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Abstract

This thesis discusses Galois theory of ring spectra in the sense of
John Rognes. The aim is to give a clear introduction that provides a
solid foundation for further studies into the subject.

We introduce ring spectra using the symmetric spectra of Hovey,
Shipley and Smith, and discuss the symmetric monoidal model struc-
ture on this category. We define and give results for Galois extensions
of these objects. We also give examples involving Eilenberg-Mac Lane
spectra of commutative rings, topological K-theory spectra and cochain
algebras of these. Galois extensions of ring spectra are compared to Ga-
lois extensions of commutative rings especially relating to faithfulness,
a property that is implicit in the latter, but not in the former. This is
proven by looking at extensions of cochain algebras using Eilenberg-Mac
Lane spectra. We end by contrasting this to cochain algebra extensions
using K-theory spectra, and show that such extensions are not Galois,
using methods of Baker and Richter.
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Sammanfattning

Denna uppsats behandlar Galoisutvidgningar av ringspektra som först
introducerade av Rognes. Målet är att ge en klar introduktion för en sta-
bil grund för vidare studier inom ämnet.

Vi introducerar ringspektra genom att använda oss av symmetris-
ka spektra utvecklade av Hovey, Shipley och Smith, och diskuterar den
symmetriskt monoidiala modelstrukturen p̊a denna kategori. Vi definie-
rar och ger resultat för Galoisutvidgningar av dessa objekt. Vi ger ocks̊a
en mängd exempel, som till exempel utvidgningar av Eilenberg-Mac Lane
spektra av kommutativa ringar, topologiska K-teorispektra och koked-
jealgebror. Galoisutvidgningar av ringspektra jämförs med Galoisutvidg-
ningar av kommutativa ringar, speciellt med avseende p̊a trogenhet, en
egenskap som är en inneboende egenskap hos den senare men inte i den
förra. Detta visas genom att betrakta utvidgningar av kokedjealgebror
av Eilenberg-Mac Lane spektra. Vi avslutar med att jämföra detta med
kokedjealgebrautvidgningar av K-teorispektra och visar att s̊adanna inte
är Galois genom att använda metoder utvecklade av Baker och Richter.
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Introduction

Galois theory of commutative ring spectra is a relatively new field of mathe-
matics, introduced in 2008 by Rognes in his article Galois extensions of struc-
tured ring spectra [Rog08a]. It is inspired by the definition of Galois extension
on commutative rings by Auslander and Goldman [AG60], and motivated by
the idea that structured ring spectra is a direct generalization of rings with
arithmetic properties described by their algebraic K-theory. Considering that
classical Galois theory has had a significant impact on geometry and number
theory, providing methods for proving both classical theorems and new results,
it is not a far-fetched thought that Galois theory of ring spectra might be sig-
nificant in the study of algebraic topology. In particular, it is our hope that
Galois theory of commutative ring spectra will be able to shed new light on
problems in algebraic K-theory.

The development of Galois theory of commutative ring spectra could not
have been possible without first developing the framework of structured ring
spectra. The development of spectra started with Lima [Lim59] and the first
explanation of its homotopy category, the stable homotopy category, is due
to Boardman [Boa64]. The stable homotopy category has been extensively
studied by mathematicians such as for example Adams [Ada95]. While the
stable homotopy category is symmetric monoidal , the category of spectra is
not. This was a sore thorn in the side for the mathematical community for a
long time, since it meant that monoids in the category, the ring spectra, could
not be constructed. It was not until the 90’s that a closed symmetric monoidal
category of spectra was discovered. Many different versions exist today: the S-
modules of Elmendorf, Kriz, Mandell and May [EKMM97], symmetric spectra
of Hovey, Shipley and Smith [HSS00], orthogonal spectra of Mandell, May,
Shipley and Schwede [MMSS01]; the list is long. Each one of them is suitable
as the category in which our work is done, with their own advantages and
disadvantages. In this thesis we have decided to work with symmetric spectra
due to its accessible nature.

A symmetric spectrum is a sequence of pointed spaces Xn together with
structure maps S1 ∧Xn → Xn+1, and an action of the symmetric group Σn on
each level Xn. As we mentioned we want the category of symmetric spectra
to be a symmetric monoidal model category. For the reader who has not
yet encountered these concepts: a closed symmetric monoidal product is to
symmetric spectra what the tensor product is to abelian groups. This product
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is usually referred to as the smash product of symmetric spectra X∧Y and the
internal Hom as the function spectrum F (X,Y ). Having the smash product
we may then construct ring spectra and modules of ring spectra. The other
concept, model category, helps us to define notions such as weak equivalences,
fibrations and cofibrations for symmetric spectra so that we may do homotopy
theory on the category. When the symmetric monoidal product and the model
structure are compatible we have a symmetric monoidal model category.

Briefly, a map A→ B of commutative ring spectra, where we have an action
of the group G on B, is called a G-Galois extension if it fulfils two criteria; the
two canonical maps

i : A→ BhG = F (EG+, X)G, h : B ∧A B → F (G+, B)

should be weak equivalences.
We say that a map A → B of commutative ring spectra is faithful, if B is

faithful as an A-module. This means that, given an A-module M , we require
that

M ∧A B ' ∗ =⇒ M ' ∗.

Many of the most basic examples of Galois extensions of ring spectra are indeed
faithful, but there are examples of non-faithful extensions.

We list the main results of this thesis:

(i) If R→ S is a G-Galois extension of rings then the map of Eilenberg-Mac
Lane spectra HR→ HS is a faithful G-Galois extension of commutative
ring spectra.

(ii) The complexification map KO → KU of K-theory spectra is a faithful
Z/2Z-Galois extension.

(iii) The map of cochain HFp-algebras F (BG+, HFp) → F (EG+, HFp) is a
non-faithful G-Galois extension if G = Z/pZ.

(iv) The map of cochain algebras F (BG+,KU) → F (EG+,KU) is not G-
Galois when G = Z/nZ.

The first two points are due to Rognes, and the third to Wieland. The
last point is the author’s own original contribution to the subject, based on
methods by Baker and Richter [BR11].

Prerequisites. The reader is expected to have a fairly broad background in
algebraic topology, including, but not limited to: group (co)homology, Tor/Ext-
functors and unstable homotopy theory. Basically, any introductory book to
algebraic topology should do. We recommend Weibel’s An Introduction to
Homological Algebra [Wei95] for the homological side of things, and Algebraic
Topology from a Homotopical Viewpoint [AGP11] by Aguilar, Gitler and Prieto
for the homotopical side. We will employ a fair amount of abstract nonsense in
our work so elementary knowledge in category theory is expected; the standard
reference is MacLane’s Categories for the Working Mathematician [ML78], an-
other good one is Handbook of Categorical Algebra I [Bor08a] by Borceux.
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Knowledge of spectral sequences is helpful, but as these are not standard for
a master student we provide the reader with an appendix explaining the im-
portant concepts. Knowledge in Galois theory of fields is of course beneficial
to have for context, but we will actually not use many results from this sub-
ject. The reader whose knowledge in Galois theory is a bit rusty should not be
discouraged from reading this thesis as it is not necessary to understand most
results. If you are looking to touch up your Galois theory we recommend the
Galois theory chapters from Algebra by Lang [Lan05].

Structure. The thesis is structured as follows. In Section 1 we will study the
symmetric spectra of Hovey, Shipley and Smith [HSS00]. The goal is to provide
the framework in which we will do most of our work. The main result is that the
category of symmetric spectra is a symmetric monoidal model category with
homotopy category equivalent to Boardman’s stable homotopy category. In
Section 2 we go on to take a look at Galois theory of commutative ring spectra
as developed by John Rognes. We define the notion of a Galois extension of
ring spectra and study some important examples. We will look at extensions of
Eilbenberg-Mac Lane spectra HR → HS, complexification of topological K-
theory spectra KO → KU , and cochain extensions F (BG+, R)→ F (EG+, R)
where R is a ring spectra. The goal is to give the reader an introductory
exposition and to lay the groundwork for further studies into this fascinating
subject.





Chapter 1

Symmetric spectra

Our story begins back in 1959 when spectra were first introduced by Elon L.
Lima in his doctoral thesis [Lim59]. The motivation behind spectra is that
they describe a relatively well behaved part of homotopy theory, namely stable
behaviours. According to Freudenthal’s Supension Theorem, repeated suspen-
sion will eventually yield isomorphisms between homotopy groups and the long
exact sequence

[X,Y ]→ [ΣX,ΣY ]→ · · · → [ΣnX,ΣnY ]→ · · ·

of homotopy classes of maps will hence eventually stabilize. This suggests the
idea of introducing a category with objects that reflect this stable phenomenon
and in which it is natural to study these types of behaviours. The category we
are looking for is the category of spectra. The category was rapidly embraced
by the mathematical community and generalized by for example Atiyah and
Whitehead who used them in their study of generalized homology theories, see
for example [Whi62]. In fact, Brown’s representability theorem tells us that
spectra and generalized cohomology theories are (almost) the same thing, and
thus provides a neat little way to study cohomology theories through the use
of cohomology theories.

The first person to abstractly construct the homotopy category of spectra
was J. Michael Boardman in his PhD thesis [Boa64]. The idea is to introduce
the so called stable homotopy equivalences and invert them, making the sus-
pension functor into an isomorphism. This homotopy category is commonly
known as the stable homotopy category and has been widely studied. However,
there was one big problem: while the stable homotopy category is symmetric
monoidal one could not find a symmetric monoidal category of spectra. This
gives rise to many technicalities that makes our work as mathematicians diffi-
cult. For example, we would very much like to study monoids up to homotopy
in the category of spectra directly, but this cannot be done before we have such
a product. It would be great if there was a well behaved category of spectra
that was symmetric monoidal before passing to homotopy so that all these
technicalities could be avoided.
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For a long time it was believed that a symmetric monoidal category of
spectra could not exist, see for example [Lew91] where it is shown that such a
category of spectra cannot have all the nice properties we would like it to have.
Nevertheless in the beginning of the 90s, the team of Elmendorf, Kriz, Mandell
and May solved the problem by introducing their S-modules [EKMM97] to
the world, shown to have a nice symmetric monoidal product. At around the
same time Jeff Smith introduced symmetric spectra as a competing theory and
teamed up with Mark Hovey and Brooke Shipley, the result being the article
Symmetric Spectra [HSS00].

Our main reason for wanting a symmetric monoidal product of spectra is to
introduce monoids and modules over these in the categeory. In this thesis we
will introduce ring spectra, that is monoids in the category of spectra, using
symmetric spectra as opposed to S-modules. This is a purely personal choice.
Although the theory of S-modules is more developed and more widely used, the
category of symmetric spectra is technically simpler than that of S-modules,
and perhaps a little more accessible for a master student. However, for our
further work into Galois theory either category would work just as well.

The first section is organized as follows. In Section 1.1 we introduce sym-
metric spectra and look at some important examples: the sphere spectrum,
the symmetric suspension spectra, Eilenberg-Mac Lane spectra and topologi-
cal K-theory spectra. We show that the category is bicomplete. In Section 1.2
we introduce the symmetric monoidal smash product on symmetric spectra by
looking at them from the perspective of monoids and modules. We also define
function objects in the category of symmetric spectra. In Section 1.3 we define
symmetric ring spectra and modules over these. We look at some important
examples. Section 1.4 deals with the model structures on the category of sym-
metric spectra. We look at the injective model structure and the stable model
structure. Homotopy groups of symmetric spectra are also introduced. Finally,
in Section 1.5, we consider model structures on modules over ring spectra.

Our main references are Hovey, Shipley and Smith’s article Symmetric Spec-
tra [HSS00] and Schwede’s unfinished book project by the same name [Sch12].

