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Abstract

In quantum state tomography a set of informationally complete observables is mea-
sured on a finite set of replicas of the same system, from which the quantum state of
the very system is inferred. In qubit and continuous-variable quantum information,
quantum state tomography is an indispensable benchmark. Improved security in quan-
tum cryptography, computational speed-up, increased resolution in quantum metrol-
ogy and other fundamental questions have increasingly drawn attention to qudits, i.e.,
high-dimensional states. However, qudit state tomography has been limited to physi-
cal systems such as nuclear spins, the orbital angular momentum degree of freedom of
photons and hybrid optical qudits. In this work the quantum state tomography of N -
photon polarization states is demonstrated, rendering possible the characterization of
multiple-qudit systems encoded in the quantum-polarization of N-photon states. This
provides a benchmarking tool for experiments exploiting the quantum-polarization of
multiple N -photon states.

Sammanfattning

Tomografi av kvanttillst̊and innebär att en grupp informationskompletta observabler
mäts p̊a en ändlig mängd kopior av samma tillst̊and, och genom mätresultaten kan
man sluta sig till vilket detta tillst̊and är. Inom fältet kvantinformation är kvanttill-
st̊andstomografi ett oumbärligt verktyg. För att öka säkerheten inom kvantkrypto, öka
beräkningshastigheten för kvantalgoritmer, öka upplösningen i mätningar av kvanttill-
st̊and samt för andra grundläggande fr̊agor har intresset ökat för ”kvantditar”, dvs
tillst̊and med fler distinkta egentillst̊and än tv̊a. Dock har tomografi av kvantdittill-
st̊and begränsats till vissa fysiska system, t ex spinnegentillst̊anden hos atomkärnor,
rörelsemängdsmomentet hos fotoner och optiska ”hybridkvantditar”. I detta arbete
demonstreras tomografi av N -fotontillst̊and, vilket möjliggör karakterisering av sam-
mansatta kvantdittillst̊and som kodats med hjälp av polarisationen. Denna metod kan
användas som måttstock för andra experiment där polarisationen hos N -fotontillst̊and
studeras.

Kurzfassung

Die Quantenzustandstomographie dient der Bestimmung eines unbekannten Quanten-
zustandes, indem wiederholt Messungen an identischen Kopien des selben Zustandes
durchgeführt werden. Sind die Messungen im tomographischem Sinne vollständig, so
gelingt die eindeutige Bestimmung des ursprünglich unbekannten Quantenzustandes.
In der Quanteninformationsverarbeitung mit Quantenbits und kontinuierlichen Va-
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riablen hat sich die Quantenzustandstomographie zu einer Art Zertifizierungsmetho-
de entwickelt. Desweiteren gewinnen höherdimensionale Zustände, sogenannte Qudits,
weiter an Bedeutung, da sie die Sicherheit von Quantenkryptographie steigern, eine
erhöhte Sensitivität in quantenmetrologischen Anwendungen vorweisen und potentiel-
le Kandidaten für die Beantwortung weiterer fundamentaler Fragen sin. Somit stellen
Qudits die nächste Entwicklungsstufe in der Quanteninformationsverarbeitung dar. Je-
doch ist die Quantenzustandstomographie von Qudits bisher auf physikalische Systeme
wie den Kernspin, Bahndrehimpuls von Photonen und andere hybride, optische Qudits
beschränkt gewesen. Im Rahmen dieser Arbeit wird eine Methode für die Quantenzu-
standstomographie von N -Photon Quantenpolarisationszuständen vorgestellt und ex-
perimentell untersucht. Somit wird eine Verallgemeinerung der bisher gängigen Quan-
tenzustandstomographie von optischen Qubits, die im Polarisationszustand von einzel-
nen Photonen kodiert sind, und eine mögliche Zertifizierungsmethode für Experimente
mit optischen Qudits, die auf der Basis von N -Photon Quantenpolarisationszuständen
implementiert werden, bereitgestellt.
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Chapter 1

Introduction

The situation of experimental quantum mechanics during its first 60 years can be
summarized by the following sentences, written by E. Schrödinger in 1952 [1]:

”[ . . . ] we never experiment with just one electron or atom or (small)
molecule. In thought experiments we sometimes assume that we do; this
invariably entails ridiculous consequences [ . . . ]. In the first place it is fair
to state that we are not experimenting with single particles, any more than
we can raise ichthyosauria in the zoo.”

Nowadays, single quantum objects like atoms, ions and photons are indispensable
tools in laboratories. These objects possess properties which have no analogy in ev-
eryday life, but promise great advancement in technology if exploited. The photon
is the most widely investigated single quantum object, because of the great progress
made in optical physics and because the photon is relatively robust against unwanted
interactions with the environment. Applications for single-photons range from test-
ing the fundamentals of quantum mechanics [2], protocols of quantum cryptography,
communication and computation [3–5] to practical implementations of random number
generators [6]. The significance of photons in future commercial use of quantum objects
is underlined by the existing telecommunication infrastructure based on optical fibers
[7, 8] and satellite-based quantum communication [9]. Concurrent to the development
of single-photon technologies, N -photon states are investigated. It has been discovered
that N -photon states entail improved security in quantum cryptography [10, 11] and
computational speed-up in quantum computers [12]. Also their non-trivial properties
in the polarization domain attracts attention. Two-photon states were shown to posses
polarization properties which surpass a description by classical polarization and require
a quantum-polarization description [13, 14]. Furthermore, theoretical investigations re-
veal peculiar quantum-polarization characteristics of N -photon states with application
in quantum metrology [15].

Interest in quantum state tomography is driven by all these developments, because
it is very useful in the characterization of involved quantum states. Moreover, quan-
tum state tomography sets the ground for quantum process tomography, which aims
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Chapter 1. Introduction

at determining the unknown operation on states performed by quantum gates [16, 17].
Quantum state tomography is related to the Pauli problem, i.e., to determining quan-
tum states from measurements [18]. Initial ideas for a solution of the Pauli problem
were stated by U. Fano in 1957, who coined the term quorum, which denotes a set of
observables whose measurements provide tomographically complete information about
a system [19]. The first indirect method for quantum state tomography of continuous
variables was proposed by K. Vogel and H. Risken in 1989 [20]. Then, in 1993 M.G.
Raymer et al. demonstrated experimental implementations of the proposal [21, 22].
However, the method was plagued by problems, hence direct quantum state tomogra-
phy was formulated in 1995 [23]. Soon the question arose if quantum state tomography
of discrete systems is also possible [24]. The answer to that question opened the way
for experimentally measuring the quantum analogue of the Stokes parameters [25] from
which the quantum-polarization state of identically prepared photonic qubits can be
inferred [26]. Subsequently, the theory of qubit [27] and qudit [28] quantum state tomog-
raphy was studied. Nowadays, quantum state tomography is a standard experimental
method used in benchmarking experiments involving physical qubits [29–31]. However,
quantum state tomography of qudits in the optical domain has been limited to the or-
bital angular momentum degree of freedom of light [32] and the quantum-polarization
of two-photon states [33].

In the framework of this project, a theoretical description of a scalable experimental
setup for the quantum state tomography of qudits encoded in the quantum-polarization
of N -photon states is developed and implemented in practice. In Chapter 2, after giving
a mathematical representation of quantum states and an introduction to the theory of
quantum state tomography, the physical implementation of quantum states encoded
in the polarization of photons and of their tomography is discussed. In Chapter 3
an extensive treatment of photon pair generation in spontaneous parametric down-
conversion is provided. This chapter forms the basis for understanding the experimental
methods used in the quantum state preparation. In Chapter 4, first the experimental
setup used in the spectral and spatio-temporal characterization of the photon pairs
and then the quantum-polarization state tomography apparatus are described in detail.
Chapter 5 summarizes the results obtained in the experiments. Finally, in Chapter 6,
the report is concluded and an outlook on further investigations is given.
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Chapter 2

Quantum State Tomography

We cannot see the things as they are. What we do see are
only the different aspects of a quantum object, the
”quantum shadows” in the sense of Plato’s famous parable.

— Ulf Leonhardt, Measuring the Quantum State of Light

In this chapter the concept of quantum state tomography is developed. Therefore,
the representation of single-qubit states is presented. Then, on the basis of single-qubit
states the idea of quantum state tomography and reconstruction is introduced and
an intuitive picture of these ideas are drawn. Subsequently, a generalization towards
multiple-qubit and qudit states is given. This will allow us to describe the theory of
quantum state tomography for all kinds of discretized quantum states independently
of their physical implementation. In order to distinguish this purely theoretical de-
scription from their practical implementation we denote that part as exact quantum
state tomography. In order to bridge the gap to practical implementations, it will be
necessary to discuss the physical implementation of qubit and qudit states. Conse-
quently, quantum-polarization state tomography, i.e., quantum state tomography of
polarization state of photons, will be described. Therein, polarization measurements
play an important rule and in combination with the theory of exact quantum state
tomography the experimental strategy for quantum-polarization state tomography is
developed. As a highlight of this work, the tomography of N -photon states in a setup
without moveable parts is investigated. Finally, maximum likelihood estimation which
is an important method for the reconstruction of quantum states from tomographically
acquired data, is discussed.

2.1 Exact Quantum State Tomography

Exact quantum state tomography of discrete quantum states was first developed by
D.F.V. James et al. for multiple-qubit systems [27] and generalized to multiple-qudit
systems by R.T. Thew et al. [28]. A review of this topic is found in [34]. The following
sections on the theory of quantum state tomography give a summary of those works.
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Chapter 2. Quantum State Tomography

2.1.1 Single-Qubit State Tomography

The quantum bit, also referred to as qubit, is a mathematical object used in the the-
ory of quantum computation and quantum information. A pure qubit can be in any
superposition of the two possible states |0⟩ and |1⟩, as it is expressed by

|ψ⟩ = α |0⟩+ β |1⟩ , (2.1)

where α and β are complex numbers. The state |ψ⟩ is a vector in a two-dimensional
complex vector space, where the states

|0⟩ =
(
1
0

)
,

|1⟩ =
(
0
1

)
,

(2.2)

form an orthonormal basis for this vector space. The fundamental postulates of quan-
tum mechanics dictate that if the state of a qubit is measured in its eigenbasis, the
result |0⟩ or |1⟩ is obtained with probability |α|2 and |β|2, respectively. Since the prob-
abilities must sum to one, α and β obey |α|2 + |β|2 = 1. However, if a quantum state
is not completely known, but rather consists in one of a number of states |ψi⟩ with
respective probabilities pi, a representation of the state in form of Equation (2.1) will
not suffice and the density matrix

ρ̂ ≡
∑
i

pi |ψi⟩ ⟨ψi| , (2.3)

with
∑

i pi = 1, will be used. Equivalently, the density matrix is defined as an operator
which has a trace equal to one and is positive [35].

In general, the qubit density matrix can be uniquely expanded in terms of the Pauli
matrices σ̂i

ρ̂ =
1

2

3∑
i=0

Tr [σ̂iρ̂] σ̂i ≡
1

2

3∑
i=0

Siσ̂i , (2.4)

where the explicit form of the Pauli matrices is given by

σ̂0 =

(
1 0
0 1

)
, σ̂1 =

(
0 1
1 0

)
, σ̂2 =

(
0 −i
i 0

)
, σ̂3 =

(
1 0
0 −1

)
, (2.5)

and the expansion coefficients Si are referred to as Stokes parameters. The expansion
in Equation (2.4) gives a mathematical relation between ρ̂, the σ̂i and their respective
coefficients Si. Then, using

P|ψ⟩ = ⟨ψ| ρ̂ |ψ⟩ = Tr [|ψ⟩ ⟨ψ| ρ̂] , (2.6)
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2.1. Exact Quantum State Tomography

which denotes the probability of projecting the state ρ̂ onto the state |ψ⟩, the Stokes
parameters can be rewritten:

S0 = P|0⟩ + P|1⟩ = 1 ,

S1 = P 1√
2
(|0⟩+|1⟩) − P 1√

2
(|0⟩−|1⟩) = 2P 1√

2
(|0⟩+|1⟩) − 1 ,

S2 = P 1√
2
(|0⟩+i|1⟩) − P 1√

2
(|0⟩−i|1⟩) = 2P 1√

2
(|0⟩+i|1⟩) − 1 ,

S3 = P|0⟩ − P|1⟩ = 2P|0⟩ − 1 .

(2.7)

Conventionally, the basis states |0⟩ and |1⟩ are linearly or circularly polarized. In the
derivation of Equation (2.7) the relation P|ψ⟩ + P|ψ̄⟩ = 1 was used, where

∣∣ψ̄⟩ is the

orthogonal complement of |ψ⟩. In words, the Stokes parameters are determined by the
probabilities of measuring ρ̂ in the states

|ϕ1⟩ =
1√
2
(|0⟩+ |1⟩) ,

|ϕ2⟩ =
1√
2
(|0⟩+ i |1⟩) ,

|ϕ3⟩ = |0⟩ ,

(2.8)

and their orthogonal complements∣∣ϕ̄1⟩ = 1√
2
(|0⟩ − |1⟩) ,∣∣ϕ̄2⟩ = 1√

2
(|0⟩ − i |1⟩) ,∣∣ϕ̄3⟩ = |1⟩ .

(2.9)

The three sets of orthogonal states |ϕi⟩ and
∣∣ϕ̄i⟩ are examples of mutually unbiased

bases [36]. The set of measurement bases, identifying the Stokes parameters, are not
uniquely determined and do not need to be mutually unbiased bases, either. However,
the states in equations (2.8) and (2.9) correspond to a natural choice because they
are eigenstates of the Pauli operators. In general, one is allowed to choose any set of
three states |ψi⟩ as measurement bases, as long as the matrices |ψi⟩ ⟨ψi| along with
the identity are linearly independent. Then, in the style of the Pauli matrices, an
alternative complete set of measurement operators

τ̂0 ≡ σ̂0 ,

τ̂i ≡ |ψi⟩ ⟨ψi| −
∣∣ψ̄i⟩ ⟨ψ̄i∣∣ , for i = 1,2,3,

(2.10)

is constructed and Stokes-like parameters are defined:

Ti ≡ Tr [τ̂iρ̂] . (2.11)

If the chosen measurement bases are not mutually unbiased, the corresponding measure-
ment operators τ̂i are non-orthogonal. Consequently, the expansion in Equation (2.4)
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Chapter 2. Quantum State Tomography

does not hold, and in general:

ρ̂ ̸= 1

2

3∑
i=0

Tiτ̂i . (2.12)

In order to determine the density matrix using the Stokes-like parameters, equations
(2.4) and (2.11) are combined, leading to the relation:

T0
T1
T2
T3

 =
1

2


Tr [τ̂0σ̂0] Tr [τ̂0σ̂1] Tr [τ̂0σ̂2] Tr [τ̂0σ̂3]
Tr [τ̂1σ̂0] Tr [τ̂1σ̂1] Tr [τ̂1σ̂2] Tr [τ̂1σ̂3]
Tr [τ̂2σ̂0] Tr [τ̂2σ̂1] Tr [τ̂2σ̂2] Tr [τ̂2σ̂3]
Tr [τ̂3σ̂0] Tr [τ̂3σ̂1] Tr [τ̂3σ̂2] Tr [τ̂3σ̂3]



S0
S1
S2
S3

 . (2.13)

This relation can be inverted to calculate the Stokes parameters from the Stokes-like
parameters, because the measurement operators τ̂i are complete.

Figure 2.1: Visualization of a pure state |ψ⟩ on the Bloch sphere. In (a) the mutually unbiased
bases in Equation (2.8) are used for the projective measurement, while in (b) an example of
tomography with biased bases is shown.

In summary, it was found that any single-qubit density matrix ρ̂ is uniquely identi-
fied by three Stokes-like parameters, which in turn are determined by the probabilities
of measuring ρ̂ in a complete set of measurement bases. This property is exploited
in quantum state tomography and before a generalization for multiple-qubit or qudit
states is attempted, an intuitive understanding of the presented theory is developed.
Hence, the Stokes-like parameters are used in the visualization of single-qubit states as
points within a unit sphere, referred to as the Bloch sphere or for polarization more
commonly called the Poincaré sphere, as depicted in Figure 2.1. Any state |ψi⟩ and
its complement

∣∣ψ̄i⟩ are positioned on opposite points on the surface of this sphere,
and can be connected to form an axis denoted by τ̂i = |ψi⟩ ⟨ψi| −

∣∣ψ̄i⟩ ⟨ψ̄i∣∣. Then, the
projection of ρ̂ onto τ̂i lies the distance

Ti = ⟨ψi| ρ̂ |ψi⟩ −
⟨
ψ̄i
∣∣ ρ̂ ∣∣ψ̄i⟩ = Tr[τ̂iρ̂] (2.14)
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2.1. Exact Quantum State Tomography

along the corresponding axis. According to the postulates of quantum mechanics, if
the measurement operator τ̂i is applied on the state ρ̂, the state will collapse into |ψi⟩
or
∣∣ψ̄i⟩ with probabilities related to Ti. Then, in order to determine a state ρ̂ uniquely,

infinitely many identical copies of that state need to be measured. This procedure is
called quantum state tomography.

Now, that quantum state tomography was introduced using the example of single-
qubit states, a generalization to systems with higher dimensionality will be given. For
composed systems, the multiple-qubit state tomography is presented in Section 2.1.2,
and the case of d-level systems is discussed in Section 2.1.3.

2.1.2 Multiple-Qubit State Tomography

Multiple-qubit systems are composed out of several single-qubit states. The general
form of a pure n-qubit state can be expressed in the form

|ψ⟩ =
∑

i1,i2,...,in∈{0,1}

αi1,i2,...,in |i1⟩ ⊗ |i2⟩ ⊗ · · · ⊗ |in⟩ , (2.15)

where the coefficients αi are complex numbers with
∑

i α
2
i , and the symbol ⊗ denotes

a tensor product. In the following the abbreviation

|i1,i2, . . . ,in⟩ ≡ |i1⟩ ⊗ |i2⟩ ⊗ · · · ⊗ |in⟩ (2.16)

will be used. In the style of Equation (2.4), the density matrix of a n-qubit state is
uniquely expanded in terms of multiple-qubit Pauli operators:

ρ̂ =
1

2n

3∑
i1,i2,...,in=0

Tr
[
(σ̂i1 ⊗ σ̂i2 ⊗ · · · ⊗ σ̂in)ρ̂

]
(σ̂i1 ⊗ σ̂i2 ⊗ · · · ⊗ σ̂in)

≡ 1

2n

3∑
i1,i2,...,in=0

Si1,i2,...,in(σ̂i1 ⊗ σ̂i2 ⊗ · · · ⊗ σ̂in) .

(2.17)

It follows that any multiple-qubit density matrix is parametrized by 4n−1 real param-
eters, i.e., the multiple-qubit Stokes parameters Si1,i2,...,in . The multiple-qubit version
of the Stokes-like parameters are defined by:

Ti1,i2,...,in ≡ Tr
[(
τ̂i1 ⊗ τ̂i2 ⊗ · · · ⊗ τ̂in

)
ρ̂
]

=

(
P∣∣∣ψi1

⟩ ± P∣∣∣ψ̄i1

⟩)⊗
(
P∣∣∣ψi2

⟩ ± P∣∣∣ψ̄i2

⟩)⊗ · · · ⊗
(
P∣∣∣ψin

⟩ ± P∣∣∣ψ̄in

⟩) .

(2.18)
The plus sign is used whenever an index is 0 and the minus sign is used for a nonzero
indices, and

P∣∣∣ψi1

⟩ ⊗ P∣∣∣ψi2

⟩ ⊗ · · · ⊗ P∣∣∣ψin

⟩ ≡
⟨
ψi1 ,ψi2 , . . . ,ψin

∣∣ ρ̂ ∣∣ψi1 ,ψi2 , . . . ,ψin⟩ (2.19)
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Chapter 2. Quantum State Tomography

denotes the probability of simultaneously measuring the multiple-qubit system in the
state

∣∣ψi1 ,ψi2 , . . . ,ψin⟩. The relation between the multiple-qubit versions of the Stokes
and Stokes-like parameters is

Ti1,i2,...,in =
1

2n

3∑
j1,j2,...,jn=0

Tr
[
τ̂i1 σ̂j1

]
Tr
[
τ̂i2 σ̂j2

]
· · ·Tr

[
τ̂in σ̂jn

]
Sj1,j2,...,jn (2.20)

and requires that the measurement operators τ̂i1 ⊗ τ̂i2 ⊗ · · · ⊗ τ̂in are complete, if they
are supposed to determine ρ̂ uniquely. The completeness criterion is equivalent to the
condition that the matrix

Akl ≡ Tr
[
τ̂i1 σ̂j1

]
Tr
[
τ̂i2 σ̂j2

]
· · ·Tr

[
τ̂in σ̂jn

]
, (2.21)

where i1,i2, . . . ,in and j1,j2, . . . ,jn are interpreted as binary representations of k and l,
is non-singular.

