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Stockholm framlägges till offentlig granskning för avläggande av teknologie
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Kungliga Tekniska Högskolan, Stockholm.

©Nasseradeen Ashwear 2016

Universitetsservice US–AB, Stockholm 2016



Vibration-based Assessment for Tensegrity Structures

Nasseradeen Ashwear

Dept. of Mechanics, Royal Institute of Technology
SE-100 44 Stockholm, Sweden

Abstract

Vibration structural health monitoring (VHM) uses the vibration properties
to evaluate many civil structures during the design steps, building steps and
service life.

The whole function, expressed by stiffness and frequencies of tensegrity
structures are primarily related to the level of pre-stress. The present work
investigates the possibilities to use this relation in designing, constructing and
evaluating the tensegrity structures.

One of the aims of the thesis was to improve the current models for res-
onance frequency simulation of tensegrities. This has been achieved by intro-
ducing the bending behaviour of all components, and by a one-way coupling
between the axial force and the stiffness. From this, both local and global vi-
bration modes are possible to evaluate. The resonance frequencies are seen as
non-linearly dependent on the pre-stress level in the structure, thereby giving
a basis for diagnosis of structural conditions from measured frequencies.

The environmental temperature effects on vibration properties of tenseg-
rity structures have been investigated, considering primarily seasonal uniform
temperature differences. Changes in dynamic characteristics due to tempera-
ture variations were compared with the changes due to decreasing pre-tension
in one of the cables. In general, it is shown that the change in structural
frequencies coming from temperature changes could of several magnitude as
those from damage. Different combinations of materials and boundary condi-
tions are also investigated. These are shown to have a significant impact on the
pre-stress level and the natural frequencies when the environment temperature
is changed.

Coinciding natural frequencies and low stiffness are known issues of tenseg-
rity structures. The former can be an obstacle in VHM, while the later normally
limits their uses in real engineering applications. It has been shown that the
optimum self-stress vector of tensegrity structures can be chosen such that their
lowest natural frequency is high, and separated from others. Two approaches
were demonstrated, based on how the self-stress vector will be evaluated: scal-
ing from a base module or considering all modules at once. Both approaches
gave the same optimum solutions, even the numerical settings were different.

The environmental temperature effects on vibration properties of tenseg-
rity structures were revisited to find a solution such that the natural frequencies
of the tensegrity structures are not strongly affected by the changes in the en-
vironmental temperature. An asymmetric self-stress vector can be chosen so
that the criterion is fulfilled as well as possible. The level of pre-stress can
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also be regulated to achieve the solution, particularly when a symmetric self-
stress vector is chosen. The last part of this thesis, services as a summary of
the work. Suggested steps are given to design tensegrity structures for better
effective VHM procedures.

Descriptors: Tensegrity, Pre-stress, Vibration, Health monitoring, Buckling,
Temperature effect, Vibration health monitoring VHM, Optimization.
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Nasseradeen Ashwear

Dept. of Mechanics, Royal Institute of Technology
SE-100 44 Stockholm, Sweden

Sammanfattning

Användandet av vibrationsbaserade hälsokontrollsmetoder (VHM) för struk-
turer ökar snabbt. Dessa metoder använder sig av de uppmätta eller simulera-
de vibrationsegenskaperna under design-, uppbyggnads- och nyttjandestadier-
na hos m̊anga slag av byggnadsverk. Styvheten och resonansfrekvenserna hos
tensegritets-struktu-rer är i hög grad beroende p̊a den aktuella förspänningsniv̊an.
Avhandlingen undersöker möjligheterna att använda detta beroende i konstruk-
tion, byggande och utvärdering.

Den första delen av avhandlingen studerar förbättringar av de vanligen
använda modellerna för simulering av resonansfrekvenser hos tensegritetsstruk-
turer genom att i en riktning koppla normalkraften till böjstyvheten. Reso-
nansfrekvenserna ses därmed som icke-linjärt beroende av förspänningsniv̊an i
strukturen. Detta ger möjligheter att diagnosticera strukturens kondition fr̊an
uppmätta frekvenser.

Den andra delen av arbetet undersöker hur strukturernas vibrationsegen-
skaper är beroende p̊a temperatureffekter i omgivningen, i första hand likformi-
ga temperaturvariationer. Förändringar i de dynamiska egenskaperna beroen-
de p̊a temperaturförändringar jämfördes med dem som beror p̊a en minskande
förspänning. I allmänhet gäller att förändringarna i resonansfrekvenser kan vara
av samma storleksordning som de som beror p̊a skador. Olika kombinationer av
material, och olika upplagsförh̊allanden undersöktes. Dessa egenskaper visades
ha en betydande effekt p̊a förspänningsniv̊an, och därmed ocks̊a p̊a resonans-
frekvenserna.

Sammanfallande resonansfrekvenser och l̊ag styvhet är kända problem hos
dessa strukturer. Det förra kan leda till problem för VHM, medan det sena-
re begränsar användbarheten för ingenjörs-tillämpningar. Man kan visa att
förspännings-fördelningen kan optimeras för att ge en hög lägsta resonansfre-
kvens, som ocks̊a är väl separerad fr̊an de följande. Tv̊a metoder visas i avhand-
lingen, med olika metoder för utvärdering av förspänningen: endera används
skalade värden fr̊an en enskild basmodul, eller utvärderas strukturen som en
helhet. B̊ada metoderna visas ge samma resultat, även om de numeriska be-
handlingarna skiljer.