1.1 The Category of Symmetric Spectra

In this first section we give the definition of the category of symmetric spectra,
its objects and morphism, and take a look on some examples of symmetric
spectra. These can all be found in [HSS00] and [Sch12].

In what follows we will assume that pointed space means either a pointed
topological space or a pointed simplicial set. The smash product of two pointed
spaces X,Y is denoted X ∧ Y and defined as the quotient

X ∧ Y = X × Y/(X × ∗ ∪ ∗ × Y ).

In this way, the smash product of a pointed space X with the circle S1 is
homeomorphic to the reduced suspension of X.
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We denote the symmetric group on n elements by Σn. Observe that the
group Σp × Σq can be embedded as a subgroup of Σp+q in the usual way by
letting Σp act on the first p elements and Σq on the last q elements.

Definition 1.1.1. The category of symmetric spectra SpΣ is the category con-
sisting of the following objects and morphisms.

Ob. Sequences of pointed spaces Xn with pointed maps σ : S1 ∧Xn → Xn+1,
called structure maps, and a basepoint preserving left continuous action
of Σn on Xn with the condition that the composition

σm : Sm ∧Xn → Sm−1 ∧Xn+1 → · · · → S1 ∧Xm+n−1 → Xm+n

of the maps Si ∧ σ is Σm × Σn-equivariant. Here Σm acts on the source
by permuting the smash factors of Sm.

Mor. Sequences of pointed Σn-equivariant maps fn : Xn → Yn such that the
diagram

S1 ∧Xn Xn+1

S1 ∧ Yn Yn+1

σ

S1∧fn fn+1

σ

commutes for all n.

If we need to make the clear if we use topological spaces or simplicial sets we
add Top or sSet in the subscript. Observe that the definition without the action
of the symmetric group gives us the classical notion of spectra as described in
for example [Ada95]. This category will be denoted SpN. We have a forgetful
functor U : SpΣ → SpN that forgets the action of the symmetric group on each
level.

To get a feeling for the category, some examples of symmetric spectra are
in order.

Example 1.1.2. The symmetric sphere spectrum S is the sequence

Sn = Sn

with the canonical isomorphisms S1 ∧ Sn → Sn+1 as structure maps and the
left permutation action of Σn permuting the smash factors in Sn. We will
later see that the category of symmetric spectra is naturally equivalent to the
category of S-modules.

Example 1.1.3. Let K be a pointed space. The symmetric suspension spec-
trum of K, denoted Σ∞K, is the sequence of the pointed spaces

(Σ∞K)n = Sn ∧K
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where the left action of Σn acts on Sn ∧K by the trivial action on K and by
permutation of the smash factors in Sn. The natural isomorphisms

σm : Sm ∧ Sn ∧K → Sm+n ∧K

are the structure maps. In this way, every pointed space can be made into a
spectrum, although not all spectra can be constructed from a pointed space.
Observe that the symmetric sphere spectrum is the symmetric suspension spec-
trum of the 0-sphere S0.

Example 1.1.4. Let A be an abelian group. The Eilenberg-Mac Lane spectrum
HA, easiest described using symmetric spectra of simplicial sets, is the sequence
of simplicial abelian groups

(HA)n = A⊗ Z[Sn].

This is A tensored with the free abelian group on the points of Sn; the elements
are formal sums of the points in Sn with coefficients in A. To make it into a
pointed space we identify the basepoint with 0. As structure maps we use the
morphisms σm : Sm ∧ (HA)n → (HA)m+n defined by

(y1 ∧ · · · ∧ ym) ∧
∑
i

aixi 7→
∑
i

ai(y1 ∧ · · · ∧ yn ∧ xi)

and let the symmetric group Σn act on (HA)n by permuting the smash factors
of Sn. The description of Eilenberg-Mac Lane spectra in terms of topological
spectra is a bit more complicated due to the fact that we need an explicit
description of the topology of the spaces. See for example [Sch12].

Example 1.1.5. Complex topological K-Theory will give us a symmetric
spectra KU with periodicity 2. If X is a compact topological space, re-
member that K0(X) is defined as the Grothendieck group of the monoid
of equivalence classes of complex vector bundles on X. We further define
K−n(X) = K0(Sn ∧X). To extend this to positive K-groups we use Bott pe-
riodicity and set Kn(X) = Kn−2(X). This defines a generalized cohomology
theory K∗ and thus defines a spectrum in the classical sense due to Brown’s
representability theorem. The spectrum KU is given by

(KU)n =

{
Z×BU n even

U n odd
.

and its periodicity is a direct consequence of the Bott periodicity theorem. That
this is a symmetric spectrum is a bit trickier to see; the reader may convince
themself using [Sch12]. The same construction using real vector bundles will
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give us the 8-periodic spectrum KO:

(KO)n =



Z×BO n ≡ 0 (mod 8)

U/O n ≡ 1 (mod 8)

Sp/U n ≡ 2 (mod 8)

Sp n ≡ 3 (mod 8)

Z×BSp n ≡ 4 (mod 8)

U/Sp n ≡ 5 (mod 8)

O/U n ≡ 6 (mod 8)

O n ≡ 7 (mod 8)

.

We end the section by showing that the category of symmetric spectra is
bicomplete; it has all limits and colimits.

Theorem 1.1.6. The category of symmetric spectra is bicomplete.

Proof. Let F : I → SpΣ be a functor from some small category I. The limit
limI F is defined levelwise by

(lim
i∈I

F )n = lim
i∈I

F (i)n

where the right hand side is a limit taken in the category of pointed spaces
with Σ-actions. Here the structure map is the left adjoint to the composite

lim
i∈I

F (i)n
limi∈I σ̃−−−−−→ lim

i∈I
ΩF (i)n+1

∼= Ω lim
i∈I

F (i)n+1

where σ̃ denotes the right adjoint of the structure map.
The colimit colimI F is defined in the same way as

(colimI F )n = colimi∈I F (i)n

where the structure map is given by

S1 ∧ colimi∈I F (i)n ∼= colimi∈I S
1 ∧ F (i)n

colimi∈I σ−−−−−−→ colimi∈I F (i)n+1.

1.2 Smash Product of Symmetric Spectra

One of the ways that symmetric spectra differ from classical spectra is that
the former has a symmetric monoidal product while the latter has not. This
allows us to define objects such as monoids and modules, and is one of the
main reasons why we want to work in the category of symmetric spectra. In
this section we explain a way to view symmetric spectra as modules over the
sphere spectrum, and define a suitable closed symmetric monoidal product on
the category. We begin with a quick refresher of the important categorical
notions. A more thorough exposition can be found in to [ML78] or [Bor08b].
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Definition 1.2.1. A symmetric monoidal category is a category C with a
bifunctor

⊗ : C× C→ C, (A,B) 7→ A⊗B

called a symmetric monoidal product, and a unit object 1 ∈ C together with
four natural isomorphisms:

αA,B,C : (A⊗B)⊗ C → A⊗ (B ⊗ C) (associator)

λA : 1⊗A→ A (left unitor)

ρA : A⊗ 1→ A (right unitor)

τA,B : A⊗B → B ⊗A (twist)

These isomorphisms are subject to three coherence diagrams that can be found
in for example [ML78].

Definition 1.2.2. A monoid R in a symmetric monoidal category C is an
object R ∈ C together with a multiplication map µ : R⊗R→ R and a unit map
ι : 1→ R that satisfy certain associativity and unit conditions. See [ML78].

A monoid is called commutative if the multiplication is unchanged by com-
position with the twist.

Definition 1.2.3. Let R be a monoid in the symmetric monoidal categeory
C. A left R-module is an object M ∈ C together with a morphism

α : R⊗M →M

that satisfy certain associativity and unit conditions. See [ML78].

We define right R-modules in the obvious way. If R is a commutative
monoid we will drop ”left” and ”right” and only speak of R-modules.

Definition 1.2.4. A symmetric monoidal category is called closed if the func-
tor −⊗B : C→ C has a right adjoint F (B,−) : C→ C for all objects B.

In other words, this means that there is an isomorphism

C(A⊗B,C) ∼= C(A,F (B,C))

natural in all the objects A,B,C. The object F (B,C) is called the internal
Hom or function object of B and C. We can see the function object as an object
that behaves similarly to the set of morphisms from B to C. In particular, we
define the dual object of A to be DA = F (A, 1).

These notions might seem a bit abstract, but are very useful to us. In
particular we will make use of the following two lemmas when defining a closed
symmetric monoidal product on the category of symmetric spectra.
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Lemma 1.2.5. Let R be a commutative monoid in a cocomplete symmetric
monoidal category such that the functor R ⊗ − preserves coequalizers. Then
there is a symmetric monoidal product ⊗R on the category of R-modules with
R as its unit. In particular the product M ⊗R N is given by the coequalizer of
the diagram

M ⊗R⊗N ⇒M ⊗N.

Here, the first map is induced by the action of R on M , and the second map is
induced by the action of R on N .

Lemma 1.2.6. Let R be a commutative monoid in a bicomplete closed sym-
metric monoidal category. Then there is a R-module function object FR(M,−)
that is the right adjoint to −⊗RM as defined in Lemma 1.2.5. In particular,
the function object FR(M,N) is given by the equalizer of the diagram

F (M,N) ⇒ F (R⊗M,N).

Here, the first map is induced by the action of R on M , and the second one is
the composition of F (M,N) → F (R ⊗M,R ⊗N) followed by the action of R
on N .

Now on to the actual work in the category of symmetric spectra. For sim-
plicity’s sake , we assume that we are working in the category of symmetric
spectra of simplicial sets. Forgetting the structure maps, every symmetric
spectrum consists of an underlying sequence of pointed spaces with a base-
point preserving left action of the symmetric group. We call these symmetric
sequences. In more detail, consider the category Σ =

∐
n≥0 Σn with the finite

sets n̄ = {1, 2, . . . , n} as the objects and the automorphisms of these as the
arrows. The category of symmetric sequences is the functor category from Σ
to sSet∗. We denote it in the standard way as sSetΣ∗ . Being a functor category,
we know that it is bicomplete since sSet∗ is.

Given two symmetric sequences X and Y we can define their tensor product
X ⊗ Y .

Definition 1.2.7. The tensor product X ⊗ Y of two symmetric sequences is
defined on each level as

(X ⊗ Y )n =
∨

p+q=n

Σ+
n ∧Σp×Σq

(Xp ∧ Yq)

where Σ+
n denotes the symmetric group Σn with a distinguished basepoint

added.

The tensor product has the the following universal property.

Lemma 1.2.8. Letting X,Y, Z be symmetric sequences we have a natural iso-
morphism

sSetΣ∗ (X ⊗ Y,Z) ∼=
∏
p,q

sSetΣp×Σq
∗ (Xp ∧ Yq, Zp+q).
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The lemma says that a map of symmetric sequences f : X ⊗Y → Z can be
seen as a collection of Σp × Σq-equivariant maps fp,q : Xp ∧ Yq → Xp+q.

Proposition 1.2.9. The tensor product of symmetric sequences is a closed
symmetric monoidal product on the category of symmetric sequences.

Proof. The unit object is the sequence (S0, ∗, ∗, . . . ). Both associativity and
unit isomorphisms are pretty straight forward from the unit and associativity
isomorphism in sSet∗, but for the twist isomorphism we must use the permu-
tation ρq,p ∈ Σp+q defined as

ρq,p(i) =

{
i+ p 1 ≤ i ≤ q
i− q q < i ≤ p+ q

The twist is then given as

τ : X ⊗ Y → Y ⊗X, (α, x, y) 7→ (αρq,p, y, x)

for α ∈ Σp+q, x ∈ Xp and y ∈ Yq.
To see that the tensor product is closed consider a map f : X ⊗ Y → Z.

