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Abstract 
 
 
The founding premise of this paper is simple; that urban density has positive externalities and 

that these are unaccounted for in the developers’ density choice. This paper looks at the 

incentive structure of individual developers though a theoretical perspective and shows that 

the density choice is a suboptimal product of a prisoner’s dilemma game. Two mechanisms 

are proposed to achieve the optimal level of density. The first is an Inverse Density Tax which 

fixes the incentive structure at the agent level by internalizing the positive externalities of 

density. The second is the Supply Buffer which solves the regulation problem. The disconnect 

between what is good for a city and what policies are actually practiced by planners is 

addressed by suggesting a new approach to urbanism called the Surplus Cities approach 

which suggests a more positive approach to urbanism instead of the multitude of normative 

approaches that encompass the existing urban planning profession. The significance of the 

model in the paper is that it shows that the optimum density a developer should build is not 

the commonly accepted quantity where marginal revenue equals marginal cost, but greater 

due to positive externalities of density. In addition this paper presents the tools to a) achieve 

the optimal level of density and b) introduce a separation of powers in municipal government 

between planning the city and controlling real estate supply which restrains the growth of 

cities; as has been a prominent subject of contemporary urban economics discourse. 
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Introduction 
 
Cities are the economic powerhouse of the global economy and an icon of advanced 

civilization. By definition cities are places of dense concentrations of population and their 

activities with the forces of economies of scale, agglomeration and localization economics 

playing a key role in their rise. There are clear externalities and spillover effects at play in 

dense urban concentrations. Much research has been done on the effects of density however 

there is no work done in analyzing if the density choice of individual actors such as developers 

is the optimal amount for the city as a whole given the positive externalities and spillover 

effects of density. Microeconomic theory dictates that negative externalities should be taxed 

and positive ones should be subsidized to achieve the socially optimal result. However the 

application of these axioms to urban development, in particular urban density and buildings 

heights is still an unexplored area. The founding premise of this paper is simple; that urban 

density has positive externalities and that these are unaccounted for in the developers’ density 

choice. 

 

The literature suggesting the positives of density is abundant. From increased productivity and 

thereby wages (Abel et. al ( 2012)), to decreased carbon dioxide emissions (Glaesar & 

Kahn (2010))(Newman & Kenworth (1989), (1999)), increased creativity and innovation 

(Knudsen 2008) and decreases in per capita expenditures on municipal infrastructure 

(Wenban-Smith, Hugh B. (2009)). There is also an emerging acknowledgment that planning 

departments may unintentionally be doing harm to the affordability of housing through 

regulation that prevents supply from meeting demand (Glaesar (2002),(2003),(2006) & 

(2009)). The purpose of this thesis is not to look at the effects of density as have the 

aforementioned literature, but to look deep into the agent incentive level and illustrate that 

these externalities are not expressed in their density choice and to suggest a framework for 

practical implementation so that they can be. The proxy for a positive externality used in this 

paper is consumer spending in surrounding buildings. 

 

Existing research estimates the optimal height of a building based on internal factors such as 

costs and revenues that are within the developers optimization function (Kwong-Wing et al. 

(2007)). However, zooming out, there exists no discussion on the optimal height of a building 

with regards to its positive externalities on other buildings in the built environment or with 

regards to the city as a whole. 
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This paper is structured as follows: 
 
 
A model is first presented that consists of developers and consumers where the proxy for 

a positive externality is the buildings inhabitants (consumers) spending in surrounding 

buildings. For simplicity I assume that density and building height are perfectly correlated. 

 

This model is placed into a context of a simple two player game consisting of two developers 

each making the choice on the optimal level of density. Their decisions are analyzed under the 

scenarios of non-collaboration, collaboration and defecting. It is shown that the status-quo 

scenario of non-collaboration where developers do not take into account the positive 

externality in their chosen profit optimizing output is a Nash equilibrium outcome of a 

prisoners dilemma game. It is also shown that the developers’ profit would be higher under a 

collaborative scenario of higher density. To ease understanding of the model, a numerical 

example is provided. This model is later extended into a generalization of a larger city with 

many developers/buildings. 

 

In the final part of the paper two practical mechanisms are proposed which can be implemented 

to help developers build at the socially optimal density. The first is an Inverse Density Tax 

which fixes an incentive problem and the second is a Supply Buffer which fixes a regulation 

problem. 

 

Due to the fact that existing planning practice and paradigms do not account for and are 

incompatible with the proposed mechanisms in this paper and with contemporary knowledge 

on the workings of cities, I coin a new approach to cities called the Surplus Cities approach. 

Just as movements such as New Urbanism and Sustainable Urbanism have their respective 

planning frameworks, the Surplus Cities approach is a positive economic approach to cities 

with the priority of maximizing total economic surplus in the city above any existing 

normative planning approaches. I argue that it is with this positive approach to cities that will 

help lay the foundation of the successful cities of the future. 
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The Model 
 
The model consists of two parts, the developers and consumers optimization problems. Both 

sides are necessary in order to understand the complete model; they will first be introduced 

separately before later analyzing their interaction. 

 
The Developers 
	

Each developer constructs a building that consists of a quantity of residential condominiums 

“𝑞!” each occupied by a single consumer above retail on the street level. Land parcels are all the 

same area of 1. Revenue is earned on condo sales at an exogenous price of “r” and through sales 

of a single unique good “𝑥!” in the street level retail space at a fixed price of 𝑝! to residents of 

the developers building 𝑞! and residents of all other buildings 𝑞!. Where the total costs “C” 

consist of marginal costs that increase at an increasing rate “𝛼”  (where “𝛼” is greater than 1) as 

each additional unit “q” of density is built (Kwong-Wing et al. (2007) assuming density and 

height are perfectly correlated.  𝐶 = 𝑐𝑞!  
 

Where: 

	 ∂C
∂q > 0,

∂!C
∂q! > 0	 (1) 

	

For simplicity the following two assumptions are made as they do not affect the essence of the 

model. The cost of producing each good sold is zero and the street level retail space is free to 

construct. The developers’ profit function remains: 
		
	 𝜋! = 𝑞!𝑟 + 𝑞!𝑥!∗𝑝! + 𝑞!𝑥!∗𝑝! − 𝑐𝑞!! 	 (2) 

	

The Consumers 
	

Consumers are all each endowed with an income “w” from which they pay the market price “r” 

for a single apartment unit “q” from their savings. The remainder of their disposable income “I” 

remains to spend on all goods that are available, both in the retail store in the building they 

occupy and stores in neighboring buildings. There is zero substitution between goods and 

property units in this model for simplicity, however this assumption can always be relaxed at the 

cost of complexity. Consumers prefer all goods equally and their relative consumption of each 

good depends on their relative costs “𝑔!” which includes the price “𝑝!”
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(same for all goods) and the transportation costs “t” times the distance “𝑑!” (varies according to 

distance from consumers home building). 
	

	 𝑔! = 𝑝! + 𝑡𝑑! 	 (3) 
	

It is this consumer demand that defines the externality of density in development in this model. 

The consumer preferences between all goods available have the property of a decreasing 

marginal rate of substitution. A utility function that has these properties is the Cobb-Douglas 

utility function. For ease of illustration, this utility function will be used to determine the 

consumers consumption choices of various goods given a budget constraint. 

 

Lets assume a scenario where there exists only two developments and therefore only two goods 

(x and y) for consumers to buy. To determine how much consumers will purchase of each, lets 

take their utility function as below: 
	

	 𝑢 = 𝑥𝑦	 (4) 

	

Consumers have the following aforementioned budget constraint: 

	

	 𝑤 − 𝑟 ≡ 𝐼 = 𝑔!𝑥 + 𝑔!𝑦	 (5) 

	

where 𝑔! is composed of the retail price of good “i”  (𝑝!) and the travel cost “t” times distance 

“d”, in other words, the complete cost of the good to the consumer: 

 

 𝑔! = 𝑝! + 𝑡𝑑! (3) 

 

To maximize their utility under the budget constraint, we substitute “y” from the budget 

constraint: 

 𝑦 =
𝐼
𝑔!
−
𝑔!
𝑔!
𝑥 (6) 

Into the utility function: 

 𝑢 = 𝑥 !
!!
− !!