Effekter fr̊an omgivningens temperatur p̊a vibrationsegenskaperna hos struk-
turerna studerades för att söka lösningar där frekvenserna inte p̊averkas i hög
grad. En olikfomig förspänning kan väljas för att n̊a detta s̊a väl som möjligt,
men även förspänningens niv̊a p̊averkar. Den avslutande delen av avhandlingen
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ger förslag om hur strukturerna kan utformas för att förbättra effektiviteten
hos VHM-metoderna.

Nyckelord: Tensegritet, Förspänning, Vibration, Hälsokontroll, Knäckning,
Temperatureffekt, Vibrationsbaserad hälsokontroll, Optimering.
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Preface

This thesis improves the current models for resonance frequency simulation
of tensegrity structures by introducing the bending behavior of all components.
Thereby it gives the basics for vibration health monitoring. Some issues were
investigated and solution are proposed for each issue. A brief introduction
to the basic concepts and methods is presented in the first part. The second
part contains five articles. The papers are adjusted to conform with the present
thesis format for consistency, but their contents have not been changed as com-
pared with their original counterparts.

Paper 1. Nasseradeen Ashwear & Anders Eriksson, 2014
Natural frequencies describe the pre-stress in tensegrity structures. Computers
& Structures, vol 138, 162-171

Paper 2. Nasseradeen Ashwear & Anders Eriksson, 2015
Influence of temperature on the vibration properties of tensegrity structures.
International Journal of Mechanical Sciences, vol 99, 237-250

Paper 3. Nasseradeen Ashwear, Ganesh Tamadapu & Anders Eriks-
son, 2015
Optimization of modular tensegrity structures for high stiffness and frequency
separation requirements. International Journal of Solids and Structures, vol
80, 297–309

Paper 4. Nasseradeen Ashwear & Anders Eriksson, 2016
Reducing effects from environmental temperature on the natural frequencies of
tensegrity structures. Submitted

Paper 5. Nasseradeen Ashwear & Anders Eriksson, 2016
Vibration health monitoring for tensegrity structures. Submitted
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Part I

Overview





CHAPTER 1

Introduction

1.1. Background

Tensegrity structures are highly sophisticated load-carrying objects, where high
mechanical efficiency is created from a clear distinction between components
in compression and in tension. They thereby consist of dedicated elements,
compressive bars and tensioned cables (Wroldsen 2007). There is a dispute
about the invention and origin of the ideas behind this class of structures, but
it is now known that Buckminster Fuller and Kenneth Snelson are the inventors
of the concept ‘tensegrity’ (Snelson 2012).

1.1.1. Definitions

In literature there are several definitions of tensegrity structures, of which a
few will be included here.

The first article ever using the term tensegrity was written by Fuller (1961),
but he did not give any definition in specific words. Later, he defined tensegrity
structure as: Islands of compression in a sea of tension (Fuller 1975).

Skelton et al. (2001) define a K class tensegrity structure as A stable
structure composed of tension and compression elements with a maximum of K
compressive members connected at node(s).

Depending on the author’s perspective, further and more complex defini-
tions were given. Kanchanasaratool & Williamson (2002) state that A tenseg-
rity system is a stable connection of axially-loaded members. A class k tenseg-
rity structure is one in which at most k compressive members are connected to
any node.

Motro (2003) gave two definitions, the “patent based”: Tensegrity systems
are spatial reticulate systems in a state of self-stress. All their elements have
a straight middle fibre and are of equivalent size. Tensioned elements have no
rigidity in compression and constitute a continuous set. Compressed elements
constitute a discontinuous set. Each node receives one and only one compressed
element, and the “extended” definition: Tensegrity system is a system in a
stable self-equilibrated state comprising a discontinuous set of compressed com-
ponents inside a continuum of tensioned components.
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4 1. Introduction

1.1.2. Tensegrity structures applications

Only some of the applications that are using the concept of tensegrity are
discussed in this section. There are many other applications that are not given
here but can be found in literature, e.g., Tibert (2002) and Jáuregui (2004).

1.1.2a. Space applications and robotics. The tensegrity concept is used in space
applications such as masts and antennas (Tibert 2002). Recently (2014), the
National Aeronautics and Space Administration (NASA) has initiated a project
named SuperBallBot where the plan is to use a tensegrity system (Fig. 1.1) for
planetary landing and exploration.

As a good example for tensegrity robots is DuCCT (Fig. 1.1), which was
designed by Friesen et al. (2014). This robot has the ability to traverse complex
duct systems.

Figure 1.1: Super Ball Bot structure (left) from http://ti.arc.nasa.gov/, and
DuCCT (right) from Friesen et al. (2014).

