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Abstract

The work presented in this thesis concerns the development of a viscous-
inviscid interaction model for prediction of viscous flow properties in
aeronautical applications. The inviscid model is based on an existing
potential flow model and the thesis thus focuses on the development of
a viscous model based on the three-dimensional integral boundary layer
equations. The model is to be applicable to complex geometries with un-
structured meshes and this requirement, in combination with the fairly
complex character of the integral boundary layer equations, sets high
standards for the discretization. In order to arrive at a stable and well-
conditioned scheme a number of topics related to the formulation and
discretization of the integral model are analyzed and discussed. These
include the challenge of finding a discretization which ensures flow con-
servation on curved surfaces and provides a stable and well-conditioned
discretization for mixed-hyperbolic systems of conservation laws. Differ-
ent coupling strategies for the viscous and inviscid models are discussed
and analyzed and so are the singularities in the integral boundary layer
equations in separated flow regions. The predictions of the resulting
viscous-inviscid coupling scheme are validated by comparison to exper-
imental measurements as well as to predictions from other numerical
models. The currently developed coupled model is found to provide rea-
sonably accurate predictions of viscous flow properties in laminar as well
as turbulent flow regions while being stable and convergent in separated
flow regions.
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Sammanfattning

Arbetet som presenteras i följande avhandling beskriver utvecklingen
av en kopplad viskös-inviskös gränsskiktsmodell avsedd för prediktering
av viskösa strömningsstorheter inom flygtekniska tillämpningar. Den
inviskösa modellen är baserad på en existerande potentialflödesmodell
varför arbetet fokuserar på utvecklingen av en viskös modell baserad
på de tredimensionella integrala gränsskiktsekvationerna. Modellen är
tänkt att vara tillämpbar för komplexa geometrier diskretiserade med
ostrukturerade nät. Detta önskemål, kombinerat med den relativt kom-
plicerade karaktäristiken i de integrala gränsskiktsekvationerna, ställer
höga krav på diskretiseringen. För att nå en stabil och välkondition-
erad diskretisering analyseras och diskuteras ett antal ämnen relaterade
till formuleringen och diskretiseringen av den integrala gränsskitktsmod-
ellen. Dessa inkluderar utmaningen att finna en diskretisering vilken
garanterar flödeskonservering på krökta ytor samt är stabil och välkondi-
tionerad för system av konserveringsekvationer med blandad hyperbolisk
karaktär. Olika strategier för koppling av den inviskösa och den viskösa
modellen diskuteras och analyseras och så även singulariteterna som är
relaterade till de integrala gränsskiktsekvationerna i flödesområden med
separerad strömning. Predikteringarna som erhålls från den viskösa-
inviskösa beräkningsmodellen valideras genom jämförelse med experi-
mentell mätdata samt resultat från andra beräkningsmodeller. Valid-
eringen visar att den utvecklade beräkningsmodellen ger resultat med
relativt hög nogrannhet i flödesområden med såväl laminära som tur-
bulenta gränskikt samt är stabil och konvergent i separerade strömning-
sområden.
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Dissertation
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Introduction

Aviation history is full of success stories. Since the first powered heavier
than air flight by the Wright brothers in 1903 a primary goal of air-
craft design has been to enable long distance flights. As such the flight
over the English channel by Louis Bleriot in 1909 and Charles Lind-
berg’s flight over the Atlantic ocean in 1927 were considered to be major
achievements [1]. Since then the technology has improved and today
transatlantic flights are everyday occurrences. Consequently, the focus
of aircraft design has shifted and designers have become more inter-
ested in improving efficiency [2]. Efficiency measures such as time, cost
and environmental impact are of importance during operation as well
as during design and production processes. A key element in improving
operational efficiency is finding an aerodynamic design which provides
a favorable surface distribution of pressure and skin friction, the inte-
gration of which forms the forces and moments acting on the aircraft in
flight [3].