!!
!  (7) 

Multiplying it through: 

 𝑢 =
𝑥𝐼
𝑔!
−
𝑔!
𝑔!
𝑥! (8) 
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Taking the derivative with respect to “x” to establish the first order condition: 

 

 𝜕𝑢
𝜕𝑥 =

𝐼
𝑔!
− 2

𝑔!
𝑔!
𝑥 = 0 (9) 

  

Solving for the optimal quantity of “x” (x*): 

 

 𝑥∗ =
𝐼
2𝑔!

 

 
(10) 

And by symmetry for y*: 

 𝑦∗ =
𝐼
2𝑔!

 

 
(11) 

Where 𝑔! = 𝑝! + 𝑡𝑑! and 𝑔! = 𝑝! + 𝑡𝑑! 

 

The retail price “𝑝!” is fixed and equal for all goods as is the travel cost “t”, as a result the only 

variable that affects the consumers demand for a good is “d” which is inversely related. This 

relationship is graphically illustrated in figure 1 below. Where the consumers’ home is in the 

building, their demand is a function of distance “d” extending outward and the y-axis is the 

amount of consumers or density, which one may imagine as the height of the building. 

 

This x* and y* will be used in all of the remaining parts of the model. 

 

The Game 
 

As an introduction to the model lets assume there are only two developers in the city, each 

making a decision on how much to build (q) to maximize their own profit.  We will look at three 

different scenarios and their outcomes. The first analyzes the profit outcomes if the developers 

choose their density on their own, the second analyzes the effect of choosing to collaborate and 

the third analyzes the outcome of defecting from collaboration. These outcomes will be 

reconciled in a payoff matrix to determine the Nash equilibrium outcome of the game. Later we 

will generalize this model to a city scale with multiple buildings. 
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Optimization Under Non-Collaboration 
 
Under this status-quo scenario two developers are choosing to develop within a given 

proximity (distance “d”) of each other. They will each aim to maximize their own profits while 

choosing the optimal density to build given exogenous market apartment prices, good prices 

and construction costs. 

 

Developer 1: 
 
Profit function of revenue minus costs 

 

 𝜋! = 𝑞!𝑟 + 𝑞!𝑥!∗𝑝! + 𝑞!𝑥!∗𝑝! − 𝑐𝑞!! (12) 

 

where:  

𝑞!𝑟 is the revenue from condo sales 

𝑞!𝑥!∗𝑝! is the revenue of good 𝑥 sold to residents of building 1 (the subject building) 

𝑞!𝑥!∗𝑝! is the revenue of good 𝑥 sold to residents of building 2 (the competing building) 

𝑐𝑞!! is the total cost of constructing 𝑞 units 

 

Because developer 1 can only control the amount of units built on his own plot “𝑞!” we will 

take the derivative with respect to  “𝑞!”. 

 

 𝜕𝜋!
𝜕𝑞!

= 𝑟 + 𝑥!∗𝑝! − 𝛼𝑐𝑞!!!! = 0 

 
(13) 

Rearranging, we get the first order condition where profit maximization occurs where marginal 

revenue (MR) equals marginal cost (MC): 

 

 𝑟 + 𝑥!∗𝑝! = 𝛼𝑐𝑞!!!! (14) 

 

Solving for 𝑞! we get the optimum amount of density chosen by the developer under non-

collaboration (superscript “n”). 

 
𝑞!!∗ =

𝑟 + 𝑥!∗𝑝!
𝛼𝑐

!
!!!

 (15) 
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Developer 2: 
	
Profit function of revenue minus costs: 
	
	

 𝜋! = 𝑞!𝑟 + 𝑞!𝑦!∗𝑝! + 𝑞!𝑦!∗𝑝! − 𝑐𝑞!! (16) 
 

By symmetry, Developer twos’ optimal density is: 
 

 
𝑞!!∗ =

𝑟 + 𝑦!∗𝑝!
𝛼𝑐

!
!!!

 (17) 

 

Although the profit function of both developers includes the amount of revenue received from 

buyers of their goods from the neighboring building, their density choice does not take this into 

consideration. The developer individually chooses the density where the private marginal 

revenue of building another unit (both in unit sales and product sales) is equal to the marginal 

cost. However as a developer increases density this increases demand for products in all 

neighboring buildings as well. As a result the total marginal revenue for an increase in density is 

greater then the private amount the developer considers. Equations (10) and (11) illustrate the 

externality of density y*(q) in the form of a demand curve as a function of cost of goods to 

consumers (𝑔! and 𝑔! respectfully) which in turn are a function of the distance (𝑑! 𝑎𝑛𝑑 𝑑!) to 

the store selling the respective good. This externality can be imagined as illustrated in figure 1 

below using developer one as an example. 
 

What if each developer took the increase in revenue of other developers into account when 

choosing the optimum amount of density to build? In this case all developers will work together 

to maximize collective	profit.	
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Optimization under Collaboration 
 

Here we try to maximize total profit of both developers combined: 
 

 Π = 𝜋! + 𝜋! (18) 
 

Substituting the respective profit functions: 
 

 Π = 𝑞!𝑟 + 𝑞!𝑥!∗𝑝! + 𝑞!𝑥!∗𝑝! − 𝑐𝑞!! + 𝑞!𝑟 + 𝑞!𝑦!∗𝑝! + 𝑞!𝑦!∗𝑝! − 𝑐𝑞!!   (19) 
 

Developer 1: 
 

Taking the derivative WRT developer ones’ optimization problem: 
 

 1) !!
!!!

= 𝑟 + 𝑥!∗𝑝! − 𝛼𝑐𝑞!!!! + 𝑦!∗𝑝! = 0 (20) 

Rearranging to where marginal revenue equals marginal cost: 
 

 𝑟 + 𝑥!∗𝑝! + 𝑦!∗𝑝! = 𝛼𝑐𝑞!!!! 
 

(21) 

Solving for the optimal quantities for each respective developer to build we have: 

 
𝑞!!∗ =

𝑟 + 𝑥!∗𝑝! + 𝑦!∗𝑝!
𝛼𝑐

!
!!!

 (22) 

Developer 2: 
 

By symmetry: 

 
𝑞!!∗ =

𝑟 + 𝑥!∗𝑝! + 𝑦!∗𝑝!
𝛼𝑐

!
!!!

 (23) 

Interpretation/Analysis: 
 

Here it is observed that the difference in density chosen under collaboration is proportional to 

the externality of the extra density. 
 

 
𝑞!!∗ =

𝑟 + 𝑥!∗𝑝! + 𝑦!∗𝑝!
𝛼𝑐

!
!!!

 >   
𝑟 + 𝑥!∗𝑝!
𝛼𝑐

!
!!!

= 𝑞!!∗ (24) 

 

 
𝑞!!∗ =

𝑟 + 𝑥!∗𝑝! + 𝑦!∗𝑝!
𝛼𝑐

!
!!!

 >  
𝑟 + 𝑦!∗𝑝!
𝛼𝑐

!
!!!

= 𝑞!!∗ (25) 

 

Analyzing graphically the first order conditions of both the collaborative and non-collaborative 

scenarios we can see that the difference between both equations “𝑦!∗𝑝!” (using developer one as 

an example) is the marginal externality (ME) of the additional density to the other developer(s) as  
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illustrated below in figure 2. This raises the optimal level of density from the non-collaborative 

equilibrium (𝑞!∗) illustrated as “𝑞!” below to the collaborative equilibrium (𝑞!∗) illustrated as 

“𝑞!” below. 

 
Optimization under Deviation 
 
Continuing from above, we can see that if developers collaborate to maximize profit, they 

achieve the socially optimal amount of density, which is higher than w h a t  they would 

choose if they were acting individually. It is easy to assume that all developers would now 

work together in the city to achieve the optimal density so they all benefit. However we must 

first look at the scenario of what would happen if one developer deviates from the consensus. 

