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Abstract

During its lifetime, a concrete structure is subjected to many different actions,
ranging from mechanical loads to environmental actions. To accurately predict
its integrity from casting and throughout its service life, a modelling strategy is
required that considers mechanical loading but also implicitly accounts for physical
effects such as temperature and moisture variations. This is especially true for
large concrete structures found in many infrastructure applications such as bridges,
nuclear power plants and dams. Modelling concrete as a multi-physical material is
becoming an increasingly used approach for which large research efforts are being
made, including the development of more refined mathematical and numerical
methods as well as considering more physical and chemical variables in the coupled
model.

The research project, of which this licentiate thesis is the first phase, aims at in-
vestigating aging concrete structures at hydro power facilities, with focus on the
internal structures of the power plants. This thesis presents a review of advanced
mathematical methods and concepts for modelling aging concrete found in the lit-
erature which can later be applied to study such structures. The focus is on models
that describe the deformational behaviour of concrete where aspects such as aging,
cracking, creep and shrinkage are investigated. However, in order to accurately
describe such phenomena, a multi-physical approach is adopted where moisture
and temperature variations in the concrete are studied. Also, models that describe
the chemical behaviour related to hydration and thus in extension aging, are also
reviewed and introduced in the multi-physical framework. The use of such models
are discussed in the context of the finite element method (FEM), in which coupled
models are implemented, verified and applied in the appended papers using two
different FE codes.

Several verification examples are presented covering different aspects of the im-
plemented models, both in isolation and coupled in a multi-physical setting. By
comparing the numerical results with experimental data from the literature it can
be shown that it is possible to predict most aspects of aging concrete that have
been of interest here. While these examples are all on a laboratory scale, numerical
examples and case studies are also provided that exemplify how the models can
be applied on a structural scale. By using the developed analysis tools, valuable
information and insights can be gained on aging concrete structures and these
tools will in the next phase of the research project be applied to large concrete
structures at hydro power facilities.
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Sammanfattning

En betongkonstruktion utsätts under sin livstid för många olika laster, alltifrån me-
kaniska till olika miljöbetingade. För att kunna göra en noggrann uppskattning av
dess integritet, från gjutning och under hela dess livslängd, krävs ett modellerings-
synsätt där inte bara mekaniska laster beaktas utan där även fysikaliska effekter så
som temperatur- och fuktvariationer beaktas. Detta blir extra viktigt för de stora
betongkonstruktioner som påträffas i infrastrukturtillämpningar som till exempel
broar, kärnkraftverk och dammar. Modellering av betong som ett multi-fysiskt mat-
erial har blivit en allt vanligare metod där betydande forskningsinsatser idag görs,
både vad gäller utveckling av avancerade matematiska och numeriska metoder
men även genom att studera fler fysikaliska och kemiska processer i en och samma
modell.

Det forskningsprojekt som den här licentiatuppsatsen är en del av syftar till att
undersöka åldrande betongkonstruktioner vid vattenkraftanläggningar med fokus
på aggregatnära konstruktioner. Uppsatsen presenterar en genomgång av avan-
cerade matematiska metoder och koncept från litteraturen för att simulera åldrande
betong, vilka sedan kan användas för att studera aggregatnära konstruktioner.
Fokus ligger på modeller för att beskriva deformationer i betong och relaterade
fenomen där bland annat åldring, sprickbildning, krypning och krympning studeras.
För att mer exakt kunna beskriva sådana fenomen är det viktigt att det används
kopplade modeller där även temperatur- och fuktvariationer i betongen inkluderas.
Även modeller för att beskriva de kemiska reaktionerna kopplade till hydratation
och i förlängingen även åldring studeras och introduceras i de kopplade modellerna.
Vidare diskuteras hur denna typ av modeller kan tillämpas med den finita element-
metoden (FEM) med vilken kopplade modeller har implementerats, verifierats och
använts i de bilagda artiklarna med hjälp av två olika FE koder.

Ett flertal verifikationsexempel presenteras, vilka behandlar olika aspekter av de
implementerade modellerna för både isolerade mekanismer och även för kopplade
problem. Genom att jämföra de numeriska resultaten med försöksdata från litt-
eraturen visas det att modellerna kan återge de fenomen som relateras till åld-
rande betong så som har avsetts. Medan dessa exempel är utförda för betong i
en laboratoriemiljö ges även numeriska exempel och fallstudier som exemplifierar
hur modellerna kan tillämpas även på en strukturell nivå. Genom att använda
de utvecklade analysverktygen kan värdefull information och kunskap fås om åld-
rande betongkonstruktioner och dessa verktyg kommer i nästa fas av forsknings-
projektet att tillämpas på stora betongkonstruktioner vid vattenkraftanläggningar.
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Chapter 1

Introduction

During its lifetime, a concrete structure is subjected to many different actions rang-
ing from different mechanical loads to various environmental actions. Thus, to be
able to accurately predict the behaviour of concrete structures using numerical
modelling tools, it is not sufficient to only consider the mechanical properties of
the material and the effect of mechanical loads. A sound modelling strategy should
implicitly also consider various environmental actions and the appropriate physical
variables in its formulation. Temperature and humidity variations are perhaps the
most notable of such environmental actions, where for many structures these are
more severe than most mechanical loads. This is especially true for large structures
to be found in many infrastructure applications such as bridges, nuclear power
plants and dams. External temperature and humidity conditions can vary signifi-
cantly during the life of a structure, both due to seasonal variations and climate
change but also due to other sources; for example, activities that produce excess
heat as during electricity generation and other industrial processes. Apart from the
effect of such external variations, both the temperature and the moisture condition
in concrete are also affected by internal actions. Such actions are especially im-
portant during the early-age when hydration of cement produces excess heat and
consumes water.

With the growing availability of large scale analysis tools, modelling concrete as a
multi-physical material is becoming an increasingly accepted approach for which
large research efforts are being made. In fact, thermo-mechanical modelling of
concrete and concrete structures has been widely used for several decades. More
recently the scope of the modelling has been extended to also include moisture
transport and chemical modelling of the internal actions. For certain applications
(most often related to the deterioration of concrete) the scope can be widened
even further to also include for example transport of chlorides, calcium and other
chemical species as well as chemical reaction related to for example alkali aggre-
gate reactions (AAR). All of these different physical aspects are of course coupled
to the mechanical behaviour.
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Water retaining dam

Power house
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Generator
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Figure 1.1: Typical cross-section of a hydro power facility from Paper I.

1.1 Background

The majority of the hydro power facilities in Sweden were built during the early to
mid-20th century and today many of their concrete structures exhibit age related
wear and deterioration. To alleviate this and to ensure a continuing safe operation
of dams and related facilities in Sweden, an extensive maintenance and research
program is ongoing in Sweden. This is the situation also in many other countries
where hydro power was developed during the 20th century. In dam engineering,
much emphasis is on the integrity of the water retaining parts of the hydro power
facilities. As the original power units are replaced and upgraded, wear has, however,
also been found in the internal concrete structures of the power plant. Although
not an integral part of the dam safety as the water retaining structures, the integrity
of these internal concrete structures is important if a safe and effective operation
of the power plant is to be maintained in the future. A typical cross-section of a
hydro power facility is shown in Figure 1.1 that includes the water retaining dam
as well as the power plant.

Almost all electricity production involves rotating machinery, an important part
of the system for converting potential or kinetic energy into electric energy. Such
machines cause radial, tangential and axial forces during operation that are prop-
agated to the internal concrete structures through steel beam support structures.
Experience from inspections and maintenance has indicated that cracks often oc-
cur in the concrete close to these interconnections. Furthermore, at several hydro
power plants large structural cracks have also been observed. Some examples of
such damage can be seen in Figures 1.2 and 1.3, showing examples from different
facilities in Sweden.

It is important to study this interaction between the power unit and its support-
ing concrete structures, especially if significant wear on the concrete is present.
When degradation due to for example cracks is observed in the internal concrete
structures, the integrity and stiffness of the supports of the unit can no longer be

2



1.1. BACKGROUND

(a) (b)

Figure 1.2: In-situ observed cracks at the lower generator support (a), the upper gener-
ator support (b). (Photo: Matis Larsson [144])

(a) (b)

Figure 1.3: In-situ observed radial cracks in the generator chamber, photos taken from
Paper I.

guaranteed. The integrity of these structures is vital to achieve and maintain the
narrow tolerances defined by the manufacturer of the runner and generator. If
these are not met, the unit may have to be taken out of operation in the near future
with costly downtime and repairs for the owner. To support this claim, it should be
pointed out that during design of the power unit the concrete structure is normally
assumed to act as a completely rigid boundary for the mechanical components.

With the above in mind, it is clearly important to study the consequence of cracks
and other observed damage to this type of concrete structures. Furthermore, the
effect that the cracks may have on the operation of these units is important to study.
An essential task is also to understand the cause of the observed cracks to facilitate
better repair methods. A better understanding will also decrease the risk that the
same issues arise after repairs and moreover aid in the construction of new power
plants.

3



CHAPTER 1. INTRODUCTION

A research project has thus been initiated to investigate how aging of concrete
affects the integrity of concrete structures at hydro power facilities, of which this
thesis is the first phase. The focus of the research project is on the internal structures
of the power plant, where the goal is to better understand the cause of cracks and
other damages, for example the cracks observed in-situ at Swedish power plants
shown in Figures 1.2 and 1.3. It will also be important to look at the effect this
may have on the future operation of the power plant. The main research questions
that were initially put forth are:

1. What are the causes of the observed cracks and other damage observed?

2. Which loads are important to these types of concrete structures?

3. How does aging affect the integrity of the concrete structure?

4. How severe cracks and other damages can be allowed before repairs and
strengthening are necessary for the safe operation of power units?

5. How does a new operational pattern of a hydro power unit affect the loads
on its supporting concrete structures?

1.2 Aims of thesis

The overall aim of this thesis is to to obtain a better understanding of the aging of
concrete and concrete structures with focus on deformations, including effects such
as cracking, creep and shrinkage. In order to accurately predict such behaviour, the
complex nature of concrete makes it necessary to consider concrete as a multi-
physical material. Hence, other physical and chemical properties apart from the
deformations are also studied, including moisture, temperature and the early-age
behaviour of concrete. More particularly, the aim of the thesis is to review advanced
mathematical methods and concepts for modelling concrete found in the literature
which can provide tools for answering research questions 1–3 above in the future,
and also aid in answering the remaining research questions. The focus of the review
is on such models that are developed and validated for concrete in general and
thus not limited to the needs of a particular branch within civil engineering such
as for example bridge or dam engineering.

To develop, implement and verify a selection of the reviewed mathematical models
are three necessary and important interim goals. These are vital in order to obtain
analysis tools that then can be applied to real concrete structures in the future.

1.3 Limitations

The field of mathematical and numerical modelling of concrete and concrete struc-
tures is immense and consequently the number of published works and proposed
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models is huge. Although this thesis aims to review this field, it is not feasible to
cover the entire research area and certainly many other models than those pre-
sented and used herein have been proposed over the years. Moreover, the focus of
the review is on models that give a material point description of concrete. Such
models that focus more on the cross-sectional behaviour of concrete, often used in
design, are not treated.

Furthermore, it must be recognized that to fully describe the aging of concrete
and concrete structures, more physical and chemical properties than accounted
for in this thesis are necessary to be considered. These can include for example
carbonation and various degradation mechanisms such as leaching, AAR and cor-
rosion of reinforcement. A few such mechanisms are mentioned in the review and
discussions, but none of them is treated in detail and the modelling of degradation
is out-of-scope of thesis.

1.4 Outline of thesis

This thesis consists of three scientific papers. Paper I is an introduction to concrete
structures at hydro power plants which also presents numerical simulations using
simplified methods. Considering the conclusions in Paper I it was found necessary
to develop more complex models to obtain more reliable results from the numerical
simulations. Such models are presented in Papers II and III and applied to examples
on different scales; ranging from laboratory examples to structural applications.

Chapter 2 of the introductory part of the thesis describes concrete structures at
hydro power facilities in more detail; both their typical structural design and load
characteristics. Furthermore, the most important physical aspects of concrete are
also discussed. Next, in Chapter 3, some important mathematical methods typi-
cally used for the analysis of concrete are reviewed and discussed. In Chapter 4
it is discussed how mathematical models as those presented in Papers II and III
are implemented in a numerical framework, in more detail than in the papers.
Furthermore, additional verification examples related to different aspects of the
models not included in the papers are presented. The main results and findings
from the appended papers are summarized in Chapter 5 and the results of the
thesis are discussed in chapter 6. Lastly, conclusions together with suggestions for
future research are presented in Chapter 7.
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Chapter 2

Concrete structures at hydro power
facilities

When discussing concrete in relation to hydro power what first comes to mind is
often the water retaining dam structures. If made of concrete, these often massive
structures contain large amounts of concrete that represent the majority of the
concrete at the site. Many different designs are used, mainly depending on the
topography and hydraulic conditions. Some common types are gravity dams, arch
dams and buttress dams. Even in cases where the main dam body consists of an
embankment dam large sections such as spillways and other auxiliary structures
are made of concrete. Two examples of dams of different type and size are shown
in Figure 2.1 and a summary of different concrete structures typically found at a
hydro power facility is given by for example Kleivan et al. [137]. As mentioned in
the introduction, the aim of the current thesis is not to study these water retaining
structures but rather to focus on the concrete structures that house and support
the electricity generating components at a hydro power facility, often referred to
as the power house.

This chapter will give a short description on some typical design aspects of power
house before going into typical loads that these concrete structures are subjected
to; both environmental and mechanical actions. The majority of the chapter will,
however, focus on common material characteristics and properties of concrete.
Given that the aim of the thesis is to develop general tools to analyse aging concrete,
this discussion will be kept general although it should be noticed that concrete used
for hydro power applications often have certain properties. A good summary of this
is given by Rosenqvist [200], who also discusses the typical exposure conditions
and degradation mechanisms common at hydro power facilities.

2.1 General description of the power house

The design of a power house may vary significantly between different facilities,
depending on for example the chosen design and size of the unit and the hydraulic

7
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(a)

(b)

Figure 2.1: Photo of the Grand Coulee dam, a large gravity dam (a) and the Älvkar-
leby dam, a small buttress dam (b). Both dams include spillway sections,
whereas only dam (a) has an integrated power house. (Photo: Gregg M.
Erickson (a) and Leif Kuhlin (b))

head. According to Kleivan et al. [137], an underground power house is often the
preferred solution for power stations with a medium to a high hydraulic head. For
low head facilities, the power house is most often located above ground; either as
an integral part of the dam (see Figure 1.1) or as a separate structure. If it is a
separate structure, it also has a water retaining function apart from housing the
electricity generating components. Two schematic examples of an underground
and an above ground power house are shown in Figure 2.2. Regardless of its
design, however, it contains large amounts of reinforced concrete elements, whose
cross-sections may vary significantly in thickness. This may pose a significant risk
to cracking due to restraining forces during for example the hydration period.

An important part of the power house is the concrete structures that support the
generator of the unit in which a large degree of the forces generated during opera-
tion is absorbed. This part of the power house, often referred to as the generator
chamber, was studied in more detail in Paper I of this thesis. In Sweden, most
power units are designed with either a Francis (e.g. Figure 2.2a) or a Kaplan (e.g.
Figure 2.2b) runner, both of which require a vertical rotor shaft that connects the

8
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Rock

Rock

(a)

Rock

(b)

Figure 2.2: Examples of an underground (a) and an above ground (b) power house.
Reproduction from Kleivan et al. [137].

runner to the generator parts of the power unit. For these runners, the generator
chamber is typically constructed as a cylindrical structure with the rotor shaft as
the centre line. The width of the concrete cross-section in this part of the power
house varies significantly over the height and it is normally only lightly reinforced.

2.2 Load characteristics of the power unit

As a pre-study to this PhD project, a thorough review was made on the type of loads
that can be expected on the concrete that supports the power unit. The results are
presented in two technical reports [94, 160]. Results and discussions from this
work that are relevant for this thesis are summarized in the following sections,
with parts also presented in Paper I.

Environmental actions

Since the studied type of concrete structure is situated inside the power house it
are protected against the outdoor environment, with weather phenomena such as
precipitation and large seasonal temperature variations. Most areas of the power
house are thus exposed to normal indoor temperatures. In the generator chamber,
however, the excess heat produced during power generation caused by for exam-
ple friction, gives rise to temperatures above what can be considered as normal
indoor temperatures. Measurements by Rhen [196], both inside and outside dif-
ferent generator chambers, have shown that the air temperature can be as high as
50 ◦C, depending on the configuration of the generator and its cooling system. This
is, however, to be considered as extreme and during normal conditions the tem-
perature is around 35 ◦C. The measurements by Rhen [196] furthermore showed

9
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Stator

Rotor

Rotor shaft

Upper bearing
bracket

Lower bearing
bracket

Equipment 
and personal 
penetration

Figure 2.3: Schematic cross-section of a generator chamber including the power unit
from Paper I.

that during start and stop, there may be a temperature decrease of as much as
10 ◦C inside the generator chamber; this of course depends on the length of the
operational stop.

Although no measurements have been made available on the humidity conditions
inside a power house, the humidity can be expected to vary significantly between
different parts. Inside the generator chamber where there is an elevated tempera-
ture the air will most likely have a low humidity. Assuming that the vapour content
of the indoor air follows that of the outdoor air (see for example Johansson and
Nilsson [131]) and considering the measured temperatures presented by Rhen
[196], the relative humidity inside the generator chamber may be as low as 20 %
during the winter. In other parts closer to the turbine and the waterways the air
and the concrete is in direct contact with flowing water which should result in a
high relative humidity. The difference in humidity will cause differential shrinkage,
thus increasing the risk of structural cracking.

Mechanical actions

The mechanical loads caused by the rotating system of a power unit are absorbed by
axial and radial bearings and propagated through various steel beam supporting
structures to the concrete structure of the power house. For further reference,
a cross-section of a typical power unit including most components, supporting
structures and surrounding concrete is shown in Figure 2.3. The design solutions
for a hydro power unit depend on the manufacturer, its age and the size of the unit.
Usually, units have two or three radial bearings and one axial bearing to absorb the
loads from the different components and to hold the rotating system in position. At
the generator, mechanical, electrical and thermal loads arise, while the loads are
mainly of hydraulic and mechanical nature at the runner.

Mechanical loads that arise in the generator during normal operations are mainly
caused by mechanical unbalance. The unbalance force Funba can be calculated from
the chosen balancing quality grade of the unit, the rotor mass m and its rotational
speed Ω. A balance quality grade is a measure of the maximum magnitude of the
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2.2. LOAD CHARACTERISTICS OF THE POWER UNIT

product of permissible residual specific unbalance eepr and the rotational speed that
is allowed. In Swedish design standards [212], a balance quality grade of G6.3
is required for new and refurbished units, which implies that the unbalance load
of the generator rotor can be calculated according to Eq. (2.1). A balance quality
grade G6.3 suggests that eeprΩ = 6.3 mm/s.

Funba = meeprΩ
2 = mΩ

6.3

1000
(2.1)

Electromagnetic forces that arise in the unit that affect the surrounding structure
can be divided into two cases, radial forces and tangential forces. The radial elec-
tromagnetic forces arise when the rotor and stator are not exactly concentric with
one another while the tangential force depends on the power output from the
generator. According to Belmans et al. [32] the constant part of the radial electro-
magnetic force for a rotor parallel to the stator can be calculated by integrating the
horizontal and vertical projection of the Maxwell stress tensor, which describes the
interaction between electromagnetic forces and mechanical momentum, over the
rotor surface. The resulting expression infers that the magnetic pulling force Fmag

is a non-linear function of the air gap eccentricity Rr. Furthermore it will show
that the magnetic pulling force will act to destabilize the rotor system as the rotor
eccentricity increases. As given by for example Gustavsson and Aidanpää [106],
the magnetic pulling force can be calculated from Eq. (2.2) as:

Fmag =
ξ0Ss

2rs
3Lrotπ

2npole
2Rr

2

egap√
(1− egap2)3

(2.2)

where ξ0 is the permeability of free space, Ss is the linear current density of the
stator, Lrot is the the length of the rotor, npole is the number of pole pairs, egap is the
relative eccentricity of the air gap and rs is the inner radius of the stator.