With an inviscid flow assumption the pressure distribution primarily
depends on the shape of the aerodynamic body. However, in reality,
viscous effects, such as the boundary layer growth along body surfaces,
are of importance. The boundary layer causes a displacement effect and
thus alters the shape of the aerodynamic body seen by the incoming flow
[4]. This in turn alters the pressure distribution and consequently affects
the integrated forces and moments. The displacement effect depends
on viscous properties of the flow as well as on compressibility effects,
typically measured by the Reynolds number and Mach number. Also
variations in pressure distribution, for example obtained by deflection
of control surfaces, can affect the displacement thickness. In general,
the displacement effect is relatively large for low Reynolds number flows
whereas it decreases with increasing Reynolds number [4].

The forces and moments acting on an aircraft in flight are commonly ex-
pressed as normalized force and moment coefficients [3]. The coefficients
depend on several different parameters, such as angle of attack, α, and
control surface settings, and can be used for prediction of aircraft perfor-
mance. The importance of accounting for viscous effects when predicting
the coefficients can be seen by studying experimental measurements of
the force coefficient Cz, related to the force in the direction perpendic-
ular to the free stream flow, over a natural laminar flow airfoil profile
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Figure 1: A natural laminar flow airfoil profile.

shown in Figure 1. The Cz coefficient obtained from measurements at
chord based Reynolds numbers, Rec, of 0.6 and 1.3 million are shown
as function of the angle of attack in Figure 2. With an inviscid flow
assumption one would expect Cz to form an approximately linear curve.
From the figure it is clear that for low values of α the Cz curve has an
almost constant slope for both Reynolds numbers, indicating that an
inviscid flow assumption would likely provide a reasonable estimate of
Cz for these values of α. However, when the angle of attack increases
the slope decreases. Letting ki denote the slope of the measured curves
for low values of α, it is clear that for higher values of α the measured
values of Cz are considerably lower than the corresponding values which
would have been obtained if extending a linear model, with slope ki,
from the lower values of α. The decrease in slope is related to the dis-
placement effect caused by the boundary layer growth and a trailing edge
flow separation. The figure also shows that the Cz coefficient not only
depends on α but also on Rec, illustrating that the Reynolds number
has a significant impact on the displacement effect and, consequently, on
the pressure distribution and the force and moment coefficients.

Boundary layers can be either laminar or turbulent and the character
largely affects the interaction between the fluid flow and the aircraft
structure [4]. For example, laminar boundary layers typically give rise
to a significantly smaller skin friction than turbulent boundary layers
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Figure 2: Integrated force coefficient as function of angle of attack.

and, consequently, wing designs with large regions of laminar flow can
provide a much smaller friction drag as compared to designs for which
the majority of the wing experiences turbulent boundary layer flow [5].
While laminar boundary layers commonly experience a natural transition
to turbulent flow at some chord wise position of the wing, disturbances,
such as for example free stream turbulence, can cause an earlier tran-
sition. Turbulent boundary layers quickly increase their thickness and
for wing designs with transition close to the leading edge the boundary
layer thickness is typically large when it reaches the trailing edge of the
wing, causing a significant displacement effect. The effect a variation in
transition location can have on the pressure distribution is illustrated in
Figure 3, which shows a comparison of the measured pressure distribu-
tion for flow over the natural laminar flow airfoil section, with deflected
trailing edge flap, for the cases of natural laminar-turbulent transition
and forced transition at 19% of the chord respectively. From the fig-
ure it is clear that the increased displacement thickness caused by the
earlier transition to turbulent flow has a visible effect on the pressure
distribution.