From equations (2.17), (2.18) and (2.20), the same procedure as for single-qubits
is valid for the tomography of multiple-qubit states: A complete set of measurements
is applied on infinitely many identical copies of the state ρ̂ and the probabilities with
which the resulting states occur identify the multiple-qubit Stokes parameters.

2.1.3 Qudit State Tomography

In the previous section the dimension of a system was increased by joining 2-dimensio-
nal sub-systems. Here, internal degrees of freedom are added to a single system, such
that its described by a d-level system, also referred to as a qudit. A pure qudit state
can be represented by

|ψ⟩ = α0 |0⟩+ α1 |1⟩+ · · ·+ αd−1 |d− 1⟩ , (2.22)

where the coefficients αi obey
∑d−1

i=0 |αi|
2 = 1. The expansion of qudit density matrices

is done in terms of d-dimensional equivalents of the Pauli matrices, i.e., generators of
the SU(d) group. There exist d(d − 1) off-diagonal generators in form of the traceless
matrices

X̂jk = |j⟩ ⟨k|+ |k⟩ ⟨j| , (2.23)

Ŷjk = −i(|j⟩ ⟨k| − |k⟩ ⟨j|) , (2.24)

where 0 ≤ k < j ≤ d− 1 and d− 1 traceless generators of diagonal elements

Ẑr =

√
2

r(r + 1)

r−1∑
j=0

|j⟩ ⟨j|

− r |r⟩ ⟨r|

 (2.25)
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2.1. Exact Quantum State Tomography

with 1 ≤ r ≤ d− 1. Then, the qudit density matrix takes the form

ρ̂ =
1

d

S01̂ + ∑
j,k∈{0,1,...,d−1|j ̸=k}

(
Tr
[
X̂jkρ̂

]
X̂jk +Tr

[
Ŷjkρ̂

]
Ŷjk

)
+

d−1∑
r=1

Tr
[
Ẑrρ̂

]
Ẑr


≡ 1

d

S01̂ + ∑
j,k∈{0,1,...,d−1|j ̸=k}

(
SXjkX̂jk + SYjkŶjk

)
+

d−1∑
r=1

SZr Ẑr

 .

(2.26)
The symbol 1̂ represents the unit matrix in d dimensions and Tr [ρ̂] = 1 implies S0 = 1.
The qudit density matrix is parametrized by d2−1 real parameters, i.e., the generalized
Stokes parameters SXjk, S

Y
jk and S

Z
r . In order to condense the notation the replacements

λ̂0 = 1̂, λ̂
j
2
+2k

= X̂jk, λ̂j2+2k+1
= Ŷjk and λ̂

(j+1)
2−1

= Ẑj are used. Then the qudit

density matrix is

ρ̂ =
1

d

d
2−1∑
ν=0

λν λ̂ν , (2.27)

where also λ0 = S0, λj2+2k
= SXjk, λj2+2k+1

= SYjk and λ̂
(j+1)

2−1
= SZj were defined.

As an example, an explicit form of the SU(3) generators, also known as the Gell-Mann
matrices, are:

λ̂0 =

1 0 0
0 1 0
0 0 1

 , λ̂1 =

0 1 0
1 0 0
0 0 0

 , λ̂2 =

0 −i 0
i 0 0
0 0 0

 ,

λ̂3 =

1 0 0
0 −1 0
0 0 0

 , λ̂4 =

0 0 1
0 0 0
1 0 0

 , λ̂5 =

0 0 −i
0 0 0
i 0 0

 ,

λ̂6 =

0 0 0
0 0 1
0 1 0

 , λ̂7 =

0 0 0
0 0 −i
0 i 0

 , λ̂8 =
1√
3

1 0 0
0 1 0
0 0 −2

 .

(2.28)

Instead of deriving the completeness criterion for the measurement operators, as it
was done in the discussion of multiple-qubit states, it will be derived for the measure-
ment bases, i.e., the eigenstates of the measurement operators. Consider that after a
measurement ρ̂ was obtained in the state

∣∣ψµ⟩, which will happen with the probability

Pµ =
⟨
ψµ
∣∣ ρ̂ ∣∣ψµ⟩ = ⟨ψµ∣∣ 1d

d
2−1∑
ν=0

λν λ̂ν
∣∣ψµ⟩ ≡ 1

d

d
2−1∑
ν=0

Bµνλν . (2.29)

Then, under the condition that the matrix Bµν =
⟨
ψµ
∣∣ λ̂ν ∣∣ψµ⟩ is non-singular, this

equation is inverted in order to identify the generalized Stokes parameters:

λν = d
Ξ−1∑
µ=0

(
B−1

)
µν
Pµ . (2.30)
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Chapter 2. Quantum State Tomography

A non-singular Bµν is equivalent to
∣∣ψµ⟩ representing a complete set of measurement

bases. From the dimensions of the problem it follows that the number Ξ of projectors
must be at least d2 or d2 − 1 if the projectors are normalized.

So far, the described methods used inversions of matrix equations for the recon-
struction of density matrices. These methods belong to the category of exact quantum
state tomography and should be differentiated from methods used in practice. While
the exact methods are very useful in theoretical analysis, the requirement that infinitely
many identical copies of a state are measured is far beyond any realizable experiment.
In practice, combining the theory of exact quantum state tomography with experiments
might result in an unphysical density matrix. In Section 2.2.5 a solution to this problem
will be given.

2.2 Quantum-Polarization State Tomography

The discussion, so far, was rather general. How to physically implement qubits and the
projective measurements which are the cornerstones of quantum state tomography was
not discussed. In this section a transition to quantum optics is made by introducing
optical qubits and describing optical components which are required for the realization
of projective measurements.

single-photon

source

λ/2λ/4 PBS detT

detR

ρ̂

Figure 2.2: Schematic of the setup used for polarization measurements of photonic qubits. The
single-photon state ρ̂ is projected onto the state

∣∣ψ (θQ,θH)⟩ [see eq. (2.35)], after polarization
rotations by a quarter-wave retarder (λ/4) and half-wave retarder (λ/2) making an angle θQ and
θH between fast axis and the axis defined by horizontal polarization, respectively, and detection
by a single-photon detector detT after a polarizing beam splitter (PBS). Photons detected by
detR are projected onto the orthogonal complement of

∣∣ψ (θQ,θH)⟩.
One out of many possible physical implementations of qubits is the superposi-

tion of a single photon between two orthogonal polarization modes. In this case,
rather arbitrarily, we can define that |0⟩ is represented by a photon in the horizon-
tal polarization-state, denoted by |H⟩. So, |1⟩ must be represented by a photon in the
vertical polarization-state, denoted by |V⟩. In that case the eigenstates of the Pauli
operators [see Equation (2.8) and Equation (2.9)] are right-/left-circular polarizations
(|R⟩ ≡ |ϕ1⟩ and |L⟩ ≡

∣∣ϕ̄1⟩) for σ̂1, diagonal/anti-diagonal polarizations (|D⟩ ≡ |ϕ2⟩ and
|A⟩ ≡

∣∣ϕ̄2⟩) for σ̂2, and horizontal and vertical polarizations for σ̂3. Consequently, the
measurement operators probe polarization-states. Such measurements are realized in a
setup consisting of wave retarders, polarizers and single-photon detectors, as depicted
in Figure 2.2. Therefore, in the following, a theoretical description of the deployed
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2.2. Quantum-Polarization State Tomography

components is given. Then, in combination with the discussion in Section 2.1, exper-
imental arrangements for the implementation of quantum state tomography of qubit
and qudit states are presented.

2.2.1 Polarization Measurements

Beginning with the first component appearing in setup, depicted in Figure 2.2, the
implementation of polarization measurements is analyzed. At the same time, impor-
tant parameters are identified. The first two components are wave retarders. A wave
retarder consists of a transparent birefringent material. The difference in refractive
index along fast and slow axis introduces a phase shift ϕ for polarization components
along these axes. The mathematical expression for the operation performed by the
wave retarder in the basis of |H⟩ and |V⟩ can be expressed by

P̂ (ϕ) =

(
1 0

0 eiϕ

)
(2.31)

if the fast axis of the wave retarder is parallel to the axis defined by horizontal polar-
ization. In general, the fast axis makes an angle θ with the horizontal axis. Then the
operator P̂ (ϕ) is transformed by a rotation matrix

R̂ (θ) =

(
cos θ sin θ
− sin θ cos θ

)
. (2.32)

The effect of a wave retarder with retardance ϕ and orientation θ with respect to the
horizonal axis is described by:

Ŵ (θ,ϕ) = R̂†(θ)P̂ (ϕ)R̂(θ) =

 cos2 θ + eiϕ sin2 θ 1
2

(
1− eiϕ

)
sin(2θ)

1
2

(
1− eiϕ

)
sin(2θ) sin2 θ + eiϕ cos2 θ

 . (2.33)

The transformations by a wave retarder can be visualized on the Poincaré sphere. In
this picture, Ŵ (θ,ϕ) describes rotations of the magnitude ϕ about an axis making
the angle 2θ with the horizontal. In other words, Ŵ (θ,ϕ) represents arbitrary SU(2)
transformations. In practice, most wave retarders have a fixed retardance and only the
angle θ can be adjusted freely. In such case, it is still possible to perform arbitrary
rotations on the Poincaré sphere using a combination of three wave retarders in the
order quarter-wave retarder (ϕ = π

2 ), half-wave retarder (ϕ = π) and another quarter-
wave retarder. Due to their importance the explicit forms of the respective operators
are given:

ŴQWP(θ) = Ŵ (θ,ϕ =
π

2
) =

(
cos2(θ) + i sin2(θ) 1

2(1− i) sin(2θ)
1
2(1− i) sin(2θ) sin2(θ) + i cos2(θ)

)
,

ŴHWP(θ) = Ŵ (θ,ϕ = π) =

(
cos2(θ)− sin2(θ) sin(2θ)

sin(2θ) sin2(θ)− cos2(θ)

)
.

(2.34)
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Chapter 2. Quantum State Tomography

The second component in the polarization measurements (see Figure 2.2) is a po-
larizing beam splitter. Its effect can be summarized as a transformation of polarization
modes into spatial modes. Conventionally, the state |H⟩ is transmitted and the state
|V⟩ is reflected. Then in combination with quarter-wave retarder, half-wave retarder
and single-photon detectors, projective measurements in any basis can be performed.
Assuming that the quarter- and the half-wave retarder are oriented at θQ and θH, re-
spectively, the projecting polarization-states in the transmitted and the reflected mode
of the polarizing beam splitter are:∣∣ψ (θQ,θH)⟩ = Ŵ †

QWP

(
θQ
)
Ŵ †

HWP (θH) |H⟩ ,∣∣ψ̄ (θQ,θH)⟩ = Ŵ †
QWP

(
θQ
)
Ŵ †

HWP (θH) |V⟩ .
(2.35)

Note that the Hermitian conjugates of the operators WQWP

(
θQ
)
and ŴHWP (θH) were

applied because the polarizations in the transmitted and reflected mode of the polarizing
beam splitter are propagated reversely to the initial convention. Consequently, if a
photon in the state ρ̂ is measured, it will be transmitted or reflected with probabilities
given by

P|ψ(θQ,θH)⟩ =
⟨
ψ
(
θQ,θH

)∣∣ ρ̂ ∣∣ψ (θQ,θH)⟩ ,
P|ψ̄(θQ,θH)⟩ =

⟨
ψ̄
(
θQ,θH

)∣∣ ρ̂ ∣∣ψ̄ (θQ,θH)⟩ , (2.36)

and finally, will be detected by one of the single-photon detectors. For N → ∞
measured replicas of the state ρ̂, the expected number of detected photons will be
n̄|ψµ⟩ = NP|ψµ⟩ and n̄|ψ̄µ⟩ = NP|ψ̄µ⟩, respectively.

2.2.2 Single-Qubit State Tomography

Then, according to Section 2.1.1, the single-qubit Stokes parameters can be determined
by measurements in diagonal, right-circular and horizontal polarization-states. There-
fore, the wave retarders are oriented according to settings found in Table 2.1, and in
each setting the same number of identical photons in the state ρ̂ are measured, gen-
erating the count numbers n|D⟩/n|A⟩, n|R⟩/n|L⟩ and n|H⟩/n|V⟩. In theory, the relation

basis θQWP θHWP

|H⟩ 0 0
|V⟩ 0 π/4
|D⟩ π/4 π/8
|A⟩ π/4 −π/8
|R⟩ 0 π/8
|L⟩ 0 −π/8

Table 2.1: Orientations of the wave retarders in the setup depicted in Figure 2.2 for measure-
ments in the eigenbasis of the Pauli operators. The basis refers to the projection performed in
the transmitted mode of the polarizing beam splitter.
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2.2. Quantum-Polarization State Tomography

between the number of detected photons and the Stokes parameters is the following:

N = n|H⟩ + n|V⟩ = n|D⟩ + n|A⟩ = n|R⟩ + n|L⟩ ,

S1 =
1

N
(
n|D⟩ − n|A⟩

)
=

2n|D⟩

N
− 1 ,

S2 =
1

N
(
n|R⟩ − n|L⟩

)
=

2n|R⟩

N
− 1 ,

S3 =
1

N
(
n|H⟩ − n|V⟩

)
=

2n|H⟩

N
− 1 .

(2.37)

In practice, single-photon detectors will have non-unity efficiencies η, meaning that a
photon impinging on the detector is registered with a probability of η. This causes errors
if not accounted for in the measurements, especially if the two detectors have different
efficiencies. In general, it will suffice to determine relative efficiency ηrel ≡ ηT/ηR ̸= 1 in
order to identify the Stokes parameters faithfully. Hence, an additional measurement
is performed, such that the count numbers obtained from a single detector determine
all unknowns in Equation (2.37). Consequently, the two sets of data result in the
same quantum state, but different N , whose ratio gives ηrel. Since, the data obtained
from a single detector is sufficient for quantum state reconstruction, in principle, the
polarizing beam splitter can be replaced by a polarizer aligned for the transmission
of horizontally polarized light. On the one hand, this reduces cost and complexity of
the experimental setup. But on the other hand, an additional measurement must be
performed and information about the tomographed quantum state is ignored, therefore
raising effectiveness issues.

single-photon

source

67T:33R

PBS

n|V〉

n|H〉

50T:50R

λ/4

PBS

n|L〉

n|R〉

λ/2 PBS n|D〉

n|A〉

ρ̂

Figure 2.3: Schematic of a setup without moveable components, for measuring the polariza-
tion state of a single-photon. The non-polarizing beam splitters with 2:1 (67T:33R) and 1:1
(50T:50R) splitting ratio distribute the single photon such that the measurement operators σ̂1,
σ̂2 and σ̂3 are applied to the single-photon state ρ̂ with equal probabilities. The results of the
measurements are registered with single-photon detectors.
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Chapter 2. Quantum State Tomography

Note that, if the detector efficiencies are known, the measurements can be performed
in a setup without moveable components, as depicted in Figure 2.3. The only difference
to the setup in Figure 2.2 is that the count numbers n|ψ⟩ are measured simultaneously
instead of consecutively. Also note, that six count numbers are measured, although
only four are required to determine the Stokes parameters. This issue was discussed
in theory by J. Řeháček et al. [37] and solved in practice by A. Ling et al. [38].
Moreover, the single-qubit tomography exactly describes classical ellipsometry, i.e., the
measurement of classical polarization of light. The following sections will investigate
the measurement of quantum-polarization of light [39].

2.2.3 Two-Qubit State tomography

Using n single-photons which are distinguishable in only one degree of freedom, e.g.,
spatial modes, n-qubit states can be implemented physically. In the case of n = 2, i.e.,
a pair of photons, the pure two-qubit state is expressed by

|ψ⟩ = α |H,H⟩+ β |H,V⟩+ γ |V,H⟩+ δ |V,V⟩ , (2.38)

which is a special case of Equation (2.15).

two-photon

source

λ/2λ/4
detT1detR1

λ/2λ/4

PBS

detT2detR2

ρ̂

Figure 2.4: Schematic of the setup for the tomography of two-qubit states encoded in the
polarizations of a photon pair. The arrangement for polarization measurements discussed in
Section 2.2.2 is reproduced for both photons.

Quantum state tomography of a two-qubit state, encoded in the polarization-state
of a two-photon, can be performed using a setup as depicted in Figure 2.4, realizing
joint polarization measurements on the photon pairs by two-fold coincidence detection.
The projected state is represented by the tensor product of the projections applied to
the single qubits. For example, a coincidence of a two-photon in the state ρ̂ is registered
by the detectors detT1 and detT2, with the probability

P|ψ(θQ1,θH1,θQ2,θH2)⟩ =
(⟨
ψ
(
θQ1,θH1

)∣∣⊗ ⟨ψ (θQ2,θH2

)∣∣) ρ̂ (∣∣ψ (θQ1,θH1

)⟩
⊗
∣∣ψ (θQ2,θH2

)⟩)
(2.39)

multiplied by the product of the detector efficiencies, referred to as detector-pair effi-
ciency. Here, θQ1, θH1 and θQ2, θH2, are the orientations of the wave retarders rotating
the polarization of qubits labelled 1 and 2.
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2.2. Quantum-Polarization State Tomography

The Stokes parameters of a two-qubit state are uniquely identified after measuring
the 16 possible states given by combinations of |H⟩, |V⟩, |D⟩ and |R⟩ for both qubits (see
Section 2.1.2). If the relative detector-pair efficiencies are known, this can be achieved
by changing the orientation of the wave retarders 9 times. Otherwise, in analogy to the
single-qubit state tomography, a single detector per qubit is used and the 16 coincidence
numbers are acquired after 16 reconfigurations of the setup. The obtained results will
also allow to determine the relative detector-pair efficiencies, such that the number of
reconfigurations for future measurements is significantly reduced.

This scheme can readily be extended for an arbitrary size of the system, but mostly
it is utilized whenever a source for two-photons is characterized, as for example in the
first report dating back to 1999 [26] or in a more recent experiment in 2015 [29].

2.2.4 N-Photon Quantum-Polarization State Tomography

While in Section 2.1.3 the qudit state tomography was treated as a mathematical gen-
eralization of qubit state tomography, the main motivation for investigating qudits is
driven by discussions of their use in quantum computation [12], quantum cryptogra-
phy [10] and for other fundamental questions [40]. Qudit state tomography was also
implemented experimentally, e.g., in [32] where the qudits were encoded in the orbital
angular momentum of single photons. In the following, it will be shown that applying
minor modifications to the setup in Figure 2.3, enables the quantum state tomography
of qudits encoded in N -photon states of the form

|ψ⟩ =
N∑
n=0

αn |N − n,n⟩ , (2.40)

where |N − n,n⟩ is the unnormalized state denoting N − n photons in the horizontal
mode and n photons in the vertical mode. The complex coefficients αn fulfill the
normalization condition

∑N
n=0 |αn|

2 = 1. A comparison to Equation (2.22) shows that
the N -photon state is equivalent to a d = N + 1 dimensional qudit.

A schematic of the setup is depicted in Figure 2.5. In contrast to the setup discussed
in Section 2.2.2, the apparatus for the tomography of N -photon states, the single-
photon detectors posses photon-number resolving capability. In this case, there exist

Ξ =

(
N + 5

N

)
(2.41)

different ways that anN -photon state can generate clicks in the six detectors, equivalent
to the problem of distributing exactly N indistinguishable balls in six urns. In other
words, the number of possible measurements with this setup is Ξ. In the following,
applying the ideas for the synthesis of arbitrary N -photon states [41, 42] the projec-
tions corresponding to possible events are derived and the procedure for demonstrating
the completeness of the measurements with respect to the quantum-polarization state
tomography of N -photon states is proposed. Say, the number of registered photons
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N -photon

source

67T:33R

PBSf

g

50T:50R

λ/4

PBSm

l

λ/2 PBS

h

k

ρ̂

Figure 2.5: Setup for the tomography of N -photon polarization states. In contrast to the
setup shown in Figure 2.3, the detectors are able to resolve the number of arriving photons
f,g,h,k,l,m.

at each detector is according to Figure 2.5 with N = f + g + h + k + l + m. This
corresponds to that the N -photon state ρ̂ was projected onto

∣∣ψµ⟩ =
(
â†V

)f (
â†H

)g (
â†V + â†H

)h (
â†V − â†H

)k (
iâ†V + â†H

)l (
iâ†V − â†H

)m
|0,0⟩√

ℵ(f,g,h,k,l,m)
,

(2.42)

where â†V and â†H are the creation operators for vertically and horizontally polarized pho-
tons, µ is shorthand for (f,g,h,k,l,m) and the normalization function is ℵ(f,g,h,k,l,m) =
ℵ1(f,g)ℵ2(h,k)ℵ2(l,m) with:

ℵ1(f,g) = f !g! ,

ℵ2(h,k) =
h∑

h
′
=0

h
′′
=0

k∑
k
′
=0

k
′′
=0

(
h

h′

)(
h

h′′

)(
k

k′

)(
k

k′′

)
(−1)k

′
+k

′′

·
[
h+ k −

(
h′ + k′

)]
!
(
h′ + k′

)
!δh′+k′,h′′+k′′ .

