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Abstract

Autonomous vehicles is a rapidly expanding field, and promise to play
an important role in society. The goal of autonomous vehicles is to improve
the traffic system in terms of higher efficiency, fewer accidents, lower fuel
consumption, less pollution, and shorter travel times. In more isolated envi-
ronments, such as mines and ports, vehicle automation can bring significant
efficiency and production benefits and it eliminates repetitive jobs that can
lead to inattention and accidents.

The results of this thesis are developed within the iQMatic project, which
is lead by Scania CV AB in collaboration with Saab AB, Autoliv, Linköping
University, and KTH, with the goal of developing a fully autonomous truck
for mining applications by 2018. The thesis addresses the problem of lateral
and longitudinal dynamics control of autonomous ground vehicles with the
purpose of accurate and smooth path following. Clothoids are curves with
linearly varying curvature, which are widely used in road design due to their
smoothness properties. In the thesis, clothoids are used in the design of
optimal predictive controllers aimed at minimizing the lateral forces and jerks
in the vehicle.

First, a clothoid-based path sparsification algorithm is proposed to ef-
ficiently describe the reference path. This approach relies on a sparseness
regularization technique such that a minimal number of clothoids is used to
describe the reference path.

Second, a clothoid-based model predictive controller (MPCC) is proposed.
This controller aims at producing a smooth driving by taking advantage of
the clothoid properties. The motion of a vehicle traveling at low speeds is
assumed to define a clothoid segment if the steering angle is chosen to vary
piecewise linearly with respect to the traveled distance.

Third, an alternative formulation of a controller for smooth driving is
presented. In this case, we formulate the problem as an economic model
predictive controller (EMPC). In EMPC the objective function contains an
economic cost (here represented by comfort or smoothness), which is described
by the second and first derivatives of the curvature. This results in that the
obtained curvature is approximately linear.

Fourth, the generation of feasible speed profiles, and the longitudinal ve-
hicle control for following these, is studied. The speed profile generation is
formulated as an optimization problem with two contradictory objectives: to
drive as fast as possible (close to the speed limit) while accelerating as little as
possible. Constraints are given by vehicle limitations and road geometry. The
longitudinal controller is formulated in a similar way, but is implemented in
a receding horizon fashion, and provides feasible reference speeds to a cruise
controller.

Finally, experimental and simulation evaluation are performed. The EMPC
is deployed on a Scania construction truck. The experimental evaluation with
the EMPC demonstrates its good performance, since the deviation from the
path never exceeds 30 cm and in average is 6 cm. A simulation environment
is developed allowing evaluation and validation of the control design before
deploying it in the experimental platform. The EMPC and the MPCC are
compared with a pure-pursuit controller (PPC) and a standard MPC. The
results demonstrate the effectiveness of both the MPCC and the EMPC. Fur-
thermore, the EMPC clearly outperforms the PPC in terms of path accuracy
and the standard MPC in terms of driving smoothness.
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Sammanfattning

Autonoma fordon är ett forskingsområde som växer snabbt och det ut-
lovar stora förändringar på samhället. Målet med självkörande fordon är att
förbättra transportsystemet i termer av ökad effektivitet, färre olyckor, lägre
bränsleförbrukning, mindre utsläpp och kortare restider. I mer slutna arbets-
miljöer, som till exempel gruvor och hamnar, kan självkörande fordon ge stora
effektivitets- och produktivitetsvinster och dessutom försvinner monotona ar-
beten som kan leda till ouppmärksamhet och olyckor.

Resultaten i denna avhandling har tagits fram inom projektet iQMatic,
som är ett projekt som leds av Scania CV AB i samarbete med Saab AB,
Autoliv, Linköpings Universitet och KTH, med mål att utveckla och demon-
strera självkörande lastbilar för gruvtillämpningar senast 2018. Avhandlingen
handlar om lateral och longitudinell reglering av självkörande lastbilar för
att uppnå noggrann och mjuk banföljning. En klotoid är en kurva med linjär
kurvaturändring som till exempel används för att konstruera vägar som är
behagliga att köra. I avhandlingen används klotoider för att ta fram optimala
prediktiva regulatorer som minimerar sidokrafter och -ryckningar i fordonet.

Först presenteras en klotoidbaserad algoritm för att ta fram en effektiv
gles beskrivning av referensbanan. Metoden bygger på en regulariseringstek-
nik för att beskriva banan med så få klotoidsegment som möjligt.

Därefter presenteras en klotoidbaserad modellprediktiv regulator (MPCC).
Regulatorn eftersträvar mjuk körning genom att utnyttja klotoidernas mjuka
kurvform. Ett fordons rörelser vid låg fart kan beskrivas med klotoidsegment
om styrvinkeln ändras styckvis linjärt med körsträckan.

Det tredje bidraget är en alternativ formulering av en regulator för mjuk
körning. I det här fallet formuleras problemet som en ekonomisk modellpre-
diktiv regulator (EMPC). I EMPC så har man en ekonomisk term i kostnads-
funktionen som här representeras av komfort eller jämnhet och som beskrivs
som första och andraderivatan av kurvaturen. Detta resulterar i att den er-
hållna kurvaturen blir ungefärligt linjär.

Vidare studeras genereringen av körbara hastighetsprofiler, samt longi-
tudinell reglering för att följa dessa. Hastighetsprofilgenereringen formuleras
som ett optimeringsproblem med två motstridiga mål: att köra så fort det går
(nära hastighetsgränsen), men med så låg acceleration som möjligt. Bivillkor
ges av fordonsbegränsingar och av vägens geometri. Den longitudinell hastig-
hetsregleringen formuleras på ett liknande sätt, men implementeras med en
ändlig rullande horisont (receding horizon) och ger körbara referenser till en
farthållare.

Slutligen görs en utvärdering med hjälp av simulering och experiment
på en anläggningslastbil. En experimentell utvärdering av EMPCn visar att
den har väldigt bra prestanda då avvikelsen från referensbanan aldrig över-
stiger 30 cm och i medel endast är 6 cm. En simuleringsmiljö har utvecklats
som möjliggör utvärdering och validering av reglerdesignen innan den im-
plementeras på experimentplattformen. EMPCn och MPCCn jämförs med
en pure-pursuitregulator (PPC) och med en standard-MPC. Resultaten visar
effektiviteten av både MPCCn och EMPCn. EMPCn ger mycket bättre pre-
standa än PPCn när det gäller hur noggrannt den följer banan, och bättre än
standard-MPCn när det gäller mjuk körning.
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Chapter 1

Introduction

Autonomous vehicles are currently a reality. Today’s society is vehicle-centered,
as many have their own personal car, and others use public transportation.
At the same time, trucks are indispensable to transport basic goods to the

population. The enormous demand for more efficient transportation systems and
increased need for goods creates congestions, as well as safety and environmental
concerns. Autonomous vehicles have emerged to fulfill the need of more efficient
and safer systems. In the past five years, many major vehicle manufacturers, sup-
pliers and technology companies have started projects and collaborations around
the autonomous vehicles theme. Autonomous vehicles is a rapidly expanding field,
and promise to play an important role in society.

In this chapter, we motivate the need for autonomous vehicles and briefly de-
scribe their history, which goes back to the 1980s. Also, we define the concept of
autonomous vehicle, in which we distinguish the different levels of vehicle auton-
omy. We support the motivation for autonomous vehicles in recent statistics about
the economic and social impact of these systems.

The outline of this chapter is as follows. Section 1.1 provides the motivation
for the need of autonomous vehicles. In Section 1.2, we define autonomous vehicle
and discuss the associated challenges. In Section 1.3, we provide a brief history
of autonomous vehicles. In Section 1.4, we mathematically formulate the problem
tackled in this thesis. Finally, Section 1.5 provides the outline and contributions of
the thesis.

1.1 Motivation

The increasing demand for economic growth permanently pressures transportation
systems and primary products producers. At the same time, world institutions
target increased efficiency in road utilization, fuel consumption and goods trans-
portation [1]. A European Commission study concludes that traffic congestions cost
Europe about 1% of the European Union’s gross domestic product every year [2].

1



2 CHAPTER 1. INTRODUCTION

Figure 1.1: iQMatic project ambition (courtesy of Scania CV AB). In a mining
site, autonomous trucks are able to accomplish complex tasks, such as the loading
and unloading of debris. Remotely, in a command central, specialized humans are
responsible for supervising all the actions and intervene if necessary.

Since the traffic intensity will continue increasing, decision makers face major chal-
lenges to solve this issue. The world health organization predicts that road traffic
injuries will be the third most common cause of disability by 2020 [3]. According
to USA’s national highway traffic safety administration (NHTSA) research, 94% of
accidents are caused by human error [4].

In gravel pits, mining areas, construction sites and loading terminals, work-
ers are subject to dangerous environments and tedious tasks. Also, due to the
increasing demand, the production sites are rapidly moving to remote locations
and experiencing more complicated working conditions. Additionally, many com-
panies have recently faced high administrative costs due to increased regulation
about environmental compliance. These challenges make the development of au-
tonomous vehicles an attractive idea. Autonomous driving will target more efficient
fuel consumption and harder safety requirements. Traffic jams will be reduced since
vehicles will be able to drive closer to each other and probably at higher speeds.
Hence, inefficient fuel consumption, wasted commuting time and people frustra-
tion are translated into economic and financial benefits. Also, the automation of
vehicles in isolated environments is a huge opportunity, since it is a cost efficient
option and it eliminates repetitive jobs that can lead to inattention and accidents,
resulting in an efficiency and production increase. Furthermore, comparing with an
urban environment, a not so substantial investment and expansion in infrastructure
and law adaption are required for autonomous driving [5–8]. By eliminating the
human-in-the-loop factor, we expect to eliminate the number of human fatalities
and increase productivity and efficiency in these working sites [9].

In this thesis, we address the problem of deploying autonomous trucks in isolated
environments, such as mining sites. iQMatic is a project led by Scania CV AB,
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Figure 1.2: The journey to autonomous vehicles (inspired by [10]). The are five
different challenges before autonomous vehicles is a reality: legislation, business,
technology integrity, consumer acceptance and infrastructure investment. Each
one of them plays a significant role in the autonomous vehicles outcome.

one of the most important truck manufacturers in Europe (16.5% market share).
The project is funded by the Swedish government and automotive industry within
the "fordonsstrategisk forskning och innovation" (FFI) program - strategic vehicle
research and innovation. The iQMatic project partners are Saab AB, Autoliv,
Linköping University, and KTH. An illustration of the project ambition is shown in
Figure 1.1. The idea is to develop a fully autonomous truck for mining applications
by 2018. At the deploying site, the fleet of autonomous vehicles navigates and
cooperates to complete a set of missions given by a command central. There,
humans supervise the entire fleet of autonomous vehicles and intervene in emergency
and deadlock situations.

1.2 The journey to fully autonomous vehicles

Defining autonomous vehicle is not an easy task. It has been defined by the Nevada
State law as "a motor vehicle that uses artificial intelligence, sensors and global
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positioning system coordinates to drive itself without the active intervention of a
human operator". However, NHTSA has also defined different vehicle automation
levels [11]:

• No-automation (level 0): The driver is in complete control of the primary
controls – vehicle brake, steering and throttle – at all times.

• Function-specific automation (level 1): The vehicle is capable of assist-
ing the driver to regain control of the vehicle or stop faster than possible
by acting alone. Examples are the electronic stability control (ESC), lane
keeping and adaptive cruise controller (ACC).

• Combined function automation (level 2): The vehicle is capable of au-
tomating two primary functions. For example, using simultaneously lane
keeping and the adaptive cruise controller.

• Limited self-driving automation (level 3): The vehicle is able to have full
control of all safety – critical functions in specific traffic and environmental
conditions. However, the driver is expected to be available for occasional
control.

• Full self-driving automation (level 4): The vehicle is in complete control
of the primary controls – vehicle brake, steering and throttle – at all times.

As of today, the great majority of commercially available vehicles have an auton-
omy level between 1 and 3. It is mandatory by law, in most countries, to have some
advanced driver assistant system (ADAS), such as ESC, and most of the vehicles
already combined several different ADAS. More recently, Tesla Motors launched
the Model S [12], which is considered an autonomous vehicle with autonomy level
3, since the driver is still expected to be available for occasional control. The work
described in this thesis is intended to be part of a fully autonomous heavy-duty
vehicle (autonomy level 4) as the vehicle is suppose to be driverless.

Figure 1.2 illustrates the journey to autonomous vehicles. Autonomous vehi-
cles face essentially five challenges: technology integrity, infrastructure investment,
consumer acceptance, legislation and business. The current development of au-
tonomous vehicles is built on merging sensor- and communication-based approaches.
The automated highway idea, proposed at Futurama, the General Motors exhibi-
tion at 1939 world’s fair in New York [13], did not succeed; however, 10 years later,
the first steps towards autonomous driving were being made with the introduction
of the cruise controller. Until today, other ADAS have been developed, such as
anti-lock braking system, electronic stability control, adaptive cruise control, lane
departure warning system and automatic parking [14]. This technology has been
slowly replacing the human driver by taking the wheel in both critical and tedious
situations. Typically, these situations can lead to human losses or decrease driving
efficiency. ADAS combine the information perceived by a set of sensors ranging
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from stereo cameras to long- and short-range RADARs in order to respond accord-
ingly to the environmental dynamics. However, the available technology has not
proven itself to be completely reliable, in the sense that the vehicle is still not able
to accurately perceive its surroundings as humans do. For instance, while typical
traffic situations can be repeated and learned using artificial intelligence techniques,
there are always unforeseen scenarios that are difficult to handle in real time with
current approaches. A considerable shortcoming of the sensor-based approach is
the high-cost of integrating the available sensor technology in a commercial vehicle.
Although the cost is currently decreasing, the entry price of an autonomous vehicle
may be a barrier to the general public.

To help overcoming these challenges, vehicles are increasingly connected in order
to cooperate with each other and to easily gather more information. Vehicles can
communicate in real-time with each other – vehicle-to-vehicle communication (V2V)
– and with the infrastructure – vehicle-to-infrastructure communication (V2I). De-
centralizing the vehicle perception would decrease the need of standalone solutions,
complex sensing devices, and artificial intelligence technology, while it would in-
crease the redundancy of the system. A drawback is, again, the need of investment
in both vehicles and infrastructures to be able to use these systems in practice.

Also, public acceptance is one of the greatest barriers to autonomous vehicles.
Many drivers may take a slightly increased chance of accident in exchange for
maintaining their ability to avoid an accident. When autonomous vehicles will
start to be available to the general public, there will be for sure a transition period
where driverless vehicles and human drivers will have to live together. In case of
accidents between autonomous and non-autonomous vehicles there will be liability
issues. This will affect the way insurance companies will look at the transportation
business as well as how decision makers will influence the vehicle manufacturers
and vehicle owners.

Also for taxi, bus or truck drivers, the idea of having autonomous vehicles may
not be appealing. It is crucial to convince the part of the society that feels that jobs
are lost due to the existence of machines. Automation replaces repetitive, unhealthy
and dangerous jobs that humans should not do. On the one hand, not just the
people that make a living driving will lose their jobs but probably some maintenance
jobs will disappear and traffic police will no longer be as needed as nowadays.
On the other hand, this will be compensated with the creation of intelligence-
and information-based jobs. Lastly, from the business point of view, autonomous
vehicles are estimated to burst new opportunities. For example, parking spaces
will be much tighter since there is no need for the driver to get out of the vehicle;
vehicle sharing will substitute vehicle owners as we know today; autonomous fleets
of mining trucks will depend on the efficiency of the vehicle dispatcher algorithms.

The work developed in this thesis targets mainly isolated environments and the
replacement of these type of jobs by autonomous vehicles.
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1.3 A brief history of autonomous vehicles

The first boom in the autonomous vehicles field occurred in the decades of 1980
and 1990. Carnegie Mellon University (CMU, Pittsburgh, PA) presented its Navlab
vehicles that operated in structured environments [15], UniBwMunich and Daimler-
Benz’s demonstrated autonomous driving at the European project PROMETHEUS
[16], and the work done at University of Parma with the ARGO project was promis-
ing. PROMETHEUS was indeed a great milestone, since autonomous driving was
demonstrated in a three-lane French Autoroute with speeds up to 130 km/h, where
the vehicles were able to change lane and perform lane and vehicle tracking. In par-
allel, the idea of automated highway systems was being developed within the Cal-
ifornia partners for advanced transportation technology (PATH) program [17–19].
At the time, the PATH program main goal was to show technical feasibility rather
than product development. In 1991, the PATH program was one of the first to
demonstrate platooning at highway speed and using wireless communication [20].
Vehicle platooning consists in driving several vehicles close to each other in a con-
voy. This leads to decreased aerodynamical forces acting on the vehicles, which
results in a more efficient fuel consumption and less greenhouse emissions [21].
Also, densely packing the vehicles results in an increased transportation capacity
of the road network. Naturally, these effects are more outstanding when vehicles
drive with inter-vehicle distances that are not considered safe for human drivers.
Hence, it is crucial to have vehicle-to-vehicle communication and accurate control.

After that, several other competitions and demonstrations have taken place. It
has been over 10 years since the first DARPA grand challenge in 2004 was won by
the Stanford’s robot, Stanley [22]. It autonomously completed an unrehearsed 230
km long course through the Mojave desert in less than 7 hours. After that, in 2007,
DARPA organized a new competition, the urban challenge [23]. At the time, this
event was spearheading, since the participants had to deal with other moving traffic
and obstacles while respecting traffic rules. More recently, cooperative driving has
captured the interest in the grand cooperative driving challenge GCDC 2011 [24]
and soon in GCDC 2016 [25]. In these, autonomous driving is more focused on
cooperative driving and vehicle platooning.

The PROUD project [26] presents an autonomous vehicle test on Italian public
urban roads and freeways. The authors claim that it was the first test in open public
urban roads with a driverless vehicle that had to cope with roundabouts, junctions,
pedestrian crossings, freeway junctions, traffic lights and regular traffic. Also the
Stadtpilot project [27] achieved successful urban autonomous driving. This time,
the tests are performed in German roads and the paper presents not only technical
details about the work but also guides the reader through some of the bureaucratic
aspects of these tests.

Other countless competitions have taken place around the world to test and
demonstrate driverless vehicles capabilities (e.g., [28–31]). In the last couple of
years, autonomous vehicles have taken the next step by being released to the general
public [12,32,33].
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Reference path

Smooth but inaccurate driving
Accurate but agressive driving

Accurate and smooth driving

Autonomous
vehicle

Figure 1.3: Illustration of the problem addressed in this thesis, which is the devel-
opment of controllers for autonomous path following. These take into account the
path tracking accuracy and the driving smoothness.

An extensive literature review is done in the background chapter (Chapter 2).

1.4 Problem formulation

The problem tackled in this thesis is the control of the lateral and longitudinal dy-
namics of an autonomous ground vehicle with the purpose of accurate and smooth
path following. The autonomous vehicle is assumed to be equipped with a wide
range of sensing technologies allowing self-localization and situation awareness to
be done accurately. Furthermore, the vehicle has a clear objective (i.e., it knows its
destination and the path to drive there). Figure 1.3 illustrates the path following
problem. We intend to design a controller that steers the vehicle to a reference path
under some constraints. Typically, the vehicle inputs are limited due to actuator
limitations, and physical constraints are necessary to ensure safety, for example.
Moreover, the vehicle dynamics can be described by a discrete nonlinear function.
Also, we consider that the given path is obstacle free and feasible. Moreover, Fig-
ure 1.3 illustrates that a trade-off between accuracy and smoothness exists regarding
the path following problem. Clothoids are widely used in road design fundamentally
because the curvature varies linearly with the path arc-length, which produces low
lateral jerk and acceleration. Consequently, we study the properties of clothoids
and how this type of curves can be used in control design.

In short, the problem that we address in this thesis is to design controllers that
solve the following generic optimal control problem:

max Tracking accuracy + driving smoothness (1.1a)
s.t. Vehicle dynamics (1.1b)

Bounds on inputs (1.1c)
Safety constrains (1.1d)
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1.5 Thesis outline and contributions

In this section, we outline the thesis and its contributions (see Figure 1.4).

