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Abstract

Many robot object interactions require that an object is firmly held, and
that the grasp remains stable during the whole manipulation process. One of
the most mature approaches to formalizing a grasp is by describing it through
its contact forces and positions. Based on this, this thesis address the prob-
lems of measuring the grasp sensitivity against friction changes, planning
contacts and hand configurations on mesh and point cloud representations
of arbitrary objects, planning adaptable grasps and finger gaiting for keep-
ing a grasp stable under various external disturbances, as well as learning
of grasping manifolds for more accurate reachability and inverse kinematics
computation for multi-fingered grasping.

Firstly, we propose a new concept called friction sensitivity, which mea-
sures how susceptible a specific grasp is to changes in the underlying friction
coefficients. We develop algorithms for the synthesis of stable grasps with low
friction sensitivity and for the synthesis of stable grasps in the case of small
friction coefficients.

Secondly, for fast planning of contacts and hand configurations for dex-
terous grasping, as well as keeping the stability of a grasp during execution,
we present a unified framework for grasp planning and in-hand grasp adapta-
tion using visual, tactile and proprioceptive feedback. The main objective of
the proposed framework is to enable fingertip grasping by addressing prob-
lems of changed weight of the object, slippage and external disturbances.
For this purpose, we introduce the Hierarchical Fingertip Space (HFTS) as
a representation enabling optimization for both efficient grasp synthesis and
online finger gaiting. Grasp synthesis is followed by a grasp adaptation step
that consists of both grasp force adaptation through impedance control and
regrasping/finger gaiting when the former is not sufficient.

Lastly, to improve the efficiency and accuracy of dexterous grasping and
in-hand manipulation, we present a system for fingertip grasp planning that
incrementally learns a heuristic for hand reachability and multi-fingered in-
verse kinematics. The system consists of an online execution module and an
offline optimization module. During execution the system plans and executes
fingertip grasps using Canny’s grasp quality metric and a learned random
forest based hand reachability heuristic. In the offline module, this heuristic
is improved based on a grasping manifold that is incrementally learned from
the experiences collected during execution.
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Sammanfattning

Flera tillämpningar av robotik bygger på att roboten stadigt greppar ett
objekt, och att greppet kan upprätthållas medan objektet förflyttas. Ett av
de mer vedertagna sätten att formalisera ett grepp är att beskriva det med
dess kontaktpunkter och vilka krafter som verkar på dem. Med grund i detta
behandlar denna avhandling problemet att mäta ett grepps känslighet mot
förändringar i friktion och beröringspunkter. Vidare addresserar den planering
av grepp på godtycklinga objekt i form av 3D-punktmoln och mesh-ytor, såväl
som planering för upprätthålla ett stabilt grepp även under externa störnings-
moment. Slutligen demonstreras tekniker för roboten ö att lära sig så kallade
grasping manifolds-modeller, vilka förbättrar estimeringen av räckvidd och
invers kinematik för grepp med flera fingrar.

Först introducerar vi ett nytt koncept som vi kallar friction sensitivity -
friktionskänslighet, vilket mäter hur känsligt ett specifikt grepp är mot för-
ändraringar i friktionskoefficienterna. Vi presenterar algoritmer som beräknar
stabila grepp med låg friktionskänslighet och som fungerar även då friktionen
är låg.

För att snabbt planera kontaktpunkter samt handkonfigurationer för så
kallade dexterous grasps - fingerfärdiga grepp", såväl som för att bibehålla
ett grepps stabilitet under rörelse, presenterar vi ett enhetligt system för pla-
nering av grepp samt anpassning av greppet medan objektet vilar i handen.
Detta sker genom använding av visuell, taktil samt proprioceptiv återkopp-
ling. Vårt främsta mål med systemet är att möjliggöra grepp med fingertoppar
genom att adressera problem med objekt som ändrar vikt, friktion samt ex-
terna störningar. Till detta ändamål introducerar vi Hierarchical Fingertip
Space - Hierarkisk Fingertoppsrymd, en representation som möjliggör effek-
tiv optimering av grepp samt så kallad finger gaiting, allt i realtid. Beräkning
av grepp följs av ett steg som anpassar greppet både till de krafter som verkar
på fingertopparna samt impedanskontroll och återgreppning och finger gaiting
när det föregående inte är nog.

Slutligen, för att förbättra effektivitet och och precision vid dexterous
grasping och manipulering av objektet när det vilar i handen presenterar
vi ett system för fingertoppsgrepp som inkrementellt lär sig en heuristik för
handens räckvidd och invers kinematik för grepp med flera fingrar. Systemet
består av en modul som optimerar grepp i förhand samt en modul som exe-
kverar medan greppet utförs. När roboten genomför en uppgift planerar och
utför systemet fingertoppsgrepp medd Canny’s greppkvalititetsmetrik (grasp
quality metric) och lär sig en random forest-baserad räckviddsheuristik. I op-
timeringsmodulen förbättras denna heuristik baserat på en grasping manifold
- en modell som inkrementellt byggs upp från de erfarenheter som roboten
samlat på sig.
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Chapter 1

Introduction

In 1921, the Czech playwright Karel Capek introduced the word Robot in his play
Rossum’s Universal Robots. He defined the concept of a robot as a machine that
resembles human skills and works long hours without being tired or bored. This was
followed by a large volume of science fiction books and movies portraying robots
with human-like embodiments, able of thinking, reasoning and complex decision
making, even having personalities.

The actual trend and development in the industrial sector was rather different.
The focus has always been on function, building machines that can perform repeti-
tive and somewhat boring tasks, many of these requiring high precision. The focus
has thus not been on developing anthropomorphic robots but achieving specific
functionality. For example, robotic arms and end-effectors have been developed to
repeatedly manipulate workpieces in various applications, maybe the best example
being the car industry. The development has gradually gone from static arm robots
to various mobile solutions, equipped with wheels or legs and also equipping robots
with sensing to allow for an increased level of autonomy.

For the purpose of making robots autonomous and able of interacting with
the environment, the ability to sense the environment is integral. As humans,
robots can use various types of sensing, even some not present in humans, such
as, for example, distance measuring sensors. One of the challenges has been to
develop control and decision making algorithms that can in an optimal manner use
information from several sensory modalities and also do this in real time. This is
especially of importance when robots are expected to interact with various objects
in realistic environments, taking into account problems such as deformability of
objects, changing attributes in terms of weight, unstructured environment, and
alike.

In this thesis, we address the problem of dexterous grasping which is an inte-
gral problem toward achieving interactive, autonomous robots. In our everyday
life, hands are used constantly to enable us to interact with the world. We use
our hands to pick up and manipulate things, to operate various tools, and do this
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4 CHAPTER 1. INTRODUCTION

also differently if the structure of the environment is changing in some way. Our
interaction with the environment is based both on our sensing but also experience
that we gather and improve since our birth. In order to equip robots with similar
functionality, there are many scientific problems in the wide area of robotic manip-
ulation tat need to be addressed: mechanical design of robotic hands and grippers,
force control and optimization for achieving and remaining the contacts, modeling
of tactile feedback for adaptive grasping, the representation of objects and hand
kinematics and planning of finger gaiting, to name some. Apart from addressing
problems related directly to the hands or end-effectors, to allow a robots even more
flexibility, the problem of mobile manipulation needs also to be addressed. An ex-
ample of a fixed base manipulator and a mobile manipulator is shown in Figure 1.

Figure 1: Left: A Kuka-KR5 manipulator with a fixed base, performing a pick-
and-place tasks on a table. Right: A PR2 robot training for the Amazon Picking
Challenge1 task, the shelf and the collection bin are located in different places in
the workcell and this requires mobile manipulation.

We continue the chapter by proving a brief history of robotic manipulation,
followed by discussions of each individual component of an object manipulation
systems. During the past few decades, extensive surveys have been written on this
topic [39, 52, 58, 6, 3], and we do not aim to repeat these but focus on the work
directly related to the problems addressed in this thesis.

1http://amazonpickingchallenge.org
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1 A Brief History

The research on robotic manipulation can be traced back to 1940s when the first
mechanical manipulator was developed at Argonne and Oak Ridge National Lab-
oratories to handle radioactive material [39]. In the early years, there was not
so much autonomy and complex decision making integrated in the system. The
robot worked in a teleoperation mode where the manipulator repeated the moves
generated by a human user.

Later on in 1954, the first Computer Numerically Controlled manipulator was
developed by George Devol. Rather than being teleoperated, the manipulator could
be programmed to repeatedly perform tasks and could be reprogrammed at a rela-
tively low cost to adapt it to different tasks. In 1969, the first robotic manipulator
(aka. Stanford Arm, Figure 2) installed with cameras was designed at Stanford
University by Victor Scheinman. For over 20 years, this robot was used in various
projects and has been recognized as one of the first robots that opened up the
modern research of robotic manipulation [39].

Figure 2: The Stanford Arm developed by Victor Scheinman in 1969.

The open kinematic chain structure of the robotic manipulator has enabled the
robot to access a larger workspace in comparison to the space occupied by itself,
and has provided more flexibility for performing more complicated tasks. However,
it also brought up a whole set of new problems, such as the calibration throughout
the whole kinematic chain, the position control of the cantilevered structure while
regulating its stiffness, and the trajectory planning for the movement of the end
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point, to name some. To address these problems, researchers all over the world
have been working on the development of both hardware and software ever since.
With the advancements of both, more complex object manipulation tasks have been
demonstrated and the expectation are growing as we speak, even expectation on
outperforming human dexterity.

2 Problems in Robotic Manipulation

In this section, we shortly overview various problems that have been addressed in
the area of robotic manipulation such as hand design, sensing and perception, object
grasping and manipulation. The goal is to provide the basics to a non expert reader,
showing the complexity of the problem and what are the underlying assumptions
being made in order to make the problem tractable.

2.1 Hand and Arm design

Embodiment design is one of the core parts of robotic manipulation, as it intrinsi-
cally determines the robot’s capabilities. This work can be divided into two parts:
arm design and end-effector/hand design.

Arm: Robotic arms in general have five or more degree of freedom (DoF). DoFs
are actuated through joints that can be either revolute joints or prismatic joints.
In order to achieve arbitrary poses in the 3D Cartesian space, we need at least 6
DoF for translation (3 DoF) and rotation (3 DoF). However, due to the limitations
of mechanical structures, a robotic arm can suffer from kinematic singularities at
certain joint configurations, in the vicinity of which some of the joints would need
to generate infinite velocity or torque to satisfy the movement control of the end-
effector. Therefore, redundant manipulators with more than 6 DoF have been
designed to achieve poses with more than one joint configuration, to avoid getting
close to singularities. For example, as shown in Figure 1, the PR2 arm is a 7 DoF
redundant arm.

End-Effector: Robotic end-effectors are usually designed to be the interface
for a robot to interact with the external world. An end-effector is typically installed
at the end of the robotic arm, its pose is determined by the joints configuration of
the arm, and it is, in most of cases, the only part that can have physical contacts
with the world. Currently, the majority of end-effectors are designed in an ad hoc
manner for specific tasks and are usually simple, especially for industrial uses, e.g.,
grippers, pincers or tongs. In applications such as pick-and-place, suction devices
have demonstrated their efficiency and robustness, see Figure 3.

In order to achieve better dexterity, multifingered hands have been developed
to allow more actions to be performed, e.g., in-hand manipulation. In addition to
changing arm configurations for repositioning the grasped object, a dexterous hand
is able to reconfigure itself while holding an object, through either repositioning
fingertips or rolling the contacts on the surface. Example multifingered hands can
be seen in Figure 3. However, as the dexterous hands in general have many DoF,



2. PROBLEMS IN ROBOTIC MANIPULATION 7

the planning and control of the hand motions in this case are much more difficult
than simple grippers.

In order to reduce the complexity of grasp planning for dexterous hand, as well
as to provide better adaptability and robustness, adaptive under-actuated hands
have been also designed. This type of hands usually have many joints to provide
dexterity, however, very few active DoF to make the planning and control more
tractable. An example of adaptive UNIPI-IIT hand is shown in Figure 3.

Figure 3: Example designs of end-effectors: PR2 gripper, suction cup on the Baxter
robot, Schunk SDH dexterous hand and UNIPI-IIT adaptive hand.

2.2 Perception

Perception is another key problem in robotic manipulation. In order to perform
certain tasks, one needs to first figure out which object to use, where is the object,
what is its shape and how to grasp it, etc. Furthermore, once the object is success-
fully grasped, one also needs to regulate the forces applied by the end-effector to
stabilize the grasp, and this needs some type of force sensing to close the control
loop. In the research nowadays, there are mainly three ways of perception in the
context of this problem: vision, tactile sensing and force/torque sensing.

Visual Perception: Visual perception is usually the first step of robotic ma-
nipulation. In cases when the object to be manipulated is unknown, a robot needs
to first obtain the geometric model of it using visual sensors. This process is com-
monly composed of the following steps: raw data acquisition, segmentation, feature
extraction and recognition. Depending on the tasks, the information of the object’s
category is not always required. In many applications, it is assumed that the com-
plete 2D or 3D model of the object is known. In this case, one needs to localize
or track the object for further manipulation planning. For this, computer vision
research has provided a rich set of different methods, two of the example trackers
used in this thesis work are shown in Figure 4.

Tactile Sensing: Tactile feedback can be required at different stages of ma-
nipulation process. Before grasping, one can use tactile feedback to explore the
shape of the object, as well as guiding the end-effector to plan a grasp by predict-
ing stability from sensed data. The latter is known as vision-free grasping. Once
the object is grasped, tactile feedback can provide further information to monitor
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Figure 4: Example visual object trackers used in this thesis: SimTrack [41] and
OptiTrack.

the system status. For example, one can predict the stability of the grasp, and even
plan regrasping or finger gaiting accordingly. An example of tactile sensors used in
this work is shown in Figure 5.

Figure 5: Left: SynTouch BioTac tactile sensor used in this work. Right:
Force/Torque sensor installed on the wrist of the Dumbo robot.

Force/Torque Sensing: Force/Torque sensors are usually installed at the
joints of manipulators, differently from the tactile sensors, it measures the force
in 6D, however, not directly at contacts. This type of sensors can be used for
compliant motion control, estimate of contact properties and force control of the
manipulator etc. An example of force/torque sensor is shown in Figure 5.

2.3 Object Grasping and Manipulation

Object grasping is the core part of robotic manipulation. In most of cases, in order
to manipulate the object, one has to grasp it first. As this is the main focus of this
thesis, we provide a detailed discussion on this topic in Chapter 2.
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In the area of robotic manipulation in general, researchers have tried to tackle
different aspects or scales of the problem, such as contact modeling, task re-
lated object manipulation, dynamics and motion of manipulators, structure of the
workspace etc. In the following, we give a brief overview of these different aspects.
The approaches mentioned below intersect each other and it is not meant to give
a formal taxonomy of robotic manipulation. We aim at summarizing major trend
and show how this problem can be addressed from different perspectives.

Pick-and-Place: Pick-and-place is a typical and widely studied manipulation
tasks. Here, a robot is expected to pick up an object from, e.g., a table, a shelf or a
container, and then place them to another place. In some applications, objects are
also required to be placed in a specific manner. For this, simple end-effectors are
usually chosen, such as a parallel gripper, and the pose of the manipulated object
is only determined by the configuration of the arm with a fixed base.

In-Hand Manipulation: With a dexterous hand, a robot is able to reconfigure
the grasp while keeping the object always in the hand. By relocating fingertips on
the object surface with a sequence of actions, the robot can change the contacts
and object pose without having to move the arm. Due to the high dimensionality of
the hand configuration space and complicated dynamics, it is still very challenging
to achieve this type of manipulation. Currently, simple in-hand manipulation has
been achieved by rolling contacts and finger gaiting.

Mobile Manipulation: In applications where the workspace of the robot is
larger than the maximum extent of the arm, one can mount the robotic manipu-
lator on a mobile base to expand its reachability. As this gives more DoF to the
manipulator, such a system is usually redundant, i.e. there are infinite number of
configurations to realize a required pose, and this makes it much more difficult than
the manipulation with fixed base.

Manipulation by Extrinsic Dexterity: Differently from in-hand manipula-
tion, in addition to make use of the dexterity of the hand to reconfigure a grasp,
researchers have shown the possibility of manipulation by external forces. The
sources of external forces can be contacts from anywhere in the environment, and
even gravity.

Non-Prehensile Manipulation: Non-prehensile manipulation in general also
uses external forces, however, it does not require a manipulator to grasp an object
for manipulation. Current research shows that by pushing objects on a flat surface,
one can achieve many interesting tasks. During the manipulation process, as there
can be moments of time at which the object appears to be out of direct control,
the planning of non-prehensile manipulation involves significant uncertainties that
need to be modeled.

Dual-Arm Manipulation: This type of manipulation is motivated by several
reasons: it provides more flexibility and manipulability by using two arms in a
closed kinematic chain, and the robot can gain more possible actions by using two
arms cooperatively. Additionally, it is easier to implement dual-arm manipulators
in industrial setup, especially when we want to replace human workers with robots,
since it requires less redesign of workspace.
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3 Contributions

In this thesis, we focus on the problem of dexterous grasping for robotic manipu-
lation. In particular, in order to improve the efficiency and robustness of fingertip
grasping, we studied various types of uncertainties in the process of both grasp plan-
ning and execution, devising hand and object representations to facilitate contacts
optimization, planning of online finger gaiting to resist external disturbances, and
learning of grasping manifolds to enhance the reachability and inverse kinematics
computation for multi-fingered grasping. Next, we summarize the contributions of
this thesis in relation to the publications included in section 4. In Chapter 2, we
further discuss our contributions in relation to the related work.

Friction Sensitivity: Friction coefficient is an important factor for the evalu-
ation of contact-based grasp quality. As it is not trivial to estimate friction coeffi-
cients between the robot hand and arbitrary objects to be grasped, this uncertainty
could make a grasp planner fail to generate stable grasps. In this direction, we pro-
posed a metric, Friction Sensitivity for scoring contact-based grasps in terms of how
susceptible a grasp is to changes in friction coefficients. Furthermore, we developed
an algorithm for minimizing the friction sensitivity for grasp synthesis, as well as
an algorithm that can still efficiently plan stable grasps when the friction coefficient
is small. The details of this contribution is explained in the attached paper [A].

Object and Hand Representations: The synthesis of contacts for force-
closed grasps is difficult for complex object shapes. In order to improve both the
efficiency and the final quality of contacts optimization, we proposed an approach
that directly operates on the mesh representations of arbitrary objects for finding
high quality grasps. As detailed in the attached paper [B], we employed a multi-
level approach that iteratively simplifies the objective function and results in fast
convergence. The local search at each level effectively reduces the total number
of evaluated candidate solutions to a practical amount, and it has significantly
improved the final grasp qualities.

Moreover, by proposing the concept of Hierarchical Fingertip Space (HFTS), as
explained in the attached paper [C], we extended this framework to operate on the
point cloud representation of objects. In this work, we optimize contacts by further
considering a hand reachability measure, which encodes fingertip contacts and hand
kinematics in an affine invariant manner. This ensures the planned contacts on the
object to not only form a stable grasp, but are also reachable by the adopted robotic
hand.

Learning of Grasping Manifolds: In our work reported in the attached pa-
per [C], we proposed a fast fingertip grasp planner that searches stable and reachable
grasps in a hierarchical search space of fingertip contacts. To ensure kinematic fea-
sibility for a dexterous redundant hand, an uniform sampling based affine-invariant
hand reachability heuristic is used. However, as a common property of sampling
based heuristics, the sampling resolution affects the efficiency and precision of this
method.

In the attached paper [D], we presented a learning framework that incrementally
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learns a subspace of the hand configuration space, a grasping manifold, that is
relevant for fingertip grasping. As this learning process continues and uses the new
grasp experiences to evolve the manifold, the grasp reachability and hand inverse
kinematics heuristic learned based on this manifold is also being improved. We have
shown that this effectively increases the accuracy and efficiency of grasp planning.

A Unified Framework: In order to improve the robustness of grasping sys-
tems, and to address the problem of grasp instability due to uncertainties such as
changed weight of the object, slippage or external disturbances caused by collisions,
in the attached paper [E], we presented a unified framework for fingertip grasping
considering an integrated approach to grasp planning and in-hand grasp adapta-
tion. This framework has three advantages as compared to the state-of-the-art: a)
It provides an optimization framework for both grasp synthesis and finger gaiting;
b) It closes the loop between grasp planning and control through stability estima-
tion and finger gaiting; and c) It optimizes grasp adaptability and demonstrates
informed finger gaiting optimization by considering viable hand configurations and
object shape knowledge.

4 List of Papers

Included Publications This thesis is based on the following publications, a sum-
mary can be found in Chapter 3.

[A] K. Hang, F.T. Pokorny and D. Kragic, “Friction Coefficients and Grasp
Synthesis,” in Proc. IEEE/RSJ Int. Conf. Intell. Robot. Syst.(IROS), 2013.

[B] K. Hang, J. A. Stork, F.T. Pokorny and D. Kragic, “Combinatorial Opti-
mization for Hierarchical Contact-level Grasping,” in Proc. IEEE Int. Conf.
Robot. Autom.(ICRA), 2014.

[C] K. Hang, J. A. Stork, and D. Kragic, “Hierarchical fingertip space for multi-
fingered precision grasping,” in Proc. IEEE/RSJ Int. Conf. Intell. Robot.
Syst.(IROS), 2014.

[D] K. Hang, J. Haustein, M. Li, C. Smith, A. Billard and D. Kragic, “On
the Evolution of Grasping Manifold”, in Proc. IEEE Int. Conf. Robot.
Autom.(ICRA), 2016.
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Chapter 2

Robotic Grasping

Most of the robot-object interactions require that an object is firmly held by the
hands and that the grasp remains stable during the whole manipulation process.
In 1956, Napier has classified human grasps into two main types [40]: power grasps
and precision grasps.

The first type is power grasp that utilizes both the palm and fingers to achieve
large contacts between hand and object surface, and it aims at maximizing stability.
The other type is precision grasp that involves only fingertips at the contacts. This
type of grasps in general provides more dexterity to change the object configura-
tion in-hand. At the same time, it is less stable due to the limited contact area.
Examples of these two grasp types are shown in Figure 1.

Figure 1: From left to right: power grasp, precision grasp, and loop grasp [62].

This grasp taxonomy has been later introduced into robotic grasping research
[13]. Recently, based on the concept of caging grasp for objects in 2D [50], loop
grasp has been developed using topological features of objects and hands [45], it
provides a framework for planning caging grasps for objects with holes in 3D. This
type of grasps is robust under sensory noise and does not require explicit planning
of contacts, see Figure 1.

The planning and execution of grasps are composed of many subproblems, such

13
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as the object representation, hand kinematics representation and computation,
grasp stability metric design, handling of uncertainties and control [3, 6, 52, 68].
In general, grasping can be addressed using a structure shown in Figure 2, which
consists of three phases. In the pre-grasping phase, the system does grasp planning
with the considerations of some subproblems, such as problem representation, in-
verse kinematics computation, task planning and stability evaluation etc. In the
grasping phase, the system executes the planned grasp, which is usually represented
by contacts, hand joint configurations and hand pose. This requires the system to
consider various uncertainties to ensure successful executions. After the grasp is
executed, the system enters the post-grasping phase, for which the main task is to
maintain the grasp stability against either uncertainties such as external distur-
bances or task related dynamic changes, e.g., a grasped container can be filled and
requires the grasp to adapt to the weight and inertia changes.

Figure 2: Overview of a common structure used by robotic grasping, this structure
consists of three phases: pre-grasping, grasping and post-grasping.

In this chapter, we review related work in relation to our work and discuss the
challenges of this problem.

1 Object Representation

In the research area of grasp planning, it is often assumed that a geometric model
of the object is available, either as a point cloud or a mesh model. Dependent on
how the object model is obtained, it can be either complete or partial. For grasp
planning, many works have proposed to construct a representation based on the
raw sensor data, and then search algorithms are applied on the representation of
the sensor data to generate grasp hypotheses. Next, we review the object represen-
tations for grasp planning and discuss what types of grasps can be generated using
these.
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1.1 Geometric Representation

Given the raw data of arbitrary objects, many works employ sampling algorithms
for generating a set of candidate grasps, and then rank these according to a chosen
quality metric. To limit the amount of candidate grasps and provide grasping rel-
evant information for the sampler, extraction of shape primitives, such as spheres,
cones, cylinders and boxes, has been studied [37, 29]. Rather than using predefined
primitives, parametric models has been also used to approximate shapes. In [42],
superellipsoids are used to parametrize object shapes for an SVM based grasp plan-
ner. In [22], superquadrics are used to hierarchically decompose shapes into parts,
based on which a simple sampling heuristic is used to generate grasps on parts.
Bounding box approximation is also used for approximating the global shapes of
objects, and the surface normals on the box are used as a heuristic to sample
grasps [15]. As the objects are approximated and the detailed surface information
is not considered, the above mentioned methods can only be used to generate power
grasps. Examples are shown in Figure 3.

(a) (b)

(c) (d)

Figure 3: Object shape primitive approximation for grasp generation: 3a): Box
decomposition [29]. 3b): Random sampled grasp contacts with a heuristic [8]. 3c):
Grasp candidate sampled based on surface normals and bounding box [15]. 3d):
SQ decomposition of parts of the object for grasp sampling [22].

For generating precision grasps on simple shapes, [8] has shown that it is feasible
to randomly sample a number of contacts dependent on the object surface, and then
filter the contacts by a simple heuristic. For more complex arbitrary objects, offline
planning algorithms have been used to generate a database of stable grasps for a
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set of known shapes. By specifying an initial hand pose, [56] generates a dense set
of grasp contacts using an Axis Aligned Bounding Box (AABB) tree decomposition
of objects. Using a non-linear optimization formulation with single constraint, [17]
finds optimal grasps on superquadrics. To enable grasp transfer between shapes
that can be parametrized in the same coordinate system, our work in the attached
paper [C] proposed an infinite dimensional space, the Grasp Moduli Space, which
models shapes and grasps in a continuous manner allowing to smoothly transfer
grasps between different objects, see Figure 4. On arbitrary shapes that are not
easily parameterizable, our work in the attached paper [B] applies a hierarchical
abstraction on the original object mesh, and then synthesizes contacts by multi-
level refinement. With the Hierarchical Fingertip Space representation of an ob-
ject’s point cloud, our work in the attached paper [C] generates fingertip grasps by
searching in a hierarchy of abstracted search space. It is worthwhile to note that the
hand reachability and inverse kinematics computation are crucial for the planning
of fingertip grasps, since all the planned contacts have to be precisely realized by
fingertips only, see detailed discussions about this in section 3.