Developer 1 Deviates From the Collaborative Scenario: 
 
Developer 1’s profit function (from (12)): 
 
 𝜋! = 𝑞!𝑟 + 𝑞!𝑥!∗𝑝! + 𝑞!𝑥!∗𝑝! − 𝑐𝑞!! (12) 
 
Expecting that developer 2 will choose the agreed upon collaborative density: 
 
 

𝑞!!∗ =
𝑟 + 𝑥!∗𝑝! + 𝑦!∗𝑝!

𝛼𝑐

!
!!!

 
 

(23) 

Substituting 𝑞!!∗ in for 𝑞! in the profit function: 
 

 
𝜋! = 𝑞!𝑟 + 𝑞!𝑥!∗𝑝! +

!!!!∗!!!!!∗!!
!"

!
!!!
𝑥!∗𝑝! − 𝑐𝑞!! 

 
(26) 

 

 

	

MR	

𝑞!  	

	

   

𝑞!	
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Maximizing the profit of Developer 1 given Developer 2’s decision by taking the derivative 

with respect to 𝑞! to establish the first order condition: 
	

	 𝜕𝜋!
𝜕𝑞!

= 𝑟 + 𝑥!∗𝑝! − 𝛼𝑐𝑞!!!! = 0	
	

(27) 

rearranging and solving for 𝑞! 
 

 
𝑞!!∗ =

𝑟 + 𝑥!∗𝑝!
𝛼𝑐

!
!!!

 
 

(28) 

We end up with the developer choosing the same density as in the non-collaborative scenario. 
 
Developer 2 Deviates From the Collaborative Scenario: 
 
By Symmetry: 

 
𝑞!!∗ =

𝑟 + 𝑦!∗𝑝!
𝛼𝑐

!
!!!

 (29) 

It turns out that deviating is the most profitable for the individual developer even though 

collaborating would be most profitable for BOTH developers combined. 

Lets analyze this decision on the profit of the developer (using developer 1 deviating as an 

example) and compare it to the previous collaborative and non-collaborative scenarios: 

 𝜋! = 𝑞!𝑟 + 𝑞!𝑥!∗𝑝! + 𝑞!𝑥!∗𝑝! − 𝑐𝑞!! (12) 
 

Under both the non-collaborative and deviation scenarios the optimal density chosen by the 

developer is the same 𝑞!∗ therefore the costs are the same. The difference is the density chosen 

by the other developer. In the deviation example, 𝑞! is higher than in the non-collaborative 

example. As a result for developer one, the portion of the profit relating to sales to occupants of 

developer twos building is larger. This increases total profit and incentivizes the developer to 

deviate. What about the profit of developer two? 
 

 𝜋! = 𝑞!𝑟 + 𝑞!𝑦!∗𝑝! + 𝑞!𝑦!∗𝑝! − 𝑐𝑞!! (16) 
 

Developer 2 is building density up to where the marginal costs equal to his marginal revenue 

plus the external marginal revenue (𝑟 + 𝑥!∗𝑝! + 𝑦!∗𝑝! = 𝛼𝑐𝑞!!!!). Because developer one 

deviated, his increased costs have not been compensated by the expected revenue from 

developer 1’s extra density therefore his profit is lower than even the non-collaborative scenario. 

In other words, both developers have an incentive to deviate from the collaborative scenario 

because they can benefit from the externality of the other developers density without paying for 

their own contribution to it. 
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The Payoff Matrix 
 
The following observations were made: 
 

𝜋!!! > 𝜋!!!  ,𝜋!!! > 𝜋!!! 

𝜋!!" > 𝜋!!!  ,𝜋!!" > 𝜋!!! 

𝜋!!" < 𝜋!!!  ,𝜋!!" < 𝜋!!! 
 

The above payoff structure is the same as one would encounter in a prisoners dilemma game. 

Arranging the payoffs in a matrix and underlining the best response highlights the Nash 

equilibrium outcome of the game of both players defecting from the socially optimal scenario:  

 

 Developer 2 
cooperate defect 

Developer 1 
cooperate 𝜋!!!, 𝜋!!! 𝜋!!!, 𝜋!!" 

defect 𝜋!!" , 𝜋!!" 𝜋!!! , 𝜋!!! 
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A Numerical Example 
 

For simplicity, this numerical example will pick up from where the final derived equations in 

the aforementioned model left off. Those wishing to work through the example from scratch 

may do so and arrive at the same results. All values are rounded to two decimal points from their 

actual value. 
 

Lets assume the following parameters for the model: 
 

𝑤 = 200 000 The income endowment for each consumer 
𝑟 = 160 000 The market price of an apartment unit 
𝐼 = 40 000 The consumers’ remaining disposable income (𝑤 − 𝑟) 
𝑐 = 100 000 Base cost of constructing each apartment unit 
𝛼 = 1.16 Rate that costs rise with density (must satisfy criteria in eq(1)) 
𝑝! = 50 Price of good 𝑥 (developer ones store) 
𝑝! = 50 Price of good 𝑦 (developer ones store) 
𝑡 = 2 Travel cost per unit distance 
𝑑 = 3 Units of distance between both buildings 

 
 

Calculating The Utility Maximizing Bundle of Goods: 
 

We must first determine how much of goods 𝑥 and 𝑦 the consumers in each of the buildings 

will consume to help us later determine each developers total profit and thereby the value of the 

externality and the resulting equilibrium. 
 
Developer 1 
 

Lets start with the consumers who will choose to live in Developer One’s building. Following 

from equations (10) and (11) above, lets plug in the relevant values: 
 

 𝑥!∗ =
𝐼
2𝑔!

=
𝐼

2(𝑝! + 𝑡𝑑!)
=

40 000
2(50+ 2×0) = 400  

 

*the distance for good 𝑥 is zero for consumers in developer ones building because the store is 

located in the same building, therefore there are no travel costs to purchasing the good. 
 

 𝑦!∗ =
𝐼
2𝑔!

=
𝐼

2(𝑝! + 𝑡𝑑!)
=

40 000
2 50+ 2×3 = 357.14  

Developer 2 
 

For consumers that will choose to live in developer twos building, they will make the following 

purchasing decisions which are symmetrical to consumers in developer ones building: 
 

 𝑥!∗ = 357.14  
 

 𝑦!∗ = 400  

The above calculated values will be used in the remainder of this example. 
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The Non-Collaborative Scenario: 
 
Developer one Density Choice 
 

The optimal density chosen by Developer One is as follows from equation (15): 
 
 

𝑞!!∗ =
𝑟 + 𝑥!∗𝑝!
𝛼𝑐

!
!!!

=
160 000+ 400×50
1.16×100 000

!
!.!"!!

= 15.58  

 

Developer Two Density Choice 
 

By symmetry: 
 

 𝑞!!∗ = 15.58  
 

Developer One Profit 
 

The resulting profit for Developer One is as follows from equation (12): 
 
 𝜋! = 𝑞!𝑟 + 𝑞!𝑥!∗𝑝! + 𝑞!𝑥!∗𝑝! − 𝑐𝑞!!  
 

 𝜋! = 15.58×160 000+ 15.58×400×50+ 15.58×357.14×50− 100 000×15.58!.!"  
 

 𝜋! = 665 063.71  

Developer Two Profit 
 

By symmetry: 
 
 𝜋! = 665 063.71  

The Collaborative Scenario: 
 
Developer One Density Choice 
 
The optimal density chosen by Developer One is as follows from equation (22): 
 

 
𝑞!!∗ =

𝑟 + 𝑥!∗𝑝! + 𝑦!∗𝑝!
𝛼𝑐

!
!!!

=
160 000+ 400×50+ 357.14×50

1.16×100 000

!
!.!"!!

= 28.14  

 

Developer Two Density Choice 
 
By symmetry: 
 𝑞!!∗ = 28.14  

Developer One Profit 
 
The resulting profit for Developer One is as follows from equation (12): 
 

 𝜋! = 𝑞!𝑟 + 𝑞!𝑥!∗𝑝! + 𝑞!𝑥!∗𝑝! − 𝑐𝑞!!  
 

 𝜋! = 28.14×160 000+ 28.14×400×50+ 28.14×357.14×50− 100 000×28.14!.!"  
 

 𝜋! = 767 979.50  
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Developer Two Profit 
 
By symmetry: 
 
 

 𝜋! = 767 979.50  
 

The Deviation Scenario (Developer One Deviates): 

In this scenario let’s assume that it is developer one that chooses to deviate from the 

collaborative scenario. 
 

