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Edge states and transition to turbulence in boundary lay-
ers

Taras Khapko

Linné FLOW Centre, KTH Mechanics, Royal Institute of Technology
SE-100 44 Stockholm, Sweden

Abstract
The focus of this thesis is the numerical study of subcritical transition to
turbulence in boundary-layer flows. For the most part, boundary layers with
uniform suction are considered. Constant homogeneous suction counteracts the
spatial growth of the boundary layer, rendering the flow parallel. This allows
to access the asymptotic dynamics and enables research approaches which are
not feasible in the context of spatially developing flows.

In the first part, the laminar–turbulent separatrix of the asymptotic suction
boundary layer (ASBL) is investigated numerically by means of an edge-tracking
algorithm. Consideration of extended domains allows for robust localisation
of the attracting structures on the separatrix. In all considered set-ups, the
obtained edge states experience recurrent dynamics, going through calm and
bursting phases. During calm phases, most of the coherent structures decay,
apart from the active core. This active core consists of a single low-speed
streak which develops a sinuous instability leading to a breakdown of the
whole structure and a burst in terms of energy. During these bursts new
streaks are generated, with the structure growing in size again, and the active
core is re-created with a shift in the spanwise direction. The edge states in
ASBL and their dynamics show resemblance with the resulting state of edge
tracking in spatially developing boundary layers. Moreover, the self-sustaining
mechanism bears many similarities with the classical regeneration cycle of near-
wall turbulence. The recurrent simple structure active during calm phases is
compared to the nucleation of turbulence events in bypass transition originating
from delocalised initial conditions. The implications on the understanding of
the bypass-transition process and the edge state’s role are discussed.

Based on this understanding, a model is constructed which predicts the
position of the nucleation of turbulent spots during free-stream turbulence
induced transition in spatially developing boundary-layer flow. This model is
used together with a probabilistic cellular automaton (PCA), which captures
the spatial spreading of the spots. The latter is developed based entirely on data
from numerical simulations. The PCA supplied with the modelled nucleation
rates is able to correctly reproduce the main statistical characteristics of the
transition process.

The last part of the thesis is concerned with the spatio-temporal aspects
of turbulent ASBL in extended numerical domains near the onset of sustained
turbulence. Turbulence at the onset and events leading to laminarisation are
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studied by adiabatically decreasing the Reynolds number, starting from a fully
turbulent state. The different behaviour observed in ASBL, i.e. absence of
sustained laminar–turbulent patterns, which have been reported in other wall-
bounded flows, is associated with different character of the large-scale flow.
This hypothesis was tested by artificially preventing large-scale fluctuations
above a certain wall-normal distance in ASBL. In addition, an accurate quanti-
tative estimate for the lowest Reynolds number with sustained turbulence is
obtained, Reg ≈ 270.

Key words: boundary layer, transition to turbulence, direct numerical sim-
ulation, edge state, free-stream turbulence, bypass transition, probabilistic
cellular automaton, turbulence at the onset, laminar–turbulent coexistence,
laminarisation
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Edge states och omslag till turbulens i gränsskikt

Taras Khapko

Linné FLOW Centre, KTH Mekanik, Kungliga Tekniska Högskolan
SE-100 44 Stockholm, Sverige

Sammanfattning
Fokuset för den här avhandlingen är numerisk undersökning av subkritiskt
omslag till turbulens i gränsskiktsströmningar. I huvudsak studeras gränsskikt
med en konstant sugning. Konstant homogen sugning motverkar den spatiella
tillväxten i gränsskiktet, vilket ger upphov till en parallell strömning. Det-
ta till̊ater strömningen att simuleras under l̊anga tidsperioder och möjliggör
forskningsmetoder som inte fungerar för spatiellt utvecklande strömningar.

I den första delen undersöks gränsen (s.k. edge) mellan laminär och turbulent
strömning i det asymptotiska sugningsgränskiktet (s.k. ASBL) numeriskt med
hjälp av en s.k. edge-tracking algoritm. Undersökning av strömningen i stora
domäner möjliggör en robust lokalisering av de attraherande strukturerna p̊a
gränsen. I samtliga undersökta fall uppvisar de erh̊allna s.k. edge states en
återkommande dynamik, där de genomg̊ar stilla och exploderande faser. Under
de stilla faserna avtar de flesta sammanhängande strukturerna, bortsett fr̊an
den aktiva kärnan. Denna best̊ar av ett enskilt str̊ak med l̊ag hastighet, vilken
utvecklar en v̊agliknande instabilitet som leder till att hela strukturen bryts
ned. Under nedbrottet genereras nya str̊ak, där strukturen återigen växer i
storlek, och den aktiva kärnan återskapas med en förskjutning parallelt med
väggen. Edge states i asymptotiska sugningsgränskikt och deras dynamik visar
en stark likhet med det tillst̊and som resulterar fr̊an edge-tracking i spatiellt
utvecklande gränsskikt. Vidare har den självgenererande mekanismen många
likheter med den klassiska cykeln för turbulens nära väggar. Den återkommande
enkla strukturen som är aktiv under stilla faser jämförs med de lokala strukturer
som initierar turbulens i s.k. bypass transition. Konsekvenserna av först̊aelse för
bypass-transitionsprocessen och edge states roll diskuteras.

Baserad p̊a denna först̊aelse konstrueras en model för att förutse positionen
för initieringen hos turbulenta fläckar vid omslag förorsakad av friströmsturbulens
i spatiellt utvecklande gränsskiktsströmningar. Denna modell används med en
s.k. probabilistic cellular automaton (PCA), som f̊angar den spatiella spridningen
hos fläckarna. Den senare är fullständigt utvecklad fr̊an numeriska simuleringar.
PCA:t försedd med den modellerade turbulensinitieringen är kapabel till att
korrekt reproducera de statistiska egenskaperna hos omslagsprocessen.

Den sista delen av avhandlingen befattar sig med spatiella och tempora-
la aspekter av turbulenta asymptotiska sugningsgränskikt i stora numeriska
domäner. De händelser som leder fram till laminarisering studeras genom
att adiabatiskt minska Reynoldstalet fr̊an ett fullständigt turbulent tillst̊and.
Det observerade beteendet i asymptotiska sugningsgränskikt, i t.ex. fr̊anvaro
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av självgenererande laminära och turbulenta mönster som har rapporterats
i andra väggbundna strömningar, har en annan karaktär hos den storskaliga
strömningen. Denna hypotes undersöktes genom att artificiellt hindra storskaliga
fluktuationer ovanför ett visst avst̊and i väggens normalriktning i asymptotiska
sugningsgränskikt. Dessutom erh̊alls en noggrann uppskattning av det lägsta
Reynoldstalet för vilket upprätth̊allande turbulens erh̊alls, Reg ≈ 270.

Nyckelord: gränsskikt, omslag till turbulens, direkta numeriska simuleringar,
edge states, friströmsturbulens, bypass transition, probabilistic cellular automa-
ton, laminär och turbulent samexistens, laminarisering
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Preface

This work is focused on different aspects of transition to turbulence in boundary-
layer flows. A general discussion of transition in wall-bounded flows, details
of the considered flow cases and the main concepts of the current study are
provided in Part I of the thesis. The resulting papers are included in Part II,
adjusted to the present thesis format.

Paper 1. T. Khapko, T. Kreilos, P. Schlatter, Y. Duguet, B. Eck-
hardt & D. S. Henningson, 2013. Localized edge states in the asymptotic
suction boundary layer. J. Fluid Mech. 717, R6.

Paper 2. T. Khapko, Y. Duguet, T. Kreilos, P. Schlatter, B. Eck-
hardt & D. S. Henningson, 2014. Complexity of localised coherent structures
in a boundary-layer flow. Eur. Phys. J. E 37 (32).

Paper 3. T. Khapko, T. Kreilos, Y. Duguet, P. Schlatter, B. Eck-
hardt & D. S. Henningson, 2016. Edge states as mediators of bypass
transition in boundary-layer flows. J. Fluid Mech. (submitted).

Paper 4. T. Kreilos, T. Khapko, P. Schlatter, Y. Duguet, D. S.
Henningson & B. Eckhardt, 2015. Bypass transition and spot nucleation in
boundary layers. Phys. Rev. Fluids (under review).

Paper 5. T. Khapko, P. Schlatter, Y. Duguet & D. S. Henningson,
2016. Turbulence collapse in a suction boundary layer. J. Fluid Mech. 795,
356–379.
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Overview and summary





Chapter 1

Introduction

When talking about a fluid flow, two fundamentally different regimes are
distinguished – laminar and turbulent. The flow is considered laminar, when
fluid moves seemingly in strict parallel layers, whereas unpredictable chaotic
motion characterises turbulence. Most flows around us are turbulent. At
equivalent flow rates, turbulence is associated with much higher drag compared
to the laminar regime. With about 10% of the total energy being spent
worldwide on overcoming this drag (Guest 2012), understanding turbulence
and the processes leading from laminar to turbulent regime are of tremendous
importance. Studies of transition to turbulence are relevant to many applications
in aerodynamics, ship hydrodynamics, transport in pipelines, etc.

The motion of a Newtonian fluid is commonly modelled by the Navier–
Stokes equations. In most cases, together with the continuity equation they form
a closed system, which allows to determine the state of the flow at any time t,
when provided with appropriate initial and boundary conditions. This state is
described by velocity field u = (u, v, w), containing velocities in streamwise x,
wall-normal y and spanwise z directions, respectively, and pressure p.

The fundamental aspects of transition to turbulence are usually considered
in the context of ‘canonical’ flow cases, which provide a simplified laboratory
framework for the study. Most of them are planar analytical solutions of the
incompressible Navier–Stokes equations for a Newtonian fluid with constant
properties, which accompanied by the continuity equation read

∂u

∂t
+ (u · ∇)u = −1

ρ
∇p+ ν∇2u , (1.1a)

∇ · u = 0 , (1.1b)

where ρ is the density and ν is the kinematic viscosity of the fluid. Assuming

that the flow is two-dimensional (w = 0 and ∂(·)
∂z = 0), steady (∂(·)

∂t = 0) and
independent of the streamwise coordinate (i.e. fully developed), the system (1.1)

1



2 1. Introduction

Table 1.1. Some of the canonical solutions of the Navier–
Stokes equations.