Figure 4: Samples from a finite-dimensional subset of the Grasp Moduli Space
spanned by the three surfaces displayed at the vertices of the triangle [44].

1.2 Topological Representation

For representing object shapes by skeletal features, which do not describe object
surface details, topological methods have been used together with heuristics to
generate grasps. [1] proposed to use Reeb Graph as a representation for part based
grasp planning. [67, 47] plans grasps using a medial axis representation and executes
them using predefined policies. In the work of [73], topological synergies has been
defined and used to transfer grasps between different hands. In order to enable
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cage grasping in 3D, [45, 63] uses a topological algorithm to find holes or loops in
the object’s point cloud, and then plans a specific type of caging grasps termed as
latching or hooking. Figure 5 shows some example grasps generated by different
topological representations. Since this type of grasp planning algorithms aims at
generating grasps wrapping around the skeleton of object, it is in general very stable
and not sensitive to noise.

(a) (b)

(c)

Figure 5: Topological representations for grasp planning: 5a): Reeb Graph for
grasping by parts [1]. 5b): Medial axis for generating a set of grasp candidates [47].
5c): Objects with holes and example latching or hooking grasps on them [45].

2 Grasp Quality Metrics

Finding good contacts and hand configurations to realize these is crucial for grasp
planning, especially when dexterous manipulation is considered. In order to allow
an algorithm to automatically generate useful grasps, one has to first determine the
criteria of evaluating the goodness and validity of grasps [3, 49].
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A classical way of doing this is to evaluate a grasp by its ability of resisting
disturbances. Based on the contact positions and force limits, [46] defined three
wrench spaces for stable grasps: 1) The limit wrench space which is bounded by
the convex hull of all wrenches satisfying unit force and torque constraints; 2)
The object wrench space which is bounded by the convex hull of all wrenches
satisfying unit force and torque constraints, and is additionally constrained by
object geometry. This space describes the best grasp can ever be achieved on this
target object; and 3) The grasp wrench space that describes the wrench space
of a contact-based grasp on the target object. Based on these definitions, two
grasp qualities have been proposed by exploring the relationship between 2) and 3).
Furthermore, [21] proposed to measure grasp quality by the radius of the inscribing
ball of the convex hull spanned by contact wrenches, which aims at generating
force-closure grasps. Form-closure gives a similar measure of grasp quality, however,
without relying on frictional contacts [59]. The force-closure based grasp qualities
have been implemented in many grasp simulators and grasp planners to generate
stable grasps [15, 38, 3]. For addressing the problem of pose uncertainties, which
makes the static object assumption does not hold in reality, [30] demonstrated a
physical simulation based quality measure to improve the robustness of generated
grasps.

In terms of hand configurations, a grasp can be also evaluated by its dexterity.
This metric measures grasps in terms of the ability of changing the object config-
uration in any directions [58]. Based on the same concept, our work reported in
paper [E] proposed to measure the manipulability in the tangential plane of con-
tacts, which evaluates how much a grasp can adapt to its neighboring grasps by
finger gaiting. With the constraints of specified tasks for a grasp, task related qual-
ity measures have been proposed to ensure the planned grasp is able to achieve the
task [9, 26].

For the online evaluation of grasp stability, tactile feedback has been widely
used to monitor the dynamics of a grasp and estimate its state. [2] proposed
a probabilistic framework for assessing task-oriented grasp stability. Based on a
Gaussian Mixture Model trained on a virtual frame of grasp impedance controller,
[33] estimates grasp stability online and adapts grasp forces and contacts to keep
the stability.

3 Multi-Fingered Inverse Kinematics

For fingertip grasping, localizing contacts on the object that provide a stable
grasp [21, 8, 48] and finding a hand configuration for realizing these contacts [36, 7,
51] have been addressed as separate problems. As a result, in these approaches it
is not guaranteed that the planned contacts are kinematically feasible for a specific
hand [6, 52].

To overcome this limitation, various grasp optimization frameworks have re-
cently been proposed that integrate both stability and hand reachability analysis.
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In [17], the finger kinematics are modeled as an optimization constraint for effi-
ciently finding contacts on objects that can be approximated by super-quadrics.
Given a set of initial hand poses, [56] optimizes both hand configurations and con-
tacts to generate a dense set of grasps offline. The framework presented in [23] plans
contact triplets on incomplete 3D point clouds online, utilizing hand shape prim-
itives as a heuristic to constrain the contacts optimization. In [18], a system first
learns task related grasping parts of objects from human demonstrations. Next,
the contact points on these parts are found by stochastic optimization, which is
constrained by closed kinematic loops between the fingertips and the object part.
In general, these systems require trade-offs between the desired computational effi-
ciency and the precision of planning by either approximating the object shapes or
the hand kinematics.

In the attached paper [C], a fast fingertip grasp planner is proposed that searches
stable and reachable grasps in a hierarchical search space of fingertip contacts. To
ensure kinematic feasibility for a dexterous redundant hand, an uniform sampling
based affine-invariant hand reachability heuristic is used. However, as a common
property of sampling based heuristics [66, 67, 26, 72], the sampling resolution af-
fects the efficiency and precision of this method. To achieve the same resolution,
the number of required samples increases exponentially with the dimension of the
configuration space. Further, in practice many of the samples cover invalid or task
irrelevant configurations.

Instead of sampling randomly, learning from humans effectively excludes irrel-
evant hand configurations [20, 53]. However, this requires significant effort from
human teachers and is limited by the teacher’s experience. To address this, our
work in the attached paper [D] limits the training set for a sampling based hand
reachability heuristic to the manifold of for grasping relevant hand configurations.
In doing so, it increases the heuristic’s accuracy in relevant regions of the configu-
ration space, while reducing it in irrelevant regions, see Figure 6. It is worthwhile
to note that in this work a robot learns this grasping manifold based on its own
task relevant experiences.

4 Uncertainties in Grasping

Considering uncertainty in robotic grasping, both for planning and control, has
become increasingly important. To deal with various uncertainties integral to the
grasping problem, one approach is to use sensory feedback to perform grasp adjust-
ment locally to find stable grasps near the original planned grasp [14, 28, 19]. For
instance, [28] proposed a set of simple and efficient heuristics to reactively correct
the alignment error of the PR2 gripper. In [19], a sensor-based grasp primitive of
Barrett hand is developed to adapt to the variation of the task conditions. These
methods are usually reactive using actual sensing data from force or tactile sen-
sors. The reactive correction strategy is designed to alleviate the need for precise
hand-object pose information and hence can be more robust to pose and location
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Figure 6: A 2D-projection of the seven dimensional configuration space of the
Schunk-SDH hand with example grasps. The colored areas show a grasping mani-
fold that is learned from experiences.

uncertainty. The main disadvantage of these methods is that, to design the correc-
tive strategy, the grasp is usually limited to a predefined set of grasp primitives [19]
or only simple hand kinematics is considered [28]. For a more complex dexterous
hand with a possibility to execute a large variety of grasps, it becomes more diffi-
cult to design such a corrective strategy. In [33], an object-level grasp adaptation
is proposed to deal with physical uncertainties in object mass and friction, focusing
mainly on the grasping stage when the object is already in the hand.

Another approach to deal with the uncertainty is to consider uncertainty during
the planning process. One way is to incorporate the robustness consideration into
the planning, preferring grasps that are insensitive to the uncertainty or search for
stable graspable regions on the object [74, 30, 10, 48, 12]. For instance, the concept
of independent contact regions (ICRs) is introduced to provide robustness to finger
placement error [48] where any grasp with fingertip’s positions inside the ICR will
achieve a force-closure grasp. Our work [A] proposed to score grasps by the friction
sensitivity, which maximizes the robustness of grasps under friction uncertainty.

The uncertainty information can also be updated online using vision [55, 31]
or tactile exploration [16, 61, 4]. However, these approaches usually use a set
of predefined grasps and require several rounds of grasp trials. Few works have
considered object shape uncertainty by integrating planning and control. In real
robotic grasping tasks, object shape uncertainty is inevitable due to, for example,
occlusion problems [5, 23, 4] or non-reachability from tactile exploration [61].

In our work in the attached paper [E], we addressed this problem by integrating
grasp planning and grasp adaptation. By utilizing the online feedback from tactile
sensors, our framework first plans grasps that are stable and adaptable. During
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the execution period, our systems maintains the grasp stability by either for adap-
tation or finger gaiting. This approach tackles the uncertainties in grasping by
actively reacting to them. However, it requires fast online computation to trigger
the reactions before the grasp fails.

5 Grasp Control and Adaptation

Approaches to force based grasp control range from geometry based analytic meth-
ods [26, 9, 43] to learning-based frameworks for force optimization [70, 69]. In-hand
manipulation has been addressed as finger gaiting with a rolling contact model and
quasi-static assumption [24, 54]. Hybrid position and force control has also been
studied [34, 71, 11, 65] as well as impedance control [57, 35, 64, 32].

In the attached paper [E], we employed an impedance controller to regulate
the forces at contacts online. Based on an offline learned stability estimator, our
controller is able to adapt the forces against various uncertainties. Moreover, by
fast online planning of finger gaiting, we change the contacts of a grasp in-hand by
superimposing a virtual spring in the impedance controller. The ability of finger
gaiting has significantly improved the robustness of the grasping system, as external
disturbances can be dynamically balanced with forces more dedicated for it.
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Summary of Papers
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Paper A

Friction Coefficients and Grasp Synthesis

Studying grasping under uncertainty is an important area in robotics . While
most current state of the art approaches concentrate on aspects of imperfect object
or robot models, we studied another fundamental problem in grasp synthesis in this
work: the dependence of grasp stability on friction coefficients. We believe that this
is an important problem when robots are to operate in open-ended environments
with changing conditions.

We have in particular studied the statistics of stable grasps under changes in
friction coefficients and have introduced the notion of friction sensitivity measuring
the susceptibility of a grasp’s quality to changes in friction. Furthermore, we have
proposed and evaluated two gradient ascent algorithms for synthesizing force-closed
contact configurations on parametric surfaces with potentially low friction and for
the synthesis of stable grasps with low friction sensitivity.

In our future work, we would like to evaluate our approach with a real robot and
study changes in friction coefficients in a real application such as a household robot
cleaning dishes which might be dirty or wet, impacting heavily on the resulting
friction properties. Further directions might also include the study of alternative
friction models and grasp quality scoring functions.

Contributions by the author

a. Proposed the metric Friction Sensitivity.

b. Proposed the algorithm for grasp synthesis under friction uncertainty.

c. Implemented all the experiments.

d. Evaluated the proposed algorithms.
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Paper B

Combinatorial Optimization for Hierarchical Contact-level Grasping

We proposed a method for synthesizing grasps based on point contact search
using search space discretization. Grasp synthesis is formulated as a combinatorial
optimization problem. Based on a multilevel refinement, we have considered a
hierarchy of recursively coarsened mesh models and locally improved grasps at each
level. For this, we have optimized grasp quality subject to a reachability measure
at each level and matched grasps to the next lower level, to finally achieve a grasp
on the original object model.

Our approach is applicable to complex input meshes, having thousands of faces
and highly concave shape. Thus, it provides the first tractable method for search
of grasp contacts on such input data.

Our empirical evaluation shows that the method produces feasible, high quality
grasps from random and heuristic initializations. It outperformed random sampling
relying on a large number of generated grasps and automatic hand closing technique.
Analyzing the influence of object model properties and method parameters such as
the number of coarsening levels and the size of the local search space, we have
shown that our approach is viable. In the future, we plan to additionally consider
hand kinematics in the optimization function and we intend to study the influence
of input data uncertainty on our approach.

Contributions by the author

a. Proposed to use abstracted models for contacts optimization.

b. Implemented most of the algorithm.

c. Conducted most of the evaluations.
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Paper C

Hierarchical Fingertip Space for Multi-fingered Precision Grasping

In this work, we have proposed a concept of Fingertip Space, which is an in-
tegrated representation of both object local geometry and fingertip geometry, and
shown its use in precision grasp synthesis. By building a hierarchical representa-
tion of the fingertip space, we have enabled multilevel refinement for precision grasp
synthesis. Our experimental evaluation with a Barrett hand has shown that the
fingertip space and its hierarchy is a viable and efficient representation for precision
grasp synthesis, and that the multilevel refinement facilitates the search procedure.
We have also evaluated the positioning errors tolerance of our system, as well as
demonstrated examples of our system working with noisy and incomplete data. In
the future, we are planning to implement our system on a real robot and addi-
tionally make the modular system more compact and flexible for different robot
embodiments and search algorithms to be plugged in.

Contributions by the author

a. Proposed the concept of Hierarchical Fingertip Space.

b. Proposed sampling based hand reachability metric.

c. Implemented all algorithms.

d. Conducted all evaluations.
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Paper D

On the Evolution of Grasping Manifolds

In this work, we presented a system that integrates a random forest based heuris-
tic for hand reachability and multi-finger inverse kinematics with the fingertip grasp
planner presented in [25]. The training set of the heuristic, the grasping manifold, is
incrementally adapted by the system based on the experiences it gathered online.
This allows to focus the heuristic’s limited accuracy on the regions of the robot
hand’s configuration space that are task relevant. We showed that our system cre-
ates grasping manifolds that facilitate the performance of the grasp planner, while
being able to generalize and continuously adapt to new types of experiences.

We further extended the proposed system to learn a heuristic from a grasping
manifold that integrates both grasp quality and hand reachability, rendering the
use of an analytic grasp quality metric unnecessary. As a result, we show that the
planner’s runtime is reduced, while it is still capable of generating stable grasps.

The system was evaluated both in simulation as well as on a real robot, whereas
training was only performed in simulation. Ideally our system would learn its
grasping manifold from experienced grasps that were successful in the real world.
However, our current implementation of the system does not take the environment
nor the kinematics of the robot’s arm into account. As a result, the planner often
produces grasps that are not kinematically reachable by the arm or in collision
with the environment. Therefore, since the training requires a large number of
executions, our evaluation on the real robot was limited to testing a system that was
trained in simulation. In future work, we wish to explore the system’s performance
when its experiences are gathered in the real world. As the grasping manifold is
learned from successfully executed grasps, it would implicitly emphasize grasps that
have been stable and suppress grasps that have falsely been predicted to be stable.
This may occur due to errors in the used model, such as the simplified modeling of
contacts and unknown friction coefficients. A grasping manifold trained from real
world examples could overcome these limitations of analytic grasp quality metrics.
Moreover, we would like to look into the scalability of the proposed method with
respect to the DoFs of the hand and the range of different object shapes it is able
to cover. Here, it is interesting to investigate the possibility of adaptively evolving
the number of samples used to represent the grasping manifold.

Contributions by the author

a. Proposed the framework of grasping manifold evolution.

b. Proposed the learning algorithm for manifold update.

c. Implemented most of the algorithm.

d. Conducted approximately half of the evaluations.
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Paper E

Hierarchical Fingertip Space: A Unified Framework for Grasp Planning
and In-Hand Grasp Adaptation

We have presented a unified framework for grasp planning and in-hand grasp
adaptation using visual, tactile and proprioceptive feedback. The proposed Hierar-
chical Fingertip Space defines a hierarchy of surrogate solution spaces of fingertip
grasping enabling both planning and adaptation. By augmenting the fingertip space
in terms of local geometry and spatial relations, as well as optimizing hand config-
urations with respect to grasp adaptability, we demonstrated efficient planning and
adaptation. Moreover, the probabilistic model for grasp stability estimation and
adaptation has shown its feasibility in closing the loop between grasp replanning
and control. We have evaluated the performance of the proposed system quanti-
tatively and shown that the proposed system significantly improves the robustness
of grasp execution. It also outperforms our previous work reported in [33]. To the
best of our knowledge, this is so far the first system that accomplishes grasp syn-
thesis, stability estimation, online replanning and in-hand adaptation in a unified
framework, as well as evaluating this on a real physical system.

However, as a basic drawback of most learning based approaches, our probabilis-
tic model is experience based, and hence relying on the training data, i.e. limited
number of objects and examples to generalize from. As a potential future work, we
plan to design an active learning strategy to update this model iteratively using
new experiences over time, so as to evolve the model in a long term to generalize
it to a broader set of objects, without retraining the models from scratch.

Contributions by the author

a. Proposed the unified framework for both grasp planning and grasp adaptation.

b. Proposed the search algorithm for online finger gaiting.

c. Implemented the grasp planning and finger gaiting algorithms.

d. Implemented and conducted approximately half of the evaluations.





Chapter 4

Conclusions

Grasp planning and in-hand grasp adaptation are two complex problems that have
commonly been studied separately. Many important contributions to these prob-
lems have been made during the past two decades considering stability modeling
and estimation, task based grasping, object representation, hand synergies and
grasp adaptation, etc. In this thesis, we focused on studying the uncertainties of
friction coefficients for dexterous grasping, efficient representations of object and
hand kinematics for grasp optimization, incremental manifold learning of for grasp-
ing relevant hand configurations, and a unified framework for grasp planning and
grasp adaptation.

1 Summary

In order to understand the effect of friction uncertainties in dexterous grasping, we
systematically studied the impact of changes in friction coefficients on the stability
of grasps in the context of a popular L1 grasp quality measure. For this, we proposed
the concept of friction sensitivity of a grasp with respect to grasp stability, and
evaluated algorithms for synthesizing stable grasps with low friction sensitivity and
for small friction coefficients.

For planning multiple contacts on arbitrary shapes represented by meshes, we
introduced multilevel approach that iteratively simplifies the objective function re-
sulted in fast convergence. Furthermore, the local search at each level effectively
reduced the total number of evaluated candidate solutions to a practical amount.
In the case of shapes presented by point clouds, we proposed the Hierarchical Fin-
gertip Space, which provides an optimization framework for both grasp synthesis
and finger gaiting, as well as closing the loop between grasp planning and control
through stability estimation and finger gaiting.

We also addressed the problem of improving the efficiency and accuracy of
reachability and inverse kinematics computation for multi-fingered grasping. We
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presented a grasp planning system that incrementally learns from experiences, and
improves a random forest based reachability heuristic for a redundant hand. Addi-
tionally, we showed that we can extend this learning to estimate grasp stability for a
variety of objects, rendering the use of an analytic grasp quality metric unnecessary.

2 Future Work

Grasping is not a standalone task and not the final goal we want to achieve. It
has to be employed in a larger task setup to be actually useful, e.g., after picking
up some object, we need to either place it to another place or use it for some
other task. Additionally, a robot often interacts with and is constrained by the
environment, modeling the grasping system in the combination of the robot itself
and its environment will give more insights on how a grasp can be useful.

As discussed in Chapter 2, many problems in grasping still remain challenging.
In the future work, we would like to look into the following:

– In-Hand Manipulation
In-hand manipulation is very demanding for many tasks. Humans use this
type of manipulation every day to achieve different goals, e.g., manipulating
the mobile phone or picking a key and plugging it into a lockhole. As the
main focus of this thesis, dexterous grasping is the cornerstone of in-hand
manipulation. In the attached paper [E], we already touched upon it by finger
gaiting. However, we only addressed the problem of maintaining stability.

As a future work, we will explore the task-oriented finger gaiting, e.g., rotating
or translating the object in the hand. This could require planning a sequence
of consecutive finger gaits to achieve a single motion primitive, dependent on
the shape of object and the initial configuration of the grasp. Furthermore,
we would like to incorporate object recognition into grasp planning, with the
information of the object’s category, the planning of dexterous grasping can
be further optimized by considering future tasks associated to a grasp.

– Mobile Manipulation
A manipulator with a fixed base is very limited in its reachability. Further-
more, for a non-redundant manipulator, there is only one configuration for
realizing a desired pose. When the resulted configuration is close to singular-
ities, the manipulability of the manipulator will be very small. To overcome
these limitations, one of the straightforward solutions is to exploit mobile
manipulation.

Due to the extra DoF added to the manipulator, the planning of mobile
manipulation becomes more challenging [27]. The robot needs to first navigate
to a suitable position, and then manipulate the objects within its reachable
range. More difficultly, in terms of the task or environment constraints, a
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robot can also be required to manipulate objects while moving its base. In
our future work, we would like to work on, in particular, the optimization of
base pose and planning of navigation trajectory for better manipulation.

– Bimanual Manipulation
This type of manipulation is motivated by several reasons. Firstly. it provides
more flexibility and manipulability by using two arms in a closed kinematic
chain. Secondly, the robot can gain more possible actions by using two arms
cooperatively. Furthermore, it is easier to implement dual-arm manipulators
in industrial setup, especially when we want to replace human workers with
robots, since it requires less redesign of the workspace [60].

Extending from the work reported in this thesis, we would like to model the
planning of bimanual grasping in our framework of fingertip grasp planning.
This is feasible because we can regard the contacts made by two end-effectors
as the contacts by fingertips, and the only difference is the kinematics. How-
ever, this would enable us to work on more complicated “finger gaiting” with
more flexibility, which is given by the fact that while one end-effector is hold-
ing the object, the other one can freely move to other positions without the
stability.

– Grasp Control and Adaptation
Handling uncertainties is another important topic in dexterous grasping. Due
to the noise in perception and inaccuracy in controllers, a planned grasp can
never be exactly executed. Because of the potential environment changes or
external disturbances, a grasp is desired to be adaptive and able to re-plan
when needed. In the attached paper [E], we have touched upon the problem
of force regulation under various uncertainties.

However, this considers only the stability maintenance aspect, and assumes
quasi-static models. For the applications of in-hand manipulation, this as-
sumption can be invalid, since the dynamic motions of object can be desired.
Therefore, in the future work will upgrade our current framework to provide
grasp control or adaptation for more complicated manipulations.

“The most beautiful thing we can experience is the mysterious. It is the source
of all true art and science.”

– Albert Einstein

Therefore, there is a lot to do.
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Friction Coefficients and Grasp Synthesis
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Abstract

We propose a new concept called friction sensitivity which measures how
susceptible a specific grasp is to changes in the underlying friction coefficients.
We develop algorithms for the synthesis of stable grasps with low friction sen-
sitivity and for the synthesis of stable grasps in the case of small friction
coefficients. We describe how grasps with low friction sensitivity can be used
when a robot has an uncertain belief about friction coefficients and study the
statistics of grasp quality under changes in those coefficients. We also pro-
vide a parametric estimate for the distribution of grasp qualities and friction
sensitivities for a uniformly sampled set of grasps.

1 Introduction

Friction coefficients are important for determining the quality of a specific grasp
and for understanding whether a grasp is force-closed or not. Most state of the art
grasp synthesis approaches typically assume fixed friction coefficients and evaluate
an associated grasp quality measure such as the L1 grasp quality Qµ, [6]. In reality,
friction coefficients may vary depending on temperature, humidity and the presence
of dirt on an object. Also, a robot will rarely have knowledge of precise friction
coefficients to start with. Instead, we may only be able to estimate a confidence
interval of friction coefficients. In this work, we address the following related issues:

a) We systematically study the impact of changes in friction coefficients on the
stability of grasps in the context of a popular L1 grasp quality measure Qµ.

b) We propose the concept of friction sensitivity Sn
a,b(g) of a grasp g with respect

to Qµ and fit a Dirichlet distribution to the distribution of (Qµ(g), Sn
a,b(g))

for uniformly sampled grasp configurations with three contact points.

c) We propose and evaluate algorithms for synthesizing stable grasps with low
friction sensitivity and for small friction coefficients.

The paper is structured as follows: In Section 2, we discuss related work and
introduce preliminaries. In Section 3, we define friction sensitivity and describe our



A4 PAPER A. FRICTION COEFFICIENTS AND GRASP SYNTHESIS

0.2 0.4 0.6 0.8 1
0

0.05

0.1

0.15

µ

Q
µ
(g

)

Figure 1: For the red and blue contact point configurations depicted on the object, we
consider how the grasp’s stability, measured in terms of a popular grasp quality function,
varies with changing friction coefficients. The vertical axis depicts grasp quality, while
the assumed friction coefficient µ is varied from 0.2 to 1.0. The blue grasp remains more
stable under changes in friction, while the red grasp yields more stable grasps for higher
friction values.

algorithms for grasp synthesis. We discuss our experiments in Section 4. Finally,
we conclude our work and discuss future directions in Section 5.

2 Background and Related Work

In the following, we review the grasp quality function Qµ and the basics of friction
coefficients and grasp synthesis.

2.1 Grasp synthesis and L1 grasp quality

Similarly to the work reported in [3], we focus on determining contact point config-
urations on a surface S which result in a force-closed grasp g. We consider grasps

g = (c1, . . . , cm, n1, . . . , nm, z) ∈ R
3m × (S2)m × R

3

consisting of contact points ci ∈ S on some surface S ⊂ R
3 and with corresponding

inward-pointing unit normal vectors ni ∈ S
2 = {x ∈ R

3 : ‖x‖ = 1} such that S
has centre of mass z ∈ R

3. To determine if such a grasp g can withstand external
forces, we need to estimate if g is a force-closed grasp [2]. Ferrari and Canny [6]
introduced an L1 grasp quality measure Qµ which can be used for this purpose. For
a fixed friction coefficient µ > 0, the Coulomb friction model states that – under
the assumption that no slippage occurs – forces applied at a contact ci ∈ R

3 on
some surface S and with corresponding inward pointing unit normal vector ni ∈ R

3

satisfy ‖f t
i ‖ ≤ µf⊥

i , where f t
i ∈ R

3 denotes the component of fi tangent to S at
ci, f

⊥
i ∈ R, and f⊥

i ni denotes the component along the normal direction ni - i.e.
these forces have to lie within the friction cone Ci = {fi ∈ R

3 : ‖f t
i ‖ ≤ µf⊥

i }. For
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a particular grasp g as above, these friction cones Ci can then be approximated
by Ci ≈ {

∑l
i=1 αifij : αi ≥ 0} for l uniformly spaced vectors fi1, . . . , fil ∈ Ci

satisfying 〈fij , ni〉 = 1.
In this paper, we use l = 8 such uniformly spaced vectors. To define this L1

quality measure, one then approximates the set of wrenches satisfying
∑m

i=1 |f
⊥
i | ≤

1 by the convex hull Conv({0} ∪ S(g)), where

S(g) = Conv ({wij : i ∈ {1, . . . ,m}, j ∈ {1, . . . , l}}) ,

and where wij = (fij , (ci − z)× fij). Qµ(g) is then defined to be the radius of the
largest ball inside Conv({0} ∪ S(g)) and centred at the origin. To compute Qµ(g),
S(g) is represented as an intersection of affine half-spaces S(g) = ∩s

j=1{x ∈ R
6 :

〈x, vj〉 ≤ λj} for some λj ∈ R, vj ∈ R
6, ‖vj‖ = 1, which can be obtained using

the Quickhull algorithm [1]. Then Qµ(g) = max(0,minj λj). If a grasp g satisfies
Qµ(g) > 0, it is force-closed and can withstand external wrenches in arbitrary
direction. Furthermore, grasps are considered more stable the larger Qµ(g) is.