As power is extracted from the unit during operation, heat is produced which causes
the temperature in the enclosed space of the generator to rise. Apart from the direct
environmental action on the concrete, this heat will inflict thermal expansion of the
many steel components of the unit and its supporting steel structure. Depending on
the design of the unit, this will cause large radial loads on the concrete structure.
In particular for older units this has been of concern since the stator frame and
other supporting structures were often bolted to the concrete, producing a stiff
connection. In more modern installations, this problem is often eliminated through
less stiff connections, e.g. frictional bearings or pillar systems.

Start and stop of the unit are accompanied by large mechanical loads. The me-
chanical loads during operation can be considered as steady-state vibrations with
small amplitudes, whereas the loads during start and stop cause transient forces.
These are influenced by changes in both the rotational speed and the power out-
put. Measurements of bearing loads during a power up of a vertical rotor were
presented by Nässelqvist et al. [170]. It was shown that the magnitude of the load
is highly dependent on the size of the unit. It was also shown that there is a sudden
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and significant increase in the load amplitude once the unit is magnetized and
connected to the power grid.

Electrical faults in the generator are another important mechanical load type from
the power unit which affects the surrounding structures. These are primarily due to
different types of short circuits in the generator such as three-phase short circuits,
two-phase short circuits, short circuits between phase and earth and a semi-shorted
rotor. The two-phase and three-phase short circuits normally have the greatest
impact on the surrounding structures. A short circuit in the generator will affect
the surrounding structure with a number of high load cycles before the unit is
disconnected. Short circuit loads are important to keep in mind as they are one
of the main loads when designing the concrete structures of a power house. A
number of additional faults related to the power unit may also have a significant
impact on the integrity of the surrounding structures, including the concrete. These
include for example emergency stops, load rejection, the uncontrolled closing of
guide vanes (causing a water hammer) and runaway of the turbine. All of these
faults may lead to extreme loads, often followed by major structural damage on
the surrounding structures of the power unit.

Operating patterns

To study the new role that hydro power plays in the energy system today with the
introduction of wind and solar energy, statistics for operational starts and stops of
several hydro power units were studied in Paper I. From this study it was observed
that on average 200 to 250 starts and stops occur annually for a typical Swedish
power unit, with large differences between different facilities. Several factors in-
fluence the number of starts and stops for a power unit for example the time of
the year (i.e. the water supply), the number of units at the power station and the
type of runner. The geographical location may also affect the number of starts and
stops, both regionally with respect to power demand and grid stability as well as
its position in the local river system and within the a single facility. A clear trend of
an increased number of start and stops was found with an increase from approxi-
mately 150 starts and stops per year in the late 1970’s to almost 225 in 2009. This
increase is probably related to the increased installed effect of nuclear and wind
power in Sweden. For instance, the installed capacity of wind power was below
100 MW in the 1990’s and exceeds 4000 MW today. Hydro power is nowadays
used to even out the fluctuating power from these new wind farms, and other new
renewable energy sources, e.g. solar energy. It should here be pointed out that the
recorded down time has various causes where normally a power unit has at least a
handful of planned stops each year for maintenance, irrespective of its role in the
power system, and so on.

Looking back at the various normal loads described, clearly start and stop of the
unit is one of the situations that puts the most strain on the unit, its supporting
structures and the surrounding concrete. Thus, an increased number of starts and
stops may affect the lifetime of a unit so it has to be replaced earlier than planned
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due to an increased number of high amplitude load cycles. The same holds for
the steel supporting structure. The concrete also exhibits increased wear due to
the increased number of starts and stops that may necessitate expensive repairs.
If deformations are localized to a pre-existing crack, there is also an increased
likelihood of a fatigue failure of the reinforcement.

2.3 Concrete material characteristics

Concrete in general and reinforced concrete in particular is perhaps the most com-
monly used construction material world-wide. This is mostly thanks to the wide
availability of both reinforcing bars and the constituents of the concrete itself, the
relatively simple construction process and its economy as well as the flexibility
and properties of the finished product. It is used in for example buildings, bridges,
offshore facilities and as discussed in section 2.1, it is of great importance in dam
engineering and for other structures related to hydro power production. In this sec-
tion some of the most important material properties of concrete are described and
discussed with focus on those later accounted for in the mathematical modelling
presented in Chapter 3.

Concrete is a composite material that consists of aggregates of various sizes, en-
closed in a matrix of hydrated cement paste. The main constituents of modern
concrete are hence aggregates, cement, water, and often some mineral additives
such as pozzolans and fillers. To enhance certain properties of either the fresh
concrete mix or the hydrated cement paste, different chemical admixtures might
also be used. The most important constituent of concrete is perhaps the cement
clinker that reacts with water to form the matrix of the composite that to a large
degree controls many properties of concrete. The most commonly used cement
type is the Portland cement, which is a category of cementitious materials obtained
from burning and grinding a mixture of mainly calcareous and argillaceous miner-
als so that a fine ground clinker is obtained. The mineral composition of different
Portland cements varies significantly and depends on the raw material used and
their proportioning. To get a general idea, limits for the amounts of mineral oxides
of the raw materials used are shown in Table 2.1 according to Neville [171]. The
table also shows the abbreviated notation for each oxide using so called cement
chemist notation (CCN). During the manufacture process the minerals of the raw
materials eventually combine into the four main compounds of Portland cement:
alite, belite, aluminate and ferrite. Although, these four compounds normally con-
tain impurities, the composition of Portland cement can be estimated based on the
mineral content of the raw materials following for example the method of Bogue
[41] assuming no such impurities. Limits for these four compounds in a typical
Portland cement are shown in Table 2.2 together with their respective abbreviation
according to CCN.

The choice of aggregates is also important for many properties of hardened concrete
since they make up a large part of the concrete volume. For example, the final
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Table 2.1: Mineral composition limits of Portland cements (oxides) [171].

Oxide Content, per cent CCN

Calcium oxide CaO 60–67 C
Silicon dioxide SiO2 17–25 S
Aluminum oxide Al2O3 3–8 A
Ferric oxide Fe2O3 0.5–6.0 F
Magnesium oxide MgO 0.5–4.0 M
Sulfur trioxide SO3 2.0–3.5 S̄
Alkalis K2O, Na2O 0.3–1.2 K, N

Table 2.2: Compound limits for Std-cement [152].

Oxide CCN Content, per cent

Alite C3S 60–70
Belite C2S 10–20
Aluminate C3A 0–15
Ferrite C4AF 0–15

strength of concrete is to a large degree determined by how compacted it is. Hence,
to obtain a well-compacted concrete, the mix has to contain particles of all sizes
so that the voids to be filled by the cement paste are minimized. Furthermore,
the strength of the aggregates is important, especially for high strength concretes
where the cement paste often has a higher strength than the aggregates. Certain
minerals and impurities in aggregates should be avoided since they may react with
the cement paste and have a negative impact on the durability of the concrete, e.g.
reactions involving the alkalis of the cement, so called AAR.

Durability is an important topic when discussing the properties of concrete, al-
though it is not treated further in this thesis. The cause of degradation of concrete
may involve mechanisms of mechanical and chemical nature, often in combination
as pointed out by for example Rosenqvist [200]. Apart from cracking due to for ex-
ample mechanical loads and thermal action, mechanical degradation mechanisms
include abrasion, erosion and frost action. Chemical degradation mechanisms are
those that change the chemistry of the cement paste. For example carbonation
which lowers the pH in the paste, thus increasing the risk for corrosion of the re-
inforcement. Most of these mechanisms also depend on the moisture content and
movement in the concrete; for example leaching where calcium in the hardened
cement paste is dissolved into the pore water and transported out of the system.
A more in-depth description of different degradation mechanisms can be found in
for example [171, 215].
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2.3.1 Cement hydration and aging of concrete

The aging behaviour of concrete is largely governed by the chemical reactions by
which Portland cement transforms into a hardened paste that gradually becomes
denser as the reactions continue. This process is referred to as hydration of cement
where in the presence of water (H according to CCN), the four compounds listed in
Table 2.2 react and form the hardened cement paste. The main reactions associated
with hydration can in a simplified manner be summarized by Eqs. (2.3), according
to Neville [171]. Of these reactions, Eqs. (2.3a) and (2.3b) that are associated
with the two calcium silicates are of most importance and the overall behaviour of
the cement during hydration is sufficiently described by these two alone. It can be
noted that only three of the four compounds in Table 2.2 are included in Eqs. (2.3).
According to Neville [171], this is because C4AF is first believed to transform into
C3A (and some by-products) before it eventually follows the reaction in Eq. (2.3c).
As mentioned, the reactions described by Eqs. (2.3) only give a schematic picture
of the complex chemical process that is cement hydration. A complete description
can be found in for example the book by Taylor [215].

2C3S + 6H→ C3S2H3 + 3Ca(OH)2 (2.3a)

2C2S + 4H→ C3S2H3 + Ca(OH)2 (2.3b)

C3A + 6H→ C3AH6 (2.3c)

The complex set of reactions involved in the hydration of Portland cement can
schematically be divided into five stages by studying the heat evolution related to
the set of reactions. Following the description outlined by Esping [88], these stages
are shown in Figure 2.4. The first stage (I) corresponds to an initial reaction that
occurs when the cement comes in contact with water. This reaction takes place on
the surface of the cement grains and largely involves C3A forming ettringite [171].
This is followed by a dormant period (stage II) that lasts for one to two hours during
which ions are dissolved from the cement grains into the pore water. After some
time the surface layers around the cement grains formed during stage I are broken
which is followed by an increase of the rate of hydration (stage III). During this
stage the reaction described by Eq. (2.3a) is dominant producing calcium silicate
hydrates C3S2H3 (C-S-H) and calcium hydroxide 3Ca(OH)2. As the products of
each grain start to come in contact, setting occurs. Although, setting describes the
overall period during which the rigidity of the paste is built up, the two distinct
stages of the initial and final set are usually characterized approximately as the
onset and peak of heat development, see Figure 2.4. After this second peak, the
rate of the continuing reactions slows down and eventually it is mainly governed
by the diffusion of water through the pores of the paste (stage IV and V). For most
cements, a third peak in heat development occurs after approximately one day. This
peak is related to the reactions involving C3A. For example the type described by
Eq. (2.3c) producing calcium aluminate hydrates, C3AHx. How these stages and
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Figure 2.4: Schematic describtion of heat evolution during hydration of Portland ce-
ment and water. Reproduced from the version given by Esping [88].

peaks in heat development relate to the different reaction products of the hydration
can be studied in Figure 2.5.

As seen in Figure 2.4, the reactions involved in cement hydration are exothermic,
meaning that energy is liberated as heat during the reactions (up to 500 J/g [171]).
Furthermore, the reactions are thermally activated, meaning that the rate increases
with temperature and thus also the rate of heat evolution. These two properties are
important since the large temperature increase associated with hydration causes
the volume of the paste to change. Looking back at Eqs. (2.3), it is evident that
a large amount of water is chemically bound during hydration. Furthermore, ac-
cording to Neville [171], the surface area of the solid phase increases dramatically
during hydration. This has the consequence that a large amount of water is ad-
sorbed to these new surfaces, further increasing the amount of bound water. The
consumption of water will eventually cause the humidity in the pore system of the
paste to decrease (self-desiccation), which once the rigidity of the solid phase is suf-
ficiently high is accompanied by volume changes (autogenous shrinkage). Volume
changes due to both temperature increase and self-desiccation are of significant im-
portance for the mechanical behaviour of concrete since they are accompanied by a
serious risk of cracking due to either internal or external restraints. It should in this
context also be mentioned that there is an additional volume reduction associated
with hydration of cement because the volume occupied by the hydration products
is smaller than the volume of the original constituents (cement and water), which
is referred to as chemical shrinkage. Given that a rigid solid skeleton has been pro-
duced this corresponds to an internal volume reduction of the paste manifesting
itself mainly as capillary pores. It is not until the humidity in these pores decreases
that any external volume change can be observed (i.e. autogenous shrinkage). The
differences between autogenous and chemical shrinkage are described in more
detail by for example Esping [88].

As already mentioned, cement hydration is thermally activated and thus sensitive
to the ambient temperature. The reactions involved in hydration of cement are also
sensitive to the amount of free water in the system. For example, for all cement to
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Figure 2.5: Development of chemical compounds during hydration. Reproduction from
Locher et al. [153].

be able to hydrate it is necessary that the paste has a water/cement ratio above
0.38, according to Neville [171]. Furthermore, it was found by Powers [194] that
hydration becomes very slow and in principle ceases completely when the humidity
drops below approximately 80 % in the capillary pores. Concerning casting of
concrete, it is important to control the ambient conditions (both temperature and
moisture) during and after casting by choosing an appropriate curing method. This
since it is to a large extent the quality of the hydrated cement paste that governs
the properties of the concrete.

Aging of concrete is in this context referred to as the development of concrete
properties with time, and is not related to durability and degradation issues. The
most commonly identified property of concrete is its mechanical strength, most
notably in compression but also in tension, and other properties that influence the
deformation behaviour such as stiffness and creep. Also other properties such as
permeability are of course of importance. Common to most properties, however,
is that although they are ultimately given by the combined behaviour of all con-
stituents of concrete, the development of most can be said to be proportional to
changes in the cement paste. Thus, factors described above that affect hydration
of cement are of significant importance also for concrete.

2.3.2 Thermal properties

Temperature effects are of significant importance when dealing with the durability
and performance of most concrete structures. Some properties that are necessary
for the understanding of the thermal behaviour and the prediction of the temper-
ature distribution and its mechanical effects in hardened concrete are introduced
and described in the following.

17



CHAPTER 2. CONCRETE STRUCTURES AT HYDRO POWER FACILITIES

To predict the temperature distribution in a material, the thermal conductivity λt
is needed. This property describes the ability of the material to transfer heat due to
a temperature gradient according to Fourier’s law. For saturated concrete, the ther-
mal conductivity normally varies between 1.4 and 3.6 W/(m·K), depending on its
composition. Two of the most important factors that influence the conductivity are
the type of aggregate and the degree of saturation, where a decrease in moisture
content lowers the conductivity [171]. Another important thermal property is the
specific heat Ct (also referred to as the heat capacity), which describes the amount
of heat needed to increase the temperature of the material by one degree. The spe-
cific heat of concrete normally varies between 840 and 1170 J/(kg·K). It increases
with the temperature or moisture content whereas it is only slightly affected by the
type of aggregates used [171].

Temperature is a measure of the average molecular kinetic energy of the material
or substance. When temperature increases so does the kinetic energy, causing
increased movement and separation of molecules. In a macroscopic view of a
material, a change in temperature thus also leads to a volume change. This volume
change is quantified by the coefficient of thermal expansion (CTE), which is a
measure of the fractional change in volume per degree of temperature change. Most
often the cement paste and the aggregates in the concrete mix have a different CTE.
Hence, the CTE for the concrete is a function of the two constituents, both regarding
their individual values and the mix proportions. The linear CTE of cement paste
varies between 11·10−6 and 20·10−6 K−1 according to Neville [171] whereas the
value for concrete is typically lower and varies between 6·10−6 and 15·10−6 K−1,
according to the fib Model code 2010 [93]. The thermal expansion of concrete is
also influenced by the moisture condition in the concrete, which has a significant
impact on the coefficient of thermal expansion of the cement paste but a smaller
influence on the concrete composite since the aggregates are largely unaffected.
According to Neville [171], the CTE for neat cement can increase with up to a factor
2 for a relative humidity of 0.5–0.7, when compared to humidity states below 0.4
or close to 1. It should also be pointed out that the CTE is constant for temperatures
above freezing and up to approximately 65 ◦C. Furthermore, the temperature state
also affects other mechanical properties such as Young’s modulus and strength
measures, but this is often disregarded at normal temperatures.

2.3.3 Moisture transport and shrinkage

Concrete is a porous material with a skeleton of cement paste and aggregates that
is not completely rigid. As water moves in or out of such porous materials volume
changes take place. For concrete, such moisture related volume changes occur at
all stages of its life, from fresh to mature concrete.

Before the fresh concrete has set, the cement paste is in a plastic state. During
this period so called plastic shrinkage occurs due to moisture loss either through
the evaporation from surfaces or suction from adjacent materials. During the same
period, water is also consumed by hydration, as discussed in section 2.3.1, although
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this amount is small during the phase where the cement paste is plastic [171]. After
setting, volume changes continue to occur and depending on the water supply the
concrete can either contract or swell. If the concrete is cured in water, with a
continuous supply of water to the reactions, it will exhibit an increase in volume
and mass since more water is added to the system. In a situation where no external
water exchange is allowed, neither to nor from the concrete, it will contract due to
autogenous shrinkage. The amount of shrinkage tends to increase with the cement
content and for low water/cement ratios, i.e. for high strength concrete. For normal
concrete structures, autogenous shrinkage can often be neglected but it becomes
important to mass concrete, as for example used in hydro power facilities.

Perhaps the moisture related shrinkage mechanism of most importance is that
which occurs with the withdrawal of water from concrete stored in unsaturated air,
a mechanism referred to as drying shrinkage. As the name infers, drying shrinkage
is closely related to the drying of concrete through internal moisture movement
and loss of water through evaporation at the surfaces. Hence, it is important to
first discuss how water moves through concrete.

The internal movement of water as well as other fluids and gases through con-
crete is a complex combination of different mechanisms. Properties such as the
current degree of saturation and the structure of the porous skeleton determine
the dominating mechanism. The exact mechanisms involved in moisture transport
in unsaturated concrete is still under debate, but in general moisture transport in
porous media involves both liquid water and water vapour. Water in the concrete
pore system can be divided into four categories, according to Nilsson [174]:

- Chemically bound water

- Physically bound water

- Adsorbed water

- Capillary condensed water

The chemically bound water is present in the form of hydrates and hydroxides in
the cement paste and is considered as non-evaporable water. The adsorbed and
capillary condensed water is often referred to as evaporable water, which also to
some extent can include the physically bound water. It is only the evaporable water
that can be lost to the environment and thus is the cause of drying shrinkage.
The state of saturation (i.e. the amount of evaporable water) in concrete is often
expressed in terms of pore relative humidity ϕ, which is a ratio of the current
vapour pressure pvap to the vapour pressure at saturation psatvap. Thus, both ϕ and
pvap quantify the water vapour in the pores and are equally valid measures of the
amount of moisture in concrete. Moisture can, however, be quantified using several
other measures as well. For example, another often used measure is the moisture
content we, which is defined as the weight of evaporable water over a unit volume
of material. Furthermore, the moisture ratio ue is similarly defined as the weight of
evaporable water over the weight of the dry solid. A third similar type of measure
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Figure 2.6: Schematic depiction of sorption isotherms, reproduction from Nilsson
[174].

is the degree of saturation S, which relates the volume of evaporable water to the
volume of the pores. In contrast to ϕ and pvap, the three latter measures quantify
the amount of water bound to the surface of the pores. Since these measures all
aim at quantifying the same property, unique relationships do exist between them.
For example,

we = ueρdry (2.4)

where ρdry is the dry density of the solid. To relate for example we to ϕ, a so called
sorption isotherm needs to be used, which describes the equilibrium between mois-
ture bound to the surfaces and vapour in the pores. A sorption isotherm is shown
schematically in Figure 2.6. During a state of drying, the material follows the des-
orption curve while the absorption curve is valid during re-wetting. When the
state changes from drying to wetting and vice versa, so called scanning curves are
followed between the desorption and absorption curves. Sorption isotherms for
concrete are highly dependent on the concrete mix with properties such as the wa-
ter/cement ratio. They are, furthermore, also dependent on age and porosity as the
cement continues to hydrate, as well as with the current temperature state. In ad-
dition, it should be pointed out that sorption isotherms can equally be constructed
using other measures than those in Figure 2.6, for example S to pvap.