Combination Solution

A = 0 and B = 0 plane Couette flow
A = 0 and B 6= 0 plane Poiseuille flow/ pipe flow
A 6= 0 and B = 0 asymptotic suction boundary layer (ASBL)

simplifies to

ν
∂2u

∂y2
= v

∂u

∂y︸︷︷︸
A

+
1

ρ

∂p

∂x︸ ︷︷ ︸
B

, (1.2a)

∂p

∂y
= 0 , (1.2b)

v = const . (1.2c)

By solving (1.2) for different combinations of the terms A and B, together with
adequate boundary conditions, different canonical solutions can be obtained.
Some of the classical solutions are listed in table 1.1. Note, that the pipe-flow
solution is obtained not in the planar, but in a cylindrical geometry.

First steps in understanding transition to turbulence were made using linear
stability analysis. It allows to determine the critical value of the Reynolds
number Rec, the governing parameter of the flow, above which the base flow
becomes unstable to infinitely small disturbances. The Reynolds number is
defined as Re = UL/ν, where U and L are characteristic velocity and length
scales, respectively. According to this approach, pipe flow and plane Couette
flow were found to be linearly stable for all values of Re (Salwen et al. 1980;
Romanov 1973), whereas for the asymptotic suction boundary layer (ASBL)
Rec = 54370 (Hocking 1975) and for plane Poiseuille flow Rec = 5772 (Orszag
1971). In the two latter cases, above Rec two-dimensional Tollmien–Schlichting
(TS) waves are exponentially amplified (Schmid & Henningson 2001), later
undergoing a sequence of bifurcations leading to turbulence. This is known
as the ‘classical’ or ‘supercritical’ transition scenario. TS waves can actually
be triggered also below Rec by finite-amplitude perturbations (Herbert 1975;
Rotenberry 1993).

However, for all the above mentioned flows, transition to turbulence is
observed also in the linearly stable regime, without the involvement of TS waves.
It occurs in the presence of finite-amplitude disturbances in the system, bypass-
ing the classical transition scenario and evolving as a fully nonlinear process.
It was termed ‘bypass’ or ‘subcritical’ transition. Bypass transition arises due
to existence of another (in addition to the laminar base flow) concurrent state
in the system, even below Rec (see figure 1.1). This state corresponds to the
upper branch solution, created in a saddle–node bifurcation, which happens at
ReSN < Rec (Dauchot & Manneville 1997; Manneville 2005). The upper branch
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ReSN

edge state

ReC Re

E

TS waves

turbulent regime

Figure 1.1. Schematic bifurcation diagram for ASBL and
plane Poiseuille flow. Without the TS branch it is also appli-
cable to plane Couette flow and pipe flow. The quantity E
measures the distance from the laminar flow.

solution undergoes subsequent bifurcations, leading to a chaotic structure, which
supports turbulent behaviour. The complementary lower branch solution, the
so-called ‘edge state’ (Schneider et al. 2007), has exactly one unstable direction,
and its stable manifold separates the basins of attraction of the laminar and
the turbulent states. This separatrix is known as the ‘edge of chaos’ (Skufca
et al. 2006). The bifurcation diagram containing the two transition scenarios is
shown in figure 1.1.

Recently, a lot of effort was devoted to studying edge states in different flow
configurations. This relative attractor can be a simple object, like a fixed point
or a periodic orbit, or a more complicated chaotic structure. When considered
in spatially extended domains, the edge state shows robust localisation (Melli-
bovsky et al. 2009; Duguet et al. 2009; Schneider et al. 2010; Duguet et al. 2010b,
2012), with the dynamics remaining essentially temporal. Thus, in all cases it
serves as an example of simple dynamics, as compared to turbulence, in the
high-dimensional system we consider. As such, it can be used for understanding
the mechanisms of the non-trivial sustained flow behaviour. In addition, being a
saddle of the system, it guides the evolution of the flow going towards turbulence.
This motivates the development of nonlinear control strategies targeting the
edge state (Kawahara 2005).

The analysis discussed above aims at understanding how turbulence arises
locally in the flow and describing the sequence of events leading to nucleation of
turbulent seeds. Another aspect of the problem is understanding the mechanisms
with which turbulence spreads spatially, filling the flow. These spatio-temporal
features of transition call for a different study approach, using the concepts
of spatio-temporal intermittency and phase transition (Chaté & Manneville
1987; Manneville 2009; Moxey & Barkley 2010; Lemoult et al. 2016; Sano &
Tamai 2016). Moreover, in most wall-bounded flows, close to the onset in Re



4 1. Introduction

turbulence is not space-filling. Instead, turbulent regions tend to organise in
oblique bands, forming laminar–turbulent patterns (Coles 1965; Prigent 2001).

In this work we focus on both temporal and spatial aspects of transition
in the context of boundary-layer flows. Boundary layers form when fluid flows
around solid objects, and are thus one of the most common flows encountered
in everyday life. In most cases, the complicated geometry of the solid bodies
poses a considerable difficulty in studying these flows. As a consequence, several
boundary layers with relatively simple geometries are used as a laboratory for
understanding the key physical mechanisms. One of these canonical flows is the
flow that forms above a semi-infinite flat plate. However, even in this simplified
set-up, a major complication is the spatial growth of the boundary layer, which
starts at the leading edge of the plate. Continuous spatial development of the flow
makes the asymptotic dynamics (dynamics at infinite time horizon) inaccessible,
and some of the analysis discussed above extremely difficult or sometimes
even inapplicable. One way to overcome this problem is to apply suction,
which counteracts the spatial growth of the boundary layer. Constant and
homogeneous suction leads to the formation of the asymptotic suction boundary
layer (ASBL). As was shown above, it is one of the analytical solutions of the
incompressible Navier–Stokes equations. ASBL is a parallel flow (i.e. constant
boundary-layer thickness), and therefore lacks the complications associated with
the spatially developing boundary layers. This property enables investigations
of the asymptotic dynamics of the flow. The results of these investigations may
later be used for understanding transition in spatially developing flow cases.

This thesis is devoted to new developments about transition to turbulence
in two boundary-layer flows: ASBL and the Blasius boundary layer. Part I of
the thesis continues with chapter 2, which contains the details of the considered
flow cases and the employed numerical techniques. Chapter 3 is centred around
the concept of the edge of chaos and its applicability in boundary layers. A
description of the bypass transition process under the influence of free-stream
turbulence is provided in chapter 4, together with the possible modelling
approaches. In chapter 5 an overview of the onset of turbulence in wall-bounded
shear flows is presented, and the latest developments in boundary layers are
discussed. Chapter 6 contains a short summary of the papers from Part II.
Finally, conclusions and an outlook of the performed work are given in chapter 7.



Chapter 2

Flow cases and methodology

2.1. Blasius boundary layer

Consider an unidirectional fluid flow above a stationary semi-infinite flat plate
aligned with the direction of the fluid motion. Viscous forces that arise in
the close vicinity to the plate slow down the nearby fluid. This leads to the
formation of a ‘boundary layer’, in which the flow recovers from the zero velocity
at the wall, reaching the free-stream velocity away from it. It starts forming at
the beginning (leading edge) of the plate and increases in thickness downstream,
as progressively more and more layers of fluid are affected by the wall (see
figure 2.1).

The flow can now be separated into two parts – the outer layer, which is not
affected by the plate and has the same properties as the original unidirectional
flow with constant velocity U∞, and the inner layer, where viscous forces play
an important role. Taking into account this scale separation, Prandtl (1904)
derived an approximation of the system (1.1) valid inside the inner layer, known

now as Prandtl’s boundary-layer equations. In case of steady flow (∂(·)
∂t = 0)

with no pressure gradient ( ∂p∂x = 0) they read as follows

u
∂u

∂x
+ v

∂u

∂y
= ν

∂2u

∂y2
, (2.1a)

∂u

∂x
+
∂v

∂y
= 0 . (2.1b)

The corresponding boundary conditions are no-slip at the impermeable plate
and intact outer flow at infinite distance from the plate.

y = 0 : u = v = 0 , (2.2a)

y =∞ : u = U∞ . (2.2b)

An algorithm to find a solution of the system (2.1) with the boundary conditions
(2.2) was proposed by Blasius (1908) in his doctoral thesis. He noted that the
solution at different downstream positions is self-similar and introduced the
self-similarity variable

η = y

√
U∞
νx

.

5
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x

u

zw

y v

U∞

δ∗

Figure 2.1. Sketch of the Blasius boundary layer.

Next, he proposed the following form for the stream function ψ (defined by
u = ∂ψ/∂y and v = −∂ψ/∂x)

ψ =
√
νU∞xf(η) ,

and from (2.1) obtained an ordinary differential equation for the unknown
function f(η)

2f ′′′ + ff ′′ = 0 . (2.3)

The corresponding boundary conditions follow from (2.2)

η = 0 : f = f ′ = 0 , (2.4a)

η =∞ : f ′ = 1 . (2.4b)

Equation (2.3), together with the boundary conditions (2.4), can be solved
numerically using e.g. the shooting method. The resulting solution is now
known as the Blasius boundary layer.

One of the main characteristics of a boundary layer is its thickness. There
are different ways to define it. One way is to measure the wall-normal distance
from the plate, at which the streamwise velocity reaches 99% of the free-stream
velocity, i.e. the position where u = 0.99U∞. This is the so-called 99% boundary-
layer thickness, which for the Blasius case is δ99 = 4.91

√
νx/U∞. Another

alternative is the displacement thickness

δ∗ =

∫ ∞
0

(
1− u

U∞

)
dy ,

which measures the distance of the wall-normal plate displacement needed for
an inviscid fluid to maintain the same flow rate as in the real fluid. For the
Blasius solution δ∗ = 1.72

√
νx/U∞.
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Depending on the different possible length scales, there are also several
possibilities to define the Reynolds number. Two common definitions are based
on the distance from the leading edge Rex = U∞x/ν and on the displacement
thickness Reδ∗ = U∞δ∗/ν, with the relation Reδ∗ = 1.72

√
Rex between the

two.

The Blasius boundary layer is linearly stable below Recδ∗ ≈ 520 (Schmid &
Henningson 2001). Beyond this limit, Tollmien–Schlichting waves are exponen-
tially amplified and eventually lead to turbulence further downstream (where Re
is larger). The schematic bifurcation diagram in figure 1.1 is also applicable for
this flow, with finite-amplitude perturbations triggering subcritical transition
to turbulence even below Recδ∗ .

The free-stream velocity U∞ is used as the characteristic velocity scale for
the non-dimensionalisation. Typically, the displacement thickness δ∗0 at some
fixed streamwise position x0 serves as the characteristic length scale.

2.2. Asymptotic suction boundary layer

The asymptotic suction boundary layer (ASBL) is the flow above a porous flat
plate subject to constant homogeneous suction, at a stage when all properties
have become streamwise independent (see Schlichting 1987). A sketch of the flow
is shown in figure 2.2. In this case no approximation is needed and the analytical
solution can be derived directly from the incompressible Navier–Stokes and
continuity equations (1.1).

