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Abstract

This thesis consists of six papers related to combinatorics and com-
mutative algebra.

In Paper A, we use tools from topological combinatorics to describe
the minimal free resolution of ideals with a so called regular linear
quotient. Our result generalises the pervious results by Mermin and
by Novik, Postnikov & Sturmfels.

In Paper B, we describe the convex hull of the set of face vectors
of coloured simplicial complexes. This generalises the Turán Graph
Theorem and verifies a conjecture by Kozlov from 1997.

In Paper C, we use algebraic shifting methods to characterise all
possible clique vectors of k-connected chordal graphs.

In Paper D, to every standard graded algebra we associate a bi-
variate polynomial that we call the Björner-Wachs polynomial. We
show that this invariant provides an algebraic counterpart to the com-
binatorially defined h-triangle of simplicial complexes. Furthermore,
we show that a graded algebra is sequentially Cohen-Macaulay if and
only if it has a stable Björner-Wachs polynomial under passing to the
generic initial ideal.

In Paper E, we give a numerical characterisation of the h-triangle
of sequentially Cohen-Macaulay simplicial complexes; answering an
open problem raised by Björner & Wachs in 1996. This generalise
the Macaulay-Stanley Theorem. Moreover, we characterise the possi-
ble Betti diagrams of componentwise linear ideals.

In Paper F, we use algebraic and topological tools to provide a
unifying approach to study the connectivity of manifold graphs. This
enables us to obtain more general results.
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Sammanfattning

Denna avhandling består av sex artiklar i kombinatorik och kom-
mutativ algebra.

I artikel A använder vi verktyg från topologisk kombinatorik för att
beskriva den minimala upplösningen av ideal med en så kallad reguljär
linjär kvot. Vårt resultat generaliserar tidigare resultat av Mermin och
Novik, Postnikov och Sturmfels.

I artikel B beskriver vi konvexa höljet till mängden av f -vektorer
för färgade simpliciella komplex. Detta generaliserar Turáns sats i graf-
teorin och verifierar en förmodan av Kozlov från 1997.

I artikel C hämtar vi metoder från teorin för algebraisk skiftning
för att ge en karaktärisering av klickvektorerna till k-sammanhängande
kordala grafer.

I artikel D associerar vi till varje standard graderad algebra ett po-
lynom i två varabler som vi kallar Björner-Wachs polynom. Vi visar att
denna invariant ger en algebraisk motsvarighet till den kombinatoriskt
definierade h-triangel av simplicial komplex. Dessutom visar vi att en
graderad algebra är sekventiellt Cohen-Macaulay om och endast om
dess Björner-Wachs polynom är stabilt vid passage till det generiska
initiala idealet.

I artikel E ger vi en numerisk karaktärisering av h-triangeln till
ett sekventiellt Cohen-Macaulay simpliciellt komplex; vilket besvarar
ett öppet problem ställt 1996 av Björner och Wachs. Detta generali-
serar Macaulay-Stanley sats. Dessutom karakteriserar vi diagrammen
av komponentmässigt linjära ideal.

I artikel F använder vi algebraiska och topologiska verktyg för att
ge en enhetlig strategi att studera sammanhangs-grad hos underlig-
gande grafer (1-skelett) till triangulerande mångfalder. Detta gör det
möjligt att erhålla mer generella resultat.
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1 Introduction

The aim of this introductory chapter is to give an insight into the mathe-
matical work in this thesis which consists of six papers in combinatorics and
commutative algebra. The main results presented in this thesis are derived
by using topological and shifting theoretic methods. Shifting techniques
are so natural that one could imagine that the first usage of such an idea
is not traceable. Nevertheless, it seems that the first substantial applica-
tion of a shifting technique appeared in a 1927 article by Francis Sowerby
Macaulay. Macaulay’s theorem characterises all possible Hilbert series of
standard graded algebras. Other applications of shifting techniques include
Zykov’s 1949 proof of the Turán Graph Theorem, the Erdős-Ko-Rado 1961
theorem and Katona’s 1968 proof of the Kruskal-Katona Theorem. The
idea of a coordinate-free version of Macaulay’s method; generic initial ideal,
appeared in Hartshorne’s 1966 paper on Hilbert’s scheme and was further
developed by Grauert in 1972 and Galligo in 1974.

In order to prove the Upper Bound Conjecture for simplicial spheres, in
1975 Richard Stanley associated a standard graded algebra to every simpli-
cial complex; its Stanley-Reisner algebra. He showed that the face number
of the simplicial complex and the Hilbert series of its associated algebra de-
termine each other, and then he used Macaulay’s theorem. In early 1980’s,
by considering the Stanley-Reisner algebra and its analogue over the exterior
algebra, Gil Kalai introduced more effective versions of the Erdős-Ko-Rado’s
shifting; algebraic shifting.

The shifting techniques are used in four papers in this thesis. In par-
ticular, solving a conjecture of Kozlov from 1997, we use Zykov’s shifting
to generalise the Turán Graph Theorem in Paper B. We also, answering an
open problem raised by Björner & Wachs in 1996, generalise the Macaulay-
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Stanley Theorem in paper E by using algebraic shifting techniques. The
other two papers in this thesis use topological methods to generalise some
known results and provide unifying approaches.

The thesis is organised as follows. We give a quick overview of the results
in this thesis in Section 1.1. In Chapter 2 we present the combinatorial back-
ground to the thesis. The algebraic background is presented in Chapter 3.
A detailed summary of the result in the thesis is the theme of Chapter 4.
Finally, the six articles forming the scientific part of the thesis are gathered
in Part II.

1.1 Quick Overview

In this section we provide a quick overview of the main results in this thesis.

Paper A
Cellular Structure for the Herzog–Takayama Resolution

The idea of determining free resolutions of monomial ideals in a polynomial
ring using labelled chain complexes of acyclic regular cell complexes was
introduced by Bayer & Sturmfels. Among other things, a feature of this
method is to provide information about the Betti numbers and coefficients
in the differential matrices of the resolution. In particular, if for a class
of ideals one obtains minimal free resolutions supported by a regular cell
complex, then it follows that the differential matrices in the minimal free
resolution can be written using only ±1 coefficients and that the total Betti
numbers are face numbers of a acyclic simplicial complex. The later follows
from a result by Björner & Kalai.

In this paper, we show that the class of so called ideals with a regular
linear quotient admits minimal cellular resolution. This class contains all
stable ideals and Stanley-Reisner ideals of matroid complexes. Our proof
is constructive and uses tools from topological combinatorics, namely anti-
exchange closures and convex geometries. Our results extend and unify per-
vious results by Novik, Postnikov & Sturmfels and by Mermin.
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Paper B
Convex Hull of Face Vectors of Colored Complexes

A vector g ∈ Rd will be called positive if it has positive coordinates. The
k-truncation of g, denoted by gk, is the vector whose first k coordinates are
equal to the coordinates of g, and the rest are equal to zero, for k = 1, 2, ..., d.
D. Kozlov conjectured that the convex hull of the face vectors of r-colorable
complexes on n vertices is equal to the convex hull of truncations of the
clique vector of the Turán graph T (n, r). The main result of this paper is to
verify this conjecture. As part of our proof we derive a generalization of the
Turán graph theorem.

Paper C
Clique Vectors of k-Connected Chordal Graphs

The clique vector c(G) of a graph G is the sequence (c1, c2, . . . , cd) in Nd,
where ci is the number of cliques in G with i vertices and d is the largest car-
dinality of a clique in G. In this note, we use tools from commutative algebra
to characterise all possible clique vectors of k-connected chordal graphs. Our
main ingredient is to relate the connectivity number to an algebraic invari-
ant, namely depth, of an associated algebra and then make use of generic
initial ideals to reduce the problem to the world of shifted objects.

Paper D
Dimension Filtration, Sequential Cohen-Macaulayness and a New
Polynomial Invariant of Graded Algebras

Associated to every finite simplicial complex there is a standard monomial
algebra, the so called face ring of the complex. In order to verify the upper
bound conjecture, Stanley studied the face numbers of a triangulated sphere
via numerical properties of this algebra. Stanley’s proof has two major in-
gredients. Namely, that the Hilbert series of a face ring can be expressed
in terms of the combinatorially defined h-numbers of the complex, and that
the face ring of a triangulated sphere is Cohen-Macaulay.

Björner & Wachs defined doubly indexed h-numbers of a simplicial com-
plex as a finer invariant than the usual h-numbers, in the sense that one can
obtain the latter from the former. The array of doubly indexed h-numbers
of a complex is called the h-triangle. For a sequentially Cohen-Macaulay
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complex some interesting topological and algebraic invariants, such as topo-
logical Betti numbers of the complex and graded Betti numbers of the face
ring of its Alexander dual, are encoded in the h-triangle.

As the Hilbert series is the algebraic counterpart of the h-numbers, one
would expect to have an algebraic counterpart also for the doubly indexed
h-numbers. The objective of this paper is to fill this gap by providing an
algebraic counterpart for the h-triangle, namely to every standard N-graded
k-algebra we associate a bivariate polynomial; the Björner-Wachs polyno-
mial. This polynomial specialises to the h-triangle in the case of face rings
of simplicial complexes. The Björner-Wachs polynomial of a sequentially
Cohen-Macaulay algebra contains much interesting information of the alge-
bra, such as extremal Betti numbers.

We give a characterisation of sequentially Cohen-Macaulay algebras in
terms of the Björner-Wachs polynomial, namely, we prove that sequentially
Cohen-Macaulay algebras are exactly those that have a stable Björner-Wachs
polynomial under passing to the reverse lexicographic generic initial ideal.
Beside this, we give a few conditions, each of them being equivalent to se-
quential Cohen-Macaulayness. We will discuss some connections to the nu-
merical data of the local cohomology modules in case of sequentially Cohen-
Macaulay algebras. Finally, some remarks on the Alexander dual of sequen-
tially Cohen-Macaulay simplicial complexes will be discussed.

Paper E
Face Numbers of Sequentially Cohen-Macaulay Complexes and Betti
Numbers of Componentwise Linear Ideals

The notion of sequentially Cohen-Macaulay complexes first arose in combina-
torics: Motivated by questions concerning subspace arrangements, Björner &
Wachs introduced the notion of nonpure shellability. Stanley then introduced
the sequentially Cohen-Macaulay property in order to have a ring-theoretic
analogue of nonpure shellability. In this work, a numerical characterisation
is given of the so-called h-triangles of sequentially Cohen-Macaulay sim-
plicial complexes. This result characterises the number of faces of various
dimensions and codimensions in such a complex, generalising the classical
Macaulay-Stanley theorem to the nonpure case. Such a characterisation,
other than being interesting from the combinatorial point of view, has two
numerical consequences in commutative algebra. Namely, characterising the
possible Betti tables of componentwise linear ideals and also characteris-
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ing the possible Hilbert series of local cohomology modules of sequentially
Cohen-Macaulay standard graded algebras. In order to achieve the char-
acterisation, first we use properties of Kalai’s algebraic shifting to reduce
the problem to the case of shifted complexes. Then we use a combinatorial
correspondence between shifted multicomplexes and pure shifted simplicial
complexes. Our combinatorial correspondence is a generalisation of a bijec-
tion between multisets and sets provided by Björner, Frankl & Stanley.

Paper F
Connectivity of Pseduomanifold Graphs from an Algebraic Point of
View

The connectivity of graphs of simplicial and polytopal complexes is a classical
subject going back at least to Steinitz, and the topic has since been studied
by many authors, including Balinski, Barnette, Athanasiadis and Björner.
In this note, we provide a unifying approach which allows us to obtain more
general results. Moreover, we provide a relation to commutative algebra by
relating connectivity problems to graded Betti numbers of the associated
Stanley-Reisner rings.





2 Combinatorial Background

In this chapter we review some notions on combinatorial and topological
theories of simplicial complexes. Our exposition of the combinatorial back-
ground mostly follows the survey article by Billera & Björner [BB97]. Unde-
fined topological terminology can be found in the books by Spanier [Spa81]
and by Munkres [Mun84] or the book chapter by Björner [Bjö95] on topo-
logical methods in combinatorics. The reader may consult the article by
Kalai [Kal02] for more about exterior algebraic shifting and its properties.

2.1 Basic Notions

A (geometric) d-simplex σ is the convex hull of d + 1 “random” points
(that are called vertices of σ) in Rd. The convex hull of a subset of the
vertices of σ is called a face of σ. Note that every face of σ is again a
simplex. A geometric simplicial complex Σ is a collection of simplices
such that (1) if σ is in Σ and τ is a face of σ, then τ is in Σ, and (2) if σ
and τ are in Σ, then σ ∩ τ is a face of both σ and τ . A geometric simplicial
complex is a topological space with the induced Euclidean topology of Rd.

An abstract simplicial complex ∆ is a nonempty collection of subsets
of some finite ground set V such that if σ ∈ ∆ and τ ⊆ σ then τ ∈ ∆.
The elements in V are called vertices of ∆. The elements σ ∈ ∆ are called
faces of ∆. The dimension of a face σ and of ∆ itself are defined by
dim σ = |σ| − 1; and dim ∆ = maxσ∈∆ dim σ. An inclusion-wise maximal
face of ∆ is called a facet. The set of all facets of ∆ is denoted by F(∆).
Clearly, an abstract simplicial complex is uniquely determined by the sets
of its facets and its vertices. An abstract simplicial complex ∆ is said to be
pure if all of its facets have the same dimension; dim ∆.

9
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With every geometric simplicial complex Σ one can associate an abstract
simplicial complex whose set of facets are the collection of sets of vertices of
(inclusion-wise) maximal simplices in Σ. Conversely, every abstract simpli-
cial complex can be realised as a geometric simplicial complex.

Let ∆ be a (d−1)-dimensional abstract simplicial complex on the vertex
set [n]. Let γ : [0, 1]→ R2d−1 be themoment curve γ(t) = (t, t2, t3, . . . , t2d−1).
Let p1, p2, . . . , pn be n distinct points on γ. For a subset σ of [n], let pσ be
the set {pi | i ∈ σ}. For a face σ of ∆, let ‖σ‖ be the convex hull of pσ. The
geometric realisation ‖∆‖ of ∆ is defined to be

⋃
σ∈∆ ‖σ‖; it is a geomet-

ric simplicial complex. Therefore, we can drop the adjectives “abstract” and
“geometric” and speak only about simplicial complexes.

Let ∆ be a (d − 1)-dimensional simplicial complex on the vertex set
[n] := {1, 2, . . . , n}. For i ≤ d− 1, the set ∆(i) of all faces of ∆ of dimension
at most equal to i is a simplicial complex; the i-skeleton of ∆. Let ∆i be
the set of all i-dimensional faces of ∆. The pure i-skeleton ∆[i] of ∆ is the
simplicial complex on the vertex set [n] whose set of facets is ∆i.

For a face σ ∈ ∆, the link of σ in ∆ is defined by

link∆σ = {τ ∈ ∆ | τ ∩ σ = ∅ and τ ∪ σ ∈ ∆}.

Let us denote by fi := fi(∆) the cardinality of the set ∆i, that is, the
number of i-dimensional faces of ∆. Then the integer sequence

f(∆) = (f0, f1, . . . , fd−1)

is called the f-vector of ∆. Also, define the h-vector of ∆ to be the integer
sequence h(∆) = (h0, . . . , hd), where

hi =
∑

j

(−1)(i−j)
(
d− j
i− j

)
fj−1(∆).

The h-polynomial of ∆ is defined to be h(∆; t) = ∑
i hit

i.
Let k be a field and H̃q(∆,k) be the q-th reduced homology group of

∆ with coefficients in k. Let β̃q = β̃q(∆,k) = dimk H̃q(∆,k) be the q-th
(reduced) Betti number of ∆. The β-vector of ∆ is the integer sequence

β(∆) = (β̃0, β̃1, β̃2, . . . , β̃d−1).

For general simplicial complexes there is a linear relation between the
face numbers and the Betti numbers, namely the Euler-Poincaré formula.
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This formula states that

−1 + f0 − f1 + . . .+ (−1)d−1fd−1 = β̃0 − β̃1 + . . .+ (−1)d−1β̃d−1. (2.1)

The number computed by either sides of the formula (2.1) is called the
reduced Euler characteristic of ∆.

Let Sm denote an m-dimensional sphere. If A is a nonempty proper
subset of Sm and the pair (Sm, A) is triangulable, then Alexander dual-
ity [Mun84, p.424] holds that

β̃q(Sm −A,k) = β̃m−q−1(A,k).

If A is a simplicial complex of n vertices, then there is a natural choice of
Sm, namely, the boundary complex Bn of the simplex on n vertices. The
complex Bn is an (n − 2)-dimensional sphere and Bn − A is closed under
taking supersets. So, if we consider the complement of elements in Bn − A,
then we obtain a simplicial complex.

Let A be a simplicial complex on the vertex set [n]. Then the com-
binatorial Alexander dual A∗ of A is the simplicial complex defined by
A∗ = {[n]− F | F /∈ A}. It now follows from Alexander duality that

β̃q(A∗) = β̃n−q−3(A).

2.2 Classes of Simplicial Complexes

In this section we present some classes of simplicial complexes that will play
a role in this thesis.

For a k-subset σ of ∆, let us denote by σi, the i-th element of σ after
sorting σ increasingly. Let σ and τ be two k-subsets of [n]. Let us write
σ <L τ if there exists some j such that σj < τj and σi = τi, for all j < i ≤ k.
Obviously, for all k, the order <L is linear on the set of all k-subsets of [n].
A simplicial complex ∆ on the vertex set [n] is said to be compressed if
∆k is the set of the fk largest k-subsets of [n], for all k.

A simplicial complex ∆ on the vertex set [n] is said to be shifted if for
each face σ of ∆ if i ∈ σ and j > i, then (σ \ {i}) ∪ {j} is also a face of ∆.

A simplicial complex ∆ is shellable if its set of facets can be ordered
linearly σ1, σ2, . . . , σ` in a way that for every i and j with 1 ≤ i < j ≤ `
there exists a k with 1 ≤ k < j and a v ∈ σj such that

σi ∩ σj ⊆ σk ∩ σj = σj \ {v}.
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Such an ordering of facets is called a shelling.
We say that ∆ is Cohen-Macaulay over the field k (CMk or just CM,

for short), if
H̃q(link∆σ,k) = 0,

for all faces σ of ∆ (including the empty set) and all q < dim(link∆σ). The
depth of a simplicial complex ∆ is defined to be

depth ∆ = 1 + max{k | ∆(k) is Cohen-Macaulay }.

In particular, a (d−1)-dimensional simplicial complex ∆ is Cohen-Macaulay
if and only if depth ∆ = d and is connected if and only if depth ∆ ≥ 2.

A (d−1)-dimensional simplicial complex is called sequentially Cohen-
Macaulay over a field k if for all i ∈ [d − 1] the pure i-skeleton of ∆ is
Cohen-Macaulay over k. We have the hierarchy of properties

compressed −→ shifted −→ shellable −→ sequentially CM.

A simplicial complex ∆ is flag if all minimal non-faces of ∆ has cardinal-
ity two. If G is a graph and ∆(G) is the set of all cliques in G, then ∆(G) is a
flag simplicial complex. Such a complex is called a clique complex. On the
other hand, every flag complex is the clique complex of its 1-skeleton. Flag
simplicial complexes are important in graph theory, commutative algebra
and metric geometry.

Björner and Vorwerk generalised the notion of flag complexes. Let ∆ be
a (d− 1)-dimensional simplicial complex on the vertex set V(∆). Recall the
notion of banner complexes of [BV15]:
◦ A subset W of V(∆) is called complete if every two vertices of W form

an edge of ∆.
◦ A complete set W ⊆ V(∆) is critical if W \ {v} is a face of ∆ for some
v ∈W .
◦ We say that ∆ is banner if every critical complete set W of size at least
d is a face of ∆.
◦ We define the banner number of ∆ to be

b(∆) = min
{
b : lkσ∆ is banner or the boundary of the 2-simplex

for all faces σ ∈ ∆ of cardinality b and degree d

}
,

where the degree of a face is the maximal cardinality of a facet containing
it.
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Note that our notions of banner complexes and banner numbers are slightly
more general then the ones introduced in [BV15]. However, if the complex
is pure the definitions coincide.

2.3 Algebraic Shifting

A simplicial complex on the vertex set [n] is shifted if whenever F ∈ ∆,
i ∈ F , j < i and j /∈ F then (F \ {i}) ∪ {j} ∈ ∆. Gil Kalai introduced
operators on simplicial complexes sending a complex to a shifted complex
while preserving many interesting properties (see e.g. [Kal02]).

The exterior algebra
∧
E over k on the basis elements e1, e2, . . . , en is

defined by
∧
E = k〈e1, e2, . . . , en〉/〈{e2

i }ni=1, {eiej − ejei}1<i<j<n〉,

where k〈e1, e2, . . . , en〉 is the free (non-commutative) algebra. The product
in
∧
E will be denoted by ∧. If σ = {i1, i2, . . . , it}<, then let eσ denote

the exterior product ei1 ∧ ei2 ∧ . . . ∧ eit . It can be shown that
∧
E is a

2n-dimensional graded algebra with a basis consisting of all eσ for σ ⊆ [n]
Let Σ be a simplicial complex on the vertex set [n]. Define the exterior

face ideal of Σ to be JΣ = 〈eσ | σ /∈ Σ〉; it is a two-sided ideal of
∧
E.

Also, define the exterior face ring of Σ to be k{Σ} = ∧
E/JΣ. Denote the

image of m ∈ ∧E under the natural projection to k{Σ} by m̃.
Let {g1, g2, . . . , gn} be a generic basis of E and define gσ analogous to eσ.

Let Σe be the set of all subsets σ of [n] such that g̃σ /∈ span {g̃τ | τ <L σ} .
One can show that Σe is a simplicial complex; the exterior algebraic
shifted complex of Σ

A simplicial complex shares many interesting properties with its exterior
algebraic shifted complex. Here we mention some of them.

Theorem 2.1. Let Σ be a simplicial complex and Σe the exterior algebraic
shifted complex of Σ. Then the following properties hold:

1. Exterior algebraic shifting and combinatorial Alexander duality com-
mute; (Σ∗)e = (Σe)∗,

2. Exterior algebraic shifting preserves face vectors; f(Σ) = f(Σe),

3. Exterior algebraic shifting preserves Betti numbers; β(Σ) = β(Σe),
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4. Exterior algebraic shifting preserves depth; depth Σ = depth Σe. In
particular, Σ is Cohen-Macaulay if and only if Σe is.

2.4 Face Numbers

For integers `, n ≥ 1 the `-representation of n is the unique way of ex-
panding

n =
(
a`
`

)
+
(
a`−1
`− 1

)
+ . . .+

(
ai
i

)
,

where a` > a`−1 > . . . > ai ≥ i ≥ 1. Define

∂`(n) =
(

a`
`− 1

)
+
(
a`−1
`− 2

)
+ . . .+

(
ai
i− 1

)
,

and

∂`(n) =
(
a` − 1
`− 1

)
+
(
a`−1 − 1
`− 2

)
+ . . .+

(
ai − 1
i− 1

)
.

Also let ∂`(0) = ∂`(0) = 0.
An integer sequence f = (f0, f1, . . . , fd−1) is called a K-sequence if for

all 1 ≤ ` ≤ d− 1, one has ∂`+1(f`) ≤ f`−1, and is called an M-sequence (or
M-vector) if (1) f0 = 1, and (2) ∂`(f`) ≤ f`−1 for all ` ≥ 2.

The characterisation of all integer vectors that arise as f -vectors of sim-
plicial complexes was given independently by Kruskal, Katona and Schützen-
berger.

Theorem 2.2 (Kruskal-Katona-Schützenberger). For an integer sequence

f = (f0, f1, . . . , fd−1)

the following are equivalent.

1. f is the f -vector of a (d− 1)-dimensional simplicial complex;

2. f is the f -vector of a (d− 1)-dimensional shifted complex;

3. f is the f -vector of a (d− 1)-dimensional compressed complex;

4. f is a K-vector.
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Mayer [May42] showed that other than the Euler-Poincaré formula (2.1)
there is no linear relation between the f - and β-vectors. In [BK88], An-
ders Björner and Gil Kalai used techniques from exterior algebraic shifting
to extend the Kruskal-Katona-Schützenberger theorem and Euler-Poincaré
formula simultaneously. They showed that f - and β-vectors of a (d − 1)-
dimensional complex satisfy (d− 1) non-linear relations. In particular, they
characterise the possible f -vectors of simplicial complexes with a given β-
vector.

Let f = (f0, f1, . . . , fd−1) be a vector with positive integer components
and β = (β0, β1, . . . , βd−1) be a vector with non-negative integer components.
For ` ≥ 0 set

χ`−1 =
d−1∑

j=`
(−1)j−`(fj − βj). (2.2)

Theorem 2.3. If f , β and χ`−1 are as above, then the following are equiv-
alent:

• there exists a simplicial complex ∆ such that f(∆) = f and β(∆) = β,

• χ−1 = 1 and ∂`+1(χ` + β`) ≤ χ`−1 for all ` ≥ 1.

