′L′(z)−

∑

RL


Ḋ

a
Rl(z)

Da
Rl(z)

−
∑

εD
Rl

1

z − εDRl


 , (3.19)

with l, l′ ≤ lmax. The energy integral in Eq. 3.18 is performed on a complex contour
that cuts the real axis below the bottom of the valence band and at εF. ε

D
Rl denote

the zeros of the logarithmic derivative function, Da
Rl(ε).

3.3 Calculation of the One-Electron Potential

In the self-consistent calculation, after obtaining the electron density from the so-
lutions of the kink cancellation equation, Eq. 3.14, the new one-electron potential
can be set up in two steps. First the full-potential is calculated and then the op-
timized overlapping muffin-tin wells are constructed [37]. Within the spherical cell
approximation (SCA) [3], the overlapping muffin-tin potential depends only on the
spherical part of the full-potential. Furthermore, the spherically symmetric poten-
tials, vR(rR), must be chosen together with the parameter v0, in a way that gives
the best approximation to the full potential v(r). This can be achieved by mini-
mizing the mean of the squared deviation between the left and the right hand sides
of Eq. 3.4 [37]. In the SCA the Wigner-Seitz cells are substituted by spherical cells
with volumes equal to the volumes of the real cells.

The total potential within the potential sphere is obtained as the sum of the
spherically symmetric part of the electrostatic potential of the electronic and pro-
tonic charge densities, (calculated around site R), the spherical part of the Madelung
potential (due to the charges from outside of the potential sphere), the constant
shift in the potential (as a correction due to the approximations used for the multi-
pole moments) and finally the spherically symmetric exchange-correlation potential
[3]:

vR(rR) = vIR(rR) + vMR + ∆vMR + µxcR(rR). (3.20)

The best representation of the full potential by the overlapping muffin-tin potential
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can be achieved by choosing large overlapping spheres of radii sR. For an optimal
choice of the potential spheres the potentials at sR should be the same, i.e. vR(sR) ≈
constant for each R. This constant should have the largest possible value below
30− 40% [3] of the linear overlaps.

3.4 Full Charge Density Scheme (FCD)

The electron density, given in terms of Kohn-Sham one-electron wave functions (Eq.
2.21), is calculated for the states below the Fermi level. From the expansion (Eq.
3.5) of Ψi(r) one obtains a multi-center form for the charge density. According to
Eq. 3.15 it can be transformed into one-center form around each site

n(r) =
∑

R

nR(rR) =
∑

RL

nRL(rR)YL(r̂R). (3.21)

Inside the Wigner-Seitz cell at R the partial components of the charge density
nR(rR) can be expressed as

nRL(rR) =
1

2πi

∮

εF

∑

L′′L′

CL
L′′L′Z

a
Rl′′(z, rR) g̃

a
RL′′RL′(z) Z

a
Rl′(z, rR)dz, (3.22)

where the l′′ and l′ summations include the higher terms as well. In this equation
the following notations have been introduced:

Za
Rl(z, rR) =





Na
Rl(z)φRl(z, rR) if l ≤ lmax and rR ≤ sR

ϕa
Rl(z, rR) if l ≤ lmax and rR > sR

−jl(κ rR) if l > lmax for all rR

,

and

g̃aRL′RL(z) ≡





gaRL′RL(z) +
δL′L

aR Ḋa
Rl(z)


Ḋ

a
Rl(z)

Da
Rl(z)

−
∑

εD
Rl

1

z − εDRl


 if l, l′ ≤ lmax

∑

R′′L′′

gaRL′R′′L′′(z)S
a
R′′L′′RL(κ) if l′ ≤ lmax

and l > lmax∑

R′′L′′R′′′L′′′

Sa
RL′R′′L′′(κ)×

×gaR′′L′′R′′′L′′′(z)Sa
R′′′L′′′RL(κ) if l′, l > lmax
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Figure 3.1. The one-electron potential for the Ag(111).

Within the full charge density (FCD) scheme [38], the charge density obtained
from the output of the self-consistent EMTO-SCA calculations is used to evaluate
the different energy terms. In the EMTO-SCA-FCD the Coulomb energy and the
exchange-correlation parts of the total energy functional (Eq. 2.22) are evaluated
from the complete, non-spherically symmetric charge density, defined within non-
overlapping space-filling Wigner-Seitz cells. These quantities are calculated using
the shape function technique [39, 40]. The kinetic energy is determined from the
Kohn-Sham one-electron equations, Eq. 2.18.