An important part of the aircraft design process is the verification of
structural load requirements. For such purposes all loads, both steady
and unsteady, which may possibly act upon the aircraft in flight need to
be considered. Considering flight states at different altitudes and speeds
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Figure 3: Chord wise pressure coefficients.

as well as different maneuvers requiring different settings of the control
surfaces, the total number of load cases to be analyzed quickly grows
large. Since aircraft structures are flexible, the aerodynamic loads cause
structural deformations which in turn affect the aerodynamic forces.
This interaction can cause an amplification of both structural and aero-
dynamic loads which needs to be considered [6]. Since also inertial forces
affect the structural deformations and consequently both structural and
aerodynamic forces, variations in mass distribution, for example caused
by a variation in payload or fuel level, need to be added to the states to
be analyzed. Since the aerodynamic forces are affected by the bound-
ary layer displacement thickness, variations in parameters which affect
the boundary layer growth, such as transition locations and the size of
trailing edge flow separations, also need to be considered.

While it is possible to obtain information about structural loads and
aerodynamic forces from wind tunnel and flight testing, such a procedure
is both time consuming and costly. Both time and money can be saved
by, as a complement to experimental testing, using numerical models to
obtain predictions of the interesting quantities. The numerical models
need to be accurate enough to correctly capture important aspects of
the flow physics. At the same time, they need to be efficient enough to
allow a large number of analyzes. Together, these requirements set high
standards for the flow models.
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Mathematical Models

Fluid flow is typically modeled by equations based on the conservation of
mass, momentum and energy. Assuming a Newtonian fluid the Navier-
Stokes (NS) equations can be derived from the conservation equations
[7]. For laminar flow the NS equations form a complete set which can
be solved for flow field quantities such as velocity, pressure and den-
sity. For turbulent flow random fluctuations are present in the flow field
which adds to the complexity of the solution process. Turbulent flows
can be modeled with varying complexity and accuracy [8]. Direct nu-
merical simulation (DNS) methods are based on the NS equations and
exactly resolve every length and time scale in the turbulent spectrum.
Such methods can provide an accurate and detailed description of the
flow field but at a very high computational cost. Large eddy simula-
tions (LES) resolve the large length scales in the turbulent spectrum but
use an approximate model to account for the smallest turbulent length
scales. While still providing detailed results the computational cost is
reduced as compared to the DNS methods. Another common choice is
the Reynolds averaged Navier-Stokes equations (RANS) which combine
the time averaged NS equations with an approximate turbulence model
to account for the unsteady flow fluctuations. Such models provide re-
sults of sufficient accuracy for several aeronautical applications. While
much more efficient than DNS and LES, the computational cost of RANS
simulations is still high when applied to realistic aircraft configurations,
limiting their use in the numerous analyzes needed for the development
of new aircraft designs [9]. Thus, for industrial use models based on
potential flow are common.

While potential flow models are able to solve industrial scale problems
in a matter of minutes, or even seconds, they do not account for viscous
effects, which are important close to surface boundaries [10]. To com-
pensate for this viscous-inviscid interaction (VII) methods have been
developed [4]. These methods solve the potential flow equations in the
largest part of the computational domain and only account for viscous
effects close to geometric surfaces, as illustrated in Figure 4. This sig-
nificantly reduces computational cost as compared to solving the NS
equations in the entire computational domain while giving improved ac-
curacy of predictions in viscous flow regions as compared to predictions
obtained from potential flow models.
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For two-dimensional flow fields VII methods are well developed. For
aeronautical applications they are routinely used for design of airfoil sec-
tions [11]. Three-dimensional potential flow solvers have been extended
with two-dimensional boundary layer solvers which predict boundary
layer growth along surface streamlines or slices of the mesh surface
[12, 13, 14, 15]. While these methods improve accuracy as compared to
potential flow models, the accuracy deteriorates in regions with strong
three-dimensional boundary layer effects [15], such as areas close to wing-
body junctions and engine nacelles. To account for these effects fully
three-dimensional VII models are needed. While several attempts have
been made to develop fully three-dimensional VII models [16, 17, 18, 19],
such models are, to the author’s knowledge, not readily available for in-
dustrial use.