Chapter 2: Background

This chapter provides the background for the remainder of the thesis. We start by
explaining the autonomous vehicle system architecture and introducing the main
modules. We also provide a brief literature review for each module. We focus on
the control architecture and detail our approach to integrate planner- and vehicle-
agnostic controllers in an autonomous vehicle. Furthermore, we explain some of the
key concepts that are used throughout the thesis, such as the concept of clothoid,
the pure-pursuit algorithm and the model predictive controller.

Chapter 3: Modeling

This chapter introduces the vehicle modeling for simulation analysis and control
design. For the simulation model, we have developed a 4-axle bicycle model to
describe the lateral dynamics of a real truck. Besides the vehicle lateral dynamics,
we also had to model the steering column dynamics. The model parameters are
identified and validated using real data. The simulation model contains a longitu-
dinal model that consists of a cruise controller and vehicle longitudinal dynamics
provided by Scania CV AB. The model used for control design is a car-like kine-
matic bicycle model. Although the model is simple, since it does not contain any
model of dynamics, it has proven to be sufficient for the type of application we
target in the following chapters.

Chapter 4: Clothoid-based path sparsification

In this chapter, we address the path sparsification problem (i.e., describing a path
with few waypoints). We present a novel approach to the path sparsification prob-
lem where a reduced number of clothoids is used to describe the reference path.
This approach relies on a reweighed l1-norm approximation of the l0-norm. The
clothoid-based path has few points, where each point has embedded the clothoid
segment properties, resulting in a computationally inexpensive path description.
The number of clothoids used to describe the path is dependent on the parameter
that defines the maximum deviation allowed between the original and the clothoid-
based path. The smaller the maximum allowed deviation, the greater the number of
clothoids. The algorithm performance is compared for different maximum allowed
deviations resorting to an illustrative example. Finally, we provide results based
on real recorded paths.
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Figure 1.4: Thesis outline and simplified system overview.

Chapter 5: Clothoid-based model predictive controller

In this chapter, we propose a clothoid-based model predictive controller (MPCC)
for vehicle lateral control. This controller provides a smooth driving for the vehicle
by taking advantage of the clothoid properties. We use the path representation
that results from using the method in Chapter 4. With our approach, we are able
to compute smooth driving controls while predicting the vehicle behavior along a
long prediction distance. We assume that the motion of a vehicle traveling at low
speeds (such that the lateral vehicle dynamics are negligible) defines a clothoid
segment if the steering angle is chosen to vary piecewise linearly with respect to the
traveled distance. To describe the vehicle behavior between each pair of waypoints,
it is enough to evaluate the clothoid parameters at those waypoints. We only need
to compute the input of the vehicle at each clothoid starting point, allowing us to
have a long prediction distance (with a small prediction horizon) with no significant
increase of computational time and still maintain a good accuracy. We discuss the
waypoints spacing influence on the vehicle motion prediction accuracy. Although
it is unfeasible to use only the kink-points (i.e., the beginning or endpoints of a
clothoid), it is still possible to have long prediction distances with good tracking
accuracy.
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Chapter 6: Model predictive controller for smooth driving

In this chapter, we present another method to deal with the vehicle lateral control
– an economic model predictive controller (EMPC). The fundamental difference
with the standard tracking MPC and the MPCC is that the driving economic cost
(e.g., comfort or smoothness) is directly addressed in the objective function. Also,
while a clothoid model is used to predict the vehicle motion in the MPCC, we now
use a kinematic vehicle model. The economic cost is based on the minimization of
the second and first derivatives of the curvature so that the obtained curvature is
approximately linear. Since the curvature in clothoids varies linearly with the path
arc-length, we use the smoothness and comfort characteristics of clothoid-driving
to obtain a compact and intuitive controller formulation. We enforce convergence
of the controller to the reference path with soft constraints that avoid deviations
from the reference path. We analyze the controller tuning parameters influence
on the performance of the controller and demonstrate the controller performance
through illustrative examples.

Chapter 7: Longitudinal speed profiler and controller

In this chapter, we propose a method for optimal speed profile generation in speci-
fied paths with known semantic (e.g., speed limit and geometric information). We
discuss the applicability of the speed profiler in clothoid-based paths. Furthermore,
we translate the speed profile problem to a receding-horizon problem in order to pro-
duce feasible reference speeds that are given to a low-level vehicle speed controller.
With our method, we do not target time optimal speeds but speed feasibility and
safety. The speed profile generation is formulated as a convex optimization problem
where the cost function has two contradictory terms, and the constraints are given
by the vehicle limitations and road geometry. The first term of the cost function
is related to the fact that we want to drive as close as possible to the speed limit.
The second term of the cost function is used to prevent sudden accelerations. One
can choose to penalize more or less the acceleration by regulating one single con-
stant parameter. The goal of the longitudinal controller is to produce feasible speed
requests for a low-level controller, such as a cruise controller. Also, it is respon-
sible for tracking the speed profile as precisely as possible by adjusting the speed
requests sent to the low-level controller. The controller is formulated in a similar
way as the speed profiler. In this case, we optimize over a finite horizon instead
of the full path, and we compute the optimal inputs in a receding-horizon fashion
every sampling time. This controller is able to get the most recent vehicle behavior
predictions from the lateral controller and sensor information, such that the speed
is adapted accordingly.
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Chapter 8: Experimental evaluation and discussion
This chapter intends to evaluate the performance of the MPCC and the EMPC
proposed in Chapters 5 and 6. This comparison is performed resorting to a simu-
lation environment that strongly resembles the experimental platform and also to
experimental tests in a Scania construction truck. We benchmark the proposed
controllers against a standard MPC approach and a pure-pursuit (PPC) controller.
The evaluation is performed in three different paths: an artificially generated dou-
ble S-curve that allows the analysis to focus on the controllers main aspects, a
precision track that resembles a mining scenario, and a high-speed test track that
reminds of a highway situation. The last two reference paths are real tracks from
Scania’s test tracks facilities near Södertälje, Sweden. The main goal is to evalu-
ate the controllers path tracking accuracy and their driving behavior in terms of
smoothness. We discuss the influence that non-clothoid-based and clothoid-based
paths have on the MPCC performance. Moreover, we relate the formulations of the
standard MPC with the EMPC to determine the influence of the economic cost on
the controller performance.

Chapter 9: Conclusions and future work
The final chapter of the thesis summarizes the work presented and emphasizes
potential future research directions.
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Chapter 2

Background

The idea of autonomous vehicles has been preconized for more than 50 years [13].
Yet, only in the last few decades technology has made it possible, and a con-
siderable progress has been made in order to help the driver in the process of

decision making. In this chapter, we describe the main modules of an autonomous
vehicle system architecture with major focus on the vehicle control module. We
provide a brief literature review regarding each module of the system architecture.
Furthermore, we go into detail on the literature related to lateral and longitudi-
nal control for autonomous vehicles. We establish the background for the rest of
the thesis, including the concept of clothoids, model predictive control (MPC) and
pure-pursuit control.

The outline of this chapter is as follows. In Section 2.1, an autonomous vehicle
system architecture is proposed and each module is described. The concept of
clothoid is explained in Section 2.2, while the model predictive control framework
is the topic of Section 2.3. Lastly, Section 2.4 summarizes the chapter.

2.1 System architecture

In this section, we explain a possible autonomous vehicle system architecture and
detail our contribution to its development. The architecture in Figure 2.1 provides
an overview of an autonomous vehicle guidance system. We highlight four mod-
ules, namely, the environment fusion, the perception and localization, the motion
planning, and the motion controller. Next, we describe these modules in detail.

13
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Figure 2.1: Simplified system overview of an autonomous vehicle. An autonomous
vehicle perceives the environment using its sensors. At the same time, a global map
helps the system in the process of self-localization. This information is processed
and reorganized in the environment fusion block that provides the information
about the state of the autonomous vehicle, and its surroundings, to the behavior
selection and motion planning block. There, the autonomous vehicle decides how
to proceed, providing a local plan to the motion controller. In this final step, the
vehicle is actuated and guided precisely through this local obstacle-free path.

Perception and localization

This module takes data generated from a set of sensors and fuses them into a consis-
tent representation of the world that is suitable for autonomous driving. The typical
sensor platform usually consists of several RADARs, LIDARs, global positioning
system (GPS) antennas, inertial measurement units (IMUs), and monocular and
stereo cameras. Hence, the benefits of accurate angular resolution of cameras to-
gether with the precise distance information of RADARs and LIDARs is fused. An
accurate environment perception is challenging due to the fact that autonomous
vehicles may operate in dynamic environments. Besides having both static and
moving obstacles, the environmental conditions are constantly changing (e.g., visi-
bility conditions). Common approaches to overcome obstacle detection include the
creation of an occupancy grid map [34], where each grid cell stores the probability
for the existence of an obstacle [22, 35, 36]. Besides deciding whether there is an
obstacle or not, these cells may be used to characterize the environment in other
ways. For example, in determining the terrain type, the obstacle type and help-
ing self-localizing the vehicle [37]. The biggest challenges are concerned with loop
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closure and the ability to free cells if the obstacle is not static. These challenges
typically arise the when the goal is to obtain a 360◦ map of the environment. In
the case of dynamic objects, Bayesian filters, extended Kalman filters and particle
filters are used to perform tracking. Then, the object is classified according to how
it moves [38] or what it looks like [39, 40]. In case of other traffic, the ability to
predict the intentions of other vehicles is essential to properly assign a behavior to
the autonomous vehicle (e.g., to decide whether the autonomous vehicle will yield
or go out into an intersection) [41]. This is a challenging problem, which has been
approached by applying probabilistic and machine learning methods [42].

The main task of the localization module is to accurately estimate the au-
tonomous vehicle state. An inaccurate localization may jeopardize the entire system
and it is crucial for correct decision making and for a precise, safe and comfortable
motion. This problem has been addressed many times. Typically, the localization
of the vehicle is performed by fusing all available sensor information. Sensors gather
measurements ranging from odometry to acceleration and can be combined with
offline saved maps. Furthermore, including knowledge about the vehicle motion in
the measurement data provides smoother state estimations. For instance, Thrun et
al. [22] have implemented in Stanley, the first autonomous car to finish a DARPA
competition, an unscented Kalman filter, which incorporates observations from the
GPS, the GPS compass, the IMU and the wheel encoders. This has proven itself
successful both when the GPS is available and when it is not. Other approaches rely
on the existence of a detailed digital map where the vehicle is relatively positioned.
In [32], a Mercedes S-class 500 localizes itself using feature-based localization and
lane-marking-based localization. The first system detects landmarks around the
ego position of the vehicle and manipulates them to match the map saved offline.
The latter is used mainly in urban environments where lane markings are common.
The observed lane markings are also compared with the expected lane markings in
the map [43].

Behavior selection
This module is responsible for selecting the autonomous vehicle behavior (e.g., lane
keeping, overtaking, yielding, parking, off-road driving, standing still, among other
behaviors). It receives the processed sensor data from the perception and local-
ization module and computes the appropriate vehicle behavior. Hierarchical finite
state machines and hierarchical concurrent finite state machines are popular when
performing this task and they are successfully used in [32,35,44]. Hierarchy allows
the development of super- and sub-states, which allows a clear and comprehensible
top-down modeling of reactive systems. Concurrency allows setting up multiple
state charts that react to the same events independently. For example, a generic
behavior (e.g., "drive") can be separated in several substates (e.g., "drive start",
"drive stop", and "lane change"). More recently, behavior trees have been the focus
to model these behavior selection algorithms [45]. Behavior trees were originally
used in video games [46] to control artificial intelligence controlled players. Behav-
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ior trees overcome the limitations of the (hierarchical) (finite) state machines in the
sense that their implementation and formulation is usually simpler, more scalable
and modular.

Motion planner
Motion planning is fundamental to cope with dynamic environments that might
require computation of new paths. Motion planning problems can be divided in on-
road and off-road driving. Also, the planning framework can be split in two planning
layers. A global planner produces a high-level plan with long term goals, while a
local planner ensures that the generated paths respect the vehicle limits and avoids
possible obstacles. Early path planning work was not focused on path smoothness
or planning respecting non-holonomic constraints. Nevertheless, in the past two
decades, autonomous driving has triggered research that targets those issues, and
the problem of path planning has been addressed typically resorting to sampling-
based methods, such as rapidly-exploring random trees (RRT) [47], lattice-based
motion planners [48], optimal control theory [49] and hybrid approaches [36].

RRTs are based on incrementally growing a tree rooted in the current state by
randomly sampling the search space. In each iteration, the closest tree node to a
sample is used as a starting point for simulating a system trajectory that targets
that sample. The trajectory is checked for collision and the end point added to the
tree. Eventually, a node reaches the goal point and the best trajectory is sent to
the motion controller. RRTs were successfully used in autonomous driving in [50].
In fact, the authors extend the concept of RRT by proposing the so called closed-
loop RRT (CL-RRT) algorithm. The framework makes use of a low-level controller
that, together with a system model, plans over the closed-loop dynamics. The need
for fast re-planning motivated the extension in [51], where a sampling recovery
technique using brake profile regeneration is proposed.

Lattice planners also expand a tree rooted in the current state. However, the
expansion is done resorting to offline pre-computed motion primitives, which allow
the state space to be explored a posteriori by classical artificial intelligent graph-
search algorithms, such as A? or D?. For example, [44] uses a lattice planner
together with D? for autonomous driving, while a hybrid A? is used in [36] to
generate smooth paths in an unknown environment. A modified A? algorithm is
proposed that, instead of using discrete nodes, captures the continuous state of the
vehicle motion. Afterwards, a non-linear optimization is also used to improve the
quality of the solution.

In the case of autonomous vehicles for mining applications, the need for a local
planner is crucial since the landscape is constantly being altered as a consequence
of the mining works, mission end points might be dependent on external factors,
and the maneuvering areas are typically small.
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Figure 2.2: Simplified controller block diagram. A controller harness is developed
to allow the deployment of a controller in an autonomous vehicle. In this way, the
deployed controller, in this case an MPC, is totally planner-agnostic on the upper
level, as well as vehicle-agnostic on the lower lever.

Motion controller

The main topic of this thesis is the motion controller. The motion controller receives
an obstacle-free and feasible reference path from the motion planner. It also receives
the vehicle ego states estimated by the perception and localization module. In fact,
to handle the delay present in the system1, the controller uses a forward-prediction
of the vehicle states. The controller main task is to stabilize and guide the vehicle
along the path.

The problem of path following can be divided into two control problems, namely,
the lateral and the longitudinal control. Although the vehicle lateral and longitudi-
nal dynamics are coupled, the control can be decoupled [52]. The overall problem
has been addressed in different ways (e.g., fuzzy control [53], feedback control [54]
and pure-pursuit algorithms [55]). Recently, MPC has become quite popular due to
its ability to predict the vehicle behavior for a given set of inputs [56]. Moreover, it
handles nonlinear time-varying models and constraints in a systematic way [57,58].
In MPC, a chosen cost function is minimized and the optimal sequence of inputs is

1We kindly refer the reader to Chapter 3, where we describe the vehicle modeling and param-
eter identification, namely the steering dynamics.
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computed in order to better follow a specified trajectory under known constraints
on states and inputs. An input subset of the optimal sequence is applied to the
vehicle and the process is then repeated.

MPC has been widely used to address the autonomous vehicle guidance problem
(e.g., [59–66]). A particular area where MPC has been applied is active front steer-
ing (AFS). AFS modifies the vehicle steering angle without changing the steering
wheel position, helping the driver to drive around difficult corners and improving
stability. In [59], the authors combine differential braking and AFS to improve
yaw stability. There, an MPC controller is designed to track a driver-requested
yaw rate using offline computed optimal solutions by multiparametric program-
ming [67]. The combination of AFS with braking is also explored in [60]. In this
case, the intended contribution is to develop an autonomous vehicle capable of
avoiding obstacles, rather than helping a human driver. In this work, the controller
relies on a nonlinear MPC (NMPC), introduced in [61]. There, an NMPC controller
is presented in order to stabilize a vehicle along a desired path while fulfilling its
physical constraints. Since a nonlinear vehicle model is considered, the resulting
MPC controller has a considerable computational burden, which makes it difficult
to be implemented in real-time. MPC controllers limit experimental validation due
to the use of complex models for predicting the vehicle behavior, which makes the
optimization complex and slow. Also, adding constraints, such as imposing cer-
tain comfort measures, increases the problem complexity and the computational
burden. To overcome these problems, a linear time-varying (LTV) MPC for AFS
is proposed in [64]. There, the discrete time linear system is based on successive
online linearizations of the nonlinear vehicle model, and the stability conditions for
LTV-MPC controllers are also presented. Following the same reasoning, a control
architecture based on a LTV-MPC is presented in [65] to address the lane keep-
ing and obstacle avoidance problems for a passenger car driving on low curvature
and low friction roads. A study about the use of kinematic and dynamic vehicle
models for MPC control design is detailed in [63]. The authors show that the kine-
matic model has better forecast errors when discretized at 200 ms, compared to 100
ms. Therefore, the authors motivate the MPC design based on a kinematic vehicle
model since it is simpler than the dynamical model and still considerably accurate.
In [68], the authors integrate an environment model with a stochastic predictive
control approach to estimate and predict the state of surrounding vehicles. There-
after, the authors demonstrate the ability of a constrained MPC to achieve certain
objectives while avoiding collisions with other vehicles. Another approach to vehi-
cle stabilization using MPC is presented in [66]. In this work, the vehicle motion is
bounded within the region of the state space that does not contain unstable vehicle
dynamics. In [62], a hierarchical framework based on MPC for autonomous vehicles
is presented. At the high-level MPC, a desired trajectory is computed online using
simplified models, which is then provided to a low-level MPC that computes the
vehicle inputs using a detailed nonlinear vehicle model.

In the field of speed planning and control, Velenis et al. have investigated the
optimal velocity profile generation with given acceleration limits [69–72]. The au-
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thors propose a semi-analytical method to generate optimal velocity profiles on a
specified path for a vehicle with known acceleration limitations. The problem of
obtaining the optimal velocity profile is formulated as an optimal control problem
using a maximum allowed centripetal force as a constraint and solved it with the
Pontryagin’s maximum principle. In [69], a theoretical analysis of the method, with
a formal proof regarding optimality, is presented for a point mass vehicle. More-
over, in [70], the work is extended to include a half-car model and consequently
constraining both front and rear axis centripetal forces. Afterwards, in [71], the
infinite-horizon optimal control problem is implemented in a receding-horizon fash-
ion. A dynamic scheme that determined the planning and execution horizon length
is used to guarantee robustness.

Furthermore, within the same idea of minimum-time optimal speed profile, [73]
proposes a robot path planning technique for differential drive robots generating
a spline that minimizes the time of reaching an end point with desired heading
and velocity. The proposed method calculates the optimal position of the spline
control points by minimizing the time needed to perform the path. The robot
speed is computed using the geometry of the path and constraining the lateral and
longitudinal accelerations. Moreover, in [74] the problem of minimum-time optimal
speed profile is also addressed but, in this case, a single-track model including tire
models and load transfer is considered. In addition, the strategy is based on the
combination of an equivalent formulation of the optimal control problem with a
continuation method to find a candidate minimum-time trajectory.

Another active related research is the one considering eco-driving (i.e., con-
cerns with fuel consumption in autonomous driving). In [75], the vehicle efficiency
is optimized using a dynamic programming approach and the authors claim that
fuel savings up to 16% are possible by applying this method. Finally, in [76], the
authors developed a smooth path and speed planner for an automated public trans-
port vehicle in unstructured environments. In this work, the focus is on efficiency
and comfort rather than time optimality. Besides producing a smooth path with
bounded continuous curvature, the velocity planner uses the semantic information
of the road – maximum speed, longitudinal and lateral accelerations, and jerk – and
the constraints on the lateral acceleration and jerk to produce comfortable speeds.
The results of the proposed strategy were contrasted with real driving maneuvers
performed by human drivers in an automated public transport vehicle.