Figure 1.2: An adaptive building envelope Courtesy of d’Estrée Sterk.
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1.1.2b. Architecture and civil structures. One of the reasons for using tenseg-
rity structures in architecture and civil engineering is the possibility to eas-
ily reshape them under different load conditions to adapt to environmental
changes (Wroldsen 2007). Thereby they are representatives of responsive ar-
chitecture (Negroponte 1975). Such applications of tensegrity were achieved
by d’Estrée (2003) where he created a tunable structure, adapting to environ-
mental changes (Fig. 1.2). Cable nets are used as a special case of tenseg-
rity structures in architecture. Both cable nets and tensegrity structures may
be considered as belonging to what is called cabled structures (Lewis 2003).
Tensegrity structures are also found within civil engineering, such as stadium
roofs and bridges (Fig. 1.3).

Figure 1.3: Kurilpa Bridge (left) from http://www.e-architect.co.uk, and
La Plata Stadium from www.stadiumguide.com (right).

1.1.2c. Biomechanics and biology. Swanson (2013) stated that, biotensegrity
provides a conceptual understanding of the human body. In industry, the
tensegrity concept is used in modeling of many of the human body segments
(Fig.1.4). Chen & Ingber (1999) and Ingber (2008) argued that the principle
of tensegrity can also be seen in many viruses, enzymes and cells to arrange
themselves, to minimize energy and mass.

1.1.2d. Furniture. Because of their light weight, applications of the tensegrity
concept are increasing in the design of furniture and some of the household
needs (Fig. 1.5)

1.2. Form and force finding

Form-finding is defined as the process of finding an equilibrium and a stable ge-
ometry (Faroughi & Tur 2013). Tibert (2002) classified the form-finding meth-
ods into two groups, kinematic and static methods. A review of these methods
can be found in Tibert & Pellegrino (2002) and Lewis (2015). Form-finding,
however, can be seen from different viewpoints, where some methods require
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Figure 1.4: Tensegrity spine from www.interactivearchitecture.org.

Figure 1.5: Tensegrity furniture. Reproduced from
www.galleryhip.com.

the topology and coordinates of the nodes. This is the case when using non-
linear programming and force density methods, while other methods use other
information sets. Recently, Koohestani (2013) proposed an unconstrained op-
timisation approach for form-finding, which requires only the connectivity data
and a random set of force densities.

Form-finding in general, can be classified into two branches: shape and
force finding (Xu & Luo 2010). Force-finding or pre-stress design, is the pro-
cess of finding the initial member forces for a specific geometry that is known
in advance. Force finding is also defined as the process of searching for feasible
pre-stress (Yuan & Dong 2002) or pre-stress optimization (Masic & Skelton
2006).

There are some considerations which can be adapted to enhance the ba-
sic Form-finding methods such as grouping, where grouping can be automated
or manual. Recently, Koohestani (2015) developed an automated method for
element’s grouping and self-stress identification. In the present work, Form-
finding was done without any pre-defined grouping of elements, even if finding
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a feasible grouping could be an important parameter in the design and opti-
mization.

In the present work, the performed simulations are based on the follow-
ing assumptions concerning the design. A final geometry is defined, which
is connected to a specified pre-stress state, i.e., components are lengthened
or shortened from an unloaded length, introducing axial forces when reaching
their design lengths. The nominal design thereby includes a specified exact
pre-stress force distribution for a specified exact geometry. This means that,
for a certain geometry, pre-defined by a given sets of nodal coordinates, the
inial self-stress vector was evaluated. With these assumptions, changing the
level of pre-stress should not alter the nominal pre-defined geometry.

1.3. Structural health monitoring

The ability to monitor a structure and detect the damage at the earliest pos-
sible stage is very important throughout the civil, mechanical, and aerospace
engineering communities. There are many methods used in structural health
monitoring (‘SHM’). These methods vary according to the structure type and
the purpose of monitoring. The purpose of SHM is often to give, at every
moment during the service life of the structure, a diagnosis of its state of the
different parts and of the full assembly of these parts constituting the structure
as a whole (Balageas 2006). The SHM is a non-destructive evaluation (‘NDE’)
method which allows continuous and remote monitoring (Inam et al. 2014).
The SHM techniques are increasingly used in industry as a quality assurance
tool (Ciang et al. 2008).

The results of this monitoring process will be compared with the properties
of a known healthy structure simulated during the design stage or measured
in a healthy stage of service life. In many cases, the purpose is to make the
state of the structure remain in the domain specified in the design despite the
fact that this can be altered by the normal aging due to usage, the action
of the environment and accidental events. The time-dimension of monitoring
makes it possible to consider the full history database of the structure. Many
aerospace, civil and mechanical systems continue to be used despite ageing and
the associated potential for damage accumulation. Therefore, the ability to
monitor the structural health is becoming increasingly important (Farrar et al.
2001).

1.3.1. Vibration health monitoring

Vibration-based health monitoring (‘VHM’) is a global non-destructive testing
methods based on the fact that any changes introduced in a structure (includ-
ing damage) will change its physical properties, which in turn will change the
structural vibration response (Guechaichia & Trendafilova 2011). The VHM
techniques have been developed and employed to assess the global condition
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(health) and detect damage in bridges, buildings, aircraft, and rotating ma-
chinery (Mooney et al. 2005).