Let Y = {y1, . . . , ym} be a set of variables. An order ideal of monomials
(also known as a multicomplex) on Y is a setM of monomials such that if
p ∈ M and q divides p, then q ∈ M. The f -vector of M is the sequence
f(M) = (f0, f1, f2, . . .) where fi is the number of monomials of degree i in
M.

Theorem 2.4 (Stanley [Sta77]). For a sequence of nonnegative integers
h = (h0, . . . , hd) the following are equivalent:

• h is the h-vector of a (d − 1)-dimensional Cohen-Macaulay simplicial
complex,

• h is the f -vector of an order ideal,

• h is an M-vector.





3 Algebraic Background

3.1 Grading and Hilbert Series

Let k be a field and R = k[x1, . . . , xn] be a polynomial ring over k. Then
R, as a ring, has an extra property, namely, if we denote by Rd the k-vector
space of homogeneous elements of degree d, then we can decompose R as a
direct sum

⊕
dRd of k-vector spaces in such a way that Rd · Rj ⊆ Rd+j . It

is easy to see that every homogeneous ideal in R (i.e. an ideal generated by
homogeneous elements) inherits this extra property. Precisely speaking, if
for a homogeneous ideal I we put Ij := Rj ∩ I, then one can decompose I as⊕
j Ij in such a way that Rd · Ij ⊆ Id+j . Motivated by these examples, one

defines an R-module M to be graded if one has a direct sum decomposition
M = ⊕

i∈ZMi into k-vector spaces such that Rd ·Mj ⊆Md+j , for all d ∈ N
and all j ∈ Z. Each Mi is called a homogeneous component. An element
m ∈M is called homogeneous of degree i, if m ∈Mi. A map ϕ : M → N
between graded S-modules is called graded if it is degree preserving, that
is if ϕ(Mi) ⊆ Ni for all i ∈ Z.

Sometimes, specially when we want to consider the homomorphisms be-
tween graded modules, it is useful to change the grading by shifting the
degrees. So, if M is a graded module, we define M(−d) to be the module
M shifted in degrees by d simply by putting M(−d)i = Mi−d.

If M is a finitely generated R-module, then every homogeneous compo-
nents ofM is a finite dimensional vector space. Hence, to measure the size of
M one can study the sizes of homogeneous component of M . The Hilbert
series of M is Hilb(M ; t) := ∑

i∈Z dimkMit
i.

If M has Krull dimension d, then it is known that there exists a Laurent

17
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polynomial h(M ; t) ∈ Z[t, t−1] such that

Hilb(M ; t) = h(M ; t)
(1− t)d .

The Laurent polynomial h(M ; t) will be called the h-polynomial of M .
The Hilbert series is easy to compute for free modules and behaves well

along short exact sequences. Hilbert’s idea to compute the Hilbert series was
to compare the size of components of the module with the size of components
of free modules. He associated to every graded finitely generated module
a chain of graded free modules. A graded free resolution of a finitely
generated R-module M is a graded exact sequence of free modules

F : · · · −→ Fi
ϕi−→ Fi−1 −→ · · · −→ F1

ϕ1−→ F0,

such that M ∼= F0/Im(ϕ1). The resolution F is called minimal if in addi-
tion ϕi(Fi) ⊆ mFi−1 for all i ≥ 1, where m = 〈x1, . . . , xn〉 is the unique
homogeneous maximal ideal of S.

For any finitely generated graded R-module M there is, up to isomor-
phism of sequences, only one minimal free resolution. The uniqueness of the
minimal free resolution implies that the numerical data that we can read
from the minimal free resolution are invariants.

The homological dimension (or projective dimension) of M is the
length of its minimal free resolution. Hilbert proved that the projective
dimension of M is at most n. The depth of M is defined to be n minus its
projective dimension. One can show that the depth of M is at most equal
to its Krull dimension. In the extremal case, when the equality holds, M is
said to be Cohen-Macaulay.

The graded Betti numbers are probably the most interesting one among
these data. Let M be a graded module. Then the graded Betti number
bi,j(M) is the number of copies of R(−j) in homological degree i (i.e. in
Fi) in the minimal free resolution of M . The (Castelnuovo-Mumford)
regularity reg(M) of M is defined to be

reg(M) = max {j − i | bi,j(M) 6= 0} .

3.2 Generic Initial Ideals

Let Mon(R) denote the set of all monomials in R. For two monomials u =
xa1

1 . . . xann and w = xb1
1 . . . xbnn set u < w if either deg u < degw or deg u =
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degw and there exists j such that bt = at for all t > j and bj > aj . This
total ordering on Mon(R) is called the reverse lexicographic order. If f
is a polynomial in R, set in(f) to be the largest monomial (w.r.t the reverse
lexicographic order) among all term of f . For instance, if f = x2

1x2x3 +
x1x2

2x3 + x3
3, then in(f) = x1x2

2x3.
For an ideal I in R, define the initial ideal in(I) of I to be the ideal

generated by all monomials in(f), where f ∈ I.
Consider the set GLn(k) of all n × n invertible matrices with entries in

k. Every α ∈ GLn(k) acts on R naturally. If I is an ideal of R, then set αI
to be the image of I under this action. Now, let α be a “random” element in
GLn(k). Then the ideal gin(I) = in(αI) is called the generic initial ideal
of I. Note that the notion of randomness above can be described using
Zariski topology on GLn(k), see for example [MS05].

The generic initial ideal preserves many interesting properties of the
ideal. In particular, regularity and projective dimension (and hence, Cohen-
Macaulayness) are preserved under passing to the generic initial ideal.

3.3 Stanley-Reisner Ideals

Let ∆ be a simplicial complex on the vertex set [n]. A minimal non-face
σ of ∆ is a subset of [n] such that σ /∈ ∆ but σ \ {j} ∈ ∆ for all j ∈ σ. If σ
is a minimal non-face of ∆, let xσ = ∏

j∈σ xj . The Stanley-Reisner ideal
I∆ of ∆ is the ideal of R generated by all xσ where, σ is a minimal non-face
of ∆. The face ring of ∆ is defined to be k[∆] = R/I∆.

Example 3.1. Let ∆ be the simplicial complex in Figure 3.1. The Stanley-
Reisner ideal of ∆ in R = k[x1, x2, . . . , x6] is generated by monomials x1x2,
x3x4, and x5x6.

In the following proposition we summarise some well known properties
of the face ring of a simplicial complex.

Proposition 3.2. Let ∆ be a simplicial complex and k[∆] be its face ring.
Then the followings hold true.

• dim ∆ + 1 = dimk[∆];

• depth ∆ = depth k[∆];

• ∆ is Cohen-Macaulay if and only if k[∆] is Cohen-Macaulay;



20 CHAPTER 3. ALGEBRAIC BACKGROUND
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Figure 3.1: The boundary complex of Octahedron

• ∆ is sequentially Cohen-Macaulay if and only if k[∆] is sequentially
Cohen-Macaulay;

• the h-polynomials of ∆ and k[∆] coincide.

Melvin Hochster [Hoc77] provided a very powerful tool to compute the
graded Betti numbers of face rings. He showed that the graded Betti num-
bers of k[∆] can be computed from homological information of the induced
subcomplexes of ∆. Let ∆ be a simplicial complex on the vertex set [n].
Then one has

bi,j(k[∆]) =
∑

σ∈([n]
j )
β̃j−i−1(∆σ,k).

Eagon and Reiner [ER98] used combinatorial Alexander duality to pro-
vide the following dual version of the Hochster’s Formula:

bi,j(k[∆]) =
∑

σ∈∆n−j−1

β̃i−2(link∆∗ σ,k).

3.4 Symmetric Algebraic Shifting

Let ∆ be a simplicial complex on the vertex set [n] and I∆ ⊆ R be its
Stanley-Reisner ideal. Let u be a monomial in the minimal set of generators
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of gin(I∆). Write u = xi1xi2 . . . xit , where i1 ≤ i2 ≤ . . . ≤ it and set
uσ = xi1xi2+1 . . . xit+t−1. On one hand uσ is a square-free monomial. On the
other hand, it is a consequence of Eliahou-Kervaire resolution and Hochster’s
formula that uσ is in R, see [HH11a, Chapter 11] for more details.

Now consider the ideal J of R generated by all uσ, where u is a mono-
mial in the minimal set of all generators of gin(I∆). There exists a simplicial
complex ∆s whose Stanley-Reisner ideal is J , since J is a square-free mono-
mial ideal. The simplicial complex ∆s is called the symmetric algebraic
shifting of ∆.

A simplicial complex shares many interesting properties with its image
under symmetric algebraic shifting. Here we mention some of them.

Proposition 3.3. Let ∆ be a simplicial complex and ∆s the image of ∆
under the symmetric algebraic shifting. Then the following properties hold:

• symmetric algebraic shifting preserves the face vectors; f(∆) = f(∆s);

• symmetric algebraic shifting preserves the topological Betti numbers;
β(∆) = β(∆s);

• symmetric algebraic shifting preserves depth; depth ∆ = depth ∆s. In
particular, ∆ is Cohen-Macaulay if and only if ∆s is Cohen-Macaulay.

Example 3.4. Let ∆ be the simplicial complex in Figure 3.1 and R be the
polynomial ring Q[x1, x2, . . . , x6]. The Stanley-Reisner ideal of ∆ is

I∆ = 〈x1x2, x3x4, x5x6〉.

Let α be the following random matrix provided by the computer algebra
system Macaulay2 [GS] (all other computations in this example are done by
using Macaulay2)

α =




1/2 5 1/2 5/2 3/8 1
9/2 10/3 4 5/7 9/5 3/5
3/2 1 3 10/3 1/4 3/4
2/5 7/4 7 4/9 10 5/9
9/10 8/5 2/3 3 7 1
6/5 1 1 10/7 1/7 5/9



.

The generic initial ideal of I∆ is

gin(I∆) = in(αI∆) = 〈x2
1, x1x2, x

2
2, x1x

2
3, x2x

2
3, x

4
3〉.
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Therefore, one has

gin(I∆)σ = I∆s = 〈x1x2, x1x3, x2x3, x1x4x5, x2x4x5, x3x4x5x6〉,

and consequently, the set of maximal faces of is

F(∆s) = {654, 653, 652, 651, 643, 642, 641, 543}.

3.5 The Taylor Resolution

Although for a given module, the theory of Gröbner bases provides an effi-
cient algorithm to compute the minimal free resolution, the complete classi-
fication seems to be unreachable at this stage. Describing the minimal free
resolution for various classes of monomial ideals is a momentous and interest-
ing problem in combinatorial commutative algebra. One possible approach is
to start from non-minimal resolutions such as the Taylor resolution [Tay66],
see below, and try to reduce them to minimal ones.

Let I = 〈u1, . . . , um〉 be a monomial ideal. For a subset σ ⊆ [m] denote
by Rσ the free module generated by the symbol g(σ) and shifted in degree
by `(σ) := lcm(uj | j ∈ σ). Let Ti be the direct sum

⊕
σ Sσ over all σ ⊆ [m]

with cardinality i. For j ∈ σ denote by α(j) the number of elements of σ
that are less than j. Define the map ϕi from Rσ to Ti−1 by

ϕi(g(σ)) =
∑

j∈σ
(−1)α(j)

(
`(σ)

`(σ \ {j})

)
g(σ \ {j}).

Clearly by linear extension we obtain a map ϕi from Ti to Ti−1. The Taylor
complex TI ,

TI : 0 −→ Tm
ϕm−→ Tm−1 −→ · · · −→ T1

ϕ1−→ T0,

is indeed a free resolution of R/I. At first glance it may not be clear that
TI is even a complex. However comparing the Taylor complex with the
homology chain complex of the (m − 1)-simplex may shed some light on
the problem. The major difference here is that we have some coefficients
from our ring, so one may think about the Taylor complex as the labelled
homology chain complex of the simplex. This is indeed the first example of
a cellular resolution, our subject in the next section.
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Figure 3.2: The Taylor and minimal resolutions of the ideal I in Example 3.5.

Example 3.5. Let I be the ideal generated by x2y, yz, and xz2 in the
polynomial ring R = k[x, y, z]. Then the Taylor complex of R/I is

0 −→ R(x2yz2) −→ R(x2yz)⊕R(xyz2)⊕R(x2yz2)
−→ R(x2y)⊕R(yz)⊕R(xz2) −→ R,

which clearly is not minimal, since `({1, 2, 3}) = `({1, 3}) = x2yz2 and there-
fore ϕ3(R(x2yz2)) is not a subset of 〈x, y, z〉T2. The minimal free resolution
of R/I that we get from the software Macaulay2 is

0 −→ R(x2yz)⊕R(xyz2) −→ R(x2y)⊕R(yz)⊕R(xz2) −→ R.

3.6 Cellular resolution

In this section we briefly describe an elegant way to obtain free resolutions
from homology chain complex of topological objects. The reader may con-
sult [BPS98, BS98, BW02, MS05] for more information and details.

Let X be a regular cell complex and ε(σ, τ) an incidence function on pair
of cells of X. If A is a set of monomials in R that are in bijection with the
vertices of X, then we define the labeled homology chain complex of X as
follows:
For every cell σ of X, let `σ be the least common multiple of monomials
associated to vertices of σ. Also, let Rσ be the free module generated by
`σ. Define Ck(X) to be

⊕
Rσ, for all σ of dimension k. The labeled chain
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complex of X is defined to be

. . . −→ Ck+1(X) ϕ−→ Ck(X) ϕ−→ Ck−1(X) −→ . . . ,

where
ϕ(`σ) =

∑
ε(σ, τ)

(
`σ
`τ

)
Rτ .

If m is a monomial, then we denote by X≤m the subcomplex of X con-
sisting of all cells σ with m divisible by `σ.

Theorem 3.6. Let X be a regular cell complex whose vertices are labeled by
a set M of monomials. Also, let I be the ideal generated by all monomials in
M . Then the labeled chain complex of X is a free resolution of R/I if and
only if X≤m is acyclic for all m. Furthermore, this resolution is minimal if
and only if any pair of distinct cells with a containment relation has distinct
labels.

A minimal resolution that is obtained in this way is called a cellular
resolution supported on X.

If a minimal free resolution of R/I is supported on a cell complex X with
intersection property, then the total Betti numbers of R/I is the f -vector
of X. It was shown by Björner and Kalai [BK91] that the f -vector of an
acyclic cell complex with intersection property is the f -vector of an acyclic
simplicial complex. So, we may conclude that:

Proposition 3.7. If a minimal free resolution of R/I is supported on a cell
complex with intersection property, then the total Betti numbers of R/I is
the f -vector of an acyclic simplicial complex.



4 Summary of Results

4.1 Paper A

In combinatorial commutative algebra one fundamental object of study is
(minimal) free resolution. The major goal is to describe free resolution of
various classes of (monomial) ideals. In paper A, by using tools from topolog-
ical combinatorics, we show that the minimal free resolution of ideals with a
so called regular linear quotient is supported on a regular CW complex. This
generalises pervious results by Mermin [Mer10] and by Novik, Postnikov &
Sturmfels [NPS02].

Main Results

Let I ⊆ R = k[x1, . . . , xn] be a monomial ideal. Let Mon(I) denote the
set of all monomials in I. We also denote by G(I) the unique minimal set
of generators of I. We say that I has a linear quotient, if G(I) admits
a linear ordering u1, . . . , um of monomials in G(I) such that the colon ideal
〈u1, . . . , uj−1〉 : uj is generated by a subset q(uj) of variables for all 2 ≤
j ≤ m. To such an order of generators of I one can associate a unique
decomposition function, that is, a function

g : Mon(I)→ G(I),

that maps a monomial v to uj , if j is the smallest index for which v ∈ Ij ,
where Ij is the ideal generated by u1, . . . , uj .

If I has a linear quotient, then the minimal free resolution of R/I can
be obtained recursively from the minimal free resolutions of R/Ij using the
algebraic mapping cones. The following result is a consequence of a more

25
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general result showing that the algebraic mapping cones is compatible with
the topological mapping cones in the level of cellular resolutions.

Proposition 4.1. For any ideal I with a linear quotient, there exists a CW
complex XI that supports the minimal free resolution of R/I.

A decomposition function g is said to be regular, if q(g(yuj)) is a sub-
set of q(uj), for any j and any y ∈ q(uj). We say that I has a regular
linear quotient, if it has a regular decomposition function. In this case,
the minimal free resolution of R/I obtained from iterated mapping cones
construction is called the Herzog-Takayama resolution.

We now describe the construction of the regular cell complex associated
to an ideal with a regular linear quotient.

Construction 4.2. Let I ⊆ R be a monomial ideal with a regular linear
quotient with respect to the linear order u1, . . . , um of G(I). Also let g be
its decomposition function. We construct a regular labelled cell complex XI

inductively, as follows:

(i) Let X1 be the 0-simplex labelled by {u1}.

Assume that the regular labelled cell complexXj−1 with vertices u1, . . . , uj−1
is constructed. Let u = uj be a point outside Xj−1 and X(u) be the subcom-
plex ofXj−1, induced by {g (σ;u) | σ ∈ q(u)}, where g(σ;u) := g(u·∏y∈σ y).
It can be shown that X(u) is an (` − 1)-dimensional ball, where ` = |q(u)|
(see the subsection on proof techniques below).

(ii) Glue an `-ball B(u) along its boundary to X(u)⋃ ({u} ∗ ∂X(u)).

For any proper subset σ of q(u), denote by X(σ, u) the subcomplex of Xj−1
induced by the vertices {g(τ ;u)} for all non-empty subsets τ of σ. The fact
that X(σ, u) is a ball of dimension |σ| − 1 is needed for the next step, we
will discuss it in Remark 4.8.

(iii) Define Xj to be Xj−1
⋃ {B(u)}⋃σ⊂q(u) {{u} ∗X(σ, u)}.
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Figure 4.1: The cell complexes X5 and X = X6 in Example 4.3.

Example 4.3. Let R = k[x1, x2, x3, x4, x5] and I be a monomial ideal gen-
erated by

x1x3, x1x4, x1x5, x2x3, x2x4, x2x5.

It is easy to check that I has a regular linear quotient with respect to the
given order of its generators. The cell complexes X5 and X6 = XI associated
to I are drawn in Figure 4.3.

Theorem 4.4. If I ⊆ R has a regular linear quotient, then the labelled
regular cell complex XI supports the minimal free resolution of R/I.

In order to obtain the minimal free resolution of R/I, it suffices to con-
sider the labeled chain complex of XI . First, we need to fix some nota-
tion. Let σ be a subset of V = {x1, . . . , xn} and assume the total ordering
x1 < . . . < xn on V . Then for an element y ∈ σ set α(σ; y) to be the number
of variables z in σ such that z < y.

Construction 4.5. Let I be a monomial ideal with a regular linear quotient.
The Herzog-Takayama resolution FI of R/I has basis denoted

B = {1}
⋃
{f(σ;u) | u ∈ G(I) and σ ⊆ q(u)} ,

where the element f(σ;u) has homological degree |σ|+ 1. If σ is non-empty,
then we define

µ(f(σ;u)) =
∑

y∈σ
(−1)α(σ;y)yf(σ − {y};u),
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and
δ(f(σ;u)) =

∑

y∈σ
(−1)α(σ;y) yu

g(yu)f(σ − {y}; g(yu)),

by the convention that f(τ ; v) = 0, if τ is not a subset of q(v). The differential
in FI is given by ∂ = δ − µ, in homological degrees > 1 and otherwise
∂(f(∅, u)) = u.

The following is a corollary of Theorem 4.4.

Corollary 4.6 ([HT02, Theorem 1.12]). Let I be a monomial ideal with
a regular linear quotient. Then the Herzog-Takayama resolution FI is the
minimal free resolution of R/I.

Example 4.7. In this example we describe the last map, i.e., the map be-
tween the homological degrees 4 and 3, for the ideal presented in Example 4.3.
In homological degree 4 there is only one generator, namely

w = f({x1, x3, x4};x2x5).

The five generators in homological degree 3 are

z1 = f({x1, x3};x2x5), z2 = f({x1, x4};x2x5), z3 = f({x3, x4};x2x5),
z4 = f({x1, x3};x2x4), z5 = f({x3, x4};x1x5).

Therefore, we have

∂(w) = −x4z1 + x3z2 − x1z3 + x5z4 + x2z5.

Open Problem. Batzies & Welker [BW02, Proposition 4.3] proved that
for a monomial ideal I with a linear quotient there exists a minimal free
Lyubeznik-resolution of R/I, and thus there exists a CW complex that sup-
ports the resolution of I (see [BW02], for more details). When I has a regular
linear quotient, it would be interesting to determine whether our complex
XI necessarily coincides with the one coming from the Lyubeznik-resolution
or not.
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Proof Techniques

A simplicial complex K is said to be a PL-ball if a subdivision of K is
a subdivision of a simplex. A regular cell complex Γ is a PL-ball if its
barycentric subdivision is a PL-ball. Many properties that we expect balls
to have fails when they are not PL. For instance, the complex obtained by
gluing two balls of the same dimension along a common codimension one ball
lying on their boundaries is not necessarily a ball, if they are not PL. We
refer to [BVS+99, Section 4.7.(d)] and the references therein for a detailed
discussion on the subject.
We mentioned that for our construction to be well-defined we need X(u)
to be a ball, but actually the inductive construction requires more, that is,
we have to show that X(u) is an (`− 1)-dimensional PL-ball. To do so, we
use tools from convex geometry (see Björner & Ziegler [BZ92]) to prove that
X(u) has a subdivision that is a shellable simplicial ball.

Remark 4.8. Let σ be a fixed subset of q(u). For a subset δ of σ define cσ(δ)
to be the largest subset τ of σ such that g(δ;u) = g(τ ;u). Then one can
show that 〈σ, cσ〉 is a convex geometry. In fact, the same line of reasoning
as we used in the paper to prove that X(u) is a PL-ball implies that X(σ, u)
is a PL-ball of dimension |σ| − 1.

4.2 Paper B

Given a class of simplicial complexes, there are a number of extremal ques-
tions that one can ask. For instance, considering a class of complexes with
the same number of vertices, one can ask:

• What is the maximum number of the k-dimensional faces?

• What is the maximum (or minimum) of the Euler characteristic?

Turán’s graph theorem [AZ10, Chapter 36], Upper Bound Theorem for
simplicial spheres [Sta75] and Ziegler’s bound on the Möbius number of a
posets with bounded number of elements [Zie91] are among these questions.
One unifying approach to this circle of problems is to describe the convex
hull of the of all face vectors of the complexes in the given class. Describing
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the convex hull of this sets of points would settle all questions of this type at
once; because once we know the extreme points of this convex hull, then in
order to prove some linear inequality, it suffices to check it for these points
only. This approach first appeared in 1997 in a work by Kozlov [Koz97],
where he described the convex hull of the sets of face vectors of general
complexes and flag complexes.

Kozlov conjectured [Koz97, Conjecture 6.2] that the convex hull of the
face vectors of r-colorable complexes on n vertices has a simple description
in term of the clique vector of the Turán graph. The main result of this
paper is to show the validity of his conjecture, more precisely:

Theorem 4.9. The convex hull of f -vectors of r-colorable complexes on n
vertices is generated by the truncations of the clique vector of Turán graph
T (n, r).

Turán Graph Theorem

Let us denote by G(n, r) the set of all graphs G of order n and clique number
ω(G) ≤ r. Turán graph has many extremal behaviours among all graphs in
G(n, r). Recall that Turán graph T (n, r) is the complete r-partite graph of
order n with cardinality of the maximal independent sets as equal as possible.
We will denote by tk(n, r) the number of k-cliques in T (n, r).

In 1941 Turán proved that among all graphs in G(n, r), the Turán graph
T (n, r) has the maximum number of edges. This result, Turán’s graph theo-
rem, is a cornerstone of Extremal Graph Theory. There are many different
and elegant proofs of Turán’s graph theorem. Some of these proofs are dis-
cussed in [AZ10, Chapter 36]. Later, in 1949, Zykov [Zyk52] generalised
Turán’s graph theorem by showing that ck(G) ≤ tk(n, r) for all G ∈ G(n, r)
and all k. Here we present a generalisation of Zykov’s result.

Theorem 4.10. For any graph G ∈ G(n, r) and for each k ∈ {2, . . . , r}, one
has

cr(G)
tr(n, r)

≤ . . . ≤ ck(G)
tk(n, r)

≤ ck−1(G)
tk−1(n, r) ≤ . . . ≤

c2(G)
t2(n, r) ≤ 1.

Proof Technique

Let g = (g1, . . . , gd) be a positive vector in Rd and denote by Cg the convex
hull generated by the origin and all truncations of g. If g ∈ R2, then Cg is
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G Gv→u

u ... v

. . .

u ... v

. . .