Figure 2.2 depicts a controller architecture that we developed in order to inte-
grate the motion controller in the overall system architecture. The two most outer
layers, the path sampling and treatment and the state machine, were developed to
create a vehicle- and planner-agnostic controller in the middle.

The reference path contains more than one waypoint where at least one has
non-zero velocity. Otherwise, either there is no path, since only one waypoint is
created, or the path is to be performed with null speed, which is not possible. At
the path sampling and treatment module, the path is manipulated such that the
path coordinates are set with respect to the vehicle local coordinate system. Also,
the controller does not depend on the spatial or time sampling of the path received
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Figure 2.3: Interaction between the planner and controller. Example of a simplified
forward-stop-reverse scenario messaging between the planner and the controller.
Although it is not represented, the autonomous vehicle controller interchanges more
information with the planner, such as the portion of the planned path that is being
executed and what is the tracking deviation.

from the planner, since in this module the path is velocity-dependent sampled (i.e.,
the spacing between waypoints depend on a predefined time gap). In the center,
an MPC controller is depicted. The length of the MPC prediction horizon has to
be set a priori, and when the number of waypoints received is less than that length
(but still larger than one), we extrapolate the path with the same curvature as the
last segment, to assure that the MPC has enough points to work with.

On the other end of the diagram, the state machine is essential for the coop-
eration between the controller and the local planner. Figure 2.3 sketches a typical
maneuvering scenario, where the vehicle has to move forward, stop, move backwards
and stop again. The state machine is responsible for making sure that the controller
does not end in a deadlock and that the vehicle inputs are state-dependent. For
instance, the vehicle must stand still if the path is too far away or if it is infea-
sible to be tracked. Furthermore, the motion planner is required to stamp each
waypoint with unique IDs. These are used to keep track of which part of the path
the vehicle has executed. The vehicle is projected on the path through the inter-
ception between its normal and the linear interpolation between the two closest
waypoints. Moreover, the ID of the closest waypoint behind the vehicle (i.e., the
waypoint previously executed), is sent back to the planner. When the ID corre-
sponds to a stopping point, a path completion flag is activated. Also, we record
the distance from the path, specifically the Euclidean distance between the vehicle
and its projection on the path.
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Figure 2.4: Example of a clothoid. Its curvature grows linearly from −5 m−1 to
5 m−1 and the arc-length is 30 meters.

2.2 Clothoids

One of the core ideas of this thesis is the use and exploitation of clothoids properties
in the controller design. Clothoids are also found in the literature under the names
of "Euler spiral" and "Cornu spiral". Mathematically speaking, the underlying equa-
tion describing a clothoid is known as a Fresnel integral. The many different names
are due to the historical background of this curve, which was reinvented many times
with completely different purposes. There is, however, one discovery that directly
connects clothoids with autonomous driving. In 1890, Arthur Talbot derived the
equation of clothoids to serve as a transition curve in railway tracks [77]. In a
clothoid, the curvature varies linearly with the path arc-length (see Figure 2.4). In
this way, straight lines and circular arcs are connected to minimize the shock and
unpleasant lurch of trains due to the curvature discontinuity in transition curves.
Currently, clothoids are the standard transition curve in road design [78]. In the
case of ground vehicles, clothoidal road design provides a linear change in the ve-
hicle steering angle when performing a turn, preventing sudden changes in lateral
acceleration and therefore, yielding low values of lateral jerk [79]. We also use the
smoothness and comfort characteristics of clothoid-driving in our controller design.

Early work on path planning for nonholonomic vehicles focused on the genera-
tion of Dubins’ curves (i.e., paths obtained by connecting circular arcs and straight
lines) [80,81]. These type of paths do not have a continuous curvature. Therefore,
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to follow them, a nonholonomic vehicle must stop and reorient its steering wheels;
otherwise, the path tracking is not possible without major errors in position and
in orientation at the curvature discontinuities since instantaneous changes in steer-
ing mechanisms are physically impossible. This problem triggered the emergence
of smooth path planning [82], namely, path planners that produce paths with B-
splines [83], polar splines [84], cubic spirals [82] and clothoids [85]. Clothoids have
the disadvantage of not having a closed-form expression, but the advantage of being
the curve with the simplest curvature function that provides the smoothest tran-
sition curves making them easy to track. Clothoids have also been widely used
in model based detection systems for determining road boundaries [86] and lane
recognition [87,88].

The general parametric form of a clothoid curve is given by

x(s) = x0 +
∫ s

0
cos(θ(ζ)) dζ, (2.1a)

y(s) = y0 +
∫ s

0
sin(θ(ζ)) dζ, (2.1b)

θ(s) = θ0 +
∫ s

0
κ(ζ) dζ, (2.1c)

κ(s) = κ0 + cs, (2.1d)

where x(s) and y(s) are the Cartesian coordinates of the curve, and θ(s) is the
angle defined by the tangent along the curve. The curvature κ varies linearly with
respect to the traveled distance with a constant curvature change rate c. The curve
is parameterized in the space domain s ∈ R+, which represents the distance along
the path. Integrating the right-hand side of (2.1a) and (2.1b) yields the so called
Fresnel integrals, which do not have a closed-form expression [89].

2.3 Model predictive control

MPC is an optimal control framework in which the current control input is obtained
by iteratively solving an open loop optimal control problem. The current state of
the plant is used as the initial state and the optimization is based on the predicted
state of the system, which relies on the system model. The solution of the optimal
control problem is a control input sequence and an input subset of this sequence
is applied to the plant. The process is then repeated at constant time intervals.
The biggest advantages of MPC are the systematic way of designing the controller
and its ability to cope with both input and state constraints. The latter represent
limitations on actuators or limitations that arise from physical, economic or safety
constraints. On the other hand, the optimization problem may be computationally
demanding. Consequently, MPC was originally used to improve the performance of
petrochemical industries in the 70’s [90]. At the time, the low computation power
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available limited the use of MPC to slow dynamics processes. More recently, MPC
has been subject to intensive research both in theoretical and practical aspects.
Feasibility and closed-loop stability may be guaranteed [57] and MPC has been
successfully applied to fast systems, such as autonomous vehicles [64].

In this section we introduce the concept of MPC and its variants, closely fol-
lowing [91] but opting for another notation. We kindly refer the interested reader
to [92–94] for a thorough description of the topic.

Nonlinear model predictive control
Consider the discrete-time nonlinear system

z(t+ 1) = f(z(t), u(t)), (2.2)

where f : Rn × Rm → Rn with f ∈ C1 describes the discretized system dynamics
at every discrete-time instant t ∈ Z+, z(t) ∈ Rn is the system state vector and
u(t) ∈ Rm is the system control input at time instant t. The system (2.2) is subject
to constraints, particularly

z(t) ∈ Z, u(t) ∈ U , ∀t ∈ Z+, (2.3)

where Z ⊆ Rn and U ⊆ Rm are polytopes [95].
LetH ∈ Z+ be the prediction horizon. We can formulate the problem of steering

the system (2.2) to the origin as a finite-time optimal control problem with the cost
function C : Rn × RH×m → R+ as

C (z(k), U(k)) =
t+H−1∑
k=t

l(z(k), u(k)), (2.4)

where U(t) = [u(t), ..., u(t + H − 1)] is a sequence of inputs over the time horizon
H at time instant t, z(k) for k = t, ..., t + H is the state trajectory obtained by
applying the control sequence U(t) to the system (2.2), starting from the initial
state z(t), l ∈ C1 and l : Rn × Rm → R+ is the stage cost.

With (2.4) in mind, at each sampling time, we solve the optimization problem

min
U(k)

C (z(k), U(k)) (2.5a)

s.t. z(k + 1) = f(z(k), u(k)) k = t, ..., t+H − 1, (2.5b)
u(k) ∈ U k = t, ..., t+H − 1, (2.5c)
z(k) ∈ Z k = t, ..., t+H − 1, (2.5d)
z(k) = z(t). (2.5e)

Then, we apply u(k) to the system and repeat the optimization with the new
measured states.
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Linear time-varying model predictive control

The nonlinear problem formulation (2.5), depending on the functions l and f , can be
a non-convex optimization problem and therefore, computational expensive. Also,
in this case, there is no guarantee that a solver converges to a global minimum
and, typically, the time to solve these type of problems makes it unfeasible for
real-time applications. Therefore, an LTV-MPC is presented, which reduces the
computation complexity of the problem by approximating the nonlinear system
model with a linear time-varying model.

Consider the state z0 ∈ Z and the input u0 ∈ U . Let z0(k) be the state
trajectory obtained by applying a constant input sequence u0(k) = u0 for k ≥ 0 to
the system (2.2) with z0(0) = z0. Then, the linearization of (2.2) around z0(k) and
u0(k) yields the system

δz(k + 1) = A0(k)δz(k) +B0(k)δu(k), (2.6)

where δz(k) = z(k) − z0(k) and δu(k) = u(k) − u0. A0(k) ∈ Rn×n and B0(k) ∈
Rn×m are defined as

A0(k) = ∂f(z, u)
∂z

∣∣∣∣z = z0(k),
u = u0(k)

, B0(k) = ∂f(z, u)
∂u

∣∣∣∣z = z0(k),
u = u0(k)

, (2.7)

The LTV system (2.6) is a first-order approximation of the nonlinear system (2.2).
It describes the deviations from the state trajectory z0(k) when a constant sequence
of amplitude u0 is applied to the plant.

Thus, at each sampling time we solve the following problem with respect to
δU(k) = U(k)− u0:

min
δU(k)

C (z(k), U(k)) (2.8a)

s.t. δz(k + 1) = A(k)δz(k) +B(k)δu(k) k = t, ..., t+H − 1, (2.8b)
u(k) ∈ U k = t, ..., t+H − 1, (2.8c)
z(k) ∈ Z k = t, ..., t+H − 1, (2.8d)
z(k) = z(t). (2.8e)
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Linear time-varying model predictive control for reference tracking

The MPC defined in (2.8) steers the system to the origin. Let zref(t) ∈ Z ∀t ∈ Z+

be a time-varying reference trajectory. Also, let uref(t) ∈ U ∀t ∈ Z+ be the sequence
of inputs that generated the reference trajectory. We modify the cost function (2.4)
to steer the system to the given reference. Also, note that, by construction,

0 = l(0, 0) ≤ l(z̃(k), ũ(k)) ∀z ∈ Z, ∀u ∈ U .

To be specific,

C (z̃(t), Ũ(t)) =
t+H−1∑
k=t

l(z̃(k), ũ(k)), (2.9)

where z̃(t) = z(t)− zref(t) and ũ(t) = u(t)− uref(t).
In case of unknown model errors or disturbances, zero offset may be achieved by

designing an MPC with integral action by appropriately including the disturbance
and reference dynamics in the prediction model [96,97].

Economic model predictive controller

Economic MPC (EMPC) [98] is a recent variant of MPC, which was born to effi-
ciently combine the hierarchical separation between economic and dynamic perfor-
mance. Typically, an upper layer provides the optimal set-point, from the economic
point of view, to the MPC, which is responsible for stabilizing the system and reject
any disturbances, from the dynamical point of view. Although recent, it has been
applied, for example, to building temperature and smart grid management [99,100].
To our best knowledge, the EMPC framework has never been applied to autonomous
driving.

In the standard MPC cost function, the cost function is, by construction, zero at
the optimal reference trajectory. The same is not true in the economic MPC, since
the operating cost of the system is included in the cost function. Let e(z, u) : Rn×
Rm → R+ be the economic cost. Thus, we can modify the cost function (2.9) even
further to steer the system to the given reference while minimizing the operating
cost of the plan, yielding

C (z̃(t), Ũ(t)) =
t+H−1∑
k=t

l(z̃(k), ũ(k)) + e(z(k), u(k)). (2.10)
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2.4 Summary

An autonomous vehicle system may be decomposed in different modules, namely,
perception and localization, behavior selection, motion planning, and motion con-
troller. The environment fusion is responsible for estimating the vehicle position
with respect to the world environment, determining also the state of the vehicle
surroundings. The behavior selection and the motion planner module receive a
detailed map with this information. These modules are responsible for appropri-
ately deciding which behavior the vehicle should have and which path the vehicle
should take. Then, the motion controller is responsible for accurately executing the
planned path. In the last few decades, the field of autonomous vehicles has been
subject to intensive research. We covered a part of the extensive available literature,
where we described the significant progress made in the last years with the matura-
tion of systems, such as ADAS that are available in the majority of the commercial
vehicles. This technology helps the driver intervening whenever a critical situation
is triggered, and therefore, mitigating the risk of accidents. Lastly, we provided an
overview on the main concepts to be exploited in this thesis, particularly clothoids
for path representation and MPC for reference tracking.



Chapter 3

Vehicle modeling

Model-based control design is highly dependent on the quality of the models
provided. On one hand, an accurate system model provides good predic-
tions. However, these models are typically complex and computationally

expensive. On the other had, simple models are less computationally demanding
but are unable to provide good predictions. In this chapter, we describe the ve-
hicle modeling for two distinct cases: simulation analysis and control design. The
purpose of this thesis is to design and evaluate controllers on a heavy-duty vehicle.
Therefore, we base our modeling on a Scania G480 construction truck shown in
Figure 3.1. The vehicle’s lateral dynamics are modeled as a 4-axles bicycle model
with two steering axles. Also, the vehicle longitudinal dynamics are included in
the model making use of an in-production simulation model of a cruise controller.
We focus the lateral dynamics modeling since the longitudinal dynamics model is
provided by Scania CV AB. On the other hand, the movement of a car-like nonholo-
nomic vehicle, such as a truck that performs curvy paths at low speeds (i.e., when
the lateral dynamics have little influence) and drives straight at high-speeds can be
described by its kinematics without significant loss of prediction accuracy [63]. So,
we use a kinematic vehicle model for control design.

The outline of this chapter is as follows. In Section 3.1, the simulation used in
simulation is described, namely a 4-axles bicycle model. In Section 3.2 is presented
the kinematic vehicle model used for control design. Section 3.3 provides a com-
parison between both models behavior when driving at different speeds and subject
to different curvature requests. A summary of the presented models concludes this
chapter.

27
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Figure 3.1: Modified Scania G480 construction truck used as experimental and
research platform.
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Figure 3.2: 4-axles bicycle model illustration.

3.1 Simulation model: 4-axles bicycle model

The lateral dynamics of the simulation model is described by a 4-axles nonlinear
bicycle model with 2 steering axles in the front and 2 traction axles in the back. It
is based on a modified Scania G480 construction truck shown in Figure 3.1.
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The notation used in the 4-axles bicycle model is shown in Figure 3.2. The
vehicle lateral dynamics are modeled by the following set of differential equations
describing the lateral force and the momentum [101],

m(v̇y + ψ̇vx) = Fybb
+ Fybf

+ Fyfb
cos δb + Fyff

cos δf (3.1a)

Jzψ̈ = ffFyff
cos δf + fbFyfb

cos δb − bfFybf
− bbFybb

, (3.1b)

where vx and vy denote the longitudinal and the lateral speed of the vehicle, and ψ̇
denotes the yaw rate. The constantsm and Jz denote the vehicle mass and moment
of inertia about the yaw axis, respectively, and fb/f and bb/f represent the distances
from the center of gravity to the front and rear axles respectively. Finally, δf/b are
the steering angles of the front axles. From Figure 3.2, δ = δf and δb = βδf , where
β is the wheel angle ratio between the two front axles. The estimation of β is made
using real data containing the wheel angles from both front axles. Since the model
focuses on the lateral dynamics, vx is considered known. In this model, the side
forces are assumed to be linear functions of the slip angles

Fyff
= −Cff

αff
(3.2a)

Fyfb
= −Cfb

αfb
(3.2b)

Fybf
= −Cbf

αbf
(3.2c)

Fybb
= −Cbb

αbb
, (3.2d)

where the constants Cbf/b
and Cff/b

are the cornering stiffnesses of the rear and
the front axles respectively. The axles cornering stiffnesses have been computed
by linearizing Pacejka’s formula [101] for no longitudinal slip, no camber, small
slip angles and using the steady-state vertical loads on each axle obtained through
Adams simulation [102]. Adams is a simulation environment that allows building
systems in detail, such as a vehicle, to the dynamics of moving parts and how loads
and forces are distributed. The slip angles are given by

αff
= arctan

(
vy + ψ̇ff
|vx|

)
− δf (3.3a)

αfb
= arctan

(
vy + ψ̇fb
|vx|

)
− δb (3.3b)

αbf
= arctan

(
vy − ψ̇bf
|vx|

)
(3.3c)

αbb
= arctan

(
vy − ψ̇bb
|vx|

)
. (3.3d)

Also, we derive a formula that allows us to relate the vehicle curvature with its
steering angle (input to the vehicle model (3.1)) assuming steady-state conditions
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Figure 3.3: Curvature to steering wheel angle dynamics.

and that the vehicle has no slip (i.e., vx � vy). Vehicle curvature is defined as
being the ratio between yaw rate and longitudinal speed at each instant. Equa-
tion (3.4) uses the curvature information to compute the steering angle that makes
it dependent on the square of the vehicle velocity and on the stiffnesses of both rear
and front wheels

δf =
(Cff

+ Cfb
) arctan

(
(D +Kusv

2
x)κ
)

Cff
+ Cfb

β
, (3.4)

whereKus is the understeering gradient of the vehicle, which depends on the vehicle
mass and on its center of mass, and D is the wheelbase of the truck.

The interface between the controller and the vehicle is a curvature request.
Thus, an additional modeling step is necessary. The curvature to steering wheel
angle dynamics are composed by a constant delay, a low-pass filter and a dead-zone,
as shown in Figure 3.3. The vehicle model was validated using experimental data
where the truck, shown in Figure 3.1, was subject to different curvature requests
functions, such as sinusoids and square waves, at low speeds (between 5 and 10
m/s). Then, the vehicle model was subject to the same steering wheel angle and the
same longitudinal speed as the recorded measurements. One of those experiments
is depicted in Figure 3.4a. Moreover, Figure 3.4b shows the model accuracy even
when subject to more dynamic curvature request profiles. It is clear that the vehicle
model correctly captures the vehicle curvature dynamics.

The longitudinal dynamics model are described in two steps and it was devel-
oped by Scania CV AB. First, the longitudinal model receives a speed request or an
acceleration request and outputs a engine torque or a brake demand. It consists of
three controllers, namely a cruise controller that outputs engine torque, a downhill
speed controller that outputs auxiliary (or retarder) torque, and an external brake
interface that takes acceleration as input and outputs wheel brake torque. The
cruise controller is a proportional-integral (PI) controller that takes into account
the vehicle characteristics, such as mass and maximum engine torque, as well as
the road profile, to produce a engine torque that makes the vehicle track the speed
request. The parameters used in the simulation are the same as the ones commer-
cially available in the truck cruise controller. Secondly, the powertrain illustrated
in Figure 3.5 is modeled. The engine receives a torque request and determines the
amount of diesel that needs to be combined with air in a high pressurised chamber.
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(a) Comparison between the vehicle model and real data using as input a sinusoid wave
with curvature amplitude of 0.05 m−1 and period of 6 seconds.
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(b) Comparison between the vehicle model and real data in a real road with two sharp
turns.

Figure 3.4: Two examples of recorded experiments with the truck where different
curvature request functions were inputted.
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Figure 3.5: Illustration of the powertrain model.
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Figure 3.6: Kinematic model illustration.