This is a collection of Σp × Σq-equivariant fp,q : Xp ∧ Yq → Zp+q, which in
the category of pointed spaces is adjoint to a collection of Σp-equivariant maps
gp,q : Xp → HomΣq

(Yq, Zp+q). Hence we have a natural isomorphism

sSetΣ∗ (X ⊗ Y, Z) ∼=
∏
p

sSetΣp
∗ (Xp,

∏
q

HomΣq (Yq, Zp+q))

= sSetΣ∗ (X,

∏
p,q

HomΣq
(Yq, Zp+q))

and the tensor product is closed.

We will denote the function object of the two symmetric sequences X,Y by
FΣ(X,Y ). Consider the sphere spectrum S, which is a commutative monoid in
the category of symmetric sequences. We wonder what the modules of S may
be. It turns out that they are exactly the symmetric spectra.

Theorem 1.2.10. The category of symmetric spectra is naturally equivalent
to the category of left S-modules.

Proof. Let X be an S-module. The multiplication map m : S ⊗ X → X is
by the lemma the same as a collection of Σp × Σq-equivariant maps mp,q :
Sp ∧Xq → Xp,q. We may hence define structure maps

σ = m1,n : S1 ∧Xn → Xn+1.

It follows from the associativity of the multiplication in the module that σp =
mp,n is Σp × Σn-equivariant as wanted.
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Conversely, if X is a symmetric spectrum, the collection of the Σp × Σq-
equivariant maps

σp = mp,q : Sp ∧Xq → Xp+q

corresponds to a map of symmetric sequences m : S⊗X → X that works as a
multiplication.

According to the proposition it makes sense to view the structure maps of
a symmetric spectra as an action of the sphere spectrum. Seeing symmetric
spectra as S-modules allows us to use machinery related to modules. In par-
ticular, we can now define the smash product of two symmetric spectra, using
the two lemmas from the beginning of the section.

Definition 1.2.11. The smash product X ∧ Y of the two symmetric spectra
X,Y is the coequalizer of the diagram

X ⊗ S⊗ Y ⇒ X ⊗ Y.

Definition 1.2.12. The function object F (X,Y ) of the two symmetric spectra
X,Y is the equalizer of the diagram

FΣ(X,Y ) ⇒ FΣ(S⊗X,Y )

When we have smash products and function objects involving pointed spaces
we implicitly mean that we use the symmetric suspension spectrum of the
pointed space. That is, if K is a pointed space and X is a symmetric spectrum
then X ∧K = X ∧ Σ∞K and F (K,X) = F (Σ∞K,X)

It is of course possible to define the smash product of spectra from the
ground up to get an explicit formula for how it acts and proving that it is
indeed a closed symmetric monoidal product. However, for our further work
we are pretty content in just knowing that a symmetric monoidal product
exists. Consult [Sch12] for a more detailed approach.

A warning: the same procedure with classical spectra will not give us a
closed symmetric monoidal product! Also in this case the sphere spectrum S is
a monoid, and spectra can be described as left S-modules. However, the sphere
spectrum fails to be commutative in the category of classical spectra since the
twist isomorphism on is not the identity S. Hence we cannot construct a closed
symmetric monoidal smash product on spectra in this way. This is one of the
main motivations for using symmetric spectra instead of classical spectra.

1.3 Symmetric Ring Spectra

As mentioned, more main motivation for introducing symmetric monoidal
products is to get monoids and modules over these. Having defined the smash
product on the category of symmetric spectra in the previous section we can
go ahead and define monoids and modules in this category.

Definition 1.3.1. A symmetric ring spectrum is a monoid in the category of
symmetric spectra.
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In other words, a symmetric ring spectrum is a symmetric spectrum R to-
gether with a multiplication map µ : R∧R→ R and a unit map ι : S→ R that
fits together nicely with the structure maps and the action of the symmetric
group. In more detail, the multiplication map is such that the diagram

R ∧R ∧R R ∧R

R ∧R R

µ∧R

R∧µ µ

µ

commutes, and the unit map is such that the diagram

S ∧R R ∧R R ∧ S

R

ι∧R

∼=
µ

R∧ι

∼=

commute. We say that the ring spectrum is commutative if the multiplication
is unchanged by the twist isomorphism of ∧.

We look at some important examples.

Example 1.3.2. The sphere spectrum S is a commutative ring spectra in the
obvious way. It is the initial object in the category of symmetric ring spectra
and thus plays the same part for ring spectra as Z does for rings.

Example 1.3.3. If X is a symmetric spectrum then the function object
F (X,X) is a ring spectrum called the endomorphism ring spectrum. Consider
the map mX,X : F (X,X) ∧ X → X which is the left adjoint to the identity
map F (X,X)→ F (X,X). The multiplication map µ : F (X,X) ∧ F (X,X)→
F (X,X) is described as the right adjoint of the composition

F (X,X) ∧ F (X,X) ∧X F (X,X)∧mX,X−−−−−−−−−−→ F (X,X) ∧X mX,X−−−−→ X.

The unit map ι : S → F (X,X) is descibed as the the right adjoint to the
isomorphism S ∧X → X.

Example 1.3.4. If R is a commutative ring then the Eilenberg-Mac Lane
spectrum HR is a commutative ring spectrum. The multiplication µ : HR ∧
HR→ HR can be seen as a collection of Σn × Σm-equivariant maps

µn,m : (HR)n ∧ (HR)m → (HR)n+m

defined as (∑
aixi

)
∧
(∑

bjyj

)
7→
∑

(aibj)(xi ∧ yj).

The unit map ι : S→ HR can be described on each level ιn : Sn → (HR)n as
sending a point z to the formal sum 1z where 1 is the unit of R.
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Example 1.3.5. Both the real and complex topological K-theory spectrum
KO and KU are symmetric commutative ring spectra. Consult [EM06] for an
explanation of the ring structure.

We will do most of our work with R-modules with R being a fixed symmetric
ring spectrum.

Definition 1.3.6. Let R be a ring spectrum. A left R-module M is a left
R-module in the sense of Definition 1.2.3

Hence a left R-module M is a symmetric spectrum with an action map

α : R ∧M →M

that is associative in the sense that the diagram

R ∧R ∧M R ∧M

R ∧M R

µ∧M

R∧α α

α

commutes, and respects the unit in the sense that

R ∧M

S ∧M M

αι∧M

∼=

commutes. We define right modules in a similar fashion and when R is commu-
tative we speak only of R-modules. The category of R-modules is a symmetric
monoidal category in its own right, denoted R-Mod. Just as we did in the
previous section for S-modules we may use Lemma 1.2.5 to define the symmet-
ric monoidal product of two R-modules M and N , denoted M ∧R N as the
coequalizer of the diagram

M ∧R ∧N ⇒M ∧N.

Similarly we have function objects FR(M,N) given by Lemma 1.2.6 as the
equalizer of the diagram

F (M,N) ⇒ F (R⊗M,N).

Monoids in the symmetric monoidal categeory R-Mod are called R-algebras.
Here are some examples of ring spectra modules.

Example 1.3.7. If X and Z are symmetric spectra then the function object
F (Z,X) is a left F (X,X)-module. The action map is described as the right
adjoint to the composition

F (X,X) ∧ F (Z,X) ∧ Z F (X,X)∧mZ,X−−−−−−−−−−→ F (X,X) ∧X mX,X−−−−→ X
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where mX,X is the left adjoint to the identity F (X,X)→ F (X,X) and mZ,X

is the left adjoint to the identity F (Z,X) → F (Z,X). In a similar fashion
F (X,Z) is a right F (X,X)-module.

Example 1.3.8. If f : R → T is a ring spectra morphism then T is an R-
module with the action map

α : R ∧ T f∧T−−−→ T ∧ T µ−→ T.

In this way, if R and T are commutative rings and T is an R-module in the
ordinary sense, then HT becomes an HR-module as commutative ring spectra.

1.4 Model Structures on Symmetric Spectra

We would like to do homotopy theory on symmetric spectra. A naive way of
introducing homotopy groups of symmetric spectra is to straight forward define

π̂kX = colimn πk+nXn.

taken over the composite

πk+nXn
−∧S1

−−−−→ πk+n+1(S1 ∧Xn)
πk+n+1σ−−−−−−→ πk+n+1Xn+1.

We call this the kth (naive) homotopy group. However, this isn’t really
what we want, hence “naive”. The construction works well enough for classical
spectra, and is indeed the way that we introduce homotopy theory on that
category. For classical spectra a stable equivalence is just a map that induces
an isomorphism on the homotopy groups. However, this will not work in the
category of symmetric spectra! Since the construction of the naive homotopy
groups does not take any regard to the symmetric group actions on symmetric
spectra, the homotopy category obtained by inverting the equivalences defined
in this way will not be equivalent to the stable homotopy category of [Boa64].
Instead, we must proceed in another way.

To introduce homotopy theory on our category we use model structures.
The notion was introduced by Quillen in [Qui06]. A nice introduction can
be found in Model Categories by Hovey [Hov99] or Homotopy theories and
model categories by Dwyer and Spaliński [DS95]. We will focus on the most
rudimentary definitions.

Definition 1.4.1. Let f : A → B and g : X → Y be two morphisms in a
category C. We say that f is a retract of g if there is a commutative diagram

A X A

B Y B

f g f

where the horizontal compositions are the identity.
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Another, more abstract, way of saying this is that f is a retract of g as
viewed as objects in the morphism category MorC.

Definition 1.4.2. Let f : A → B and g : X → Y be morphisms in a cate-
gory C. We say that f has the left lifting property with respect to g if every
commutative square diagram

A X

B Y

f gh .

can be extended by a morphism h : B → X.

In this case we also say that g has the right lifting property with respect to
f .

Definition 1.4.3. Let α and β be functors MorC → MorC. The ordered pair
(α, β) is called a functorial factorization if

f = β(f) ◦ α(f)

for all morphisms f in C.

Definition 1.4.4. A model structure on a category C consists of three distin-
guished classes of morphisms: weak equivalences, fibrations and cofibrations;
and two functorial factorizations (α, β) and (γ, δ) that satisfy the four axioms
below.

M1 Retract axiom. If g is a morphism of one of the distinguished classes, and
f is a retract of g, then f is a member of the same distinguished class.

M2 Two out of three axiom. Let f and g be morphisms in C such that gf is
defined. If two of the morphisms f , g and gf are weak equivalences then
so is the third.

M3 Lifting axiom. Cofibrations have the left lifting property with respect to
trivial fibrations, and trivial cofibration have the left lifting property with
respect to fibrations.

M4 Factorization axiom. For any morphism f , α(f) is a cofibration, β(f) is
a trivial fibration, γ(f) is a trivial cofibration and δ(f) is a fibration.

A morphism that is both a fibration and a weak equivalence is usually
refered to as a trivial fibration and a morphism that is both a cofibration and
a weak equivalence is called a trivial cofibration.

Observe that the factorization axiom implies that every morphism f in C
has a factorization f = pi where p is a trivial fibration and i is a cofibration,
and a factorization f = qj where q is a fibration and j is a trivial cofibration.
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Definition 1.4.5. A model category is a bicomplete catgory with a model
structure.

Since a model category is by necessity a bicomplete category we know that
it must have an initial object ∅ and a terminal object ∗. We say that an object
X in the model category is cofibrant if the unique map ∅ → X is a cofibration
and fibrant if the unique map X → ∗ is a fibration. Combining this with the
factorization axiom the map ∅ → X can be be factorized as

∅ i−→ Y
p−→ X

where the first map is a cofibration, and the second one is a trivial fibration.
In this case we call Y a cofibrant replacement of X. Similarly, the map X → ∗
can be factorized as

X
j−→ Z

q−→ ∗

with j being a a trivial cofibration and q a fibration. The object Z is then
called a fibrant replacement of X.