Developer One Density Choice 
 

The optimal density chosen by developer one is the same as from the non-collaborative scenario 

as shown from equation (28): 

 
𝑞!!∗ =

𝑟 + 𝑥!∗𝑝!
𝛼𝑐

!
!!!

=
160 000+ 400×50
1.16×100 000

!
!.!"!!

= 15.58 
 

 

Developer Two Density Choice 
 

Developer two’s density choice remains the same as in the collaborative scenario from equation (23): 
 

𝑞!!∗ =
𝑟 + 𝑥!∗𝑝! + 𝑦!∗𝑝!

𝛼𝑐

!
!!!

=
160 000+ 357.14×50+ 400×50

1.16×100 000

!
!.!"!!

= 28.14 

 

Developer One Profit 
 

The resulting profit for Developer One is as follows from equation (12): 

 𝜋! = 𝑞!𝑟 + 𝑞!𝑥!∗𝑝! + 𝑞!𝑥!∗𝑝! − 𝑐𝑞!!  
 

 𝜋! = 15.58×160 000+ 15.58×400×50+ 28.14×357.14×50− 100 000×15.58!.!"  
 

 𝜋! = 889 348.18  

Developer Two Profit 
 

The resulting profit for Developer Two is as follows from equation (16): 
 
 𝜋! = 𝑞!𝑟 + 𝑞!𝑦!∗𝑝! + 𝑞!𝑦!∗𝑝! − 𝑐𝑞!!  
 

 𝜋! = 28.14×160 000+ 28.14×400×50+ 15.58×357.14×50− 100 000×28.14!.!"  
 

 𝜋! = 543 695.03  
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The Deviation Scenario (Developer Two Deviates): 
 

In this scenario assuming that it is developer two that chooses to deviate from the collaborative 

scenario, the following value apply by symmetry to the previous example: 
 

Developer One Density Choice 
 

Developer one’s density choice remains the same as in the collaborative scenario from equation (22): 

 𝑞!!∗ = 28.14  

Developer Two Density Choice 
 

The optimal density chosen by developer two is the same as from the non-collaborative 

scenario: 

 𝑞!!∗ = 15.58  

Developer One Profit 

The resulting profit for Developer One is as follows from equation (12): 
 

 𝜋! = 543 695.03  

Developer Two Profit 
 

The resulting profit for Developer Two is as follows from equation (16): 
 
 

 𝜋! = 889 348.18  

The Resulting Payoff Matrix: 

 

Developer 1, Developer 2 Developer 2 
cooperate defect 

Developer 1 
cooperate 767 980, 767 980 543 695, 889 348 

defect 889 348 , 543 695 665 064 , 665 064 

 

As we can see, even though total profit is greater when both developers cooperate both 

developers have an incentive to deviate from the socially optimal scenario at the expense of the 

other developer. As a result the equilibrium outcome of this game is the status quo inferior non-

cooperative equilibrium of both developers defecting from the cooperative agreement.  
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The Overview 
 

The Generalization 
	

The model has thus far been concerned with a scenario of only two developers and two 

buildings. To follow up with the promise for a model that is more applicable to an entire city, 

the following generalization will apply. 
 

Lets say that there are “n” players (developers) in the city, each who sell their own unique good 

desired by all consumers. Starting with the consumers’ utility function and budget constraint: 
 

 
𝑈 𝑥!, 𝑥!,… 𝑥! = 𝑥!

!

!!!

 (30) 

 

 
𝐼 = 𝑔!𝑥!

!

!!!

 (31) 

 

Where after maximizing 𝑈(𝑥!)  the optimal 𝑥! is (See proof in the Appendix), *assumes equal 

preferences: 

 𝑥!∗(𝑛) =  
𝐼
𝑛𝑔!

 (32) 

Therefore as 𝑁 approaches infinity (or a large number as in a large city) then 𝑥!∗ (as a function of 

“n”) approaches zero (or a negligible number) where the developer wont factor it in when 

deciding the optimal density (𝑞∗): 

 
𝑞!∗ =

𝑟 + 𝑥!∗(𝑛)𝑝!
𝛼𝑐

!
!!!

 (33) 

 

 
lim
!→!

𝑟 + 𝑥!∗(𝑛)𝑝!
𝛼𝑐

!
!!!

=  
𝑟
𝛼𝑐

!
!!!

 (34) 

 

As a result as 𝑛 → ∞ (a large city) we discover two things: 
 

1) The density chosen under non-collaboration is smaller than in a small city because 

internal consumption becomes more diffused across the city.  

2) The bigger the city, the further away it is from the socially optimal equilibrium. 
 

We observe the first point above in reality because developers don’t look at how much value 

their retail space will have based on the amount of people living in the building, but on the 

market rent of retail space in the area, which is a product of the surrounding density. 
 

With regards to the second point; this result initially seems to contradict what we see in the data 

where as cities increase in size, the average density increases. However in this model the 
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exogenous variable “r” is fixed, in reality rents would increase especially in the center as a city 

develops reflecting it’s increased prosperity. There are plenty of models (such as the 

monocentric city model) which attempt to explain “r”, this one does not. However, what this 

model does seek to explain is that as city size increases, the difference between the socially 

optimal point & the non-collaborative density increases, all else equal. The fact that in reality 

there is a strong correlation between city size and density suggests the strong role that the 

variable of rent plays in city shape, despite the aforementioned prisoners dilemma game. 
 
Other Variables in the Model & Relevance to Urban Planning 
 
The primary variable of focus in the model thus far has been the variable of density (q) and its 

respective externality. There are however two other variables with a significant effect on the 

externality of density then density itself. An understanding of these can greater increase our 

understanding of urban form and function. 

 

The externality of density in this model is the purchases a buildings inhabitants make in 

surrounding buildings, therefore any variable that increases this consumption, increases the 

positive externality. 

 𝑥!∗(𝑛) =  
𝐼
𝑛𝑔!

 (32) 

 

From equation (32) above we see that consumption of any given good 𝑥!∗ is dependent on the 

income I as well as the cost of purchasing the good for the consumer 𝑔!. From equation (3), the 

cost 𝑔! includes both the price 𝑝! as well as the transportation costs 𝑡𝑑! which include the cost 

per unit of distance 𝑡 and the distance to the good 𝑑!. 
 

 𝑔! = 𝑝! + 𝑡𝑑! (3) 
 

The variables in question are those related to the transportation cost 𝑡𝑑!. The first variable that 

affects this is “𝑡” As illustrated in figure 3 below, which can have a substantial impact on the 

density externality for any given density or distance. Such changes can be brought by an 

introduction of a new technology such as vehicles, an improvement in the quality of roads, or 

anything that may decrease the necessary time (not necessarily distance) to make a trip such as 

an expansion and/or improvement of the public transit network. 
	

The distance to the consumable good 𝑑! is the second variable that affects the total 

transportation cost and thereby the positive externality of density as illustrated by figure 4. 
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Methods to reduce the space between buildings include reducing the width of the streets by 

replacing car lanes with public transit and/or more walkable narrow pedestrian oriented 

streets. This would result in a most densely built city. Another strategy would involve creating 

a more interconnected city. Such strategies include reducing the required distance travelled to 

any point through increasing connectivity such as moving from a cul-de-sac street pattern to a 

more interconnected grid-like pattern, connecting isolated neighborhoods, connecting areas to 

each other instead of just to downtown, an underground metro that bypasses natural connectivity 

barriers such as bodies of water or steep terrain, or pursuing an idea of the multi-layered city 

with vertical connectivity. This would also increase the marginal externality and thereby 

the optimal density a developer should build. As a result, anything that increases the marginal 

externality increases the socially optimal density in the city, which should lead to denser cities. 

 

 

               

 

 
             

𝑥(𝑡!)	
𝑥(𝑡!)	

