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Abstract

We consider the solidi�cation of a pure material from its undercooled melt, tak-
ing into account e�ects of surface tension, kinetic undercooling and crystalline
anisotropy. The classical mathematical formulation consists of two heat equa-
tions coupled with boundary conditions prescribed at the moving solid-liquid
interface. Analytic solutions are known only for a few special cases. Since the
problem has important industrial applications one is interested in numerical
methods for accurate simulation.

The classical formulation is not well suited for computation since it requires
explicit tracking of geometrically complex free boundaries. Phase-�eld methods
have emerged as a popular alternative. They are based on the notion that there
exists a smooth approximation of an indicator function, or phase-�eld, uniquely
identifying the phase at a given location and time. Phase-�eld models are de-
rived from thermodynamics and are formulated as reaction-di�usion equations
valid in the entire domain. Free boundaries are replaced by di�use interfaces of
width � corresponding to transitions in the phase-�eld variable. There is no need
to explicitly track interfaces since they are implicitly de�ned by the computed
solution.

The main purpose of this work is to �nd computationally eÆcient methods
for phase-�eld simulation of dendritic solidi�cation. To this end �nite di�erence
approximations and their implementations are considered. A comparison be-
tween a �rst order accurate semi-explicit time-stepping scheme and an implicit
scheme based on BDF-discretization is presented. Numerical experiments in two
space dimensions show that for suÆciently low error tolerances the BDF-scheme
gives a solution in less simulation time.

To further reduce simulation times for the implicit scheme an implementation
has been written for parallel distributed memory architectures. Performance
measurements on an IBM SP2 show that a parallel eÆciency exceeding 70% can
be obtained for grids as small as 200� 200 points on 16 processors.

Agreement between phase-�eld model and classical formulation is investi-
gated in the limit of vanishing di�use interface thickness. It is shown how the
accuracy in the interface conditions can be increased from �rst to second order
in � by modifying a single scalar parameter. Simulation can be performed with
larger �, and hence smaller computational grids, without loss of accuracy.

An alternative limit where the undercooling tends to zero much faster than
the di�use interface thickness is considered. The analysis shows that the in-
terfacial temperature becomes independent of � to leading order only when the
modi�cation is applied. At low undercoolings the smallest geometric scale in
the dendrite increases, and solidi�cation proceeds slower. The correction pre-
dicted by analysis allows simulation for smaller undercoolings with the same
computational resources.

ISBN 91-7283-343-2 � TRITA-NA-0219 � ISSN 0348-2952 � ISRN KTH/NA/R-02/19-SE

iii



iv



Acknowledgments

First and foremost I would like to thank my advisor Gunilla Kreiss for invalu-
able support, guidance and encouragement throughout my research. This thesis
would not have been possible without her.

I am also grateful to Gustav Amberg, Irina Loginova, Robert T�onhardt and
John �Agren for many stimulating and informative discussions on phase-�eld mod-
els and the underlying physical processes of solidi�cation.

Last, but not least, I wish to thank my family and friends for putting up with
me over the past couple of years.

Financial support from the National Graduate School in Scienti�c Computing
(NGSSC), the Swedish Research Council (TFR) and the European Community's
TMR Programme is gratefully acknowledged.

v



vi



Contents

1 Introduction 1

2 Solidi�cation of a pure material 3

2.1 The Stefan problem . . . . . . . . . . . . . . . . . . . . . . . . . 3
2.2 Related physical problems . . . . . . . . . . . . . . . . . . . . . . 5
2.3 Direct numerical simulation . . . . . . . . . . . . . . . . . . . . . 5

3 The phase-�eld approach 7

3.1 Derivation of a phase-�eld model . . . . . . . . . . . . . . . . . . 7
3.2 Non-dimensionalization . . . . . . . . . . . . . . . . . . . . . . . 10
3.3 Model properties . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
3.4 Inclusion of anisotropy . . . . . . . . . . . . . . . . . . . . . . . . 12

4 Numerical simulation 15

4.1 Finite di�erence methods . . . . . . . . . . . . . . . . . . . . . . 15
4.2 Asymptotics and implications on computational eÆciency . . . . 16
4.3 Parallel computing . . . . . . . . . . . . . . . . . . . . . . . . . . 17

4.3.1 Scalability metrics . . . . . . . . . . . . . . . . . . . . . . 18

5 Computed dendrites 21

6 Summary of papers 25

6.1 Paper 1: Time-stepping schemes for phase-�eld simulation of den-
dritic solidi�cation . . . . . . . . . . . . . . . . . . . . . . . . . . 25

6.2 Paper 2: Computation of dendrites on parallel distributed mem-
ory architectures . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

6.3 Paper 3: Third order asymptotics of a phase-�eld model . . . . . 26
6.4 Paper 4: Analysis of a phase-�eld model for solidi�cation in the

limit of vanishing undercooling . . . . . . . . . . . . . . . . . . . 27

vii



viii



List of Papers

Paper 1 C. Andersson, Time-stepping schemes for phase-�eld simu-
lation of dendritic solidi�cation, Tech. Rep. TRITA-NA-0216,
Department of Numerical Analysis and Computer Science,
Royal Institute of Technology, 2002.

Paper 2 C. Andersson, Computation of dendrites on parallel distributed
memory architectures, in Simulation and Visualization on the
Grid, B. Engquist, L. Johnsson, M. Hammill, and F. Short,
eds., vol. 13 of Lecture Notes in Computational Science and
Engineering, Springer Verlag, June 2000, pp. 195{208.

Paper 3 C. Andersson, Third order asymptotics of a phase-�eld
model, Tech. Rep. TRITA-NA-0217, Department of Numerical
Analysis and Computer Science, Royal Institute of Technology,
2002.

Paper 4 C. Andersson, Analysis of a phase-�eld model for solidi�cation
in the limit of vanishing undercooling, Tech. Rep. TRITA-NA-
0218, Department of Numerical Analysis and Computer Science,
Royal Institute of Technology, 2002.

ix



x



Chapter 1

Introduction

Solidi�cation and dendritic growth is very important from a practical point of
view. Some properties of solids, e.g. ductility, electrical conductivity and me-
chanical strength, are determined by the microscopic structures produced upon
solidi�cation. One would like to gain control of the structure formation to obtain
the desired properties in manufacture. Applications can be found in for example
casting and semiconductor production.