As mentioned, our motivation for introducing a model structure is that we
want to be able to do homotopy theory in a model category. So how do we now
get homotopy theory from this definition? Well, we use the following definition.

Definition 1.4.6. Let C be a model category. The homotopy category of C,
denoted HoC, is the localization of C with respect to the weak equivalences.

Here localization means that we formally invert all the weak equivalences
forcing them to become isomorphisms. The model axioms make sure that this
can be done without any set-theoretical problems; we want to make sure that
HoC(X,Y ) is a set in all cases. It is standard to denote this set by [X,Y ].

Our aim is to give the category of symmetric spectra a model structure
such that its homotopy category is the stable homotopy category as described
in [Boa64]. We also want to make sure that the model structure is compatible
with the smash product on symmetric spectra in the sense that it can be
extended to monoids and modules.

We will consider two model structures on the category of symmetric spectra:
the injective model structure and the stable model structure. The latter is what
we actually want; we use the first one as a ground to build on.

We say that the morphism of spectra f : X → Y is a level equivalence if
fn : Xn → Yn is a weak equivalence for all n. Similarly f is a level cofibration
if it is a cofibration on all levels. A morphism f : X → Y is called a level
fibration if it has the right lifting property with respect to all level cofibrations.

Proposition 1.4.7. Level equivalences, level cofibrations and level fibrations
define a model structure on symmetric spectra called the injective model struc-
ture.

We refer the reader to the proof in [HSS00]. Fibrant objects in the injective
model category are called injective spectra.
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We now go on to define the stable model structure. In order to define this
we first introduce a special type of spectra called Ω-spectra.

Definition 1.4.8. If X is a symmetric spectrum such that the right adjoint
σ̃ : Xn → ΩXn+1 of the structure map is a weak homotopy equivalence, then
we call X an Ω-spectra.

A stable cofibration is a morphism that has the left lifting property with
respect to level trivial fibrations. We call a morphism a stable fibration if it has
the right lifting property with respect to each stable trivial cofibration. We say
that f : X → Y is a stable equivalence if the induced map

F (f, Z) : F (Y,Z)→ F (X,Z)

is a level equivalence for all injective Ω-spectra Z.

Proposition 1.4.9. Stable equivalences, stable cofibrations and stable fibra-
tions define a model structure on symmetric spectra called the stable model
structure.

Proving that it is in fact a model structure involves a lot of technical details
that we will omit. The interested reader will find a proof in [HSS00]. In the
article it is shown that the homotopy category we get by inverting all the stable
equivalences is equivalent to the stable homotopy category. Fibrant objects
here are injective Ω-spectra, and all symmetric spectra of simplicial sets are
cofibrant. We show by an example that this is indeed different from defining
stable equivalences the same way they are defined for classical spectra.

Example 1.4.10. Consider the evaluation functor Evn : SpΣ → Top∗ defined
as Evn(X) = Xn on the objects, and Evn(f) = fn on the morphisms. The
left adjoint Fn : Top∗ → SpΣ of this functor is called the free functor. Let
ϕ : F1(S1)→ S be the left adjoint to the identity map S1 → Ev1(S). This map
is a stable equivalence of symmetric spectra. To see this, let Z be an Ω-spectra.
We want to show that the induced map

F (ϕ,Z) : F (S, Z) ∼= Z → F (F1(S1), Z).

is a level equivalence; that is, we want Evn(F (ϕ,Z)) to be a weak homotopy
equivalence for all n. This is true since Evn(F (ϕ,Z)) is the right adjoint to the
structure map S1 ∧ Zn → Zn+1 which is a weak homotopy equivalence due to
Z being an Ω-spectrum. On the other hand, ϕ : F1(S1) → S does not induce
an isomorphism of homotopy groups. For example we have π0(S) = Z while
π0(F1S

1) =
⊕

i Z .

We get the ’true’ homotopy groups from the naive ones in the following
way.

Definition 1.4.11. The kth true homotopy group of the spectrum X is defined
as

πk(X) = π̂k(QX)

where QX is a fibrant replacement of X.
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As we might suspect, stable equivalences do induce isomorphisms in the
true homotopy groups. Since fibrant symmetric spectra are the injective Ω-
spectra, the naive and true homotopy groups coincide whenever we have an
injective Ω-spectrum. This is true for both Eilenberg-Mac Lane spectra and
the K-theory spectra KU and KO.

Example 1.4.12. One might think that the homotopy groups for the sphere
spectrum are easy, but calculating them is a whole subject in its own right. In
fact, a lot of the methods developed in algebraic topology were constructed for
the purpose of being able to calculate the stable homotopy groups of spheres.
Here is a small table with the first nine homotopy groups of the sphere spec-
trum:

k 0 1 2 3 4 5 6 7 8
πk(S) Z Z/2Z Z/2Z Z/24Z 0 0 Z/2Z Z/240Z (Z/2Z)2

For higher homotopy groups, see for example [Tod].

Example 1.4.13. The homotopy groups of the Eilenberg-Mac Lane spectrum
HA are concentrated in dimension zero; that is

πk(HA) =

{
A k = 0

0 otherwise
.

Example 1.4.14. The homotopy groups of the complex topologicalK-spectrum
KU are given by

πk(KU) =

{
Z k even

0 k odd
,

or as a graded ring π∗(KU) = Z[u±] where u is the generator of π2(KU). For
the real spectrum KO we have

πk(KO) =


Z k ≡ 0 (mod 4)

Z/2Z k ≡ 1, 2 (mod 8)

0 otherwise

,

or as a graded ring π∗(KO) = Z[a, b, v±]/(2a, a3, ab, b2 − 4v) where a is the
generator of π1(KO), b is the generator of π4(KO) and v is the generator of
π8(KO). There is a complexification map c : KO → KU that is given on
homotopy level by a 7→ 0, b 7→ 2u2 and v 7→ u4 [BG03]. This map makes KU
into a KO-module.

1.5 Model Structure on Ring Spectra and Modules

When diving into Galois theory we will be most interested in ring spectra and
modules over these. Because of this we need to make sure that we have a model
structure on these categories as well. In this section we study what it means
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for a model structure to be compatible with a symmetric monoidal product
and when it can be lifted to the category of R-modules.

Compatibility of a model structure with a closed symmetric monoidal prod-
uct is characterized by the following axiom.

Axiom 1.5.1 (Pushout Product Axiom). Let A → B and X → Y be two
cofibrations in a model category C with a closed symmetric monoidal product
∧. Then the pushout A ∧ Y

∐
A∧X B ∧X → B ∧ Y induced by the diagram

A ∧X B ∧X

A ∧ Y B ∧ Y

is a cofibration. Furthermore, if one of the former maps is a weak equivalence
then so is the pushout.

In particular, the pushout product axiom implies that smashing with cofi-
brant objects preserves cofibrations and trivial cofibrations; if X → Y is a
(trivial) cofibration and Z a cofibrant object then f ∧ Z : X ∧ Z → Y ∧ Z is a
(trivial) cofibration.

Definition 1.5.2. A symmetric monoidal model category is a model category
with a closed symmetric monoidal product that satisfies the pushout product
axiom.

Hovey, Shipley and Smith prove in [HSS00] that the stable model structure
is symmetric monoidal. We mention that this is not true for the injective model
structure.

To make sure that we can lift the model structure to R-modules without
any difficulties we also need an additional axiom.

Axiom 1.5.3 (Monoid Axiom). Consider the class of all maps A∧Z → B∧Z
where A→ B is a trivial cofibration and Z is an object in C. Every map that
can be obtained as a transfinite composition of pushouts of smash products of
these maps is a weak equivalence.

Having our symmetric monoidal model category C fulfil the monoid axiom
means that the category of monoids in C inherits a model structure from the
model struture in C, where weak equivalences and fibrations are the same as
in the underlying category, see [SS00].

In our case, the fact that the category of symmetric spectra satisfies the
monoid axiom follows directly from the fact that it satisfies the pushout product
axiom. In particular, this is true for any category where all the objects are
cofibrant, as the next proposition shows.

Proposition 1.5.4. Let C be a symmetric monoidal model category where
every object is cofibrant. Then it satisfies the monoid axiom.
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Proof. Let f : A→ B be a trivial cofibration. Because of the pushout product
axiom f ∧ Z : A ∧ Z → B ∧ Z is also a trivial cofibration for all cofibrant Z.
Since every object is cofibrant this holds for all objects Z. Now, trivial cofibra-
tions are closed under transfinite composition of pushouts of smash products;
every map that can be obtained in this way is itself a trivial cofibration. And
trivial cofibrations are weak equivalences by definition which proves the monoid
axiom.

Now we are ready to define weak equivalences, fibrations and cofibrations
for R-modules and R-algebras. We say that a map between two R-modules is
a weak equivalence if it is a weak equivalence in the underlying category. The
same goes for fibrations. A cofibration of R-modules if a map that has the left
lifting property with respect to all trivial fibrations.

Definition 1.5.5. A model category is called cofibrantly generated if there is
a set I of cofibrations and a set J of trivial cofibrations such that the following
conditions hold:

(i) The set of fibrations in C is precisely the set of morphisms with the right
lifting property with respect to the maps in J

(ii) The set of trivial fibrations in C is precisely the set of morphisms with
the right lifting property with respect to the maps in I.

(iii) The domain of each map in I is small relative to the set of maps that can
be obtained as a transfinite composition of pushouts of maps in I.

(iv) The domain of each map in J is small relative to the set of maps that can
be obtained as a transfinite composition of pushouts of maps in J .

Observe that the model structure of a cofibrantly generated model category
is completely determined by the set I and J . We have the following theorem
from [SS00].

Theorem 1.5.6. Let C be a cofibrantly generated, monoidal model category
that satisfies the monoid axiom and let R be a commutative monoid. Then the
category of R-modules is a cofibrantly generated, monoidal model category that
satisfies the monoid axiom.

In [HSS00] it is shown that the stable model structure satisfies all the criteria
needed; it is cofibrantly generated, satisfies the pushout product and monoid
axioms. That means that we have a nice model structure also for the category
of R-modules where R is a fixed commutative ring spectrum. Similarly for
R-algebras we have the theorem:

Theorem 1.5.7. Let C be a cofibrantly generated, monoidal model category
that satisfies the monoid axiom and let R be a commutative monoid. Then
the category of R-algebras is a cofibrantly generated model category and every
cofibration of R-algebras whose source is a cofibrant object is also a cofibration
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as a map of R-modules. If the unit object of the symmetric monoidal product
is cofibrant then every cofibrant R-algebra is cofibrant as an R-module.

Observe that the sphere spectrum S, which is the unit for the smash product
of spectra, is cofibrant, so the last sentence of the theorem applies. This is
one of the advantages when working with the category of symmetric spectra
as opposed to the S-modules of [EKMM97], where the sphere spectrum is not
cofibrant. Having the unit S cofibrant also makes sure that the model structure
induces a monoidal model structure on the homotopy category; an observation
first made by Hovey [Hov99].





Chapter 2

Galois Theory

The history of Galois theory starts with the problem of finding roots of polyno-
mial equations. In 1799 Ruffini provided an incomplete proof of the fact that
there are no solutions in radicals to the general quintic equation, a statement
that was later proved completely by Abel [Abe11]. This theorem, known as
the Abel-Ruffini theorem, lies at the core of the classical Galois theory. Ga-
lois proved this theorem independently using his own home-brewed methods.
These methods provide the basic of Galois theory. The idea is here to associate
a polynomial equation to a certain group, the Galois group, that contains the
information about the solvability of the equation. Galois’s own notes are noto-
riously difficult to read and were dismissed by the mathematical community for
over a decade. Their significance did not become clear until after Galois’s death
when Liouville published them together with his own clarifications [Gal46].