𝑦(𝑑)	 𝑥(𝑑)	

𝑦(𝑑)	 𝑥(𝑑!)	 𝑥(𝑑!)	
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One can also analyze how the positive externality may be affected by changes in technology and 

the consequent planning of cities. For example, the introduction of the automobile clearly 

decreased transportation costs “𝑡” which increases the externality of density, however the 

necessary infrastructure such as wide roads and resulting planning policies such as suburban 

expansion, greatly increased the distances between buildings which decreases the density 

externality. As a result the net effect is ambiguous, however there appears to be strong evidence 

that the distance effect is stronger. This suggests that there may even be a prisoners dilemma 

game at play here which leaves room for further academic inquiry. 

Achieving the Optimal Result 
 

How do we get developers to build the socially optimal density? 

Ideally, we would prefer to not use force such as a bylaw or other political means to get the 

optimal result, besides it leaves a bad taste in ones mouth. Perhaps introducing an incentive 

for developers to choose by their own volition would be more reasonable. First we would 

want the density chosen under defect to be the same as the density chosen under cooperation: 

	 𝑞! = 𝑞! 	 (35) 
 

 

𝑟 + 𝑥!∗𝑝!
𝛼𝑐

!
!!!

=
𝑟 + 𝑥!∗𝑝! + 𝑦!∗𝑝!

𝛼𝑐

!
!!!

 (36) 

 

If we insert a variable, say an incentive or subsidy ‘t’ we can make the choice under defect the 

same as under cooperation: 
 
 

𝑟 + 𝑥!∗𝑝! + 𝑡
𝛼𝑐

!
!!!

=
𝑟 + 𝑥!∗𝑝! + 𝑦!∗𝑝!

𝛼𝑐

!
!!!

 (37) 

Solving for “t” so that the 𝑞! under non collaboration is equal to the socially beneficial 𝑞!: 
 

	 𝑡 = 𝑦!∗𝑝!	 (38) 
 

We can see that the optimal level of incentive to provide is exactly the external benefit that the 

additional density has on other developers. 
 

The resources for this incentive can come from a flat tax (T) on land that does not counteract the 

effect of the subsidy. This in effect would create a revenue neutral tax. The resulting effect of 

this incentive would be that developers would build the socially optimal amount of density 

whether they choose to collaborate or not. 

The developers profit function would then look like this (using developer 1 as an example): 

	 𝜋! = 𝑞!𝑟 + 𝒒𝟏𝒕+  𝑞!𝑥!∗𝑝! + 𝑞!𝑥!∗𝑝! − 𝑐𝑞!! − 𝑻	 (39) 
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The Inverse Density Tax – From Theory to Practice 
	
Applying this tax into practice is rather straightforward and follows the theory above but with a 

few elaborations. As a revenue neutral tax it consists of a credit and payment where the credit 

per unit is fixed and the payment varies on the amount of land occupied by the unit. Apartment 

unit owners receive a fixed credit of ‘t’ for their unit and pay tax ‘T’ for each square meter of 

plot area their unit proportionally occupies “a” resulting in a net incentive of “f”. Where “a” is 

the units’ area “𝑎!” divided by the total area of all the units in the building "𝑎!" multiplied by 

the plot area “p”: 

 𝑎!
𝑎!
𝑝 = 𝑎 (40) 

 

The credit ‘t’ remains the same for all legal housing units in the city, regardless of size. It is the 

same for the 20sqm studio apartment and 1000sqm mansion. However the tax paid is 

proportional to the amount of plot space taken up the unit(s) on the plot. A four storey 

residential building will have many units share a plot area who will each pay less then say a 

single family home in the suburbs.  

 

In other words: 

 𝑡 − 𝑇𝑎 = 𝑓 (41) 

 

For example on a plot of 100sqm with 10 apartment units, each unit individually consumes 

10sqm of space and would pay ‘T’ times 10 (the plot area per unit) and would receive ‘t’. The 

net difference (𝑡 − 𝑇10) is what would be credited or added to the existing property tax bill. 

 

The tax over the entire city would is summed up as follows: 

	
	 𝑇𝑜𝑡𝑎𝑙 𝑇𝑎𝑥 = 𝑇× 𝑡𝑜𝑡𝑎𝑙 𝑎𝑟𝑒𝑎 𝑜𝑓 𝑎𝑙𝑙 𝑢𝑟𝑏𝑎𝑛 𝑝𝑙𝑜𝑡𝑠 	

= 𝑇×𝐴 	 (42) 

	
	 𝑇𝑜𝑡𝑎𝑙 𝐶𝑟𝑒𝑑𝑖𝑡 = 𝑡×(𝑡𝑜𝑡𝑎𝑙 𝑎𝑚𝑜𝑢𝑛𝑡 𝑜𝑓 𝑙𝑒𝑔𝑎𝑙 𝑢𝑛𝑖𝑡𝑠 𝑖𝑛 𝑡ℎ𝑒 𝑐𝑖𝑡𝑦)	

= 𝑡×𝑈	 (43) 
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where as a revenue neutral tax: 

 

 𝑇𝑜𝑡𝑎𝑙 𝑇𝑎𝑥 = 𝑇𝑜𝑡𝑎𝑙 𝐶𝑟𝑒𝑑𝑖𝑡 

𝑇×𝐴 = 𝑡×𝑈 
(44) 

 

…which is the aggregate identity of the Inverse Density Tax. 

 

On the scale of the city the tax is revenue neutral however it is not revenue neutral to the 

majority of its inhabitants. If we rearrange the identity to what we have below: 

 

 𝑇×
𝐴
𝑈 = 𝑡 

 
(45) 

then we see that the incentive ‘t’ is equal to the average plot area consumed by each housing 

unit in the city (inverse of units per area, hence the name) multiplied by the amount of tax ‘T’ 

applied to each unit area. Thus, property units that consume the average amount of plot area !
!

  

will pay a net of zero, because the tax paid is equal to the credit received. Homes that consume 

more area then average 𝑎! >
!
!

 will pay a net positive amount while homes that consume less 

𝑎! <
!
!

 will receive a credit (or an equivalent reduction of their regular tax bill). 

 

Although technically this tax is charged to the consumer and not credited to the developer as the 

aforementioned model recommends. It is expected that buyers of property will look at the 

property tax amount and favor properties with a lower tax rate then properties with higher tax 

rate just as people favor a condominium with lower strata fees. These preferences would thereby 

increase the sale prices of homes in high density developments and decreasing those on lower 

density developments to compensate for the financial differences. Palmon and Smith (1998) 

indicate that fully anticipated taxes are nearly 100% capitalized in property prices. This will 

directly achieve the objective of internalizing the positive externality of density of a building. 

The expected change in property price can be estimated by the present value of the tax credit or 

payment: 

 
𝐴𝑑𝑗𝑢𝑠𝑡𝑚𝑒𝑛𝑡 𝑖𝑛 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦 𝑝𝑟𝑖𝑐𝑒 = 𝑃𝑉 =

(𝑡 − 𝑎𝑇)
𝜌  (46) 

Where “𝜌” is the market return on property. 
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As a result developers who build new developments at a higher then average density will be 

rewarded by an increase in the selling price of each unit by (!!!")
𝜌

 thereby increasing revenue 

and incentivizing them to build at higher socially optimal densities. 

 

This would be easy and cost effective to incorporate with existing property tax schemes as both 

the plot area and amount of legal units on it are objective figures independent of property and 

land values. As a result the cost of incorporating such a tax in existing property tax system is 

virtually zero. 

 

Time Dynamics of the Inverse Density Tax 
 

If the inverse density tax is introduced to a city where total plot area “A” stays constant yet in 

time as the cities’ average density increases (the intent of the tax) through an increase in “U”, 

the total tax revenue “T” would have to increase to pay the same “t” for more units.  
 

 𝑇×
𝐴
𝑈 = 𝑡 (45) 

 

Therefore given that (rearranged from equation (41)): 
 

 𝑓 = 𝑡 − 𝑇𝑎! (47) 
 

and rearranging equation (45) 

 

 𝑇 = 𝑡×
𝑈
𝐴 (48) 

 

substituting (48) into (47) 

 𝑓 = 𝑡 −  𝑡𝑎!
𝑈
𝐴 (49) 

 

deriving “f” WRT “U” 

 

 𝜕𝑓
𝜕𝑈 = −

𝑡𝑎!
𝐴  < 0 (50) 

which is clearly less than zero. 
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The net credit would decrease for any given unit as the urban density increases unless density 

on the units plot was increased by as much as the city average. 