The pattern formation process is not yet fully understood. It is for example
known that the dendrite tip radius multiplied by the tip velocity is constant,
but it is not clear how this constant is selected for a given undercooling. From a
scienti�c point of view one would like to understand the underlying mechanisms
in order to create better models.

Here we especially consider the solidi�cation of a pure material from its under-
cooled melt, taking into account e�ects of surface tension, kinetic undercooling
and crystalline anisotropy. The classical mathematical formulation has the form
of a Stefan problem. Two di�usion equations govern the transport of heat in the
solid and liquid phases, and are coupled by boundary conditions prescribed at
the solid-liquid interface. During solidi�cation the interfaces will move, resulting
in a free boundary problem.

In most situtations it is impossible to �nd analytic solutions to the Stefan
problem of practical use. For this reason a considerable e�ort has been put into
developing numerical algorithms over the last twenty years. In particular, phase-
�eld methods have become increasingly popular since they allow simulation with-
out explicit treatment of free boundaries. Chapter 2 gives a brief overview of
the classical mathematical description and discusses some of the diÆculties as-
sociated with direct numerical simulation. The derivation of a phase-�eld model
from thermodynamics is outlined in Chapter 3. The derivation is to large extent
based on the work of Wang et al. [40].

The main purpose of this work is to �nd computationally eÆcient methods
for numerical simulation of dendritic solidi�cation. It can be roughly divided into

1



2 Chapter 1. Introduction

two parts. The �rst part treats the numerical algorithms and their implemen-
tation on parallel distributed memory computers. Section 4.1 gives some brief
preliminaries on approximation by �nite di�erence methods. Paper 1 compares
two di�erent approaches to time-stepping with respect to achieved accuracy and
total execution time. All aspects of the numerical schemes are covered in some
detail, with the emphasis on linear and non-linear solvers.

The more accurate of the two time-stepping scheme is expensive in terms of
oating point operations and also requires more storage. Paper 2 describes a
parallel implementation aimed at reducing the simulation time and/or allowing
larger problems to be solved. The eÆciency of the parallel code is measured by
the metrics introduced in Section 4.3.

The second part of the thesis deals with the analysis of phase-�eld models.
Phase-�eld models are derived from thermodynamics, and it is necessary to show
that the resulting equations yield solutions satisfying the free boundary problem
one wishes to solve. Karma and Rappel noted that a more accurate analysis can
be exploited to reduce the sizes of computational grids without losing agreement
with the free boundary formulation [21]. The modi�cation requires only a small
correction to a single physical parameter, as outlined in Section 4.2.

In paper 3 asymptotic approximations to solutions of a phase-�eld model are
constructed. It is shown that the correction suggested by Karma and Rappel
[21] increases accuracy in the interface conditions from �rst to second order.
This property does not follow automatically from more accurate analysis. The
analysis shows that the �fth degree polynomial modeling the release of latent heat
originally proposed in [40] can never lead to third order accuracy. Furthermore,
if there are polynomials in the phase-�eld model leading to third order accuracy
they are of degree ten or higher. Polynomials of such high degree are not desirable
for computation beacuse of sensitivity to round-o� errors.

Paper 4 presents an alternative asymptotic analysis where the limits are
chosen to be more appropriate for numerical simulation at low undercoolings. It
is shown that the correction determined in paper 3 increases the order of accuracy
by almost one in this limit. First order convergence is obtained instead of \almost
zero". The limit itself is not of practical interest but allows investigation of the
phase-�eld model at low undercoolings.



Chapter 2

Solidi�cation of a pure

material

2.1 The Stefan problem

Let us consider the simple example of a single growing crystal. We can think
of the computational domain 
 as consisting of the regions 
�(t) and 
+(t)
corresponding to the solid and liquid phases at a given time t. The two phases
are separated by a free boundary �(t) representing the solid-liquid interface, see
Figure 2.1. � is here de�ned as the angle between the outward normal and some
reference direction. It is needed to account for preferred growth directions in the
crystal. In three dimensions � should be a vector of two components to properly
account for anisotropy.

Given an initial interface location, temperature distribution, and outer bound-
ary conditions, we wish to determine the interface location �(t) and temperature
T (x; t). Taking into account e�ects of surface tension, kinetic undercooling and
anisotropy one can formulate a Stefan problem in physical variables,8<:

@tT = Dr2T; x 2 
�(t);
cD@nT

��+
� = �Lvn; x 2 �(t);

T = TM � e�(�)TMK=L� vn=�(�); x 2 �(t)

(2.1)

where TM is the melting temperature, D the thermal di�usivity, c the heat
capacity, L the latent heat of fusion, vn the normal velocity of the interface, K
the interfacial curvature taken to be positive if the center of curvature is inside
the solid, �(�) the interfacial mobility and e�(�) a function depending on the
surface tension �(�).

In (2.1) it has been assumed that all physical parameters are constant and
equal in the bulk solid and liquid phases. This is a valid assumption for certain
materials, such as succinonitrile (SCN) and will reduce the amount of notation
needed. The assumption is not vital for the phase �eld modeling [3].

3



4 Chapter 2. Solidi�cation of a pure material
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Figure 2.1. Schematic overview of the considered geometry

The �rst equation of (2.1) describes the di�usion of heat inside the bulk
solid and liquid phases. The second equation gives an expression for the inter-
facial velocity, proportional to the discontinuity in the normal derivative of the
temperature across the interface. It is needed for conservation of energy and cor-
responds to release and/or absorption of latent heat. The third equation, or the
Gibbs-Thomson condition, models the change of melting temperature according
to kinetic and capillary e�ects.

The Gibbs-Thomson condition of (2.1) is not present in the classical Stefan
problem often seen in mathematical textbooks. Instead the third equation is
replaced by T = TM , i.e. it is assumed that the phase transition takes place
at equilibrium. The more complicated boundary condition is needed in order to
obtain dendritic structures. In an attempt to motivate why the classical Stefan
problem is not suÆcient in the current context, and explain why the dendritic
structures occur, the underlying physics of the \pattern selection process" will
be briey overviewed. More detailed descriptions of the underlying physics can
be found in [27, 28].