(2.43)

Applying the creation operators in Equation (2.42) to the vacuum |0,0⟩ and defining
n = g + h′ + k′ + l′ +m′ the projector

∣∣ψµ⟩ can be expressed by:

∣∣ψµ⟩ = 1√
ℵ(f,g,h,k,l,m)

h∑
h
′
=0

k∑
k
′
=0

l∑
l
′
=0

m∑
m

′
=0

il−l
′
+m−m′

(−1)k
′
+m

′√
(N − n)!n! |N − n,n⟩ .

(2.44)
In order to show the completeness of the performed measurements the matrix Bµν
defined in Equation (2.29) is calculated. The result is a Ξ × (N + 1)2 matrix in the
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form of:

Bµν =
1

ℵ(f,g,h,k,l,m)

h∑
h
′
=0

h
′′
=0

k∑
k
′
=0

k
′′
=0

l∑
l
′
=0

l
′′
=0

m∑
m

′
=0

m
′′
=0

(
h

h′

)(
h

h′′

)(
k

k′

)(
k

k′′

)(
l

l′

)(
l

l′′

)(
m

m′

)(
m

m′′

)

· il−l
′
+m−m′

(−i)l−l
′′
+m−m′′

(−1)k
′
+m

′
+k

′′
+m

′′
√

(N − n)!(N − n)!n!(n′)!∆(ν,n,n′) ,

(2.45)

where n′ = g + h′′ + k′′ + l′′ +m′′ and

∆(ν,n,n′) =



δn,n′ , if ν = 0 ,

δn′
,iδn,j + δn,iδn′

,j , if ν = i2 + 2j ,

−i
(
δn′

,iδn,j − δn,iδn′
,j

)
, if ν = i2 + 2j + 1 ,√

2
r(r+1)

(∑r−1
j=0 δn′

,jδn,j − rδn′
,rδn,r

)
, if ν = (r + 1)2 − 1 .

(2.46)

The cases of N = 1, corresponding to single-qubit state tomography, and N = 2, i.e.,
two-photon tomography, are relevant in practice. For N = 1 the explicit form of Bµν is



1 0 0 1
1 0 0 −1
1 1 0 0
1 −1 0 0
1 0 1 0
1 0 −1 0

 (2.47)
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and for N = 2 it is
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. (2.48)

The rank r of Bµν was calculated up to the N = 7 photon case and resulted in r =

(N + 1)2 in all cases. A solution for arbitrary N was not achieved using this method.
In summary, it was shown that the setup in Figure 2.5 can be used for the quantum-
polarization state tomography of N -photon states and all possible outcomes

∣∣ψµ⟩ with
the analyzed apparatus were formulated. This opens the way for an implementation of
the presented scheme.

2.2.5 Maximum Likelihood Estimation

As has been mentioned several times, in practice, measurements can only be performed
on a finite number of copies of a state. Then, due to the binomial statistics of the
photon counting process, measured count numbers nν will posses noise. Thus, the
exact tomography methods will possibly result in an unphysical density matrix. This
problem can be circumvented by using maximum likelihood estimation. Applications
of maximum likelihood can be found in classical optics, noise analysis, geophysics and
was adapted for quantum state tomography by Z. Hradil [43]. Now it is the most widely
employed technique in the reconstruction of quantum states from tomographical data,
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however, there exists a plethora of other methods, e.g., Bayesian [44] and Maximum
Entropy [16] estimation.

In the maximum likelihood estimation, the space of all allowed, physical density
matrices is searched for the one with the highest probability to result in the measured
counts. If it is assumed that the count numbers are sampled from Gaussian distributions
with variances σ2ν , the probability of obtaining the results nν from the state ρ̂ will be
given by:

L (n1,n2, . . . ,nΞ) =
1

Norm

∏
ν

exp

[
−(n̄ν − nν)

2

2σ2ν

]
. (2.49)

The statistics of photon counting implies σ2ν = n̄ν . Equivalently, instead of maximizing
the probability function, its negative logarithm, i.e., the penalty function

P (n1,n2, . . . ,nΞ) =
∑
ν

(n̄ν − nν)
2

2n̄ν
(2.50)

can be minimized. During the minimization process, the density matrix is replaced by
its normalized Cholesky decomposition

ρ̂ =
T̂ †T̂

Tr
[
T̂ †T̂

] , (2.51)

where T̂ is a tri-diagonal d × d matrix and d is the dimension of the the state ρ̂.
Hence, the minimization of P (n1,n2, . . . ,nΞ) is performed with respect to d2 − 1 real
parameters ti and will, by construction, always result in a legitimate density matrix,
since the decomposition assures that conditions of Hermiticity

ρ̂† =

(
T̂ †T̂

)†
Tr
[
T̂ †T̂

] =
T̂ †
(
T̂ †
)†

Tr
[
T̂ †T̂

] =
T̂ †T̂

Tr
[
T̂ †T̂

] = ρ̂ , (2.52)

positivity

⟨ψ| ρ̂ |ψ⟩ = ⟨ψ| T̂ †T̂ |ψ⟩

Tr
[
T̂ †T̂

] =

⟨
ψ′∣∣ ψ′⟩

Tr
[
T̂ †T̂

] ≥ 0 , (2.53)

and normalization

Tr [ρ̂] =
Tr
[
T̂ †T̂

]
Tr
[
T̂ †T̂

] = 1 (2.54)

are fulfilled. Furthermore, defining t′i ≡ N ti the unknown parameter N can also be
obtained from the minimization process. Finally, the function to be minimized can be
formulated as

P
(
t′1,t

′
2, . . . ,t

′
d
2 ;n1,n2, . . . ,nΞ

)
=

Ξ∑
ν=1

[
⟨ψν | ρ̂

(
t′1,t

′
2, . . . ,t

′
d
2

)
|ψν⟩ − nν

]2
2 ⟨ψν | ρ̂ (t1,t2, . . . ,t4n) |ψν⟩

(2.55)
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and has the same form as found in least-squares fitting of a model function to ex-
perimental data. It should be clear that this estimation method can only be rea-
sonably applied to an overcomplete set of measurements. The minimum value for

P
(
t′1,t

′
2, . . . ,t

′
d
2 ;n1,n2, . . . ,nΞ

)
is denoted as P (ρ̂ML). The degree of agreement be-

tween experimental data and fit can be quantified by the goodness-of-fit Q(ρ̂ML) which
is defined as

Q(ρ̂ML) ≡
P (ρ̂ML)

Ξ− d2
. (2.56)

Then, Q(ρ̂ML) > 1 diagnoses the presence of systematic errors in the tomography mea-
surements and Q(ρ̂ML) < 1 indicates that the errors are overestimated. This diagnosis
should be treated with caution, in particular for pure states, which effectively have a
reduced number of constraints [45].
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Quantum State Preparation

Photons twins, at birth separated
And yet they remain so well correlated
Their colors, directions and spins syncopated
No wonder these states are so celebrated . . .

— Paul G. Kwiat, Ode to Entangled States

In this chapter a theoretical description of the performed experiments is developed.
Beginning with the theory of spontaneous parametric down-conversion, the generation
of photon pairs is explained. Subsequently, the two-photon state of generated photon
pairs is derived. Then, the theory of two-photon interference is discussed. Therefore,
the concept of the two-photon wave packet is introduced and linear optical transfor-
mations of the two-photon state are described. As a result, it is demonstrated that the
two-photon interference is suitable as a tool for finding correct experimental parameters
for the generation of the two-photon state |1,1⟩, i.e., a pair of horizontally and vertically
polarized photons, and for transforming it into the state |2,0⟩, i.e., a pair of photons
with identical polarization. Thereafter follows the theory of two-photon correlations
and the Clauser-Horne-Shimony-Holt (CHSH) version of Bell’s inequality is derived.
Finally, a transformation of the two-photon state |1,1⟩ into the polarization entangled
state 1/

√
2(|H,V⟩+ |V,H⟩) is described.

3.1 Spontaneous Parametric Down-Conversion

Spontaneous parametric down-conversion is a first-order nonlinear optical effect. It is
the decay of a pump photon into a pair of photons, called signal and idler photons,
mediated by a nonlinear optical medium. Since its discovery in the 1970s [46] this pro-
cess was used in famous experiments [47–49] and has developed to an essential tool of
quantum optics. The theory of spontaneous parametric down-conversion begins with
crystal-field interactions from which the Hamiltonian is deduced. With perturbation
theory the two-photon state describing the pair of signal and idler photons is obtained.
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In further steps, approximations in accordance with experimental parameters are ap-
plied in order to arrive at the final form of the two-photon quantum state.

3.1.1 Construction of the Hamiltonian

Here, a quantum mechanical description of parametric down-conversion is given, follow-
ing mainly a review by Y. Shih [50]. Fundamentally the interaction of electromagnetic
fields and atoms or molecules, to first order in a multipole expansion, can be expressed
by the coupling of a local electric field E(x,t), at position x and at time t, to the electric
dipole moment µ of atoms or molecules [51]:

Ĥaf ∼ µ ·E(x,t) . (3.1)

When going over to the macroscopic Hamiltonian

Ĥint = ϵ0

∫
V
p(x,t) ·E(x,t) d3x (3.2)

the electric polarization vector p(x,t), i.e., the mean dipole moment per volume, scalar
multiplied with E(x,t) is integrated over the interaction volume V . The proportionality
factor ϵ0 is the vacuum permittivity. In order to get access to first order nonlinear
optical effects, the components of the electric polarization vector are expanded in a
Taylor series up to first order [52]:

pi(x,t) =
3∑
j=1

χ
(1)
ij (x)Ej(x,t) +

3∑
j,k=1

χ
(2)
ijk(x)Ej(x,t)Ek(x,t) + · · · . (3.3)

Here χ
(1)
ij and χ

(2)
ijk are the macroscopic polarizability tensors. The first term results

in linear optical effects whereas the second term gives rise to nonlinear optical effects,
as for example second-harmonic generation, sum-frequency generation or parametric
down-conversion. Typically the down-conversion process happens for approximately
one pump photon out of 108. Therefore, the number of pump photons is barely reduced.
On the other hand, the intensity of the pump field must be sufficiently large in order
to result in a considerable amount of down-conversion processes. Consequently, the
non-depleted pump approximation is applied, i.e., the total electric field is written as
the sum of a classical pump field ELaser and a quantum field containing signal and
idler photons. The classical, plane wave electric field with linear polarization along the
z-axis (ẑ) and spectrum α(ω0) is in the form of

ELaser = ẑ

∫
dω0α(ω0)

(
ei(k0·x−ω0t) + c.c.

)
, (3.4)

where c.c. stands for the complex conjugate of the first summand. In case of a
continuous-wave pump laser with frequency ωp the spectrum is α(ω0) = E0δ(ω0 − ωp).
The quantized electric fields are:

E(x,t) =
2∑

λ=1

∫
E(ω)ϵ̂(k,λ)â(k,λ)ei(k·x−ωt) d3k + h.c. = E(+)(x,t) +E(−)(x,t) . (3.5)
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The summation with respect to λ, which is not to be confused with λµ in Equa-
tion (2.27), is with respect to the basis of polarization, i.e., horizontal (H) and vertical
(V), or on the basis of notation for the crystal axes, over extraordinary (e) and ordinary
(o) polarization. The abbreviation h.c. stands for the hermitian conjugate of the first

summand, E(ω) = i
√
2π~ω/VQ, with VQ the quantization volume, ê(k,λ) is a unit vec-

tor giving the orientation of polarization λ and â(k,λ) is the annihilation operator for a
photon with wavevector k and polarization λ. The creation and annihilition operators
obey the bosonic commutation rules:[

â(k,λ),â†(k′,λ′)
]
= δλ,λ′δ

(3)(k− k′) ,[
â†(k,λ),â†(k′,λ′)

]
= 0 ,[

â(k,λ),â(k′,λ′)
]
= 0 .

(3.6)

For the remaining part of the treatment only those terms in the Hamiltonian describing
spontaneous parametric down-conversion, i.e., the annihilation of a pump photon and
subsequent creation of signal and idler photon pair, are kept:

ĤPDC = ϵ0

∫
V
d3x

∑
ijk

χ
(2)
ijkE

Laser
i E

(−)
j E

(−)
k + h.c. . (3.7)

After plugging in the electric fields, a general form of the spontaneous parametric
down-conversion Hamiltonian is obtained:

ĤPDC = ϵ0

∫
V
d3x

∑
jk

χ
(2)
3jk

∫
dω0α(ω0)

[
ei(k0·x−ω0t) + c.c.

]
∗
∑
λ

∫
d3k E(ω)ϵ̂j(k,λ)â

†(k,λ)e−i(k·x−ωt)

∗
∑
λ
′

∫
d3k′E(ω′)ϵ̂k(k

′,λ′)â†(k′,λ′)e−i(k
′·x−ω′

t) + h.c.

=
∑
λ,λ

′

∫
dω0

∫
d3k

∫
d3k′

[
∆(k0 − k− k′)e−i(ω0−ω−ω

′
)t

+∆(−k0 − k− k′)ei(ω0+ω+ω
′
)t
]
α(ω0)Γλ,λ′(k,k

′)â†(k,λ)â†(k,λ′) + h.c. .

(3.8)

Where the phase-matching function

∆(±k0 − k− k′) =

∫
V
d3xei(±k0−k−k

′
)·x (3.9)

and the coupling strength of electric field to crystal

Γλ,λ′(k,k
′) = ϵ0

∑
jk

χ
(2)
3jkE(ω)E(ω′)ϵ̂j(k,λ)ϵ̂k(k

′,λ′) (3.10)

are defined. The wavevector k and the frequency ω belong to the signal photon, primed
variables are the idler photon’s and those with index 0 are for the pump.
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3.1.2 Derivation of the Two-Photon State

The Hamiltonian is used in a perturbation theoretical ansatz, in order to study the
quantum state, which is generated by the spontaneous parametric down-conversion of
a pump into signal and idler pair. Therefore, the state is written in a Dyson-series
applied to the initial state, the vacuum state |0,0⟩ [53]

|ψ⟩ = T̂

[
e
− i

~
∫ t
t0

dt
′
ĤPDC(t

′
)
]
|0,0⟩

=

[
1− i

~

∫ t

t0

dt′ĤPDC(t
′) +

(
i

~

)2 ∫ t

t0

dt′ĤPDC(t
′)

∫ t
′

t0

dt′′ĤPDC(t
′′) + · · ·

]
|0,0⟩ ,

(3.11)
with the time-ordering operator T̂ . While to lowest order the vacuum state remains
unperturbed, to first order a two-photon state will be generated, to second order a
four-photon state is generated and so forth. The expansion may be truncated after
first order, since the second order term already is 5 to 6 orders of magnitude weaker
[54]. With the assumption that the Hamiltonian is non-zero only within the interaction
time the bounds of integration are set to go from t0 = −∞ to t = ∞ [55]. Considering
that the annihilation operator â(k,λ) will generate zeros when applied on the vacuum

state and that integration with respect to time takes the form
∫∞
−∞ dt e−i(ω0−ω−ω

′
)t =

2πδ(ω0 − ω − ω′), implying that terms with ei(ω0+ω+ω
′
)t or e−i(ω0+ω+ω

′
)t will give no

contributions, the state reads:

|ψ⟩ ≈ |0,0⟩− i

h

∑
λ,λ

′

∫
d3k

∫
d3k′ Γλ,λ′(k,k

′)∆(k0−k−k′)α(ω+ω′)â†(k,λ)â†(k′,λ′) |0,0⟩ .

(3.12)
Conservation of energy was assured by δ(ω0 −ω−ω′) and is incorporated in the pump
spectrum α(ω+ ω′) after integration with respect to ω0. The phase-matching function
∆(k0 − k − k′) takes the form of δ(k0 − k − k′) as the dimensions of the interaction
volume go to infinity. In order to treat the more realistic case of a finite interaction
volume, the phase-matching function is evaluated in a transverse and a longitudinal
part. In the case that the pump beam diameter is large enough so that diffraction
effects can be ignored, the area of integration A in the longitudinal part goes to infinity
and

∆(k0 − k− k′) =

∫ L

0
dz ei(k0−k−k

′
)z
∫
A
d2r⊥e

−i(k⊥+k
′
⊥)·r⊥ = L

1− e−i∆kL

i∆kL
δ(k⊥ + k′

⊥)

(3.13)
is obtained, where k and k⊥ are longitudinal and transverse components of the wavevec-
tor k. This approximation reveals transverse spatial correlation of emission directions
for signal and idler photons, and the conservation of momentum ∆k = k0 − k− k′ ≈ 0.

The product of phase-matching function and pump spectrum is the joint-spectral
amplitude (JSA) of created two-photon states, determining the number of emitted pho-
ton pairs as a function of emission direction, polarization and energy. The joint-spectral
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3.1. Spontaneous Parametric Down-Conversion

amplitude shows that frequencies and momenta of pump, signal and idler photons must
agree with the fundamental conservation rules. A plethora of configurations may ful-
fill these conservation rules, so emission in diverse directions with different energies
are existent simultaneously, as a photography of emission from spontaneous paramet-
ric down-conversion in Figure 3.1 shows. In practice the number of configurations is
further restricted by selecting emission directions with pinholes, choosing pump fre-
quency and pump spectrum, setting crystal temperature and orienting the axes of the
crystal relative to the pump beam’s direction. A valid configuration, implemented in

Figure 3.1: Spectrally resolved photography of the emission from spontaneous parametric
down-conversion. Photons are generated and emitted in pairs in every direction and any colour
or equivalently any frequency. If a point in the rainbow is chosen, the correlation of wavevectors
and frequencies gives another point in the rainbow. These two points give the emission directions
of a signal and idler pair [50].

the experiments utilizing a Potassium Titanyl Phosphate nonlinear optical crystal, is
a continuous wave pumped collinear type-II setup. Then signal and idler photons are
emitted collinearly with the pump field, meaning k⊥ = k′

⊥ = 0, and their polarizations
are mutually orthogonal, i.e., along the ordinary and extraordinary axis of the crystal.
In this restricted case the two-photon state in Equation (3.12) condenses to:

|ψ⟩ ≈ |0,0⟩+
∫

dko

∫
dkeW (ko,ke)Φ (∆kL) δ(ωo + ωe − ωp)â

†(ko,o)â
†(ke,e) |0,0⟩ .

(3.14)
Here, Φ(x) = −i(1 − e−ix)/x and W (ko,ke) absorbs all constants and terms varying
slowly in ko and ke, the longitudinal components of the wavevectors of signal and idler
photons. The function W (ko,ke) is regarded as constant when evaluating the integrals,
since the joint-spectral amplitude falls to zero much faster than W (ko,ke) with square-
root dependence changes. Hence the replacement W (ko,ke) = W is done. W will
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absorb all constants and slowly varying terms.

3.2 Two-Photon Interference

Spontaneous parametric down-conversion was used in one of the most important exper-
iments of quantum optics, the so-called Hong-Ou-Mandel experiment in the year 1987
[48]. The goal of this experiment was to characterize the difference in arrival times
for signal and idler photons impinging onto two different ports of a beam splitter, by
measuring the joint detection probability pc for each photon leaving the beam splitter
on different ports. What the authors found is that whenever the two photons arriving
at the beam splitter are indistinguishable, pc goes to zero, i.e., signal and idler photons
stick together and always leave the beam splitter as a pair photons, so-called biphotons.
This effect is sometimes referred to as two-photon interference. However, the pair of
photons were created with identical polarization, in a type-I non-collinear spontaneous
parametric down-conversion process. The two-photon interference in type-II down-
conversion was calculated in 1994 [54], and its first experimental realization followed
in 1995 [56]. The understanding of the two-photon wave packet is not only essential
for interpreting the bunching of signal and idler, but also for two-photon correlation
measurements which are discussed in Section 3.3.

pump source
nonlinear

crystal
filter

polarizing

beam splitter
D1

D2

Figure 3.2: Visualization of a setup for collinear type-II parametric down-conversion. The
pump photon propagates through a nonlinear optical crystal, where it decays into a pair of
signal and idler photon. A spectral and spatial filter is used for blocking the pump light and
selecting collinearly propagating photon pairs. The polarizing beam splitter (PBS) transmits
ordinary polarized photons, which are detected by a photon detector (D1) whereas extraordinary
polarized photons are reflected and detected by another photon detector (D2) [54].