2.2 Friction coefficients and grasp synthesis

For the purpose of robotic grasping, friction is commonly modelled using Coulomb’s
friction laws [2] for some friction coefficient µ as above. Friction coefficients depend
on various parameters: [8] discusses in particular the influence of humidity on
friction, while [5] study the dependence of friction on temperature. Further factors
influencing friction include surface properties such as dusty or oily vs. dry and
clean surfaces [18].

Since robots are to work in extreme conditions such as in search and rescue
operations and in manufacturing applications, the impact of environmental factors
on friction coefficients should be considered an important component in the analysis
of grasp hypotheses. Even in less-extreme scenarios, such as that of a service robot
in a home environment, friction can be influenced by dusty or dirty surfaces and can
vary even during a manipulation task, e.g. when a robot is washing dishes. Clearly,
none of these environmental factors can be determined exactly, and the robot hence
needs to operate with an expected friction value. In current grasp synthesis work,
such friction coefficients are often set to a fixed value according to friction tables
for various material combinations [2, 3].

To the best of our knowledge, the problem of assessing the goodness of a force-
closed grasp with respect to robustness under changes in friction has so far not
been studied in depth. One work which mentions the problem of uncertainty in
friction coefficients is [18] where the impact of uncertainties in friction and contact
positions on grasp synthesis is discussed. In order to deal with uncertainty in friction
coefficients, the authors suggest to work instead with ‘effective friction coefficients’
which are obtained by multiplying the coefficients of friction by some fixed reduction
rate 1

κ ≤ 1 which is assumed to be known. In the work of [14], independent contact
regions are computed on discretized objects taking into account uncertainties in
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friction coefficients. There, these uncertainties are also modeled using a reduction
rate. Based on the same concept, [17] developed an algorithm to compute minimal
required friction coefficients and contact forces.

3 Methodology

Fig. 1 displays two examples showing how the grasp quality measure Qµ changes
with respect to changes in the assumed friction coefficient µ for the depicted con-
tact configurations and for µ ∈ [0.2, 1.0]. This figure highlights several important
features of the function µ 7→ Qµ(g). Observe, for example, that the graphs are
monotonically increasing with increasing friction and that they have a distinct
almost piecewise-linear looking shape which seems to be a generic property we en-
countered also for other object shapes. Furthermore, we observe that, for µ = 1, a
ranking of these two grasps based on grasp quality alone would return the red grasp
as a preferable grasp hypothesis, while this grasp is unstable for µ = 0.2 where the
blue grasp remains stable. A natural question arises: which grasp should we choose
if we only have knowledge of a confidence interval µ ∈ [0.2, 1]?

A friction coefficient of 0.2 corresponds to the friction of a polythene (plastic)
surface in contact with a steel surface, while a friction of 1.0 corresponds to e.g.
copper against copper. In this section, we introduce a simple sensitivity measure
Sn

a,b(g) which we will use to assess a grasp’s stability under variations in friction.
Furthermore, we devise a parametric approach for studying the sensitivity of generic
grasps as well as grasps on specific objects. Finally, we describe a gradient based
approach for synthesizing grasps robust under changes in friction coefficients and
develop a new algorithm that can be used to determine force-closed grasps even for
small friction coefficients.

3.1 Quantifying a grasp’s sensitivity to friction

To provide a computationally tractable first-order approximation of the average
slope of the graph µ 7→ Qµ(g), for µ ∈ [a, b] and for a fixed grasp g, we make the
following definition:
Definition 3.1Consider a grasp configuration g and a friction interval [a, b] ⊂ R≥0.
Fix n ∈ N and consider δ = 1

n (b − a), {x0, . . . , xn} ∈ [a, b], xi = a + iδ for
i ∈ {0, . . . , n}. We define the sensitivity Sn

a,b(g) of g with respect to the parameters
a, b, n to be:

Sn
a,b(g) =

1

n−m

n−1∑

i=m

ki,

where ki = 1
δ (Qxi+1

(g) − Qxi
(g)) and m is the smallest integer i ∈ {0, . . . , n − 1}

such that Q(xi) is not zero. If no such m exists, we define Sn
a,b(g) = 0.

We then consider grasps with large Sn
a,b(g) to be sensitive to changes in friction,

while grasps with small Sn
a,b(g) are considered to be insensitive to such variations.
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Suppose a robot has computed a set of grasp hypotheses Hµ = {g1, . . . , gm}
of grasps gi with underlying friction coefficient µ > 0 and such that Qµ(gi) > 0.
While traditional ranking based approaches would select a grasp with largest grasp
quality Qµ, our definition of grasp sensitivity allows us to react to uncertainty in the
friction coefficients. Returning to Fig. 1, we can compute that S20

0.2,1(gblue) ≈ 0.1640
for the blue grasp, while S20

0.2,1(gred) ≈ 0.2287 for the red grasp. If we are working
under the assumption that µ ≈ 0.6, a ranking by Q0.6 now favours gred, while a
ranking by S20

0.2,1 for grasps with Q0.6(g) > 0 returns gblue, which indeed stays stable
over the whole friction interval [0.2, 1]. To provide a simple measure balancing the
benefits of large grasp quality with low sensitivity, we define

Φn
a,b,µ(g) =

Qµ(g)

Sn
a,b(g)

,

which provides a simple scoring function for grasps. We propose that grasps with
large Φn

a,b,µ(g) are desirable since they arise from a comparatively large grasp quality
and low friction sensitivity.

3.2 Statistical properties of grasps and friction

Let us now describe how we shall study some of the basic statistical properties of
grasp quality and friction sensitivity.

Generic random sampling

To study grasps with m contact points generically, that is without a notion of
an object, we consider the set D(r) = B(r)m × (S2)m × {0}, where B(r) = {x ∈
R

3 : ‖x‖ ≤ r} and S
2 = {x ∈ R

3 : ‖x‖ = 1} and 0 denotes the origin in R
3.

An element g = (c1, . . . , cm, n1, . . . , nm, z) ∈ D(r) then represents a grasp with
contacts ci, inward pointing unit contact-normals ni and with centre of mass z at
the origin, and where the contacts are constrained to lie in the ball B(r) around the
origin. Using the uniform probability distribution on D(r), we can now produce an
arbitrary number of random grasps in this set. We employed a similar approach of
grasp sampling in our work [12]. The grasp quality Qµ and our sensitivity measure
Sn

a,b can in this context be considered as random variables on this space whose
properties we can study statistically. In our experiments, we will in particular
show that a Dirichlet distribution provides a good fit to (Qµ(g), Sn

a,b(g)).

Random sampling and surfaces

To study grasps on an arbitrary surface S, we shall employ uniform random sam-
pling on S (as in [12]) to obtain a set C = {c1, . . . , cl} of contact points. We can
then study the set of

(
l

m

)
tuples of distinct configurations of m such contact points

as grasp candidates. Using this procedure, we shall then obtain information about
the distribution of Qµ and Sn

a,b for a specific surface.
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Input: S, 0 < µend < µstart, δ > 0, N,M ∈ N

g ← SampleGrasp(S)
for i ∈ {0, . . . , N − 1} do

µ← µstart −
i

N−1 (µstart − µend)
g ← GradientAscent(Fµ, g, δ,M)

end for
g

Algorithm 1 Search for a stable grasp for a small friction coefficient µend > 0 on
a parametric surface S.

3.3 Synthesizing stable grasps with small friction coefficient

As we shall show, stable grasps are difficult to synthesize with sampling based
approaches such as the ones used by GraspIT [10] if the friction coefficients are
small (e.g. µ ≤ 0.5). We hence propose a new procedure using ‘virtual’ friction
coefficients. Suppose we have a parametric form for our graspable surface S, so
that points and unit normals on S are given by coordinates (x, y) ∈ R

2 as c(x, y)
and n(x, y) respectively. Since we would like to execute a gradient based method
using Qµ, we shall use a modified definition, where Q̂µ(g) = minj λj , rather than
Qµ(g) = max(0,minj λj), where λj are the offsets of the hyperplanes defining the

wrench space S(g) which we mentioned in Section 2. The advantage of Q̂ here is
that we can obtain numerical gradients even when Q̂ < 0, while Q just takes on
the value zero in those regions. Note that Q̂µ(g) = Qµ(g) when Qµ(g) > 0.

For grasps with m contacts, we then obtain a function Fµ : R2m → R mapping m

contact point coordinates to the grasp quality Q̂µ(g) of the corresponding grasp at
those contact points. We then proceed by iterating M steps of a standard gradient
ascent of Fµ with a small decrease in µ until a desired target friction value µend

is reached. Alg. 1 provides details, where GradientAscent(Fµ, g, δ,M) executes M
gradient ascent steps with step size δ with respect to Fµ and starting configuration
g. Here, gradients are approximated using finite differences. SampleGrasp(S)
returns a uniformly sampled grasp configuration on the surface S.

4 Evaluation

In the following, we describe an evaluation of our proposed methodology.

4.1 The impact of friction on grasp stability

Let us now study the impact of changes in friction coefficients on Qµ. For this pur-
pose, we sampled 10 sets of 10000 uniform samples, U1, . . . , U10, from the uniform
distribution on D(2). Fig. 2 displays the mean percentage of stable grasps (i.e.
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Qµ(g) > 0) among the grasps in these sets Ui against friction coefficients ranging
from 0 to 5 in increments of 0.1.

−1 0 1 2 3 4 5 6

0%

20%

40%

60%

80%

µ

st
a
b

le
g
ra

sp
s

−0.1 0 0.1 0.2 0.3 0.4 0.5

0%

0.5%

1%

µ

st
ab

le
gr

as
p
s

Figure 2: Percentage of stable grasps for uniformly sampled grasps from D(2).

In this and all the following experiments, we used l = 8 edges to approximate
the fiction cones used in the calculation of Qµ. Fig. 2 additionally indicates the
standard deviation for our 10 sets of grasp samples U1, . . . , U10. Observe that
the percentage of stable grasps increases substantially as the friction coefficient is
increased and that this percentage decays rapidly as µ tends to zero as can be seen
in the second plot. A friction coefficient of µ = 0.2 corresponds to the friction of
polythene plastic against steel, while a friction of 1.0 corresponds to copper against
copper. For µ = 0.2, only about 0.084% of the grasps were stable, while for µ = 0.5,
2.4% were stable and, for µ = 1.0, about 16.2% of the grasps were stable.

Friction coefficients hence significantly influence the success of sampling based
grasp synthesis algorithms such as [3]. While previous work has certainly been
aware of this phenomenon, the above simple ‘generic’ sampling based approach
provides us with a first quantitative analysis of this phenomenon which, to the best
of our knowledge, has not previously been formalized in this way. Fig. 2 provides
clear evidence that ‘straight-forward’ sampling approaches for grasp synthesis used
e.g. by the popular simulation environment GraspIT [10], are inappropriate for low
friction coefficients.
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4.2 Friction sensitivity for generic grasps

Recall that, when Qµ(g) of a grasp g is relatively small for the expected friction
coefficient µ, a big Sn

µ−ǫ,µ+ǫ(g), for ǫ > 0, indicates that it may be inappropriate
to use the grasp g when we are uncertain about the exact value of µ. Let us now
investigate the relationship between friction sensitivity and grasp quality Qµ for a
generic set of grasps.

For this purpose, we sampled a set W of 1 million grasps with three contact
points uniformly from the set D(2). We assume that the true underlying friction
coefficient µ lies in the interval [0.2, 1.0] with an expected value of 0.6, and we hence
compute Q0.6(g) for all grasps g ∈W . Let us consider the set of grasps W ′ = {g ∈
W : Q0.6(g) > 0.001}. W ′ contained 29236 stable grasps. For each g ∈ W ′, we
now compute an associated fiction sensitivity S20

0.2,1.0(g), using a partition of the
interval [0.2, 1.0] into 20 equally spaced sub-intervals.

Figure 3: The distribution of grasp quality Q0.6 (horizontal axis) against sensitivity S20
0.2,1

(vertical axis) is displayed on the left and the mapping of this data onto the standard
simplex in R

3 is shown on the right.

Fig. 3 displays the distribution of (Q0.6, S
20
0.2,1.0) for our set of stable grasps W ′.

We will now study this distribution in more detail.

A parametric density estimate

Observe that the data in the left part of Fig. 3 is located in a cone with apex at the
origin. We can see that grasps with low sensitivity and high grasp quality are sparse
in this data-set. In order to be able to quantify statements about the likelihood
of encountering grasps with prescribed grasp quality and friction sensitivity, we
propose a parametric density fit as follows: as a first step, we determined edges
e1, e2 of the smallest triangle in R

2 enveloping all the samples and with apex at
the origin. Both e1, e2 have one end-point at the origin and satisfy 〈e1− e2, d〉 = 0,
where d is the vector which equally divides ∠(e1, e2). Moreover, the length of
e1, e2 is chosen as small as possible, and such that the triangle still contains all the
samples. In our case, e1 = (0.5756, 0.9094) and e2 = (0.0017, 1.0762). The triangle
containing the edges e1, e2 is mapped to the standard 2-simplex ∆ = {(x1, x2, x3) :
xi ≥ 0, x1 + x2 + x3 = 1} by an affine map mapping the origin to the vertex
(0, 0, 1) ∈ ∆. The right part of Fig. 3 displays the image of our data-points on ∆.
Given our transformed data points in ∆, we determined a Dirichlet distribution fit
to the data. Recall that a Dirichlet distribution Dir(α1, α2, α3) on ∆ is determined
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by three concentration parameters αi > 0. We performed a maximum likelihood fit
of the parameters to the data using the fastfit Matlab toolbox [11]. The estimated
parameters were (α1, α2, α3) = (1.0001, 2.2273, 9.8739).

40

20

0

0.5

1.0

1.0

Figure 4: Comparison between the fitted Dirichlet distribution and the observed data.

The surface plot in Fig. 4 shows the resulting density function ofDir(1.0001, 2.2273, 9.8739)
over the projection of ∆ onto the xy plane together with a standard histogram den-
sity estimator. As we can see in that figure, the chosen Dirichlet density provides a
visually satisfying fit to the data following the histogram density estimate closely.

To further quantify the quality of the fit, we ran a Pearson χ2 test [4] to test the
difference between the observed and expected frequencies. For this purpose, we used
Mathematica’s Monte-Carlo-based χ2 testing function to evaluate the goodness of
our fit and used a significance level of α = 0.05. After repeating the test 10 times,
the resulting average p-value was 0.833, indicating that our fit is of high quality.
The usefulness of our parametric fit lies in the fact that it provides a summary
of the data enabling us to compute probabilities for the occurrence of samples in
different regions of the quality/sensitivity parameter space.

Table 1 provides examples of computed probabilities for encountering grasps in
selected parameter regions based on our Dirichlet distribution fit. The bracketed
expressions in the table indicate the number of samples lying in those regions di-
vided by the total number of samples. Since these are very close to the probabilities
predicted by our Dirichlet distribution fit, this provides further assurance that the
parametric representation can be used to calculate these probabilities without the
knowledge of the full sample set.

4.3 Friction sensitivity for example objects

Having studied properties of grasp quality and friction sensitivity in a generic set-
ting, we now concentrate on grasps on the four surfaces displayed in Fig. 5. For
the purpose of this experiment, we assume a parametric representation of these
surfaces allowing us to compute normals at each surface point p. We used four of
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Table 1: Probabilities for encountering a grasp in the selected parameter regions in
(S20

0.2,1.0, Q0.6) space for uniform samples in {g ∈ D(2) : Q0.6(g) > 0.001} determined
using our Dirichlet distribution fit. The corresponding relative observed frequencies from
our data-set are displayed in brackets below each such value.

Q0.6 S20
0.2,1.0(g) ≤ 0.2 S20

0.2,1.0(g) ≤ 0.4 S20
0.2,1.0(g) ≤ 0.6

≥ 0.02 0.1003 0.4317 0.6002

(0.1127) (0.4576) (0.6109)

≥ 0.05 0.0196 0.2097 0.2913

(0.0189) (0.1994) (0.3062)

≥ 0.10 0.0001 0.0352 0.0923

(0.00007) (0.0379) (0.0902)

≥ 0.15 0 0.0042 0.0203
(0) (0.0046) (0.0236)

the surfaces studied in [12] and followed the same uniform contact point sampling
procedure as outlined in that paper.

Figure 5: Example surfaces and grasps on them

In particular, to study the surface-specific distributions of grasp quality and
friction sensitivity, we sampled 100 contact points C uniformly from each of these
surfaces and computed the resulting

(
100

3

)
= 161700 distinct grasps with three
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contact points chosen from C. Fig. 6 displays the resulting distributions for each
of the surfaces depicted in Fig. 5 analogously to the generic case in Fig. 3. Observe
that, while the general concentration of the grasp qualities and sensitivities towards
the origin remains a dominant feature, we can observe object-specific properties in
these distributions such as the sparse fringes for the box object and a stronger
concentration towards the origin for the top left and bottom right object. Fig. 5
additionally displays sample grasps which corresponds to the respective red points
in Fig. 6. These initial investigations provide evidence that such distributions in
terms of grasp quality and friction sensitivity could be used also for the classification
of the graspability of various objects under varying friction assumptions.

Figure 6: Distributions of Q0.6 (horizontal axis) and S20
0.2,1 (vertical axis) for random

grasps on the 4 surfaces displayed in Fig. 5 are shown in the same order as in that figure.
The red dots correspond to the example grasps in Fig. 5 respectively.

4.4 Gradient ascent on Φn
a,b,µ(g)

We now experimentally verify that, for any grasp g with Qµ(g) > 0, a simple fixed
step-size gradient ascent can dramatically improve the value of Φn

a,b,µ(g) and hence
result in a more desirable grasp. In the following, unless specified elsewhere, we
set a = 0.2, b = 1.0, n = 20 and µ = 0.6. Analogously to the proposed algorithm
Alg. 1, we consider a parametric surface representation ϕ : R2 → S of our object S
and perform gradient ascent of the function Hn

a,b,µ sending a grasp g specified by
the centre of mass z of the surface and a triple of surface contact point coordinates
to the resulting value of Φn

a,b,µ(g).
We consider the bottle and the box surface depicted in the left column of Fig. 5.

The grey points in Fig. 7 display the distribution of grasp quality and sensitivity val-
ues for the bottle and the box surface which we computed previously and which are
also displayed in Fig. 6. We divide the parameter region [0.01, 0.285]× [0.01, 0.385]
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Figure 7: Results (Bottle and Box surfaces) of gradient ascent on Φn
a,b,µ(g) represented

in (Qµ, Sn
a,b) parameters. Original grasps (blue points) are improved by gradient ascent

resulting in the green points. The pairs of red dots correspond to initial and final grasps
displayed in Fig. 9.

into uniformly spaced boxes of size 0.025× 0.025 and picked a grasp from the grey
sample points for each non-empty box. This results in a set of grasps G for each of
the two surfaces. G is depicted by blue dots in Fig. 7. We then apply 200 steps of
a standard fixed step-size gradient ascent with respect to Hn

a,b,µ for every grasp in
G and compute gradients numerically using small finite differences.

Fig. 7 shows the result of this gradient ascent on both the bottle and the box
surface by green points. We can see that almost all the blue dots in Fig. 7 have been
moved towards the right edge of the distribution cone, indicating an improvement in
Φn

a,b,µ(g). Fig. 8 illustrates the performance of the gradient ascent using bar-plots,
with black and blue bars showing Φn

a,b,µ(g) values before and after gradient ascent
respectively. It is worth mentioning that, looking at Fig. 8, the final value of Φn

a,b,µ

seems to bounded by similar upper bounds, both for the bottle and the box surface.
Fig. 9 displays two examples of gradient ascent on both surfaces and corresponding
to the red dots in Fig. 7. The trajectory on the object surface represents the location
of contacts in each iteration of the gradient ascent. Note that, if we imagine the
bottle to be wet or slippery, the red grasp is intuitively less stable than the blue
grasp, which is confirmed by the graph of the grasp quality depicted next to the
bottle.
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Figure 8: Results of the gradient ascent on Hn
a,b,µ on the bottle (top) and the box (bottom)

surface. Each bar represents a grasp sample shown in Fig. 7. Bars are sorted in ascending
order of the final Φn

a,b,µ(g) values which is depicted along the vertical axis. Black bars
depict Φn

a,b,µ values of the original grasp samples and blue bars are values after gradient
ascent.
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Figure 9: An example of gradient ascent for Φn
a,b,µ corresponding to the red points

in Fig. 7. The red grasps converge to the blue ones under our gradient ascent. The
trajectories are depicted as faint lines.
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4.5 An evaluation of Algorithm 1

We now come to an evaluation of Alg. 1 which we proposed in order to synthesize
force-closed contact configurations on surfaces with low friction coefficients. Again,
we consider the bottle and box surfaces displayed in Fig. 5.

2 4 6 8 10
0%

20%

40%

60%

80%

100%

2 4 6 8 10
0%

20%

40%

Figure 10: Percentages of stable grasps for each of the 10 runs of our experiment with 120
grasps per experiment for the bottle (top) and box (bottom) surfaces and for µstart = 1
and µend = 0.2. In red, we display the percentages of stable grasps for the original random
grasps, in green, the percentages of stable grasps after a simple gradient ascent of Fµend

and, in blue, the percentage of stable grasps synthesized using Alg. 1.

We sampled 10 contact points uniformly on these surfaces and computed all(
10
3

)
= 120 distinct 3-contact grasp configurations for these contacts, resulting in

a grasp set G for each surface. Next, we studied the effectiveness of Alg. 1 for
these grasps, setting µstart = 1.0, µend = 0.2 and descending from µstart to µend

in N = 50 steps and using a gradient ascent with step size δ = 0.05 and M = 40
steps per iteration according to Alg. 1. We repeated this experiment 10 times for
each surface, resulting in the percentages of stable grasps (Qµend

(g) > 0) depicted
by blue dots in Fig. 10.

To compare our result to a more straightforward approach, we tested the alter-
native approach of simply performing a gradient ascent of Fµend

for each grasp, and
with step-size δ = 0.05 and for M = 200 iterations which resulted in the much lower
percentages of stable grasps depicted in green. If we simply use a sampling based
approach and evaluate the grasp quality for each grasp in our set with friction µend,
almost none of the sampled grasps had positive grasp quality as indicated by red
dots. Our results hence indicate that Alg. 1 can be used to successfully synthesize
stable grasp configurations on objects with low friction coefficients by repeating the
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algorithm a few times with different random starting grasps until a stable grasp is
found.

5 Conclusion

Studying grasping under uncertainty is an important area in robotics [7, 16, 13,
15, 9]. While most current state of the art approaches concentrate on aspects of
imperfect object or robot models, we studied another fundamental problem in grasp
synthesis in this work: the dependence of grasp stability on friction coefficients. We
believe that this is an important problem when robots are to operate in open-ended
environments with changing conditions.

We have in particular studied the statistics of stable grasps under changes in
friction coefficients and have introduced the notion of friction sensitivity measuring
the susceptibility of a grasp’s quality to changes in friction. Furthermore, we have
proposed and evaluated two gradient ascent algorithms for synthesizing force-closed
contact configurations on parametric surfaces with potentially low friction and for
the synthesis of stable grasps with low friction sensitivity.

In our future work, we would like to evaluate our approach with a real robot and
study changes in friction coefficients in a real application such as a household robot
cleaning dishes which might be dirty or wet, impacting heavily on the resulting
friction properties. Further directions might also include the study of alternative
friction models and grasp quality scoring functions.
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Abstract

We address the problem of generating force-closed point contact grasps
on complex surfaces and model it as a combinatorial optimization problem.
Using a multilevel refinement metaheuristic, we maximize the quality of a
grasp subject to a reachability constraint by recursively forming a hierarchy
of increasingly coarser optimization problems. A grasp is initialized at the
top of the hierarchy and then locally refined until convergence at each level.
Our approach efficiently addresses the high dimensional problem of synthesiz-
ing stable point contact grasps while resulting in stable grasps from arbitrary
initial configurations. Compared to a sampling-based approach, our method
yields grasps with higher grasp quality. Empirical results are presented for
a set of different objects. We investigate the number of levels in the hierar-
chy, the computational complexity, and the performance relative to a random
sampling baseline approach.

1 Introduction

The synthesis of feasible and stable grasps on an object remains an important
problem in robotics which involves sensory perception and representation [21, 28,
18], the encoding of task constraints [2], and high dimensional configuration spaces
[14]. The planning and execution of stable grasps with point contacts on complex
object shapes is a particular aspect of this larger problem for which no efficient
complete solutions have been found yet. In this work, we propose an efficient
method that generates and locally optimizes stable force-closed grasps. Our method
can be seen as complementary to state-of-the art heuristic approaches such as [5,
23, 7, 11, 35, 1, 22, 18].

Most robot object interactions, static or dynamic in nature, require that an
object is firmly held. The force and contact position based grasp description [13, 6]
is currently the most mature approach available to formalize this concept. In this
work, we consider point contact dependent aspects of the grasp synthesis problem
and mostly neglect other issues such as physical constraints and kinematic limita-
tions. We furthermore utilize a simplified concept of reachability which our system
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Figure 1: System outline: Our approach applies the multilevel refinement paradigm
to point contact grasps generation. We recursively simplify a mesh representation
(1) and find locally optimal grasps at each level (3), starting at the topmost level
(2). Solutions are transferred to the level below by finding similar faces (4). The
process is sketched for one contact point only.

integrates with a notion of grasp quality. We frame the search for force-closed
grasps on 3D mesh objects as a combinatorial optimization problem and employ
an iterative abstraction and refinement approach. Following the generic multilevel
refinement paradigm, our approach creates a hierarchy of approximations to the
grasp search problem on the original object. For this purpose, we recursively sim-
plify the original mesh representation, resulting in a set of object models of varying
resolution. We then consider the midpoint of each triangle face as a possible contact
position. At each level of the hierarchy, an initial grasp is iteratively refined by local
search and finally extended to the level below by finding a similar face in the higher
resolution mesh. This process is exemplified in Fig. 1. The main contributions of
this work can be summarized as follows:

• We introduce an approach operating directly on an input mesh, without the
need for further high-level features [29, 1].

• Our approach can process complicated object geometry as well as complex
and high resolution meshes consisting of thousands of faces to produce high
quality grasps.