1.3.2. Damage definition

Damage in a structure is often combined with a change in its state such as
vibrational properties during the service life. In the most general terms, damage
can be defined as changes introduced into a system that adversely affect its
current or future performance (Doebling et al. 1998; Farrar & Worden 2007).
There are several methods used to detect the damage. These methods are
either visual or localized experimental methods such as acoustic or ultrasonic
methods, magnetic field methods, radiographs, and thermal field methods. A
review of these methods is given in Ciang et al. (2008).

1.3.3. VHM of tensegrity structures

All structures and components are susceptible to damage. Each structure also
has its typical dynamic behavior, which may be addressed as its ‘vibrational
signature’ which is defined as the measurements of normal operating vibrations.

For tensegrity structures, damage is normally expected to occur in the
form of buckling (or at least a stiffness reduction close to this instability) of
one or more bars. It can also appear as complete or partial slacking of one
or more cables, i.e., a force reduction in and redistribution in the components.
Shekastehband et al. (2012) numerically and experimentally investigated if a
bar collapse or cable rupture will lead to collapse of the whole system. Vibration
frequencies as an indicator of damage to tensegrity structures have not been
explicitly reported in literature. Korkmaz et al. (2011) used the displacements
as an indicator of the damage in an active tensegrity. Shekastehband et al.
(2012) used the axial forces and displacements as indicators of damage in their
investigation.

1.3.4. VHM as a maintenance tool for tensegrity structures

Tensegrity structure VHM can be used to check the condition by using the
measured global resonance frequencies of the structure and comparing these
with a data index stored during previous health condition measurements. The
objective is to investigate if there are any differences compared with the present
measured dynamic properties, such as natural frequencies, mode shapes and
damping. In industry, this is known as preventative maintenance, which will
reduce the operational cost of the structure and hence has an economic impact
(Fritzen 2005). Based on an accurate comparison, a conclusion can be produced
describing the current condition of the tensegrity. Then, these records can be
used when monitoring the tensegrity, and the result can be interpreted and
translated. After that, the decision and the right action can be taken.
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1.3.5. VHM as a design tool for tensegrity structures

Vibration health monitoring in the design process of tensegrity structures can
be seen from two points of view: form finding or the evaluation of the pre-
stress where the unstrained lengths of all components are introduced based on a
predefined geometry. Recently, the dynamic properties for tensegrity structures
have been considered as a design tool by many researchers, such as Koohestani
(2013) for the form finding or by Dubé & Angellier (2013) for identifying the
pre-stress level. Faroughi & Tur (2013) examined if the vibrational properties
can be used in the design of tensegrity structures and developed an algorithm
to design the tensegrity structures using the dynamic behavior.

Oppenheim & Williams (2001) tested the effect of pre-stress on the natural
damping of the cables of a simple elastic tensegrity structure and concluded
that, the natural geometric flexibility of tensegrity structures at equilibrium
leads to a much slower rate of decay of amplitude of vibration than conceivably
expected.

1.3.6. VHM and the effects from environmental conditions

Most health monitoring and damage detection methods assume that the dam-
age will modify the stiffness, mass, and damping distributions of the structure,
which leads to a change in measured vibration properties. For civil engineering
structures, modal changes produced by environment conditions such as tem-
perature, wind and snow, can be equivalent to the ones produced by damage
(Farrar & Jauregui 1998) or under normal operational loads (Xu & Luo 2010).
Hence, before using the sets of natural frequencies and mode shapes to detect
damage, or to assess the current situation of a structure, the influence of the
environmental conditions on the vibration properties should be understood.
This will make it possible for the investigator to eliminate or compensate for
these effect on the monitoring results (measured dynamic response). According
to Sohn (2007), damage detection techniques will not be accepted in practi-
cal applications, unless environmental and operational conditions are explicitly
considered.

In the present work only the effects from environmental temperature changes
have been investigated. Basically, if the effects of temperature changes on
the vibration response are not fully understood, vibration health monitoring
(VHM) techniques most likely lead to incorrect interpretation, and the results
obtained from the investigation may include some incorrect values (Giraldo
et al. 2006; Xia et al. 2006).

1.4. Aim and outline of the thesis

The main objectives of this thesis is to give the basis for using and designing
the vibration frequencies in several aspects of engineering, construction, and
monitoring of the status during the life time of tensegrity structures. Some
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obstacles facing the implementation of VHM procedures have also been in-
vestigated. Examples of these obstacles are, e.g., environmental temperature
effects and natural frequency coincidence.

Five papers are included in the second part of this thesis and show the
successive objectives. The first paper focuses on improving the existing finite
element formulation so that both global and local vibration modes are included.
The second paper investigates the effect of temperature changes on the natural
frequencies of tensegrity structures. The temperature effects are compared to
the effects of damage, represented by slacking of one of the cables. The third
paper deals with improving the pre-stress design for better correct measure-
ments, which can be used effectively in VHM. The existence of multiple inter-
nal equilibrium states affect the dynamic response. This allows the designer
to choose a self-stress vector that satisfies some requirements such as natural
frequency separation to improve the quality of the frequency measurements. It
is always preferred to design the structure such that its natural frequencies are
not very close to each other. With a multi-objective criterion combination, the
optimum self-stress of the tensegrity structures can be chosen such that their
lowest natural frequency is high, and separated from others. In the fourth pa-
per the problem found in the second paper is revisited to find a solution for
the effects of the environmental temperature on the natural frequencies. The
change of the natural frequencies with the environmental temperature changes
can be an obstacle when thinking about the application of VHM. It has been
shown that the tensegrity structures can be designed such that some of their
lowest natural frequencies are less sensitive to the temperature changes. The
fifth paper services as a summery of the thesis where the increased knowledge
and understanding of the vibration properties of optimized bar-cable structures
has been the common theme.

