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Preface 

The worldwide demand for energy is growing, at the same time , attention to the 

environment and the impact that technology has on it, push the policies of many 

countries (especially EU), to search for "clean" technologies. In a context like the 

complex Italian national energy system, one of the most important aspects is the 

energy dependence on other countries, which has a negative impact on both the 

economy and the development of the country. 

Italy, a country that aspires to remain  among the  largest economies in the world, 

cannot fail to seek out and invest in alternative energy solutions, to make the nation 

more independent, while preserving the quality of the environment and ensuring the 

safety of citizens. 

In this scenario the concept of renewability, sustainability and cost-effectiveness of a 

technology become crucial. 

A significant portion of the total energy consumed is used for heating and cooling 

buildings. Generally, the soil to a certain depth, has characteristics that can be used as 

a heat source in winter and as a reservoir of thermal energy storage in the summer 

months. The ground, coupled with borehole heat exchangers to a reversible heat 

pump, is a " Ground Source Heat Pump System" ( GSHP ). This system is used for 

the cooling and heating buildings. This technology works on virtually every 

geological context, typically contain low enthalpy and low depth.  

GSHP systems are among the most energy efficient systems for heating and cooling 

of dwellings and their broader application, can reduce endues the energy demand and 

contribute to the mitigation of CO2 emissions. The peculiar characteristics of GCHP 

systems make this technology to be recognized as one of the most sustainable for 

heating and cooling purposes in commercial and residential buildings. 

  



Nomenclature: 

 

  



1 - Introduction 

 

The global energy demand is redouble in last four decades. The International Energy 

Agency (IEA) that estimates the increasing of energy consumption, reports that was 

around 6115 MTep (the amount of energy released by burning 10
6
 tones of crude oil.) 

in 1973 and in the 2008 was became 12267 MTep 

 

Figure 1 - Primary Energy demand from 1971 to 2009 ( Source: IEA, Key World Energy Statistics 2010). 

The IEA, guesstimate the energy demand will growth of 1,5% on year until 2030. 

Following this trend will be achieved a demand of 16800 MTep with a relative 

progression of 40%. The Asiatic countries will be the principal cause of the increase. 

Analyzing the energy sources, it was registered a reduction of oil consumption and an 

increase of gas and nuclear energy. However the fossil fuel will be the primary 

energy source in the next decades.  



From the environmental point of view, these scenarios will have a strong impact. The 

global emissions of CO2 will reach 34,5 Gt in 2020 and will overtake 40 Gt, with a 

yearly rate of 1,5%. The concentration of the greenhouse gases will achieve 1000 

ppm. If these previsions will be respected, the average global temperature will 

increase of 6 °C. To confine the enhancement of temperature below of 2 °C, it is 

necessary make stable the concentration in the atmosphere on 450 ppm of equivalent 

CO2. 

 

Figure 2 – Energy source: global energy consumption in 2030 (Source: IEA, Key World Energy Statistics 

2010). 

  



In Europe 30% of energy is consumed for the conditioning of buildings and the 

production of hot water.  

In Italy, the percentage of energy used in the residential sector, is similar to the 

European average. The 60-70% of this is used for space heating and the 10-15% is 

used to produce hot water. 

 

Figure 3 – Final use of energy (Mtep) in Italy from 2000-2009. (Source: Ministero dello Sviluppo 

Economico – Bilancio Energetico Nazionale). 

 

Analyzing the data, they show that:  

 World energy consumption is expected to increase;  

 the amount of energy required for cooling of buildings is relevant;  

 to avoid the high environmental impact of greenhouse gases, it is necessary to 

reduce emissions. 

In this contest become necessary to seek technologies that have the characteristics of 

sustainability and renewability. 

 



GSHP system has both these features and has been studied actively during last 

decades. GSHP system uses the bedrock as a heat source in winter and it can be uses 

as a heat sink in the summer. It is feasible thanks to the fact that ground is a stable 

heat source, with almost uniform temperature along the year when compare with the 

ambient air. The temperature is between 8 °C and 16 °C depends of the regions and 

the geological system.  

 

Figure 4 –  General energetic scheme of ground source heat pump.  

GSHPs are well established technology for heating and cooling buildings, over 

100000 GHSP units were sold in Europe, reaching a total over one million 

installation in 2012. Worldwide, approximately 2,94 million GSHP systems covered 

49.0% of the world‟s used geothermal energy in 2010, accounting for 69,7% of the 

worldwide installed geothermal capacity (Lund et al, 2010). The technology is well 

knows, but there are still several technical aspects to be improved on which research 

should be addressed. It is know that a reduction of 1 K in the temperature difference 

between the ground and the evaporator of a GSHP can increase the heat pump 

Coefficient Performance (COP) by 2 to 3% (Acuna 2103). 

 

The design of the probe geothermal fields requires the determination of the optimal 

configuration in relation to the energy demand of buildings.  



 

The classical methods to design are mainly related to the determination of the length 

of borehole heat exchangers, that is necessary to satisfy the thermal power to be 

supplied to the heat pump (heating mode) that has certain optimal ranges of 

operation. This mode (design) fully meets operational requirements when dealing 

with small domestic systems where the number of boreholes used is low. When the 

energy request is high, it is necessary to recourse to large borehole fields, where the 

heat exchangers configuration, the boreholes spacing, become an important aspects 

that influence the efficiency of the system fixed all others conditions. In addition to 

the efficiency, the design must prevent the depletion of the resource, which in 

practical terms means to prevent the freezing of the groundwater on the walls of the 

boreholes, which will impair its performance. 

 

The thermal power to supply to the heat pump is related to the temperature of the 

carrier fluid, which in turn is related with the temperature on the heat exchanger. 

Therefore, it is important to understand the evolution of the temperature in the course 

of time and along the borehole heat exchangers . 

 

Heat transfer and temperature are related by the differential equations of Fourier. But 

for systems characterized by complex boundaries condition the use of Fourier‟s 

equations is very difficult. 

In 1987 Eskilson proposed an empirical approach, developed by means of numerical 

simulation, introducing for the first time the concept of g-function. 

A g-function represents a dimensionless, with respect to the flow, temporal evolution 

of the difference between the average temperature of the walls of the borehole heat 

exchangers and the temperature of the undisturbed soil. 

Once furnished the heat flow ( ̇) the thermal diffusivity of the ground (α) and its 

thermal conductivity (  ), each field probe has its own g-function that depends on the 

specific geometry of the GHSP. In particular, schematizing a borehole heat exchanger 



with a first section insulated and a second section productive, the g -function depend 

on: 

Buried depth of borehole(s) (D); 

 the active length ( H ) of the probe;  

borehole diameter (2  ); 

distance between the probes (B); 

 the geometric configuration of GHSP.. 

The g-functions are very useful in the design step, as once defined the geometry of a 

field, lets one to know the trend of the temperature on the borehole wall in the course 

of time, predict the temperature of the carrier fluid and consequently the thermal 

powers on the heat pump. Different g-functions, for certain geometries, are now 

implemented in commercial software in the form of libraries (an example is the EED 

software). 

The work of Eskilson, despite having made a great contribution, providing a practical 

design tool, has weaknesses in some aspects. Therefore, research in this field is very 

active, especially to define the boundary conditions to be applied to more accurate 

models and to understand the influence of the relevant parameters in the generation of 

g -functions. 

 

In this thesis, as well as being described the historically important models used to 

predict the spatial and temporal distribution of temperature, in particular the g-

functions, models have been created for the generation of new g-functions by means 

of the COMSOL Multyphisycs
®
 software. 

In particular the generation of new g -functions was conducted in order to analyze the 

stability of the Eskilson approach with respect to the variation of some parameters 

and boundary conditions applied, not previously addressed. In particular, it has been  

analyzed the influence of the length of the inactive borehole heat exchanger (D), that 

in the Eskilson‟s models is imagined thermally insulated and therefore  does not 

contribute to the heat exchange. The insulated region corresponds to the depth of the 

vadose zone above the saturated zone , saturated zone in which the presence of fluid 



ensures a heat exchange of an order of magnitude higher than the unsaturated region. 

This framework is mainly valid in this geological context in Sweden. 

The models studied in the past were based mainly on U- pipe exchangers. In the 

recent  period there has been an increased interest in the coaxial heat exchangers 

because they theoretical guarantee a higher efficiency of the exchange between the 

probe and the wall of the heat transfer fluid. 

Recent experimental evidences, showed a temperature gradient on the wall of the 

geothermal probe specific for the coaxial probes and greater than the U-pipe type. 

This situation represents a boundary condition different from those assumed  by 

Eskilson which mainly were: U-pipe exchangers type, constant and uniform heat flux 

on the walls, or constant temperature on the walls of the probes. To verify the use of 

the g-function to these new scenarios in the first place have been sought conditions to 

be applied to numerical models created on COMSOL to simulate the temperature 

distribution on the probe. It was subsequently studied the effect of the thermal 

gradient on the generation of g-functions. 

In this thesis we have dealt with some aspects of the problem related to the modeling 

of geothermal probes.  

Further studies are needed to deepen the knowledge of the g-functions and its 

application in contexts other than those studied.  

Necessary to evaluate the actual usefulness of the g-functions, in particular when it 

cannot be neglected, the spatial distribution of the thermal characteristics of the 

ground even within the same formation, or when the geometries are significantly 

different from the standard ones so far taken into account. 

 

  



2 - Geothermal Energy 

 

Geothermal energy is defined as the thermal energy generated and stored in the earth. 

From the technique point of view is the crust thermal energy that may be extracted 

from the ground.  

Since the XIX sec. the thermal balance of the earth was studied to understand the rule 

of radiogenic heat product from the isotope radioactive decay of Uranium, Potassium 

and thorium. Recently study shown that the balance between the heat generated and 

heat lost through the atmosphere is negative, and the heart is cooling.  

 

Stacey and Loper (1988) esteem the heat flow by conduction, convection and 

radiation through the earth surface is         W. The energy of the earth is 

substantial however only a little rate of this energy can be used. 

The unit of measurement is the heat flux unit (hfu): 

 

          
   

     
    

  

  
 

 

The average heat flow is 1,5 hfu = 63 
  

   . 