The boundary conditions are no-slip at the porous plate and free-stream
away from it

y = 0 : u = 0; v = −VS , (2.5a)

y =∞ : u = U∞ . (2.5b)

where U∞ and VS are the free-stream and suction velocities, respectively. The
system (1.1) with the boundary conditions (2.5) admits an exact analytical
solution, which does not depend on the streamwise direction x

(U, V,W ) = (U∞(1− e−yVS/ν),−VS , 0) ,

p = const .

The flow is realisable in experiments with a porous flat plate and a well-
controlled suction mechanism (Antonia et al. 1988; Fransson & Alfredsson
2003).

For the laminar base flow, a simple analytical expression can be obtained
for the displacement thickness

δ∗ =

∫ ∞
0

(
1− u

U∞

)
dy =

ν

VS
.

Hence the Reynolds number defined using the laminar displacement thickness
becomes the ratio between the free-stream and suction velocities Re = U∞/VS .
Suction has a stabilising effect on the boundary layer, with the linear stability
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x

u

zw

y v

U∞

δ∗

Figure 2.2. Sketch of the asymptotic suction boundary layer.
Applying suction prevents the spatial growth and constant
boundary-layer thickness is reached further downstream.

threshold shifting to Rec = 54370 (Hocking 1975). However, transition to
turbulence can be triggered at much lower values of the Reynolds number
around 300 (Mariani et al. 1993; Schlatter & Örlü 2011; Khapko et al. 2016).

An interesting property of ASBL follows from the integral momentum
equation in the asymptotic state, which holds for both laminar and turbulent
regimes ∫ ∞

0

−VS
∂u

∂y
dy =

∫ ∞
0

ν
∂2u

∂y2
dy . (2.6)

Integrating the above expression (2.6) we get

VSU∞ = ν
∂u

∂y

∣∣∣
y=0

,

which, using the definition of the wall-shear stress τw = ρν
(
∂u/∂y

)∣∣
y=0

and the

friction velocity uτ = (τw/ρ)
1
2 , becomes

VS
U∞

=

(
uτ
U∞

)2

.

Thus, for both laminar and turbulent ASBL, the skin friction factor cf is fixed
by the suction rate

cf =
τw

1
2ρU

2∞
= 2

(
uτ
U∞

)2

=
2

Re
.

This means that the momentum loss at the wall is compensated by continuously
entraining free-stream fluid through suction.



2.3. Numerical methods 9

The free-stream velocity U∞ and the displacement thickness δ∗ are used as
the characteristic units for the non-dimensionalisation. For turbulent ASBL, the
inner length scale `? = ν/uτ used for the viscous scaling becomes `? = δ∗/

√
Re.

The friction Reynolds number is defined as Reτ = δ99uτ/ν or equivalently
Reτ = δ+

99, where (·)+ denotes inner scaling.

2.3. Numerical methods

Numerical studies of the boundary-layer flows described above were performed
using a KTH Mechanics in-house code called SIMSON (Chevalier et al. 2007). It
is a fully spectral code, which solves the incompressible Navier–Stokes equations
in the velocity–vorticity formulation inside a channel geometry. The numerical
domain is defined as Ω = [−Lx/2, Lx/2]× [0, Ly]× [−Lz/2, Lz/2]. The code is
written in Fortran 77/90. It can be used to perform direct numerical simulations
(DNS) as well as large-eddy simulations (LES). The flow field u is expanded
using a Fourier basis in the streamwise x and spanwise z directions, and using
Chebyshev polynomials in the wall-normal y direction. Dealiasing using the
3/2 rule is performed in the wall-parallel directions. Third-order Runge–Kutta
and second-order Crank–Nicolson methods are used for time advancement of
the nonlinear and linear terms, respectively.

The solver is parallelised using both shared and distributed memory par-
allelisation with the Open Multi-Processing (OpenMP) and Message Passing
Interface (MPI), respectively. Two different MPI implementations enable do-
main decomposition in one (x) or two (xz) directions (Li et al. 2008).

As a direct consequence of using the Fourier decomposition, periodic bound-
ary conditions are imposed in the streamwise x and spanwise z directions. This
is convenient for parallel flows. However, for simulating spatially developing
boundary layers, additional adjustments need to be made. For the latter case, a
fringe region is added at the end of the physical domain, where all fluctuations
are removed and the flow is forced to the required inflow condition. This is done
by adding a forcing term on the right-hand side of the Navier–Stokes equations.
The forcing takes the form F = λ(x)(ui − u), where ui is the desired inflow so-
lution and λ(x) is the fringe function, non-zero only inside the fringe (Chevalier
et al. 2007). The fringe function ensures smooth transition from the outflow to
the inflow state.

For the Blasius flow case, homogeneous Dirichlet boundary conditions are
imposed at the bottom of the domain, corresponding to no-slip at the wall.
Neumann boundary conditions are used at the top, at a sufficient distance
from the wall, shown to be stable in the presence of weak fluctuations at the
boundary. Thus, the boundary conditions in the spatially growing case read as

(u, v, w)
∣∣
y=0

= (0, 0, 0) ,(∂u
∂y
,
∂v

∂y
,
∂w

∂y

)∣∣∣∣
y=Ly

=
(∂U
∂y

∣∣∣∣
y=Ly

,
∂V

∂y

∣∣∣∣
y=Ly

, 0
)
,

where (U, V, 0) is the Blasius base flow.
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Figure 2.3. Time evolution of the 99% boundary-layer
thickness δ99 for the laminar ASBL flow when using Dirichlet
(solid) and Neumann-type (dashed) boundary conditions.

The boundary layer with constant homogeneous suction is implemented
by imposing a suction velocity in the wall-normal boundary conditions. As a
direct consequence of the integral momentum equation, using Neumann-type
boundary conditions for ASBL, and thus not prescribing constant free-stream
velocity at the top of the domain leads to a slow boundary-layer growth (see
figure 2.3). Instead, Dirichlet boundary conditions are used also at the top of
the domain

(u, v, w)
∣∣
y=0

= (0,−VS , 0) ,

(u, v, w)
∣∣
y=Ly

= (U∞,−VS , 0) .

As shown in turbulent ASBL studies by Schlatter & Örlü (2011) and Bobke
et al. (2016), in the turbulent regime the boundary-layer thickness δ99 saturates
at very high values in comparison to the laminar one, even at moderate Reynolds
numbers. Moreover, for relatively small computational domains the final 99%
thickness, as well as the size of the largest turbulent structures, depends on the
dimensions of the domain. Therefore, an appropriate choice of the computational
box is important in order to ensure the validity of turbulent ASBL simulations.



Chapter 3

Laminar–turbulent separatrix

3.1. Edge of chaos and edge states

For a given flow case, consider a set X of all possible states of this flow. An
element x in this set corresponds to a velocity field and pressure, which fully
describe one single state. The Navier–Stokes equations supplied with the
continuity equation (system 1.1) govern the evolution of the flow in time, and
hence determine the rules by which the state x(t) evolves with time. In this case,
the Navier–Stokes equations together with the state space X can be viewed as
a dynamical system

ẋ = f(x) , (3.1a)

x(0) = x0 , (3.1b)

where f : X→ X is associated with the Navier–Stokes equations and x0 is the
initial flow state at time t = 0.

Time evolution of this system corresponds to a trajectory in the state
space X which starts at x0. In this framework, the laminar base flow, a trivial
solution of the Navier–Stokes equations (1.1), is a fixed point of the system (3.1).
As long as the base flow is linearly stable, it serves as the attractor for the
nearby trajectories. As was discussed in chapter 1, in many shear flows despite
the linear stability of the laminar state another concurrent state of the flow,
namely turbulence, can be observed. Depending on the initial condition x0 the
flow can either laminarise or turbulence may be triggered. Thus, the two states,
laminar and turbulent, are in competition with each other. This suggests the
existence of a basin boundary between the two associated basins of attraction
in X. This boundary is an invariant manifold of the system and is called the
edge of chaos (Skufca et al. 2006). The manifold has codimension 1, and thus
is either of infinite dimension or of dimension N − 1 in the numerical case. The
trajectories lying on this boundary are believed to reach a relative attractor
within it, the so-called edge state (Schneider et al. 2007). The corresponding
state-space view is shown in figure 3.1. Two trajectories starting above (red)
and below (green) the edge are shown to follow it closely for a finite time, before
departing to the turbulent and laminar state, respectively. The point on the
edge denoted as the ‘minimal seed’ corresponds to the smallest distance between
the laminar state and the basin boundary (Cherubini et al. 2011b; Duguet

11
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Figure 3.1. Conceptual representation of the state space
X, formed by all the possible flow states. Basins of attraction
of the laminar state (green circle) and the chaotic structure
governing turbulence behaviour (red convoluted object) are
separated by the edge of chaos. The edge state (dark blue
circle) is the attracting state withing the edge, whereas the
minimal seed (brown circle) is the point on the edge closest to
the laminar state. Two trajectories starting above and below
the edge are shown with red and green colours, respectively.
See the text for more details.

et al. 2013; Kerswell et al. 2014). It depends on the norm chosen to define the
distance in the state space, which is shown with the dashed circle in the sketch.
An infinitely small perturbation to the minimal seed in the direction of the
turbulent basin of attraction results in a disturbance of minimal energy (with
the chosen perturbation energy norm) that leads to transition to turbulence.

The concept of the ‘edge of chaos’ was formally defined by Skufca et al.
(2006) in a Galerkin representation of a parallel shear flow. In this system the
laminar state coexists with a chaotic saddle which supports transient turbulent
behaviour, a more complicated situation compared to the one described above.
A chaotic saddle is a chaotic structure in the phase space that traps trajectories
for a finite time. By studying the lifetimes (duration of the transients) for a
span of initial conditions, Skufca et al. (2006) identified an object separating
initial conditions going laminar from those going towards the chaotic saddle, the
edge of chaos. In addition, they also proposed a method to follow the infinite
lifetime trajectories within the edge, known now as the ‘edge tracking’. It relies
on bisections between initial conditions with low and high lifetimes, which are
repeated at suitable time intervals. Details of the method are provided in the
next section 3.2. Computed edge trajectories quickly converged to a relative
attractor within the edge, which in their case changed from a periodic orbit to
a chaotic object as the Reynolds number was varied. The same ideas were later
applied to the full Navier–Stokes system in the pipe geometry by Schneider
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et al. (2007), who coined the term ‘edge state’. It appeared to be chaotic in
this case.