The full potential can also be evaluated from the full charge density calculated
by EMTO-SCA, and by using the FCD. In Fig. 3.1 this potential has been plotted
for Ag (111).

3.5 Coherent Potential Approximation (CPA)

The coherent potential approximation (CPA) is a methodology widely adopted to
obtain the electronic structure of systems with substitutional disorder. It has been
introduced by Soven [41], and reformulated by Györffy [42] in the framework of the
multiple scattering theory.

The CPA provides a recipe to calculate the average value of the one-electron
Green’s function in a random alloy, and thus electronic and thermodynamic prop-
erties of solids [43, 44]. Within this approach the real system is replaced by an
ordered lattice of effective scatters. The properties of these effective atoms are de-
termined self-consistently by imposing the condition that the scattering of electrons
of the real atoms, embedded in the effective medium, vanish on the average.

To calculate the total energy of a random alloy within the CPA, first the average
electron density ni for each alloy component i and the average alloy density of states
< N > [45], has to be obtained. The latter can be determined from the average
Green function
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< G(z) > ≡
∫

BZ

∑

R′L′RL

g̃R′L′RL(z,k) ṠRLR′L′(z,k)dk −

−
∑

i

ci
∑

RL

[
giRLL(z) Ḋ

i
Rl(z) +

(
Ḋi

Rl(z)

Di
Rl(z)

− 1

z − eiRl

)]
. (3.23)

where l, l′ ≤ lmax. The coherent Green function, g̃, and the slope matrix [2, 46],
S, depend on the Bloch vector k from the first Brillouin zone. z denotes the
complex energy and ei are the real zeros of the logarithmic derivative function Di,
corresponding to the potential of the alloy component of concentration ci. The
coherent Green function, and the Green functions for alloy components gi, are
determined from the self-consistent solution of the CPA equations

∑

R′′L′′

aR′
[
SR′L′R′′L′′(z,k)− D̃R′L′R′′L′′(z)

]
g̃R′′L′′RL(z,k) = δR′RδL′L, (3.24)

giRLL′(z) = g̃RLRL′(z)+
∑

L′′L′′′

g̃RLRL′′(z)
[
Di

Rl′′(z)δL′′L′′′ − D̃RL′′RL′′′(z)
]
giRL′′′L′(z),

(3.25)

g̃RLRL′(z) =
∑

i

ci giRLL′(z), (3.26)

where l, l′, l′′ ≤ lmax, and D̃ is the coherent logarithmic derivative function.

In the framework of the EMTO-CPA formalism, the average electron density
for each alloy component is represented in one-center form around the site R, i.e.

ni(r) =
∑

R

ni
R(rR) ≡

∑

RL

ni
RL(rR)YL(r̂R). (3.27)

Inside the Wigner-Seitz cell the partial components ni
RL(rR) are expressed in terms

of the density matrix
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Di
RL′L(z) ≡





giRL′L(z) +
δL′L

aR Ḋi
Rl(z)

(
Ḋi

Rl(z)

Di
Rl(z)

− 1

z − eiRl

)
if l, l′ ≤ lmax

∑

R′′L′′

∫

BZ

g̃RL′R′′L′′(z,k)SR′′L′′RL(z,k)dk if l′ ≤ lmax

and l > lmax∑

R′′L′′R′′′L′′′

∫

BZ

SRL′R′′L′′(z,k)×

×g̃R′′L′′R′′′L′′′(z,k)SR′′′L′′′RL(z,k)dk if l′, l > lmax

(3.28)

as

ni
RL(rR) =

1

2πi

∮ ∑

L′′L′

CL
L′′L′Z

i
Rl′′(z, rR) Di

RL′′L′(z)Z
i
Rl′(z, rR)dz. (3.29)

Here CL
L′′L′ are the real harmonic Gaunt coefficients, and the energy integral in-

cludes the occupied states. Due to the one-center form of the charge density in
Eq. 3.29 the l′′ and l′ summations include the higher terms as well, which can be
truncated at lhmax = 8− 12 [3]. The overlapping muffin-tin potential for each alloy
component, vimt(r), is constructed from the average electron density ni within the
SCA.