Another important unit used to describe the geothermal energy is the geothermal 

gradient defined as the ratio between the geothermal heat flux Qgeo [W/m] and the 

ground thermal conductivity    [W/(m·K)]: 
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)    

 

This flux coming from the core of the earth causes an enhancement of the 

temperature with the depth. Considering average values of heat flux (0,065 W/m) and 

ground thermal conductivity (2,2 W/(m·K)) in the deep (100 m), the “normal” 

gradient of temperature is around  3 K/(100 m).  



A geothermal system is formed from three elements: heat source, reservoir, and the 

fluid. 

 The heat source can be superficial magmatic intrusion (510 km) at high 

temperature otherwise the heat of the earth, in a system with a low density of 

energy. 

 The reservoir is a combination of warm and permeable rocks, where a fluid 

can move. The reservoir is connected with a superficial zone of recharge and 

meteoric water can replace the fluids that are lost by natural phenomenon or 

extracted by a well. 

 The geothermal fluid, often is the meteoric water, in liquid or gas phase 

depending on the pressure and temperature conditions. 

 

 

Figure 5 – A scheme of geological system, with an magmatic intrusion  (Source: Site www.artinaid.com). 



The geothermal resources are characterized by  the concept of enthalpy. 

The enthalpy is a measure of the total energy of a thermodynamic system. It includes 

the system's internal energy and thermodynamic potential (a state function), as well 

as its volume and pressure. The enthalpy is a state function of a system that is related 

to the temperature. It represents the rate of energy that the system can exchange with 

the external environment. 

The enthalpy is the preferred expression of system energy changes in many chemical, 

biological, and physical measurements, because it simplifies certain descriptions of 

energy transfer.  

The mathematic equation is: 

        (
  

  
)    

 

Where: 

U, is the internal energy 

 , is the pressure of the system 

 , is the volume 

Through this physical quantity the geothermal reservoirs are classified in two 

families: 

 High enthalpy;  

 Low enthalpy. 

  



High enthalpy  

The first class is compound of reservoir 

characterized by high density of energy 

where fluids have high temperature. 

Usually these systems are positioned near 

ocean ridges, volcanoes, zone of 

subsidence, and very geologically active 

areas where hot fluids back up at shallow 

depths.  

In these areas, called also “preferential 

geothermal areas” the geothermal gradient 

can achieve values 10 times than the 

normal value. 

As the enthalpy is related to the temperature, the scientific community considers the 

reservoirs belonging to this class when the temperatures are higher than 150°C.

 

Figure 7 – Hot spring in Lardarello (Source: Analist Group Company). 

Figure 6 – Map of temperature on the ground (5 

meters depth. 



Low enthalpy 

The natural geothermal gradient normally in average has a value  around 

0.3°C/(100m). So in general geothermal systems have a  temperature  lower than 

150°C.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

Figure 8 – Heat flow density in Europe (Source: Atlas of geothermal resources in Europe, 

European Communities Publ. Nr. EUR 17811). 



Direct and Indirect use of geothermal energy 

The energy contained in geothermal fluids, can be used directly or indirectly. It 

means that the energy (heat) can be used to heating environments or used to produce 

electrical energy. High enthalpy reservoirs are used to produce electrical energy in 

turbines. The electrical production is the most important form of use of the 

geothermal energy in these kinds of reservoirs.. 

In a low enthalpy reservoir the energy is too low to generate substantial electrical 

energy. However the heat can be used directly to provide the heating for the 

buildings. 

In the last decades the ground it is also used as a storage of heat during in the warm 

months of the years. 

 

 

 

 

 

  



3 - Ground Source Heat Pump System (GSHP) 

 

In this chapter are presented the principles, the devices, and the systems used in the 

ground source heat pumps working in the low enthalpy environment. 

 

The GSHP technology can offer higher energy efficiency for air-conditioning 

compared to conventional heating, ventilation and air conditioning (HVAC) systems. 

Exchangers operate within underground environment, where the ground may be used 

as a heat source and sink for heat pumps. Heat is extracted from the ground in the 

heating mode and injected in the cooling mode. The ground heat exchanger may 

consist of buried horizontal pipes or deep boreholes. 

That systems provide higher temperature for heating and lower temperature for 

cooling and experiences less temperature variation compare ambient air temperature 

change.  

The first known record that describes the use of  the ground as heat source for a heat 

pump is  a Swiss patent issued in 1912. Thus, the research associated with the GSHP 

systems has been undertaken for nearly a century. The first surge of interest in the 

GSHP technology began in both North America and Europe after World War II and 

lasted until the early 1950s when gas and oil became widely used as heating fuels. In 

this period, first analytical theory for the heat conduction of the GSHP system was 

proposed by Ingersoll et al (1954), which served as a basis for development of some 

of the later design programs. The next period of intense activity on the GSHPs began 

in North America and Europe in ´70 just later the first oil crisis, with an emphasis on 

experimental investigation. In the ensuing two decades, considerable efforts were 

made to establish a standard procedure for the installation and to develop design 

methods for vertical borehole systems. To date, the GSHP systems have been widely 

used in both residential and commercial buildings. It is estimated that the GSHP 

system installations have grown continuously on a global basis with the range from 

10% to 30% annually in recent years. 

  



3.1 - Working principle of a heat pump 

 

Heat pump is a thermal installation based on a reversed Carnot thermodynamic cycle 

(consumes drive energy and produces  thermal effect). Any heat pump moves 

(pumps) the heat (Energy Source - ES [kWht]) from a source with low temperature ts 

to a source with high temperature tu consuming the drive energy (Energy driver ED 

[kWhe]) 

Heat source can be: 

 a gas or air (outdoor air, warm air from process of ventilation, hot-gases from 

industrial processes) 

 a liquid called generic water: surface water (river, lake, sea), ground-water, 

discharged hot-water (domestic, technologic, and recirculated in cooling 

towers); 

 soil,with the advantage of accessibility. (see closed loop system) 

Heat power user.  

The heat pump submits thermal energy at higher temperature, depending on the heat 

requested by the consumer. This energy can be used to: 

 space heating; heat pump heating which is related to low temperature heating 

systems, as: radiant panels (floor, wall, ceiling, floor-ceiling), warm-air, or 

convective systems; 

 water heating (pools, domestic and technologic hot-water). 

It is  implemented with either a reversible system hence in heating way and cooling 

way. In cooling mode, it operates as well as an air-conditioning system. 

Heat pumps work using external energy called (Ed) that  can be supplied  in different 

forms, but the most used one is electrical energy (electro-compressor). 

 

 

 



Below a scheme of a heat pump with reversible possibility. 

 

 

Figure 9 – Simplified scheme of a heat pump with reversible operation, in heating mode. 

 

The thermodynamic cycle is the Carnot`s cycle operating  in reverse mode.  



 

Figure 10- Thermodynamic system of ideal cycle (Carnot). 

 

3.2-  Scheme of a GSHP 

 

GSHP systems are an integrated system, composed by a set of heat exchanger pipes 

buried into the ground and coupled to a heat pump. Typically the buried energy 

collectors are set up in a vertical layout and connected in parallel. In such a way, is 

enhanced the possibility to sum flows, while temperatures are very low and is 

generally not convenient to connect pipes in series. In such manner, a carrier fluid 

travels down into them, while the heat is exchanged to or from the surrounding 

ground, and transferred from or to the heat pump, depending on heating or cooling 

purpose.  



Devices of ground source heat pump, electrically driven, are basically: 

 Evaporator 

 Condenser 

 Expansion valve 

 Compressor 

 Circulation pump 

 Refrigeant fluid 

Out of the pump: 

 Horizontal connections 

 Carrier fluid 

 Borehole heat exchanger(s) (BHE) 

 BHE devices 

 

3.3 - Energy efficiency of the heat pump 

 

Coefficients of performance 

The operation of a heat pump is characterized by the coefficient of performance 

(COP) defined as the ratio between useful effect produced (useful thermal power Qhp) 

and electrical power absorbed by the compressor to obtain it (Pe): 

     
   

  
  

In which: 

-     is the thermal power (capacity) of heat pump [W]; 

-    is the drive power of heat pump [W]. 

If both usable energy and consumed energy are summed during a season (year) it is 

obtained the seasonal coefficient of performance (COP seasonal or SPF), which is 

often indicated as SPF. In the heating operate mode the SPF is defined by equation: 



     
  

  
 

In the cooling mode, a heat pump operates exactly like a central air conditioner. The 

energy efficiency ratio (EER) is analogous to the COP but it is related to  the cooling 

performance. It can be calculated as instantaneous, and seasonal, too  

 

  



3.4 – Borehole heat exchanger  

 

A Borehole Heat Exchanger consists of one or several boreholes drilled into the 

ground allowing a heat  exchange between the ground and a fluid circulating in the 

boreholes. Normally the fluid circulation takes place in an embedded collector pipe 

inside the borehole (closed system) or the fluid is in direct contact with the ground 

(open system). The fluid has the task to carry the heat from the ground to the heat 

pump at the surface level, in heating mode to the evaporator of the heat pump. (in 

cooling mode, to the condenser of the heat pump) 

The aim of a BHE is to extract more energy as possible from the ground. In order to 

do it, materials and geometry are designed to reduce the temperature difference 

between fluid and the wall of the pipe. 

To reach this scope, the borehole thermal resistance Rb represents a well established 

parameter for characterizing BHEs.  



 

Figure 11 – Mean fluid temperature variation (Tf) with borehole thermal resistance (Rb) and specific heat 

extraction rates (q0). (Source: Distributed thermal response tests – New insights on U-pipe and Coaxial 

heat exchangers in groundwater-filled boreholes, José Acuña, PhD Thesis, Stockholm 2013). 

There are different types of borehole heat exchangers used in this kind of applications 

that can be divided in two families: U pipe; and Coaxial. If there are one or more 

boreholes it may be added the word “Single” or “Multi”. 

 

 

q0 : 



 

Figure 12 – Scheme of U-pipe (on the left) and coaxial heat exchanger (on the right), in heat mode. 

U-Pipe 

The most common single borehole heat exchanger is the U-pipe, where the secondary 

fluid travels downward and upward through two equal tubes joined together at the 

bottom. 

 

Coaxial 

The other type of heat exchange is the coaxial, classified depending on the geometry 

as (a) pipe-in-pipe, (b) multi-pipe, or (c) multi-chamber. 



 

Figure 13 – Different types of coaxial heat exchangers. (Source: Distributed thermal response tests – New 

insights on U-pipe and Coaxial heat exchangers in groundwater-filled boreholes, José Acuña, PhD Thesis, 

Stockholm 2013). 