In wall-bounded shear flows transient turbulent behaviour is seen close to
the bifurcation point ReSN (see figure 1.1) in constrained numerical domains
(Schmiegel & Eckhardt 1997). Bifurcations leading to the creation of a chaotic
saddle that supports this behaviour were carefully identified in the cases of pipe
and plane Couette flows (Mellibovsky & Eckhardt 2012; Kreilos & Eckhardt 2012;
Avila et al. 2013). The turbulent attractor, created in the saddle-node bifurcation
at ReSN , turns into a chaotic saddle at slightly higher Re, when it collides
with its basin boundary, a bifurcation known as a boundary crisis (Grebogi
et al. 1986; Alligood et al. 1996). This leads to a highly convoluted structure of
the basin boundary, which is entangled within the chaotic saddle (Chantry &
Schneider 2014). Kreilos et al. (2014) went on to show that, as Re is further
increased, new solutions are created inside the chaotic saddle. They in turn
undergo boundary crisis bifurcations, enhancing the complexity of the chaotic
saddle, and as a consequence increasing the lifetimes of individual trajectories.
However, the applicability of this paradigm to turbulent flows remains to be
elucidated in a spatially extended set-up, where turbulence can be re-initiated
through spatial interactions.

The increase of lifetimes with increasing Re leads to a state with immeasur-
able lifetimes. This takes us back to the situation described in the beginning of
this section, with turbulence being supported by a turbulent attractor and the
edge of chaos corresponding to the boundary separating the laminar and turbu-
lent basins of attraction. In this framework the laminar–turbulent separatrix
was studied even before the notions of edge state and edge of chaos were formally
established. Toh & Itano (1999) found a travelling-wave solution lying on the
laminar–turbulent boundary in plane Poiseuille flow, during an effort to analyse
the dynamics of burst events in near-wall turbulence. Bursting of the streaks is
part of the self-sustaining process (SSP) in near-wall turbulence (Hamilton et al.
1995). A variation of the edge tracking technique, which they called shooting
method, was employed to follow the edge. The differences between the methods
of Toh & Itano (1999) and Skufca et al. (2006) will be discussed in section 3.2.
From their initial viewpoint, the bursting of the streaks corresponded to the
escape from the travelling wave along its unstable manifold (Toh & Itano 1999;
Itano & Toh 2001). Improving their calculation, the result was reinterpreted as
a periodic-like solution within the laminar–turbulent separatrix going through
calm and bursting phases (Toh & Itano 2003), which was later confirmed by
Zammert & Eckhardt (2014a). The same numerical technique to follow the
edge was applied in plane Couette flow by Kawahara & Kida (2001), where
they found an exactly periodic edge state. For different numerical domain sizes
also steady and chaotic edge states have been identified in plane Couette flow
(Wang et al. 2007; Schneider et al. 2008). The family of steady solutions was
initially found by Nagata (1990) through homotopy methods, which however do
not reveal much about the state space. Thus, the dimensions of the numerical
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domain influence the nature of the edge state. However, regardless of the exact
dynamics, it consists of the same ingredients in the physical space that are
reminiscent of turbulent coherent structures: streaks and streamwise rolls.

Initial edge state studies in parallel shear flows (Toh & Itano 2003; Schneider
et al. 2007, 2008) were all performed in confined periodic domains, limiting the
size of the structure on the edge. This did not only lower the computational
cost, but also ensured that there was no spatial coexistence of the laminar and
turbulent regimes. Later studies (Duguet et al. 2009; Schneider et al. 2010;
Mellibovsky et al. 2009; Duguet et al. 2010b; Avila et al. 2013; Zammert &
Eckhardt 2014) showed that the dynamics on the edge stays low-dimensional
even in extended domains, with robust spatial localisation of the edge states.
The appearance of families of spanwise-localised states in plane Couette flow
was shown to be connected to homoclinic snaking (Knobloch 2008; Schneider
et al. 2010a; Duguet et al. 2011).

Apart from the clear theoretical importance of the edge state concept,
there are also interesting practical aspects and implications. Kawahara (2005)
proposed a control strategy, which targets the flow when it approaches the edge
state, forcing it to move to the laminar side of the basin boundary. In another
recent study, the polymer drag reduction in plane Poiseuille flow was related to
the dynamics on the edge (Xi & Graham 2012). Observation was made that the
turbulent flow is going through active and hibernating stages, with the former
one shortening with the addition of polymers. Xi & Graham (2012) argued
that hibernating phases are excursions towards the edge state, which is hardly
affected by the polymer additives. In this case, the edge state serves as the
upper limit for the polymer-induced drag reduction. This could explain the
maximum drag reduction phenomenon, when the flow becomes unresponsive to
extra addition of polymers.

Another important question is the possibility to observe edge states or their
dynamics in laboratory experiments. Bottin et al. (1998) performed experiments
of decaying turbulence in plane Couette flow, that can now be viewed as a step
towards answering this question. During the decay process, they observed active
regions with streamwise vortices, which could be stabilised using a continuous
deformation approach by introducing a thin wire inside the flow. With an
incredible insight, Bottin et al. (1998) associated them with the unstable (in the
plane Couette flow limit) nonlinear solutions lying on a branch disconnected
from the laminar profile. Later, de Lozar et al. (2012) managed to detect edge
state dynamics during turbulence decay in a pipe flow experiment. The most
indicative experimental flow fields converged to the unstable solutions known to
be part of the chaotic edge state in pipe flow (Pringle & Kerswell 2007; Duguet
et al. 2008; Pringle et al. 2009).

3.2. Edge tracking

A well-established technique for following the trajectories within the edge of
chaos is called edge tracking. The main steps of the algorithm are shown in
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Figure 3.2. Edge-tracking algorithm illustrated step by step,
using the conceptual sketch of the phase space from figure 3.1.
(a) The family of initial conditions used for the bisection is
represented by a part (solid) of the black dashed line, connecting
the two states from different sides of the boundary, uT and
uL. Here, the laminar state is used as uL. (b) Result of
the bisection: two trajectories which shadow the separatrix
for longer time, however, eventually depart in two opposite
directions. (c) The last trajectory of the finished bisection
is used to obtain the new uT and construct the new family
of initial conditions for the next bisection (solid part of the
line connecting uT and uL). (d) Results of two consecutive
bisections form a piecewise continuous trajectory on the edge,
shown with the thick dark blue lines.

figure 3.2. It starts with choosing two initial conditions (uT and uL) bracketing
the edge. This means that, as they are evolved in time, one (uT ) reaches
turbulence and the other one (uL) laminarises. Knowing that the edge of chaos
lies somewhere inbetween, a bisection on the line connecting the two is performed
(see figure 3.2a). In other words, we consider a family of initial conditions
u = uL + λ(uT − uL), where λ is the bisection parameter varied between 0
and 1. At each iteration of the bisection a single initial condition is evolved in
time until it comes close to the laminar or turbulent state. This approach relies
on the ability to identify thresholds for some relevant scalar observable that
allows to unambiguously distinguish between the two states. In this work the
rms (root-mean-square) of the wall-normal velocity fluctuations vrms is used for
this purpose. Depending on which side the trajectory ends up, a new initial
condition is chosen by rescaling λ, and the process is repeated. At the end of
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the bisection we obtain an initial condition on the line between uL and uT ,
which lays closest to the edge of chaos. The corresponding trajectory stays close
to the edge for a finite time, however, due to the limited numerical accuracy
of the bisection and the natural instability of the edge, at some point leaves
towards either laminar or turbulent side. In figure 3.2(b) two last trajectories of
a bisection diverging from the edge in opposite directions are shown. Therefore,
in order to stay within the edge of chaos for an arbitrary long time subsequent
bisections are performed between the new refined initial conditions uL and uT .
They are chosen based on the results of the previous bisection (see figures 3.2c).
The obtained piecewise continuous trajectory (see figures 3.2d) shadows the
basin boundary for an infinite time and approaches the relative attractor within
this boundary, the edge state.

The difference between the edge-tracking techniques employed in the lit-
erature is mainly the choice of the refined initial conditions uL and uT . In
their shooting method, Toh & Itano (2003) used the quasi-two-dimensional
component of the velocity as uL and the full velocity field as uT . In the study by
Skufca et al. (2006), uL and uT are chosen as points on the two last trajectories
of the previous bisection, which diverge from the edge in opposite directions.
Schneider et al. (2007) repeatedly used the laminar profile as uL and a state on
the last turbulent trajectory as uT . Similarly, in this work uL is the laminar
flow, however uT is a state on the last trajectory, regardless of whether it
goes laminar or turbulent. This means that the bisection parameter λ can in
principle be larger than 1. Typically values in the interval (0.9, 1.1) were used.

Another degree of freedom of the procedure is the choice of the position in
time where the new bisection is started. The refinements can be done at regular
time intervals or based on exceeding a threshold on the separation between the
two last diverging trajectories of the previous bisection. Both approaches were
used in this study.

3.3. Edge states in boundary layers

Recently, the concept of edge states was addressed in the boundary-layer flows
framework (Cherubini et al. 2011; Duguet et al. 2012; Biau 2012; Kreilos
et al. 2013; Khapko et al. 2013, 2014). Attention was mainly focused on the
Blasius boundary-layer case. Performing edge tracking with imposed spanwise
symmetry, Duguet et al. (2012) were able to follow the structure on the edge,
which was growing downstream, but remained fully localised. In terms of the
local boundary-layer thickness scaling, it experiences almost-cyclic dynamics.
However, in general, the application of the bisection technique to Blasius flow
is rendered difficult, both fundamentally and computationally, by the spatial
development of the flow. It not only strengthens the domain size requirements
needed to keep the structure on the edge localised as it moves downstream, but,
more importantly, the proper asymptotic dynamics remains inaccessible in this
set-up.
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There are few different approaches to model the spatially developing bound-
ary layer in a parallel set-up (Spalart & Yang 1987; Spalart 1988). Based on
the method of Spalart (1988), Biau (2012) performed studies of the laminar–
turbulent separatrix considering the temporal evolution of a short streamwise
segment of the flow. Another alternative is to balance the spatial growth by
applying suction. Constant and homogeneous suction leads to the asymptotic
suction boundary-layer case. Compared to different parallel Blasius models,
ASBL has the advantage of being both an analytical solution of the incompress-
ible Navier–Stokes equations and realisable in experiments. Insights into the
dynamics on the separatrix developed in ASBL can later be generalised to and
compared with the spatially growing case.