3.2.1 Two-Photon Wave Packet

Consider the setup sketched in Figure 3.2, where a polarizing beam splitter (PBS) is
used to spatially separate ordinary and extraordinary polarized photons generated in
collinear type-II spontaneous parametric down-conversion. The photons are registered
by two detectors D1 and D2. The joint detection rate Rc between the detectors is
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calculated with the Glauber formula [54]

Rc = lim
T→∞

1

T

∫ T

0
dt1

∫ T

0
dt2 ⟨ψ|E

(−)
1 (t1,r1)E

(−)
2 (t2,r2)E

(+)
2 (t2,r2)E

(+)
1 (t1,r1) |ψ⟩ ,

(3.15)
where

E
(+)
j (tj ,rj) =

∫
dk E(ω)âj(k)e

i(krj−ωtj) , (3.16)

with j = 1,2 is the electric field at detector Dj evaluated at time tj and rj is the
optical path length from the last surface of the nonlinear optical crystal to the detec-
tor. Here, â1(k) = â(k,o) and â2(k) = â(k,e). Inserting the two-photon state from
Equation (3.14), the integrand in the Glauber formula reduces to

⟨ψ|E(−)
1 (t1,r1)E

(−)
2 (t2,r2)E

(+)
2 (t2,r2)E

(+)
1 (t1,r1) |ψ⟩ =

∣∣∣⟨0,0|E(+)
2 (t2,r2)E

(+)
1 (t1,r1) |ψ⟩

∣∣∣2
≡ |Ψ(t1,r1; t2,r2)|

2 ,
(3.17)

where Ψ(t1,r1; t2,r2) is the effective two-photon wave packet. If, without loss of gener-
ality, the optical path length r1 and r2 are set equal to s and the relations k = ω/c,
where c is the speed of light, and τi = ti− s/c are applied, the two-photon wave packet
reads:

Ψ(τ1,τ2) =W

∫
dko

∫
dkeΦ(∆kL) δ(ωo + ωe − ωp)e

−i(ωoτ1+ωeτ2) . (3.18)

In order to analytically evaluate the integration, ωo = Ωo + ν and ωe = Ωe + ν ′ are
defined. Since Φ(∆kL) falls off very rapidly the integrand contributes only for ν ≪ Ωo

and ν ′ ≪ Ωe. The delta function puts ν = −ν ′. Then, the wavenumbers ko and ke are
expanded to first order in ν and ν ′ around Ωo and Ωe:

ko ≈ ko(Ωo) + ν
dko
dω

∣∣∣∣
Ωo

= Ko +
ν

uo
,

ke ≈ ke(Ωe)− ν
dke
dω

∣∣∣∣
Ωe

= Ke −
ν

ue
.

(3.19)

Here, uo and ue are the group velocities for ordinary and extraordinary polarized pho-
tons at frequencies Ωo and Ωe. With the given expansion, the approximation

∆k ≈ ν

(
1

ue
− 1

uo

)
≡ νD (3.20)

holds and the two-photon wave packet is rewritten as

Ψ(τ1,τ2) =We−i
ωp
2
(τ1+τ2)e−i

ωd
2
(τ1−τ2)

∫
dν Φ(νDL) e−iν(τ1−τ2) , (3.21)
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where ωd = 1/2(Ωo−Ωe) is the detuning of signal and idler photon central frequencies.
Finally, evaluation of the integral with respect to ν provides:

Ψ(τ1,τ2) =We−i
ωp
2
(τ1+τ2)e−i

ωd
2
(τ1−τ2)Π(τ1 − τ2) ≡ v(τ1 + τ2)u(τ1 − τ2) . (3.22)

Π(τ) is the Fourier transform of Φ(τ)

Π(τ) =
1

2π

∫ ∞

−∞
dν Φ(νDL)e−iντ =

{
1
DL , if 0 < τ < DL ,

0 , otherwise,
(3.23)

and

v(τ1 + τ2) ≡We−i
ωp
2
(τ1+τ2) ,

u(τ1 − τ2) ≡ e−i
ωd
2
(τ1−τ2)Π(τ1 − τ2) .

(3.24)

The two-photon wave packet is not factorizeable into a product of terms, which describe
signal and idler photons, bearing entanglement of the two-photon. Moreover, the uni-
formity along the τ1 + τ2 axis, which is an effect of the continuous wave pump field,
expresses that the photon pair can be generated at any time. Furthermore, the result in
Equation (3.22) describes a rectangular shaped wave packet, which is asymmetric with
respect to τ1− τ2 = 0. The asymmetry emanates from the difference of group velocities
for ordinary and extraordinary polarized photons. Signal and idler photons of one pair
are always generated at the same time and in the same point inside the crystal, then
they propagate through the crystal at different speeds, at most accumulating a time
delay of DL. If D > 0, ordinary polarized photons will exit the crystal first and thus
will reach a detector earliest. Figure 3.3 shows the wave packet for both, (a) type-I
and (b) type-II spontaneous parametric down-conversion. The type-I wave packet, in
contrast to the type-II wave packet, is symmetric with respect to τ1 − τ2 = 0. As
discussed in Section 3.2.2, the symmetry properties necessitate additional care when a
two-photon interference experiment is performed on photon pairs generated in type-II
spontaneous parametric down-conversion.

3.2.2 Linear Optical Transformation of the Two-Photon State

A generalization of the setup discussed in the previous section is depicted in Figure 3.4.
First, signal and idler photons pass through a phase plate, which has its fast and slow
axes oriented along ordinary and extraordinary axes of the crystal. A combination of
half-wave retarder oriented at θ/2 to the ordinary axis and a polarizing beam splitter is
used to perform a linear polarization analysis of the two-photon state. The measure-
ments performed by such a setup are put into formula by linear optical transformations
of the two-photon state. To be more precise, applying a transformation matrix D̂(k)
on the input state, the measurement operators â1(k) and â2(k) of the detectors are
constructed (

â1(k)
â2(k)

)
=

(
D(1)

o (k) D(1)
e (k)

D(2)
o (k) D(2)

e (k)

)
·
(
â(k,o)
â(k,e)

)
= D̂(k)

(
â(k,o)
â(k,e)

)
(3.25)
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3.2. Two-Photon Interference

Figure 3.3: Two-photon wave packet (a) for type-I and (b) for type-II spontaneous parametric
down-conversion. The type-II wave packet is asymmetric with respect to τ1 − τ2 = 0 and has a
rectangular shape, whereas the type-I wave packet is symmetric [50].

pump source
nonlinear

crystal
filter λ/2phase plate PBS D1

D2

Figure 3.4: Schematic of the setup for two-photon interference. The two-photon state from
collinear type-II spontaneous parametric down-conversion is transformed by a phase plate,
which adjusts the time delay between signal and idler photons, and by a combination of
half-wave retarder (λ/2) oriented at θ/2 to the ordinary axis and polarizing beam splitter (PBS)
for performing a polarization analysis. Joint detections in both spatial modes D1 and D2 are
monitored.

and inserted into E
(+)
j (tj ,rj). Next, the transformation matrix for the setup depicted

in Figure 3.4 will be constructed. Here, the phase plate introducing an optical path
length difference ζ between signal and idler photon is described by [54]

P̂ (k) = ei
kZ
2

(
e−i

kζ
2 0

0 ei
kζ
2

)
, (3.26)

where Z is the optical path length in air, and the polarization rotation by the half-wave
retarder oriented at θ/2 relative to the ordinary axis is expressed by [57]

R̂(θ) =

(
cos(θ) sin(θ)
sin(θ) − cos(θ)

)
. (3.27)
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Chapter 3. Quantum State Preparation

For completeness, the transformation by a non-polarizing beam splitter is given. While
the phase plate and the wave retarder transform between polarization modes, the polar-
izing beam splitter converts between polarization and spatial modes. A non-polarizing
beam splitter transforms between spatial modes only. Spatial modes â and b̂ impinging
onto two sides of the beam splitter are transformed into outgoing modes ĉ and d̂ [57]:

ĉ† = cos θ â† + ie−iφ sin θ b̂† ,

d̂† = ieiφ sin θ â† + cos θ b̂† .
(3.28)

Here, the reflection coefficient is R = sin2 θ, the transmission coefficient is T = 1−R =
cos2 θ, and ie±iφ is a relative phase between reflected and transmitted modes.

The experiment in Figure 3.4 is described by the concatenation of phase plate and
polarization analysis transformations:

D̂(k,θ) = R̂(θ)P̂ (k) = eikZ/2
(
cos(θ)e−ikζ/2 sin(θ)eikζ/2

sin(θ)e−ikζ/2 − cos(θ)eikζ/2

)
. (3.29)

After applying this transformation on the detector fields, the two-photon wave packet
reads

Ψ(τ1,τ2) =

∫
dko

∫
dkeW (ko,ke)Φ (∆kL) δ(ωo + ωe − ωp)

∗
[
D(1)

o (ko,θ)D
(2)
e (ke,θ)e

−i(ωoτ1+ωeτ2) +D(1)
e (ke,θ)D

(2)
o (ko,θ)e

−i(ωoτ2+ωeτ1)
]

(3.30)

and repeating the computation in Section 3.2.1 results in

Ψ(τ1,τ2) = v(τ1 + τ2 − T )
[
− cos2 θ u(τ1 − τ2 + τ) + sin2 θ u(−τ1 + τ2 + τ)

]
, (3.31)

where T = Z/c and τ = ζ/c. The wave packet depends on three parameters, namely, the
orientation of the half-wave retarder θ/2, the detuning ωd of the signal and idler central
frequencies and the introduced time delay τ between signal and idler photons. While for
θ = 0 this result agrees with Equation (3.22), in general, the two-photon wave packet
describes a superposition of two possible wave packets, corresponding to the events that
either an ordinary polarized photon is detected by D1 and an extraordinary polarized
photon is detected D2 (o→ 1,e→ 2), or the other way around (e→ 1,o→ 2). Setting
θ adjusts the amplitudes of the two possible wave packets, varying τ shifts them along
the τ1−τ2 axis, and ωd defines a relative phase between them. In Figure 3.5 the possible
wave packets are sketched for θ = π/4, ωd = 0 and different τ . For τ = 0 the wave
packets have no overlap, so the time delay τ1 − τ2 between signal and idler photons of
a pair implies absolute distinguishability of which one of the two possible events took
place. For 0 < τ < DL the wave packets do overlap, so for a fraction of the events,
i.e., events having time delays smaller than |τ −DL/2|, temporal distinguishability is
erased. Complete erasure of distinguishability is achieved for τ = τ0 ≡ DL/2, when
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3.2. Two-Photon Interference

Figure 3.5: The possible wave packets in the two-photon interference experiment. Here,
θ = π/4 and ωd = 0, so that the two wave packets contribute equally in amplitude and
have identical phase. For (a) τ = 0 the wave packets have no overlap, thus they possess
absolute distinguishability, while for (b) 0 < τ < DL the wave packets are partially overlapping.
Complete erasure of temporal distinguishability is erased if (c) τ = τ0, i.e., if the wave packets
coincide.

the wave packets coincide. Consequently, the two-photon wave packet vanishes. In
summary, if the two possible wave packets are made completely overlapping, they are
indistinguishable, and a two-photon interference occurs [50].

Evaluation of the Glauber formula [see Equation (3.15)] with the two-photon wave
packet in Equation (3.31) for θ = π/4 but variable τ and ωd results in [58]

Rc =
R0

2

[
1−

∫∞
−∞ dt cos(ωdt)Π(t+ τ)Π(−t+ τ)∫∞

−∞ dt |Π(t)|2

]

=
R0

2
[1− ρ(τ,ωd)] ,

(3.32)

where

ρ(τ,ωd) =

{
(ωdτ0)

−1 sin
(
ωdτ0

[
1− τ−1

0 |τ − τ0|
])

, if 0 ≤ τ < DL ,

0 , otherwise,
(3.33)

and R0 = |W |2
∫∞
−∞ dt |Π(t)|2 is the joint detection rate for θ = 0. In case of τ = τ0

and ωd ̸= 0 the equation reduces to

ρ(τ = τ0,ωd) = sinc (ωdτ0) , (3.34)

which describes a damped sinusoidal oscillation as a function of the detuning ωd. Inter-
estingly, the joint detection probability pc ≡ Rc/R0, depicted in Figure 3.6(a), possibly
exceeds the value of 0.5 allowed by random joint detections, which is, as shown by A.
Fedrizzi et al. in [58], a signature of partial anti-bunching between signal and idler pho-
tons due to an asymmetric spatial part of the two-photon state, i.e., an asymmetry in
the two-photon wave packet. This asymmetry uncovers the presence of entanglement
in the frequency degree of freedom of signal and idler photon pair and is identified
without even accessing that degree of freedom.
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Chapter 3. Quantum State Preparation

Figure 3.6: Diagrams showing the joint detection probability pc in the two-photon interference
experiment with θ = π/4 for the special cases of (a) τ = τ0 as a function of non-dimensionalized
detuning ωdτ0, and (b) ωd = 0 as a function of time delay τ .

Next, the degenerate case is investigated. As discussed above, a destructive two-
photon interference is expected for ωd = 0. If this applies, Equation (3.33) will be the
self-convolution of the two-photon wave packet

ρ(τ,ωd = 0) =

{
1− τ−1

0 |τ − τ0| , if 0 < τ ≤ DL,

0 , otherwise,
(3.35)

which is a triangular-shaped function. The resulting joint detection probability pc is
depicted in Figure 3.6(b), showing a triangular notch function with a base-to-base width
of DL. If the time delay is set to τ = τ0 no joint detections in D1 and D2 will occur, in
agreement with the discussion from above. Consequently, the two-photon interference
experiment can be utilized as a benchmark for the indistinguishability of signal and
idler photons generated in type-II spontaneous parametric down-conversion.

To condense the discussion, if τ = τ0 and ωd = 0, after leaving the phase plate, the
two-photon state may be considered to be in the handy form [54]

|ψ⟩ = â†Hâ
†
V |0,0⟩ = |1,1⟩ . (3.36)

Here, â†H and â†V are the creation operators for horizontally and vertically polarized
photons. Note that if τ = τ0, the two-photon wave packet is symmetric with respect to
τ1 − τ2. Otherwise, if τ ̸= τ0 and ωd ̸= 0, the state in Equation (3.36) fails to describe
the two-photon interference experiment and the two-photon correlation experiment
discussed in Section 3.3 [50]. Henceforth, if not stated otherwise, it is assumed that
τ = τ0 and ωd = 0. Then, after the half-wave retarder oriented at θ/2, the two-photon
state is described by

|ψ⟩ = −
√
2 cos θ sin θ |2,0⟩+ cos(2θ) |1,1⟩+

√
2 cos θ sin θ |0,2⟩ . (3.37)

For example, for θ = π/2 the N = 2 N00N -state |ψ⟩ = 1/
√
2(|2,0⟩+ |0,2⟩) is obtained.

After the polarizing beam splitter this state is transformed into a superposition of two
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3.3. Two-Photon Correlation

horizontally polarized photons in spatial mode 1 and two vertically polarized photons
in spatial mode 2, which is a path-entangled two-photon state. If one spatial mode is
ignored, i.e., if one spatial mode is traced over, the two-photon states |ψ⟩ = |2,0⟩ and
|ψ⟩ = |0,2⟩ can be obtained.

In summary, it was shown in theory that the two-photon state |1,1⟩ can be generated
in collinear type-II parametric down-conversion, when care is taken of the distinguisha-
bility of signal and idler photons, and can be identified in the presented two-photon
interference. Additionally, the transformation by the two-photon interference results in
a path-entangled state, which after ignoring one spatial mode provides the two-photon
state |2,0⟩ with probability 1/2.

3.3 Two-Photon Correlation

As shown by T.E. Kiess et al. in 1993 [59] the state produced in collinear type-II spon-
taneous parametric down-conversion can also be transformed into a pair of polarization
entangled photons:

|Ψ(+)⟩ = 1√
2
(|H,V⟩+ |V,H⟩) . (3.38)

This state describes a superposition of horizontally polarized photon in mode 1, verti-
cally polarized photon in mode 2 (H → 1, V → 2), and the other way around (H → 2,
V → 1). This type of state is a realization of one of the four Bell states [60]

|Φ(±)⟩ = 1√
2
(|H,H⟩ ± |V,V⟩) ,

|Ψ(±)⟩ = 1√
2
(|H,V⟩ ± |V,H⟩) ,

(3.39)

which form a complete orthonormal basis for two-qubit states. Entanglement was first
discussed implicitly in the thought experiment by A. Einstein, B. Podolsky and N.
Rosen (EPR) in 1935 [61], which is claiming an incompleteness of quantum mechanics
and is the keystone of local hidden-variable theories. In his paper from 1964 [62], J.S.
Bell constructed another mathematical formulation of the EPR thought experiment,
incorporating the requirement of locality and realism. A further generalization of Bell’s
ideas are made by J. Clauser, M. Horne, A. Shimony and R.A. Holt (CHSH) [63], who
constructed the CHSH inequality. An experimental violation of these inequalities would
result in a rejection of the assumptions made, meaning that local hidden-variable theo-
ries can not produce predictions made by quantum mechanics. Statistically significant
violations of the CHSH inequality have been demonstrated in 2015 [64, 65]. The experi-
ments by T.E. Kiess et al. violated the CHSH inequality only under certain assumptions,
because the polarization entangled state is obtained by selecting certain events, thus
opening the detection loophole as it is discussed, for example, in [66]. However, the
subject of this work is not the loophole free violation of the CHSH inequality, but to
show that polarization entangled states can be generated from the state |ψ⟩ = |1,1⟩.
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Figure 3.7: Sketch of the setup for violation of the CHSH inequality if fair sampling assumption
is made. The state |1,1⟩ is subject to a transformation by a symmetric non-polarizing beam
splitter (50T:50R). A polarization entangled state is obtained after selecting events causing joint

detections in distinct spatial modes ĉ and d̂. The half-wave retarder (λ/2) in mode ĉ is oriented

at θ/2 to the ordinary axis, whereas the one in mode d̂ is oriented at ϕ/2 to the ordinary axis,
which in combination with polarizing beam splitters (PBS) render polarization measurements
possible.

Therefore, an experiment as depicted in Figure 3.7 is considered, and the CHSH in-
equality is derived following [60]. The two-photon state |ψ⟩ = â†Hâ

†
V |0,0⟩ from collinear

type-II spontaneous parametric down-conversion impinges on a symmetric non-polari-
zing beam splitter (50T:50R) with, thus is transformed into

|ψ⟩ = 1

2

[
ĉ†Hĉ

†
V − i

(
ĉ†Hd̂

†
V + d̂†Hĉ

†
V

)
− d̂†Hd̂

†
V

]
|0,0⟩c ⊗ |0,0⟩d , (3.40)

which in combination with a joint detection measurement in the two spatial modes
reduces to the polarization entangled state:

|Ψ(+)⟩ = 1√
2

(
ĉ†Hd̂

†
V + d̂†Hĉ

†
V

)
|0,0⟩c ⊗ |0,0⟩d =

1√
2
(|1,0⟩c ⊗ |0,1⟩d + |0,1⟩c ⊗ |1,0⟩d)

≡ 1√
2
(|H,V⟩+ |V,H⟩) .

(3.41)
Then, a polarization analysis is performed in the two spatial modes with angle θ in
mode ĉ and angle ϕ in mode d̂. In the transformed basis the state takes the form

|Ψ(+)⟩ = 1√
2

[(
sin θ ĉ†1 + cos θ ĉ†2

)(
cosϕ d̂†1 − sinϕ d̂†2

)
+
(
cos θ ĉ†1 − sin θ ĉ†2

)(
sinϕ d̂†1 + cosϕ d̂†2

)]
|0,0⟩c ⊗ |0,0⟩d

=
1√
2

[
sin(θ + ϕ)

(
ĉ†1d̂

†
1 − ĉ†2d̂

†
2

)
+ cos(θ + ϕ)

(
ĉ†1d̂

†
2 + ĉ†2d̂

†
1

)]
|0,0⟩c ⊗ |0,0⟩d .