A pure liquid is held at a temperature below melting temperature. This is
a metastable state and solidi�cation can be initiated by disturbing the system,
e.g. by adding a crystal seed. As solidi�cation proceeds latent heat will be
released at the solid-liquid interface, and the growth rate will depend on how
fast this heat can be conducted away. From this point of view it is favorable
to have a large interfacial area since it implies faster dissipation. On the other
hand, the interface is associated with a surface energy which would in turn
imply that a small interfacial area is to prefer. The actual shape of the crystal
is determined by a compromise between these two competing e�ects. Surface
energy has a stabilizing e�ect on the growth since it determines a smallest scale
in the geometry. The process is unstable in the sense that small perturbations
in initial data can signi�cantly alter the time-dependent shape of the crystal.
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2.2 Related physical problems

The Stefan problem is signi�cant for applications in semiconductor production
where one is interested in the growth of pure crystals. In order to simulate
realistic casting (2.1) needs to be complemented with equations to account for
the di�usion of alloying elements. For each additional component in the alloy a
di�usion equation for a concentration is added to the Stefan problem, and also
an interface condition prescribing a discontinuity in the concentration across
the interface. The phase �eld approach has been successfully used to model
solidi�cation of binary alloys, both in isothermal [42, 43] and non-isothermal
settings [10, 30].

For casting applications it may be unrealistic to assume that the melt is
stationary during the solidi�cation process. Phase-�eld models have been for-
mulated which take into account uid ow by accounting for convective e�ects
in the derivation of the model [4, 37, 38].

2.3 Direct numerical simulation

Despite the apparent simplicity of equation (2.1) analytic solutions are known
only for a few very special cases. For example a planar interface moving with
constant velocity for undercooling � = c(TM � T1)=L > 1, where T1 is the
uniform temperature of the liquid far away from the interface. The Ivantsov
parabolas are a more useful family of analytic solutions in two and three space
dimensions. In the absence of surface tension they give a paraboloidal dendrite
tip and the associated temperature for a given undercooling. The Ivantsov solu-
tions are formulated in terms of the product between tip velocity and tip radius
(the Peclet number) [28]. They are however not capable of determining the
velocity or curvature separately.

Numerical computations is therefore a necessary tool for modeling solidi�ca-
tion in realistic settings. The major diÆculties of direct simulation are associ-
ated with keeping track of the moving solid-liquid interfaces so that the correct
boundary conditions are prescribed.

Front-tracking methods �t naturally in the framework of free boundary prob-
lems, see e.g. [2, 20]. The interface is represented by a discrete set of marker
points which are connected by interpolants to obtain the location of the free
boundary. The time-dependent problem is then solved by advecting the marker
points according to the velocity given by (2.1), and solving the heat equations
in solid and liquid given the location of the boundary.

In [20] an approach based on the immersed boundary method [35] is used to
transfer data between a �xed temperature grid and interfaces. Time-stepping
essentially reduces to solving a system of non-linear equations for the normal
velocities of the marker points guaranteeing that the Gibbs-Thomson condition
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holds. Almgren considers a di�erent algorithm in [2] where marker points are ad-
vected by minimizing an energy functional chosen such that the Gibbs-Thomson
condition is satis�ed.

Due to the complicated interfacial shapes which arise it will be necessary to
add and delete points during simulation. Merging interfaces present a problem
since it becomes necessary to rede�ne the connectivity of marker points to rep-
resent the new geometry. This becomes increasingly diÆcult with the number
of space dimensions.

Over the past decade phase-�eld methods have emerged as a popular alter-
native for computation. Using ideas from continuum models of phase transitions
a set of reaction-di�usion equations valid in the entire computational domain is
derived from thermodynamics. The sharp interfaces of (2.1) are replaced by thin
di�use interfaces of width � implicitly given by the solution. Thus the need to
explicitly represent moving boundaries is eliminated.

Level set methods can be used as an alternative to phase-�eld modeling
[11, 33]. Front-tracking is avoided by introducing a signed distance function, or
level set function, which for every point in the domain gives the distance to the
closest solid-liquid interface. In computation the level set is advected according
to an extension of the interface conditions. The temperature is updated so that
the Stefan problem is satis�ed by requiring that the temperature interpolant
satis�es the Gibbs-Thomson condition at solid-liquid interfaces [11].

Compared to phase-�eld methods the level set approach has the advantage
of being independent of the arti�cial di�use interface width �. Simulation is
performed using the sharp interface formulation so there is no need to derive
a new set of equations. There are however some additional technicalities in
the formulation of numerical schemes. Interpolation is needed to ensure that
the interface conditions hold. It is also necessary to \reinitialize" the level set
function so that it remains a signed distance function [11].

To date phase-�eld methods have been used much more extensively than level
set methods. The phase-�eld model considered in this work is briey overviewed
in Chapter 3.



Chapter 3

The phase-�eld approach

3.1 Derivation of a phase-�eld model

There are several di�erent phase-�eld models describing the solidi�cation of a
pure material from its undercooled melt. They are all based on the key as-
sumption that there is a smooth approximation of an indicator function taking
on distinct values in the bulk solid and liquid phases, the so called phase-�eld
variable.

The derivation proceeds by formulating the free energy/entropy of the system
and requiring that the temperature and phase-�eld evolve such that the free
energy decreases [29] or the entropy increases [34, 40]. The latter approach
results in thermodynamically consistent phase-�eld models a priori guaranteeing
that the second law of thermodynamics holds. It is not clear from simulation
whether the thermodynamically consistent models give better results than the
ones based on derivation from free energy [24]. Since non-isothermal situations
are considered the entropy is however more appropriate from a physical point of
view [34].

For both approaches a set of reaction-di�usion equations is obtained but
with di�erent non-linear reaction terms. The di�erence is also a�ected by the
choice of constant values taken by the phase-�eld, which has consequences for
the interpolants G(�) and p(�) discussed below.

A brief outline of the derivation of a thermodynamically consistent phase-
�eld model is now given. The presentation is based on the work of Wang et
al. [40] where the derivation is carried out in full detail, and to lesser extent on
the more general work of Penrose and Fife [34]. To avoid some technicalities we
consider the isotropic case where the angular dependence of e�(�) and �(�) is not
taken into account. The same approach works also for the anisotropic case [32],
as discussed in Section 3.4.

