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Abstract

This thesis describes fabrication, measurements and analysis of two di�erent
Josephson junction circuits; the Cooper pair transistor (CPT) and the one
dimensional Josephson junction array (JJA). All experiments are conducted in
a dilution refrigerator with a base temperature of 15{30 mK.

In the experiments on CPTs the maximum supercurrent, called the switch-
ing current, is measured versus the gate charge. The importance of �ltering of
the measurement leads in order to suppress quasi-particle excitations and to
get 2e-periodic switching currents is demonstrated. Normal metal gold leads
close to the CPTs are introduced to further reduce the e�ect of quasi-particles.
To prove that switching current is 2e-periodic, magnetic �elds and increased
temperatures are used to induce a transition to e-periodicity. CPTs where each
Josephson junction is replaced by a Superconducting Quantum Interference de-
vice (SQUID) have also been fabricated and measured. The SQUIDs make it
possible to tune the e�ective Josephson energy with an external magnetic �eld.
The measured switching current is tunable in magnitude and 2e-periodic. The
switching currents are compared with theory. Good agreement between the-
ory and experiments is found using a model of the CPT in an electrodynamic
environment with a high e�ective temperature.

The JJAs are also fabricated with a SQUID geometry to enable tuning of
the e�ective Josephson energy. The current voltage characteristics (IVCs) of
the measured JJAs exhibit a Coulomb blockade of Cooper pair tunneling which
is tunable with magnetic �eld and periodic with the ux quanta. The IVCs
of the JJA show a region of negative di�erential resistance, also called back-
bending. This is interpreted as evidence of Bloch oscillations in the JJAs. Two
di�erent models are discussed to explain the measured IVC.

The thesis ends by presenting a theoretical proposal on a Josephson junction
charge qubit, called the array-qubit. The array-qubit consists of an array with
N SQUIDs and N+1 islands. The two basis states of the qubit corresponds to
an excess Cooper pair on either island 1 or N+1. These two states are coupled
through an Nth-order tunneling process which makes it possible to e�ectively
suppress the Josephson coupling. This facilitate a long relaxation time so that
the state of the qubit can be read with a slow detector.
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Chapter 1

Introduction

1.1 Popular introduction and motivation

In the society we live in today we are surrounded by electronic apparatus.
Apparatus such as our radios, TV-sets, computers, modern washing machines
etc. are all, more or less, being controlled by so called microelectronics. In
the washing machine, as an example, the microelectronics is responsible for
`translating' the press of a certain button on the front panel to a certain washing
program and subsequently controlling the di�erent parts in the machine.

In technical terms, the microelectronics is electrical components (e.g. tran-
sistors) with a size as small as 1{100 micrometers1 which are connected together
to work in a desired way. Due to their smallness, hundreds of thousands of de-
vices can be fabricated on a small chip of only a few millimeters. The smaller
the components can be made, the denser they can be packed, and the faster
they will operate. The development of microelectronics is not, however, driven
by the washing machine industry, but rather by the computer industry, space
technology, car industry and telecommunications. The competition in making
faster, smaller and more powerful microelectronics has lead to an amazing de-
velopment. For example, throughout the last three decades a doubling of the
computational power is done every 18 months. This relies on an equally fast
shrinkage of the size of the microelectronic components.

Today, the basic concepts of microelectronic components are based on the
same principles as in the seventies. Eventually, if components continue to
shrink they will reach such a small size that they will need to be described
by new physical laws. Assuming the same rate of development in the future,
microelectronics will reach the so called quantum limit around 2015{2020 [1].
By then, components are so small that they follow the laws of quantum physics.
Quantum physics is, loosely speaking, the physics of very small things such as

1One micrometer is a millionth of a meter
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12 CHAPTER 1. INTRODUCTION

electrons and atoms.

An example of a phenomena described by quantum physics is tunneling.
Imagine a ball placed in a solid box. Based on our everyday experience we
know that the ball will stay in the box as long as no one removes it. However,
according to quantum physics there is always a �nite probability for the ball
to escape through the wall of the box, without destroying it. This is called
tunneling. It turns out that for big objects, like the ball in the box, the prob-
ability of tunneling is extremely small and to a good approximation tunneling
will not occur. However, for really small `balls', such as electrons, and really
thin walls, this probability can be considerable. A piece of metal is like a `box'
for electrons. If two such pieces are brought close enough to each other without
touching, electrons can still be exchanged between them through tunneling. If
microelectronics just continuous to scale down, components will eventually be
so small, that tunneling of electrons will lead to non-predictable behavior and
hence ruin the principle of operation.

If the development of the technologies based on microelectronics is not go-
ing to slow down, new quantum nanoelectronic components need to be devel-
oped. Here `quantum' means that the components are described using quantum
physics, and `nano' that they are of the size of 1{100 nanometers2. As an illus-
trating example of how small components we are talking about, assume that
letters can be written with a size of 10 by 10 nanometers. Then on the cross
section of a hair, every person in Sweden could write 9 letters each.3

In this work research on future possible quantum nanoelectronic compo-
nents has been done. The research is on a very fundamental level and for the
moment quite far away from being implemented in everyday electronics. The
basic idea of the research is to investigate the possibility of making devices
based on the tunneling of single electrons.

1.2 Introduction to this work

The research presented in this thesis is based on small capacitance supercon-
ducting tunnel junctions, also called Josephson junctions. Two di�erent circuits
have experimentally been studied; the Cooper pair transistor and the Joseph-
son junction array. Also, a theoretical proposal of a quantum bit, called the
array-qubit, is presented. Below follows an introduction to the Josephson junc-
tion and to the basic idea of a Josephson junction as a quantum bit. The
Cooper pair transistor, the Josephson junction array and the array-qubit will
be introduced and described in detail in the main text.

2One nanometer is a billionth of a meter
3Assuming a population in Sweden of 9 million and hair diameter of 0.1 mm.



1.2. INTRODUCTION TO THIS WORK 13

1.2.1 The Josephson junction

A fundamental property of a superconductor is the formation of two bound elec-
trons, or so called Cooper pairs [2, 3]. The Cooper pairs in a superconductor
obey Bose-Einstein statistics and form a coherent superconducting condensate
that can be characterized by a single macroscopic wave function  = j jei',
with a common phase '. The amplitude of the wavefunction j j is interpreted
as the density of the Cooper pairs. If two superconductors are brought close
enough so that the two wave functions will overlap, Cooper pairs can quantum
mechanically tunnel between the superconductors [4]. The tunneling is coher-
ent and results in a supercurrent ow between the superconductors with zero
voltage drop. This e�ect is called Josephson tunneling after its discoverer, B.D.
Josephson [4]. Usually, in experiments, the two superconductors are separated
with a very thin insulator, thus forming a so called Josephson junction (JJ).

The tunneling of Cooper pairs across the JJ is characterized by a coupling
energy, the Josephson energy EJ . Typical Josephson energies in aluminum JJs
are of the order of 100 �eV . Another important energy associated with a JJ
is the charging energy, de�ned as EC = e2=2C, where C is the capacitance of
the JJ. This corresponds to the energy needed to charge the JJ with one extra
electron. With modern day nanofabrication techniques JJs can routinely be
made with an area of 100�100 (nm)2. For such JJs typical capacitance values
are of the order of 1 fF , reulting in a charging energy which also is of the order
of 100 �eV . The charging e�ect typically reveals itself as Coulomb blockade
of current for voltages eV < EC . In contrast to the Josephson energy, which
tends to favor superconducting behavior, the charging energy favors insulating
behavior. The competition between superconducting and insulating behavior
is controlled by the ratio EJ=EC .

4 More formally, this competition manifests
itself in a Heisenberg uncertainty relation �Q�Æ � e, since the charge Q
induced on the JJ and the superconducting phase di�erence Æ across the JJ
are quantum mechanical conjugate variables [Æ;Q] = 2ei [2, 5, 6, 7]. In order
to experimentally investigate these e�ects the temperature must be such that
EJ ; EC � kBT , which means that the JJ needs to be cooled down well below
1 K.

1.2.2 Josephson junction qubits

Throughout the last twenty years it has become apparent that if a computer
is based on purely quantum electronic components, it should also be possible
to treat the information being processed quantum mechanically [8]. As an
example, this means that the two values of a classical bit 0 and 1 are stored
in a quantum mechanical two-level system, where j0i represents the ground
state and j1i the excited state. In quantum mechanics the general state of

4It is also depending on the electrodynamic environment surrounding the JJ. This is

discussed further in the main text.



14 CHAPTER 1. INTRODUCTION

the two-level system can be in a linear superposition of the two basic states,
j i = � j0i + � j1i, with the constraint �2 + �2 = 1. This type of quantum
mechanical bit is usually referred to as a qubit. A quantum computer consisting
of N qubits that can be in a state representing a superposition of 2N numbers
which all can be processed at the same time. This provides an enormous
quantum parallelism which makes quantum computers capable of computations
not possible on classical computers.

For the moment a lot of research is devoted to �nd suitable quantum me-
chanical two-level systems satisfying the stringent requirements for creating
a qubit and subsequently quantum logics. So far, the most successful qubit
system has not been based on quantum electronics but rather on ions in an
electromagnetic trap [9, 10, 11]. Solid state qubits, however, are believed to be
the best candidate in the long run, much thanks to the scalabilty and the pos-
sibility to fully design the quantum system. Among the solid state competitors
are superconducting structures based on JJs [12, 13, 14, 15, 16, 17, 18, 19, 20,
21, 22, 23, 24], quantum dots [25], electron [26] or nuclear spin [27] in solids, to
name a few. The most successful solid state systems so far are the supercon-
ducting structures based on JJs using either charges [12, 13, 14, 15, 17, 18, 19]
or uxes [20, 21, 22, 23, 24] as basis states.

The use of JJs as qubits is possible due to the quantum nature of the super-
conducting state, embedded in the uncertainty relation �Q�Æ � e. Focusing
on the charge JJ qubits the basic idea can be understood as follows. For a single
isolated superconducting island the (absolute) phase has no physical meaning.
Instead the number of Cooper pairs on the island is well de�ned. As mentioned
above, if two such superconducting islands are brought close enough to each
other the Josephson energy EJ couples the two condensates. The coupling
enables tunneling of Cooper pairs and results in quantum uctuations of the
number of Cooper pairs on the islands. For example, the system can not be
described by a single state jni, where n is the number di�erence of Cooper
pairs between the islands. Instead the system will be characterized by a su-
perposition of states j i = �ncn jni. Tunneling of Cooper pairs across the JJ
necessarily involves the charging energy EC , so the number of states in the su-
perposition is controlled by the ratio EJ=EC . If EJ=EC � 1 the superposition
can include only two states, e.g. j i = c0 j0i + c1 j1i. This is the kind of two
level that is exploited in the JJ charge qubit.

1.2.3 Outline

Chapters 2,3 and 4 describe some basic theory of one JJ, two JJs and arrays
of JJs. Chapter 5 explains the fabrication techniques and measurement appa-
ratus used in the experiments. Experiments on Cooper pair transistors and on
one-dimensional Josephson junction arrays are described in chapter 6 and 7, re-
spectively. Finally, chapter 8 outlines the theory and the principle of operation
of the array-qubit.



Chapter 2

One Josephson junction

A single Josephson junction (JJ) not connected to an external world is shown
schematically in �g. 2.1a. It consists of two superconducting electrodes (or
islands) separated by a thin insulator through which charges can tunnel. The
two superconducting electrodes are described by the variables n1; '1 and n2; '2.
The number of charges ni and the phase of the superconducting wavefunction
'i are quantum mechanical conjugate variables, satisfying the commutation
relation ['i; nj ] = iÆij [2, 5, 6, 7]. The junction is characterized by the charging
energy EC and the Josephson energy EJ . They are de�ned as:

� The charging energy: EC = e2=2C, where e is the electron charge.
This is the energy needed to induce a charge of one electron on the junc-
tion with capacitance C.

� The Josephson energy: EJ = �0IC=2�, where �0 = h=2e is the ux
quantum. The critical current, IC , is related to the energy gap, �0,
and the tunneling resistance, RN , as IC = ��0=(2eRN) tanh(�0=2kBT )
[28, 29]. This energy characterizes the coupling between Cooper pairs
across the junction.

The temperature is assumed to be low so that EJ ; EC � kBT and the
superconducting energy gap is assumed to be much larger than all other en-
ergy scales so that quasi-particle tunneling is suppressed and only Cooper pair
degrees of freedom are relevant. For the single JJ there exist another set of
variables de�ned as�

K = n1 + n2
k = 1

2
(n2 � n1)

and

�
� = 1

2
('1 + '2)

Æ = '2 � '1
(2.1)

Here K is equal to the total number of Cooper pairs on both electrodes or the
`center-of-mass' charge and k the di�erence of Cooper pairs between the elec-
trodes or the number of tunneled Cooper pairs through the JJ. The phase dif-
ference across the Josephson junction Æ and the average phase � are conjugate

15



16 CHAPTER 2. ONE JOSEPHSON JUNCTION

variables to n and N , respectively; [Æ; n] = [�; N ] = i and [Æ;N ] = [�; n] = 0.
The variables (2.1) are referred to as junction variables while ni; 'i are referred
to as island variables.

In order to describe the behavior of the JJ it is necessary to specify the elec-
trodynamic environment surrounding the JJ. The electrodynamic environment
is typically characterized by the measurement leads connected to the circuit.
Here two limiting situations will be considered; a low and a high impedance en-
vironment. A detailed description of the environment will not be done (e.g. by
including the environment in the Hamiltonian). Instead, the electrodynamic
environment will used only to determine whether phase or charge is a good
variable and if the system under study is voltage or current biased. The JJ and
its environment can be described by the circuit in �g. 2.1b. The JJ is connected
in parallel with an impedance ZE(!) to a current source. The high impedance
environment is characterized by ZE(!)� RQ and the low impedance environ-
ment by ZE(!) � RQ, where the quantum resistance is RQ = h=4e2 � 6:45
k
.

A model of a JJ in a simple environment is shown in �g. 2.1c. The electrodes
are assumed to have a capacitive coupling C0 to ground, which represents the
stray capacitance of the measurement leads connected to the JJ. The Hamil-
tonian for the circuit in �g. 2.1c is derived in appendix C.2 and is equal to

H(~n; ~') =
(2e)2

2
~nTC�1~n+ U(~'); (2.2)

where ~nT = [n1; n2], and U(~') = �EJ cos('2 � '1). The capacitance matrix
is equal to

C =

�
C + C0 �C
�C C + C0

�
: (2.3)

The Hamiltonian (2.2) can be written in the junction variables (2.1) as

H(K; k; Æ) =
(2e)2K2

4C0
+

(2e)2k2

C0 + 2C
�EJ cos Æ: (2.4)

The dynamics of K is decoupled from the dynamics of k and the �rst term in
the Hamiltonian can be used as a reference level for the energy. With K set to
zero the Hamiltonian reads

H(k; Æ) = 4EC�k
2 �EJ cos Æ; (2.5)

where EC� = e2=(2C + C0) is an e�ective charging energy of the JJ including
the stray capacitance C0.

2.1 Low impedance environment - RCSJ limit

If no special care has been taken to create a high impedance electrodynamic
environment, the JJ is surrounded by the impedance characterized by the mea-
surement leads. At relevant frequencies (which are of the order of the plasma
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Figure 2.1: a) A sketch of a single JJ. The superconducting electrodes are
described by the variables n1; '1 and n2; '2 and the junction is characterized
by the charging energy EC and the Josephson energy EJ . b) A single junction
in an electrodynamic environment characterized by ZE(!). The impedance of
the junction is ZJ(!). c) A simple model of a single JJ. Here C0 describes the
stray capacitance of the measurement leads.

frequency !p =
p
2�IC=�0C � 1010s�1) the impedance of the measurement

leads are of the order of the free space impedance Z0=2� � 60
 [2, 30].
This means that the JJ is in a low impedance electrodynamic environment,
ZE(!)� RQ.

In the simple model in �g. 2.1c the low impedance case corresponds to a
large stray capacitance C0. This results in a �xed voltage across the capacitors
C0 and a classical and well de�ned phase Æ. Even if the junction capacitance
C is small, the large stray capacitance C0 easily results in an e�ective charging
energy EC� which is smaller than the Josephson energy EJ . Hence, charging
e�ects are suppressed and the Hamiltonian (2.5) can be considered as classical.
The e�ective charging energy is of course also suppressed if C is large.

The voltage drop across the JJ is related to the phase Æ according to V =
(�0=2�)@tÆ. A �xed voltage across the JJ results in a phase di�erence which
increases linearly in time. As the phase evolves the supercurrent through the
JJ oscillates harmonically according to I = (2�=�0)@H=@Æ = IC sin Æ with zero
average current. This is known as Josephson oscillations. If the voltage across
the JJ is zero the phase does not evolve in time and the supercurrent can take
any value between 0 and IC .

The JJ in the classical limit (low impedance electrodynamic environment
and/or large C) is thus characterized by the so called Josephson relations

I = IC sin Æ (2.6)

V =
�0

2�
@tÆ: (2.7)

In a low impedance experiment, although ZE(!) � RQ, the impedance of
the environment is usually larger than the characteristic impedance of the JJ
[3]. Thus, in an experiment the JJ is usually current biased. Such a situation
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Figure 2.2: A simulation of the IVC in the a) overdamped limit, b) intermediate
damping and c) the underdamped limit. A linear resistor is assumed

can be described by the Resisitvely and Capacitively Shunted Junction (RCSJ)
model [2, 31].

2.1.1 The RCSJ model

The Resistive and Capacitively Shunted Junction (RCSJ) model is commonly
used to describe the current voltage characteristics (IVC) of a current biased
classical JJ [2, 3, 31]. In this model the junction is described as an ideal junc-
tion with a current and voltage according to the Josephson relations (2.6) and
(2.7). The ideal junction is shunted by a capacitor C and a resistor R as shown
in �g. 2.6a. In general C can represent the junction capacitance plus stray
capacitances, but here it will only be considered as the junction capacitance.
The resistor R accounts for dissipation due to quasi-particle tunneling. Sum-
ming up the current contributions from the three di�erent paths to the bias
current IB a second order di�erential equation in terms of the phase variable
is retrieved (see appendix A.1)

IB
IC

= sin Æ + @�Æ + �@��Æ: (2.8)
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where @� denotes partial time derivative. Here � is a rescaled time according
to

� =
2�

�0

RICt: (2.9)

The Stewart-McCumber parameter � sets the damping and is de�ned as

� =
2�

�0

ICCR
2 =

�RC
�J

: (2.10)

The parameter � is a ratio between two di�erent timescales; the capacitive
time �RC = RC and a characteristic time associated with the phase evolution
across the JJ, �J = �0=2�RIC .

Figure 2.2 shows three IVCs that are obtained by numerically solving eq.
(2.8). In the overdamped limit, � � 1, the time required for the charge on
the capacitor to relax is almost instantaneous compared to the time scale �J .
The e�ect of the capacitor can be neglected. The IVC is nonhysteretic and
consists of a zero voltage state up to the critical current, IC , where the current
asymptotically approaches the linear resistor. In the underdamped limit, � �
1, the time scale �J is much shorter than the time required for the charge on
the capacitor to relax. For currents above IC the junction switches to a �nite
voltage state and continues to increase as the current is increased. On lowering
the current below IC , a voltage can still be maintained since it takes a long
time for the voltage across the capacitor to relax. Josephson oscillations occur
and the IVC is strongly hysteretic. For an intermediate regime the amount of
hysteresis is determined by the size of the damping parameter �.

The phase dynamics, described by the di�erential equation (2.8), can be
visualised using the tilted washboard picture in �g. 2.3. The di�erential eq.
(2.8) describes a particle at position Æ with a mass proportional to C mov-
ing in a tilted washboard potential with a viscous drag force proportional to
(1=R)dÆ=dt. The tilt of the washboard is determined by the bias current IB
and the velocity of the particle dÆ=dt corresponds to the voltage across the JJ.
At zero bias the particle resides in one of the minima in the washboard. As the
bias is increased the particle stays in the minimum as long as IB < IC . This
corresponds to a zero voltage state. If the current is increased above IC there
are no minima in the potential and the particle starts to move. This corre-
sponds to a �nite voltage state. If the current is then reduced the particle will
retrap in a minimum at a current Ir � IC which depends on the competition
between the viscous damping and the inertia of the particle. A larger mass
means a larger inertia and a possibility to go to a lower current before the par-
ticle is retrapped. Translated into the RCSJ-model language this is equivalent
to that a larger capacitance results in a large hysteresis.
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Figure 2.3: A sketch of the tilted washboard picture. At IB = 0 the particle
resides in a potential minima. As the current is increased up to IB = IC no
minima exist in the potential and the particle starts to move. Because of the
inertia of the moving particle a current IB = Ir < IC has to be reached before
the particle is retrapped in a minima (the hollow particle).

2.1.2 The RCSJ model at �nite temperature

Thermal uctuations in the RCSJ model can be included by introducing a noise
current in parallel with the resistor R with an autocorrelation hIn(t)In(t+�)i =
(2kBT=R)Æ(�) (here Æ(�) refers to the Æ-function). The system is described by
the stochastic di�erential equation

IB
IC

+
In
IC

= sin Æ + @�Æ + �@��Æ: (2.11)

The random uctuations in the current will result in uctuations in the phase.
In the tilted washboard picture this corresponds to random uctuations of the
tilt which results in random uctuations in the particle position. These uc-
tuations make it possible for the particle to escape over a local maxima in the
washboard before the critical tilt is reached [2]. If the system is underdamped
the particle will gain velocity and start to roll down the washboard. The e�ect
on the retrapping is similar. Fluctuations in the tilt results in a premature
trapping of the particle and since the tilt is far from the critical tilt the particle
will stay trapped. Thus in the underdamped RCSJ model the e�ect of �nite
temperatures is a reduced critical current and an increased retrapping current.
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Figure 2.4: a) I-V characteristic described by eq. (2.12) and using V = VB�RI
b) The IB-V characteristic is from the I-V characteristic by using IB = I+V=R.
Here the parameter � is 1, 20, 3, 1 and 0:4 from top to bottom.