• We do not require that the input data has the same resolution at all parts of
the object—a potential we leave for future exploration.
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• The multilevel approach iteratively simplifies the objective function resulting
in fast convergence. Furthermore, the local search at each level effectively re-
duces the total number of evaluated candidate solutions to a practical amount.

2 Related Work

The synthesis of stable grasps on shapes of high complexity and with exact contact
positions is a challenging problem. Research has addressed grasp synthesis in var-
ious ways which can be summarized into two main groups: Firstly, by developing
compact and expressive object representations to deal with the underlying com-
plexity of the problem space [31, 29, 1, 18], and secondly, by devising methods for
analyzing and evaluating grasp quality [13, 8, 26] - in each case possibly taking into
account constraints related to the task or embodiment. In this section, we discuss
the two areas in relation to our contributions.

2.1 Object Representations for Grasp Synthesis

Object representations for grasp synthesis are often formed by extracting either
global or local features from an object description. Using local features such as sur-
face geometry properties, it is possible to evaluate grasp stability [8] and sensitivity
[17], or to compute independent contact regions [30]. By exploring global features of
the target object in the form of skeletal or topological descriptors, one can further-
more synthesize grasps by sampling grasp parameters such as pre-shapes, positions
and approach directions of a robot hand. The reported results using these methods
show relatively good success rates for obtaining feasible grasps [1, 12]. However,
many of these approaches need to execute a grasp policy [5, 23] in simulation to sub-
sequently conduct a force-analysis of the resulting grasp configuration. Therefore
they can be regarded as a form of heuristic to generate point contact grasps.

Many proposed object representations extract skeletal features from 3D data [29,
1]. The Reeb Graph [1] and Medial Axis [12], were successfully used for generating
initial positions, approach directions and pre-shapes for whole hand grasps [35, 1].
Similarly, the work of [27] detects holes on objects as a basis for executing caging
grasps. Approximating objects’ shape using basic primitives has been recognized
as another object representation [22, 18], where approach vectors and pre-shapes
are generated by sampling on shape primitives. By parameterizing objects using
superquadrics[7, 11, 5] and superellipsoids [24], grasp parameters are sampled on
the approximated objects.

Our approach relates to the above methods relying on local features since it is
based on grasp quality evaluation and requires information about the surface and
its normals. It is also related to methods using global features since recursively
coarsening the mesh model results in an increasingly rougher object description,
maintaining only global characteristics. In contrast to global feature methods, our
approach optimizes grasp contacts directly without the detour of describing the
grasp by grasp parameters. As a consequence, we do not require the execution of
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a grasp policy [5, 23] in simulation to get access to a candidate solution. Addi-
tionally, as we provide exact grasping contact positions which are required in some
applications such as finger gaiting [32, 16], our method can act as a plug-in in such
applications to complete the grasp synthesis step in a pipeline.

2.2 Grasp Contact Synthesis

Sampling-based grasp synthesis methods, as discussed above, are nonconstructive
in the sense that they assess grasp stability based on contacts resulting from the
execution of a grasp policy, but they do not explicitly relate the synthesis to the
quality measure and solve the grasp synthesis problem indirectly. In [8], it was
shown that randomized grasp generation is fast and suitable for some simple test
objects. However, this is not directly applicable for objects of complex shapes as we
shall show later in this paper. As also have shown in [17], sampling based methods
furthermore suffer in the case of low friction coefficients, where stable grasps become
increasingly sparse.

In the work of [25], a local gradient based grasp quality optimization was per-
formed and grasps were also transferred between objects by a continuous shape/grasp
deformation and optimization process. However, this approach required a particu-
lar smooth surface parametrization. In our work, the grasp configuration space is
instead discretized according to a hierarchically coarsened mesh representation of
the object surface. This enables an optimization of contact based grasps by a dis-
crete local search and following a multilevel combinatorial optimization approach.

3 Preliminaries

We start by presenting a combinatorial optimization problem formalism and con-
tinue with a discussion of grasp stability and reachability metrics.

3.1 Combinatorial Optimization and Multilevel Refinement

Presented with a combinatorial optimization problem, where an optimum over a
discrete set of candidate solutions needs to be determined, it is often infeasible to
carry out an exhaustive search to determine the global optimum. In this case, the
problem can be relaxed to finding a good solution in reasonable time by applying
a search heuristic. The multilevel refinement paradigm is a metaheuristic that
can be applied to difficult combinatorial optimization problems and describes a
recursive abstraction and refinement pattern. It has been used to address a variety
of problems in graph theory and numerical algebra as described in the overview
work [9, 33, 37].

As a metaheuristic, the multilevel refinement paradigm describes a general
search strategy: a problem instance is recursively approximated to form a hier-
archy of increasingly approximated problem instances. Starting at the top level,
a solution is found for the current instance and then extended to the level below.
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Provided with an initial candidate solution on the top level, the procedure finally
results in a solution to the original problem defined in the lowest level.

Formally, we denote the initial problem instance by P0, its set of candidate
solutions by X0, and the objective function for all levels by θ. We write P0, P1, . . . for
the problem hierarchy, where each instance Pl is created recursively by a coarsening
of its parent Pl−1. At level l, the initial solution C0

l is refined to Cl, where on the
top level C0

l is provided by an initialization algorithm and for all other levels by
extending Cl+1 ∈ Xl+1 from the child problem. A detailed description of the
approach is reported in [37] and our implementation is described in Alg. 2.

Input: Problem instance P0

Output: Solution C0

l← 0
while coarsening do

Pl+1 = coarsen (Pl)
l← l + 1

end while

C0
l = initialize (Pl)

Cl = refine
(
C0

l , Pl

)
while l > 0 do

l← l − 1
C0

l = extend (Cl+1, Pl)
Cl = refine

(
C0

l , Pl

)
end while

Algorithm 2 Description of the multilevel refinement paradigm metaheuristic for
combinatorial optimization.

While the use of sophisticated techniques for refinement have been demonstrated
[36, 19, 34, 20], the refinement algorithm is often selected from a family of local
search heuristics. There, only a small region around the current solution is explored
for improvement. This notion is formalized by the neighborhood set N(x) ⊆ Xl of
a candidate solution x ∈ Xl which defines the locally searched space.

For application, the paradigm requires problem specific definitions of algorithms
for refinement, problem coarsening, initialization, and solution extension. We de-
scribe the objective function, candidate solution space and the algorithms for our
grasp synthesis problem in Sec. 4.

3.2 Grasp Stability Metric

Many approaches to robotic grasping of rigid objects are based on force analysis
and in particular on the concept of force-closure [13, 6]. To identify stable grasp
configurations, the forces exerted by the robot end effector and friction between
the robot hand and the object surface are considered. We choose to evaluate the
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force-closure property of a grasp with the L1 grasp quality measure Qµ reported in
[8] and which is based on the Coulomb friction model.

To this end, a grasp g is formalized by m point contacts p1, p2, . . . , pm ∈ R
3 and

their inward-pointing unit surface normals n1, n2, . . . , nm ∈ R
3. The grasp quality

Qµ is then a function of all contact positions and normals, the center of mass of the
object z ∈ R

3, and the friction coefficient µ ∈ R
+. A grasp is force-closed if Qµ is

larger than zero. In the following, the relation between a grasp g and z, ni, pi will
be implicit in cases where this does not cause confusion.

3.3 Reachability Measure

It is possible that a given set of contacts on an object resemble a force-closed grasp,
but that the robot hand is incapable of realizing this grasp. The reasons for this
are several: kinematic infeasibility of the hand pose, object or self-collisions, or the
required number of contact points cannot be achieved due to lack of independent
joints. These issues are in part addressed in recent work [38].

In the simplest case, the individual point contacts are just too distant from each
other even when kinematics and collisions are neglected. We adopt this simplified
distance-based concept of reachability to approximate the robot hand’s workspace.
Formally, we define reachability R (g) of a point contact grasp g, given by its contact
positions as described in Sec. 3.2, as

R (g) =
1

m

m∑

i=1

‖pi − ψ‖ (1)

where ψ is the centroid of all contact points p1, p2, . . . , pm of the grasp g and ‖·‖
is the Euclidean distance. We consider a grasp as reachable if R (g) ≤ r for a
predefined reachability upper bound r ∈ R

+. Intuitively, the pairwise distances are
limited by 2r.

4 Methodology

In this section, we describe our approach to search for grasp contacts. In Sec. 4.1,
we formalize the grasp search problem on a surface mesh using the terminology
of combinatorial optimization introduced in Sec. 3. Subsequently we explain our
realization of the multilevel paradigm algorithm.

4.1 Problem Formalization

To search for a stable force-closed point contact grasp on a rigid object, we repre-
sent the object’s surface by a mesh of oriented triangle faces F = {f1, f2, . . . , fk}. A
triangle mesh is the simplest piece-wise linear approximation of the original surface,
assuming that the vertices originated from the original surface. Instead of consid-
ering the space of all possible contact positions on all the faces, we only consider
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face midpoints ∆ = {δ1, δ2, . . . , δk} as possible contacts. The normal for contact
point δi is the face normal ni. To simplify the notation, we will refer to faces fi

and midpoints δi indiscriminately and let each of the symbols fi, δi, or ni refer to
any subset of {fi, δi, ni} where the context is clear.

The previously introduced discretization induces a combinatorial search space
F =

∏m
k=1 F where each of the m contacts has to be assigned one face or mid-

point. To complete the combinatorial optimization problem, we define an objective
function θ : F → R to evaluate candidate solution by employing the grasp quality
measure Qµ described in Sec.3.2 and the reachability measure R defined in Eq. (1):

θ (g) =

{
Qµ (g)−

(
eα(R(g)−r) − 1

)
, R (g) > r

Qµ (g) , else
(2)

where α ∈ R
+ is a penalty factor. If the contacts are reachable, θ only describes

grasp stability. Unreachable grasps with (R(g)− r) > 0 are increasingly dominated
by the negative right hand term. The further apart the contacts are positioned in
space, the lower is the value of θ(g).

Figure 2: Sketch of the objective function values with large reachability bound if
two contacts are kept fixed. Red color marks high quality. For each contact there
are multiple local maxima rendering the global joint optimization problem difficult.
However, the objective function changes gradually, allowing for improvement by
local search.

Some properties of the search space F and the objective function θ can be
inspected in Fig. 2 for three contact grasps. Faces are colored by the objective
function while iterating one contact over all faces and keeping the other contacts
fixed. Even if only a single contact would be optimized at a time, the search
space exhibits multiple local maxima at different places (red) rendering global joint
optimization a difficult problem. However, the objective function changes gradually
from face to face which allows for exploitation with local search and multilevel
refinement.

Applying the terms introduced in Sec. 3.1, the search space of the initial problem
instance P0 is identified with the Cartesian product of the original mesh faces
X0 = F . Writing Fl and Fl, we will use subscript to refer to different levels. A
problem instance Pl is coarsened to Pl+1 by reducing the number of faces in Fl

using a mesh simplifying procedure described in Sec. 4.2. We stop coarsening the
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mesh before it degenerates and then apply a random initialization of contacts. For
the refinement step, we apply a greedy hill climbing procedure explained in Sec. 4.3
using the Cartesian product of the ηth-order neighbor faces of a contact to form the
search neighborhood. A level l candidate solution Cl = (fik

)
m
k=1 ∈ Fl is extended

to level l−1 by matching fli
∈ Cl to a similar face in Fl−1, as explained in Sec. 4.4.

4.2 Mesh Simplification

For the coarsening procedure, we automatically produce simpler and approximated
versions of mesh models Fl using the surface simplification algorithm of [15]. The
algorithm was suggested for multi-resolution modeling and iteratively produces high
quality approximations of polygonal models at a decreasing level of detail. Each
simplification step joins one pair of vertices which is selected according to a per-
vertex surface error metric. In the contraction, all incident edges are connected
to the remaining vertex, degenerated edges and faces are removed, and the vertex
is placed to minimize a quadric surface error metric. This procedure ensures high
fidelity to the original model in every simplification step.

Since the algorithm removes only one vertex per iteration, a sequence of mod-
els with only gradually decreasing level of detail is produced in place. We apply
a percentage reduction of the number of faces as termination condition for each
recursive coarsening step. Thereby, we decide the number of levels u ∈ N and final
number of faces o ∈ N beforehand:

|F0| γ
u = o and |Fl| γ = |Fl+1| (3)

In this way, we obtain a sequence of models having the same ratio of 1 − γ less
vertices with respect to the previous one. An example of such a sequence of mesh
models is depicted in Fig. 1.

4.3 Hill Climbing

For the refinement procedure, we turn to local search and employ hill climbing until
convergence. Given an initial candidate solution C0

l = (fik
)
m
k=1 ∈ Fl, we define the

neighborhood of C0
l as the Cartesian product of the ηth-order neighboring faces for

each fi ∈ C
0
l . Formally, we write

N(C0
l ) =

m∏

k=1

Nη(fk1
), (4)

where Nη(fi) denotes the set of triangles in the mesh Fl which can be reached
from fi by η or less steps, and including fi itself. An example of neighbor faces at
different step distances are shown in the left of figure Fig. 3.

In each hill climbing iteration, we select the best grasp from N(Cl) until no
improvement is achieved. This procedure is formalized in Alg. 3. We maintain a
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look-up table for already calculated grasps to reduce time complexity. In exper-
iments, we have found that it is particularly beneficial to increase η from 1 to 2
when the current grasp is unstable. This technique is later referred to as an adaptive
approach.

Input: Initial grasp C0
l = (fik

)m

k=1 ∈ Fl

Output: Solution Cl

i← 0
repeat

N = N(Ci
l )

i← i + 1
Ci

l = argmax
c∈N

(θ (c))

until Ci
l = Ci−1

l

Cl ← Ci
l

Algorithm 3 Description of the refinement procedure using hill climbing until
convergence.

Figure 3: Left: The neighboring faces in 0, 1, and 2 steps distance in red, green,
and blue color respectively. The Cartesian product of each contact’s neighbor faces
up to η steps distance forms the neighborhood of a grasp. Right: Matching a face
of a low resolution mesh (red) to a high resolution mesh (blue) using 6D coordinates
comparison.

4.4 Face Matching

The extension procedure in our approach translates a grasp Cl = (fik
)
m
k=1 from

the mesh Fl to the mesh Fl−1. Since the objective function heavily depends on the
contact positions and contact normals, we match every face fi ∈ Cl with a face
in Fl−1 that has similar midpoint and normal. For this, we introduce a distance
function between pairs of faces. First, we translate and scale each mesh Fl such
that the centroid is in the origin and each vertex is at most at distance 1 from the
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origin. This leads to normalized midpoint positions δ̄i. A face fi ∈ Fl is matched
with a face f ∈ Fl−1 according to the following

f = argmin
fk∈Fl−1

(
‖(δ̄i, ni)− (δ̄k, nk)‖

)
, (5)

where (δ̄i, ni) ∈ R
6. Equation Eq. (5) can be efficiently implemented using a k-d

tree data structure [4]. Fig. 3 shows how a face on a coarser mesh (red) is matched
to a face (blue) on a finer mesh on the right side.

5 Experiments

In this section, we present empirical evidence for the viability of our approach. For
all experiments, the Coulomb friction coefficient is set to µ = 1 and the penalty
factor in the objective function is α = 4. The models bunny, plane, dinopet, and
homer are found in [3, 10] and have 52.000, 17.354, 8996, and 10.202 faces respec-
tively. Each model was centered and scaled so that the maximum distance between
any vertex and the origin is 1. Unless stated otherwise, the top level always has
100 faces, we use 4 coarsening levels resulting in 5 levels in total, and the number
of contacts is m = 3. Figures 5, 7, 9, and 11 show standard box-plots indicating
median, 25th and 75th percentiles and individual outliers.

5.1 Varying the Number of Levels

First, we investigate how the number of recursive coarsening steps influences the
quality and reachability of the resulting grasp. For each model, we consider 0 to
4, and 6, 8, and 10 coarsening steps with 100 faces at the top level. We generate
100 random initial grasps on the coarsest mesh and execute our approach for each
of these 8 settings. The reachability bound is always set to r = 0.5 and only the
1st-order neighborhood is considered.

The ratio of reachable grasps is described in Fig. 4. A maximum is generally
reached for level 6 or 8, but in each setup at least 73% of the grasps were reachable.
For the models bunny, plane, and homer, the percentage of reachable grasps was over
90% for more than 2 coarsening levels. Since the initialization was done randomly
and our approach performs greedy optimization, it was not always possible to move
the contacts close enough to satisfy the reachability constraint, particularly for the
highly concave object dinopet.

The distribution of grasp quality Qµ for reachable grasps can be inspected in
Fig. 5. We observe a general trend showing that grasp quality is increased and vari-
ance reduced as the number of levels is increased. However, one recursive coarsening
step already improves results considerably over mere hill climbing on the original
mesh at level 0.
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Figure 4: The percentage of reachable grasps for different numbers of levels. Each
time, 100 executions with random initialization were considered.

5.2 Empirical Complexity

Since the experiment in the previous section shows that more levels in general lead
to better expected grasp quality, we have to investigate how the average and worst
case complexity relate to the number of levels. For this, we consider how many hill
climbing steps the approach requires at each level and how many grasps need to
be compared in each of these steps. The presented data is taken from the above
experiment and for the bunny object.

The average and maximal number of steps per level in relation to the number of
coarsening steps is depicted in Fig. 6. When we initialized the algorithm with 4 or
more levels, the maximal number of steps per level were similar and initialization
with 0–3 levels required substantially more steps. For 2 or more initialization levels,
the average number of steps per level stabilized between 2.5 and 3.1, and 3.4 steps
were required in the final level. However, the number of grasp quality evaluations
per hill climbing step depends on the cardinality of the set of neighbor faces. A
statistic for the 1st-order neighbors on the bunny model for different coarsening
levels is shown in Fig. 7. In our experiment, the average number of 1st-order
neighbors did not change for different levels and so the complexity of each hill
climbing step is not influenced by the number of levels.

5.3 Complexity of Objects

Intuitively, grasp synthesis is easier on simpler objects. We investigate this claim
in Fig. 8, where grasp quality distributions for objects of varying complexity are
displayed. The setup of this experiment is the same as in Sec. 5.1 except that the
reachability bound was set to r = 1.0 and only 4 coarsening levels were used. In our
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family Bunny family Plane

family Dinopet family Homer

Figure 5: Grasp quality distribution for the reachable grasps from 100 runs with
random initialization. Generally, grasp quality improves with the number of levels
used.

Max. #Steps Avg. #Steps

Level 0 1 2 3 4 6 8 10 0 1 2 3 4 6 8 10

In
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l

10 5 5 4 5 7 5 5 6 2.6 2.6 2.5 2.5 2.7 2.1 2.4 3.4
8 6 6 5 6 6 4 6 3.0 2.8 2.2 3.1 2.9 2.6 3.4
6 4 4 5 6 5 6 2.6 2.7 2.6 2.5 2.5 3.4
4 6 5 7 5 6 3.0 3.0 3.0 2.6 3.4
3 7 10 8 6 3.0 3.4 2.8 3.4
2 6 7 6 3.3 3.1 3.4
1 16 6 4.7 3.4
0 38 10.6

Figure 6: Maximum and average number of hill climbing steps sorted by initial
level and for the experiment in Sec. 5.1 for the bunny model.

experiment, the grasp quality variance increases with the complexity of the object,
since the number of local optima increases with the complexity of the object.
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Figure 7: Statistics of the number of 1st order neighbor faces for the bunny model
for different coarsening levels. The average number of faces is stable and so the
complexity of one hill climbing step does not depend on the number of levels.

Figure 8: Grasp quality distribution for objects of varying complexity.

5.4 Neighborhood Orders

In the previous experiment, we saw that the level number does not dramatically
influence the average amount of 1st-order neighboring faces which governs the com-
plexity of a hill climbing step as described in Eq. (4). According to Sec. 4.3 it is
possible to consider a larger neighborhood for local search or even to adapt the or-
der of the neighborhood dynamically. We now investigate the influence of the size
of the neighborhood on the final grasp quality and on the number of grasp qual-
ity evaluations. We generate 100 random initial grasps for the plane model and
compare the results for different sizes of neighborhoods. The reachability bound is
set to a small value r = 0.133 and we compare 1st-order 2nd-order, 3rd-order, and
4th-order neighborhoods, as well the adaptive approach mentioned in Sec. 4.3 that
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increases η from 1 to 2 if the current grasp is not force-closed.

Figure 9: Comparison of the final grasp quality and number of grasp quality eval-
uations when the hill climbing procedure considered only 1st-order, adaptively 1st

or 2nd-order (Adpt.), 2nd-order, 3rd-order, or 4th-order neighborhoods.

The results presented in Fig. 9 show that the low reachability bound leads
to many unstable grasps for the 1st-order approach. Variance in grasp quality
reduces if more than the 1st-order neighborhood is considered. This means that
only considering 1st-order neighborhoods makes the method more sensitive to local
maxima. Using larger neighborhoods comes at a cost in form of an increased number
of grasp quality evaluations. However, the number of grasp quality evaluations is
not dramatically increased, since – when a larger neighborhood is considered – the
algorithm tends to converge much quicker and requires less optimization steps at
each level.

5.5 Comparison to Random Sampling

From the previous experiment, we know that our approach requires less than 40.000
grasp quality evaluations on average on the objects considered. We now compare
the results of our adaptive method using random initialization to a batch sampling
approach where the best of 50.000 reachable randomly sampled grasps from F0 is
selected in each batch. We set a small reachability bound r = 0.133 and executed
100 runs each for both methods on the model plane.

Grasp quality results are presented in Fig. 10 where it can be clearly seen that
the best grasps of each batch were on average worse than the resulting grasps from
our approach. The low overall value of grasp quality is to be attributed to the small
reachability bound which reduces the quality measure. While our approach stayed
below one minute total execution time, the sampling-based approach consumed 85s
in our implementation.
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Figure 10: Histogram of maximal grasp quality from randomly sampled reachable
face midpoints on the original mesh (green) and grasp quality when our method with
random initialization, adaptive neighborhood size and 4 coarsening steps (blue) is
used on the plane model.

5.6 Heuristic Initialization

In all previous experiments, we used a random initialization for our approach.
However, our approach is designed to improve grasp quality and therefore can
be complementary to any heuristic that generates initial grasp contacts. In this
experiment, we compare the performance of our approach to a simplified automatic
fingertip closing grasp policy and initialize both using the same heuristic.

Figure 11: Comparison between automatic closing of fingertips and our approach
when both are initialized with a heuristic. The used mesh models are bunny (A),
plane (B), dinopet (D), and homer (D). Fingertip closing is indicated by (1) and
our approach is marked with (2).

The initialization heuristic used, considers the same set of vectors
(
δ̄i, ni

)
∈ R

6

as described in Sec. 4.4. We cluster the data {
(
δ̄i, ni

)
| fi ∈ F4} into 6 sets
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Figure 12: A couple of examples from the evaluation runs: Provided random ini-
tialization, our approach is capable to synthesize point contact grasps that comply
to the different reachability constraints. The dotted lines indicate the path each
contact took in 3D space during the iterated refinement and hill climbing steps. In
many cases, the contact positions had to be heavily adjusted to fulfill reachability.
The reachability bounds used in the example were (from left to right): r = 0.033,
0.066, 0.2 and 0.33.

S1, S3, . . . , S6 using k-means and consider each combinations of clusters {Si, Sj , Sl}.
From each combination, we retain the best quality grasp, resulting in 20 different
grasps. These grasps serve directly as initialization for our approach. Our au-
tomatic closing considers the contact position and normals as grasp parameters.
For each contact, a virtual fingertip is placed on an approach line outside of the
object. Now using the original mesh model F0, all fingertips are moved along the
approach line until collision, where contact positions and normals are recorded.
The reachability bound r = 0.33 was used for this experiment.

The results depicted in Fig. 11 suggest that automatic fingertip closing generally
produces grasps with lower quality. On the right-hand side of Fig. 11, we show the
difference in grasp quality for the same initial grasp. In the majority of the cases, the
difference was positive, indicating that our approach performed better for almost
every initialization.

5.7 Reachability Bound and Number of Contacts

Finally, we present qualitative results that support our choice of reachability mea-
sure explained in Sec. 3.3. For a reachability bound of 0.033, 0.066, 0.2, and 0.33,
we execute our adaptive approach for several mesh models. The results are depicted
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in Fig. 12 where it can be seen that despite random initialization, our approach is
capable to synthesize point contact grasps that comply to different reachability con-
straints. The dotted lines indicate the path each contact took in 3D space during
the iterated refinement and hill climbing steps. In many cases the contact positions
had to be heavily adjusted to fulfill reachability. By setting reachability bound to
r = 0.33, we also show that our approach is able to synthesize point contact grasps
with varying numbers of contacts. As is to be expected, Fig. 13 shows that grasp
quality is improved the more contacts are available.

Figure 13: Grasp quality distribution for synthesized grasps on the plane model
with 3 and 4 contacts.

6 Conclusions

We proposed a method for synthesizing grasps based on point contact search us-
ing search space discretization. Grasp synthesis is formulated as a combinatorial
optimization problem. Based on a multilevel refinement, we have considered a hi-
erarchy of recursively coarsened mesh models and locally improved grasps at each
level. For this, we have optimized grasp quality subject to a reachability measure
at each level and matched grasps to the next lower level, to finally achieve a grasp
on the original object model.

Our approach is applicable to complex input meshes, having thousands of faces
and highly concave shape. Thus, it provides the first tractable method for search of
grasp contacts on such input data. Our empirical evaluation shows that the method
produces feasible, high quality grasps from random and heuristic initializations.
It outperformed random sampling relying on a large number of generated grasps
and automatic hand closing technique. Analyzing the influence of object model
properties and method parameters such as the number of coarsening levels and
the size of the local search space, we have shown that our approach is viable. In
the future, we plan to additionally consider hand kinematics in the optimization
function and we intend to study the influence of input data uncertainty on our
approach.
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Grasping

Kaiyu Hang, Johannes A. Stork and Danica Kragic

Abstract

Dexterous in-hand manipulation of objects benefits from the ability of a
robot system to generate precision grasps. In this paper, we propose a concept
of Fingertip Space and its use for precision grasp synthesis. Fingertip Space
is a representation that takes into account both the local geometry of object
surface as well as the fingertip geometry. As such, it is directly applicable
to the object point cloud data and it establishes a basis for the grasp search
space. We propose a model for a hierarchical encoding of the Fingertip Space
that enables multilevel refinement for efficient grasp synthesis. The proposed
method works at the grasp contact level while not neglecting object shape nor
hand kinematics. Experimental evaluation is performed for the Barrett hand
considering also noisy and incomplete point cloud data.