Acuna in his Ph.D. thesis explain that the pipe-in-pipe and multi-pipe coaxial heat 

exchangers show significantly lower local borehole heat resistance than U-pipe. 

(Acuna, 2013) These heat exchangers can significantly decrease the temperature 

difference between the secondary fluid and the ground and may allow the use of plain 

water as secondary fluid, an alternative to typical antifreeze solutions. This is a 

crucial aspect for the efficiency evaluation of the system. 

 

  Local borehole thermal resistance ranging (Km/W) 

U-Pipe 0,015-0,040 

Coaxial Pipe 0,054-0,078 

Table 1 – Ranging of Local Borehole thermal resistance. 

  



Schemes of GSPH. 

The ground heat exchanger may consist of buried horizontal pipes or deep boreholes. 

Usually BHEs are connected in parallel. Different schemes are used to couple the 

heat pumps and the ground environment. 

 

Nello schema si vede un campo sonde compost da 12 U-pipe installati in 4 filari in 

parallelo, da 3 sonde in serie ciascuno 

Figure 14 – Different schemes of ground source heat pumps. Up- left a borehole field with  vertical heat 

exchangers (close system), up-right is shown a horizontal system. Below-left is shown an open system with 

one injection well and one extraction well. Below-right a close system coupled with lake is shown (Source: 

U.S. Department of Energy, http://energy.gov/). 

  



4 – Basic principles of Modeling 

 

The numerical modeling sets as main objective the creation and use of  models that 

could be used on a computer to describe the operation of a system. Once the models 

are created and validated, they are used to simulate system's operation (simulation 

method) and/or to obtain information about it (interpretation method).  

 

A system can be interpreted as a group of objects, concepts, rules coordinated in 

order to reach an aim. 

It defines: 

 "Process": the combination of transformations and transmission of energy, 

materials, information coordinated in order to achieve a specific purpose; 

 "System": the combination of all material by means which the process will be 

realized. 

These definitions are generic and the can describe any natural or artificial 

phenomenon. Every system is characterized by intrinsic property, which can be 

permanent or conditioned. In general a characteristic is defined:  

 "permanent", when it is described by a physical quantity called "parameter" 

and it is (o better it should be) invariable-immutable in the course of time; 

 "conditioned", when it changes in time because of actions between system's 

elements or because of interactions with the external world, in this case the 

physical quantities are defined "variables".  

A natural system is a complex system in which the physical quantities vary in space 

and it time. Considering a geothermic system, physic phenomena which primarily 

intervene are related to thermal exchange in solids, fluids, and porous media, whose 

combination of effects leads to a system, very difficult to solve.  

 



From the physic system, one creates a “conceptual model”,  a streamlined schema of 

the reality, where only variables, parameters and the processes of interest for the 

resolution of the problem, in a definite domain, are underlined.  

For example, in this case study, the conceptual model could sketch  the heat transfer 

(process) between a borehole heat exchanger buried in the depth and the surrounding. 

Materials that form the borehole and the ground are characterized by density, specific 

heat and heat conductivity (parameters). The variable of interest is the temperature, 

and its variations in the time and in every point of the domain (a variable).  

From the conceptual model, it comes the analytic one in which mathematical 

relations that tie parameters to variables in space and time are implemented, in 

general a partial differential equation (e.g. Fourier’s equation). 

Study's cases, like the one it is focused in this thesis, don't permit the mathematical 

model to be integrated in closed form.  That is to say to obtain the temperature in 

every moment in every point of the domain by means of the direct integration of 

Fourier's equation. 

 

To obviate to this problem, it goes on to the discretization of the domain (producing a 

mesh), which consists in the subdivision into many parcels, each one of them has a 

definite position in space. In this step there is the transition between "continuous" and 

"discrete" domain. To each block are linked the relative parameters and initial 

conditions.  

The discretization work involves also the time, which is subdivided into definite 

temporal steps.  

With time and domain's discretization it is possible to integrate the Fourier's analytic 

equation with numerical methods.  

In the specific use of present work, numerical model's output is temperature to every 

temporal step and in every discretization domain's point.    

It is important not to forget that from real physical geosystem to its numerical model 

representation, many approximations are adopted, therefore the output of the 



simulation is characterized not only by numerical errors, which has to be taken in 

account in order to have a clear information on the functioning of the geosystem. 

  



5 - Thermal Analysis 

 

The borehole heat exchanger is a close system where the carrier fluid circulate inside 

the pipes and the heat transfer take place between the wall and the fluid. Outside of 

the pipes the ground, that is a complex and variable system, may have different 

materials and different phases that change  over time. It is necessary choose the 

suitable scale of the domain and the time analyses according to the applications. 

The general objective of the thermal analysis is to control the response of the ground 

heat exchanger, this means understand the relation between heat extraction rate and 

the temperature of the heat carrier fluid in the time, with defined boundary 

conditions. For optimizing the operation of heat pump is of practical interest estimate 

the borehole wall temperature. Knowing the temperature along the borehole and its 

thermal resistance it is possible to evaluate the temperature of the carrier fluid. 

For the practical applications the thermal process in the ground and in the pipes with 

all possible complications should be simplified.  

 

 

Figure 15- Scheme of a typical BHE buried into the ground.  



5.1 Heat Transfer  

 

In a close system, the heat transfer may happen in two different ways: conduction and 

convection. These phenomena take place in fluids or in solids: 

 conduction through fluids and solids; 

 convection through fluids; 

 heat loss through fluids; 

The rate of heat energy transferred through a given surface  is describes by Fourier´s 

law: 

 

 ̇               (W m
-2

) 

where: 

k= thermal conductivity (W/(m K)) 

The energy balance for a control volume is given by: 
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Where  ̇  is the heat internal generation rate,   is the density of the ground and   is 

the specific heat. 

 

By substituting the Fourier equation in the thermal balance, the general conduction 

equation is obtained: 
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Considering null the internal heat generation and developing the divergence: 
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Which in cylindrical coordinates, becomes: 
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Considering the ground as an isotropic material it gives: 

 

    
 

 

  

  
         

 

 

The term    is the Laplacian operator  and it is equal to: 
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             (Cylindrical coordinates)   

 

The convection phenomenon, takes place in the fluid and missing in the solids. In 

BHE forced convection is due to fluid circulation along the borehole, while natural 

convection is due to groundwater movement. 

Convection (both cases) highly influence thermal exchange between heat carrier fluid 

and ground, so that it cannot be neglected. 

About the applications and the scale of interest, it is not necessary examine in the 

depth the convection, in the system it may consider sufficient approximate the 

influence of it in the heat transfer. 

  



6 - Thermal response in vertical heat exchangers 

 

The thermal response of a vertical borehole system is characterized by temperature 

changes along  the borehole and in the surrounding ground as a function of heat 

extraction and proprieties of materials. Two heat problems are generally considered 

and take place in two different zones of the system: 

 between the fluid and the borehole wall (local); 

 between the borehole and the ground (global). 

 

 

Figure 16 – Borehole heat exchanger model (Source: Renewable Energy Journal, A network-Based 

methodology for the simulation of borehole heat storage system, A. Lazzarotto, KTH, 2013). 

 

Thus, there are a local and a global problem as showed in the figure. 



The heat transfer has the same principles behavior of an electrical system. Therefore 

it‟s possible to consider an electrical analogy model with two resistance. 

 

Figure 17 – Two electrical resistance model. 

Actually other important processes take place inside the borehole but in this thesis 

work these phenomena are not considered.  

   



6.1- Local Problem 

 

The local analysis addresses the thermal interaction between the fluid flowing in the 

pipe and the borehole wall. The radius of the borehole is small (20-50 cm) in such a 

way that heat loss decrease. The heat transfer depends on the flow regime within the 

pipes, and on geometric and thermal properties of the borehole and of the ground heat 

exchanger. In the annulus  region  take place both the heat transfer phenomenon: 

convection and conduction between the cold carrier fluid and the warm wall. A 

common assumption for the analysis of this region is considering quasi-steady state 

conditions. 

Given this assumption, the relation between mean fluid temperature  ̅      the 

borehole temperature   ( ) and heat flux per unit of length   ̇( ) can be described by 

means of resistance models as in equation: 

 ̅             ̇ ( )    

Where: 

  , is the unit length resistance of the borehole which takes into account convection 

between the fluid and the wall, conduction through the tube walls and conduction 

through the grout [K∙m/W].  

 ̅     , is the temperature of the fluid calculate as arithmetic average between 

temperature in entrance     
, and the temperature way out      

 (K). 

Expressions for the calculation of the borehole resistance    are given by Hellström 

and Zeng. The analysis of the internal region is completed by  the equation: 

   ̇ ( )      ̇     (    
( )       

( )), 

where:  

H, is the active length of the borehole 

Cp , is 

 ̇ , is  

 



It consists in the heat balance at the ground heat exchanger, and  allows to establish a 

relation between the total heat exchanged and the fluid temperature difference 

between inlet and outlet for a given mass flow. 

  



6.2 - Global Problem 

 

The global problem is engage by the analysis of the thermal interaction between the 

borehole wall and the surrounding ground region. In particular, for a single borehole 

this consists in determining the evolution in time of the temperature at the borehole 

wall   ( ) while the borehole is exchanging the heat flux per unit of length    ̇( ) 

with the rock, given a domain at the initial temperature   . This dynamic heat 

transfer analysis in an inhomogeneous media can be represented by analytical system 

that is linear, so it can be can be solved by means of the convolution product of the 

impulse response function. 

The impulse response function  ( ) and the loading condition   ̇( ) as derived from 

the Duhamel theorem leads to: 

  ( )      ∫   ̇ ( ) (   )   

Since the development of this equation several approaches have been utilized to 

model the heat source, as Infinite Line Source, Cylindrical Source or Finite Line 

Source or Eskilson‟s approach. 

  



7 - Analytical and numerical models for ground thermal 

response factors 

 

Heat Transfer mechanisms in the neighborhood of a vertical borehole are very 

complex and difficult to be generalized and in literature several models have been 

developed based on both analytical or numerical solution for the heat transfer 

equation. They try to simulate the processes related to the heat transfer in a borehole 

neighborhood in an acceptable way and allow to evaluate the thermal properties of 

the ground by analyzing the results of the test conducted in situ.   