In designing and producing tensegrity structures and with respect to ap-
plications, the pre-stressing of the structure is seen in two different contexts.
The first context is a design consideration, when the vibration properties are
evaluated for a final geometry and topology as a function of the pre-stress
level. Studying the response as function of the pre-stress level, this is denoted
as synchronous pre-stressing of all unstressed lengths of the components. The
calculated resonance frequency spectrum can thereby be seen as a signature for
the correctly assembled and pre-stressed structure.

The second context is a production viewpoint. In a tuning pre-stressing, it
is assumed that a design of geometry and pre-stress is chosen, thence all un-
stressed lengths are known. By shortening or lengthening the designated con-
trol components, the designed configuration and pre-stress is gradually reached.
The frequencies are thereby functions of the level to which the structure is yet
pre-stressed on its route to the designed state. These functions thus start at
a state where most of the structure is assembled from unstressed components,
and the designed pre-stress state is successively obtained while length-adjusting
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the control components to (and perhaps, beyond) the design lengths. The spec-
trum of resonance frequencies can then be seen as a progress indicator of the
control process.

A pre-stress pattern is established when assembling the structure. It is a
fundamental aspect that the components before assembly are of other measures
than the (deformed) length they have in the nominal geometry. This obviously
means that the structure cannot be assembled without special methods, where
the components must be forced to their nominal deformed lengths by special
equipment. This can be achieved by making some of cables or some of bars to
length-adjustable components, or the joints must contain special mechanisms
for tensioning some of the cables. The precise mechanisms for these adjust-
ments are out of the scope of this thesis, but the assumption is that some
components can be length adjusted in some way.

In building the tensegrity structures, the main idea motivating this research
stems from the concept of tuning, e.g., a guitar, where its strings are tuned to
their right resonance by the introduction of an axial force. This requires a cou-
pling between axial and bending behavior and stiffnesses. This coupling has
here been achieved by the augmenting Euler-Bernoulli beam elements (Argyris
& Mlejnek 1991; Paultre 2010). This formulation has been developed for the
tensegrity context in the first paper.

In the present work, monitoring the status of tensegrity structure is based
on the assumption that, the assembled structure will be tested by exciting a
wide spectrum of frequencies, and registering the resonances. The complete
resonance spectrum of the physical structure is thereby a signature for the
structure in its current state, including the pre-stressing. This can be used im-
mediately after initial assembly of the structure, but also as a monitoring tool
of status during the life time of the structures. More details are given in the
second paper where a comparison between healthy (no slacking) and unhealthy
(cable slacking) situations is given in terms of frequency change.





CHAPTER 2

Vibration analysis

Structural engineering problems are normally classified into three categories:
equilibrium problems, eigenvalue problems and propagation problems (Cran-
dall 1956). Resonance and buckling are examples of the eigenvalue problems.

Modal testing and eigenvalue analysis are primarily concerned with finding
the mode shapes (eigenvectors) and frequencies (eigenvalues), the later related
to a discrete or discretized structural model. Eigenvalue analysis is used to an-
alytically find the eigenvalues from the governing equations or from the given
mass and stiffness matrices. On the other hand, modal testing deals with find-
ing the eigenvalues and eigenvectors experimentally by exciting the structure by
a white noise spectrum. White noise is defined as a forcing function that con-
tains all possible frequencies in the same measure, dealing always with spectral
representations of studied quantities. In this thesis, the eigenvalues analysis
has been adopted after evaluating the mass and stiffness matrices. More infor-
mation is given in section 2.1.1. The idea is to compare resonance peaks from
experiments with computed eigenfrequencies from simulations, the comparison
giving important conclusions on structural status.

2.1. Dynamics of tensegrity structures review

Dynamics of tensegrity structures has become an interesting research topic
recently. The majority of research performed has been concerned with the re-
lationship between the pre-stress level and the natural frequencies of the tenseg-
rity structures. Sultan et al. (2002) and many others investigated this relation-
ship. In general, they concluded that, the natural frequency increases with
the pre-stress level. Ali et al. (2010) investigated a tensegrity-based footbridge
and concluded that the fundamental frequency is not directly affected by the
pre-stress. The dynamic behavior has been investigated by many researchers
such as Moussa et al. (2001) and Oppenheim & Williams (2001). Modal anal-
ysis of some tensegrity modules was considered by Murakami (2001a,b). An
important finding was given by Motro et al. (1987) where they showed that the
linearized equation of motion around an equilibrium configuration can be used
instead of the complete nonlinear dynamic model. Later, the results by Motro
et al. (1987) were extended to more complex configurations by Murakami &
Nishimura (2001), and Sultan et al. (2002).