1 Introduction and Contributions

Research in robotic grasping ranges from the sensory perception problem [24, 29,
20] to task level grasp planning [2]. For applications such as dexterous in-hand
manipulation, precision grasping is a necessary requirement [35, 16, 19, 18, 12]. The
synthesis of precision grasps has been in particular addressed in [6, 7, 8, 33, 36] but
in a rather limited manner. In this paper, we address the problem of generating
precision grasps on objects of complex shapes and propose the following:

• A concept of Fingertip Space – an integrated representation of object/fingertip
contacts space that takes into consideration both local object geometry and
fingertip shape. It directly operates on the object point cloud and establishes
a basis for the grasp search space.

• A hierarchy of the Fingertip Space for multilevel refinement of grasps allowing
for an efficient search of stable grasps.

Our work is motivated by the fact that most of the contemporary object rep-
resentation approaches concentrate on the global rather than local surface prop-
erties and are therefore not suitable for generating precision grasps. Examples
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Figure 1: System pipeline: Given an object point cloud and a robotic hand as input,
our system (A) extracts a fingertip space directly from the object point cloud and
builds a hierarchical representation of it. (B) By incorporating the fingertip space
hierarchy and a hand reachability measure, the multilevel refinement procedure
searches for a feasible combination of contacts with an initial hand configuration.
(C) In the end, the synthesized grasp is realized by local contact positions opti-
mization with respect to the synthesized contacts.

include Reeb graph [1], Medial Axis [30], topological features [28], primitive shapes
[25, 20] and approximated parametrized volumes [5, 11, 3]. Inspired by [27], which
has proven that nearby grasps with certain bounded contact differences are also
bounded in grasp quality, it enables us to consider Fingertip Unit, which preserves
surface local information, as the basis of Fingertip Space. On the other hand, hi-
erarchical representation of the Fingertip Space provides a multi-resolution global
view of the target object to facilitate the grasp planning in an efficient way. In com-
parison with the widely used sampling based precision grasp planners [26, 13, 7], our
representation makes the grasp planning more reliable on complex shapes. More-
over, reachability is an important component ensuring that the synthesized grasp
is applicable [39, 40]. By sampling and encoding feasible hand configurations, we
approximate the reachability manifold non-parametrically to produce reachable
grasps. Finally, the execution of the synthesized grasp is computed similarly to
[10].
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The system pipeline is depicted in Fig. 1: we assume that the friction coefficients
are known and that the center of mass of the object is the centroid of its point
cloud. The rest of this paper is organized as follows: In Sec. 2, we formulate
the problem of precision grasp synthesis in the context of our system. In Sec. 3,
we introduce the extraction of Fingertip Space and its hierarchy, which is shown
as block (A) in Fig. 1. Multilevel refinement of grasps, shown as block (B), is
described in Sec. 4 along with Stochastic Hill Climbing. In Sec. 5, we describe
details of our system implementation and grasp execution (Block (C)) and present
the experimental evaluation. We conclude the work together and introduce ideas
for the future work in Sec. 6.

Figure 2: Formation of the fingertip hierarchy exemplified for four levels. Left: An AHC
clustering tree is used to retrieve a partitioning of the fingertip space into |Φ|, 10, 3,
and 1 cells. For each cell a circle symbolizes the representative fingertip unit. Right: The
representative units are used as parents in a DAG. Edges to siblings (in red) and to cousins
(in blue) are only shown for the fingertip unit ϕ1 = ϕ0,1.

2 Problem Formulation and Notation

We begin by presenting the notation in the table below and then continue with the
formalization of the problem.

ng Number of fingers of a robot hand
L Set of all contact locations
g =
(Cg, Jointg, Poseg)

Fingertip grasp with contacts Cg, joint val-
ues Jointg and hand pose Poseg

Φ = {ϕi}i Fingertip Space of fingertip units ϕi

dΦ : Φ × Φ → R Distance measure on fingertip units

Φ̄ = Φ∪̇{ϕi,j}i,j

Fingertip Space with additional represen-
tative parents ϕi,j

GΦ Fingertip Hierarchy graph
(GΦ)i ith hierarchy level induced by GΦ

S Fingertip grasp solution space
Si ith hierarchy level solution space
Q : Cg → R Grasp quality function

R : Cg → R
+ Reachability function

P = {(pi, ni)}i Point cloud with unit length normals
Nr

pi
Point neighborhood within radius r

H
zi
k

⊆ Φ
Cell k of a zi-element partitioning of Φ

M̂ = {mĝ}ĝ

Sampled reachability manifold of sampled
grasps ĝ
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For synthesizing precision grasps, which we refer to as fingertip grasps in this
work, we next introduce how to construct a representation that hierarchically inte-
grates global and local features of the object and fingertips based on the Fingertip
Space. Starting from the top level of the hierarchy, our system starts from an
initial grasping pose and then optimizes the contacts through the hierarchy in a
coarse-to-fine manner to finally produce a stable and reachable fingertip grasp.

2.1 Fingertip Grasps

We consider fingertip grasps for a hand with ng fingers, formalized as the tuple
g = (Cg, Jointg,Poseg). We refer to contacts between the robot fingertips and
the object as Cg = {ci}

ng

i=1, the values for the end effector joints as Jointg, and
the position and orientation of the hand as Poseg. A fingertip grasp provides one
individual contact, ci, for each fingertip which means that for each finger there
exists one location li ∈ L on the object that is in contact with the fingertip. If no
value for Jointg exists ensuring that the fingertips can exert force onto the object
via the individual contacts, Cg is considered not reachable.

2.2 Fingertip Space

The set of potential contact locations, L, is large but many locations are not viable
due to the local surface geometry. To keep grasp synthesis tractable, we propose
a finite discrete set of locations on the object, Φ = {ϕi}i that consists of only
viable locations and denote it as Fingertip Space. The elements, ϕi of this space
are named Fingertip Units. Thus, viable grasp locations take into account local
object surface and fingertip geometry. Sec. 3 provides more details on this.

Provided a similarity measure for fingertip units, it is possible to assign struc-
ture to the space Φ ⊂ Φ̄ in form of a directed acyclic graph GΦ =

(
Φ̄, EΦ̄

)
. We

define GΦ such that similar fingertip units are pairwise connected by edges and
introduce new parent units as representatives of all their descendants in Φ. The
set Φ̄ = Φ∪̇ {ϕi,j}i,j consists of fingertip units and introduced ancestor units. The
symbol ϕi,j with i > 0 denotes the jth parent unit in the ith level of the hierarchy,
representing all fingertip units that are commonly represented by its children in the
(i− 1)th level. As shown in Fig. 2 on the right, the resulting hierarchy of fingertip
space has a single root and similar fingertip units are connected. In the graph,
we refer to members of Φ as elements ϕ0,j and denote with (GΦ)i =

⋃
j ϕi,j the

ith hierarchy level induced by GΦ, e.g. especially we have (GΦ)0 = Φ. Connected
nodes from the same level are neighbors, and connecting pairs of parent units can
be exploited (see Sec. 3.2).

The graph GΦ and the induced hierarchy levels (GΦ)i form our object repre-
sentation. For fingertip grasp synthesis, the above definitions efficiently provide
relevant information by adding an explicit similarity-based structure to the finger-
tip units space: i) Similar units are directly connected. ii) Dissimilar units are
found by considering the units represented by dissimilar distant ancestors. iii) An
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increasingly coarser representation is found by considering the members or levels
further up in the hierarchy. iv) Similar fingertip units are collected under a common
parent.

2.3 Fingertip Grasp Selection by Optimization

To synthesize a feasible fingertip grasp on an object, it is necessary to select loca-
tions from L that afford stable contacts and ensure reachability. We first search
for stable and reachable contacts and after that check if there are solutions for
Jointg and Poseg that realize the grasp. By approximating the set of all pos-
sible contacts with Φ as described in Sec. 2.2, we can formalize the contacts as
Cg =

(
ϕ1, ϕ2, . . . , ϕng

)
∈ S. Thereby, we denote S =

∏ng

k=1 Φk as the solution
space consisting of fingertip spaces of different robot fingers Φk. All surface loca-
tions that do not support the placement of a specific fingertip are disregarded.

Given a measure of grasp quality in terms of fingertip units Q (Cg) ∈ R and a
measure of reachability, R (Cg) ∈ R

+ we can formulate an optimization objective
in terms of solution space elements as θ (Cg) = Q(Cg)+αR(Cg). Here, we assumed
perfect reachability for R(Cg) = 0 and set 0 > α ∈ R. The optimization problem
is then given as

C∗
g = argmax

Cp∈S
θ (Cg) (1)

Concretely, we do not solve Eq. 1 directly but formulate a hierarchy of increas-
ingly approximated problem instances as explained Sec. 4.3. Grasp synthesis is
finalized in continuous coordinates by inverse kinematics for the selected contacts
C∗

g ∈ S as described in Sec. 4.4. If the resulting grasp is obstructed or not reachable,
we start a new search with a different initialization.

3 Fingertip Space Representation

In this section we explain fingertip unit extraction from arbitrary point clouds with
normals using a simple finger model. We first provide a definition of fingertip units
in terms of input data and elaborate on the fingertip hierarchy which is used in
Sec. 4.3.

3.1 Extraction of Fingertip Units

In Sec. 2.2 we only state a qualitative definition of fingertip units as locations on
the object that allows the placement of a fingertip. Observing an arbitrary point
cloud P = {(pi, ni)}i with normal vector estimates, we need to extract a finite set
of such locations by investigating P while taking a finger model into account. For
the purpose of this work, we focus on Barrett hand and consider contacts where the
inside of the distal links rests on the object surface. The fingertip model describes
a flat circular region located at the center of the distal link’s inner surface and has
radius r, as shown in Fig. 3.
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Figure 3: From left to right: Point cloud, fingertip space (in blue), and rejected points (in
red). Partitioning of similar fingertip unites into 20 cells. Magnified: Red marks points
rejected due to variance criterion. Comparing to finger size, it is obvious that the red
positions cannot stabilize contacts.

For a point pi to support the placement of the fingertip orthogonal to its normal
ni, all neighboring points within radius r need to support the fingertip as well. This
can be formulated as a limit criterion on variance of point positions and normals
of the point neighborhood, Nr

pi
= {(pj , nj) ∈ P | ‖pi − pj‖ < r}, and used to reject

unfit points. Fingertip space and units are now defined in terms of the following
filter:

Φ =
{

(pi, ni) ∈ P | Var
(
Nr

pi

)
< λ

}
(2)

A fingertip unit is thus a position and a normal, ϕ = (p, n), where the neighborhood
Nr

p satisfies the statistical variance criterion Var.

3.2 Hierarchy of Fingertip Space

In Sec. 2.2 we have augmented the fingertip space with a similarity-based graph GΦ

and the hierarchy levels (GΦ)i it induces. To compute a GΦ, we employ agglom-
erative cluster analysis where each fingertip unit initially forms a singleton cluster.
Agglomerative Hierarchical Clustering (AHC) of the set Φ with the distance mea-
sure dΦ is a bottom up procedure that results in a clustering tree by iteratively
merging the two most similar clusters. This dendrogram can be accessed to obtain
a partitioning of Φ into z ∈ N clusters or cells, e.g. Φ = Hz

1 ∪̇H
z
2 ∪̇ . . . ∪̇H

z
z . For a

partitioning of z′ > z cells each of the cells Hz′

i is strictly contained in exactly one
of the cells Hz

j .
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We exploit this property to construct the hierarchy in GΦ by computing a
sequence of l partitions with |Φ| = z0 > z1 > · · · > zl = 1 number of cells. For
each cell Hzi

j ⊆ Φ with i > 0, we create a representative fingertip unit ϕi,j ∈ Φ̄
from the median position and the mean normal of all contained fingertips units.
Parent-child edges are introduced for each two fingertips units ϕi,j and ϕi−1,k with
i > 0 if the child’s cell is contained in the parent’s cell.

∀H
zi−1

k ⊆ Hzi

j : (ϕi,j , ϕi−1,k) ∈ EΦ̄ (3)

Additionally we connect all siblings nodes and introduce edges to all nodes who’s
parents are siblings. This process is exemplified in Fig. 2.

Concretely, we are interested in grasp similarity for search and require similar
fingertip units to be grouped together. The admittedly crude fingertip distance
measure of Eq. 4 provides plausible results in terms of positions and normals.

dΦ(ϕi, ϕj) = ‖(pi − pj) + η(ni − nj)‖ (4)

The parameter η ∈ R
+ balances position and normal. Larger η induces more

parallel or flat geometry and small η results in compactly shaped cells but allows
more normal vector variance. Furthermore, we need to specify the number of levels
l and the number of nodes per level zi in order to get cutoff values from AHC. For
simplicity, we base the number of nodes per level on an incrementation ration and
ml−1. Note that ml = 1 and m0 = |Φ|. Fig. 3 shows 20 cells of different size with
η = 3.

4 Grasp Synthesis

In Sec. 2.3 we have stated the discrete version of our grasp synthesis as a combinato-
rial optimization problem. This section serves to describe our choice of reachability
measure R and grasp quality function Q for Eq. 1. We also describe the optimiza-
tion procedure using the multilevel refinement metaheuristic.

4.1 Grasp Stability Metric

All functions in Eq. 1 are defined on sets of fingertip units ϕi = (pi, ni). It is there-
fore convenient to focus on quality measures for point contacts as many approaches
to robotic grasping are based on force analysis and the concept of force-closure
[14, 4]. There, the forces exerted by the robot and friction of the surfaces are con-
sidered. For Q, we choose to evaluate the force-closure property of a grasp with
the L1 grasp quality measure Qµ reported in [7] that employs the Coulomb friction
model. The grasp quality Q = Qµ is a function of all contact positions and normals,
the center of mass of the object and the friction coefficient µ ∈ R

+. We can thus
directly refer to the fingertip units for point contacts pi ∈ R

3 and inward-pointing
unit surface normals ni ∈ R

3. A grasp is force-closed if Qµ is larger than zero.
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4.2 Reachability Measure

For the optimization objective in Eq. 1 we require a non-binary reachability measure
R of a set of fingertip units that relates to values for Jointg and Poseg. However,
computing an approximate inverse kinematic solution and measuring the residual
error in each optimization step is computationally infeasible. Instead, we con-
sider an approximation of the fingertip reachability manifold M̂ and assume a
free-floating hand model. Feasible hand configurations are generated by rejection
sampling and their fingertip positions and normals are recorded in a affine invariant
encoding. To this end, we retain a vector, mĝ, of pairwise fingertip distances and
normal differences from a sampled grasp ĝ and keep the associated Joint ĝ values.
For a grasp hypothesis Cg we can calculate the encoding mg and access the nearest

neighbor in encoding space mĝ ∈ M̂. If the manifold is sampled sufficiently, the
differences between mg and mĝ can be consider as the reachability residual

R(Cg) = ‖mg −mĝ‖ (5)

This reachability measure relies on the distances in an encoding space and we are
aware that better techniques exists, e.g., density estimation as in [23] that takes into
account also object-level impedance control. However, our R is used in a heuristic
way to reduce the searched space for Eq. 1 and to initialize hand configurations
Jointg := Joint ĝ and has served sufficiently for this purposes.

4.3 Multilevel Refinement Optimization

As in our previous work [17], we apply the multilevel refinement metaheuristic [38]
for a hierarchy of combinatorial optimization problems. The fingertip space object
representation defined in Sec. 2.2 offers a multiresolution view of the object and can
be exploited for refinement search. We refer to the fingertip hierarchy levels (GΦ)i

to form increasingly approximated instances of the solution space. This is achieved
by defining Si =

∏ng

k=1 (GΦk
)i as the solution space on the ith refinement level. On

each level i, a solution Ci
g is initialized by extending the solution of the previous

level i+ 1 and optimizing it, resulting with a solution C∗
g = C0

g in the search space
S0 = S.

In this context the individual optimization problems are usually optimized using
local optimization methods for convex problems [34]. As argued in our previous
work, [17] we cannot expect convex objective manifolds for complex objects. Fur-
thermore, the result of hill climbing techniques is heavily dependent on initialization
in non-convex solution spaces. Different algorithms [21, 31] have been proposed to
escape local minima. In this work, we adopt stochastic hill climbing [15].

In this algorithm, the objective function is not directly used to improve the cur-
rent solution. Instead, the change between two solutions Cg and Cg′ is conditioned
on the probability stated in Eq. (6).

Pr(Cg, Cg′) =

(
1 + exp

θ(Cg)− θ(Cg′)

ζ

)−1

(6)
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The search randomness is determined by ζ. Large values make the steps completely
random, whereas the algorithm degenerates to hill climbing when ζ is very small.

Our basic optimization procedure is shown in Alg. 4. The function rand(0, 1)
produces uniformly distributed real numbers between 0 and 1. Children and neigh-
bors of grasps are created from the respective children and neighbors of the consti-
tuting fingertip units in the graph GΦ as defined in Sec.2.2.

Input: ζ, maxIter, GΦ, θ
Output: grasp g

1: for i = l − 1 to 0 do
2: if i = l − 1 then ⊲ Initialization
3: Ci

g ← random from Si

4: else ⊲ Extension
5: Ci

g = argmax
Cgchild of Ci+1

g

θ(Cg)

6: end if
7: for 1 to maxIter do ⊲ Refinement
8: Cg ← some neighbor of Ci

g ∈ Si

9: if Pr(Ci
g, Cg) ≥ rand(0, 1) then

10: Ci
g ← Cg

11: end if
12: end for
13: end for

Algorithm 4 Multilevel refinement with stochastic hill climbing for grasp synthesis

4.4 Grasp Realization

The optimization procedure described in Sec. 4.3 results in a grasp comprised of
discrete fingertip units C∗

g . For this grasp, the sampling-based reachability measure
from Sec. 4.2 provides the joint configuration Joint ĝ of the closest recorded grasp
ĝ in encoding space. The optimization procedure described below employs a con-
tinuous optimization for Jointg and Poseg in terms of C∗

g to close the gap between
discretization, sampling and applicable continuous solutions. This is achieved by
first approximately aligning the hand to the grasping pose with an affine trans-
form between C∗

g and fingertips of ĝ, and then locally optimizing simulated contact
positions.

The initial affine transform can be found by minimizing the Euclidean error for
the known correspondences between C∗

g and the fingertips of ĝ. An example of
initial hand alignment is shown in Fig. 4. As can be seen in Fig. 4, not all fingers
have an initial single surface contact. For this reason, we first open the colliding
fingers using proportional joint value increments and then close all fingers until
contact to get simulated contact positions C+

g . We then turn to gradient decent to
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minimize the error between the positions of C+
g and C∗

g for which we compute the
gradient numerically.

Figure 4: An example of initial alignment and grasp realization. Left to right:
Marker positions represent C∗

g . The initial joint values for the grasp from M̂.
Hand alignment by affine transform. Final grasp after contact optimization.

5 Experimental evaluation

In this section, we first provide implementation details and then present the results
of evaluation. The evaluations have been conducted in OpenRave [13] on six objects
: Stanford Bunny[37], Plane[9] and Waschmittel [22], as well as Cup, Spoon and
Milk Box scanned by ourself.

5.1 Implementation Details

As described in Sec. 2, Fingertip Units are locations on the object surface where
fingertip contacts are viable and the Fingertip Space is a finite set of Fingertip
Units. If two contacts have similar locations and orientations, they would have
similar contributions to the grasp stability[27]. Therefore, prior to fingertip space
extraction, we uniformly subsampled the object point cloud to produce fingertip
unit candidates. Concretely, the subsampling was done in the scale of half of the
fingertip unit size on the point cloud.

For the reachability measure R(Cg) in the objective function θ(Cg), a set of
feasible grasps were sampled and encoded. For the sake of efficiency, we saved all
the codes in a kd-tree and consider the Euclidean distance between codes as the
reachability residual.

After Alg. 4 has synthesized a grasp hypothesis, we discard the hypothesis and
restart the algorithm if: a) grasp hypothesis is unstable, or b) the reachability
residual is too large or c) it is not collision-free. The collision is checked by firstly
aligning the configured robot hand to the grasping pose by the affine transform
described in Sec. 4, and then in the simulation check whether the hand has collisions
at positions other than the fingertips.

In all the experiments shown below, we use l = 4 layers, ml−1 = 20 and η = 1
for constructing the hierarchy of the fingertip space. We set α = 0.4 to weight
between Q(Cg) and R(Cg) in θ(Cg), and set maxIter = 100 for grasp refinement.
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5.2 Fingertip Space Extraction and System Evaluation

Different definitions of fingertip units result in different fingertip spaces. As de-
scribed in Sec. 3, a fingertip unit in this work is defined as a circular area at the
center of the distal link and has radius r. In this section, we show two different
definitions of fingertip units of the Barrett hand and their corresponding finger-
tip spaces, and then we evaluate the performance of the system using these two
fingertip spaces respectively.

In Fig. 5, the fingertip unit is located at the center of the distal link in both rows
expressing the representative position of a fingertip. In the upper row, the radius of
the circular area is the distance between the center and the long edge of the distal
link, denoted as r1, whereas in the lower row, the radius is the distance between
the center and the short edge of the distal link, denoted as r2. As we can see from
their corresponding fingertip space, r2 is indeed a more restricted condition that
requires a larger area on the object to fit the fingertip, and in the meanwhile it
results in a much sparser fingertip space.

Figure 5: Fingertip Space with different fingertip unit sizes.

Fig. 6 records the statistics of our system evaluation. Recall that the initial-
ization of the system is random in this work and there is also randomness in the
stochastic hill climbing procedure, the results generated by system can be different
between each single run of the system. Therefore, we ran it 100 times on each of
the six test objects using fingertip unit sizes of both r1 and r2 and investigate the
averaged performance. We can see that the result for the plane model is much
worse than others. This is due to the fact that the plane has many parts that are
highly concave and that the Barrett hand is coupled with only 4 DoFs, the grasp
realization is therefore much more difficult. For the same reason, it is much easier
to expect collisions between the robot hand and the plane surface and more search
iterations are therefore required. However, it is intuitive that if a more dexterous
hand is employed, it is easier for us to deal with more complex object shapes. The
averaged time per iteration is related to the size of extracted fingertip space Φ,
which is shown in the parenthesis in the first column: the larger fingertip space an
object has, the more time it takes to search for a precision grasp.
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It is worth noting that the performance of the system is generally better when
fingertip radius was set to r2. Because given the same fingertip embodiment, a
larger fingertip unit makes it safer to stabilize a contact. Fig. 7 displays some
example stable grasps synthesized by the system.

Object(radius: #Units) Stable(%) Rounds Time/Round
Bunny(r1: 3276) 98 1.73 13.08s
Bunny(r2: 293) 100 1.64 6.03s
Plane(r1: 579) 75 3.16 8.35s
Plane(r2: 96) 89 3.98 5.97s

Waschmittel(r1: 4236) 95 1.51 17.25s
Waschmittel(r2: 644) 95 1.22 9.13s

Cup(r1: 3068) 98 1.42 13.00s
Cup(r2: 730) 97 1.51 8.19s
Spoon(r1: 91) 88 1.83 8.22s
Spoon(r2: 49) 91 1.91 3.31s

Milk Box(r1: 3936) 100 2.69 13.68s
Milk Box(r2: 842) 100 3.73 9.98s

Figure 6: Statistics of algorithm evaluation. Stable(%): The percentage of stable grasps
after the grasps were executed. Rounds: The averaged rounds of Alg. 4 to successfully
output a good grasp, note that Alg. 4 is restarted if the final check is not satisfied.
Time/Round: The averaged time in seconds that one round of the algorithm takes.

5.3 Positioning Error Tolerance of Fingertip Space

In Fig. 8, grasps are shown with their realized contacts (green) and synthesized
contacts (red). The realized grasps are usually a bit different from what was syn-
thesized, both in contact positions and normals. This is due to the fact that the
reachability measure employed in Sec. 4 is an approximation of the real reachability
manifold and that the Barrett hand is not dexterous enough to always sufficiently
deal with non-zero reachability residual. In this section, we examine whether the
synthesized grasps will remain stable if the final executions of them have positioning
errors with respect to synthesized contacts.

The experiments have been conducted on Stanford Bunny, Plane and Waschmit-
tel models by assuming that the positioning errors are within one and two fingertip
unit sizes, given the fact that the positioning errors recorded in our experiments
were smaller than two fingertip unit size. Similarly to the concept of Independent
Contact Regions[32], we consider a grasp as tolerant to positioning errors if all con-
tacts can be freely positioned within a certain range without losing stability. In
this experiment, 100 grasps have been synthesized on all three objects, and con-
tacts within the error limit were sampled and the percentages of sampled nearby
stable grasps were recorded for each grasp. Test results are shown in Fig. 9 as the
percentages of the nearby stable grasps with standard deviation on the bar plot.
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Figure 7: Example precision grasps synthesized by the algorithm.

Figure 8: Positioning errors in grasp realization.

As can be seen from the results, neighbors of synthesized stable grasps remain
stable with high probabilities. This is an evidence for the fact that synthesized
grasps are tolerant to small positioning errors and that our reachability measure
retains the relevant information. This can be explained by the fingertip space
extraction: since fingertip units are positions where the object surface is smooth,
small positioning errors will not heavily influence contact positions and normals,
and the grasp stability is therefore also not heavily influenced, which can be referred
back to our motivation in Sec. 1.
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Figure 9: Positioning error tolerance test results: percentages of stable nearby
grasps given positioning errors within one and two fingertip unit sizes.

5.4 Precision Grasp Synthesis with Noisy Data

In this section, we examine the performance of our algorithm considering noisy
sensory data. As shown in Fig. 10, we scanned the Stanford Bunny, Plane and
Waschmittel models using a virtual 3D sensor while adding Gaussian noise in the
viewing direction. For the extraction of fingertip units, the fingertip size was set
to r2. As we can see, the fingertip space becomes different comparing to noise-free
objects. However, it is worth to note that, although the objects are noisy, the
extracted fingertip units are still retaining the property of flatness and smoothness.

Figure 10: Noisy objects used in experiments and their corresponding fingertip space.

Fig. 11 records the statistics of 100 runs of our approach. Grasps were syn-
thesized using noisy data and the final grasp qualities are computed after the syn-
thesized grasps have been executed on the perfect objects. The result shows that
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the percentage of stable grasps have been decreased in comparison to the noise-free
experiments, however, the system can still synthesize stable precision grasps.

Object(#Units) Stable(%) Rounds Time/Round
Bunny(122) 92 2.12 7.63s
Plane(111) 83 4.16 7.24s

Waschmittel(582) 90 2.05 9.75s

Figure 11: Statistics of algorithm evaluation with noise. Stable(%): The percentage of
stable grasps after the grasps were executed. Rounds: The averaged rounds of Alg. 4 to
successfully output a good grasp, note that Alg. 4 is restarted if the final check is not
satisfied. Time/Round: The averaged time in seconds that one round of the algorithm
takes.