7



8 Chapter 3. The phase-�eld approach

We begin by postulating the existence of a phase-�eld variable, which is an
approximation of a non-conserved indicator function such that

�(x; t) =

�
0 x 2 
�(t)
1 x 2 
+(t)

; (3.1)

c.f. Figure 2.1. Furthermore, it is assumed that �(x; t) varies smoothly between
0 and 1 only in thin regions ��(t) of width O(�) corresponding to di�use solid-
liquid interfaces. The small positive parameter � is related to physical quantities
below.

To derive evolution equations for phase-�eld and temperature, we assume
that the entropy and internal energy of any given subvolume V � 
 can be
written as

S =

Z
V

"
s(e; �)� Æ2

2

�r��2#dV; (3.2)

E =

Z
V

e(T; �)dV; (3.3)

respectively. Here s is an entropy density and e an internal energy density.
The second term in the integrand of (3.2) is a gradient entropy term needed
to account for contributions from the solid-liquid interface, analogous to the
Landau-Ginzburg energy term in the free energy [34]. According to the �rst
and second laws of thermodynamics, we assume that T and � evolve in such
a way that the energy is conserved and the local entropy production in V is
non-negative. The second requirement is met if

�@t� =
ÆS
Æ�

; (3.4)

where � > 0 can be interpreted as the relaxation time of the phase-�eld [34, 40].
To formulate a set of partial di�erential equations the internal energy density

is written

e(T ) = e�(T ) + p(�)L(T ) = e+(T ) +
�
p(�)� 1)L(T ); (3.5)

where e�(T ) are the classical internal energy densities in liquid and solid, and
the latent heat L(T ) = e�(T ) � e+(T ) is their di�erence. The function p(�) is
at this point unknown but will be speci�ed below. It is required to satisfy the
normalization p(0) = 0 and p(1) = 1. It will be assumed that the internal energy
density in the liquid phase is linearly dependent on the temperature.

To identify the functional derivative in (3.4) the internal energy is related to
the Helmholtz free energy through thermodynamic relations [34],

f(T; �) = T

 
�
Z T

TM

e+(�)

�2
d� � �p(�) � 1

�
Q(T ) +G(�)

!
; (3.6)
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where

Q(T ) =

Z T

TM

L(�)

�2
d�; (3.7)

and G(�) is another function to be speci�ed. The free energy is required to be
continuous with respect to temperature at the melting point TM , and to have
local minima in the solid and liquid phases. We obtain the additional constraints

G(0) = G(1);�
G0(�)� p0(�)Q(T )

�
�=0;1

= 0;�
G00(�)� p00(�)Q(T )

�
�=0;1

> 0:
(3.8)

From (3.2){(3.6), and the �rst and second law of thermodynamics the dy-
namic equations can be written

�@t� = Q(T )p0(�) �G0(�) + Æ2r2�;
@t
�
T + 1

c
(p(�)� 1)L(T )

�
= Dr2T:

(3.9)

Expressions for the functions p(�) andG(�) are needed to fully specify the model.
Following [40, Model I] we choose G(�) to be a symmetric double well potential,

G(�) =
1

4a
�2(1� �)2 =

1

4a
g(�); (3.10)

where a is the inverse depth of the potential, and

p(�) =

R �
0 g(�)d�R 1
0
g(�)d�

= �3(6�2 � 15�+ 10): (3.11)

These functions satisfy the necessary normalizations and (3.8) for all tempera-
tures. Hence the free energy (3.6) has local minima at � = 0; 1 for all values of T .
This corresponds to one of the solid or liquid phases being stable, and the other
phase metastable, regardless of the supercooling of the liquid or superheating of
the solid. The choice of p(�) has the advantage that the constant values taken
in the bulk phases are given by (3.1) regardless of T [34], but is not physically
realistic for T far from melting temperature.

We note that by letting the latent heat be a function of T in (3.5) the heat
capacities in the solid and liquid phases are allowed to depend di�erently on
temperature. For simplicity it will now be assumed that the latent heat is con-
stant, and that L(T ) = L(TM ) = L0, which corresponds to equal constant heat
capacities c� = c+ = c. Equation (3.7) becomes

Q(T ) =
L0
TM

"
T � TM
TM

+O
 �T � TM

TM

�2!#
; (3.12)

after Taylor expansion around T = TM . If jT � TM j � TM equations (3.9) and
(3.12) result in the linear approximation

�@t� = L0

T 2

M

(T � TM )p0(�)� 1
4ag

0(�) + Æ2r2�;

@t
�
T + L0

c
p(�)

�
= Dr2T:

(3.13)
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Since the linearization is relevant only for T close to TM it is not a limitation to
have local minima of the free energy (3.6) for all temperatures T .

The key assumptions needed for deriving the phase-�eld model are the ex-
istence of a phase-�eld variable de�ned by (3.1) evolving according to (3.4),
and a system entropy on the form (3.2). All other assumptions can either be
generalized or follow from standard physical modeling [34].

One should note that a, Æ and � introduced during the phase-�eld modeling
are not physically measurable quantities. By considering the phase-�eld model
under equilibrium conditions T = TM it is possible to relate a and Æ to inter-
face thickness and surface tension �. An asymptotic analysis of the phase-�eld
model in the limit of vanishing interface thickness then gives an expression for � .
Furthermore, the asymptotics show that (2.1) and (3.13) are indeed equivalent
in the limit of vanishing interface thickness.

Details on the asymptotic analysis of this phase-�eld model can be found in
[40]. In [32] an asymptotic analysis of the model is given for anisotropic surface
energy and mobility. Caginalp has shown how phase-�eld models can give rise to
other free boundary problems by considering di�erent asymptotic limits [8]. In
[9] convergence to (2.1) is proved rigorously in the one-dimensional and radially
symmetric cases.

Asymptotics is a necessary tool in the formulation of phase-�eld models also
for related problems, such as the solidi�cation of binary alloys [10, 43]. It has
proved useful also for improving the eÆciency in numerical computation, as
discussed in Section 4.2.