(3.42)
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Four possible joint detection measurements can be performed, namely ĉ1d̂1, ĉ2d̂2, ĉ1d̂2
and ĉ2d̂1. Using the possible outcomes of the experiments, a correlation function C(θ,ϕ)
according to

C(θ,ϕ) =
∣∣∣⟨0| ĉ1d̂1|Ψ(+)⟩

∣∣∣2 + ∣∣∣⟨0| ĉ2d̂2|Ψ(+)⟩
∣∣∣2 − ∣∣∣⟨0| ĉ1d̂2|Ψ(+)⟩

∣∣∣2 − ∣∣∣⟨0| ĉ2d̂1|Ψ(+)⟩
∣∣∣2

= − cos(2(θ + ϕ))
(3.43)

is defined. Now, locality is taken into account by assuming the existence of a hidden
variable λ, which determines outcomes of measurements A(θ,λ) and B(ϕ,λ). λ may for
example include relevant information created, when the decay of a pump photon into
signal and idler pair happened. A(θ,λ) and B(ϕ,λ) are defined by A(θ,λ) = +1 if a
photon in mode ĉ fires detector ĉ1 and A(θ,λ) = −1 if a photon in mode ĉ fires detector
ĉ2. An analogous definition applies for B(ϕ,λ) in mode d̂. The correlation function
C(θ,ϕ) is the average of A(θ,λ)B(ϕ,λ) over many repeated measurements, so assuming
a normalized probability distribution of the hidden variable λ∫

ρ(λ)dλ = 1 , (3.44)

the local hidden-variable version of the correlation function results in:

Chv(θ,ϕ) =

∫
dλA(θ,λ)B(ϕ,λ)ρ(λ) . (3.45)

Defining Bell’s parameter S with

S = A(θ,λ)B(ϕ,λ) +A(θ,λ)B(ϕ′,λ) +A(θ′,λ)B(ϕ,λ)−A(θ′,λ)B(ϕ′,λ) , (3.46)

an inequality can be formulated, which is violated by the correlations predicted by
quantum mechanics. If S is rewritten as

S = A(θ,λ)[B(ϕ,λ) +B(ϕ′,λ)] +A(θ′,λ)[B(ϕ,λ)−B(ϕ′,λ)] , (3.47)

obviously, for each measurement S can only take the values ±2. Finally, averaging S
over repeated measurements results in the CHSH inequality:∣∣∣∣∫ dλ ρ(λ)S

∣∣∣∣ = ∣∣Chv(θ,ϕ) + Chv(θ
′,ϕ) + Chv(θ,ϕ

′)− Chv(θ
′,ϕ′)

∣∣ ≤ 2 . (3.48)

If instead, the quantum mechanical correlation function C(θ,ϕ) is inserted into S, the
equation

S = C(θ,ϕ) + C(θ′,ϕ) + C(θ,ϕ′)− C(θ′,ϕ′) = 2
√
2 (3.49)

is obtained, for the settings θ = 0, θ′ = π/4, ϕ = −π/8 and ϕ′ = π/8, which clearly
violates the CHSH inequality. In an experiment where the polarization entangled state
was not post-selected, the distance of the polarizers were space-like and any other
loopholes were closed, local hidden-variable theories could be rejected if a result S > 2
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was obtained experimentally. In practice a photon impinging on a photon detector
is registered with a probability of η < 1, i.e., the photon detectors are non-ideal. If
the reduced efficiency of the photon detectors is taken into account, the correlation
functions are modified to C(θ,ϕ) = −η2 cos(2(θ + ϕ)), which in turn gives rise to
S = η22

√
2. Hence, for violation of the CHSH inequality detectors with η > 0.84

are required. In experiments using detectors with lower efficiency, a fair sampling
assumption is applied. This means, that events which fired only one detector are
ignored, and it is assumed that events giving rise to joint detection are representative
of the entire ensemble of generated photons. If fair sampling is asssumed, the correlation
function is redefined as

C(θ,ϕ) =

∣∣∣⟨0| ĉ1d̂1|Ψ(+)⟩
∣∣∣2 + ∣∣∣⟨0| ĉ2d̂2|Ψ(+)⟩

∣∣∣2 − ∣∣∣⟨0| ĉ1d̂2|Ψ(+)⟩
∣∣∣2 − ∣∣∣⟨0| ĉ2d̂1|Ψ(+)⟩

∣∣∣2∣∣∣⟨0| ĉ1d̂1|Ψ(+)⟩
∣∣∣2 + ∣∣∣⟨0| ĉ2d̂2|Ψ(+)⟩

∣∣∣2 + ∣∣∣⟨0| ĉ1d̂2|Ψ(+)⟩
∣∣∣2 + ∣∣∣⟨0| ĉ2d̂1|Ψ(+)⟩

∣∣∣2 .
(3.50)

Consequently, it is possible to violate the CHSH inequality for any detection efficiency
of the detectors, since both nominator and denominator are proportional to η2. This
includes losses due to the post-selection of the entangled state.
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Chapter 4

Experimental Setup

Quantum phenomena do not occur in a Hilbert space.
They occur in a laboratory.

— Asher Peres, Quantum Theory: Concepts and Methods

In this chapter the experimental setups for performing the experiments are presented
in detail. Therefore, it is chronologically proceeded in order to include different com-
ponents progressively until the final form of the constructed setup is reached. Hence,
this chapter can be seen as a step-by-step manual for reproduction of the results to
be presented. To begin with, the setup for generation and characterization of photon
pairs from spontaneous parametric down-conversion by means of spectral analysis and
two-photon interference experiment is explained. This part of the experiment serves the
determination of the important experimental parameters TC and τ for which the state
|1,1⟩ is generated. At the same time, components like employed single-photon detectors
and data processing are discussed. Afterwards, the setup is expanded in order to gen-
erate polarization-entangled photon pairs and to allow correlation measurements, i.e.,
the experimental setup used in the violation of the CHSH inequality is illustrated. The
generation of polarization-entangled photon pairs is subsequently used for the second
part of this work: Quantum state tomography. Adding a few components to the setup
for correlation measurements, permits one to perform tomographical measurements of
the quantum-polarization of two-qubit and single-qubit states. Finally, the setup for
N -photon, two-mode state tomography is realized.

4.1 Two-Photon Generation

The setup for generation of two-photons whose state is expressed by Equation (3.12),
is depicted in Figure 4.1. The pump photons are provided by a continuous-wave diode
laser with central wavelength at λp = 405.2 nm and a bandwidth below 5 MHz emit-
ting a maximum power of 100 mW. A built-in active stabilization circuit assures the
monochromacity and constant power of the laser beam. The light from the laser is
coupled into a polarization maintaining optical fiber to direct the light towards the

37



Chapter 4. Experimental Setup

diode laser

λ/2 GTP BP ppKTP BP LP

z

x

y

crystal axes

|ψ〉

Figure 4.1: Setup for generation of the two-photon state in eq. (3.14). The pump light
from a continuous wave diode laser with wavelength λp = 405.2 nm is directed towards a
periodically poled Potassium Titanyl Phosphate crystal (ppKTP). A Glan-Thompson prism
(GTP) is used to pass only ordinary polarized pump light. The nonlinear optical crystal is
temperature stabilized. A combination of a high-transmission bandpass filter (BP) centered at
810 nm and with 10 nm bandwidth, and an RG715 longpass filter (LP) is used to block the
pump light and transmit the two-photon state |ψ⟩.

experiment. Due to losses in the coupling to the optical fiber, the maximum power
which can be accessed during the experiments is reduced to 65 mW. Furthermore, a
combination of half-wave retarder (λ/2) and Glan-Thompson polarizer (GTP) is used
to adjust the power and to define the polarization of the pump light perpendicular to
the optical table (vertical polarization). An interference filter (Thorlabs FBH405-10)
with transmission around 405 nm suppresses fluorescent light generated by the expo-
sure of optical components to the pump beam. In order to ensure the plane wave
description of the pump beam, the out-coupling lens is chosen to minimize the beams
divergence within the nonlinear optical crystal, i.e., the Rayleigh length is larger than
half the crystal’s length. The pump beam is focused on the center of the crystal to
a beam waist of w0 ≈ 200 µm, limited by the crystals height of 0.5 mm. In the de-
termination of the parameters of the beam, the method of a rotating knife-edge, as
described in reference [67], was used. The nonlinear optical medium is a L = 10.3 mm
long Potassium-Titanyl-Phosphate crystal (ppKTP) and possesses a periodic poling
in order to allow for an efficient conversion of the pump photons into two-photons in
spontaneous parametric down-conversion. The crystal axes are oriented such that the
x principal axis is oriented in propagation direction and the y principal axis lies parallel
to the polarization of the pump beam. The manufacturer’s instructions specify a poling
period of Λ ≈ 10.07 and can be accounted for in calculations by adding the term ±2π/Λ
to the phase matching function ∆k. Using these parameters, the calculations show that
the generation of spectrally and spatially degenerated photon pairs is possible at 42◦C.
For adjustment and stabilization of the crystal temperature Tc a Peltier element and
a AD592 temperature sensor connected to a temperature controller (Melles Griot 06-
DTC-101) are used. This allows to set the crystal temperature to 0.1◦C precision.
After all, two optical filters are employed, a interference filter (Thorlabs FBH810-10)
with transmission around 810 nm and 10 nm bandwidth and a RG715 colored glass
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longpass filter, in order to attenuate the pump beam by a factor of 1013 and to transmit
the two-photons with minimal alteration of their spectral properties.

4.2 Compensation of Temporal Delay

PBS
Mλ/4

|ψ〉

P̂ (k)|ψ〉

Figure 4.2: The compensator as implemented in the setup. Signal and idler photon are spa-
tially separated by a polarizing beam splitter (PBS). After passing through quarter-wave plates
(λ/4) oriented at π/4 to the ordinary axis, reflection from the mirrors (M) and a second pass
through the quarter-wave plates, the polarization of the photons is rotated by π/2. Conse-
quently, both photons leave the polarizing beam splitter from its last port. In the experiments,
one mirror is translated for adjusting the optical path length difference between signal and idler
photons.

The compensation of temporal distinguishability, as discussed in Section 3.2.2, re-
quires that a relative phase of τ0 between signal and idler photons must be intro-
duced. For that purpose, as any birefringent material, also another Potassium-Titanyl-
Phosphate crystal, of half the length and whose axes are rotated by 90◦ relative to the
generating crystal’s axes, could be used [68]. However, without anti-reflection coatings
on the faces of the crystal, a large number of down-converted photons will be lost. In
addition, the dimensions of both crystals needs to be matched in order to compensate
the temporal distinguishability of signal and idler photons. Eventually, due to the
availability of components and the flexibility, a polarization Michelson interferometer
as depicted in Figure 4.2 was built. A polarizing beam splitter (PBS) separates signal
and idler photons in two paths, in which the phase retardations can be adjusted sepa-
rately. Each photon passes a polymer quarter-wave retarder (λ/4) oriented to transform
the photon’s polarization to circular polarization. After a reflection from the mirror
the helicity of the photon’s polarization reversed and a consequent pass through the
quarter-wave retarder effects that the photon’s polarization is rotated by π/2 with re-
spect to its initial polarization. Thus, the photons will be combined by the polarizing
beam splitter in its last port. An adjustment of the phase τ between signal and idler
photons happens by translating one of the mirrors in order to introduce an optical path
length different δ = cτ in air. The accuracy of δ is σδ = 0.02 mm, resulting in that the
introduced phase delay is determined with accuracy of στ = 0.07 ps.
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4.3 Characterization of Photon Pairs

In principle, all components required for the generation of the state |1,1⟩ were presented.
However, the right crystal temperature and position of the adjustable mirror must be
set. In order to determine these parameters, first a spectral analysis of the two-photons
and then the two-photon interference experiment are performed.

4.3.1 Two-photon Spectra as Function of Crystal Temperature

The two-photon spectrum is measured using the setup depicted in Figure 4.3. The
collinearly propagating photon pairs are separated by a polarizing beam splitter (PBS)
and transferred into single-mode optical fibers by collimators. The optical fibers, in
turn, are connected to an optical coupler (50/50) which combines signal and idler
probabilistically. One end of the optical coupler is connected to a monochromator
with spectral resolution of ∆λ = 0.1 nm at whose end a single-photon detector is
placed. Thereby, the two-photon spectrum can be measured as a function of the crystal
temperature in order to find the temperature Td at which signal and idler photons are
spectrally indistinguishable.

PBS

TT

TR

50/50 monochromator

SPCM

counter

P̂ (k)|ψ〉

Figure 4.3: Experimental setup for measuring two-photon. Signal and idler photons are sepa-
rated by a polarizing beam splitter (PBS) and coupled into an optical coupler. A monochroma-
tor is deployed as a tunable spectral filter with 0.1 nm bandwidth. The number of transmitted
photons is counted as a function of the monochromator’s set central wavelength using a sin-
gle-photon detector (SPCM).

In principle, the photon pairs could be coupled into only one optical fiber without
making any a detour, however, it must be made sure that collinearly propagating
photon pairs are collected. An alignment of the components doing that, is achieved
conveniently in the described setup (see also Section 4.6).

4.3.2 Two-Photon Interference Experiment

The theoretical analysis has shown that besides spectral indistinguishability, the tem-
poral indistinguishability must also be satisfied, in order to generate the two-photon
state |1,1⟩. The two-photon interference experiment is suitable as a benchmark for
the photon pair’s indistinguishability. The realized setup is depicted in Figure 4.4,
corresponding to the setup which was theoretically analyzed (see Section 3.2.2 and Fig-
ure 3.4). Therefore, solely a half-wave retarder (λ/2) oriented at π/8 to the horizontal
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Figure 4.4: Experimental setup for demonstration of two-photon interference. The two-photon
state P̂ (k)|ψ⟩, which was transformed by the compensator shown in Figure 4.2, is subject to
a transformation by a half-wave plate (λ/2), oriented at θ = π/8 to the ordinary axis, and
a polarizing beam splitter (PBS). This results in two spatial modes TT and TR, which are
collimated into fibers with single photon detectors (SPCM) at their end. The electrical pulses
produced by the single-photon detectors are counted and joint detections are identified (see
Section 4.7.2).

must be added to the setup which was used for measuring the two-photon spectrum.
Here, zero-order quartz wave retarders which are mounted into manual rotation mounts
are used. Thus, the orientation of the wave retarder can be adjusted to a precision of
±1◦. Furthermore, the use of quartz wave retarders reduces beam deviations in com-
parison to polymer wave retarders. The photons transmitted and reflected by the
polarizing beam splitter (PBS) are coupled into optical fibers, and detected by single-
photon detectors connected to the end of the optical fibers. The electronic signals from
the single-photon detectors are processed in order to allow the readout of count rates
and joint-detection rates. A detailed description of the processing system is given in
Section 4.7.

4.4 Two-Photon Correlation

After the characterization of the two-photon source is concluded, the experimental pa-
rameters Td and τ0 at which the state |1,1⟩ is generated, are determined. Here, the
experimental setup for obtaining a pair of polarization-entangled photons from the
state |1,1⟩ and for measuring their correlations is described. Therefore, the setup is ex-
panded as depicted in Figure 4.5. A non-polarizing symmetric beam splitter (50T:50R)
is placed in front of the half-wave retarder and the setup for linear polarization anal-
ysis is replicated in the reflected arm of the non-polarizing beam splitter, where the
half-wave retarder is mounted on a motorized rotation stage. While this part of the
experiment was in construction, a time-to-digital converter (TDC) was provided for
the purpose of evaluation. The time-to-digital converter replaced the old system for
processing of electronic signals from the detectors and allows for the simultaneous oper-
ation of four single-photon detectors (see also Section 4.7.3 for a detailed description).
If during the experiments only events giving rise to joint-detections by one detector
in each, transmitted and reflected mode of the non-polarizing beam splitter, are taken
into consideration, the measurements are performed on a polarization-entangled pair
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Figure 4.5: Implementation of the setup for violation of the CHSH inequality and for demon-
stration of two-photon interference. The two-photon state P̂ (k)|ψ⟩ impinges on a symmetric
non-polarizing beam splitter (50T:50R). If joint detections between transmitted and reflected
modes as a function of the half-wave retarders positions are evaluated, violation of the CHSH
can be demonstrated, if a fair sampling assumption is made. Evaluation of joint detections
between TT and TR (or TR and RR) is equivalent to the setup in Figure 4.4, with additional
50% probability of losing signal or idler photon. Processing of the electronic signals from the
single-photon detectors (SPCM) is performed with a time-to-digital converter, as described in
Section 4.7.3.

of photons effectively. Of course, this setup can be used in two-photon interference
experiments, too, but the observed joint-detection rate will be reduced by a factor of
four.

4.5 Quantum-Polarization State Tomography

The experimental setup used in the quantum-polarization state tomography measure-
ments is depicted in Figure 4.6 and can be used in both photonic qubit state tomography
of post-selectively obtained polarization-entangled photon pairs (see Section 3.3) and
N -photon quantum-polarization state tomography for N = 2.

4.5.1 Photonic Qubit State Tomography

The experimental setup for the photonic qubit state tomogpraphy is constructed based
on the setup for two-photon correlation measurements (see Section 4.4), Therefore,
quarter-wave retarders (λ/4) are placed in front of each half-wave plate (λ/2). Thereby,
the linear polarization measurement capabilities are complemented to render possible
polarization measurements in arbitrary bases. In general, the order order of half-
and quarter-wave retarders matters and must match the sequence of the respective
operators in Equation (2.35). In some cases an additional wave retarder (comp) may
be placed behind the non-polarizing beam splitter (50T:50R) in order to compensate
polarization-dependent phase shifts introduced by the non-polarizing beam splitter.
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Figure 4.6: Summary of the experimental setup. Abbreviations stand for: Glan-Thompson
prism (GTP), optical band-pass filter (BP), periodically poled Potassium-Titanyl-Phosphate
crystal (ppKTP), Peltier element (TEC), optical long-pass filter (LP), polarizing beam splitter
(PBS), quarter-wave retarder (λ/4), mirror (M), non-polarizing beam splitter with x% trans-
mission and y% reflection (xT:yR), compensator (comp), half-wave retarder (λ/2), symmetric
fibercoupler (50/50) and single-photon detectors (SPCM).

The axes of this wave retarder, henceforth denoted as compensator, are oriented along
the horizontal and the vertical polarization axes, and compensation of the phase shifts
is adjusted by rotating the wave retarder about its axes. Single-qubit state tomography
can be performed in the same setup by using one polarization analyzer for heralding
a photon in the second analyzer. For example, detection of a horizontally polarized
photon heralds a vertically polarized photon with 50% probability.

4.5.2 N-photon Quantum-Polarization Tomography

A further expansion of the setup enables the quantum state tomography of N -photon,
two-mode quantum states. A non-polarizing beam splitter with 33% reflection and 67%
transmission (67T:33R) is added and in its reflected arm a polarizing beam splitter is
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placed. The light exiting the polarizing beam splitter is coupled into optical fibers.
The phase shifts introduced by the non-polarizing beam splitter can be compensated
with another compensator. The orientations of the wave retarders are fixed, such that
detections at port d3 and d5 project a single-photon state onto |D⟩ and |R⟩, respectively.

The discussed method for N -photon state tomography (see Section 2.2.4) requires
photon-number resolving single-photon detectors. The deployed single-photon detec-
tors do not possess such functionality, therefore, spatial multiplexing is utilized [69]. If,
for example, the arrival of a two-photon at port d5 is to be detected, the corresponding
optical fiber is connected to a fiber-optical coupler (50/50), whose ends are connected
to two single-photon detectors, as depicted in Figure 4.6. Furthermore, the measure-
ments were performed using only four detectors. Consequently, in order to realize all
possible measurements for N = 2, the wiring of the optical fibers to the single-photon
detectors is changed manually, which corresponds to a consecutive measurement strat-
egy in contrast to simultaneous measurements as originally discussed in Section 2.2.4.
First, three configurations are required to resolve events with two photons arriving at
the same port via spatial multiplexing and three more configurations are implemented
for the measurement of correlations between distinct ports di. Since for each configura-
tion six different joint detections are possible, 36 measurements are performed in total.
The exemplary wiring of the optical fibers to the single-photon detectors as depicted
in Figure 4.6 can be used to register four different events, namely

(0,1,0,1,0,0) , (4.1)

(0,1,0,0,1,0) , (4.2)

(0,0,0,1,1,0) , (4.3)

(0,0,0,0,2,0) . (4.4)

The corresponding probabilities are modified by the product of the coupling efficiencies
ηdi to the used ports di and the detection efficiencies ηX of the single-photon detectors
connected to the end of the fibers. For example, the event in Equation (4.1) corresponds
to each one photon at the ports d2 and d4, detected by the single-photon detectors
labelled C and D. In this case the expected number of counts is

n̄ = Nηd2ηd4ηCηDP(0,1,0,1,0,0) . (4.5)

The event in Equation (4.2) can be registered in two different ways leading to either

n̄ = 0.5Nηd2ηd5ηAηDP(0,1,0,0,1,0) or n̄ = 0.5Nηd2ηd5ηBηDP(0,1,0,0,1,0) , (4.6)

where the reduction of the detection efficiency of detector A and B by 50% due to
spatial multiplexing was taken into account. For the event in Equation (4.4) both
photons are found at port d5, and detected by the single-photon detectors A and B:

n̄ = 0.5η2d6ηCηDP(0,0,0,0,2,0) . (4.7)
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4.6 Practical Notes for Alignment

The collinear generation of two-photons facilitates the alignment of optical components.
In this case, the propagation direction of the pump beam describes the path of the two-
photons and can be fixed using two pinholes. Afterwards, a Helium-Neon laser is aligned
through the pinholes, thus providing a convenient reference for aligning the setup. In all
presented experiments, the deployed optical components have anti-reflection coatings
for light around 810 nm. Consequently, the reference beam will be reflected partly from
the faces of these components, which aids in orienting the faces perpendicularly with
respect to the reference beam. In addition, the reference beam should go through the
center of the components.