Although Galois theory is based on the study of polynomial equations,
significant abstractions have taken the subject far from where it first started.
Actually, this is the last time we will even mention the word “polynomial.
The modern approach to Galois theory, developed by mathematicians such as
Artin and Dedekind, is instead based in the study of automorphisms of field
extensions, see [Art44]. Here, the power of the subject lies in that it provides
a link between the fields and groups, allowing us to reduce problems in the
domain of field theory to problems concerning group theory. This link is made
rigorous in the fundamental theorem of Galois theory which establishes a one-
to-one correspondence between the intermediate fields of a field extension and
the subgroups of its Galois group. An even more abstract view on Galois theory
is due to Grothendieck which takes Galois theory into the realm of categories,
see [BJ08] for an introduction on this perspective.

In the 60’s, endeavours to generalize Galois theory to rings where first
started by Auslander and Goldman [AG60] who used the new definition in
their study of separable algebras over commutative ring. This theory was
later refined and extended upon by Chase, Harrison and Rosenberg [CHR69]
who managed to state and prove the fundamental theorem of Galois theory of
commutative rings. The generalizations coincide with the classical definitions

25
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of Galois extensions for the case when the rings are fields and provided new
perspective on Galois extensions to better understand the subject.

The generalization of Galois theory to commutative rings is vital to the
further generalization of Galois theory to structured ring spectra. In the 00’s
John Rognes defined and gave results for Galois extensions of structured ring
spectra. He was motivated by Waldhausen’s “brave new rings, predicting that
structured ring spectra is an inevitable generalization of rings, and that the
arithmetic features of ring spectra are reflected by their algebraic K-theory.

In this section we will follow John Rognes’s article Galois extensions of
structured ring spectra [Rog08a]. We will make some simplifications in our
treatment of the subject; for example, we will always assume that our groups
are finite and discrete where Rognes considers stably dualizable groups. The
aim is to make the presentation of the subject accessible to a master student
with a background in algebraic topology.

This section is organized in the following way. In Section 2.1 we do a quick
review of Galois extensions of fields and provide an alternative definition that
is going to help us generalize the concept. In Section 2.2 we define Galois ex-
tensions of commutative rings and state some results that will help us in our
further study. The definition of Galois extensions of commutative ring spectra
will be seen in Section 2.3 and we provide the reader with some important
examples. Section 2.4 will deal with the question of faithfulness. Galois exten-
sions of commutative rings are always faithful, and we wonder if this is true for
ring spectra extensions as well. (Spoiler: It is not.) We show that our examples
are all faithful. We continue with the question of faithfulness in Section 2.5
where we construct a non-faithful Galois extension of ring spectra by looking at
mod p cochain extensions using Eilenberg-Mac Lane spectra. In Section 2.6 we
take a closer look at cochain extensions using K-theory spectra, and compare
these with cochain extensions of Eilenberg-Mac Lane spectra.

Our main reference is of course Galois extensions of structured ring spec-
tra [Rog08a] by John Rognes.

2.1 Galois Theory of Fields

We begin our discussion by reviewing some basic notions of Galois extensions
of fields. We refer the reader in need of a more exhaustive introduction to
Galois Theories by Borceux and Janelidze [BJ08] and The Separable Galois
Theory of Commutative Rings by Magid [Mag14].

Definition 2.1.1. We say that the field extension L/K is a G-Galois extension
of fields if G is the group of K-automorphisms of L and K = LG, where LG is
the subfield of L fixed by G.

This definition is unfortunately a bit lacking if we want to generalize Galois
theory to commutative rings. We propose an alternative equivalent definition
of field extensions being Galois that translates better to the ring context.

First we remember the definition of a twisted group ring.
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Definition 2.1.2. Let G be a finite group acting on a field L with fixed field
K. The twisted group ring is the L-algebra with basis consisting of the group
G together with the twisted multiplication

(xσ) · (yτ) = xσ(y)στ

where x, y ∈ L and σ, τ ∈ G.

Consider the K-algebra homomorphism

j : L〈G〉 → HomK(L,L), xσ 7→ (y 7→ xσ(y))

from the twisted group ring L〈G〉 to K-endomorphisms of L. Also, consider
the K-algebra homomorphism

h : L⊗K L→
∏
G

L = Map(G,L), x⊗ y 7→ (xσ(y))σ∈G.

We have the following proposition that characterize G-Galois extension using
j and/or h.

Proposition 2.1.3. The following statements are equivalent:

(i) The field extension L/K is G-Galois.

(ii) The K-algebra homomorphism j : L〈G〉 → HomK(L,L) is a bijection.

(iii) The K-algebra homomorphism h : L⊗K L→
∏
G L is a bijection.

Proof. Dedekind’s lemma, which says that distinct field homomorphisms L→
L are L-linearly independent, ensures that j is injective. The extension L/K
being G-Galois means that it is also surjective by a dimension count.

The equivalence of statement (ii) and (iii) is due to the identifications
HomL(L ⊗K L,L) ∼= HomK(L,L) and HomL(

∏
G L,L) ∼= L〈G〉. This means

that h is the L-module dual of j, and the result follows.

The characterization of Galois extensions in terms of the maps j and h have
a more natural generalization to commutative rings than Definition 2.1.1, as
we will see in the next section.

2.2 Galois Theory of Rings

We use the previous results to extend the notion of Galois to commutative
rings. We will sometimes drop the word “commutative since we are lazy, but
the reader should be careful to note that when we speak of rings we will al-
ways mean the commutative kind. All the result and more can be found in
Cyclic Galois extensions of commutative rings by Greither [Gre93] and Galois
theory and Galois cohomology of commutative rings by Chase, Harrison and
Rosenberg [CHR69].
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Let R→ S be a ring homomorphism, so that S is a commutative R-algebra.
Consider a finite subgroup G of R-algebra homomorphisms of S. Let

i : R→ SG

be the inclusion of R into the subring of S fixed by G. We have two R-algebra
homomorphisms, defined analogously as for the field case:

j : S〈G〉 → HomR(S, S), xσ 7→ (y 7→ xσ(y))

and
h : S ⊗R S →

∏
G

S = Map(G,S), x⊗ y 7→ (xσ(y))σ∈G.

In the light of Proposition 2.1.3 we make the following definition.

Definition 2.2.1. The ring homomorphism R → S is a G-Galois extension
of rings if both i : R→ SG and h : S ⊗R S →

∏
G S are isomorphisms.

It is directly obvious that Galois field extensions are a special case of Galois
ring extensions. As in the field case, we may use an alternative definition of
G-Galois extensions using j instead.

Proposition 2.2.2. The map R → S is a G-Galois extension if and only if
both i : R → SG and j : S〈G〉 → HomR(S, S) are isomorphisms, and S is
finitely generated projective as an R-module.

We skip the proof for the whole proposition but prove the following part of
the proposition as we will need the result in the following sections.

Proposition 2.2.3. If R → S is a G-Galois extension then S is finitely gen-
erated projective as an R-module.

Proof. We show that S is finitely generated as an R-module by finding a so
called dual basis (ϕi, xi), where ϕi : S → R and xi are elements of S, so that
all z in R can be written

z =

n∑
i=1

xiϕi(z).

We define the trace map of the Galois extension tr : S → R as

tr(x) =
∑
σ∈G

σ(x).

Observe that this is well defined; tr(x) is fixed under the action of G since all
G does is rearrange the terms in the sum. Now, let

∑
i xi⊗ yi be the preimage

of the element (1, 0, 0, . . . ) in
∏
G S under the map h. We then have

n∑
i=1

xiσ(yi) = δσ,e.
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Consider the set of maps ϕi : S → R defined by ϕi(z) = tr(yiz). A straight
forward calculation shows that

z =

n∑
i=1

xiϕi(z)

so that (ϕi, xi) forms a dual basis for S over R, which is then finitely generated
projective.

We look at some examples of G-Galois ring extensions.

Example 2.2.4. The extension

R→
∏
G

R = Map(G,R)

where R is embedded diagonally in
∏
GR, is called the trivial G-extension.

Here
∏
GR is given pointwise product and the G-action on it is given by index

shift

σ
(
(xτ )τ∈G

)
= (xτσ)τ∈G.

The inclusion i is an isomorphism since the elements fixed by G are the constant
maps which may be identified with R.

Observe that given an R-module M there is a natural map

M ⊗R
∏
G

R→
∏
G

M ⊗R R ∼=
∏
G

M

defined as m ⊗ (xσ)σ∈G 7→ (m ⊗ x)σ∈G. Direct sums and direct products are
isomorphic on finite index sets so the above map is an isomorphism as it is
well known that the tensor product distributes over direct sums. We get h by
setting M =

∏
GR in the above map and hence conclude that h must be an

isomorphism.

Example 2.2.5. If L/K is a G-Galois extension of number fields, we may ask
ourselves if the ring extension OL/OK of their integers is also G-Galois. In fact,
it is in general not the case. Consider for example the number field extension
Q(i)/Q with Galois group G = {id, σ}, where σ is complex conjugation. The
ring extension Z[i]/Z is not G-Galois since the map h is not surjective. Consider
the element in

∏
G Z[i] that is defined by id 7→ 1 and σ 7→ 0. This map cannot

be found in the image of h since that would imply that there is z⊗w ∈ Z[i]⊗Z[i]
such that z + w = 1 and z + w = 0. This implies that the imaginary parts of
z and w are both equal to 1/2 which is not possible. The problem here is that
we have ramification at the rational prime 2. After localizing away from this
prime we get a G-Galois extension Z[1/2]→ Z[1/2, i]

We list some basic properties that follow from R→ S being a G-Galois ring
extension and that will be useful to us.
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Proposition 2.2.6. If R→ S is a G-Galois extension then S is faithfully flat
as an R-module.

Proof. That S is flat as an R-module follows from Proposition 2.2.3. It is left
to show that it is faithful. To do this we show that S/m 6= 0 for all maximal
ideals m in R. Due to Nakayama’s lemma it suffices to show that Sm 6= 0. The
map R → S is a monomorphism and localizations preserve monomorphisms,
so since Rm 6= 0 we conclude that Sm 6= 0.

Proposition 2.2.7. If R → S is a G-Galois extension then the trace map
tr : S → R defined as

tr(x) =
∑
σ∈G

σ(x)

is surjective.

Proof. Consider the image of the trace map tr(S) which is an ideal in R. With
the same notation as the proof of Proposition 2.2.3 we have

1S =
∑
i

xiϕi(1S) =
∑
i

xitr(yi).

This means that S ∼= S⊗R tr(S) and faithful flatness of S as an R-module then
implies that tr(S) = R.

Proposition 2.2.8. If R → S is a G-Galois extension then S is finitely gen-
erated projective as an R[G]-module.

Proof. Observe that S ⊗R S is free as an R[G]-module, as it is isomorphic
to Map(G,R) via h. Since S is an projective R-module there is a R-module
splitting f of the multiplication µ; the composition

S
f−→ S ⊗R S

µ−→ S

is the identity. We can construct an R[G]-module splitting of S in the following
way. Choose an element c ∈ S such that tr(c) = 1R which is possible since
tr is surjective by Proposition 2.2.7. The R[G]-module map f ′ : S → S ⊗R S
defined as

f ′(s) =
∑
σ∈G

σ
(
f(σ−1(s)c)

)
then splits µ. This shows S to be a direct R[G]-direct summand of S ⊗R S, so
that it is also finitely generated projective as an R[G]-module.
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2.3 Galois Theory of Commutative Ring Spectra

Our goal is to describe Galois theory of commutative ring spectra in a way
that is compatible with Galois theory of commutative rings. In this section we
make the necessary definitions and consider some simple examples.