3.2 Non-dimensionalization

Based on results from asymptotic analysis the phase-�eld model can be written
on dimensionless form to reduce the number of parameters. We introduce the
dimensionless temperature

u =
T � TM
TM � T1

;

where T1 is some reference temperature such as the initial temperature on the
boundaries. Space and time are scaled by

x =
xdim
w

;

t =
tdim
w2=D

;
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where the subscript dim denotes a dimensional quantity, w is a reference length
scale, and w2=D is the thermal di�usion time. De�ning dimensionless variables

� =

p
aÆ

w
=

�dim
w

; (3.15)

m =
��Tm
DL0

; (3.16)

� =
wL20

6
p
2c�TM

;

� =
c(Tm � T0)

L0
;

(3.13) can be rewritten as

�2

m
@t� = ���up0(�) � 1

4
g0(�) + �2r2�; (3.17)

@t

�
u+

1

�
p(�)

�
= r2u: (3.18)

� is here the dimensionless undercooling (or inverse Stefan number) which typ-
ically lies between 0 and 1. �� can be interpreted as a scaled inverse capillary
length, and m is the interfacial mobility. The di�use interface thickness is of
order � as given by (3.15).

We note that (2.1) can also be expressed using the dimensionless scalings
introduced above. The Stefan problem takes the form8><>:

@tu = r2u x 2 
�(t)
@nu

��+
� = �vn=�; x 2 �(t)

u = � 1
6
p
2��

�
K+ vn

m

�
x 2 �(t)

; (3.19)

where vn and K should be interpreted as dimensionless quantities.

3.3 Model properties

The phase-�eld model (3.17){(3.18) and the equivalent dimensional formulation
(3.13) are valid in the entire computational domain. Equation (3.18) corresponds
to conservation of energy. The non-linear terms are needed to account for the
release/absorption of latent heat at the solid-liquid interface. Equation (3.17) is
the evolution equation for the phase-�eld, and does not have a direct physical
interpretation.

Since the phase-�eld model is valid everywhere there is no need to explicitly
track geometrically complex solid-liquid interfaces. The location is implicitly
given by the de�nition of the phase-�eld variable. One could for example let the
location of the free boundary be de�ned by �(t) = fy(t) : �(y(t); t) = 1=2g, and
the di�use interface be given by ��(t) = fy(t) : 0:1 < �(y(t); t) < 0:9g. Although
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neither of the representations are needed during computation they are most likely
of interest during post-processing to determine the shape of the crystal.

Equivalence between the phase-�eld equations and the sharp interface model
is formally shown in the limit �! 0, thus resulting in a singularly perturbed set
of reaction-di�usion equations. For purposes of computation it is impossible to
let � ! 0 since the grid resolution must be at least of order � in the vicinity of
interfaces to resolve the transition of � from zero to one. Even though the Stefan
problem is only an approximation of a physical process it is impossible to choose
a physically realistic value of � in simulation. Interfaces have a �nite width on
the scale of Angstroms which can for example be compared to the radius of a
SCN dendrite tip which is on the order of 0:1 mm [28].

There is also an upper bound on the value of � determined by the dynamical
properties of the phase-�eld model. If a too large value is used in simulation
unphysical oscillatory intermediate states appear in the transition region of the
phase-�eld variable, and the model loses its meaning [1, 12, 14]. These restric-
tions on � can be relaxed by more accurate asymptotic analysis, as discussed in
Section 4.2, and papers 3 and 4.

The main drawback of the phase-�eld methods is that the accuracy depends
on the parameter �. In practice the value of � is determined as a compromise
between desired accuracy and available computational resources. We shall dis-
cuss this issue further in Section 4.2 where implications of asymptotic analysis
on computational eÆciency is considered.

There are a number of other di�ering length and time scales in the problem
which make the formulation of eÆcient numerical schemes challenging. The
spatial discretization must be chosen such that the small-scale local geometry is
resolved while the grid should cover a suÆciently large domain to capture the
entire crystal. At low undercoolings the temperature �eld extends much faster
than the solidi�cation front propagates [6]. To ensure that computed dendrites
are una�ected by boundary conditions imposed on temperature it is necessary to
discretize large domains. Since the crystal growth is slow long-time integration
becomes necessary.

The time step restrictions are governed by conditions in the vicinity of inter-
faces. Changes away from interfaces, where the phase-�eld model reduces to a
standard heat equation, occur on a much slower time scale. Choosing time steps
becomes even more diÆcult for alloy solidi�cation where the di�usion times of
heat and solute can vary greatly.

3.4 Inclusion of anisotropy

For many materials, including metals, the surface energy of the solid-liquid in-
terface and the kinetic coeÆcient depend on orientation. These e�ects were not
accounted for in the derivation outlined in Section 3.1. Since anisotropy has a
crucial impact on the shape of the dendrites it is necessary to modify the phase-
�eld model for simulation in realistic physical settings. In [32] McFadden et. al.
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derive a phase-�eld model with anisotropy in two space dimensions using the
same approach as in Section 3.1.

Letting the parameters � and Æ from (3.9) depend on � (c.f. Figure 2.1) a
model can be formulated which is equivalent to the Stefan problem (2.1) in the
limit �! 0. The modi�ed version of (3.9) becomes

�(�)@t� = Q(T )p0(�)�G0(�) + �Æ2r2
a(�)�;

@t
�
T + 1

c
(p(�)� 1)L(T )

�
= Dr2T;

where the ordinary Laplacian of the �rst equation has been replaced by

r2
a(�) = � @

@x

�
�(�)�0(�)

@

@y

�
+

@

@y

�
�(�)�0(�)

@

@x

�
+r��2(�)r�: (3.21)

Here �(�) is a function chosen to model the angular dependence of the coeÆcient
in front of the Landau-Ginzburg term in the entropy functional (3.2). It is
typically chosen as

Æ(�) = �Æ�(�) = �Æ[1 +  cos(k�)]; (3.22)

in the notation of [44].  is the relative strength of the anisotropy, the integer
k a mode number determining the number of symmetry axes, and �Æ a constant
governing the size of the gradient contributions.

One of the main reasons for using the phase-�eld approach is to avoid explicit
representation of interfaces. Therefore the angle � must be formulated in terms
of the phase-�eld variable. We do this by identifying the interface with level sets
of the phase-�eld. The unit normal can then be written

bn =
r�

kr�k2 = cos(��) bx+ sin(��) by;
where �� is the angle between bn and the x-axis. If the angle between the reference
direction and the x-axis is �0, it follows from simple trigonometry that

� = �� � �0 = tan�1
 
@y�

@x�

!
� �0: (3.24)

The modi�ed Laplacian (3.21) is clearly non-linear in �, which is signi�cant in
the formulation of numerical schemes.