Regardless of how it is quantified, moisture in porous materials is transported
from regions with large amounts of moisture to regions with a smaller amount.
For concrete under saturated conditions, the dominating driving force for mois-
ture transport is pressure gradients in the pore system. Given unsaturated con-
ditions, moisture exists as both liquid and vapour, it thus becomes more difficult
to determine the dominating mechanism. The transport of moisture in its liquid
phase is mainly governed by pressure gradients but capillary forces are also in-
volved. For the vapour phase, diffusion and convection are the two main transport
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mechanisms. What complicates the broad picture of moisture transport, especially
for unsaturated concrete, is that all the involved mechanisms may act simultane-
ously. Furthermore, evaporation of the liquid phase and condensation of the vapour
phase within the pores become important, especially under non-isothermal condi-
tions [130]. During early-ages, the situation is even more complicated due to the
self-desiccation, as described in section 2.3.1. In fact, as argued by Bažant et al.
[30], the previously described autogenous shrinkage must be driven by changes in
the moisture condition due to the self-desiccation. Accordingly, both drying and
autogenous shrinkage are driven by the same mechanisms and can therefore be
considered as a single phenomenon. However, traditionally and in most design
codes and prediction models (e.g. [55, 93, 198]) they are treated as separate
contributions to the overall behaviour of concrete.

Looking at the volumetric change of concrete due to drying on an infinitesimal
scale, it is explained by several mechanisms causing internal stresses in the solid
matrix, interacting with one another. However, before going into these it should be
mentioned that it is the cement paste that exhibits moisture shrinkage. The aggre-
gates on the other hand exhibit no shrinkage and instead act as a restraint; thus
reducing the quantifiable amount of shrinkage when comparing pure cement paste
to concrete. For high degrees of saturation (> 50 %), the dominating mechanism
is often thought of being capillary tension [72]. This can briefly be explained as a
build up of tensile stresses in the capillary water in the pores caused by the forma-
tion of a meniscus as the humidity drops. These tensile stresses must be balanced
by compressive stresses in the solid matrix, causing it to contract. However, as
argued by Wittman [228], capillary action can only have a significant role for fresh
concrete. It is instead claimed that shrinkage of hardened concrete is caused by
change of surface energy and disjoining pressure as a function of moisture content.
Both of these mechanisms are related to adsorbed water layers on the surface of
the pores. But the effect changes to the surface energy is only significant at low
humidity. Therefore, of these two the disjoining pressure can be said to be of most
importance. For a given temperature and humidity state, the thickness of the ad-
sorbed water layer is constant and given by physical and chemical considerations.
According to Bažant et al. [16], this layer is five water molecules thick at saturation
(h = 1) and decreases as the humidity drops. Many pores in the cement paste have
a width of less than ten water molecules. In these so called gel pores, a full layer
of adsorbed water molecules cannot develop. The pressure developed due to this
hindered adsorption is the disjoining pressure, which causes swelling of the solid.
As the material dries, the disjoining pressure decreases and the material shrinks.
The principles of hindered adsorption and disjoining pressure are schematically
shown in Figure 2.7.

While the above discussed mechanisms act locally on the level of the constituents
of the cement paste, some comments regarding macroscopic shrinkage should be
made for completeness. Regarding this, it must be emphasized that it is the local
shrinkage of the cement paste that should be considered as a material property
and not the shrinkage measured on a large specimen [229]. Such specimens are
not only affected by their boundary conditions but also by many other properties
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Figure 2.7: Adsorption of water molecules in a gel pore and development of disjoining
pressure. The figure also include a schematic description of the long-term
creep mechanism proposed by Bažant et al. [16].

of concrete such as internal moisture gradients, creep and microcracking. With
this in mind, it can finally be mentioned that the amount of observed macroscopic
shrinkage is affected by factors such as concentration, distribution and stiffness of
aggregates as well as the cement and water content. Many admixtures regularly
used are also influencing the shrinkage behaviour.

2.3.4 Deformation and creep

The demarcation of elastic and creep deformations in their true sense is often
difficult to identify for concrete since the instantaneous strain due to a load is
dependent on the rate of loading. As pointed out by Neville [171], a distinction
between the two is often made such that the strain which occurs during loading
is considered as elastic and subsequent strains as creep; although this definition
has no real physical origin. Nonetheless, according to Acker and Ulm [5], the creep
deformations can be at least three to four times the initial strain at loading which
emphasizes their importance. Traditionally, creep deformations are additively split
into basic creep and drying creep, see Figure 2.8a. Basic creep refers to the defor-
mation of a concrete member with no moisture exchange with the environment and
at room temperature. Drying creep is then defined as the additional deformation
caused by drying or elevated temperatures, after subtraction of the pure drying
shrinkage and thermal deformations. The deformation due to creep is partially
reversible, but most often some permanent deformation remains after unloading,
see Figure 2.8b. For a restrained concrete member, creep still plays an important
role where instead of a continuous deformation, stresses in the concrete are contin-
uously reduced. This phenomenon is referred to as relaxation. Creep can in general
be considered as linear if the compressive stress does not exceed 40–60 % of the
compressive strength of concrete. At higher stress levels, creep becomes non-linear
and the member eventually fails by tertiary creep. This non-linearity is believed
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Figure 2.8: Schematic description of time-dependent deformations for a loaded speci-
men subjected to drying (a) and basic creep with creep recovery (b). Repro-
duction from Neville [171].

to be caused by microcracking, primarily at the interface between cement paste
and aggregates [164]. It should also be mentioned that according to Neville [171],
creep in tension has been measured to be 20–30 % higher than in compression
at equal stress states. However, no conclusive findings are reported and creep in
tension is broadly considered to behave similarly to creep in compression.

The complete mechanism behind creep has proved difficult to explain and is still
under debate in the research community. At a macroscopic level, Ulm et al. [219]
suggested that the basic creep can be divided into two distinct stages; short-term
and long-term. The apparent mechanisms of the short-term basic creep are believed
to be situated in the capillary pores and governed by for example microdiffusion
of water molecules. Several other mechanisms have also been suggested in the
literature ([5, 21, 214, 219]), where common to most of them is that water plays
an important role. Hydration also plays an important role for the short-term ba-
sic creep through the volume growth of hydration products in the capillary pores,
which consequently decreases the amount of creep with the age of loading [28].
The most widely accepted mechanism behind long-term basic creep was proposed
by Bažant et al. [16] who describe it as micro-sliding of C-S-H sheets. This mech-
anism is related to hindered adsorbed water layers and disjoining pressure, as
described in Figure 2.7, that balances the attraction between the solid surfaces of
the gel pore caused by unstable and disordered bonds. These bonds thus become
overstressed leading to a dislocation-type mechanism where bonds locally break
and reform. This mechanism is schematically shown in Figure 2.7. Also the long-
term basic creep decreases with the age of loading, which at the microlevel can be
explained by relaxation of stresses in the bonds, thus decreasing the rate of breaks
and macroscopic creep.

The moisture condition in the concrete plays an essential role for short-term and
long-term creep, which as it turns out is quite paradoxical. For concrete that has
no exchange of moisture with the environment and is in hygral equilibrium, the
less evaporable water the concrete contains the less it creeps. In fact, according
to Acker and Ulm [5], no creep deformations at all are observed for concrete that
has been dried to a state where no evaporable water is left in its pores. However,
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if the concrete is exposed to drying during the creep test, the observed creep is
higher than if it had remained at its initial humidity and the greater the drying
the greater the creep. This effect was first recognized by Pickett [190] and is thus
generally referred to as the Pickett effect, or drying creep. This effect has been
extensively studied (e.g. [13, 27, 173, 230]) and several different mechanisms
have been proposed to explain it. As an example, the Pickett effect is accounted
for in the long-term creep mechanism proposed by Bažant et al. [16] through the
disjoining pressure. As previously explained, changes in humidity cause changes
in the disjoining pressure which in turn alters the stress state in the bonds. Tem-
perature also plays an important role for creep deformations, where a change in
temperature causes an increase in the creep rate. This is similarly accounted for in
the long-term creep mechanism proposed by Bažant et al. [16] through changes in
the disjoining pressure.

Apart from the factors such as loading, age and environmental conditions discussed
above, concrete creep is influenced by the constituents of the concrete mix. In con-
crete, it is the cement paste that creeps. It is thus affected by the cement and water
content as well as the type of cement and admixtures, since these controls the
structure of the hardened paste. However, the relationship between these factors
and the amount of creep is non-linear and the effect of changing different factors
is thus difficult to estimate [171]. Aggregates do not creep and primarily has a re-
straining effect, similarly as for shrinkage. Hence, the higher the aggregate content
is and the stiffer the aggregates are the higher the restraining effect becomes, and
consequently the less the concrete creeps.

2.3.5 Strength and fracture

The mechanical strength of concrete is one of its most valuable properties and the
parameter most frequently used to characterize concrete in structural design. As
already discussed, concrete is a composite material consisting of a heterogeneous
matrix of cement paste and aggregates. The strength of concrete is thus ultimately
determined by the individual strength of these two components and their interac-
tion. As for many other previously discussed properties, the strength of the cement
paste is affected by the cement and water content as well as the type of cement and
admixtures, since these control the structure of the hardened paste. Important to
point out is that the strengths of the constituents of the paste (e.g. C-S-H) can be
considered age-invariant. However, the strength of the paste is highly dependent
on hydration and this can in some sense be attributed to the volume growth of
C-S-H during hydration, i.e. a similar type of mechanism as for aging with respect
to short-term creep. This is, however, not the complete picture since also adhesive
and cohesive bond between the constituents play an important role and the final
strength is also affected by, e.g. the temperature during hydration that may for
example affect these bonds and the porosity of the paste. If the aggregates have a
higher strength than the cement paste they have a secondary effect, but for con-
crete mixes with a low water/cement ratio the strength of the paste can exceed that
of the aggregates. For such high strength concrete, the strength of the aggregate
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Figure 2.9: Failure mechanism of concrete under uniaxial compression. Reproduction
from Mang et al. [161].

plays a more important role. Regardless, an important factor for the strength of
concrete is the interface between concrete and the surrounding cement paste, the
so called interfacial transition zone (ITZ). Often cracks initiate in the ITZ and then
propagate from there. In fact, very fine cracks exist in the ITZ already prior to any
application of loads, probably due to the difference in behaviour of the aggregate
and the paste [171].

An important aspect regarding the strength of concrete is the major difference
observed in compression versus tension, where the tensile strength is normally
only 10 % of the compressive strength. According to Neville [171], to explain this
it has to be considered that the failure of concrete in both tension and compression
ultimately occurs due to cracking. Although the exact micromechanical process of
cracking is not fully understood, a fact is that the theoretical strength of cement
paste is orders of magnitude higher than observed and measured tensile strengths.
This discrepancy can be explained by the effect of flaws in a solid, as postulated by
Griffith [105], which locally cause high stress concentration leading to microscopic
fractures. Hydrated cement contains many such flaws — pores, microcracks and
voids. The application of this concept to tensile fracture is fairly straightforward. It
can, however, also be extended to states of uni- and biaxial compression. Even if
two principal stresses are negative, the third must be positive due to the Poisson
effect. Thus the flaws are still exposed to tensile stress in certain directions so
that fracture may occur. Failure in uni- and biaxial compression thus occurs due
to the development of cracks parallel to the direction of loading, which have been
frequently observed in experiments. The difference in strength in compression
versus tension is thus possibly related to the Poisson’s ratio and that strength is
always determined by a limiting tensile strain, see Neville [171]. Under multiaxial
compressive stress states the situation is, however, more complicated and especially
triaxial compressive failure is due to a different mechanism that results in a peak
load several times that of uniaxial compression.

An extensive summary of the process of concrete fracture is given by Mang et al.
[161], for both compression and tension. The material response under uniaxial
compression is described in Figure 2.9. At the start of the stress-strain diagram
(point 1), bond cracks are already present in the ITZ. As the load increases up
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Figure 2.10: Failure mechanism of concrete under uniaxial tension. Reproduction from
Mang et al. [161].

to approximately 30–40 % of the compressive strength (point 2) these cracks are
stable and the material behaves linearly. Thereafter, additional bond cracks are
formed in the direction of the load and the material response begins to become
non-linear due to a decrease in the macroscopic stiffness. Eventually these cracks
start to propagate into the matrix to finally coalesce as point 3 is reached and
the non-linear response then becomes more pronounced. Finally, material failure
occurs (point 4) when continuous macroscopic cracks form. The material then
exhibits a strain softening behaviour.

The material response in tension is similarly described in Figure 2.10. For loads
up to approximately 75 % of the tensile strength the initial microcracks are stable
(point 2). For increasing load levels, new microcracks form, propagate and coalesce
with a rapid reduction of the macroscopic stiffness as a consequence and a peak
load is reached (point 3). Soon thereafter during the strain softening branch of the
stress-strain diagram, some of the microcracks form a localized band to which fur-
ther cracking and deformation are restricted (point 4). This macrocrack eventually
splits the specimen into two parts, whereas adjacent microcracks are unloaded.

As indicated earlier, the fracture behaviour becomes more complex for multiaxial
stress states. The process of tensile fracture in a state of multiaxial tension is es-
sentially unaffected compared to the uniaxial case, whereas simultaneously acting
compressive stresses reduce the load at which tensile failure occurs. Similarly, the
failure load in compression is reduced if tensile stresses are present. For the case of
biaxial compression, the mechanisms of fracture are essentially the same as in the
uniaxial case but peak load (i.e. strength) is increased with about 16 % compared
to the uniaxial case [171]. The material response also becomes slightly less brittle
compared to the uniaxial case. However, under triaxial compression with a confin-
ing pressure the material response changes. For moderate confining pressures, the
failure mechanism changes from cracking of the solid matrix to formation of in-
clined shear planes. As a consequence, the peak load and deformation increase with
the confining pressure and the material response becomes more ductile. Eventually,
when the stress state approaches a state of hydrostatic compression and the failure
becomes dictated by crushing of the solid matrix. For such cases, the material re-
sponse is very ductile and essentially no peak load can be observed. According to
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Figure 2.11: Size effect of a notched three-point concrete beam (a) [134]. Idealized
description of crack propagation and the fracture process zone (b).

Neville [171], pressures of up to 2 GPa have been reached in experiments under
hydrostatic conditions.

An important topic for the fracture of concrete and concrete structures is the so
called size effect [19, 53, 225]. Different size effects exist in all physical theories
and the subject has thus been extensively studied, see for example [22]. Concrete
and other quasi-brittle materials exhibit a particularly strong and complex size
effect, especially evident in structural applications. This effect manifests itself as an
increasing brittleness of concrete members as their size increases as exemplified in
Figure 2.11a for an unreinforced concrete beam. Although not to be confused with
the intrinsic brittleness of concrete as a material, this observed size effect is related
to the strain softening behaviour of quasi-brittle materials [134]. Bažant [18]
explains this size effect by considering the energy released during fracture which
for quasi-brittle materials is related to the development of microcracks (Figure
2.10) in a finite band ahead of the marcrocrack due to its strain softening behaviour.
This is often called the fracture process zone (FPZ), see Figure 2.11b. A similar
idea was laid out by Hillerborg et al. [113], who also showed that such a size effect
is deterministic, as opposed to the statistical size effect outlined by Weibull [225],
which in some sense for concrete is related to the theory of flaws in materials by
Griffith [105]. It has then been shown and accepted that the width of the FPZ is
a material property that is one of the major causes of the observed size effect of
concrete structures. The stored elastic energy increases with the size of the concrete
member, thus the failure becomes more brittle since the energy released during the
fracture is size-invariant due to the approximately constant width of the FPZ. This
effect is not only important for the structural analysis of concrete, but is also vital
for modelling of concrete fracture and will be discussed further in that context in
section 4.2.1.

The concept put forward to explain the size effect inevitably introduces some
additional material properties that are vital to understanding and characterizing
the fracture behaviour of concrete apart from its strength. One such parameter is
the fracture energy Gf , which describes the energy required to produce a stress free
crack of unit area. As for the strength, the fracture energy depends on the structure

27



CHAPTER 2. CONCRETE STRUCTURES AT HYDRO POWER FACILITIES

of the cement paste and thus on the water and cement content as well as the age
of the concrete. Furthermore, the maximum aggregate size plays an important role
for the fracture energy. To fully characterize the fracture process, information is
needed on the shape of the strain softening branch of the stress-strain response, as
given in Figure 2.10. It must, however, here first be emphasized thatGf is related to
a crack displacement and that the crack opening should be described by a traction-
separation law, e.g. the one proposed by Cornelissen et al. [69]. A stress-strain
response can then be obtained by considering the width of the FPZ, which also can
be considered as a sort of material property. Based on experimental data, Bažant
and Oh [25] suggested this width to be in the order of three times the maximum
aggregate size.
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Chapter 3

Mathematical modelling of plain
concrete

As discussed in section 2.3, concrete is a complex material with different physical
as well as chemical aspects which are of more or less importance depending on
the application at hand. To describe this complex behaviour with mathematical
models is a difficult task due the many interacting phenomena. Still today many of
the physical mechanisms behind certain characteristics of concrete are unknown
and under debate in the international research community. What can be concluded,
however, is that to realistically predict the behaviour of a concrete structure, a
mathematical model needs to consider multiple physical fields such as deforma-
tions, temperature, moisture and various chemical reactions (e.g. hydration) and
how these fields interact. In this chapter a review of mathematical methods for
modelling the behaviours discussed in section 2.3 is made with focus on the meth-
ods applied in the appended papers. Other relevant methods will be reviewed in
the passing although not presented in detail except when found necessary for the
discussion. The review only treats the case of plain concrete although most meth-
ods are also applicable to reinforced concrete, given that suitable models are used
to describe the reinforcement and their interaction with the concrete.

The list of mathematical methods for analysing concrete found in the literature
is extensive, either regarding isolated mechanisms such as fracture or moisture
transport or models that couple various physical fields. A complete review of this
is out-of-scope of the current thesis that will instead discuss how to model the
different aspects of concrete discussed in section 2.3 and present some common
approaches. It is the aim of the review to cover many different fields, hence it is
not possible to cover all these in-depth and the methods used in the appended
papers will be the focus. For a more extensive review several relevant reports and
textbooks are available, see for example [93, 116, 129, 161, 166].

The methods presented in the following are categorized with respect to the mech-
anism they are describing. Thus, the interactions between physical fields are not
explicitly specified, but should nonetheless be made clear from the presented equa-
tions. It should also be pointed out that the mathematical model must be formu-
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lated and presented in a systematic and physical fashion, i.e. using a thermody-
namic approach, to identify all possible interactions. For concrete, the framework
of poromechanics [70] is often adopted when formulating models using such an
approach. Many of the models presented in this thesis are in fact initially formu-
lated using thermodynamics, but these aspects of the models will not be treated
further in this thesis.