The clutch is responsible for decoupling the engine from the drivetrain to enable
gear shifts. The gear box connects the clutch to the propeller shaft and determines
the conversion ratio between the engine torque and the propeller shaft torque. Fi-
nally, these torques are converted in the final drive and drive shafts to wheel torque.
For a detailed description of each one of these elements of the powertrain, please
refer to [103].
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3.2 Control design model: car-like kinematic model

Figure 3.6 illustrates the kinematic vehicle model. The movement of a car-like non-
holonomic vehicle at low speeds (i.e., when the lateral dynamics have little influence)
can approximately be described by its time-domain kinematic equations [54] given
by

dx(t)
dt

= v(t) cos(θ(t)) (3.5a)

dy(t)
dt

= v(t) sin(θ(t)) (3.5b)

dθ(t)
dt

= v(t)
D

tan(δ(t)), (3.5c)

where x and y are the coordinates of the vehicle in the global coordinate system, θ is
the yaw angle, D is the distance between the front and rear axle, v is the longitudinal
velocity in the vehicle coordinate system, and δ is the steering angle of the front
wheels. We can translate these equations to space-domain where v(t) · dt = ds and
assuming that v(t) 6= 0 and v(t) is a continuous function, which yields

dx(s)
ds

= cos(θ(s)) (3.6a)

dy(s)
ds

= sin(θ(s)) (3.6b)

dθ(s)
ds

= 1
D

tan(δ(s)). (3.6c)

3.3 Analysis

In this section, we compare the behavior of the dynamic and the kinematic model
when subject to the same input.

Figure 3.7 shows simulation results using the dynamic and the kinematic models.
There, the vehicle models are subject to different speeds and, at 15 seconds of
simulation, a curvature request is given to both models. As expected, the dynamic
and the kinematic models are similar at low speeds (5 m/s). The slip angles and
the tire forces modeled in the dynamic model have neglectable influence on the
vehicle motion at this speed. However, at high speeds (15 m/s), the behavior of the
models is totally distinct. Therefore, at high speeds, it is not possible to accurately
predict the motion of a realistic vehicle using a kinematic model. In this case,
the dynamical model presents a considerable understeering behavior, while this is
not modeled by the kinematic model. Finally, at moderate speeds (10 m/s), the
behavior of both vehicle models is similar when the curvature is small. Nevertheless,
when the curvature is considerable, the kinematic model is unable to replicate the
lateral dynamics of the vehicle.
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Figure 3.7: Comparison between the dynamic and the kinematic models for different
velocities and curvatures.

In this thesis, we propose control design using the kinematic model. Therefore,
we assume that the lateral dynamics of the vehicle are neglectable when driving
straight or with small curvature. In addition, we enforce low speed when turning
to mitigate the vehicle lateral slip. With these two conditions, the kinematic model
is able to accurately predict the vehicle motion.

3.4 Summary

In this chapter, we described two types of vehicle models. A 4-axle bicycle model
integrated with steering column dynamics was presented to describe the vehicle
lateral dynamics. Furthermore, we compared the behavior of the vehicle model
with real vehicle data where a truck was subject to different curvature requests and
its movement recorded. We briefly detailed the longitudinal model, which contains
cruise controller and vehicle longitudinal dynamics. This model was provided by
Scania CV AB. In addition, we presented a kinematic car-like vehicle model, which
is used as a model for control design in the next chapters. In the end, we compared
the behavior of both models at different speeds and subject to different curvature
requests. The kinematic model is able to reproduce accurately the dynamical ve-
hicle model behavior at low speeds or with small curvatures. However, the models
are totally distinct when the speed is too high due to the non-neglectable lateral
dynamics is this case.



Chapter 4

Clothoid-based path sparsification

The need of a proper path representation is crucial for autonomous driving.
Clothoids are used in road design due to their smoothness properties. In fact,
the curvature of a clothoid varies linearly with the traveled distance. This

provides a linear change in the vehicle steering angle when performing a turn and
preventing sudden changes in lateral acceleration. Therefore, clothoid transition
curves yield reduced values of lateral jerk. Thus, we describe a reference path by
means of clothoids. Furthermore, we describe the path using the minimum number
of clothoid segments. The problem of clothoid fitting has been a subject of research
in recent years (e.g., [104, 105]). In [104], an algorithm is proposed for fitting a
clothoid sequence with G2 continuity (i.e., with continuous curvature) to a curve
where a clothoid rational approximation is used. In [105], an algorithm is proposed
for clothoid fitting between two given points using the Newton-Raphson method in
a fast and robust fashion.

In this chapter, we formulate mathematically the problem of clothoid-based path
sparsification in Section 4.1. We introduce the problem of path sparsification and
detail how it can be solved using l0-norm minimization techniques. In Section 4.2,
we provide simulation and experimental results using the proposed algorithm. We
conclude this chapter with a summary of its content.

4.1 Problem formulation

In many application, a reference path is a set of dense of linearly interpolated
waypoints containing position, orientation and speed information. In this section,
a strategy that allows sparsifying the path description with almost no loss of detail
describing it with a set of clothoids is presented.

The problem of sparsification consists of describing an original path using a set of
clothoids and is illustrated in Figure 4.1. The original path consists of a vector ofNo
waypoints containing their Cartesian coordinates. Let [xo,yo]ᵀ be a pair of vectors
containing (xoi , yoi ), i = 1, ..., No. The path described by these set of clothoids must

35
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Figure 4.1: The reference path is a dense set of linearly interpolated waypoints,
while the intended representation is a sparse set of clothoid segments that can
deviate at most ε from the original path.

not deviate more than a certain small tolerance ε from the original path. Clothoids
are uniquely described by their kink-points (i.e., the beginning and the end points
of a clothoid). Let a clothoid-based path be described by Nk ≤ No kink-points,
consisting of position, (xkj , ykj ), orientation, θkj , curvature, κkj and traveled distance
since the first kink-point, skj , j = 1, ..., Nk. Furthermore, we intend to describe the
original path with as few clothoid segments as possible.

We assume that the distances between the waypoints ∆si = si+1−si are known.
The discretization of the clothoid parametric equations (2.1a) and (2.1b) is based on
the fact that integrals can be approximated by Riemann sums. Thus, the position
(xn, yn) with n = 1, ..., No − 1 after applying κn = [κ0, ..., κn]ᵀ is described by

xn =
n∑
i=0

cos

 i∑
j=0

κj∆sj

∆si (4.1a)

yn =
n∑
i=0

sin

 i∑
j=0

κj∆sj

∆si. (4.1b)

The equivalent vectorial version for κ = [κ0, ..., κNo ]ᵀ is
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x(κ) = S cos(Sκ) (4.2a)
y(κ) = S sin(Sκ), (4.2b)

where S ∈ RNo×No is a lower triangular matrix that performs the cumulative sum
operation along a vector

S =


∆s0
∆s0 ∆s1
∆s0 ∆s1 ∆s2
...

...
... . . .

∆s0 ∆s1 ∆s2 . . . ∆sN

 . (4.3)

Note that the coordinates of the reconstructed path [x(κ),y(κ)]ᵀ are only depen-
dent on the clothoid curvature κ assuming known initial orientation and curvature.

The problem of fitting a sparse piecewise linear function to data involves mini-
mizing the l0-norm. For a piecewise linear function, the second-order derivative of
the curvature is exactly zero everywhere except in a few points, the so called kink-
points. Minimizing the l0-norm of the second-order differences of the curvature
vector, is equivalent to minimizing the number of kink-points. Thus, we propose to
solve the optimization problem

min
κ

||D2κ||0 (4.4a)

s. t. |x(κ)− xo| ≤ ε (4.4b)
|y(κ)− yo| ≤ ε, (4.4c)

where κ is the vector of curvatures to be estimated, ε ∈ R+ is the maximum allowed
error of the reconstructed curve, the inequalities (4.4b) and (4.4c) are performed
elementwise, and D2 ∈ Z(No−2)×No is the matrix operator that calculates second-
order differences of a vector,

D2 =


1 −2 1

1 −2 1
. . . . . . . . .

1 −2 1
1 −2 1

 . (4.5)

Note that the orientation of the reconstructed curve is given by θ(κ) = Sκ
The problem (4.4) is non-deterministic polynomial-time hard (NP-hard) [106]

and therefore, difficult to solve due to its computational complexity. These type of
problems are usually relaxed using the l1-norm, which result in convex relaxations
of the original problem. As proposed in [107], a method to solve these problems
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consists of applying an algorithm from the family of majorization-minimization al-
gorithms, where the minimization of a generic function (l0-norm) is performed by
iteratively minimizing a convex majorizer function (l1-norm). As discussed in [107],
there are several properties of this algorithm that need more research and under-
standing. Here, the algorithm is analyzed from a practical point of view and we do
not claim any specific property, such as convergence or optimality. Thus, we have
to rewrite the problem (4.4) as

min
κ

||W�D2κ||1
s.t. |x(κ)− xo| ≤ ε

|y(κ)− yo| ≤ ε,
(4.6)

where W is a vector that contains weights that are initially set to 1 and � is the
Hadamard product. W is updated in each iteration as

Wm+1 = 1
|Wm �D2κ|

. (4.7)

At each iteration, the weighting vector is normalized so that the weights sum
up to the number of samples. In other words, the weights are updated such that
the entries of the smoothness term close to zero receive a higher weight, while the
others obtain a smaller weight resulting in a reweighed l1-norm that is more similar
to the l0-norm.

However, problem (4.6) is not in convex form due to the fact that the recon-
structed path [x(κ),y(κ)]ᵀ is computed using (4.2) that are clearly nonlinear equa-
tions. A linear approximation is done using a first-order Taylor approximation of
both cosine and sine around an estimated curvature κ̂. To be able to apply this
approximation, we have to estimate the original path curvature and discretize its
function in ∆si. The linearization takes the form

x(κ) = S (cos(Sκ̂)− sin(Sκ̂)S(κ− κ̂)) (4.8a)
y(κ) = S (sin(Sκ̂) + cos(Sκ̂)S(κ− κ̂)) , (4.8b)

where estimated curvature κ̂ is found by approximating a circle passing by three
consecutive points pk−1, pk and pk+1 of the raw data, as illustrated in Figure 4.2.
Then the inverse of the circle radius is the curvature approximation. Thus, as
described in [108], the discrete curvature approximation is given by

κ̂ = 4A∆
P∆

, (4.9)

where A∆ and P∆ are the area and perimeter of the triangle formed by the consid-
ered three points, respectively.

Finally, we formulate the original problem (4.4) as a convex problem
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Figure 4.2: Curvature estimation κ̂ by circle approximation where pk−1, pk and
pk+1 are three consecutive points.

min
κ

||W�D2κ||1 (4.10a)

s.t. |S (cos(Sκ̂)− sin(Sκ̂)S(κ− κ̂))− xraw| ≤ ε (4.10b)
|S (sin(Sκ̂) + cos(Sκ̂)S(κ− κ̂))− yraw| ≤ ε. (4.10c)

Let ρ = ||W � D2κ
?||1, where ρ = [ρi, ..., ρNo

]ᵀ. The kink-points are the
elements of the optimal curvature vector κ? where the smoothness term ρ is bigger
than a small threshold δ. These are the elements with index j that belong to

{j ∈ {2, .., No − 1} : ρj > δ} ∪ {1, No}.

Figure 4.3 illustrates the idea of choosing the kink-points only where the second-
order differences of the curvature function is bigger than a specified threshold.

The path reconstruction is possible to do from the sparsification information.
The path reconstruction is accomplished by using only the kink-points and their
underlying information in an efficient and computational inexpensive fashion. A
pair of kink-points uniquely defines a clothoid since it is possible to compute the
clothoid arc-length, lkj = skj+1 − skj , and the curvature change rate, ckj = κk

j+1−κ
k
j

lk
j

.
In order to avoid numeric integration as in (4.2) we use the rational approxima-
tion given in [89] to approximate the Fresnel integrals in (2.1a) and (2.1b) when
reconstructing the curve (x(s), y(s)). The rational approximation is given by
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Traveled distance [m]si+5 si+6

Reconstructed points
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Figure 4.3: Illustration of the reconstructed path curvature function κ. The points
where the second-order differences of κ are bigger than a certain threshold are kink-
points. These are points where two linear functions with different slopes meet and
represent the beginning or end of a clothoid.

x(s) ≈ 1
2 −R(s) sin(1

2π(A(s)− s2)), (4.11a)

y(s) ≈ 1
2 −R(s) cos(1

2π(A(s)− s2)), (4.11b)

where

R(s) = 0.506s+ 1
1.79s2 + 2.054s+ 1.414 , (4.12a)

A(s) = 1
0.803s3 + 1.886s2 + 2.524s+ 2 . (4.12b)

The maximum error of this approximation is 1.7× 10−3 [89].

4.2 Simulation examples and discussion

In this section, we present the results obtained with the clothoid-based path spar-
sification algorithm described in Section 4.1. We start by showing an illustrative
example that exemplifies the usefulness of the method. This illustrative example
is based on a double S-curve, which is generated from nine clothoids connected
together. Then, we apply the algorithm to two real paths: a precision test track
and a high-speed test track. The paths were recorded using a real-time kinematic
(RTK) GPS installed in a truck. The data is from Scania’s test track located in
Södertälje, Sweden, south of Stockholm.
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(a) Clothoid-based path sparsification algorithm output with ε = 0.5.
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(b) Zoomed section of the clothoid-based path sparsification algorithm output with ε = 0.5.
Linearly interpolated waypoints (original path representation)
Maximum loss of detail of the new representation (set by ε)
Clothoid-based sparse path representation

Figure 4.4: The reference path is described with a clothoid-based path using only
a few kink-points.
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Figure 4.5: Illustrative example that demonstrates the effect of ε in the result of
the clothoid-based path sparsification algorithm.

Table 4.1: Reference path information for ε = 0.1

Path Precision track High-speed track
Number of points of the original path 1459 3024
Number of points of the sparse path 55 59

Figure 4.4 depicts an illustration of the clothoid-based path algorithm output.
We see that the original path is reconstructed with only few points where the recon-
structed path does not violate the imposed ε constraint. Furthermore, Figure 4.5
illustrates the influence that the single parameter ε has on the solution retrieved by
the algorithm. As expected, the bigger the constraints the more the reconstructed
path deviates from the original and fewer kink-points are needed to reconstruct the
path.

We show the obtained paths when running the clothoid-based path sparsification
algorithm in Figures 4.6 and 4.7 with ε = 0.1 m. Once again, the algorithm
demonstrates its ability to represent the path with few kink-points.

Information, such as the number of points of the original and the sparsified
paths, is summarized in Table 4.1. While the compression ratio between the spar-
sified path and the original path is about 2%-3% the sparsified path has almost no
loss of detail since the maximum deviation allowed is 0.1 m.
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Figure 4.6: The precision track path is described with a clothoid-based path using
only a few kink-points.
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Figure 4.7: Clothoid-based path sparsification is used on the high-speed test track
path.

4.3 Summary

In this chapter, a clothoid-based path sparsification algorithm was presented. We
formulated the problem of path sparsification as a l0-norm curvature regularization
problem (i.e., an optimization problem that consists of finding a piecewise linear
curvature function with the smallest number of kink-points allowing us to recon-
struct the path with almost no loss of detail). The property of having linear varying
curvature with the traveled distance is present in clothoids. The l0-norm induces
sparsity in the solution, since we want the cost function (i.e., the second derivative
of the curvature function) to always be zero except at a few points, the so called
kink-points. However, optimization problems using the l0-norm are computation-
ally intractable since they are NP-hard and therefore, we solved the problem using a
majorization-minimization algorithm where we solve iteratively a weighted l1-norm
optimization problem. In the end of the chapter, we presented results using the
clothoid-based path sparsification algorithm. The results showed that it is possible
to represent a path with few kink-points with a compression ratio of about 2%-3%.



Chapter 5

Clothoid-based
model predictive controller

In this chapter, we approach the problem of path following by merging the MPC
framework with the concept of clothoids: we introduce a clothoid-based model
predictive controller (MPCC). While predictive control performance is depen-

dent on the model accuracy, its performance is also highly affected by the model
complexity. Although a complex model can be really accurate, it can also endanger
the real-time applicability due to limited computational power and real time behav-
ior. Therefore, we propose that the vehicle motion is predicted using the geometric
model of a clothoid instead of a vehicle model. Even though the kinematic vehicle
model and the clothoid model are essentially the same, we constrain the former to
have a piecewise linearly varying curvature such that the vehicle is predicted as a
set of clothoids. In fact, instead of using the steering wheel angle as the model
input, the MPC optimizes over the curvature change rate, how much the vehicle
curves and for how long. Then, the MPC is formulated in the standard form as a
tracking MPC.

We address the problem of clothoid-based path following using an MPC frame-
work by developing an linear-time varying (LTV) MPC for the lateral control of a
vehicle in Section 5.1. Section 5.2 discusses the accuracy of the clothoid model as
a prediction model and demonstrates the performance of the proposed controller
through illustrative simulations. In the end, Section 5.3 highlights the main topics
addressed in the chapter.
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Figure 5.1: The path is represented by N − 1 clothoids that are described by N
kink-points (i.e., the beginning or end of a clothoid segment). The clothoid-based
MPC controller results in a sequence of inputs that guide the vehicle along the
reference path.

5.1 Problem formulation

In this section, we propose a method for lateral control of an autonomous vehicle
by formulating the MPCC.

The movement of a car-like nonholonomic vehicle at low speeds (i.e., when the
lateral dynamics have little influence), can approximately be described by its space-
domain kinematic equations

dx(s)
ds

= cos(θ(s)), (5.1a)

dy(s)
ds

= sin(θ(s)), (5.1b)

dθ(s)
ds

= κ(s), (5.1c)

where κ(s) represents the vehicle curvature along the path. If we limit κ(s) to be
a linearly varying function given by

κ(s) = cs+ κ(0),

where c is the curvature change rate, then (5.1) describes a clothoid as in (2.1).
Let the reference path be generated by the clothoid-based path sparsification

algorithm presented in Chapter 4. Thus, the reference path is represented by N −1
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clothoid segments that are described by N kink-points defined by zrefi = [xrefi , yrefi ,
θrefi , κrefi ]ᵀ, where i = 1, ..., N . For each kink-point zrefi , [xrefi , yrefi ]ᵀ represents the
position, θrefi represents the orientation, and κrefi represents the curvature. Also, we
have access to the clothoid model input that generated the path uref

i = [crefi , lrefi ]ᵀ,
where i = 1, ..., N − 1, which represent the curvature change rate (constant by
definition), crefi , and arc-length, lrefi of the clothoid delimited by the kink-points i
and i+ 1.

The vehicle state at each kink-point is similarly defined as z(si) = zi = [xi, yi, θi,
κi]ᵀ, where i = 1, ..., N and its input as u(si) = ui = [ci, li]ᵀ, where i = 1, ..., N−1.
Here, we use the subscript i intentionally since we sample the predicted vehicle
motion only at the kink-points of the reference path as idealized in Figure 5.1.

Using (5.1) and assuming κ(s) to be a piecewise linearly varying function, the
vehicle state evolution at each kink-point is computed using the discrete function

zi+1 = f(zi,ui),

which is defined as

xi+1 = xi +
∫ li

0
cos(θi + κis+ ci

s

2
2
) ds, (5.2a)

yi+1 = yi +
∫ li

0
sin(θi + κis+ ci

s

2
2
) ds, (5.2b)

θi+1 = θi + κili + ci
li
2

2
, (5.2c)

κi+1 = κi + cili. (5.2d)

We are interested in the problem of following a reference path with an au-
tonomous vehicle only using the kink-points of the path. We can formulate this
problem as a standard tracking MPC problem

min
ũ1,...,ũH

H∑
i=1

z̃iᵀQz̃i + ũᵀ
i−1Rũi−1 (5.3a)

s.t. zi+1 = f(zi,ui), i = 1, ...,H − 1, (5.3b)
z0 = z(0), (5.3c)
ui ∈ U, i = 1, ...,H − 1 (5.3d)

where H ∈ Z+ is the MPC prediction horizon and z̃i = zi − zrefi , ũi = ui − uref
i

represent the state and input tracking errors, respectively. The penalization matri-
ces Q ∈ R4×4 and R ∈ R2×2 are diagonal positive definite and weigh the state and
the input cost, respectively. The vehicle motion prediction, represented in (5.3b)
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by function f , is done using (5.2) and (5.3d) describes the input constraints. Intu-
itively, we want to predict the set of clothoids that guide the vehicle to the desired
path while minimizing the state error (weighted difference in position, orientation,
and curvature) at the kink-points and the input error (weighted difference in cur-
vature slope and arc-length).