When building the polarization Michelson interferometer attention should be paid
to that both exiting beams are overlapping and that the setup is as symmetric as
possible, amongst others, the mirrors should have the same distance to the polarizing
beam splitter.

Afterwards, the setup for the two-photon interference experiment should be estab-
lished. A coarse alignment of the fiber collimators, which can be tilted and translated in
the plane perpendicular to the beam propagation direction, is performed with respect
to the reference beam, until light is visible at the end of the optical fibers. Sending a
reference beam backwards through the fiber collimators might also be helpful. Then, a
precise alignment is executed by using the two-photons generated in spontaneous para-
metric down-conversion. Thus, one arm in the polarization Michelson interferometer
is blocked and the registration of photons by both single-photon detectors is checked.
This is repeated for the second arm of the polarization Michelson interferometer. If
the single-photon detectors do not receive any photons, the coarse alignment is to be
repeated. Subsequently, while one arm in the polarization Michelson interferometer is
blocked, the fiber collimators are aligned for maximum count rates. Then, the second
arm in the polarization Michelson interferometer is blocked and the mirror in the un-
blocked arm is tilted in such a way that the count rates are maximized. In the ideal
case, both arms of the interferometer contribute the same count rates. Note that the
half-wave retarder oriented at π/8 to the horizontal axis has the consequence that both,
signal and idler photons are directed to both single-photon detectors. Therefore, with
the described strategy it is assured that the beams exiting the polarization Michelson
interferometer are completely aligned and coupled into the optical fibers.

If new fiber collimators are added to the setup, a different method for their fine
alignment is utilized. Laser light is coupled into the fiber collimators which are already
aligned and the ones which are added. At a point, where all beams are combined, a
charge-coupled device (CCD) camera is positioned in order to observe the interference
fringes. Then, the added fiber collimators are aligned such that the period of the
transverse fringes goes to infinity and the spots are overlapping.
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Figure 4.7: Interference fringes recorded with a charge-coupled device (CCD) camera during
alignment of fiber collimators. Orientation of the fringes as depicted in (a) implies that tilting
of the fiber collimator about x and y axes is required. After applying corrections about the y
axis the fringes are oriented along the x axis, as pictured in (b). Then, tilting about the x axis
such that the period of the fringes grows towards infinity, as depicted in (c), will ensure that
the fiber collimator is well aligned with the reference.

4.7 Photon Counting

Here, the properties of the deployed single-photon detectors are given [53] and the
systems for processing the signals from the detectors, i.e., for photon counting, are
presented. Two versions of data acquisition systems were used during the experiments.
An early implementation based on pulse counters, while the final system relies on a
time-to-digital converter, mainly improving the time resolution, decreasing number of
accidental joint detections and increasing the maximum number of detectors, which
can be monitored simultaneously.

4.7.1 Single-Photon Detectors

Single-photon detectors are devices which produce electrical signals for registered pho-
tons. An ideal single-photon detector would do so if and only if photons impinged on the
detector and the triggered electronic pulse would contain information about the number
of arrived photons, i.e., the detector would possess photon-number resolving capabil-
ities. The deployed single-photon detectors are fiber-coupled single-photon avalanche
diode operated in Geiger mode (SPCM-AQR-1x-FC). These detectors only distinguish
between no and any number of registered photons, i.e., they are no-click/click single-
photon detectors. A photon with wavelength around 810 nm that arrived at the de-
tector, is registered with a probability of η ≈ 0.5 and after a latency time an electric
pulse is triggered. The latency time varies from pulse to pulse (timing jitter), hence
causing an uncertainty of 400 ps in the arrival time of the photons. The triggered
pulses are TTL signals with 30 ns width. In addition, depending on the detector 60
to 300 pulses per second are triggered although no photons were detected, which is
referred to as dark counts. These properties are attributed to that the detector is made
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of a semi-conductor material, into which each photon penetrate to a different depth,
resulting in the timing jitter, and creates a free charge carrier which is accelerated in
a strong electric field in order to generate secondary charge carriers. This process is
self-sustaining and will result in a measurable avalanche current marking the arrival of
a photon. Then, an integrated circuit stops the avalanche and resets the detector to its
waiting state before the arrival of the next photon. Within this dead time of 50 ns, no
further photons are registered. Furthermore, avalanches can be started by free charge
carriers created due to thermal effects, which is the reason for dark counts.

4.7.2 Pulse Counting

The initial implementation of the data acquisition system, as drawn in Figure 4.4,
consisted of pulse counters (Hewlett Packard 53132A), a delay generator and pulse-
shaper based on an field-programmable gate array (FPGA) and an AND-operation
circuit (&). The pulses from the single-photon detectors are split, while one part is
fed into the pulse counters, monitoring the number of pulses generated per detector
per unit time, the second part is connected to the FPGA box, where pulses can be
shortened and a relative electronic delay between the lines A and B can be set. The
output ports A’ and B’ are connected to the AND-operation circuit, which generates
an electronic pulse if the transformed pulses from the FPGA are subsequent within a
coincidence time-window tc. The coincidence time-window determines the number of
accidental joint detections from uncorrelated events, i.e., events which are not triggered
by a detection of signal and idler photons of one generated two-photon. The accidental
joint detection rate R(acc)

c depends on the detection rates R1 and R2 of the detectors
via [70]:

R(acc)
c ≈ 2tcR1R2 . (4.8)

The lower bound for tc is set by the timing jitter of the detection system, typically

in the order of hundreds of picoseconds. Alternatively, R(acc)
c can be determined ex-

perimentally by delaying the electronic signals, such that only joint detections from
uncorrelated events are detected [71]. This method is referred to as delayed coincidence
window technique. Finally, the count rates monitored by the pulse counters are trans-
ferred to a computer and stored in files. The accessible information consists of single
count and joint detection rates.

4.7.3 Time-to-Digital Conversion

In the final implementation of the system, depicted in Figure 4.5, processing of the
pulses, called events, from the detectors is performed by a computer with a four channel
common-start time-to-digital converter (TDC) PCI express card (xTDC4 by Cronologic
GmbH). For each start event the xTDC4 generates a packet, containing timestamps
of events registered on the input channels within a maximum time interval of 218 µs.
The timestamps are integer multiples of the bin size tbin = 13.02 ps. The deadtime
between two events on the same channel is 5 ns, which is shorter than the deadtime
of the detectors. Since for joint detections only the time differences between events
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on different channels is relevant, no external start event is necessary. So the xTDC4’s
internal signal generator is used for triggering one start event every 218 µs.

Figure 4.8: Processing of signals with the time-to-digital converter. The rising edge of an
internally generated start signals opens the acquisition channels ”stop A” to ”stop D”. Events
occurring within an adjustable time window after opening the packet, will be stored with
information about channel and time bin of detected rising edge on the time-to-digital converter
and transferred to the computer after the packet is closed.

With a software written in C++ the xTDC4 can be operated in two different modes.
The first mode is used during alignment. The number of registered events on single
detectors per second, i.e., single count rate, and joint detections rates between pairs
of detectors are monitored live. The second mode is used for persistently storing the
packets for post-processing of data. Therefore an acquisition of desired duration, for
example, for 10 s, is initiated. For each started acquisition the stream of packets from
the xTDC4 is processed and the content of the packets is written to a single file on the
hard disk of the computer. Information can be extracted from the file after the data
acquisition is finished.

Single-count rates are determined by counting the number of events on a channel
and dividing it by the measurement time. The used cards allows the measurement of
up to four-fold joint-detections. During the experiments only two-fold joint detections
are required. Joint detections between pairs of channels i and j can be identified in
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two ways. The first way is to create a histogram of the time differences for events
registered in channels i and j and to integrate the histogram over a range of bins. The
advantage of using this method is that differences in the signal propagation time can
be identified and be accounted for. A disadvantage is the required computational time,
which scales with O(N2), i.e., quadratically with the number of events N , thus it is not
convenient for the alignment mode. A more appropriate way is to use histograms only
once for calibration and then apply a faster algorithm for calculating joint detections:
Within each packet, the algorithm iterates over the events E[n], where n is the index of
events. It compares channel and timestamp of two subsequent events E[n] and E[n+1]
(events are already time-ordered). If the channels are different and the difference of
the timestamps is smaller than a defined coincidence time-window, a joint detection is
registered and the algorithm proceeds with E[n+2]. Otherwise the algorithm proceeds
with E[n + 1]. A convenient coincidence time-window is 77 bins, corresponding to 1
ns, which is above the timing jitter and below the deadtime of the detectors.
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Results

In this chapter some results obtained in the experiments are reported. First, the tem-
perature dependent spectra are analyzed. The analysis results in identification of the
crystal temperature Td, which is necessary for the generation of spectrally degenerate
photon pairs. Then the observations made in two-photon interference measurements
are discussed, the working point for erased temporal distinguishability of signal and
idler photons is identified, and the quality of the generated quantum states is quanti-
fied. Furthermore, the results of two-photon interference experiments with spectrally
detuned two-photons are presented. Afterwards, the correlation measurements of po-
larization entangled photon pairs are evaluated, resulting in a violation of the CHSH
inequality if a fair sampling assumption is made. The polarization entangled photon
pairs are further characterized in two-qubit state tomography. Experimental results
from these measurements can also be used to reconstruct N -photon states with N = 2.
Finally, results obtained in the measurements with the N -photon, two-mode tomogra-
phy setup without movable components are presented and used in the reconstruction
of N -photon states.

5.1 Temperature-Dependent Two-Photon Spectrum

In order to identify the crystal temperature Td which is required for the generation
of spectrally degenerate two-photons, the setup presented in Section 4.3.1 was utilized
to measure the two-photon spectra as a function of the crystal temperature T . The
crystal temperature was scanned from 10◦C to 30◦C in steps of 1◦C and at each step,
the spectrum was recorded. The main interest is on the central wavelength λo(T ) and
λe(T ) of signal and idler photons. The central wavelengths are extracted from the
measured spectra by a least-squares fitting of a Gaussian function to the two peaks
corresponding to the signal and the idler spectra. The central wavelengths obtained
by this method are summarized in Figure 5.1. Whenever the two peaks could not
be resolved, central wavelengths are not extracted. Within the temperature tuning
range, a linear dependence between wavelength and temperature is observed. This is
used for interpolating the crystal temperature Td corresponding to spectral degeneracy

51



Chapter 5. Results

ωd = 0. Interpolation of the values in Figure 5.1 results in Td = 19.3◦C. Furthermore,
the temperature-tuned central wavelengths are used to adjust the dispersion formulas
for Potassium Titanyl Phosphate [72] to the experimental values because the dispersion
formulas cannot account for variations due to variations in the fabrication of the crystals
[73]. Thus, the phase-matching function is redefined to include an effective poling period
Λeff which replaces Λ:

∆k

2π
=
no(λp)

λp
− no(λo)

λo
− ne(λe)

λe
− 1

Λeff
. (5.1)

Here, λe = λoλp/(λo − λp). Solving ∆k = 0 for λo(T ) and fitting to the points in
Figure 5.1 resulted in Λeff = 10.15 µm. Henceforth, for all calculations the effective
poling period is used.

Note: In the experiments reported below, a different system for controlling the
crystal temperature is used, resulting in a temperature offset of −0.1◦C.
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Figure 5.1: Central wavelengths λo and λe of signal and idler photons as a function of crystal
temperature T , as obtained from the temperature-dependent spectrum of the two-photon. For
temperatures between 16◦C and 23◦C no wavelengths are given, because the two peaks corre-
sponding to signal and idler spectrum could not be resolved due to the chosen measurement
strategy. The solid lines are least-squares fits of linear functions to λo(T ) and λe(T ). Their
crossing point is taken as the degeneracy temperature Td.
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5.2 Two-Photon Interference Experiment

After setting the crystal temperature to the degeneracy point Td = 19.2◦C, the two-
photon interference experiment was performed using the setup discussed in Section 4.3.2
with single-mode fibers. The half-wave retarder in the transmitted mode is oriented at
π/8. Photon counting with duration of 20 s is performed as a function of the mirror
position x. From collected data joint detections in spatial modes TT and TR are
extracted and plotted against τ = 2x/c. The results are shown in Figure 5.2. Since
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Figure 5.2: Result of a two-photon interference measurement with degenerate two-photons
using the setup in Figure 4.5 with single-mode fibers and θ = π/8. The joint detections in the
detector pair TT and TR are plotted against the introduced time delay τ . The solid line depicts
the result of fitting Equation (5.2) to the data points. The minimum joint detection rate is
reached at τ = 1.81± 0.04 ps. The visibility of the interference pattern is V = 0.99± 0.01.

joint detection counting of two-photons generated in spontaneous parametric down-
conversion is a process governed by Poissonian statistics [74], the error of Rc(τ) is given
by σR =

√
Rc(τ). The solid line is a result of fitting the triangular notch function

Rc(τ) =

{
Rb +R0/2τ

−1
0 |τ − τ0| , if 0 < τ ≤ 2τ0 ,

Rb +R0/2 , otherwise,
(5.2)

to the data points. The background joint detection rate Rb was introduced in order to
match Equation (3.32) to experimental observations. This way the best-fit parameters
τ0 = 1.81±0.04 ps, R0 = 2560±30 and Rb = 2±9 are obtained. The indistinguishability
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of signal and idler photons can be quantified by the visibility V of the interference
pattern, defined as

V ≡ 1

1 + 4Rb/R0
. (5.3)

The visibility of the interference pattern in Figure 5.2 is V = 0.99 ± 0.01, thus im-
plying that signal and idler are indistinguishable. Then, according to the discussion
in Section 3.2.1 the two-photon state describing signal and idler pairs is |ψ⟩ = |1,1⟩.
In addition, the experimentally obtained value for τ0 is in excellent agreement with
the theoretical prediction of τ0 = 1.80 ps based on a calculation using the dispersion
formulas for Potassium Titanyl Phosphate [72] and L = 10.3 mm.

The joint detection probability pc = Rc/R0 as a function of τ , obtained in another
series of photon counting experiments with 1 s of data collection time, using the setup
in Figure 4.4 with multi-mode fibers, is shown in Figure 5.3 (solid squares). Best fitting
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Figure 5.3: Comparison of joint detection probability of anti-bunched photons |1,1⟩ (solid
squares) and of bunched photons |2,0⟩ (empty squares) as a function of time delay τ , obtained
using the setup in Figure 4.4 with multi-mode fibers. Anti-bunched photons result in joint
detections in TT and TR. The solid (dashed) line is a best-fit plot of Equation (5.2) to the solid
(empty) squares. The enhancement of the joint detection rate of bunched photons |2,0⟩ as the
time delay approaches τ0 is due to photon-number conservation.

parameters of Equation (5.2) to the data points are τ0 = 1.80±0.02 ps, R0 = 11880±70
and Rb = 660±20. The visibility V = 0.818±0.004 is lower than in the measurements
using single-mode fibers, because multi-mode fibers support several modes, increasing
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5.2. Two-Photon Interference Experiment

the sensitivity to spatial distinguishability of signal and idler photons. When apertures
are placed in front of the fiber collimators, it is observed that the smaller the diameter
of the apertures, the higher is V . However, with smaller aperture area also the joint
detection rate decreases quadratically. The trend of V as a function of the relative
aperture area Arel is indicated in Figure 5.4. A subsequent measurement was performed
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Figure 5.4: Visibility of the two-photon interference pattern V as a function of the relative
aperture area Arel, where Arel = 1 corresponds to fully opened apertures.

to investigate the dependence of the number of photon pairs in one spatial mode on τ .
Therefore, the two-photon interference setup in Figure 4.4 was modified. The optical
fiber in the mode TT was replaced by a fiber-based beam splitter and the ends were
connected to the single-photon detectors. Then, photon counting of 1 s duration as
a function of τ was executed. The results are drawn as empty squares in Figure 5.3.
The joint detection probability due to photon pairs in one spatial mode, i.e., bunched
photons, behaves opposed to the joint detection probability due to photons in two
spatial modes. This is an implication of photon-number conservation. While the wave-
packets for joint detections in TT and TR interfere destructively, the wave-packets
for photon pairs leaving at the same port of the polarizing beam splitter interfere
constructively.

In summary, the results of these measurements provide convincing evidence that
indistinguishable pairs of photons can be generated. Consequently, in accordance with
the theoretical discussions it is concluded that the two-photon state |ψ⟩ = |1,1⟩ can be
obtained with good fidelity. Thus, a half-wave retarder oriented at θ/2 can be used to
obtain a variety of different two-photon states

|ψ⟩ = −
√
2 cos θ sin θ |2,0⟩+ cos(2θ) |1,1⟩+

√
2 cos θ sin θ |0,2⟩ . (5.4)

Realization of a single-photon source based on the presented setup can be achieved by
using one of the photons for the heralding of the second photon. The indistinguishability
of signal and idler does not play any role in this case.
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Chapter 5. Results

5.3 Demonstration of Spatial Quantum Beating

The two-photon interference experiment was also performed for non-degenerate pho-
tons. Therefore, the crystal temperature was set to T = 17.2◦C. Then, using the setup
in Figure 4.5 with single-mode fibers and θ = π/8, photon counting with 20 s dura-
tion was performed for varying τ , and joint detections in TT and TR are extracted.
The resulting joint detection probability as a function of τ is shown in Figure 5.5 and
compared to the results of the two-photon interference experiment with degenerate
photons. It is observed that pc behaves very differently if signal and idler frequencies
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Figure 5.5: Comparison of results from two-photon interference experiments for degenerate
(T = 19.2◦C) and non-degenerate (T = 17.2) photon pairs. The solid line is a fit of the
function in Equation (5.2) to data points obtained at T = 19.2◦C. The dotted curve is a plot
of Equation (3.33) for T = 17.2◦C. The dashed line is obtained if ωd(T ) in Equation (3.33) is
multiplied with a = 1.30.

are detuned. The curve for T = 17.2◦C possesses an oscillatory behavior for τ from
0 to 2τ0. Most importantly, the joint detection probability reaches the value 0.6 as
τ approaches τ0, which is significantly higher than predicted by random coincidences,
i.e., 0.5. However, this behavior is already predicted in Equation (3.33), as the effect
of asymmetrization of the spatial part of the two-photon state and reveals frequency
entanglement of signal and idler photons [58]. A plot of Equation (3.33) for T = 17.2◦C
(dotted curve in Figure 5.5) deviates from the experimental data. Better agreement
between theory and experiment is achieved if ωd(T ) in Equation (3.33) is scaled with
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5.3. Demonstration of Spatial Quantum Beating

a factor a for best fitting. The dashed line drawn in Figure 5.5 is the best-fit function
with a = 1.30± 0.04. A similar value a = 1.25 was reported in an earlier work [58].
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Figure 5.6: Dependence of joint detection probability pc at τ = τ0 on crystal temperature T .
The solid line is a plot of Equation (3.34) with ωd(T ) multiplied by a = 1.28.

Additional measurements were performed in order to give an experimental confir-
mation of Equation (3.34). Therefore, using the same configuration of the setup but
holding τ = τ0 constant and varying the crystal temperature T from 12◦C to 27◦C,
photon counting is performed. Figure 5.6 shows that the joint detection probability in
TT and TR undergoes damped oscillations as a function of T . The minimum value of
pc is reached at T = 19.2◦C, where the degeneracy condition ωd = 0 is satisfied, and
maximum probability for joint detections are around T = 17.2◦C and 21.4◦C. Again,
the theoretical curve [see Equation (3.33)] is fitted to experimental data with the scal-
ing parameter a, resulting in a = 1.28±0.01, which is in agreement with the previously
obtained value of a = 1.30± 0.04.

In summary, the experimental results are in good agreement with theoretical pre-
dictions. Exploiting the flexibility of the implemented setup, partial anti-bunching of
bosons was demonstrated by performing the two-photon interference experiment for
detuned signal and idler frequencies. Hence, according to A. Fedrizzi et al. [58], with-
out even accessing the frequency degree of freedom of the two-photons, the frequency
entanglement of the two-photon was demonstrated.
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5.4 Violation of CHSH Inequality

As mentioned in Section 3.3 a pair of polarization entangled photons can be obtained
from the two-photon state |1,1⟩. Here, the results of the correlation experiments are
summarized. The crystal temperature is set to Td = 19.2◦C and the compensator is
adjusted for τ = τ0. Then, photon counting is performed for varying orientation ϕ
of the half-wave retarder in the reflected mode for two settings θ = 0 and θ = π/8
of the orientation of the half-wave retarder in the transmitted mode. Afterwards, the
data is searched for joint detections in the detector pairs TT-RT, TT-RR, TR-RR and
TR-RT. Results obtained in experiments where the detectors were connected to single-
mode fibers are shown in Figure 5.7, while using multi-mode fibers gave rise to the
data in Figure 5.8. The fitted functions, motivated by the theoretical discussion in
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Figure 5.7: Result of two-photon correlation measurements using single-mode fibers. The
measured joint detection rate Rc for different pairs of detectors is plotted as a function of ϕ
for θ = 0◦ (red data points) and θ = 22.5◦ (black data points). Solid curves are best-fits of
Equation (5.5). The maximum value of Bell’s parameter is S = 2.65± 0.02 with ϕ ≈ −12◦ and
ϕ′ ≈ 10◦.
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Figure 5.8: Result of two-photon correlation measurements using multi-mode fibers. The
measured joint detection rate Rc for different pairs of detectors is plotted as a function of ϕ
for θ = 0◦ (red data points) and θ = 22.5◦ (black data points). Solid curves are best-fits of
Equation (5.5). The maximum value of Bell’s parameter is S = 2.52 ± 0.01 with ϕ ≈ 33◦ and
ϕ′ ≈ 54◦.