5.5 Grasp Synthesis with Partially Observed Data

It is difficult to observe complete point clouds of target objects in real applications.
In this section, we simulate partial views of objects by setting locations of a virtual
camera, and then we show example stable grasps synthesized by the system, see
Fig. 12.

Figure 12: Upper: Fingertip space of the partially observed objects. Lower: Grasps
synthesized on partially observed objects. Unobserved parts on the object are shown in
transparency.

As shown in the examples, grasps can still be successfully synthesized and the
contacts are only synthesized for visible positions. This is because the fingertip
space extraction and the hierarchy construction operate directly on the observed
point cloud and does not require the object to be completely observed. This implies
another advantage of the proposed object representation that the system is able to
synthesize precision grasps as long as the observed parts of the object are graspable.
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In the real applications, if no successful grasps can be synthesized by the system
from a single view of the object, the robot can move to a different position to find
graspable parts.

5.6 An Example of Grasp Synthesis and Realization

In this section, we present an example of grasp optimization and execution.

Multilevel Grasp Optimization

As the refinement procedure in Alg. 4 aims at improving the objective function
θ(Cg), it searches for larger Q(Cg) and smaller R(Cg) values.

Figure 13: Left: Records of multilevel grasp optimization. Right: Records of con-
tact positions optimization, ρ = ‖C+

g − C
∗
g‖ . The horizontal axes are number of

iterations in both figures.

Fig. 13 displays one example of θ(Cg), Q(Cg) and R(Cg) curves of Alg. 4 applied
on the Bunny model. We can see that the θ(Cg) value is generally increasing with
a few decreases due to the randomness in the Alg. 4, and that the Q(Cg) value is
also generally increasing. However, the R(Cg) value is decreasing but sometimes
increasing, this is because the search procedure was attempting many different joint
configurations to fit a grasp while balancing between other objectives. Next, we
apply the contacts optimization to realized the grasp with synthesized contacts.

Contact Positions Optimization

As shown in Fig. 13, ρ value is generally decreasing during the gradient descent but
is occasionally overshooting. The overshots are due to the joint space of robot hand
and the object surface is very complicated and has many local optima. After the
contact positions optimization is done, the final stable precision grasp was achieved
as shown on the right. It is worth to mention that as the fingertips’ positions after
affine transform was already very close to the desired position, the gradient descent
did not need many steps to converge.
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6 Conclusion

In this paper, we have proposed a concept of Fingertip Space, which is an integrated
representation of both object local geometry and fingertip geometry, and shown its
use in precision grasp synthesis. By building a hierarchical representation of the
fingertip space, we have enabled multilevel refinement for precision grasp synthesis.
Our experimental evaluation with a Barrett hand has shown that the fingertip space
and its hierarchy is a viable and efficient representation for precision grasp synthesis,
and that the multilevel refinement facilitates the search procedure. We have also
evaluated the positioning errors tolerance of our system, as well as demonstrated
examples of our system working with noisy and incomplete data. In the future, we
are planning to implement our system on a real robot and additionally make the
modular system more compact and flexible for different robot embodiments and
search algorithms to be plugged in.
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Abstract

Efficient and accurate planning of fingertip grasps is essential for dexter-
ous in-hand manipulation. In this work, we present a system for fingertip
grasp planning that incrementally learns a heuristic for hand reachability and
multi-fingered inverse kinematics. The system consists of an online execution
module and an offline optimization module. During execution the system
plans and executes fingertip grasps using Canny’s grasp quality metric and a
learned random forest based hand reachability heuristic. In the offline module,
this heuristic is improved based on a grasping manifold that is incrementally
learned from the experiences collected during execution. The system is eval-
uated both in simulation and on a Schunk-SDH dexterous hand mounted on
a KUKA-KR5 arm. We show that, as the grasping manifold is adapted to
the system’s experiences, the heuristic becomes more accurate, which results
in an improved performance of the execution module. The improvement is
not only observed for experienced objects, but also for previously unknown
objects of similar sizes.

1 Introduction

Significant progress has been made in the area of robotic grasping [3, 22, 1]. For fin-
gertip grasping, localizing contacts on the object that provide a stable grasp [11, 5,
20] and finding a hand configuration for realizing these contacts [17, 4, 21] have been
addressed as separate problems. As a result, in these approaches it is not guaran-
teed that the planned contacts are kinematically feasible for a specific hand [3, 22].

To overcome this limitation, various grasp optimization frameworks have re-
cently been proposed that integrate both stability and hand reachability analysis.
In [8], the finger kinematics are modeled as an optimization constraint for efficiently
finding contacts on objects that can be approximated by super-quadrics. Given a
set of initial hand poses, [24] optimizes both hand configurations and contacts to
generate a dense set of grasps offline. The framework presented in [12] plans contact
triplets on incomplete 3D point clouds online, utilizing hand shape primitives as a
heuristic to constrain the contacts optimization. In [9], a system first learns task
related grasping parts of objects from human demonstrations. Next, the contact
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Figure 1: A 2D-projection of the seven dimensional configuration space of the
Schunk-SDH hand with example grasps. The colored areas show a grasping man-
ifold that is learned from experiences. Video: http://www.csc.kth.se/~kaiyuh/

videos/graspManifold.mp4.

points on these parts are found by stochastic optimization, which is constrained
by closed kinematic loops between the fingertips and the object part. In general,
these systems require trade-offs between the desired computational efficiency and
the precision of planning by either approximating the object shapes or the hand
kinematics.

In our recent work [14], we proposed a fast fingertip grasp planner that searches
stable and reachable grasps in a hierarchical search space of fingertip contacts. To
ensure kinematic feasibility for a dexterous redundant hand, an uniform sampling
based affine-invariant hand reachability heuristic is used. However, as a common
property of sampling based heuristics [25, 26, 15, 27], the sampling resolution af-
fects the efficiency and precision of this method. To achieve the same resolution,
the number of required samples increases exponentially with the dimension of the
configuration space. Further, in practice many of the samples cover invalid or task
irrelevant configurations.

Instead of sampling randomly, learning from humans effectively excludes irrel-
evant hand configurations [10, 23]. However, this requires significant effort from
human teachers and is limited by the teacher’s experience. Our key insight in this
work is that we can limit the training set for a sampling based hand reachability
heuristic to the manifold of for grasping relevant hand configurations. In doing so,
we increase the heuristic’s accuracy in relevant regions of the configuration space,

http://www.csc.kth.se/~kaiyuh/videos/graspManifold.mp4
http://www.csc.kth.se/~kaiyuh/videos/graspManifold.mp4
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while reducing it in irrelevant regions, see Fig. 1. We propose that a robot should
learn this grasping manifold based on its own task relevant experiences. The con-
tributions of this work are:
•We present a learning framework that incrementally learns a subspace of the hand
configuration space, a grasping manifold, that is relevant for fingertip grasping.
• We show that this allows us to incrementally train a heuristic for hand reach-
ability and multi-fingered inverse kinematics, which improves as experiences are
gained.
• We further show that we can extend this approach to learning a heuristic that
integrates both grasp quality and hand reachability.

We define the terminology in Sec. 2 and introduce the proposed approach
in Sec. 3. In Sec. 4, we evaluate our approach both in simulation and on a real robot
and end in Sec. 5 with a conclusion and a discussion of potential future work.

2 Terminology

2.1 Fingertip Grasp and Hand Kinematics

In this work, we consider a dexterous multi-fingered robotic hand with d degrees of
freedom and f fingertips. Let C denote the d-dimensional configuration space of the
hand and accordingly Cfree ⊂ C the set of self-collision-free hand configurations. For
an object let O ⊂ R

3 denote the object’s surface. A fingertip grasp γ = (c1, . . . , cf )
is a f -tuple of point contacts on the surface O, where ci is the contact of fingertip
i with the object. Each contact ci = (pi, ni) consists of its position pi ∈ O and
normal ni ∈ S

2 = {x ∈ R
3 : ‖x‖ = 1} defined in the object’s frame.

If the hand is in a configuration Θ ∈ Cfree, the fingertip poses in the hand
frame are Z = (ζ1, . . . , ζf ) = F (Θ), where F denotes the forward kinematics
of the hand. Similar to a contact on O, a fingertip pose is a tuple ζi = (pi, ni),
where pi ∈ R

3 is the position and ni ∈ S
2 the normal of fingertip i in the hand

frame. Let H denote the pose of the hand frame relative to the object frame. A
fingertip grasp γ is achieved by the hand configuration Θ, if TO(F (Θ),H) = γ
holds. TO(Z,H) transforms a tuple of fingertip poses, Z, from the hand’s frame to
the object’s frame.

2.2 Affine Invariant Grasp Encoding

We adopt an affine invariant grasp encoding as exemplified in Fig. 2 with f = 3
fingertips to easily determine whether a hand configuration can achieve a given
grasp on an object. Given a fingertip grasp γ = (c1, c2, c3), we compute the grasp
code as

C(γ) = (‖p1 − p2‖, ‖p2 − p3‖, ‖p3 − p1‖,

‖n1 − n2‖, ‖n2 − n3‖, ‖n3 − n1‖).
(1)
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Given a hand configuration with fingertip poses Z = (ζ1, ζ2, ζ3), we compute C(Z)
in the same way as Eq. (1). A hand configuration Θ with F (Θ) = Z is feasible
to achieve a grasp γ, if C(γ) = C(Z). Note that this encoding allows us to check
feasibility without explicitly computing H.

Figure 2: The fingertip grasp encoding visualized for the Schunk-SDH hand and a
2D example object. The red dot shows the center of the contacts.

2.3 Grasping Manifold

We wish to train a heuristic for hand reachability and multi-fingered inverse kine-
matics on the set of hand configurations that are relevant for fingertip grasping.
Let G denote the set of all stable fingertip grasps achievable by the robot hand on
all objects. The manifold with corners [16] of hand configurations that achieve the
fingertip grasps in G is defined as

X = {Θ ∈ Cfree|∃γ ∈ G : C(γ) = C(F (Θ))}. (2)

Because of the wide definition of G, it is reasonable to focus on a robot specific
subset

X̄ = {Θ ∈ Cfree|∃γ ∈ G
′ : C(γ) = C(F (Θ))} ⊂ X , (3)

where G′ ⊂ G is the set of fingertip grasps on the objects the robot at hand will
actually encounter during its lifespan.

Computing X̄ as well as G′ explicitly, however, is infeasible. Further, the set of
objects a robot may encounter during its lifespan may not be known beforehand.
Hence, the system we present provides an incrementally improved estimate of X̄
based on its own experiences. Throughout this work we denote such an estimate of
X̄ as grasping manifold.
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3 Methodology

An overview of our system is given in Fig. 3. It consists of an execution module, an
offline optimization module denoted as dreaming module, a memory and a heuris-
tic R. The execution module plans and executes grasps and, if successful, feeds
its experiences to the memory. The dreaming module takes these experiences from
the memory and evolves a grasping manifold, which is used as training set for the
heuristic R. As the system acquires a more specialized grasping manifold, i.e. a
better estimate of X̄ , the heuristic R becomes more accurate and in turn facilitates
the execution module in the future.

In the following of this section, we first explain the execution module in relation
to our previous work and discuss how our heuristic affects its performance. There-
after, we introduce the evolution of the grasping manifold and describe how the
system utilizes this to learn R. In the end, we propose an extension to our system
that is able to generate stable grasps purely from learned experiences.

3.1 Execution Module

We adopt the grasp planner presented in our previous work [14], which computes
a grasp γ by maximizing the objective function

Γ(γ) = Q(γ) + αR(γ) (4)

in the Hierarchical Fingertip Space (HFTS). Here, Q(γ) ∈ R denotes the point con-
tact based grasp quality measure Q1 from [11], R(γ) ∈ R the reachability residual
that measures the kinematic feasibility of realizing the fingertip grasp γ with the
robot hand and α ∈ R a scaling factor.

In [14], R(γ) is computed by querying a kd-tree based data structure for a stored
hand configuration Θγ that minimizes the distance ‖C(F (Θγ))−C(γ)‖. In general,
due to its limited sample density, for an arbitrary input grasp γ there is no hand
configuration Θγ stored in the data structure that achieves an exact reachability
residual of zero, i.e. ‖C(F (Θγ)) − C(γ)‖ 6= 0. Therefore, after determining a grasp
γ∗ that maximizes Γ, the planner is required to perform a post-optimization step to
adjust the hand configuration Θγ∗ to minimize the residual. Finally, the hand pose
H is computed such that the fingertip positioning error ǫ = ‖γ∗−TO(F (Θγ∗),H)‖
is minimized. Note that the computation of H and Θγ∗ may fail in case γ∗ is not
reachable. In this case the system needs to re-plan.

In this work in contrast to [14], we replace the kd-tree based heuristic by our
heuristic R. Similar to our previous heuristic, R is defined as

R : γ 7→ (Θγ , R(γ)) (5)

and provides a reachability estimate R(γ) ∈ R of how well a fingertip grasp γ
is kinematically reachable, as well as an inverse kinematics solution Θγ such that
C(F (Θγ)) ≈ C(γ).
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Memory
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grasp planner

Executable 
grasp

Execution Module
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Reestimation  
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Figure 3: System pipeline: The system consists of an execution module, an offline
module, denoted dreaming module, a memory M and a heuristic R.

Every time the system successfully computed and executed a grasp on some
object, the post-optimized hand configuration for this grasp is stored in the memory
ME . In the offline dreaming phase, the system recomputes its grasping manifold
based on the collected experiences. As the heuristic is retrained on the updated
grasping manifold, it provides a better estimate of hand reachability and hand
inverse kinematics.

3.2 Experience Oriented Manifold Evolution

The dreaming phase is summarized in Algorithm 5. We represent the grasping
manifold by a discrete set of Ni hand configuration samples MM ⊂ Cfree, which
is stored in the system’s memory M. Before any experiences have been gathered,
there is no knowledge about X̄ . Hence, it is assumed that any self-collision-free
hand configuration may lie within it and we initialize our initial estimation from
an uniform distribution, see Algorithm 5 line 2. At this point, R can be learned as
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Input: Memory M = (MM ,ME), Covariance σ, Number of manifold samples Ni, Sam-
ple parameters β and ρ

Output: Updated memory M = (MM ,ME), Heuristic R
1: if MM = ∅ then ⊲ Bootstrap
2: MM ← SampleUniformly(Cfree, Ni)
3: else

4: Ω←FitGMM(MM ) ⊲ Evolution
5: Sn ← ∅
6: for ΘE ∈ME do

7: Nr ←
β|MM |
|ME |

( 1
ρm
−

∫
C
g(Θ|ΘE , σI)p(Θ|Ω) dΘ)

8: Nr ← max(Nr, 0)
9: Sn ← Sn∪ SampleGaussian(ΘE , σI, Nr)

10: end for

11: MM ← SampleUniformly(Sn ∪MM , Ni)
12: ME ← ∅
13: R = ComputeR(MM )
14: end if

Algorithm 5 The dreaming phase: Evolution of grasping manifold

detailed in Sec. 3.3 and the system is similar to our previous work [14] and ready
for execution.

Once the robot gathered some experiences and enters the dreaming phase anew,
we update MM to more accurately approximate X̄ . This update is performed
by replacing samples in MM with self-collision-free hand configurations scattered
around the experiences stored in ME . For each experience ΘE , new samples are
sampled from a Gaussian distribution N (ΘE , σI) centered at ΘE with a user spec-
ified diagonal covariance matrix σI ∈ R

d×d, see Algorithm 5 line 9. The covariance
controls the adaptation of the manifold. A large value leads to a diffuse, whereas
a smaller value to a more concentrated adaptation. The motivation for sampling
a neighborhood of ΘE lies in the fact that the grasp quality measure Q is Lips-
chitz continuous [19]. Hence, since an experience ΘE is a hand configuration that
achieves a stable grasp on some object with fingertip poses Z, it is reasonable to
assume that fingertip poses similar to Z can also achieve good quality grasps on
similarly shaped objects.

We need, however, to balance between evolving the grasping manifold towards
new experiences and preserving the manifold learned so far. For this, we compute a
probability distribution p(Θ|Ω), denoting the probability of a configuration Θ ∈ C
lying in X̄ given our current grasping manifold. We model p(Θ|Ω) as Gaussian
Mixture Model (GMM) and use the expectation maximization (EM) algorithm to
compute the GMM parameters Ω from our sample setMM , see Algorithm 5 line 4.
As shown in Algorithm 6 we select Ω such that the Bayesian information criteria
(BIC) is minimized.

In order to adapt the grasping manifold, the system determines for each ΘE ∈
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Input: S set of samples
Output: Best fitting Ω

1: BIC =∞
2: for m = 1 . . . m̂ do

3: Ω′ = EMAlgorithm(S, m)
4: if BIC(Ω′) < BIC then

5: Ω = Ω′

6: BIC = BIC(Omega)
7: end if

8: end for

Algorithm 6 FitGMM: Determine parameters Ω for a set of sampled configurations

ME its novelty utilizing p(ΘE |Ω). Experiences that are likely given our current
grasping manifold should result in little adaptation, whereas experiences that are
unlikely are considered novel and should result in significant adaptation. The degree
of adaption of the grasping manifold to an experience ΘE is governed by the number
of samples Nr ∈ N

+ we sample in its neighborhood. Given the GMM parameters
Ω with m Gaussians, Nr is computed as follows:

Nr = max(
β|MM |

|ME |
(

1

ρm
−

∫

C

g(Θ|ΘE , σI)p(Θ|Ω) dΘ), 0) (6)

where g(Θ|ΘE , σI) is the probability density of the Gaussian N (ΘE , σI), and
p(Θ|Ω) is the probability density of the GMM parametrized by Ω. β ∈ R con-
trols the evolution speed and ρ ≥ β is a relaxation parameter. Nr is large, if the
probability of samples in the neighborhood of ΘE belonging to the current grasping
manifold is small and vice versa. The term 1

ρm in Eq. (6) denotes the probability
mass we desire this neighborhood to have.

Although the dreaming phase is performed offline, we choose to limit its com-
putational effort by performing batch updates rather than updating MM for each
experience ΘE ∈ ME individually. In the rare case that all experiences lie in the
same small area of Cfree, this could lead to a rapid adaptation of our manifold to
a single mode. To prevent this, Nr decreases as |ME | increases and vice versa.

Once all samples Sn around all new experiences are sampled, we recompute
the grasping manifold by uniformly re-sampling Ni samples from Sn ∪MM , see
Algorithm 5 line 11. Note that while we desire MM to resemble X̄ , the proposed
method does not guarantee that the estimateMM lies strictly within X̄ . However,
as the evolution progresses, the probability of including outliers in MM decreases.

3.3 Reachability Heuristic by Regression Forest

Our reachability heuristic is a function as defined in Eq. (5), which maps a fin-
gertip grasp γ to a hand configuration Θγ as well as the probability R(γ) that
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C(γ) = C(F (Θγ)). For modeling this high dimensional non-linear mapping,
we adopt the regression forest from [6] consisting of T regression trees. In order
to maximize R’s accuracy for relevant hand configurations, the grasping manifold
MM serves as basis for the training set. Since fingertip grasps are defined in an
object frame and therefore object specific, we learn a mapping from the encodings
C(γ) to hand configurations, making R object frame independent. The labeled
training set for the regression forest is

T = {(Θ, C(F (Θ)))|Θ ∈MM}. (7)

Each leaf of each tree in the forest provides a prediction model that is learned by
probabilistic linear regression with a Gaussian distribution [2] from some subset of
T . In order to achieve a fully probabilistic output, the splits of the training set
within each regression tree are performed such that the information gain reported
in [6] is maximized.

Given an input grasp γ, the t-th tree in the forest, t = 0, . . . , T − 1, provides
the posterior pt(Θ|C(γ)). The posterior of the whole forest is the average of the
posteriors of the individual trees

p(Θ|C(γ)) =
1

T

T∑

t=1

pt(Θ|C(γ)). (8)

With the posterior at hand we can compute the heuristic value R(γ) = (Θγ , R(γ))
as

Θγ = E[Θ|C(γ)] =

∫

C

p(Θ|C(γ))Θ dΘ, (9)

R(γ) = p(Θγ |C(γ)). (10)

Note that the evaluation of R(γ) is computationally inexpensive and thus suitable
for grasp optimization.

3.4 Pure Manifold Based Grasp Planning

The planner as presented in Sec. 3.1 computes a grasp by maximizing both the
reachability of a fingertip grasp as well as its quality, Eq. (4). As reported in
[11, 5], the scaling factor λ ∈ R

+ between the force term and the torque term in
the computation of the grasp quality Q(γ) is somehow arbitrarily chosen. With a
large value, the grasp will be more optimized to counteract torsional disturbances,
whereas a small value makes the grasp to be more optimized towards translational
disturbances. Additionally, as we do not have an accurate prior of friction coeffi-
cients, the planned grasps can be vulnerable to friction changes [13].

Recall that the evolution of the grasping manifold is based on successful stable
grasps. Therefore, during the evolution, the system learns not only the relevant
grasp configurations, it also implicitly suppresses grasps that are not robust, i.e.
grasps that are not always stable during execution. As an extension to our system,
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(a) Balanced: ρ = 2.0, β = 1.0, σi,i = π/36, |ME | = 40

(b) Balanced: ρ = 2.0, β = 1.0, σi,i = π/36, |ME | ∈ rand(20, 60)

(c) Aggressive: ρ = 2.0, β = 1.5, σi,i = π/36, |ME | = 40

(d) Conservative: ρ = 2.0, β = 0.5, σi,i = π/36, |ME | = 40

Figure 4: Evolution examples with different evolution speeds β or |ME |. The
two dimensional visualization is a projection of MM using the first two principal
components. In order to compare between different evolutions, all projections are
conducted under a single PCA on the 100-th generation MM shown in (a), which
captures 78% of the variance. The blue marks are the grasp experiences ME used
to generate the current generation. The evolutions took on average 5–10min per
generation.

we therefore propose a modification of our heuristic R that not only provides a
reachability estimate, but also a quality estimate. Formally, we define the modified
heuristic as

R∗ : (r, C(γ)) 7→ (Θγ , R
∗(γ)). (11)

Additional to the contacts encoding C(γ), R∗ takes the distance r ∈ R
+ between

the center of mass of the object and the center of the contact positions as argument.
In the execution module the system initially uses R as described before. When

a grasp γ is successfully executed, we save both r and Θγ in an additional memory
M∗

E . When the grasping manifold evolution becomes stable, i.e. Sn is small, the
grasping manifold provides a good estimate of X̄ . In this case, we train R∗ using
the same method as in Sec. 3.3 with r as additional variable in the input space.
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The training set in this case is

T ∗ = {(Θ, (C(F (Θ)), r))|(Θ, r) ∈M∗
E}. (12)

Henceforth, we useR∗ as a generative model: instead of explicitly computing the
grasp quality Q(γ), the objective function Γ for the HFTS grasp planner becomes
the posterior R∗(γ) of the R∗ prediction. Since R∗ is not generative for new types
of objects, the system falls back to R and re-enables its evolution to adapt to the
new types of objects, when these are encountered.

4 Experiments

We implemented the proposed system in Python and evaluate it for the Schunk-
SDH hand with d = 7 DoFs and f = 3 fingertips in the OpenRAVE simulation
environment [7] on a machine with an Intel Core i7-3770 CPU @ 3.40GHz×8 and
32GB RAM. In the execution module, when planning grasps using the HFTS grasp
planner [14], the maximum iteration per hierarchy level is set to 40. In the dreaming
module, the grasping manifold is represented by Ni = |MM | = 105 samples and the
GMM model Ω is estimated using full covariance matrices. For the construction of
the random forest, the forest size is set to T = 10, the maximum tree depth is set
to 10 and the minimum samples for splitting a decision node is 20.

We first evaluate the evolution of the grasping manifold using experiences col-
lected in simulation. Thereafter, we present quantitative results to evaluate the
extension described in Sec. 3.4. Finally, we show real world experiments with a
Schunk-SDH hand mounted on a KUKA KR5 sixx 850 arm.

4.1 Evolution of Grasping Manifold

For the evaluation of the grasping manifold evolution, we investigate whether we
can observe the following properties:
• P.1 As the grasping manifold evolves, the number |Sn| of new samples drawn
from the neighborhoods of the gathered experiences decreases. A larger evolution
speed β results in a faster decrease in |Sn|, but less generality across different grasp
types and vice versa.
• P.2 As the grasping manifold evolves, R provides better predictions of hand con-
figurations for grasps on the training objects as well as on unexperienced objects of
similar sizes.
• P.3 A grasping manifold that is learned from experiences on some objects con-
tinues evolving towards new experiences once it is exposed to objects requiring
significantly different grasps. By doing so, it generalizes over different objects and
R’s performance for previously experienced objects does not deteriorate.
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Figure 5: Examples grasps on the objects used in evaluation, from left to right:
rivella, box, pen, jug, ball, key.
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Figure 6: Number of new samples |Sn| of the evolution examples shown in Fig. 4.

4.1.1 Investigation of P.1

Fig. 4 shows the evolution of four different grasping manifolds with different choices
for the parameters β and |ME |. In all cases the system gathers experiences by gen-
erating grasps on the two objects rivella and box shown in Fig. 5. We initialize the
grasping manifolds with Ni = 105 uniformly sampled collision-free hand configura-
tions. Except for the evolution shown in Fig. 4b, our system enters the dreaming
phase every time it has experienced |ME | = 40 stable grasps (evaluated in simu-
lation using [11]), i.e. 20 per object. In case of the evolution shown in Fig. 4b, it
enters the dreaming phase every time a random number |ME | = nr +nb of experi-
ences has been made, where nr, nb ∈ [10, 30] denote the number of experiences on
rivella and box respectively. The parameter β is chosen such that in Fig. 4a and
Fig. 4b we expect a balanced evolution, whereas in Fig. 4c we expect an aggres-
sive evolution towards new experiences and in Fig. 4d a conservative evolution that
slowly adapts to new experiences.

As shown in Fig. 6, we observe that the number of new samples in the evolution
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process is decreasing for all four evolutions. The first three evolutions shown in
Fig. 4 reach a smaller number of new samples faster than the conservative evolution
in Fig. 4d. We can observe visually in Fig. 4 that after generations 73, 67, 41 and
85 the grasping manifolds do not change significantly anymore.