If the particle escapes over a local maxima in an overdamped system the
particle will not gain velocity. The damping will slow down the particle and
trap it in a nearby minimum where the particle once again can escape. This
process of escaping and retrapping leads to a di�usive behavior of the particle
with a �nite average velocity. In the RCSJ model this corresponds to a phase
di�usion with a �nite voltage supercurrent. The current source IB in parallel
with the resistor R can be converted (using Thevenin's theorem [32]) to a
voltage source with voltage VB = RIB and a resistor R in series. The noise
generated by the resistor is now a voltage noise Vn = RIn in series with the
resistor. For this circuit, in the overdamped limit, there exists and analytic
solution that relates the current I through the JJ to the applied bias voltage
VB [33, 34, 35]

I(VB ; T )

IC
= Im

�
I1�i�v(�)

I�i�v(�)

�
(2.12)

where � = EJ=kBT , v = VB=RIC and Ia+ib is the modi�ed Bessel function
of complex order. From the I-VB curve obtained from eq. (2.12) the I-V
characteristic can be found by recalculating the voltage axes as V = VB � RI
(see �g. 2.4a). In a similar way the IB-V is obtained by also recalculating the
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current axis as IB = I + V=R (see �g. 2.4b). The maximum current through
the JJ Im is given by

Im = IC max
VB

I(VB ; T ) = IC max
V

I(V; T ) = ICg(�): (2.13)

where � = EJ=kBT . The function g(�) is plotted in �g. 2.5 with a solid line.
In the limit of high temperature (� < 1) the expression (2.12) is simpli�ed

to

I ' 2I 0m
VB=Vm

(VB=Vm)2 + 1
(2.14)

where the maximum supercurrent in the high temperature limit I 0m=IC = �=4
occurs at a voltage Vm=RIC = 1=�. The maximum supercurrent I 0m is also
plotted in �g. 2.5 with a dotted line.

0.1 1 10 100
0.01

0.1

1
α/4 g(α)

 

 

I m
/I

C

α=E
J
/k

B
T

Figure 2.5: The function g(�) describes the maximum current of expression
(3.12) as a function of � = EJ=kBT .

2.1.3 The frequency dependent RCSJ model

The RCSJ model is not always a realistic model to describe an experiment.
A typical experimental situation is sketched in �g. 2.6b. The JJ is assumed
to be biased by an ideal current source IB . The impedance of the measure-
ment leads connecting the sample and the bias circuit are in general frequency
dependent and will directly a�ect the measured IVC of the JJ. Thus, it be-
comes necessary to include a frequency dependent impedance in the model.
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Figure 2.6: a) The circuit corresponding to the Resistively and Capacitively
shunted Junction (RCSJ) model. b) A typical experiment. The JJ is current
biased through a transmission line. c) The circuit for the frequency dependent
RCSJ model.
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At low frequencies the transmission line behaves as two separate leads with
an in�nite shunting impedance across the sample. At relevant frequencies
(!p =

p
2�IC=�0C � 1010s�1) the impedance of the leads are usually of

the order of the free space impedance Z0=2� � 60
 [2, 30]. The inuence of
the frequency dependent impedance of the transmission line can be modeled
as a shunt impedance consisting of a resistor Rs and a capacitor Cs in series
[36]. This is the simplest model which still is able to capture the essential
physics of the transmission line. The resistor Rs represents the impedance of
the measurement leads at microwave frequencies and Cs is adjusted to describe
the frequency dependence of the shunt impedance. The JJ is modeled as a
RCSJ circuit. The total electrical circuit is sketched in �g. 2.6c. The two noise
currents In and Isn generated by the resistors are also included. Both resistors
are assumed to be at the same temperature T .

Figure 2.7 shows a numerical simulation of the IVC for the circuit in �g.
2.6c. It displays two important features; phase di�usion and hysteresis. Phase
di�usion can only be observed in an overdamped system and hysteresis can
only be observed in an underdamped system [36, 37]. Phase di�usion involves
oscillations of the phase at frequencies near the junctions plasma frequency
!p =

p
2�IC=�0C. High voltages, on the other hand, corresponds to steady

motion of the phase and involves motion at zero frequency. Thus, phase di�u-
sion and hysteresis can coexist if the damping is frequency dependent, i.e. large
at the plasma frequency while low at zero frequency. This property is realized
in the frequency dependent RCSJ-model as demonstrated below.

Without going into the detail of the circuit and the simulations, the main
e�ect of the frequency dependent impedance can be understood by de�ning an
e�ective frequency dependent damping parameter as

�(!) =
2�

�0

ICCR
2(!); (2.15)

where R(!) is the real part of the impedance shunting the Josephson junction.
It is equal to

R(!) = R
1 + (R=Rp)R

2
sC

2
s!

2

1 + (R=Rp)2R2
sC

2
s!

2
; (2.16)

where R�1p = R�1+R�1s is the resistance of R parallel with Rs. The damping
parameter (2.15) can be rewritten in terms of the damping at high frequencies
�1 = (2�=�0)ICCR

2
p and at low frequencies �0 = (2�=�0)ICCR

2 as

�(!) = �0

 
1 +

p
�0=�1�0�

�2(!=!p)
2

1 + �20=�1�
�2(!=!p)2

!2

; (2.17)

where � = RC=RsCs and where !p =
p
2�IC=�0C is the plasma frequency.

A plot of the frequency dependent damping is plotted in �g. 2.8. At low
frequencies the capacitor Cs is open and the shunting impedance is given by



2.2. HIGH IMPEDANCE ENVIRONMENT - BLOCH LIMIT 25

0.0 0.1 0.2 0.3
0.0

0.1

0.2

0.3

 

 

I B
/ I

C

<V>/RI
C

0.000 0.003

0.05

0.10

0.15

 

 

 

Figure 2.7: A numerical simulation of the RCSJ model with a frequency de-
pendent shunt (see �g. 2.6c). Here the parameters are �0 = 1002, �1 = 102,
� = 0:1 and � = 0:5. The inset shows a zoom of the phase di�usion branch.

R, the damping parameter is �0. At high frequencies the capacitor Cs is a
short and the shunting impedance is given by Rp, the damping parameter is
�0. Similar models and discussion are found in references [36, 38, 39, 40].

2.2 High impedance environment - Bloch limit

If the impedance of the environment surrounding the JJ is much larger than
the quantum resistance RQ the JJ is `protected' from the low impedance of the
measurement leads. In experiments this is usually done by fabricating resistors
[41], capacitors1 or arrays of JJs [42] close to the Josephson junction. In the
high impedance case the phase di�erence Æ experiences quantum uctuations
and does not behave classically. The conjugate variable n also su�ers from
quantum uctuations due to the Josephson coupling.

In the model in �g. 2.1c the high impedance limit corresponds to small
stray capacitance C0. The Hamiltonian (2.5) needs to be treated fully quantum
mechanically and the variables k and Æ as quantum mechanical operators. In

1This corresponds to the qubit situation and is discussed further in chapter 8.
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Figure 2.8: A plot of the frequency dependent damping parameter (2.17) with
parameters �0 = 1002, �1 = 102, � = 0:1 and � = 0:5.

the limit C0 � C the Hamiltonian (2.5) is written as

H(k; Æ) = 4ECk
2 �EJ cos Æ: (2.18)

where EC = e2=2C.
Since the phase Æ and the charge number k are quantum mechanical conju-

gate variables k = �i ddÆ . The Hamiltonian in the coordinate Æ is then written
as

H = �4EC d2

dÆ2
�EJ cos Æ: (2.19)

The Hamiltonian (2.19) is analogous to the well-known solid state Hamilto-
nian of a particle in a periodic potential. The eigenfunctions  nq are therefore
built up of Bloch states with a characteristic parameter q,

 nq(Æ + 2�) = eiqÆ=2� nq(Æ): (2.20)

The parameter q is called the quasi-charge in analogy to the quasi-momentum
of a particle in a periodic potential [43]. The energy levels form quasi-charge
periodic bands with band index n where the �rst Brillouin zone is de�ned by
�e � q � e.
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Figure 2.9: A numerical solution of the Mathieu equation (2.21) with EJ=EC =
0:5. The three lowest lying energy levels are visible. The dashed lines corre-
sponds to the charging parabolas. The Josephson energy couples neighboring
charge states and an energy gap opens up. Zener and quasi-particle transitions
are indicated by arrows and discussed in section 2.2.1.

More precisely, the time independent Schr�odinger equation for the Hamil-
tonian (2.19) is the Mathieu equation

4
@2 

@Æ2
+

�
E

EC
+
EJ
EC

cos Æ

�
 = 0: (2.21)

By using the property of eq. (2.20) the Mathieu equation can be numerically
solved to obtain the energy levels (see �g. 2.9).

The energy levels are made up of an in�nite set of parabolic energy curves
which correspond to the energy needed to induce charge on the junction. At
each intersection the Josephson energy couples neighboring charge states and
an energy gap opens up. The energy bands are periodic with the Cooper pair
charge 2e.

If the JJ is current biased a term �(�0=2�)ÆI needs to be added to the
Hamiltonian [5, 43, 44, 45]. This has the e�ect of changing the charge numbers
as n1 ! n1 � (I=e)t and n2 ! n2 + (I=e)t [45] and hence k ! k + (I=e)t.
A current source will also continuously provide quasi-charge according to q !
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Figure 2.10: The voltage drop across a Josephson junction, in the adiabatic
limit, as a function of quasi-charge. The ratio EJ=EC is 0.02, 0.2, 0.6, 1, 1.6,
2.6, 4, 10 in the order of decreasing amplitude.

q + It.
Assume that initially the JJ is in its lowest energy state, e.g. at q = 0. If

the current is turned on the junction will be charged up to a point, close to
q = e, where the two neighboring charge states are mixed. If the quasi-charge
is increased adiabatically, i.e. d(q=2e)=dt � EJ=�h, the system will stay in its
lowest energy and follow the neighboring energy parabola down. This process,
so called Bloch oscillations, repeats itself and all the time the system stays
in its lowest energy state. Since the energy bands are periodic and extend to
in�nity it is convenient to go from the `extended' zone scheme to the `reduced'
zone scheme. In the `reduced' zone scheme the charge is restricted to the �rst
Brillouin zone, �e � q � e, and a Cooper pair tunneling at the q = e, brings
it back to q = �e.

As explained above an ideal junction in the adiabatic limit will always stay
in the lowest energy band, E0. The voltage drop across the junction is then
obtained from the derivative of E0 with respect to the quasi-charge,

V =
dE0

dq
: (2.22)

Figure 2.10 displays numerically calculated voltage oscillations. The shape of
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the voltage oscillations can be expressed analytically by

V (�)

e=C
=

@

@�

"
2

�
arcsin2

 s
1� cos�

f(EJ=EC) + 2

!#
; (2.23)

where � = (2�=2e)q is a rescaled quasi-charge and f(EJ=EC) is an unknown
function of EJ=EC . A fairly good approximation of f(EJ=EC) was found by
comparing the above analytic expression to the full numerical solution. In the
range of EJ=EC : 0:01 ! 1, f(EJ=EC) ' 0:3(EJ=EC)

2 gives an error of less
than 1%.

To simplify the notation the quasi-charge dependent voltage is written as

V = VCsaw� (2.24)

where VC = maxq [dE0=dq] = vC(r)e=C is a critical voltage that describes
the amplitude of the voltage oscillations as a function of r = EJ=EC . The
function vC(r) is plotted in �g. 2.11. The function saw� varies between �1
and describes the functional form and quasi-charge dependence. For EJ �
EC , saw� is a `sawtooth'-like functionof the quasi-charge. This corresponds
to the voltage drop across the junction capacitor as it is charged up. At � =
(� mod 2�) Cooper pairs are tunneling across the junction and the voltage is
rapidly reduced. In the limit EJ > EC the function saw� can be approximated
by a sinusoidal function. The voltage drop in eq. (2.24) is then simpli�ed to

V = VC sin�: (2.25)

To summarize, the current and voltage across the JJ in terms of quasi-charge
can be written as

V = VC sin� (2.26)

I =
2e

2�
@t�: (2.27)

It is interesting to compare those relations to the dual Josephson relations in
terms of phase

I = IC sin Æ (2.28)

V =
�0

2�
@tÆ: (2.29)

It appears that the quantum mechanical complementarity between the phase
and the charge has given rise to an electrodynamical duality between current
and voltage, phase and charge, and Cooper pair quantum (2e) and ux quantum
(�0 = h=2e).
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Figure 2.11: The numerically calculated critical voltage, VC , as a function of
EJ=EC . The critical voltage is found as VC = maxq [dE0=dq].

2.2.1 Zener transition, quasi-particle dissipation and the

IVC

The previous section described an ideal junction where the system always stays
in the lowest energy state. However, as soon as the junction is biased non
adiabatically (d(q=2e)=dt � EJ=�h), Zener transitions [46, 47, 48] can excite
the system into higher energy bands. In the limit EJ � EC the probability of
Zener transitions between energy bands at the Brillouin zone boundary (BZB)
is given by [5]

Pn�1;n = exp

 
��
8

EC
n2n�1

�
EJ
EC

�2n
e

�hI

!
= exp

�
�IZ;n

I

�
(2.30)

where

IZ;n =
�

8

EC
n2n�1

�
EJ
EC

�2n
e

�h
; (2.31)

and where n is the band index. Since EJ � EC , expression (2.31) becomes
smaller with increasing band index and hence the Zener transition probability
becomes larger between higher energy bands. Thus it is reasonable to de�ne the
Zener breakdown current, IZ , as the current where Zener transitions between
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the two lowest energy bands starts to become probable,

IZ = IZ;1 =
�

8

E2
J

EC

e

�h
: (2.32)

The corresponding Zener transition rate in the limit EJ � EC is given by [5]

�Zn�1;n =
�

8

EC
n2n�1

�
EJ
EC

�2n
e

�h
Æ(jqj � e) = IZ;nÆ(jqj � e): (2.33)

Thus, in the limit EJ � EC , Zener transitions are important only at the BZB.
If only Zener transitions are included in the description, a biased junction would
`climb' higher and higher in energy space, resulting in an unlimited growth of
the voltage across the junction. This is not the case in reality. The system will
dissipate its energy through the process of stochastic quasi-particle transitions.
In general this is a process where a quasi-particle tunneling event brings the
system from a state with charge q to any new state with charge q � e (see �g.
2.9). The rate of stochastic quasi-particle transitions is determined by [5]

��n;n0(q) =
Iqp(�E

�
n;n0(q)=e)

e
jT�n;n0 j2 1

exp[�E�n;n0(q)=kBT ]� 1
(2.34)

where �E�n;n0(q) = En0(q � e) � En(q) is the energy di�erence before and

after the tunneling event and T�n;n0 the tunneling matrix elements. The rate is
determined by an attempt frequency, Iqp=e, weighted by a Maxwell-Boltzmann
factor and a tunneling matrix which determines the allowed transitions. If
�E�n;n0(q) is much smaller than the superconducting energy gap the quasi-
particle current is described by the quasi-particle resistance, Rqp, as Iqp(V ) =
V=Rqp. In the limit where EJ � EC the only nonzero matrix elements are n0 =
n� 1 and the transition within the lowest band n = 0. At low temperatures,
the Maxwell-Boltzmann factor is negligible small for transitions that bring the
system to a state with higher �nal energy, �E�n;n0(q) > 0. In general, the rate
for transitions to a lower energy state will always be higher than the opposite.
Thus, quasi-particle transitions allows the system to dissipate its energy.

The coexistence of coherent Cooper pair tunneling and stochastic quasi-
particle tunneling in a JJ was �rst treated by Averin and Likharev [49, 50].
The e�ect of Zener transitions was later studied by several authors [5, 47, 48].
The system is described by a master equation that takes into account the
stochastic quasi-particle transitions between states and the probability of Zener
transitions to higher bands. It reads [5]

@Pn(q)

@t
= �I @Pn(q)

@q

+
1X

n0=0

f�[�+n;n0(q) + ��n;n0(q)]Pn(q)



32 CHAPTER 2. ONE JOSEPHSON JUNCTION

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

 

 
i=

IR
qp

C
/ e

v=VC/e

Figure 2.12: A numerical solution of the master equation (2.35) with EJ=EC =
0:2, kBT=EC = 0 and di�erent damping parameter � = 0:001 (top curve), 0:01,
0:03, 0:1 and 0:5 (bottom curve).

+��n;n0(q + e)Pn0(q + e) + �+n;n0(q � e)Pn0(q � e)

+�Zn0;n(q)Pn0 (q) + �Zn;n0(q)Pn(q)g (2.35)

where Pn(q) is the probability of �nding the system in a state  nq at time t.
By numerically solving the master equation (2.35) IVCs of the type displayed
in �g. 2.12 are obtained. The curves correspond to di�erent strength of the
Zener transition, which is characterized by the parameter � = h=�2e2Rqp. A
large � means a larger probability of Zener transition. At each current I the
average voltage is calculated as hV i = �nqPn(q)(dEn(q)=dq). The probability
Pn(q) is calculated by solving a set of coupled di�erential equations of the form
dPn(q)=dt = �n0q0T (n; q; n

0; q0)Pn(q) = 0, where T (n; q; n0; q0) is the transition
rate between the states (n; q) and (n0; q0). The current and the voltage is
normalized according to i = IRqpC=e and hvi = hV iC=e, respectively. The
IVC can be divided into four di�erent characteristic regions (see �g. 2.13):

1. i � 0:1. For small currents, q increases slowly and stochastic quasi-
particle tunneling events prevent the system to reach the BZB and to
establish Bloch oscillations. There is no tunneling of Cooper pairs and
the current is carried by single electrons. The JJ behaves like a normal
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Figure 2.13: The theoretical current voltage characteristics for a small capac-
itance Josephson junction with Zener and quasi-particle transitions according
to [5]. Here EJ=EC = 0:2 and � = 0:003 which results in an icr = 1. The
temperature is kBT=EC = 0:001. The dashed, the dotted and the dash-dotted
line corresponds to equations (2.36), (2.37) and (2.38), respectively.

conducting junction and the IVC is described by

v =

r
�i

2
: (2.36)

This is a region of Coulomb blockade of Cooper pair tunneling. According
to numerical simulations the maximum observable voltage for Coulomb
blockade is about 0:25e=C [5].

2. 0:1 � i � icr. The current is large enough to allow Bloch oscillations but
still smaller than a crossover current icr where Zener transitions become
important (see below). Tunneling of Cooper pairs brings the system
more often to a region on the energy parabola with negative slope which
corresponds to a negative voltage across the junction. The average voltage
is thus decreasing with increasing current and the IVC is described by

v =
1

24i
: (2.37)
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3. i � icr. The current has reached a crossover value icr =
p
RqpCIZ=ae

where Zener transitions become important. This critical current is smaller
than the Zener breakdown current.

4. i� icr. The current is linear and shifted by the Coulomb gap just like a
normal conducting junction

v = i+
1

2
: (2.38)

For later purposes it is useful to rewrite the equations (2.36), (2.37) and
(2.38) in terms of non-normalized variables as

V =

r
�

2

RIe

C
(2.39)

V =
1

24RI

� e
C

�2
(2.40)

V = RI +
e

2C
: (2.41)

The crossover current can also be rewritten as Icr =
p
IZe=aRqpC.



Chapter 3

Two Josephson junctions

The same formalism used in the previous chapter to describe the single JJ can
be used to describe two JJs in series (see �g. 3.1a). The JJs have a charging
energy of EC1 and EC2 and a Josephson energy of EJ1 and EJ2 . The three su-
perconducting electrodes are characterized by the island variables ni; 'i where
i = 1; 2; 3 and ['i; nj ] = iÆij . In the same way as for the single JJ it useful to
introduce the junction variables, de�ned as8<

:
K = n1 + n2 + n3
k1 = +K

3
� n1

k2 = �K
3
+ n3

and

8<
:

� = 1

3
('1 + '2 + '2)

Æ1 = '2 � '1
Æ2 = '3 � '2

(3.1)

with nonzero commutators [�;K] = [Æ1; k1] = [Æ2; k2] = i. Here K is the total
charge on the electrodes, � the mean phase, Æi the phase di�erence across JJ
i and ki the number of Cooper pairs that have tunneled through JJ i.

Below follows a discussion on how a low and a high impedance electrody-
namic environment will e�ect the two JJs. The two JJs are assumed to be
current biased in parallel with an impedance ZE(!) along the same line as
for the single JJ. The low and the high impedance limit are characterized by
ZE(!)� RQ and ZE(!)� RQ, respectively.

3.1 Low impedance environment - CPT limit

In the low impedance limit a new convenient subset of variables will be used.
They are the sum and the di�erence of the junction variables and de�ned as�

k+ = 1

2
(k1 + k2)

k� = k1 � k2
and

�
Æ+ = Æ1 + Æ2
Æ� = 1

2
(Æ1 � Æ2)

(3.2)

The total charge K is assumed to be �xed and equal to zero and hence �
is completely unde�ned. The two JJs can thus be described by the variables

35
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Figure 3.1: a) A sketch of two JJs in series. The superconducting electrodes
are described by the island variables ni; 'i and the junctions are characterized
by their charging energy ECi and their Josephson energy EJi. b) Two JJs
where the outer electrodes are coupled capacitively through C0 to ground. The
central island is coupled capacitively through Cg to a voltage Vg .

(3.2) only. A simple model of two JJs is displayed in �g. 3.1b. The two outer
electrodes are coupled capacitively through C0 to ground, which represents the
stray capacitance of the measurement leads. The central electrode (the island)
is capacitively coupled throughCg to a voltage source Vg . This makes it possible
to induce a charge on the island and control the transport through the two JJs.
This speci�c layout resembles that of an ordinary transistor and is therefore
called the Cooper Pair Transistor (CPT). A low impedance electrodynamic
environment corresponds to large capacitors C0. This results in a �xed voltage
across the capacitors C0 and a sum phase Æ+ = '3 � '1 which is classical.
The time derivative of the phases of the two outer electrodes are �xed by
the voltage across the two JJs, V = (�0=2�)@tÆ+. The conjugate variable
k+ = (n3 � n1)=2, which corresponds to the total number of Cooper pairs
that have tunneled through both JJs, is completely unde�ned. Although the
impedance of the environment is low, the impedance seen from the middle
electrode (also called the island) can be high. If the tunneling resistance Rn

is larger than RQ the circuit tends to favor excess Cooper pairs on the island
k� = n2. The conjugate variable to k2 is Æ� = '2 (if '1 = �'3) which
represents the phase on the island.

The Hamiltonian for the CPT in the coordinates (3.2) is (see appendix D.3)

H = 4EC(k� + k0g)
2 �EJ (Æ+) cos(Æ� + (Æ+)) (3.3)

where

EJ(Æ+) =
q
E2
J1 +E2

J2 + 2EJ1EJ2 cos Æ+ (3.4)

(Æ+) = arctan

�
EJ1 �EJ2
EJ1 +EJ2

tan
Æ+
2

�
: (3.5)
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Here, EC = e2=2C� is the charging energy of the island, C� = C1+C2+Cg the
total capacitance of the island and k0g = Q0g=2e = [(C1 � C2)V=2 + CgVg ]=2e
the charge number induced on the island. It should be noted that k� is an
integer number but k0g a continuous variable. In expression (3.3) a term �(C1+
C2)V

2=8 + CgV
2
g =2 has been dropped for simplicity. The second term in the

Hamiltonian (3.3) corresponds to an e�ective Josephson coupling and contains
the Josephson energies for the two junctions.