The integrals in (5.2a) and (5.2b) are known as the Fresnel integrals and do
not have a closed form expression [89]. Since we want to be able to compute the
vehicle motion path kink-points explicitly, a good approximation is to substitute
the integral by its corresponding arc length as in a Riemann integral [109],

xi+1 = xi + li+1 cos(θi + κili + ci
li
2

2
) (5.4a)

yi+1 = yi + li sin(θi + κili + ci
li
2

2
) (5.4b)

θi+1 = θi + κili + ci
li
2

2
(5.4c)

κi+1 = κi + cili, (5.4d)

and then to linearize the model around the reference path

z̃i+1 = Aiz̃i + Biũi, (5.5)

where

Ai = ∂f(z,u)
∂z

∣∣∣∣z = zi
ref,

u = ui
ref

=


1 0 −lrefi sin θrefi+1 −lrefi

2 sin θrefi+1

0 1 lrefi cos θrefi+1 −lrefi
2 cos θrefi+1

0 0 1 lrefi
0 0 0 1

 (5.6)

and

Bi = ∂f(z,u)
∂u

∣∣∣∣zi = zref,
u = ui

ref

=


− l

ref
i

3

2 sin θrefi+1 cos θrefi+1 − lrefi κrefi+1 sin θrefi+1
lrefi

3

2 cos θrefi+1 sin θrefi+1 + lrefi κrefi+1 cos θrefi+1
lrefi

2

2 κrefi+1
lrefi crefi .

 (5.7)

In Appendix A, the final formulation of the controller is cast as a quadratic pro-
gram (QP), for which there are efficient methods to solve the optimization problem
(e.g., cvxgen [110]).
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Table 5.1: MPCC parameters tuning.

Parameters MPCC
Prediction horizon, H 10
Controller frequency 50 Hz

State penalization matrix, Q diag(1, 1, 10, 10)
Input penalization matrix, R diag(100, 1000)

5.2 Simulation example and discussion

In this section, we present simulation results obtained with the MPCC controller
introduced in Section 5.1. We use the same illustrative example as the one used in
Section 4.2, and shown in Figure 5.2a. The reference path is a double S-curve that
consists of nine clothoids connected together.

When the clothoid prediction model linearization is performed, we approximate
the Fresnel integrals, which do not have closed form solution, by the Riemann inte-
gral approximation (5.4). In this case, the the upper bound of the approximation
error depends on the clothoid arc-length Li and is given by

eapprox =
∣∣∣∣∫ Li

0
f(s)ds− f̂(s)

∣∣∣∣ < L2
i

2n max
[0,Li]

∣∣∣∣df(s)
ds

∣∣∣∣. (5.8)

where f̂(s) is the Riemann integral approximation of the integral of f from 0 to
Li with respect to s and n is the number of subintervals in [0, Li]. It is clear
from that when n → ∞ then eapprox → 0 (i.e., the more samples we take the less
erroneous the approximation is). As before, Li represent a clothoid arc-length (i.e.,
the arc-length between two consecutive kink-points). Note that Li = nli, where li
in (5.2) is the arc-length of smaller clothoids consequence of dividing the original
clothoid in n subintervals. Also, f is either a cosine or a sine, and therefore, the
term max[0,Li]|df(s)

ds | is 1 in every possible interval. Therefore, it is not reasonable
to use waypoints too far apart, otherwise the prediction model can be inaccurate.
Consider the case where the Riemann integral is calculated over 20 m, then the error
upper-bound is 200 m. However, if we divide the interval in 10 smaller intervals of
2 m each the error-bound is reduced 100 times to 2 m.

We use three different sampling distances in the evaluation of the controller:
1, 2.5 and 5 m. Each clothoid is cut into smaller clothoids using the sampling
distances. The results are shown in Figure 5.2b. The vehicle drives at constant
speed of 5 m/s. Note that, although this might be a fairly low speed, the reference
path includes two sharp turns. The simulation uses the vehicle dynamics described
in Chapter 3. All the optimization problems are solved using cvxgen, which is a
custom optimization solver [110].

Table 5.1 presents the MPCC parameter tuning used in simulation. The Q
trades off position accuracy for driving smoothness, while R strongly penalizes
deviations from the reference input. Controller aggressiveness is not desired if the
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(a) Reference path used to illustrate the MPCC performance. In the figure, the
reference path is represented on the upper plot, while the reference curvature is
represented in the lower plot. The reference is a double S-curve that consists of nine
clothoid segments.
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below the controllers curvature requests are shown.

Figure 5.2: Double S-curve and MPCC performance.
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deviation from the path is small and therefore, we desire to maintain low errors
on heading and curvature as well. We also penalize deviations from the input,
specially we do not intend to predict the vehicle motion with significantly different
arc-lengths.

We can see, as expected from the reasoning about the approximation error,
that the performance of the MPCC gets worse as the sampling distance increases.
Therefore, if the sampling is short enough, the clothoid model used for the vehicle
prediction has good accuracy allowing the performance of the controller to achieve
good results. For instance the average deviation from the path is less than 0.02 m
for both the 1 m and 2.5 m sampling. Furthermore, the maximum deviation is less
than 0.2 m for these cases also.

In Chapter 8, we produce a more complete demonstration of the MPCC per-
formance. There we compare the controller with standard approaches, such as the
pure-pursuit controller and a standard tracking MPC approach. We also compare
the MPCC with the controller described in Chapter 6. The comparison is done in
simulation but still using the accurate dynamic vehicle model and real reference
paths both with high and low speeds.

5.3 Summary

In this chapter, the problem of autonomous vehicle path following was addressed.
We proposed a new approach to solve the problem by combining the MPC frame-
work with clothoidal vehicle prediction. Therefore, a clothoid-based model predic-
tive controller (MPCC) was introduced. The controller formulation is identical to
a standard tracking MPC formulation, though the main novelty is the vehicle pre-
diction being made using the clothoid model instead of a vehicle model. Typically,
the model input to control the lateral position is the steering angle. In this case, we
consider two inputs, namely the curvature change rate and the arc-length. The first
one defines how sharply the vehicle curves, while the latter defines the length of the
prediction until the next kink-point. We provided results showing the controller
performance with an illustrative example. The reference path is a double S-curve
that consists of several clothoids interconnected. The issue of approximating the
clothoid parametric equations using Riemann integrals was discussed and the con-
troller was evaluated using reasonable sampling distances due to the inaccuracy of
the prediction for long distances. The controller was able to follow a clothoid-based
reference path in a good fashion with deviations below 0.2 m in all cases.





Chapter 6

Model predictive controller
for smooth driving

In autonomous driving, combining economic performance, such as comfort, with
accurate path tracking accuracy is a challenging task due to their contradictory
objectives. To overcome this, we propose an economic model predictive con-

troller (EMPC) for autonomous driving. In standard tracking MPC approaches,
the cost function of the optimization problem is zero at the optimal reference trajec-
tory. However, that is not the case in the EMPC due to the inclusion of an economic
cost associated with the system operation [98]. In our case, the economic cost im-
poses smooth and comfortable driving. We explicitly include the vehicle curvature
in the cost function to influence its shape and characteristics and, to enforce con-
vergence to the reference path, we also include the vehicle distance from the path.
Once again, clothoid properties have a crucial role in the controller formulation.
The economic cost introduced in the objective function leads to a quasi-clothoid
driving since we minimize the first and second derivatives of the curvature function
(i.e., we encourage linear curvature profiles). The underlying nonlinearities in the
vehicle model lead to a linear time-varying (LTV) MPC formulation. In this chap-
ter, we analyze some of the controller properties through illustrative examples that
demonstrate the influence of the tuning parameters. Furthermore, we illustrate the
controller performance with a simulation in a simple example.

This chapter is structured as follows. In Section 6.1, we address the prob-
lem of path following using a receding-horizon framework by developing an EMPC
controller for an autonomous vehicle. In Section 6.2, we analyze the influence of
the controller tuning parameters and evaluate the performance of the controller in
simulation. Finally, Section 6.3 summarizes the chapter.
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6.1 Problem formulation

In this section, we address the problem of lateral control of an autonomous vehicle.
We formulate an EMPC in order to combine path tracking accuracy and driving
smoothness.

Let a reference path be constituted by N waypoints of the form zrefi = [xrefi , yrefi ,
θrefi , si]ᵀ, i = 1, ..., N representing the path Cartesian coordinates, the orientation
and the distance traveled along the path since the first point, respectively.

Let the economic cost of the EMPC be interpreted as the smoothness (or the
comfort) of the vehicle motion and its predictions. To achieve that, the economic
cost is designed in order to penalize the first and the second-order derivative of the
curvature function. The first-order derivative is related to the vehicle lateral jerk,
for which high values are perceived by a human as uncomfortable. On the other
hand, the second derivative of the curvature is related to the angular acceleration
of the steering wheel. Therefore, it is desired to maintain both the first and second
derivatives as low as possible while tracking the reference path in order to achieve
a smooth driving. For instance, a truck designed for mining applications weights
around 100 tons when loaded. As a consequence, a high curvature request change
rate can seriously damage the tires and the vehicle’s steering servo. The other
goal of the EMPC is to accurately follow a given reference path. Therefore, soft
constraints are added to the problem in order to avoid large deviations from the
path. Moreover, the vehicle maximum curvature and change rate are also limited.

As described in Chapter 4 for the clothoid-based path sparsification algorithm,
we discretize the vehicle model (3.6) by letting the vehicle state at each sampling
point be defined as z(si) = zi = [xi, yi, θi]ᵀ and the vehicle input be κ(si) = κi.
The vehicle state is sampled every ∆si = si+1 − si, which is the traveled distance
between two consecutive points. The curvature is assumed to be constant between
κ(si) and κ(si+1). The integral discretization of (3.6a) and (3.6b) is based on the
fact that integrals can be approximated by Riemann sums [109]. Thus, the position
[x(κn), y(κn)]ᵀ, with n = 1, ...,H − 1, where H ∈ Z+ is the prediction horizon of
the MPC, after applying κn = [κ0, ..., κn]ᵀ = [κ(so), ..., κ(sn)]ᵀ is described as

x(κn) =
n∑
i=0

cos

 i∑
j=0

κ(sj)∆sj

∆si (6.1a)

y(κn) =
n∑
i=0

sin

 i∑
j=0

κ(sj)∆sj

∆si. (6.1b)

The equivalent vectorial version for κ = [κ0, ..., κH ]ᵀ is

x(κ) = S cos(Sκ) (6.2a)
y(κ) = S sin(Sκ), (6.2b)
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where S ∈ R(H+1)×(H+1) is a lower triangular matrix that performs the cumulative
sum operation along a vector

S =


∆s0
∆s0 ∆s1
∆s0 ∆s1 ∆s2
...

...
... . . .

∆s0 ∆s1 ∆s2 . . . ∆sl−1

 .

The EMPC is formulated as the following optimization problem:

min
κ

||D2κ||22 + α||D1κ||22 (6.3a)

s. t. |x(κ)− xref| ≤ εx (6.3b)
|y(κ)− yref| ≤ εy (6.3c)
|D1κ| ≤ 1cmax (6.3d)
|κ| ≤ 1κmax (6.3e)
κ0 = κvehicle, (6.3f)

where κ ∈ RH+1 is the curvature vector to be optimized, εx ∈ RH and εy ∈
RH are the maximum allowed deviations from the path waypoints in x and y
directions, D2 ∈ Z(H−1)×(H+1) and D1 ∈ ZH×(H+1) are the matrix operators
that calculate the second- and first-order differences of a vector, repectively, and
α ∈ R penalizes the curvature change rate magnitude. The constants κmax and
cmax denote the maximum curvature and change rate that the vehicle can perform,
respectively, and 1 is a column vector filled with ones. Note that the coordinates
of the clothoid-based path [x,y]ᵀ are only dependent on the curvature κ, since
we can accurately approximate the arc-lengths between points to be equal to the
arc-lengths between the reference path waypoints. The inequalities (6.3b) to (6.3e)
are performed element-wise, and the equality constraint sets the initial curvature
value of the optimization problem.

To calculate the second derivative of the curvature, we use a second-order differ-
ence operator, D2, weighted with the distance between the waypoints. The operator
D2 used to approximate the second-order derivatives of the curvature is based on
finite differences. The first derivative of the curvature function with respect to
traveled distance is approximated as

dκ(s)
ds |si

≈ κ(si+1)− κ(si)
|si+1 − si|

= κ(si+1)− κ(si)
|∆si|

(6.4)

and consequently the second discrete derivative is
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d2κ(s)
ds2 |si

≈
κ(si+1)−κ(si)

∆si
− κ(si)−κ(si−1)

∆si−1

∆si−1,i
(6.5a)

= (κ(si+1)− κ(si)) ∆si−1 − (κ(si)− κ(si−1)) ∆si
∆si−1,i ∆si−1 ∆si

, (6.5b)

where ∆si,j = ∆si+∆sj

2 . Since D2 is a matrix operator over a vector, we stack (6.5b)
from i = 1, ...,H where H is the prediction horizon and get

D2=


− ∆s1

∆s0,1∆s0∆s1
∆s0+∆s1

∆s0,1∆s0∆s1
− ∆s0

∆s0,1∆s0∆s1

. . . . . . . . .
− ∆sH

∆sH−1,H∆sH−1∆sH

∆sH−1+∆sH

∆sH−1,H∆sH−1∆sH
− ∆sH−1

∆sH−1,H∆sH−1∆sH

. (6.6)
Similarly to D2, D1 is obtained by stacking (6.4),

D1 =


1

∆s0
− 1

∆s01
∆s1

− 1
∆s1
. . . . . .

1
∆sH−1

− 1
∆sH−1

 . (6.7)

The problem formulation (6.3) is not in convex form due to the fact that the re-
constructed path [x(κ),y(κ)]ᵀ is computed using (6.2), which are clearly nonlinear
equations. A linear approximation is done using a first-order Taylor approximation
of both cosine and sine around the path orientation θref. The linearization around
θref takes the form

x(κ) = S
(
cos(θref)− sin(θref)� (Sκ− θref)

)
(6.8a)

y(κ) = S
(
sin(θref) + cos(θref)� (Sκ− θref)

)
, (6.8b)

where � is the Hadamard product. Also, the problem may be infeasible when there
is no solution that respects the constraints (6.3b) and (6.3c). Therefore, we add
a slack variable ∆ = [∆ᵀ

x ∆ᵀ
y ]ᵀ and minimize the cost function taking the slack

variable into account as well. Also, with the inclusion of the slack variable ∆, the
deviations from the path are explicitly included in the cost function that enforces
convergence to the reference path. In conclusion, the EMPC problem is formulated
to yield the linear function with the smallest slope that produces a clothoid-like
vehicle motion respecting the constraints. The final formulation is
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min
κ,∆

||D2κ||22 + α||D1κ||22 + ∆ᵀΛ∆ (6.9a)

s. t. |x(κ)− xref| ≤ εx + ∆x (6.9b)
|y(κ)− yref| ≤ εy + ∆y (6.9c)
|D1κ| ≤ 1cmax (6.9d)
|κ| ≤ 1κmax (6.9e)
∆ ≥ 0 (6.9f)
κ0 = κvehicle, (6.9g)

where Λ ∈ R2H×2H is a diagonal matrix of the form diag(λ1, ..., λH , λ1, ..., λH) that
penalizes constraint violations.

In Appendix B, the final formulation of the controller is cast as a QP by defining
the optimization variable u = [κ,∆]ᵀ.

It is also interesting to compare the path sparsification algorithm optimization
problem (4.4), in Chapter 4, with the EMPC formulation (6.9). In the path sparsi-
fication algorithm the l0-norm is used to achieve a piecewise linear curvature profile
with as few kink-points (i.e., the points where the first derivative of the curvature
is not continuous). In the EMPC formulation, the intended curvature function is
approximately a linear function with a small slope. In this case, there is no strict
requirement regarding sparsity or linearity due to the utilization of the l2-norm.
In a single clothoid path, the second-order derivative of the curvature is zero. In
opposition to the path sparsification problem, this is not imposed in the EMPC cost
function (6.9a) and consequently, the EMPC does not lead to a clothoidal driving.
However, since the EMPC objective is to minimize the second-order derivative of
the curvature function, a quasi-clothoid driving is the desired and expected behav-
ior. As described in Chapter 2, clothoids are widely used in road design due to
their property of having a piecewise linearly varying curvature, and therefore, a
quasi-clothoid driving provides a smooth driving.

6.2 Simulation example and discussion

In this section, we present simulation results using the EMPC presented in Sec-
tion 6.1. We analyze the tuning parameters influence on the optimization solution
with an illustrative example. Also, we demonstrate the controller ability to accu-
rately follow a path in simulation.

We constrain the vehicle’s predicted position to be inside of a box around the
waypoint. By designing an off-road driving controller we can interpret the dimen-
sion of such constraint as the vehicle’s desired maximum deviation from the path.
In case of road driving, this is equivalent to the lane width minus half of the vehi-
cle width. Hence, it is crucial to understand how the tuning parameters ε and λ
influence the driving experience. The first one determines the size of the box con-
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(a) Simulation of one run of the controller with H = 10, where the size box
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Figure 6.1: EMPC position accuracy parameters influence.
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Figure 6.2: Simulation of one run of the controller with H = 10, where the impor-
tance given to the first derivative of curvature α is varied.

straints and consequently how much freedom the controller has to choose a suitable
curvature function such that the predicted path is within these constraints. The
latter parameter sets how flat (or how sharp) the quadratic penalization ||∆||22 is
when such predicted path violates the box constraints.

Figures 6.1a and 6.1b depict the influence of the parameters ε and λ, respec-
tively. In Figure 6.1a, we see the effect of the size of the box constraints. The larger
the box constraint, the closer to linear the curvature function is. In Figure 6.1b, λ
is constant over the horizon and we study how the curvature function changes for
different values of λ. The smaller λ is, the closer to linear the curvature function
is. However, the predicted vehicle path can lay outside the constraint boxes with
low penalization. In the extreme case λ = 0, the curvature function is the current
vehicle curvature throughout the horizon.

Another parameter to consider is α, which sets the importance of maintaining
the current constant curvature throughout the horizon. Figure 6.2 depicts the
influence of α on the curvature function. The larger α is, the more constant the
curvature function is. We can see that if we penalize ||D1κ||22 more, the variation
in the curvature decrease. This is an intended property of the controller, since the
term was included to regularize the amount of steering that we need in order to
follow the path. This way it is possible to favour changing the curvature as little
as possible.
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Figure 6.3: Reference path and EMPC performance.

We study the EMPC path following performance resorting the same reference
path as in Chapter 5. The reference is a double S-curve that consists of nine
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Table 6.1: EMPC parameters tuning.

Parameters EMPC
Prediction horizon, H 10
Path sampling time, Ts 200 ms
Controller frequency 50 Hz
Slack penalization, λi 200

First derivative penalization, α 200
Box constraints sizes, εi 0

clothoid segments. We show it again in Figure 6.3a for the reader’s convenience.
Figure 6.3b depicts one run of the EMPC in the same reference path, where the
vehicle drives at constant speed of 5 m/s. As previously stated, although this might
be a fairly low speed, the reference path includes two sharp curves. The simulation
uses the vehicle dynamics described in Chapter 3. The tuning parameters used in
the EMPC are summarized in Table 6.1. All the optimization problems are solved
using cvxgen, which is a custom optimization solver [110]. From Figure 6.3b, it
is clear that the vehicle follows the path accurately, since the maximum deviation
from the path is only about 16 cm.

In Chapter 8, we present a more complete demonstration of the EMPC perfor-
mance. The controller is deployed in a real Scania construction truck, allowing us
to provide real experimental results demonstrating the EMPC performance. We
also compare it with a pure-pursuit controller. Moreover, in simulation, using the
accurate dynamic vehicle model and real reference paths both with high and low
speeds, we compare the EMPC with the MPCC, presented in Chapter 5, using a
standard tracking MPC approach and a pure-pursuit controller.