Similarly to the edge state studies in the internal wall-bounded flows,
small domains were considered initially in ASBL (Kreilos et al. 2013). In this
configuration the edge state is a relative periodic orbit. Structurally it is made
up of a pair of low- and high-speed streaks, which are shifted by exactly half
of the box width during the high-energy bursts. As the domain is extended in
z, the structure on the edge invariably localises in the corresponding direction
(Khapko et al. (2013), Paper 1). Still, the active part of the state is composed
of a pair of low- and high-speed streaks. Depending on the streamwise period
Lx, either chaotic behaviour is observed or all trajectories reach one of the three
edge states, which differ in the direction of the spanwise shift during bursts.
Both temporal and spatial dynamics of one of the periodic and erratic states
can be seen in the space–time diagrams shown in figure 3.3(a),(b). Similar
dynamics is observed in both cases, with calmer phases, where the intensity
of the streaks varies only slowly, and bursting phases, when the structure is
re-formed with the shift in the spanwise direction. In the chaotic case, the
intervals between bursts and the distance/direction of the shifts are not regular
in time and space, respectively. The bifurcations leading from periodic to erratic
behaviour were studied by slowly varying the streamwise length of the domain
Lx (Khapko et al. (2014), Paper 2). A number of interesting phenomena
which are typically studied in the context of simple systems, such as logistic
maps, have been observed. Among those are multistability, Pomeau–Manneville
intermittency and period doubling.

In order to remove the constraint in the streamwise direction and to be
able to compare with the computation in the Blasius boundary layer (Duguet
et al. 2012), edge tracking was next performed in a domain extended in all
directions (Paper 3). The obtained edge state is fully localised. The dynamics
and the structure of the state are much more complicated compared to the
previously computed cases. Still, the already acquired understanding of the
states in constrained domains provides the tools and framework for interpreting
the fully localised case. Structurally the state consists of low- and high-speed
streaks and resembles a turbulent spot in its early development stages. Similarly
to constrained states, it goes through calm and bursting phases. The later lead
to destruction and recreation of the structure with shifts in both spanwise and
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Figure 3.3. Space–time diagrams depicting streamwise veloc-
ity fluctuations u′ averaged in x at y = 1. In addition, time
evolution of the cross-flow energy is schematically shown to
the right. (a) Spanwise-localised periodic edge state (R) for
Lx = 6π, which continuously shifts to the right. The other
two periodic edge states observed for the same set-up are the
symmetry-related left-going state (L) and the left-right alter-
nating state (LR). (b) Spanwise-localised chaotic edge state for
Lx = 4π. (c) Fully-localised chaotic edge state for even wider
domain and Lx = 800. In order to focus on the active part
of the state, x-averaging is performed in the neighbourhood
around the most energetic region. This representation allows
for qualitative comparison of the dynamics of the states that
are space-filling and localised in x.

streamwise directions. The temporal and spanwise dynamics of the state can
be seen in figure 3.3(c).

A clear regeneration mechanism of the edge states in ASBL was identified
in all cases, independent of their structure, localisation and temporal dynamics.
During the calm phase, most of the streaks decay, with one active low-speed
streak developing a sinuous instability and counter-rotating streamwise vortices
flanking the streak. As the vortices grow in strength, they start leaning over and
bending the streak. This part of the cycle is shown in figure 3.4(a) for the case
of the fully localised edge state. At some point the vortices cross and, instead
of lifting slow fluid away from the wall and sustaining the low-speed streak,
start pushing fluid towards the wall. This invariably leads to the breakdown
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(a) (b)

Figure 3.4. Three-dimensional snapshots of the flow. The
low- and high-speed streaks are shown with blue and red colours,
respectively. The vortical structures are visualised using the λ2

criterion (Jeong & Hussain 1995) with green isosurfaces. The
same isolevels are used for the two figures. Only parts of the
computational domains are shown. Flow is from left to right.
(a) The active part of the fully localised edge state in ASBL
during the calm phase. (b) Event leading to the nucleation of
a turbulent spot in ASBL. The flow was perturbed by adding
random noise in the whole domain.

of the active low-speed streak and creation of a high-speed streak at the same
position. This coincides with the energy burst. In the breakdown process new
vortices are created, which generate new streaks, and the cycle is closed.

A similar streak regeneration mechanism was observed by Biau (2012) in
his temporal model of the spatially developing boundary layer, indicating that
the dynamics is very much alike in the two flows. In general, the mechanism
bears a strong resemblance to the self-sustaining process (SSP) of near wall-
turbulence, identified by Hamilton et al. (1995). Additional feature, as compared
to the classical SSP, is the spanwise shift of the structure at every burst. The
fluctuations that are lifted away from the wall during the burst are subject to
higher convection velocities. In the fully localised case, they are quickly advected
downstream, separating from the main structure, where they eventually decay.
The latter behaviour was also observed in the dynamics on the edge for the
case of the spatially growing boundary layer (Duguet et al. 2012).

A low-speed streak flanked by streamwise counter-rotating vortices is re-
currently visited on the edge during calm phases. This simple structure is
seen during the evolution of the minimal seed (Duguet et al. 2013), as the
corresponding trajectory goes along the edge for a longer time and only then
departs to turbulence. More surprisingly, similar structures can be identified
during the bypass transition scenario (see figure 3.4b), where sinuous instability
of the streak is one of the known secondary instabilities leading to the streak
breakdown and nucleation of a turbulent spot (Schlatter et al. 2008). This
can be reconnected with the phase-space representation of the dynamics of the
flow in figure 3.1 and the role of the edge state as a saddle point of the system.
Starting from moderate disturbance levels, individual trajectories approach
and go along the edge for a finite time. During this approach (the receptivity
process), the perturbation re-forms into a low-speed streak flanked by stream-
wise vortices (repeatedly visited structure on the edge). The sinuous instability
in most cases leads to a burst of the streak. When confined to the edge, the
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burst would be followed by a calm phase, where most of the structures created
during the burst decay. On the turbulent side of the edge the burst leads to
the breakdown into a turbulent spot, whereas on the other side the structure
eventually laminarises. This confirms the importance of studying dynamics on
the edge for understanding and modelling transition to turbulence. Moreover,
this interpretation was used by (Kreilos et al. 2015) to model nucleation of
turbulent spots as a function of streamwise position in a spatially growing
boundary layer.



Chapter 4

Bypass transition

4.1. Free-stream turbulence induced transition

There are many ways to trigger turbulence in a boundary layer. This can be
achieved by introducing different types of perturbations to the flow (Goldstein
& Hultgren 1989), ranging from natural disturbances coming from outside the
boundary layer (e.g. free-stream turbulence, acoustic waves), to the local ones
located inside the boundary layer (e.g. tripping, roughness elements or localised
forcing). Here, we focus on bypass transition induced by incoming free-stream
turbulence, which acts as a permanent excitation to the flow.

In laboratory experiments free-stream turbulence is typically generated
using a grid, placed upstream of the flat plate over which the boundary layer
develops (Matsubara & Alfredsson 2001; Fransson et al. 2005). This results in
isotropic (rotationally invariant) and homogeneous (translationally invariant)
turbulent inflow. In numerical experiments isotropic homogeneous turbulence
can be generated using Fourier modes, which are summed up with a random am-
plitude (Rogallo 1981; Hosseini 2015). However, this approach is not applicable
for the boundary-layer simulations which do not include the leading edge and
start only at some distance from it downstream. In this case the wall-normal
direction is inhomogeneous, and the presence of the flat plate has to be taken
into account. This can be achieved by using the continuous spectrum of the
linearised Orr–Sommerfeld and Squire operators as the basis functions for the
expansion (Jacobs & Durbin 2001; Schlatter 2001; Brandt et al. 2004), instead
of the Fourier modes. The modes of the continuous spectrum are sinusoidal in
the free stream and decay near the wall. The specific choice of the wavenumbers
for the eigenmodes ensures that the resulting turbulence is isotropic. Once these
wavenumbers are identified, the respective eigenfunctions are calculated from
the Orr–Sommerfeld and Squire equations. Finally, the velocity components
are obtained by summing up the eigenmodes with a random phase shift, and
amplitude determined according to a prescribed energy spectrum. In order to
avoid numerical issues at the top of the numerical domain, the resulting inflow
is damped above a certain height. Further details on the free-stream turbulence
generation procedure can be found in Schlatter (2001) and Brandt et al. (2004).

The effect of the free-stream turbulence depends on the intensity of its
fluctuations Tu (measurement in % of the free-stream velocity) and their spatial
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Figure 4.1. A snapshot of free-stream turbulence induced
transition in a boundary layer. Positive and negative stream-
wise velocity fluctuations are shown with red and blue isosur-
faces, respectively. The vortices are visualised using the λ2

criterion (Jeong & Hussain 1995) with yellow and green. Flow
from lower left to upper right.

scales. In the case when the incoming free-stream turbulence intensity Tu is
above 1%, subcritical transition is triggered bypassing the classical TS waves
scenario. A snapshot of the flow undergoing bypass transition is shown in
figure 4.1. The free-stream turbulence is seen entering the domain from the
left and decaying as it progresses downstream. During the receptivity stage,
the free-stream fluctuations penetrate and induce perturbations inside the
boundary layer. Brandt et al. (2004) showed that for lower levels of the free-
stream turbulence the receptivity mechanism is linear, i.e. the free-stream
vortices directly propagate into the boundary layer. For higher free-stream
turbulence levels (intensities above 3%) nonlinear mechanisms are dominating,
i.e. streamwise vortices are generated inside the boundary layer due to nonlinear
interactions of oblique modes in the free stream. In both cases, the presence of
the streamwise vortices in the boundary layer causes the lift-up effect, when
faster fluid is moved to the wall and slower fluid near the wall is lifted in the
direction of the free stream (Brandt 2014). This leads to the formation of
streamwise streaks, elongated regions with higher or lower streamwise velocity
(Klebanoff 1971).

As the streaks progress downstream they grow both in amplitude and
size. Still, the flow is considered to be laminar (or quasi-laminar) at this
stage. Further downstream, the low-speed streaks start bending in the spanwise
direction. The developing waviness is related to the secondary instability of
the streaks (Matsubara & Alfredsson 2001), a concept that requires various
hypothesis (like slow streak decay, two-dimensionality, etc.), to define the base
flow to linearise about. Depending on the symmetry properties of this waviness,
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two types of instabilities – sinuous (antisymmetric) and varicose (symmetric) –
are distinguished, with the former one statistically more frequent during bypass
transition (Schlatter et al. 2008). The growth of both the streak amplitude
and the associated instability leads to the local breakdown to turbulence,
i.e. appearance of turbulent spots (patches of irregular motion in figure 4.1).
Cossu et al. (2011) suggested that more than one parameter should be used
to characterise streak breakdown, obtaining a two-dimensional threshold in
a space spanned by the streak strength and the amplitude of its instability.
Once a spot is nucleated in the flow, it starts growing, while being advected
downstream, and merging with the neighbouring spots (Emmons 1951). This
process eventually leads to a fully turbulent boundary-layer flow, seen at the
end of the domain in figure 4.1.