Let G be a finite discrete group and consider a map A→ B of commutative
ring spectra. In this way B becomes a commutative A-algebra on which we
let G act continuously from the left by A-algebra homomorphisms. We will
also assume that A is a cofibrant ring spectrum, and that B is cofibrant as a
commutative A-algebra.

To define Galois extensions of ring spectra we will follow the same procedure
as when we defined Galois extensions for commutative rings. We begin by
introducing some maps. Firstly, we have an inclusion

i : A→ BhG = F (EG+, B)G

of A into the homotopy fixed point spectrum BhG. This map is described in
the simplest way as being the right adjoint to the G-equivariant composite

A ∧ EG+
'−→ A→ B

that collapses EG to a point. We also have a map

h : B ∧A B →
∏
G

B = F (G+, B),

similarly described as the right adjoint to the the composite

B ∧A B ∧G+ → B ∧A B → B.

This composite is twist and action of G on B followed by multiplication in B.
We can now define Galois extensions of ring spectra.

Definition 2.3.1. We say that A→ B is a G-Galois extension of commutative
ring spectra if i : A→ BhG and h : B ∧A B →

∏
GB are weak equivalences.

The cofibrancy conditions on A and B makes sure that our definition is
homotopically meaningful; the notion of a Galois extension A→ B is invariant
under changes up to weak equivalences of A and B.

We will now study a few examples of Galois extensions of ring spectra.
We make heavy use of spectral sequences as justifications for our claims; see
Appendix A for explanations of these concepts.

Example 2.3.2 (Trivial). The trivial G-extension is the map

∆ : A→
∏
G

A = F (G+, A)

that is functionally dual to the projection map G→ {e}. The group G acts by
right multiplication in the source. That the inclusion map i : A→ F (G+, A)hG
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is a weak equivalence follows directly from the fact that (G+)hG → {e}+ is a
weak equivalence; this is true even if the extension is not Galois. The map

h : F (G+, A) ∧A F (G+, A)→ F (G+, F (G+, A))

is a weak equivalence due to G being finite and discrete.

Proposition 2.3.3 (Eilenberg-Mac Lane). The ring homomorphism R → S
is a G-Galois extension of rings if and only if the induced map HR → HS is
a G-Galois extension of ring spectra.

Proof. Recall that the homotopy groups of the Eilenberg-Mac Lane spectrum
HR is given by

π∗(HR) =

{
R ∗ = 0

0 ∗ 6= 0
.

Consider the homotopy fixed point spectral sequence

E2
s,t = H−s(G;πtHS) = Ext−s,−tR[G] (R,S). =⇒ πs+t(HS

hG).

Since G is finite there is an isomorphism of R[G]-modules R[G] ∼= HomR(G,R)
so that

ExtsR[G](R,R[G]) ∼= ExtsR(R,R) = 0

for all s 6= 0. If we combine this with the fact that S is finitely generated
projective over R[G] according to Proposition 2.2.8 and that the Ext functor
is finitely additive in its second argumentwe can conclude that

ExtsR[G](R,S) = 0

for all s 6= 0 so that H(SG) ' (HS)hG.
We may use the Künneth spectral sequence

E2
st = TorRs,t(S, S) =⇒ πs+t(HS ∧HR HS)

together with flatness of S as a ring extension of R, see Proposition 2.2.6, so
that TorRs,t(S, S) = 0 for all s 6= 0. We conclude that H(S⊗RS) ' HS∧HRHS.

It follows now that if R→ S is G-Galois then

(HS)hG ' H(SG) ∼= HR

and

HS ∧HR HS ' H(S ⊗R S) ∼= H

(∏
G

S

)
'
∏
G

HS

so that HR→ HS is also G-Galois.
For the other implication, let HR→ HS be G-Galois. We have that

SG ∼= π0((HS)hG) ∼= R
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and

S ⊗R S ∼= π0(HS ∧HR HS) ∼= π0

(∏
G

HS

)
∼=
∏
G

S.

As the Eilenberg-Mac Lane functor is fully faithful as thus embeds the cat-
egory of commutative rings into the category of commutative ring spectra, the
previous proposition shows that the Galois theory we defined on ring spectra
is compatible with the one defined on rings.

Proposition 2.3.4 (K-Theory). The complexification map c : KO → KU is
an Z/2Z-Galois extension.

Proof. We begin by showing that the homotopy fixed point spectrum of KU
is weakly equivalent to KO. This can be done using the homotopy fixed point
spectral sequence

E2
s,t = H−s(Z/2Z;πtKU) =⇒ πs+t(KU

hZ/2Z).

Recall that π∗KU = Z[u±1] where |u| = 2. The generator τ of Z/2Z acts on
homotopy level as τ(u) = −u. The cohomology groups will be trivial for all
odd t since then πt(KU) = 0. For t ≡ 0 (mod 4) we have

H−s(Z/2Z;Z) =


Z if s = 0

0 if s is odd

Z/2Z otherwise

where we use the chain complex

0→ Z 0−→ Z 2−→ Z 0−→ Z 2−→ Z→ · · ·

and for t ≡ 2 (mod 4) we have

H−s(Z/2Z;Z{u}) =

{
Z/2Z if s is odd

0 otherwise

where we use the chain complex

0→ Z 2−→ Z 0−→ Z 2−→ Z 0−→ Z→ · · ·

As a graded ring

E2
∗∗ = Z[a, u±2]/(2a)

where a is the generator of E2
−1,2.
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We plot them in an st-diagram where the white dots denote Z and the black
dots denote Z/2Z:

−20 −18 −16 −14 −12 −10 −8 −6 −4 −2 0 2
−10

−8

−6

−4

−2

0

2

4

6

8

10

u2a2

a

a3

In the diagram we have also drawn the d3 differentials. It is clear that we
have no d2 differentials. First of all, i takes the Hopf map η ∈ π1(KO) to
a. We know that the Hopf map is nilpotent, more specifically, η3 = 0. Then
we know that a3 ∈ E−3,6 cannot survive. Also u2 is trivial as a real vector
bundle so it cannot survive either. This means that we must have a differential
d3(u2) = a3. From this we may deduce all the other differentials. From the
plot we get that

E4
∗∗ = E∞∗∗ = Z[a, b, u±4]/(2a, a3, ab, b2 − 4u4)

which is isomorphic to π∗KO. Hence we conclude that i : KO → KUhZ/2Z is
a weak equivalence.

We now check that h : KU ∧KO KU →
∏

Z/2ZKU is a weak equivalence.
To do this we use the Bott cofiber sequence

ΣKO
η−→ KO

c−→ KU
∂−→ Σ2KO

which can be derived from the fact that KO∧Cη ' KU as KO-modules where
Cη is the cone of the Hopf map. This is sometimes referred to as a Theorem of
Reg Wood, see [Ada95]. The boundary map ∂ : KU → Σ2KO is characterized
by the fact that ∂ ◦ β ' Σ2r with r : KU → KO being the realification map.



2.4. FAITHFULNESS OF RING SPECTRA EXTENSIONS 35

We apply KU ∧KO (−) to the Bott cofiber sequence and get the first row in
the following diagram:

KU ∧KO KO KU ∧KO KU KU ∧KO Σ2KO

KU
∏

Z/2ZKU KU

1∧c

∼=

1∧∂

h β

∆ δ

.

In this diagram the map ∆ : KU →
∏

Z/2ZKU is the trivial Z/2Z-extension,

δ :
∏

Z/2Z → KU is the difference map between the two projections, and

β : KU ∧KO Σ2KO ∼= Σ2KU → KU is the Bott equivalence. Observe that the
composition δ ◦ h can be written as

δ ◦ h = µ− µ ◦ (1 ∧ τ)

where µ is the multiplication in the complex K-theory spectrum KU . If we can
show that the diagram commutes we are done since the left and right vertical
maps are both weak equivalences, and then so must h be. To see that the
right square commutes, we take a little detour and show that precomposing
both maps with the weak equivalence 1 ∧ β : KU ∧KO Σ2KU will give us two
homotopic maps. See the diagram:

KO ∧KO Σ2KU KU ∧KO KU KU ∧KO Σ2KO

∏
Z/2ZKU KU

c∧β 1∧∂

h β

δ

.

We can identify the upper horizontal composite in the diagram with Σ2c ◦
Σ2r. What we want to show is then that

β ◦ Σ2c ◦ Σ2r = δ ◦ h ◦ (c ∧ β).

That this hold can readily be checked by using the well known formulae c◦ r =
1 + τ and β ◦Σ2(1 + τ) = (1− τ) ◦ β from K-theory on the left hand side.

2.4 Faithfulness of Ring Spectra Extensions

One of the properties of Galois extensions of rings is that they are always
faithfully flat. In this section we will consider the same properties for Galois
extensions of ring spectra. What we mean by saying that M being a flat A-
module here is that we want the functor M∧A (−) to preserve cofiber sequences
sequences. Since all our data are replaced cofibrantly this property follows and
we do not have to worry about flatness of our extensions and instead focus our
energy on the question of faithfulness of Galois extensions. We will show that
all our examples from the previous section are faithful.

It might be a good start to define what we mean by faithfulness in a ring
spectra context.
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Definition 2.4.1. Let A be a ring spectrum and let M be an A-module. We
say that M is faithful if for every A-module N such that M ∧A N ' ∗ we
have N ' ∗. We say that an extension A→ B is faithful if B is faithful as an
A-module.

On homotopy level this is equivalent to saying that π∗(M∧AN) = 0 implies
that π∗(N) = 0. We proceed by showing that the three examples of G-Galois
extension we gave in the previous section are faithful.

Proposition 2.4.2 (Trivial extension). The trivial extension ∆ : A →
∏
GA

is faithful.

Proof. The functional dual to the inclusion {e} → G gives us an A-module
retraction

∏
GA→ A, which shows that ∆ : A→

∏
GA is faithful.

Proposition 2.4.3 (Eilenberg-Mac Lane). The G-Galois extension HR →
HS is faithful.

Proof. Let N be an HR-module such that HS ∧HR N ' ∗. We know that
R→ S is a G-Galois extension of rings and therefore flat by Proposition 2.2.6.
This together with the Künneth spectral sequence

E2
s,t = TorRs,t(π∗(N), S) =⇒ πs+t(N ∧HR HS)

implies that π∗(N ∧HR HS) ∼= π∗(N)⊗R S. Then

HS ∧HR N ' ∗ =⇒ π0(N)⊗R S = 0

and the faithfulness of S implies that π∗(N) = 0 from which it follows that
N ' ∗.

Proposition 2.4.4 (K-Theory). The Z/2Z-Galois extension KO → KU is
faithful.

Proof. We use the Bott periodicity cofiber sequence

ΣKO → KO → KU → Σ2KO

that we explained briefly in 2.3.4. Let M be a KO-module such that M ∧KO
KU ' ∗. We want to show that M ' ∗. If we apply M ∧KO (−) to the Bott
periodicity cofiber sequence we get the following cofiber sequence

ΣM →M →M ∧KO KU → Σ2M.

The hypothesis on M ∧KO KU means that the map ΣM → M is a weak
equivalence. It is also nilpotent from which we conclude that M ' ∗.

The obvious question is: Is faithfulness an inherent property of Galois ex-
tensions of ring spectra? The answer is: No. This is a way they differ from
Galois extensions of commutative rings. We will spend the next section finding
a non-faithful Galois extension to serve as a counter example.
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2.5 A Non-Faithful Galois Extension of Ring Spectra

Our quest to find an example of a non-faithful Galois extension will begin
with an alternative characterization of faithfulness in terms of a certain map,
the norm map, being a weak equivalence. After this we will construct a suit-
able candidate for a non-faithful Galois extension, and use the new character-
ization to show that this extension cannot be faithful. The example is due
to Wieland [Rog], and most of the other results can be found in [Rog08a]
and [Rog08b].