3.1 Early-age chemical behaviour and aging

As described in section 2.3.1, hydration of Portland cement consists of a set of
complex chemical reactions with significantly different reaction rates. Thus, to
completely characterize all reactions involved in the hydration using mathematical
models is a difficult task. Models that attempt to describe this set of reactions are
available, for example the CEMHYD3D model [37, 38]. Most commonly, however,
the set of reactions is treated as one single reaction [220], i.e. a chemical reaction
A → B where the reactant phase A is the free water and the product phase
B is the hydrates [161]. It was shown by Ulm and Coussy [217] that given an
assumption of a closed system such a reaction can be described by a single variable,
the hydrate mass mhyd that describes the mass of combined water per unit volume.
For modelling purposes it is, however, more convenient to normalize mhyd with
the hydrate mass at complete hydration m∞hyd. The obtained variable is called the
hydration degree α and is defined as α = mhyd/m

∞
hyd. Although α is here defined

using the hydrate mass, according to Byfors [47] it could equivalently be defined
using, e.g. the non-evaporable water content wn or the generated heat during
hydrationQc and their respective values at complete hydration. Using the hydration
degree is the most common method to describe the hydration and many models
have been presented using this concept. Examples of such models include the work
by Ulm and Coussy [217, 218] and later developments on the same framework
[60, 79, 85, 97, 211]. In Sweden, the work on early-age concrete at both Luleå
Technical University (LTU) [87, 109, 132] and Lund Technical University (LTH)
[73] uses the hydration degree to quantify the hydration and especially the heat
released during the reaction.

In Paper III, a hydration model based on the work by Ulm and Coussy [217, 218] is
implemented, also incorporating the improvements proposed by Cervera et al. [60]
and Di Luzio and Cusatis [85]. The basic idea of the model is that the kinetics of
hydration is roughly governed by the diffusion of free water through the hydrates
that form in layers around the cement grains on the micro level, as was described
in section 2.3.1. The growth rate of the hydrate mass ṁhyd is thus controlled by
the imbalance between the free water and the water combined in the hydrates. At
a macroscopic level, this imbalance is expressed by the affinity Am which is the
thermodynamic driving force of the microdiffusion. During hydration, the layer of
hydrates increases which affects the rate of this diffusion. This is controlled by the
viscosity ηm that consequently depends on the hydrate mass. Finally, acknowledging
the well-known fact that the rate of hydration is amplified by thermal activation,
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an Arrhenius type evolution law can be adopted such that

ṁhyd =
Am (mhyd)

ηm (mhyd)
exp

(
− Ec

RT

)
(3.1)

The superimposed dot �̇ in Eq. (3.1) refers to the time derivative of the variable.
The thermal activation controlled by the Arrhenius factor exp (−Ec/RT ) is depen-
dent on the hydration activation energy Ec and the temperature T with R being
the universal gas constant. As was mentioned, it is more convenient to use the
hydration degree α than the hydrate mass. Following Ulm and Coussy [218], the
evolution law of the reaction can be written as

α̇ = Ac(α)βϕ(ϕ)exp

(
− Ec

RT

)
(3.2)

where the introduced normalized affinity Ac(α) ∼ Am(α)/ηm(α) accounts for both
chemical non-equilibrium and the non-linear diffusion process. Ideally Ac should
be identified from experimental data by for example measuring the released heat,
but Cervera et al. [60] proposed an analytical expression on the form

Ac(α) = Ac1

(
Ac2

α∞
+ α

)
(α∞ − α) exp

(
−ηc

α

α∞

)
(3.3)

where Ac1 and Ac2 are model parameters related to the affinity. The viscosity of
the microdiffusion in Eq. (3.3) is assumed to be an exponential function of the
reaction that is controlled by the material parameter ηc. The asymptotic hydration
degree α∞ reached at complete hydration depends on the concrete mix and can
according to Cervera et al. [60] be calculated as

α∞ =
1.031w/c

0.194 + w/c
(3.4)

Lastly in Eq. (3.1), the empirical function βϕ(ϕ) was added by Di Luzio and Cusatis
[85] to account for the dependence of the reaction kinetics on the moisture condi-
tion. As described in section 2.3.1, hydration becomes very slow when the humidity
drops below 0.8 [194] and to account for this Di Luzio and Cusatis [85] proposed
a function with respect to the relative humidity ϕ on the form

βϕ(ϕ) = [1 + ac(1− ϕ)bc ]−1 (3.5)

This function was first proposed by Bažant et al. [28], who also suggested that ac =
5.5 and bc = 4. This function was here used in Paper III. However, other functions
have been proposed in the literature to account for this aspect of hydration, see
for example [132, 177]. As was shown in Paper III, the same type of model can
also be used to describe other reactions such as that related to silica fume. In such
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case two hydration degrees have to be introduced, one related to the hydration
of cement αcem and one to the silica fume reaction αsil. Additionally it might be
necessary to define an overall hydration degree that describes the total amount of
hydrates produced from both reactions. See also [85] for more information.

To quantify the evolution of the concrete properties, the chemical model needs to be
extended with a framework that describes aging. Traditionally, the most common
approach is perhaps the maturity concept [209] in which an equivalent age te of
the concrete is calculated based on some reference conditions. This concept was
used in Paper II to account for solidification and growth of other material properties
for hardened concrete, but is frequently used also for early-age concrete (see for
example [73, 87, 109, 132]). The equivalent age of the concrete is most often
defined on an integral form similar to that in Eq. (3.6). Many versions of Eq. (3.6)
can be found in the literature, for example by using different definitions of βϕ or
adding additional factors as was done by Jonasson [132] and Hedlund [109].

te =

t∫
0

βϕexp

[
Ec

R

(
1

T
− 1

T ref

)]
dτ (3.6)

Given the evolution of te, it is straightforward to complete the aging model using
empirical functions fitted to experimental data. Many such empirical functions
can be found in for example design codes [42, 55, 93]. As shown by Ulm and
Coussy [218], the equivalent age is uniquely related to the hydration degree and
in fact, either of the two can be indistinctly used to construct the aging model.
However, as pointed out by Cervera et al. [60], both have shortcomings due to
the significant influence that the current temperature state has on the strength
development during hydration, as briefly mentioned in section 2.3.1. To overcome
this, Cervera et al. [60] suggested that a realistic aging model must consider the
strength development as an internal variable with an evolution law formulated
in terms of both hydration degree and temperature. They therefore suggested to
introduce an aging degree κf to describe the hardening process that according to
Di Luzio and Cusatis [86] can be defined as

κ̇f =

(
Tmax − T
Tmax − T ref

)ηT
(Bf − 2Afα) α̇ for α > α0 (3.7)

The first term accounts for the temperature dependence of κf such that at cur-
ing temperatures T below T ref the strength growth is enhanced compared to the
reference case, while it is decreased for curing temperatures above T ref . The tem-
perature Tmax specifies the maximum temperature at which hydration can occur
and ηT is a model parameter. The second term specifies the relation between the
hydration rate and the hardening rate without influence from the temperature
where Af is a model parameter. According to Di Luzio and Cusatis [86], the model
parameter
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Bf =
{

1 + Af

[
(α∞)2 − (α0)2

]}
/(α∞ − α0) (3.8)

given the conditions that κf = 0 for α ≤ α0 and κf = 1 for α = α∞ for the reference
temperature. Parameter α0 defines the hydration degree at which setting occurs.
Given that the model parameters are chosen so that evolution of the compressive
strength is directly proportional to κf , the evolution of other material properties can
be defined by following the recommendations in design codes such as the fib Model
Code 2010 [93], as suggested by Cervera et al. [60]. For example, the evolution of
the tensile strength can be given as ft = κf

2/3f∞t , where f∞t is the tensile strength
at κf = 1 and corresponds to strength growth under ideal isothermal conditions at
the temperature T ref .

3.2 Temperature development

The temperature development in solids and porous materials such as concrete is
given by conservation of energy, i.e. the first law of thermodynamics. Assuming that
heat transfer only occurs through conduction, the energy balance can be written
on the standard temperature rate form

ρCtṪ +∇ · q = Q̇t (3.9)

where ρ is the density of the solid, Ct is the specific heat capacity, q is the heat flux
and Qt is the sum of all volumetric heat sources (both internal and external). The
∇ symbol is the vector differential operator. Considering only heat transfer under
moderate temperatures (<100 ◦C), the heat flux in concrete can be described by
Fourier’s law such that

q = −λt∇T (3.10)

where λt is the thermal conductivity. As discussed in section 2.3.2, λt is affected
by the moisture content, the temperature and aging. Various expressions can be
found in the literature to account for such dependencies (see for example [150]);
typically only used for highly coupled models. For most applications it is, however,
sufficient to assume λt as constant without losing any significant accuracy.

For situations where the early-age temperature development is important, the heat
source Qt in the energy balance can be used to describe the heat released during
hydration Qc. In modelling, most often this internal heat source is assumed to be
proportional to the hydration degree α described in the previous section since by
definition this is a measure of the heat released during hydration [47, 60, 132, 218].
Given that the evolution of α is known from the chemical model, the internal heat
source is then given as
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Q̇c = α̇cQ∞c (3.11)

where Q∞c is the latent heat of the hydration per unit of hydrated mass (i.e. the
heat released at complete hydration) and c is the cement content. The latent heat
Q∞c of concrete can be calculated from a weighted average of the heat of hydration
of each cement compound according to Byfors [47] and Di Luzio and Cusatis [85],
but is normally close to 500 kJ/kg.

To completely describe the temperature development, the energy balance in Eq.
(3.9) has to be complemented with appropriate boundary conditions as well as
initial conditions. The boundary conditions normally used are the standard fixed
(prescribed temperature) and natural (prescribed heat flux) boundary conditions
as well as convective and radiative boundary conditions. For most applications
involving concrete and concrete structures, a convective boundary condition is
often used and is so in the majority of the analyses performed in this thesis. It is
given as

q · n = ht · (T − T env) (3.12)

where n is the normal of the boundary and T env is the temperature of the environ-
ment. The thermal surface factor ht of a free surface depends on the fluid of the
environment (e.g. liquid or fluid) and its state of flow (e.g. natural or forced con-
vection). Many empirical expressions to determine ht can be found in the literature
and textbooks on heat transfer (e.g. [39]). As pointed out by for example Jonasson
[132], the thermal surface factor can be extended in an approximate way to also
include for example the effect of formwork and insulation on the heat transfer,
which may be of importance during casting and curing.

3.3 Moisture transport

Modelling of moisture transport in concrete and other porous materials is a topic
that has interested the scientific community for a long time, where some early work
includes [50, 197]. As described in section 2.3.3, moisture transport in concrete
is a combination of diffusion of water vapour and flow of liquid water. The most
common approach, however, is to consider it a pure diffusion process where the
flux is consequently governed by Fick’s second law with a single driving potential.
Given isothermal conditions, the choice of driving potential (e.g. humidity ϕ or
evaporable moisture content we) does not matter since it is possible to convert the
required transport coefficient between different measures, see for example [174].
Since several physical mechanisms are involved where the dominating changes
with the moisture condition, a consequence of using models with a single driving
potential is that the transport coefficient becomes dependent on the moisture con-
dition. The diffusion problem thus becomes non-linear where the diffusivity drops
considerably for decreasing humidity. Many models have been presented using
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this approach, with different driving potentials and expressions for the transport
coefficient as well as the sorption isotherm described in section 2.3.3. One of the
first models that considered a non-linear transport coefficient was presented by
Bažant and Najjar [24], that used the relative humidity ϕ as a driving potential.
Furthermore, their model assumed the slope of the sorption isotherm to be con-
stant since it significantly simplifies the model. Although they recognised this as
a somewhat questionable assumption, it was shown to give reasonable results for
ϕ > 0.5. Since then, many models have been presented using ϕ as the lone driv-
ing potential but with different expressions for the diffusivity and more refined
definitions of the sorption isotherm including [142, 231, 232]. The evaporable
moisture content we, or ratio ue, is also a commonly used driving potential with
several models presented, for example [140, 146, 207]. A third popular choice is
to use the pore pressure as the driving potential. In Sweden, significant work on
both experimental characterization of moisture flow and modelling using similar
approaches have been made, including [108, 174, 177].

Due to the apparent limitations of the single–phase approach to moisture trans-
port it is becoming more common to adopt a multi–phase approach where the
transport of both gas and liquid phases are considered by the model. One of the
main advantages of using a multi–phase model is that it separates the different
states of moisture present in the model (i.e. liquid water and water vapour). This
is vital when studying various degradation mechanisms where for example some
chemical is dissolved and transported in the liquid water. Other situations where a
separation becomes important are for example during elevated temperatures, such
as concrete exposed to fire. In a multi–phase approach, the material is described
as a continuum consisting of a solid skeleton and an interconnected porous space
filled with a combination of liquid water and an ideal mixture of water vapour and
dry air. The macroscopic transport equations for such systems are normally derived
using homogenization techniques. This means that the mass balance equations
of each phase are first formulated on the microscopic level of the pores. These
are then integrated over a representative elementary volume (REV) to obtain the
macroscopic equations that are valid in a volume average sense. A schematic rep-
resentation of a typical REV used for derivation of moisture transport models is
shown in Figure 3.1. Today such techniques are well established and described
in many textbooks, such as [31, 150]. Many models of this category have been
presented in the literature, for example the models by Gawin et al. [96, 97] and
Johannesson [130]. Several authors also use the multi–phase approach as a start-
ing point, but through a series of assumptions and hypotheses they end up with a
model with a single driving potential. Such models include for example [9, 207]. A
more extensive review of both single–phase and multi–phase methods for moisture
transport in concrete is given by Cerny and Rovnaníková [56].

In this thesis only diffusion type single–phase models have been used on the form
outlined by Bažant and Najjar [24], with the relative humidity ϕ as a driving
potential. As mentioned, these types of simplified single–phase diffusion models
can be obtained from the multi–phase models through a series of assumptions and
hypotheses. To highlight the limitations of the models used, it will be shown in the
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Solid Solid

SolidSolid

Liquid Gas

Figure 3.1: Schematic representation of the pore system in hardened concrete used as
a representative elementary volume (REV) showing the different phases.
Reproduction from Samson et al. [207].

following how to derive such a model, starting from the macroscopic mass balances
of a multi–phase model.

For concrete, the hypotheses of incompressible fluids, a rigid solid skeleton and
negligible effects of gravity are often used. These hypotheses simplify the mass bal-
ances considerably and will thus be used here together with a restriction to isother-
mal conditions. Following the procedure used by for example Idiart [120]and
Witasse [227], the volume averaged mass balances for liquid water (subscript liq),
water vapour (subscript vap) and dry air (subscript air) can be written as

ṁliq = −∇ · Jliq − ṁliq→vap (3.13a)

ṁvap = −∇ · Jvap − ṁvap→liq (3.13b)

ṁair = −∇ · Jair (3.13c)

The mass mi of phase i is here to be interpreted as the mass content of that
phase per unit volume (i.e. the volume of the REV). The terms ṁi→j account
for the rate of evaportation/condenstation and are thus constrained such that
ṁliq→vap + ṁvap→liq = 0. The fluxes Ji of each component can then be formulated
using Darcy’s law and Fick’s law. The flux of liquid water in Eq. (3.14a) is driven by
the gradient of the liquid pressure pliq. For the gas phase (subscript gas), the flux
of the ideal mixture in Eqs. (3.14b) and (3.14c) is driven by the gradient of the
gas pressure pgas. Additionally in the gas mixture, the diffusion of each component
with respect to the other will also affect the flux. This diffusion is assumed here to
be driven by the gradient of the density of each respective gas phase.
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Jliq = −ρliq
µliq

Kpkr,liq (Sliq)∇pliq (3.14a)

Jvap = −ρgas
µgas

Kpkr,gas (Sliq)∇pgas − ρgasDvap∇
ρvap
ρgas

(3.14b)

Jair = −ρgas
µgas

Kpkr,gas (Sliq)∇pgas − ρgasDair∇
ρair
ρgas

(3.14c)

In Eqs. (3.14), Kp is the intrinsic permeability of the porous media and Sliq the
degree of saturation. Furthermore, ρi is the mass density, µi is the dynamic viscosity,
kri the relative permeability and Di the diffusion coefficient of the respective phase.
To continue we need to use the capillary pressure pcap, which can be defined using
Kelvin’s law

pcap = pgas − pliq = −ρliq
RT

Mwat

ln (ϕ) (3.15)

where R is the universal gas constant and Mwat the molar mass of water. Next, it is
assumed that the gas pressure remains constant (i.e. ∇pgas = 0) and equal to the
atmospheric pressure patm. This is the key assumption in deriving a single–phase
transport equation [120, 155, 207, 227]. For weakly permeable materials such as
concrete it has been concluded by Mainguy et al. [155] that this assumption may
overestimate the moisture losses although it should still be considered as a valid
approximation. It is now possible to neglect conservation of dry air (Eq. (3.14c))
since it no longer provides any information regarding the moisture transport. More-
over, in unsaturated concrete pliq >> patm, thus from Eq. (3.15) pliq = −pcap. With
the above in mind and substituting Eq. (3.15) into Eq. (3.13a), the flux of liquid
water can be rewritten with ϕ as the driving potential

Jliq =
ρliq
µliq

Kpkr,liq (Sliq)∇pcap =
ρ2liq
µliq

Kpkr,liq (ϕ)RT

Mwatϕ
∇ϕ (3.16)

As described in section 2.3.3, unique relationships exist between different mea-
sures of the moisture condition. It is thus possible to calculate Sliq using ϕ and,
furthermore, for convenience possible to express the relative permeability of the
liquid kr,liq as a function of ϕ; as have been done in Eq. (3.16).

For the flux of water vapour, the equation of state for perfect gases is needed,
reading

pi =
RT

M i

ρi for i = air, gas, vap (3.17)

Then, using Dalton’s law for mixture of ideal gases and Eq. (3.17), the mass density
of the gas phase can be expressed as
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ρgas = ρair + ρvap =
Mairpair +Mwatpvap

RT
=
Mairpgas + (Mwat −Mair) pvap

RT
(3.18)

Substituting Eq. (3.18) into Eq. (3.13b) and recalling that ϕ = pvap/p
sat
vap, the flux

of water vapour can after some rearranging be expressed as

Jvap =
DvapMwatMairpgasp

sat
vap

RT
(
Mairpgas + (Mwat −Mair)psatvapϕ

)∇ϕ (3.19)

Adding the flux of liquid water and water vapour in Eqs. (3.16) and (3.19), the
total moisture flux Jtot is given by Eq. (3.20), where it has been recognized that
both fluxes are now driven by ϕ. The term in brackets can be interpreted as a
non-linear transport coefficient and thus be replaced by the diffusion coefficient
δϕ (ϕ, T ). The flux is now described as a diffusion process with the single driving
potential ϕ on the same form as given by for example Bažant and Najjar [24].