Figure 4.2: The operator Gu→v

the boundary and interior of a right angle triangle. In this case using Thales’
Intercept theorem, one can see that a positive vector (a, b) is in Cg if and
only if a ≤ g1 and (b/a) ≤ (g2/g1). The following result is a generalisation
of this simple observation.

Lemma 4.11 (Thales Lemma). Let g = (g1, . . . , gd) and f = (f1, . . . , fd) be
two positive vectors. Then f ∈ Cg if and only if f1 ≤ g1 and figj ≤ fjgi for
all 1 ≤ j < i ≤ d.

In order to prove our main result, using Thales’ Lemma 4.11, it is enough
to show that for any r-colorable complex ∆ on n vertices and for each k,

fk(∆)/fk−1(∆) ≤ tk(n, r)/tk−1(n, r).

We used a version of color-shifting to show the validity of this relation.

4.3 Paper C

The clique vector of a graph G is an interesting numerical data assigned to
G. The study of the clique vectors goes back to the Zykov’s generalisation
of Turán’s graph theorem [Zyk52], at least. Notice that the clique vector
of G is the f -vector of its clique complex. Challenging problems including
the Kalai-Eckhoff and the Charney-Davis conjectures and the classification
of the f -vector of flag complexes led many researchers to investigate clique
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vectors, see for instance [Fro08], [Fro10], and [HHM+08]. While the Kalai-
Eckhoff conjecture is now settled down by Frohmader [Fro08], the other two
problems are still widely open.

Herzog et. al. [HHM+08] characterised all possible clique vectors of
chordal graphs. The aim of the paper C is to characterise all possible clique
vectors of k-connected chordal graphs. More precisely, the following result
is obtained in that paper.

Theorem 4.12. A vector c = (c1, . . . , cd) ∈ Nd is the clique vector of a
k-connected chordal graph if and only if the vector b = (b1, . . . , bd) defined by

d∑

1
bix

i−1 =
d∑

1
ci(x− 1)i−1 (4.1)

has positive components and b1 = b2 = . . . = bk = 1.

The theorem above is a refinement of [HHM+08, Theorem 1.1], in the
sense that putting k = 0, the only requirement on b-numbers is to be positive
and [HHM+08, Theorem 1.1] will be obtained.

Proof Technique

Let G be a graph. We denote by S(G) the graph obtained from G by adding
a new vertex and connecting it to all vertices of G. Also, we denote by D(G)
the graph obtained from G by adding an isolated vertex. A graph T is called
threshold, if it can be obtained from the null graph by a sequence of S-
and D-operators. Thus, we have a bijection between threshold graphs and
words on alphabet {S,D} ending with an S. Clearly, every threshold graph
is chordal.

For a threshold graph the b-vector has a simple combinatorial description.
Let T be a threshold graph with clique number d. We put a / right after
every S in the word of T . Thus breaking the word of T into d subwords.
Then the b-vector of T is b(T ) = (b1, b2, . . . , bd), where bi is the length
of the i-th subword. For instance, if T = DDDSSDSDDS is the graph
drawn in Figure 4.3, then T breaks to DDDS/S/DS/DDS/ and one has
b(T ) = (4, 1, 2, 3). Also, it can be easily shown that T is k-connected if
and only if its corresponded word starts with k consecutive S-words. This
enables us to show the validity of Theorem 4.12 for threshold graphs.

Finally, we use tools from commutative algebra to show the general case.
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S

D

D

S

D

S

S

D

D

D

Figure 4.3: The threshold graph T = DDDSSDSDDS

Theorem 4.13. Let G be a graph and ∆(G) be its clique complex. Then G
is k-connected if and only if

bi,i+1(k[∆(G)]) = 0

for all i ≥ n− k. In particular, if G is a chordal graph, then

depth (k[∆(G)]) = κ(G) + 1.

We proceed by showing that a graph G is chordal if and only if the
exterior shifting ∆(G)e of its clique complex is clique complex of a threshold
graph. This concludes the argument, since both the depth and the f -vector
are preserved under algebraic shifting operator.

4.4 Paper D

Generalising the ordinary h-vector of a simplicial complex, Björner & Wachs
defined the h-triangle of a simplicial complex. The h-triangle is a finer in-
variant than the usual h-vector, in the sense that one can obtain the latter
from the former. For a sequentially Cohen-Macaulay complex some interest-
ing topological and algebraic invariants, such as topological Betti numbers
of the complex and graded Betti numbers of the face ring of its Alexander
dual, are encoded in the h-triangle.

As the Hilbert series is the algebraic counterpart of the h-numbers, one
would expect to have an algebraic counterpart also for the doubly indexed
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h-numbers. The objective of paper D is to fill this gap by providing an al-
gebraic counterpart for the h-triangle, namely to every standard N-graded
k-algebra we associate a bivariate polynomial; the Björner-Wachs polyno-
mial. This polynomial specialises to the h-triangle in the case of face rings
of simplicial complexes. The Björner-Wachs polynomial of a sequentially
Cohen-Macaulay algebra contains much interesting information of the alge-
bra, such as extremal Betti numbers.

We give a characterisation of sequentially Cohen-Macaulay algebras in
terms of the Björner-Wachs polynomial, namely, we prove that sequentially
Cohen-Macaulay algebras are exactly those that have a stable Björner-Wachs
polynomial under passing to the reverse lexicographic generic initial ideal.
We will discuss some connections to the numerical data of the local coho-
mology modules in case of sequentially Cohen-Macaulay algebras.

The Björner-Wachs Polynomial

Let R = k[x1, . . . , xn] be a polynomial ring over a field k. Let I be a
homogeneous ideal in R and let A = R/I be the associated N-graded algebra.
Also, let I = ⋂s

j=1 qj be a reduced primary decomposition of I. Let us denote
by I〈i〉 the ideal

I〈i〉 =
⋂

dim(R/√qj)>i
qj ,

for all −1 ≤ i ≤ d = dimA. In particular, we have I〈−1〉 = I, I〈0〉 is the
(usual) saturation of I and I〈d〉 = R. The i-th unmixed layer of A is
defined to be the R-module Ui(A) = I〈i〉/I〈i−1〉 for all 1 ≤ i ≤ dimA.

The bivariate polynomial

BW(A; t, w) =
d∑

i=0
h(Ui(A); t)wi (4.2)

is called the Björner-Wachs polynomial of A. The coefficient of witj in
BW(A; t, w) will be denoted by hi,j(A). The Björner-Wachs polynomial is a
finer invariant than the Hilbert series in the the sense that

Hilb(A; t) = BW(A; t, 1/(1− t)).
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Main Results

Our first result in paper D characterises the concept of sequential Cohen-
Macaulayness in terms of the effect of (reverse lexicographic) generic initial
ideal on the Björner-Wachs polynomial.

Theorem 4.14. Let I ⊆ R be a homogeneous ideal. Then R/I is sequentially
Cohen-Macaulay if and only if

BW (R/I; t, w) = BW (R/gin(I); t, w) .

In the sequentially Cohen-Macaulay case, we show that the Björner-
Wachs polynomial and the Hilbert series of local cohomology modules con-
tain the same information.

Theorem 4.15. Let A be a standard N-graded sequentially Cohen-Macaulay
algebra of Krull dimension d. Then one has

(t− 1)iHilb
(
Hi

m(A); t
)

= h (Ui(A); t)

for 1 ≤ i ≤ d.

Theorem 4.15, in particular, says that we can detect the depth and
the Castelnuovo-Mumford regularity from the information contained in the
Björner-Wachs polynomial. In fact, one can show that all extremal Betti
numbers of a sequentially Cohen-Macaulay algebra are determined from the
doubly indexed h-numbers.

Theorem 4.16. Let A be a standard N-graded sequentially Cohen-Macaulay
algebra. Then β`,`+m(A) is an extremal Betti number if and only if hn−`,m(A) 6=
0 and hn−j,k(A) = 0 for all j ≥ ` and all k ≥ m such that (k, j) 6= (m, `).
Moreover, if β`,`+m(A) is extremal, then β`,`+m(A) = hn−`,m(A). In partic-
ular,

1. the Castelnuovo-Mumford regularity of A is equal to the largest integer
j such that tj appears with a non-zero coefficient in BW(A; t, w), and

2. the depth of A is equal to the smallest integer i such that wi appears
with a non-zero coefficient in BW(A; t, w).
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Applications to Face Rings

The Björner-Wachs polynomial is an algebraic counterpart to the combina-
torially defined notion of h-triangle.

Theorem 4.17. Let ∆ be a simplicial complex. Then the Björner-Wachs
polynomial of k[∆] can be computed from the f -triangle of ∆ via

BW(k[∆]; t, w) =
∑

fi,j(∆)witj(1− t)i−j .

In particular, hi,j(∆) is equal to hi,j(k[∆]); the coefficient of witj in the
Björner-Wachs polynomial of k[∆].

Duval [Duv02], proved that a simplicial complex ∆ is sequentially Cohen-
Macaulay if and only if ∆ and its exterior algebraic shifting ∆e have the same
h-triangles. By using Theorem 4.14, we can provide the symmetric version
of his result.

Theorem 4.18. Let k be a field of characteristic zero, ∆ a simplicial com-
plex and ∆s its symmetric algebraic shifting. Then ∆ is sequentially Cohen-
Macaulay if and only if ∆ and ∆s have the same h-triangles.

The following special case of our Theorem 4.15 has been proved to be a
very useful tool. For instance, it was recently used in [ABG15] in order to
derive a characterisation of the Betti table of componentwise linear ideals
from a characterisation of the h-triangle of sequentially Cohen-Macaulay
simplicial complexes.

Corollary 4.19 ([HRW99, Proposition 12]). Let ∆ be a sequentially Cohen-
Macaulay simplicial complex on [n]. Then, one has

∑

c

βi−c+1,n−c(k[∆∗])(t− 1)i−c =
∑

`

hi,`(∆)t`, (4.3)

for all 0 ≤ i ≤ d = dimk[∆] .

It can be easily shown that exterior algebraic shifting and Alexander du-
ality commute. However, it is a challenging open problem to show that sym-
metric algebraic shifting and Alexander duality also commute. In practice,
however, it is sometimes enough to know that some invariants of k[(∆s)∗]
and k[(∆∗)s] coincide. For instance, the proof of Theorem 4.1 in [HS02] relies
(implicitly) on the property that:



4.5. PAPER E 37

Proposition 4.20. For a sequentially Cohen-Macaulay complex ∆ and for
all i and j one has βi,j(k[(∆s)∗]) = βi,j(k[(∆∗)s]).

4.5 Paper E

In paper E we give a numerical characterisation of possible h-triangle of
sequentially Cohen-Macaulay simplicial complexes. We use this result to
characterise all possible Betti tables of componentwise linear ideals.

The characterisation of the h-triangles can be expressed better in term
of yet another integer array that we associate to simplicial complexes; the
h̃-triangle. The h-triangle and h̃-triangle contain the same information. We
refer to the paper for exact definition.

To be able to present the characterisation, we need to consider special
kinds of integer systems D = {qm}m, indexed by monomials m of degree less
than or equal to t on a set Ws = {w1, w2, . . . , ws} of variables.

Definition 4.21. Let s and t be integers, 1 ≤ s, t ≤ d. An Ms,t-array
is a function q :

((
Ws

≤t
))
→ Z+ (whose values we write qm rather than the

conventional q(m)),
such that

(1) if deg(m) = t − ` and m′ = uj · (m/ui) for some i < j such that ui
divides m, then qm ≤ qm′ ;

(2) if deg m = t, then qm = 1;

(3) if m′ = m · uj for some j ∈ [s] and deg(m) = t− `, then ∂`(qm) ≤ qm′ .

Furthermore, let h = (h0, h1, . . . , hd) be an M -sequence and r ∈ Z+ an
integer. An Ms,t(h)-composition of r is an Ms,t-array D = {qm}m such
that

(4) h` ≤ qm if deg(m) = t− `;

(5) ∑m q
m = r.

For anMs,t-array D = {qm}m, we let ΣsD be the sum of all qm such that
us divides m. That given, we define:

(6) ρs,t(r; h) = min {ΣsD : D is an Ms,t(h)-composition of r} .
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(7) An Ms,t(h)-composition D of r is said to be a minimal if ΣsD =
ρs,t(r; h).

Example 4.22. Let h = (1, 4, 9, 4, 1) and r = 22. Then

D1 = {q1 = 10, qu1 = 4, qu2 = 5, qu2
1 = qu

2
2 = qu1u2 = 1}, and

D2 = {q1 = 9, qu1 = 5, qu2 = 5, qu2
1 = qu

2
2 = qu1u2 = 1}

are two minimal M2,2(h)-compositions of 22. Whereas,

D3 = {q1 = 9, qu1 = 4, qu2 = 6, qu2
1 = qu

2
2 = qu1u2 = 1}

is a non-minimal M2,2(h)-compositions of 22.

Clearly, for an integer r and a triple (h, t, s), as in Definition 4.21 and such
that r is greater than or equal to

∑t
i=0

(s+i−1
i

)
ht−i, an Ms,t(h)-composition

of r exists. Hence, the quantity ρs,t(r; h) is well-defined. However, there is a
canonical way to obtain a minimal composition that we now discuss.
Remark 4.23. Note that for s = 1 condition (4.21) is void and the array is
linear. So, by conditions (4.21) and (4.21) the concept is then equivalent to
that of an ordinary M -sequence.

Let us first fix some notation. For a positive integer p with `-representation

p =
(
a`
`

)
+
(
a`−1
`− 1

)
+ . . .+

(
ae
e

)
,

where a` > a`−1 > . . . > ae ≥ e ≥ 1. Define

∂〈`,j〉(p) =
(
a` − j
`− j

)
+
(
a`−1 − j
`− j − 1

)
+ . . .+

(
ae − j
e− j

)
.

In particular, ∂〈`,0〉(p) = p and ∂〈`,1〉(p) = ∂`(p). Note that ∂〈`,j〉(p) is a
lower bound on the number of monomials of degree `− j in a multicomplex
M with f`(M) = p.

Let us define a linear order on the monomials of degree less than or equal
to t on the set Us of variables. For all i, set 1 <i ui <i u

2
i <i . . . <i u

t
i.

Finally set <π to be the product order of all <i induced by u1 < . . . < us.
Also, for a monomial m of degree t − ` on Us and a non-negative integer
j ≤ t define

cj(m) = | {monomials m′ on Us,t−j : deg m′ = t− j & m <π m′
} |.
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Construction 4.24. Let r, h, t and s be as in Definition 4.21. We construct
a minimal Ms,t(h)-composition of r inductively as follows.

(1) Set q1 to be the maximum integer p such that

t∑

j=1

(
s+ j − 1

j

)
·max{ht−j , ∂〈t,j〉(p)} ≤ r − p.

(2) Let m be a monomial of a positive degree t− ` and assume that qm′ is
defined for all monomials m′ <π m. Set qm to be the maximum integer
p such that the quantity

∑

m′<πm
qm′ +

∑̀

j=0
c`−j(m) ·max{h`−j , ∂〈`,j〉(p)}

+
t∑

j=`+1
cj(m) ·max{qm′ : deg m′ = t− j & m′ <π m}

is not greater than r − p.

It is not difficult to see that the construction above yields a minimalMs,t(h)-
composition of r. This minimal composition will be called the regular
Ms,t(h)-composition of r.

The following is our main result.

Theorem 4.25. A triangular integer array h̃ = (h̃i,j)0≤j≤i≤d is the h̃-
triangle of a sequentially CM complex if and only if

1. Every row h[i] = (h̃i,0, h̃i,1, . . . , h̃i,i) is an M-sequence;

2. h̃i,j ≥
∑
`≤j h̃i+1,`;

3. ρj,d−i(h̃i,j ; h[d]) ≤ h̃i,j−1.

Proof Techniques

We make crucial use of a correspondence between monomials and sets. Ac-
tually, we present a more precise and elaborated version of the bijection
defined by Björner, Frankle & Stanley in [BFS87]. We call this the BFS
correspondence. It is conveniently explained in terms of lattice paths.
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Figure 4.4: The lattice path L = NEENENNEEEN from (0, 0) to (6, 5).

By a lattice path from (0, 0) to (r, a) we mean a path restricted to east
(E) and north (N) steps, each connecting two adjacent lattice points. Thus,
a lattice path can be seen as a word L = L1, L2, . . . , Lr+a on the alphabet
{N,E} with the letter N appearing exactly a times. For two lattice paths
L and L′, let L < L′ mean that L never goes above L′. The poset consisting
of all lattice paths from (0, 0) to (r, a) ordered by this partial order will be
denoted by Lr,a.

The lattice paths in Lr,a can be encoded in two natural ways: either
by the position of the north steps, or by the number of north steps in each
column. Thus, for L ∈ Lr,a let us define:

• ν(L) is the set of positions within L of its north steps, i.e. ν(L) := {i :
Li = N};

• λ(L) is the monomial
r∏
i=1

w
λi(L)
i , where λi(L) is the number of north steps

of L coordinatized as (i− 1, j)→ (i− 1, j + 1), for some j.

Example 4.26. Let L = NEENENNEEEN . Then ν(L) = {1, 4, 6, 7, 11}
and λ(L) = w1w3w2

4, see Figure 4.4.

Application

As an application we obtain a characterisation of the possible Betti diagrams
of componentwise linear ideals in a polynomial ring over a field of arbitrary
characteristic.
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The following result make it possible to transfer the problem into a com-
binatorial setting.

Proposition 4.27. The set of all Betti tables of r-regular componentwise
linear ideals in the polynomial ring k[x1, . . . , xn] coincides with the set of all
Betti tables of r-regular square-free strongly stable ideals in the polynomial
ring k[x1, . . . , xn+r−1].

Let I be a square-free strongly stable ideal in S. For u ∈ G(I), let us
denote bym(u) the biggest index t such that xt divides u. If d = {min deg u :
u ∈ G(I)}, then for ` ≥ d define:

mk,`(I) = | {u ∈ G(I) : deg u = ` & m(u) = k + `− 1} |.
Clearly, mk,` = 0 if k + ` is greater than n + 1. Thus we may think of the
collection of doubly indexedm-numbers as a triangular array. The triangular
integer array m(I) =: (mk,`); 1 ≤ k ≤ n− `+ 1 ≤ n− d+ 1, is called the
reduced array of generators of I.

The square-free version of Eliahou-Kervaire implies (see [HH11b, Subsec-
tion 7.2]) that

bs,s+`(I) =
n∑

k=s−1

(
k

s

)
mk,`(I),

or equivalently
∑

s≥0
bs,s+`(I)ts =

∑

s≥0
ms+1,`(I)(1 + t)s. (4.4)

In particular, the characterisation of the possible Betti tables of square-
free strongly stable ideals is equivalent to characterizing the possible reduced
arrays of generators. Following [HSV14] for a square-free strongly stable
ideal I we also consider doubly indexed µ-numbers defined recursively by
the following relation

m`,k = µ`,k −
∑̀

q=1
µq,k−1. (4.5)

The triangular integer array m̃(I) = (µ`,k); 1 ≤ k ≤ n− `+ 1 ≤ n− d+ 1, is
called the array of generators of I.

The task of characterising all possible (reduced) arrays of generators of
square-free strongly stable ideals, however, translates nicely into combina-
torics as follows.
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Lemma 4.28. Let ∆ be a shifted simplicial complex on [n]. Then

ms+1,k(I∆) = hn−k,s(∆∗).

In particular, the array of generators of I∆ is the same as h̃-triangle of ∆∗
(up to a suitable rotation).

Theorem 4.29. A triangular integer array

µ̃ = (µ`,k) ; 1 ≤ k ≤ n− `+ r ≤ n− d+ r,

is the array of generators of an r-regular componentwise linear ideal with
minimum degree of a generator equals to d on S if and only if

1. Every column µ[j] = (µ̃1,j , µ̃2,j , . . . , µ̃n+r−j,j) is an M-sequence;

2. µ̃i,j ≥
∑
`≤i µ̃`,j−1;

3. ρi,j−d+1(µ̃i+1,j ;µ[d]) ≤ µ̃i,j.

4.6 Paper F

The classical Steinitz’s theorem [Ste22] (see also [Zie95, Lecture 4]) asserts
that a graph G is the underlying graph of a 3-polytope if and only if G is
3-connected and planar. In 1961, Balinski extended the “only if” direction of
Steinitz’s theorem by showing that the underlying graph of a d-polytope is
d-connected, cf. [Zie95, p. 95]. David Barnette showed that the same bound
is also valid for the connectivity number of underlying graphs of (d − 1)-
dimensional simplicial pseudomanifolds [Bar82].

Athanasiadis [Ath11] showed that if the pseudomanifold is a flag simpli-
cial complex (i.e. the clique complex of its 1-skeleton), then this lower bound
can be improved to 2d − 2. Björner & Vorwerk quantified this connection
using the notion of banner simplicial complexes [BV15].

The purpose of the paper F is to provide a unifying approach which
allows us to obtain more general results in the simplicial case. Our methods
enable us to prove the following general result.

Theorem 4.30. Let Σ be a (d − 1)-dimensional minimal cycle. Then the
underlying graph of Σ is (2d−b(∆)−2)-connected, where b(Σ) is the banner
number of Σ. In particular, if Σ is flag (or more generally banner), then the
underlying graph of Σ is (2d− 2)-connected.
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Proof Techniques

The following weak form of Alexander duality is a key ingredient for our
proof.

Proposition 4.31. Let Σ be a (d−1)-dimensional minimal cycle. Let A∪B
be a partition of the vertex set of Σ. Then

dim H̃0(ΣA) ≤ dim H̃d−2(ΣB).

Now, if B is a separating set for the 1-skeleton of Σ, i.e., if dim H̃0(ΣA)
is non-zero, then dim H̃d−2(ΣB) has to be non-zero as well. Thus, in order
to find a lower bound of 1-skeleton connectivity of Σ, we can find a lower
bound for the number of vertices of an induced subcomplex Λ of Σ with
dim H̃d−2(Λ) 6= 0.

Proposition 4.32. Let Σ be a (d− 1)-dimensional complex. If Σ has non-
trivial top-homology and b(Σ) ≤ d − 2, then every induced subcomplex of Σ
having nontrivial (d − 2)-homology has at least 2d − 2 − b(Σ) vertices. In
particular, if Σ is flag (or more generally banner), then every induced sub-
complex of Σ having nontrivial (d− 2)-homology has at least 2d− 2 vertices.

Our main result follows from the above two propositions.
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5 Paper A

Cellular structure for the Herzog–Takayama Resolution

Afshin Goodarzi

Abstract. Herzog and Takayama constructed explicit resolu-
tion for the ideals in the class of so called ideals with a regular

linear quotient. This class contains all matroidal and stable

ideals. The resolutions of matroidal and stable ideals are known
to be cellular. In this note we show that the Herzog–Takayama

resolution is also cellular.

1. Introduction

In this section we describe our problem. The exact definitions will ap-
pear in the next sections. Also, we refer to the books by Hatcher [Hat02],
Peeva [Pee10] and Milller and Sturmfels [MS05], for undefined termi-
nology.
The idea of determining free resolutions of monomial ideals in a poly-
nomial ring using labelled chain complexes of topological objects was
introduced by Bayer, Peeva and Sturmfels [BPS98] by considering the
labelled chain complex of simplicial complexes. Every monomial ideal
admits such a resolution, namely the Taylor resolution, although it is
most of the time far from being minimal. This method was general-
ized in [BS98], where the authors constructed a regular cell complex
(the Hull complex) for any monomial ideals which from its labelled

1
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chain complex one gets a resolution of the module that is much shorter
than the Taylor resolution in general. Batzies and Welker in [BW02]
developed an algebraic analogue of Forman’s discrete Morse theory to
minimize the resolutions.
Unfortunately, even if we consider the more general case of CW com-
plexes, as the authors did in [BW02], it is not the case that one can
describe the minimal free resolution of a monomial ideal using these
methods. A family of non-examples is given in [Vel08]. However, for a
monomial ideal with a linear quotient it is shown in [BW02, Proposi-
tion 4.3.] that there exists a CW-complex which supports the minimal
free resolution of the ideal. The minimal free resolution of a class
of ideals with a linear quotient, the so called ideals with a regular
linear quotient (see Definition 2.3), is determined by Herzog and
Takayama in [HT02]. This class contains all matroidal ideals, stable
ideals and square-free stable ideals. In [NPS02] the authors have given
a polytopal complex that supports the minimal free resolution of ma-
troidal ideals. In [Mer10], Mermin constructed a regular cell complex
that supports the Eliahou-Kervaire resolution for stable ideals. On the
other hand, since the square free part of the Eliahou- Kervaire reso-
lution resolves square-free stable ideals minimally, such a construction
for square-free stable ideals exists. So it is natural to ask whether the
Herzog-Takayama resolution is cellular or not? The aim of this paper
is to give a positive answer to the question above by explicitly con-
structing a regular cell complex that supports the Herzog-Takayama
resolution for ideals with a regular linear quotient.