6.3 Summary
In this chapter, we proposed an economic model predictive controller (EMPC) for
autonomous path following. While in standard reference tracking MPC the cost
function is zero at the reference path, in the EMPC the cost function is included an
economic cost associated with the plant operation. In this case, the economic cost
is driving comfort and smoothness. With this purpose, we minimize the second and
first derivatives of the vehicle curvature. So, we encourage the vehicle to be guided
using linear-varying curvature in order to provide a smooth driving. Nevertheless,
we added soft constraints to the formulation in order to always drive in the reference
path vicinity. In the end, we illustrated the controller performance and the influence
of the parameter tuning in simulation. We concluded that the EMPC performs well
with a deviation never exceeding 16 cm.





Chapter 7

Longitudinal speed profiler
and controller

Full autonomy can only be achieved combining lateral and longitudinal control.
So far in this thesis, we have described methods to deal with the lateral
control of an autonomous vehicle. The longitudinal controller is responsible

for accurately tracking a given speed profile. In this chapter, we address the problem
of speed profile tracking. Additionally, the interface with the autonomous vehicle is
done through the cruise controller and the brake controller as they receive speed and
acceleration requests, respectively. Just like the lateral controller needs a reference
path, the longitudinal controller needs a speed profile to track. Therefore, we also
address the problem of generating a speed profile on paths with known semantic
(e.g., speed limit and geometric information). We formulate the problem of speed
profile generation as a simple and intuitive optimization problem that has only one
tuning parameter. The speed profiler is formulated as an offline optimal control
problem where the intended goal is to drive as close as possible to the speed limit,
while respecting safety and comfort constraints. The longitudinal controller is a
receding horizon controller and its formulation resembles the speed profiler. In this
case, the objective is to track the speed profile as precisely as possible by adjusting
the speed and acceleration requests sent to the cruise controller of the vehicle.

We address the optimal speed profile generation in Section 7.1 and in Section 7.2,
we introduce the longitudinal controller. In Section 7.3, the performance of both
the speed profiler and the longitudinal controller is evaluated. Finally, Section 7.4
summarizes the chapter.

63
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7.1 Speed profile generation

The generation of a speed profile is a crucial step for autonomous driving. It
defines the desired vehicle speed at each point of the reference path. For instance,
it has to respect speed regulation and avoid dangerous maneuvers that can lead to
tire slipping or rollover. The reference path, as described in the previous chapters,
does not include a speed profile to be followed. In this section, we address the
problem of generating a feasible discrete speed profile in space-domain that takes
into account road regulation, comfort, safety constraints and vehicle limitations.

Let a reference path be constituted by N waypoints of the form zrefi = [xrefi ,
yrefi , θrefi , κrefi , si]ᵀ, i = 1, ..., N , which represent the path Cartesian coordinates,
[xrefi , yrefi ]ᵀ, the orientation, θrefi , the curvature, κrefi , and the distance traveled along
the path since the first point, si. Also, let vmax

i be the maximum speed that the
vehicle can have at the i-th waypoint, amax

i and amin
i be the vehicle’s maximum

and minimum acceleration at the i-th waypoint respectively, and f be a function
that relates speed with acceleration in space-domain. Regarding the derivation of
the function f , in continuous-time we know that

dv(t)
dt = a(t), (7.1)

but since v(t) · dt = ds, assuming that v(t) 6= 0 and v(t) is a continuous function,
then

dv(s)
ds = a(s)

v(s) . (7.2)

Integrating both sides of the expression (7.2) and assuming constant acceleration
between waypoints, we can represent a(s) as a function of v(s) using a quadratic
expression. Thus,

dv(s)
ds = a(s)

v(s) (7.3a)

⇔ v(s)dv = a(s)ds (7.3b)

⇒
∫ vi+1

vi

v(s)dv =
∫ si+1

si

a(s)ds (7.3c)

⇒ v2
i+1 − v2

i = 2(si+1 − si)ai (7.3d)
⇔ v2

i+1 − v2
i = 2liai (7.3e)

⇔ ai =
v2
i+1 − v2

i

2li
, (7.3f)

where li, is the distance between two consecutive waypoints. So, the speed descrip-
tion in discrete space is

v2
i+1 = v2

i + 2liai. (7.4)
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Let the speed limit of the road (or user-specified) be vlawmax, and the maximum
speed due to comfort and safety reasons be vroadmax . In particular, since the road
contains, on each waypoint, the curvature information κrefi , we can relate that with
the maximum lateral acceleration ay allowed and consequently the maximum speed
vroadmax allowed on each stretch [111]. Hence, vroadmax can be expressed as

vroadmax =
√
amax
y

κrefi
, (7.5)

where amax
y is the maximum allowed lateral acceleration given the road and the

vehicle properties. In [112], a second-order transfer function relating the lateral
load transfer and lateral acceleration is analytically derived. To constrain the speed
profile using a constant maximum lateral acceleration, then a conservative value has
to be chosen to accommodate for the peak resonance of the second-order dynamics.

Consider that the speed profiler can access information about the road speed
limit and that the limit is given for each path waypoint, vlawmax. Also, the path
geometry makes it to compute the maximum speed allowed vroadmax depending on the
path curvature, for instance. Therefore, the maximum speed allowed on the road
is

vmax
i = min {vlawmaxi

, vroadmaxi
}, (7.6)

where i = 1, .., N .
With this in mind, we formulate a space-domain speed profiler over the en-

tire path described by N waypoints as the solution of the following optimization
problem:

min
vprofile

i

N∑
i=1

(vprofilei − vmax
i )2 + α

N−1∑
i=1

a2
i (7.7a)

s.t. aprofilei = f(vprofilei+1 , vprofilei , li), i = 1, ..., N − 1, (7.7b)
amin
i ≤ aprofilei ≤ amax

i , i = 1, ..., N − 1, (7.7c)
0 ≤ vprofilei ≤ vmax

i , i = 1, ..., N, (7.7d)
vprofile1 = vinit, (7.7e)
vprofileN = vfinal, (7.7f)

where, α is a constant smoothing parameter that penalizes accelerations different
from zero and vinit ∈ R and vfinal ∈ R are predefined initial and final speed values
respectively. Therefore, there are two contradictory objectives in the speed profiler.
The first one is to compute the fastest speed profile. The second one is to accel-
erate as few times as possible. If α is chosen sufficiently large, the speed profile
is to maintain a constant speed throughout the path. The speed profile obtained
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by (7.7) is a linear function with respect to the traveled distance, since (7.3) as-
sumes constant acceleration. If the path is described by clothoid segments, the
maximum velocity allowed, which is only influenced by the curvature at each way-
point, varies linearly with the traveled distance. Therefore, when the speed profile
matches the maximum speed at all waypoints, the maximum speed is not violated
between waypoints.

The problem of computing a speed profile that minimizes the difference to the
maximum speed allowed and penalizes acceleration changes can be solved using l2-
norm regularization techniques. We can rewrite problem (7.7) in matrix form and
minimize with respect to [v2

1 , v
2
2 , ..., v

2
N ]ᵀ to be compliant with the speed discretiza-

tion (7.4) and make a change of variables w = [w1, w2, ..., wN ]ᵀ = [v2
1 , v

2
2 , ..., v

2
N ]ᵀ

as

min
w

||wprofile −wmax||22 + α||D1w||22 (7.8a)

s.t. amin ≤ D1wprofile ≤ amax, (7.8b)
0 ≤ wprofile ≤ wmax (7.8c)
wprofile

1 = winit, (7.8d)
wprofile
N = wfinal, (7.8e)

where the subscripts on w are self-explanatory and have the same meaning as
in (7.7) and D1 ∈ Z(N−1)×N is the matrix operator that calculates first-order
differences of a vector and includes the distances between waypoints li:

D1 =



−1
2l1

1
2l1−1
2l2

1
2l2
. . . . . .

−1
2lN−1

1
2lN−1
−1
2lN

1
2lN

 .
The speed profile generation is done offline and it is tracked by a longitudinal

controller as described in the next section.

7.2 Longitudinal controller

In this section, we present a longitudinal controller that is similarly formulated as
the speed profiler. The longitudinal controller computes speed requests that are
fed to a low-level speed controller, such as a cruise controller, that is responsible to
track them. Figure 7.1 depicts the proposed system structure, where the controller
consists of a decoupled longitudinal and lateral controller. The longitudinal con-
trollers receives a reference speed profile and the curvature predictions computed
by the lateral controller. While the speed profiler uses the maximum speed depend-
ing on the road geometry, the longitudinal controller uses an up-to-date curvature
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prediction and constrains the maximum speed allowed depending on that. The
controller outputs a set of requests to the low-level controllers of the vehicle. In
particular, the longitudinal controller sends a speed request to the cruise controller
or an acceleration request to the brake controller.

The longitudinal controller is formulated similarly to (7.8). Nevertheless, it
works in a receding-horizon fashion and so, it computes the optimal input for a
certain horizon taking into account the speed profile and the predicted curvature
provided by the lateral controller. The problem is formulated as a tracking problem
where we want to minimize the deviations from the reference speed profile and at
the same time using the most recent lateral controller predictions to compute a
desired speed within the maximum lateral acceleration limits (7.5). Using the same
change of variable w = [w1, w2, ..., wH ]ᵀ = [v2

1 , v
2
2 , ..., v

2
H ]ᵀ, where H ∈ Z+ is the

prediction horizon, the controller is formulated as

min
wvehicle,∆

||wvehicle −wprofile||2 + β∆ (7.9a)

amin ≤ D1wvehicle ≤ amax (7.9b)
0 ≤ wvehicle ≤ wmax + ∆, (7.9c)
wvehicle1 = wcurrent, (7.9d)
∆ ≥ 0, (7.9e)

where a slack variable ∆ ∈ R+
0 is included to allow the optimization problem fea-

sibility even if the vehicle overspeeds the maximum allowed speed and the weight
β ∈ R+

0 penalizes this overspeed. For example, if the slack variable was not in-
cluded, we could face an infeasible problem when the vehicle enters a descent and
exceeds the maximum allowed speed or when an obstacle appears suddenly and it is
impossible to brake on time. The constraint (7.9d) represents the initial condition
of the optimization problem.

Assuming that the vehicle low-level controller is able to track the speed requests
within the acceleration limits defined in the constraints, the speed predictions are
sufficiently accurate to allow finding the the speed request, which is sent to the
low-level cruise controller, to be found by computing the predicted vehicle speed
in Tp seconds, where Tp is approximately the response time of the vehicle and the
cruise controller to a speed request. In parallel, the acceleration required to request
that speed is computed (i.e., arequest = w2−w1

2l1 ). If arequest < ab < 0, where ab is
constant threshold, the output of the controller is an acceleration request instead of
a speed request. The transition between acceleration and speed request is subject
to a small hysteresis to avoid flickering.

7.3 Simulation examples and discussion

In this section, we present the main results obtained with the speed profiler and
afterwards the longitudinal controller. The reference path is similar to the one
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Figure 7.1: The interfaces between the lateral and the longitudinal controller as well
as with the low-level controllers. The overall controller receives information about
the reference path and speed and outputs reference curvature, speed and acceler-
ation values. The low-level controllers are responsible for tracking the requests as
well as possible by actuating on the steering wheel angle and on the engine torque.
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Figure 7.2: Single S-curve reference path used to illustrate the speed profiler per-
formance. The reference path is represented on the plot above, while the reference
curvature is represented in the plot below. The reference path is a single S-curve
that consists of five clothoid segments.
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Figure 7.3: Influence of the path representation density and acceleration penaliza-
tion on the speed profile.
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used in the previous chapters, but in this case it is a single S-curve that consists
of a set of five clothoids connected together as show in Figure 7.2. The desired
curvature values and arc-lengths are user-defined. The reference path is ideal to
eliminate possible sources of errors and provide a proper proof of concept, since the
curvature function is piecewise linear as assumed in the problem formulation. All
the optimization problems are solved using cvxgen, which is a custom optimization
solver [110].

Speed profiler
In Chapter 5 we discuss the influence of the waypoint sampling distance on the
lateral controller accuracy. Hence, we discuss the performance of the longitudinal
controller for different path representation densities, where we divide each clothoid
in M + 1 segments (i.e., sampling M times between the kink-points).

The speed profiler (7.8) is applied to the reference path with parameters

• Vehicle acceleration limits, aprofilemax = −aprofilemin = 0.75 m/s2;
• Maximum allowed speed on the road, vlawmax = 25 m/s;
• Maximum allowed lateral acceleration, amax

y = 0.15g m/s2, where g = 9.82
m/s2 is the gravitational acceleration;

• Speed profile initial and final speed, vprofileinit = vprofilefinal = 0 m/s,

and we obtain the speed profiles shown in Figure 7.3a and 7.3b.
In Figure 7.3a, the influence of different path densities on the speed profile is

analyzed where α = 0 is fixed. The maximum velocity vmax is represented using
a dense path representation. We intend to analyze the suboptimality properties
of the speed profile obtained when the path representation is sparser. We assume
that the optimal speed profile is the one obtained with a continuous path. Thus,
we compute it using a dense path representation, which we assume to be a good
approximation. We can see that, except when the path is too sparse, the speed
profile is is similar to the optimal solution. Actually, note that with M = 5, the
speed profile is already similar with the optimal one although it is a considerable
sparser path representation. We conclude that the speed profiler can handle a sparse
path representation and give suboptimal feasible speed references. In cases of hard
time constraints or the need for fast speed profile recalculation, the speed profiler
can use sparser path representations and still produce a feasible speed profile.

In Figure 7.3b, the influence of the penalization factor α in the speed profile is
studied where the path representation density M = 5 is fixed. In this case, we do
not analyze optimality but smoothness. In compliance with our design, we clearly
see that the larger the acceleration penalization, the smoother the speed profile
is. It depends on the application whether a speed profile should be more or less
aggressive. For instance, for a heavily loaded truck the design may favour the least
change of speeds, while when the truck is unloaded it might be favourable to go as
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quickly as possible to the next loading site. The proposed speed profiler allows this
kind of parameter tuning.

Longitudinal controller
The purpose of the longitudinal controller is to provide a speed or acceleration
request to the cruise controller or brake controller of the vehicle such that it tracks
the speed profile computed offline. The longitudinal controller computes an optimal
speed or acceleration request over a certain horizon, and taking into account the
curvature predictions made by the lateral controller. For example, in case of an
unexpected event, the vehicle may need to avoid an obstacle making a sharp turn,
and in this case the speed request would be significantly reduced since the predicted
curvature requests are high.

We tested the longitudinal controller on the same reference path as the speed
profiler to evaluate its performance. The controller parameters were chosen as

• Vehicle acceleration limits, avehiclemax = −avehiclemin = 2 m/s2;
• Maximum allowed speed on the road, vlawmax = 25 m/s;
• Maximum allowed lateral acceleration, amax

y = 0.15g m/s2, where g = 9.82
m/s2 is the gravitational acceleration;

• Braking acceleration threshold, ab = −0.5 m/s2;
• Speed request time-gap, Tp = 2.5 s;
• Overspeed penalization weight, β = 103.

Figure 7.4a depicts the performance of the longitudinal controller in the single
S-curve shown in Figure 7.2. We can see that the vehicle smoothly and precisely
tracks the speed profile by applying the cruise control or the brakes when needed.
We note that, in the beginning, the speed tracking is not accurate due to the gear
changing. In a truck, the gear changing can take 1-2 seconds, and during that time
there is no torque applied on the vehicle, causing it to lose speed on those instants.
We do not take into account, neither on the speed profiler or on the longitudinal
controller, gear changes and their impact on the maximum vehicle acceleration. We
can see, though, that after the first curve (80 m) the vehicle precisely tracks the
speed profile since it does not need to change gear. The speed profile is well tracked
both with the cruise controller and with the brake controller. However, we can see
that in speed profile peaks (for instance at 110 m) the vehicle is unable to reach
that speed. Since the vehicle and the cruise controller dynamics are slow, the time
Tp used to request the speed is large, and therefore, the vehicle does not achieve
the desired speed in this situations.

To demonstrate the ability of adapting the speed depending on the dynamic
environment, we present a situation where the vehicle is subject to an unexpected
disturbance. At some point, for about 1 second, the curvature request is overridden
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(a) The longitudinal controller tracking a speed profile. The plot above rep-
resents the reference, requested and vehicle speeds. The plot below shows the
acceleration request.
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(b) The longitudinal controller deviates from the speed profile in the case of
an unexpected incident. The plot above represents the requested and vehicle
curvatures. Around the distance traveled of 31 m the vehicle is subject to
an external disturbance, which consists in overriding the curvature request
for 1 second with 0.1 m−1. The longitudinal controller receives the updated
predicted curvature from the lateral controller and slows down the vehicle by
braking, as shown in the middle and lower plot respectively. This provides a
safe and smooth way to come back to the reference path.

Curvature/speed/acceleration request
Reference speed profile

Vehicle curvature/speed
Acceleration required to achieve the speed request
Braking acceleration threshold, ab

Figure 7.4: Reference path and EMPC performance.
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that obligates the lateral control to compensate. Because of that, the speed profile
is no longer feasible since a lower maximum speed is allowed to be compliant with
comfort or safety reasons. Figure 7.4b shows the result of the simulation. The
reference path consists of a straight line with a constant speed profile of 10 m/s.
Around the distance traveled of 32 m, the vehicle is subject to a curvature request
of 0.1 m−1. Also, since the predicted vehicle curvature is sent to the longitudi-
nal controller the vehicle brakes, lowering the vehicle speed, returning safely and
smoothly to the path.

7.4 Summary

In this chapter, we addressed two problems how to create a space-based speed
profile for a given path and how to track it using the cruise and brake controller
available in the vehicle. Our approach to the speed profile generation problem is
to solve an offline optimization problem with two contradictory objectives, namely
to drive as fast as possible while penalizing big accelerations. The optimization
problem constraints respect the vehicle limitations and road regulations. The lon-
gitudinal controller is formulated in a similar fashion as the speed profiler. In this
case, the controller objective is to track the speed profile generated a priori, with
respect to identical constraints. One of the main properties of the controller is
that it receives the updated predicted vehicle curvature from the lateral controller,
allowing it to adapt the vehicle speed in the case of an unexpected incident. In
the end, we provided illustrative examples to demonstrate both the speed profiler
and the longitudinal controller. We analyzed the speed profiler’s main properties
by changing the acceleration penalization factor, α, which penalizes non-zero accel-
erations. As expected, the larger the acceleration penalization, the smoother the
speed profile is.

Also, we compare the performance of the method with different path representa-
tion densities, showing that, with few points, the algorithm is able to generate close
to optimal speed profiles. We simulated the longitudinal controller with a generated
speed profile. We concluded that, except where the gear changes have noticeable
effect, the longitudinal controller is able to track the speed profile both with the
cruise and brake controller. We also exemplified the case when the longitudinal
controller needs to adapt to an unexpected event, where the vehicle curvature pre-
dictions limit the vehicle maximum speed. For instance, in the example provided,
the vehicle is subject to an external disturbance and the lateral controller reacts in
opposite direction to guide the vehicle towards the reference path again. In this sit-
uation, the longitudinal controller slows the vehicle down by braking, which makes
the vehicle return smoothly and safely to the path.





Chapter 8

Experimental controller benchmarking

Experimental evaluation is the final step for controller validation. Also, our
goal is to demonstrate the control performance in a real vehicle. There-
fore, we deployed the economic MPC (EMPC), described in Chapter 6, on

a Scania construction truck. We compare the performance of the EMPC with a
pure-pursuit controller (PPC) that was previously implemented on the truck. Fur-
thermore, we develop a simulation environment that resembles the real system by
using the vehicle model described in Chapter 3. This simulation environment allows
evaluating and validating the control design before deploying it in the experimental
platform. Consequently, the EMPC and the clothoid-based MPC (MPCC), pre-
sented in Chapter 5, are compared with a PPC and a standard MPC in simulation.
We analyze the performance of the controllers in terms of path tracking accuracy
and driving smoothness. We discuss the simulation environment reliability as a test
environment keeping in mind that no matter how detailed the simulation environ-
ment is, it will never be identical to reality. There are always unmodeled dynamics,
noise, disturbances and delays that cannot be represented in the simulation envi-
ronment.