If the CPT is symmetric with C1 = C2 = C and EJ1 = EJ2 = EJ the
Hamiltonian (3.3) can be simpli�ed to

H = 4EC(k� + kg)
2 �EJ cos(Æ+=2) cos Æ� (3.6)

where EC = e2=(2C + Cg) and kg = Qg=2e = CgVg=2e is the gate charge
number. The Hamiltonian (3.6) is very similar to the Hamiltonian (2.18) of
the single Josephson junction with two exceptions: i) The �rst term has an
additional parameter kg that can be externally controlled. ii) The second term
has an e�ective Jospehson energy EJ cos(Æ+=2). The Hamiltonian (3.6) can
easily be diagonalized in a subspace of charge states jni and used to �nd the
corresponding energy levels Em(Æ+; Qg), where m is the band index. For the
remainder of this section the gate chargeQg will used instead of the gate charge
number kg . Figure 3.2 shows two energy bands (m = 0; 1) for a symmetric CPT
with EJ=EC = 1. The bands are 2e periodic in gate charge and 2� periodic in
phase Æ+.

The remaining sections in this limit will be focused on the supercurrent
region of the CPT near zero bias voltage. The CPT shows many other inter-
esting physical phenomena at higher bias voltage that will not be described
here, e.g. the Josephson quasi-particle cycle [51, 52], resonant Cooper pair tun-
neling [38, 53] and Andreev reection [54].

3.1.1 The critical current of a CPT

If a current I is applied to the CPT a term �(�0=2�)Æ+I is added to the
Hamiltonian (3.6). The external current has the e�ect of tilting the energy
landscape along the Æ+ direction, analogous to the tilting of a Josephson wash-
board potential [2]. The critical current (maximum supercurrent) for energy
band n for a �xed gate charge Qg can be found as [38, 55]

InC(Qg) =
2�

�0

max
Æ+

"
@Em(Æ+; Qg)

@Æ+

����
Qg

#
: (3.7)

If there are no quasi-particle excitations on the island it will have an even
parity. In this case the critical current from the lowest energy band is a func-
tion of the gate charge Qg with periodicity 2e and with maxima at Qodd

g =
�e;�3e; :::. Figure (3.3) shows calculated critical currents for the lowest energy
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Figure 3.2: Two lowest energy bands for a symmetric CPT with EJ=EC = 1.

band for a set of di�erent EJ=EC . The critical current is normalized to the Am-
begaokar and Barato� critical current for the single junction, IC0 = (2�=�0)EJ .
In the limit when EJ=EC ! 0 the maximum critical current Imax

C ! IC0=2
and the modulation with Qg is strong and in the limit when EJ=EC !1 the
Imax
C ! IC0 and the modulation with Qg dissappears. Examples of switching
currents from the three lowest bands are plotted in �g. (3.4).

3.1.2 Quasi-particle poisoning

As described above, an even parity results in a critical current with maxima
at Qodd

g . If there exist a quasi-particle excitation (an unpaired electron) on
the island the parity is odd. The extra energy needed to have an odd parity
compared to an even is given by the odd-even free energy di�erence [56, 57, 58,
59]

D(H;T ) � �(H;T )� kBT lnNeff (H;T ); (3.8)

where �(H;T ) is the superconducting gap and Neff the e�ective number of
quasi-particle states available for thermal excitation. At low temperaturesNeff

is given by
Neff (T ) � Vi�n(0)

p
2��(H;T )kBT ; (3.9)
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Figure 3.3: Critical current versus gate charge for a symmetric CPT. The ratio
EJ=EC is changed as 0.02, 0.2, 0.6, 1, 1.6, 2.6, 4, 10 from the bottom curve to
the top curve.

where Vi is the volume of the island and �n(0) the normal density of states
(�n(0) � 1:45� 1047m�3J�1 for aluminum [59]). A CPT with an odd parity
form bands and can support supercurrents identical to the even parity situation.
However, the odd and the even bands are shifted in energy by D(H;T ) and
in gate charge by jej. In the odd parity case the critical current still is 2e
periodic in the gate charge but the current maxima are shifted to Qeven

g =
0;�2e;�4e; :::.

In the ideal noise free limit the parity of the island is directly determined
by the odd-even free energy di�erence, D(H;T ) . If D(H;T ) is greater than
the charging energy of the island EC , the island will in equilibrium have an
even parity for all Qg. If D(H;T ) <

� EC it will be energetically favorable for
a quasi-particle to enter the island close to Qodd

g , and around these points the
equilibrium parity of the island is odd. This situation is illustrated in �g. 3.5.
The odd parity close to Qodd

g results in dips in the critical current around Qodd
g .

The change in the critical current versus gate charge due to a change of parity
has been nicknamed Quasi-Particle Poisoning (QPP) by Joyez [60, 38].

A distinction between two types of QPP will now be made; equilibrium
QPP and out-of-equilibrium QPP. Equilibrium QPP corresponds to the situa-
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Figure 3.4: Critical current for the three lowest energy bands versus gate charge
for a symmetric CPT with EJ=EC = 2:6.

tion described above where D(H;T ) < EC and the QPP is caused by an odd
parity in equilibrium. If we have external noise (e.g. noise from the measure-
ment electronics or black body radiation from higher temperatures) or non-zero
temperature, a quasi-particle might acquire enough energy to tunnel on the is-
land and change the parity even when D(H;T ) > EC . This out-of-equilibrium
QPP is a dynamic e�ect which can result in a complicated switching current
versus Qg dependence [55, 61].

The odd-even free energy di�erence can be suppressed by either a magnetic
�eld or by increasing the temperature. Assume that initially the critical current
is 2e-periodic with maxima at Qodd

g . Then, if D(H;T ) is suppressed by a
magnetic �eld the critical current gradually change to e-periodic with maxima
at Qg = 0;�e;�2e; ::: When the CPT becomes normal the current will be
e periodic and have maxima at Qg = �e=2;�3e=2; :::. If, on the other hand,
D(H;T ) is suppressed to zero by an increase in temperature the critical current
will turn e-periodic with maxima at Qg = 0;�e;�2e; :::. Usually, before the
normal state is reached the temperature is so high that charging e�ects are
washed out by thermal noise. The crossover temperature from 2e to e is given
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Figure 3.5: The upper panel shows the two lowest energy bands at Æ� =
(� mod 2�) for even parity (dotted lines) and for odd parity (dashed lines).
The lower panel shows the corresponding critical currents for the lowest energy
band in the even (dotted lines) and odd parity (dashed lines). The critical
current (solid line) su�ers from QPP and has dips around Qodd

g .

by [59]

T �0 =
�0

kB lnNeff (T �0 )
: (3.10)

3.1.3 The switching current

The Hamiltonian (3.6) does not include the electromagnetic environment sur-
rounding the CPT. In reality the electromagnetic environment will have a
strong inuence on the observable critical current [34, 40]. In order to dis-
tinguish the observed (measured) critical current from the ideal critical current
the former will be referred to as a switching current. The switching current
is the current at which the measured CPT switches from a near zero voltage
to a high voltage state (typically of order 2�=e). The switching current is
usually smaller than the critical current due to uctuations of the phase Æ+.
In a low impedance environment the uctuations are classical, caused by �nite
temperatures or excess noise.
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Figure 3.6: A simple circuit model for a CPT in an electromagnetic envi-
ronment. Here CT � C�=2 is the capacitance of the CPT. The frequency-
dependent shunt Cs and Rs are describing the external circuit that loads the
CPT. The CPT is lumped to an e�ective Josephson junction with gate charge
dependent Josephson energy EJ(Qg). Isn is the noise current from the resistor
Rs.

The e�ect of the thermal uctuations in the electromagnetic environment
on the switching current can be described using a simple circuit model. The
model is basically the same as the frequency dependent RCSJ model for a
single JJ described in section 2.1.3. The CPT is viewed as an e�ective single
JJ with a current-phase relation I = IC(Qg)@f(Æ+; Qg)=@Æ+. Here IC(Qg) is
a gate charge dependent critical current from the lowest band and f(Æ+; Qg) a
2�-periodic function of the phase Æ+. The CPT is embedded in a circuit that
is sketched in �g. 3.6. The CPT is current biased and shunted by a capacitor
CT � C�=2, which describes the capacitance of the CPT. It is also shunted by
a serial combination of a resistor Rs, and a capacitor Cs, which describes the
frequency-dependent environment. Here, Rs can be chosen to represent the
impedance of the leads at microwave frequencies and Cs a control parameter
for the frequency dependence of the impedance. The quasi-particle tunneling
resistance is assumed to be in�nite.

At high frequencies (of the order of the plasma frequency of the system
!p =

p
2�IC(Qg)=�0CT ) the external circuit loading the CPT is approxi-

mately determined by Rs. In this limit the system is described by the stochastic
di�erential equation

IB
IC(Qg)

+
In

IC(Qg)
=
@f(Æ+; Qg)

@Æ+
+ @�Æ+ + �T@��Æ+; (3.11)

where �T = (2�=�0)IC(Qg)CTR
2
s and where Isn is the noise current from the

resistor with an autocorrelation hIsn(t)Isn(t+ �)i = (2kBT=Rs)Æ(�).
If f is assumed to be a harmonic function of the phase Æ+, e.g. f = � cos Æ+
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the stochastic di�erential equation (3.11) is the same as for the single Josephson
junction case, eq. (2.11). Then, in the overdamped limit there exists an analytic
solution of eq. (3.11) as described in section 2.1.2 that relates the current I
through the CPT to the voltage VB = RsIB ;

I(VB ; T )

IC(Qg)
= Im

�
I1�i�v(�)

I�i�v(�)

�
(3.12)

where � = EJ (Qg)=kBT , EJ(Qg) = IC(Qg)�0=2� and v = VB=RsIC(Qg) is
the normalized voltage VB = V +RsIB . Typical IVCs calculated using equation
(3.12) for a single JJ are displayed in �g. 2.4. Thus, the thermal uctuations
in Æ+ results in a phase di�usion branch and a reduction of the supercurrent
through the CPT.

If the CPT is current biased the switching event is expected to occur at the
maximum supercurrent Im given by expression (2.13), i.e.

Isw(Qg) = IC(Qg)max
V

I(V; T ) = IC(QG)g(�): (3.13)

The function g(�) is plotted in �g. 2.5 and depends on the ratio EJ=kBT and
describes how the switching current is related to the critical current.

3.2 High impedance environment - 2D Bloch

limit

In the high impedance limit, the stray capacitors C0 are small and the sum
phase Æ+ su�ers from quantum uctuations and does no longer behave clas-
sically. In this limit all variables ni and 'i need to be treated as quantum
mechanical operators. In this case the two JJs are assumed to be identical
C1 = C2 = C and the three electrodes are assumed to have the same (small)
stray capacitance C0 to ground. The Hamiltonian for the system can be written
as (see appendix D.2)

H(~n; ~') =
(2e)2

2
~nTC�1~n+ U(~'); (3.14)

where ~nT = [n1; n2; n3] and U(~') = �Pi=1;2 EJi cos('i+1 � 'i). The capaci-
tance matrix is equal to

C =

2
4 C + C0 �C 0

�C 2C + C0 �C
0 �C C + C0

3
5 : (3.15)

The Hamiltonian (3.14) can also be expressed in the junction coordinates (3.1)
as

H(K;~k;~Æ) =
(2e)2K2

6C0
+
(2e)2

2
~kTC0�1~k + U(~Æ); (3.16)
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where ~kT = [k1; k2], U(~Æ) = �Pi=1;2EJi cos Æi and the new capacitance matrix

C0 =

�
C + 2

3
C0

1

3
C0

1

3
C0 C + 2

3
C0

�
: (3.17)

In the same way as for the single JJ the dynamics of the total number of
charges K is decoupled from the dynamics of the two junctions. As before K
is constant and set to zero. The Hamiltonian (3.16) corresponds to the motion
of a quantum particle in a 2D periodic potential. The eigenstates are Bloch
states of the form [44]

 n~q(~Æ) = ei~q�
~Æ=2eun~q(~Æ): (3.18)

where un~q(~Æ) are 2�-periodic functions, ~q = [q1; q2] the quasi-charge vector and
~Æ = [Æ1; Æ2].

In the limit EJ � EC the eigenenergies will consist of a set of charg-
ing energy paraboloids in the space spanned by q1 and q2. For �nite EJ the
eigenenergies have avoided crossing and form a set of energy bands. This is a
direct extension of the single JJ energy bands to two dimensions. The two low-
est energy eigenstates are plotted in �g. 3.7 for C0 = 0 and EJ=EC = 0:5. The
minimum gap between the two lowest bands are found along the lines de�ned
by fk1; k2g = f�1 ! 1;�1g and fk1; k2g = f�1;�1 ! 1g, which also de�ne
the �rst Brillouin zone.

A current source biasing the two JJ can be accounted for by adding a term
�(�0=2�)Æ+I to the Hamiltonian (3.16). This current source will have the
e�ect of changing the charge numbers as n1 ! n1�(I=e)t and n3 ! n3+(I=e)t
and also the quasi-charge as qi ! qi+ It, i = 1; 2. A contour plot of the lowest
energy band with C0 = 0 is plotted in an extended zone scheme in �g. 3.8.
Assume that EJ � EC and that the system is in the lowest energy state at
(0; 0) in quasi-charge space. If a constant current I is suddenly switched on
the system will start to move along the line q1 = q2 = It. If quasi-particle
tunneling is neglected the system eventually reaches point A. Then one of the
following four events will occur: 1) Simultaneous Bloch oscillation in both JJs.
The system continues to the move along the line q1 = q2 = It to next valley.
2) Bloch oscillation in JJ 1 and Zener transition to the �rst excited band in JJ
2. 3) Bloch oscillation in JJ 2 and Zener transition to the �rst excited band in
JJ 1. 4) Simultaneous Zener transition in both JJs. The system moves along
the line q1 = q2 = It in the �rst excited band. If quasi-particle tunneling is
included, then from any point in the charge space, e.g. point B, three additional
events can occur: 5) Simultaneous quasi-particle tunneling in both junctions.
6) Quasi-particle tunneling in JJ 1. 7) Quasi-particle tunneling in JJ 2.

In the same way as for the single JJ the IVC for two JJs can be simulated
by numerically solving a master equation that takes into account the di�erent
processes exempli�ed above. In fact, for the case C0 = 0 this is not necessary



3.2. HIGH IMPEDANCE ENVIRONMENT - 2D BLOCH LIMIT 45

Figure 3.7: The two lowest energy bands for two JJs in series in a high
impedance electrodynamic environment. Here C0 = 0 and EJ=EC = 0:5.

since then the inverse of the capacitance matrix C0 is diagonal

C0�1 =

�
1

C 0
0 1

C

�
: (3.19)

and the Hamiltonian (3.16) is described as a sum of two independent JJ

H(~k;~Æ) =

2X
i=1

�
4ECk

2
i �EJi cos Æi � �h

2e
IÆi

�
; (3.20)

where EC = e2=2C. Thus, the results from the IVC simulations for a single JJ
described in section 2.2.1 can directly be used. For a certain current the total
voltage drop across the two JJs is simply two times the single JJ voltage drop.

The situation of �nite C0 is more complicated and discussed in reference
[45].
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Figure 3.8: A contour plot of the lowest energy band for two JJs in series in a
high impedance electrodynamic environment. Here C0 = 0 and EJ=EC = 0:5.
Minima are found at q1; q2 = (0 mod 1) and maxima at q1; q2 = (0:5 mod 1)



Chapter 4

Josephson Junction arrays

The extension of the results in the two previous chapters to a Josephson junc-
tion array (JJA) with N junctions in series is trivial. All JJs are assumed to
be identical with a charging energy of EC and a Josephson energy of EJ . The
N +1 electrodes are characterized by the variables ni; 'i where i = 1; ::; N +1
and ['i; nj ] = iÆij . Each electrode is assumed to be coupled capacitively with
C0 to ground (see �g. 4.1). In the same way as before it is useful to de�ne a
set of junction variables(

K =
PN+1

i=1 ni
kj =

jK
N+1

�Pj
l=1 nl

and

�
� = 1

N+1

PN+1

i=1 'i
Æj = 'j+1 � 'j

(4.1)

where j = 1; ::; N and [�;K] = [Æi; ki] = i. Here K is the total charge on the
electrodes, � the mean phase, Æi the phase di�erence across JJ i and ki the
number of Cooper pairs that have tunneled through JJ i.

4.1 The role of the electrodynamic environment

In the two previous chapters it was demonstrated that the impedance of the
electrodynamic environment had great impact on the behavior of either one or
two JJ. The low impedance limit resulted in superconducting behavior while
the high impedance limit resulted in Coulomb blockade. For a JJA these argu-
ments are not always expected to hold. If the characteristic impedance of the
electrodynamic environment surrounding the array is larger than the quantum
resistance ZE(!) � RQ Coulomb blockade behavior is expected. The other
limit ZE(!)� RQ, however, does not necessarily lead to superconducting be-
havior. As soon as N � 2 a JJ in the array sees an impedance that is not
solely due to ZE(!) but also due to other JJs. An e�ective impedance seen
from a single JJ can be de�ned as ZEA(!) = ZE(!) + ZA(!), where ZA(!)
is the impedance of the array. Then the conditions for the low and the high

47
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Figure 4.1: A sketch of a JJA. All JJs are assumed to be identical with charging
energy EC and Josephson energy of EJ . The electrodes are characterized by
the variables ni; 'i where i = 1; ::; N + 1. Each electrode is assumed to be
coupled capacitively with C0 to ground

impedance limits can be written as ZEA(!) � RQ and ZEA(!) � RQ, re-
spectively. This means that in order to be in a low impedance limit and to
observe superconducting behavior both ZE(!) and ZA(!) need to be small.
The high impedance limit and Coulomb blockade behavior is expected when
either ZE(!) or ZA(!) is large.

The frequency dependent impedance of an array can be estimated using the
model sketched in �g. 4.2a. Each junction is modeled as a Josephson inductance
LJ = �2

0=(2�)
2EJ in parallel with the junction capacitance C. The junction

is in series with the inductance L of the island with a capacitive coupling C0
to ground. For a semi in�nite array, with parameters LJ = 1nH , C = 1:5fF ,
L = 0:25pH and C0 = 1aF , the real part of the impedance is displayed in �g.
4.2b. For frequencies below !p = 1=

p
LJC =

p
4EJEC=�h the real impedance

is

ZA(!) =

r
LJ
C0

= RQ

r
4EC
EJ

r
C

C0
(4.2)

Thus, a long JJA with EC � EJ and C � C0 is always in the limit ZA(!) �
RQ at all relevant frequencies. Hence, ZEA(!) � RQ is also satis�ed for any
ZE(!) which means that Coulomb behavior is expected irrespectively of what
the impedance is of the surrounding environment. This limit results in a well
de�ned charge which will be assumed to be the appropriate variable for the
rest of the chapter.

4.2 Quantum description of the JJA

The Hamiltonian for the JJA in �g. 4.1 is a straight forward extension of the
two JJs case in a high impedance environment and can be written as

H(~n; ~') =
(2e)2

2
~nTC�1~n+ U(~'); (4.3)
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Figure 4.2: a) A model of one junction for calculating the real impedance
of a semi in�nite 1D JJA. b) The real impedance obtained with parameters
LJ = 1nH , C = 1:5fF , L = 0:25pH and C0 = 1aF .

where ~nT = [n1; :::nN+1] and U(~') = �PN
i=1 EJi cos('i+1 � 'i). The ca-

pacitance matrix is tridiagonal with elements C11 = CN+1;N+1 = C + C0,
Cii = 2C + C0 and Ci;i+1 = Ci+1;i = �C.

The Hamiltonian 4.3 can be expressed in the junction variables (4.1) as

H(K;~k;~Æ) =
(2e)2K2

2(N + 1)C0
+
(2e)2

2
~kTC0�1~k + U(~Æ); (4.4)

where ~kT = [k1; :::kN+1] and U(~Æ) = �EJ
PN

j=1 cos Æj . The new N �N capac-
itance matrix C0 has elements

C 0ij = C 0ji = CÆcij + C0
i(N + 1� j)

N + 1
; i < j : (4.5)

Here Æcij is the Kronecker delta. In the same way as for the single JJ the
dynamics of the total number of charges K is decoupled from the dynamics of
the junctions. As before K is assumed to be constant and set to zero. The
Hamiltonian (4.4) is similar to that of a quantum particle in an N-dimensional
periodic potential and eigenstates are Bloch states of the form [44]

 n~q(~Æ) = ei~q�
~Æ=2eun~q(~Æ): (4.6)

where un~q(~Æ) are 2�-periodic functions. Here ~q = [q1; :::; qN ] is the quasi-charge

vector and ~Æ = [Æ1; :::; ÆN ].
The eigenenergies form bands in an N -dimensional quasi-charge space and

the state of the system is characterized by the vector ~q and a band index n. A
current source can be accounted for by adding a term �(�0=2�)I('N+1�'1) =
�(�0=2�)I(Æ1 + Æ1 + ::: + ÆN ) to the Hamiltonian (4.4). This current source
changes the charge numbers as n1 ! n1 � (I=e)t and nN+1 ! nN+1 + (I=e)t
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with time. The quasi-charge for each junction will evolve as qi ! qi + It,
i = 1; :::; N . Starting from the origin in the quasi-charge space the bias current
will move the system along the direction q1 = q2 = ::: = qN = It. As time
evolves the di�erent processes Cooper pair, quasi-particle and Zener tunneling
determines the path in quasi-charge space taken by the system. This is a trivial,
though tedious, extension of the single JJ case discussed in section 2.2.

4.2.1 The independent junction model

In the limit C0 = 0 the capacitance matrixC0 is diagonal with elements C 0ii = C
and the Hamiltonian (4.4) is simpli�ed to a sum of N independent JJ

H(~k;~Æ) =

NX
i=1

�
4ECk

2
i �EJi cos Æi � �h

2e
IÆi

�
; (4.7)

The IVC of a current biased JJA including quasi-particle and Zener tunneling
can be found from the single JJ IVC simulation (I-V ) by multiplying the voltage
by the number of junctions. IVC simulations for short JJA with general C=C0
are discussed in references [5, 44].