4.2. Cellular automaton model for bypass transition

Previous section demonstrates that thorough understanding of bypass transition
requires dividing the whole process in few stages, which are more accessible
for analysis. Each subprocess is studied separately, and then all of them are
combined together to get the full picture of the phenomena. As such, this
approach makes it almost impossible to predict the outcome and important
engineering properties of transition (e.g. transition location and the fraction of
the flow that is turbulent) for each possible set of input parameters.

This encouraged research aimed at modelling the whole transition process
together, with the nucleation of the spots and their growth as the main ingredi-
ents. The goal, usually, is to obtain the intermittency curve γ, which measures
the fraction of turbulent flow as the function of the streamwise distance. It was
Emmons (1951) who first developed a theory which translates spot nucleation
rate into probability of the flow being turbulent at a given position, assuming
constant growth of the spots. Due to the lack of experimental data, he also
assumed constant nucleation rates, independent of the streamwise position.
Later, Dhawan & Narasimha (1958) adjusted Emmons’ formula for γ by as-
suming concentrated breakdown, i.e. all spots being nucleated at the same
streamwise position. Johnson & Fashifar (1994) arrived to the same formula,
but in a different way, solving an ordinary differential equation for γ. They
corrected the concentrated breakdown assumption by using a physical model
for the spot nucleation process, associating breakdown with the instantaneous
velocity close to the wall dropping below 50% of the local mean velocity. In
this case, the nucleation rate becomes proportional to the distance from the
leading edge. This idea was further developed by Ustinov (2013), who based
his computations on the assumptions that breakdown occurs when the velocity
deviates from the mean by a certain threshold, and Gaussian distribution of
the velocity fluctuations.

All the modelling approaches described above rely on the same formula
for γ derived by Emmons (1951), and differ only in the adopted shape of the
spot-nucleation rates. The process of spots spreading and merging, assumed to
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Figure 4.2. (a) Reduction of the full three-dimensional flow
field shown in figure 4.1 to a discrete laminar (white) and
turbulent (black) representation. (b) Rules for creating new
generation of the cellular automaton. First all the data is moved
to the right by one cell. Next turbulent cells (black) persist with
a probability p and contaminate neighbouring cells in front, in
the back and on the sides with the probabilities f , b and s,
respectively.

be deterministic, is implicitly embedded within the formula. However, the local
growth of the turbulent regions is stochastic, rather than purely deterministic
(Pomeau 1986). A way to model the stochastic spreading explicitly was proposed
by Chaté & Manneville (1987). They drew the analogy between the spatio-
temporal processes of transition and probabilistic cellular automata (PCA),
discrete systems evolving on a two-dimensional grid of cells. The most famous
example of a cellular automaton (CA) is Conway’s Game of Life. At each time
instance the cells of CA are in one of the prescribed states, laminar or turbulent
in the case of transitional flow. A new configuration of the system is created
from a previous one according to a set of rules, which determine the new state
of each cell based on the states of the neighbouring cells. In a PCA these rules
are probabilistic.

Vinod & Govindarajan (2004) used this type of modelling for the spatial
evolution of the spots in the context of bypass transition in a boundary layer
subject to free-stream turbulence. They assumed concentrated breakdown for
the spot nucleations. Therefore the input to their CA is provided in a form
of randomly generated spots at a fixed streamwise location. However, the CA
model itself is to a large extent phenomenological, as the spots are created in
the shape of triangles and constant front/spreading is assumed. A probabilistic
cellular automaton based entirely on the data from numerical simulations is
constructed in Paper 4.
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As a first step in constructing the PCA model, the whole transition process
is reduced from the three-dimensional physical space to a two-dimensional grid
of a cellular automaton. The size of the cells and the time discretisation are
determined based on the spatial autocorrelation in the spanwise direction and
space–time autocorrelation in the streamwise direction. The latter contains
information on the advection speed of the turbulent regions. Typically, one cell
contains at least a pair of low- and high-speed streaks. Each cell can be in either
of two states: laminar (white) or turbulent (black). Note, that the streaky quasi-
laminar flow is considered as laminar in this context. In order to distinguish
between laminar and turbulent flow, the spanwise wall-shear stress ∂w/∂y|y=0 is
used. This quantity is close to zero in laminar/quasi-laminar regions and reaches
high values in turbulence. The main advantage of this approach, compared to
the other known methods (Rehill et al. 2011), is that ∂w/∂y is measured at
an unambiguous wall-normal position (y = 0), which is especially useful in the
case of spatially developing flows. During the laminar/turbulent differentiation
procedure, ∂w/∂y|y=0 is averaged over each cell, and, depending on whether
the result is below or above a predefined threshold value, the cell is classified as
instantaneously laminar or turbulent. In order to avoid flickering in the data,
spatial filtering is employed before applying the threshold. The result of this
procedure applied to the snapshot in figure 4.1 is shown in figure 4.2(a).

The time evolution of the constructed cellular automaton follows a two-step
process. The first step is deterministic, with all cells being moved by one cell in
the downstream direction. This corresponds to the advection of the structures.
In the second step each turbulent cell has a probability p to stay turbulent
and probabilities f , b and s to initiate turbulence in the downstream cell, the
upstream one, and in the cells directly aside, respectively. The second step
captures the spatial growth of the turbulent regions. As compared to the CA
of Vinod & Govindarajan (2004), in addition to the probabilistic approach,
another significant improvement is that the four spreading probabilities are
computed directly from the simulation data, making this part of the model fully
data-driven. In order to study the dependence on the free-stream turbulence
intensity, five different values of Tu were considered. Surprisingly, there is
very little dependence of these probabilities on both Tu and the streamwise
position. Therefore, constant probabilities can be assumed based on the data.
Unsurprisingly, the obtained value for the probability to persist p is unity,
meaning that once turbulence is created it never decays in this set-up.

The designed PCA model so far only concerns development of turbulence,
once it is present in the system. But it is not complete. The process of the
nucleation of turbulent spots has to be included, i.e. the rules according to
which turbulent cells are created from laminar ones need to be prescribed. The
nucleation process is discussed in the next section.
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4.3. Nucleation of turbulent spots

In order to have a complete description of bypass transition, the turbulence
nucleation process has to be added to the model. This is done by introducing
an additional probability to nucleate turbulent cells in a laminar background.
Unfortunately, neither the constant nucleation probability used by Emmons
(1951), nor the concentrated breakdown hypothesis of Dhawan & Narasimha
(1958), or the suggestions of Johnson & Fashifar (1994) and Ustinov (2013)
produce credible intermittency curves when used with the PCA. Moreover, a
significantly larger amount of numerical data would be needed to extract this
probability directly from the numerical simulations. Instead, a new model
for spot nucleation has been developed, based on the recent advancements
in understanding of the laminar–turbulent separatrix, edge states and their
dynamic relevance for transition.

The proposed model relies on the fact that trajectories starting on the
turbulent side of the edge of chaos approach it for a finite time, before leaving
towards the turbulence attractor (based on the results of Paper 3). Moreover,
since the edge is linearly unstable, it is assumed that the escape from the edge
is exponential (assumption I). In other words, perturbations to the edge are
exponentially amplified

A(x) = AE + (A0 −AE) exp(λ(x− xc)) , (4.1)

where AE and A0 are the amplitudes associated with the edge and the perturbed
flow, once it has approached the edge, respectively, xc is the exponential growth
starting position, and λ is the Lyapunov exponent on the edge. For simplicity,
the latter is assumed to be constant in x. The development of the flow in space
in a spatial set-up is considered interchangeable with the development in time
in a temporal framework (assumption II). Turbulent spots are nucleated once
the energy reaches a certain threshold AT (assumption III). Note, that this is a
local approach to transition, valid in set-ups of limited size. However, the choice
of the PCA cells size, based on the correlation distances, ensures that before
turbulence is initiated, they develop independently of one another. Therefore,
equation (4.1) can be used to describe the evolution of each individual cell.
Solving this equation, with AT on the left-hand side, a position x where the
disturbance with initial amplitude A0 becomes turbulent, can be identified.
Therefore, a distribution of initial amplitudes pA(A0) (assumed to be Gaussian)
of perturbations in the boundary layer can be mapped to a distribution of spot
nucleations pc(x). All these ideas are schematically shown in figure 4.3.

The model features four parameters: the ratio r = AT /AE between AT
and AE , the Lyapunov exponent λ, the starting position of the exponential
growth xc and the width σ of the Gaussian distribution pA(A0). They have
all been obtained by running the PCA and ensuring the best fit between the
intermittency curves of the numerical simulations and the PCA. Apart from
perfect fit in terms of γ, the PCA also correctly reproduces other statistics, like
average width and number of turbulent spots. The variation of the free-stream
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Figure 4.3. Schematic sketch explaining the model for ob-
taining spot nucleation rates. The process starts with the
amplitude of the perturbations inside the boundary layer being
distributed as pA(A0). The perturbations that are above the
edge AE are exponentially amplified until they lead to the
creation of turbulent spots (reach AT ). This allows to map
each initial amplitude to a concrete transition location and
obtain a distribution of spot nucleations pc(x).

turbulence intensity Tu showed that the obtained parameters xc and r are
independent of Tu, whereas λ and σ increase linearly with increasing Tu.

The described model is only phenomenological, featuring a number of
assumptions and simplifications. Future research should aim at confirming the
made assumptions and dropping some of the simplifications, with the goal to
derive a data-driven version of the nucleation model.



Chapter 5

Onset of wall turbulence

5.1. Laminar–turbulent patterns in wall-bounded shear flows

The interest in spatio-temporal aspects of turbulence near its onset and sustained
laminar–turbulent coexistence was triggered by the famous experiments in
Taylor–Couette flow (Coles 1965; Van Atta 1966), where the ‘barber-pole’
structure has been discovered in counter-rotating regimes. Surprisingly, once
sustained turbulence arises, it does not uniformly contaminate the whole flow.
Instead it grows into oblique bands, forming a stable helical laminar–turbulent
pattern. Turbulence becomes space-filling only at higher values of the control
parameter, the Reynolds number Re.