In the dimensionless phase-�eld model the choice of �(�) introduces an an-
gular dependence also in the kinetic undercooling term of the Gibbs-Thomson
condition [6, 32]. By letting �(�) := ���(�), where �(�) is given by (3.22), the
contribution becomes independent of the angle between the solid-liquid interface
and the reference direction [6]. If we instead choose �(�) = �� the only modi-
�cation of (3.17) is that the Laplacian should be replaced by (3.21). Equation
(3.18) does not need to be changed to account for anisotropy.
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Chapter 4

Numerical simulation

A few di�erent approaches to direct simulation of the Stefan problem were briey
overviewed in Section 2.3. The phase-�eld approach has been gaining in pop-
ularity and is emerging as the method of choice for simulation of dendritic so-
lidi�cation. There is an extensive amount of literature on the use of phase-�eld
models in computation. They have been used to model a number of di�erent
physical phenomena, including solidi�cation of pure materials [22, 25, 44], so-
lidi�cation of alloys [5, 10, 30, 42], solid to solid phase transformations [41] and
solidi�cation under external ow [39, 38] just to name a few. Several di�erent
numerical approximation schemes have been used. Although uniform �nite di�er-
ence discretizations seem to be the most common there are examples of adaptive
algorithms based on both �nite di�erences [6] and �nite elements [36, 39].

In this chapter some aspects of numerical approximation will be covered.
The aim is not to fully cover �nite di�erence techniques but to introduce some
concepts which are discussed in greater detail in the papers below.

4.1 Finite di�erence methods

There are a number of general techniques for numerical approximation of par-
tial di�erential equations (PDE), including �nite di�erence, �nite element and
spectral methods. They all result in a set of algebraic equations, whose solution
constitutes an approximation to the solution of the continuous problem. Here
we have chosen to work with �nite di�erence methods, which lead to structured
systems approximating the PDE. Thus hierarchical computer memory systems
can be eÆciently used. Identi�cation of data dependencies becomes trivial which
is useful when formulating parallel algorithms, as discussed in Section 4.3.

Finite di�erence techniques are conceptually simple. Algebraic equations are
obtained by replacing partial derivatives by di�erence quotas. By solving the
system an approximate value of the solution is obtained in every point on the
computational grid. For time-dependent PDE we think of the computational

15
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grid as a discrete representation of space only. Starting from some initial state,
the solution is advanced in time by solving a set of algebraic equations per time
step.

Numerical schemes can be constructed via the method of lines. By replacing
spatial derivatives with di�erence quotas a set of ordinary di�erential equations
(ODE) for the gridvalues is obtained. One can then proceed with the temporal
discretization using standard numerical methods developed for ODE. We dis-
tinguish between implicit and explicit time-stepping schemes. For the latter
the algebraic systems are trivial and the solution at the next time level can be
explicitly formulated using the current approximation. For implicit schemes it
is necessary to actually solve a system to update the solution. In the present
application the systems are non-linear.

For analysis of �nite di�erence methods we are primarily interested in sta-
bility and accuracy. Stability imposes conditions on the relation between time
step and grid spacing which must hold to prevent uncontrolled growth of errors.
The accuracy is a measure of how well the discretization approximates the PDE
and hence also at which rate the approximation converges to the exact solution
as grid spacing and time step decrease. Please refer to [19] for proper de�nitions
and a detailed exposition on the analysis of �nite di�erence methods.

In computation one would like to determine an approximate solution to a
given tolerance as fast as possible. The stability and accuracy of numerical
schemes have a crucial impact since they govern the range of time steps and grid
spacings resulting in the desired accuracy. For explicit schemes the simulation
time increases with the number of time steps taken, and the execution time per
time step grows linearly with the number of grid points. This is not necessarily
true for implicit schemes, when a system of equations must be solved each time
step. The stability conditions for implicit schemes are however often much less
restrictive.

In paper 1 two di�erent time stepping schemes are compared with respect to
achieved accuracy and total execution time.

4.2 Asymptotics and implications on

computational eÆciency

Asymptotic analysis of phase-�eld models is necessary to show equivalence with
corresponding sharp interface problems but also has signi�cant implications on
computational eÆciency. This was �rst observed by Karma and Rappel [21] and
has since attracted considerable attention, see e.g. [3, 13, 22, 31].

The early analysis veri�ed that solutions to the phase-�eld equations satisfy
the Stefan problem with errors of size O(�) [7, 8, 9, 40]. Thus convergence is
guaranteed in the limit � ! 0. More accurate asymptotics have subsequently
determined the interface conditions toO(�2), and requirements on the phase-�eld
model for second order agreement with the Stefan problem [3, 13, 21]. Since the
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grid resolution is determined by � this allows simulation on smaller grids without
increasing errors in the interface conditions.

Karma and Rappel formulated the observations in terms of the sharp-interface
and thin-interface limits which have more direct physical interpretation. In the
�rst order asymptotics, or the sharp-interface limit, the temperature is constant
in the di�use interface. In the second order asymptotics the O(�)-contribution to
the temperature varies across the interface. Taking the contribution into account
can therefore be seen as allowing a small variation of u, or equivalently, having
a thin interface of width di�erent from zero.

Their analysis showed that the phase-�eld model gives an error of size O(�)
in the Gibbs-Thomson condition (3.19) because the mobility m is determined
by �rst order asymptotics. To obtain second order agreement it is therefore
necessary to add a correction prior to simulation. For the model considered here
the correction takes the form

1

m
=

1

m0
+
209

35
��; (4.1)

where m0 is the value predicted by (3.16).
It can be shown that simulation without applying (4.1) is equivalent to assum-

ing a di�use interface thickness much smaller than the capillary length [21, 22].
Since the capillary length is a measure of the smallest geometric scale, the ef-
fects of the thin interface correction (4.1) are signi�cant. Computation on smaller
grids is made possible by modifying a single scalar parameter prior to simulation.
A larger value of � can also be used without introducing unphysical intermediate
states in the phase-�eld variable. Furthermore, the correction allows simula-
tion in the absence of kinetic undercooling (m0 = 1), which is a reasonable
assumption at low undercoolings [3].