In this model the array is assumed to be in a Coulomb blockade regime
with a well de�ned charge. It is also considered to be biased with a current
source, which necessarily assumes a high impedance electrodynamic environ-
ment ZE(!) � ZA(!). This is not always easy to realize in experiments. In
fact, all experiments conducted in this work are in the limit ZE(!) � ZA(!)
and ZEA(!) � ZA(!) � RQ which means that the voltage across the JJA is
�xed and Coulomb blockade behavior is expected. This is an interesting but
not very well studied limit for JJA. A voltage biased single JJ usually means a
low impedance environment and superconducting behavior. The voltage �xes
the charge di�erence and makes Bloch oscillations impossible. However, for a
JJA in the limit C0 ! 0, the JJs in the array can be considered as independent
and each JJ will be surrounded by a high impedance formed by the other JJs.
Thus, a single JJ in the array can e�ectively be considered as current biased
and the above model with a current bias can be applied. So, within this in-
dependent junction model, Bloch oscillations in a JJA are possible since a JJ
inside the array experiences a high impedance environment and current bias.

4.3 Semi-classical description of the JJA

There exists another model for a JJA which describes a voltage biased situation
[62, 63, 64, 65]. This model assumes that the high impedance of the array
ZA(!) � RQ results in a quantum mechanical decoupling of the junctions.
With this assumption it is possible to use a `local' rule approach and solve the
Schr�odinger equation for each junction individually. In this description each JJ
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Figure 4.3: a) A sketch of the circuit model for a JJA. b) Each element is
modeled as a serial combination of a JJ, a resistor R, an inductor L and a
capacitive coupling C0 to a ground plane. The total length of the array is
S = Na, where a is the length of one element and N is the number of elements.

in the array is described by a non-classical voltage-charge relation, connected
together in a classical electrical circuit. Within this model, Bloch oscillations
are possible due to an inductive response of the array, as explained below.

4.3.1 The distributed SRLJ model

In this semi-classical model a voltage biased JJA is described using the electrical
circuit drawn in �g. 4.3a. The array is symmetrically biased with a voltage
�V=2. Each element (junction + island) in the array is modeled as a serial
combination of a JJ described by the relations (2.26) and (2.27), a resistor R,
an inductor L and a capacitive coupling C0 to a ground plane (see �g. 4.3b).
The resistor accounts for dissipative e�ects in the junction caused by e.g. Zener
and quasi-particle transitions and the inductor describes the inductive response
of the superconducting electrode. This model is called the distributed Serial
Resistive Inductive Junction (SRLJ) model. Each element of the array has a
length a. The total length of the array is S = Na where N is the number of
elements.
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From this model it is possible to derive a nonlinear di�erential equation
describing the evolution of the quasi-charge in the array. In the continuum
limit, if space is measured in units of a characteristic length �s (see later)
and velocity in units of the electromagnetic wave velocity v0, this nonlinear
di�erential equation reads (see appendix A.2)

@zz�� @���� sin� = �@�� (4.8)

where

�s =

s
2e=2�

vCc0
= a

s
2e=2�

VCC0
(4.9)

v0 =
1p
lc0

(4.10)

� = rc0v0�s =
rc0p
lc0

�s (4.11)

where the lowercase characters refer to physical quantities per unit length. The
parameter � sets the damping in the model. The boundary conditions are

@z�(�s=2; �) = �V=Vth (4.12)

@z�(+s=2; �) = +V=Vth (4.13)

where

Vth = 2�svC (4.14)

Here Vth is the threshold voltage for Cooper pair tunneling in the array. The
total array length S = Na is normalised according to s = S=�s, where N is
the number of junctions.

The eq. (4.8) is a perturbed Sine-Gordon equation (PSGE) and has no exact
analytical solutions. Thus the PSGE has to be solved numerically or by using
perturbation calculations. Properties of the PSGE as well as the Sine-Gordon
equation (SGE):

@zz�� @���� sin� = 0 (4.15)

are discussed further in the following section.

4.3.2 Cooper pair charge solitons

The SGE (4.15) is an extensively studied di�erential equation which has suc-
cessfully been used to describe various physical systems, e.g. distributed JJ
[66, 67], mechanical pendula connected by springs [68, 69], Bloch wall motion
between ferromagnetic domains [70] to name a few.

Three types of solutions to the SGE exist:
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� Solitons. A solitonic solution with the analytic form

�(z; �) = 4 arctan

�
exp

�
�z � z0 � v�p

1� v2

��
(4.16)

where the + (-) sign describes a soliton (antisoliton) which corresponds
to a 2� (�2�) change in � around its center.

� Plasma oscillations. Small amplitude wave solutions to the linearized
SGE

@zz�� @���� � = 0 (4.17)

of the form exp[i(kz � !�)] where ! = v0=�s [71].

� Breathers. A type of solutions which is a bound state of a soliton and
an antisoliton [71].

A discussion of the di�erent types of solutions can be found in [69, 72].
Figure 4.4a shows a plot of the soliton solution (4.16) for two di�erent velocities.
The Lorentz invariance of the SGE give rise to relativistic e�ects which is clearly
seen as a Lorentz contraction of the soliton.

In the distributed SRLJ model the soliton corresponds to a single Cooper
pair, called the Cooper pair charge soliton (CPCS). The quasi-charge, �, changes
by 2� for every CPCS passing through the array. The charge distribution of
the CPCS is proportional to the �rst space derivative of the soliton solution
(�g. 4.4b). This corresponds to the voltage between the array and the ground
plane induced by the CPCS. The width of the CPCS, i.e. the width of the
charge distribution, is determined by the parameter, �s, which is called the
soliton length.

4.3.3 The long soliton limit - The SRLJ model

In the limit of long soliton length compared to the length of the array,

�s � S ,
r
Ceff
C0

� N; (4.18)

the e�ect of the capacitance C0 can be neglected. Here Ceff = 2e=2�VC is an
e�ective capacitance which has a minimum value C, but is much larger when
EJ >

� EC . In the limit (4.18) the charge induced on each junction will be the
same and the term @zz� in eq. (4.8) can be dropped. The total voltage drop
along the array is the sum over N identical junctions and described by

V

Vth
= sin�+ @��+ �@���; (4.19)
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Figure 4.4: a) A plot of the solitonic solution (4.16) with v = 0:4 (solid line) and
v = 0:94 (dotted line). b) A plot of the derivative of the solitonic solution. This
describes the potential di�erence between the array and the ground plane. The
relativistic e�ect appears as a Lorentz contraction as the velocity is increased.

where � is the quasi-charge di�erence across one junction, which is the same
in all N junctions. The threshold voltage is Vth = NVC and the damping
parameter is

�C =
1

�2
=

2�

2e

VCL

R2
=
�RL
�C

: (4.20)

The di�erential equation (4.19) is dual to the RCSJ di�erential equation (2.8).
It is referred to as the SRLJ di�erential equation and if N = 1 it describes a
voltage biased single JJ with well de�ned charge in series with a resistor and
an inductor. The damping parameter �C is dual to the Stewart-McCumber
parameter and is the ratio between two timescales; the inductive time scale
�RL = L=R and a characteristic time associated with the JJ, �C = 2eR=2�VC.

Since the RCSJ and the SRLJ di�erential equations are identical they can
be described using the same language by exchanging current with voltage,
parallel with serial, phase by charge, capacitance with inductance etc. Thus,
the IVC of the SRLJ-model is already known from section 2.1. As long as the
voltage is lower than the threshold voltage Vth the current through the circuit is
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Figure 4.5: Simulated potential along the array with S = 30�s and damping
� = 0:5. a) The bias is Vl = �0:55Vth and Vr = +0:55Vth. Solitons (bright
stripes) and antisolitons (dark stripes) are injected from opposite sides and
they annihilate in the middle of the array. b) The bias is Vl = �0:55Vth and
Vr = �0:55Vth. Solitons are injected from opposite sides and forms a stable
Wigner lattice.

zero. Above Vth a current starts to ow and on increasing the voltage the IVC
asymptotically approaches the IVC of the resistor. On lowering the voltage
below Vth a current can still ow if the damping parameter �C is large enough.
A large damping parameter means that �RL � �C , i.e. the inductor will keep a
current owing even when the voltage is lowered below the threshold voltage.
Bloch oscillations can occur and the IVC is hysteretic.

4.3.4 The short soliton limit

For solitons short compared to the length of the array

�s � S ,
r
Ceff
C0

� N (4.21)
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Figure 4.6: Simulated current and voltage characteristics with an array length
S = 10�s and a damping � = 0:1. Three soliton resonance steps are indicated.

the array is described by the PSGE (4.8). Fig. 4.5 shows a numerical simu-
lations of the PSGE according to the scheme presented in appendix B. For
simplicity a linear resistance is assumed. The length of the array is 30�s and
the damping is � = 0:5. In �g. 4.5a the bias is symmetrically applied with
opposite signs. Initially, at time t = 0, there are no additional CPCS in the
array. As time evolves solitons (bright stripes) and anti-solitons (dark stripes)
are injected from opposite sides. In the middle of the arrays they meet and
annihilate. If equal voltages are applied on each side of the array solitons are
injected from both sides and a stable Wigner lattice of CPCS are obtained (see
�g. 4.5b).

Figure 4.6 shows a simulated IVC for an array of length 10�s and a damping
of � = 0:1. The simulation shows hysteretic IVC very similar to what is
expected in the simple SRLJ-model. However, additional steps are occuring at
current values of

In =
n

S
2ev0 (4.22)

where n is a positive integer. This is a resonance step where exactly n num-
bers of Cooper pairs are traveling in the array with their maximum velocity.
Equation (4.22) can be derived by using I = dq=dt where dq is the number
n of charges 2e passing through a point in the array during the time interval
dt = S=v0.
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Comment Phase description Charge description

Current and I = IC sin� V = VC sin�
voltage relations V = (�0=2�)@t� V = (2e=2�)@t�
Point junction I=IC = sin�+ @��+ �@��� V=Vc = sin�+ @��+ �@���
Damping parameter: � = (2�=�0)ICC=G

2 � = (2�=2e)VCL=R
2

Josephson inductance: Coulomb capacitance:
LJ = (�0=2�)=IC cos� CC = (2e=2�)=VC cos�

Distributed junction @zz�� @���� sin� = �@t� @zz�� @���� sin� = �@t�
Damping parameter: � = 1=

p
� � = 1=

p
�

Boundary conditions: @z�(�s=2; �) = �I=Ith @z�(�s=2; �) = �V=Vth
Threshold for
soliton injection: Ith = 2iC�s Vth = 2vC�s
Soliton length: �s =

p
�0=2�iCl0 �s =

p
2e=2�vCc0

Soliton resonance: Vn = �0nv0=S In = 2env0=S

Table 4.1: A Comparison of some dual relations in the phase and the charge
description. The di�erential equation for the distributed junction in the phase
description corresponds to the inline structure.

4.3.5 Dual systems

The quantummechanical complementary relationship between phase and charge
gives rise to interesting electrodynamic dualities. Some of the charge equations
that have been derived in this thesis are summarized in table 4.1 together with
their dual equations in terms of phase. If the phase variable is well de�ned the
usual Josephson relations are used to described a point junction, �s � S. The
dual relations in a charge description was discussed in section 2.2. A current
biased large capacitance point JJ is described by the RCSJ-model in terms of
the phase while a voltage biased small capacitance point JJ is described by
the SRLJ-model in terms of the charge. In a distributed JJ with well de�ned
phase, �s � S, ux solitons can propagate. They have been analyzed both
experimentally and theoretically in three di�erent con�gurations; the overlap
and the inline junction [73, 74, 75, 76, 77, 78, 66] and the annular junction
[66, 79, 80, 81, 67, 82, 83]. The di�erential equation in table 4.1 for the dis-
tributed junction in the phase description corresponds to the inline geometry.
The inline geometry is the dual geometry to the JJA studied in the present
work. Hence, they are both described by the same perturbed sine-Gordon
equations. The soliton resonance steps in the IVC due to Cooper pairs are
dual to the so called zero �eld ux soliton steps that are observed in the IVC
for the inline geometry.
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Chapter 5

Experimental Techniques

This chapter describes the sample fabrication and the measurement set-up.
The section on the sample fabrication is more of a summary than a detailed
description since most of the steps are following a `standard' recipe described
by others [84, 85]. The measurement set-up, on the other hand, has been
developed by the author and will be the emphasis in this chapter.

5.1 Sample fabrication

An overview of the di�erent steps in a typical fabrication procedure used in
this work is summarized below:

1. Resist spinning A silicon chip covered with a 1�m thick layer of SiO2

is spin coated with a double layer of positive resist.

2. Electron beam lithography: The resist layers are exposed to an elec-
tron beam in a lithographic system. The lithographic system is used to
de�ne both large features such as pads (with a size of the order of 1 mm)
and small features such as the actual circuit layout (with a size of the
order of 50-100 nm).

3. Resist developement and light ashing: The mask is formed by se-
lectively developing the two layers of resist. By proper timing of the
development an appropriate undercut in the lower layer can be achieved.
After the development, the mask is exposed to a light ashing in a reactive
ion etcher. The purpose of this step is to clean the developed areas from
remaining resist or dust particles.

4. Shadow evaporation and lift-o�: The actual circuit and the junctions
are formed by using the technique of shadow evaporation [86]. That is,
a metal is evaporated in an ultra high vacuum chamber at two di�erent

59
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Figure 5.1: A sketch of the principle of shadow evaporation. Aluminum is
evaporated at two di�erent angles with a pure oxygen oxidation step in between.
Tunnel junctions are formed where the evaporated aluminum overlaps.

angles with a pure oxygen oxidation step in between (see �g. 5.1). The
mask is then lifted o�.

For each additional metal layer that is needed the above procedure is re-
peated. Alignment marks are used to get proper alignment between di�erent
electron beam sessions.

5.1.1 Resist

The resists used in this work are the PMGI SF7 and ZEP 520:Anisol (1:2).
They are both positive resists which means that when they have been exposed
to an electron beam with correct dose they are easily dissolved and removed
during the development process. The resists are spun unto the chip using a
spinner. For the PMGI SF7 and the ZEP 520:Anisol (1:2) the rotation speed
is 3000 rpm and 6000 rpm resulting in a nominal thickness of 63 nm and 400
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nm, respectively. After each resist spinning the chip is baked on a hotplate
for 10 min at a temperature of 180 ÆC. In order to remove the exposed areas
two selective developer are used. For the top and the bottom layer p-xylene
and MF322:H2O (3:2) are used, respectively. The bottom layer is more dose
sensitive and experiences more electron scattering than the top layer. This
creates an undercut which is necessary in the angle evaporation step.

5.1.2 Electron beam lithography

A Raith Turnkey 150 electron beam lithograph has been used to pattern the
samples in this work. This system is a converted LEO scanning electron micro-
scope [87] with computer controlled beam deection. The Turnkey 150 together
with an easy to use CAD-software is manufactured by Raith [88]. The min-
imum spot size is 5 nm and the maximum write�eld is of the order of 1 � 1
(mm)2. To expose expose patterns larger than the maximum write�eld the
system is equipped with a laser interferometric moving stage with an accuracy
of 50 nm. Stiching errors between two write�eld are typically of this order.

5.1.3 Reactive ion etching

To ensure good electrical contact and adhesion between di�erent layers the
masks are exposed to a light ashing in an oxygen plasma in an Oxford Instru-
ments PlasmaLab 80 Plus reactive ion etcher. The exposure parameters are a
radio frequency power of 10 W at a pressure of 5 � 10�5 Torr for 15 s. This is
discussed further in reference [84].

5.1.4 Shadow evaporation and lift o�

The principle of shadow evaporation [86] is demonstrated in �g. 5.1. It was
done in a Eurovac UHV deposition system with a base pressure of 10�8� 10�9

Torr. Aluminum with a typical thickness of 25 nm is evaporated from one
angle. Then an aluminum oxide layer is formed by letting in pure oxygen into
the chamber. The thickness of the oxide layer (and thus the resistance of the
tunnel junction) is controlled by the time and the pressure of oxygen. Finally,
the oxygen is pumped out and a second layer of aluminum is deposited at a
di�erent angle. The overlap between the two aluminum layers form the tunnel
junctions. The mask is lifted o� in a bath of Microposite Remover 1165 at 55
ÆC.

Figure 5.2 shows some examples of fabricated structures. The gold leads in
�g. 5.2a are used as quasi-particle traps (see section 6.2.1). They are typically
2-3 mm long and go down to an area of 5�5 (�m)2. In this area the CPTs are
fabricated (�g. 5.2b,c). A tunable JJA is displayed in �g. 5.2d.
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Figure 5.2: a) An optical image of the gold leads used as quasi particle �lters.
b) A scanning electron micrograph of two CPTs. b) A scanning electron mi-
crograph of two coupled CPTs connected to 10 gold leads. The upper CPT is
tunable. d) A scanning electron micrograph of an one-dimensional Josephson
junction array in a SQUID con�guration.

5.2 The measurement set-up

In order to measure IVC for low level signals (on the scale of �V and pA)
the design of the measurement scheme is of great importance. Below follows a
description of the measurement set-up used in this work.

5.2.1 The DC Bias and Measurement circuitry

Two di�erent bias and measurement set-up schemes have been used. The �Agren
box, which was developed by the author, is described below and was used in
the experiments on the JJA. The experiments on the CPTs were conducted
using the Walter box which is described in detail in Jochen Walter's Diploma
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work [84]. All equipment without battery power were connected to isolation
transformers to avoid ground loops. The computer was isolated from the rest
of the meaurement set-up using an optical isolator.

The �Agren box

In the �Agren box two measurement schemes can be used and they are referred
to as the resistive bias and the voltage bias schemes. Fig. 5.3 shows a simpli-
�ed sketch of the two measurement schemes. The �rst part a) is common for
both schemes. It consists of a symmetrizer based on two Burr-Brown INA105
unity gain precision di�erential ampli�ers and a simple voltage divider. The
symmetrizer has three input voltages; the bias voltage, Vb, the o�set voltage,
Voff , and the common mode voltage, Vcm. The bias voltage is supplied from
a Keithley Quad voltage source through an appropriate voltage division. The
bias voltage is a di�erential voltage and induces a potential drop across the
sample. The o�set voltage is also a di�erential voltage and acts to shift the
voltage point around where the bias voltage is applied. The common mode in-
put is used to lift the potential at both sides of the sample by an equal amount
with respect to the ground.

In the resistive bias scheme (�g. 5.3b) the sample is symmetrically biased
through a serial resistor RB which can be changed in steps of decades from
1k
 to 1G
. The current through the sample I is determined from the voltage
drop across the sample V and the total voltage drop Vtot (i.e. the voltage drop
across the two biasing resistors, the resistance of the leads Rl and the sample)
according to

I =
Vtot � V

2(RB +Rl)
(5.1)

The bias resistor and the lead resistance are known but typically RB � Rl

and the lead resistance can be neglected. Note that in order for this scheme
to work there has to be a RB 6= 0 and thus there will always be a non vertical
loadline (see later for a discussion on loadlines) in the IVC.

The voltage drops Vtot and Vx are both measured using an instrumentation
ampli�er (�g. 5.3d). The bu�er section consists of two Burr Brown OPA111BM,
where the internal gain can be set to 1, 10 or 100 by the changing the resistor
R1. The signal is then fed to a Stanford Research di�erential voltage ampli�er
SR560. The single ended voltage output is read by a Keithley 2000 DMM, and
sent via the GPIB to the computer.

The voltage bias scheme is depicted in �g. 5.3c. It is an asymmetric bias
scheme where one side of the sample is connected to ground. The advantage
of using asymmetric bias is that any unwanted common mode signal that is
not detected in a symmetric bias scheme can be more easily discovered and
eliminated. That is, an unwanted noise signal can never show up as a common
mode signal in the asymmetric bias since one side is grounded. In this scheme
the voltage across the sample is measured in the same way as for the resistive
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Figure 5.3: Simpli�ed circuit diagrams of the measurement electronics. a) The
bias scheme with a symmetrizer and a voltage divider. b) The symmetric R-
bias scheme. c) The asymmetric current bias scheme. d) The instrumentation
ampli�er.
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Figure 5.4: a) A simple electrical circuit that can be used to explain the prin-
ciple of the load line. b) An example of a IVC for a sample with a nonlinear
IVC.

bias scheme. The current however is measured using a Stanford Research Cur-
rent preampli�er SR570. It gives a voltage output proportional to the current
through the sample which is read by a Keithley 2000 DMM in the same way as
above. This scheme does not rely on a RB in series with the sample and thus
the measured IVC have a vertical loadline.

The Load line

The principle of the load line can be understood by considering the simple
electrical circuit in �g. 5.4a. The sample is biased with a voltage source through
a resistor RB . The sample does not see a perfect voltage source since the
voltage VB has to be shared with the resistor. A perfect voltage source would
have RB = 0 and VB = V . If the sample has a nonlinear IVC there might be
more than one way of sharing VB between V and RBI . The electrical circuit
is described by the relations

I = f(V ) (5.2)

I =
1

RB
(VB � V ); (5.3)

where f is a nonlinear function describing the IVC of the sample. Both relations
should be satis�ed and the solution can be found graphically (see �g. 5.4b).
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5.2.2 The dilution refrigerator

The samples were measured in a Kelvinox AST-Minisorb dilution refrigerator
from Oxford Instruments. This dilution refrigerator uses two charcoal sorption
pumps to pump a 3He/4He mixture in a closed cycle. The dilution refrigerator
is inserted into a Wessington 120 liter dewar �lled with liquid 4He. The system
is fully automated and controlled by an Oxford Instruments control unit. The
temperature is measured with a Ruthenium Oxide resistor together with Oxford
Instruments AVS47 resistance bridge. The base temperature is 15 mK.

The advantage of the sorption technique is that the refrigerator is easy to
use. The small dimensions make it reasonably cheap (� 1:8MSEK today) and
facilitate a fast cool down. Starting at room temperature the system reaches
base temperature in about four hours.

There are some disadvantages with this system. Because of the compact
design there is not very much space for �lters, RF-tight box and sample holder
at the mixing chamber. Furthermore, if the dilution refrigerator is inserted in
a regular dewar there is no way of supplying extra 4He, thus with a boil-o� of
about 10 liters per day, the system has to be warmed up after about 10 days.

5.2.3 The �ltering and the sample holder

In order to conduct successful experiments on nanometer scale tunnel junctions
�ltering of the biasing leads down to the sample is absolutely necessary. Filters
at room temperature are used to reduce the noise coming from the bias and
the measurement electronics. It is however not enough to just put �lters at
room temperature. Noise generated by the black body radiation at higher
temperatures is easily guided down along the measurement leads to the sample.
The strategy to circumvent this problem is thus to have additional �lters at
cold temperatures as close as possible to the sample. The sample also needs to
be mounted in a RF-tight box.

Two di�erent sample holders with di�erent �ltering systems were used in
this work. Both systems were design and fabricated by the author and they will
be referred to as the old and the new sample holder. Common to both sample
holders are that they are made out of oxygen free copper and mounted at the
bottom of the mixing chamber. The sample holder connects konstantan DC
leads coming from room temperature through a �ltering stage to the sample.