The main idea behind the experimental controller benchmarking performed in
this chapter is to determine the quality of the designed controllers when com-
pared with standard approaches. For instance, the MPCC formulation is based on
clothoid-based reference paths and predictions. Thus, the MPCC is evaluated on
non-clothoid-based and clothoid-based reference paths. Furthermore, the EMPC
formulation intends to give smoothness to the driving experience. Therefore, the
EMPC is compared with a standard MPC to understand the effect that the smooth-
ing term has on path tracking accuracy. Finally, the EMPC, the MPCC, and the
standard MPC are compared with a PPC. Although being a simple controller, the
PPC is widely used in industry due to its ease of implementation and satisfactory
results.

This chapter is organized as follows. In Section 8.1, the reference paths used
in the chapter are presented. In Section 8.2, the pure-pursuit controller is briefly
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explained and the standard MPC, the MPCC and the EMPC are revisited. In Sec-
tion 8.3, the performance of the MPCC and the EMPC is benchmarked against a
PPC and standard MPC. Moreover, we compare the performance of the MPCC in
both non-clothoid-based and clothoid-based reference paths. We provide a statis-
tical analysis of both the deviation from the path and the curvature change rate of
the controllers. In Section 8.4, the EMPC is compared with a PPC both deployed in
a Scania construction truck, and the validity of the simulation environment is dis-
cussed by comparing experimental and simulation results. Section 8.5 summarizes
the main results of the chapter.

8.1 Reference paths
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Figure 8.1: From left to right: double S-curve, precision track, and high-speed
test track. Above are show the reference paths, while below are represented the
reference curvatures. The double S-curve is an artificial reference path intended
to analyze the controller properties. The precision track and the high-speed test
track are real-world paths. The first one gives an idea of the challenges present in
a mining situation, while the second is a typical highway situation.

This section introduces the reference paths on which the controllers developed
in this thesis are evaluated and compared. These reference paths are depicted in
Figure 8.1.

The double S-curve is constructed of nine clothoid segments. It is an artificial
reference path that allows the analysis to be focused solely on the controller per-
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formance. This is also the reason why the double S-curve and similar were used in
Chapters 5,6, and 7 to illustrate the controllers performance. The double S-curve
is only used in simulation.

Both in simulation and experimentally, the reference paths used are generated by
recording a GPS trace using a RTK-GPS installed in the truck. The reference paths
are recorded at Scania’s test tracks facilities near Södertälje, Sweden. The paths
are then subsampled and consist of a waypoint sequence, in which the waypoints
are two meters apart. Without being further processed, these paths are referred
to as non-clothoid-based paths. Also, clothoid-based versions of these paths are
computed by oversampling the result from the clothoid-based path sparsification
algorithm, presented in Chapter 4. We use a precision track, which is a challenging
gravel road designed to perform autonomous mining truck tests, since it resembles
a mining site. It is a narrow road with an approximate length of 1.5 km. It has
sharp turns where consequently the vehicle speed can not be high. Therefore, it
is the perfect scenario to evaluate the performance of control algorithms designed
to be extremely accurate at low speeds. Also, to widen the scope of the designed
controller applicability, a high-speed test track is also used. It consists of two long
straights and one sharp U-turn. In one of the straights (0-1500 m) the speed limit is
70 km/h, while in the other straight (1500-3000 m) the speed limit is 90 km/h. The
performance of the MPCC is compared on non-clothoid-based and clothoid-based
reference path versions of the precision track and high-speed test track.

8.2 Controllers

In this section, we introduce the pure-pursuit controller (PPC) and revisit the stan-
dard MPC, the clothoid-based MPC (MPCC), and the economic MPC (EMPC).
All the controllers described in this section are evaluated in simulation. The EMPC
and the PPC are also evaluated experimentally.

Pure-pursuit controller
Let a reference path be constituted by a finite number of points N > 1 of the form
zrefi = [xrefi , yrefi ]ᵀ, i = 1, ..., N , which represent the path Cartesian coordinates
xrefi , yrefi . Also, the path coordinates and orientation are relative to the current
vehicle position and orientation.

Let the desired curvature be the vehicle input. Figure 8.2 depicts an illustration
of the pure-pursuit controller algorithm [55]. In fact, this method is inspired by
the way humans drive. Humans tend to look some distance in front of the car
and head towards that spot. The algorithm has only one user-defined parameter
(i.e., look-ahead distance Lahead > 0) with which the goal position is chosen. With
the goal position defined, simple geometric relations are used to determine the
curvature required, represented by κ in Figure 8.2, to move the vehicle from its
current position to the goal position, denoted by (0, 0) and by (x, y), respectively,
in Figure 8.2.
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Figure 8.2: The pure-pursuit controller algorithm illustration (inspired from [55]).
The controller has only one parameter, the look-ahead distance that gives, as illus-
trated, the target point. Then, the curvature from the vehicle ego position to the
target point is computed using a simple geometric analysis.

The pure-pursuit controller is often applied due to its versatility and ease of
implementation. However, a fine tuning is hard to accomplish and it is vehicle
specific. Furthermore, the main parameter, the look-ahead distance, has a large
influence on the path following accuracy, which can never obtain null deviation in
curvy roads, resulting in a major drawback of the method.

Standard MPC
In this case, the reference path also includes the path orientation θrefi , i = 1, ..., N ,
such that it is given in the form zrefi = [xrefi , yrefi , θrefi ]ᵀ.

Let zi = [xi, yi, θi]ᵀ be the vehicle states where index i ranges from 1 to H, and
H is the MPC prediction horizon. Again, the control input to the vehicle is the
curvature, ui = κi. Typically, a standard MPC is formulated as

min
ũ1,...,ũH

H∑
i=1

z̃iᵀQz̃i + ũᵀ
i Rũi (8.1a)

s.t. zi+1 = f1(zi,ui), (8.1b)
z0 = z(s0), (8.1c)
ũi ∈ U, (8.1d)

where z̃i = zi−zrefi , ũi = ui−uref
i , Q ∈ R3×3 and R ∈ R are the state penalization

and the input penalization matrices, respectively and they are generally chosen
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to be diagonal and positive definite and U is the set of feasible inputs. The cost
function (8.1a) penalizes deviations from the reference path, (8.1b) represents the
kinematic vehicle model (3.6) that is used to predict the vehicle motion, (8.1c) is
the initial condition, and (8.1d) describes the input constraints.

The vehicle model (3.6) is discretized and linearized around the reference path
using the sample interval ∆s = vTs, where v is the current vehicle speed and
Ts = 200 ms is the sampling rate of the prediction model (motivated by the results
from [63]).

In the end, (8.1) is rewritten as a LTV-MPC and cast as a QP.

Clothoid-based MPC (MPCC)

In Chapter 4, a clothoid-based path sparsification method is introduced, which
allows for describing a path through a small number of waypoints, the so called
kink-points. For the MPCC, let the reference path be described by N kink-points
containing position xrefi , yrefi , orientation θrefi , κrefi , and traveled distance si. Also,
we have access to the clothoid model reference input uref

i = [crefi , Lref
i ]ᵀ, where crefi

and Lref
i are the i-th clothoid curvature slope (constant by definition) and arc-length

respectively.
As described in Chapter 5, the vehicle motion can be predicted using clothoids

assuming that its curvature changes linearly with the traveled distance. Therefore,
the vehicle input is ui = [ci, li]ᵀ. We can formulate the MPCC as a standard MPC,

min
ũ1,...,ũH

H∑
i=1

z̃iᵀQz̃i + ũᵀ
i−1Rũi−1 (8.2a)

s.t. zi+1 = f2(zi,ui), (8.2b)
z0 = z(s0), (8.2c)
u ∈ U, (8.2d)

where H is the MPC prediction horizon, z̃i = zi − zrefi , ũi = ui − uref
i and U is

the set of feasible inputs. The penalization matrices Q ∈ R4×4 and R ∈ R2×2 are
diagonal positive definite and weight the state and the input cost, respectively. The
vehicle model used in (8.2b) is a linearized version of (5.4), which makes a clear
distinction between the MPCC and the standard MPC (8.1).

Again, (8.2) is rewritten as a LTV-MPC and cast as a QP.
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Economic MPC (EMPC)

As before, let the vehicle be described solely by its position zi = [xi, yi]ᵀ, i = 1, ...,H
and ui = κi be its desired curvature and input. Also, the path is only described by
it Cartesian coordinates zrefi = [xrefi , yrefi ]ᵀ.

As described in Chapter 6, the EMPC formulation accounts for the operating
cost of the system. We define the economic cost as the driving smoothness and
comfort. These concepts are assumed to be achieved if the cost function includes a
term that encourages predictions using piecewise linear curvature function. Thus,
let ||D2κ||22 + α||D1κ||22 be the economic cost associated with the vehicle, where
D2 ∈ Z(H−1)×(H+1) and D1 ∈ ZH×(H+1) are the matrix operators that calculate
the second- and first-order differences of a vector. We formulate the EMPC as

min
u,∆

uᵀRu + ∆ᵀΛ∆ (8.3a)

s. t. |x− xref| ≤ εx + ∆x, (8.3b)
|y− yref| ≤ εy + ∆y, (8.3c)
u ∈ U, (8.3d)
∆ ≥ 0, (8.3e)

where R = Dᵀ
2D2 +αDᵀ

1D1. Moreover, α ∈ R penalizes the curvature change rate
magnitude, Λ ∈ R2H×2H is a diagonal matrix of the form diag(λ1, ..., λH , λ1, ..., λH)
that penalizes how much the solution can violate the constraints and U is the set
of feasible inputs. The cost function (8.3a) is minimized with respect to the input,
which is the vehicle desired curvature, and to a slack variable ∆ = diag(∆x,∆y).
This slack variable is included in the box constraints that limit the vehicle motion
prediction (8.3b) and (8.3c) to avoid problem infeasibility.

Note that (8.3) is written in epigraph form. If εx = εy = 0, the optimization
problem can be rewritten as

min
u

uᵀRu + z̃ᵀΛz̃ (8.4a)

s. t. u ∈ U, (8.4b)

where z̃ = z− zref describes the deviations from the reference path.
Comparing the EMPC (8.4) with the standard MPC (8.1) we can highlight

several similarities and differences. In the EMPC there is no penalization for de-
viations from the reference input uref, while in the standard MPC it is present.
However, in the EMPC there is an economic cost associated, which is absent in the
standard MPC. Moreover, in both the EMPC and in the standard MPC there is a
cost associated with deviations from the reference path.

Again, (8.4) is rewritten as an LTV-MPC and cast as a QP.



8.3. SIMULATION RESULTS 81

Table 8.1: Tuning of the controllers parameters for simulation evaluation.

Parameters / Controllers PPC MPC MPCC EMPC
Look ahead time, Lahead 1.2 s
Prediction horizon, H 10 10 10
Path sampling time, Ts 200 ms 200 ms 200 ms
Controller frequency 50 Hz 50 Hz 50 Hz 50 Hz
State pen. matrix, Q diag(50, 50, 0.1) diag(1, 1, 10, 10)
Input pen. matrix, R 500 diag(100, 1000)
Slack penalization, λi 200
First derivative pen., α 200
Box constraints sizes, εi 0

8.3 Simulation results

Experimental evaluation requires some level of prior controller testing and valida-
tion. Therefore, we set up a simulation environment in MATLAB/Simulink resem-
bling as much as possible the real system with the same modules and interfaces as
in the vehicle. The system and the controller diagrams are described in detail in
Chapter 2. Our intention is to demonstrate that the simulation environment is suf-
ficiently accurate to allow, for example, controller tuning before deploying it on the
vehicle. Also, in simulation we can extend our analysis further than experimentally
since we are not bounded by implementation issues and platform availability. We
simulate the vehicle dynamics using the model described in Chapter 3. In this en-
vironment, we compare the pure-pursuit controller, the standard MPC, the MPCC
and the EMPC.

The simulation results are shown in Figures 8.3 to 8.8 for the three scenarios
discussed in Section 8.1. Figures 8.3a to 8.8a represent the curvature requests from
the controllers and their lateral deviation from the reference path. The results
are summarized in Tables 8.2 and 8.3. Figures 8.3b to 8.8b provide a statistical
analysis of the distance to the reference path and the curvature change rate. In the
boxes that are depicted in these figures, the central mark is the median, the edges
of the box are the 25th and 75th percentiles and the whiskers extend to the most
extreme data points not considered outliers. The meaning of the boxes is detailed
in Figure 8.6.

Table 8.1 summarizes the tuning of the controllers parameters for each con-
troller. The parameters tuning are found mixing empirical analysis and desired
controller behavior.

The double S-curve is performed at a vehicle speed of 5 m/s by all controllers.
Analyzing Figure 8.3a, it is evident that the MPC strategies outperform the PPC.
Also, all three MPC approaches have extraordinary performance with particular
highlight to the MPCC that never deviates from the path more than 5 cm, see Ta-
ble 8.2. As expected and desired, a clothoid-based reference path induces extremely
good performance on a clothoid-based MPC, which has the same underlying princi-
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Figure 8.3: Simulation run of the PPC, MPC, MPCC and EMPC on the double
S-curve shown in Figure 8.1. The controllers parameters are presented in Table 8.1.
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Figure 8.4: Simulation run of the PPC, MPC, MPCC and EMPC on the precision
track shown in Figure 8.1. The controllers parameters are presented in Table 8.1.
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Figure 8.5: Simulation run of the PPC, MPC, MPCC and EMPC on the high-
speed test track shown in Figure 8.1. The controllers parameters are presented in
Table 8.1.
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Figure 8.6: Box plot legend. The central mark is the median, the edges of the box
are the 25th and 75th percentiles and the whiskers extend to the most extreme data
points not considered outliers.

ples. Moreover, carefully interpreting the curvature change rate data in Figure 8.3b,
we conclude that there is no significant difference between all the controllers in this
case. In fact, the PPC is the smoothest controller, but since it is the less accurate
controller it is not a good trade-off.

The conclusions are different when analyzing the other reference paths in Fig-
ures 8.4a and 8.5a. On the precision track, the vehicle speed is typically between
4 m/s and 10 m/s, while on the high-speed test track the speed can reach 25 m/s in
one of the straights. Also, in the simulation runs with MPCC the vehicle does not
exceed 10 m/s since the controller formulation assumes low speeds to avoid non-
neglectable dynamics and inaccurate vehicle motion predictions (see Chapter 5).
Since both the precision and the high-speed test tracks are not clothoid-based rep-
resentations, the MPCC is not expected to perform as in a clothoid-based reference
path. The need for a clothoid-based reference path can be seen as a major draw-
back of the controller. In this case, both the standard MPC and EMPC approaches
outperform the PPC and the MPCC. To be able to draw conclusions about the
performance of the controller, we also take into account the curvature change rate
data in Figures 8.4b and 8.5b. Both the EMPC and the standard MPC approaches
have similar and good performance, since they both have a low average deviation
and a maximum deviation from the path below 20 cm, see Table 8.2. However, the
standard MPC approach is more aggressive if we compare curvature request change
rate. First of all, we can see that a pure-pursuit strategy is, for the scenarios con-
sidered, the smoothest controller, followed by the MPCC. In contrast, the standard
MPC approach is the most aggressive but also typically one of the most accurate.
This is expected from the standard MPC parameter tuning, which can be seen in
Table 8.1. The controller can achieve smoother behavior, but at the cost of a signif-
icant loss of accuracy. For understandable benchmarking, it is interesting to have
the best path tracking accuracy possible, which we are interested to maximize, and
compare driving behaviors. Therefore, there is a clear tradeoff between accuracy
and smoothness, which is challenging to balance. Nevertheless, the EMPC is able
to effectively combine a smooth control action with an accurate path following.
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Table 8.2: Controller deviation from the path comparison in simulation.

Max. [m] Average [m] Std. deviation [m]

Double S-curve

PPC 0.57 0.12 0.15
MPC 0.14 0.02 0.03
MPCC 0.05 0.02 0.01
EMPC 0.17 0.02 0.04

Precision track

PPC 0.59 0.10 0.12
MPC 0.12 0.02 0.02
MPCC 0.73 0.11 0.10
EMPC 0.09 0.02 0.02

High-speed test track

PPC 0.41 0.06 0.08
MPC 0.13 0.02 0.02

MPCC1 0.57 0.08 0.09
EMPC 0.13 0.03 0.02

Table 8.3: Controller deviation from the path comparison in simulation. Compari-
son between non-clothoid-based and clothoid-based (C.B.) path representations.

Max. [m] Average [m] Std. deviation [m]
Precision track MPCC 0.73 0.11 0.10

C.B. precision track MPCC 0.32 0.09 0.06
High-speed test track MPCC1 0.57 0.08 0.09

C.B. high-speed test track MPCC1 0.42 0.08 0.07

Clothoid-based vs non-clothoid-based path description

In the non-clothoid-based case, the MPCC does not have a good performance.
Therefore, to have a fair comparison, we describe the precision track and the high-
speed test track using a clothoid-based representation by oversampling the output of
the clothoid-based path sparsification algorithm described in Chapter 4. The results
are presented in Figures 8.7 and 8.8, and summarized in Table 8.3. Again, in the
simulation runs with the MPCC controller the vehicle does not exceed a speed of
10 m/s. There is a clear improvement when using a clothoid-based representation.
For instance, the maximum deviation is 56% less in the precision track and 26%
less in the high-speed test track. Also, the average deviation is 18% less in the
precision track. Although the MPCC performance is not as good as the standard
MPC and the EMPC, we conclude that in the presence of clothoid-based reference
path the MPCC has an acceptable performance.

1Maximum speed of 10 m/s.
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Figure 8.7: Simulation run of the MPCC on the precision track shown in Figure 8.1.
The controllers parameters are presented in Table 8.1. The precision track is either
a linear interpolation between waypoints or a clothoid-based reference path.
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Figure 8.8: Simulation run of the MPCC on the high-speed test track shown in
Figure 8.1. The controllers parameters are presented in Table 8.1. The high-speed
test track is either a linear interpolation between waypoints or a clothoid-based
reference path.
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Figure 8.9: Modified Scania G480 construction truck used as experimental and
research platform.

8.4 Experimental results

The truck used in the experimental evaluation is a modified Scania G480 construc-
tion truck and it is shown in Figure 8.9. The vehicle is equipped with a sensor
platform and a servo motor for automated control of the steering column. We refer
the interested read to Chapter 2 for a detailed description of the system and the
controller architecture. To perform these experimental tests, a GPS track is previ-
ously recorded and the vehicle position and orientation is recorded. The GPS track
is post-processed to include path curvature information and a speed profile. Then,
the resultant waypoints are added to a database that is available to be queried
at run time (i.e., an algorithm constantly determines if the vehicle is close to a
GPS track previously recorded feeding the waypoints to the controller). Another
option would be to use a local path planner. The controller implementation is not
affected by the origin of the path (see Chapter 2). Therefore, the results described
in this section are also applicable to this case, since the experiments intend to give
the controller performance, in practice, when tracking a generic path. However,
two fixed reference paths are chosen to allow for a proper comparison between the
PPC and the EMPC. We choose to implement the EMPC on the truck, as it is the
controller with the best performance in the simulation environment, while the PPC
was already deployed and provided a good benchmark.