Jtot =

[
DvapMwatMairpatmp

sat
vap

RT
(
Mairpatm + (Mwat −Mair)psatvapϕ

) +
ρ2liq
µliq

Kpkr,liq (ϕ)RT

Mwatϕ

]
∇ϕ

= δϕ (ϕ, T )∇ϕ (3.20)

By taking the sum of the mass content of the liquid water and the water vapour,
the moisture content w is obtained and the mass balance can then be written on
the same form as proposed by Bažant and Najjar [24],

ẇ =
∂w

∂ϕ
ϕ̇ = −∇ · Jtot = ∇ · δϕ (ϕ, T )∇ϕ (3.21)

where ∂w/∂ϕ is the slope of the sorption isotherm (often called the moisture
capacity). Based on this equation, the moisture transport model used in Paper
I and II can be obtained by assuming ∂w/∂ϕ to be constant. Furthermore, the
extended model used in Paper III to cover the early-age behaviour can be obtained
by considering w = we + wn and including a non-linear sorption isotherm that
depends on the age of the concrete. In that model the non-evaporable water wn

acts as a moisture sink that describes the self-desiccation. According to Di Luzio
and Cusatis [85], this sink can be calculated as ẇn = 0.253cα̇cem. Regarding the
sorption isotherm, in Paper III the expression proposed by Norling Mjörnell [177]
is used. In this, the evaporable moisture content we is split into moisture in gel
pores (or micro pores) and moisture in capillary pores. The expression for we by
Norling Mjörnell [177] is written as

we = G1 (αcem, αsil)

(
1− 1

exp(ḡϕ)

)
+K1 (αcem, αsil) (exp(ḡϕ)− 1) , with (3.22)

ḡ = 10 (g1α
∞
cem − αcem)
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where g1 is a model parameter. An advantage of this sorption isotherm is that it
depends on the concrete age and is thus especially suitable for applications where
the early-age behaviour is of interest. In Eq. (3.22) it is expressed in terms of
two hydration degrees: αcem for the cement hydration and αsil for the silica fume
reaction as done by Norling Mjörnell [177]. The auxiliary functions G1 and K1

describe the maximum amount of moisture that can be held in the gel pores and
capillary pores, respectively. According to Di Luzio and Cusatis [85], these can be
given as

G1 = kvgcemαcemc+ kvgsilαcems (3.23a)

K1 =
w0 − 0.188αcemc+ 0.22αsils−G1 (αcem, αsil) (1− exp(−ḡ))

exp(ḡ)− 1
(3.23b)

where c and s are the cement and silica contents, respectively, and w0 is the initial
water content. The model parameters kvg control how the gel pores evolve as the
amount hydrates increases. Many other expressions for the sorption isotherm have
been proposed in the literature, including [45, 112, 231].

Lastly, it should be mentioned that the diffusion coefficient δϕ has been expressed
using the non-linear equation proposed by Bažant and Najjar [24] in all models in
this thesis, see Eq. (3.24). However, many other expressions have been proposed
in the literature, including [79, 85, 232].

δϕ (ϕ) = D1

aϕ +
1− aϕ

1 +
(

1−ϕ
1−ϕn

)nϕ

 (3.24)

In Eq. (3.24), D1 is a model parameter that defines the value of the diffusion
coefficient at saturation. Parameters aϕ, ϕn and nϕ control the shape of the curve.

As for the heat transfer, to completely describe the moisture transport problem, the
mass balance in Eq. (3.21) has to be complemented with appropriate boundary
conditions as well as initial conditions. Even though both fixed and natural bound-
ary conditions are applicable, it is often more appropriate to use a convective
type boundary condition. Such a condition also accounts for the imperfect transfer
of moisture between the environment and the concrete surface [206]. Using the
relative humidity in the air ϕenv, such a boundary condition can be expressed as

J · n = hϕ · (ϕ− ϕenv) (3.25)

where hϕ is the moisture surface factor. As an alternative aiming at the same effect,
Bažant and Najjar [24] suggested that an equivalent surface thickness could be
added to all surfaces exposed to drying, to account for the imperfect transfer of
moisture. However, such an approach must be considered as impractical from a
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modelling point of view. Hence, if nothing else is mentioned, boundary conditions
according to Eq. (3.25) have been used throughout this thesis.

3.4 Mechanical behaviour

The mechanical behaviour of solids using a continuum description is given by the
conservation of linear momentum which is equivalent to Newton’s second law of
motion. Neglecting any inertial effects due to the acceleration of the solid (i.e.
static or quasi-static conditions), the conservation of linear momentum reduces to
the so called equilibrium equation which can be written as

∇ · σ (ε) + b = 0 (3.26)

where σ is the second order stress tensor, ε the second order strain tensor and
b is a vector that contains body forces. Furthermore, assuming that the solid is
only subjected to small displacements and strains, as is often the case for concrete,
the traditional engineering strain measure can be used. This strain measure is
expressed through the kinematic equation

ε =
1

2

[
∇u + (∇u)T

]
(3.27)

where u is the displacement vector. The two above equations needs to be comple-
mented with appropriate boundary conditions and a constitutive law that relates
stresses and strains. Focus in the following will be on how to formulate this con-
stitutive equation to account for many of the complexities of concrete described
in section 2.3. This description is here divided into so called localized inelastic
deformations (e.g. fracture) and time-dependent deformations (e.g. creep).

3.4.1 Time-dependent deformations

Time-dependent deformations are categorized here as any deformation that occurs
in the concrete without changing the imposed mechanical load. More specifically
it is defined as volumetric deformations due to changes in the temperature or
moisture condition or creep deformations. Common to these is that they can be
treated as either an additional strain contribution or as some additional stress,
given the small strain assumption. A constitutive equation that considers these
aspects can be formulated as

σ − σad = Del : (ε− εshI− εthI− εcr) (3.28)

where Del is the fourth order elastic stiffness tensor, εsh the moisture shrinkage, εth
the thermal expansion, I the second order unit tensor, εcr the creep strains and σad
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some additional stresses that could be related to either drying shrinkage, thermal
expansion or creep. Whether any of these deformations is treated as additional
strains or stresses depend on the chosen mathematical framework. Traditionally
in engineering practices it is most common to treat them as additional strains
although it may be more correct from a physical point of view to consider them ad-
ditional stresses; as done in for example poromechanics [70]. The elastic stiffness
tensor Del is defined by Young’s modulus E and Poisson’s ratio ν or any other com-
bination of two elastic constants. It should be pointed out that, depending on the
type of modelling approach, these constants may be time-invariant or change with
time or some other property. For example, the traditional approach to the growth
of stiffness in concrete is to consider E as a function of time (or the equivalent time
te). However, as will be described in the following this is not necessarily always the
case.

Considering all time-dependent deformations as additional strains, the material
model can be viewed as a rheological chain of different components coupled in
series. This type of modelling approach is frequently used and is exemplified in Fig-
ure 3.2 where creep is described by the microprestress–solidification (MPS) model
developed by Bažant and co-workers [11, 12, 15, 16]. However, the same principle
applies for many other models where the two creep units in Figure 3.2 (εcr,v and
εcr,f) can be replaced by some other description of creep. Furthermore, additional
aspects such as cracking can conceptually be appended to the rheological model,
although here cracking in particular is discussed separately in section 3.4.2. In line
with the other mathematical models presented in this thesis, the description of
time-dependent deformations herein focuses on a continuum approach where each
point in the continuum may exhibit different amounts of deformation. For example,
if a transient model of temperature or moisture is also included such a modelling
approach accounts for internal restraints in the material, which may cause it to
fracture. In engineering practice, however, the cross-sectional approach is perhaps
the most common method to deal with especially creep and moisture shrinkage. In
such an approach, the actual distribution of neither moisture shrinkage nor creep
is included. Often these are considered uniform over the entire cross-section but
to vary with time, then only accounts for external restraints. Such types of models
are often found in design codes [55, 93] and various models can also be found in
the literature, e.g. [3, 198, 199]. Although more efficient and easier to use, models
using the cross-sectional approach to time-dependent deformations must be con-
sidered as approximations that do not describe the actual observed behaviour of
concrete and thus have several limitations. Due to this they are not treated any
further in this thesis.

Thermal expansion

Thermally induced volume changes in concrete and other solids can, following a
thermodynamic definition, be given on a rate-form as
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Figure 3.2: Rheological model of the MPS theory as described by Jirásek [128].

ε̇th = kthṪ (3.29)

where kth is the coefficient of thermal expansion. As discussed in section 2.3.2,
kth for concrete is a combination of the expansion properties of its constituents
(i.e. cement paste and aggregates) but also depends on the current moisture and
temperature condition. However, without losing significant accuracy it can often
be assumed to be constant. By integrating Eq. (3.29), this assumption leads to the
traditional expression for thermal expansion

εth = kth (T − T ref) (3.30)

where T ref is a reference value corresponding to the temperature at time t =
0 of the analysis, the assumed thermal strain-free temperature of the material.
From a numerical analysis point of view, it is often more practical to express the
thermal expansion on this form since the strain is analytically given by the current
temperature and the reference state. However, if kth is not constant, Eq. (3.30) is no
longer valid since kth from Eq. (3.29) is to be interpreted as the tangent coefficient
of thermal expansion. If an expression on the form of Eq. (3.30) is desired, the
secant definition of the coefficient of thermal expansion must be used. The value
of the secant expansion coefficient depends on a reference state of the material
and on the state at which it was measured. [1, 66]

Moisture shrinkage

In engineering practice and in many continuum descriptions of moisture related
shrinkage, it is treated similarly as the thermal expansion. In such an approach
the shrinkage strain can be assumed to be proportional to the change in moisture
condition, e.g. the relative humidity ϕ, and can thus be given on a rate-form as
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ε̇sh = kshϕ̇ (3.31)

where ksh is a shrinkage coefficient. It is a common choice to assume that εsh is pro-
portional to ϕ [20, 86], while many alternatively also assume it to be proportional
to the evaporable moisture content we [36, 120]. As for the thermal expansion,
ksh is often assumed to be constant. This is a justified approximation for relative
humidity conditions ranging from 0.5 to 1.0 since shrinkage in this range is domi-
nated by capillary tension, see section 2.3.3. This assumption was used in Papers
II and III of this thesis. In Paper I, however, a non-linear expression for ksh with
respect to ϕ taken from the Swedish Concrete Handbook [152] was used. Many
other suggestions for how the shrinkage coefficient depends on the moisture con-
dition can be found in the literature (e.g. [120, 141, 221]). However, regardless of
whether a constant or non-linear description of ksh is used, common to the so far
discussed descriptions of moisture shrinkage is that they are all phenomenological
in nature.

Alternatively, using the framework of poromechanics [70] allows for a more physi-
cally correct description of moisture shrinkage that makes it possible to intrinsically
account for the different mechanisms involved. Moisture shrinkage is in porome-
chanics considered as an internal load acting on the solid skeleton determined
from the moisture condition. This agrees with the physical mechanisms described
in section 2.3.3, believed to cause shrinkage [9, 98, 161]. Hence, using a porome-
chanic approach, shrinkage is in Eq. (3.28) described throughσad and consequently
εsh = 0. In the model by Gawin et al. [98], this additional stress is defined as

σ̇ad = blχ(Sliq)ṗcapI (3.32)

where bl is the Biot coefficient that accounts for the difference in bulk modulus
of the solid skeleton and the pure solid phase. The function χ(Sliq) describes the
fraction of the solid skeleton (i.e. the surface area of the pores) in contact with
liquid water. Usually for porous materials, this function is set equal to the saturation
degree Sliq. However, as underlined by Gawin et al. [98] this is not the case for
materials such as concrete that contain a significant amount of very fine pores.
In their work, χ(Sliq) was considered as an empirical function identified through
experimental data. The reason for this is essentially explained by the importance
of the disjoining pressure at low humidity. In poromechanics, the actual stress in
the solid skeleton (i.e. σ − blχ(Sliq)pcapI) is referred to as the effective stress, a
well-known measure in geomechanics.

For comparison, it is possible to derive an equivalent shrinkage strain caused by
the internal load from Eq. (3.32), following the procedure used by for example
Baroghel-Bouny et al. [8]. Starting with the rate-form of the constitutive Eq. (3.28),
with no external stresses nor any additional strains due to shrinkage, thermal
expansion or creep, it can be written that

− blχ(Sliq)ṗcap = Kε̇ (3.33)
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where only the volumetric part is considered. In Eq. (3.33), K is the bulk mod-
ulus of the solid skeleton. Next, by using Kelvin’s law in Eq. (3.15), the rate of
deformation due to free shrinkage can be expressed as

ε̇ =
blχ(Sliq)

K

ρliqR

Mwat

(
Ṫ lnϕ+ T

ϕ̇

ϕ

)
(3.34)

Hence, by comparing the physical description of shrinkage in Eq. (3.34) to the
phenomenological description in Eq. (3.31), it can be concluded that ksh at least
must depend on the current moisture and temperature conditions as well as on
the mechanical properties of the solid skeleton. Furthermore, through the func-
tion χ(Sliq) it must also depend on the sorption isotherm, given that Sliq can be
calculated from we. Lastly, the term Ṫ lnϕ in Eq. (3.34) is related to changes in
the capillary pressure pcap due to changes in temperature and thus describes mois-
ture shrinkage under non-isothermal conditions. This effect is not captured by the
phenomenological description in Eq. (3.31).

As briefly discussed for the definition of the thermal expansion, the numerical
treatment of the rate-form in Eq. (3.31) is significantly simplified if the expansion
coefficient can be assumed to be constant. If a non-linear expansion coefficient is
used, either Eq. (3.31) has to be integrated, which may be more or less practical
depending on the chosen code, or a secant expansion coefficient has to be defined.

Creep

As summarized by Havlásek [107], there are three common ways to characterize
creep in concrete:

- Creep coefficient

- Specific creep

- Compliance or relaxation functions

The first two ways are the most popular in engineering practice and can be found
in various design codes [3, 55, 93]. Both of these methods additively split the total
deformation into elastic and creep deformations. For example, a creep coefficient
directly relates the creep deformation to the amount of elastic deformation caused
by a constant stress. A compliance function Ĵ(t, tl), on the other hand described
the total deformation (i.e. elastic plus creep) due to constant stress. A relaxation
function R̂(t, tl) is a similar description of creep, but instead it gives the stress
(or force) history due to constant deformation. All the above measures of creep
are functions of time t and age of loading tl. Hence, if the aim is to calculate the
creep under a constant load, these methods are equivalent and it is possible to for
example determine the compliance function from a given creep coefficient or to

44



3.4. MECHANICAL BEHAVIOUR

find the relaxation function from a given compliance function [87]. For situations
where it is necessary to analyse a varying load history the situation becomes more
complicated, and using a compliance (or relaxation) function is often preferred
[107].

At a continuum level, it becomes even more complex since it is then necessary
to also consider a non-uniform stress field as well as non-uniform aging due to
for example varying temperature and moisture conditions. Many material models
for creep on a material-point level in a continuum can be found in the literature.
Common to most is that the creep in concrete is considered as a combination
of a visco-elastic component and a flow (or viscous) component [20]. Using the
theory of visco-elasticity, the time-dependent relation between stress and strain for
a one-dimensional case is expressed on either of the forms:

ε(t) =

t∫
0

Ĵ(t, tl)dσ(tl) (3.35a)

σ(t) =

t∫
0

R̂(t, tl)dε(tl) (3.35b)

Equations (3.35) are valid for arbitrary histories of stress (or strain) given that
the material behaves linearly (i.e. the superposition principle is valid). To describe
creep of concrete an appropriate expression for either Ĵ(t,tl) or R̂(t,tl) must be
found. Both functions are strongly age dependent when applied to concrete. This
leads to significant difficulties in definition of the function and also in solving the
equations. This should be seen in comparison to traditional linear visco-elasticity
of non-aging materials that only depends on the time lag t− tl.

To overcome the difficulty of modelling aging visco-elastic materials, a common
approach today is to use the microprestress–solidification (MPS) theory [11, 16]
as a physical framework for the creep model. Creep according to the MPS theory
can be divided into two parts, as was schematically shown in Figure 3.2. The first
part describes the non-aging visco-elastic behaviour of the cement gel where aging
at the macroscopic level is described through the volume growth of the gel (i.e.
solidification). The second part idealizes the long-term creep mechanisms described
in section 2.3.4 with a dashpot, described by the time dependent microprestress
viscosity ηf(Sp). The microprestress Sp is the stress in the transverse bonds caused
by the disjoining pressure. The MPS theory allows for some variations to the creep
model (e.g. definition of the visco-elastic behaviour of the cement paste), but the
general idea of the theory is based on the physical mechanisms believed to play
important roles in the creep of concrete, see section 2.3.4. A version of the MPS
theory is used in Papers II and III of this thesis to describe creep of concrete, and
will be described in more detail in the following. Its presentation here in principle
follows that originally proposed by Bažant and co-workers [11, 12, 15, 16, 28],
even though the MPS theory has been used by others as well, e.g. [61, 98, 211].
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Assuming that at a macroscopic scale the concrete is isotropic and that its Poisson’s
ratio is constant, the rate of total creep εcr for multi-axial conditions is given as

ε̇cr = ε̇cr,v + ε̇cr,f =
ψr

v(te)
γ̇ +

ψr

ηf(Sp)
ECel : σ (3.36)

where εcr,v is the visco-elastic creep, εcr,f the viscous creep and Cel is the fourth
order compliance tensor. Furthermore, γ are the non-aging microstrains in the
cement paste, for which the volume growth is described by the function v(te). Here
and in Paper II, v is given as a function of equivalent time te on the form proposed
in the original version of the MPS theory [28]. As shown by Di Luzio and Cusatis
[86] it can also for example be given as a function of the hydration degree α.
This definition is used in Paper III. The variable ψr is related to the reduced time
tr, introduced by Bažant et al. [28] to characterize changes in the rate of bond
breakage and restoration in the microstructure due to variable temperature and
humidity conditions. The reduced time is defined as

tr =

t∫
0

ψrdτ =

t∫
0

[
ar + (1− ar)ϕbr

]
exp

[
Er

R

(
1

T
− 1

T ref

)]
dτ (3.37)

for which Bažant et al. [28] suggested that ar = 0.1, br = 2 and that the activation
energy of the viscous process is Er/R = 5000 K.

The non-ageing microstrains γ are treated as linear visco-elastic and can thus be
given by the history integral in Eq. (3.38). In principle, the non-aging compliance
function Φ(t− tl) of the cement paste can be chosen arbitrarily and many different
forms are found in the literature. In this thesis Φ(t − tl) has been chosen as the
log-power law proposed by Bažant and Prasannan [11], also used in the Rilem
creep models B3 [198] and B4 [199]. It should be pointed out here that the visco-
elastic behaviour of the cement paste can be defined equivalently using relaxation
functions instead of a compliance function, see for example [51, 61].

γ =

t∫
0

Φ(t− tl)ECel : dσ(tl) (3.38)

As is well known in computational mechanics, using the integral formulation of
visco-elasticity is unsuitable in numerical calculations since it requires the entire
stress history to be stored. Instead, Eq. (3.38) is usually expanded into a Dirichlet
series. If a finite number of M terms are kept, such a series corresponds to a gener-
alized Kelvin-Voigt chain model with M units as shown by for example Bažant and
Prasannan [11] and illustrated in Figure 3.2. If a relaxation function is used, this
procedure would instead result in a generalized Maxwell chain model. Although
equivalent, it is often preferred to use the Kelvin-Voigt chain for concrete as it is
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easier to identify its parameters from a traditional creep test [98]. This is, how-
ever, only the case if non-aging visco-elasticity is used, otherwise the mathematical
structure of the Kelvin-Voigt chain becomes complicated and it is easier to use a
Maxwell chain model.

The governing differential equation of a multi-axial, non-aging Kelvin-Voigt chain
is given as

γ =
M∑
µ=1

γµ, with Eµ

(
γµ + τµγ̇µ

)
= ECel : σ (3.39)

where γµ are the microstrains in the µth unit of the Kelvin-Voigt chain. The be-
haviour of each chain unit is given by its elastic modulus Eµ and retardation time
τµ. Note that the dashpot viscosity in each unit can be calculated as ηµ = Eµτµ. To
define this set of parameters so that the series approximates the chosen compliance
function Φ(t − tl), a so called retardation spectrum is often used [14]. In Papers
II and III, the approximation formulas proposed by Jirásek and Havlásek [125] is
used.