Thus, the total energy of the random alloy can be calculated as

Etot =
1

2πi

∮
z < G(z) > dz −

∑

R

∑

i

ci
∫

ΩR

vimt(r)n
i(r)dr + Finter[n

i] +

+
∑

R

∑

i

ci
(
F i
intraR[n

i
R] + Ei

xcR[n
i
R]
)
−
∑

i

ci
αc

w

(
Qi

R −
∑

i

ciQi
R

)2
,

(3.30)

where Finter is the average Madelung energy, and F i
intraR and Ei

xcR are the electro-
static and exchange-correlation energies due to the charges from the Wigner-Seitz
cell at R, ΩR.

The effect of the charge transfer on the electrostatic potential can be taken into
account using the screened impurity model (SIM) [47]. The last term in Eq. 3.30
is the SIM correction to the electrostatic energy [47], αc ≈ 0.6, w is the average
atomic radius, and Qi

R denotes the total number of electrons inside the cell for the
alloy component i.
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Chapter 4

Parametrization of
Perovskite Structures

The perovskite is one of the most important structure classes in material science due
to the exhibited manifold physical and chemical properties, diverse technological
applications and geophysical implications. The prevalent research interest over the
past decades was reflected on one hand in increasing economical importance (e.g.
materials presenting colossal magnetoresistance, ferroelectric/piezoelectric proper-
ties, superconducting features), and on the other hand in the important role in
models of the Earth dynamics (e.g. minerals).

In the pseudo-cubic, or ’falsly shaped’ in a loose translation from Greek, per-
ovskite series of oxides, ABO3, A and B can be almost any metallic ion from the
periodic table. Depending on the elements A and B, as well as the doping, crystal
structures of orthorhombic, rhombohedral, monoclinic, tetragonal and cubic sym-
metry have been observed. From group-theory relationships [48, 49] the structural
interconnections [50, 51] between the above symmetries are well known. However,
their remarkable stability in structures having a considerable amount of distortion
(e.g. octahedral tilting, cation displacement), and the understanding of how the
exhibited deformation depends on high pressure or temperature, remain issues of
great challenge.

Theoretical studies of these materials play a major role in understanding, ex-
plaining and modelling experimental observations, and in predicting new features.
In cases when experiments are costly or difficult to perform, ab initio calculations
are of increased importance. They are widely used for perovskites to describe the
internal structure [52, 53, 54, 55], elasticity [56, 57], magnetism [58], ferroelectricity
[59, 60], piezoelectricity [61], dopant effects [62], etc. Thus, besides other prop-
erties, the dynamical and thermodynamical stability of different compositions at
ambient conditions and high pressures, are determined. Beyond the existing for-
malisms, theoretical attempts are made to account for the structural changes when
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Figure 4.1. The Pbnm orthorhombic structure (θx = θy = θz = 0 corresponds to
the Pm3̄m cubic structure).
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simultaneously high pressures and temperatures are applied, and as a function of
the dopant concentration [63, 57, 64].

Another approach is to develop qualitative models, i.e. parametrization meth-
ods, and combine them with ab initio total energy calculations. Subtle structural
changes between alternative polymorphs can be described and these methods can
facilitate a better understanding of the relationships between crystal structure and
properties. This type of theoretical study is presented in more detail in the follow-
ing.

4.1 Pbnm Orthorhombic and Pm3̄m Cubic Sym-
metries

The crystal structure of the ideal perovskite is of cubic symmetry (Pm3̄m). It can
be viewed as a three-dimensional network of corner sharing BO6 octahedra. The
A atom occupies 12-fold coordinated sites between these octahedra and form the
AO12 polyhedra. Rather few systems adopt this symmetry. The rotation (in some
cases distortion) of the BO6 octahedra has been shown to be energetically more
favorable at ambient conditions and at higher pressures or temperatures. The most
commonly adopted crystal structure among perovskites is of orthorhombic (Pbnm)
symmetry [65]. The general geometrical interplay which describes the symmetry
reduction from the cubic structure is shown schematically in Fig. 4.1. This involves
two major considerations: a tendency to preserve the central symmetry of the
BO6 octahedra by allowing its octahedral tilting, and the adoption of an off-center
displacement for the A ion in order to minimize its oxygen-ion repulsions. In Fig.
4.2 the charge densities of the cubic and orthorhombic structures in the (110) plane
are presented for the ScAlO3 prototype perovskite. In the high symmetry cubic
structure, the Al and O atoms are aligned and the Al-O bonds are shorter than
the Sc-O bonds. This arises from geometrical considerations, i.e. from the relation
dSc-O =

√
2 dAl-O, where dSc-O and dAl-O are bond lengths. In the orthorhombic

structure there are finite tiltings of the AlO6 octahedra, and therefore the Sc-O
bonds can be optimized.