It is of fundamental importance to know how to evaluate the thermal properties of a 

ground which is subjected to a thermal pulse/load of short duration (typically from 1 

to 4 days). 

. 

The problem which unites each model, assuming an approximation of axial 

symmetry, is finding the temperature distribution  (     ) which satisfies the heat 

conduction equation: 

 

 

 

  

  
 

   

   
 

   

   
 

 

 

  

  
 

 

With the following boundary conditions: 
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Where:  

 

    is the radius of the borehole 

 

    is the undisturbed temperature of the ground 

 

   is the heat flux per unit length. 

  



7.1 - Analytical models 

 

Analytical models are mainly based on: 

  

1. Infinite Line Source model  (ILS) 

 

2. Cylindrical Source Model (CLS) 

 

3. Finite Line Source model (FLS) 

 

7.1.1 - Infinite line source model 

 

The earliest approach to calculating the thermal transport around a heat exchange 

pipe in the ground is the Kelvin line-source theory, defined by William Thomson, 

Lord Kelvin, in 1882 and afterwards revisited by Ingersoll in 1954. 

In the Kelvin‟s line-source theory, the ground is regarded as an infinite medium with 

an initial uniform temperature, in which the borehole is assumed as an infinite line 

source.  

Due to this latter approximation, the heat transfer in the direction of the borehole axis, 

including the heat flux across the ground surface and down the bottom of the 

borehole, is neglected: the temperature depends only on time,  , and on the radial 

distance from the borehole,   . 

The heat conduction process in the ground is, therefore, simplified as one-

dimensional one. 

According to the ILS, the temperature distribution in a neighborhood of the BHE is 

given by: 
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With: 
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Where: 

    is the temperature difference in the neighborhood of the borehole heat 

exchanger; 

 

    is the temperature of the ground at a distance   from the borehole heat 

exchanger; 

    is the undisturbed ground temperature; 

    is the heat flux per unit length; 

       and   are respectively the thermal conductivity, the thermal diffusivity, 

the specific heat and the density of the ground; 

   is the time; 

   ( ) is the exponential integral; 

 

 β is the integration variable defined as  β  
 

 √α(   )
 ; 

 

For short term values of    such as happens during Thermal Response Test (TRT)  

operations,   ( ) can be approximated in a series development and one of the most 

common approximations is the one given by Abramowitz and Stegun (1964): 
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With: 
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If the heat flux is variable over the time, the general integral must be decomposed 

considering the average heat flux for a given time period. 

Although it is characterized by the simplicity and a low computational time, ILS can 

only be applied to small pipes within a narrow range of a few hours to months 

because of the assumption of the infinite line source. 

It was estimated that using the Kelvin‟s linear source may cause a noticeable error 

when 
  

  
    . 

A number of improvements for this approach have been proposed to account for 

some complicated factors so that the accuracy can be comparable to that of the 

numerical methods. 

 

Interpretation of Hart e Couvillion 

 

This model (1986) derives from the infinite linear source and, as the model of 

Ingersoll, introduces the important concept of limit radius   , calculated taking into 



account the heat ejected from the source need to be absorbed from the region that is 

closest to the source: it is more accurate than others. 

 

This innovation means an important evolution because it indicates an approximate 

distance after which the ground is not affected by the presence of the borehole heat 

exchangers. 

In practical application the limit radius is particularly important, especially when the 

number of borehole heat exchangers is elevated. 

The approximation value of    given by Hart e Couvillion is     √  : it depends 

from the elapsed time since the borehole heat exchanger was activated and from how 

fast the ground is able to conduct heat. 

The temperature distributions are very close to Ingersoll‟s one and is given by: 
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With: 

 

  
  

   
 

The solution of the integral is: 
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 By substituting the X in equation 1 and using   : 
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Equation 30 is valid for borehole heat exchangers up to the ratio 
  

 
 is higher or equal 

to 15; For value lower than 15 the calculation is too much complicated; moreover, the 

series development provides an acceptable precision for     if 
  

 
     

 

7.1.2 - Cylindrical source model 

 

The cylindrical source solution was introduced by Carlsaw e Jaeger, then modified 

firstly by Deerman and Kavanaugh and later by Kavanaugh and Rafferty: it is 

nowadays the ASHRAE (add Ref...)  reference model.  

It is actually an exact solution for a buried cylindrical pipe with infinite length under 

the boundary condition of either a constant pipe surface temperature or a constant 

heat transfer rate between the buried pipe and the soil.  

The borehole is assumed as an infinite length cylinder surrounded by homogeneous 

and isotropic ground. It also assumes the heat transfer between the borehole and soil 

is of pure heat conduction and with perfect contact 

Based on the governing equation of the transient heat conduction along with the 

given boundary and initial conditions, the temperature distribution of the ground can 

be easily given in the cylindrical coordinate is: 

 

   

   
 

 

 

  

  
 

 

 
 
  

  
                    

 

With the following boundary conditions: 

 

      
  

  
                  

 

                   

  



where     is the borehole radius. 

The cylindrical source solution is given as follows: 
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Where: 
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The function  (    ) was introduced by Ingersool in 1954 and is defined as: 
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The  (    ) expression depends on the time, expressed according to the Fourier 

number, and on the distance from the BHE (the distance from the borehole is inside 

the term ). 

The expression  (    ) is relatively complex and involves integration from zero to 

infinity of a complicated function, which includes some Bessel functions: in literature 

exist tables which gives the value of  (    ) in function of the Fourier number and 

of different dimensionless distances  . 

  



In 1997 Kavanaugh and Rafferty developed a cylindrical source model aimed to 

obtain a sizing model for one borehole heat exchanger inside an infinite isotropic 

medium with constant properties. 

The source is as assimilated to a heat flux pulses generator source and these thermal 

pulses are referred to precise time interval: 10 years, 1 month and 6 hours. 

The ground thermal resistance is evaluated according to the considered time interval 

and the model takes into account the thermal resistance of the borehole heat 

exchanger and this latter is assumed as constituted  by a carrier fluid which flows in 

the pipes. 

To simulate the heat transmission from the external surface of the pipe into the 

internal one, it must be defined an equivalent transmission coefficient     
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Where: 

    is the external radius of the pipe; 

 

    is the internal radius of the pipe; 

 

   is a coefficient equal to 0.3 for heating and 0.4 for cooling;  

 

    is the convection coefficient, evaluated according Dittus-Boelter equation: 

 

              
        

  

   , Re and    are Nusselt, Reynolds and Prandtl number respectively. 

 

 

 



7.1.3 - Finite source solution (FLS) 

 

Based on the Eskilson‟s model, one solution of this model has been developed by 

Zeng and considers the influences of the finite length of the borehole and the ground 

surface as a boundary. 

Some necessary assumptions are taken into account on the analytical model in order 

to derive an analytical solution: 

 

1. The ground is regarded as a homogeneous semi-infinite medium with constant 

thermo-physical properties; 

 

2. The boundary of the medium, i.e. the ground surface, keeps a constant 

temperature   , same as its initial one throughout the time period concerned; 

 

3. The radial dimension of the borehole is neglected so that it may be 

approximated as a line-source stretching from the boundary to a certain depth 

H; 

 

4. As a basic case of study, the heating rate per length of the source,   , is 

constant since the starting instant. 

 

The computation results from the analytical solution were compared with the data 

from numerical solutions in reference, and they agreed with each other perfectly 

when 
  

  
   . 

The solution of the temperature excess was given by Zeng et al.:  
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It can be seen from equation that the temperature on the borehole wall, where     , 

varies with time and borehole depth. 

It is obvious that the integral of this equation can be computed much faster than the 

numerical solution of the same heat conduction problem in the semi-infinite domain 

with long duration: the methodology has been complied in the later design and 

simulation software developed by other researchers. 

As discussed in the aforementioned section, when time tends to infinity, the 

temperature rise of the Kelvin‟s theory tends to infinity, whereas the temperature 

from the finite line-source model approaches steady state, which corresponds to the 

actual heat transfer mechanism.  

With respect to long duration, substantial discrepancy between the Kelvin‟s model 

and the finite line source may be yielded. 

 

  



7.2 - Eskilson’s model 

 

The analytical models described above are highly appreciated in particular for their 

flexibility and relative short computational time; however, these advantages are 

opposed to a lower accuracy, which appears especially where the local effects and the 

influence of the geometry are important. 

Both the one-dimensional model of the Kelvin‟s theory and the cylindrical source 

model neglect the axial heat flow along the borehole depth; therefore they are 

inadequate for the long-term operation of the GSHP systems.  

Eskilson‟s approach to the problem of determining the temperature distribution 

around a borehole is a hybrid model combining analytical and numerical solution 

techniques. 

A two-dimensional numerical calculation is made using the transient finite-difference 

equations on the radial-axial coordinate system for a single borehole in homogeneous 

ground with constant initial and boundary conditions. 

The capacitance of the individual borehole elements such as the pipe wall and the 

grout are neglected.  

The solution obtained using a basic step pulse allows the calculation of response to 

any heat input by considering piecewise constant heat extractions/rejections and 

super-positioning them in time as a series of step pulses. 

The temperature response of the borehole from the discretized equations is converted 

to a series of dimensionless temperature response factors.  

The g function allows the calculation of the temperature change at the borehole wall 

in response to a step heat input for a time step.  

Once the response of the borehole field to a single step heat pulse is represented with 

a g function, the response to any arbitrary heat rejection/extraction function can be 

determined by devolving the heat rejection/extraction into a series of step functions, 

and superimposing the response to each step function. 

The following conditions were assumed by Eskilson to solve the equation and to 

calculate the temperature response factor: 



 

I. Undisturbed ground temperature is set far enough from the borehole field, at 

the outer radius of the simulated domain and it is considered constant along 

the borehole field. 

The condition is not true in practice but it could be assumed since the 

temperature variations in the axial direction at this area are very small when 

compared with the temperature variations in the radial direction when the 

energy wells and the ground are exchanging the energy; 

II. The initial temperature is assumed constant for the whole domain    

 (       )    , 

and the temperature into the ground with no influences of the borehole field is 

almost constant for a depth of some meters when compared with the 

variations in the temperature when the heat exchanges occur; 

 

III. The temperature at z=0 represents the mean value of the room temperature 

and Eskilson assumed also this temperature as constant  (       )     . 