2. Monomial Ideals with a Linear Quotient and Cellular
Resolution

Let k be a field and S = k[x1, . . . , xn] be the polynomial ring in n
variables over k. For a monomial ideal I in S, we denote by M(I)
the set of all monomials in I. We also denote by G(I) the unique
minimal set of generators of I. We say that I has a linear quotient, if
G(I) admits an admissible order, that is a linear ordering u1, . . . , um
of monomials in G(I) such that the colon ideal 〈u1, . . . , uj−1〉 : uj
is generated by a subset q(uj) of variables for all 2 ≤ j ≤ m. To
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any admissible order of I one can associate a unique decomposition
function, that is, a function g : M(I)→ G(I) that maps a monomial v
to uj , if j is the smallest index for which v ∈ Ij , where Ij := 〈u1, . . . , uj〉
(see [HT02] for more on decomposition functions).
It is not difficult to check that an ordering u1, . . . , um of G(I) is an
admissible order if and only if it satisfies the following shelling type
condition which considered by Batzies and Welker [BW02, Page 157]

For all j and i < j there exists k < j such that

lcm(uk, uj) = xt · uj for some xt and lcm(uk, uj)

divides lcm(ui, uj).

(1)

It is known [JZ10, Lemma 2.1] that for a monomial ideal with a linear
quotient there always exists a degree increasing admissible order. So,
throughout this note all admissible orders are considered to be increas-
ing.
The following result was proved in [BW02, Proposition 4.3] by using
the algebraic discrete Morse theory. Here, we give an alternative proof
based on the observation that the resolutions obtained by iterated map-
ping cones are supported by CW complexes that can be constructed
by iterated (topological) mapping cons. This is indeed the idea behind
our construction in the next section.

Proposition 2.1. For an ideal I with a linear quotient, there exists a
CW complex XI that supports the minimal free resolution of S/I.

Proof. Let u1, . . . , um be a degree increasing admissible order of G(I).
Assume that we have inductively constructed a CW complex Xj−1
that supports the minimal free resolution of S/Ij−1. Also, let ∆ be the
simplex associated to the Koszul resolution of S/〈q(uj)〉. Lifting the
left non-zero map of the short exact sequence

0 −→ S/〈q(uj)〉 −→ S/Ij−1 −→ S/Ij −→ 0,

to the minimal free resolutions of S/〈q(uj)〉 and S/Ij−1, then induces a
cellular map of ∆ into Xj−1. Therefore the resolution of S/Ij obtained
by the homological mapping cone has a cellular structure that is the
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topological mapping cone of the cellular map of ∆ into Xj−1. The fact
that this resolution is minimal follows from [HT02, Lemma 1.5] �
Remark 2.2. Reiner and Welker [RW01, Section 5] gave an example of
an ideal with a linear quotient for which the differential matrices in the
minimal free resolution cannot be written using only ±1 coefficients.
This shows that the cell complex XI in Proposition 2.1 is not regular
in general.

The difficulty of constructing the cell complex XI in the practice is
then how to define the cellular maps in each step, which is indeed as dif-
ficult as defining the comparison maps S/〈q(uj)〉 → S/Ij−1. This has
been already observed by Herzog and Takayama in [HT02], where the
authors defined a subfamily of ideals with a linear quotient that have
decomposition function with a similar behaviour as of the stable ideals’.

Definition 2.3. A decomposition function g is said to be regular, if
q(g(yuj)) ⊆ q(uj), for any j and any y ∈ q(uj). We say that I has
a regular linear quotient, if it admits an admissible order with a
regular decomposition function.

The following equation for the decomposition function of ideals hav-
ing regular linear quotient is proved in [HT02], we will frequently use
it

(2) g(yg(zu)) = g(zg(yu)) ∀u ∈ G(I) ∀z, y ∈ q(u).

It can be easily checked that the set of ideals with a regular linear
quotient contains all stable and square-free stable ideals. On the other
hand it is known [HT02, Theorem 1.10] that the reverse lexicographic
order on minimal generators of a matroidal ideal is an admissible order
with a regular decomposition function.

Definition 2.4. Let σ be a subset of V = {x1, . . . , xn} and assume
the total ordering x1 < . . . < xn on V . Then for an element y ∈ σ set
α(σ;u) to be the number of variables z in σ such that z < y.

Construction 2.5. Let I be a monomial ideal with a regular linear
quotient. The Herzog-Takayama resolution FI of S/I has basis de-
noted
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B = {1} ∪ {f(σ;u) | u ∈ G(I) and σ ⊆ q(u)},
where the element f(σ;u) has homological degree | σ | +1. If σ is
non-empty, then we define

µ(f(σ;u)) =
∑

y∈σ
(−1)α(σ;u)yf(σ − {y};u),

and

δ(f(σ;u)) =
∑

y∈σ
(−1)α(σ;u)

yu

g(yu)
f(σ − {y}; g(yu)),

by the convention that f(τ ; v) = 0, if τ is not a subset of q(v). The
differential in FI is given by ∂ = δ−µ, in homological degrees > 1 and
otherwise ∂(f(∅, u)) = u.

�

Theorem 2.6. [HT02, Theorem 1.12] Let I be a monomial ideal with
a regular linear quotient. Then the Herzog-Takayama resolution FI is
the minimal free resolution of S/I.

3. Monomial Ideals with a Regular Linear Quotient and
Their Associated Regular Cell Complexes

We now, associate to an ideal with a regular linear quotient a regular
cell complex as follows:

Construction 3.1. Let I be a monomial ideal with a regular linear
quotient with respect to the admissible order u1, . . . , um of G(I). Also
let g be its decomposition function. We will construct a regular labelled
cell complex XI inductively, as follows

(i) Let X1 be the 0-simplex with the labelled vertex {u1},
(ii) assume that the regular labelled cell complex Xj−1 with ver-

tices u1, . . . , uj−1 is constructed,

For what follows, let u = uj be a point outside Xj−1 and for a subset
σ of q(u), define g(σ;u) := g(u · ∏y∈σ y). Also, denote by X(u) the

subcomplex of Xj−1, induced by {g(σ;u)} for all non-empty subsets
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σ of q(u). We will show that X(u) is an (l − 1)-dimensional ball in
Lemma 3.4 and Proposition 3.6 below, where l = |q(u)|.

(iii) glue an l-ball B(u) along its boundary to X(u)∪({u}∗∂X(u)),

Having defined the new maximal cell B(u), what is remained to have
the complete description of Xj is to give a cell decomposition for {u} ∗
∂X(u). For this purpose let us for any proper subset σ of q(u), denote
by X(σ, u) the subcomplex of Xj−1 induced by the vertices {g(τ ;u)}
for all non-empty subsets τ of σ. The fact that X(σ, u) is a ball of
dimension |σ| − 1 is needed for the next step, we will discuss it in the
end of this section in remark 3.8.

(iv) define Xj to be Xj−1 ∪ {B(u)}⋃σ⊂q(u){{u} ∗X(σ, u)}.
�

Remark 3.2. For a non-empty subset A of G(I), the following are equiv-
alent.

(i) There is a cell of XI whose set of vertices coincides with A.
(ii) There is some u ∈ G(I) and some σ ⊆ q(u) such that

A = {g(τ ;u)|τ ⊆ σ}.
Moreover, this cell corresponds to the base element f(σ;u) of the
Herzog-Takayama resolution.

�
We now study some combinatorial properties of the cell complex

XI constructed in 3.1, via a simplicial subdivision of it. We follow
the notation in Construction 3.1. Let us start by giving the simplicial
subdivision of XI .

Construction 3.3. We construct a simplicial complex ΛI inductively
as follows:

(i) Let Λ1 be the 0-simplex {u1},
(ii) Assume that Λj−1 is constructed,
(iii) Take a cone with apex {u} over the subcomplex Λ(u) of Λj−1,

induced by {g(σ;u)}, for all subsets σ of q(u), to obtain

Λj = Λj−1
⋃

({u} ∗ Λ(u)) .
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�
The following is immediate.

Lemma 3.4. Λj (respectively Λ(u)) is a simplicial subdivision of Xj

(respectively X(u)). �
A closure operator on a finite set E is a function c : 2E → 2E , such
that for all σ, τ ⊆ E,

(CO1) σ ⊆ c(σ),
(CO2) σ ⊆ τ implies c(σ) ⊆ c(τ),
(CO3) c(c(σ)) = c(σ).

A closure operator c is said to be an anti-exchange closure if, in
addition, for all a 6= b in E, it satisfies the following anti-exchange
axiom:

(AE) If a, b /∈ c(σ) and a ∈ c({b} ∪ σ), then b /∈ c({a} ∪ σ).

A finite set E together with an anti-exchange closure c on it is called a
convex geometry. See Björner and Ziegler [BZ92], for a comprehen-
sive introduction to a more general topic, greedoids.
Now let us define a closure operator on q(u): For a subset σ of q(u) we
let c(σ) to be the largest subset τ of q(u) such that g(σ;u) = g(τ ;u).
The fact that this operator is well defined follows from the simple fact
that for any δ1 and δ2 if g(δ1;u) = g(δ2;u), then g(δ1;u) = g(δ1∪δ2;u).

Proposition 3.5. The pair 〈q(u), c〉 is a convex geometry.

Proof. The axioms (CO1) and (CO3) clearly hold. Assume that τ is
the union δ∪σ. From the equation g(δ∪σ;u) = g(δ; g(σ;u)), it follows
that g(τ ;u) = g(δ ∪ c(σ);u) and in particular c(σ) ⊆ c(τ).
Now, we shall verify the anti-exchange axiom. Let σ be any subset
of q(u) and denote by v the monomial minimal generator g(σ;u). The
condition that a /∈ c(σ) is equivalent to a ∈ q(v). Now for a variable b in
q(v) different from a, let a ∈ c({b}∪σ), or equivalently g(abv) = g(bv).
The fact that g(av) is a minimal monomial generator different from
v that divides av implies that g(av) 6= g(bv) = g(abv) and therefore
b /∈ c({a} ∪ σ). �
The set of all closed sets of a convex geometry, i.e. those subsets that
are fixed under the closure operator, forms a lattice when the partial



8 PAPER A

ordering is inclusion. This lattice is known to be meet-distributive, see
e.g. [Ede80, Theorem3.3].

Proposition 3.6. Λ(u) is a shellable (l − 1)-dimensional ball.

Proof. Let L be the lattice of closed sets of 〈q(u), c〉 and L̂ = L \ {∅}.
The decomposition function g(.;u) can be seen as a bijection between

the elements of L̂ and vertices of Λ(u), that maps every closed set σ to
g(σ;u). Furthermore, via this map the faces of Λ(u) are precisely chains

in L̂ and hence Λ(u) is the order complex of L̂. Now, since the order
complex of the proper part of any meet-distributive lattice is a shellable
ball (see, e.g., [BHP08]) , Λ(u) is a shellable ball. The argument about
dimension follows from [BZ92, Proposition 8.7.2.(iv)]. �
A simplicial complex K is said to be a PL-ball if a subdivision of K is
a subdivision of a simplex. A regular cell complex Γ is a PL-ball if its
barycentric subdivision is a PL-ball. Many properties that we expect
balls to have fails when they are not PL, for instance the complex
obtained by gluing two balls with the same dimension along a common
codimension one ball lying on their boundaries is not necessarily a
ball, if they are not PL. We refer to [BL+99, Section 4.7.(d)] and the
references therein for a detailed discussion on the subject.
We mentioned that for our construction to be well-defined we needX(u)
to be a ball, but actually the inductive construction requires more, that
is

Corollary 3.7. X(u) is an (l − 1)-dimensional PL-ball.

Proof. It follows from Lemma 3.4, Proposition 3.6 and [BHP08, Corol-
lary 2.2].

�
Remark 3.8. Let σ be a fixed subset of q(u). For a subset δ of σ define
cσ(δ) to be the largest subset τ of σ such that g(δ;u) = g(τ ;u). Then,
in a similar way as in Proposition 3.5, one can show that 〈σ, cσ〉 is a
convex geometry and the same line of reasoning as we used to prove the
above corollary implies that X(σ, u) is a PL-ball of dimension | σ | −1.

�
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4. Main Result

In this section we prove our main result. We begin by proving two
auxiliary lemmas.

Lemma 4.1. XI is contractible.

Proof. Let f : X(u) ↪→ Xj−1 be the inclusion map. Then Xj is ho-
motopy equivalent to the mapping cone Cf of f . Now since X(u) and
Xj−1 are contractible, by [Spa81, Page 27] f is a homotopy equivalence
and therefore Cf is contractible (see, e.g., [Hat02, Section 4.2] for more
details). �

Let I ⊂ S be a monomial ideal and µ a monomial in S. Then we denote
by I≤µ the ideal generated by those monomials in G(I) that divide µ.

Lemma 4.2. Let I ⊂ S be a monomial ideal with linear quotient and
let µ be a monomial in S. Then I≤µ has linear quotient. Moreover if
I is regular, then so is I≤µ.

Proof. Let u1, . . . , um be an admissible order of minimal generators of
I and assume that ui1 , . . . , uit generates I≤µ, where i1 < . . . < it.
We show that ui1 , . . . , uit is an admissible order for I≤µ. For s <
t, the shelling type condition 1, guarantees that there exists l < it
such that lcm(ul, uit) = uitxr for some xr and that lcm(ul, uit) divides
lcm(uis , uit). In particular ul divides µ and hence ul ∈ I≤µ.
For the second part denote by g′ the decomposition function of I≤µ.
Let y be a variable such that g′(yuij ) 6= uij and z another variable
such that g′(zg′(yuij )) 6= g′(yuij ). To show that g′ is regular, then
it is enough to show that g′(zuij ) 6= uij . Assume not. Then for any
l < ij that ul divides zuij , ul does not divide µ and in particular
degz(uij ) = degz(µ), where degz stands for the degree of z in the
monomial. On the other hand, v = g′(zg′(yuij )) divides zyuij . So, v
divides yuij , since degz(v) ≤ degz(µ) = degz(uij ). A contradiction,
since v = g′(zg′(yuij )) appears earlier than g′(yuij ) in the admissible
order.

�

Now we are in the position to prove our main result.
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Theorem 4.3. If I has a regular linear quotient, then the labelled
regular cell complex XI supports the minimal free resolution of I.

Proof. First observe that for any monomial µ the subcomplex X≤µ of
XI , consists of all cells with a label that divides µ, is the same as the
complex XI≤µ and hence is contractible by lemmas 4.1 and 4.2.
Now we shall show that any two cells with a non trivial containment
relation have different labels. Let c be a cell of XI . Then the vertices of
c are v together with {g(σ; v)}σ⊆τ , for some v and some τ ⊆ q(v) and in
particular the label of c is v

∏
z∈τ z. For a maximal cell c′ of c, we have

only two possibilities: either c′ contains v or not. In the former case
the other vertices of c′ are {g(σ; v)}σ⊆τ ′ , where τ ′ = τ \ {y} for some
variable y. So, the label of c′ is different from the label of c. In the lat-
ter case, the vertices of c′ are g(yv) together with {g(σ; g(yv))}σ⊆τ ′ , for
some y ∈ q(v), where τ ′ = τ \{y}. The label of c′ is then g(yv)

∏
z∈τ ′ z

which is different from the label of c, since deg(g(yv)) ≤ deg(v) and
|τ ′| < |τ |.

�

Theorem 4.4. Let I be an ideal with a regular linear quotient. Then
the Herzog-Takayama resolution FI is a minimal cellular resolution of
S/I.

Open Problem. Batzies and Welker [BW02, Proposition 4.3] proved
that for a monomial ideal I with a linear quotient there exists a minimal
free Lyubeznik-resolution1 of S/I and thus there exists a CW complex
that supports the resolution of I (see [BW02], for more details). When
I has a regular linear quotient, it would be interesting to determine
whether our complex XI necessarily coincides with the one coming
from Lyubeznik-resolution or not.

1The reader should be aware that Batzies and Welker’s Lyubeznik-resolution is
a generalization of what constructed by G. Lyubeznik. The generalized Lyubeznik-

resolution is not necessarily simplicial, whereas the Lyubeznik’s resolution always

is.
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Convex Hull of Face Vectors of Colored Complexes

Afshin Goodarzi

Abstract. In this paper we verify a conjecture by Kozlov (Dis-
crete Comput Geom 18 (1997) 421–431), which describes the

convex hull of the set of face vectors of r-colorable complexes

on n vertices. As part of the proof we derive a generalization of
Turán’s graph theorem.

1. Introduction

Let ∆ be a simplicial complex on n vertices and let ∆k be the set
of all faces of ∆ of cardinality k. The face vector of ∆ is f(∆) =
(n, f2, f3, . . .) where fk is the cardinality of ∆k. A simplicial complex
∆ is said to be r-colorable if its underlying graph (i.e., the graph with
the same vertices as ∆ and with edges ∆2) is r-colorable.

Throughout this paper, by a graph G we mean a finite graph without
any loops or multiple edges. The set of vertices and edges of G will
be denoted by V (G) and E(G), respectively. The cardinality of V (G)
and E(G) are order and size of G. A k-clique in G is a complete
induced subgraph of G of order k. The clique vector of G is c(G) =
(c1(G), c2(G), . . .), where ck(G) is the number of k-cliques in G. The
Turán graph T (n, r) is the complete r-partite graph of order n with
cardinality of the maximal independent sets “as equal as possible”.

1
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A vector g ∈ Rd will be called positive if it has positive coordinates.
The k-truncation of g, denoted by gk, is the vector whose first k
coordinates are equal to the coordinates of g, and the rest are equal to
zero, for k = 1, 2, . . . , d.

Kozlov conjectured [Koz97, Conjecture 6.2] that the convex hull of
the face vectors of r-colorable complexes on n vertices has a simple
description in term of the clique vector of the Turán graph. The main
result of this paper is to show the validity of his conjecture, more pre-
cisely:

Theorem 1.1. The convex hull of f -vectors of r-colorable complexes
on n vertices is generated by the truncations of the clique vector of
Turán graph T (n, r).

The structure of the paper is as follows. In Section 2, we set up a
method for finding the convex hull of the skeleta of a positive vector.
The generalization of Turán’s graph theorem will be proved in Section 3.
Finally, in Section 4 we will prove our main result.

2. Thales’ Lemma

Let g = (g1, . . . , gd) be a positive vector in Rd and denote by Cg the
convex hull generated by the origin and all truncations of g. If g ∈ R2,
then Cg is the boundary and interior of a right angle triangle. In this
case using Thales’ Intercept theorem, one can see that a positive vector
(a, b) is in Cg if and only if a ≤ g1 and (b/a) ≤ (g2/g1). The following
result is a generalization of this simple observation.

Lemma 2.1. Let g = (g1, . . . , gd) and f = (f1, . . . , fd) be two positive
vectors. Then f ∈ Cg if and only if f1 ≤ g1 and figj ≤ fjgi for all
1 ≤ j < i ≤ d.



PAPER B 3

Proof. The vectors g1, . . . , gd form a basis for Rd. So there exists c =

(c1, . . . , cd) ∈ Rd such that f =
∑d

1 cig
i. So we have

fd = cdgd,

fd−1 = (cd−1 + cd)gd−1,

...

f1 = (c1 + . . .+ cd)g1.

On the other hand, f ∈ Cg if and only if cj ≥ 0 for all j and
∑
ci ≤ 1.

Therefore we have f ∈ Cg if and only if f1 = (
∑
ci)g1 ≤ g1 and

figj = (ci + . . .+ cd)gigj ≤ (cj + . . .+ ci + . . .+ cd)gjgi = fjfi. �

In the special case where g is the face vector of the (n−1)-dimensional
simplex, the result above is already contained in the work of Ko-
zlov [Koz97, Section 5]. His proof, however, works in the general case
as well.

3. Turán Graphs

Let us denote by G(n, r) the set of all graphs G of order n and clique
number ω(G) ≤ r. Turán graph has many extremal behaviors among
all graphs in G(n, r). Recall that Turán graph T (n, r) is the complete
r-partite graph of order n with cardinality of the maximal independent
sets as equal as possible. We will denote by tk(n, r) the number of
k-cliques in T (n, r).

In 1941 Turán proved that among all graphs in G(n, r), the Turán
graph T (n, r) has the maximum number of edges. This result, Turán’s
graph theorem, is a cornerstone of Extremal Graph Theory. There
are many different and elegant proofs of Turán’s graph theorem. Some
of these proofs were discussed in [Aig95] and in [AZ10, Chapter 36].

Later, in 1949, Zykov generalized Turán’s graph theorem by showing
that ck(G) ≤ tk(n, r) for all G ∈ G(n, r) and all k. Here we state and
prove a generalization of Zykov’s result.
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Theorem 3.1. For any graph G ∈ G(n, r) and for each k ∈ {2, . . . , r},
one has

cr(G)

tr(n, r)
≤ . . . ≤ ck(G)

tk(n, r)
≤ ck−1(G)

tk−1(n, r)
≤ . . . ≤ c2(G)

t2(n, r)
≤ 1.

Proof. Let G ∈ G(n, r). We may assume that G is not complete and
and for a fixed k, qk(G) := ck(G)/ck−1(G) is maximum among all
graphs in G(n, r). Let u and v be two disconnected vertices in G and
define Gu→v to be the graph with the same vertex set as G and with
edges E(Gu→v) =

(
E(G) ∪ (∪w∈N(v){u,w})

)
\ (∪z∈N(u){u, z}).

The following properties can be simply verified

• Gu→v ∈ G(n, r),
• ck(Gu→v) = ck(G)− ck−1(G[N(u)]) + ck−1(G[N(v)]).

On the other hand, it is straightforward to check that either one of
qk(Gu→v) and qk(Gv→u) is strictly greater than qk(G), or they are all
equal. Hence qk(Gu→v) is maximal.
Now consider all vertices of G that are not connected to v. let us label
them by u1, . . . , um. We define

G1 := Gu1→v, . . . , G
j := Gj−1

uj→v, . . . , G
m := Gm−1

um→v.

If Gm \ {v, u1, . . . , um} is a clique, then we stop. If not, there exists
a vertex w ∈ Gm \ {v, u1, . . . , um} which is not connected to all other
vertices. We repeat the above process with w and continue until the
remaining vertices form a clique. So we will obtain a complete multi-
partite graph H ∈ G(n, r) such that qk(H) is maximum. If H is a Turán
graph, then we are done. If not there exist two maximal independent
sets I1 = {w1, . . . , wm} and I2 = {z1, . . . , zl} such that m− 2 ≥ l. Let
H ′ be the graph obtained by removing all edges of the form wmzi and
adding new edges wmwi for all 1 ≤ i ≤ l. Then it is easy to see that for
all j, H ′ has as many j-cliques as H has and, in particular qk(H ′) is
maximum. Therefore qk(H ′wm→z1) is maximum as well and the result
follows by repeating the above process.

�
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Remark 3.2. The operator Gu→v in our proof is similar to opera-
tors used in [AZ10, p. 238] and in [Koz97, Theorem 3.3]. However it
may belong to “folklore” graph theory, since its origin is not clear.

4. Proof of Theorem 1.1

In order to prove our main result, using Thales’ Lemma 2.1, it is
enough to show that for any r-colorable complex ∆ on n vertices and
for each k,

fk(∆)/fk−1(∆) ≤ tk(n, r)/tk−1(n, r).

To prove inequalities above, we need further definitions.
Let 1 ≤ k ≤ r be fixed integers and let us denote by Ni the set of all

positive integers whose residue modulo r is equal to i. The set of all
r-colored k-subsets is

M(k, r) =

{
F ∈

(
N
k

)∣∣∣ |F ∩ Ni| ≤ 1 for all i

}
.

We consider the partial order <p on M(k, r) defined as follows. For
T = {t1, . . . , tk} and S = {s1, . . . , sk} with t1 < . . . < tk and s1 <
. . . < sk in M(k, r), set T <p S if ti ≤ si for every 1 ≤ i ≤ k. A
family F ⊆ M(k, r) is said to be r-color shifted if whenever S ∈ F ,
T <p S, and T ∈M(k, r) one has T ∈ F . A simplicial complex is said
to be r-color shifted if for any k the set of its k-faces is an r-color
shifted family. It is known that for any r-colorable complex ∆ on n-
vertices and for any k there exists a r-color shifted complex Γ such that
fk(∆) = fk(Γ) and fk−1(∆) ≥ fk−1(Γ). (see [FFK88, Proposition 3.1],
for instance.)

Proof. We use induction on r. For r = 1, ∆ is totally disconnected
and the statement clearly holds. Now assume that the statement holds
for any (r − 1)-colorable complex. Fix a k and let ∆ be an r-colorable
complex on n vertices such that

fk(∆)

fk−1(∆)
= max

{
fk(Γ)

fk−1(Γ)

∣∣∣ Γ is r-colorable on n vertices

}
.