Apart from the pursuit for an explanation of this phenomenon, these results
also raised the question whether this behaviour is limited to circular wall-
bounded flows, which are closed and intrinsically periodic, or whether similar
structures can be also expected in other wall-bounded, but open systems, like
plane Poiseuille, plane Couette or boundary-layer flows. For a long time, the
main obstacle for answering this question was the large domain-size require-
ments necessary to capture this spatio-temporal phenomenon. In the laboratory
framework, an additional complication comes from the non-zero mean advec-
tion (except for plane Couette flow). Spatio-temporal studies in these flows
were initiated with investigations of turbulent spots, in both laboratory and
numerical experiments (Carlson et al. 1982; Henningson et al. 1987; Lundbladh
& Johansson 1991; Tillmark & Alfredsson 1992; Bottin 1998). However, due to
either limited simulation times or confinement of the domain, no conclusions on
stable laminar–turbulent coexistence could be drawn. This was until Prigent
(2001) detected laminar–turbulent bands in an extended plane Couette appara-
tus, showing the relevance of this phenomenon also for parallel wall-bounded
flows. Soon after, numerical observations followed in both plane Couette and
plane Poiseuille flows (Tsukahara et al. 2005; Barkley & Tuckerman 2005).

Using a high aspect ratio domain, Duguet et al. (2010) demonstrated
in plane Couette flow that a whole range of different inclination angles of
the turbulent stripes is possible (see figure 5.1). They also showed that the
pattern forms independently of the prescribed initial condition (noise or localised
disturbance in their case), provided the right parameter range. In plane Couette
flow, this range in terms of Reynolds number Re and the minimal domain size
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Figure 5.1. Laminar–turbulent pattern in plane Couette
flow. Streamwise velocity in an xz plane at y = 0 is shown.
Flow from left to right. Figure from Duguet et al. (2010).

requirements was reported by Philip & Manneville (2011), who adiabatically
decreased Re starting from a fully turbulent regime until laminarisation. Below
the critical Reynolds number Reg turbulence invariably collapses. Slightly
above, turbulence is sustained but not space-filling, forming stable oblique
laminar–turbulent patterns. Further away from Reg, turbulence invades the
whole flow. The process leading from laminar to fully turbulent flow can be
seen as an analogy to phase transition in a thermodynamic system, with the
control parameter Re and the turbulent fraction used as the order parameter
describing the state of the system. There is a growing body of evidence that in
plane Couette and plane Poiseuille flow this transition is continuous (Lemoult
et al. 2016; Sano & Tamai 2016), i.e. turbulent fraction increases continuously
from 0 to 1 above Reg.

The physical mechanism behind the pattern phenomenon is still not fully
understood. Duguet & Schlatter (2013) proposed an explanation for the oblique-
ness of the turbulent bands in plane Couette flow, which can be extended to
other relevant cases. It relies on the fact that the large-scale flow is essentially
two-dimensional in the flows where turbulent stripes had been observed. Due
to mass conservation, a mismatch of the flow rates across the laminar–turbulent
interfaces invariably leads to a non-zero spanwise component of the large-scale
flow. Thus, the resulting large-scale flow at the interfaces is oblique. The fluc-
tuations on the edges of the growing turbulent region, that breakdown into new
streaks, are advected by this oblique large-scale flow, which ultimately results
in formation of inclined turbulent bands. Why turbulence remains localised in
the streamwise direction with fixed wavelength of the bands remains one of the
most important question to be solved.

Lately, it was shown that laminar–turbulent patterns also appear in flows
with some external stabilising forcing, e.g. magnetic field, rotation or stratifica-
tion (Brethouwer et al. 2012; Deusebio et al. 2014; Ansorge & Mellado 2014).
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Figure 5.2. Time-averaged values of 99% boundary-layer
thickness δ99 (filled circles) scaled with the laminar δ99L at
each Re value of the lowering procedure and Reτ = δ+
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squares, axis to the right) vs. Re. Below Reg turbulence is not
sustained and δ99/δ99L ≡ 1 (marked with the dashed line).

In this case they can be present only close to the walls and the whole phe-
nomenon might occur at higher Reynolds numbers ranges. The one-dimensional
counterparts of stripes in pipe flow are puffs (or train of puffs) (Wygnanski &
Champagne 1973), which however lack the obliqueness due to the confinement
of the flow. The possibility to observe this phenomenon in classical boundary
layers will be discussed in the next section.

5.2. Onset of turbulence in boundary-layer flows

The study of turbulence near its onset becomes challenging in the context
of a boundary-layer flow above a solid flat plate. The slow spatial growth
of the layer, and thus continuous increase of the length scales, leads to a
progressive increase of Re. This means, that the equilibrium regime at the
onset is inaccessible, and laminar–turbulent coexistence manifests itself only
transiently during transition, in a form of growing and merging turbulent spots.
As already mentioned in the previous chapters, this obstacle can be removed
by applying constant homogeneous suction and making the flow parallel, i.e.
working with the asymptotic suction boundary layer.

Turbulence and its collapse in ASBL are investigated in Paper 5, using
a spatially extended set-up. Following the same technique as Prigent (2001)
and Philip & Manneville (2011), Re is decreased in small steps, starting from
a fully turbulent state. This approach allows not only to study turbulence
near its onset and the processes leading to laminarisation, but also provides a
credible estimate for the critical Reg below which turbulence is not sustained.
The Reynolds number is decreased by increasing the suction velocity. The
whole adiabatic lowering procedure, starting from Re = 333, is illustrated in
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Figure 5.3. Snapshots of the streamwise velocity u in the xz
plane at y+ ≈ 12. Flow from left to right. Turbulent regimes at
Re = 270 and Re = 280 are shown in (a) and (b), respectively.
(c) Flow on the way to laminarisation, when the Reynolds
number is decreased from Re = 270 down to Re = 269. (d)
Flow on the way to laminarisation at Re = 280, after a forcing
was applied, constraining large-scale wall-normal and spanwise
motion.

figure 5.2 using the ratio between asymptotic turbulent and laminar boundary-
layer thicknesses. Note, that initially exploratory runs were performed using
slightly lower resolution, which typically leads to a shift in the critical Re range
(Willis & Kerswell 2009; Manneville & Rolland 2011). The region of interest
in terms of Re was later reassessed using well-resolved simulations. The latter
provides an estimate for Reg ≈ 270± 1 (based on observation times of O(105)
inertial time units), a considerable improvement compared to the previous
assessments in ASBL.

Surprisingly, on the contrary to most other wall-bounded shear flows, in the
case of ASBL the flow stays fully turbulent down to Reg. The boundary-layer
thickness decreases with decreasing Re, however turbulence is still filling the
whole wall-parallel extent of the flow (see figure 5.3a,b). Coexistence of laminar
and turbulent zones is seen only transiently, during the laminarisation process,
when Re is decreased below Reg. Thus, the results suggest discontinuous phase
transition (with turbulent fraction dropping from 1 to 0) in ASBL. During
turbulence collapse, the laminar–turbulent interfaces are generally not oblique,
with laminar and turbulent zones typically forming streamwise-elongated avenues
(see figure 5.3c).
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Interestingly, even close to Reg, the friction Reynolds number Reτ remains
large, with the minimum value Reτ ≈ 500 at Reg (see figure 5.2, empty squares
corresponding to the axis on the right). This value is considerably higher as
compared to the other wall-bounded flows, where patterns had been observed.
The friction Reynolds number measures the ratio between the largest and
smaller scales in a turbulent flow, and thus demonstrates strong scale separation
in turbulent ASBL, even at the onset. A crucial difference in the large-scale
flow might be the reason, why laminar–turbulence coexistence and obliqueness
of the interfaces are not seen in ASBL.

In order to test this hypothesis, the flow was manipulated by removing all
fluctuations above a certain distance from the wall. As a result, the boundary-
layer thickness decreases, the large-scale structures decay, and turbulence be-
comes artificially restricted to the small wall-normal extent close to the wall.
This leads either to full laminarisation of the flow (close to Reg) or sustained
turbulence with the near-wall region almost intact by the action of the forcing.
However, before one of these two asymptotic states is reached, transient laminar
regions appear, forming oblique laminar–turbulent stripes (see figure 5.3d).
This partially confirms our assumptions about the role of the large-scale flow in
oblique patterns formation. The reason why turbulence stays localised in the
streamwise direction in some cases remains to be explained.



Chapter 6

Summary of the papers

Paper 1

Localized edge states in the asymptotic suction boundary layer

The laminar–turbulent separatrix is studied numerically in a parallel boundary-
layer flow. Constant homogeneous suction is applied at the wall in order
to prevent the spatial growth of the layer, leading to the parallel Asymptotic
Suction Boundary Layer (ASBL). Edge tracking is performed in order to identify
the attracting structures within this separatrix, the so-called edge states. In
constrained domain of the minimal flow unit (MFU) size the edge state takes
the form of a relative periodic orbit. When the numerical domain is extended in
the spanwise direction, the structures on the edge localise in the corresponding
direction. Depending on the streamwise length of the domain, which imposes
the fundamental streamwise wavenumber, the asymptotic dynamics on the edge
is either periodic or chaotic. In both cases, as well as in the MFU domain, the
edge state is composed of low- and high-speed streaks, which undergo calm
and bursting phases. During the calm phases, most of the streaks decay, with
one active low-speed streak developing a sinuous instability. The instability
leads to the breakdown of the streak and creation of a multitude of streamwise
vortices, which corresponds to the burst in terms of energy. The vortices re-
create the streaks through the lift-up effect, and the initial structure is reformed,
however with a shift in the spanwise direction. In the parameter range where
the dynamics is periodic three distinct edge states are distinguished, based on
the direction of the spanwise shifts (left, right, left-right). In the chaotic range
the shifts are aperiodic, with unpredictable direction and magnitude. In both
periodic and chaotic cases the same regeneration mechanism of the structure
has been identified, bearing similarities with the classical self-sustaining process
of near-wall turbulence.

Paper 2

Complexity of localised coherent structures in a boundary-layer flow

Attracting states within the laminar–turbulent separatrix are studied numerically
in the asymptotic suction boundary-layer flow. We consider spanwise-extended
domains, which allow for robust spanwise localisation of the structures on the

33
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separatrix. On the other hand, turbulence is space-filling in the considered
set-up, similarly to most subcritical shear flows showing transient behaviour
at the onset. Depending on the fundamental streamwise wavenumber, the
computed edge states are either periodic or chaotic in time. In the periodic case
multistability is observed, with three attracting states within the separatrix,
two of which are symmetry-related. We study the bifurcations leading from
periodic to erratic behaviour by slowly varying the length of the domain.
New states with longer periods have been identified in the process. Period
doubling and Pomeau–Manneville intermittency have been detected as part
of the complex bifurcations connecting periodic and chaotic dynamics. In
addition, the study protocol reveals the possibility of co-existence of attracting
erratic and periodic states, the scenario which would be difficult to identify
only with the edge-tracking procedure. Independent of the temporal behaviour,
the dynamics on the edge stays low-dimensional and non-extensive, with the
same self-sustaining mechanism at play. Based on related results in other
subcritical flows a qualitative explanation of the complex behaviour on the edge
is suggested. It relies on the fact that most exact coherent structures are created
and destroyed through saddle-node bifurcations. Among them are states with
exactly one unstable direction, which in principle serve as attractors within the
laminar–turbulent boundary. Co-existence of such states in the same parameter
range is possible, which leads to multistability on the edge.