The widespread adoption of Pbnm symmetry in tilted perovskites at ambient
conditions can be related to atomic size considerations, and to the electronic struc-
ture of the cations occupying the A or B sites. This is discussed in more detail in
Paper 7.

A number of pathways exist, according to which the orthorhombic Pbnm system
can transform to a cubic Pm3̄m system. It has been proposed [66, 67, 51] that it is
more likely that the transformation proceeds via a higher symmetry intermediate
rather than directly. The suggested intermediate phases from group relationships
have tetragonal (P4/mmm, I4/mcm), orthorhombic (Cmcm, Imma) or rhombo-
hedral (R3̄c) symmetries. Parlinski and Kawazoe [51] calculated phonon dispersion
curves for MgSiO3 and showed that the instabilities observed in the high symmetry
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Figure 4.2. The charge density for the cubic (Pm3̄m) (left side) and orthorhombic
(Pbnm) (right side) symmetries, in ScAlO3.

cubic structure are completely suppressed in the orthorhombic (Pbnm) symmetry.
In the intermediate tetragonal and orthorhombic structures some unstable modes
are still present.

The pressure and temperature effects on the sequence of transformations in
perovskites where both type of data were available (e.g. BaTiO3 and KNbO3), led
to the conclusion [68] that the observed structural changes in the two cases presented
strong similarities. Thus, perovskites are predicted to undergo essentially the same
phase transitions with pressure or temperature.

4.2 Classification of Perovskites and Structural Sta-
bility Predictions

In order to predict the stability of perovskite structures as a function of ionic size,
Goldschmidt [69] defined a tolerance factor,

t =
1√
2

dA−O

dB−O
; (4.1)

dA−O = rA + rO, dB−O = rB + rO and rA, rB , rO are the ionic radii of the A and
B site cations and the O anion. If the A cation is small, a structure in which the
A and B cations are both six-coordinated becomes competitive. The case t = 1
corresponds to the cubic symmetry.
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Glazer [48] reported the first classification method of the common perovskite
distortions in terms of BO6 octahedral tilting. The framework of the 23 tilting
systems proposed by Glazer was taken as a starting point by Woodward [50], who
developed idealized structural models for perovskites in order to investigate the
relative stabilities of alternative systems. The orthorhombic Pbnm was found to
maximize A−O covalent bonding and minimize repulsive A−O overlap. His work
has been recently extended by Lufaso and Woodward [65] to predict the adopted
crystal symmetry from a given composition and oxidation state. The BO6 octahe-
dra are considered to be rigidly rotated, and the B−O bond distances are calculated
using the bond valence sum [70].

Howard and Stokes [49] studied the interconversions of the various tilted per-
ovskites and presented a detailed group-theoretical analysis. Very recently, Dar-
lington [71] proposed an analysis based on the normal modes of vibration of the
cubic octahedra. He found that the unstable modes can only be stabilized in phases
with tilted octahedra.

4.3 The Global Parametrization Method (GPM)

A slightly different approach towards the modelling of perovskite structures is
adopted in the scheme proposed by Thomas [67], global parametrization method
(GPM). The main parameter is considered to be the atomic polyhedron volume
ratio VA/VB . This is defined as the volume of the AO12 polyhedra divided by
the volume of the BO6 octahedra, where these polyhedra are filling space. The
orthorhombic perovskite unit volume is obtained as V = 4(VA + VB). From the
VA/VB ratio, at a given volume, all the internal parameters, with the exception of
the A cation displacement dA, can be obtained from simple relationships or semiem-
pirical functions. The distance dA, from the geometrical center of the nearest four
oxygens of the A cation is expressed as a function of the tabulated effective ionic
radii [72]. The upper limit, VA/VB = 5, corresponds to the absence of tilting, and
thus to the high symmetry cubic structure.

Theoretical and semiempirical expressions are deduced for lattice parameters
and internal atomic coordinates [67] for the common symmetries adopted by per-
ovskites. In the case of the Pbnm orthorhombic structure, the proposed parametriza-
tion in terms of the A cation displacement (dA) has been reformulated in Papers
2 and 3 of this thesis. Based on electronic structure calculations, a simple lin-
ear relationship is proposed between the VA/VB ratio and dA, which yields a very
good correlation when applied to a database of 20 perovskite systems. Due to this
achievement, the whole parametrization method becomes more transparent. In ad-
dition it describes well the pressure and temperature effects in terms of the adopted
octahedral tilting, and thus the orthorhombic distortion.