We may assume that ∆ is color shifted. We may also assume that
for any j ≥ k if ∆ contains the boundary of a j-simplex δ, then ∆
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contains δ itself. Let I(1) = {u1, . . . , um−1} be the set of all vertices
that are not connected to the vertex 1. For u ∈ I(1) define ∆u→1 to be
the complex obtained by removing all faces which contain {u} properly
and adding new faces F ∪ {u} for all F ∈ link∆1. Note that if we have
an r-coloring of ∆, it is possible that u and a vertex in link∆1 has the
same color, however we can change the color of u with the color of 1,
so this construction preserves r-colorability.
It is easy to see that

fj(∆u→1) = fj(∆)− fj−1(link∆u) + fj−1(link∆1).

Hence fk(∆u→1)/fk−1(∆u→1) is maximum as well. So if we define

Λ = (. . . ((∆u1→1)u2→1) . . .)um−1→1,

then Λ is r-colorable and fk(Λ)/fk−1(Λ) is maximum, since in each
step our operator preserves fk/fk−1 and r-colorability.
Let us denote by L and D, the subcomplex link∆1 and the subcomplex
of ∆ induced by vertices of link∆1, respectively. It is easy to see that
fj(Λ) = mfj−1(L) + fj(D).

Claim 4.1. Dj = Lj, for any j ≥ k − 1.

Proof. It is easy to see that Lj ⊆ Dj . So assume that F ∈ Dj . For
any u ∈ F we have F \ {u} ∪ {1} ∈ ∆, by the structure of ∆. Hence
the boundary of F ∪ {1} is in ∆ and we have F ∪ {1} ∈ ∆, therefore
F ∈ Lj . �

So we have

fk(Λ)

fk−1(Λ)
=

mfk−1(L) + fk(L)

mfk−2(L) + fk−1(L)
.

On the other hand, since L is (r − 1)-colorable, there exists a graph
H ∈ G(|V (L)|, r−1) such that ft(L)/ft−1(L) ≤ ct(H)/ct−1(H) for any
2 ≤ t ≤ r − 1. Denote by Gk the graph obtained by joining H and a
totally disconnected graph on m vertices. Clearly Gk ∈ G(n, r) and we



PAPER B 7

have ct(G
k) = mct−1(H) + ct(H) for all t. So we have

ck−1(Gk)fk(Λ) = (mck−2(H) + ck−1(H))(mfk−1(L) + fk(L))

= m2ck−2fk−1(L) +mck−2(H)fk(L) +

mfk−1(L)ck−1(H) + ck−1(H)fk(L)

≤ m2ck−1fk−2(L) +mck(H)fk−2(L) +

mfk−1(L)ck−1(H) + ck(H)fk−1(L)

= ck(Gk)fk−1(Λ).

So we have proved that for any r-colorable simplicial complex on
n vertices and for a fixed k there exists a graph Gk ∈ G(n, r) such
that fk(∆)/fk−1(∆) ≤ ck(Gk)/ck−1(Gk). On the other hand by using
Theorem 3.1, for all k, we have

ck(Gk)

ck−1(Gk)
≤ tk(n, r)

tk−1(n, r)
,

as desired. �

Acknowledgments. The author would like to thank Bruno Benedetti
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Clique Vectors of k-Connected Chordal Graphs

Afshin Goodarzi

Dedicated to Ralf Fröberg on the occasion of his 70th birthday

Abstract. The clique vector c(G) of a graph G is the sequence
(c1, c2, . . . , cd) in Nd, where ci is the number of cliques in G with
i vertices and d is the largest cardinality of a clique in G. In this
note, we use tools from commutative algebra to characterize all
possible clique vectors of k-connected chordal graphs.

1. Introduction

The clique vector of a graph G is an interesting numerical invariant
assigned to G. The study of clique vectors goes back at least to Zykov’s
generalization of Turán’s graph theorem [Zyk49]. The clique vector
of G is by definition the f -vector of its clique complex. Challenging
problems including the Kalai–Eckhoff conjecture and the classification
of the f -vector of flag complexes led many researchers to investigate
clique vectors, see for instance [Fro08], [Fro10], and [HH+08]. While
the Kalai–Eckhoff conjecture is now settled by Frohmader [Fro08], the
latter problem is still wide open.

Herzog et al. [HH+08] characterized all possible clique vectors of
chordal graphs. A graph G is called k-connected if it has at least

1
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k vertices and removing any set of vertices of G of cardinality less
than k yields a connected graph. Thus a 1-connected graph is simply a
connected graph. We use the convention that every graph is 0-connected.
The connectivity number κ(G) of G is the maximum number k such
that G is k-connected. The aim of this paper is to characterize all
possible clique vectors of k-connected chordal graphs. More precisely
we prove the following result.

Theorem 1. A vector c = (c1, . . . , cd) ∈ Nd is the clique vector of
a k-connected chordal graph if and only if the vector b = (b1, . . . , bd)
defined by

(1)
d∑

i=1
bi(x+ 1)i−1 =

d∑

i=1
cix

i−1

has positive components and b1 = b2 = · · · = bk = 1.

The theorem above is a refinement of [HH+08, Theorem 1.1], in the
sense that putting k = 0, the only requirement on b-numbers is to be
positive, so [HH+08, Theorem 1.1] will be obtained.

In order to prove our main result, we shall use techniques from
algebraic shifting theory to reduce the problem to the class of shifted
graphs, the so called threshold graphs.

The rest of this paper is organized as follows. In Section 2, we verify
the characterization for threshold graphs by giving a combinatorial
interpretation of the b-numbers. Section 3 is devoted to a study of
the connectivity of a graph via certain homological invariants of a ring
associated to it. Finally, in Section 4 we prove our main result.

All undefined algebraic terminology can be found in the book of
Herzog and Hibi [HH11].

2. Clique Vectors of Threshold Graphs

Let G be a graph. We denote by S(G) the graph obtained from G
by adding a new vertex and connecting it to all vertices of G. Also, we
denote by D(G) the graph obtained from G by adding an isolated vertex.
Clearly the numbers of i-cliques in G and D(G) are the same, unless
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i = 1. On the other hand, it is easy to verify the following formula that
relates the numbers of cliques in G and S(G):

(2) 1 +
∑

i

ci (S(G))xi =
(

1 +
∑

i

ci(G)xi

)
(1 + x).

A graph T is called threshold, if it can be obtained from the null graph
by a sequence of S- and D-operators. Thus, we have a bijection between
threshold graphs and words on the alphabet {S,D} (reading from left
to right) with an S in its final (rightmost) position1. Clearly, every
threshold graph is chordal.

Many properties of a threshold graph can be read off from its word.
Among them are the following simple but useful facts.

Lemma 2. Let T be a threshold graph. Then the following hold:
(i) The number of times that the letter S appears in the word of T is

the clique number of the graph T .
(ii) The graph T is k-connected if and only if there is no D in the first

k letters of the word of T .

Let T be a threshold graph with clique number d. We put a / right
after every S in the word of T , thus breaking the word of T into d
subwords. Let bi be the length of the i-th subword. Then the b-vector
of T is b(T ) = (b1, b2, . . . , bd). For instance, if T = DDDSSDSDDS,
then T breaks to DDDS/S/DS/DDS/ and b(T ) = (4, 1, 2, 3).

It turns out that knowing the b-vector of a threshold graph is equiva-
lent to knowing its clique vector.

Proposition 3. Let T be a threshold graph. Then the clique vector
c(T ) = (c1, . . . , cd) and b-vector b(T ) = (b1, b2, . . . , bd) of T determine
each other via the formula (1).

Proof. The statement is clear if T is an isolated vertex, so we may
inductively assume that it has been proved for threshold graphs on n−1
vertices. Suppose that T is a threshold graph on n vertices. Then T is

1The D- and S-operations on the null graph, i.e. the graph having zero vertices,
result the same graph. So, to have a unique representation of each threshold graph,
we may assume that the operation D is allowed when the graph is not null.
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either D(T ′) or S(T ′), for a threshold graph T ′. In the former case the
statement follows easily from the induction hypothesis.
Suppose T = S(T ′). Then b1 = 1 and b(T ′) = (b2, . . . , bd). The
induction hypothesis and equation (2) imply that

1 +
∑

i

ci(T )xi =
(

1 + x
d∑

i=2
bi(x+ 1)i−2

)
(1 + x).

Therefore the result follows. �

Remark 4. The relation between clique numbers and b-numbers (i.e.
formula (1)) can be written more explicitly via the formulas

bi =
d∑

j=i

(−1)j−i

(
j − 1
j − i

)
cj , ci =

d∑

j=i

(
j − 1
j − i

)
bj ,

for 1 ≤ i ≤ d.
Let B(n, d, k) denote the set of all positive-integer vectors (b1, b2, . . . , bd)

such that
∑
bi = n and b1 = b2 = · · · = bk = 1. The set of k-connected

threshold graphs on n vertices and clique number d is denoted by
T (n, d, k). The mapping T 7→ b(T ) is an injection from T (n, d, k) into
B(n, d, k), by Lemma 2. A small computation, left to the reader, shows
that the sets T (n, d, k) and B(n, d, k) have the same cardinality

(
n−k−1
d−k−1

)
.

So, T 7→ b(T ) is indeed a bijective correspondence between T (n, d, k)
and B(n, d, k). Now putting these all together, we can conclude the
following characterization of clique vectors of k-connected threshold
graphs.

Corollary 5. A vector c = (c1, . . . , cd) ∈ Nd is the clique vector of a k-
connected threshold graph if and only if the vector b = (b1, . . . , bd) defined
by formula (1) has positive components and b1 = b2 = · · · = bk = 1.

3. Algebraic Tools

Let Γ be a simplicial complex on the vertex set [n]. Let k be a
field of characteristic zero and R = k[x1, . . . , xn] the polynomial ring
on n variables. The Stanley-Reisner ideal IΓ of Γ is the ideal in R
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generated by all monomials xi1 · · ·xil
, where {i1, . . . , il} is not a face of

Γ. The face ring k[Γ] of Γ is the quotient ring R/IΓ.
Let G be a graph on the vertex set [n]. The collection ∆(G) of the

cliques in G forms a simplicial complex, known as the clique complex
of G. Clique complexes are flag, that is, all minimal non-faces have
the same cardinality two. Moreover, every flag complex is the clique
complex of its underlying graph (1-skeleton).

In this section we study the connectivity number of a chordal graph
via a homological invariant, namely the bigraded Betti numbers (see
e.g. [HH11, Appendix A]) of the face ring of its clique complex. We
start with a general result.

Theorem 6. A graph G is k-connected if and only if βi,i+1(k[∆(G)]) =
0 for all i ≥ n − k. In particular, κ(G) = max{k | βi,i+1(k[∆(G)]) =
0 for all i ≥ n− k}.
Proof. On one hand, by the Hochster’s formula [HH11, Theorem 8.1.1],
one has

βi,i+1(k[∆(G)]) =
∑

|W |=i+1

dimk H̃0 (∆(G)W ) .

On the other hand, the induced subcomplex ∆(G)W is the clique
complex of the induced graph GW . So, βi,i+1(k[∆(G)]) = 0 if and only
if GW is connected for all W of cardinality i+1. Now, since the induced
subgraph on a set W is the same as the graph obtained by removing
the complement W of W from G, it follows that βi,i+1(k[∆(G)]) = 0 if
and only if removing any set of n− i− 1 vertices results in a connected
graph. Therefore βi,i+1(k[∆(G)]) = 0 for all i ≥ n − k if and only if
removing any set of at most k − 1 vertices leaves a connected graph, as
desired. �

The theorem above gives a general lower bound for the connectivity
number of the graph.

Corollary 7. If G is a graph, then depth (k[∆(G)]) ≤ κ(G) + 1.

Proof. If the projective dimension of k[∆(G)] is p, then βi,i+1(k[∆(G)]) =
0 for all i ≥ p+ 1. Thus, Theorem 6 gives the lower bound of n− p− 1
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for κ(G). And therefore the result follows from Auslander–Buchsbaum
formula [HH11, Corollary A.4.3]. �

In the rest of this section, we show that the bound obtained in
Corollary 7 is sharp as it is realized for the chordal graphs. The
following fundamental result of Ralf Fröberg plays an essential role in
the rest of this paper.

Theorem 8 (Fröberg [Frö90]). Let Γ be a simplicial complex. Then Γ
is the clique complex of a chordal graph if and only if k[Γ] has a 2-linear
resolution, i.e. βi,j(k[Γ]) = 0, whenever (i, j) 6= (0, 0) and j − i 6= 1.

Corollary 9. If G is a chordal graph, then depth (k[∆(G)]) = κ(G)+1.

Proof. If G is a chordal graph, then by Fröberg’s Theorem 8, we have
βi,j(k[∆(G)]) = 0, whenever j − i 6= 1. So, the projective dimension is
equal to the maximum p such that βp,p+1(k[∆(G)]) 6= 0. It now follows
from Theorem 6 that p+ 1 = n− κ(G). �

4. Main Result

In this section, we prove our main result by using techniques from
shifting theory.

A simplicial complex Γ on the vertex set [n] is shifted if, for F ∈ Γ,
i ∈ F , j /∈ F and j < i the set (F \ {i}) ∪ {j} is a face of Γ. A
shifted complex is flag if and only if it is clique complex of a threshold
graph [Kli07, Theorem 2]. Exterior algebraic shifting is an operation
Γ → Γe, associating to a simplicial complex Γ a shifted simplicial
complex Γe, while preserving many interesting algebraic, combinatorial
and topological invariants and properties. We refer the reader to the
book by Herzog and Hibi [HH11] for the precise definition and more
information. Here we mention some of the properties that will be used
later.

Lemma 10. Let Γ be a simplicial complex. Then the following hold.
(i) Exterior shifting preserves the f -vector; f(Γ) = f(Γe).
(ii) Alexander duality and exterior shifting commute; (Γ∗)e = (Γe)∗.
(iii) Exterior shifting preserves the depth; depth (k[Γ]) = depth (k[Γe]).
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The following result has been implicitly used in the literature, see
e.g. [GY12, Theorem 3.1]. However, for the convenience of the reader,
we supply a proof.

Lemma 11. Let Γ be a flag complex. Then Γ is the clique complex of a
chordal graph if and only if its exterior shifting Γe is the clique complex
of a threshold graph.

Proof. We show the “only if” direction. The other direction follows
by reversing the proof sequence. Suppose that Γ = ∆(G) for some
chordal graph G. Next, Fröberg’s Theorem 8 implies that k[Γ] has a
2-linear resolution. Thus, it follows from Eagon–Reiner Theorem [HH11,
Theorem 8.19], that the Alexander dual Γ∗ of Γ is Cohen–Macaulay of
dimension n− 3. So, (Γe)∗ is Cohen–Macaulay of the same dimension,
since exterior algebraic shifting commutes with Alexander duality and
preserves Cohan–Macaulayness. Hence, the theorems of Eagon–Reiner
and Fröberg imply that Γe is the clique complex of a chordal graph T .
Now, since Γe is flag and shifted, T is a threshold graph. �

Now we are in the position to prove our main result.

Proof of Theorem 1. Let G be a k-connected chordal graph. Let us
denote by Ge the threshold graph such that ∆(Ge) = ∆(G)e. It follows
from part (i) of Lemma 10 that c(G) = c(Ge). On the other hand,
since depth (k[∆(G)]) = depth (k[∆(Ge)]), Corollary 9 implies that Ge

is k-connected. Therefore the result follows from Corollary 5. �
Acknowledgments. I am grateful to Anders Björner, Anton Dochtermann
and Siamak Yassemi for valuable comments. I would also like to thank
the anonymous referees whose comments led to an improvement of the
paper.
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Dimension Filtration, Sequential Cohen-Macaulayness and
a New Polynomial Invariant of Graded Algebras

Afshin Goodarzi1

Abstract. Let k be a field and let A be a standard N-graded k-
algebra. Using numerical information of some invariants in the
primary decomposition of 0 in A, namely the so called dimen-
sion filtration, we associate a bivariate polynomial BW(A; t, w),
that we call the Björner–Wachs polynomial, to A.
It is shown that the Björner–Wachs polynomial is an algebraic
counterpart to the combinatorially defined h-triangle of finite
simplicial complexes introduced by Björner & Wachs. We pro-
vide a characterisation of sequentially Cohen–Macaulay alge-
bras in terms of the effect of the reverse lexicographic generic
initial ideal on the Björner–Wachs polynomial. More precisely,
we show that a graded algebra is sequentially Cohen–Macaulay
if and only if it has a stable Björner–Wachs polynomial under
passing to the reverse lexicographic generic initial ideal. We
conclude by discussing some connections with the Hilbert se-
ries of local cohomology modules, extremal Betti numbers and
combinatorial Alexander duality.

1Royal Institute of Technology, Department of Mathematics, S-100 44, Stock-
holm, Sweden
afshingo@kth.se
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1. Introduction

Associated to every finite simplicial complex there is a standard
monomial algebra, the so called face ring of the complex. In order
to verify the upper bound conjecture, Stanley [Sta75] studied the face
numbers of a triangulated sphere via the numerical properties of this
algebra. Stanley’s proof has two major ingredients. Namely, that the
Hilbert series of a face ring can be expressed in terms of the combi-
natorially defined h-numbers of the complex, and that the face ring
of a triangulated sphere is Cohen–Macaulay. One may have a look at
Stanley’s recent article [Sta14] for the full account of the story of “how
the upper bond conjecture was proved”.

The Cohen–Macaulay property of the face ring is implied by the com-
binatorial property of the complex being shellable. Motivated by ex-
amples coming from subspace arrangements, Björner & Wachs [BW96]
generalised shellability by introducing the concept of nonpure shellable
complexes. Stanley [Sta96] then introduced the notion of sequential
Cohen–Macaulayness in order to have an algebraic counterpart to this
new concept. At almost the same time Schenzel [Sch99], independently,
came up with the same notion but from a totally different perspective.

Björner & Wachs [BW96] also defined doubly indexed h-numbers of
a simplicial complex as a finer invariant than the usual h-numbers, in
the sense that one can obtain the latter from the former (see Section 3
below, for precise definitions and more details). The array of doubly
indexed h-numbers of a complex is called the h-triangle. For a se-
quentially Cohen–Macaulay complex some interesting topological and
algebraic invariants, such as topological Betti numbers of the complex
and graded Betti numbers of the face ring of its Alexander dual, are
encoded in the h-triangle. It should be noted that this later connection
has been recently used by Adiprasito, Björner & Goodarzi [ABG15] to
characterise the possible Betti tables of componentwise linear ideals.

As the Hilbert series is the algebraic counterpart to the h-numbers,
one would expect to have an algebraic counterpart also for the doubly
indexed h-numbers. The objective of this paper is to fill this gap by
providing an algebraic counterpart for the h-triangle. By making use of
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Schenzel’s dimension filtration [Sch99], to every standard N-graded k-
algebra we associate a bivariate polynomial; the Björner–Wachs poly-
nomial. This polynomial specialises to the h-triangle in the case of
face rings of simplicial complexes. The Björner–Wachs polynomial of a
sequentially Cohen–Macaulay algebra contains much interesting infor-
mation of the algebra, such as extremal Betti numbers.

The paper is organised as follows. First in Section 2, we recall some
preliminaries and define the Björner–Wachs polynomial. The face rings
are the subject of study in Section 3. We show in Theorem 10 that
the combinatorially defined doubly indexed h-numbers of a simplicial
complex are, precisely, the coefficients of the Björner–Wachs polyno-
mial of its face ring. We present some basic results about Borel-fixed
ideals in Section 4. The material in this section will be of use in the
next sections. Section 5 is devoted to a characterisation of sequentially
Cohen–Macaulay algebras in terms of the Björner–Wachs polynomial,
namely, we prove in Theorem 17 that sequentially Cohen–Macaulay al-
gebras are exactly those that have a stable Björner–Wachs polynomial
under passing to the reverse lexicographic generic initial ideal. This
result provides a (generalised) symmetric version of the main result
in [Duv96]. Beside this, in Proposition 16, we give a few conditions,
each of them being equivalent to sequential Cohen–Macaulayness. We
will discuss some connections to the numerical data of the local co-
homology modules and extremal Betti numbers in Section 6 in case
of sequentially Cohen–Macaulay algebras. Finally, in Section 7 some
remarks on the combinatorial Alexander dual of sequentially Cohen–
Macaulay simplicial complexes will be discussed.

2. Preliminaries

We assume some familiarity with basic notions in commutative al-
gebra and the theory of simplicial complexes. The reader is referred
to the books by Eisenbud [Eis95] and by Stanley [Sta96], for undefined
terminologies.

2.1. Dimension Filtration and Unmixed Layers.
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Let R = k[x1, . . . , xn] be a polynomial ring over a field k. Assume
that R is equipped with the standard grading, i.e., deg xi = 1 for all
1 ≤ i ≤ n. Let I be a homogeneous ideal in R and A = R/I be
the associated N-graded algebra. Also, let I =

⋂s
j=1 qj be a reduced

primary decomposition of I. For 1 ≤ j ≤ s, denote by pj the radical√
qj of qj . Let us denote by I〈i〉 the ideal

I〈i〉 =
⋂

dim(R/pj)>i

qj ,

for all −1 ≤ i ≤ d = dimA. In particular, we have I〈−1〉 = I, I〈0〉 is
the (usual) saturation of I and I〈d〉 = R. Thus, we have a filtration

(1) I = I〈−1〉 ⊆ I〈0〉 ⊆ I〈1〉 ⊆ . . . ⊆ I〈d〉 = R

that we call the dimension filtration of the pair (I,R). After mod-
ding I out of the components of the filtration (1), we obtain

(2) 0 ⊆ I〈0〉/I ⊆ . . . ⊆ I〈d−1〉/I ⊆ A,
the dimension filtration of A. Notice that, if I is not a radical ideal,
then the primary decomposition is not necessarily unique. However, the
following result (see [Sch99, Proposition 2.2] and [Eis95, pp 100-103])
shows that the dimension filtration is independent from the choice of
primary components and thus is unique.

Lemma 1. For a submodule N of A = R/I the following are equivalent
(a) N is the largest submodule of A such that dimN ≤ i,
(b) N = H0

ai
(A), where ai =

∏ {p | p ∈ Ass I & dimR/p ≤ i},
(c) N ∼= A〈i〉 := I〈i〉 /I.
In particular, filter ideals I〈i〉 are independent from the choice of pri-
mary components.

�

Definition 2. Let A = R/I be a standard N-graded algebra. Then
the i-th unmixed layer of A is defined to be the R-module Ui(A) =
I〈i〉/I〈i−1〉 for all 1 ≤ i ≤ dimA.
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The name we give to these modules is motivated by the following result.

Lemma 3 ([Sch99, Corollary 2.3]). The unmixed layers of A are un-
mixed, that is, for any i the associated primes of Ui(A) have the same
height. Furthermore, A is unmixed if and only if Ui(A) = 0 for all
i < d = dimA and Ud(A) = A.

2.2. Hilbert Series and Björner–Wachs Polynomial.

Let A = R/I be a standard N-graded algebra of Krull dimension d.
Then there exists a polynomial h(A; t) ∈ Z[t], the h-polynomial of A
such that the Hilbert series of A has the following rational expression:

Hilb(A; t) = h(A; t)
(1− t)d

.

Let us also denote by hj(A) the coefficient of tj in h(A; t).
We now define our main object of study in this paper. To do so, the
following lemma is needed.

Lemma 4. The i-th unmixed layer Ui(A) of A is either zero or has
Krull dimension i.

Proof. Consider the short exact sequence
0→ A〈i−1〉 → A〈i〉 → Ui(A)→ 0

of graded R-modules. If dimA〈i〉 < i, then A〈i〉 = A〈i−1〉 and hence
Ui(A) = 0. Otherwise, we have

max
(

dimA〈i−1〉,dim Ui (A)
)

= dimA〈i〉 = i.

�

Definition 5. Let A be a standard N-graded k-algebra of Krull di-
mension d. The bivariate polynomial

(3) BW(A; t, w) =
d∑

i=0
h(Ui(A); t)wi

is called the Björner–Wachs polynomial of A. The coefficient of
witj in BW(A; t, w) will be denoted by hi,j(A).
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Note that if A is an unmixed algebra, then Ud(A) = A and Ui(A) =
0 for i 6= d. Thus in this situation knowing the Hilbert series and
the Björner–Wachs polynomial are equivalent, more precisely one has
BW(A; t, w) = h(A; t)wd. This, of course, is not true in general. While
we have

Proposition 6. The Björner–Wachs polynomial of a graded algebra A
specialises to its Hilbert series by putting w := 1/(1− t), that is,

Hilb(A; t) = BW(A; t, 1/(1− t)).

Proof. From the short exact sequence

0→ A〈i−1〉 → A〈i〉 → Ui(A)→ 0

of graded R-modules, we get

Hilb(A〈i〉; t) = Hilb(A〈i−1〉; t) + Hilb(Ui(A); t).

Now summing over all i we have

Hilb(A; t) =
∑

i

Hilb(Ui(A); t) =
∑

i

h(Ui(A); t)
(1− t)i

.