 
But is there any evidence that a tax can affect urban form by affecting decisions at the agent 

level? Perhaps the most evident example is the old historical centers of Gdansk and 

Amsterdam. Both cities had a property tax that was implemented based on the width of the 

property as this was easy to measure. The result is obvious and evident to this day, developers 

decided to build narrower taller buildings.1  More contemporary examples are the work of 

Song, Yan, and Yves Zenou (2006) which builds on Brueckner et. at. (2003), they used a 

dataset of 448 urbanized areas in the United States. They find that higher property tax rates 

result in smaller denser cities and thereby reduced urban sprawl. H. Spencer Banzhaf and 

Nathan Lavery (2009). Find that “Adopting the split-rate tax results in a 4–5% point increase 

per decade in the growth of the density of housing units, for the first two decades. “ 

 
Comparison to Existing Tax Schemes2

 

 
Existing tax schemes consist largely of a combination of two taxes, one on land and one on 

the structural improvements. A land tax has no distortions as the supply of land is fixed and 

therefore cannot affect the supply. It also has no effect on the development decisions of a 

developer as per the aforementioned derivations. A tax on structural improvements however 

reduces the amount constructed on any given piece of land thereby decreasing the capital-to- 

land ratio. These are most commonly applied as either a ‘property tax’ which taxes the entire 

property, land and improvements at the same rate and the ‘split-rate’ tax which taxes them at 

different rates, usually a lower rate for improvements. Honolulu and Kauai Counties in Hawaii 

have experience with the unusual opposite choices of taxing improvements higher then 

land. (Sally and James Mak (2011)).  William Vickrey nicely sums up the property tax: 

 
“The property tax is, economically speaking, a combination of one of the worst taxes—the part that is assessed on 

real estate improvements... and one of the best taxes—the tax on land or site value.” 

 
—William Vickrey (1999) 
 
 

 
 

1 
https://radventurer.wordpress.com/2012/10/27/vilnius:and:gdansk/,	http://www.amsterdam.info/prinsengracht/,	

http://qi.com/infocloud/taxes	

2 
An	excellent	overview	of	property	tax	literature	is	available	in	the	work	of	Nicola	Brandt	 (2014).	
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The distortion of the structural portion of the tax can be divided into two effects, the first is 

the amount of capital per housing units (dwelling size effect) and the second is the amount of 

housing units per unit of land (density effect) 
 

𝐶𝑎𝑝𝑖𝑡𝑎𝑙
𝐿𝑎𝑛𝑑 =

𝐶𝑎𝑝𝑖𝑡𝑎𝑙
𝐻𝑜𝑢𝑠𝑖𝑛𝑔 𝑈𝑛𝑖𝑡𝑠×

𝐻𝑜𝑢𝑠𝑖𝑛𝑔 𝑈𝑛𝑖𝑡𝑠
𝐿𝑎𝑛𝑑  

 

Although there is a consensus in the literature that a tax on structures negatively affects the 

capital to land ratio, there is more debate as to which effect is stronger. Banzhaf and Laverys’ 

(2009) work suggests that the density effect is stronger. 
 
The Inverse Density Tax is also split into two components, the flat tax on land “T” which has 

no effect and the marginal subsidy on housing units “t”. It is therefore clear that its effect is 

solely on the housing units to land ratio which is its intent and suggests that it can also be a 

compliment to existing tax schemes to counteract the negative distortion of the structural 

portion of a property tax. However, the original form presented above shows that it could also 

have an effect on the capital to housing units ratio. Although “T” has no effect on the overall 

density of the project, the proportion of “T” allocated to each unit depends on the individual 

units share of plot area which depends on its relative share of total unit area: 
 

	 𝑎!
𝑎!
𝑝 = 𝑎	 (40) 

 

where “a” determines the individual units allocation of “T” and thereby affecting the tax 

amount “f”: 
 
	 𝑡 − 𝑇𝑎 = 𝑓	 (41) 
 
 

As  a  result,  even  though  “T”  is  meant  to  have  no  effect  on  incentives,  this  method of 

allocating “T” may have the effect of smaller units. The logic behind this form is that in a 

condominium building of many units, its seems logical that the larger units would take up a 

larger portion of the land and thereby be taxed for it. This could (as a side effect) counteract 

the (small) negative distortion on capital to housing unit ratio of a structural tax. Whether this 

effect is desirable or not is up for debate. However adjusting the IDT to have zero effect on 

the capital to housing units ratio is easy. One simply allocates the units’ proportion of the plot 

area “a” equally among all units in the building regardless of size: 
	

	 1
𝑞!
𝑝 = 𝑎	 (51) 
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This effect on the capital to the housing units ratio only exists if there is more then one unit on 

any given plot. If there is one unit, the share of “T” is 100% regardless of the quantity of 

capital. In the case of a single family home on a plot of land, the IDT creates a strong 

incentive for the property owner to increase the amount of legal units on the property such as 

constructing a garage suite or converting a basement into a legal unit etc. This can incentivize 

an increase in the supply of housing in some cities. Some municipalities even increase tax 

rates on properties with more legal units which dissuade property owners from creating more 

legal units, the IDT can play a role in reducing or neutralizing this disincentive. 

Reviewing the literature on property taxation, I am not aware of any proposals similar to the 

IDT, in particular the revenue neutral nature and density subsidy component. However similar 

taxes have been applied to carbon emissions in the form of a revenue neutral carbon tax. The 

IDT would not only decrease sprawl associated with a structure tax (among many others) but it 

would directly incentivize density and have a far greater effect on density and therefore 

sprawl then any existing tax scheme. 

 

Practical Questions of the IDT 
 
The first question that needs to be answered before any practical implementation of an inverse 

density tax is how much should “t” be set at? This variable defines the entire tax structure. In 

the model presented in this paper, “t” is equivalent to the marginal increase in demand for 

goods and services in the surrounding area of the subject development. Although it is a valid 

and important aspect of “t”, in reality there are many other density externalities that can be 

incorporated into “t” that can internalize the calculus of the urban economies’ agents’ 

decisions. 

 
One can incorporate tangible density externalities such as decreasing infrastructure costs on 

water (Wenban-Smith, Hugh B. (2009)), sewer and roads, decreased public transit 

expenditures, transport energy consumption (Newman, P. & Kenworthy, J. (1989),(1999)), 

greenhouse gas emissions (Glaeser & Kahn 2010), increased amenities and varieties of 

consumer goods (Glaeser et.al 2001) and a correction for the distortion of a property tax 

(Banzhaf et. al 2010, Song, Yan, and Yves Zenou (2006). Other intangible benefits to density 

include an increase in productivity (Abel et.al.(2012)) and innovation (Knudsen et.al. (2008)) 
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through knowledge spill overs. All-in-all there is much research to be done to quantify all the 

externalities of density into the single variable of “t” to reach the optimal market outcome of 

urban form. It is important to get this right because this is what determines the strength of the 

incentive and the resulting change in urban form over time. 

 
Another practical challenge when applying this theoretical tax to reality is how the strength of 

“t” would vary in different locations of the city with different densities and levels of 

interconnectivity. For example in the aforementioned theory “t” is equal to the value of its 

marginal increase in demand to surrounding areas. 
 

 𝑡 = 𝑥!∗𝑝! (38) 
  

However the quantity demanded 𝑥!∗ is dependent on the costs for the marginal consumer to 

acquire the goods 𝑔! 

	 𝑥!∗(𝑛) =  
𝐼
𝑛𝑔!

	 (32) 
 
Where the costs include not only the price “𝑝!” but the transportation costs to acquire the good 

which are dependent on distance “𝑑!”. 
 
	 𝑔! = 𝑝! + 𝑡𝑑! 	 (3) 
 
 
As a result, consumers located in areas where the average distance to any given good or 

service is low such as where buildings are much closer together and/or in the center of a city, 

the marginal externality of demand “t” will be bigger then say a development in the fringes of 

the suburbs. For simplicity it may be best to use a “t” that is representative of the average 

property in the city. 
 