Let G be a finite discrete group and let X be a spectrum with a left G-action
and the trivial right G-action. Then the spectrum X ∧ G+ has the diagonal
left G-action, and a right G-action that only affects G+. We form homotopy
fixed points using the right action, and homotopy orbits with the left action.
We will take a closer look on three maps. Firstly, there is a weak equivalence

ν : X → (X ∧G+)hG

due to forming homotopy fixed points with respect to the right action, which
is trivial on X. It is also equivariant with respect to the remaining left action,
so it induces a weak equivalence

νhG : XhG →
(
(X ∧G+)hG

)
hG

.

Next, there is a canonical limit/colimit exchange map

κ : ((X ∧G+)hG)hG → ((X ∧G+)hG)hG

induced by the map

EG+ ∧ F (EG+, X ∧G+)→ F (EG+, EG+ ∧X ∧G+).

Lastly, we have a weak equivalence

ζ : (X ∧G+)hG → X ∧ (G+)hG ' X

by using the inverse of the left action to take the remaining right action in the
target to the right action on the source. Equivariance ensures that it induces
a weak equivalence

ζhG : ((X ∧G+)hG)hG → XhG.

Definition 2.5.1. The norm map N : XhG → XhG is the composite

XhG
νhG−−→

(
(X ∧G+)hG

)
hG

κ−→ ((X ∧G+)hG)hG
ζhG

−−→ XhG

The norm map will be able to tell us a lot about the faithfulness of a G-
extension. In fact, faithfulness of a G-Galois extension is equivalent to the
norm map being a weak equivalence. Observe that both the first and the last
map in the composition that makes up the norm map are weak equivalences,
so we only need to turn our attention to the limit/colimit exchange map κ. To
prove the next proposition we will use the following lemma.
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Lemma 2.5.2. The norm map N : XhG → XhG is a weak equivalence if there
is a spectrum Y such that X = G+ ∧ Y .

Proof. For any spectrum X the composition

X → XhG
N−→ XhG → X

induces the map π∗(X) → π∗(X) given by multiplication by the element∑
σ∈G σ. If X = G+ ∧ Y with trivial G-action on Y then the composition

induces ∏
G

π∗(Y )→ π∗(Y )
π∗(N)−−−−→ π∗(Y )→

∏
G

π∗(Y )

on the homotopy groups. The first morphism in the composition is the one
given by (yσ)σ∈G 7→

∑
σ∈G yσ and the last one is the morphism given by

y 7→ (y)σ∈G. If we compare this with the above we conclude that π∗(N) must
be the identity so that N is a weak equivalence.

Proposition 2.5.3. The G-Galois extension A → B is faithful if and only if
the norm map N : BhG → BhG is a weak equivalence.

Proof. Assume thatN : BhG → BhG is a weak equivalence andM an A-module
such that B ∧AM ' ∗. We have that

M ∼= A ∧AM ' BhG ∧AM 'M ∧A BhG ∼= (B ∧AM)hG ' ∗.

Here we are using the facts that i : A → BhG and N : BhG → BhG are weak
equivalences.

Conversely, assume that B is faithful as an A-module, and consider the
following diagram

B ∧A BhG (B ∧A B)hG F (G+, B)hG

B ∧A BhG (B ∧A B)hG F (G+, B)hG.

∼=

1∧N

hhG

N N

hhG

The right hand horizontal maps are weak equivalences since h is a G-equivariant
weak equivalence. The right hand vertical mapN : F (G+, B)hG → F (G+, B)hG

is a weak equivalence since F (G+, B) = G+ ∧ B so we may use Lemma 2.5.2.
Then faithfulness implies that N : BhG → BhG is also a weak equivalence.

The next step is to find a suitable Galois extension on which to use this
faithfulness criterion on. We will consider mod p cochain algebras.

Theorem 2.5.4. Let π : P → X be a principal G-bundle and p a rational
prime. The induced map

F (X+, HZ/pZ)→ F (P+, HZ/pZ)

is a G-Galois extension if X is path-connected, π1(X) acts nilpotently on
H∗(G;Fp) = Fp[G] and both H∗(X;Fp) and H∗(P ;Fp) are finite in each degree.
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Proof. Set A = F (X+, HFp) and B = F (P+, HFp). We want to show that
i : A→ BhG and h : B ∧A B →

∏
GB are weak equivalences.

That i : A → BhG is a weak equivalence is always true. Specifically, this
map is the cochain dual of the weak equivalence P ×G EG → X, and is thus
itself a weak equivalence.

To check that the map h : B ∧A B →
∏
GB is a weak equivalences, we use

our favourite spectral sequence; the Künneth spectral sequence:

E2
s,t = Tor

π∗(A)
s,t (π∗(B), π∗(B)) =⇒ πs+t(B ∧A B).

We simplify this a bit. Firstly, the homotopy groups of A can be calculated as

π∗(A) = π∗(F (X+, HFp)) = H̃−∗(X+;Fp) = H−∗(X;Fp).

Similarly for B we have

π∗(B) = H−∗(P ;Fp).

Doing these substitutions in the E2-term of the spectral sequence will give us
the E2-term of another spectral sequence, namely the Eilenberg-Moore spectral
sequence:

E2
s,t = Tor

H∗(X;Fp)
s,t (H∗(P ;Fp), H∗(P ;Fp)) =⇒ H−(s+t)(P ×X P ;Fp).

To makes sense of this, note that the Künneth spectral sequence is derived
from the skeleton filtration of the two-sided bar construction of B ∧ A∧n ∧ B
with totalization equal to B ∧A B. Similarly, the fiber product P ×X P is the
totalization of the two-sided cobar construction of P ×Xn × P . The Künneth
formula implies that

B ∧A∧n ∧B ' F (P ×Xn × P,HFp)

assuming that H∗(X;Fp) and H∗(P ;Fp) are finite in each degree. From this we
conclude that the Künneth spectral sequence can be recovered by taking mod p
of the last cobar construction, which of course gives the mod p Eilenberg-Moore
spectral sequence above.

Now while the Künneth spectral sequence is always strongly convergent,
the Eilenberg-Moore spectral sequence is not. This means that even though
the E2-terms are the same, the two spectral sequences might converge to two
non-equivalent targets. However, this does not happen if the Eilenberg-Moore
spectral sequence is strongly convergent which it is if X is path connected
and π1(X) acts nilpotently on H∗(G;Fp), see [Shi96]. Consider the following
commutative diagram:

B ∧A B F ((P ×X P )+, HFp)

F (G+, B) F ((P ×G)+, HFp)

'

h ∼=
∼=

.
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Under the conditions for strong convergence of the Eilenberg-Moore spectral
sequence the upper horizontal map is a weak equivalence. The right vertical
map is here induced by the homeomorphism P × G → P ×X P defined as
(p, g) 7→ (p, gp) where we use that P → X is a principal G-bundle. We conclude
that h : B ∧A B →

∏
GB is weak equivalences under our conditions.

In particular we have the following corollary.

Corollary 2.5.5. The principal G-bundle π : EG → BG gives rise to a G-
Galois extension

F (BG+, HFp)→ F (EG+, HFp) ' HFp

assuming that G acts nilpotently on the group ring Fp[G].

We use this and finally give an example of a non-faithful Galois extension.
The example is due to Wieland, communicated via Rognes in [Rog].

Example 2.5.6. Letting G = Z/pZ in the previous corollary gives that

F (BZ/pZ+, HFp)→ F (EZ/pZ+, HFp) ' HFp

is a Z/pZ-Galois extension. However, this is not a faithful extension. Consider
the characterization of faithfulness in terms of the norm map being a weak
equivalence as in Proposition 2.5.3. If the norm map N were a weak equivalence
we would have an induced isomorphism

H∗(BG)→ H−∗(BG).

This is a contradiction due to dimension reasons; both H∗(BG) and H∗(BG)
are trivial in all negative dimensions.

2.6 Cochain algebras on KU

It is of interest to study other types of cochain extensions

F (BG+, R)→ F (EG+, R)

where G is a finite group and R is a ring spectrum. In the previous section
we concluded that when R is a Eilenberg-Mac Lane spectra then the cochain
extension is Galois, but not faithful. In [BR11] Baker and Richter studied
the case where R is either a Lubin-Tate spectrum En or a Morava K-theory
spectrum Kn and concluded that the opposite is true in these cases; they
are faithful, but not Galois. We will imitate their method for the complex
topological K-theory spectrum KU , and show the extension

F (BG+,KU)→ K(EG+,KU) ' KU

is not Galois for cyclic groups G.



2.6. COCHAIN ALGEBRAS ON KU 41

Theorem 2.6.1. The extension F (BZ/nZ+,KU) → F (EZ/nZ+,KU) '
KU .

Proof. We want to use the Künneth spectral sequence

E2
s,t = Tor

π∗(KU
BG)

s,t (π∗(KU), π∗(KU)) =⇒ πs+t(KU ∧KUBG KU)

to get a contradiction on the condition that π∗(KU∧KUBGKU) is concentrated
in even degrees. The homotopy groups of KU are given by

π∗(KU) = Z[u±1]

where u ∈ π2(KU). Furthermore the homotopy groups of KUBG can be cal-
culated through the use of the Atiyah-Segal completion theorem [AS69] which
gives the the second isomorphism in the formula

π∗(KU
BZ/nZ) ∼= K∗(BZ/nZ) ∼= RU∗(Z/nZ)∧J [u±1].

Here RU(Z/nZ) denotes the (complex, graded) representation ring of the group
Z/nZ, and J its augmentation ideal. The group is not a particularly difficult
one, and some rudimentary representation theory leads us to conclude that

RU0(Z/nZ)∧J = Z[[t]]/((t+ 1)n − 1), RU1(Z/nZ) = 0

so that
K∗(BG) = π∗(KU)[[t]]/((t+ 1)n − 1).

To calculate Tor
π∗(KU

BG)
s,t (π∗(KU), π∗(KU)) we need a minimal free resolution

of π∗(KU) as a π∗(KU
BG)-module. A straight forward calculation shows that

one such is the periodic resolution

0← π∗(KU)← π∗(KU
BG)

t←− π∗(KUBG)
f←− π∗(KUBG)

t←− π∗(KUBG)← . . .

where f =
∑p
i=1

(
p
i

)
ti−1. By tensoring with π∗(KU)⊗π∗(KUBG)− we get a long

exact sequence whose homology is equal to Torπ∗(KU
BG)

∗,∗ (π∗(KU), π∗(KU)).
This resolution is equivalent to

0← π∗(KU)
0←− π∗(KU)

p←− π∗(KU)
0←− π∗(KU)← . . .

Since π∗(KU) is torsion free we have

Torπ∗(KU
BG)

s,∗ (π∗(KU), π∗(KU)) =


π∗(KU) s = 0

π∗(KU)/pπ∗(KU) s odd

0 otherwise

.

Now in the Künneth spectral sequence there can only be trivial differentials
since the only differentials possible are those on the form

d2k+1 : πt(KU)/pπt(KU)→ πt(KU)

with the target being torsion free. But then odd degree terms of π∗(KU∧KUBG

KU) are non-zero which is a contradiction.





Appendix A

Spectral Sequences

Spectral sequences can be a tricky subject to grasp. Nevertheless, they are a
powerful computational tool in many fields of mathematics, notably algebraic
topology and algebraic geometry. As they are not generally within the scope of
the intended reader of this thesis we provide the reader with a small appendix.

Spectral sequences was introduced in 1946 by Leray and can be seen as
a generalization of the concept of exact sequences. With spectral sequences
in one’s toolbox one is able to solve problems similar to ones solved by exact
sequences, only more complicated. Think: calculating homology and cohomol-
ogy. Both their usefulness and difficulty lies in the huge amount of information
contained in them. We will try to give a crash course in exactly what spectral
sequences are, giving the necessary definitions and explain how they occur in
broad strokes without going to much into detail.