The old sample holder is sketched in �g. 5.5a. It consists of a spool on which
16 one meter long Thermocoax cables are wound. The Thermocoax cable acts
as a �lter for high frequency black body radiation [89] and are fed through a
RF-tight box and connected to a dual-in-line socket. The sample is glued and
bonded to a dual-in-line chip carrier which �ts in the socket. The old sample
holder has been used in all the measurements reported in this thesis except one.
The measurements on sample CSET43 was done with the new sample holder.

The new sample holder is sketched in �g. 5.5b. It is based on the same
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Figure 5.5: a) A sketch of the old sample holder. The sample is glued and
bonded to a dual-in-line chip carrier which �ts in the socket. The diameter of
the RF-tight box is 32mm. b) A sketch of the new sample holder. The heat
shield is a part of the cryostat and there in both the old and the new setup.

principles as the old sample holder but with the following improvements. i) It
uses an extra �lter stage of cold pi-�lters. ii) The RF-tight box is smaller and
better shielded. iii) The RF-tight box is separate from the �lter stage which
makes it easier to change �lters. iv) Only 8 measurement leads which results
in less noise being guided into the RF-tight box.

The �lter stage (pi-�lters and Thermocoax) was characterized using a HP
8714CRF Network Analyzer. The resulting transmission in the frequency range
0.3{3000MHz is plotted in �g. 5.6. Curves a), b) and c) corresponds to room,
liquid nitrogen and liquid helium temperatures. Curve d) is the transmission
of the Thermocoax only. The main reason for using the pi-�lters in addition to
the Thermocoax were to increase the attenuation in the range 10{1000 MHz.
Good attenuation in this range is observed at room temperature. However, as
the pi-�lters are cooled down to 4.2 K their cut-o� frequency increases and
most of their attenuation in the range 10{100 MHz is lost. The transmission
of the Thermocoax is almost temperature independent (not shown).
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Figure 5.6: Forward transmission for �ltering stage of the new sample holder at
a) room temperature, b) liquid nitrogen temperature and at c) liquid helium
temperature. Curve d) shows the forward transmission for the Thermocoax
only. Most of the change in attenuation with temperature is due to a change
of capacitance in the pi-�lter.

5.2.4 Future improvements

In future experiments the cold pi-�lters need to be replaced with �lters not
su�ering from such a strong temperature dependence. Furthermore, noise can
be reduced further by introducing cold voltage dividers and cold bias resistors.
Asymmetric biasing and measurement is also good since it uses fewer leads
which results in less noise being guided down to the sample.



Chapter 6

Experiments on Cooper

Pair Transistors

The Cooper pair transistor (CPT) has been well studied experimentally [38, 55,
56, 58, 59, 60, 61, 90, 91, 92, 93, 94]. In most experiments switching currents
near zero voltage have been measured. Although theory predicts a 2e-periodic
critical current with gate charge, many of the early experiments showed only
e-periodicity. In these experiments the 2e-periodicity was ruined by too much
external noise. A 2e-periodic switching current was measured for the �rst time
by Geerligs et al. [90] in 1990 and later reproduced and explained by Tuominen
et al. [56]. Two years later Joyez et al. [38, 60] re�ned the experiments by
carefully designing the electrodynamic environment of the CPT. They managed
to observe 70% of the theoretical critical current. Lately, Flees et al. [55, 94]
have conducted as set of experiments where microwaves have been used to
induce interband transitions and to prove the existence of higher lying bands.

In other experiments on CPTs the focus have been on phenomena at higher
bias voltage, e.g. the Josephson quasi-particle cycle [52, 54], resonant Cooper
pair tunneling [38, 53] and Andreev reection [54].

This chapter describes measurements on switching currents of CPTs. The
improvement of the 2e-periodic switching current due to the �lters and normal
metal gold leads is demonstrated. Magnetic �eld and temperature is used to
induced a transition from 2e to e-periodicity. The chapter ends by describing
an experiment where the JJs in the CPT are replaced by SQUIDs. This enables
a tuning of the e�ective Josephson energy by application of a small magnetic
�eld. The switching currents shows nice 2e-periodicity and the magnitude is
tunable over a large range in the Josephson energy.

69
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Figure 6.1: The IVC for sample CPT6. The supercurrent and the Josephson
Quasi-particle peaks are indicated.

6.1 IVC and the basic parameters

A typical IVC of a CPT is shown in �g. 6.1. The supercurrent and the Joseph-
son quasi-particle (JQP) peaks [52, 54] are indicated. The supercurrent is
due to Cooper pair tunneling in both junctions, while the JQP current is due
to Cooper tunneling through one junction and two quasi-particles tunneling
through the other junction. The JQP peak current start to ow when the
energy supported by the voltage across the sample equals the energy needed
to break apart one Cooper pair, eV = 2�0. Quasi-particle current through
both junctions start to ow when eV = 4�0. For voltages above the so
called gap voltage, Vgap = 4�0=e, the IVC asymptotically approaches the
CPTs normal state IVC, V = 2RNI + Voff , where Voff = e=C� is the o�set
voltage due to charging e�ects and RN is the tunneling resistance per junc-
tion. For this speci�c measurement the sample was biased with a load line of
�1=RB = �1=(20k
) and thereby making the IVC hysteretic.

Table 6.1 list a number of characteristic parameters for the CPT that can be
obtained from an IVC such as the one displayed in �g. 6.1. The superconducting
energy gap at zero magnetic �eld is found from the gap voltage, �0 = eVgap=4.
Sometimes, when the onset is not as clear as in �g. 6.1 it is better to use the
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CPT# 0 1 2a 2b 3a 3b 4 5 6
�0 (�eV ) 200 189 192 190 182 182 188 200 190
RN (k
) 14 6.1 4.9 2.6 12.1 16.4 8.9 8.2 7.5
C� (�F) 1 1.2 1.4 2.5 1.3 1.1 1.5 2.1 3.2
EJ (�eV) 47 92 127 237 48 36 68 79 82
EC (�eV) 80 67 56 32 61 76 68 39 25
EJ=EC 0.6 1.4 2.3 7.4 0.8 0.5 1.3 2.0 3.2
Isw=IC0 6 13 18 32 11 3 13 17 28

Gold leads? No No Yes Yes Yes Yes Yes Yes Yes
Tunable? No No No No No No Yes Yes Yes

Table 6.1: The sample parameters. The normal state resistance RN and the
island capacitance C� were found from the asymptotic slope and voltage o�set
in the IVC.

maximum of dI=dV to �nd the gap voltage. The normal state resistance RN

per junction and the island capacitance C� are found from the asymptotic
slope and voltage o�set Voff . The Josephson energy and the charging energy
are calculated as EJ = RQ�0=2RN and EC = e2=2C�, respectively. The
parameter Isw=IC0 is the ratio of the maximum measured supercurrent of the
CPT to the single junction critical current calculated from IC0 = (2�=�0)EJ .

6.2 Switching current experiments

Switching current experiments have been performed on all the CPT listed in
table 6.1. In a switching current experiment the CPT is R-biased with a bias
resistor of typically 0.2-20M
 and thus making the IVC hysteretic. The bias is
swept in a triangular waveform around the zero point with a repetition rate in
the range of 1-100 Hz. A sample and hold circuit is used measure the current
at which the CPT switches from a near zero voltage state to a high voltage
state.

6.2.1 Filters and Quasi-particle trapping

The importance of �ltering is demonstrated in �g. 6.2. It shows the average
switching current for CPT0 measured at 15 mK. In addition to the 1 m of
Thermocoax at the mixing temperature three di�erent room temperature �lters
have been used. Curve a) corresponds to two 5 nF pi-�lters in series. Curve
b) is measured with a 2.2 nF capacitive �lter and curve c) with no additional
�lter. All curves show 2e-periodicity. The switching currents in b) and c)
su�ers from out-of-equilibrium Quasi-Particle Poisoning (QPP) at Qodd

g , while
the switching current in a) is free from QPP. There is also a general increase in
the magnitude of the switching current as the �ltering is improved. It should
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Figure 6.2: Average switching currents for CPT0. The three di�erent curves
corresponds to additional �ltering of the measurement leads at room tempera-
ture: a) Two pi-�lters in series. b) Capacitive �lter of 2.2 nF . c) No additional
�lter.

be noted that the switching current a) is not optimized. All other switching
current measurements reported here are measured using the pi-�lters.

Excess (thermal, electronic or eletromagnetic) noise in the experimental set-
up can create out-of-equilibrium quasi-particles with long life-time that might
reach the island of a CPT and change its parity. Experimentally, it is believed
that the life-time of the out-of-equilibrium quasi-particles can be reduced by
placing normal metal close (orders of 1 �m) to the sample [38, 91]. The quasi-
particles in the superconductor will di�use to the normal metal, where they
can lower their energy by �0. Inside the normal metal, the out-of-equilibrium
quasi-particle quickly thermalizes to the electron temperature. In this work,
normal metal gold leads were used as quasi-particle traps. Although not sys-
tematically investigated, a reduced of QPP were observed. Such an example
is demonstrated in �g. 6.3. The switching current of CPT1 (�g. 6.3a) is 2e-
periodic, but su�ers from QPP at Qodd

g . The switching current of CPT2a (�g.
6.3b), however, shows a clear 2e-periodicity which seems to be free from QPP.
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Figure 6.3: Switching currents versus gate charge, Qg , for CPT1 and CPT2a
at 35 mK. The switching current for a) the CPT1 is 2e periodic and poisoned
by out of equilibrium QPs while b) the CPT2 is 2e periodic and free from
poisoning. The CPT2 is fabricated with normal metal gold leads which reduces
the QPP. The solid lines shows simulation assuming proportionality between
the switching current and the critical current.

Both transistors have the same geometry and almost the same parameters (see
table 6.1). However, the CPT1 has no gold leads. The solid lines in �g. 6.3a
show theoretical �ts assuming proportionality between the switching current
and the critical current. In the �tting procedure EJ was kept �xed to the tab-
ulated value (table 6.1) and EC was adjusted. Best �ts for both CPTs were
obtained with C� = 1:2 fF, which is very close to the estimated values in table
table 6.1. The simulated switching currents were scaled with a factor of 0.25
and 0.33 for CPT1 and CPT2a, respectively. Thus, the inclusion of normal
metal gold leads both reduces the QPP and increases the magnitude of the
switching current.

6.2.2 Magnetic �eld dependence

The magnetic �eld dependence of the switching current for CPT2a is displayed
in �g. 6.4a. The energy gap, �0 is approximately 190 �eV and the charging
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Figure 6.4: Switching current versus gate charge for sample CPT2a. A 2e to
e periodic transition is induced by either a) applying a magnetic �eld or b)
increasing the temperature. The magnetic �eld is swept from 0 (top) to 400 G
(bottom) in steps of 25 G and the temperatures are indicated in the �gure. In
the temperature sweep the curves are vertically displaced by 2 nA for clarity.

energy is about 60 �eV. At zero magnetic �eld and at low temperatures the odd-
even free energy di�erence is D(H;T ) � �0, which means that D(H;T ) > EC .
Thus, equilibrium QPP is not present at zero magnetic �eld. Fig. 6.4a shows
the average switching current versus Qg as the magnetic �eld is changed from
0 (top) to 400 G (bottom) in steps of 25 G. As the magnetic �eld is increasing
the odd-even free energy di�erence D(H;T ) is decreasing, which makes it easier
for out-of-equilibrium quasi-particles to enter the island and change the parity.
The peaks atQodd

g are decreasing in magnitude and intermediate peaks atQeven
g

are appearing. The switching current becomes a kind of average between the
switching current from the even and the odd parity case. At higher magnetic
�elds the even and odd parity are occurring with almost the same probability
and the switching current becomes e-periodic. Between 375 and 400 G there is
a transition from SSS to NSN, where the two outer electrodes become normal,
but the island of the CPT remains superconducting. The modulation becomes
weaker with maxima atQg = 0;�e;�2e; :::. This type of transition is a result of
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the double angle evaporation; the aluminum leads are about two times thicker
than the island and thus the superconductivity of the leads are expected to be
more easily suppressed with a magnetic �eld [61]. The current in the NSN case
is carried by Andreev reection and since it is a second-order process the current
is very small [61]. At higher magnetic �elds there is a transition from NSN to
NNN and the switching current should have maxima at Qg = �e=2;�3e=2; :::
Unfortunately, the magnetic �eld in this switching current measurement was
not increased far enough to see this transition.

The magnetic �eld dependence of the IVC for the same sample, CPT2a, is
shown in �g. 6.5. The magnetic �eld is changed from 0 to 1100 G in steps of
50 G. For clarity, each curve is displaced by 40 �V and 3 nA. The transition
SSS to NSN is clearly seen between 375 and 400 G. As long as the sample is
in the SSS state supercurrents and a JQP peak are visible. In the NSN state,
however, the current takes a very low value, as expected. The transition from
NSN to NNN occurs around 900 G.

To demonstrate that there indeed is a shift in the switching current of
jQgj = e=2 when the CPT changes from NSN to NNN, the magnetic �eld
dependent switching current from sample CPT3a is displayed in �g. 6.6. Darker
areas corresponds to higher currents. The switching current for CPT3a behaves
in a similar way as for CPT2a. As the magnetic �eld is increased from 0 to 400
G the switching current gradually changes from 2e to e periodic. At 400 G the
switching current is e-periodic with maxima at Qg = 0;�e;�2e; ::: indicating
that the sample is still superconducting. Between 400 and 450 G there is
an SSS to NSN transition, As the magnetic �eld is increased further an NSN
to NNN transition occurs between 850 and 900 G. At 900 G and above the
CPT is completely normal and the e periodic current modulation has maxima
Qg = �e=2;�3e=2; :::

6.2.3 Temperature dependence

The temperature dependence of the switching current is exempli�ed in �g.
6.4b. At the lowest temperature the switching current is 2e-periodic in the gate
charge. As the temperature is increased the odd-even free energy di�erence is
suppressed and it becomes easier to change the parity on the island. There is a
gradual crossover from 2e to e periodicity. The estimated crossover temperature
is T �0 �330 mK. The theoretical crossover temperature using formula (3.10),
an island volume Vi = 1:7�10�21 m3 and an energy gap �0 = 192 �eV results
in T �0 �255 mK. This does not agree so well.

6.2.4 Tunable CPT

Tunable CPTs have been fabricated by replacing each junction in the CPT with
a superconducting quantum interference device (SQUID). This enables an in
situ tuning of the e�ective Josephson energy with a perpendicular magnetic
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Figure 6.5: The magnetic �eld dependence of the IVC for sample CPT2a. The
magnetic �eld is changed from 0 to 1100 G in steps of 50 G. For clarity, each
curve has an o�set of 40 �V and 3 nA with respect to its neighbor. The �gure
demonstrates the transition SSS!NSN!NNN as described in the text.

ux according to EJ (�) = E0
J j cos(��=�0)j, where E0

J is the Josephson energy
at zero magnetic �eld, � the ux through the SQUID loop and �0 = h=2e
the ux quantum. By viewing each SQUID in this so called tunable CPT as
tunable single junctions the same theoretical treatment as for the CPT can be
used. Measurements on tunable CPTs are described below.

Fig. 6.7a shows the average switching current versus gate charge for sample
CPT5 as the magnetic �eld is tuned from 0 G (top) to 80 G (bottom) in steps
of 10 G. The switching current is 2e-periodic and is suppressed to a minimum
at a magnetic �eld of 90 G. This is in good agreement with the estimated �eld
required to minimize the e�ective Josephson energy; Bmin = �0=2A � 86 G
(where A is the nominal SQUID loop area 400�300 nm2). If the magnetic �eld
is increased above 90 G the switching current increases again, as the tuning of
the switching current is periodic with the ux quanta.

A simulation of the switching current is displayed in �g. 6.7b with a scaling
of Isw = aI2C , with a = 14:6 � 106 A�1. This scaling is expected in the high
e�ective temperature limit as discussed in paper 1. There is good agreement
between the experiments and the simulation with the exceptions of the dips
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Figure 6.6: The average switching currents versus gate charge, Qg, and mag-
netic �eld for CPT3a. Darker areas correspond to higher currents. There is an
SSS to NSN transition between 400 and 450 G and an NSN to NNN transition
between 900 and 1000 G.

around Qodd
g at low magnetic �elds. As the magnetic �elds approaches 90 G

the dips gradually disappears. The magnitude of the dip feature is periodic
with the ux quantum, and is maximized when EJ=EC is largest. Dips in the
switching current are usually caused by either quasi-particles entering the CPT
island [60, 38, 55] or interband transitions [55, 94]. Here the dips are attributed
to the latter. Out out-of-equilibrium quasi-particles are ruled out since features
caused by this mechanism would not disappear as EJ ! 0, nor would the dip
be periodic in the ux quanta. Interband transitions, on the other hand, can
give rise to just such a dependence.

For a symmetric CPT the lowest band (m = 0) and �rst excited band
(m = 1) meet at Qodd

g and �odd = ��;�3�; ::. In the presence of external noise
the probability of an interband transition between the lowest and the �rst ex-
cited band is highest atQodd

g . The maximum supercurrent from the �rst excited

band also occurs at Qodd
g (cf. �g. 3.4). At large EJ=EC the maximum switch-
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Figure 6.7: a) Switching current of CPT5 versus gate charge at di�erent mag-
netic �elds. The magnetic �eld is changed from 0 G (top) to 80 G (bottom)
in steps of 10 G. b) Modeled switching current assuming Isw = aI2C , with
a = 14:6 � 106 A�1. The maximum switching current from the �rst excited
band is indicated with plus signs line along Qg=e = 3.

ing current from the �rst excited band is smaller than the maximum switching
current of the lowest band. As EJ=EC ! 0 the maximum switching current
from the �rst excited approaches the maximum switching current of the lowest
band. The maximum switching current from the �rst excited band is indicated
with plus signs at Qg=e = 3 in �g. 6.7b. Thus if interband transitions be-
tween the lowest and the �rst excited band are present, dips would be observed
around Qodd

g whose magnitude is large at large EJ=EC and approaches zero as
EJ=EC ! 0. Sample CPT5 is discussed and analyzed further in the appended
paper 1. The attention will now be switched to another tunable CPT, namely
sample CPT6.

The magnetic �eld dependency of the IVC of sample CPT6 is shown in �g.
6.8. The modulation of Josephson energy with the magnetic �eld results in a
modulation of the switching current and the JQP peak. The modulation occurs
with a period of 24.5 G. The gap voltage is proportional to the superconduct-
ing energy gap Vgap = 4�0=e and is gradually reduced with the magnetic �eld.
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Figure 6.8: IVC versus magnetic �eld for sample CPT6. Gray represents zero
current. Darker is positive current and brighter is negative current. The EJ
tunability results in a modulation of the switching current and the JQP peak.
The modulation occurs with a period of 24.5 G. Above 800 G the sample
becomes normal conducting.

Above 800 G the sample is normal conducting. The switching current versus
gate charge is displayed in �g. 6.9a. It is 2e-periodic and shows a similar tun-
ability with magnetic �eld as sample CPT5. The maximum switching current
at Qodd

g and the minimum switching current at Qeven
g are plotted versus the

EJ=EC ratio in �g. 6.9b (scattered data). Also shown (with dashed lines) are
the ideal theoretical maximum, Imax

C and minimum, Imin
C critical currents cal-

culated using the parameters in table 6.1. The switching current is smaller
and is decreasing more rapidly than the critical current as the EJ=EC ratio is
suppressed. In contrast to sample CPT5 the switching current is not scaling
as Isw / I2C over the whole range of tunability. The measured data can be
explain by using essentially the same model as the one used for the CPT5, as
described in paper 1, without the assumption of the high temperature limit.
The CPT will be modeled as an e�ective single junction with a gate charge and



80 CHAPTER 6. EXPERIMENTS ON COOPER PAIR TRANSISTORS

1 2 3 4 5
0

2

4

6

8

10

12

1 10
0.1

1

10

 

 
C

ur
re

nt
 [

nA
]

Gate charge [Q
g
/e]

b)a) max I
sw

min I
sw

C
ur

re
nt

 [
nA

]

E
J
/E

C

Figure 6.9: a) Switching current of CPT6 versus gate charge at di�erent mag-
netic �elds. b) Comparison between experiment and theory for CPT6. The
scattered data shown the maximum and the minimum switching current as
a function of EJ=EC . The dashed line shows the theoretical critical current
and the solid line the modeled switching current using expressions (6.2). The
dotted line corresponds to the high temperature limit.

a magnetic ux tunable critical current IC(Qg;�). The CPT is assumed to be
embedded in a frequency dependent RCSJ-circuit as explained in section 3.1.3.
In the overdamped limit the supercurrent is described by expression (3.12). If
the CPT is current biased the switching current is equal to eq. (3.13)

Isw(Qg ;�; T ) = IC(Qg;�)max
V

I(V;EJ(Qg ;�); T ) = g(�)IC(Qg ;�) (6.1)

where � = EJ (Qg;�)=kBT . The function g(�) is plotted in �g. 2.5 (solid line)
and maps the critical current to the switching current. The maximum Imax

sw

and minimum Imin
sw switching current can now be calculated according to�

Imax
sw (�; T ) = Imax

C (�)g(�)
Imin
sw (�; T ) = Imin

C (�)g(�)
: (6.2)

The solid lines in �g. 6.9b shows the maximum and minimum switching current
obtained from equations (6.2) and a temperature of T =280 mK. Since the
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switching current measurements were done at 15 mK this high e�ective tem-
perature is attributed to excess noise reaching the sample. It should be noted
that the temperature is the only �tting parameter. The model agrees well with
the measured switching current over the entire range of EJ=EC . There is a
deviation between the measured and the theoretical minimum switching at low
EJ=EC ratio. This is due to an experimental problem of measuring low cur-
rents. The dotted line in �g. 6.9b shows the high temperature approximation
for the maximum switching current.

6.3 Conclusions

To conclude the measurement on CPTs it is clear that �ltering is of utmost
importance in order to obtain good control over quasi-particles. The �ltering
in this work is by no means optimized, but still good enough to observe clear
2e-periodic gate charge dependence in the switching current. Normal metal
gold leads as an additional `�lter' seems to reduce the QPP. If the �ltering is
improved further the gold leads might be superuous and can be skipped. As
a test to prove the 2e-periodicity magnetic �elds and temperature are used to
induce transitions to e-periodic switching current.