The revised global parametrization method for the Pbnm symmetry is described
in Paper 2 and an extended version in Paper 3. The Pbnm orthorhombic structure
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Figure 4.3. The GPM parameters.

has 10 parameters (3 lattice constants and 7 internal parameters), which are deter-
mined from the values of VA/VB and the volume of the unit cell. One of the main
advantages of this method is that if the volume is kept constant, the comparison of
perovskites, having different chemical compositions but similar degree of distortion,
can be performed, and a unified picture in terms of composition and distortion can
be formulated.

Within this parametrization method, the orthorhombic unit cell is derived from
a pseudo-cubic cell. The reference to the common set of pseudo-cubic axes in
a global parametrization method facilitates the comparison between structures of
different symmetries. The conversion in the XY plane is presented in Fig. 4.3 (XoYo

and XpcYpc are the orthorhombic and pseudo-cubic axes, respectively). Normally,
the volume of the orthorhombic structure is determined from the so called octahedral
stalks (sx, sy, sz), defined as twice the lengths of the B−O bonds (Fig. 4.3). If we
define θx, θy and θz as the tilting angles of the BO6 octahedra relative to the x, y,
and z axes, an alternative variable of the parametrization may be defined by

Θ = (5− VA/VB)/6 = 1− cos2[(θx + θy)/2] cos θz. (4.2)

It measures the orthorhombic distortion in terms of angle related quantities, and
therefore it has been called [67] the degree of tilt. At each unit cell volume, Θ can be
obtained from a series of ab initio total energy calculations performed for a family of
orthorhombic crystal structures. From these, the equilibrium degree of octahedral
tilt Θ0(V ) is determined by minimizing the total energy Etot(V,Θ) with respect
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Figure 4.4. Total energy dependence on the degree of tilt and volume, for CaSiO3.

to Θ. Additionally, one can obtain all the structure parameters from Θ0(V ) by
using the GPM equations. The variation of Θ with the volume is presented in Fig.
4.4, in the case of CaSiO3. Theoretically it is shown that the predicted distortion
at ambient conditions decreases with applied pressure and becomes increasingly
smaller at high pressures (∼ 150 GPa).

As a general remark at the end of this chapter, the polyhedral volume ratio
VA/VB or alternatively the degree of tilt Θ, act as structural determinants in the
revised global parametrization method. Thus, these parameters might be used in
the prediction of structures of novel chemical compositions and can serve as starting
points for experiments having as a main goal to quantify the adopted degree of
distortion.
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Chapter 5

Application of the
Parametrization to
Geophysics

5.1 Introduction to Geophysical Problems

The mantle of the Earth is mainly composed of oxides and silicate materials (Fig.
5.1); MgSiO3, CaSiO3, Al2O3 [73]. The most abundant chemical elements in this
region are Mg, Si, Ca, Al, Fe and O. Compounds formed by these elements are
expected to be responsible for the seismic discontinuities observed in the mantle.
For example, the lower-upper mantle boundary, at 660-km depth, corresponds to the
transformation to the perovskite structure of (Mg,Fe)SiO3 from the (Mg,Fe)2SiO4
spinel phase [74]. Other such discontinuities have been observed, and of much
interest is the one corresponding to the 920-km depth [75]. Its nature could not
be established, Kawakatsu and Niu [75] pointed out that it may represent either a
phase transition or a change in chemical composition.

Under lower mantle conditions, MgSiO3 is found to be stable in its perovskite
phase of orthorhombic Pbnm symmetry [76, 52]. The question of dissociation of
(Mg,Fe)SiO3 into component oxides (Mg,Fe)O and SiO2 under lower mantle con-
ditions is a controversial issue regarding experimental measurements [77, 78, 79].
Therefore, the predicted theoretical stability [52, 80, 81] at lower mantle pressures
of MgSiO3 perovskite, in a distorted structure (orthorhombic), is one of the most
interesting aspects of the crystallographical and physical properties of this phase.
The silicate perovskite exhibits also one of the largest pressure-temperature stabil-
ity [82, 54] fields known for minerals.

Another controversial issue in geophysics is the adopted crystal structure of
CaSiO3. Experiments find a structure of cubic symmetry at 300 K [83, 84], with
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Figure 5.1. The Earth’s layered structure.

the exception of the most recent experiment [85]. Theoretical studies based on
all-electron methods predict the presence of some amount of distortion, connected
with octahedral rotations.