Many existing taxes such as congestion pricing, and fuel carbon tax could be replaced by an 

inverse density tax as it goes right to one of the major causes of congestion and carbon use, 

and that is the lack of density. Although congestion pricing and carbon tax would have 

immediate effects, the Inverse Density Tax would be a more appropriate long-term option. In 

addition to alleviating the causes of congestion and carbon emissions, the denser city form that 

will follow will also save municipalities money on infrastructure and public transportation costs
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The purpose of the Inverse Density Tax is to change the urban form to one that is more 

socially and economically optimal then the prisoners’ dilemma status quo. Obvious 

impediments to such organic change of the built environment are policies such as density caps 

through arbitrary FSA ratios, view corridors, Transferable Development Rights and fixed 

housing supply targets etc. If the city is not permitted to form on its own accord then the 

Inverse Density Tax would simply be a technique to redistribute wealth from people living in 

low density plots to those of high density plots instead of incentivizing more intelligent 

growth patterns. In such a case it is best that the tax is not implemented at all. To overcome 

such a hurdle, I propose a solution to the planning problem in the following section. 

 
 

A Case for the Separation of Powers in Municipal Government 
 

In order for a city to be able to freely determine its form, there must be room for it to grow, 

either horizontally or vertically. Many cities have implemented a fixed urban growth boundary 

to try and prevent sprawling horizontal growth patterns. However, planners continue with 

standard development and density regulation policies which do not give the city room to 

instead grow vertically. This results in high housing prices (Glaeser 2002, 2003, 2006, 

2009) and development being pushed to less regulated cities (Glaeser 2010). These 

problems are virtually universal in all major cities experiencing growth and reflects the fact 

that planners are simply not able to keep up with the pace of development with dire 

consequences for the city and its inhabitants. 

 

The aforementioned policies which are standard in contemporary planning practice are not 

consistent with urban dynamics and the welfare of a cities’ inhabitants. It is only recently that 

the negative consequences of development regulation are being unveiled, in particular by the 

work of Edward Glaeser. However although Glaeser does advocate municipal governments to 

build more and build denser, he does not propose a mechanism for them to do so. That is, 

municipalities have a complete monopoly and control over all development that goes on in the 

cities, and thus have limited incentives to change their behavior. Even though it is generally 

accepted within planning circles that higher densities and more homes is desirable for the 

overall welfare of a city, these axioms are not reflected in the standard day-to-day planning 

practice where arbitrary FSA (floor space area) ratios, transferable development rights, view 

corridors, fixed housing targets and NIMBYism prevail. This situation is not helped by the 
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fact that many planners seem to lack an economic intuition to fully appreciate the  

consequences of their policies where abstract ideals of what they believe a city “ought to be” 

suppresses natural urban growth patterns. 

 

The challenge remains to reconcile what the role of planners in the city is. Is it to have 

complete consolidated control of urban development including the fundamental underlying 

force of supply? Or is it to guide the supply of development as an external force to appropriate 

areas of the cities and make sure it conforms well to its environment? I argue it is the latter, 

and the fine line between both lies in the passing of the responsibility of determining how 

much to build to the market, while maintaining the responsibility of how and where to the 

planners. To make such a distinction possible would require a fundamental separation of 

powers in municipal government. Just as the existing separation of powers between legislative, 

executive and judicial branches of government laid the foundation of prosperity in todays 

democratic states by letting the people choose their destiny within society, the separation of 

powers in the urban governance would lay the foundation for the cities of the future, by 

letting the people choose their destinies within the physical environment. To make this 

possible, it will require a new mechanism, a new tool that I call the Supply Buffer. 

 
 
The Supply Buffer 
 
The Supply Buffer would consist of an arbitrary percentage of a cities developable plot area, 

say 10%. On plots located within this buffer area, property owners are allowed to develop an 

unlimited amount of real estate vertically, free of height restrictions, view corridors, or any 

arbitrary means of restricting supply. It is not the sky but the market that will determine the 

height of the building, as developers will choose build where MR=MC (or the socially optimal 

amount with the IDT) where MR is equal to the market price (Kwong-Wing et al. (2007). 

This will allow a developer to be completely free in choosing the density of the project. 

In prosperous cities that have been greatly restricted by development regulations that severely 

restrict supply, the market price will be high, and thereby the chosen height. However, as the 

supply catches up to demand then prices will drop, followed by new building heights. 
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What this buffer will do in effect is provide the city with some growing room to help deal 

with fluctuations in demand usually cased by urban prosperity, immigration, foreign 

investment etc. that bypass the planners desk and end up unaccounted for in the cities long 

range plan. This will increase affordability and accessibility of housing (as well as other forms 

of real estate) by allowing the built environment to keep up with the needs of its inhabitants. 

 

The planners role in this mechanism would be to decide on which urban plots the supply 

buffer is going to be located. This can be incorporated into the cities long term strategy where 

the planner may choose to guide development to the urban center, peripheral nodes, or 

emerging nucleuses in the regional area. By having such a buffer area, planners can laser 

focus on the buffer zone, where to put it and make sure that the type of development that 

occurs inside is done in a way beneficial to the city and is up to standard with its environment 

as opposed to regulating how much. 

 

In practice however, there is one challenge that arises. And that is to allocate this buffer to lots 

that are actually economically feasible to develop or redevelop; otherwise there is no effective 

supply buffer. A stubborn planner can easily allocate the buffer zone to plots with recently 

developed high value properties where redevelopment is unfeasible thereby effectively 

eliminating any buffer for urban supply. This is where the separation of powers comes into play. 

 

The Separation of Powers 
 
 
A municipal government can have an internal department with an urban economist or similarly 

qualified individual to estimate the economic feasibility of development or redevelopment of 

all urban plots. This is actually a rather easy task. The economist would take a similar or 

identical approach to (Kwong-Wing et al. (2007) by taking construction cost data and 

plugging it into an econometric model to estimate construction costs primarily as a function 

of height and floor space but also other variables such as quality associated with either 

public or private projects. The estimated coefficients can then be applied to every plot in the 

city and for each plot estimate the maximum height that can be built where the estimated 

marginal costs are equal to the average market price. This will be unique to each plot as 

each plot has a different area, and therefore different floor plan area that can be built. At this 

maximum height, the total costs and revenues are estimated and using the residual 

valuation technique, the economist plugs in the market rate of return for development projects 
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to obtain a residual property value. If this property value is greater then the existing property 

value then the plot is economically feasible to develop and is therefore green lighted as a 

candidate for the planner to allocate the supply buffer. If this residual value is less then the 

property value then it is economically unfeasible for a developer to purchase the property for 

redevelopment and is therefore disqualified as a candidate for the planner to allocate the 

supply buffer to. Property values are easy to obtain as most municipalities already assess 

property values for taxation purposes, although not perfect assessments, they are sufficient for 

this purpose. Once the model is set up, all that the economist needs to do is update the current 

market prices and cost data as well as any changes in assessment values. 

 

In the aforementioned scenario the planner maintains the power and responsibility to plan the 

city, however his power to control real estate supply is taken away from him.  The key arbitrary 

variable that is up for further investigation is the proportion of the total developable plots that 

should fall under the supply buffer. In this example 10% was arbitrarily used. When 

considering the optimal proportion, one must take into consideration that too small an amount 

may lead to an insufficient buffer size to let the city meet its needs, too large, and much of the 

ability to strategically guide urban development is taken away from the planner. 

 

In practice, the supply buffer would be most intensely utilized by developers if the planner 

does not plan for enough supply in the city outside the buffer, then at least the supply has a 

place to go within the buffer. It acts as an insurance policy for all unforeseen or unplanned 

demand shocks that are unaccounted for in the planners planning. It is therefore a more 

democratic way for a city to determine its supply, by using the market price which is a 

manifestation of the collective decisions of everyone in the city instead of a planning 

department. 