CPTs with tunable Josephson energy have also been measured. The switch-
ing current is tunable in magnitude and 2e-periodic in the whole range of tun-
ability. The switching current is however lower in magnitude and decreases
faster with decreasing EJ=EC as compared to the ideal critical current of a
CPT. This can be explained by a model where the CPT is viewed as a sin-
gle JJ with gate charge and magnetic �eld tunable critical current. The CPT
is embedded in a frequency dependent �nite temperature RCSJ-model, which
models the electrodynamic environment of the experiment. Good agreement
between the measured data and the model is found with an e�ective tem-
perature of the environment of approximately 300 mK. This relatively high
temperature is probably due to excess noise reaching the sample.

The switching current measurements in this chapter are summarized in �g.
6.10. The scattered data displays the maximum switching current normalized
by the single junction critical current IC0 for all the samples reported in this
chapter, both tunable and non tunable CPT. Also shown are the maximum
(solid line) and the minimum (dotted line) ideal critical currents. Fig. 6.10
shows that a higher percentage of the critical currents is observed for samples
with larger EJ=EC . This can be explained by the same frequency dependent
�nite temperature RCSJ-model. In fact, almost all of the measured switch-
ing currents from all samples falls between the lines in �g. 6.10 de�ned by
EC=kBT = 1 (dashed line) and 0.5 (dotted line). So for charging energy of say
50 �eV this corresponds to e�ective temperatures in the range 600-1200 mK.
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Chapter 7

Experiments on Josephson

junction arrays

Josephson junction arrays (JJAs) have been extensively studied over the last
twenty years. In the early experiments two-dimensional large capacitance JJAs
with classical phase were investigated. The research was mainly driven by the
possibility of studying the Berezinskii-Kosterlitz-Thouless transition in a con-
trolled way [95]. Other investigations were concerned with e.g. vortex dynamics,
non-linear dynamics and chaos. The progress in nanofabrication throughout
the last ten years, has made it possible to make JJAs with such a small ca-
pacitance that charging e�ects are observable. The competition between the
charging e�ects and the Josephson e�ects in small capacitance JJA have been
mainly studied in two-dimensional networks [96]. Most of the research has been
involved with quantum phase transitions [97] and the duality between vortices
and charges.

Experiments on one-dimensional JJAs have been much less frequent. The
superconductor-insulator transition has been studied by Chow et al. [98] and
charge solitons by Haviland et al. [64].

In this chapter measurements on tunable one-dimensional Josephson junc-
tion arrays (JJA) are described. The main focus has been to investigate the
IVCs of the arrays. All JJAs reported here are on the insulating side of the
superconductor-insulator transition and show Coulomb blockade at low bias.
The �rst part of this chapter presents the measured IVC at di�erent magnetic
�elds and temperatures. Theoretical simulations and �ts of the IVCs are then
performed and discussed. The chapter ends with a discussion on the direction
of the future experiments.

83
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7.1 Experimental results

The one dimensional JJAs are fabricated in a SQUID con�guration (see �g.
5.2d) which enables a magnetic �eld tunable e�ective Josephson energy for
the junction pair according to EJ (f) = E0

J j cos(�f)j, where the (magnetic)
frustration is de�ned as f = �=�0 = BA=�0. Here, � is the magnetic ux
through one SQUID loop with area A. The frustration f is frequently used
below to characterized the amount of suppression of the e�ective Josephson
energy.

7.1.1 The samples and their basic characteristics

Table 7.1 summarizes some important parameters for the measured arrays. The
energy gap �0 is calculated from the gap voltage Vgap = 2�0N=e. The gap
voltage is found from the maximum of the derivative dI=dV , which directly
reects the singularity in the superconducting density of states. The junction
(actually junction pair) normal state resistance RN and capacitance C, can
be found from the slope and the voltage o�set in the IVC at voltages far
above Vgap. The IVC asymptotically approaches the normal state IVC, V =
NRNI + Voff , where Voff = Ne=2C is the o�set voltage due to charging
e�ects. The determination of RN and C are somewhat ambiguous since it
depends on the bias voltage from where the extraction is done [99]. Here,
the extrapolation is done at voltage roughly 2-3 times the gap voltage. The
Josephson energy at zero magnetic �eld and the charging energy are calculated
as E0

J = (RQ=RN)�0=2 and EC = e2=2C, respectively.
The normal state resistance and the energy gap are determined with an

accuracy of better than 5% and hence the accuracy of E0
J is estimated to

be better than 10%. The values of C and hence EC are believed to be less
accurate since in the determination of C the parasitic capacitances to ground
and between non-neighboring islands are neglected [100].

All junctions are fabricated with a nominal area of 2 � 0:1 � 0:15 (�m)2,
and in spite of the large uncertainty in the estimation of C, all the JJAs in
table 7.1 show consistent capacitance. The resulting speci�c capacitance is in
the range 110� 120 fF=(�m)2.

7.1.2 Current voltage characteristics at di�erent magnetic

�elds

Fig. 7.1 shows a IVC for sample JJA1 at three di�erent scales. The top most
graph a) shows a large scale IVC with the total gap voltage Vgap at approxi-
mately 90:5 mV . The inset shows the conductance G = dI=dV plotted versus
positive V . At the gap voltage the conductance peaks. Zooming in two or-
ders of magnitude in voltage towards the origin, a region of bi-stability and
hysteretic behavior is observed in the IVC (�g. 7.1c). A Coulomb blockade
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Figure 7.1: The current voltage characteristics for sample JJA1 at di�erent
scales. The temperature is 15mK and the frustration is f = 0:333. The total
gap voltage is seen in �gure a) at 90:5 mV . The inset shows the conductance
G = dI=dV in units of p
�1. Figure c) shows a zoom of two orders of magnitude
in voltage towards the origin where a Coulomb blockade region (an `in�nite-
resistance' branch) exist up to a threshold voltage of � 1 mV .
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JJA# 1 2a 2b 3 4a 4b 4c 4d
N 255 127 255 167 51 101 201 401

�0 (�eV ) 177 183 180 218 153 157 160 156
RN (k
) 8.3 10.2 9.8 13.3 5.4 5.9 6.3 5.9
C (�F) 3.4 3.4 3.4 3.6 3.6 3.2 3.2 3.4
EJ (�eV) 69 58 59 53 91 86 82 84
EC (�eV) 24 23 24 22 22 25 25 23
EJ=EC 2.9 2.5 2.5 2.4 4.1 3.4 3.3 3.6

Gold leads? Yes No No Yes Yes Yes Yes Yes
Hysteresis? Yes No No Yes No Yes Yes Yes

Table 7.1: Table over some of the important parameters for the measured
arrays.

state with apparently zero current exists up to a voltage, Vsw . At Vsw the
JJA switches to �nal current state and the current is gradually increasing with
increasing voltage. On sweeping the voltage back to zero, it is possible to go
to a lower retrapping voltage, Vr � Vsw , before the Coulomb blockade state is
retrieved.

Fig. 7.2 displays two sets of IVCs for sample JJA4d measured with a vertical
loadline and a loadline of �1=20M
. The two sets of IVCs are identical with
the exception that the latter set shows back bending instead of hysteresis.
The full back bending is not observed. Instead the IVCs show a telegraphic
like switching between a zero current and a �nite current state. Fig. 7.2 also
demonstrates how the IVC is inuenced by a change in the frustration. The
frustration is increased from f1 = 0 in the topmost curve to f1 = 0:5 the lowest
curve in six equal steps. The reason for the subscript will become clear later.
At zero frustration the IVCs exhibit Coulomb blockade and as the frustration is
increased towards half a ux quantum the Coulomb blockade becomes stronger.
When f1 = 0:5, exactly one half ux quanta penetrates the SQUID loops
and the e�ective Josephson energy is minimized and the Coulomb blockade is
maximized. This modulation is periodic with the ux quanta with maximum
Coulomb blockade at every odd number of half ux quanta through the SQUID
loops.

The IVCs at di�erent frustrations for samples JJA4a-d are displayed in �g.
7.3. The samples JJA4a-d are all fabricated on the same chip and have very
similar parameters (see table 7.1). The only di�erence is the number of JJs in
the array. They all show the same tunability with magnetic �eld. However,
the back bending gets smaller as the array gets shorter and the shortest array
(sample JJA4a) does not show back bending at all.
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Figure 7.2: Measured current voltage characteristics for sample JJA4d using a)
vertical loadline and b) a loadline of�1=20M
. The topmost curve corresponds
to f1 = 0 and the lowest to f1 = 0:5.

Discussion

The impedance of the electromagnetic environment surrounding the JJA is
of the order of the free space impedance at high frequencies and thus much
smaller than the characteristic impedance of the JJA. The JJA is thus voltage
biased at high frequencies. The measured IVCs show hysteresis or back bending
depending on the bias resistor. The change of bias resistor is not believed to
a�ect whether the JJA is current or voltage biased, it merely de�nes the DC
load line of the IV measurement set-up and determines which parts of the IVC
that will be observable. This is supported by the measured IVCs in �g. 7.3,
which, with the exception of the hysteresis and back bending, are identical.

The measured IVCs are very similar to the IVC of a current biased single
junction as discussed in section 2.2. The back bending in the single JJ case
is due to Bloch oscillations. Bloch oscillations are also believed to be the re-
sponsible mechanism for the back bending/hysteresis observed in the present
experiments. In the single JJ case Bloch oscillations are only possible if the
junction is current biased and a voltage bias would in fact hinder the Bloch
oscillations and make the back bending disappear. Bloch oscillations and back
bending in a voltage biased JJA can be explained using either the independent



88 CHAPTER 7. EXPERIMENTS ON JOSEPHSON JUNCTION ARRAYS

0 1 2 3 4
0

50

100

150

200

250

300

Voltage [mV]Voltage [mV]

Voltage [mV]

JJA4d
N=401

C
ur

re
nt

 [
pA

]

Voltage [mV]
0.0 0.5 1.0 1.5 2.0
0

50

100

150

200

250

300
JJA4c
N=201

C
ur

re
nt

 [
pA

]

0.00 0.25 0.50 0.75 1.00
0

50

100

150

200

250

300
JJA4a
N=51

JJA4b
N=101

C
ur

re
nt

 [
pA

]

0.0 0.1 0.2 0.3 0.4 0.5
0

50

100

150

200

250

300

 

 

C
ur

re
nt

 [
pA

]

Figure 7.3: Measured current voltage characteristics for samples JJA4a-d with
a loadline of �1=20M
. The topmost curve corresponds to f1 = 0 and the
lowest to f1 = 0:5.
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junction model discussed in section 4.2.1 or the distributed SRLJ model dis-
cussed in section 4.3.1. In the independent junction model, although the JJA
is voltage biased, a JJ inside the array is believed to be current biased due to
the fact that it is surrounded by the high impedance formed by the other junc-
tions. In the distributed SRLJ model the voltage biased array is assumed to
have an inductive response. If the array is in a �nite current state the inductive
response makes it possible for a current to ow even if the voltage is below the
Coulomb blockade threshold.

The shortest array JJA4a in �g. 7.3 does not show back bending. This
indicates that Bloch oscillations do not occur in this array. The reason for
this might be that the characteristic impedance of shorter arrays do not ful�ll
the condition ZA(!) � RQ and hence the charge will su�er from quantum
uctuations. Another possible explanation can be that Bloch oscillations are
destroyed because the JJs are not biased with a good enough current source.
That is, using the independent junction model, a single JJ in a short array do
not see a large enough impedance to make it current biased. Or, using the
distributed SRLJ model, the inductive response of a short array is to small to
maintain a current ow below the Coulomb blockade threshold.

7.1.3 The switching and retrapping voltage at di�erent

magnetic �elds

The lower graph of �g. 7.4 shows the switching voltage and the retrapping
voltage for JJA3 as the frustration is tuned from f = 0 to f = 0:70. The solid
and the open circles refer to the switching and retrapping voltage, respectively.
The switching and retrapping voltage is extracted from IVC measurements with
a vertical loadline as shown in the upper graph of �g. 7.4. At zero frustration
the IVC has the minimal Coulomb blockade and as the frustration is increased
towards half a ux quantum, the Coulomb blockade region becomes larger.
When f = 0:50, exactly one half ux quantum penetrates each SQUID loop and
the Coulomb blockade is maximized (data points not shown). On continuing
to increase the frustration beyond f = 0:50 the region of Coulomb blockade is
reduced again. The size of the Coulomb blockade region is periodic with the
ux quantum as expected for a SQUID geometry. The shaded area indicates
where the current is so small that a de�nite switching voltage is diÆcult to
observe.

The switching voltage Vsw as a function of the magnetic �eld B for sam-
ple JJA4d is shown in �g. 7.5a (scattered data). As described above, Vsw is
expected to be periodically modulated with the magnetic �eld. The switching
voltage in �g. 7.5a shows a modulation with two di�erent periods, which indi-
cates that the JJA is not symmetric. In the fabrication of this chip there was a
slight misalignment of the angle in the shadow evaporation and thereby mak-
ing alternating SQUID loops with a larger area A1 and smaller area A2. Thus,
two di�erent frustrations exist for this JJA; f1 = BA1=�0 and f2 = BA2=�0
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Figure 7.4: The measured switching voltage and retrapping voltage for the
sample JJA1. The switching voltage (open circles) is unstable in comparison
with the retrapping voltage (solid circles).
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Figure 7.5: a) The measured switching voltage (solid circles) versus magnetic
�eld for sample JJA4d. The solid lines shows a theoretical �t which is described
in detail in the section 7.2.2. This set of data was collected by Karin Andersson.
b) The measured retrapping voltage divided by the number of junctions for the
samples JJA4a-d. The retrapping voltage per junction is scaling well for the
three longest JJAs.
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which corresponds to the frustration through the large and the small loops,
respectively.

Fig. 7.5b shows the retrapping voltage per junction vr = Vr=N for samples
JJA4a-d. The vr for the three longest arrays show scaling with N over the
whole range where a clear retrapping voltage can be observed. The shortest
array JJA4a shows a vr which is smaller than the other ones.

Discussion

For long enough JJA the observed retrapping voltage is proportional to the
number of junctions as demonstrated in �g. 7.5b. This is also true for the
switching voltage (data not shown). Thus, it is reasonable to assume that all N
junctions are charged up equally and in order to inject charges in the array the
voltage has to exceed N times the single junction threshold voltage, VC . Such
behavior is predicted if the capacitance to ground is negligibly small compared
to the junction capacitance, C0 � C. This is exactly the assumption of the
independent junction model (section 4.2.1) and the distributed SRLJ model
(section 4.3.1) in the long soliton limit. Both models will be discussed in the
�tting and simulation below.

The retrapping/switching voltage of the shortest array JJA4a in �g. 7.5b
does not scale in the same way as the longer ones. This is explained using the
same arguments as to why this array does not show back bending as discussed
in section 7.1.2.

In �g. 7.4 there is signi�cant scatter in the data for the switching voltage
Vsw. On repeated measurement of Vsw for �xed frustration, a distribution of
the values of Vsw is observed similar to that observed for switching currents
of Josephson junctions. This distribution can be explained by a model of
thermally activated escape from a potential well. Analysis of these distributions
within the context of such a model is described in reference [101, 85].

7.1.4 Current voltage characteristics at di�erent temper-

atures

The temperature dependence of the IVC for sample JJA4d is displayed in �g.
7.6 at four di�erent frustrations. As the temperature is increased the back
bending is reduced and between 150 and 190 mK it disappears.

A set of IVCs at di�erent temperatures for sample JJA1 at f = 0:33 is
displayed in �g. 7.7a. The IVCs are measured with a vertical loadline. The
switching and the retrapping voltage are plotted in �g. 7.7c versus temperature.
The switching voltage decreases approximately linearly with temperature while
the retrapping voltage is almost insensitive to temperature change below 75
mK. At about 120mK the hysteresis is washed out and the switching and
retrapping voltages become the same.
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Figure 7.6: The IVC for sample JJA4d at temperatures 492 (top), 426, 385,
346, 304, 263, 230, 190, 150, 106, 59, 17mK (bottom). Each graph corresponds
a certain frustration as indicated in the �gures. The back bending disappears
between 150 and 190 mK.
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Figure 7.7: a) IVCs at f = 0:667 measured with a horizontal loadline for
sample JJA1 at di�erent temperatures. The temperatures are 227, 183, 148,
118, 105, 95, 72, 50, 15 mK from top to bottom. The IVCs are vertically
displaced by 30 pA for clarity. b) A simulation of the temperature dependence
as described in subsection 7.2.1. c) The measured temperature dependence of
the switching voltage (open circles) and the retrapping voltage (solid circles).
At approximately 120 mK the hysteresis disappears. d) The dashed and the
solid lines show the upper and the lower bound of the simulated back bending
versus temperature.
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7.2 Fitting and simulations of results

7.2.1 Independent junction simulations

Simulations of IVCs using the independent junction model for sample JJA1 at
di�erent frustrations are displayed in �g. 7.8. The simulations are based on
the single JJ master equation approach discussed in section 2.2.1 but with the
voltage scaled by the number of junctions N . Graph a) and c) shows the mea-
sured IVC at two di�erent scales as the frustration is changed from 0 to 0:5 in
six equal steps. The corresponding simulations are shown in graphs b) and d).
In the simulation the charging and the Josephson energies are set equal to the
estimated values in table 7.1. At zero frustration E0

J=EC = 2:9 and for general
frustration the formula EJ=EC = (E0

J=EC)j cos(�f)j is used. The temperature
is equal to 15 mK. The subgap resistance is assumed to be characterized by
the quasi-particle resistance Rqp. Hence the simulated IVCs should asymp-
totically approach V = N(RqpI + e=2C). In the measured IVCs the subgap
resistance is nonlinear, so with a linear approximation �nding the theoretical
parameter Rqp becomes somewhat arbitrary. Here, the Rqp for each IVC is set
equal to the derivative dV=dI at 20 mV . The magnitude of Rqp determines the
damping parameter � = h=�2e2Rqp. A typical Rqp is of the order of 100 k

which results in an � of the order 0.01. Using the parameters above a quick
estimate of the crossover current where Zener transitions become important,
Icr = �EJ=

p
2haRqp, is of the order of 1 nA. This is far to large to be able

to describe the present experiments with crossover currents about one order of
magnitude lower. In order to bring down Icr the Zener tunneling probability
has to be increased. In the simulations shown in �g. 7.8 the exponent in the
Zener tunneling probability is multiplied with a factor 1=170. The simulated
IVCs show reasonably good agreement with the measured IVCs in the range
0-40 mV . Better agreement can be obtained for each IVC by individually
adjusting Rqp. The reason for the factor 1=170 is not yet understood.

The nonlinearity and the frustration dependence of the subgap IVC can not
be explained by thermal rounding, since the temperature is too small (kBT �
�0). Furthermore, the thermal rounding is not expected to be tunable with
frustration. The frustration dependent subgap IVC is assumed to be caused by
environmental e�ects. As the frustration is increased towards half a ux quanta
the Josephson energy is suppressed and the impedance of the array is increased.
This increases the impedance of the environment for each JJs, which has the
e�ect of strengthening the Coulomb blockade of the quasi-particles and hence
e�ectively increase the subgap resistance [102]. Nonlinearities might also be
caused by the interaction between neighboring junctions which is not included
in the present model.

By using the same model the temperature dependence of the IVC for sample
JJA1 can be simulated. Figure 7.7b shows such a simulation at a frustration of
f = 0:667 with the same parameters as in the simulation above. The simula-
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Figure 7.8: Graph a) and c) show the measured IVC for sample JJA1 at frus-
trations f = 0:083, 0:167, 0:25, 0:333, 0:417 and 0:5 from top to bottom. Graph
b) and d) show the simulated IVC using the independent junction model as
described further in the text.
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tions show the correct qualitative behavior; the increase in temperature washes
out the back bending. The temperature where the back bending disappears is
however only half of the measured temperature where the hysteresis disappears
(see �g. 7.7 d).

7.2.2 Fitting of the switching voltage

Since all JJA are in the limit C � C0, the switching voltage can be modeled
as being proportional to N times the single junction critical voltage, VC . The
dependence of VC on the ratio r = EJ=EC is assumed to be described by
VC(r) = vC(r)e=C where the function vC(r) is plotted in �g. 2.11. The ratio r is
depending on the frustration according to r = r0j cos(�f)j, where r0 = E0

J=EC ,
and hence the switching voltage is also frustration dependent as

Vsw = pNVC(r) = pNe
vC(r)

C
= pNe

vC(r0j cos(�f)j)
C

: (7.1)

where p � 1 is a proportionallity factor. For misaligned JJA with two alter-
nating SQUID loop areas A1 and A2 a similar treatment can be done. The two
areas can be written as �

A1 = A(1 + �)
A2 = A(1� �)

; (7.2)

where A is the area of the correct shift and � the shift error. Due to the design
of the JJA the same error will appear in the junction areas a1 and a2 but with
a change of sign �

a1 = a(1� �)
a2 = a(1 + �)

; (7.3)

where a is the junction area with correct shift. If the normal state resistance
and the capacitance of the JJ is assumed to be related to junction area as
RNi / a�1i and Ci / ai, then the ratio r0i = E0

Ji=ECi / Ci=RNi / a2i . Hence,�
r01 = r0(1� �)2

r02 = r0(1 + �)2
; (7.4)

where r0 is the ratio E0
J=EC with correct shift. The switching voltage of the

JJA is found by assuming that one half of the junctions have a critical voltage
VC1 and the other half a critical voltage VC2 as

Vsw = p
N

2
[VC1(r1) + VC2(r2)] = p

Ne

2

�
vC(r1)

C1
+
vC(r2)

C2

�
; (7.5)

where ri = r0ij cos(�fi)j. The solid black line in �g. 7.5a show a �t of expression
(7.5) to the measured switching voltage for sample JJA4d. The position of the
maxima in the switching voltage along the x-axis sets the shift error to � =0.16
and the area A � 0:176 (�m)2. Within this model, �xing � will �x the relation
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between a1 and a2, RN1 and RN2, C1 and C1 and hence between r1 and r2. In
the �tting procedure E0

J is kept �xed to the tabulated value in table 7.1 while
EC is allowed to vary. In order to get the �ts in �g. 7.5 the charging energy is
increased by 25% and the scaling factor is equal to 0.18. The increase of the
charging energy is within the error of the tabulated value. The scaling factor
means that only a certain fraction of the threshold (7.5) is observed. According
to the theory for a single junction in a high impedance environment (section
2.2.1) the maximum observable threshold is about 0:25e=C. Thus the factor in
the present �tting is of that same order.

The agreement between the �t and the measured switching voltage is good
but not perfect. Better �ts can be obtained by not letting the shift error � �x
the relation between the junction parameters and essentially introducing more
�tting parameters. However, the present �t is appealing since in principle there
is only two �tting parameters; the charging energy EC and the scaling factor
p.