Section 3.3, are given by

RX,Y ;θ(ϕ) = Rb +R0 sin
2(ϕ− ϕ0) , (5.5)

with X ={TT,TR}, Y ={RT,RR}, and the fit parameters Rb, R0 and ϕ0. From the
best-fit functions an experimental value for S, which maximally violates the CHSH
inequality, is derived. Hence, the correlation function

C(θ,ϕ) =
RTT,RT;θ(ϕ) +RTR,RR;θ(ϕ)−RTT,RR;θ(ϕ)−RTR,RT;θ(ϕ)

RTT,RT;θ(ϕ) +RTR,RR;θ(ϕ) +RTT,RR;θ(ϕ) +RTR,RT;θ(ϕ)
(5.6)

is calculated. The experimental procedure sets the restrictions θ = 0 and θ′ = π/8.
Then, Bell’s parameter reads:

S
(
ϕ,ϕ′

)
= C (0,ϕ) + C (π/8,ϕ) + C

(
0,ϕ′

)
− C

(
π/8,ϕ′

)
. (5.7)
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The global maximum of S(ϕ,ϕ′) is accepted as the experimental result. The error esti-
mation is based on the Poissonian statistics of joint detection counting of two-photons
from spontaneous parametric down-conversion [74]. With Gaussian error propagation
the error of Bell’s parameter S is estimated by [75]

σS =

√
σC(θ,ϕ)

2 + σC(θ,ϕ
′)2 + σC(θ

′,ϕ)2 + σC(θ
′,ϕ′)2 , (5.8)

where the error of the correlation function is

σC(θ,ϕ) =
2
√
R2

⊥(θ,ϕ)R∥(θ,ϕ) +R2
∥(θ,ϕ)R⊥(θ,ϕ)

[R∥(θ,ϕ) +R⊥(θ,ϕ)]
2 (5.9)

and the functions

R∥(θ,ϕ) ≡ RTT,RT;θ(ϕ) +RTR,RR;θ(ϕ) ,

R⊥(θ,ϕ) ≡ RTT,RR;θ(ϕ) +RTR,RT;θ(ϕ) ,
(5.10)

are defined in order to simplify the calculation. For the data in Figure 5.7, a maximally
violating value S = 2.65 ± 0.02 could be obtained, for ϕ = −0.067π and ϕ′ = 0.056π.
If instead multi-mode fibers were used (see Figure 5.8), S = 2.52 ± 0.01 could be
achieved with ϕ = 0.185π and ϕ′ = 0.300π. In both cases the CHSH inequality is
violated if a fair sampling assumption is made. However, the obtained maximum of S
is significantly lower than 2

√
2 ≈ 2.828. Following the discussion in [75], the maximum

value of S which can be achieved experimentally, is bounded by the amplitude V (θ)
of the correlation functions C(θ = 0,ϕ) and C(θ = π/8,ϕ) to values between Sθ=0 =
V (0)2

√
2 and Sθ=π/8 = V (π/8)2

√
2. For example, in case of the data depicted in

Figure 5.7 the contrast of the correlation functions are V (θ = 0) = 0.973 ± 0.003 and
V (θ = π/8) = 0.86± 0.01, thus S takes a value between 2.752± 0.008 and 2.43± 0.03,
in agreement with the result S = 2.65± 0.02. The reduced contrast of the correlation
functions in the diagonal basis θ = π/8 is due to distinguishability of signal and idler
photons in transmitted and reflected modes. In the two-photon correlation experiment
the polarization degree of freedom of the photons is investigated, so the remaining
degrees of freedom carried by distinguishable photons are traced over, resulting in a
mixed state [76]:

ρ̂ =
1

2
(|H,V⟩ ⟨H,V|+ |V,H⟩ ⟨V,H|) . (5.11)

This state, when analyzed in the correlation experiment with θ = 0, behaves identical to
the entangled state |ψ⟩ = 1/

√
2(|H,V⟩+|V,H⟩), but gives rise to a constant contribution

when analyzed in the diagonal basis θ = π/8, hence reducing the contrast of the
correlation function. This fact highlights the fundamental difference between entangled
and mixed states. Nevertheless, the established two-photon source for the state |1,1⟩
was successfully used in an experiment for violation of the CHSH inequality, if a fair
sampling is assumed.
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5.5 Photonic Two-qubit State Tomography

The pairs of polarization entangled photons are also used in optical two-qubit state
tomography. Therefore, the setup presented in Section 4.5.1 is used. The tomogra-
phy data is obtained by performing photon counting for 60 seconds in each of the 36
measurement configurations of the wave retarders, including the minimum set of 16
measurements. We have decided to conduct 36 tomography measurements due to the
improved stability of the results, as discussed in [77]. Then, in the post-processing
of the data joint detections between the detectors d3, d4, d5 and d6 are extracted for
each measurement, which leads to 144 numbers. The results are summarized in Ta-
ble 5.1. In order to reconstruct the two-qubit density matrix the maximum likelihood
estimation method is applied to the experimental data. The existing Matlab program
provided by the Kwiat Quantum Information Group [78] is suitable for that purpose.
The software takes the experimental data as input, performs the maximum likelihood
estimation according to Section 2.2.5 and returns the maximum likely density matrix
ρ̂ML. Using that software, the detector pair efficiencies are also reconstructed directly,
without the process of manually comparing the reconstructions resulting from different
detector pairs. Inserting the data in Table 5.1 into the code, resulted in the density
matrix

ρ̂ML =


0.01 0.02 −0.01i −0.01
0.02 0.49 −0.40− 0.27i 0.01
0.01i −0.40 + 0.27i 0.49 −0.02
−0.01 0.01 −0.02 0.01

 . (5.12)

The obtained intensity is I = 3734 polarization entangled photon pairs per 60 seconds.
The detector-pair efficiencies are determined relative to the fixed value ηAηC ≡ 1,
as ηBηC = 0.98, ηAηD = 1.69 and ηBηD = 1.71. Here, the detection efficiencies
also include the efficiency of coupling photons into the fibers. The goodness-of-fit
is Q = 3.43 and indicates systematic errors which can have several sources. First
of all, the retardances of the wave retarders can only be specified within an error
range due to variations in the manufacturing and non-perpendicular incidence of the
optical beam on the wave retarder. In principle, these two errors can be reduced by
precise characterization of the wave retarder’s retardance and using materials which
are less sensitive to the angle of incidence, for example, polymer wave retarders. In
addition, the orientations of the wave retarders are set to a precision of ±1◦, only,
while motorized rotation mounts can provide much higher accuracy. Imprecision in
the retardance and orientation of the wave retarders result in systematic errors in the
performed projections. Also modified coupling to the fiber collimators plays a role, if the
wave retarders are reoriented in order to change the basis of measurements. These types
of errors can be completely eliminated if the tomography measurements are performed
in a setup without moveable components, i.e., fixed orientations of the wave retarders.
The problem of changing alignment can be illustrated by plotting the relative count
rates registered in different measurements. The result is shown in Figure 5.9. The lines
between the points are used to accentuate the trend of the data points. The curve
indicates a correlation between the orientation of the wave retarders and the relative

61



Chapter 5. Results

H H H V H D H A H R H L V H V V V D V A V R V L D H D V D D D A D R D L A H A V A D A A A R A L R H R V R D R A R R R L L H L V L D L A L R L L

0 . 8 5
0 . 9 0
0 . 9 5
1 . 0 0
1 . 0 5
1 . 1 0

Re
lati

ve 
int

ens
ity

 I ν

M e a s u r e m e n t  ν
Figure 5.9: This diagram shows the relative intensities between performed measurements, as
determined in the maximum likelihood estimation. A correlation between specific measurements
and a reduced relative intensity can be identified, for example, whenever the second qubit is
projected onto vertical polarization, the relative intensity decreases significantly. This is an
effect of modified coupling to the fibers whenever the wave retarders are reoriented for different
measurements.

count rates. For example, if the wave retarders are oriented to project the second
photon onto vertical polarization, the relative count rate is reduced to almost 0.9 of
the count rate observed in the reference measurement projecting onto |H⟩ ⊗ |L⟩. In
order to explore the effect on the estimated state, the maximum likelihood estimation
is performed assuming different relative count rates Iν for each measurement, although
this does not take into account that the coupling to distinct fiber collimators changes
independently. Accordingly, the function to be minimized is modified to:

P
(
t′1,t

′
2, . . . ,t

′
d
2 ;n1,n2, . . . ,nΞ

)
=

Ξ∑
ν=1

[
Iν ⟨ψν | ρ̂

(
t′1,t

′
2, . . . ,t

′
d
2

)
|ψν⟩ − nν

]2
2Iν ⟨ψν | ρ̂ (t1,t2, . . . ,t4n) |ψν⟩

. (5.13)

Then the maximum likelihood estimation is repeated for the same data in Table 5.1.
In this case, the estimated density matrix reads

ρ̂ML =


0.01 0.02 −0.01i −0.01
0.02 0.49 −0.40− 0.27i 0.00
0.01i −0.40 + 0.27i 0.49 −0.02
−0.01 0.00 −0.02 0.01

 . (5.14)

The obtained count rate is I = 3744 pairs of polarization entangled photons per 60
seconds and the relative detector-pair efficiencies are ηAηC ≡ 1, ηBηC = 0.98, ηAηD =
1.70 and ηBηD = 1.72. A visualization of the entries of the reconstructed density matrix
is found in Figure 5.10 (a) and (b). The goodness-of-fit is Q = 2.24, indicating an
improvement of the agreement between experimental data and fit if the relative count
rates are taken into account, but the presence of systematic errors due to imprecise
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Figure 5.10: Visualization of real (a) and imaginary (b) parts of the entries of the density ma-
trix in Equation (5.14) obtained by maximum likelihood estimation using data in Table 5.1 (a)
with corrections due to relative intensity changes between measurements. In (c) and (d) real
and imaginary parts of the density matrix in Equation (5.16) which resulted from the maximum
likelihood estimation based on data in Table 5.1 (b) are shown.

setting of the measurement projections remains. The agreement between experimental
data and the fit can also be monitored in a diagram as depicted in Figure 5.11, here,
shown for one detector-pair, only. Therefore, experimental values for the probabilities,
displayed as bars, are calculated from the count numbers by applying corrections due to
detector-pair efficiency and relative intensities, and dividing them by the total intensity.
The fitted points are obtained from the estimated density matrix and the error bars
are derived by assuming Poissonian errors for the count rates.

The reconstructed density matrix in Equation (5.14) also reveals the reason for
the observation of a reduced contrast in the two-photon correlation experiment (see

Section 5.4). The polarization entangled photon pairs were assumed in the state |Ψ(+)⟩,
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Figure 5.11: Comparison between experimentally obtained data (black shaded bars) and
reconstructed values (red crosses with error bars) for the probability Pν to find the two-qubit
state in |ψν⟩. The error bars give the statistical errors of the estimated values based on Poisson
counting statistics.

while the reconstructed density matrix corresponds to the state

|ψ⟩ = 1√
2

(
|H,V⟩+ eiφ |V,H⟩

)
(5.15)

with φ ≈ −0.811π and a fidelity of F = ⟨ψ| ρ̂ML |ψ⟩ = 0.968± 0.002, which was derived
using a Monte Carlo method. For that purpose the maximum likelihood estimation was
performed on additional data obtained by generating random variates according to a
Poisson distribution of the experimental data. Calculating the fidelity for 10 estimated
states based on such data, resulted in the given mean value and standard deviation.
The phase shift φ is due to the non-polarizing beam splitter introducing a polarization
dependent phase shift between transmitted and reflected photons. In practice, the phase
shift can be compensated with a quarter-wave retarder, i.e., a compensator, behind
the non-polarizing beam splitter. This wave retarder is aligned along the horizontal
polarization and is rotated about one of its axes until the contrast in the two-photon
correlation experiment is maximized. After doing so, the quantum state tomography
is repeated. The results of the measurement are found in Table 5.1 (b). The maximum
likelihood estimation, without correcting relative intensities, results in

ρ̂ML =


0.01 0.04 + 0.03i 0.03 + 0.02i −0.01

0.04− 0.03i 0.49 0.47 + 0.03i −0.03− 0.02i
0.03− 0.02i 0.47− 0.03i 0.49 −0.04− 0.03i

−0.01 −0.03 + 0.02i −0.04 + 0.03i 0.01

 , (5.16)

where the count rate is I = 4368 and the relative detector-pair efficiencies are ηAηC ≡
1, ηBηC = 0.98, ηAηD = 1.38 and ηBηD = 1.33. In Figure 5.10 (c) and (d) the
reconstructed density matrix is visually presented. The goodness-of-fit is Q = 2.09
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and the reconstructed density matrix corresponds to the state in Equation (5.15) with
φ = 0.020π and F = 0.967± 0.001. Therefore, the phase shift introduced by the non-
polarizing beam splitter was experimentally compensated, however, this comes with
increased complexity of the experimental setup and constitutes an additional source
for systematic measurement errors. Alternatively, the phase shift can be accounted for
in theory, by assuming an ideal non-polarizing beam splitter followed by a phase shift
operation P̂ (±φ) in one of its outputs, consequently eliminating additional errors.

5.5.1 Reconstruction of Two-Photon Quantum-Polarization State

The results of the two-qubit tomography measurements are also suited for the recon-
struction of the two-photon state before the non-polarizing beam splitter. Therefore,
the measurements applied on the two-qubit state need to be translated into their two-
photon correspondence. For example, the projections performed by the detectors d3
and d5 are expressed by

∣∣ψµ⟩ =
[(

Ŵ †
QWP

(
θQ1

)
Ŵ †

HWP (θH1)

(
â†H
â†V

))
·
(
1
0

)

·

(
P̂ (−φ)Ŵ †

QWP

(
θQ2

)
Ŵ †

HWP (θH2)

(
â†H
â†V

))
·
(
1
0

)]
|0,0⟩ ,

(5.17)

where θi are the orientations of the wave retarders and the phase shift φ introduced by
the non-polarizing beam splitter was taken into account. In order to perform a max-
imum likelihood estimation of two-photon states, a code in Mathematica was imple-
mented, because the software by the Kwiat Quantum Information Group only supports
the reconstruction of qubit states. First, the state estimation is performed based on
data in Table 5.1 (a), i.e., data which was acquired in the setup without compensated
phase shift φ, after correcting the detector-pair efficiencies according to the two-qubit
state estimation without relative efficiency corrections. The quantum state estimation
with φ = −0.811π resulted in the two-photon state

ρ̂ML =

0.00 0.03 0.00
0.03 0.99 −0.02
0.00 −0.02 0.01

 (5.18)

with a goodness-of-fit of Q = 6.17. The entries of this density matrix are visualized in
Figure 5.12 (a) and (b). The estimated density matrix has a fidelity with the expected
result |ψ⟩ = |1,1⟩ of F = 0.985±0.002, i.e., it is in agreement with the expectation. The
quantum state estimation with the data in Table 5.1 (b) collected in the compensated
setup with φ = 0.020π results in the density matrix

ρ̂ML =

 0.01 0.07− 0.06i 0.00
0.07 + 0.06i 0.97 −0.05 + 0.06i

0.00 −0.05− 0.06i 0.02

 , (5.19)
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possessing a fidelity of F = 0.972 ± 0.002 with the state |ψ⟩ = |1,1⟩. The result is
graphically presented in Figure 5.12 (c) and (d). In this case the goodness-of-fit is
Q = 5.33. Although this result is in good agreement with the expected two-photon

Figure 5.12: Reconstructed two-photon states visually represented. Images (a) and (b) show
real and imaginary part of the reconstructed two-photon state in Equation (5.18) with theoret-
ically corrected phase shifts. Real and imaginary part of the two-photon state in Equation 5.19
obtained with experimental compensation of phase shifts is depicted in (c) and (d).

state |ψ⟩ = |1,1⟩, in comparison to Equation 5.18, the absolute values of non-diagonal
entries in the density matrix are larger. This is an effect of the inaccurate orientation
of the compensator, as is already indicated in the estimated state in Equation (5.16).
Consequently, one can conclude that compensation of polarization dependent phase
shifts in non-polarizing beam splitters should be accounted for in the equations instead
of placing compensators. This requires a careful calibration of the non-polarizing beam
splitters in a sort of quantum process tomography, but it was demonstrated that the
measurement apparatus itself is sufficient for this purpose. Moreover, such strategy
will reduce the experimental complexity.

66



5.6. N -Photon Quantum-Polarization State Tomography

5.6 N-Photon Quantum-Polarization State Tomography

In the final experiments, the tomography of two-photon states in the setup without
moveable components is performed. The experimental setup was presented in Sec-
tion 4.5.2. In order to keep statistical errors at the same level spatially multiplexed
measurements are performed for 240 s, whereas measurements in non-multiplexed mea-
surements take 60 s. The results obtained from tomography of the two-photon state
|1,1⟩ in the setup with compensator in place are found in Table 5.2. The maximum like-
lihood estimation is implemented in a Mathematica code which takes the configuration
of the setup, i.e., the wiring of optical fibers, and measured count numbers and returns
the maximum likely two-photon density matrix along with coupling efficiencies to the
fibers and the detector efficiencies. The efficiencies are given relative to the defined
values ηA ≡ 1 and ηd1 ≡ 1. Applying the maximum likelihood estimation to the data
in Table 5.2 resulted in the two-photon state

ρ̂ML =

 0.02 0.12− 0.03i −0.01
0.12 + 0.03i 0.96 −0.06− 0.02i

−0.01 −0.06 + 0.02i 0.03

 , (5.20)

where the count rate is I = 17024 and the relative detector efficiencies are ηA ≡ 1,
ηB = 0.96, ηC = 0.57 and ηD = 0.88. The relative coupling efficiencies to the fibers are
ηd1 ≡ 1, ηd2 = 1.61, ηd3 = 0.97, ηd4 = 1.07, ηd5 = 1.36 and ηd6 = 1.74. A visualization
of this density matrix is given in Figure 5.13. The reconstructed density matrix has a

Figure 5.13: Visualization of the reconstructed two-photon state in Equation (5.20). The real
(a) and imaginary (b) parts of the density matrix are shown.

fidelity of F = 0.95± 0.03 with the two-photon state |1,1⟩, thus a good agreement with
the expectation could also be achieved in the implemented setup. However, the prob-
lem related to unwanted artifacts in the reconstructed state due to the experimental
compensation of phase shifts persists. In addition, as indicated by the goodness-of-fit
of Q = 10.08, systematic errors in the measurements are increased. Since the optical
components are not moved, errors due to varying coupling to the fibers have been elim-
inated. Consequently, the goodness-of-fit was expected to improve in comparison to
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the reconstructions in Section 5.5.1. However, the manual reconfiguration of the opti-
cal fiber’s wiring to the single-photon detectors corresponds to changing the coupling
efficiencies from one measurement to another one, thus introducing systematic errors.
This is due to our strategy in implementing the N -photon quantum-polarization state
tomography with only four single-photon detectors. Nevertheless, the obtained result
demonstrates that the developed method for quantum-polarization state tomography
performs well in practice. Additional reconstructed states are given in Appendix A.
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µ d6&d
(a)
3 d5&d

(a)
3 d6&d

(a)
4 d5&d

(a)
4 d6&d

(b)
3 d5&d

(b)
3 d6&d

(b)
4 d5&d

(b)
4

HH 10∗ 2069∗ 3359 58∗ 17∗ 2036∗ 3061 62∗

HV 1804 20 41 2961 2272 26 31 2725
HD 1011∗ 861∗ 1442∗ 1701∗ 1373∗ 878∗ 1327∗ 1678∗

HA 808 1146 1822 1380 907 1215 1833 1272
HR 912∗ 930∗ 1632∗ 1643∗ 1295∗ 866∗ 1261∗ 1686∗

HL 916 935 1671 1574 927 1235 1751 1150
VH 1937 32 42 3153 2131 22 29 2804
VV 13 1671 3001 64 11 2039 2952 49
VD 885 979 1622 1396 840 1281 1818 1199
VA 1090 759 1265 1879 1310 877 1273 1767
VR 928 891 1657 1555 861 1184 1790 1052
VL 906 878 1575 1684 1270 810 1267 1662
DH 908 995 1742 1572 1151 935 1388 1660
DV 831 875 1437 1413 916 1209 1611 1251
DD 114∗ 1747 2912∗ 235∗ 2231∗ 46 91∗ 2816∗