To determine the viscous creep εcr,f , the evolution of the microprestress first needs
to calculated. An evolution equation for the macroscopic average of the micropre-
stress Sp was first proposed by Bažant et al. [16], then extended to account for
general temperature conditions [28]. The extended equation is written as

Ṡp

Cs

+
ψsSp

ηf(Sp)
=
C1

Cs

R

Mwat

∣∣∣∣Ṫ lnϕ+ T
ϕ̇

ϕ

∣∣∣∣ (3.40)

where parameter Cs is the spring stiffness shown in Figure 3.2, which has the role
to transmit normal stress to a slip plane perpendicular to the loading direction.
It should be mentioned that the phenomena which generate microprestress have
no preferred direction and at a microscopic level the microprestress is isotropic.
The right hand side of Eq. (3.40) is related to the instantaneous change in micro-
prestress at the microlevel due to changes in humidity or temperature. As can be
recognized from Eq. (3.34) this term is related to the capillary pressure. Parameter
C1 is thus a constant that connects changes in the capillary pressure to changes in
the microprestress where both an increase and decrease in capillary pressure in-
crease the microprestress. The variable ψs is related to the reduced microprestress
time ts, introduced by Bažant et al. [28] to characterize the rate of relaxation of
microprestress at variable temperature and humidity conditions. It is expressed
on the same form as ts but with parameters as = 0.1 and bs = 2 as well as the
activation energy of the microprestress relaxation set to Es/R = 3000 K [28].

Given this evolution of Sp, Bažant et al. [16] proposed that ηf should be defined as
a power function on the form
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1

ηf(Sp)
= ĉp̂Sp

p̂−1 (3.41)

where ĉ and p̂ are model parameters. To complete the viscous part of the model,
Eq. (3.40) needs to be complemented with an appropriate initial condition. This
can be inferred by assuming sealed and isothermal conditions at which the model
reduces to the B3 creep model [198]. Furthermore, according to Bažant et al. [16]
the parameter p̂ = 2. The remaining free model parameters are thus Cs, K1 and ĉ.
However, a different combination of three model parameters might be considered
depending on how the equations are formulated, see for example [28].

Since the model reduces to the B3 creep model during sealed conditions it was
shown by Jirásek and Havlásek [124] that Cs = 1/(p̂− 1)q4. Parameter q4 of the B3
creep model can be estimated based on the composition of the concrete, see [198].
Using this relationship together with Eqs. (3.40) and (3.41) it was furthermore
shown [124] that the Sp can be eliminated from the model. The evolution of ηf
can be calculated from a single differential equation:

η̇f +
1

µsT ref

∣∣∣∣Ṫ lnϕ+ T
ϕ̇

ϕ

∣∣∣∣ (µsηf)
p̂/(p̂−1) =

ψs

q4
(3.42)

Apart from simplifying the mathematical structure of the model, this reformulation
also reduces the number of free model parameters to one, the fluidity µs. This
parameter is related to the original formulation as

µs = ĉ

[
T ref

C1R

Mwat

(p̂− 1)

]p̂−1
(3.43)

Depending on how the original equations are formulated, Eq. (3.43) might differ,
as in Paper II where a different expression is given. As for the original formulation,
Eq. (3.42) reduces to the flow part of the B3 creep model for sealed and isothermal
conditions, from which an initial condition can be derived. According to Jirásek
and Havlásek [124], the initial condition becomes

ηf(t0) =
t0
q4

(3.44)

where t0 is the age of the concrete at the start of the analysis. This reformulated
version of the MPS theory is used in Papers II and III. Two additional improvements
to Eq. (3.42) are suggested by Jirásek and Havlásek [124] and Bažant et al. [29]
and are also included in Papers II and III. These improve the model response during
cyclic temperatures and mitigate an observed size effect on the drying creep. Both
are described more in detail in Paper II where it is suggested that the fluidity should
depend on the humidity ϕ, to further improve the model response under variable
temperatures. It should be mentioned that all of these improvements also introduce
new model parameters that need to be calibrated.
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The model presented so far only accounts for linear creep, i.e. primary and sec-
ondary creep and is thus in principle limited to moderate stress levels. To predict
the creep response at higher stress levels, including creep failure (i.e. tertiary
creep), some additional components are needed. Already in the first version of
the solidification theory, Bažant and Prasannan [11] suggested that tertiary creep
in compression could be modelled by modifying the creep rate (Eq. (3.36)) with
a non-dimensional function of the current stress state. This function should ac-
celerate the creep rate as the stress level approaches the compressive strength.
Another approach was suggested by Mazzotti and Savoia [164] in which the non-
dimensional function accelerating the creep rate was assumed proportional to a
damage variable (see section 3.4.2) instead of the current stress state. Further-
more, in their model a part of the creep strain is assumed to contribute directly
to microcracking, which further increases the creep rate. The second part of the
model by Mazzotti and Savoia [164] was also adopted by Briffaut et al. [43]. They
furthermore considered creep to be caused by the effective stress as defined by
damage mechanics, i.e. the stress in the resisting area of the material.

Furthermore, the model presented so far makes no difference between creep in
compression and in tension. This is a simplification compared to some experimental
findings although, as mentioned in section 2.3.4, no conclusive results have been
reported on the subject. An example of a model that considers this difference is
presented by Hilaire et al. [110], in which a single scalar parameter is introduced
to increase (or decrease) the creep rate in tension compared to compression.

Returning to Figure 3.2, it can be observed that the rheological model contains
one more unit not yet covered; the single spring element. This unit describes the
instantaneous elastic deformation of the material, i.e. for a one-dimensional case
εi = ε − εsh − εth − εcr. Hence, this deformation is related to the elastic stiffness
tensor Del which thus is given by the instantaneous Young’s modulus E0. Within the
MPS theory, usually E0 = 1/q1 where q1 is a parameter from the B3 creep model
that can be estimated based on the composition of the concrete. As shown in [198],
parameter q1 can be considered to be age-independent for normal temperatures
and thus Del can also be defined as time-invariant in the MPS theory.

To summarize, the compliance function of a creep model according to the MPS
theory can, according to Jirásek and Havlásek [124], be expressed as in Eq. (3.45).

Ĵmps(t, tl) = q1 +

t∫
0

(
ψrΦ̇(t− tl)

v(t)
+

ψr

ηf(t)

)
dτ (3.45)

However, this form is seldom used since no analytical solution of the integral can
be obtained. Instead in numerical implementations, the rate-type formulation as
described above is preferred. Note that to completely describe the time-dependent
behaviour of concrete, also stress independent deformations due to for example
moisture shrinkage and thermal expansion as described earlier need to be consid-
ered.
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3.4.2 Localized inelastic deformations

For concrete and other quasi-brittle materials, the localized deformations most of-
ten dealt with are due to tensile cracking that forms in a finite band and eventually
splits the material in two parts. However, localized deformations may also appear
due to compressive stresses that can localize in a finite band once the strain soft-
ening regime of the compressive stress–strain curve is reached. Depending on the
stress state, the deformations may be perpendicular to the loading direction or
form in an inclined shear band as described in section 2.3.5. Even though such
failure modes are important, the following discussion will focus on localized de-
formations due to tensile cracking although many of the discussed methods are
equally applicable to compressive loading.

Material models to describe localized failures can broadly be categorized into
three different kinematic descriptions by studying the regularity of the obtained
displacement field. In the first category of models, the localized deformation is
described by a jump in the displacement field over a curve or a surface. This
category is often referred to as models with strong discontinuities, or discrete
crack models. Consequently, the strain field in such models consists of a regular
and continuous part, but at the point of the displacement jump the strain field
becomes singular since the displacements are not differentiable in that point. This
is schematically shown in Figure 3.3a for a one-dimensional case [128].

For the second category of models, the displacement field contains two discontinu-
ities but remains continuous such that the localized deformation is described by
a band of finite width. This category is often referred to as models with weak dis-
continuities, or crack band models. For this type of models, the strain field exhibits
a jump where the strain is considerably higher between the two weak discontinu-
ities in the displacement field. This is schematically shown in Figure 3.3b for a
one-dimensional case [128].

In the third category of models, the displacement field is continuously differentiable
and thus the strain field is also continuous. The localized deformation is described
by a narrow band of large strains with a continuous transition to small strains
outside the localization zone. This category of models can be referred to as enriched
or regularized continuum models or models without any discontinuities. Typical
displacement and strain fields for such models are schematically shown in Figure
3.3c for a one-dimensional case [128].

In this thesis, models using weak discontinuities (cf. Figure 3.3b) have been mostly
used and are thus the focus of this review. It should, however, be mentioned that a
cohesive zone model is used in Paper III, to describe debonding at a concrete–rock
interface and such a model belongs to the category with strong discontinuities.
Models of this type also include the pioneering cohesive crack model by Hillerborg
et al. [113] (also called the fictitious crack model), for which, in a finite element
sense, cracks are constrained to element boundaries. In more contemporary models,
this restriction has been removed where strong discontinuities may have an arbi-
trary direction and location even in a regular finite element mesh. This is achieved
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Figure 3.3: Kinematic description with a strong discontinuity (a), two weak disconti-
nuities (b) and no discontinuities (c). Reproduction from Jirásek [128].

by enriching the elements by adding a discontinuous shape function to the normal
shape functions, to describe the displacement jump. Popular models include em-
bedded crack models [34, 138, 179] and models using the extended finite element
method (XFEM) [33, 162, 167]. The category of models with no discontinuities
has not been used in any simulation in this thesis, but should be mentioned for the
completeness of the discussion. The continuous displacement and strain fields are
obtained by enriching the continuum with a localization limiter that, e.g. describes
the width of the fracture process zone. Two such formulations are the non-local
continuum of integral-type [10, 126, 192, 208] and so called gradient enhanced
models [6, 75, 186]. These two formulations are related, where the gradient en-
hanced models can be considered as an approximation of the integral-type models.
A comparison between the two was published by Peerlings et al. [187].

Models with weak discontinuities take a continuum approach to describe the crack-
ing by including a strain softening regime in their constitutive law that relates
stresses and strains. The most commonly used frameworks in such models are
plasticity theory and continuum damage mechanics, or a combination of the two.
A type of models often referred to as smeared crack models that were specially
developed for tensile cracking of concrete (e.g [76, 127, 195]) should also be men-
tioned but will not be treated further. In fact, these have a lot in common with
damage models and can in some sense be viewed as a special class of anisotropic
damage models [129].

Restricting the discussion to small strains and with a focus on the flow theory
of plasticity and scalar damage mechanics, a constitutive equation that combines
these two theories can be written on the following form

σ = (1− ω)Del : (ε− εpl) (3.46)
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In Eq. (3.46), ω is a scalar damage variable and εpl is the plastic strain tensor. By
either setting εpl = 0 or ω = 0, the constitutive equations for plasticity or damage
models can be obtained, respectively.

Plasticity theory

This section does not present the complete mathematical structure of the flow the-
ory of plasticity which can be found in most textbooks on computational mechanics
(e.g. [35, 62, 63, 78, 80, 129]). The fundamentals will be presented for complete-
ness of the discussion, but only for small strain application. The uniaxial behaviour
of a plasticity model is illustrated in Figure 3.4a for the compressive stress–strain
curve of concrete. Important characteristics deduced are that plastic strains are
permanent and that the initial elastic stiffness is retained during unloading. Nor-
mally for plasticity, the total strain is additively decomposed into an elastic and
plastic part as hinted in Eq. (3.46), where only the elastic strains εel = ε−εpl cause
changes in stress. The first fundamental component of a plasticity model needed
to obtain εpl is the yield condition

f (σ, ξ) ≤ 0 (3.47)

that specifies the elastic domain of the material in stress space. The shape of the
yield surface is given by σ and a number of internal variables ξ. If the inequality
in Eq. (3.47) is not fulfilled, plastic deformation consequently occurs. In the flow
theory, plastic deformation is governed by a flow rule

ε̇pl = λ̇pg (σ, ξ) (3.48)

together with a hardening rule and a function relating the internal hardening
variables κ to the internal variables ξ,

κ̇ = λ̇pk (σ,κ) and ξ = h (κ) (3.49)

The function g determines the direction of plastic flow and λp is the plastic mul-
tiplier. Functions k and h control the hardening through variables κ and ξ. In
many cases ξ can be eliminated from the formulation but should be mentioned
since it is important for thermodynamic formulations of plasticity. During plastic
flow the yield surface f evolves due to hardening; it can expand, contract, trans-
late or change shape. However, certain restrictions apply for plastic flow, these are
summarized by the so called Kuhn-Tucker loading/unloading conditions

f ≤ 0, λ̇p ≥ 0, λ̇pf = 0 (3.50)

These state that stresses cannot be outside the yield surface and that λp is mono-
tonically increasing. Lastly, they state that plastic flow can only occur if the current
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Figure 3.4: Uniaxial stress–strain response of different constitutive models (a) and
different failure surfaces (b) in plane stress conditions.

state is plastic (i.e. f = 0). Since the yield surface must remain zero during plastic
flow, its rate must also be zero, that is λ̇pḟ = 0. This condition is called the consis-
tency condition. Using this together with the hardening laws in Eq. (3.49) and the
rate-form of the constitutive equation, a linear evolution equation for λ̇p can be
found that completes that mathematical structure of the flow theory of plasticity.

Regarding application of plasticity to concrete, many yield surfaces have been
proposed in the literature. The simplest can be regarded as variants of the Drücker-
Prager (or Mohr-Coulomb) yield surfaces, or extensions of these. These are two
parameter yield functions and depend on both the hydrostatic pressure, i.e. the
first stress invariant I1, and on the deviatoric stress, i.e. the second deviatoric stress
invariant J2. However, from experimental results it was found evident that more
complex models were needed that also depend on the third deviatoric stress invari-
ant J3, or the so called Lode angle θ(J2, J3). A general yield surface for concrete
can then according to for example Jirásek [128] be written on the form

f (I1, J2, θ) ≡ c1I1 + c2r (θ)
√
J2 + c3J3 − 1 = 0 (3.51)

where c1, c2 and c3 are model parameters and the function r (θ) is related to the
shape of the deviatoric section. One yield surface on the form as given in Eq. (3.51)
is the four parameter criterion by Ottosen [183]. This yield function is shown in
Figure 3.4b for plane stress conditions. Other similar yield criteria for concrete
include the four parameter criterion by Hsieh et al. [117] and the five parameter
one by William and Warnke [226]. An often used alternative to these complex yield
functions is to use a multi-surface criterion. For example a composite yield surface
was used in Paper I, with a yield function proposed by Lubliner et al. [154] that also
included the modifications by Lee and Fenves [145]. Although not an actual multi-
surface function, it is in principle a combination of two Drücker-Prager surfaces;
with some additional modifications. This yield function is also shown in Figure
3.4b. A popular choice is otherwise to combine Drücker-Prager and Rankine yield
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surfaces, as done by for example Feenstra and De Borst [92].

An important topic for plasticity when applied to materials such as concrete is the
flow rule in Eq. (3.48). In contrast to for example metals, a realistic model for
concrete requires a non-associated flow rule on the form

ε̇pl = λ̇p
∂g (σ)

∂σ
(3.52)

where g is a function called the plastic potential, often chosen similar to but not
equal to the yield function. A non-associated flow rule allows for volume changes
during plastic flow, where for concrete a volume increase is observed for low con-
fining pressures. This effect is called dilatancy and its effect was examined in detail
by Malm [157] who found it to play an important role during especially shear type
stress states.

For a material model to be complete a hardening rule is required, where often
so called isotropic hardening is used for concrete. This limits the yield surface to
pure expansion or contraction during plastic flow. The evolution of the internal
hardening parameters κ can be formulated in many ways, but for concrete at least
two variables are normally used; one for tension and one for compression. The
evolution of the hardening variables needs to account for both the hardening and
the subsequent strain softening that is observed for concrete. Some examples of
models for concrete based on plasticity are the models by Etse and Willam [89]
and Feenstra and De Borst [92].

Continuum damage mechanics

The concepts of continuum damage mechanics (CDM) were first formulated by
Kachanov [133] in 1958. It is a constitutive theory that describes the progressive
loss of material integrity due to propagation of material defects such as microc-
racks or microvoids. These changes in the microstructure manifest themselves as
degradation of the material stiffness on the macroscale. Hence the strength of the
material eventually decreases for increasing deformation, but no deformation is
permanent; i.e. the uniaxial response in principle follows the curve in Figure 3.4a.
The framework of CDM has many applications and has been used to model phe-
nomena such as creep rupture, fatigue and fracture for a wide range of materials,
e.g. metals, composites and concrete. Only its application to fracture and in partic-
ular to quasi-brittle fracture as observed in concrete is considered here. Although
not as widespread in the literature as plasticity, many contemporary textbooks on
computational mechanics include a description of CDM (e.g. [40, 78, 116, 147])
where a more comprehensive review of the subject can be found.

In its most general form, damage in a CDM model should be represented by a fourth
order tensor which characterizes the full anisotropic nature of damage. However,
many alternative formulations exist where the description of damage is reduced
to a second order tensor, a number of vectors or even to a collection of scalar
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variables. To keep this review focused within the scope of this thesis, it will mostly
be restricted to so called isotropic damage models in which the damage tensor can
be seen as a scalar multiple of the elastic stiffness tensor, that is a scalar damage
model. Some comments will, however, be made on more refined damage models
used for concrete.

An important concept of CDM is the effective stress tensor σ̄ which is defined as
the stress acting on the resisting area of the material. This should not be confused
with the effective stress in poromechanics mentioned in section 3.4.1. Assuming a
single scalar damage variable ω as in Eq. (3.46), the effective stress is given as

σ̄ =
σ

1− ω
(3.53)

where the nominal stress tensor σ is interpreted as the stress observed on a macro-
scopic scale which enters the constitutive equations. Since σ̄ describes the observed
stress in the intact material on the microscopic scale, ω can be interpreted as a rel-
ative measure of the damaged material per unit volume; or more precisely the
amount of microcracks per unit volume. Considering the microscopic material to
be linear elastic, the entire non-linear response on the macroscopic level is thus
governed by the evolution of damage. Similarly to plasticity, a loading function f
is introduced that specifies when damage grows, i.e. the limit of the elastic domain.
For a scalar isotropic damage model, this function is often defined as

f (ε, κ) ≡ ε̃ (ε) + κ ≤ 0 (3.54)

where ε̃ is a scalar measure of the strain level called the equivalent strain and κ
is an internal variable that is a scalar measure of the largest strain level reached
by the material. It is ε̃ that specifies the shape of the elastic domain and many
expressions have been formulated and presented in the literature. Some examples
that are suitable for concrete are presented in Eqs. (3.55).

ε̃ =
√
〈ε〉 : 〈ε〉 (3.55a)

ε̃ =
1

E
max
I=1,2,3

〈Del : ε〉I (3.55b)

ε̃ =
k − 1

2k (1− 2ν)
+

1

2k

√
(k − 1)2

(1− 2ν)2
I1ε +

12kJ2ε

(1− 2ν)2
(3.55c)

In Eqs. (3.55), k is a model parameter while I1ε is the first strain invariant and J2ε
the second deviatoric strain invariant. Common to Eqs. (3.55) are their dependence
on Poisson’s ratio ν, which hence plays a significant role in the shape of the elastic
domain in stress space.