The current study is aimed at being a step towards developing a fully
three dimensional VII model which is robustly and efficiently applicable
to industrial scale problems defined on complex geometries. In the long
term perspective it should be able to provide an efficient tool for both
steady and unsteady analysis. However, because of the complexity of
developing such a model, the present thesis focuses on the steady part.
The inviscid part of the VII model to be developed is based on an existing
potential flow solver PHI [10] and this thesis is thus mainly focused on
the development of a viscous flow model which accounts for boundary
layer effects. The VII model is intended for aeronautical applications
in the subsonic and high subsonic flow regime. Thus, compressibility
effects are of importance and are accounted for in the VII model while
transonic and supersonic effects, such as for example shock waves, are
not considered in the modelling.

The NS equations can be simplified to provide a set of boundary layer
(BL) equations [3]. The solution of these equations is less computation-
ally expensive than the solution of the full NS equations. The derivation
of the BL equations is based on a thin shear-layer assumption. While the
approximation is accurate enough for many flows of engineering inter-
est, the accuracy of the approximation deteriorates in regions where the
relative thickness of the viscous region grows large, such as for example
flows with large-scale separation. The BL equations can be integrated in
the surface normal direction providing so called integral boundary layer
(IBL) equations [3]. The integration reduces the computational domain
by one spatial dimension, thus providing a further reduction in compu-
tational cost. By using different models for the wall normal pressure
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Figure 4: Illustration of viscous and inviscid flow regions for flow over
an airfoil section.

distribution, IBL equations of different accuracy can be obtained [4]. A
common choice is to assume the pressure to be constant in the wall nor-
mal direction. This provides so called first order accurate IBL equations
and is the choice of the present work.

Discretization

Finding a suitable mathematical model is not merely about deciding
upon a set of equations with the right level of accuracy and complexity
but also about finding a suitable discretization. The IBL equations form
a set of first order partial differential equations. For simple geometries
such equations can, quite conveniently, be discretized by finite-difference
schemes. For complex geometries which, because of the reduced mesh-
generation effort, are often discretized by unstructured meshes, finite-
element methods (FEM) and finite-volume methods (FVM) are a more
common choice because they are more easily adaptable to application on
such mesh surfaces [8]. The choice of discretization largely depends on
the character of the PDE system, which may be either elliptic, parabolic,
hyperbolic or mixed [8]. The IBL equations are of either hyperbolic or
mixed-hyperbolic character [16]. For hyperbolic systems it is common to
use FVM schemes, which can be stabilized by a suitable upwind scheme
[20]. This is the choice of the present work. However, the possibility of a
mixed-hyperbolic character requires the upwind scheme to be modified
to stabilize also mixed-hyperbolic systems and this is further discussed
in Paper A, which also discusses previous attempts at discretizing IBL
systems based on FEM approaches.
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Partial differential equations can be solved by a time stepping procedure
and the stability criterion is then related to the relative size of the time
step ∆t and a representative size of the spatial discretization ∆x [20].
In this study only the steady state solution is of interest and the system
is thus regarded to be a non-linear system of equations and is solved
by a Newton-type method. Convergence aspects are thus not related to
the relative size of ∆t,∆x but rather to the conditioning of the Jacobian
matrix. This is further discussed in Paper A, which describes the imple-
mentation of a three-dimensional IBL model as well as the development
and implementation of an unstructured-mesh finite-volume discretiza-
tion. While expressed in a local Cartesian coordinate system [21], the
IBL equations are defined on a two-parametric surface in three space
dimension. The flow thus needs to be transformed between neighboring
cell volumes in a way which ensures flow conservation on curved surfaces.
Such a transformation is implemented in the discretization and discussed
in Paper A.