Paper 3

Edge states as mediators of bypass transition in boundary-layer flows

The role of the laminar–turbulent separatrix in the bypass transition process is
investigated in the asymptotic suction boundary layer. First edge tracking is
performed in a large computational domain, allowing for full spatial localisation
on the separatrix. The dynamics of the obtained attracting structure, although
being chaotic in time, shows clear similarities to the one observed for the
edge states in constrained domains. The localised state goes through calm
and bursting phases. During calm phases, the structure’s active core consists
of a single low-speed streak which develops a sinuous instability, leading to
a burst in energy. During the burst, new low- and high-speed streaks are
created, with the structure growing in size and its core drifting in both planar
directions. Simulations of bypass transition in ASBL starting from a noisy initial
condition reveal that on the verge of breakdown the flow locally resembles the
structure observed on the edge during calm phases. The formation of the streaks
developing sinuous instability and their breakdown during bypass transition
are associated with the approach to the stable manifold of the edge state and
the departure along the unstable one. The approach to the stable manifold
incorporates both the classical receptivity stage and also the localisation, while
the escape along the unstable manifold captures all the mechanisms formerly
described by secondary instability concepts, now in a localised context.
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Paper 4

Bypass transition and spot nucleation in boundary layers

Bypass transition induced by free-stream turbulence is investigated numerically
in spatially developing boundary-layer flow. Based on the performed numerical
simulations a probabilistic cellular automaton (PCA) is constructed, which
captures the growth and merging of turbulent spots. Surprisingly, the parameters
of the model do not depend on the level of the incoming free-stream turbulence
and on the streamwise distance from the leading edge. The only missing piece
of the transition process – nucleation of turbulent spots – is modelled using the
concept of edge state and its stable manifold, which separates initial conditions
that lead to turbulence from those that decay. The obtained nucleation rates
are incorporated into the cellular automaton, leading to an excellent statistical
agreement between the PCA model and numerical simulations for different
free-stream turbulence levels.

Paper 5

Turbulence collapse in a suction boundary layer

The turbulent asymptotic suction boundary layer (ASBL) is investigated numer-
ically at the verge of laminarisation. Starting from a fully turbulent state, the
Reynolds number Re is decreased in discrete steps, until the flow laminarises.
This approach allows not only to investigate the regime at the onset of turbu-
lence, but also to identify the critical Reynolds number Reg ≈ 270, below which
turbulence is not sustained. Contrary to other subcritical wall-bounded flows,
where laminar–turbulent patterns are observed, even close to Reg the flow stays
fully turbulent with no traces of laminar holes. During laminarisation below
Reg, the flow first fragments into transient streamwise turbulent and laminar
avenues, with no oblique interfaces between the two. The difference between
ASBL and other subcritical shear flows is attributed to a different nature of
the large-scale flow, with the large-scale vertical transport being permitted in
the former. In order to test this hypothesis a forcing is added, suppressing all
vertical and spanwise fluctuations above a certain height (y+ = 100). After the
forcing is applied transient oblique bands are observed, similar to the ones in
other subcritical shear flows, while the flow later laminarises or becomes fully
turbulent again.



Chapter 7

Conclusions & outlook

A large part of the thesis is devoted to the study of different aspects of transition
in the asymptotic suction boundary layer (ASBL). Its major advantage compared
to most other boundary-layer flows is the streamwise independence of both the
laminar solution and the equilibrium turbulent regime. Due to this property, it
has a lot in common with internal wall-bounded flows, but has received far less
attention in the context of the latest transition studies. The ASBL serves as an
interesting bridge between internal flows, such as pipe flow, plane Couette flow
and plane Poiseuille flow, and boundary-layer flows, such as Blasius or even
more complicated boundary layers that are and will always be of actuality. This
work is one of the first attempts to have a dynamical systems picture of bypass
transition in a special boundary-layer flow case, and to use this theoretical
picture to make progress in the understanding of more realistic situations (larger
domains, realistic excitation, spatially developing flows).

Similarities between internal wall-bounded and boundary-layer flows revolve
naturally around the linear stability of the base flow and the possibility for bypass
transition involving streaks rather than TS waves. This allows to introduce the
concepts of laminar–turbulent separatrix and edge states, and study their role
in bypass transition, specifically in the nucleation process of turbulent spots.
By investigating edge states in ASBL with varying dimensions of the numerical
domain, a robust self-sustaining mechanism of the flow, constrained to the
laminar–turbulent boundary, has been identified. In all cases, the edge state
consists of several low- and high-speed streaks, with one active low-speed streak
developing a sinuous instability. The instability leads to the breakdown of the
structure, after which it is re-formed modulo a shift in the spanwise direction.
This dynamics on the edge shows astounding similarities with the one observed
in plane Poiseuille flow (Zammert & Eckhardt 2014a). It also resembles the
quasi-cyclic behaviour found on the edge in the spatially developing boundary
layer (Duguet et al. 2012). However, it is difficult to extend the comparison
with the latter case due to the imposed spanwise symmetry. Thus, redoing
the computation in the spatially developing boundary layer with no enforced
symmetries is needed in order to assess the generality of the regeneration
mechanism identified in ASBL to other boundary-layer flows.
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The recurrently visited structure on the edge in ASBL has been compared to
the events leading to turbulent spot nucleation during transition to turbulence.
Both qualitative and quantitative similarities between the two phenomena
suggest that individual trajectories approach the edge (the receptivity process),
before being flung away to turbulence along its unstable manifold (localised
nucleation of turbulence). This confirms the dynamic relevance of the edge
state as the saddle point guiding trajectories towards turbulence.

Edge tracking in extended domains has revealed robust localisation of the
attracting structures on the edge. Their dynamics is non-extensive, meaning
that it would not be affected by a further increase of the domain size, and
remains as such predominantly temporal. As the domain becomes larger,
different parts of the flow become uncorrelated, leading to possibly more than
one simultaneous nucleation events during transition. In this case, the transition
to turbulence becomes a spatio-temporal phenomenon, and the described above
picture becomes applicable only locally. Therefore, there is a limit to the
dynamical systems view of the transition problem. Beyond this limit, the
transition process should rather be analysed using tools from statistical physics.

A first attempt to combine the two views (local in terms of dynamical
systems and global in terms of spatio-temporal intermittency) on transition has
been made, when modelling transition to turbulence in the case of spatially
developing boundary layer under the influence of free-stream turbulence. A
probabilistic cellular automaton (PCA) has been constructed, directly based
on the numerical simulation data, encapsulating the spatio-temporal aspects:
the growth and merging of turbulent spots. The only remaining missing in-
gredient – the probability to nucleate turbulence out of laminar background
– is modelled using the concept of laminar–turbulent boundary. Extending
the dynamical systems view on transition obtained in ASBL to the spatially
developing boundary-layer case, a model for the nucleation process has been
constructed. The cellular automaton supplied with the modelled nucleation
rates is able to capture the main statistical properties of the transition process.

The currently adopted model for nucleation rates is only phenomenological.
One goal for the future is to analyse in detail the individual nucleation events,
in order to obtain a data-driven model, which would also take different types
of excitations (free-stream turbulence, roughness, tripping, etc.) into account.
The modelling ideas themselves would also benefit from deeper understanding
of how the dynamical systems view of transition developed in the temporal
framework reconciles with the spatial development of the flow. Furthermore,
additional studies have to be conducted in order to extend the PCA to other,
more complicated boundary-layer flows. This requires further documentation
and parametrisation of the influence of different factors, e.g. pressure gradients,
curvature and leading edge, on the spreading probabilities of the PCA.

Finally, the phenomenon of transition from turbulence to laminar has also
been addressed by conducting a parametric study of the turbulent regime near
its onset and identifying the lowest value of Re at which turbulence, seen now
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as a spatio-temporal problem, could sustain itself. Contrary to most other
wall-bounded flows, no stable laminar–turbulent coexistence has been identified
at the onset of turbulence. The flow is fully turbulent even at the lowest Re
with sustained turbulence. Therefore, the phase transition from laminar to fully
turbulent is more abrupt in ASBL than in other subcritical shear flows, where
an intermediate regime with stable laminar–turbulent patterns is observed. The
particularity of ASBL is attributed to the different nature of the large-scale flow,
with the strong wall-normal scale separation right at the onset of turbulence.
The latter is prohibited in internal flows due to the geometry constraints, and
takes a long time (and streamwise distance) to develop in spatially growing
boundary layers, thus emerging only at much higher Re in both cases. Further
comparison between ASBL and internal wall-bounded flows may be the key to
a more meticulous understanding of the behaviour at the onset in both cases.
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Pringle, C. C. T., Duguet, Y. & Kerswell, R. R. 2009 Highly symmetric
travelling waves in pipe flow. Phil. Trans. R. Soc. A 367, 457–472.



44 Bibliography

Pringle, C. C. T. & Kerswell, R. R. 2007 Asymmetric, helical, and mirror-
symmetric traveling waves in pipe flow. Phys. Rev. Lett. 99, 074502.

Rehill, B., Walsh, E. J., Schlatter, P., Brandt, L., Zaki, T. A. & McEligot,
D. M. 2011 Identifying turbulent spots in transitional boundary layers. In ASME
Turbo Expo.

Rogallo, R. S. 1981 Numerical experiments in homogeneous turbulence. Tech. Rep.
TM 81315. NASA.

Romanov, V. A. 1973 Stability of plane-parallel Couette flow. Funct. Anal. Its Appl.
7, 137–146.

Rotenberry, J. M. 1993 Finite amplitude steady waves in the Blasius boundary
layer. Phys. Fluids A 5 (7), 1840–1842.

Salwen, H., Cotton, F. W. & Grosch, C. E. 1980 Linear stability of Poiseuille
flow in a circular pipe. J. Fluid Mech. 98 (2), 273–284.

Sano, M. & Tamai, K. 2016 A universal transition to turbulence in channel flow.
Nat. Phys. 12, 249–253.

Schlatter, P. 2001 Direct numerical simulation of laminar–turbulent transition
in boundary layer subject to free-stream turbulence. Master’s thesis, KTH,
Stockholm.

Schlatter, P., Brandt, L., De Lange, H. C. & Henningson, D. S. 2008 On
streak breakdown in bypass transition. Phys. Fluids 20, 101505.
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