The experimental evaluation is performed on the precision track and the high-
speed test track, see Figure 8.1. Figure 8.10 shows a video frame from the ex-
periment performed at the precision track. The road is extremely narrow at some
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Figure 8.10: Right front wheel of the truck while performing the precision track.
The lack of space between the vehicle and the side of the road demonstrates how
narrow the road is and how accurate the controller needs to be.

points, as at the position represented in Figure 8.10, where the vehicle has just
little more space than its own width. In mining sites, the roads are expected to
be similar to this one, which motivates this experiment and the crucial need for
high accuracy. Figure 8.11 shows a video frame from the experiment done at the
high-speed test track. At the time instant shown in the figure, the vehicle drives
at 90 km/h, the maximum speed allowed for trucks. We intend to demonstrate the
capabilities of the controller outside the mining site application as the high-speed
test track replicates a highway situation.

The experimental results are shown in Figures 8.12 and 8.13. In Figures 8.12a
and 8.13a, we compare the curvature requests from the PPC and the EMPC and
their lateral deviation from the path. The results are summarized in the Table 8.5.
We also provide a statistical analysis of the distance to path in Figures 8.12b
and 8.13b. The boxes in the figures have the same meaning as in the simulation,
see Figure 8.6.

In both situations, it is clear that the EMPC outperforms the PPC (see Fig-
ures 8.12a and 8.13a). Also, we can see that the performance of the EMPC on the
high-speed test track (see Table 8.5) is similar to the one expected from simula-
tion results (see Table 8.2), which supports our claim of having a good simulation
environment that can be used prior to experimental evaluation. This is not contra-
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Figure 8.11: Performing one of the high-speed test track straights at 90 km/h. The
"driver" keeps his hands close to the steering wheel for safety reasons.

Table 8.4: Tuning of the controllers parameters for experimental evaluation.

Parameters / Controllers PPC EMPC
Look ahead time gap, Lahead 1.2 s

Prediction horizon, H 10
Path sampling time, Ts 200 ms
Controller frequency 50 Hz 50 Hz
Slack penalization, λi 20

First derivative penalization, α 9
Box constraints sizes, εi 0

dicted by the fact that the PPC performs quite differently at high speeds in reality
when comparing with the simulation. Namely, it means that there are high-speed
dynamics that are not considered in the simulation vehicle model, which was ex-
pected. Also, it means that the PPC is not able to handle these dynamics in a real
vehicle, while an MPC approach is intrinsically more capable. At low-speeds, the
performance of both controllers is good with an average deviation from the path of
less than 10 cm (see Table 8.5). Still, the EMPC outperforms the PPC specially on
the sharp curves. Note that the EMPC is able to run at both high and low speeds
with the same parameter configuration and with a high performance score.
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(b) Statistical analysis of the deviation from the path for both controllers. The legend
of the figure can be seen in Figure 8.6.

Figure 8.12: Experimental run of the PPC and EMPC on the precision track shown
in Figure 8.1. The controllers parameters are presented in Table 8.1.
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(b) Statistical analysis of the deviation from the path for both controllers. The legend
of the figure can be seen in Figure 8.6.

Figure 8.13: Experimental run of the PPC and EMPC on the high-speed test track
shown in Figure 8.1. The controllers parameters are presented in Table 8.4.
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Table 8.5: Controller deviation from the path comparison in real experiments.

Max. [m] Average [m] Std. deviation [m]

Precision track PPC 0.48 0.10 0.10
EMPC 0.24 0.06 0.05

High-speed test track PPC 1.08 0.25 0.21
EMPC 0.29 0.06 0.05

8.5 Summary

In this chapter, we provided simulation and experimental results using the EMPC
and the MPCC. We compared them to existing approaches, such as the pure-pursuit
controller and the standard MPC. In simulation, we evaluated the performance of
these four controllers both in clothoid-based and non-clothoid-based path repre-
sentations. The performance was measured in terms of deviation from the path
and curvature change rate (i.e., driving smoothness). The pure-pursuit controller
is always the controller that provides the smoothest driving. However, it was gen-
erally the least accurate controller. Second, the MPCC has the best performance in
the clothoid-based double S-curve, while when the reference paths are non-clothoid-
based its performance is poor. Thus, the need for a clothoid-based path representa-
tion is a major drawback for the MPCC. We also compared the MPCC performance
in non-clothoid-based and clothoid-based reference paths, and concluded that there
was a clear improvement when using the clothoid-based representations. Neverthe-
less, the performance was still not as good as the performance of the EMPC and
the standard MPC in the same non-clothoid-based paths. Nevertheless, the MPCC
performs well in these specific conditions. Finally, the EMPC and the standard
MPC are the most accurate controllers, as expected. In order to point out which
one is the best we also analyzed the curvature change rate provided by the con-
trollers and concluded that the EMPC is smoother than the standard MPC with
a similar path accuracy. The EMPC formulation plays a crucial role in the driving
smoothness, since unlike the standard MPC it encourages linear curvature predic-
tions. Consequently, the EMPC is the controller that provides a better trade-off
smooth driving with accurate path following. Experimentally, we compared the
EMPC with a PPC, both deployed in a Scania construction truck. As predicted
from the simulations, the EMPC clearly outperformed the PPC and its performance
is outstanding since the maximum deviation from the path never exceeds 30 cm and
in average is 6 cm. Also, we concluded that the tuning of the controllers parameters
using the simulation environment provided a good approximation of the controller
performance in reality.



Chapter 9

Conclusions and future work

Autonomous driving is a rapidly expanding research field. Even though au-
tonomous vehicles are becoming available to the general public, there are still
countless open problems to address. In this thesis, we proposed solutions for

specific problems with good results. First, we described the modeling of the lateral
and longitudinal dynamics vehicle for the development of an accurate simulation
environment. Second, we proposed an algorithm that allows for a clothoid-based
path description using a small number of points. Third, we addressed the problem
of autonomous vehicle path following. We proposed two different controllers, com-
bining the model predictive control framework and the properties of clothoids to
provide smooth and comfortable driving. Fourth, we studied the problem of speed
profiling and autonomous vehicle longitudinal control. Furthermore, we experimen-
tally evaluated the performance of one of the controllers by deploying it in a Scania
construction truck for mining applications.

In the following, we discuss the main conclusions and present open questions
for future research directions.

9.1 Conclusions
This thesis focuses on the control design for autonomous driving of a heavy-duty ve-
hicle for mining applications. We used the concept of clothoids and their properties
to provide comfort and smoothness to the autonomous driving.

First, we presented the vehicle models used in the simulation environment and
in the control design. The lateral dynamics of the vehicle model derived for sim-
ulation are described by a 4-axle bicycle model validated against real truck data.
We identified the curvature request to steering angle dynamics of the truck and
determined some vehicle parameters, such as the wheel angle ratio between the two
front axles and the understeering gradient. Moreover, we described the longitudi-
nal and the cruise controller model developed by Scania CV AB and we integrated
them in the overall vehicle model. This model was found to be accurate enough
to allow controller tuning in simulation. We also presented the vehicle model used

95
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for control design. This is the kinematic model of a car-like vehicle that does not
include any dynamics but is fundamentally valid at low speeds (i.e., when vehicle
dynamics are negligible). Although simple, this model has proven useful because
at high speeds the vehicle mostly drives straight and in curves the vehicle mostly
drives slowly. In both cases, the lateral dynamics are considered negligible.

Second, we presented an algorithm that produces a sparse path representation,
where a reduced number of clothoids is used to describe the reference path. This
approach relies on a reweighed l1-norm approximation of the l0-norm. The clothoid-
based path has few points where each point, the so called kink-point, has embedded
the clothoid segment properties, resulting in a computationally efficient path de-
scription. The number of clothoids used to describe the path is dependent on the
maximum deviation allowed between the original and the clothoid-based path. The
smaller maximum allowed deviation, the greater the number of clothoids.

Third, we tackled the problem of autonomous lateral control. We presented
a clothoid-based model predictive controller (MPCC) that addresses the problem
of clothoid-based path following. This controller formulation is based on the fact
that the path of a vehicle traveling at low speeds defines a segment of clothoids if
the steering angle is chosen to vary piecewise linearly with the traveled distance.
Therefore, instead of a vehicle model, we used the clothoid model to predict the ve-
hicle motion. The main difference is that the inputs to this model are the curvature
change rate and the arc-length of the clothoid. Since the corresponding equations
are non-linear and do not have closed-form, we linearized the vehicle/clothoid pre-
dictions around the reference path, which is assumed to be clothoid-based and
approximated the integrals with Riemman sums. We discussed the influence of this
strategy in the prediction error upper-bound and concluded that it is not possible
to use only the kink-points when predicting the vehicle motion. Still, we achieved
good results when each waypoint was separated by 2 meters in a clothoid-based
path representation.

Furthermore, we used the concept of economic model predictive controller
(EMPC) for a vehicle lateral control. We formulated the controller using the EMPC
framework, where the cost function explicitly minimizes an operating cost of the
vehicle. In this case, the operating cost can be considered as a comfort or smooth
driving costs and is related to the second and the first derivative of the curvature.
The problem formulation was inspired by clothoids, which have a null curvature
second derivative (i.e., linear varying curvature function). In addition, we con-
strained the optimization problem such that the vehicle always stays in a small
box of size ε around the reference path. These are soft constraints and therefore,
a slack variable that penalizes deviations from the path is also minimized in the
cost function. We analyzed the influence of the controller parameter tuning and
concluded that smaller constraint slack penalizations λ and larger box constraints
sizes ε contribute to a smoother driving. Moreover, the regularization parameter
α (i.e., the curvature first derivative weighing, defines the curvature magnitude).
For the MPCC and the EMPC we provided illustrative examples to evaluate their
performance.
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Fourth, we dealt with the problem of speed profiling and longitudinal control.
The generation of an optimal speed profile was formulated as a convex optimiza-
tion problem, where we minimized the deviations between the speed profile and the
maximum speed allowed on the road. The maximum speed has two components,
one is the maximum speed allowed by law (or user defined) and the other considers
safety issues depending on the road geometry. Also, the speed profile can be tuned
in order to produce more aggressive or smoother speed profiles with respect to the
changes in acceleration. Furthermore, we developed a longitudinal controller that
works in a receding-horizon fashion by solving a similar problem as the one formu-
lated for the speed profiler. In this case, the longitudinal controller only takes into
account a finite horizon ahead of the vehicle and receives the most recent vehicle
state predictions. In doing so, the longitudinal controller produces feasible and
safe speed requests for the low-level speed controller. We analyzed the influence of
different path description densities and the influence of the acceleration penaliza-
tion factor in the speed profile generation. We concluded that the sparser the path
description, the further away the resultant speed is from the optimal. However, we
could see that the path description does not need to be dense to achieve a good
sub-optimal solution and is faster to compute. Also, by varying the acceleration
penalization factor we could modify the smoothness of the speed profile. In this
case, we have a clear trade-off between an aggressive speed profile, which tends to
deviate as little as possible from the maximum speed allowed, or a smooth speed
profile that provides smaller accelerations. We presented simulation results com-
bining the generation of a speed profile for a single S-curve and the longitudinal
controller. We concluded that when gear changes have no impact on the vehicle
acceleration, the controller is able to correctly track the speed profile. Moreover, we
exemplified the effect of an unexpected event in the longitudinal control. Since the
lateral controller sends the most recent vehicle predictions, the longitudinal con-
troller can adapt the speed or acceleration requests depending on those predictions
without necessarily tracking the original speed profile.

Finally, we presented an experimental benchmarking of the lateral controllers.
We compared through simulations the MPCC and the EMPC with a standard
MPC and a pure-pursuit controller (PPC). Also, we deployed the EMPC on a
real Scania construction truck and compared it with a PPC. The performance of
the controllers was evaluated in terms of path following accuracy and curvature
request change rate. For that, we provided a statistical analysis of the data. We
concluded that the PPC is the smoothest controller but is also the least accurate
one. Furthermore, we showed that the MPCC has great performance in clothoid-
based reference paths, while its performance in non-clothoid-based paths is poor.
The need of a clothoid-reference path is a drawback in the controller. Moreover, the
EMPC and the standard MPC had similar path tracking accuracy performances.
However, the EMPC was smoother than the standard MPC, which was intended
from its formulation. In the end, we showed that the EMPC has an outstanding
performance in real experiments with an average deviation from the path of 6 cm
and never exceeding 30 cm in challenging tracks, in both high and low speeds.
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9.2 Future work

In this section we discuss possible future work directions on control design for
autonomous driving.

Extend the experimental benchmarking
Experimental validation is one of the most challenging and important tasks of
control design. Although the controller implementation process is time consuming,
it is a rewarding and a great learning experience. Therefore, the completion of
our experimental benchmarking is necessary with the implementation in practice
of the MPCC and the standard MPC. This would allow a fruitful comparison with
EMPC, MPCC and other controllers that may be developed in the future.

Analyze controller performance (stability and convergence)
The theoretical analysis in control design is one of the most important aspects.
Thus, we would like to analytically demonstrate stability and convergence proper-
ties of the designed controllers. In doing so, it is necessary to deepen our knowledge
about the controllers properties and their performance limits to be able to get the
most out of them.

Improve the longitudinal control
Currently, the longitudinal controller is a reference generator for the cruise con-
troller. However, there are no guarantees of speed profile tracking without knowing
the underlying cruise controller model, since there is no direct way of controlling
the vehicle acceleration without controlling directly the engine torque. One way to
improve the control design is to include a control-oriented cruise controller model in
the longitudinal controller to improve the vehicle speed predictions and the speed
profile tracking. Also, since the controller does not include any vehicle longitudi-
nal model, it is not possible to correctly predict the vehicle speed in the case of
substantial road slope. Thus, the development of a control-oriented longitudinal
model is also necessary. Another way is to develop a new cruise-controller that
would directly translate the speed profile, given as input, into engine torques.

Develop algorithms for model uncertainties robustness and model
parameters online tuning
So far, the utilization of a simple model has proven to be sufficient for a good
controller performance. However, the controller still requires a significant amount
of tuning and the prediction accuracy can be further improved. For this reason, we
will consider the development of a procedure to systematically tune the parameters
of the controller, possibly online while driving. One possible, interesting approach
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would be to combine machine learning techniques with model predictive control
to adapt the controller or model parameters depending on the environment. Also,
it would be engaging to extend the formulation in the light of stochastic MPC to
mitigate the influence of model uncertainties in the controller performance.

Abridge the gap between planning and control
The control design described in this thesis assumed the existence of an upper layer
responsible for planning. Obstacles are taken into account and a local path is
fed to the controller. As of today, the controller assumes that the received path
is obstacle free and that the path planner is in charge of replanning in case of a
sudden environment change. An interesting research direction is the combination
between planning and control. In emergency situations, in fact, there might be no
time for replanning in an upper layer. Therefore, the controller should be designed
such to be aware of the environment and act accordingly to the different situations.

Explore extreme driving situations
In a mining scenario, roads are slippery, have high slopes and banking angles, and
are full of debris. Also, the vehicle is subject to different loads that influence the
driving experience. A simple model is not able to reproduce the vehicle motion
is these cases. Therefore, there is a need to investigate and design more complex
vehicle models providing better motion predictions in more elaborated scenarios.





Acronyms

ADAS Advanced driver assistance system
AFS Active front steering
CL-RRT Closed-loop RRT
EKF Extended Kalman filter
EMPC Economic MPC
FFI Fordonsstrategisk forskning och innovation
GPS Global positioning system
IMU Inertial measurement units
LIDAR Light detection and ranging
LTV Linear-time varying
MPC Model predictive controller
MPCC Clothoid-based MPC
NHTSA National highway traffic safety administration
NMPC Nonlinear MPC
PPC Pure-pursuit controller
QP Quadratic program
RADAR Radio detection and ranging
RRT Rapidly-exploring random trees
RTK-GPS Real-time kinematic GPS
V2V Vehicle-to-vehicle communication
V2I Vehicle-to-infrastructure communication
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Appendix A

Quadratic problem formulation of MPCC

It is possible to formulate the MPC problem (5.3) as a QP. We introduce the
following vectors

Z̃i+1 =


z̃i+1|i

z̃i+2|i
...

z̃i+H|i

 and Ũi =


ũi|i

ũi+1|i
...

ũi+H−1|i

 , (A.1)

where the notation z̃j|i indicates the estimated state error at instant j predicted
at instant i, and ũj|i indicates the optimal input error at instant j predicted at
instant i.

Thus, it is possible to write the MPC cost function (5.3a) as

Z̃ᵀ
i+1Q̄Z̃i+1 + Ũᵀ

i R̄Ũi, (A.2)

with Q̄ = diag(Q, . . . ,Q) and R̄ = diag(R, . . . ,R).
Furthermore, (5.5) is rewritten as a function of the initial state error z̃i|i and

the predicted input vector Ũi,

Z̃i+1 = Ãiz̃i|i + B̃iŨi, (A.3)

where

Ãi =



Ai

Ai+1Ai

...
AH−1 . . .Ai+1Ai

AHAH−1 . . .Ai+1Ai


(A.4)
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and

B̃i =



Bi 0 . . . 0
Ai+1Bi Bi+1 . . . 0

...
... . . . ...

AH−1 . . .Ai+1Bi AH−1 . . .Ai+2Bi+1 . . . 0
AHAH−1 . . .Ai+1Bi AHAH−1 . . .Ai+2Bi+1 . . . BH−1


. (A.5)

Manipulating algebraically (A.2), we rewrite the objective function into a QP
form

1
2Ũᵀ

i HiŨi + fᵀi Ũi + di, (A.6)

with

Hi = 2(B̃ᵀ
i Q̄B̃i + R̄), (A.7a)

fi = 2B̃ᵀ
i Q̄Ãiz̃i|i, (A.7b)

di = z̃ᵀi|iÃ
ᵀ
i Q̄Ãiz̃i|i. (A.7c)

Finally, the MPC problem (5.3) is formulated as an LTV-MPC

min
Ũi

1
2Ũᵀ

i HiŨi + fᵀi Ũi (A.8a)

s.t. Ũi ∈ U. (A.8b)

The constraint Ũi ∈ U expresses the existence of upper and lower bounds on the
input values. In this problem we consider that lmin ≤ li ≤ lmax and cmin ≤ ci ≤
cmax. These constraints are written in matrix form

[
I
-I

]
Ũi ≤

[
umax − uref

i

−umin + uref
i

]
, (A.9)

where umin = [lmin, cmin]ᵀ and umax = [lmax, cmax]ᵀ.



Appendix B

Quadratic problem formulation of EMPC

We cast the problem (6.3) as a QP by defining the optimization variable u =
[κ,∆]ᵀ.

min
u

1
2uᵀHu (B.1a)

s. t. Au ≤ b, (B.1b)
Aequ = beq, (B.1c)

where H ∈ R(3H+1)×(3H+1), A ∈ R(8H+1)×(3H+1), b ∈ R8H+1, Aeq ∈ R3H+1, and
beq ∈ R. These matrices are defined as

H =
[

2(Dᵀ
2D2 + αDᵀ

1D1) 0̄
0̄ 2λ

]
,

A =

 Abox
Asharp
Asat

 ,

b =

 bbox
bsharp
bsat

 ,
Aeq = [1 0 0], beq = κvehicle,

where

Abox =


0 Aboxx

−I 0̄
0 −Aboxx −I 0̄
0 Aboxy 0̄ −I
0 −Aboxy

0̄ −I

 ,
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Aboxx
= −S([sin(Sκ̂)]H×H � S),

Aboxy
= S([cos(Sκ̂)]H×H � S),

Asharp =
[

0 I 0̄ 0̄
0 −I 0̄ 0̄

]
,

Asat =
[

D1 0̄ 0̄
−D1 0̄ 0̄

]
,

and

bbox =


εx + bboxx

−εx − bboxx

εy + bboxy

−εy − bboxy

 ,
bboxx

= xref − S (cos(Sκ̂) + sin(Sκ̂)� (Sκ̂)) ,
bboxy

= yref + S (sin(Sκ̂) + cos(Sκ̂)� (Sκ̂)) ,

bsharp =
[

1cmax
1cmax

]
,

bsat =
[

1κmax
1κmax

]
,

where 0 is a column vector of zeros and 0̄ is a block of zeros of appropriate di-
mensions for well defined matrices. Furthermore, [(·)]H×H represents a matrix of
dimension H ×H defined by H column vectors (·).