Additionally, the alumina, Al2O3, has recently been predicted by theoretical
calculations [86] to transform to the Pbnm orthorhombic symmetry at very high
pressures.

The theoretical study of these materials at low and high temperatures and
pressures is commonly adopted in geophysics. Another motivation is the fact that
the experimental investigations are difficult to perform both at ambient conditions,
due to the marginal metastability of these materials, and at high pressures and
temperatures, due to the limitations of the experimental equipments.

5.2 High-Pressure Behaviour of MgSiO3, ScAlO3

and CaSiO3 Perovskite Structures

MgSiO3 perovskite has the highest bulk modulus (∼ 266 GPa) of any oxide per-
ovskite known; while most titanate and aluminate perovskites have bulk moduli
between 175 and 215 GPa, only ScAlO3 (∼ 249 GPa) approaches MgSiO3 in its
incompressibility. Therefore, MgSiO3 and ScAlO3 are considered to be very close
analogues in terms of thermal and structural properties [87, 88]. Both perovskites
have the Pbnm symmetry up to high pressures. However, it has been shown (Paper
4) that the orthorhombic-cubic energy difference in ScAlO3 is reduced gradually,
and the cubic structure can be stabilized at higher pressures, while in the MgSiO3
the energy difference is increased (Paper 2). The opposite behaviour with pressure
of the GPM parameter VA/VB for the two materials is shown in Fig. 5.2. Thus,
this suggests that although the response to isotropic pressure of both perovskites
is very similar, a deeper investigation of the structural distortion would lead to a
different conclusion. On the other hand, one should note that the overall change
in VA/VB on the pressure scale of 150 GPa is small, relative to the cubic phase
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Figure 5.2. The polyhedral volume ratio, VA/VB , dependence on pressure for
orthorhombic MgSiO3, ScAlO3 and CaSiO3 perovskites.

limit. This is consistent with the prediction of a possible phase transition to the
cubic structure from another model (Paper 7, Table I), which suggests very high
transition pressures for both systems.

The VA/VB in CaSiO3 is very close to its limiting value corresponding to the high
symmetry cubic structure. The predicted low temperature and pressure structure,
from the revised global parametrization method, suggests the presence of a nonzero
degree of tilt. The exhibited distortion also decreases with pressure.

5.3 Substitution Mechanisms for Other Elements

Important problems are related to the investigations of the effect of other elements
on the stability of these phases and their structural and thermoelastic properties. In
particular, Al2O3 has an abundance of 4 to 5 mol % in the lower mantle and is be-
lieved [89] to be incorporated in (Mg,Fe)SiO3 perovskite. It is generally understood
that the Fe partitioning in MgSiO3 is strongly coupled to the Al2O3 concentration
[90, 62].

The substitution mechanism of Fe or Al is driven by the occupation of the
octahedral (Si) or of the large distorted (Mg) sites, or even both of them. This
depends on the oxidation state of Fe [91], on the applied pressure [92], the presence
of oxygen vacancies, etc.
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Let consider first only the Al substitution. If Al is partitioned equally between
the two site types, the local charge balance is maintained, i.e.

2Al3+ = AlMg2+ +AlSi4+ . (5.1)

Theory predicts that this is the mechanism at high pressures. However, if Al3+

occupies only octahedral sites, i.e.

2Al3+ = AlSi4+ +VO, (5.2)

the oxygen vacancies (VO) can maintain the charge balance. This substitution has
been observed to be favored in the low pressure perovskite structures of ceramics
[93].

In the case of Fe, the mechanism is also dependent on the oxidation state, which
affects the electrostatic charge balance. The Fe2+ prefers the large distorted site
in the perovskite, while Fe3+ is more likely to occupy both sites [91]. The presence
of Al, has been shown to extend the stability field of magnesium silicate perovskite
towards iron-rich compositions where Fe3+ is more abundant.

As a final remark, the volume of MgSiO3 is increased by substituting Fe or Al.
However, the iron substitution is shown by experiments to reduce the degree of tilt,
while the Al substitution causes an increase of distortion [62]. Theoretical studies,
making a use of the revGPM method, may provide a deeper understanding of these
phenomena in the near future.