 

The thermal response can be calculated developing the trend of the heat flux injected 

or rejected into/from the ground over the time .The basic formulation of the ground 

temperature is governed by the heat conduction equation in cylindrical coordinates: 

 

   

   
 

 

 

  

  
 

   

   
 

 

 
 
  

  
         

 

With the following boundary conditions: 
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In Eskilson‟s model, the numerical finite-difference method is used on a radial–axial 

coordinate system to obtain the temperature distribution of a single borehole with 

finite length.  

Once the equation is solved the temperature distribution in the borehole field can be 

determined and hence the g-functions, too: 
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Where: 

 

      is the temperature on the borehole wall; 

 

         is the undisturbed ground temperature; 

 

    
    

      
  is the thermal heat flux variation over the time; 

 

   is the thermal conductivity of the ground; 

 

   is the depth of the borehole heat exchanger; 

 

   is the time; 

 

     
  

  
  is a dimensionless expression of the time after which bi- and 

tri-dimensional conduction effects are negligible;  

 



In addition, the sequential temporal superimposition was used to calculate the 

temperature response factors to any arbitrary heat rejection/extraction which can be 

decomposed into a set of single pulses.  

In other words, the overall temperature response of the borehole heat exchanger to 

any heat rejection/extraction at any time can be determined by the spatial and 

temporal superimpositions. 

In figure 18, is shown an example of g-functions plotted versus non-dimensional time 

for various multiple borehole configurations: it can be noted that the higher is the 

number of boreholes in the borehole field, the higher is the thermal interaction 

between them.  

 

 

Figure 18 – Example of thermal response factors. 

 

A great advantage of the Eskilson‟s model is that a huge number of g-functions can 

be implemented in commercial software for different borehole geometries and 

different borehole field configurations. 

On the other hand the assumption of finite length borehole heat exchanger is truthful 

only after the end of the transitory and then when   
     

 

 
. 



In addition, the heat flux can be considered axial only for      (for real applications 

of vertical boreholes it corresponds to 3 6 hours). 

 

Short time-step model 

 

Since both Eskilson‟s model and the finite line-source model neglect the effect of the 

thermal capacity of the borehole including the U-tubes, circulating fluid and the 

grout, the dimensionless temperature responses on the borehole wall are only valid 

approximately for the time greater than 
   

 
 , as estimated by Eskilson. 

Yavuzturk and Spitler (1994) presented a short time-step model for the simulation of 

the transient heat transfer in vertical borehole heat exchanger, which can be accurate 

down to an hour and below.  

The numerical model that is used to compute short time-step average borehole 

temperatures uses a transient two-dimensional implicit finite volume discretization on 

a polar grid.  

It was developed to simulate the heat transfer over a vertical U-tube ground heat 

exchanger of a GSHP system and has been validated by comparison to applicable 

analytical solutions (Yavuzturk et al. 1999). 

A sketch of the numerical domain is provided in Figure. 



 

Figure 19- Simplified representation of the borehole region on the numerical model domain using the pie-

sector approximation for the U-tube pipes (Source: Building and Environmental Thermal Systems 

Research Group at Oklahoma State University). 

  



Since there is a symmetry axis through the borehole, only one half of the borehole is 

modeled.  

The exact grid resolution is a function of the borehole and U-tube pipe geometry and 

is determined by an automated parametric grid generation algorithm.  

The radius of the numerical domain is 3.6 m, to allow for reasonably long simulation 

times. 

The geometry of the circular U-tube pipes is approximated by so-called pie sectors 

over which a constant flux is assumed to be entering the numerical domain for each 

time step.  

The pie-sector approximation attempts to simulate the heat transfer conditions 

through a circular pipe by matching the inside perimeter of the circular pipe to the 

inside perimeter of the pie sector and by establishing identical heat flux and 

resistance conditions near the pipe walls. The convection resistance due to the heat 

transfer fluid flow inside the U-tubes is accounted for through an adjustment on the 

conductivity of the pipe wall material. 

The initial condition of the numerical model stipulates a constant, undisturbed 

domain temperature corresponding to the far field temperature. Due to the symmetry 

in the numerical domain a zero heat flux condition is implemented in the angular 

direction while the heat transfer from/to the U-tube as fixed boundary flux conditions.  

Since the total amount of boundary heat flux over each U-tube pipe is not the same, a 

60% vs. 40% heat transfer distribution over the pipes of the U-tube is assumed.  

To summarize, the following conditions were imposed: 

1. Constant initial temperature, equal to the undisturbed ground temperature; 

 

2. Null heat flux un the radial direction due to symmetry of the numerical domain; 

 

3. The thermal flux exchanged through the pie-sectors (modeled for U-tube pipes)  

is imposed; 

 

4. The radial boundary condition is imposed in order to consider constant the 

undisturbed round temperature. 



 

The numerical approach that is used to develop the short time-step g-functions also 

models the thermal effects of the individual borehole elements such as the resistance 

of the pipe and grout material due to heat conduction and the convection resistance 

due to the flow of the heat transfer fluid inside the U-tube pipes. 

Since the g function values as developed by Eskilson do not include these thermal 

resistance effects, the short time-step g-function values need to be adjusted 

accordingly. 

The following relationships are used for the grout, U-tube pipes and the convection 

resistance per unit borehole length, in order to calculate Rb, to insert in the Eskilson‟s 

model: 
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where: 

 

       are the resistance shape factors coefficient (Paul, 1996) 

 

      and     are the outside and inside diameters respectively 

 

     is the convection coefficient based on the inside diameter 

 



The total borehole resistance for each time step is multiplied by the heat transfer rate 

per unit length of borehole for that time step to calculate the temperature rise 

adjustment (see 7.1.2). 

This temperature rise due to the total borehole resistance needs to be subtracted from 

the temperature value obtained through the numerical model to determine the actual 

temperature rise for that time step. 
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As shown in figure 35, the independently generated g functions line up very well with 

Eskilson‟s long term-step g functions (for the same configuration). 

 

 

Figure 20 - example of short time-step g functions curve, which are as an extension of the long time-step g 

functions (Source: Building and Environmental Thermal Systems Research Group at Oklahoma State 

University). 

  



7.2.1 – Use the g-functions with a variable heat flux 

 

All models presented before, are solutions of Fourier‟s equations found applying 

defined boundary conditions. The aim of those is give the thermal distribution or 

thermal response in the time. Eskilson‟s model only determines the temperature at the 

borehole wall for sizing purposes, applying a constant heat flux.  

Once the response of the borehole field to a single step heat pulse is represented with 

a g-function, the response to any arbitrary heat rejection/extraction function can be 

determined by devolving the heat rejection/extraction into a series of step functions, 

and superimposing the response to each step function.  

 

 

Figure 21 – Temperature response factors (g-functions) for various multiple borehole configurations 

compared to the temperature response curve for a single borehole. (Source: Spitler, J.D. 2000. GLHEPRO 

-- A Design Tool For Commercial Building Ground Loop Heat Exchangers. Proceedings of the Fourth 

International Heat Pumps in Cold Climates Conference, Aylmer, Québec. August 17-18, 2000.)  

 

 



 

 

Figure 22 - Superposition of Piece-Wise Linear Step Heat Inputs in Time (Source: Spitler, J.D. 2000. 

GLHEPRO -- A Design Tool For Commercial Building Ground Loop Heat Exchangers. Proceedings of the 

Fourth International Heat Pumps in Cold Climates Conference, Aylmer, Québec. August 17-18, 2000.) 

The basic heat pulse from zero to Q1 is applied for the entire duration of the four 

months and is effective as Q1‟=Q1. The subsequent pulses are superimposed as 

Q2‟=Q2-Q1 effective for 3 months, Q3‟=Q3-Q2 effective for 2 months and finally 

Q4‟=Q4-Q3 effective for 1 month. Thus, the borehole wall temperature at any time 

can be determined by adding the responses of the four step functions.  

Mathematically, the superposition gives the borehole wall temperature at the end of 

the n
th

 time period as:  

                    ∑
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Using this relation, it‟s possible to evaluate the thermal response for every power 

(injected or extracted). 

 

 

 

 



7.3 - Other types of numerical models 

 

Hellstrom (1989, 1991) and Thornton et al. (1997) proposed a simulation model for 

ground heat stores, which are densely packed ground loop heat exchangers used for 

seasonal thermal energy storage. This type of system may be directly used to heat 

buildings with or without a heat pump. The duct storage model (named as DST) 

divides the ground storage volume with multiple boreholes into two regions: one is 

the volume that surrounds a single borehole, described as the „„local” region; the 

other is called „„global” region, which denotes the ground volume between the bulk 

of the heat store volume and the far field. A two-dimensional finite difference scheme 

is used to solve the ground temperature in the „„global” region while the one-

dimensional numerical method is employed to calculate the temperature in the 

„„local” region. 

Since the ground heat storage is mainly used to provide a heating function, the 

boreholes are generally spaced in a quite dense field, which may be not suitable for 

some buildings with a considerable amount of cooling loads. 

 

Muraya, et al. (1996) developed a transient finite-element model of the heat transfer 

around a vertical U-tube heat exchanger for a GSHP system to study the thermal 

interference that occurred between the adjacent legs of the U-tube. The thermal 

interference was quantified by defining a heat exchanger effectiveness. 

The impacts of the separation distance, leg temperatures, different ambient soil 

temperatures and backfills were all investigated. 

 

Rottmayer, et al. (1997) presented a finite difference model that simulated the heat 

transfer process of a U-tube heat exchanger. A geometric factor was introduced to 

account for the noncircular geometry used to represent the pipes in the borehole. 

The model was validated for simple conditions and compared with an existing model, 

resulting in good agreement. 

 



A three-dimensional unstructured finite volume model for the vertical BHE was 

developed by Li and Zheng: the model uses Delaunay triangulation method to mesh 

the cross-section domain of the borehole field, and consequently retains the geometric 

structure in the borehole. The surrounding soil is divided into many layers in the 

vertical direction in order to account for the effect of changing fluid temperature with 

depth on the thermal process in the bore field.  

 

  



8- Numerical Model with COMSOL Multiphysics 

 

  

In this thesis are developed and studied some models built on COMSOL 

Multiphysics. 

With the software it is possible to solve the Foureir‟s equation for the conduction 

problem and  can be used to evaluate the temperature in the domain. 