7.2.3 Fitting of the hysteresis using the SRLJ-model

The hysteretic IVCs for sample JJA3 are �tted to the SRLJ-model eq. (4.19)
in �g. 7.9 . The nonlinear resistor in equation (4.19) is modeled as a linear
resistance R when jI j � I� and otherwise zero. Here I� is a characteristic
current where Zener transitions become probable. This is an approximation of
the Zener and quasi-particle transition which for a single junction is treated
in detail in reference [5]. The resistance R and the current I� is chosen such
that the �ts are a tangent to the IVC at a voltage equal to twice the threshold
voltage. For each frustration the damping parameter � is adjusted so that
the retrapping voltage and hence the amount of hysteresis is reproduced. The
inductance per junction is then calculated from �, L = �R2e=�VC . Within this
model, this �tting procedure is a consistent way to estimate the magnitude of
the inductance.

Fig. 7.10 (left axis) shows the inductance per junction needed to properly
account for the measured hysteresis. The inductance is very large and increases
more than two orders of magnitude as the frustration is changed from 0! 0:35.
The physical origin of the large inductance is not clear. The inductance is far
too large to be an electromagnetic inductance. In paper 4 an explanation in
terms of the kinetic inductance of the CPCS is given.

7.3 Discussion and Conclusions

There is a big gap between the theoretical descriptions and the experiments
on JJAs. The master equation approach has theoretically only been studied in
detail for one single Josephson junction [5, 103]. Extensions of the simulations
to JJA with N � 10 with general C=C0 would in principle be possible. On the
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Figure 7.9: Fitting (solid line) of the SRLJ-model to the measured IVC (open
circles) for JJA3 at two frustrations. The dotted line indicates the nonlinear
resistor that was used in the �tting.
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observed hysteresis plotted versus frustration for sample JJA3.
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experimental side shorter JJA could easily be fabricated. However, in order to
maintain a well de�ned charge and current bias a high impedance environment
close to the JJA needs to be fabricated. An interesting experiment would
be to fabricate on the same chip a set of short JJAs say N = 2; 4 and 8.
The short JJAs would be current biased by fabricating long (N > 200) high
impedance JJAs in the leads, similar to the experiment by Watanabe et al.
[42]. Tunable JJ would be useful, either in the long or the short JJAs or in
both. This facilitate a tuning of the impedance of the environment (the long
JJAs) and a tuning of the e�ective Josephson energy in the short JJAs. In
such an experiment a direct comparison with theory would be a lot easier than
in the present experiment.

In other experiments it would be interesting to try to �nd clear evidence for
the existence of Cooper pair charge solitons. One way of doing that would be
to observe resonant steps in the IVC. As described in the theory chapter the
resonant steps are expected at a current of

I =
n

S
2ev0: (7.6)

where n is the number of Cooper pairs in the array and v0 the electromagnetic
wave velocity. Thus in order to observe soliton e�ects n should be greater or
equal to one. That is, at least one Cooper pair localized in the array. In other
words it is necessary to reduced the soliton length as compared to the length of
the array. This can be done by reducing the ratio

p
Ceff=C0. Larger junction

areas would increase the capacitance C. This reduces the charging energy and
in order to keep EC � EJ the Josephson energy needs to be reduced too. The
reduction of EC and EJ are limited by the condition EJ ; EC � kBT . The
capacitance to the ground C0 can be increased by making larger island area
and by fabricating a ground plane closer to the array. The arrays can also be
made longer. Here the limitations are mainly determined by the quality of the
electron beam lithography. Longer junctions mean that the structures might
have to cross write �elds, where stitching errors can ruin the array uniformity.
This might be solved by designing the arrays in a meander structure within
one write �eld. In general longer arrays will cover a larger area of the chip and
have a higher probability of junction non-uniformity. Further experiments are
needed to test what kind of array lengths are most practical.

In conclusion to this chapter, IVCs of one-dimensional JJAs have been fab-
ricated, measured and theoretically analyzed. The JJAs were fabricated in a
SQUID geometry which allowed for an in situ tuning of the e�ective Joseph-
son energy by application of a magnetic �eld. The measured IVCs show a
Coulomb blockade of Cooper pair tunneling which is tunable with magnetic
�eld and periodic with the ux quanta. The IVCs also show hysteresis or back
bending, depending on the load line. This is evidence for Bloch oscillations.
The possibility of Bloch oscillations in a voltage bias JJA are explained using
either the independent junction model or the SRLJ model. Both models have
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been used to simulate and �t the measured IVCs. With the independent junc-
tion model good agreement is obtained by increasing the probability of Zener
tunneling. The reason for this is not yet understood. The SRLJ model can
qualitatively explain the measured IVCs and the hysteresis. However, in order
to reproduce the hysteresis very large inductance is needed. The reason for this
large inductance or the validity of the SRLJ model is not clear.

The theoretical description of a one dimensional array of Josephson junction
in this thesis has been strongly simpli�ed. For example no e�ects of background
charges or surrounding environment have been taken into account. In general
a full capacitance matrix should also be used instead of only C and C0.
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Chapter 8

The Array-qubit

Throughout the last �ve years, it has been realized that JJs can be used to form
a quantum mechanical bit (qubit), working with either charges [12, 13, 14, 15,
17, 19, 18] or uxes [20, 21, 22, 23, 24]. Ever since the original charge JJ-qubit
proposal by Shnirman et al. [12] in 1997 and the subsequent experiment by
Nakamura et al. [15] in 1999 the research on JJ-qubits have had a consider-
able boost. Today, almost all groups doing small capacitance JJ physics are
working with some qubit-related research. New theoretical qubit proposals,
operation and read-out schemes are frequently being reported and impressive
qubit experiments are beeing demonstrated.

This chapter will focus on JJ charge qubits and starts with a short review of
the simplest JJ charge qubit, the superconducting Cooper pair box (SCB). The
Hamiltonian for the SCB excluding the electromagnetic environment is derived
and reduced to an e�ective Hamiltonian for a 2-level system. It is described
how the SCB 2-level system can be used as a qubit. The chapter continues with
a description of the array-qubit. The array-qubit Hamiltonian is derived and
reduced to an e�ective 2-level system. The principle of operation of the array-
qubit with the Quantum Sample and Hold (QUASH) measurement scheme is
explained.

8.1 The SCB Qubit

Two typical superconducting Cooper pair boxes (SCBs) are displayed in �g.
8.1. The upper SCB (a) is identical to the original qubit proposal by Shnirman
et al. [12] while the lower SCB (b) is the layout on which most experiments
have been performed [15, 104, 105]. The two SCB systems are more or less
identical and described by the same Hamiltonian. In the following subsections
the attention will be focused on the left SCB.
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Figure 8.1: Two di�erent superconducting Cooper pair boxes.

8.1.1 The SCB Hamiltonian

The SCB in �g. 8.1a) consists of two superconducting islands separated by a
Josephson junction with Josephson energyEJ and capacitance C. Two voltages
�Vg and +Vg are capacitively applied through two capacitors Cg to each island.
The two islands are described by the number of Cooper pairs (n1; n2) and the
superconducting phases ('1; '2). The quasi-particle gap is assumed to be much
larger than all other energy scales so that quasi-particle tuneling is suppressed
and only Cooper pair degrees of freedom are relevant. The two capacitors
isolate the JJ so that no DC current can ow through the circuit. This �xes
the total number of Cooper pairs on the two islands K = n1 + n2 and hence
makes the conjugate variable � = ('1 + '2)=2 completely unde�ned. The
Hamiltonian for this system can be calculated (see appendix C.1) to

H = 4EC�(k + kg)
2 �EJ cos Æ: (8.1)

where EC� = e2=C�, C� = Cg=2+C and kg = CgVg=2e. Here k = (n2�n1)=2
and Æ = '2 � '1 are operators for the di�erence of Cooper pairs and the
di�erence of phase between the two islands, respectively.

The Hamiltonian (8.1) is very similar to the Hamiltonian (2.18) for the
single JJ in the high impedance electrodynamic environment. However, instead
of charge being delivered to the junction with a current source the charge is
now induced with a capacitive coupling to a voltage source. The energy bands
are identical to �g. 2.9 but with gate charge kg instead of quasi-charge on
the x-axis. Each charging parabola corresponds to a certain di�erence in the
number of Cooper pairs k. At each intersection of the parabolas the Josephson
energy couples neighboring states, leading to an anti-crossing (see �g. 8.2, upper
graph). If the system initially is in the ground band at e.g. kg = 0 the di�erence
in the number of Cooper pairs between the islands is zero. In other words,
no Cooper pair have tunneled through the JJ. If kg is increased adiabatically
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towards kg = 1 one Cooper pair will tunnel through the JJ. The average charge
di�erence is described by [104]

hki = 1

2
+

(2kg � 1)

2
p
(2kg � 1)2 + (EJ=4EC)2

(8.2)

and plotted in the lower graph of �g. 8.2 with EJ=EC = 0:2

In the system described above the number of Cooper pairs tunneling through
the JJ can be directly controlled by the applied voltage. Systems of this type
are usually referred to as a Single Cooper pair box (SCB).

Figure 8.2: a) The e�ective two level system energy levels as a function of
the gate charge. b) The average charge di�erence as the gate charge is swept
adiabatically across the degeneracy. Here EJ=EC = 0:2.
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8.1.2 The e�ective two level system

In the limit EJ=EC� � 1 the Hamiltonian (8.1) is conveniently described in
the charge states basis as (see appendix C.1)

H =
X
k

�
4EC�(k + kg)

2 jki hkj � 1

2
EJ (jk + 1i hkj+ jki hk + 1j)

�
: (8.3)

If kg is restricted to a range close to a degeneracy, say kg = 1=2, only the
two charging states j0i and j1i will be of importance. The energy of the other
states are much higher. In the charge subspace (j0i, j1i) the Hamiltonian (8.3)
is expressed as

H =
1

2

� �E �EJ
�EJ +E

�
(8.4)

where the reference energy Er = EC� [(1�2ng)
2+1] has been subtracted. Here

the diagonal terms are E = E(ng) = 4EC�(1� 2ng).
In a spin half representation the two level Hamiltonian (8.3) can be written

as

H = �1

2
E�̂z � 1

2
EJ �̂x = �1

2
~E � ~�; (8.5)

where the e�ective �eld vector is ~E = [EJ ; 0; E] and the spin vector ~� =
[�̂x; �̂y; �̂z ]. The components of the spin vector are the usual Pauli spin matri-
ces.

The two level Hamiltonian has eigenenergies [106]

E� = �1

2
j ~Ej = �1

2

q
E2 +E2

J (8.6)

and eigenstates

j+i = cos
�

2
j0i � sin

�

2
j1i (8.7)

j�i = sin
�

2
j0i+ cos

�

2
j1i ; (8.8)

where � = arctan(EJ=E). The energy levels close to the kg = 1=2 degeneracy
is plotted in �g. 8.2. The Josephson energy couples neighboring charge states
and leading to the well known anti-crossing of the eigenenergies. At degeneracy
the energy gap is minimized to EJ and the eigenstates are the symmetric and
the anti-symmetric combinations

jai = j+i = 1p
2
(j0i � j1i) (8.9)

jsi = j�i = 1p
2
(j0i+ j1i) : (8.10)
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8.1.3 The SCB as a Qubit

In order for the SCB to be used as a qubit is should be possible to at will
put the 2-level system in an arbitrary initial superposition of its basis states.
Furthermore, it should be possible to coherently manipulate the superposition
and �nally to read out the state of the qubit. In the SCB the manipulations
are done with voltages and magnetic �elds. The diagonal terms in the Hamil-
tonian (8.5) can be manipulated by applying voltage pulses or RF-signals to
the gate capacitor. The o� diagonal terms can also be controlled by replacing
the single Josephson junction with a SQUID and thus enable a tuning of the
e�ective Josephson energy. Manipulations using these techniques have been
demonstrated in experiments [15, 18, 19].

One �ngerprint of a coherent superposition of a two level system is the so
called coherent oscillations. It describes the oscillating probability of �nding
the system in state j1i starting from the state j0i at time t = 0. This probability
is easily derived by �rst �nding the time evolution of j (t)i = a(t) j0i+ b(t) j1i
from the time dependent Schr�odinger equation using j (t = 0)i = j0i as an
initial condition and then calculate the probability P0!1 = j h1j (t)i j2 [106].
For the SCB this probability is equal to

P0!1 = j h1j (t)i j2 = A sin2 (!t) =
E2
J

E2 +E2
J

sin2

 p
E2 +E2

J

�h
t

!
: (8.11)

The oscillating probability directly reects the coherent time evolution of the
superposition state. At degeneracy the amplitude of the oscillations are max-
imzed to A = 1 and the oscillation frequency is minimized to ! = EJ=�h. In
experiments the amplitude of the coherent oscillations are usually observed to
decay exponentially in time. This is caused by coupling of the two-level system
to environmental degrees of freedom. Fluctuations in the environment induces
uctuations in the energy eigenvalues which results in an uncontrolled phase
evolution !t in time. The loss of probability amplitude due to this process is
characterized by the decoherence time ��. Fluctuations in the environment can
also induce tunneling between the eigenstates. This process is characterized by
the relaxation time �relax. Any coherent manipulation of the qubit needs to be
performed on time scales shorter than ��, while measurements of the state of
the qubit needs to be done before the qubit relaxes, i.e. �meas < �relax.

The inuence of uctuations in the bias circuit on the SCB can be modeled
by assuming that it is connected to an ideal voltage source in series with an
impedance Z(!) [12, 16]. The impedance characterizes the environment and
has intrinsic voltage uctuations that couple to the SCB through the gate ca-
pacitors. The e�ect of the impedance can be taken into account on a quantum
mechanical level by modeling it as a bath of harmonic oscillators with appropri-
ate power spectrum. For a purely resistive impedance Z(!) = R the relaxation
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Figure 8.3: The schematic picture of the array-qubit. The middle island is
assumed to be grounded (not shown) and not counted.

and dephasing times have been calculated to [12, 16]

��1relax = ��
j ~Ej
�h

sin2 � coth
j ~Ej
2kBT

(8.12)

��1� =
1

2
��1relax + ��

2kBT

�h
cos2 � (8.13)

where the coupling of uctuations in the resistor to the SCB is described by

� =
4R

RK

�
Cg
C

�2
: (8.14)

Here RK = h=e2. Thus, in order to have large �� and �relax the coupling
parameter � should be made small, by having small circuit resistance and
small gate capacitor. For typical values R = 50
 and C = 100Cg the coupling
parameter is � � 10�7. The relaxation and dephasing times at degeneracy
(� = �=2) for EJ ' EC ' 40 �eV and T = 15 mK is of the order of 10 �s.

Presently, a lot of research on JJ-qubits are concerned with di�erent read-
out schemes. Ideally the state of the qubit should be read in a single shot, i.e.
only one measurement is needed to tell whether the qubit is in state j0i or j1i.
The detector should disturb the qubit as little as possible while turned o� and
measure the state fast enough (�meas < �relax) while on. The single electron
transistor as a detector is discussed in references [16, 17, 107].
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8.2 The Array-qubit

The SCB operated as a qubit requires a detector with a fast readout of the
quantum state. Here a di�erent qubit, called the array-qubit, is described
which does not rely on a fast readout scheme.

8.2.1 The Hamiltonian

The array-qubit is pictured in �g. 8.3 and consists of an array of an even
number of N Josephson junctions in a SQUID con�guration. The middle island
is assumed to be connected to ground (not shown). This ensures that excess
Cooper pairs (ECP) can relax during the cool down. All other islands are
connected capacitively to control voltages. The N islands (the grounded island
is not counted) are characterized by the number of excess Cooper pairs ni
and the superconducting phase 'i, which satis�es the commutation relation
[ni; 'j ] = �iÆij . The JJs are assumed to be identical and characterized by EC
and EJ . In the array-qubit there is also a capacitive coupling CC between the
leftmost and the rightmost island. The reason for this capacitor will become
clear later. The array-qubit is essentially the SCB-qubit in �g. 8.1a but where
the single JJ has been replaced with an array of JJ. The Hamiltonian for the
array-qubit is (see appendix D.1)

H(~n; ~') =
(2e)2

2
~nTC�1~n+ U(~'); (8.15)

where ~nT = [fni � ngigNi=1] and U(~') = �PN
i=1 EJi cos('i+1 � 'i). Here,

ngi = CgVgi=2e is the gate induced charge. The N � N capacitance matrix
has diagonal elements Cii = 2C+(CC �C)(Æci1+ Æci;N+1)+Cg and o�-diagonal
elements Ci;i+1 = Ci+1;i = C(Æi;N=2 � 1) and C1N = CN1 = �CC .

8.2.2 Hysteretic trapping

The working principle of the array-qubit is based on the possibility of hysteretic
trapping of Cooper pairs on either side of the array. A scheme for hysteretic
trapping can be set-up by applying gate potentials to the outermost electrodes
such that ng1 = n + Æn, ngN = n � Æn and ngi = 0 for all other islands. If
the common gate charge is set to n = 1=2 and the di�erential gate charge
to Æn = 0 the electrostatic energy of the array will be minimized if one ECP
resides at one or the other end of the array. The charge states j"i = j0::01i and
j#i = j10::0i are degenerate. These two state will later form the two basis state
in the array-qubit. As an example, the total electrostatic energy for having
one ECP on each island in a �ve junction array-qubit is plotted in �g. 8.4.
The Æn = 0 situation corresponds to the middle panel and forms a symmetric
double potential well. If Æn is tuned in either direction that will cause a tilting
of the double potential and thus make it energetically favorable for the ECP to
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Figure 8.4: A plot of the energy to put one excess charge on each island for
an array-qubit with N = 4 as Æn is varied. The middle island is grounded and
is also used as a reference point for the energy scale. Here Cc = C = 100Cg
which results in a Ænc � 3.
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Figure 8.5: The energy levels for an array-qubit with N = 4, Cc = C = 100Cg
and EJ=EC = 0:8. The middle island is grounded.

be at one side or the other. Above some critical value of jÆnj = Ænc there will
electrostatically be only one global minima. Based on �g. 8.4 the main idea
of the hysteretic trapping can be understood. Assume, for the moment that
only single ECP excitations are allowed and that thermal e�ects and quantum
tunneling of ECP between islands are neglected. Then, by starting at Æn > Ænc
the ECP will be on island 1. If now Æn is reduced below Ænc the ECP still stays
in the global minima on island 1 but a local minima for the electrostatic energy
of the ECP is appearing on island N . As Æn is reduced below zero the role
of the local and the global minima is exchanged, and the ECP now resides in
a local minima on island 1. For Æn � �Ænc the local minima disappears and
the ECP will move to the global minima on island N . If Æn is now increased
instead, exactly the same but the opposite will happen. Thus by sweeping back
and forth across the degeneracy a hysteretic trapping of the ECP on either side
of the array will occur.

In reality single ECP are not the only excitations in the array and to be
general all charge con�gurations jn1; n2; :::; nN i should be included in the de-
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scription of the hysteretic trapping. Thus, in a hysteretic sweep there exists
a number of possible paths from j"i to j#i that are not necessary single ECP
excitations. The hysteretic trapping will be further modi�ed if �nite temper-
ature and quantum e�ects are included. Finite temperatures allows thermal
hopping between charge con�guration whose energy di�erence is less or of the
order of kBT and quantum e�ects will allow tunneling between di�erent charge
con�gurations. A complete description of the hysteretic trapping is a complex
problem and for the moment not known. However, for the chosen bias condi-
tions an approximate description close to degeneracy Æn = 0 can be done. Near
degeneracy the two lowest charge con�gurations j"i and j#i are separated from
the other charge con�gurations by an energy �E (se �g. 8.6). This separation
can further be controlled by the coupling capacitor CC . A larger CC lowers
the charging energy for the two outermost islands and leads to an increase of
�E. If the temperature is low such that kBT � �E, thermal population of
other charge con�gurations can be neglected and the system can be described
by a simple two level model.

8.2.3 The e�ective two level system

Close to Æn = 0 and in the limit kBT � �E and EJ � EC the Hamiltonian
(8.15) can be expressed in the subspace (j"i, j#i) as

H = �1

2
Ez�̂z � 1

2
Ex�̂x (8.16)

where Ez � (Cg=C)eÆV and Ex � EC(EJ=EC)
N . This two level Hamiltonian

is very similar to the SCB two level Hamiltonian. However, since the tunneling
between the two states (j"i, j#i) involve tunneling throughN JJ, the �̂x compo-
nent depends on the Josephson energy to the power of N . This results in an en-
ergy gap between the two energy levels at degeneracy of Egap � EC(EJ=EC)

N .
In other words, the coupling between the states (j"i, j#i) is a rapidly vary-
ing function of EJ=EC . As an example consider an array-qubit with tunable
EJ=EC (i.e. with SQUIDs) and N = 4. Let EJ=EC = 1 in the on-state (zero
ux through the SQUIDs) and at best EJ=EC = 0:02 in the o�-state (half a
ux quanta through the SQUIDs). Then the gap is tunable in the range of
Egap=EC � 1! 10�7.

Relaxation and decoherence time estimates for the array qubit have been
done by Karlhede and Hansson [108] for the four junction case. By using a
model similar to the one for the SCB they were able to write �relax and �� on

the same form as in eq. (8.12) but with j ~Ej =pE2
z +E2

x, � = arctan(Ex=Ez)
and a modi�ed coupling parameter

�a =
8R

5RK

�
Cg
C

�2
: (8.17)
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Figure 8.6: The upper graph shows a zoom of the e�ective two level system
for the array-qubit. The lower graph shows the average number of ECP on the
rightmost island.

For typical values R = 50
, C = 100Cg, EJ ' EC ' 40 �eV and T = 15
mK the relaxation and dephasing times at degeneracy, in the on-state (EJ=EC
maximized), is of the order of 10 �s. In the o�-state the relevant time scale
�relax > 1 s. Thus, with the array-qubit design it possible to e�ectively turn o�
the coupling between the two states and make the relaxation time long. This
makes it possible to hold the charge state for long enough time to measure it
with a slow charge detector.

8.2.4 Hysteresis in the two-level system

The energy eigenstates for the e�ective two-level system is shown schematically
in the upper panel of �g. 8.6. If Æn is swept adiabatically back and forth
across the degeneracy point the average excess charge hn1i on island one will
continuously vary between 0 and 1. This corresponds to the dashed line in
the lower panel of �g. 8.6. If, on the other hand, the sweep is done non-
adiabatically, hn1i can show hysteresis (see �g. 8.6, solid line). The condition
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for non-adiabaticity is that the characteristic sweep time �sweep should be much
shorter than the time �h=Egap. This is easily obtained in the array-qubit since
Egap can be e�ectively suppressed. Starting from the lowest energy state and
sweeping non-adiabatically across the degeneracy point the system stays in its
initial state.1 This state is no longer the lowest energy state and at some point,
if �sweep is of the same order as �relax, the system relaxes to the lowest state.
Thus the conditions for observing hysteresis become �relax � �sweep � �h=Egap.