Chapter 6

Stability of Binary Alloys

6.1 Elastic Constants of Cubic Alloys

The dynamical stability in the elastic limit of cubic metals and their alloys is de-
scribed by the elastic constants. They define the response of the material to small
deformations of the unit cell. In order to obtain these quantities theoretically, we
can strain the lattice by distorting the primitive vectors, and obtain the atomic
configuration which minimizes the total energy. From the energy relative to that
of the undistorted structure the elastic constants, Cij , can be obtained [94, 95, 96]
through the general relation

∆E = −P (V )∆V +
V

2

6∑

i,j

εiεjCij +
V

6

6∑

i,j,k

εiεjεkCijk +O[ε4i ]. (6.1)

V is the volume of the undistorted lattice, ∆V is the change in volume of the
lattice due to strain, P (V ) is the pressure of the undistorted lattice at volume V ,
and O[ε4i ] stands for the neglected higher powers of the εi. Here the Voigt notation
[97], originating from the Voigt symmetry [98], has been used for the components
of the strain tensor εij (1 = 11, 2 = 22, 3 = 33, 4 = 23 = 32, 5 = 31 = 13,
6 = 12 = 21). If we consider the case when the crystal structure is not affected by
rigid rotations, the resulting strains are of symmetrical combinations,

εij =

(
1− δij

2

)(
∂ui
∂xj

+
∂uj
∂xi

)
, δij =

{
1 i = j
0 i 6= j

, (6.2)

where ui, uj are the components of the displacements vector and xi, xj are directions
of the orthogonal axes. We can write now the symmetric strain tensor ε̄ with six
independent components,
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ε̄ =




ε1 ε6/2 ε5/2
ε6/2 ε2 ε4/2
ε5/2 ε4/2 ε3


 , (6.3)

and define the transformation of the primitive vectors a0i due to the applied strain
as




a1
a2
a3


 =




a01
a02
a03


( Ī + ε̄

)
, (6.4)

where Ī is the identity matrix. In Eq. 6.1 the first term in the energy expansion
vanishes if a volume conserving strain tensor is applied. Additionally, for small
strains Hooke’s law is adequate, and thus the energy is a quadratic function of the
strains. Therefore the elastic constants, Cij , are directly determined from Eq. 6.1
by neglecting the higher order terms.

The maximum number of independent elastic constants is 21. By considering
the point group symmetry of the crystal structures this number can be reduced.
In the case of cubic symmetry, 3 independent constants are obtained: C11, C12,
and C44. Equivalently, B and C

′

can be defined, where C
′

= (C11 − C12)/2 is
the tetragonal shear modulus and B = (C11 +2C12)/3 the isotropic bulk modulus.
Positive values of the B, C

′

and C44 indicate the mechanical (dynamical) stability
of the considered crystal symmetry under elastic deformations. If one of them is
negative, the structure is unstable towards small distortions of the unit cell. Thus,
a dynamically unstable structure implies that the total energy will be lowered by
adopting a different symmetry. The situation when the elastic constants for a
given crystal structure are all positive, points to a metastable or stable structure,
depending on the thermodynamical stability of other competing symmetries.

For a cubic symmetry the expansion in Eq. 6.1 [99, 100] is reduced to

∆E =
V

2
[C11(ε

2
1 + ε22 + ε23) + 2C12(ε1ε2 + ε2ε3 + ε1ε3) +C44(ε

2
4 + ε25 + ε26)]. (6.5)

To obtain C
′

, a tetragonal distortion can be considered (a = b 6= c). This is an
assymetric distortion, i.e. the energy is an odd function of the strain. Alternatively,
an orthorhombic strain can be used where the energy becomes an even function of
strains [96]. One choice of a tetragonal distortion matrix to determine C

′

is

Ī + ε̄t =




1 + εt 0 0
0 1 + εt 0
0 0 1

(1+εt)
2 .


 . (6.6)

Thus this elastic constant is given by
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∆U = 6V C
′

ε2. (6.7)

For the C44 by applying the symmetric orthorhombic distortion,

Ī + ε̄o =




1 + εo 0 0
0 1− εo 0
0 0 1

1−ε2
o


 , (6.8)

the elastic constant is obtained from

∆U = 2V C44ε
2. (6.9)

The variables entering the expression of strain components typically take values in
the interval range of εt = (−2 %, 2 %), and εo = (0 %, 5 %), respectively. These
distortions are volume conserving, i.e. |Det(Ī+ ε̄t)| = |Det(Ī+ ε̄o)| = 1. It remains
to decide at which volume to calculate them. Theoretical volumes are desirable,
with the comment that by using different approximations for the exchange and
correlation functional, a lowering or rising effect on the equilibrium volume and
thus on the elastic constants, should be expected (e.g. in the case of transition
metals). Therefore, in earlier calculations the experimental volume has been chosen
[101]. For alloys, the overall trend in volume (Paper 8, and Ref. [102]) is well
reproduced. Thus, in studies of the elastic constants dependence on concentration,
within the same exchange and correlation approximation, the theoretical trend in
elastic constants compares well with that from the experimental data [103]. This
is shown in more detail in Paper 8 of this thesis.