13



14 2. Vibration analysis

Different analytical methods are available in literature for the simulation
of tensegrity structures. Barnes (1999) classified these methods into incremen-
tal, iterative and minimization methods. Incremental and iterative methods
use the matrix formulation as in Furuya et al. (2006), while the dynamic re-
laxation method is widely used for the minimization method, cf. Domer et al.
(2003).

2.1.1. Spectral analysis

Modal analysis was in this thesis conducted after the tangent stiffness KT

and mass M matrices were evaluated at a converged equilibrium state for a
chosen discrete model. In this, KT=KE +KG, with KE the elastic stiffness
matrix and KG the geometric stiffness matrix. The tangent stiffness matrix is
including the effect of pre-stress through the geometric stiffness matrix, and is
positive definite for stable tensegrity structures. The generalized eigenproblem
is obtained from

−ω2Mφ+KTφ = 0 (2.1)

where ω2 is an eigenvalue and φ the corresponding eigenvector. The spectral
decomposition thereby gives n natural angular frequencies ωi and the related
eigenvectors φi of the structural model at the considered equilibrium state. The
extracted frequencies are normally obtained as sets of very close values, which
is a known property of tensegrity structures, essentially depending on the sym-
metry and repetitivety of the structure. It is also known that the frequencies
are non-linearly dependent on the pre-stress forces for a given final geometric
design, and dependent on the discretization used in the structural model. In
the present work, with the tangent stiffness and mass matrices assembled, the
problem can be linearized, and the small free undamped vibrations of a struc-
ture around the evaluated equilibrium state are obtained from the generalized
eigenproblem.

A choice of representation is a fundamental aspect of simulations, giving
the relevant matrices. Commonly, tensegrity structures have been seen as bar
structures, with only axial behaviour considered. However, in the VHM con-
text, normally the transversal vibrations are needed and most easily seen in
monitoring. For this, the beam elements used in this thesis improves the sim-
ulation, with both axial and transversal modes represented.

The dependence of vibration properties on temperature is one of the topics
considered in the present work. This can be seen as one important aspect of
the relation between the vibration properties simulated for a structural model
and the ones measured for a physical structure.

The natural frequencies ωi from simulations are corresponding to the peaks
in the frequency spectrum obtained from experiments. A comparison between
simulation and experimental procedures is given in Fig. 1. The figure compares
practical and theoretical methods for finding natural frequencies. In practice,
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Figure 1: Theoretical and experimental modal analysis.

be excited at several points simultaneously but this is the exception rather than the

rule.

Numerous identification methodologies have been proposed in the literature. In the

present chapter, the analysis is however restricted to those which are the most widely

used:

1. The first method investigated is the Least-Squares Complex Exp onential method

which was introduced in 1979 by Brown et al. [7]. It requires the measurements of

impulse response functions (IRFs) and yields the natural frequencies and damping

ratios. It is often coupled with the Least-Squares Frequency Domain technique in

order to obtain an estimation of the mode shapes.

2. The second method is the Ibrahim Time Domain method which was proposed in

1973 by Ibrahim and Mikulcik [8]. It exploits free response time histories from the

structure under test.

3. The third method is the Stochastic Subspace Identification method which has been

recently introduced [9]. It is known to outperform the classical identification tech-

niques.

3

Figure 2.1: Theoretical and experimental modal analysis reproduced from www.ltas-vis.ulg.ac.be.

the natural frequencies of the structures are normally extracted from the spec-
trum. Structure parameters such as mass, stiffness and damping can also be
evaluated from the experiment results applying a relevant simulation model.
In numerical simulations, mass, stiffness and damping matrices are computed
first. Then, from the solution of the eigenvalue problem, the natural frequencies
can be calculated. However, one can calculate the frequency response functions
from the tangent stiffness KT and mass M matrices evaluated at a converged
equilibrium state using the following equation (Pasha et al. 2014):

H(ω) = (KT − ω2M)−1 (2.2)

where ω is the frequency of simulated excitation. Peaks will appear for each ω
coincident with one of the natural frequencies of the structure ωi. Plotting a
suitable frequency response function will facilitate the comparison between the
experimental and simulations results.

Measurements are not extensively considered here, but are a necessary
topic for the future work; more details are given in section 4.1, and in the fifth
paper.





CHAPTER 3

Summary of papers

Paper 1

Natural frequencies describe the pre-stress in tensegrity structures

The aim was to study the resonance frequencies in pre-stressed non-linear
tensegrity structures. The existing formulation was improved by using finite
beam elements with axial-transversal coupling. The axial-bending coupling
emphasizes the non-linear dependence of the natural frequencies on the pre-
stress state, thereby giving a basis for diagnosis of structural conditions from
simulated natural frequencies. Two-dimensional models were used, but the for-
mulation is also relatively easily implemented for more complex structures.

With respect to applications, the pre-stress was seen as either synchronous,
considering a variable final pre-stress design or as tuning, when increasing pre-
stress is followed in a planned construction sequence.

A quantitative agreement between the results from simulation and the ana-
lytical solution of the simply supported pre-stressed beam was observed. With
the bending moment released at the physical joints, it is found that vanishing
of the lowest natural frequency of the system is related to the critical buckling
load of one or several compressed components. The new aspect in this study
is that both local and global modes are obtained when using this formulation.
Components with the relaxed pre-stress will most likely reveal themselves by
their local transversal vibration behavior. Hence, this work will give possibili-
ties to improve the VHM evaluation techniques and interpretation.