The exact form of (4.1) depends on properties of the functions p(�) and g(�)
in the phase-�eld model. Almgren [3] has shown that the functions must satisfy
certain integral constraints for a thin interface correction to exist. His analysis
was performed for the more general problem of binary alloy solidi�cation.

4.3 Parallel computing

Parallel computing is a cost eÆcient way of overcoming limitations of current
hardware technology such as processor clock frequency and memory bandwidth.
By letting several computers cooperate to solve a single computational task a
problem can be solved faster than a single conventional computer would allow. It
also enables larger problem sizes, which can be exploited to increase the accuracy
or to simulate more complex systems.

There are several types of parallel architectures. The two most common
ones are the shared and distributed memory machines which di�er in the way
computer memory is handled. On a shared memory computer all processors
share the same address space and have access to a large global memory. On a
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distributed memory computer each processor has access to its own local memory
only.

Here we consider distributed memory architectures. Since each processor has
its own local memory the bandwidth scales with the number of computers used.
Non-local data can however not be accessed directly. There is a need for com-
munication - or message passing - between processors. One of the critical issues
when designing a program is to keep the ratio of communication to computation
small since communication is essentially an undesirable overhead. For this rea-
son it may be necessary to choose di�erent algorithms than one would have on
conventional computer architectures.

We distinguish between local communication involving a few processors, and
global communication involving all processors. One would like to avoid the latter
if possible since it means that all computers must reach a certain stage in the
computation before the execution in any processor can proceed. At these so
called synchronization points all processors remain idle while waiting for the
slowest one to complete its task. Thus it is important to have a good load
balance so that an equal amount of work is performed on all processors. By
choosing an appropriate distribution of data onto the parallel machine this can
be achieved. The data distribution also a�ects the amount of communication
needed.

4.3.1 Scalability metrics

The ideal parallel program running on p processors should �nish p times faster
than on a single processor. Due to communication overhead this is hardly ever
the case. To measure how eÆciently a parallel algorithm exploits the com-
putational resources of a parallel machine one therefore investigates di�erent
scalability metrics [26]. The most well known is the speedup de�ned by

speedup =
T1(W )

T (p;W )
:

Here T1(W ) is the time needed to solve a problem of sizeW on a single processor
using the fastest known serial algorithm, and T (p;W ) the time needed for the
parallel algorithm running on p processors to solve the same problem1.

The parallel eÆciency is de�ned as the speedup over the number of processors.
A parallel eÆciency of one corresponds to a perfectly scalable algorithm, which
runs p times faster on p processors. For an algorithm which is not perfectly
scalable there is an asymptotic limit on the speedup which can be obtained. The
famous Amdahl's law states that if a fraction f of the code is inherently serial
and can not be parallelized the speedup can never exceed 1=f , even on an in�nite
number of processors [18].

1The problem size is measured as the number of oating point operations required by the

fastest known serial algorithm running on a single processor.
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The de�nition of the speedup is based on the assumption that a problem of
a given size W is to be solved. It does not account for the ability to solve larger
problems on a parallel machine. The scaled speedup is an alternative metric,
which compares how long a given parallel program would have taken to run on
a hypothetical serial processor with the same amount of RAM memory as the
parallel machine [18]. The problem size is increased linearly with the number of
processors, and the scaled speedup is de�ned by

scaled speedup =
T1(W � p)
T (p;W � p)

By increasing the problem size memory and surface-to-volume e�ects are kept
constant. The limitations of Amdahl's law no longer apply and the parallel
eÆciency approaches 1� f as the number of processors tends to in�nity [18].

What kind of scalability metric to use depends on what one wishes to use the
increased computational resources for. A more thorough coverage of scalability
analysis and other metrics can be found in e.g. [16, 26].
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Chapter 5

Computed dendrites

In this chapter three examples of computed dendrites are given. They are in-
tended to exemplify the type of dendritic structures observed in simulation.
Hence only computational parameters and plots are given and no conclusions
are drawn. Additional simulations can be found in papers 1, 2 and 4 where
di�erent aspects of the phase-�eld model are investigated numerically.

All simulations in this chapter use dimensionless parameters � = 400, � =
0:5 and m = 0:05, corresponding to pure nickel at a certain undercooling [44].
The di�use interface thickness is taken to be � = 0:005. Anisotropy is modeled
by (3.22) with  = 0:015, and k = 4 or 6 depending on symmetry. From physics
one would expect the fourfold symmetry to be more appropriate since that better
approximates the BCC-lattice observed in solid nickel.

The plots shown in �gures 5.1{5.3 have been computed using the semi-explicit
scheme described in paper 1. The uniform discretization satis�es �x = �y =
� = 0:005, and a constant time step �t = 10�4 has been employed. The grid size
was increased during the course of the simulations. When the temperature at an
outer boundary di�ers from the initial value �1 by more than 10�3 an additional
50 grid points are added in that direction to ensure that boundary conditions do
not a�ect the growth of the dendrite. This adaptivity is of course ad-hoc, and
likely to inuence the computed solution. Since the only purpose is to exemplify
computed dendrites it has nevertheless been used to reduce execution time. Each
simulation took about �ve days on a single work station with a large amount of
RAM memory.

In addition to the phase-�eld equations described in Chapter 3 a random
perturabtion of 1% amplitude was added to the non-linear terms in the right-
hand side of equation. This serves to stimualte sidearm growth, and can be
physically interpreted as a phenomenological model for material impuritites and
thermal noise (3.18) [23, 44].

The simulations have not been compared to actual nickel dendrites but the
dendritic structures observed exhibit the qualitative behaviour observed in phys-
ical experiments, see e.g. [15].
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Figure 5.1. Solidi�cation of pure nickel under fourfold anisotropy starting from

circular initial seed of radius 0:05. The solid lines show the location of the solid-

liquid interface at time levels t = 0; 0:3; 0:6; 0:9; 1:2. The background color repre-

sents the heat distribution at the �nal time t = 1:2.