The elastic constants define how elastically anisotropic is the material. This can
be quantified by two different definitions, one introduced by Zener, AZ, [100] and
one given by Every, AE, [104];

AZ =
2C44

C11 − C12
; AE =

C11 − C12 − 2C44
C11 − C44

. (6.10)

Both are in use, but AE is of a more physical significance than AZ [99]. For isotropic
crystals the AE = 0 and AZ = 1, respectively.

From the three elastic constants, and within the conventional Debye model, one
can obtain the sound velocity νD and low-temperature related quantities such as
the Debye temperature θD or the heat capacity per atom CD(T ). Additionally,
the entropy related Debye temperature θD,log can be obtained from the logarithmic
average of the sound velocities [99].

6.2 Hume-Rothery Electron Compounds

Atoms of similar sizes may form solid solutions over a wide range of concentra-
tions. Empirically there is a strong correlation between the number of valence
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Figure 6.1. Experimental phase diagram of Ag-Zn binary alloy [105].

electrons per atom, e/a, and the solubility limits and crystal structure adopted by
intermediate phases. It has been discussed by Hume-Rothery [106] that in electron
compounds a particular structure requires a given e/a ratio. These compounds are
alloys involving Cu, Ag, or Au on one side and Zn, Cd, Al, In or Sn on the other.
Hume-Rothery suggested that if e/a < 1.36 the face-centered cubic (fcc) (α phase)
is favored. If e/a ∼ 1.5 the structure of the electron compound is body-centered
cubic (bcc) (β phase - distorted state, and β

′

phase - CsCl type ordered state). In
the case of e/a ∼ 1.6 the γ-brass structure is formed, while for e/a > 1.75 the
hexagonal close packed (hcp) (ε and η phases) are usually stabilized. The experi-
mental phase diagram of one of the prototypes of Hume-Rothery alloys, Ag-Zn, is
presented in Fig. 6.1.

Recent theoretical studies [107, 108] have investigated the stability of different
phases and concluded that methods based on DFT could only account correctly for
the sequence of transformations, when the d-electron effects [109] were adequately
described.

The entalphy of formation for an A−B binary alloy is given by the relation

∆H(c) = E(A1−cBc) − (1− c)Egs(A)− cEgs(B), (6.11)

where Egs(A) and Egs(B) are the ground state total energies of the A and B com-
ponents, and c is the concentration in the alloy. The ∆H(c) is plotted in Fig. 6.2
for the disordered fcc, bcc and hcp structures of Ag-Zn. The bcc structure is found
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Figure 6.2. The entalphy of formation of the α (fcc), β (bcc), ε (hcp) and η
(hcp) phases in Ag-Zn substitutionally disordered binary alloy, calculated with the
coherent potential approximation.

to become dynamically unstable at concentrations of 78 % Zn, as shown in Paper
8 of this thesis. A very recent study [43] has shown that in the case of hcp Cu-Zn
there are two total energy minima, corresponding to two different sets of volume
and c/a. The transition from the ε phase (c/a ∼ 1.55) to the η phase (c/a ∼ 1.8)
is connected with the stabilization of the second minimum relative to the first one,
with increasing Zn content. In Fig. 6.2, between approximatively 85 % and 97 %
of Zn in Ag, a separation of these two hcp phases occurs in a similar way. The heat
of formation of hcp structures exhibits a negative curvature in this region. Thus,
the sequence of symmetry transformations from the phase diagram (Fig. 6.1) is
remarkably well modelled by only comparing the total energies of the substitu-
tionally disordered random structures. However, a more complete description of
the stability can be obtained by including elastic constants calculations for all the
competing phases, c/a relaxations [43], local atomic relaxations, and vibrational
effects [110, 111], the latter is known for example to be important to describe the
order-disorder transition in β-brass [112].
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