�

It is well known that the Hilbert series of A can be computed from
its Betti table (i.e. the table of graded Betti numbers). However,
unlike the Hilbert series, the Björner–Wachs polynomial can not be
obtained from the graded Betti numbers. To show this, one may take
A = R/I to be componentwise linear but not sequentially Cohen–
Macaulay. Then the Betti table of A is stable under passing to the
generic initial ideal with respect to reverse lexicographic order, but the
Björner–Wachs polynomial is not stable. See Theorem 17 below and
[HH11, Theorem 8.2.22] for more information. The following concrete
example is computed using Macaulay2 [GS].

Example 7. Let R = Q[x1, x2, x3, x4, x5, x6] and let

I = 〈x1x2x3, x1x4, x2x5, x3x6, x4x5, x4x6, x5x6〉
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be an ideal of R. Then the generic initial ideal of I with respect to the
reverse lexicographic order is

gin(I) = 〈x2
1, x1x2, x

2
2, x1x3, x2x3, x

2
3, x1x

2
4〉.

The Betti tables of R/I and R/gin(I)
1 7 11 6 1

0: 1 · · · ·
1: · 6 8 3 ·
2: · 1 3 3 1

coincide; I is componentwise linear. On the other hand, one has
BW(R/I; t, w) = w3 + tw3 − t3w3 while BW(R/gin(I); t, w) = tw2 +
w3 + t2w2 + 2tw3.

3. The Face Rings of Simplicial Complexes

In this section we study the Björner–Wachs polynomial of the face
rings of simplicial complexes.
Let us start by briefly recalling some notions. A simplicial complex
∆ on the vertex set [n] := {1, 2, . . . , n} is a subset of the power set 2[n]

that is closed under passing to subsets, that is, if F ∈ ∆ and G ⊆ F
then G ∈ ∆. The elements of ∆ are called faces. The inclusion-wise
maximal faces are called facets. The set of facets of ∆ is denoted by
F(∆). Clearly, a simplicial complex is uniquely determined from its
set of facets. The dimension dimF of a face F in ∆ is defined to be
one less than its cardinality and the dimension of ∆ itself is equal to
the maximum of dimension of its faces.

Let ∆ be a (d− 1)-dimensional simplicial complex on the vertex set
[n]. The Stanley–Reisner ideal I∆ of ∆ is the ideal of R generated
by all monomials xG := Πi∈Gxi, where G /∈ ∆. The quotient ring
k[∆] = R/I∆ is called the face ring of ∆. It can be shown that k[∆]
has Krull dimension equal to d = dim ∆ + 1.

Let us denote by fi(∆) the number of i-dimensional faces of ∆. Then
the Hilbert series of k[∆] can be computed from these combinatorial
invariants [HH11, Proposition 6.2.1]. In particular, one has

h(k[∆]; t) =
∑

fi−1(∆)(1− t)d−iti.
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For a face σ ∈ ∆ let the degree of σ be defined as the biggest cardi-
nality of the faces containing σ. Björner & Wachs [BW96] defined the
doubly indexed f -number fi,j(∆) to be the number of faces of ∆ of
degree i and cardinality j. They also defined the h-triangle h(∆) of
∆ to be the triangular integer array h(∆) = (hi,j(∆))0≤j≤i≤d, where

hi,j(∆) =
∑

k

(−1)j−k

(
i− k
j − k

)
fi,k(∆).

Lemma 8. If ∆ is a simplicial complex, then the doubly indexed f -
and h- numbers of ∆ satisfy the following equation:

∑

i

∑

j

hi,j(∆)witj =
∑

i

∑

j

fi,j(∆)witj(1− t)i−j .

Proof. The proof is straightforward and we leave it to the reader. �

The reduced primary decomposition of Stanley–Reisner ideals has a
simple description. For a subset G of [n] denote by pG the monomial
prime ideal generated by all xi such that i /∈ G. It can be shown
(see [HH11, Lemma 1.5.4], for instance) that

I∆ =
⋂

F∈F(∆)

pF

is the unique reduced primary decomposition of I∆.
The dimension filtration of k[∆] can be described also by combina-

torial means. For a simplicial complex ∆ let us denote by ∆〈i〉 the
subcomplex of ∆ generated by all facets of dimension ≥ i, that is,
F(∆〈i〉) = {F ∈ F(∆) | dimF ≥ i}.
Lemma 9. Let ∆ be a simplicial complex. Then the i-th unmixed layer
(k[∆])〈i〉 of its face ring is isomorphic to I∆〈i〉/I∆.

Proof. The ideal (I∆)〈i〉 is the intersection of those primes pF such
that dim(R/pF ) > i. However, dim (R/pF ) is equal to the cardinality
of F . Hence, dim(R/pF ) > i if and only if F ∈ F

(
∆〈i〉

)
and one has

(I∆)〈i〉 = I∆〈i〉 .
�
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Theorem 10. Let ∆ be a simplicial complex. Then the Björner–Wachs
polynomial of k[∆] can be computed from the f -triangle of ∆ via

BW(k[∆]; t, w) =
∑

fi,j(∆)witj(1− t)i−j .

In particular, hi,j(∆) is equal to hi,j(k[∆]); the coefficient of witj in
the Björner–Wachs polynomial of k[∆].

Proof. First, note that the coefficient of wi in the Björner–Wachs poly-
nomial of k[∆] is

[
BW(k[∆]; t, w)

]
wi

= h(Ui(k[∆]); t) = h (I∆〈i〉/I∆〈i−1〉 ; t) ,

since we have Ui(k[∆]) ∼= I∆〈i〉/I∆〈i−1〉 as graded R-modules. Now
from the exact sequence

0→ I∆〈i〉/I∆〈i−1〉 → k[∆〈i−1〉]→ k[∆〈i〉]→ 0
of graded R-modules it follows that

Hilb (I∆〈i〉/I∆〈i−1〉 ; t) = Hilb(k[∆〈i−1〉]; t)−Hilb(k[∆〈i〉]; t).
Thus

h(I∆〈i〉/I∆〈i−1〉 ; t) = h(k[∆〈i−1〉]; t)− h(k[∆〈i〉]; t)
(1− t)d−i

.

We can now conclude that[
BW(k[∆]; t, w)

]
wi

=
∑

j

(
fj−1(∆〈i−1〉)− fj−1(∆〈i〉)

)
(1− t)i−jtj .

However, fj−1(∆〈i−1〉)−fj−1(∆〈i〉) is equal to the number of faces of ∆
of cardinality j and degree i. The result now follows by using Lemma 8.

�

4. Generic Initial Ideal and Borel-fixed Ideals

In the sequel we discuss some basic properties of Borel-fixed ideals.
These properties will be of use in the next section.

We are only concerned with the reverse lexicographic order induced
by x1 < . . . < xn on the set Mon(R) of all monomials in R. In par-
ticular, in(I) and gin(I) denote the initial and generic initial ideal of
I with respect to this total ordering, respectively. The reader may
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consult [Eis95, Chapter 15] or [Gre98] for the precise definition and
properties of the generic initial ideal and Borel-fixed ideals.

Lemma 11. Let J ⊆ R be a Borel-fixed ideal. Then depth (R/J) is
equal to the smallest integer i such that J is a proper subset of J〈i〉 .

Proof. If p is the maximal associated prime of J , then the condition in
the statement is equivalent to dimR/p = i. Thus, it follows from [Eis95,
corollary 15.25] that p = 〈x1, . . . , xn−i〉 and xn−i+1, . . . , xn is a maxi-
mal (R/J)-regular sequence. In particular depth (R/J) = i.

�
Lemma 12. Let I ⊆ J be two homogeneous ideals in R. Then

dim (gin(J)/gin(I)) ≤ dim (J/I) .

Proof. After a generic change of coordinates, we may assume that
gin(I) = in(I) and gin(J) = in(J). We have

dim (J/I) = dim (R/I : J) = dim (R/in(I : J)) .
Thus, it suffices to show that in(I : J) ⊆ in(I) : in(J). Let f be a
polynomial in I : J . Then for all g ∈ J , the polynomial g · f belongs
to I. Hence, in(g · f) = in(g) · in(f) belongs to in(I) for all g ∈ J .
Therefore, we have in(f) belongs to in(I) : in(J).

�
Proposition 13. Let I be a homogeneous ideal in R. Then gin

(
I〈i〉

)
⊆

gin (I)〈i〉 for all 0 ≤ i < dim (R/I).

Proof. If I〈i〉 = I, then there is nothing to prove. Otherwise, by
Lemma 1, I〈i〉 /I has Krull dimension≤ i. So, it follows from Lemma 12
that dim

(
gin(I〈i〉 )/gin(I)

)
is less than or equal to i. It follows now

from Lemma 1 that
(
gin(I〈i〉 )/gin(I)

)
⊆
(
gin(I)〈i〉 /gin(I)

)
. There-

fore, gin
(
I〈i〉

)
is a subset of gin (I)〈i〉 , as desired.

�
For an ideal J of R and a polynomial f ∈ R, let us denote by

(J : f∞) the saturation of I with respect to f , that is, the ideal
(J : f∞) = {g ∈ R | fs · g ∈ I for some s > 0} .
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Next, we describe the dimension filtration of Borel-fixed ideals.

Lemma 14. Let J be a Borel-fixed ideal and assume that R/J has Krull
dimension d. Then one has J〈i+1〉 = (J〈i〉 : x∞n−i) for all 0 ≤ i ≤ d−1.

Proof. There are two possibilities that we treat separately:
Either J〈i+1〉 = J〈i〉 or J〈i〉 is a proper subset of J〈i+1〉.
Case 1: (J〈i+1〉 = J〈i〉 ). In this case the variable xn−i cannot appear in
the minimal generators of J〈i〉 . Thus, one has J〈i+1〉 = J〈i〉 = (J〈i〉 :
x∞n−i).
Case 2: (J〈i+1〉 6= J〈i〉 ). In this case there exists an (x1, . . . , xn−i)-
primary ideal q such that J〈i+1〉∩q = J〈i〉 . Since a power of xn−i should
be among the minimal generators of q, we have that (q : x∞n−i) = R.
Thus, one has (J〈i〉 : x∞n−i) ⊆ (J〈i+1〉 : x∞n−i) ∩ (q : x∞n−i) = J〈i+1〉.
On the other hand, we have J〈i〉 =

(
J〈i+1〉 ∩ q

)
⊇
(
J〈i+1〉 · q

)
. Hence,

one has also
(J〈i〉 : x∞n−i) ⊇ (J〈i+1〉 · q : x∞n−i) ⊇ J〈i+1〉,

as desired. �

Corollary 15. Let I ⊆ J be two Borel-fixed ideals in R. Then I〈i〉 ⊆
J〈i〉 for all 0 ≤ i ≤ dim(R/J).

Proof. The assertion follows easily from Lemma 14 by using induction
on i. �

5. Sequentially Cohen–Macaulay Algebras

In this section, we characterise sequentially Cohen–Macaulay stan-
dard N-graded algebras by means of the effect of the generic initial
ideal on the Björner–Wachs polynomial. More precisely, we show that
A is sequentially Cohen–Macaulay if and only if it has stable Björner–
Wachs polynomial under passing to generic initial ideal with respect to
reverse lexicographic order. Recall that, if I is a homogeneous ideal of
R, then A = R/I is sequentially Cohen–Macaulay (seqCM, for
short) if and only if for all 0 ≤ i ≤ dim(R/I), the i-th unmixed layer
Ui(A) of A is either zero or Cohen–Macaulay of dimension i. Note
that if J is Borel-fixed, then A = R/J is sequentially Cohen–Macaulay
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(see [HPV03, Corollary 2.5]). In particular, R/gin(I) is sequentially
Cohen–Macaulay for all homogeneous ideals I ⊆ R.

We start by giving a few conditions equivalent to the property of
being sequentially Cohen–Macaulay.

Proposition 16. Let I ⊆ R be a homogeneous ideal and assume that
A = R/I has Krull dimension d. Then the following are equivalent:
(a) A is sequentially Cohen–Macaulay;
(b) depth

(
R/I〈i〉

)
≥ i+ 1 for all 0 ≤ i < d;

(c) gin
(
I〈i〉

)
= gin

(
I〈i〉

)〈i〉 for all 0 ≤ i < d;
(d) gin

(
I〈i〉

)
= gin (I)〈i〉 for all 0 ≤ i < d;

(e) Hilb(R/gin(I〈i〉 ); t) = Hilb(R/gin(I)〈i〉 ; t) for all 0 ≤ i < d;
(f) Hilb(R/I〈i〉 ; t) = Hilb(R/gin(I)〈i〉 ; t) for all 0 ≤ i < d.

Proof. First note that the implications (e) ⇐⇒ (f) and (d) =⇒ (e)
are clear. On the other hand, by Proposition 13 we know that gin

(
I〈i〉

)

is always a subset of gin (I)〈i〉 . Hence, the equality between the Hilbert
series forces the ideals to be the same. So, the parts (d), (e) and (f) are
all equivalent.
Now consider the short exact sequence

0→ Ui+1(A)→ R/I〈i〉 → R/I〈i+1〉 → 0

of graded R-modules. Applying the depth lemma [BH93, Proposition
1.2.9] to the depth of Ui+1(A) gives us the implication (b) =⇒ (a).
To show the implication (a) =⇒ (b), we use induction on ` = d − i.
If ` = 1, then R/I〈d−1〉 = Ud(A) which is Cohen–Macaulay, since A is
sequentially Cohen–Macaulay . Hence, depth of R/I〈d−1〉 is equal to
d. Now, if we assume that depth

(
R/I〈i+1〉) ≥ i + 2, then the depth

lemma implies that depth
(
R/I〈i〉

)
≥ i + 1, since Ui+1(A) is Cohen–

Macaulay by assumption.
Observe that the equivalence between parts (b) and (c) follows from
Lemma 11 and the fact that depth

(
R/I〈i〉

)
= depth

(
R/gin(I〈i〉 )

)
.

Finally, to see the equivalence between parts (c) and (d), we note that
taking generic initial ideal of the both sides of I ⊆ I〈i〉 together with
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Proposition 13 imply that

gin (I) ⊆ gin
(
I〈i〉

)
⊆ gin (I)〈i〉 .

This, in turn, implies that

gin (I)〈i〉 ⊆ gin
(
I〈i〉

)〈i〉
⊆
(

gin (I)〈i〉
)〈i〉

= gin (I)〈i〉 .

�

Now we are in position to state the main result of this section.

Theorem 17. Let I ⊆ R be a homogeneous ideal. Then R/I is se-
quentially Cohen–Macaulay if and only if

BW (R/I; t, w) = BW (R/gin(I); t, w) .

Proof. This is an immediate consequence of Proposition 16. �

We will end this section with an application to the algebraic shifting
theory of simplicial complexes. Algebraic shifting, invented by Kalai,
is an operator that associate to every simplicial complex a shifted com-
plex, while preserving many interesting properties such as f -vector and
topological Betti numbers. We refer the reader to the survey article by
Kalai [Kal02] or the book by Herzog & Hibi [HH11] for precise define-
tions as well as all undefined terminologies in the sequel.

Theorem 18. Let k be a field of characteristic zero, ∆ a simplicial
complex and ∆s its symmetric algebraic shifting. Then ∆ is sequentially
Cohen–Macaulay (i.e., k[∆] is sequentially Cohen–Macaulay) if and
only if ∆ and ∆s have the same h-triangles.

Proof. We observe the simple fact that any shifted complex is sequen-
tially Cohen–Macaulay. Hence, Theorem 17 implies that k[∆s] has a
stable Björner–Wachs polynomial passing to the generic initial ideal.
However, it can be easily deduced from [HH11, Proposition 11.2.9] that
the Stanley–Reisner ideals of ∆ and ∆s have the same generic initial
ideal. Therefore, we may finish the argument by using Theorem 17
once more time. �
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Remark 19. For a simplicial complex ∆, the exterior non-face ideal
J∆ and the exterior face algebra k{∆} = E/J∆ can be defined anal-
ogously as the Stanley–Reisner ideal I∆ and the face ring k[∆]. The
exterior algebraic shifting of ∆ is then defined to be the simplicial com-
plex ∆e such that J∆e = gin(J∆). See [HH11, Chapters 5 & 11] for
exterior face rings and exterior algebraic shifting, or [Kal02] for a more
combinatorial approach. Duval [Duv96], proved that a simplicial com-
plex ∆ is sequentially Cohen–Macaulay if and only if ∆ and ∆e have
the same h-triangles. It should be noted that the symmetric and ex-
terior algebraic shifting do not necessarily coincide, even in the special
case of sequentially Cohen–Macaulay complexes. As an example illus-
trating this one may consider the complete bipartite graph K3,3, see
e.g. [Kal02, p. 128]. Let us also mention that one direction of Theo-
rem 18 can be deduced from basic properties of algebraic shifting as is
already noted in the proof of [BNT04, Proposition 7.7].

6. Connections to Local Cohomology Modules and
Extremal Betti Numbers

In this section we show that for a sequentially Cohen–Macaulay al-
gebra the Björner–Wachs polynomial and the Hilbert series of local
cohomology modules (supported on the maximal graded ideal m of R)
determine each other. Consequently, we show that the extremal Betti
numbers of a sequentially Cohen–Macaulay algebra can be read from its
Björner–Wachs polynomial. The connection between local cohomology
modules and Björner–Wachs polynomial is further studied by Sbarra
& Strazzanti [SbSt15].

We start by recalling some notions. The general references for the
facts that we use here are the books by Bruns & Herzog [BH93] and by
Stanley [Sta96].

Let M be a finitely generated Z-graded R-module. The injective
hull of M is the smallest injective module containing M . The injec-
tive hull ER(k) of k ∼= R/m as a graded R-module is isomorphic to
k[x−1

1 , . . . , x−1
n ]. The Matlis dual of M is defined to be

M∨ := HomR (M,ER(k)) .
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Theorem 20. Let A be a standard N-graded seqCM algebra of Krull
dimension d. Then one has

(t− 1)iHilb
(
Hi

m(A); t
)

= h (Ui(A); t)
for 1 ≤ i ≤ d.

Proof. First observe that, it follows from the Grothendieck local dual-
ity [Sta96, Theorem I. 12.3] and [HS02, Proposition 1.3] that
Hi

m(A) ∼= Extn−i
R (A,R(−n))∨ ∼= Extn−i

R (Ui(A), R(−n))∨ ∼= Hi
m(Ui(A))

where R(−n) is the canonical module of R (the free module with one
generator of degree n). Assume that Ui(A) 6= 0, and set M := Ui(A)
for simplicity. The module M is Cohen–Macaulay of Krull dimension
i. Now, if y ∈ R is an M -regular degree-one form, then the sequence

0→ Hi−1
m (M/yM)→ Hi

m(M)(−1)→ Hi
m(M)→ 0

is exact (see, e.g., [BH93, p. 176]). So, one has
(4) Hilb(Hi−1

m (M/yM); t) = (t− 1) ·Hilb(Hi
m(M); t).

Thus, if Θ = (y1, . . . , yi) is an M -regular sequence of 1-forms, then, by
repeating equation (4) say, one obtains

Hilb(H0
m(M/ΘM); t) = (t− 1)i ·Hilb(Hi

m(M); t).
However, M/ΘM being zero-dimensional, we have H0

m(M/ΘM) =
M/ΘM . On the other hand, Hilb(M/ΘM ; t) = h(M ; t) and we are
done.

�

Remark 21. It was shown by Herzog & Sbarra [HS02] that a finitely
generated Z-graded R-module is sequentially Cohen–Macaulay if and
only if passing to the reverse lexicographic generic initial module pre-
serves the Hilbert series of all local cohomology modules supported on
m. Their result together with Theorem 20 would imply one direction
of our Theorem 17.

Theorem 20, in particular, says that in the sequentially Cohen–
Macaulay case the Björner–Wachs polynomial and the Hilbert series
of local cohomology modules contain the same information. So, it



16 PAPER D

wouldn’t be surprising if we can detect the depth and the Castelnuovo–
Mumford regularity from the information contained in the Björner–
Wachs polynomial. In fact, one can show that all extremal Betti num-
bers of a sequentially Cohen–Macaulay algebra are determined from
the doubly indexed h-numbers.

Recall that Bayer, Charalambous & Popescu [BCP99] define a graded
Betti number β`,`+m(M) of a graded module M to be extremal if
β`,`+m(M) 6= 0 and βi,i+j(M) = 0 for all i ≥ ` and all j ≥ m such that
(i, j) 6= (`,m). Clearly. the projective dimension and the Castelnuovo–
Mumford regularity are determined from extremal Betti numbers.
Theorem 22. Let A be a standard N-graded seqCM algebra. Then
β`,`+m(A) is an extremal Betti number if and only if hn−`,m(A) 6= 0
and hn−j,k(A) = 0 for all j ≥ ` and all k ≥ m such that (k, j) 6= (m, `).
Moreover, if β`,`+m(A) is extremal, then β`,`+m(A) = hn−`,m(A).
Proof. By [BCP99, Proposition 1.1] we have that β`,`+m(A) is extremal
if and only if Extj

R(A,R(−n))k = 0 for all j ≥ ` and all k ≤ n−m− j
such that (k, j) 6= (n −m − `, `). Moreover, β`,`+m(A) is equal to the
number of minimal generators of Ext`

R(A,R(−n)) in degree n−m− `.
Now, if Un−j(A) 6= 0, set M := Un−j(A) for simplicity. Since A is
seqCM we have Extj

R(A,R(−n)) = Extj
R(M,R(−n)). The later mod-

ule is, however, isomorphic to to the graded canonical module ωM of
M (see [Eis95, p. 549], for instance). Hence, it follows from [BH93,
Corollary 4.4.6] that the dimension of Extj

R(A,R(−n))k is equal to the
coefficient of tk in

tn−j−r

(
r∑

s=0
hs(M)tr−s

)( ∞∑

a=0

(
n− j + a− 1

a

)
ta

)
,

where r := max{i|hi(M) 6= 0}. Notice that hs(M) = hn−j,s(A) for all
s. So, we have

dimk Extj
R(A,R(−n))k =

n−j∑

s=n−j−k

(
k + s− 1

k + s+ j − n

)
hn−j,s(A).

Finally, the non-negativity of doubly indexed h-numbers of A conclude
the argument. �
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Corollary 23. Let A be a standard N-graded seqCM algebra. Then
(a) the Castelnuovo-Mumford regularity of A is equal to the largest inte-

ger j such that tj appears with a nonzero coefficient in BW(A; t, w),
and

(b) the depth of A is equal to the smallest integer i such that wi appears
with a non-zero coefficient in BW(A; t, w).

�

7. Comments on Combinatorial Alexander Duality

We close this paper by two remarks on the Alexander dual of se-
quentially Cohen–Macaulay simplicial complexes.
A special case of Theorem 20, due to Herzog, Reiner & Welker [HRW99,
Proposition 12], has been proved to be a very useful tool. For instance,
it was recently used in [ABG15] in order to derive a characterisation of
the Betti table of componentwise linear ideals from a characterisation
of the h-triangle of sequentially Cohen-Macaulay simplicial complexes.
We shall take a closer look at this special case. Let ∆ be a simplicial
complex. In this situation, Hochster’s Theorem [Sta96, Theorem II.
4.1] asserts that

Hilb
(
Hi

m(k[∆]); t
)

=
∑

F∈∆
|F |=c

dimk H̃i−c−1(link∆F ;k) t−c

(1− t−1)c
.

Hence, if we denote by ∆∗ the combinatorial Alexander dual of ∆, then
it follows from the dual version of Hochster’s formula [ER98, Proposi-
tion 1] that

Hilb
(
Hi

m(k[∆]); t
)

=
∑

c

βi−c+1,n−c(k[∆∗]) t−c

(1− t−1)c
.

It follows then easily by combining Theorems 10 and 20 and the formula
above (together with a routine computation left to the reader) that
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Corollary 24 ([HRW99, Proposition 12]). Let ∆ be a seqCM simplicial
complex on [n]. Then, one has

(5)
∑

c

βi−c+1,n−c(k[∆∗])(t− 1)i−c =
∑

`

hi,`(∆)t`,

for all 0 ≤ i ≤ d = dimk[∆] .

�
It can be easily shown that exterior algebraic shifting and Alexander
duality commute, see e.g. [HT99, Lemma 1.1]. On the other hand, it is a
challenging open problem to show that symmetric algebraic shifting and
Alexander duality also commute. In practice, however, it is sometimes
enough to know that some invariants of k[(∆s)∗] and k[(∆∗)s] coincide.
For instance, the proof of Theorem 4.1 in [HS02] relies (implicitly) on
the property that:

Proposition 25. For a sequentially Cohen–Macaulay complex ∆ and
for all i and j one has βi,j(k[(∆s)∗]) = βi,j(k[(∆∗)s]).