It is worth noticing that the more aggressive the evolution is, the faster it
achieves a stable manifold. However, as we can see from the evolution in Fig. 4c,
an aggressive evolution results in a grasping manifold that is concentrated on few
areas, which is where early experiences originate from. The conservative evolution
in Fig. 4d takes the longest to achieve a stable grasping manifold, however, it is
more spread. The balanced evolutions achieve a greater variety of modes than the
aggressive evolution, while reaching a stable grasping manifold in less generations
than the conservative one. The balanced manifold from Fig. 4a is also shown in
Fig. 1, which shows the diversity of grasp configurations it contains. In contrast,
the aggressive evolution suppresses the variety of grasps the system can generate.
In summary, the above results support our assumption about property P.1.

4.1.2 Investigation of P.2

Fig. 7 shows the development of the positioning error ǫ = ‖γ − TO(F (Θ),H)‖ be-
tween fingertips and the desired contacts on an object surface for different objects
as the evolution of the balanced manifold from Fig. 4a progresses. We can see
that before the evolution starts, our heuristic performs worse than the reachabil-
ity heuristic proposed in [14], since the linear regression performed by the random
forest performs poorly for sparse data points. As the evolution proceeds, however,
the positioning error decreases for all six objects. Note that the evolution is per-
formed with the objects rivella and box, for the other objects we only evaluate R
without feeding the experiences to the dreaming module. Nevertheless, the error
also reduces for these objects, indicating that the system is capable of generalizing.
This result supports our assumption about property P.2: as the evolution of the
grasping manifold progresses, R’s performance increases both for previously seen
and unseen objects of similar sizes.

4.1.3 Investigation of P.3

For evaluating property P.3, we run the evolution in Fig. 4a again with a different
setup: as shown in Fig. 8, once the evolution for rivella and box is stable at gener-
ation 73, we ask the system to additionally plan grasps for a new object rivellabig,
which is the rivella bottle scaled up by a factor of 4.0. An object of this size requires
grasps for which the hand needs to be opened far wider than for any of the others.
We can see that since the system has not experienced an object of this scale before,
the positioning error is initially large for rivellabig. However, as first experiences are
made, the system starts to evolve anew, adapts its grasping manifold and eventu-
ally becomes stable again at generation 99. Thereafter, by asking it to plan grasps
for a large disk, which requires the coupled joint of the Schunk-SDH hand to open
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Figure 7: Positioning errors ǫ for the evolution shown in Fig. 4(a). The gray line
shows the errors of the heuristic reported in [14]. The reported results are collected
from 100 simulated grasps on each object per generation.

even further, the system evolves further until generation 126. It is worthwhile to
note that when the new objects are introduced to the system, the positioning errors
for the previously experienced objects do not increase. In summary, these results
support our assumption about property P.3.

4.2 Evaluation of R∗

As described in Sec. 3.4, once the grasping manifold evolution becomes stable, we
can learn a new heuristic R∗ from all gathered experiences. Next, we investigate
whether we can observe the following property:
• P.4 Once the grasping manifold becomes stable, our grasp planner with learned
heuristic R∗ is able to plan stable grasps with a performance equal to the planner
with heuristic R, while achieving faster runtimes.

When the grasping manifold evolution shown in Fig. 4a is stable at generation
73, the system has experienced 73 × 2 × 20 = 2920 grasps. Hereafter, the system
uses the 2920 experiences to learn the new heuristic R∗. From the table shown in
Fig. 9 we can see that the mean positioning errors and the grasp qualities for both
heuristics are similar. This is expected since the stability manifold learned from the
2920 experiences tends to lead the planner to plan grasps similar to its experiences.
Note that as the computation of the grasp quality metric is omitted, the runtime
for the grasp planner using R∗ is in general decreased by 2/3 to 3/4. This result
supports our assumption about property P.4.
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Figure 8: Positioning errors ǫ, the evolution is controlled by the parameters shown
in Fig. 4(a). Once the evolution becomes stable for rivella and box, the new objects
rivellabig and disk are introduced into the system and trigger the continuation of
the evolution. The reported results are collected from 100 simulated grasps on each
object per generation.

4.3 Evaluation on a Real Robot

Finally, we wish to ensure that our system produces grasps that can be executed
successfully on a real robot. In particular, we assume the following property:
• P.5 Grasps generated with the learned heuristic R∗ are stable in the real world.

For this, we execute grasps on the system illustrated in Fig. 10. The grasp
planner uses R∗ which was trained on the shown five objects in simulation. For
each experiment, we place one of the objects at an arbitrarily chosen reachable pose
on a table in front of the robot. The robot is tasked with picking up the object
and placing it in a bin located next to the table. We execute this sequence for
each object six times and record the number of successful placements. As our grasp
planner does not consider collisions with the environment nor the kinematics of the
robot arm, we repeatedly plan grasps anew until a reachable grasp has been found.
To execute grasps, we utilize a position controller for the finger joints. To exert
some force on the grasped object, we additionally close the fingers approximately
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Object Err(cm) Q Time(s)

rivella
0.47 ± 0.07
0.42 ± 0.04

1.13 ± 0.24
1.13 ± 0.09

0.95 ± 0.06
0.37 ± 0.06

box
0.39 ± 0.04
0.37 ± 0.06

1.24 ± 0.37
1.22 ± 0.13

0.79 ± 0.02
0.36 ± 0.07

pen
0.55 ± 0.02
0.57 ± 0.03

0.20 ± 0.04
0.22 ± 0.02

0.99 ± 0.07
0.29 ± 0.01

jug
0.85 ± 0.13
0.83 ± 0.07

1.27 ± 0.22
1.26 ± 0.14

1.21 ± 0.27
0.33 ± 0.03

ball
0.09 ± 0.01
0.10 ± 0.01

0.42 ± 0.02
0.42 ± 0.01

0.94 ± 0.04
0.22 ± 0.01

key
0.65 ± 0.06
0.52 ± 0.04

0.22 ± 0.02
0.23 ± 0.04

1.14 ± 0.23
0.32 ± 0.04

Figure 9: Statistics for the comparison between R and R∗(shaded). The results
reported are collected by generating 100 grasps in simulation for each object for
both heuristics respectively. Err: positioning errors, Q: grasp quality measured by
[11], Time: runtime for planning a grasp. The evaluations were implemented in
Python and run on a machine with Ubuntu 12.04 running on an Intel Core i7-3770
@ 3.40GHz×8. with 32GB RAM

0.1cm along the contact normals.
The results are summarized in Fig. 11. In total, we only observed three failures.

In two cases the executed grasps were unstable and the objects slipped, in the third
case the object tipped over before all contacts were reached. Overall, the results
support our assumption that the system has property P.5. However, in most cases
the planner had to be executed several times to find a grasp that was reachable by
the robot. This highlights a weakness of the current state of the proposed system.
For fast fingertip grasp planning, a system needs to take an object’s environment
as well as the robot arm’s kinematics into account.

5 Discussion & Conclusion

In this work, we presented a system that integrates a random forest based heuristic
for hand reachability and multi-finger inverse kinematics with the fingertip grasp
planner presented in [14]. The training set of the heuristic, the grasping manifold, is
incrementally adapted by the system based on the experiences it gathered online.
This allows to focus the heuristic’s limited accuracy on the regions of the robot
hand’s configuration space that are task relevant. We showed that our system
creates grasping manifolds that facilitate the performance of the grasp planner,
while being able to generalize and continuously adapt to new types of experiences.

We further extended the proposed system to learn a heuristic from a grasping
manifold that integrates both grasp quality and hand reachability, rendering the
use of an analytic grasp quality metric unnecessary. As a result, we show that the
planner’s runtime is reduced, while it is still capable of generating stable grasps.
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Figure 10: Top: As experimental setup we utilize a Schunk-SDH hand mounted
on a KUKA-KR5 industrial arm. For localizing objects in the robot’s workspace,
we use SimTrack [18] in combination with a Microsoft Kinect™. Bottom: Stable
fingertip grasps executed on the five different objects used in our experiments.

Object #Trials #Success Notes
rivella 7.3 ± 9.1 5/6 1 unstable
glue 9.5 ± 6.0 6/6

crayola 3.0 ± 3.95 6/6
toblerone 12.2 ± 10.69 4/6 tip over & unstable

cheezit 11.0 ± 9.7 6/6

Figure 11: Statistics of running R∗ on a real robot system, where six grasps were
tested on each object. #Trials: number of grasps planned until a reachable grasp
was found. #Success: number of successful pick-and-place executions. Notes:
reason of failures.

The system was evaluated both in simulation as well as on a real robot, whereas
training was only performed in simulation. Ideally our system would learn its
grasping manifold from experienced grasps that were successful in the real world.
However, our current implementation of the system does not take the environment
nor the kinematics of the robot’s arm into account. As a result, the planner often
produces grasps that are not kinematically reachable by the arm or in collision
with the environment. Therefore, since the training requires a large number of
executions, our evaluation on the real robot was limited to testing a system that was
trained in simulation. In future work, we wish to explore the system’s performance
when its experiences are gathered in the real world. As the grasping manifold is
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learned from successfully executed grasps, it would implicitly emphasize grasps that
have been stable and suppress grasps that have falsely been predicted to be stable.
This may occur due to errors in the used model, such as the simplified modeling of
contacts and unknown friction coefficients. A grasping manifold trained from real
world examples could overcome these limitations of analytic grasp quality metrics.
Moreover, we would like to look into the scalability of the proposed method with
respect to the DoFs of the hand and the range of different object shapes it is able
to cover. Here, it is interesting to investigate the possibility of adaptively evolving
the number of samples used to represent the grasping manifold.
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Abstract

We present a unified framework for grasp planning and in-hand grasp
adaptation using visual, tactile and proprioceptive feedback. The main ob-
jective of the proposed framework is to enable fingertip grasping by addressing
problems of changed weight of the object, slippage and external disturbances.
For this purpose, we introduce the Hierarchical Fingertip Space (HFTS) as
a representation enabling optimization for both efficient grasp synthesis and
online finger gaiting. Grasp synthesis is followed by a grasp adaptation step
that consists of both grasp force adaptation through impedance control and
regrasping/finger gaiting when the former is not sufficient. Experimental
evaluation is conducted on an Allegro hand mounted on a Kuka LWR arm.

1 Introduction

Grasp planning and in-hand grasp adaptation are two complex problems that have
commonly been studied separately. Lots of contributions to these problems have
been made during the past two decades considering stability modeling and esti-
mation, task based grasping, object representation, grasping synergies and grasp
adaptation [52, 9, 55, 64, 44, 47, 3, 24, 32, 8].

In this paper, we present a framework for fingertip grasping considering an inte-
grated approach to grasp planning and in-hand grasp adaptation. The main objec-
tive of the framework is to address the problem of grasp instability due to problems
such as changed weight of the object, e.g., a container to be filled during grasping,
slippage or external disturbances caused by collisions. The framework integrates
our previous work of Hierarchical Fingertip Space (HFTS) [23] and grasp adap-
tation [32], and provides efficient grasp synthesis, grasp force adaptation through
impedance control and regrasping/finger gaiting when the former is not sufficient.
The approach consists of i) a pre-grasping phase executing grasp synthesis on an
efficient representation including both object and hand properties, ii) grasp execu-
tion, and iii) a post-grasping phase where tactile feedback and experiences are used
for in-hand grasp adaptation, see Fig. 1 and Fig. 2.
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Figure 1: A visualization of the proposed Hierarchical Fingertip Space concept:
Initial fingertip locations are determined by optimizing grasp stability and adapt-
ability using a hierarchical discretization of the object surface and an impedance
controller is used to balance grasping forces. If a large disturbance occurs, the
grasp is adapted by fingertip gaiting to maintain grasp stability. The new fingertip
location is computed using an optimization in the HFTS.

In the pre-grasping phase, grasp synthesis is formulated as a combinatorial op-
timization problem considering grasp stability, contact locations and finger gaiting
in an integrated manner. In the post-grasping phase, tactile feedback provides
information of the stability of the executed grasp. An offline learned probabilis-
tic model is used to assess the grasp stability and initiate an adaptation of grasp
forces, followed by finger gaiting if needed. To the best of our knowledge, this is so
far the first system that accomplishes grasp synthesis, stability estimation, online
replanning and in-hand adaptation in a unified framework.

Compared to the state of the art and our previous work in [23] and [32], our
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Figure 2: Schematic overview of the system - Pre-grasping: After the Hierarchical
Fingertip Space is generated by a Gaussian Process (GP) based filter, grasps are
synthesized by a multi-level refinement strategy. Grasping: The synthesized hand
configuration is used to execute the grasp. Post-grasping: Once tactile feedback is
available, grasp stability is monitored by a learned probabilistic model. If a grasp
is estimated as unstable, the stability is maintained through force adaptation or
finger gaiting.

integrated system:

• provides an optimization framework for both grasp synthesis and finger gait-
ing;

• closes the loop between grasp planning and control through stability estima-
tion and finger gaiting;

• optimizes grasp adaptability and demonstrates informed finger gaiting opti-
mization by considering viable hand configurations and object shape knowl-
edge.

We review the related work in Sec. 2 and present the methodology in Sec. 3 -
Sec. 5. We evaluate in Sec. 6 and then conclude in Sec. 7.

2 Related Work

The area of robotic grasping includes problems such as grasp stability analysis,
grasp synthesis and hand kinematics, object and task representation, grasp adap-
tation [6, 47, 8] etc. Although each of these have been studied extensively during
the past couple of decades there are rather few systems that have addressed grasp
synthesis and in-hand grasp adaptation in an integrated manner.

In terms of object representation for grasping, there are many examples of works
that rely on encoding shape properties of objects: Reeb Graph [1], Medial Axis
[42, 58], hierarchical box decomposition [29], super-quadrics [37, 7, 13, 5]. More
recent work demonstrates topological analysis of shape for grasping and caging
[54, 40]. Our Hierarchical Fingertip Space (HFTS) proposes a method for shape
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representation that encodes both the global and local geometric properties of the
object.

Classical works formulate contact-level grasp synthesis as an optimization prob-
lem [6, 24, 10, 35, 50, 45, 18] for which the objective — grasp stability — is com-
monly measured using force analysis in the contact wrench space [17]. The problem
of calculating feasible hand configurations has also been addressed in this context
[9, 46]. To account for uncertainties in physical properties of objects, grasp fric-
tion sensitivity [22] and independent contact regions [43] have been investigated.
Our approach formulates fingertip grasping as an optimization problem consider-
ing grasp stability, adaptability and hand reachability to prepare a grasp for future
adaptive execution against physical uncertainties.

Approaches to force based grasp control range from geometry based analytic
methods [25, 11, 38] to learning-based frameworks for force optimization [62, 61].
In-hand manipulation has been addressed as finger gaiting with a rolling contact
model and quasi-static assumption [20, 49]. Hybrid position and force control has
also been studied [33, 65, 12, 57] as well as impedance control [51, 34, 56, 31].
Our approach allows for grasp stabilization through both contact force adaptation
and finger gaiting planned in real-time using tactile feedback and the proposed
Hierarchical Fingertip Space.

In realistic tasks, the ability to maintain a stable grasp on an object is an integral
property of robust systems. A grasp that is originally stable may be perturbed while
performing a manipulation with the held object. This is also valid for cases where
some properties of the object change - weight can change if a glass held by the robot
gets filled, environmental changes can affect friction coefficients, collision may cause
slippage, etc. In addition, many of these properties may not be precisely known to
start with. Thus, in-hand grasp adaptation may be needed after a grasp has been
applied on an object. For this purpose, relying on visual feedback is not sufficient
and many of the recent approaches facilitate haptic and proprioceptive information
[26, 27, 36, 66, 14, 15, 4, 3]. Finger gaiting may be further required when applying
higher grasping force does not suffice [48, 32]. Our work here builds upon [48, 32]
and additionally allows for replanning during grasp execution.

3 Hierarchical Fingertip Space and Grasp Optimization

We start by providing a list of notations used in the paper:
In the pre-grasping phase, we formulate fingertip grasp synthesis as an opti-

mization problem considering each object represented as a point cloud P = {pi ∈
R

3 | i ∈ {1, ..., np}}. We seek m contact locations, Cg = {c1, ..., cm|ci ∈ P}, on
the object surface and a hand configuration, Jg ∈ R

d where d are controlled joint
angles.

We define two concepts: Fingertip Space and Hierarchical Fingertip Space (HFTS).
Fingertip Space represents a finite set of contacts on an object surface that are lo-
cally flat and large enough for a fingertip [23]. We denote the Fingertip Space as
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P ⊂ R
3 An object’s point cloud

Cg = {c1, ..., cm|ci ∈ P} A grasp defined by m contacts

Jg ∈ R
d A hand configuration with d DoFs

Φ(P) = {ϕ1, ..., ϕnf
} ⊂ P Fingertip Space built from P

ϕi ∈ Φ(P) A Fingertip Unit
wi ∈ R Penalty factor assigned to ϕi

GΦ = (EΦ, VΦ) A hierarchy of surrogates of Φ
hop(ϕi,j , ϕi,k) Hop distance between nodes in GΦ

(GΦ)i = ((VΦ)i, (EΦ)i) The i-th surrogate approximation of Φ
wi,j ∈ R Penalty factor assigned to a node in GΦ

ΛΦ = (VΛ, EΛ) Hierarchical Fingertip Space
(ΛΦ)i = ((VΛ)i, (EΛ)i) The i-th surrogate approximation of ΛΦ

λg ∈ EΛ A node representing m contacts in Λϕ

g = (λg, Jg) A grasp defined by λg and Jg

Q(λg) ∈ R Grasp quality defined in [17]
R(λg) ∈ R Grasp reachability residual
A(Jg) ∈ R Grasp adaptability
θ(g) ∈ R Grasp synthesis objective function

Ro ∈ SO(3) Virtual frame for grasp impedance control
ĝ = (K, L, S) A grasp with stiffness K, rest length L

and tactile readings S
Θ Gaussian Mixture Model learned over

K, L, S for grasp estimation and adaptation
θ∗(λg) ∈ R Optimization objective for fingertip relocation

Table 1: List of notations used in the paper

Φ(P) = {ϕ1, ..., ϕnf
} ⊂ P and an element of this set ϕi is called a Fingertip Unit.

Fingertip Space Φ(P) is parametrized by locations and normals of Fingertip Units.
We extract the Φ(P) from P based on the surface curvature estimated from a set
of points Nr(pi) ⊂ P within one fingertip size1 r, around a potential contact pi.
The fingertip space of P is given by

Φ(P) = {ϕi | K(Nr(ϕi)) ≤ κ, ϕi ∈ P} (1)

where K(Nr(pi)) is the local surface curvature estimated from Nr(pi) and κ ∈ R

is the empirically determined curvature threshold. In the rest of this paper, we
write Φ instead of Φ(P). Fig. 3(left) shows an example of Fingertip Space. To
enable finger gaiting, we want our Fingertip Space to encode the space around each
Fingertip Unit in an efficient manner. To achieve this, we put a penalty term on
admissible regions using a logistic function. Let c(ϕi) ∈ P \ Φ be the closest point
to Fingertip Unit ϕi that has been rejected by Eq. (1), the penalty wi for ϕi is
computed as:

wi =
1

1 + e−γ‖ϕi−c(ϕi)‖
(2)

where γ ∈ R
+ is an elasticity factor, see Fig. 3(left).

1For the SynTouch sensor used in this work, the fingertip size r is 14mm,
http://www.syntouchllc.com/
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Figure 3: Left: Fingertip Space with attached penalties rendered by jet colormap,
in white are points that have been filtered out by Eq. (1). Note that there is
perception noise in planar areas. Middle: GP for the spray model represented by
20 cluster centers. Right: partitions of fingertip units rendered with different colors.

3.1 Multilevel refinement of Fingertip Space

Given the large number of Fingertip Units per object, formalizing grasp optimiza-
tion on all combinations of these is computationally impractical. A feasible strat-
egy is to apply Surrogate Models or multilevel refinement [30, 59], that recursively
approximate the original optimization problem in a hierarchy of simpler, more
tractable problems i.e. surrogate models. We first explain a representation for
single fingertip contact optimization and then continue with the definition of Hier-
archical Fingertip Space for multiple fingertip contacts.

Surrogate approximation of Φ is constructed by recursively grouping Fingertip
Units by cluster analysis using geometric properties. For the optimization of a
single contact in Φ we construct a hierarchy of surrogate approximations of Φ
(see Fig. 4) as a similarity-based graph GΦ = (EΦ, VΦ), with the hierarchy levels
i ∈ {0, . . . , l − 1} representing different scales of surrogate approximations. Φ is
recursively partitioned into smaller sets of fingertip units, denoted as ϕ̂i,j ⊂ Φ, and
is represented as a node ϕi,j ∈ VΦ in graph GΦ, where i is the level of ϕi,j in the
hierarchy and j is the index of the partition in level i. We partition the set Φ in
a top-down manner, with parent ϕi,j nodes split into children nodes if |ϕ̂i,j | > 1.
Ultimately, the bottom level of GΦ consists of nodes representing single fingertip
units, |ϕ̂0,j | = 1. Experimentally and as shown in Fig. 4, the number of partitioning
centers for the level l−2 is set to 20 and in the remaining levels to 4 similar to [24].

In the process described above, we require a method for cluster analysis, that
fulfills the following properties: a) The method must be able to group Fingertip
Units according to relevant geometric properties. In more detail, the employed
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Fingertip hierarchy

Parent nodes

Figure 4: Surrogate models represented as a graph. Fingertip unit partitions are
represented as nodes in different levels of the hierarchy and the connectivities in
this graph are represented by edges. Extra connectivities defined by Eq. (3) are
exemplified in level l − 3 for ϕl−3,1, with red edges for 2 hops and blue edges for 4
hops.

similarity measure has to be based on the grasp relevant properties. For point
contact with friction, this is captured by position and normal information [10].
b) The recursive grouping in each hierarchy level must result in partitions having
similar variance in relevant geometric properties. c) The individual clusters should
correspond to connected and compact surface areas such that their average elements
represent possible contact locations. These requirements may initially be violated
on higher levels but they become increasingly important for lower hierarchy levels.
Any clustering method that fulfills these requirement can be employed to construct
GΦ, e.g., in our earlier work, we refer to Agglomerative Hierarchical Clustering with
complete-linkage [23], which is sensitive to noise.

Given real sensor data, there is noise associated with the computation of surface
normals. To address this, we employ a Gaussian process (GP) based filter with
Thin Plate Spline kernel. This approach fulfills the requirement stated above by
integrating both position and normal information into similarity measure [53].

Higher sampling frequency for GP centers is used in areas of higher curvature,
see Fig. 3(middle). The distribution of centers captures the geometric similarities
(locations and normals) and therefore relate to the similarities in the grasp wrench
space [39]. GP partitioning is regulated using a threshold Tp, so that if |ϕ̂i,j | ≤ Tp, a
node is not further divided by GP partitioning but it is split up into all its fingertip
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units. Nodes consisting of single fingertip units are copied to the next level as long
as some other nodes can be partitioned. This guarantees a balanced partitioning
tree, and hence a valid surrogate approximation for every level in the hierarchy. As
discrete optimization relies on relevant neighbors in the solution space, we introduce
connectivity by introducing extra edges between nodes in the same level into EΦ.
More precisely, the extended edge set consists of parent-child edges and extra-edges
EΦ = EP

Φ ∪ E
E
Φ which are given as:

EP
Φ = {{ϕi,j , ϕi−1,k} ∈ VΦ × VΦ | ϕ̂i−1,k ⊆ ϕ̂i,j}

EE
Φ = {{ϕi,j , ϕi,k} ∈ VΦ × VΦ | hop(ϕi,j , ϕi,k) ≤ h} (3)

The function hop(ϕi,j , ϕi,k) denotes the hop distance between ϕi,j and ϕi,k along
edges in EP

Φ . The hop limit h ∈ N defines the size of the neighborhood and is set
to 4 in our experiments, resulting in neighborhoods of size e.g., ca. 4cm in the
second top level. Using the definitions above, we can now define the i-th surrogate
approximation of the Fingertip Space Φ as:

(GΦ)i = ((VΦ)i, (EΦ)i)

(VΦ)i =
⋃

j

{ϕi,j}

(EΦ)i = {{ϕi,j ,ϕi,k} | {ϕi,j , ϕi,k} ∈ EΦ}

(4)

which is a subgraph of GΦ and an approximation at the i-th resolution level.
We define the mean location and orientation of the set of fingertip units con-

tained in the partition ϕ̂i,j as p(ϕ̂i,j) ∈ R
3 and n(ϕ̂i,j) ∈ R

3, this will be used later
for stability analysis. In terms of Eq. (2), the penalty assigned to a node ϕi,j is
defined as:

wi,j =
1

|ϕ̂i,j |

∑

ϕk∈ϕ̂i,j

wk (5)

Given the hierarchy GΦ of surrogate approximation models, we can optimize a
fingertip location in a top-down manner. By optimizing the contact in a coarse to
fine fashion, a final contact will be found in the bottom level of the hierarchy. Next,
we investigate the grasp synthesis with multiple contacts.

3.2 Hierarchical Fingertip Space

In the previous section, we introduced the similarity-based graph GΦ for a single
fingertip. For m fingertips, we define the product graph ΛΦ = (VΛ, EΛ) named
Hierarchical Fingertip Space (HFTS) as in Eq. (6). Thus, nodes in VΛ represent
combinations of m contacts, λi,j = (ϕ1

i,j1
, ..., ϕm

i,jm
), and the graph-distance between

nodes in the same level reflects the similarity of the individual contacts. Formally,
the HFTS is defined as:

ΛΦ = G1
Φ × · · · ×G

m
Φ

VΛ = {λi,j =(ϕ1
i,j1
, ..., ϕm

i,jm
) | ϕk

i,jk
∈ (V k

Φ )i}
(6)
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where Gk
Φ = (V k

Φ , E
k
Φ), k ∈ {1, ...,m} is the surrogate hierarchy for the k-th finger-

tip. The penalty value for a set of contacts is defined as minimum of all individual
contact penalties:

w∗
i,j = min{wi,j1

, . . . , wi,jm
} (7)

Optimization on ΛΦ requires definition of neighborhoods and we define two
types of edges for EΛ: 1) Edges between nodes and their parent, EP

Λ , such that ΛΦ

inherits the hierarchy levels from the individual Gk
Φ, and 2) edges between nodes

in the same level, EE
Λ , for which the individual contacts are identical or neighbors

in their graph Gk
Φ, respectively. Formally, we obtain EΛ = EP

Λ ∪ E
E
Λ :

EP
Λ = {{λi,j1

, λi−1,j2
} | ∀k : {λ

(k)
i,j1
, λ

(k)
i−1,j2

} ∈ (EP
Φ )k}

EE
Λ = {{λi,j1

, λi,j2
} | ∀k : {λ

(k)
i,j1
, λ

(k)
i,j2
} ∈ (EE

Φ )k} (8)

where λ
(k)
i,j ∈ V

k
Φ is the k-th item of tuple λi,j . Similarly to the surrogate models for

a single fingertip contact, we define the i-th surrogate approximation of multiple
fingertip grasping in HFTS as:

(ΛΦ)i = ((VΛ)i, (EΛ)i)

(VΛ)i =
⋃

j

{λi,j}

(EΛ)i = {{λi,j1
,λi,j2

} | {λi,j1
, λi,j2

} ∈ EΛ}

(9)

3.3 Grasp Optimization in HFTS

So far, we described the solution space for grasp synthesis using nodes λg ∈ ΛΦ from
different levels, which are combinations of contacts on the object surface. However,
to realize the contacts with a robot hand, we additionally need the joint angles
Jg ∈ R

d. A valid grasp solution, g = (λg,Jg), is a combination of contact positions
and joint angles.