8.2.5 Coherent oscillations in the array-qubit.

Figure 8.7: A timing diagram showing two cycles of a QUASH measurement.
When the Josephson coupling (panel a) is on, the qubit evolves coherently, and
the probability P"(�t) (panel b) of being in charge state j"i oscillates. During
this phase the bias (panel c) of the SET is turned o� and no current (panel d)
is measured. The probability P"(�t) is sampled by turning o� the Josephson
coupling, and a projective quantum measurement of the charge is initiated by
turning on the SET. The qubit holds the charge for a long time and the current
through the SET that determines the charge can be measured. The cycle is
then repeated, with the output charge state (either j"i or j#i) serving as input
state, and a series of measurements on identical quantum systems is performed
from which P"(�t) is obtained.

1This is called a Zener transition.
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In order to demonstrate coherent oscillations in the array-qubit the following
operation scheme can be used. The array-qubit is biased in Æn so that the
eigenstates in the o�-state corresponds to the charge states (j"i, j#i) and in
the on-state to the symmetric and anti-symmetric combinations of the charge
states (j+i = (j"i � j#i)=p2, j�i = (j"i + j#i)=p2). Initially, half a ux
quantum is applied through the SQUID loops and thereby suppressing EJ=EC
to a minimum. Assume for simplicity that the array-qubit is in state j i = j"i
(see later on how to obtain this) which is the lowest eigenstate and therefore
stable. At time t = 0 the ux through the SQUID loops is changed to zero and
the tunneling probability is turned on. The charge state j"i is no longer an
eigenstate and j (t)i will start to coherently oscillate between j"i and j#i with
periodicity �h=Egap. At a later time �t the coupling is turned o� again and
the quantum evolution of the system is frozen. The bias voltage of the charge
electrometer is turned on and the state j (�t)i will collapse to either j"i and
j#i. The exact mechanism for the collapsing is not important (it can be due
to noise from the electrometer, background charges, temperature etc.) as long
as the occupation probabilities remains the same. Since the relaxation process
involvesN tunneling events the relaxation time is long. The state of the system
is read from the electrometer current level within a time �meas < �relax. This
procedure is now repeated as many times that is necessary in order to build up
enough con�dence in the probability P"(�t) = j h" j (�t)i j2 of ending up in
the state j"i after time �t starting from the state j"i. The probability P"(�t)
will oscillate according to P"(�t) � sin2(Egapt=�h) with time �t. The above
measurement strategy is called the Quantum Sample and Hold measurement
scheme. Here `sample' refers to the moment when the coupling is turned o�,
and `hold' refers to the freezing of the occupation probabilities.

There are in principle three ways of ensuring the state at t = 0. Firstly,
waiting a time much longer than the �relax between consecutive measurements
ensures that the initial state is the lowest lying charge state. This is not a
time eÆcient way. Secondly, it is possible to before each cycle do a sweep of Æn
outside Ænc and back to the point of operation so that the initial state becomes
well de�ned. Thirdly, and most time eÆciently, is to repeat the next cycle faster
than the relaxation time and use the read-out from the last measurement as
an initial state for the next one.

8.2.6 Towards array-qubit experiments

The �rst thing to test in an experiment is to make a linear array of JJs with one
side grounded and the other side connected capacitively to a voltage source,
thus forming a linear trap. The gate capacitor should be larger than the junc-
tions capacitors so that the charging energy of the trap islands is lower than
on the other islands. The loading and unloading of the trap is controlled by
the gate voltage and the number of ECPs on the trap island is measured by a
Cooper pair transistor. Since the trap island is coupled strongly to the outside



116 CHAPTER 8. THE ARRAY-QUBIT

world (Cg=C > 1) this would not constitute a good qubit. However, interesting
experiments on hysteretic trapping can still be done. If hysteretic unloading
and loading of Cooper pairs is observed, it would be interesting to investigate
how the trapping is a�ected by tuning of the e�ective Josephson energy. For
example, is it possible to tune from a hysteretic to a continuous loading of the
trap. Furthermore, experiments of this type would also increase the under-
standing of how quasi-particles and background charges a�ects the system.
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Appendix A

The RCSJ model and the

distributed SRLJ model

A.1 The RCSJ model

A current biased JJ in a low impedance environment with well de�ned phase
is modeled as a perfect current source IB biasing a parallel combination of an
ideal JJ, a resistor R, and a capacitor C. The ideal JJ is described by the
Josephson relations

I = IC sin Æ (A.1)

V =
�0

2�
@tÆ: (A.2)

Summing up the total current through the three elements results in

IB = IC sin Æ +RI + C@tV: (A.3)

By using the second Josephson relation (A.2) and by rescaling time accord-
ing to � = (2�RIC=�0)t and some trivial rearrangements the Resistive and
Capacitively Shunted Junction (RCSJ) di�erential equations is obtained

IB
IC

= sin Æ + @�Æ + �@��Æ (A.4)

where the damping is equal to � = 2�
�0
ICCR

2.

A.2 The distributed SRLJ model

A 1D JJA is modeled as an array of single junction SRLJ-element (�g. 4.3a).
Each element consists of a serial combination of an ideal JJ, a resistor R and
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an inductor L with a capacitive coupling C0 to the ground (�g. 4.3b). The
voltage drop across one element is then equal to the voltage drop across an ideal
junction, a resistor and an inductor. The current change across one element
comes from the capacitor. This can be written as a set o� `transmission line'
equations for the array as

V (x+ a)� V (x)

a
=

VC
a

sin�+
2e

2�

L

a
@tt�+

2e

2�

R

a
@t� (A.5)

I(x+ a)� I(x)

a
=

C0
a
@tv (A.6)

where a is the length of each element. If a is small compared to the soliton
length (see below) the `transmission line equations' can be written in a contin-
uum form

@xv = vC sin�+
2e

2�
l@tt�+

2e

2�
r@t� (A.7)

2e

2�
@xt� = c0@tv: (A.8)

The small characters indicates physical quantities per unit length. Di�eren-
tiating eq. (A.8) with respect to x and integrating with respect to t results
in

2e

2�
(@xx�� @xx�(t = 0)) = c0(@xv � @xv(t = 0)): (A.9)

Assuming that no charge solitons are present in the array as an initial condition
eq. (A.10) is simpli�ed to

2e

2�
@xx� = c0@xv: (A.10)

By combining the above expression with eq. (A.8) a nonlinear di�erential
equation for the charge is retrieved.

@xx�� lc0@tt�� vCc0
2e=2�

sin� = rc0@t� (A.11)

Here it is convenient rewrite eq. (A.11) by introducing the electromagnetic
wave velocity, v0, and the soliton length, �s, as

@xx�� 1

v2o
@tt�� 1

�2s
sin� = rc0@t� (A.12)

where

v0 =
1p
lc0

(A.13)

�s =

s
2e=2�

vCc0
(A.14)
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By rescale time and space according to

z =
1

�s
x (A.15)

� =
v0
�s
t (A.16)

a nonlinear damped sine-Gordon equation results

@zz�� @���� sin� = �@t� (A.17)

where

� = rc0v0�s =
rc0p
lc0

�s =
1p
�

(A.18)

is a damping parameter. The boundary conditions are

@z�(�s=2; �) = �V=Vth (A.19)

@z�(+s=2; �) = +V=Vth (A.20)

where
Vth = 2�svC (A.21)

Here Vth is the threshold voltage for Cooper pair tunneling in the array. The
total array length S = Na is normalised according to s = S=�s, where N is
the number of junctions.
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Appendix B

Numerical simulations

B.1 Soliton simulations

The perturbed Sine-Gordon equation (PSGE)

@zz�� @���� sin� = �@t� (B.1)

with boundary conditions

�z(�s=2; �) = �L (B.2)

�z(+s=2; �) = �R (B.3)

can be solved numerically by using a �nite di�erence method. The array of
length s is splitted into N � 1 segments of length h = s=(N � 1) (�g. B.1).
Time is cut in a similar way in M � 1 steps of size k = T=(M � 1). The charge
in the array will be described at N nodes in space and M nodes in time, thus
forming an N �M matrix. In order to incorporate the boundary conditions
(B.2) two `ghost' points at each time step are introduced. The double space
and time derivatives are approximated using a symmetric four point scheme

@zz� =
�i+1;j � 2�i;j + �i�1;j

h2
(B.4)

@��� =
�i;j+1 � 2�i;j + �i;j�1

k2
(B.5)

and the single derivative using a forward di�erence approximation

@�� =
�i;j+1 � �i;j

k2
: (B.6)

The boundary conditions will be

�1;j � �0;j
h

= �L (B.7)

�N+1;j � �N;j
h

= �R: (B.8)
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Figure B.1: A sketch of the grid used in the �nite di�erence method. The array
of length s is splitted into N�1 segments of length s=(N�1). The open circles
symbolize `ghost' nodes which is used to set the boundary conditions.

The PSGE (B.1) can be rewritten as an iterative equation for 2 � i � N�1

(�k + 1)�i;j+1 = r2�i�1;j + (2� 2r2 + �k)�i;j + r2�i+1;j � �i;j�1 � k2 sin�i;j
(B.9)

with the boundary conditions

(�k + 1)�1;j+1 = (2� r2 + �k)�1;j + r2�2;j � �1;j�1 �
�k2 sin�1;j � r2h�L (B.10)

(�k + 1)�N;j+1 = r2�N�1;j + (2� r2 + �k)�N;j � �N;j�1 �
�k2 sin�N;j + r2h�R: (B.11)

The above iterative formulas can be used to simulate the evolution of the
quasi-charge along the array in time. The charge at node (i; j+1) is calculated
from earlier times and from neighboring nodes as indicated by the dotted line
in �g. B.1. Proper initial condition should also be selected.



Appendix C

Derivation of Hamiltonians

for one JJ

Below follows a derivation of some Hamiltonians for a single JJ in a capacitive
environment and in a high and low impedance environment.

C.1 The capacitive environment - SCB limit

A JJ in a capacitive environment is schematically drawn in �g. 8.1a. It cor-
responds to the Single Cooper pair Box (SCB) circuit. The circuit consists of
two superconducting electrodes separated by a Josephson junction with Joseph-
son energy EJ and capacitance C. Two voltages Vg1 and Vg2 are capacitively
coupled through Cg1 and Cg2 to the electrodes. The number of Cooper pairs
in each electrode is assumed to be even. Electrode i contains ni numbers of
Cooper pairs, where i = 1; 2. The conjugate variable to ni is the phase of
the superconducting order parameter 'i. The voltage on island i is given by
Vi = (�0=2�) _'i = _�i, where the dot has the meaning of partial time derivative.
The electrostatic energy of the circuit is

T =
Q2

2C
+

Q2
g1

2Cg1
+

Q2
g2

2Cg2
+Qg1Vg1 +Qg2Vg2; (C.1)

where the charges on the junction and the gate capacitors are

8<
:

Qg1 = Cg1( _�1 � Vg1)

Qg2 = Cg2( _�2 � Vg2)

Q = C( _�2 � _�1)

: (C.2)
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By inserting the relations (C.2) in equation (C.1) and rearranging the electro-
static energy yields

T =
1

2
_~�
T

C
_~�� 1

2
Cg1V

2
g1 �

1

2
Cg2V

2
g2; (C.3)

where ~�T = [�1;�2] and where C is the capacitance matrix de�ned as

C =

�
Cg1 + C �C
�C Cg2 + C

�
: (C.4)

The Lagrangian for the system can now be written as L(~�;
_~�) = T (

_~�) �
U(~�) where the electrostatic energy plays the role of kinetic energy and the

Josephson energy U(~�) = �EJ cos('2 � '1) = �EJ cos(2�(�2 � �1)=�0) the

role of potential energy. The conjugate momenta are found as ~P = @L=@
_~� =

C
_~� which results in

~P =

�
P1
P2

�
=

�
2en1 + Cg1Vg1
2en2 + Cg2Vg2

�
; (C.5)

where 2en1 = Qg1 �Q and 2en2 = Qg2 +Q. The Hamiltonian can now easily
be calculated as

H(~P ; ~�) = ~�T ~P � L(~�;
_~�) =

1

2
~P TC�1 ~P + U(~�); (C.6)

where the inverse capacitance matrix is

C�1 =
1

jCj
�
Cg2 + C C

C Cg1 + C

�
; (C.7)

with the determinant jCj = Cg1Cg2+(Cg1+Cg2)C. In expression (C.6) a term
Cg1V

2
g1=2 + Cg2V

2
g2=2 has been dropped for simplicity. The Hamiltonian (C.6)

can be rewritten as

H(~p; ~') =
(2e)2

2
~pTC�1~p+ U(~'); (C.8)

where ~pT = [p1; p2], pi = ni + ngi and ngi = CgiVgi=2e. At this moment it is
convenient to de�ne a new set of parameters�

K 0 = p1 + p2
k0 = 1

2
(p2 � p1)

and

�
� = 1

2
('1 + '2)

Æ = '2 � '1
: (C.9)

Here K 0 and k0 are very similar to the parameters K and k de�ned in equa-
tions (2.1). The former ones, however, includes the gate induced charges. By
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expressing the Hamiltonian (C.8) in terms of these new variables and letting
Cg1 = Cg2 = Cg the Hamiltonian will read

H =
(2e)2K 02

4Cg
+ 4EC�k

02 �EJ cos Æ; (C.10)

where EC� = e2=2C�, C� = Cg=2 + C. As a further simpli�cation let Vg1 =
�Vg and Vg2 = +Vg. Then K 0 = K and k0 = k + kg , where kg = CgVg=2e.
For the SCB circuit the total number of Cooper pairs K on both electrodes
are conserved. So, as a simpli�cation, K can be set to zero. The Hamiltonian
(C.10) is then equal to

H = 4EC�(k + kg)
2 �EJ cos Æ: (C.11)

In the limit EJ=EC� � 1 it is convenient to express the Hamiltonian in the
complete and orthonormal charge basis jki. This is done by expanding H with
two completeness relations (

P
k jki hkj = 1)

Hc =
X
mk

jmi hmj Ĥ jki hkj : (C.12)

To work out howH operates on the charge state jki the following two operations
are needed

k jki = k jki (C.13)

e�iÆ jki = jk � 1i : (C.14)

By using cos Æ = (eiÆ + e�iÆ)=2, the orthonormality hmjki = Æcm;k and some
trivial calculations the Hamiltonian in the charge basis can be found as

Hc =
X
k

�
4EC�(k + kg)

2 jki hkj � 1

2
EJfjk + 1i hkj+ jki hk + 1jg

�
: (C.15)

In experiments usually asymmetric voltage bias is used (see �g. 8.1b). The
Hamiltonian in this case can be obtained from expression (C.6) by letting the
capacitance Cg1 !1 and the voltage Vg1 ! 0. This corresponds to grounding
the left side. The resulting Hamiltonian will read

H = 4EC0

�
(k + k0g)

2 �EJ cos Æ; (C.16)

where EC0

�
= e2=C 0�, C

0
� = Cg2 + C and k0g = Cg2Vg2=2e.

C.2 The high and the low impedance environ-

ment

The details of the impedance of the electrodynamic environment will not be
included in the Hamiltonian. Instead, only the stray capacitances C0 of the
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measurement leads are included as shown in �g. 2.1c. A high impedance cor-
responds to protecting the Josephson junction from the stray capacitance and
hence C0 is small. A low impedance corresponds to large C0.

The derivation of the Hamiltonian for the circuit in �g. 2.1c is very similar to
the capacitive environment. The only di�erence is that in the present case a DC
current will be allowed through the JJ. The e�ect of a current source is discussed
in the main text and here only the unbiased Hamiltonian will be calculated. The
Hamiltonian for the circuit in �g. 2.1c can be readily obtained from expression
(C.8), by setting the gate voltages to zero and the gate capacitors to C0, as

H(~n; ~') =
(2e)2

2
~nTC�1~n+ U(~'); (C.17)

where ~nT = [n1; n2] and U(~') = �EJ cos('2 � '1). The inverse capacitance
matrix is

C�1 =
1

jCj
�
C0 + C C
C C0 + C

�
: (C.18)

where jCj = C2
0 + 2C0C.



Appendix D

Derivation of Hamiltonians

for N JJs

The derivation in this appendix is a trivial extension of the derivation shown
for the single JJ in appendix C. First a Hamiltonian for a general JJA will be
derived. Then with small modi�cations, the Hamiltonian for the array-qubit
and the JJA in a high impedance electrodynamic is retrieved. This appendix
ends with a derivation of the Hamiltonian for two JJs in a low impedance
electrodynamic environment.

A general starting point is a JJA withN junctions andN+1 electrodes. The
JJs are characterized by ECj = e2=2Cj and EJj . Electrode i is characterized
by the number of Cooper pairs ni and the superconducting phase 'i. Each
electrode is coupled with Cgi to a voltage source Vgi. The total electrostatic
energy for this circuit is

T (~�) =
NX
j=1

Q2
j

2Cj
+

N+1X
i=1

"
Q2
gi

2Cgi
+QgiVgi

#
(D.1)

=
1

2
_~�
T

C
_~�� 1

2

N+1X
i=1

CgiV
2
gi; (D.2)

where the junction and gate capacitor charges are

�
Qj = Cj( _�j+1 � _�j)

Qgi = Cgi( _�i � Vgi)
; (D.3)

and where ~� = [�1; :::;�N+1]. The capacitance matrix is tridiagonal with
elements Cii = Ci�1(1� Æci1)+Ci(1� Æci;N+1)+Cgi and Ci;i+1 = Ci+1;i = �Ci.
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The Josephson energy is equal to

U(~�) = �
NX
j=1

EJj cos('j+1 � 'j) (D.4)

= �
NX
j=1

EJj cos

�
2�

�0

(�j+1 ��j)

�
: (D.5)

The conjugate momenta ~P = @L=@
_~� = C

_~� are calculated from the Lagrangian

L(~�;
_~�) = T (

_~�) � U(~�) and is equal to ~P T = [P1; :::; PN+1], where Pi =
2eni + CgiVgi. The Hamiltonian for the JJA can be written as

H(~P ; ~�) =
1

2
~P TC�1 ~P + U(~�); (D.6)

In expression (D.6) the last term in expression (D.1) has been dropped for
simplicity.

D.1 The capacitive environment for N JJs -

Array-qubit limit

The array-qubit described in section 8.2 has an even number of N identical
junctions characterized by EC and EJ . All gate capacitors are also assumed
to be identical to Cg . The middle electrode of the array-qubit is connected
to ground. This makes it possible for excess charges in the array to escape.
The middle electrode can be connected to ground by simply letting its gate
capacitor Cg ! 1 and the corresponding gate voltage Vg ! 0. This makes
the Hamiltonian (D.6) independent of the charge number on the middle island.
Also, the array-qubit, has an additional coupling capacitor CC between the
outermost electrodes. Thus, a term Q2

C=2CC is added to the electrostatic
energy in equation (D.1), where Q = C( _�N � _�1). The Hamiltonian in this
case is identical to the Hamiltonian (D.6)

H(~P ; ~�) =
1

2
~P TC�1 ~P + U(~�); (D.7)

with a modi�ed N � N capacitance matrix with diagonal elements Cii =
2C + (CC �C)(Æci1 + Æci;N+1) +Cg and o�-diagonal elements Ci;i+1 = Ci+1;i =
C(Æci;N=2�1) and C1N = CN1 = �CC . The Hamiltonian (D.7) can be rewritten
in terms of the charge numbers and the superconducting phases as

H(~n; ~') =
(2e)2

2
~nTC�1~n+ U(~'); (D.8)

where ~nT = [fni � ngigNi=1] and U(~') = �PN
i=1EJi cos('i+1 � 'i).
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D.2 The high impedance environment for N JJs

- N dimensional Bloch limit

This case corresponds to the circuit in �g. 4.1. Here all the JJ in the array are
assumed to be identical and characterized by EC and EJ . The gate capacitors
are all equal to C0 and coupled to ground. The Hamiltonian is then directly
obtained from the Hamiltonian (D.6) and reads

H(~n; ~') =
(2e)2

2
~nTC�1~n+ U(~'); (D.9)

where ~nT = [n1; :::nN+1] and U(~') = �PN
i=1 EJi cos('i+1 � 'i). with a tridi-

agonal capacitance matrix with elements Cii = C(2 � Æci1 � Æci;N+1) + C0 and
Ci;i+1 = Ci+1;i = �C.

D.3 The low impedance environment for two

JJs - CPT limit

This limit corresponds to the circuit shown schematically in �g. 3.1b with
large stray capacitors C0. This results in a �xed voltage across the capacitors
C0 and a classical phase di�erence Æ+ = Æ1 + Æ2 = '3 � '1. The voltage
across the two JJs �xes the time derivative of the phase di�erence according
to V = (�0=2�) _Æ+ = _�3 � _�1 = V3 � V1. Since the voltage on the two outer
electrodes are �xed only one variable is needed to describe the electrostatic
energy

T ( _�2) = �(C1V1 + C2V3) _�2 +
1

2
C� _�2

2 +
1

2
C1V

2
1 +

1

2
C2V

2
3 �

1

2
CgV

2
g ; (D.10)

where V1 = _�1 and V3 = _�3 are viewed as constants and C� = C1 + C2 + Cg .

The Josephson energy is equal to U(~�) = �Pi=1;2EJj cos(2�=�0(�j+1��j)).

The conjugate momentum is equal to P = �C1V1�C2V3+C� _�2 = 2en2+CgVg .
After some trivial calculations the Hamiltonian is obtained and reads

H(P; ~�) =
(P + C1V1 + C2V3)

2

2C�
� 1

2
(C1V

2
1 +C2V

2
3 )+

1

2
CgV

2
g +U(~�); (D.11)

If the voltages are set to V1 = �V3 = V=2 and the phases written as 'i =
(2�=�0)�i, the Hamiltonian can be simpli�ed to

H = 4EC(n2 + n0g)
2 � EJ1 cos('2 � '1)�EJ2 cos('3 � '2); (D.12)

where EC = e2=2C� and n0g = [(C1�C2)V=2+CgVg ]=2e. In expression (D.12)
a term �(C1 + C2)V

2=8 + CgV
2
g =2 has been dropped for simplicity. With
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the help of some trigonometrics the Hamiltonian (D.12) can be written in the
variables (3.2) as

H = 4EC(k� + k0g)
2 �EJ (Æ+) cos(Æ� + (Æ+)) (D.13)

where k0g = n0g and where

EJ(Æ+) =
q
E2
J1 +E2

J2 + 2EJ1EJ2 cos Æ+ (D.14)

(Æ+) = arctan

�
EJ1 �EJ2
EJ1 +EJ2

tan
Æ+
2

�
: (D.15)
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