DA 1775 153 242 2868 51 1982 3128 92
DR 1506∗ 446∗ 698∗ 2516∗ 1037∗ 1081∗ 1597∗ 1320∗

DL 449 1374 2418 753 1230 965 1431 1474
AH 985 968 1598 1754 933 1180 1710 1247
AV 915 781 1278 1553 1212 966 1267 1648
AD 1697 110 193 2977 80 2096 2877 100
AA 110 1766 2946 229 2084 52 110 2871
AR 426 1445 2513 787 1202 1054 1362 1636
AL 1377 411 720 2525 1045 1173 1649 1336
RH 970 990 1682 1570 1046 1024 1448 1495
RV 859 814 1433 1466 1018 1098 1421 1442
RD 419 1384 2377 700 1135 1012 1413 1576
RA 1453 402 770 2492 1026 1204 1582 1373
RR 216∗ 1595 2889∗ 420∗ 2109∗ 24 48∗ 2831∗

RL 1502 219 416 2840 11 2123 2970 56
LH 977 988 1614 1558 947 1155 1607 1481
LV 915 807 1391 1570 1099 1103 1426 1441
LD 1343 385 680 2376 979 1210 1577 1381
LA 483 1354 2421 681 1090 978 1399 1625
LR 1601 246 418 2748 37 2139 2749 83
LL 238 1474 2742 426 2202 34 55 2894

Table 5.1: Raw data obtained in the two-qubit state tomography without compensation of the
phase shift introduced by the non-polarizing beam splitter (a) and with compensation (b) for
measurements of 60 s for each configuration µ. The two-photon polarization state tomography
in Section 5.5.1 was performed using numbers marked with stars.
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µ probability Pµ counts

(0,2,0,0,0,0) ηAηBη
2
d2
P(0,2,0,0,0,0) 18

(1,1,0,0,0,0) ηAηCηd1ηd2P(1,1,0,0,0,0) 1485

(1,1,0,0,0,0) ηAηDηd1ηd2P(1,1,0,0,0,0) 2413

(1,1,0,0,0,0) ηBηCηd1ηd2P(1,1,0,0,0,0) 1495

(1,1,0,0,0,0) ηBηDηd1ηd2P(1,1,0,0,0,0) 2381

(2,0,0,0,0,0) ηCηDη
2
d1
P(2,0,0,0,0,0) 45

(0,0,2,0,0,0) ηAηBη
2
d3
P(0,0,2,0,0,0) 581

(0,0,1,1,0,0) ηAηCηd3ηd4P(0,0,1,1,0,0) 32

(0,0,1,1,0,0) ηAηDηd3ηd4P(0,0,1,1,0,0) 43

(0,0,1,1,0,0) ηBηCηd3ηd4P(0,0,1,1,0,0) 27

(0,0,1,1,0,0) ηBηDηd3ηd4P(0,0,1,1,0,0) 42

(0,0,0,2,0,0) ηCηDη
2
d4
P(0,0,0,2,0,0) 255

(0,0,0,0,2,0) ηAηBη
2
d5
P(0,0,0,0,2,0) 1560

(0,0,0,0,1,1) ηAηCηd5ηd6P(0,0,0,0,1,1) 15

(0,0,0,0,1,1) ηAηDηd5ηd6P(0,0,0,0,1,1) 40

(0,0,0,0,1,1) ηBηCηd5ηd6P(0,0,0,0,1,1) 20

(0,0,0,0,1,1) ηBηDηd5ηd6P(0,0,0,0,1,1) 36

(0,0,0,0,0,2) ηCηDη
2
d6
P(0,0,0,0,0,2) 1091

(1,1,0,0,0,0) ηAηBηd1ηd2P(1,1,0,0,0,0) 2860

(1,0,1,0,0,0) ηAηCηd1ηd3P(0,1,1,0,0,0) 851

(1,0,0,1,0,0) ηAηDηd1ηd4P(0,1,0,1,0,0) 667

(1,0,1,0,0,0) ηBηCηd1ηd3P(1,0,1,0,0,0) 729

(1,0,0,1,0,0) ηBηDηd1ηd4P(1,0,0,1,0,0) 1698

(0,0,1,1,0,0) ηCηDηd3ηd4P(0,0,1,1,0,0) 45

(1,1,0,0,0,0) ηAηBηd1ηd2P(1,1,0,0,0,0) 2874

(0,1,0,0,1,0) ηAηCηd2ηd5P(0,1,0,0,1,0) 875

(0,1,0,0,0,1) ηAηDηd2ηd6P(0,1,0,0,0,1) 1304

(1,0,0,0,1,0) ηBηCηd1ηd5P(1,0,0,0,1,0) 1272

(1,0,0,0,0,1) ηBηDηd1ηd6P(1,0,0,0,0,1) 2345

(0,0,0,0,1,1) ηCηDηd5ηd6P(0,0,0,0,1,1) 30

(0,0,0,0,1,1) ηAηBηd5ηd6P(0,0,0,0,1,1) 32

(0,0,1,0,1,0) ηAηCηd3ηd5P(0,0,1,0,1,0) 995

(0,0,0,1,1,0) ηAηDηd4ηd5P(0,0,0,1,1,0) 1295

(0,0,1,0,0,1) ηBηCηd3ηd6P(0,0,1,0,0,1) 913

(0,0,0,1,0,1) ηAηBηd4ηd6P(0,0,0,1,0,1) 1410

(0,0,1,1,0,0) ηCηDηd3ηd4P(0,0,1,1,0,0) 49

Table 5.2: Raw data obtained in the two-photon polarization state tomography with experi-
mental compensation of non-polarizing beam splitter influenced phase shifts.
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Summary and Outlook

Beginning with a review of discrete variable quantum state tomography, the idea be-
hind quantum-polarization state tomography was developed and successfully applied to
a state-of-the-art method for the quantum-polarization state tomography of N -photon
states. The states required for experimental implementations of quantum-polarization
state tomography were generated in spontaneous parametric down-conversion. Thus,
the quantum state of generated two-photons was derived using a quantum mechanical
model. In addition, experimental parameters for obtaining the state |ψ⟩ = |1,1⟩ were
identified. At the same time, two-photon interference and two-photon correlations were
discussed. In experiments, theoretically predicted behavior of the two-photons from
spontaneous parametric down-conversion was observed. In particular, the parameters
for the generation of the state |ψ⟩ = |1,1⟩ were found. Following, the two-photon state
was transformed into a two-qubit state. After an initial quantification of its degree of
entanglement, followed the quantum state tomography and reconstruction of the optical
two-qubit state. As an intermediate step towards the implementation of the state-of-
the-art tomography setup, it was shown that the two-qubit state tomography provides
necessary information for the reconstruction of the two-photon quantum-polarization
state. Finally, the proposed setup for N -photon quantum-polarization state tomog-
raphy was implemented and was successfully demonstrated. The results are in good
agreement with expectations. However, systematic errors in the measurements have
been identified. Partly the errors were traced back to the experimental compensation
of polarization dependent phase shifts by the beam splitters. It was concluded that an
initial measurement of the phase shifts and modified equations which take into account
these phase shifts will result in higher accuracy of the obtained results. In addition, by
doing so, the complexity of the experimental setup will be reduced. Another potential
source for systematic errors lies in the consecutive performance of measurements. The
chosen strategy required that the wiring of optical fibers is changed manually, possi-
bly causing uncontrolled variations of detection efficiencies due to changing coupling
between fibers. The use of optical switches is suggested at this point, if the experi-
mental resources should be used optimally. Furthermore, the original discussion of the
N -photon quantum-polarization state tomography assumed photon-number resolving
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single-photon detectors which was not implemented within this project, but opens up
the door for further reduction of experimental complexity. Besides further practical
considerations, the theory of N -photon quantum-polarization state tomography can
be investigated with respect to stability and optimality of the method [77, 79]. The
fixed quantum state tomography scheme also opens the way for efficient and fast state
reconstruction via Bayesian recursive data pattern tomography [80].

To sum it up, a state-of-the-art N -photon quantum-polarization state tomography
setup was investigated in theory as well as in practice. The experimental setup has
no moveable parts, thus promises experimental stability, and is also highly scalable.
This work generalized the tomography of optical qubits to arbitrary dimensions, and
provides a useful tool for benchmarking experiments involving optical qudits and for
characterizing emerging photon sources.
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Appendix A

Reconstructed Two-Photon
Quantum Polarization States

In this chapter further results obtained in the two-photon quantum-polarization state
tomography with the setup presented in Section 4.5.2 are summarized without discus-
sion.

A.1 N = 2 N00N-State

Orienting the half-wave retarder at θ = π/8 the two-photon quantum-polarization
state |1,1⟩ is transformed into the state (|2,0⟩ − |0,2⟩)/

√
2. The results obtained from

tomography of this state are found in Table A.1. Here, the phase shift introduced by the
non-polarizing beam splitter was not compensated experimentally, but is accounted for
in the reconstruction. The maximum likelihood estimation using the data in Table A.1
resulted in the two-photon state

ρ̂ML =

 0.51 0.00− 0.01i −0.47 + 0.03i
0.00 + 0.01i 0.03 0.01− 0.02i
−0.47− 0.03i 0.01 + 0.02i 0.46

 , (A.1)

where the count rate is I = 33207 and the relative detector efficiencies are ηA ≡ 1,
ηB = 1.04, ηC = 0.67 and ηD = 1.04. The relative coupling efficiencies to the fibers are
ηd1 ≡ 1, ηd2 = 0.56, ηd3 = 0.90, ηd4 = 1.58, ηd5 = 0.92 and ηd6 = 1.02. A visualization
of this density matrix is given in Figure A.1 (a) and (b). The reconstructed density
matrix has a fidelity of F = 0.960± 0.004 with the two-photon state (|2,0⟩− |0,2⟩)/

√
2.

A.2 Equipartition State

Orienting the half-wave retarder at θ = 0.076π the two-photon quantum-polarization
state |1,1⟩ is transformed into the equipartition state (− |2,0⟩+ |1,1⟩+ |0,2⟩)/

√
3. The

results obtained from tomography of this state are found in Table A.2. Here, the phase
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Figure A.1: The diagrams labeled (a) and (b) show real and imaginary parts of the recon-
structed two-photon state in Equation (A.1). In (c) and (d) real and imaginary parts of the
matrix in Equation (A.2) are visualized.

shift introduced by the non-polarizing beam splitter was not compensated experimen-
tally, but is accounted for in the reconstruction. The maximum likelihood estimation
using the data in Table A.2 resulted in the two-photon state

ρ̂ML =

 0.34 −0.35 + 0.07i −0.27 + 0.08i
−0.35− 0.07i 0.37 0.29− 0.03i
−0.27− 0.08i 0.29 + 0.03i 0.29

 , (A.2)

where the count rate is I = 31585 and the relative detector efficiencies are ηA ≡ 1,
ηB = 0.95, ηC = 0.61 and ηD = 1.00. The relative coupling efficiencies to the fibers
are ηd1 ≡ 1, ηd2 = 0.60, ηd3 = 1.36, ηd4 = 1.42, ηd5 = 0.73 and ηd6 = 1.41. A
visualization of this density matrix is found in Figure A.1 (c) and (d). The estimated
density matrix ρ̂ML has a fidelity of F = 0.932 ± 0.003 with the equipartition state
(− |2,0⟩+ |1,1⟩+ |0,2⟩)/

√
3.
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µ probability Pµ counts

(2,0,0,0,0,0) ηAηBη
2
d1
P(2,0,0,0,0,0) 1585

(1,1,0,0,0,0) ηAηCηd1ηd2P(1,1,0,0,0,0) 19

(1,1,0,0,0,0) ηAηDηd1ηd2P(1,1,0,0,0,0) 50

(1,1,0,0,0,0) ηBηCηd1ηd2P(1,1,0,0,0,0) 36

(1,1,0,0,0,0) ηBηDηd1ηd2P(1,1,0,0,0,0) 52

(0,2,0,0,0,0) ηCηDη
2
d2
P(0,2,0,0,0,0) 304

(0,0,0,2,0,0) ηAηBη
2
d4
P(0,0,0,2,0,0) 53

(0,0,1,1,0,0) ηAηCηd3ηd4P(0,0,1,1,0,0) 2625

(0,0,1,1,0,0) ηAηDηd3ηd4P(0,0,1,1,0,0) 4408

(0,0,1,1,0,0) ηBηCηd3ηd4P(0,0,1,1,0,0) 2599

(0,0,1,1,0,0) ηBηDηd3ηd4P(0,0,1,1,0,0) 4297

(0,0,2,0,0,0) ηCηDη
2
d3
P(0,0,2,0,0,0) 20

(0,0,0,0,0,2) ηAηBη
2
d6
P(0,0,0,0,0,2) 948

(0,0,0,0,1,1) ηAηBηd5ηd6P(0,0,0,0,1,1) 574

(0,0,0,0,1,1) ηAηDηd5ηd6P(0,0,0,0,1,1) 996

(0,0,0,0,1,1) ηBηCηd5ηd6P(0,0,0,0,1,1) 602

(0,0,0,0,1,1) ηBηDηd5ηd6P(0,0,0,0,1,1) 1042

(0,0,0,0,2,0) ηCηDη
2
d5
P(0,0,0,0,2,0) 536

(1,1,0,0,0,0) ηAηBηd1ηd2P(1,1,0,0,0,0) 73

(0,1,1,0,0,0) ηAηCηd2ηd3P(0,1,1,0,0,0) 766

(0,1,0,1,0,0) ηAηDηd2ηd4P(0,1,0,1,0,0) 1718

(1,0,1,0,0,0) ηBηCηd1ηd3P(1,0,1,0,0,0) 1203

(1,0,0,1,0,0) ηBηDηd1ηd4P(1,0,0,1,0,0) 2893

(0,0,1,1,0,0) ηCηDηd3ηd4P(0,0,1,1,0,0) 4339

(1,1,0,0,0,0) ηAηBηd1ηd2P(1,1,0,0,0,0) 64

(0,1,0,0,1,0) ηAηCηd2ηd5P(0,1,0,0,1,0) 641

(0,1,0,0,0,1) ηAηDηd2ηd6P(0,1,0,0,0,1) 1234

(1,0,0,0,1,0) ηBηCηd1ηd5P(1,0,0,0,1,0) 1039

(1,0,0,0,0,1) ηBηDηd1ηd6P(1,0,0,0,0,1) 2319

(0,0,0,0,1,1) ηCηDηd5ηd6P(0,0,0,0,1,1) 1123

(0,0,1,1,0,0) ηAηBηd3ηd4P(0,0,1,1,0,0) 6859

(0,0,1,0,1,0) ηAηCηd3ηd5P(0,0,1,0,1,0) 2274

(0,0,1,0,0,1) ηAηDηd3ηd6P(0,0,1,0,0,1) 860

(0,0,0,1,1,0) ηBηCηd4ηd5P(0,0,0,1,1,0) 668

(0,0,0,1,0,1) ηBηDηd4ηd6P(0,0,0,1,0,1) 6700

(0,0,0,0,1,1) ηCηDηd5ηd6P(0,0,0,0,1,1) 1041

Table A.1: Raw data obtained in the two-photon polarization state tomography of the N = 2
N00N -state.
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µ probability Pµ counts

(0,2,0,0,0,0) ηAηBη
2
d2
P(0,2,0,0,0,0) 278

(1,1,0,0,0,0) ηAηCηd1ηd2P(1,1,0,0,0,0) 491

(1,1,0,0,0,0) ηAηDηd1ηd2P(1,1,0,0,0,0) 737

(1,1,0,0,0,0) ηBηCηd1ηd2P(1,1,0,0,0,0) 464

(1,1,0,0,0,0) ηBηDηd1ηd2P(1,1,0,0,0,0) 707

(2,0,0,0,0,0) ηCηDη
2
d1
P(2,0,0,0,0,0) 523

(0,0,2,0,0,0) ηAηBη
2
d3
P(0,0,2,0,0,0) 891

(0,0,1,1,0,0) ηAηCηd3ηd4P(0,0,1,1,0,0) 2115

(0,0,1,1,0,0) ηAηDηd3ηd4P(0,0,1,1,0,0) 3499

(0,0,1,1,0,0) ηBηCηd3ηd4P(0,0,1,1,0,0) 2179

(0,0,1,1,0,0) ηBηDηd3ηd4P(0,0,1,1,0,0) 3392

(0,0,0,2,0,0) ηCηDη
2
d4
P(0,0,0,2,0,0) 972

(0,0,0,0,2,0) ηAηBη
2
d5
P(0,0,0,0,2,0) 693

(0,0,0,0,1,1) ηAηCηd5ηd6P(0,0,0,0,1,1) 587

(0,0,0,0,1,1) ηAηDηd5ηd6P(0,0,0,0,1,1) 889

(0,0,0,0,1,1) ηBηCηd5ηd6P(0,0,0,0,1,1) 543

(0,0,0,0,1,1) ηBηDηd5ηd6P(0,0,0,0,1,1) 896

(0,0,0,0,0,2) ηCηDη
2
d6
P(0,0,0,0,0,2) 1060

(1,1,0,0,0,0) ηAηBηd1ηd2P(1,1,0,0,0,0) 698

(1,0,1,0,0,0) ηAηCηd1ηd3P(0,1,1,0,0,0) 34

(1,0,0,1,0,0) ηAηDηd1ηd4P(0,1,0,1,0,0) 3208

(1,0,1,0,0,0) ηBηCηd1ηd3P(1,0,1,0,0,0) 2481

(1,0,0,1,0,0) ηBηDηd1ηd4P(1,0,0,1,0,0) 288

(0,0,1,1,0,0) ηCηDηd3ηd4P(0,0,1,1,0,0) 2849

(1,1,0,0,0,0) ηAηBηd1ηd2P(1,1,0,0,0,0) 757

(0,1,0,0,1,0) ηAηCηd2ηd5P(0,1,0,0,1,0) 954

(0,1,0,0,0,1) ηAηDηd2ηd6P(0,1,0,0,0,1) 442

(1,0,0,0,1,0) ηBηCηd1ηd5P(1,0,0,0,1,0) 410

(1,0,0,0,0,1) ηBηDηd1ηd6P(1,0,0,0,0,1) 3609

(0,0,0,0,1,1) ηCηDηd5ηd6P(0,0,0,0,1,1) 769

(0,0,0,0,1,1) ηAηBηd5ηd6P(0,0,0,0,1,1) 4376

(0,0,1,0,1,0) ηAηCηd3ηd5P(0,0,1,0,1,0) 1719

(0,0,0,1,1,0) ηAηDηd4ηd5P(0,0,0,1,1,0) 1851

(0,0,1,0,0,1) ηBηCηd3ηd6P(0,0,1,0,0,1) 1278

(0,0,0,1,0,1) ηAηBηd4ηd6P(0,0,0,1,0,1) 5262

(0,0,1,1,0,0) ηCηDηd3ηd4P(0,0,1,1,0,0) 775

Table A.2: Raw data obtained in the two-photon polarization state tomography of the equipar-
tition state.
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[39] G. Björk, J. Söderholm, L. L. Sánchez-Soto, A. B. Klimov, I. Ghiu, P. Marian,
and T. A. Marian. “Quantum Degrees of Polarization”. Opt. Commun. 283, 4440
(2010).

[40] D. Collins, N. Gisin, N. Linden, S. Massar, and S. Popescu. “Bell Inequalities for
Arbitrarily High-Dimensional Systems.” Phys. Rev. Lett. 88, 040404 (2002).

[41] H. F. Hofmann. “Generation of Highly Nonclassical n-Photon Polarization States
by Superbunching at a Photon Bottleneck”. Phys. Rev. A 70, 023812 (2004).

[42] Y. Li, K. Zhang, and K. Peng. “Generation of Qudits and Entangled Qudits”.
Phys. Rev. A 77, 015802 (2008).

[43] Z. Hradil. “Quantum-State Estimation”. Phys. Rev. A 55, R1561 (1997).

[44] R. Schack, T. A. Brun, and C. M. Caves. “Quantum Bayes Rule”. Phys. Rev. A
64, 014305 (2001).

79

arXiv:quant-ph/0610216
arXiv:quant-ph/0610216


BIBLIOGRAPHY

[45] N. K. Langford. “Errors in Quantum Tomography: Diagnosing Systematic versus
Statistical Errors”. New J. Phys. 15, 035003 (2013).

[46] D. Magde and H. Mahr. “Study in Ammonium Dihydrogen Phosphate of Spon-
taneous Parametric Interaction Tunable from 4400 to 16000 Å”. Phys. Rev. Lett.
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