Most of the information in the appendix is taken from A User’s Guide to
Spectral Sequences by McCleary and An Introduction to Homological Algebra
by Weibel.

A.1 What are spectral sequences?

In this section we introduce the subject of spectral sequences. We look at an
example and explain the limit term of a spectral sequence.

Definition A.1.1. A homology spectral sequence in some abelian category A
is a sequence of pages Er∗∗, where r ≥ r0. On each page we have objects Erst
in A. Between the objects we have morphisms dr∗,∗ : Er → Er of bidegree
(−r, r − 1) such that dr ◦ dr = 0. We call these differentials. The next sheet
Er+1 is required to be the homology of Er with respect to dr.

The sequence of sheets can start at any integer; often r0 = 2 with E2 being
something familiar and computable. A common and useful way of visualizing
spectral sequences is viewing each sheet E∗∗r as a sheet of gridded paper on
which have s in the horizontal direction and t in the vertical direction. We
stress that although Er and dr determines Er+1 they do not say anything

43



44 APPENDIX A. SPECTRAL SEQUENCES

about dr+1. To determine the differentials on the next sheet we need some
knowledge of the objects that we are studying.

Example A.1.2. Consider the following E2-page

E2
s,t =

{
Z/2Z if (s, t) = (0, 0), (0, 4), (2, 3), (3, 2)

0 otherwise

in an homology spectral sequence in the category of abelian groups. We rep-
resent this by the following diagram, where black dots represents the group
Z/2Z:

−1 1 3 5
−1

1

3

5

The arrow in the diagram represents the only possible candidate for a non-
trivial d2-differential:

d2
2,3 : E2

2,3 = Z/2Z→ E2
0,4 = Z/2Z.

Now without knowing how this spectral sequence arises we cannot know whether
this differential is non-trivial. We study the two cases.

1. The differential is non-trivial. If so we calculate the homology everywhere
and end up with the following E3-page:

−1 1 3 5
−1

1

3

5

After this we cannot draw in any more differentials and each following page
will look the same.

2. The differential is trivial. If so the spectral sequence will have the same
E3-page. We try to figure out the d3-differential. Again there is a possible
non-trivial candidate that we may draw in the diagram:
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−1 1 3 5
−1

1

3

5

Yet again we cannot know if it is in fact non-trivial without any context. If
the differential is trivial the E4-page will look the same, and at this point
we see that we cannot have any higher differentials. If the differential is
non-trivial then we end up with the following E4-page:

−1 1 3 5
−1

1

3

5

and there are no higher differentials so all other pages will also look like this.

Note that the results look different depending on what context we are in!

Observe that in the example above there is a stage when there are no more
possible non-trivial differentials and the spectral sequence “converges. We say
that the spectral sequence collapses. To understand the convergence of spectral
sequences assume that it starts with E2 and denote

Z2 = ker d2, B2 = im d2.

By definition of the next sheet we have that E3 ∼= Z2/B2. We also have the
inclusion

B2 ⊂ Z2 ⊂ E2

due to the condition d2 ◦ d2 = 0. If we recursively define Zr and Br so that

ker dr ∼= Zr/Zr−1, im d2 ∼= Br/Br−1

we will get the infinite tower of inclusions

B2 ⊂ B3 ⊂ · · ·Bn ⊂ · · · ⊂ Zn ⊂ · · · ⊂ Z3 ⊂ Z2 ⊂ E2.

Letting

Z∞ =
⋂
n

Zn, B∞ =
⋃
n

Bn
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we can define the limiting term of the spectral sequence as E∞ = Z∞/B∞.
Finding the limiting term of a spectral sequence is the goal of our computations.
Of course, this term might not be equal to any En. However, most spectral
sequences of interest usually collapse at some term; that is, there is some N
such that dr = 0 for all r ≥ N . If so, the tower only have finitely many terms
and E∞ = EN .

So now we know what a spectral sequence is, but how do they arise in
our mathematical framework? Well, there are two main ways that spectral
sequences arise; via exact couples and via filtered modules.

A.2 Exact couples

We begin to study how spectral sequences arise by looking at exact couples.
We simplify the framework a bit and assume that we are working in the abelian
category of modules over some ring R. We begin with a definition.

Definition A.2.1. Let A and B be R-modules, and i : A → A, j : A → B
and k : B → A module homomorphisms. An exact couple is a diagram

B

A A

kj

i

that is exact at each group. A shorthand way of denoting the exact couple
above is with the notation C = {A,B, i, j, k}.

We will usually consider the case when A and B are bigraded with i, j and
k being of a fixed degree, but we will suppress this for the moment. It is a
good idea to look at an example.

Example A.2.2. Consider the short exact sequence associated to multiplica-
tion with a prime p:

0→ Z ×p−−→ Z→ Z/pZ→ 0.

Let C be a chain complex of torsion-free abelian groups and tensor up to the
short exact sequence

0→ C
×p−−→ C → C ⊗ Z/pZ→ 0.

Taking homology will give us an exact couple

H(C ⊗ Z/pZ)

H(C) H(C)
H(×p)
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The crucial point that will help us to make a spectral sequence out of an
exact couple is that exactness directly implies that B becomes a differential R-
module where the differential d : B → B is given as the composition d = j ◦ k.
We can now construct another exact couple, the so called derived couple.

Construction A.2.3. Given an exact couple C = {A,B, i, j, k} we can con-
struct the derived couple

B′

A′ A′

k′j′

i′

in the following way: let A′ = i(A) and B′ = H(B, d). The maps are given by
i′(a) = i(a), j′(i(a)) = [j(a)] and k′([b]) = k(b).

It can be shown by diagram chasing that this is well defined and that the
derived couple is in fact an exact couple. The construction can of course be
iterated to give the nth derived couple C(n) = {A(n), B(n), i(n), j(n), k(n)} from
our original exact couple. We are now ready to make this into a spectral
sequence. It is time to bring the bigrading of A and B into the picture.

Theorem A.2.4. Let A∗∗ and B∗∗ be bigraded R-modules with homomor-
phisms i of bidegree (1,-1), j of bidegree (-2,2) and k of bidegree (-1,0). This
defines a spectral sequence

Er = (B∗∗)(r), dr = j(r) ◦ k(r).

A.3 Filtered modules

We will now explain convergence of a spectral sequence, which can be done
through the use of filtrations. We will first go through the preliminaries: fil-
trations, boundedness and convergence.

An (increasing) filtration on an R-module A is a tower of submodules of A:

A ⊃ · · · ⊃ Fn+1A ⊃ FnA ⊃ Fn−1A ⊃ · · · .

It is called bounded if there are n0 and n1 such that

A = Fn1 ⊃ · · · ⊃ Fn+1A ⊃ FnA ⊃ Fn−1A ⊃ · · ·Fn0 ⊃ {0}.

An filtered module can be collapsed to its associated graded module:

Gr(A,F ) =
⊕
n

FnA/Fn−1A.

This can be done for a graded module A∗ as well. Observe that if A∗ is
filtered by F then we have a filtration on each degree as well by setting Am by
FnAm = FnA∗ ∩Am. We can collapse this to a bigraded module:

Gr(A∗, F ) =
⊕
m

⊕
n

FnAm+n/Fn−1Am+n



48 APPENDIX A. SPECTRAL SEQUENCES

Now we can explain what it means for a spectral sequence to converge.

Definition A.3.1. A spectral sequence {Er∗∗, dr} is said to converge to the
graded R-module A∗ if there is a filtration F on A∗ such that

E∞s,t
∼= Gr(A∗, F ).

We write this as
Ers,t =⇒ Gr(A∗, F ).

There is also a stronger notion of convergence.

Definition A.3.2. A convergent spectral sequence

Ers,t =⇒ Gr(A∗, F ).

is called strongly convergent if the filtration F is such that⋃
n

FnA = A and
⋂
n

FnA = 0

Now onto a generalized context in which spectral sequences appear.

Definition A.3.3. An R-module A is called a filtered differential graded mod-
ule if A is a direct sum of submodules

A =

∞⊕
i=0

Ai

together with an R-linear differential d : A→ A of degree -1 and an increasing
filtration F that the differential respects.

Observe that H(A, d) inherits a filtration

FnH(A, d) = im
(
H(FnA, d)

Hi−−→ H(A, d)
)

where i : FnA→ A is the inclusion, since the differential respects the filtration.

Theorem A.3.4. A filtered differential graded module defines a spectral se-
quence

E1
s,t = Hs+t(F

sA/F s−1A)

If the filtration is bounded on each level then

Ers,t =⇒ H(A, d).

All spectral sequences can be obtained from exact couples, but not all spec-
tral sequences can be obtained from filtered differential graded modules. How-
ever, most spectral sequences that are of interest to us are constructed from
filtered differential graded modules. This construction also has the benefit that
it is easy to identify the target of the spectral sequence.
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A.4 Our spectral sequences

We introduce the three spectral sequences that we use in the thesis: the ho-
motopy fixed point spectral sequence, the Künneth spectral sequence and the
Eilenberg-Moore spectral sequence.

The first spectral sequence we will encounter is the homotopy fixed point
spectral sequence. This one allows us to calculate the homotopy fixed points of
ring spectrum X with an action of the group G knowing the homotopy of the
space [EKMM97]:

E2
s,t = H−s(G;πt(X)) =⇒ πs+t(X

hG).

The spectral sequence can be derived from the skeleton filtration of the free
contractible G-space EG. In particular, we make use of the homotopy fixed
point spectral sequence in the proof of Proposition 2.3.4

We go on to consider the next spectral sequence. Let R be a ring spectra
and M,N two R-modules. Say that we want to calculate π∗(M ∧R N) using
our knowledge of what π∗(R), π∗(M) and π∗(N) are. Then we will use the
Künneth spectral sequence [EKMM97]:

E2
s,t = Tor

π∗(R)
s,t (π∗(M), π∗(N)) =⇒ πs+t(M ∧R N).

We use it for example in the proof of Theorem 2.6.1.
For the third spectral sequence, consider a fibration p : E → B, a continuous

function f : X → B and their pullback Ef . Let k be some field. The problem at
hand is as follows: we want to calculate H∗(Ef ; k) from knowledge of H∗(B; k),
H∗(X; k) and H∗(E; k). This can be done using the Eilenberg-Moore spectral
sequence [EM65]:

E2
st = Tor

H∗(B)
s,t (Hs(X; k), Ht(E; k)) =⇒ Hs+t(Ef ; k)

Contrary to the other two spectral sequences, the Eilenberg-Moore spectral
sequence is not always strongly convergent. In particular, we use the Eilenberg-
Moore spectral sequence in the proof for Theorem 2.5.4.

We also cite a powerful result that may be used to compare spectral se-
quences. The background for the theorem is as follows: Let us say that we
have two spectral sequences each converging to some graded module:

Ers,t =⇒ Gr(A∗, F ), Êrs,t =⇒ Gr(Â∗, F̂ )

The problem is that even if E2 and Ê2 are isomorphic the two spectral se-
quences might still converge to two non-isomorphic targets. To solve this prob-
lem we have to use the notion of strong convergence as defined in the previous
section. If both spectral sequences converge strongly, then the targets must be
isomorphic as in the following theorem from [McC01].

Theorem A.4.1. If f : E∗ → E∗ is a morphism of strongly convergent spec-
tral sequences which is an isomorphism on the E2-terms, then it induces an
isomorphisms on the targets of the spectral sequences.
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We use this result in the proof of 2.5.4, where we compare a Künneth
spectral sequence with an Eilenberg-Moore spectral sequence.
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