3.3.1 Grasp Stability

During the pre-grasping phase, when we synthesize a grasp, only visual information
of object is available and we need to evaluate or predict grasp stability without
feedback. This can be done using contact based force closure analysis [17]: Given
a grasp solution g, the grasp quality measure Q(λg) ∈ R is the minimum offset
between the origin of the wrench space and facets of the convex hull spanned by
friction cones of contacts parametrized by positions and normals [10]. The value is
positive when the grasp is force closed and larger for more stable grasps.

3.3.2 Grasp Reachability

Not all combinations of contacts λg can be realized by a given robotic hand and we
can classify contacts into reachable or unreachable using a function R∗ : VΛ → {0, 1}
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so that the optimization can be constrained to reachable grasps with R∗(λg) = 0.
Since a robotic hand can have many degrees of freedom and complicated coupled
kinematics, it can be too costly to analytically compute R∗(λg) in each optimiza-
tion step. For this, various forms of constraints have been formulated [16, 28]. To
achieve required speed and precision, we linearly relax it to a measure of dissim-
ilarity between λg and the closest known reachable contacts λ∗

g of grasp solution
g∗ = (λg∗ ,Jg∗). The reachability measure of λg is then reformulated as a residual
R(λg) ∈ R

+:
R(λg) = ‖C(λg)− C(λg∗)‖ (10)

where C(·) ∈ R
6×(m−2) is an affine invariant encoding of m contacts in terms of

its contact locations and normals [21]. Note that a smaller residual indicates more
reachable contacts.

To generate a set of viable grasps, we randomly sample hand configurations
and save the encoded contacts and corresponding hand configuration Jg into a k-d
tree like data structure T offline with the query time O(n log n). Using T , we can
compute the residual by lookup and find the hand configuration for realizing the
contacts if the residual was small.

T : λg 7→ (Jg∗ , R(λg)) (11)

3.3.3 Grasp Adaptability

We use grasp adaptability to enable finger gaiting already in the grasp synthesis
stage. By decomposing the hand Jacobian and calculating the manipulability [63] of
a hand configuration in the tangential plane of contacts, we measure the adaptability
of a grasp, denoted as A(Jg) ∈ R

+. Concretely, given the Jacobian Jf (Jg) ∈ R
3×n

and the normal nf ∈ R
3 of fingertip f , the Jacobian can be rotated by Rf ∈ R

3×3

such that the last row of Ĵf (Jg) = RfJf (Jg) corresponds to the movement of

fingertip in the direction of nf . The first two rows of Ĵf , denoted by J̃f (Jg) ∈ R
2×n,

are then the projection of Jf in the tangential plane of the fingertip normal.

A(Jg) =
∑

f

√
det(J̃f (Jg)J̃f

T
(Jg)) (12)

Note that we can assume that the fingertip normal (on the robot hand) and the
fingertip unit normal will be similar when the grasp is realized if R(λg) is small.
An example of grasp adaptability measure is shown in Fig. 5. Since this measure is
hand configuration based, it is affine invariant, and hence grasp pose independent.

In order to capture grasp stability, reachability and adaptability in the grasp
optimization, the optimization objective is defined as follows:

Priority 1: Maximize θ(g) (13)

Priority 2: Maximize A(Jg) (14)
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Figure 5: Grasp Adaptability for fingertip 1(red). Adaptability is computed for
fingertip positions sampled in joint space. The colored volume shows finger adapt-
ability values at sampled fingertip positions.

with

θ(g) = Q(λg)− αR(λg), α ∈ R
+ (15)

where α is a weighing factor to account for the hand size, which is determined
by the range in which the grasp quality values Q(λg) vary, as it is related to the
grasp sizes [17]. To optimize the second objective, we use a sorted lookup table for
R(λg) which returns the most adaptable joint configuration in the area of the best
grasp according to A(λg) [19, 2] when querying reachability residuals (line 7 and
10 in Alg. 7). As we can see in Fig. 6, for the same contact locations, there can be
multiple hand configurations for realizing it, however, our prioritized lookup table
will always return the hand configuration with the best adaptability.

Having defined the objective function, we can now proceed to grasp synthesis.
Using a surrogate-based optimization metaheuristic, we need to find solutions on
each of the surrogate approximations and extend them to the next model. For
optimization in each model, we adopt stochastic hill climbing which can escape
from local optima by means of randomness. Switching from solution g to g′ is
determined by the probabilistic function in Eq. (16):

Pr(g, g′) =

(
1 + exp

wgθ(g)− wg′θ(g′)

ζ

)−1

(16)
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Figure 6: Grasps with same contacts and different adaptabilities: the left grasp has
the highest adaptability.

where wg is the penalty assigned to a tuple of contacts defined by Eq. (7). The
randomness in the optimization is determined by ζ, it makes the optimization more
random when a large value is chosen, while it behaves more like pure hill climbing
if a small value is applied. The grasp optimization algorithm is shown in Alg. 7.

Input: stopCondition, ΛΦ, maxIter

Output: grasp g = (λg ,Jg)
1: for i = l − 1 to 0 do

2: if i = l − 1 then ⊲ Initialization
3: λg ← random from (ΛΦ)i

4: else ⊲ Extend to Lower Surrogate
5: λg ← random child of λg

6: end if

7: (Jg , R(λg))← T (λg)
8: for 1 to maxIter do ⊲ Optimize on Surrogate
9: λg′ ← random neighbor of λg ∈ (ΛΦ)i

10: (Jg′ , R(λg′ ))← T (λg′ )
11: if Pr(g, g′) ≥ rand(0, 1) then

12: g ← g′

13: end if

14: if stopCondition(g) then ⊲ Good Solution
15: break

16: end if

17: end for

18: end for

Algorithm 7 Surrogate-Based Optimization in HFTS

For realizing the grasp, we can transform the hand base to the pose where the
fingertips meet the contact locations [23]. In cases when the final reachability resid-
ual R(λg) 6= 0, a local optimization of joint configuration by linear interpolation
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[41] is required to realize desired contacts. To avoid too small and time consuming
incremental improvements at each level, we utilize a stopCondition. It can be set
to false if we want to explore the space until convergence or we control the number
of iterations by setting a threshold for the optimization function in Eq. (15).

4 Grasp adaptation

A synthesized grasp is executed using a simple position control. When contacts are
made and tactile readings are available, an object-level impedance controller [55]
is used to regulate grasp forces. The object-level impedance control for dexterous
robotic hands is still an open question and is currently feasible for 3 fingers or
4 fingers with virtual linkage [60]. For the demonstration of the entire system,
although we have shown that we are able to plan grasps for m fingertips, we will
in the rest of the paper explain the control and adaptation of grasps by examples
of only 3 fingers.

The grasp impedance controller is formulated in a virtual frame (VF) defined
in terms of fingertip locations as

Ro = [vx,vy,vz] ∈ SO(3)

vx =
p3 − p1

‖p3 − p1‖

vz =
(p2 − p1)× vx

‖(p2 − p1)× vx‖

vy = vz × vx

(17)

where p1,p2 and p3 ∈ R
3 are locations of the fingertips, see Fig. 7.

A grasp in the VF is denoted ĝ = (K,L, S) where K = (Kx,Ky,Kz) ∈ R
3 is the

grasp stiffness and L = (L1, L2, L3) ∈ R
3 is the grasp rest length, i.e. the distance

between each fingertip and the center of VF. S = (S1, S2, S3) ∈ R
57 denotes the

tactile readings, in our case from SynTouch sensors.
Grasp stability is monitored using a probabilistic representation relying on a

Gaussian Mixture Model Θ that is trained offline, see Fig. 8. As described in detail
in our previous work [32], Θ is trained over K,L, S parameters for a variety of
objects. Given Θ, grasp stability is estimated by

p(ĝ|Θ) =

ng∑

i=1

πiN (ĝ|µi,Σi) (18)

where ng is the number of Gaussian components, each of which has a prior πi.
N (ĝ|µi,Σi) is the Gaussian distribution with mean µi and covariance Σi.

A grasp ĝ is considered unstable if the log likelihood of Eq. (18) is smaller
than a predefined threshold determined by the ROC curve [32]. If a grasp ĝ is
unstable, we compute its Mahalanobis distance to each component in Θ and denote
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Figure 7: Left: Virtual frame Ro, vx, vy and vz defined by fingertip locations.
Right: Virtual springs used by the impedance controller. A virtual spring (red) is
superimposed on the impedance controller (between fingertip and the new location
p̂) when a fingertip gaiting is requested.

Figure 8: GMM model Θ for grasp stability estimation and decision making for
grasp adaptation. The gray ellipsoids depict the Gaussian components of Θ, dots
and circles show grasps, represented by K,L, S in different stages, and the red
lines illustrate how grasps are switched between different stages by grasp stiffness
adaptation and fingertip gaiting.

the minimum distance as md. If md is within two standard deviations, we apply
force adaptation by changing stiffness K to the value obtained by computing the
maximum expectation of K conditioned on L and S. The details of this process
have been described in detail in our previous work [32]. Otherwise, a finger gaiting
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strategy is initiated as explained in detail in next section.

5 Regrasping by finger gaiting

Stiffness adaptation is not enough in cases when there is an upper bound on the
force can be exerted by the hand. Thus, to stabilize a grasp, the system initiates
finger gaiting. Finger gaiting is defined as an optimization problem based on the
current rest length L represented in VF:

θ∗(λg) = ‖L− L∗‖+ βR(λg) (19)

where R(λg) is the reachability defined in Eq. (10), β ∈ R
+ is a weighing factor to

account for the hand size, as L values range differently in terms of hand sizes. L∗ is
the desired rest length obtained from the closest Gaussian center ĝ∗ = (K∗, L∗, S∗)
in terms of md. The reasoning above is to find the closest stable and reachable
grasp to the current one, taking into account the current tactile readings.

Figure 9: Breadth-first search in HFTS for fingertip gaiting optimization. The
green path shows how the search fringe evolves, and the red edges show the pruned
path due to the 2 criteria defined in Alg. 8.

For the robot hand we use in this work, we can only re-locate fingertip F1 or F2,
as shown in Fig. 7, since relocating the thumb F3 leaves the grasp without contacts
on the opposite side of the object. Our strategy of choosing between F1 and F2
is straightforward: we compute the optimization for F1 and F2 in parallel for
minimizing the objective value from Eq. (19), the one resulted with smaller values
is chosen. Our optimization procedure employs breadth-first search in ΛΦ starting
from the initial contact. The search is terminated in a branch if the reachability
measure grows beyond a predefined threshold ǫR. Since we move only one finger,
we need an additional rule:

Prune(λg, λg′ , fo) =

{
True, ∃i : i 6= fo ∧ λ

(i)
g 6= λ

(i)
g′

False, otherwise.
(20)
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where fo is the fingertip to be relocated, λg is the node that represents the current
grasp contacts, and λg′ is the new solution. Since the search fringe can go upwards
in the hierarchy graph ΛΦ, this rule asserts that only a single fingertip is moved
while the remaining two are fixed. The main idea is sketched in Fig. 9 and the
procedure summarized in Alg. 8. Note that it includes the penalty factor from
Eq. (7).

Input: ΛΦ, λg , ǫR, fo

Output: p̂ ⊲ New Location
1: Ro ← R(λg)
2: λ∗ ← λg

3: Queue.push(neighbors of λg)
4: while Queue is not empty do

5: λg′ ← Queue.pop()
6: if R(λg′ ) > Ro + ǫR or P rune(λg , λg′ , fo) then

7: continue ⊲ Pruning
8: end if

9: if 1
wg′

θ∗(λg′ ) < 1
wλ∗

θ∗(λ∗) then

10: λ∗ ← λg′

11: end if

12: Queue.push(neighbors of λg′ ) ⊲ Breadth-First
13: end while

14: p̂← λ∗(fo) ⊲ New Location for fo

Algorithm 8 Fingertip Gaiting by Optimization in ΛΦ

5.1 Fingertip Gaiting in Practice

When grasp stability changes rapidly and finger gaiting is triggered frequently, to
avoid switching between impedance and position control, we stay in impedance
control mode during finger gaiting by sliding the finger to the desired position.
To allow this, we formulate fingertip gaiting using impedance controller defined in
VF. A virtual spring with stiffness k is defined to connect the current location of
the moved fingertip and p̂, which is equivalent to a fingertip impedance controller
superimposed on the original grasp controller. An example of fingertip F1 gaiting
is depicted as in Fig. 7.

The stiffness k of the virtual spring is determined by the distance dp̂ ∈ R

between the fingertip’s current location and p̂, and an empirical parameter Γ ∈ R

as: k = dp̂Γ. In this way, the fingertip will be slided towards p̂ while keeping the
contact on the object. Since p̂ is computed in the HFTS, we ensure that the desired
position is on the object surface. If a new goal position is requested during finger
gaiting, the system will either continue to the new position if the same fingertip is
concerned, or stop the current gaiting and initiate gaiting with another fingertip.
An example situation is depicted in Fig. 10 where fingertip F2 stopped moving
before the desired position is reached, since the grasp was estimated as stable on
the way.
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Figure 10: The rivella bottle is grasped by the Allegro hand and a human is applying
random perturbations on top of it. The red and green points are showing the new
locations for fingertip F1 and F2 computed by Alg. 8 with virtual springs in the
virtual frame.

6 Experimental evaluation

We perform experimental evaluations with an Allegro hand mounted on a Kuka
LWR arm. The hand is equipped with SynTouch tactile sensors on three fingertips.
The systems performance is evaluated using six objects shown in Fig. 11, which are
tracked using the OptiTrack2 real-time motion tracking system. The evaluations
presented below demonstrate the performance of the grasp synthesis system alone
as well as the integrated system for grasp adaptation.

6.1 Grasp Synthesis

Grasp synthesis is performed on a point cloud representation of objects obtained
offline. We also generated a reachability table with 106 hand configurations using
rejection sampling: configurations are first uniformly sampled in the hand joint
space and we keep those collision-free configurations with adaptabilities larger than
0.02, which is determined empirically since we observed that the grasps are rarely
adaptable with adaptabilities lower than 0.02.

Alg. 7 generates both contact locations and hand configurations. Simple position
based control is used to execute a grasp [32]. A few examples are shown in Fig. 11
and Fig. 12.

For evaluating the performance of the grasp planner, we repeat the grasp op-
timization according to Alg. 7 for each test object. In order to keep an equal
number of iterations for each repetition of the algorithm, we set maxIter = 100
and stopCondition(g) = false. For each object, we run the algorithm with ran-
dom initialization until we achieve 100 stable and collision free grasps. Evaluation
results are summarized into a table shown in Fig. 13.

First, Fig. 13 shows that the number of levels of the graph GΦ are between 4
and 5 when Tp = 10, or between 3 and 4 when Tp = 40. This indicates that our

2http://www.naturalpoint.com/optitrack/
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Figure 11: Six example objects used in the evaluation: there is both variation in
global geometry as well as local surface properties. From top-left to bottom-right:
bottle1, bottle2, jug, rivella, milk and spray.

Figure 12: Example grasps generated by Alg. 7 with stopCondition(g) that, as
soon as the grasp is stable and the reachability residual is smaller than 0.006, we
stop optimizing on the current level of ΛΦ and continue on the next level.

system produces similar depth of the HFTS independent of the shape of the object.
However, the shape of the object affects the number of nodes at each level, given
that some branches are terminated earlier for objects of simpler geometry, such as
the milk package. It is worthwhile to note that, the partitioning of rivella ended up
with more levels than milk, and this is reverted when it was Tp = 40. This is due to
the fact that if one sets a small threshold Tp, a larger sub-partition would continue
being partitioned, where as smaller ones are terminated earlier. This causes the
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Object(#Units) Tp #Levels #Nodes Time(s) SR(%) θ(×10−2)
bottle1(2736) 6 5672 1.81 96.15 5.23
bottle2(3102) 6 6321 1.77 93.46 4.74

jug(2671) 10 5 3227 1.64 89.29 4.96
rivella(2273) 6 5124 1.54 98.03 3.29
milk(2696) 5 3204 0.96 97.09 4.05
spray(3207) 6 6926 2.04 94.34 3.71

bottle1(2736) 3 2839 0.45 94.34 5.01
bottle2(3102) 3 3203 0.64 94.34 4.56

jug(2671) 40 4 3002 0.81 87.72 4.99
rivella(2273) 3 2399 0.44 99.01 3.17
milk(2696) 4 2912 0.73 96.15 4.12
spray(3207) 3 3310 0.62 92.59 3.62

Figure 13: Evaluation of Alg. 7: #Units: number of fingertip units in Φ(P), #Lev-
els: number of levels in graph GΦ (including the top level with only one node),
#Nodes: number of nodes in graph GΦ, Time(s): average time in seconds for one
run of the algorithm, SR: success rate of synthesizing a stable grasp. θ: optimized
objective value defined in Eq. (15). The evaluations were implemented in Python
on a machine with Ubuntu 12.04 running on Intel Core i7-2820QM 2.30GHz pro-
cessors.

rivella to have more levels when Tp is smaller, due to its uneven sub-partitioning in
the lower levels of the hierarchy.

Regarding the success rate (SR), we can see that SR lies at approximately
90%. Fig. 14 shows average adaptabilities for the 100 stable grasps for each object.
Average adaptability values, computed by Eq. (12), are large showing that our
methodology considers the adaptability effectively.

6.2 Grasp Adaptation

Once a grasp is executed and contacts established, the system will enter the post-
grasping phase and start monitoring the stability based on tactile feedback. Instead
of position control, the impedance controller is used to control the grasp using GMM
based model Θ. The log likelihood threshold for Eq. (18) is set to −100 in terms of
the ROC curve with a false positive rate FPR = 15% [32]. For the force control of
the hand, we set the initial grasp stiffness K = (12, 2, 2) and use it for the execution
of all grasps, as described in Sec. 4.

For the evaluation, we run two sets of experiments: 1) We continuously increase
the objects’ weight by filling them to evaluate the maximum weight each grasp can
withstand, and 2) we shake the grasped objects by linearly increasing acceleration in
different directions to evaluate the maximum acceleration each grasp can withstand.
For comparison, we conduct the same experiments without any grasp adaptation
and on the system proposed in [32] which does not consider object shape information
when relocating fingertips.
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Figure 14: Upper: Grasp adaptability distribution of 106 hand configurations in the
reachability lookup table. Lower: Average grasp adaptabilities for the 100 grasps
generated in the evaluations for all objects.

6.2.1 Testing maximum weight

For each object, we execute the best out of 100 grasps generated in Sec. 6.1 and
align the object with vertical axis as shown in Fig. 18. We then gradually fill object
with black pepper beans and record the maximum weight the grasp can withstand.
The maximum weight is reached when the stability estimator predicts unstable
grasp for more than 2 seconds or if the object drops. We repeat this test for each
grasp 5 times and summarize the results in Fig. 15.

Naturally, the system without any adaptation performs the worst and the inte-
grated system outperforms the system from [32]. This is since our system: i) takes
into account grasp reachability during the exploration, and ii) the new location
is computed in the HFTS, thus ensuring it is valid, avoiding problems shown in
Fig. 16, and iii) considers two fingers for gaiting, resulting in increased flexibility.

A quantitative evaluation of the proposed system and the system in [32] has
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Object Weight Without With [32] Improved
bottle1 34 55.1 ± 7.11 153.1 ± 12.31 165.3 ± 13.27
bottle2 39 62.8 ± 6.63 102.3 ± 13.38 121.3 ± 9.91

jug 112 125.3 ± 14.90 147.4 ± 9.62 162.1 ± 13.12
rivella 24 36.0 ± 6.96 76.5 ± 9.4 92.7 ± 7.45
milk 34 63.5 ± 8.20 151.8 ± 7.24 157.4 ± 8.35
spray 63 75.7 ± 7.21 102.2 ± 6.02 121.6 ± 7.15

Figure 15: The comparison of the supported object weights(mean±std, Unit:gram).
without: without grasp adaptation; with [32]: with grasp adaptation in [32];
improved: the adaptation approach proposed in this paper.

Figure 16: The risk of moving a fingertip to an non-existing position present in [32]
is addressed by using our HFTS representation. The red point shows the fingertip
position before gaiting.

been conducted with respect to optimization residual. We first execute the grasp
in simulation and then trigger the fingertip gaiting by sending desired rest lengths
randomly sampled around the current values within a ball of radius 20mm. The
result is shown in Fig. 17. Due to the object shape constraint, the systems cannot
provide zero residuals. Our system performs much better for non-planar objects
given that HFTS representation considers shape in an effective way.

An example of the supported weight test for the rivella bottle is shown in Fig. 18.
In the beginning when the object is not too heavy, the likelihood p(ĝ|Θ) is larger
than −100 and the grasp stiffness K is constant. As the weight increases, the grasp
becomes unstable and stiffness adaptation is initiated. Stiffness changes rapidly
when the weight increases, and when the force adaptation is not able to handle the
current weight, a finger gaiting is triggered and fingertip F2 is relocated. After
finger gaiting, grasp stiffness is decreased since the new grasp requires less force to
be stable. As the weight increases again, the whole process is repeated, resulting
in F1 finger gaiting.

6.2.2 Shaking Test

External disturbances, such as collisions, may occur once a grasp has been executed.
To evaluate the proposed system, we designed a shaking test. We first execute the
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Figure 17: The results of fingertip gaiting optimized residual ‖L − L∗‖ from
Eq. (19). 105 desired rest lengths are randomly sampled around the current rest
length within a ball of radius 20mm.

best out of the 100 generated grasps for each object according to Eq. (15), and
then pose the arm to the configuration shown in Fig. 19. Thereafter, we start to
shake the arm in either vertical or horizontal directions while linearly increasing
the acceleration from 2m/s2 to 8m/s2. The shaking magnitude is limited to 10cm
in either directions, which means that the hand is accelerating in the first 5cm
and decelerating in the second 5cm. After every period of shaking, we increase the
acceleration by 1m/s2 and therefore have 14 shakes for every test.

Similarly to the supported weight test, we evaluate each grasp by measuring the
maximum acceleration it can withstand. The criterion is similar: the maximum
acceleration is recorded when the grasp is predicted as unstable for more than 2
seconds or if the object drops. The shaking test is conducted in both directions
separately and on each object by filling it with 10g, 20g, 30g, 40g and 50g black
pepper beans. Each test is repeated 5 times.

Experimental results are summarized in Fig. 20. If the maximum acceleration
rate is 8m/s2, it means that the grasp has been kept stable during the test. On
the other hand, if the maximum acceleration rate is 0m/s2, it means that the grasp
could not withstand any shaking. We can see that our system outperforms both
the system without adaptation and the system proposed in [32]. The advantage
of our approach is that we ensure that the finger gaiting has resulted in an actual
contact with the object which is not the case in [32]. In addition, the flexibility of
gaiting two fingers provides additional strength.

Additional quantitative results are shown in Fig. 21. We can see that the average
computing time of Alg. 8 is between 20ms and 40ms. The average number of
explored nodes shows that the pruning is efficient since less than 5% of all nodes in
GΦ are considered. Note that the computation time and number of explored nodes
are heavily dependent on the connectivity of graph GΦ: less nodes in the graph
does not mean less computing time. Therefore, the connectivity in GΦ indirectly
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Figure 18: A record of supported weight test of a grasp on rivella bottle. Upper:
The norm of grasp stiffness and fingertip gaiting. Lower: Likelihood for grasp
stability estimation using Θ defined in Eq. (18).

measures how complex an object is in the context of this system.

7 Conclusion

We have presented a unified framework for grasp planning and in-hand grasp adap-
tation using visual, tactile and proprioceptive feedback. The proposed Hierarchical
Fingertip Space defines a hierarchy of surrogate solution spaces of fingertip grasp-
ing enabling both planning and adaptation. By augmenting the fingertip space in
terms of local geometry and spatial relations, as well as optimizing hand configu-
rations with respect to grasp adaptability, we demonstrated efficient planning and
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J0 J1 J2 J3 J4 J5 J6
−30◦ 30◦ 2◦ −60◦ −20◦ 0◦ −60◦

Init. K = (Kx, Ky , Kz) Horizontal Acc. Vertical Acc.
(12, 2, 2) 2m/s2 – 8m/s2 2m/s2 – 8m/s2

Figure 19: The setup of grasp shaking test, in which the arm shakes each grasp
in horizontal and vertical directions. J0 to J6 are the joint values for the initial
pose of shaking test. When shaking horizontally, the shaking direction is fixed to
be perpendicular to the palm.

adaptation. Moreover, the probabilistic model for grasp stability estimation and
adaptation has shown its feasibility in closing the loop between grasp replanning
and control. We have evaluated the performance of the proposed system quanti-
tatively and shown that the proposed system significantly improves the robustness
of grasp execution. It also outperforms our previous work reported in [32]. To the
best of our knowledge, this is so far the first system that accomplishes grasp syn-
thesis, stability estimation, online replanning and in-hand adaptation in a unified
framework, as well as evaluating this on a real physical system.

However, as a basic drawback of most learning based approaches, our probabilis-
tic model is experience based, and hence relying on the training data, i.e. limited
number of objects and examples to generalize from. As a potential future work, we
plan to design an active learning strategy to update this model iteratively using
new experiences over time, so as to evolve the model in a long term to generalize
it to a broader set of objects, without retraining the models from scratch.
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Figure 20: Results of shaking tests. In the legend, H and V refer to horizontal
shaking test and vertical shaking test respectively. A,B and C refer to 3 grasp
strategies: grasp without adaptation, grasp adaptation in [32] and the grasp adap-
tation proposed in this paper. The larger the maximum acceleration rate shown in
the graph is, the more external disturbances a grasp could withstand during the
tests.
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