55



CHAPTER 3. MATHEMATICAL MODELLING OF PLAIN CONCRETE

The expression in Eq. (3.55a) is the so called Mazars equivalent strain [163] in
which only the positive strains are taken into account through the positive part
operator denoted by McAuley brackets 〈·〉. It is one of the most frequently used
definitions for concrete and is motivated by the fact that microcracks mainly grow
due to stretching and as discussed in section 2.3.5 microcracking can be viewed to
govern both tensile and compressive fracture. The failure envelope corresponding
to Mazars equivalent strain is plotted in Figure 3.4b, for plane stress conditions.
The expression in Eq. (3.55b) is a Rankine condition and thus only accounts for
tensile fracture. It is plotted in Figure 3.4b for plane stress conditions and can
be suitable for situations where only small compressive stresses are expected. For
example, such an expression is used in Paper II of this thesis. The last expression in
Eq. (3.55c) is called the modified von Mises equivalent strain and is an attempt by
de Vree et al. [81] to better approximate the biaxial failure of concrete, where for
example Mazars definition severely underestimates the strength, see Figure 3.4b.

In Eqs. (3.55), k is a model parameter while I1ε is the first strain invariant and J2ε
the second deviatoric strain invariant. Common to both Eqs. (3.55) are their they
dependence on Poisson’s ratio ν, which hence plays a significant role in the shape
of the elastic domain in stress space. Again similar to plasticity, the evolution of
the elastic domain (or loading surface) is controlled by a set of loading/unloading
conditions on the Kuhn-Tucker form

f ≤ 0, κ̇ ≥ 0, κ̇f = 0 (3.56)

that essentially state that κ cannot be smaller than ε̃ nor decrease. Lastly, the third
condition in Eq. (3.56) states that κ can grow only if it is equal to ε̃. In summary,
the conditions in Eq. (3.56) imply that κ is the largest strain level reached by the
material, as previously stated. The last essential part of an isotropic damage model
is a damage evolution law which defines the growth of ω with respect to κ, usually
written as

ω = ĝ (κ) (3.57)

The perhaps most commonly used damage evolution laws for concrete are those
proposed by Mazars and Pijaudier-Cabot [163] and by Oliver et al. [180], although
certainly more expressions can be found in the literature. The expression proposed
by Oliver et al. [180] is used in Papers II and III of this thesis for tensile damage
evolution and is given as

ω (κ) = 1− ε0
κ

exp

(
−κε0
εf

)
, κ ≥ ε0 (3.58)

where ε0 is the damage threshold (ft/E) and εf controls the slope of the softening
curve.

The above expression makes out the framework of an isotropic damage model,
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but many variants are possible. Some authors use for example ω directly as the
internal variable and thus eliminate κ from the model. Furthermore, the model by
Mazars and Pijaudier-Cabot [163] considers both tensile and compressive damage
through two damage evolution laws although it still only has a single internal
variable. An example of a damage model using two internal variables is the model
proposed by Cervera et al. [61], in which two Rankine type loading functions are
used for tension and compression, respectively. The merit of the type of damage
models described above is that they are strain-driven since ε̃ is explicitly given by
ε, which makes them efficient in a computational implementation since no local
iterations are required to find equilibrium at each material point. Another isotropic
damage model with two internal variables is the model by Comi and Perego [64]. In
contrast to the other so far mentioned models, the loading functions in their model
are defined in the nominal stress space which facilitates a better fit to experimental
results. However, since the nominal stress depends on the damage variables, the
evolution of the damage requires local iterations which increase the computational
cost.

Going from scalar damage models to more general and anisotropic damage mod-
els that use a tensorial characterization of damage significantly complicates the
formulation and implementation of the model. Such formulation eliminates some
limitations of the scalar isotropic damage models, but due to their complexity this
will not be discussed any further. However, some examples include the models
by Desmorat et al. [82] and Papa and Taliercio [185]. Lastly, a special class of
anisotropic models that should be mentioned is the microplane models outlined by
Bažant and Prat [26] that incorporate damage. Such models are frequently used
for concrete and many versions have been presented in the literature, e.g. [49, 84].

Coupled plasticity and damage models

As mentioned earlier, a popular approach for constitutive models of concrete is
to combine plasticity and CDM. The motivation of this is perhaps most clearly
understood if the uniaxial response of the different type of models illustrated in
Figure 3.4a is studied, especially during unloading. A plastic model will follow the
initial elastic stiffness which results in permanent strains. In a CDM model on the
other hand, the non-linear response is governed by a stiffness reduction through
loss of integrity and consequently the model follows the reduced stiffness during
unloading, with no permanent deformation. The response of concrete and many
other materials does exhibit both permanent strains and a loss of integrity. The
stress–strain curve should thus lie somewhere in between the two extreme curves
provided by plasticity and CDM.

There are many alternative approaches on how to couple damage and plasticity and
it is impossible to cover them all in this short summary. A frequently used approach
is to use the effective stress concept of CDM which represents the stress in the intact
material on the microscopic level. Instead of assuming that the material on this
level behaves elastically as in standard CDM, it can be postulated that it behaves
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plastically. Thus, in such an approach the plasticity model is formulated in an
effective stress space instead of in a nominal stress space. For example, in the yield
function and the flow rule in Eqs. (3.47) and (3.48), σ is replaced by σ̄. Assuming
a scalar damage model, such a model is described by a constitutive model on the
form previously presented in Eq. (3.46). A model of this type was used in Paper I
taken from the material model library of Abaqus [1], based on the work presented
in [145, 154]. That model is essentially a plasticity model where both hardening
and strain softening are accounted for by the plastic part of the model. It does also
include scalar damage to account for stiffness degradation during strain softening
in both tension and compression where the evolution of damage is governed by
the internal variables of the plasticity model. Another model of a similar approach
was developed by Grassl and Jirásek [102], with an updated version presented
by Grassl et al. [103]. In their model, the plasticity only governs the hardening
part of the response, i.e. up to the material strength. After this point the plasticity
model behaves perfectly plastically and strain softening is governed by the scalar
damage model. The evolution of damage is governed by the internal variables of
the plasticity model. Other models on a similar framework include the work by
de Borst et al. [77], in which separate internal variables and loading surfaces are
used for the plastic and damage parts, and the model by Voyiadjis et al. [224] that
also incorporates anisotropic damage.

According to Jirásek [128], an alternative approach is to enrich an elastic-damage
model with an additional permanent strain on the framework developed by Ortiz
[182]. In this framework, the limit of the elastic domain is described in the nominal
stress space instead of in the effective stress space.

Comments

For simple monotonic loading situations most above presented models perform
well. However, the more complex loading and stress situations that are to be anal-
ysed, the more complex models might be required to better resemble the physically
observed behaviour of concrete; both on the microscopic and the macroscopic level.
The increased accuracy of the models most often comes with a trade-off in com-
putational effort and number of model parameters that need to be calibrated. For
these reasons it was chosen here to use a scalar isotropic damage model for the
multi-physical models presented in Papers II and III. As mentioned, such a model
has clear advantages for large scale applications since no local material point itera-
tions are necessary and it is also fairly straightforward to implement in a numerical
framework. However, the limitations of this category of models must be remem-
bered when interpreting the results. Some of the most important limitations are
listed by Jirásek [128] and can be summarized as:

– The model exhibits no dilatancy at post-peak stages in compressive and shear
stress states.

– In tension the material shrinks in the lateral direction even after a macroscopic
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crack is formed which contradicts experimental observations.

– Even for uniaxial deformation the material will lose stiffness in all directions.

– No permanent deformations are generated.
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Chapter 4

Implementation of multi-physical
constitutive models for concrete

The application of the mathematical models discussed in Chapter 3 to real prob-
lems, the implementation of these differential equations are in principle always
made in a numerical framework. The one most commonly used is the finite ele-
ment method (FEM). All models used in this thesis have been solved in either of
the commercial finite element (FE) codes Abaqus [1] or Comsol Multiphysics [66].
The models used in Paper I are largely a combination of models from the built-in
library in the Abaqus and will thus not be treated in any detail. However, when
accounting for moisture shrinkage some modifications were necessary, see Paper
I and [160] for details. This chapter will focus on those parts of the models pre-
sented in Papers II and III that were implemented in Comsol Multiphysics within
this thesis, although most topics are independent of the chosen code.

To complete the review of numerical modelling of concrete, it is first discussed
how to obtain a FE discretization for the type of differential equations presented
in Chapter 3 and how the obtained non-linear system of equations can be solved.
This is followed by a novel discussion on how to generalize these procedures to
multi-physical systems. Next, some aspects are discussed concerning the type of
mathematical models presented in Chapter 3 that appear when the differential
equations are discretized . Most of these are related to the modelling of localized
inelastic deformations. Lastly, the behaviour of some of the implemented models
not presented in detail in the appended papers is demonstrated and compared with
experimental results from the literature.

4.1 Numerical framework

The mathematical description of physical phenomena such as heat transfer, mois-
ture transport and deformation of concrete that are space and time dependent
usually takes the form of partial differential equations (PDEs). For most applica-
tions using such mathematical descriptions, the PDEs cannot be solved analytically.
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Instead they are approximated by constructing discrete equations in space and
time that can be solved with numerical methods. The today most commonly used
and well-established method for approximating such PDEs is the finite element
method (FEM). The geometry is there subdivided into many small, interconnected
elements that give a piecewise approximation of the governing PDE such that the
unknowns are localized to specified points of these elements referred to as nodes.
Given how widespread the FEM is, the amount of literature is immense, both on
its mathematical formulation and applications to various engineering problems,
see for example [35, 68, 151, 234]. Details on the fundamentals of the FEM are
thus omitted herein, but for completeness it will be schematically shown how a FE
discretization of the type of PDEs presented in Chapter 3 can be obtained.

The derivation will be demonstrated here using the governing equation for mois-
ture transport in concrete (see Eq. (3.21)) with the assumption of a humidity
dependent moisture capacity and diffusion coefficient. This governing equation
with the relative humidity ϕ as the dependent variable can be written as

∂w (ϕ)

∂ϕ
ϕ̇ = −∇ · J = −∇ · (−δϕ (ϕ)∇ϕ) (4.1)

and has to be complemented with a set of boundary and initial conditions to com-
plete the problem formulation. Boundary conditions are either given by prescribing
ϕ or the moisture flux J on the boundary. The former is often called a fixed or
Dirchlet boundary condition while the latter is referred to as a natural or Neumann
boundary condition. A special case of the natural boundary condition for moisture
was presented in Eq. (3.25), often referred to as a convective type boundary condi-
tion. Together with the natural boundary condition, Eq. (4.1) makes out the strong
form of the initial-boundary value problem.

4.1.1 Finite element discretization

The strong form implies that the conditions of the equation have to be satisfied
locally in every point of the continuum. This conflicts with the basic idea of the
FEM and hence this form of the PDE is not suitable for discretization. In order to
overcome this issue, the PDE is converted to its corresponding weak form which
only has to be satisfied in an average sense. Thus, the first step in deriving the
FE equations of Eq. (4.1) is to develop its corresponding weak form. The pre-
sented procedure of FE discretization essentially follows the procedure presented
by Belytschko et al. [35].

To derive the weak form, a test function ṽ(x) has to be introduced in the domain
described by the coordinates x. This is assumed to be a smooth function with
well defined derivatives that vanish on boundaries with fixed boundary conditions.
Similarly, using the so called Galerkin method, it is assumed that the solution of the
dependent variable ϕ(x, t) is a smooth function with well defined derivatives. Next,
by multiplying Eq. (4.1) with ṽ and integrating it over the domain, the following
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equation is obtained,

∫
V

ṽ
∂w (ϕ)

∂ϕ

dϕ

dt
dV +

∫
V

ṽ∇ · JdV = 0 (4.2)

The weak form is then given by requiring that Eq. (4.2) holds for all possible test
functions that satisfy the conditions stated above. The second term in Eq. (4.2),
however, contains second order derivatives of the dependent variable, which are
not desired. By applying integration by parts using the divergence theorem, this
term can be rewritten as

∫
V

ṽ∇ · JdV =

∫
S

ṽ (J · n) dS −
∫
V

∇ṽ · JdV (4.3)

Inserting Eq. (4.3) in (4.2) and setting Jn = J · n, an equation on weak form
suitable for FE discretization is obtained

∫
V

ṽ
∂w (ϕ)

∂ϕ

dϕ

dt
dV −

∫
V

∇ṽ · JdV +

∫
S

ṽJndS = 0 (4.4)

To obtain the discrete FE equations, the domain is subdivided in a number of
elements and nodes. The next step is to assign finite element interpolants to the
test functions and the solution of ϕ, such that

ṽ(x) =
∑
I=1

NI(x)ˆ̃vI = Nv̂ (4.5)

ϕ(x, t) =
∑
I=1

NI(x)ϕ̂I(t) = Nϕ̂ (4.6)

where vectors v̂ and ϕ̂ contain the space independent nodal values of the test
functions and the solution. The spatial variation is now described by N that con-
tains the interpolation functions, often called shape functions. A popular choice
of interpolants are so called Lagrange polynomials although other functions are
also possible. Note that the time dependence of ϕ is ascribed to ϕ̂ and that v̂ is
time-invariant. Using these definitions the first term in Eq. (4.4) can be expressed
as,

∫
V

ṽ
∂w (ϕ)

∂ϕ

dϕ

dt
dV = v̂T

∫
V

NT ∂w

∂ϕ
NdV

dϕ̂

dt
= v̂TC (ϕ)

dϕ̂

dt
(4.7)

where C (ϕ) is the moisture capacity matrix that depends on the current solution.
Remembering that J = −δϕ(ϕ)∇ϕ, the second term in Eq. (4.4) can be written as
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−
∫
V

∇ṽ · (−δϕ(ϕ)∇ϕ) dV = v̂T
∫
V

∂NT

∂x
δϕ(ϕ)

∂N

∂x
dV ϕ̂ = v̂TD(ϕ)ϕ̂ (4.8)

where D(ϕ) is the moisture diffusivity matrix that depends on the current solution.
Next, the third term in Eq. (4.4) can expressed as

∫
S

ṽJndS = −v̂T
∫
S

NT (−Jn) dS = −v̂T l(ϕ) (4.9)

where l(ϕ) is the load vector. In principle, Jn can depend on the humidity condition
at the surface and it has thus been assumed that l(ϕ) depends on the current solu-
tion. Apart from surface loads, l(ϕ) could also contain some volumetric moisture
sources, if such had been included in Eq. (4.1). Combining Eqs. (4.7) and (4.9),
the discrete system of FE equations is obtained as

C(ϕ)
dϕ̂

dt
+ D(ϕ)ϕ̂− l(ϕ) = 0 (4.10)

where v̂ has been omitted since the equation must hold for arbitrary test functions.
When the continuum is discretized into a grid of elements, the above equations
give the response of a single element with the shape functions N. These have then
to be assembled using standard techniques to obtain the global system of equations,
see for example [35].

The same procedures are applicable to, e.g. the thermal energy balance in Eq. (3.9)
and the mechanical equilibrium in Eq. (3.26), which would result in a discrete
system of equations on the same form as in Eq. (4.10). For example, matrix D
would for mechanical equilibrium correspond to the stiffness matrix, while matrix
C would correspond to the damping matrix if a velocity term is added to Eq. (3.26).

4.1.2 Solving time-dependent and non-linear FE systems

Solving the time-dependent and non-linear system of Eqs. (4.10) is a two step
procedure, where it first has to be integrated in time and at each time step, a set of
non-linear equations needs to be solved. A simple method for doing so is presented
in the following, although certainly more advanced and efficient solution methods
are utilized in most FE codes such as Abaqus [1] and Comsol Multiphysics [66].

The first step is to discretize the time domain in which the system of equations
corresponds to uncoupled ordinary differential equations (ODEs). Assuming that
the time derivative of ϕ̂ can be approximated as

dϕ̂

dt
≈ ϕ̂n+1 − ϕ̂n

∆t
=
∆ϕ̂

∆t
(4.11)
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where index n+ 1 corresponds to the solution at time t+∆t and ∆t is the size of
the time increment. Using this approximation and expressing the unknowns in Eqs.
(4.10) in terms of their value at time t+∆t, the system of equations can be written
as

f (ϕ̂n+1, tn+1) =
1

∆t
C(ϕn+1)∆ϕ̂+ D(ϕn+1)ϕ̂n+1 − l(ϕn+1) = 0 (4.12)

where f (ϕ̂n+1, tn+1) is the residual needed to solve the non-linear equilibrium
problem. This corresponds to an implicit time integration scheme known as the
backward Euler method. Another family of methods are the so called explicit time
integration algorithms where the unknowns instead are expressed at time t. Equa-
tions (4.12) now represent a system of non-linear algebraic equations that has to
be solved at each time increment. The most widely used and robust method for
doing so is the well-known Newton’s method.

At each time increment n+ 1, a number of local Newton iterations are performed
with the goal to minimize the residual f ; the iteration number is indicated by a
superscript index. To start the iterative procedure, usually the previous converged
solution is chosen, i.e. ϕ̂0

n+1 ≡ ϕ̂n. The solution is then advanced by doing a first
order Taylor expansion of f

(
ϕ̂i+1
n+1, tn+1

)
at the current solution of ϕ̂in+1 and setting

the f equal to zero, yielding

f
(
ϕ̂i+1
n+1, tn+1

)
= f

(
ϕ̂in+1, tn+1

)
+
∂f
(
ϕ̂in+1, tn+1

)
∂ϕ̂

δϕ̂i+1
n+1 = 0 (4.13)

where δϕ̂i+1 = ϕ̂i+1−ϕ̂i. Here the subscripts n+1 have been dropped. Rearranging
Eq. (4.13) yields a linear equation for δϕ̂i+1:

δϕ̂i+1 = −
[
∂f (ϕ̂i, t)

∂ϕ̂

]−1
f
(
ϕ̂i, t

)
= −

(
Ki
)−1

f
(
ϕ̂i, t

)
(4.14)

where Ki is the Jacobian matrix, also frequently referred to as the tangent stiffness
matrix. This iterative procedure is schematically illustrated in Figure 4.1 for a
one-dimensional case. The Newton iterations continue until the residual is small
enough compared to some predefined convergence criterion. Finally, the updated
solution in the incremental and iterative procedure can be written as

ϕ̂i+1
n+1 = ϕ̂in+1 + δϕ̂i+1 = ϕ̂n +∆ϕ̂i + δϕ̂i+1 (4.15)

This summarizes the solution procedure for non-linear time-dependent problems
and although conceptually fairly straightforward, one of the main difficulties lies
in determining the Jacobian matrix. Furthermore, the inversion of this required to
solve Eq. (4.14) is also computationally expensive. To overcome this issue, some
alternative methods exist where the Jacobian is only updated after a predefined
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ϕ
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ϕ0 ϕ1 ϕ2
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f(ϕ0)

f(ϕ1)

f(ϕ2) solution

Figure 4.1: Iterative solution of the non-linear equation f(ϕ) = 0 using Newton’s
method.

number of iterations, or when found necessary by some built-in criterion. Such
methods can collectively be referred to as Quasi-Newton methods.

In Papers II and III, a selection of the built-in solvers in Comsol Multiphysics are
used. For the time integration an implicit algorithm that corresponds to a backward
differentiation formula (BDF) of variable order is used, ranging from 1 to 5 [114].
The appropriate order is determined internally by the solver, but when set to 1 it
corresponds to the backward Euler algorithm described above. Non-linear itera-
tions are performed using a damped version of the Newton method [83]. In this
version of the Newton method an algorithmic damping factor is introduced that
slows down the solver if an iteration leads to an increasing residual. It is possible
to use both full and Quasi Newton iterations, although it is most often preferred to
use full Newton iterations that updates the Jacobian in every iteration for highly
non-linear systems, e.g. when the model includes localized deformations. Lastly,
the linear system of Eqs. (4.14) is solved using the parallel direct sparse solver
Pardiso [210].