�
While we are not aware of any reference showing this property, it can
be derived easily from our Theorem 18 and equation (5). Also, note
that the proof of equation (5) in [HRW99] is done without any refer-
ence to the Hilbert series of local cohomology modules. So, the above-
mentioned property can be used to give a direct simple proof that a
complex is sequentially Cohen–Macaulay if and only if the Hilbert series
of its local cohomology modules are stable under symmetric algebraic
shifting, as in [HS02, Theorem 4.1].
Acknowledgement. I would like to thank Mats Boij, Aldo Conca, Alex
Engström, Ralf Fröberg, Enrico Sbarra and Volkmar Welker for some
very helpful conversations. In particular, Theorem 20 is inspired by a
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Face numbers of sequentially Cohen-Macaulay complexes
and Betti numbers of componentwise linear ideals

Karim A. Adiprasito, Anders Björner and Afshin Goodarzi

Abstract. A numerical characterization is given of the so-called
h-triangles of sequentially Cohen-Macaulay simplicial complexes.
This result characterizes the number of faces of various dimen-
sions and codimensions in such a complex, generalizing the clas-
sical Macaulay-Stanley theorem to the nonpure case. Moreover,
we characterize the possible Betti tables of componentwise lin-
ear ideals. A key tool in our investigation is a bijection between
shifted multicomplexes of degree ≤ d and shifted pure (d − 1)-
dimensional simplicial complexes.

1. Introduction

The notion of sequentially Cohen–Macaulay complexes first arose in
combinatorics: Motivated by questions concerning subspace arrange-
ments, Björner & Wachs introduced the notion of nonpure shellabil-
ity [BW96, BW97]. Stanley then introduced the sequentially Cohen–
Macaulay property in order to have a ring-theoretic analogue of non-
pure shellability [Sta96]. Schenzel independently defined the notion of
sequentially Cohen–Macaulay modules (called by him Cohen–Macaulay
filtered modules [Sch99]), inspired by earlier work of Goto. In essence,
a simplicial complex is sequentially Cohen–Macaulay if and only if it is

1
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naturally composed of a sequence of Cohen–Macaulay subcomplexes,
namely the pure skeleta of the complex, graded by dimension. They
come with an associated numerical invariant, the so-called h-triangle,
which measures the face-numbers of each component according to a
doubly-indexed grading. Just as the classical h-vector determines the
numbers of faces of various dimensions of a simplicial complex, the
h-triangle determines the numbers of faces in each component of the
complex.

Motivated by the Macaulay-Stanley theorem for Cohen-Macaulay
complexes, which are always pure) Björner & Wachs [BW96] posed the
problem to characterize the possible h-triangles of sequentially Cohen–
Macaulay simplicial complexes. Via a connection that seems to have
up to now been overlooked, this problem is equivalent to character-
izing the possible Betti tables of componentwise linear ideals, see for
instance [CHH04, Theorem 2.3], [KK12] and [HRW99, Proposition 12].
After some significant initial progress, due to Duval [Duv96] and Ar-
avoma, Herzog & Hibi [AHH00], which reduced these two questions
to combinatorial settings, some partial results on the second question
were obtained by Crupi & Utano [CU03] and Herzog, Sharifan & Var-
baro [HSV14]. Part of the difficulty of this nonpure “Macaulay prob-
lem” is that, in contrast to the classical situation, it does not suffice to
use a criterion that makes a decision by only pairwise “Macaulay type”
comparisons of entries in the h-triangle.

Our main objective in this paper is to give a numerical characteri-
zation of the possible h-triangles of sequentially Cohen–Macaulay com-
plexes. The method that we use is based on a modification of a corre-
spondence between shifted multicomplexes and pure shifted simplicial
complexes, provided by Björner, Frankl & Stanley [BFS87]. Finally, we
also provide a characteristic-independent characterization of the possi-
ble Betti tables of componentwise linear ideals using our main result
and an observation made by Herzog, Sharifan & Varbaro [HSV14].

The paper is organized as follows. In Section 2, we present some
basic definitions and derive some necessary relations on the face num-
bers of sequentially Cohen–Macaulay complexes. Section 3 is devoted
to our study of the Björner, Frankl & Stanley (BFS) bijection, which
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we examine via a new connection to lattice paths. The numerical char-
acterization of the possible h-triangles of sequentially Cohen–Macaulay
complexes is the subject of Section 4. Finally, in Section 5 we present
a numerical characterization of the possible Betti tables of componen-
twise linear ideals.

2. Preliminaries

Simplicial complexes. A family ∆ of subsets of the set [n] := {1, 2, . . . , n}
is called a simplicial complex on [n], if ∆ is closed under taking sub-
sets, i.e. if F ∈ ∆ and F ′ ⊆ F , then F ′ ∈ ∆. The members F
of ∆ are called faces of ∆. The facets of ∆ are the inclusion-wise
maximal faces; the set of all facets of ∆ is denoted by F(∆). The
dimension dimF of a face F is one less than its cardinality and the
dimension of ∆ is defined to be the maximal dimension of a face. A
simplicial complex of dimension d−1 will be called a (d−1)-complex.
A (d − 1)-complex ∆ is called pure, if each facet of ∆ has dimension
d− 1.

For a (d− 1)-complex ∆, let ∆i := { i-dimensional faces of ∆ } and
let fi := |∆i|. The vector f(∆) = (f−1, f0, . . . , fd−1) is called the f-
vector of ∆. The subcomplex ∆(i) :=

⋃
j≤i ∆j is called the i-skeleton

of ∆. The pure i-skeleton ∆[i] of ∆ is the pure i-complex whose set
of facets is the set of i-dimensional faces of ∆, that is F(∆[i]) = ∆i.
The h-vector h(∆) = (h0, h1, . . . , hd) of ∆ is defined by

d∑

i=0
hiy

i =
d∑

i=0
fi−1(1− y)d−iyi.

For a (d − 1)-complex ∆, let h̃i,j = h̃i,j(∆) = hj(∆[i−1]). Then the
triangular integer array h̃(∆) = (h̃i,j)0≤j≤i≤d is called the h̃-triangle
of ∆. Also, define hi,j by the relation

hi,j = h̃i,j −
j∑

`=0
h̃i+1,`.(1)
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The triangular integer array h(∆) = (hi,j)0≤j≤i≤d is called the h-
triangle of ∆. Note that our definition of the h-triangle is equivalent
to the one presented in [BW96, Definition 3.1].

Let k be an infinite field and S = k[x1, x2, . . . , xn] the polynomial
ring over n variables. For a simplicial complex ∆ on [n], let I∆ be the
Stanley–Reisner ideal of ∆, that is the ideal

I∆ := 〈{xi1xi2 . . . xir : {i1, i2, . . . , ir} /∈ ∆}〉
of S. The quotient ring k[∆] := S/I∆ is called the face ring of ∆. The
complex ∆ is said to be Cohen–Macaulay over k, if k[∆] is Cohen–
Macaulay (see e.g. [HH11, page 273], for Cohen–Macaulay rings). A
topological characterization of the Cohen–Macaulay complexes can be
found in the book by Stanley [Sta96]. The reference to the base field
will usually be dropped and we simply say that ∆ is Cohen–Macaulay,
or CM for short.

A (d−1)-complex ∆ is said to be sequentially Cohen–Macaulay,
or SCM for short, if the pure i-skeleton ∆[i] of ∆ is CM for all i ≤ d−1.

A simplicial complex ∆ on [n] is called shifted if for all integers r
and s with 1 ≤ r < s ≤ n and all faces F of ∆ such that r ∈ F and
s /∈ F one has (F \ {r})∪{s} ∈ ∆. Recall that every shifted complex is
(non-pure) shellable [BW97], and a shifted complex is CM if and only
if it is pure.
Face numbers of CM complexes. LetWn = {w1, w2, . . . , wn} be a set of
variables. Amulticomplex M on V ⊆Wn is a collection of monomials
on V that is closed under divisibility. A multicomplex M on V is said
to be shifted, if for all xr and xs in V with r < s and all monomials
m in M divisible by xr one has that xs · (m/xr) ∈ M.

Let Mi denote the set of monomials in M of degree i. The sequence
f(M) = (f0, f1, . . .) is called the f-vector of M, where fi = |Mi|.
The numerical characterization of f -vectors of multicomplexes (due to
Macaulay [Mac27]) can be seen as the historical starting point for a
line of research that this investigation is part of.

The `-representation of a positive integer p is the unique way of
writing

p =
(
a`
`

)
+
(
a`−1
`− 1

)
+ . . .+

(
ae
e

)
,
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where a` > a`−1 > . . . > ae ≥ e ≥ 1. Define

∂`(p) =
(
a` − 1
`− 1

)
+
(
a`−1 − 1
`− 2

)
+ . . .+

(
ae − 1
e− 1

)
.

Also set ∂`(0) = 0 for all `. A vector f = (f0, f1, . . .) of non-negative
integers is called an M-sequence if f0 = 1 and ∂`(f`) ≤ f`−1 for all `.

A complete characterization of the h-vectors of CM complexes is
achieved by combining the results by Macaulay [Mac27] and Stan-
ley [Sta96, Sta77]. With some additional information taken from Björner,
Frankl & Stanley [BFS87] we get all parts of the following theorem.

Theorem 1 (Macaulay-Stanley Theorem). For an integer vector h =
(h0, h1, . . . , hd) the following are equivalent:
(a) h is the h-vector of a CM complex on [n] of dimension d− 1;
(b) h is the h-vector of a pure shifted complex on [n] of dimension d−1;
(c) h is the f -vector of a multicomplex on {w1, . . . , wn−d};
(d) h is the f -vector of a shifted multicomplex on {w1, . . . , wn−d};
(e) h is an M-sequence with h1 ≤ n− d.
Face numbers of SCM complexes: some necessary conditions. The h-
triangle of a shifted complex (more generally, a shellable complex) has
a combinatorial interpretation that we now recall, the reader may con-
sult [BW96, BW97] for more information. For a shifted complex ∆,
reverse lexicographic order of the facets is a shelling order with re-
striction map R(F ) = F \ σ(F ), where σ(F ) is the longest segment
{s, . . . , n} ⊆ F if n ∈ F and is empty otherwise. In particular, one
obtains that

hi,j(∆) = |{F ∈ F(∆) : |F | = i & |σ(F )| = i− j}| .(2)
Algebraic shifting is an operator on simplicial complexes that associates
to a simplicial complex a shifted complex, preserving many interest-
ing invariants of the complex. We refer the reader to the article by
Kalai [Kal02] or the book by Herzog & Hibi [HH11] to see the precise
definition and properties. It was shown by Duval [Duv96] that a com-
plex is SCM if and only if algebraic shifting preserves its h-triangle (or,
equivalently h̃-triangle). In particular, the set of h-triangles of SCM
complexes coincides with the set of h-triangles of shifted complexes.
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Putting these facts together we can deduce the following necessary
conditions.

Proposition 2 (c.f. [BW96, Theorem 3.6]). If a triangular integer
array h̃(∆) = (h̃i,j)0≤j≤i≤d is the h̃-triangle of a SCM complex, then
(a) every row h̃[i] := (h̃i,0, h̃i,1, . . . , h̃i,i) is an M-sequence; and
(b) h̃i,j ≥

∑

`≤j
h̃i+1,`.

These necessary conditions are, however, not sufficient, as the fol-
lowing example shows.

Example 3. The triangular integer array

h̃ =

1
1 5
1 4 7
1 3 3 4
1 2 0 0 0

satisfies the conditions in Proposition 2. However, there exists no SCM
complex with the given array as its h̃-triangle.

To see this, assume the contrary and let ∆ be a shifted complex
with h̃(∆) = h̃. Let X and Y be the pure 3- and 2-skeleton of ∆,
respectively. It follows from equation (2) that X is obtained by taking
three iterated cones from a disjoint union of 3 points. Now, looking
at f -vectors, it is clear that the underlying graph (1-skeleton) of Y is
the same as the underlying graph of X, which is a complete 4-partite
graph K3,1,1,1. Now, if we remove from Y the smallest vertex in the
shifted ordering, the underlying graph becomes K3,1,1. However, this
graph has only 3 missing triangles, whereas Y has 4 homology facets
(i.e., facets F with R(F ) = F ). Thus we get a contradiction.

Remark Criterion (e) in Theorem 1 shows that in order to decide
whether h is the h-vector of a Cohen-Macaulay simplicial complex it
suffices to check a certain criterion for pairs of entries of h. The answer
is yes if and only if the answer is yes for every pair of consecutive entries.

The same is not true for SCM complexes as shown by the necessity
of condition (b) in Proposition 2, as well as by Example 3. More than
pairwise checks are needed here.
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3. A Combinatorial Correspondence

Correspondences between monomials and sets (or, between sets with
repetition and sets without) are well-known in combinatorics. We are
going to make crucial use of such a correspondence, namely a more
precise and elaborated version of the bijection defined in [BFS87], see
Remark 7. We call this the BFS correspondence. It is conveniently
explained in terms of lattice paths.

By a lattice path from (0, 0) to (r, a) we mean a path restricted
to east (E) and north (N) steps, each connecting two adjacent lattice
points. Thus, a lattice path can be seen as a word L = L1, L2, . . . , Lr+a
on the alphabet {N,E} with the letter N appearing exactly a times.
For two lattice paths L and L′, let L < L′ mean that L never goes
above L′. The poset consisting of all lattice paths from (0, 0) to (r, a)
ordered by this partial order will be denoted by Lr,a.

The lattice paths in Lr,a can be encoded in two natural ways: either
by the position of the north steps, or by the number of north steps in
each column. Thus, for L ∈ Lr,a let us define:
• ν(L) is the set of positions within L of its north steps, i.e. ν(L) :=
{i : Li = N};

• λ(L) is the monomial
r∏
i=1

w
λi(L)
i , where λi(L) is the number of north

steps of L coordinatized as (i− 1, j)→ (i− 1, j + 1), for some j.
Example 4. Let L = NEENENNEEEN . Then ν(L) = {1, 4, 6, 7, 11}
and λ(L) = w1w3w

2
4, see Figure 1.

A few more definitions are needed. Recall that an order ideal Q in
a poset P is a subset Q ⊆ P such that if x ∈ Q and z < x then z ∈ Q.
We use the following notation:
•
(

[r+a]
a

)
= the set of a-element subsets of {1, 2, . . . , r + a};

•
((

Wr

≤a

))
= the set of monomials of degree ≤ a in indeterminates

Wr = {w1, . . . , wr}.
We leave to the the reader to verify the following simple observations.

Proposition 5. The following holds true:
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Figure 1. The lattice path L = NEENENNEEEN
from (0, 0) to (6, 5).

(a) The map ν induces a bijection between shifted set families in
(

[r+a]
a

)

and order ideals in Lr,a.
(b) The map λ induces a bijection between shifted multicomplexes in((

Wr

≤a

))
and order ideals in Lr,a. �

Now, let a be a positive integer and m a monomial on Wr such that
deg m ≤ a. Define ϕa(m) to be the a-subset νλ−1(m) of [r + a]. We
drop the integer a from the notation whenever there is no danger of
confusion. Also, let ψ be the inverse of ϕ. The situation is illustrated
in the following diagram of bijective maps:

Lr,a
λ

zz
ν
��((

Wr

≤a

)) ϕ ,,
(

[r+a]
a

)
ψmm

Proposition 6 (BFS correspondence).
(a) The map ϕ := νλ−1 induces a bijection ϕ, with inverse ψ, between

shifted multicomplexes in
((

Wr

≤a

))
and shifted set families in

([r+a]
a

)
.

(b) For a pure shifted (a − 1)-complex ∆ with facets F(∆), one has
h(∆) = f(ψ(F(∆))).
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Proof. The first part follows from Proposition 5. For the second part,
observe that for a facet F of ∆, the cardinality of its restriction R(F ),
as discussed in connection with equation (2), is equal to the number of
N steps in the last column of ν−1(F ). Hence,

|R(F )| = |F | − |σ(F )| = degψ(F ).

This implies that hi(∆) = fi(ψ(F(∆))) for all i. �

Remark 7. Our map ϕ from monomials to sets can be shown to be
identical to the map ϕ defined in [BFS87, page 30], up to relabeling
(reversing the order of vertices and monomials).

It was shown in [BFS87] for multicomplexes M, that if M is com-
pressed then ϕ(M) is shellable. Also, we have seen here that if M is
shifted then ϕ(M) is shifted. Since compressed ⇒ shifted ⇒ shellable,
the second implication strengthens the previous one at both ends of the
implication arrow.

Definition 8. Let a be a positive integer and M a shifted multicomplex
on Wr of degree less than or equal to a. Define Φa(M) = Φ(M) to be
the simplicial complex whose set of facets, F(Φ(M)), is ϕ(M). Also,
for a pure shifted (a− 1)-complex ∆, set Ψ(∆) to be the multicomplex
consisting of monomials ψ(F ), for all facets F of ∆.

Let a be a positive integer and M a shifted multicomplex on Wr of
degree less than or equal to a. Define the a-cone C a

r+1M of M to be

C a
r+1M =

{
w`r+1 ·m : m ∈ M and deg m + ` < a

}
.

We will drop the indices r+ 1 and a from the notation, when it is clear
from the context. The cone construction on multicomplexes can be
seen as a non-square-free analogue of the topological cone. However,
it is more useful to see it as an analogue of yet another combinatorial
construction; the codimension one skeleton of a simplicial complex.

Proposition 9. Let M be a shifted multicomplex on Wr of degree less
than or equal to a. Then the set C a

r+1M is a shifted multicomplex on
Wr+1. Furthermore, Φa−1(C a

r+1M) is the (a− 2)-skeleton of Φa(M).
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Proof. Obviously, C a
r+1M is a pure shifted multicomplex on Wr+1 of

degree a− 1. Set ∆ = Φa(M). Then the facets of the codimension one
skeleton of ∆ are

F(∆(a−2)) = {F \ j : F ∈ F(∆) & j ∈ σ(F )}.
Let F be a facet of ∆ and j an element in σ(F ). Observe that if
ν−1(F ) = L1, . . . , Lr+a, then Lj = N and that ν−1(F \ j) is the lattice
path from (0, 0) to (r+ 1, a− 1) obtained by changing Lj to an E step.
On the level of monomials this is the same as multiplying by a suitable
power of wr+1. �

We wish to extend the BFS bijection to the realm of not-necessarily-
pure shifted complexes, the motivation being to make this useful tool
available for SCM complexes. To do so we need the following definition.

Definition 10 (Metacomplex). A d-metacomplex is a sequence M =
(M[0],M[1], . . . ,M[d]) of multicomplexes on W such that
(a) M[i] is a multicomplex on {w1, . . . , wn−i} of degree less than or

equal to i, for all 0 ≤ i ≤ d; and
(b) C iM[i] ⊆ M[i−1], for all 1 ≤ i ≤ d.
Also, define the f-triangle of M to be the triangular integer array
f(M ) = (fi,j)0≤j≤i≤d, where fi,j(M ) is the number fj(M[i]) of de-
gree j monomials in M[i]. A metacomplex is shifted if all underlying
multicomplexes M[i] are.

For a d-metacomplex M , let Φ(M ) be the union

Φ(M ) =
d⋃

i=0

{
ϕi(m) : m ∈ M[i]

}

of subsets of [n]. It follows by Proposition 9 that the shadow of the
collection of i-sets in Φ(M ) is contained in the collection of (i−1)-sets,
for all i ∈ [d]. Thus, Φ(M ) is a shifted (d − 1)-complex on [n]. Also,
Proposition 6(b) implies that the h̃-triangle of Φ(M ) coincides with
the f -triangle of M .

Conversely, for a shifted (d− 1)-complex ∆ on [n] the sequence

Ψ(∆) := (Ψ(∆[0]),Ψ(∆[1]), . . . ,Ψ(∆[d]))
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is a metacomplex, whose f -triangle coincides with the h̃-triangle of ∆.
Summarizing, we have established this:

Proposition 11 (Extended BFS correspondence). The pair (Φ,Ψ) is
a bijection between shifted d-metacomplexes on W and shifted (d− 1)-
complexes on [n]. Moreover, one has h̃(∆) = f(Ψ(∆)). �

The extended BFS correspondence can also be derived in terms of
lattice paths. Namely, let L̂r,a be the set of all {N,E} lattice paths
beginning at (0, 0) and ending at some point among (n− j, j), 0 ≤ j ≤
d. Then the order ideals in L̂r,a correspond bijectively to shifted d-
metacomplexes on W on the one hand and to shifted (d−1)-complexes
on [n] on the other.

4. Face Numbers of SCM Complexes: A Numerical
Characterization

In this section we give a numerical characterization of possible h̃-
triangles of SCM complexes. For that purpose, we need to consider
special kinds of integer systems D = {qm}m, indexed by monomials
m of degree less than or equal to t on a set Ws = {w1, w2, . . . , ws} of
variables.

Definition 12. Let s and t be integers, 1 ≤ s, t ≤ d. An Ms,t-array
is a function q :

((
Ws

≤t

))
→ Z+ (whose values we write qm rather than

the conventional q(m)), such that
(1) if deg(m) = t− ` and m′ = uj · (m/ui) for some i < j such that ui

divides m, then qm ≤ qm′ ;
(2) if deg m = t, then qm = 1;
(3) if m′ = m·uj for some j ∈ [s] and deg(m) = t−`, then ∂`(qm) ≤ qm′ .
Furthermore, let h = (h0, h1, . . . , hd) be an M -sequence and r ∈ Z+ an
integer. An Ms,t(h)-composition of r is an Ms,t-array D = {qm}m
such that
(4) h` ≤ qm if deg(m) = t− `;
(5)

∑
m qm = r.

For an Ms,t-array D = {qm}m, we let ΣsD be the sum of all qm such
that us divides m. That given, we define:
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(6) ρs,t(r; h) = min {ΣsD : D is an Ms,t(h)-composition of r} .
(7) An Ms,t(h)-composition D of r is said to be a minimal if ΣsD =

ρs,t(r; h).

Example 13. Let h = (1, 4, 9, 4, 1) and r = 22. Then

D1 = {q1 = 10, qu1 = 4, qu2 = 5, qu
2
1 = qu

2
2 = qu1u2 = 1}, and

D2 = {q1 = 9, qu1 = 5, qu2 = 5, qu
2
1 = qu

2
2 = qu1u2 = 1}

are two minimal M2,2(h)-compositions of 22. Whereas,

D3 = {q1 = 9, qu1 = 4, qu2 = 6, qu
2
1 = qu

2
2 = qu1u2 = 1}

is a non-minimal M2,2(h)-compositions of 22.

Clearly, for an integer r and a triple (h, t, s), as in Definition 12 and
such that r is greater than or equal to

∑t
i=0
(
s+i−1
i

)
ht−i, an Ms,t(h)-

composition of r exists. Hence, the quantity ρs,t(r; h) is well-defined.
However, there is a canonical way to obtain a minimal composition that
we now discuss.

Remark 14. Note that for s = 1 condition (1) is void and the array
is linear. So, by conditions (2) and (3) the concept is then equivalent
to that of an ordinary M -sequence.

Let us first fix some notation. For a positive integer p with `-
representation

p =
(
a`
`

)
+
(
a`−1
`− 1

)
+ . . .+

(
ae
e

)
,

where a` > a`−1 > . . . > ae ≥ e ≥ 1. Define

∂〈`,j〉(p) =
(
a` − j
`− j

)
+
(
a`−1 − j
`− j − 1

)
+ . . .+

(
ae − j
e− j

)
.

In particular, ∂〈`,0〉(p) = p and ∂〈`,1〉(p) = ∂`(p). Note that ∂〈`,j〉(p)
is a lower bound on the number of monomials of degree ` − j in a
multicomplex M with f`(M) = p.

Let us define a linear order on the monomials of degree less than or
equal to t on the set Us of variables. For all i, set 1 <i ui <i u

2
i <i
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. . . <i u
t
i. Finally set <π to be the product order of all <i induced by

u1 < . . . < us. Also, for a monomial m of degree t − ` on Us and a
non-negative integer j ≤ t define
cj(m) = | {monomials m′ on Us,t−j : deg m′ = t− j & m <π m′} |.
Construction 15. Let r, h, t and s be as in Definition 12. We con-
struct a minimal Ms,t(h)-composition of r inductively as follows.
(1) Set q1 to be the maximum integer p such that

t∑

j=1

(
s+ j − 1

j

)
·max{ht−j , ∂〈t,j〉(p)} ≤ r − p.

(2) Let m be a monomial of a positive degree t−` and assume that qm′

is defined for all monomials m′ <π m. Set qm to be the maximum
integer p such that the quantity

∑

m′<πm
qm′ +

∑̀

j=0
c`−j(m) ·max{h`−j , ∂〈`,j〉(p)}

+
t∑

j=`+1
cj(m) ·max{qm′ : deg m′ = t− j & m′ <π m}

is not greater than r − p.
It is not difficult to see that the construction above yields a minimal
Ms,t(h)- composition of r. This minimal composition will be called the
regular Ms,t(h)-composition of r.

The following is our main result.

Theorem 16. A triangular integer array h̃ = (h̃i,j)0≤j≤i≤d is the h̃-
triangle of a sequentially CM complex if and only if
(a) Every row h[i] = (h̃i,0, h̃i,1, . . . , h̃i,i) is an M-sequence;
(b) h̃i,j ≥

∑
`≤j h̃i+1,`;

(c) ρj,d−i(h̃i,j ; h[d]) ≤ h̃i,j−1.