 

8.1 – Generality  

 

COMSOL Multiphysics is a finite element analysis, solver and Simulation software / 

FEA Software package for various physics and engineering applications, especially 

coupled phenomena, or multiphysics. COMSOL Multiphysics also offers an 

extensive interface to MATLAB and its toolboxes for a large variety of 

programming, preprocessing and post-processing possibilities. In addition to 

conventional physics-based user interfaces, COMSOL Multiphysics also allows for 

entering coupled systems of partial differential equations (PDEs). The PDEs can be 

entered directly or using the so-called weak form (see finite element method for a 

description of weak formulation). An early version (before 2005) of COMSOL 

Multiphysics was called FEMLAB. 

In 1986, COMSOL was started by graduate students, Svante Littmarck and Farhad 

Saeidi, to Germund Dahlquist based on code developed for a graduate course at the 

Royal Institute of Technology (KTH) in Stockholm, Sweden. 

 

  



 

Figure 23 – Screen of COMSOL. 

 

8.2 - Design used in the case study 

 

Numerical analyses are performed for different models, to generate the g-functions 

and evaluate the effect of parameters variation and boundary conditions.  

The geometry and ground thermal properties even the boundary conditions are 

important factors that could modify the thermal response of the ground as an energy 

source for heat exchangers. 

 

 

 

 

 

 

 



8.2.1 – 1 Borehole heat exchanger (BHE) model 

Geometry 

The domain was built in axial symmetry. 

 

Figure 24 – Scheme of the domain. 

 

The borehole heat exchanger is buried ad distance D from the soil surface. In this 

region the borehole is thermally insulated. In the model this part of the borehole is 

empty. Instead the active part of the borehole is filled with a material that has 

different properties from the ground. To permit the resolution of the Fourier‟s 

equation thermal conductivity, specific heat, and density should be defined. 
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Figure 25 – Scheme of heat transfer model.  
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Mesh 

The domain is discretized creating a mesh. The software automatically distributes the 

mesh. Close to the borehole the domain is divided by shorter elements. The total 

number of elements is important for two reasons: 

1. If the mesh is too coarse, the results are affected by more relevant errors; 

2. In the mesh is too fine the computational time become too long. 

So it is necessary to find the right balance between the number of elements and the 

computational time. 

 

 

Figure 26 – Division of the domain by mesh. 



 

Figure 27 – Spatial distribution of temperature after 170 years of simulation. 

 

 

 

 

 

 

 

 

 

 

 



8.2.2 –  5x2 Borehole heat exchanger model 

 

Geometry 

In 5x2 borehole field, 10 boreholes are set in a rectangular configuration. 

 

 

Figure 28 – View of the domain and the borehole heat exchangers 

The boreholes are empty even in the active length of the borehole and the constant 

and uniform heat flux is applied along the wall of each boreholes. This is the same 

condition that is applied in Finite Line Solution. 

 

Figure 29 – Inner part of the borehole, constant and uniform Heat flux is apply on the wall. 

 

 



Mesh  

 

Figure 30 – Variable mesh in the domain. 

The lower part of the domain was built with a free tetrahedral mesh. The up part is 

created by a swept of triangular face. 

 

  



8.3 - Example of g-function generation for a borehole field 5x2 

 

The model 5x2 is simulated. The g-function is evaluated by Eskilson solution: 

      
  

(       )
   (   (    ) 

  
 

 
 

 
 
 

 
) 

COMSOL solves the Fourier‟s equation and give in output the temperature for each 

temporal step, in every element of the domain the temperature distribution. 

Evaluating the average borehole along the borehole wall  

 

 

 

 

Figure 31 – Temperature distribution in the domain for inject mode. in the  zoom it’s possible to see a 

different distribution close to the BHEe. 



 

Figure 32 – g-function generated for a 5x2 borehole field. 

The graph in figure 32 shows the typical trend of the g-functions, when a borehole 

field is considered. It is possible recognize three zones. In the first the boreholes are 

not influence each other and the temperature is getting high by heat from the inner 

part of the borehole. When the time step is near to Ln(9FoH)= -4 the boreholes are 

effect from the other boreholes. After long time (around 110 years) that the system 

goes  to the asymptotic value of g-function. It means that the system achieved the 

balance. 
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rbh 0,05 [m] Borehole radius 

H 100 [m] Active Borehole lenght 

D  4 [m] Buried depth 

Cpg 870 [J/(kg.K)] Thermal capacity of the borehole 

g 2300 [kg/m3] Ground density 

g 3,1 [W/m.K] Ground thermal conductivity 

g 1,54923E-06 [m2/s] g/(g*Cpg) 

qo 19,47853592 [W/m] Heat flow per unit of lenght 

Qt 1947,853592 [W] qo*H 

To 8 [K] Undisturbed temperature of the ground 

bh 1000 [kg/m3] Highly conductivity material (HCM) density 

Table 2 – List of parameters used in the model.  



9 – Modeling of coaxial borehole heat exchangers  

 

U-pipes are usually used in GSHP system. In the last period there is more interest 

over coaxial heat exchanger cause offer a lower thermal resistance between the 

external wall and the carrier fluid. Eskilson‟s modeled U-pipe boreholes, this kind of 

pipe has a gradient of temperature between top and bottom around 1 K.  

Recent experimental results based on distributed measurements in BHEs have shown 

that a temperature gradient of several degrees along the borehole length exists when 

some coaxial BHEs are used. In this chapter is simulated the temperature boundary 

condition of a 6K gradient imposed at the borehole wall and total constant heat flow 

is applied in the borehole. 

 

Highly Conductivity Material method (HCM) 

The heat transfer problem in geothermal boreholes topic, needs some simplification 

to be assumed. Different phenomena take place inside the borehole and outside the 

borehole. To be rigorous it is necessary consider the mass flux of the carrier fluid 

with related phenomena (laminar and turbulent flow) inside the pipe and the heat 

transfer in these conditions. It would be possible to include this phenomena and 

related equations but the system would be too complicated and the computational 

time unbearable, so the model in this case is useless to solve engineering problems. 

In Kungliga Tekniska Högskolan (KTH) of Stockholm, it was develop an approach 

that simulate the behavior saw along the pipe using coaxial heat exchanger, that 

simplifying the problem.  

This method consists to consider the boreholes overfilled with material having a high 

value of thermal conductivity and a low value of ground thermal capacity. Applying 

the heat flux on the top of the borehole it is possible to simulate the behavior of a heat 

exchanger in which  the gradient of temperature along the borehole wall is equal to 

that of coaxial exchanger. The scheme of modeling is show in the figure. 

  



 

Figure 33 – Principles of Highly Conductivity Material (HCM) methodology. 

 



The gradient of temperature between top and bottom (TTop-Bottom) of the active 

borehole using the HCM methodology depends on the parameters: 

 Q , Heat flux [W/m
2
]; 

 H , active length of the borehole [m]; 

 rbh , borehole radius [m]; 

 Qgeo , geothermal heat flux [W/m
2
]; 

  ground , thermal conductivity of the ground (W/ (m K)); 

 D , buried depth of the borehole (m). 

Defined the geometry of the borehole, the properties of the ground, and applying a 

constant heat flux, it is possible to  find the exact value of the thermal conductivity 

 HCM.  

 

Methodology 

 

To find the gradient of 6 K, some simulations have been done on one borehole model, 

and evaluate the difference of temperature between top and bottom until the gradient 

was found. Two length of active borehole are analyzed to understand better the 

behavior of the model. 

  



One borehole having  an active length of 100 meter was simulated. 

Parameters of model: 

rbh 0,05 [m] Borehole radius 

H 100 [m] Active Borehole lenght 

D  4 [m] Buried depth 

Cpg 870 [J/(kg.K)] Thermal capacity of the borehole 

g 2300 [kg/m3] Ground density 

g 3,1 [W/m.K] Ground thermal conductivity 

g 1,54923E-06 [m2/s] g/(g*Cpg) 

qo 19,47853592 [W/m] Heat flow per unit of lenght 

Qt 1947,853592 [W] qo*H 

To 8 [K] Undisturbed temperature of the ground 

bh 1000 [kg/m3] Highly conductivity material (HCM) density 

Cpbh 1 [J/(kg.K)] Thermal capacity of HCM 

bh 
 

[MW/(m.K)] Thermal conductivity of HCM 

Qgeo 0.05 [W/m2] Geothermal heat flux 

Dbh 500 [m] Domain lenght under the borehole 

Rground 500 [m] Domain radius 

Table 3 – Parameters of model. 

Results: 

 

Figure 34 – Gradient of temperature evaluated for different value of thermal conductivity of HCM. 
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In the figure it‟s possible to define three regions. 

- Transient region, where the heat is propagating inside the borehole from the top 

to the bottom. This region is placed in a very short time 

- Stationary region, after some years the system reach the  balance, and the 

gradient of temperature achieve the asymptotic value. 

Keeping constant the other parameters, the increment of   =0.1 [W/(m K)] effect a 

variation of TTop-Bottom  around 0.3 K has shown in table. 

 

Thermal conductivity HCM (W/(m K)) Temperature Top-Bottom asymptotic value (K)

1.5 6,57 

1.6 6,23 

1.7  5,92 

Table 4 – Asymprtotic value of gradient  

 

Figure 35 – Gradient of temperature evaluated with exact value of  HCM. 
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Figure 36 – Gradient of temperature evaluated with exact value of  HCM viewd in a different scale (exluding 

the first value. 
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Figure 37 – Gradient of temperature from the top to the bottom of the active borehole evaluated  for 

different D 

Di (m) 2 3 4 5 6 7 8 10 40 70 100 

TTop-Bottom (K)  6,39 6,39 6,37 6,29 6,28 6,27 6,26 6,24 6,23 6,21 6,18 

Table 5 – Asymptotic value of gradient of temperature between top and bottom of active borehole lenght 

Changing the D parameter, the gradient of temperature changes too. Increasing the 

length of the insulated part of the borehole the gradient along the borehole decrease, 

because the heat propagate in the upper part of the domain 

Anyway the influence is limited to about  0,2 K.  
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10 – Influence of insulated part of the borehole in the g-function 

generation 

 

When the g-function concept was introduced, the influence of the upper part of the 

borehole field (D), representing the groundwater level or the borehole casing, was 

considered as a negligible parameter in the g-function generation. Some simulations 

were executed  to evaluate the influence of D and, for a fixed borehole length which 

was not clearly specified in the documentation, D was varied from 2 to 8 m.  