Viscous-Inviscid Coupling

A common way of coupling the viscous and inviscid models is to model
the displacement effect of the boundary layer as boundary conditions
in the inviscid solver and to compute the velocity and velocity gradient
terms in the boundary layer model based on information provided by
the inviscid model. The coupled systems can then be solved by a variety
of different approaches. In direct coupling schemes viscous and inviscid
systems are solved separately in a number of subsequent viscous and
inviscid iterations in between which the coupling terms are updated [4].
However, the integral boundary layer equations are singular in separated
flow regions [22], [23]. This can give rise to numerical ill-conditioning and
result in convergence problems for direct coupling schemes in such flow
regions. Fortunately, the singularity can be avoided by applying inverse,
simultaneous or quasi-simultaneous coupling schemes.

While direct methods solve for the distribution of viscous variables cor-
responding to a given velocity distribution, inverse methods solve for
the velocity distribution corresponding to a given set of viscous variables
[4]. This system is well posed even in separated flow regions and inverse
methods thus avoid the boundary layer singularity. Fully simultaneous
methods solve both viscous and inviscid systems simultaneously [24].



Introduction 19

While the integral boundary layer equations are singular in separated
flow regions, the inviscid equations show a dependence on the viscous
variables and this dependence prevents the system from becoming sin-
gular. Quite similarly, quasi-simultaneous methods use an approximate
inviscid model which is solved in combination with the viscous model
[24], thereby avoiding the singularity by introducing a dependence on
the viscous variables even in separated flow regions.

Paper B focuses on the coupling of the IBL model to the potential flow
solver PHI [10]. While a fully coupled scheme was implemented it was
found to provide poor robustness. As will be discussed in Paper B,
the sensitivity was believed to be related to the coupling terms and it
was thus supposed that better convergence could be obtained using a
direct method. To be able to obtain solutions also in separated flow
regions the reason for the mathematical singularities and the numerical
ill-conditioning in separated flow regions was investigated. It was found
that by a suitable modification of the IBL model it is possible to capture
the flow separation while avoiding the mathematical singularities and the
numerical ill-conditioning. Such a modification, discussed in Paper B,
is successfully implemented, providing a direct-coupling scheme which is
convergent also in separated flow regions.

Future Work

The VII model developed in the present thesis is able to provide pre-
dictions of viscous flow field quantities in both laminar and turbulent
flow regions. The transition between the different flow states is mod-
eled by a transport equation based on the envelop eN method [25]. The
transition model thus considers transition caused by the amplification of
Tollmien-Schlichting waves but does not account for transition caused
by cross flow instabilities and attachment line instabilities [5]. While
Tollmien-Schlichting waves is the governing transition mechanisms in
two-dimensional flow fields, cross flow instabilities and attachment line
instabilities are important transition mechanisms in flows with a strong
three-dimensional character, such as flow over aircraft configurations
with highly swept wings [5]. It could thus be useful to extend the transi-
tion model to account also for three-dimensional transition mechanisms.

The long term goal of the present work is to develop a VII model appli-
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cable to analysis of steady as well as unsteady flow fields. While time-
dependent problems can be solved using various time-stepping proce-
dures a frequency-domain approach is sometimes more efficient. Frequency-
domain analysis is common in aeroelastic applications in which periodic
structural deformations are analyzed, such as for example in flutter anal-
ysis [6]. Under certain linearity assumptions, solutions corresponding
to different frequencies can be superimposed providing a total struc-
tural deformation. However, for analysis of systems in which strong
non-linearities are present, linear superposition can provide results of
insufficient accuracy making time-domain analysis a better option. An
interesting subject for future analysis is thus to investigate whether the
VII system is suitable for frequency domain analysis or if time domain
analysis is a better option. Depending on the outcome of the analysis
the VII solver can be extended to analysis of unsteady flow fields, based
on either a frequency-domain or a time-domain approach.
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The viscous-inviscid coupling scheme was developed and implemented
by M. Lokatt. M. Lokatt performed the related mathematical analyzes
as well as the validation test cases. The paper was written by M. Lokatt
with support from D. Eller.