The methods in this study can be used to plan the tuning of the consid-
ered tensegrity structure towards the design level of pre-stress, and as health
monitoring tools.

Paper 2

Influence of temperature variation on tensegrity structure vibration properties

The aim was to explore how the temperature changes affect the natural
frequencies of tensegrity structures. Natural frequencies and internal forces are
not only sensitive to damage, but also to other factors such as external load
applications and environmental conditions. The VHM investigators should

17
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have the ability to recognize whether the change in the measured vibration
frequencies is related to damage occurring, or because of the environmental
temperature change.

Two parameters were considered in this study: the changes to the expan-
sion coefficient and the elastic modulus with temperature changes. A compari-
son between the effects of damage and of environment temperature changes on
the natural frequencies and internal forces of tensegrity structures was given.
In this study, the same formulation as in the first study was used. Different
support conditions and sizes of tensegrities were considered. For the simple
case, a string in a tube, it was possible to express the internal forces as a func-
tion of temperature changes. Hence, the results from the simulations were first
validated using analytical formula. It was concluded that the internal forces
and natural frequencies of tensegrity structures are sensitive to change in the
environment temperature, which must be recognized in VHM.

Two observations were made, concerning the changes in the resonance spec-
trum with temperature:

(i) When the change in internal forces caused by different expansion coeffi-
cients for bars and cables dominates the change due to E modulus, the natural
frequencies decrease/increase with increasing/decreasing internal forces, as long
as the structure has bar dominated vibration. The opposite is true for struc-
tures that have cable dominated vibration.

(ii) When the change in the internal forces due to a decreasing elastic
modulus dominates the change due to the difference between the thermal ex-
pansion coefficients of bars and cables, the lowest natural frequencies decrease
with increasing temperature.

Paper 3

Optimization of modular tensegrity structures for high stiffness and frequency
separation requirements

The main objective of this paper was to find the optimum force distribution,
represented by the self-stress vector, such that the lowest natural frequency of
a modular structure is as high as possible but still well separated from the next
higher one. The optimal design must also fulfill the functionality requirement
of the structure. For this reason, another condition has been added such that
static displacements in a certain direction of a group of selected nodes resulting
from the application of specified external load at these nodes, must be less than
a certain value. Two approaches were used to construct the self-stress vector,
scaling from the self-stress vector of one module or a linear combination of the
independent self-stress vectors of all modules of the structure.

In the optimization problem, a weighted sum method for making the multi
objective optimization into a single objective one was used. The values of the
weights can be varied from structure to structure depending on which part of
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the objective function is much easy or difficult to achieve. If for a particular
application, separation of the first natural frequency is more important, then,
the weight value corresponding to the separation of the natural frequencies part
in the objective function has to be higher than the weight value of the other
part.

The optimum solution was found by using a genetic algorithm included
in the Matlab1 software. It was shown that, the optimum self-stress vectors
obtained by both approaches are approximately equal for the maximization
and separation of the lower natural frequencies. The procedure given in this
paper was tested by considering modular tensegrity structures, but can be also
applied for general tensegrity structures with multi self-stress vectors.

Paper 4

Reducing effects from environmental temperature on the natural frequencies of
tensegrity structures

One of the environmental factors that affect the VHM methods is the
temperature changes. To avoid incorrect conclusions when interpreting the
results from VHM algorithms, there are two options: a prior understanding and
knowledge of the behaviour of the healthy structure with temperature changes,
or optimizing the design of the structure such that its natural frequencies are
less sensitive to the temperature changes. In this paper, we offered a solution to
negotiate this problem by considering the second option, where the tensegrity
structure is designed such that some of its lowest natural frequencies are less
sensitive to the temperature changes.

A genetic algorithm was used to solve the optimization problem. It was
found that in the form-finding stage, an asymmetric self-stress vector can be
chosen such that the criterion is fulfilled as well as possible. The level of
pre-stress can also be regulated to achieve the solution, particularly when a
symmetric (similarly positioned components will have the same force density)
self-stress vector is chosen.

Paper 5

Vibration health monitoring for tensegrity structures

To decrease the uncertainty of the results from any vibration health moni-
toring method, a pre-planning is required at the design stage through dynamic
simulation. For these must be; which finite elements to use for simulations, pre-
determining of the location for exciting and sensing points on the structure,
based on good understanding of the effects from the environmental conditions,

1Version 2013a, The MathWorks, Inc., Natick, U.S.A.
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and the effects from different slacking scenarios. A hypothesis is that simula-
tions of the vibration properties of the structures can and should be performed
already at the design stage. These can be used to optimize the design with
respect to the VHM demands. In this paper, we discuss some of the obstacles
and suggested some solutions.

For finite elements, a beam elements was suggested which can capture both
axial and transversal vibrations of the components; the latter is required in in-
dicating and predicting of slacking and buckling of cables and bars. It is for an
illustrative example shown that the first two modes of vibration can be excited
from one point and measured at one specific point for each mode. A method for
consideration of the environmental temperature changes effects has been also
discussed. In general, this paper services as a guideline for vibration health
monitoring applications.