Figure 5.2. Solidi�cation of pure nickel under sixfold anisotropy starting from

circular initial seed of radius 0:05. The solid lines show the location of the solid-

liquid interface at time levels t = 0; 0:3; 0:6; 0:9; 1:2. The background color repre-

sents the heat distribution at t = 1:2.
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Figure 5.3. Solidi�cation of pure nickel starting from two circular initial seeds

of radius 0:05. The solid lines show the location of the solid-liquid interface at

time levels t = 0; 0:25; 0:5; 0:75; 1:0. The background color represents the heat

distribution at t = 1:0.
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Chapter 6

Summary of papers

6.1 Paper 1: Time-stepping schemes for

phase-�eld simulation of dendritic

solidi�cation

In this paper two di�erent approaches to time-stepping are investigated for the
phase-�eld model discretized by �nite di�erences on uniform Cartesian grids.
The �rst scheme is semi-explicit, computationally cheap per time step and has
low storage requirements. Since the phase-�eld variable is updated using an
explicit method there are however step size restrictions. The second scheme
is based on the implicit BDF-methods. It leads to increased accuracy and re-
laxed step size restrictions at the expense of increased storage requirements and
computational complexity.

For the semi-explicit scheme one needs to solve a linear system of equations
each time step, which can be done eÆciently using a fast Poisson solver. The
implicit scheme leads to non-linear systems solved by a Newton-GMRES algo-
rithm. Solvers are discussed in some detail. Extensions to adaptive grids and
parallel computers are considered, although neither are used in this paper.

Numerical experiments showing that the semi-explicit scheme is only �rst
order accurate in time are presented. Convergence rates of �rst, second and third
order BDF-schemes are experimentally validated. The importance of accurate
time discretization is shown by a simple one-dimensional example where the semi-
explicit scheme fails to capture the correct propagation speed of the interface.

By experiments using realistic parameters it is shown that one bene�ts from
using the BDF-scheme in two dimensions for suÆciently low error tolerances.
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6.2 Paper 2: Computation of dendrites on

parallel distributed memory architectures

In paper 1 it was shown by computational experiments that one bene�ts from
using the implicit scheme which is more computationally expensive per time
step for suÆciently low error tolerances. In this paper the possibility to use
parallel computers to obtain simulation times comparable to the semi-explicit
scheme also for larger error tolerances is investigated. The program described
is implemented in C and uses MPI [17] for message passing in a distributed
memory setting. The implementation is veri�ed by reproducing a computation
previously published in [6].

The key computational kernels of the Newton-GMRES solver are identi�ed in
terms of linear algebra operations. A data distribution is suggested which results
in a low communication over computation ratio. The scalability is investigated
on a massively parallel IBM SP2, as well as networks of Sun Ultra 5 workstations
which do not have access to an optimized communications network. The parallel
eÆciency exceeds 75% on 16 IBM SP2 processors even for grids as small as
200 � 200 points. For the same grid size an eÆciency of more than 70% is
achieved using up to eight Sun computers. Investigations of the scaled speedup
demonstrate the possibility of using parallel computers for eÆcient simulation
on larger grids.

6.3 Paper 3: Third order asymptotics of a

phase-�eld model

As �rst observed by Karma and Rappel in [21] the agreement between the phase-
�eld and sharp interface models can be increased from �rst to second order in �
by modi�cation of the dimensionless parameter m only. The modi�cation allows
simulation on smaller grids without loss of accuracy. In this paper we investigate
whether it is possible to obtain a third order accurate phase-�eld model by a
similar modi�cation. The focus is therefore not on the numerical algorithms or
implementation, as in papers 1 and 2, but on the phase-�eld model itself.

To identify the interface conditions satis�ed by solutions to the phase-�eld
equations a formal asymptotic analysis is performed in the limit of vanishing
di�use interface thickness. The asymptotics is carried out using the dimension-
less quantities from Section 3.2 rather than the dimensional phase-�eld model.
For the analysis the function p(�) modeling the release of latent heat is unspec-
i�ed, but required to satisfy certain constraints imposed by assumptions made
in deriving the model.

In the process of constructing asymptotic approximations additional con-
straints on p(�) appear which must be satis�ed for the temperature to be con-
tinuous across the interface. Conditions for the existence of a thin interface
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correction are identi�ed. An explicit expression for the correction resulting in
second order accuracy is given.

No thin interface correction leading to third order accuracy has been found.
Due to diÆculties evaluating the interfacial temperature for general p(�) we
have restricted the investigation to all possible polynomials of degree nine or
less. That allows us to determine the interfacial conditions by using a C++
program for semi-symbolic computation.

From the analysis and the semi-symbolic code we conclude that if there are
polynomials p(�) leading to third order agreement they must be of degree ten or
higher. For computation one would prefer not to use polynomials of such high
degree due to round-o� errors.

6.4 Paper 4: Analysis of a phase-�eld model for

solidi�cation in the limit of vanishing

undercooling

In the last paper an alternative asymptotic analysis is presented in the limit of
vanishing undercooling �. The limit can be motivated by an interest to per-
form numerical simulation in the low undercooling regime. As the undercooling
decreases the smallest geometric scale increases, and the solidi�cation proceeds
slower. Thus larger domains must be discretized before dendritic structures are
observed, and long time integration is needed for them to arise. It is desirable
to have a di�use interface thickness � & � to reduce computational complexity.
In simulation it is often necessary to use a smaller � to avoid the appearance of
unphysical oscillations in the phase-�eld variable.

For the analysis we assume that � approaches zero much faster than �. The
construction of asymptotic approximations is based on the same techniques used
in paper 3. For technical reasons stronger assumptions on the interfacial velocity
and curvature are required. As a consequence the limit �! 0 corresponds to a
stationary planar interface. The limit itself is not interesting from a computa-
tional point of view. The asymptotics is merely used to investigate the agreement
between the sharp interface and phase-�eld models.

It is shown that the Gibbs-Thomson condition has an error of size �. By
applying the same thin interface correction derived in paper 3 this leading order
error can be eliminated, resulting in an error of size �. Since it is assumed that
� approaches zero much slower than � the order of accuracy is increased from
\almost zero" to one. The analysis presents a motivation for the usefulness of
the thin interface correction at low undercoolings which does not directly rely on
scaling arguments or the approximation m0 = 1. Furthermore, the correction
allows larger � to be used before unphysical intermediate states appear.

Numerical experiments supporting the conclusions of the analysis are pre-
sented.
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