1. 1 Borehole heat exchanger; H=100 m; TTop-Bottom = 0 K 

2. 1 Borehole heat exchanger; H=100 m; TTop-Bottom = 6 K 

3. 1 Borehole heat exchanger; H=47,5 m; TTop-Bottom = 0 K 

4. 1 Borehole heat exchanger; H=47,5 m; TTop-Bottom = 6 K 

The g-functions are evaluated following Eskilson‟s relation: 

      
 

(       )
   (   (    ) 

  
 

 
 

 
 
 

 
) 

 

Where: 

   : average temperature along the borehole (K); 

   : Undisturbed temperature of the ground  (K); 

 ( ) : Heat flux per unit of length [W/m] 

   : Thermal conductivity of the ground (W/(m K)); 

  : Active borehole length (m); 

  : distance between boreholes (m); 

   : radius of the borehole (m); 

    
   

    where   
  

     
 is the ground thermal diffusivity. 

The average temperature is calculated using COMSOL. 



When one borehole is considered , the g-functions evaluation convey the interference 

between two borehole placed at infinity distance.  

Case 1 

Eskilson applied a constant temperature along the borehole wall to evaluate the g-

function. Working on the HCM methodology, it is necessary to apply a high value of 

thermal conductivity inside the borehole to have the same boundary condition that 

Eskilson used. 

The model is built in an axial symmetry, this is important to reduce the computational 

time. 

 

Figure 38- View if the domain. 

The length of D varies between 2 to 8 m with a constant step of 1 meter and  than the 

step is increase shown in table. 

   (m) 2 3 4 5 6 7 8 10 40 70 100 

   (m) - 1 1 1 1 1 1 2 30 30 30 

Table 6- Different value of D parameter with relative increase step.  



The active borehole is 100 m, and is arranged below the insulated part. The heat flux 

is applied on the top of active the active borehole. 

 

Parameters of the model: 

rbh 0,05 [m] Borehole radius 

H 100 [m] Active Borehole lenght 

D  2;3;4;5;6;7;8;10;40;70;100 [m] Buried depth 

Cpg 870 [J/(kg K)] Thermal capacity of the borehole 

g 2300 [kg/m3] Ground density 

g 3,1 [W/(m K)] Ground thermal conductivity 

g 1,54923 10-06 [m2/s] g/(g*Cpg) 

qo 19,47853592 [W/m] Heat flow per unit of lenght 

Qt 1947,853592 [W] qo*H 

To 8 [K] 
Undisturbed temperature of the 
ground 

bh 1000 [kg/m3] 
Highly conductivity material 
(HCM) density 

Cpbh 1 [J/(kg K)] Thermal capacity of HCM 

bh 10 1011 [MW/(m K)] Thermal conductivity of HCM 

Qgeo 0 [W/m2] Geothermal heat flux 

Dbh 500 [m] 
Domain length under the 
borehole 

Rground 500 [m] Domain radius 

Table 7 – Parameters of the model 

The parameters are set according to previous existing studies and some experimental 

tests occurred in Sweden. To achieve the asymptotic value of g-function the time 

study in set around 170 years with a step of 30 days.  

  



Results: 

 

Figure 39 – g-functions evaluated for different value of D. 9FoH=t/ts 

Comments…  

 If the value of D increases, the asymptotic value of the g-function will 

increases too; 

 Considering short time, the values of the g-functions doesn‟t change; 

 Increasing initials D values, the distance between asymptotic values of g-

function decreases; 

 Starting from D equal to 2 m, increasing of 1 meter until 8 meters, it is 

possible to see that the distance between asymptotic values of g-function 

decreases; 

 Considering the step of 30 meters between 10 to 100 m, the difference on the g-

functions are relatively little; 
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 Increasing substantially  the value of D, the g-function reach the asymptotic 

value further. 

  



Sensitivity Analysis 

It is of interest to know the sensitivity of the model when D change and quantify the 

g-functions variations. 

1) Before  129 years, that correspond to a value of non-dimensional time equal to 

1,7263, the influence of D on g-functions is lower than 5%; 

2) Considering the variation of D between 2 to 8 meters the variation is lower than 

2%. 

 

T = 0 K , H = 100 m 

  (m) 100 40 8 2 

Asymptotic value of g-function:   (  ) 6,93426 6,87797 6,68614 6,56065 

( (  )   (  ))  (  )      5,69 4,84 1,88 0,00 

Table 8 – Values of g-functions in the asymptotic region for different values of D(m). Relative difference 

compared to g-function generated with D=2m. 

 

3) Considering an equal step of 1 meter the relative variation of the asymptotic 

value of the g-functions are: 

(g-functionD=3m-D=2m)/ g-functionD=2m 0,46 (%) 

(g-functionD=4m-D=3m)/ g-functionD=3m 0,37 (%) 

(g-functionD=5m-D=4m)/ g-functionD=5m 0,32 (%) 

(g-functionD=6m-D=5m)/ g-functionD=5m 0,28 (%) 

(g-functionD=7m-D=6m)/ g-functionD=6m 0,25 (%) 

(g-functionD=8m-D=7m)/ g-functionD=7m 0,22 (%) 

Table 9 - Relative variation of g-function varying D with a step of 1meter 

  



Case 2 

The coaxial heat exchangers show a specific gradient between top and bottom of 6 K. 

Using the Highly Conductivity Material approach, it is possible apply a specific value 

of thermal conductivity inside the borehole to have a difference of temperature 

between the top and bottom of active borehole of 6 K. It‟s difficult to find the exactly 

value of thermal conductivity to describe the behavior of coaxial heat exchangers.  

Different values of D produces a variation of gradient along the borehole of 0,2 K 

when it varies between 2 to 100 m (see Chapter 9 “Modeling of coaxial borehole heat 

exchangers”). To do this study it was choose a thermal conductivity ( ) equal to 1,6 

MW/ (m K). 

Results: 

 

Figure 40 – g-functions evaluated for different value of D. 

Comments… 
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 The Temperature gradient between top and bottom doesn‟t change the trend of 

the g-functions; 

 In the next paragraph a sensitivity analysis is done to quantify the influence in 

this case.  

Sensitivity analysis 

1) Before than 63 years, that correspond to a value of non-dimensional time equal 

to 0,99714, the influence of D on g-functions is lower than 5%; 

2) Considering the variation of D between 2 to 8 meters the variation is higher 

than 2%, anyway the difference is small. 

T = 6 K , H = 100 m 

  (m) 100 40 8 2 

Asymptotic value of g-function:   (  ) 6,89 6,88 6,59 6,43 

( (  )   (  ))  (  )   (%) 7,22 6,99 2,50 0,00 

Table 10 - Values of g-functions in the asymptotic region for different values of D(m). Relative difference 

compared to g-function generated with D=2m. 

3) Considering an equal step of 1 meter the relative variation of the asymptotic 

value of the g-functions are: 

(g-functionD=2m-D=3m)/ g-functionD=2m  0,64 (%) 

(g-functionD=3m-D=4m)/ g-functionD=3m 0,53 (%) 

(g-functionD=4m-D=5m)/ g-functionD=4m 0,42(%) 

(g-functionD=5m-D=6m)/ g-functionD=5m 0,36 (%) 

(g-functionD=6m-D=7m)/ g-functionD=6m 0,33 (%) 

(g-functionD=7m-D=8m)/ g-functionD=7m 0,30 (%) 

Table 11 - Relative variation of g-function varying D with a step of 1meter. 

  



Case 3 

In this case only the length of the active borehole (H) is changed. The influence of D 

should be more important because the ratio D/H is higher than Case 1 and Case 2. 

The length of the borehole is set on 47,5 m rather 100 m. 

In this case the D parameter varies between 2 to 8 meters. Because of the curtailed 

length of the active borehole, it is possible yo note the increases  influence of D even 

it has small value. 

Results: 

 

Figure 41 – Influence of D in the g-functions generation 

Comments… 

As in Case 1 and Case 2: 

 If the value of D increases, the asymptotic value of the g-function will increases 

too; 
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 The differences between the asymptotic value of the g-functions is higher when 

it is considered an increment of D between 2 to 3 m, and this difference 

decrease so much more the absolute value of D is higher; 

 Considering short time, the values of the g-functions doesn‟t change. 

Sensitivity analysis 

1) All differences between g-functions evaluate with D = 2 m and D = 8 m are 

lower than 5%. Fixed the value of significance to 2% the time when the 

difference stay below this value is 10,75 years that correspond to a non-

dimensional time of  -0,76312; 

2) Relative difference is under 3%. 

T = 0 K , H = 47,5 m 

  (m) 8 2 

Asymptotic value of g-function:   (  ) 6,69 6,56 

( (  )   (  ))  (  )  (%) 1,88 0,00 

Table 12- Values of g-functions in the asymptotic region for D =2 m and D=8 m. Relative difference 

compared to g-function generated with D=2m. 

3) Considering an equal step of 1 meter the relative variation of the asymptotic 

value of the g-functions are: 

(g-functionD=3m-D=2m)/ g-functionD=2m 0,74 (%) 

(g-functionD=4m-D=3m)/ g-functionD=3m 0,58 (%) 

(g-functionD=5m-D=4m)/ g-functionD=4m 0,48 (%) 

(g-functionD=6m-D=5m)/ g-functionD=5m 0,41 (%) 

(g-functionD=7m-D=6m)/ g-functionD=6m 0,36 (%) 

(g-functionD=8m-D=7m)/ g-functionD=7m 0,32 (%) 

Table 13- Relative variation of g-function varying D with a step of 1meter. 

  



Case 4 

Applying  HCM = 0,355 (MW/(m K)) that produce T Top-Bottom  around 6 K. 

T = 6 K , H = 47,5 m

  (m) 100 40 8 2 

Asymptotic value of g-function:   (  ) 6,35 6,25 5,98 5,76 

( (  )   (  ))  (  )  (%) 10,21 8,50 3,83 0,00 

Table 14 – Different value of g-functions (in the asymptotic region) varying D from 2 to 100 m and relative 

comparison with g.function evaluated for D=2 m. 

Influence of TTop-Bottom in g-function generation: 

The influence of the difference of temperature between top and bottom are shown in 

the table. 