CHAPTER 4

Conclusions and outlook

4.1. Conclusions

In the present work, a formulation that gives more realistic results in the
VHM context has been developed, where the existing knowledge has been im-
proved. The formulation has been given in both 2D and 3D versions. The
formulation was then used to investigate some problems related to VHM such
as the effects from environmental temperature changes and coinciding natural
frequencies. Then, a solution has been proposed for each problem.

Tensegrity structures are made of bars in compression and cables in tension.
In the VHM methods, the nearness to buckling in bars and partial or complete
slackening in cables are normally detected by their transversal vibration. In
other words, slacking cables and axially loaded bars with a load close to their
critical load of buckling, will most likely reveal themselves by a modified local
transversal vibration behavior. This motivated the need for a model that can
be used effectively to simulate the tensegrity structures. A beam model with a
one-way coupling between axial force and both axial and bending stiffness was
introduced in the present work, in order to include vibration mode primarily
consisting of member bending and to reflect an approaching member buckling
type of instability.

The effect of the axial force on the bending stiffness has been established
by using Euler-Bernoulli beam elements which include the effect of the axial
force on the transversal stiffness, as a tensile axial force increases the resonance
frequency in, e.g., an instrument. Similarly, the resonance is affected by a
compressive force, and the resonance frequency lowered with increasing force
magnitude, until the buckling load, where transversal stiffness disappears and
infinite non-periodic displacements are obtained.

The beam element formulation used in this thesis emphasizes the non-linear
dependence of the resonance frequencies on the pre-stress level in the tensegrity
structures. Thereby, it gives a basis for diagnoses of structural conditions from
measured frequencies.

The pre-stress in this thesis was seen in two different contexts. The first
context is the design consideration when the frequencies are evaluated for a final
geometry and topology as a function of pre-stress level. The calculated reso-
nance frequency spectrum can thereby be seen as a signature for the correctly
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assembled and pre-stressed structure. The second context is a production view-
point, where all unstressed lengths are known. By shortening or lengthening
the designated control components, the designed configuration and pre-stress
is gradually reached.

With this formulation, it is shown that the lowest natural frequencies ei-
ther increase or decrease with increasing pre-stress level. This is depending on
whether the tensegrity structure can be said to have a cable or a bar dominated
behavior.

It is shown that frequencies going down will correspond to approaching an
instability of the structure related to member buckling or decreasing tension
from slackening. This instability, thereby is manifested by a tangent stiffness
matrix of the structure approaching singularity.

The above formulation was used to investigate the effect of temperature
on the vibration properties of tensegrity structures. It was shown that the
internal forces and the natural frequency of tensegrity structures are sensitive
to changes in the environment temperature, in particular when the structure
is externally statically indeterminate, is of irregular geometry or under other
circumstances when a thermal expansion effect causes a change in structural
geometry. A strategy for how to predict the change in resonance frequencies
with temperature has been developed.

The change in the elastic modulus with temperature was found to be an
important factor affecting the VHM results. It was concluded that VHM must
consider the temperature effects. However in another study this problem has
been reconsidered to find a solution eliminates the effect of temperature changes
in the natural frequency. It has been shown that, during the form finding stage
an asymmetric self-stress vector for tensegrity structures can be chosen such
that some of their lowest natural frequency show low sensitivity to the temper-
ature changes. In addition, the same solution can be achieved by regulating
the level of pre-stress of the structure.

The natural frequency spectra of tensegrity structures are normally groups
of very close peaks. This is due to the fact that they are normally geometrically
repetitive or symmetric. However, using symmetric self-stress vector is one of
the causes of this phenomenon. Coinciding natural frequencies property can
be an issue in VHM due to the fact that they will not be easy to measure. The
same formulation above has been used along with an optimization setting to
separate the first natural frequencies. It has been shown that the self-stress
vector can be chosen such that the lowest natural frequency is being separated
from the higher ones. The final part of the thesis services as a guideline to
design tensegrity structures such that they are suited for VHM. Steps of how
to avoid some difficulties that may face the application of VHM have been sug-
gested.

Although the results from the present work were verified analytically, it is
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Figure 4.1: Different sizes of shakers from www.pcb.com.

Figure 4.2: Different sizes of impact hammer from www.pcb.com.

necessary to compare these results with real experimental results. In addition,
it will be interesting topic to deal with the construction and service life stages,
by investigating how the vibration monitoring can be used to control the quality
of a construction of tensegrity structures. In practice, there are many difficul-
ties in this, i.e., reaching the designed pre-stress level and geometry. This will
include comparisons between simulations and experimental results. For this, a
knowledge of the instrumentation used is required. These instruments can be
very different for different applications, but will, typically, include, an actuator
called exciter, sensors, a data acquisition system and an analyser to acquire
and process the signals from sensors. A wide variety of vibration and shock
exciters for modal analysis have been developed. They are in general either
shakers, Fig. 4.1, or impulse exciters, Fig. 4.2. However, the size of the shak-
ers and impulse exciters vary according to the size, mass and stiffness of the
object under investigation.
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