 

Regardless of where the planner strategically places the buffer, the city will be able to provide 

for itself and the most pressing problems of housing availability and affordability will be 

solved. Because as rents are financially linked to prices, as housing prices decline due to 

increased supply, social measures such as rent controls and subsidies can become irrelevant as 

market rents may even fall below regulated rates. It is also therefore an excellent compliment 

to a fixed urban growth boundary to alleviate any affordability problems that may arise from 

restricting horizontal growth by transforming it to vertical growth. 
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An illustration of this effect is shown below in figure 53. If a city is at an initial equilibrium of 

housing at 𝑝! and 𝑞! and then experiences a positive demand shock (as do all growing cities) 

from 𝐷! to 𝐷! and the planners at the municipality are not able to plan for or keep up with the 

increased demand, then prices will unambiguously increase. Because the supply curve (S) 

doesn’t change (construction costs stay the same) the increase in prices for housing units is 

directly transferred to the land. The difference between 𝑝! and 𝑝! is the excess land value, which 

effectively functions to price people out of the now scarce housing market. The supply buffer 

fixes this problem as it always leaves room in the city for supply to expand and meet unplanned 

demand shocks by expanding the quantity of housing to 𝑞! and for prices to remain at the 

affordable 𝑝! which is effectively the cost of construction. This has been noted by much of the 

work of Edward Glaesar cited in this paper. 

 

 

 
 
 
 

 

3 
This	figure	is	a	simplification	of	reality	due	to	certain	assumptions	made.	However	it	does	isolate	the	 intended	effect	and	

that	 is	 the	 increase	 in	property	prices	being	 largely	reflected	 in	 land	values	 in	growing	cities	with	over	regulated								housing	
markets.	 One	 simplifying	 assumption	 made	 is	 that	 the	 developers	 receive	 no	 profit	 in	 construction	 of	 units.	 Also	 the	
assumption	of	constant	marginal	costs	was	made	for	simplification,	and	does	not	necessarily	violate	the	previous	assumption	
in	 the	model	 of	 increasing	marginal	 costs,	 as	 that	 applies	 to	 vertical	 development	 on	 a	 given	 plot	 of	 land,	 the			constant	
marginal	cost	here	is	assumed	across	plots	of	land	in	the	city.	

Ex ss	 ban	Land	Valu 	
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It is this characteristic of allowing the city to determine it’s own density that makes the 

Supply Buffer a necessary mechanism for the Inverse Density Tax to have its intended effect 

instead of being a wealth redistribution tool. These two policies combined will result in urban 

developers building at more socially optimal densities by having them internalize the positive 

externalities of density. This will result in more condensed cities and reduced sprawl. 

 
Growth Strategies and Urban Form 
 

All growing cities have only three options when it comes to development. These are to either 

‘develop up’, ‘develop out’ or to ‘develop not’. These distinct options can be imagined as a 

triangle as illustrated in figure 6. These options are outlined as follows: 

 
1) Develop up: These cities allocate all new demanded development inside their existing 

fabric thereby increasing density. They are effectively growing in the vertical axis. 

Some associated consequences include abundant housing inclusively priced close to 

construction cost, smaller housing units, pedestrian and transit oriented planning, low 

environmental impact both in the urban footprint and resources required to maintain 

the urban metabolism. There currently exist no cities that explicitly adopt or are able 

to adopt this strategy. 

2) Develop out: These cities allow new development to expand the city outwards 

effectively expanding along the horizontal plane. Some characteristics of such cities 

are abundant cheap housing inclusively priced close to construction cost, large 

housing units, large car and resource dependency with high environmental impact to 

maintain the urban metabolism. An excellent example of these cities are sprawling 

cities in Texas such as Houston and Dallas. 

3) Develop not: These cities simply don’t develop to allow supply to meet rising demand 

likely because they are both development and density shy. These cities have 

unaffordable housing exclusively priced to keep newcomers out, it is excessively 

difficult to find rental housing, they experience stunted growth despite strong 

economies, high vulnerability to property bubbles and they tend to divert growth 

elsewhere, the environmental direction of these cities is ambiguous. Excellent 

examples of cities that are close to this category are the large Scandinavian cities such 

as Stockholm, Oslo, and Copenhagen. 
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All growing cities fall somewhere between the three extremes mentioned (depending on 

politics, economics, regulation, culture etc.) with different resulting consequences. Most cities 

fall somewhere between options 2 and 3 and perhaps a nudge to option 1. Up to the writing of 

this paper there exists no city that explicitly pursues a growth strategy that resembles that of 

option one. Even Hong Kong is adamant on restricting building heights. The two policies of 

the Inverse Density Tax and the Supply Buffer are the only existing enabling tools to achieve 

that urban growth strategy. 
 
 
 
 

 

 
 
Conclusion 
 
It has been demonstrated how the density of a building has a positive externality on 

surrounding buildings. This externality is not taken into account in the profit maximizing 

density choice of developers. If all developers were to take this into consideration and build at 

the socially optimal density then total profits will be greater. However there remains an 

incentive for each developer to deviate as they can reap the external surplus profits without 

the cost of contributing their own density increase. This results in a prisoner’s dilemma game, 

which is the status quo scenario that we observe in todays cities. It has been shown that it is 

possible to eliminate this prisoner’s dilemma game by implementing an Inverse Density Tax

DEVE OP 
UP 

DEVE OP 
NOT 

DEVE OP 
OUT 
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which seeks to internalize any positive externality to density and thereby incentivizing 

developers to build at the socially optimal density. Current development regulations prevent 

the Inverse Density Tax to have its intended effect by preventing developers from choosing 

their desired density that the market demands. To solve this problem a second tool has been 

proposed called the Supply Buffer. The Supply Buffer provides the city the “growing room” 

needed for the Inverse Density Tax to have its intended effect, and that is to incentivize 

developers to build at more socially optimal densities. Without it, the Inverse Density Tax 

would merely be a redistributive mechanism from those living in low density plots to those 

living in high density plots and would thus not be worth implementing at all. This tool acts as a 

separation of powers in the planning department by taking away their underappreciated 

power of controlling real estate supply in the city while still maintaining the planners powers 

over the guidance of urban development. 
 
The density externality analyzed in this paper along with the reviews of relevant literature 

show a tremendous gap between what we know about cities and how they are planned. This 

brings up the essence of this paper which is not only to contribute to this literature but to 

bridge the gap between contemporary urban theory and practice to help build the cities of the 

future. To facilitate discourse on the subject I introduce the concept of the ”Surplus City” and 

its relevant approach that encompasses the aforementioned strategies. What is a surplus city? It 

is a city whose objective is to maximize the social welfare of it’s inhabitants through 

increases in efficiency and economic surplus’. It puts the needs of all its citizens above any 

ideology by allowing the city to foremost provide for itself and grow in the most optimal 

manner possible. It is a city where the actions of developers, consumers, and producers are 

coordinated to achieve the highest welfare gain for its inhabitants. The surplus city  approach is 

an approach that recognizes density and guided supply, not controlled supply as 

fundamental pillars in the cities functioning, health and premise of its existence. It is in 

economic terms, a refreshing positive approach to urban planning, as opposed to the status- 

quo sea of normative approaches.  
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Appendix 1 
	
PROOF:	
 
The Lagrangian: 
 
 

ℒ 𝑥! , 𝑥! , 𝜆 =  𝑥!

!

!!!

−  𝜆 𝐼 − 𝑔!
!∈!

𝑥!  (1) 

 
First Order Conditions: 
 
1) 𝜕ℒ

𝜕𝑥!
= 𝑥!

!!!

+ 𝜆𝑔! = 0  →   𝑥!
!!!

= −𝜆𝑔! (2) 

 
 
 
2)  

𝜕ℒ
𝜕𝑥!

= 𝑥!
!!!

+ 𝜆𝑔! = 0  →   𝑥!
!!!

= −𝜆𝑔! (3) 

 
 
 
3) 𝜕ℒ

𝜕𝜆 = 𝐼 − 𝑔!
!∈!

𝑥! = 0 (4) 

 
 
Divide 1) by 2): 
 𝑥!

𝑥!
=
𝑔!
𝑔!

 (5) 

 
Establish the equality: 
 𝑔!𝑥! = 𝑔!𝑥! (6) 
 
Substitute the above equation (6) into the third first order condition (4): 
  

𝐼 = 𝑛(𝑔!𝑥!) 
(7) 

 
 
Solve for 𝑥!: 
 𝑥! =

𝐼
𝑛𝑔!

 (8) 

 
	