Proof of the necessity part of Theorem 16. The conditions (a) and (b)
are already discussed in Proposition 2. We shall prove the necessity of
condition (c).
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Let ∆ be a shifted (d− 1)-complex and M := (M[0],M[1], . . . ,M[d])
its associated metacomplex on W . Let us also denote by Qi,j the
set of all monomials in M[i] of degree j. In particular, the cardi-
nality of the set Qi,j is equal to h̃i,j . Now, for a monomial m on
U = {wn−d+1, . . . , wn−i}, consider the set

Qm
i,j = {p = p(w1, . . . , wn−i) ∈ Qi,j : p(1, . . . , 1, wn−d, . . . , wn−i) = m} .

We denote by qm
i,j the cardinality of the set Qm

i,j .

Claim. Setting ut := wn−d+t, for all t ∈ [d−i], the system D = {qm
i,j}m

is an Mj,d−i(h[d])-composition of h̃i,j.

Proof of the claim. First observe that the sets Qm
i,j form a partition of

Qi,j . Hence, the condition (5) of Definition 12 is satisfied. Now, let
m be a monomial of degree j − ` on U and m′ = uk (m/ur) for some
r and k such that r < k ≤ d − i and ur divides m. It follows from
Proposition 11 and Definition 10 that h̃d,` ≤ qm

i,j . Also, since M[i] is
shifted for every p ∈ Qm

i,j one has uk · u−1
r · p ∈ Qm′

i,j . Thus, we have
qm
i,j ≤ qm′

i,j and the condition (1) is also valid.
Finally, set m′ = uk ·m for some k ≤ d−i. Let p be a monomial in Qm

i,j .
For every w in {w1, . . . , wn−d} that divides p, the monomial uk · (p/w)
is in Qm′

i,j , since M[i] is shifted. Hence, the shadow of the collection
{p/m : p ∈ Qm

i,j} of monomials is contained in {p′/m′ : p′ ∈ Qm′
i,j}.

This verifies the condition (3) of Definition 12. Therefore, D = {qm
i,j}m

is a Mj,d−i(h[d])-composition of h̃i,j .
�

To complete the proof of necessity, for every monomial m on U that is
divisible by wn−i, set m′ = m/wn−i. The division map

×w−1
n−i : Qm

i,j → Qm′
i,j−1

is an injection, since M[i] is a multicomplex. Hence, we have

Σd−iD =
∑

wn−i|m
qm
i,j ≤

∑

m′
qm′
i,j−1 = h̃i,j−1.
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Therefore we have ρj,d−i(h̃i,j ; h[d]) ≤ h̃i,j−1, as desired. �

Proof of the sufficiency part of Theorem 16. Let h̃ be a triangular in-
teger array satisfying Conditions (a), (b) and (c) of the statement. In
the light of Proposition 11, it suffices to construct a metacomplex M
such that f(M ) = h̃. We construct M as follows:
(1) Let M[d] be the compressed multicomplex on {w1, w2, . . . , wn−d}

consisting of the first h̃d,j monomials of degree j in the reverse
lexicographic order, for all 0 ≤ j ≤ d.

(2) Let i be an integer less than d. We shall construct M[i]. For j ≤ i,
let Di,j = {qm

i,j}m be the regular Mj,d−i(h[d])-composition of h̃i,j .
Consider the change of variables ut → wn−d+t, for t ∈ [d− i]. We
will use the same notation m to denote the image of m under this
change of variables, this should not lead to any confusion.

Now, for a monomial m of degree ` on {wn−d+1, . . . , wn−i},
let Pm

i,j be the set of the first qm
i,j monomials of degree j − ` on

{w1, . . . , wn−d} in reverse lexicographic order. Also, let

Qi,j =
⋃

m

{
m · p : p ∈ Pm

i,j

}
.

Finally, we set M[i] =
⋃i
j=0Qi,j .

Clearly, the number of elements of degree j in M[i] is h̃i,j . Also, given
that the M[i]’s are shifted multicomplexes, it follows from Condition (b)
that C i+1M[i+1] ⊆ M[i]. Thus, it only remains to show that M[i] is a
shifted multicomplex. We first show that Qi,j is a shifted family of
monomials, for all j. Let p be a monomial in Qm

i,j , wr and wk two
variables in {w1, . . . , wn−i} such that k < r and wk divides p. We shall
show that wr · (p/wk) ∈ Qi,j . Consider the following cases:
Case 1. (k < r ≤ n − d): If p′ = p/m, then we have wr · (p′/wk) ∈ Pm

i,j ,
since Pm

i,j is shifted. Hence, wr · (p/wk) ∈ Qm
i,j .

Case 2. (k ≤ n − d < r ≤ n − i): Note that the shadow of Pm
i,j is con-

tained in Pm′
i,j by Condition 12(3), where m′ = wr · m. Thus,

wr · (p/wk) ∈ Qm′
i,j .
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Case 3. (k ≤ n − d < r ≤ n − i): . Condition (1) of Definition 12 im-
plies that Pm

i,j is contained in Pm′
i,j , for m′ = wr · (m/wk). In

particular, wr · (p/wk) ∈ Qm′
i,j and Qi,j is a shifted family.

Finally, assume that p is a monomial in Qi,j and w is a variable dividing
p. The shifted property insures that wn−i · (p/w) ∈ Qi,j . However, it
follows from Condition (c) that p/w ∈ Qi,j−1. This shows that M[i] is
a multicomplex. �

5. Betti Tables of Componentwise Linear Ideals

In this section we obtain a characterization of the possible Betti
diagrams of componentwise linear ideals in a polynomial ring over a
field of arbitrary characteristic. We start by recalling some definitions
and refer the reader to the book by Herzog & Hibi [HH11] for undefined
terminology.

An ideal I is said to have an r-linear resolution if bs,s+`(I) = 0
for all ` 6= r. For an ideal I, let I(r) be the ideal generated by all
monomials of degree r in I. Then I is called componentwise linear
if I(r) has an r-linear resolution for all r.

For square–free monomial ideals the notion of componentwise lin-
earity is dual to sequential Cohen–Macaulayness in the sense that: the
Stanley–Reisner ideal I∆ of a complex ∆ is componentwise linear if
and only if its Alexander dual ∆∗ is SCM. In particular, the Stanley–
Reisner ideal of a shifted complex is componentwise linear; such an ideal
is called square–free strongly stable. The square–free strongly sta-
ble ideals are square–free analogues of strongly stable ideals. Recall
that, a monomial ideal I ⊆ S is said to strongly stable if for every
monomial u in the minimal set G(I) of monomial generators of I and
all i < j such that xj divides u, one has xi · (u/xj) is in I.

Observation 17 (Herzog, Sharifan & Varbaro, [HSV14]). The set of
Betti tables of componentwise linear ideals in a polynomial ring over a
field of an arbitrary characteristic coincides with those of the strongly
stable ideals.

In characteristic zero, it is known [HH11, Theorem 8.2.22] that com-
ponentwise linearity can be characterized as ideals with stable Betti
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table under (reverse lexicographic) generic initial ideal. The interest-
ing part of the observation is that the characterization of the Betti
tables does not depend on the characteristic. We do not rewrite the
observation here, instead we refer the reader to [HSV14, page 1879] for
more details.

Proposition 18. The set of all Betti tables of r-regular componentwise
linear ideals in the polynomial ring k[x1, . . . , xn] coincides with the set
of all Betti tables of r-regular square–free strongly stable ideals in the
polynomial ring k[x1, . . . , xn+r−1].

Proof. Note that, the Betti table of an ideal depends only on the set
of generators, in the sense that if I ⊆ k[x1, . . . , xn] and J is the ideal
generated by the set G(I) of generators of I in the polynomial ring
k[x1, . . . , xn+r], then I and J have the same Betti tables. Now the
conclusion follows from [HH11, Lemma 11.2.5] and [HH11, Lemma
11.2.6]. �

Let I be a square–free strongly stable ideal in S. For u ∈ G(I),
let us denote by m(u) the biggest index t such that xt divides u. If
d = {min deg u : u ∈ G(I)}, then for ` ≥ d define:

mk,`(I) = | {u ∈ G(I) : deg u = ` & m(u) = k + `− 1} |.
Clearly, mk,` = 0 if k + ` is greater than n+ 1. Thus we may think of
the collection of doubly indexed m-numbers as a triangular array. The
triangular integer array m(I) =: (mk,`); 1 ≤ k ≤ n− `+ 1 ≤ n− d+ 1,
is called the reduced array of generators of I.

The square–free version of Eliahou–Kervaire implies (see [HH11,
Subsection 7.2]) that

bs,s+`(I) =
n∑

k=s−1

(
k

s

)
mk,`(I),

or equivalently

(3)
∑

s≥0
bs,s+`(I)ts =

∑

s≥0
ms+1,`(I)(1 + t)s.
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In particular, the characterisation of the possible Betti tables of
square–free strongly stable ideals is equivalent to characterizing the
possible reduced arrays of generators. Following [HSV14] for a square–
free strongly stable ideal I we also consider doubly indexed µ-numbers
defined recursively by the following relation

m`,k = µ`,k −
∑̀

q=1
µq,k−1.(4)

The triangular integer array m̃(I) = (µ`,k); 1 ≤ k ≤ n− `+ 1 ≤ n− d+ 1,
is called the array of generators of I.

The task of characterizing all possible (reduced) arrays of generators
of square–free strongly stable ideals, however, translates nicely into
combinatorics as follows.

Lemma 19. Let ∆ be a shifted simplicial complex on [n]. Then

ms+1,k(I∆) = hn−k,s(∆∗).

In particular, the array of generators of I∆ is the same as h̃-triangle of
∆∗ (up to a suitable rotation).

Proof. For a facet F in a shifted simplicial complex on [n], let `F be
the smallest integer such that `F ∈ σ(F ), if σ(F ) is non-empty and
otherwise set `F = n+ 1. It follows from equation (2) that

hn−k,s(∆∗) = | {F ∈ F(∆∗) : |F | = n− k & `F = s+ k + 1} |.
Now, observe that the complement map F 7→ F c induces a bijection
between F(∆∗) and G(I∆) with the property that: if u is the image of
F , then deg u + |F | = n and `F − 1 = m(u). Hence, we obtain

hn−k,s(∆∗) = | {u ∈ G(I∆) : deg u = k & m(u) = s+ k} | = ms+1,k(I∆).

The last part of the statement follows by comparing equations (1)
and (4). �

The following corollary first appeared in [HRW99, Proposition 12].
Unfortunately, there is a misprint in the statement in the published
version of the paper.
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Corollary 20. Let ∆ be sequentially Cohen-Macaulay. Then
∑

i≥0
bi,i+j(I∆∗)ti =

∑

i≥0
hn−j−1,i(∆)(1 + t)i.

Proof. Using algebraic shifting, it is enough to prove the result for
the special case of shifted complexes. However, in this case the result
follows from equation (3) and Lemma 19. �
Theorem 21. A triangular integer array

µ̃ = (µ`,k) ; 1 ≤ k ≤ n− `+ r ≤ n− d+ r,

is the array of generators of an r-regular componentwise linear ideal
with minimum degree of a generator equals to d on S if and only if
(a) Every column µ[j] = (µ̃1,j , µ̃2,j , . . . , µ̃n+r−j,j) is an M-sequence;
(b) µ̃i,j ≥

∑
`≤i µ̃`,j−1;

(c) ρi,j−d+1(µ̃i+1,j ;µ[d]) ≤ µ̃i,j.
Proof. This follows from Lemma 19 and Theorem 16. �
Acknowledgements. K. Adiprasito was supported by an EPDI/IPDE
postdoctoral fellowship, and a Minerva fellowship of the Max Planck
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Connectivity of pseudomanifold graphs from an algebraic
point of view

KARIM A. ADIPRASITO, AFSHIN GOODARZI, AND MATTEO VARBARO

Abstract. The connectivity of graphs of simplicial and poly-
topal complexes is a classical subject going back at least to
Steinitz, and the topic has since been studied by many authors,
including Balinski, Barnette, Athanasiadis and Björner. In this
note, we provide a unifying approach which allows us to obtain
more general results. Moreover, we provide a relation to commu-
tative algebra by relating connectivity problems to graded Betti
numbers of the associated Stanley–Reisner rings.

Introduction

A graph G is said to be k-connected if it has at least k vertices and
removing any subset of vertices of cardinality less than k results in a
connected graph. The connectivity number κG of G is the maximum
number k such that G is k-connected.

K. Adiprasito was supported by an EPDI/IPDE postdoctoral fellowship and a
Minerva fellowship of the Max Planck Society.

M. Varbaro was supported by PRIN 2010S47ARA_003 “Geometria delle Varietà
Algebriche".
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The classical Steinitz’s theorem [Ste22] (see also [Zie95, Lecture
4]) asserts that a graph G is the underlying graph (1-skeleton) of
a 3-polytope if and only if G is 3-connected and planar. In 1961,
Balinski extended the “only if” direction of Steinitz’s theorem by showing
that the underlying graph of a d-polytope is d-connected, cf. [Zie95,
p. 95]. David Barnette showed that the same bound is also valid for
the connectivity number of underlying graphs of (d − 1)-dimensional
simplicial pseudomanifolds [Bar82].

Athanasiadis [Ath11] showed that if the pseudomanifold is a flag
simplicial complex (i.e. the clique complex of its 1-skeleton), then this
lower bound can be improved to 2d−2. Björner and Vorwerk quantified
this connection using the notion of banner simplicial complexes [BV15].

The purpose of this note is to provide a unifying approach which
allows us to obtain more general results in the simplicial case.

1. Basics in commutative algebra

Our aim in this section is to relate global properties of a simplicial
complex to the connectivity number of its underlying graph using the
Hochster formula from commutative algebra. We start by recalling
some notions, and refer to [MS05, HH11] for exact definitions and more
details.

Let ∆ be a simplicial complex on the vertex set [n] := {1, . . . , n}. Let
k be a field and S = k[x1, . . . , xn] the polynomial ring in n variables
over k. The Stanley–Reisner ideal I∆ ⊂ S of ∆ is the ideal generated
by monomials xF :=

∏
i∈F xi for all F not in ∆. The quotient ring

k[∆] = S/I∆ is called the face ring of ∆. Let
Fk[∆] := 0→ Fp → Fp−1 → · · · → F1 → F0 → k[∆]→ 0,

be the minimal graded free resolution of k[∆], with Fi =
⊕

j S(−j)bi,j

in homological degree i. The number bi,j = bi,j(k[∆]) is the graded
Betti number of S/I in homological degree i and internal degree
j. The length of the j-th row in the Betti table will be denoted by
lpj(k[∆]), that is

lpj(k[∆]) := max{i | bi,i+j−1(k[∆]) 6= 0}.
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We also denote by ti(k[∆]) the maximum internal degree of a mini-
mal generator in the homological degree i that is max{j | bi,j 6= 0}. The
projective dimension of k[∆] is the maximum i such that bi,j 6= 0,
for some j. The regularity of k[∆] is defined to be maxi{ti(k[∆])− i}.
Definition 1. Let ∆ be a simplicial complex such that k[∆] has reg-
ularity r. Set m = lpr+1(k[∆]). We say S/I satisfies the property A
if
(1) lp2(k[∆]) ≤ m,
(2) bm−i,m−i+1(k[∆]) ≤ bi,i+r−1(k[∆]), for all 0 ≤ i ≤ m.
We also say that k[∆] satisfies the property Bs if for all i < s one has
ti(k[∆]) < r + i− 1.

Remark 2 (Relations to Poincaré duality and the flag property).
(1) If ∆ is Gorenstein, then it satisfies the property A. However, the

property only requires a much simpler property than Poincaré–
Lefschetz duality; a simple inequality shall be enough, see Lemma
7.

(2) If ∆ is flag, then it is easy to see that it ts(k[∆]) ≤ 2s for all s and
therefore k[∆] satisfies Br−1.

Proposition 3. Let ∆ be a simplicial complex such that k[∆] has
regularity r. Moreover, assume that k[∆] satisfies the properties A and
Bs. Then one has

s ≤ lpr+1(k[∆])− lp2(k[∆]).

Proof. We have
lpr+1(k[∆])− lp2(k[∆]) = m−max{j | bj,j+1(k[∆]) 6= 0}

= min{m− j | bj,j+1(k[∆]) 6= 0}
≥ min{m− j | bm−j,m−j+r−1(k[∆]) 6= 0} (Property A)
= min{k | bk,k+r−1(k[∆]) 6= 0}
≥ min{k | tk(k[∆]) ≥ k + r − 1}

where the last term is at least s by Property Bs. �
The following observation relates our study to the the connectivity

number.
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Observation 4. Let ∆ be a simplicial complex on the vertex set [n]
and κ be the connectivity number of its underlying graph. Then one
has

κ+ lp2(k[∆]) = n− 1.

Proof. We consider (throughout) homology to be computed with k-
coefficients. By Hochster’s formula [HH11, Theorem 8.1.1], it suffices
to observe that

κ = n−max
{

#W : H̃0(XW ) 6= 0
}

= n− 1− lp2(k[∆]).

Alternatively (and algebraically) it suffices to observe that ∆ and Cl(G),
the clique complex of the underlying graph G of ∆, both have the same
connectivity. Hence, it suffices to verify the result in the case of flag
complexes and we may assume that ∆ = Cl(G). The result follows from
[Goo15, Theorem 3.1]. �

Theorem 5. Let ∆ be a (d− 1)-dimensional simplicial complex with
nontrivial top-homology. Also, assume that k[∆] satisfies the properties
A and Bs. Then the underlying graph is (d+ s− 1)-connected.

Proof. Note that the regularity of k[∆] is equal to d since ∆ has non-
trivial top-homology. So, it follows from Proposition 3 that

s ≤ lpd+1(k[∆])− lp2(k[∆]).

Note that lpd+1(k[∆]) = n− d. So, by Observation 4 we get

s ≤ n− d− (n− κ∆ − 1),
where κ∆ stands for the connectivity number of the underlying graph
of ∆. Therefore

κ∆ ≥ d+ s− 1. �

Remark 6. As a special case of Theorem 5, we can consider ∆ to be
Gorenstein*. Then k[∆] satisfies the property B1. Moreover, if ∆ is
also flag, then it satisfies the property Bd−1, since ti(k[∆]) ≤ 2i for any
i and k[∆] has regularity d.
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2. A Poincaré–Lefschetz-type inequality for minimal cycles

Recall that aminimal d-cycle Σ (w.r.t. a coefficient ring R) is a pure
d-dimensional complex that supports precisely one homology d-class ζ
whose support is the complex itself. For instance, every pseudomanifold
is a minimal cycle (over Z/2Z); and so is every triangulation of a closed,
connected manifold.

Lemma 7. Let Σ denote any minimal d-cycle and W a subset of the
vertex-set V(Σ). Then

dim H̃0(ΣW ) ≤ dim H̃d−1(ΣV (Σ)\W ).

Proof. Since Σ supports a global d-cycle (by minimality), we have an
injection

H0(ΣW ) ↪−→ Hd(Σ,Σ \ ΣW ).
To see this, notice that the restriction ζ̃ of the global d-cycle ζ to any
component of (Σ,Σ \ΣW ) is a relative cycle for (Σ,Σ \ΣW ). Since Σ is
a minimal d-cycle, this relative cycle is not a boundary.

Now, notice that Σ \ ΣW admits an ambient deformation retraction
in Σ to ΣV (Σ)\W (cf. [BLVS+99, Lemma 4.27]). In particular, Hi(Σ,Σ\
ΣW ) ∼= Hi(Σ,ΣV (Σ)\W ) for all i ∈ N. Finally, the exact sequence
0 −→ Hd(Σ) −→ Hd(Σ,ΣV (Σ)\W ) −→ Hd−1(ΣV (Σ)\W ) −→ · · ·
implies

dim Hd−1(ΣV (Σ)\W ) + dim H̃d(Σ)
≥ dim Hd(Σ,ΣV (Σ)\W )
≥ dim H0(ΣW ).

Recalling that dim H̃d(Σ) = 1 finishes the proof. �

3. Applications to connectivity of pseudomanifold graphs

Let ∆ be a (d− 1)-dimensional simplicial complex on the vertex set
V(∆). Recall the notion of banner complexes of [BV15]:
◦ A subset W of V(∆) is called complete if every two vertices of W

form an edge of ∆.
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◦ A complete set W ⊆ V(∆) is critical if W \ {v} is a face of ∆ for
some v ∈W .

◦ We say that ∆ is banner if every critical complete set W of size at
least d is a face of ∆.

◦ We define the banner number of ∆ to be

b(∆) = min
{
b : lkσ∆ is banner or the boundary of the 2-simplex

for all faces σ ∈ ∆ of cardinality b and degree d

}
,

where the degree of a face is the maximal cardinality of a facet
containing it.

Note that our notions of banner complexes and banner numbers are
slightly more general then the ones introduced in [BV15]. However, if
the complex is pure the definitions coincide.
Lemma 8. Let ∆ be a (d− 1)-dimensional simplicial complex.
(a) If σ is a face of degree d in ∆, then b(lkσ∆) ≤ max{0, b(∆)−#σ}.
(b) If ∆ has nontrivial top-homology and b(∆) < d − 2, then every

induced subcomplex of ∆ having nontrivial (d− 2)-homology has at
least 2d− 2− b(∆) vertices.

Proof. The part (a) is clear from the definition. For claim (b), let us
first show that, if ∆ is banner, then every induced subcomplex Γ of ∆
such that H̃d−2(Γ) 6= 0 has at least 2d− 2 vertices by induction on d.
If d = 3, this is clear because in this situation ∆ must be flag.

Let d > 3. We may assume that no induced subcomplex of ∆ has
a nontrivial (d − 1)-dimensional cycle: indeed, such a subcomplex is
forced to have dimension d − 1, so it would be banner and we could
replace ∆ with it. Furthermore, we may assume that Γ is a minimal
induced subcomplex with the property that H̃d−2(Γ) 6= 0. Under such a
minimality assumption, for any vertex u of Γ, it follows from the exact
sequence

H̃d−2(ΓV (Γ)\u)→ H̃d−2(Γ)→ H̃d−3(lkuΓ)
that the link of u in Γ admits a nontrivial homology cycle in dimension
d− 3. Also, it can be easily seen (from the banner property of ∆) that
the 1-skeleton of Γ is not a complete graph. So, we may take a vertex v
of Γ such that the vertex set of lkvΓ is a proper subset of V (Γ)\u. Since
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lkvΓ is an induced subcomplex of lkv∆, which is banner and admits a
nontrivial (d− 3)-cycle, by induction lkvΓ has at least 2d− 4 vertices.
And the conclusion follows in the banner case.

The claim (b) now follows by induction on the banner number and
claim (a). �
Remark 9. While a flag simplicial complex (not necessarily of dimen-
sion d− 1) supporting a nontrivial (d− 1)-cycle has at least 2d vertices,
this is false for banner complexes. Take the boundary of a d-simplex,
and join one facet with an external edge: the resulting complex is a
(d+1)-dimensional banner complex supporting a nontrivial (d−1)-cycle,
but with only d+ 3 vertices.
Lemma 10. Let ∆ be a pure (d−1)-dimensional complex with nontrivial
top-homology. Then k[∆] satisfies the property Bd−b(∆)−1.
Proof. By Hochster’s formula [HH11, Theorem 8.1.1] we have that
reg (k[∆]) = d, since ∆ has a nontrivial top-homology. If bi,i+d−1(k[∆]) 6=
0, then there must exist a subset W ⊆ V(∆) of cardinality i+d−1 such
that ∆W supports a nontrivial (d− 2)-cycle. By part (b) of Lemma 8,
thus:

i ≥ d− b(∆)− 1. �
Theorem 11. Let ∆ be a (d− 1)-dimensional minimal cycle. Then the
underlying graph of ∆ is (2d− b(∆)− 2)-connected.
Proof. It follows from Hochster’s formula that bn−d,n(k[∆]) is equal to
dim H̃d−1(∆) and, therefore, is non-zero. Thus, one has lpd+1(k[∆]) =
n − d. On the other hand, for a subset W of the vertices of ∆ from
Lemma 7 we have

dim H̃0(∆V(∆)\W ) ≤ dim H̃d−2(∆W ).
Now, summing over all subsets W of cardinality i + d − 1, again by
Hochster’s formula we get

bn−i−d,n−i−d+1(k[∆]) ≤ bi,i+d−1(k[∆]).
Hence, k[∆] satisfies the property A. Now, since k[∆] satisfies the
property Bd−b(∆)−1, Lemma 10 above, the result follows from Theo-
rem 5. �
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Corollary 12. Let ∆ be a flag (or more generally banner) (d − 1)-
dimensional minimal cycle. Then the underlying graph of ∆ is (2d− 2)-
connected.

Proof. If ∆ is a banner complex, then b(∆) = 0. �
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comments led to an improvement of the exposition of the paper.
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