D  2 3 4 5 6 7 8 10 40 70 100 

Case 1T=0 K) 6,56 6,59 6,62 6,64 6,65 6,67 6,69 6,71 6,88 6,92 6,93 

Case 2T=6 K) 6,43 6,47 6,50 6,53 6,55 6,58 6,59 6,63 6,83 6,88 6,89 

Case 1- Case2/Case1 (%)  2,00 1,83 1,70 1,60 1,51 1,44 1,37 1,27 0,73 0,62 0,58 

Table 15- Asymptotic values of g-functions in Case 1 and Case 2 and the relative differences in the D 

values. 

It‟s possible to see that fixed the value of D the difference is limited below 2% except 

for D = 2 m. 

Influence of active borehole length in the g-function generation 

T = 0 K 

   (m) 2 3 4 5 6 7 8 

Case 1 (H=47,5 m)  5,89 5,93 5,97 6,00 6,02 6,04 6,06 

Case 3 (H=100 m) 6,56 6,59 6,62 6,64 6,65 6,67 6,69 

Case1-Case3/Case1 (%)  10,23 9,98 9,80 9,65 9,53 9,42 9,34 

Table 16 - Asymptotic value of g-functions in Case 1 and Case 3 and relative difference varying D. 

How was expected, the influence of H in the generation of the g-functions is higher 

(around 10% relatively to maximum value). 

 

 



Conclusions: 

The upper part of the borehole is a parameter neglected  by Eskilson when introduced 

the g-functions. In his thesis he just said that this parameter had an influence lower 

than 2%, but without specifications. In these simulations the hypothesis has been 

verified; in fact the influence is of 1,88 % varying D from 2 to 8 m.  

The study shows that increasing D, the asymptotic value of the g-functions increases 

too, especially for long period.  

In every cases studied, this parameter is completely negligible for short period 

(around 60 years).  

The problem of the influence of the buried depth of the borehole field in the g-

functions generation becomes of more relevance when D has the length comparable 

to the active part of the borehole. Even in this case, a raised boost of D (from 2 to 100 

m) produces a relative difference on the g-function around 5 %. 

Eskilson applied as boundary condition constant temperature along the borehole wall. 

In case of variable temperature along the active borehole (TTop-Bottom = 6 K) as for 

the coaxial heat exchangers, the simulations show that the variation in the g-functions 

generation are around 2%. This condition is connected to the D parameter, indeed 

increasing its value the differences caused from the difference of temperature are 

lower than 2%, as stated in Eskilson‟s work. 

  



12 – Conclusions 

 

In the design of the borehole heat exchangers fields, the choice of geometric 

parameters becomes an important aspect for the efficiency of the ground source heat 

pump (GSHP) system and to prevent the depletion of the geothermal resource. 

One of the tools used to perform the thermal response of a borehole field are the g- 

functions.  

The g -functions are graphical tools useful in the design phase as quantify the trend of 

temperature on the borehole wall heat exchangers at each time step. Attach the 

thermal properties of the ground and the thermal energy demand of the heat pump to 

satisfy the heating and cooling request of the buildings, the g-functions mainly 

depend on the geometry of the borehole field. The g-functions are one of the infinite 

number of solutions of the differential Fourier‟s equation obtained by applying 

specific boundary conditions, in particular the constant and uniform temperature on 

the walls of the active boreholes. Eskilson was the first to introduce the concept of g-

function. In his work, proposed several g-functions for different borehole fields 

arrangement, where the geometrical aspects on which they depend are the active 

length of the boreholes (H), the spatial distance between boreholes (B) and the radius 

of the boreholes (  ).  

The influence of the buried depth of the borehole field (D) was neglecting because 

the effect on the g-functions generation are lower than 2%. In this region the 

boreholes were modeling as thermal insulated. The physic reason of this choice it 

may be found in the geological system that it present in Sweden. In fact, the bed rock 

are characterized, in depth, by an high value of thermal conductivity and the water 

table are approximately near to the surface (around 4 m). The buried depth of the 

borehole field correspond to the upper part of the borehole on the top of the 

groundwater level. In these systems the upper region has a thermal conductivity of 

the ground far less compare to the region under the water table. During the period of 



study at the Royal Institute of Technology (KTH) Stockholm, have been created new 

numerical models using the commercial software COMSOL Multiphisics
®
, to 

generate other g-functions and evaluate the influence of D. The results obtained in 

this thesis, shown that the hypothesis assumed by Eskilson about the influence of D 

in the g-function generation is acceptable, in fact the influence is of 1,88 % varying D 

from 2 to 8 m considering long time of simulation (170 years). In every cases 

considered, this parameter is completely negligible for short period (around 60 years). 

The problem of the influence of the buried depth of the borehole field in the g-

functions generation become more relevance when D has the length comparable to 

the active part of the borehole. Even in this case, a raised boost of D (from 2 to 100 

m) produce a relative difference on the g-function around 5 %. 

Another aspect focused on, is the variation of the constant temperature boundary 

condition applied by Eskilson. When the g-function were presented the most common 

technology used in the borehole heat exchangers was U-pipe. The U-pipe show a 

gradient of temperature along the active length of the borehole around 1 K form the 

top to the bottom. Eskilson applied an uniform temperature as boundary condition to 

obtain the g-functions, very close to the real condition. 

The Coaxial heat exchangers have a local thermal resistance lower than U-pipe heat 

exchangers. For this reason the interest about this technology is growing up. Coaxial 

heat exchangers have a different gradient of temperature along the borehole wall.  

In some recently experiments it was estimated, the gradient of temperature along the 

active length of the borehole, of 6 K. This condition is farther from the Eskilson‟s 

assumption of uniform temperature. 

Some simulation have been done to evaluate the difference in the g-functions 

generation, applying uniform temperature as boundary condition (TTop-Bottom=0) and 

a gradient of temperature along the active borehole wall of 6 K (as coaxial 

exchanger). The simulations have shown a relative difference around 2%. 



The relation proposed by Eskilson, where the g-function is introduced, has a stable 

structure relatively to some conditions. Even changing the temperature along the 

boreholes walls or the buried depth of the borehole field, the output is affected by 

small variations. This allows the use of g-functions, as Eskilson conceives it, in the 

design of borehole heat exchanger fields, no matter the buried depth, nor the 

geometry of the heat exchanger 

Next step is to verify this sentence, actually verified upon one coaxial borehole heat 

exchanger, in one borehole field of coaxial pipes. The work is ongoing.  

Primarly further studies are necessary to deepen the knowledge of the g-functions and 

its application in contexts other than those studied.  

Secondary, It will be also necessary to evaluate the actual usefulness of the g-

functions, in particular when it cannot be neglected, the spatial distribution of the 

thermal characteristics of the ground even within the same geological formation, or 

when the geometries are significantly different from the standard ones so far taken 

into account. 

  



13 – Bibliography 

 

Key World Energy Statistics 2010, International Energy Agency (IEA) 

 

John W. Lund, Derek H. Freeston, Tonya L. Boyd, Direct Utilization of Geothermal 

Energy 2010 Worldwide Review, Proceedings World Geothermal Congress 2010 

Bali, Indonesia, 25-29 April 2010. 

 

Frank D. Stacey and David E. Loper. Thermal history of the Earth: a corollary 

concerning non-linear mantle rheology. Physics of the Earth and Planetary (1988). 

 

José Acuna, Doctoral Thesis, Distributed thermal response tests – New insights on U-

pipe and Coaxial heat exchangers in groundwater-filled boreholes, Royal Institute of 

technology (KTH), Stockholm 2013 

 

Ingersoll, L. R., Zobel, O. J. and Ingersoll, A. C. Heat conduction with engineering, 

geological and other applications (1954) 

 

Yavuzturk, C., and J. D. Spitler. (1999). A Short Time Step Response Factor Model 

for Vertical Ground Loop Heat Exchangers. ASHRAE Transactions. 105(2): 475-485 

 

Muraya, N. K., D.L O‟Neal and W.M. Heffington. Thermal interference of adjacent 

legs in a vertical U-tube heat exchanger for a ground-coupled heat pump, 1996 

 

Hart, David P., and Couvillion, Rick. Earth Coupled Heat Transfer, National Water 

Well Association, 1986 

 

Carlslaw H.S., J.J.C. Conduction of Heat in Solids, 2d ed Great Britain: Oxford 

Science Publications, 1959 



Kevin Rafferty and Stephen Kavanaugh, (1997) Ground Source Heat Pumps - Design 

of Geothermal Systems for Commercial and Institutional Buildings 

 

Alberto Lazzarotto, A network-based methodology for the simulation of borehole heat 

storage systems, Royal Institute of technology (KTH), Stockholm, 2013 

 

Milton Abramowitz and Irene Stegun, Handbook of Mathematical Functions, 

N.I.S.T, USA, 1964 

 

D.A. Ball, R.D. Fischer, D.L. Hodgett, Design methods for ground-source heat 

pumps, ASHRAE Transactions 89 (28), 1983 

 

Hellstrom G., Ground heat storage; thermal analysis of duct storage system. PhD 

thesis. Department of Mathematical Physics, University of Lund, 1991 

 

Zeng H, Diao N, Fang Z. Heat transfer analysis of boreholes in vertical ground heat 

exchangers. International Journal of heat and Mass Transfer, 2003   

 

Eskilson P., Thermal Analyses of Heat Extraction Boreholes. PhD thesis. University 

of Lund, 1987. 

 

Eskilson P., Superposition Borehole model, Manual for computer code. University of 

Lund, 1986. 

 

Monzó P., Acuña J., Fossa M., Palm B. Numerical generation of the temperature 

response factors for a borehole Heat Exchangers field. European Geothermal 

Congress 2013.  

 

Spitler, J.D. GLHEPRO - A Design Tool For Commercial Building Ground Loop 

Heat Exchangers, 2000  



 

Acuña J., Fossa M., Palm B., Monzó P. Numerically generated g-functions for 

Ground  Coupled heat Pump Application, 2012. 

 

 

  



The way was hard and long to be here in this special day. I rwally want to say thank 

you to all people that  

Firstly I want to say thank you to my professors Villiam Bortolotti and Roberto 

Bruno that  

In primis voglio ringraziare i miei professori Bortolotti e Bruno per avermi permesso 

di vivere una meravigliosa esperienza ed aver contribuito sostanzialmente  

 