4.1.3 Multi-physical modelling

To generalize the above description to multiple physical fields is conceptually
straightforward. However, to simplify the description, the time-dependent terms
in Eq. (4.1) can be omitted so that only stationary equations are considered. Next,
the heat transfer equation is introduced to the system (Eq. (3.9)), again only the
stationary part. This equation has a similar form as the moisture equation, thus its
FE discretization will be on the same form as in Eq. (4.10). To separate the two
physical fields, subscripts ϕ and T are introduced for moisture and heat transfer,
respectively. Variables with no subscript, consequently corresponds to the coupled
system. Lastly, it is assumed that the transport coefficients of both physical fields de-
pend on humidity and temperature. The same assumption is made for the external
fluxes. The resulting discretized system of equations can be written as
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Figure 4.2: Segregated solver algorithm for weakly coupled fields (a) and serial solver
algorithm for uncoupled fields (b).

f =

{
fϕ
fT

}
=

[
Dϕ(ϕ, T ) 0

0 DT (T, ϕ)

]{
ϕ̂

T̂

}
−
{
lϕ(ϕ, T )
lT (T, ϕ)

}
= Dd̂− l = 0 (4.16)

Once the expression for the residual f of the coupled system is defined, the same
procedures as described in section 4.1.2 can be applied. However, to solve this
non-linear system of equations using Newton’s method, the system Jacobian ∂f/∂d̂
needs to be evaluated, where d̂ is the collection of nodal variables. The result-
ing matrix will be large compared to the uncoupled models and it will be non-
symmetric. One reason is that the off-diagonal terms will contain the partial deriva-
tives of the coupled terms. Hence, solving a large and strongly coupled system of
equations may be computationally expensive.

An efficient alternative if the couplings are weak, is to solve the system in se-
quence or if uncoupled, the system can be solved in series. These two alternative
approaches are schematically described in Figure 4.2, where in Figure 4.2b it is
assumed that there is only a one-way coupling from the temperature field to the
moisture field. Note that the order in which the physical fields are solved needs to
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be defined with the characteristics of the problem at hand. If there is also a time
dependance, these solutions would correspond to one time increment. Once the
non-linear solution is converged for that increment, the solution is advanced to the
next time step.

In Paper I, all fields are uncoupled and thus solved in series. However, in Paper II
many of the mechanical properties depend on both the temperature and moisture
condition. Furthermore, the moisture transport is also affected by cracking. Hence,
to solve this relatively strong coupling effect, all physical fields are solved in a single
combined system. Lastly in Paper III, the chemical, moisture, and heat transfer parts
of the model are strongly coupled and solved as a single system. These are, however,
unaffected by the mechanical part of the model, which is solved in sequence once
the solution to the former system of equations is obtained.

4.2 Remarks on the numericalmodelling of concrete

Some of the mathematical methods presented in Chapter 3 require some special
considerations when implemented and discretized in a numerical framework such
as the FEM, for example the modelling of localized deformations in a continuum
as already touched upon in section 3.4.2. Furthermore, when coupling different
physical fields some additional considerations are necessary regarding the choice
of disrcretization.

4.2.1 Modelling of localized inelastic deformations

As discussed in section 2.3.5, fracture in concrete and other quasi-brittle materials
has a distinctive size effect due to the finite width of the fracture process zone
(FPZ) in which dissipation due to microcracking occurs. In reality, this width can
approximately be considered as a material property. When modelling such pro-
cesses with the FEM it thus becomes important to account for this with respect
to the localization behaviour of the chosen model and the discretization, see sec-
tion 3.4.2. Using the concept of a strong discontinuity (i.e. a discrete crack), crack
opening is described by a traction separation law where the fracture energy Gf

takes into account the dissipation in the FPZ. The actual width of the FPZ is thus
neglected and in a structural sense it is ensured that the correct amount of energy
is dissipated [111]. In the case of a continuum approach where strain softening is
used, the situation becomes more complex.

The problem with a strain softening continuum is that a pathological sensitivity of
the results to the element size is introduced. This leads to a lack of objectivity of
such a formulation, meaning that the results do not converge to a single solution
upon mesh refinement. These issues are discussed in detail by Jirásek [128]. In
short, the issues can be summarized in two steps. Firstly, the shape of the strain
softening curve leads to an infinite number of solutions. This is explained by the
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fact that at any given stress level below the tensile strength ft, two possible values
of strain satisfy the constitutive equation; either in the elastic or the strain softening
regime. Hence, depending on the number of material points that is softening, a
different amount of energy will be dissipated. However, if the continuum contains
inhomogeneities or if the stress field is non-uniform, it can be shown that the
softening region becomes infinitely small, i.e. no energy is dissipated. In a FE
context, this means that the amount of energy dissipated decreases with element
size, since the strain will localize in the narrowest possible region. To overcome
this, two possible remedies are often mentioned [128]:

1. Add a localization limiter to to the constitutive model so that the simulated
localization zone corresponds to the actual width of the FPZ

2. Use a stress–strain law that at each material point depends on the simulated
localization zone, typically related to the element size.

The first approach corresponds to using a non-local continuum formulation with
no discontinuities in the displacement field, see for example Peerlings et al. [187].
Using such models, the localization zone can span several elements, depending
on the width imposed by the localization limiter. As already mentioned in section
3.4.2, such an approach has not been used in this thesis where instead the second
approach is adopted. This corresponds to the so called crack-band method [25,
191] where in principle, at each material point, a unique strain softening curve
is constructed from a globally valid traction separation law based on Gf . The
conversion from this global traction separation law is based on the width of the
simulated localization zone at that specific point, the so called crack-band hb. The
difficulty in using this method then becomes to determine a representative value
of the crack-band hb, which for example might depend on the interpolation order,
the size and shape of the element and the current stress state, i.e. the direction of
the crack with respect to the element grid.

The influence of the interpolation order is exemplified in the one-dimensional
analysis by Jirásek and Bauer [123] using two finite elements. Their analysis is
summarized in Figures 4.3 for both linear and quadratic interpolation of the dis-
placement. Regardless, the most localized solution is softening in one element
since that minimizes the amount of energy dissipated. Given linear displacement
variations (Figure 4.3a), the strain and stress fields must be piecewise constant,
see Eq. (3.27). Thus the localization zone corresponds to the element width when
using linear interpolation. For quadratic displacement variations (Figure 4.3b), the
strains and stress can vary linearly within each element. As a consequence, de-
pending on the variation of the displacement field, it is possible for the strains to
localize in either the entire element or in only one or two Gauss points. Hence, it is
difficult to uniquely determine the width of the localization zone, which becomes
even more evident for multiple dimensions. Although not as conceptually simple,
it was shown [123] that the same conclusions hold for two and three dimensional
cases as well. Given their analyses, it was therefore recommended to use only
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Figure 4.3: One-dimensional FE mesh with one strain softening and one elastically un-
loading element for linear (a) and quadratic (b) displacement interpolation.
© indicate nodal points and � Gauss points. Reproduction from Jirásek
and Bauer [123].

linear interpolation of displacements when modelling fracture with a crack band
approach. This has been followed in all analyses in this thesis.

While the simulated localization zone is directly proportional to the element size,
the influence of the crack direction can be explained by Figure 4.4a for a regular el-
ement grid. The localization zone or crack band width hb of the two different crack
directions shown clearly have different values. The influence of the element shape
has a similar explanation. For an irregularly shaped element, the direction of the
crack with respect to the element will affect the value of hb. A common approach
to estimate hb in multiple dimensions is to calculate a characteristic element length
for each element based on its area A or volume V , e.g for a rectangular element in
2D or a block element in 3D

hb =
√
A =

3
√
V (4.17)

For other element types (e.g. triangles or tetrahedrons) a correction factor has
to be applied to Eq. (4.17) to obtain a representative value. The estimated value
of hb using Eq. (4.17) takes the element shape into account in an approximative
manner, but does not account for the direction of the crack with respect to the
element grid. Hence, for highly irregularly shaped elements and inclined crack
bands this estimate may deviate significantly from the actual crack band, leading
to an incorrect amount of dissipated energy.

Another method proposed by Cervenka et al. [57] is to estimate hb by projecting
the coordinates of the element nodal points on the maximum principal strain di-
rection (perpendicular to the crack direction). The crack-band width hb is then
calculated as the largest distance between these projections along the maximum
principal strain direction. This is schematically shown in Figure 4.4b for a rectangu-
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Figure 4.4: Effect of the crack direction on the simulated crack band width hb (a).
Schematic description of the projection method to estimate the crack band
width hb (b).

lar element in 2D. The crack band width hb can either be calculated separately in
each Gauss point [57], or as proposed by Jirásek and Bauer [123], in the element
centroid such that a single value is used for all Gauss points in that element.

A third class of methods is those outlined by Oliver [178], in which hb is estimated
through an auxiliary function that varies from 0 to 1 over the width of the crack
band. This auxiliary function is then interpolated using the same shape functions
as the displacements and hb can then be calculated as the reciprocal of the gradient
of this auxiliary function, evaluated in maximum principal strain direction. As for
the projection method, hb can either be evaluated at each Gauss point or at the
element centroid.

Of these methods, the evaluation of a characteristic element length is commonly
implemented in commercial FE codes and used here in Paper I in which a built-in
model from Abaqus [1] is used. In Papers II and III, the projection method based on
the element centroid is used in combination with the damage model implemented.

A last remark related to localized deformations and especially isotropic damage
models concerns the effect of crack closure when going from tension to compres-
sion, or the similar effect with stiffness recovery when going from compression
to tension. Hence, at a certain stress state the damage variable should be deacti-
vated, but the problem is how to define a tensorial stress state at which the scalar
damage variable should be deactivated without causing undesired stress jumps
[128]. A way to accomplish this is to decompose the effective stress tensor σ̄ into
its principal components and apply the scalar damage parameter only to positive
components; if tensile damage is considered. The nominal stress tensor σ can then
be reconstructed, assuming the principal directions to be unchanged.
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4.2.2 Modelling of multi-physical systems

When coupling various physical fields in a discretized model, it becomes important
to consider how the chosen interpolation order of the different fields interacts
in the coupled terms. For example, looking at the coupling between deformation
and temperature through thermal expansion, the displacement field should always
be interpolated with shape functions of one order above the temperature. This
is because the strain field is the gradient of the displacement and thus reduced
one order compared to the displacement field. Since the temperature contributes
through thermal strains, also the temperature field should be interpolated with
shape functions one order below the displacements. That is, if the displacements
use second-order shape functions, the temperature should use first-order functions.
The same argument is true for e.g. displacement and moisture couplings, while for
example moisture and temperature should be discretized with the shape functions
of the same order.

However, this can be an issue for cases where it is desired to use linear shape
functions for the displacement since many interactions with other physical fields
are through strains. This is for example the case if the displacement field includes
weak discontinuities to describe localized deformations, see section 4.2.1. A simple
solution is then to nonetheless use linear shape functions for all other fields, but
to extract a single representative value to the displacement part of the problem
for each element, e.g. a mean value or the value at the element centroid. Using
this method, steep gradients of for example temperature are not resolved in detail
by the displacement analysis, if not a very fine grid is used, since the strain field
is piecewise constant. A more in depth discussion on how to discretize multi-field
models intended for concrete can be found in for example Mang et al. [161] and
the textbook by Lewis and Schrefler [150].

When constructing the assembled system and determining how to solve the system
of equations, it is also a good idea to consider the strength of the coupling between
physical fields. While it is always possible to solve the system in a fully coupled
manner, this sometimes leads to unnecessarily expensive computations. This sub-
ject was already discussed in section 4.1.3 where it was concluded that it is often
more efficient to use a solver algorithm similar to those shown in Figure 4.2 if no
particulary strong couplings exist.

4.3 Verification of models

Mathematical models that have been implemented in Comsol Multiphysics [66]
are presented and used in Paper II and III, whereas the models used in Paper I are
taken from the material model library of Abaqus [1]. In the following sections, the
behaviour of some of these implemented models is presented and compared with
experimental data. Focus is on those aspects that were not analysed and verified
in detail in the appended papers
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Table 4.1: Calibrated free model parameters used for the C-30 concrete tested by Khan
et al. [135].

Cement affinity Ac1 3.0·107 1/h Aging Af 1 -
Ac2 1.0·10−4 - ηT 7.5 -
ηc 7.5 - α0 0.16 -

Specific heat Ct 1100 J/(kg·K) Comp. strength f∞c 32.5 MPa

4.3.1 Early-age temperature development and strength growth

A model to account for the early-age behaviour of concrete is implemented in Paper
III that follows the hydration degree concept outlined in section 3.1. The model
accounts for heat generation and self-desiccation during hydration and furthermore
uses the aging degree concept presented in Eq. (3.7) to describe the evolution of
material properties such as strength. In Paper III, apart from cement hydration,
also the silica fume reaction is considered which brings some additional equations
to the model. This is done following the model proposed by Di Luzio and Cusatis
[85, 86] and is described in the paper. To demonstrate the model properties in a
less complex setting, an analysis without considering the silica fume reaction is
shown in the following.

An experimental test presented by Khan et al. [135] to analyse the compressive
strength and compressive stress–strain behaviour for three different concrete types
is chosen as verification. Here only the low strength concrete, referred in [135]
as C-30, is analysed while also two higher strength concretes were included in
the experimental series. The C-30 concrete had a cement content of 355 kg/m3, a
water to cement ratio of 0.5, with 790 kg/m3 of fine aggregates and 1040 kg/m3 of
coarse aggregates. The total density of the mix was measured to 2130 kg/m3. The
test set-up consisted of concrete cast in 100x200 mm2 cylinders cast under either
adiabatic or isothermal conditions, with the casting and isothermal temperature set
to 21 ◦C. All samples were sealed to avoid moisture exchange with the environment.
For both settings, the compressive stress–strain curve was evaluated at different
times; thus also the compressive strength development.

Given the constant temperature in the specimens, it is sufficient to use a single
element FE model and the analyses consequently focuses on the evolution be-
haviour of the model and does not consider any spatial variations. The relevant
non-standard model parameters are presented in Table 4.1, calibrated using a trial
and error procedure to fit the test results. It should be mentioned that the effect
of self-desiccation is included but the drop in relative humidity is so small that it
does not affect the hydration. Only the effect of temperature development and the
compressive strength growth is evaluated.

The results of the analysis is shown in Figure 4.5 and compared to the experimental
data. The simulated temperature development under adiabatic conditions shown
in Figure 4.5a agrees with the measured temperatures, but overestimates the rate
of heat release at the end of the analysis. Under both adiabatic and isothermal con-
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Figure 4.5: Simulated temperature development (a) and compressive strength growth
(b) compared to experimental data.

ditions the aging model gives good predictions of the evolution of the compressive
strength, see Figure 4.5b. It can be observed that while the rate of strength growth
is lower during isothermal conditions, the final strength is significantly higher than
for adiabatic conditions. This is in line with the purpose of using the aging degree
κf to characterize the evolution of material properties.

4.3.2 Moisture transport

The moisture transport models implemented in Papers II and III are based on the
diffusion model developed by Bažant and Najjar [24] and use Eq. (3.24) to define
the diffusion coefficient δϕ. In Paper II, a version of the model that assumes a con-
stant sorption isotherm is used, following the models in [24, 93]. The model used
in Paper III is enhanced to include the non-linear desorption isotherm proposed
by Norling Mjörnell [177] and also couples the moisture model with a hydration
model to account for self-desiccation. In neither of the papers a verification of the
models is presented using direct measurements of the moisture condition; only
comparisons with measured moisture shrinkage is presented. To verify these two
models using direct measurements of moisture, an experimental series performed
by Kim and Lee [136] is studied in the following.

The experimental set-up consists of prismatic concrete specimens exposed to one-
dimensional drying. This was achieved by sealing all sides of the prism except
one which was exposed to a relative humidity of 50 ± 2 %. All specimens had a
total depth of 200 mm and a cross-section of 100x100 mm2, with measurements
of relative humidity recorded at depths of 30, 70 and 120 mm from the exposed
surface. The aim was to study the effects self-desiccation on the moisture distri-
bution in concrete at early ages. To do this, three different concrete types were
studied referred to as L, M and H; categorized after their of 28 day compressive
strength; 22, 53 and 76 MPa, respectively. In the current study, concrete types L
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Table 4.2: Mix proportions of the concretes used in the experimental program by Kim
and Lee [136].

Specimen Water Cement Sand Gravel

L 210 310 782 955 kg/m3

H 151 541 647 1055 kg/m3

Table 4.3: Calibrated free model parameters of the moisture model used for the 28 day
specimens. Values in parentheses correspond to the initial estimates following
the recommendations by fib Model Code 2010 [93].

Specimen D1 [mm2/d] aϕ [-] ϕn [-] nϕ [-] hϕ [mm/d]

L 61.7 (61.7) 0.05 (0.05) 0.65 (0.8) 15 (15) 0.6 (0.5)
H 25.4 (12.7) 0.05 (0.05) 0.7 (0.8) 15 (15) 0.3 (0.5)

and H are analysed. Their mix proportions are given in Table 4.2. All concretes
were either moist-cured for 3 or 28 days and exposed to a constant temperature
of 20 ◦C throughout the experiment. Apart from the drying prisms, measurements
of the self-desiccation were carried out on fully sealed cubic specimens to obtain
reference values [136].

The specimens that were moist-cured for 28 days are used to verify the model used
in Paper II and will here be presented first. For the specimens moist-cured for 3 days
the model from Paper III is used since the self-desiccation is more pronounced for
them. The first FE model is set-up using one-dimensional elements with quadratic
shape functions and an element size of 2 mm. As an initial estimate, the model
parameters are taken in accordance to recommendations by the fib Model Code
2010 [93] which depend on the compressive strength. To obtain better agreement
these were then calibrated using a trial and error procedure. Both sets of model
parameters are given in Table 4.3.

Compared to the model in Paper II an additional term ϕs is added to the mass
balance to account for self-desiccation that influences the test also for the specimens
cured for 28 days. This yields the following governing mass balance,

ϕ̇ = ∇ · δϕ(ϕ)∇ϕ+
dϕs

dt
(4.18)

This additional term was already proposed by Bažant and Najjar [24] but often has
negligible influence for normal concrete types and is thus often omitted. In these
analyses ϕs is approximated by fitting a polynomial function to the measurements
of moisture in the sealed reference specimens. Also the initial relative humidity
at the start of drying is determined from the sealed reference specimens. The
boundary condition of the exposed surface is set as a convective boundary, given
by Eq. (3.25).

The results of the analyses of both concrete types are shown in Figures 4.6 and
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Figure 4.6: Variation in relative humidity at different depths from the exposed surface
for concrete L (a) and H (b) moist-cured for 28 days. Solid lines correspond
to calibrated model parameters and dashed lines to initial estimates from
the fib Model Code 2010 [93]. Markers show the experimental measure-
ments.

compared to the experimental results (markers). In the figures, solid lines corre-
spond to calibrated model parameters and dashed lines to initial estimates from
the fib Model Code 2010. For both concrete types, the initial estimate provides
good predictions for the first days of drying. As relative humidity at the 30 mm
measurement point drops below 0.85, however, the speed of drying is significantly
underestimated. At that point the diffusion coefficient δϕ exhibits a sudden drop
when defined according to the fib recommendations. This slows down the flux of
relative humidity and can partly explain why the predictions of the model do not
agree with the experimental results. When using the calibrated model parameters,
this can be alleviated and the model makes much better predictions for the entire
time period.

For the concrete moist-cured for 3 days, adding the non-linear desorption isotherm
proposed by Norling Mjörnell [177] and the hydration model yields the following
governing mass balance,

∂we

∂ϕ
ϕ̇ = ∇ · ∂we

∂ϕ
δϕ (ϕ)∇ϕ− ∂we

∂α
α̇− ẇn (4.19)

where the last two terms on the right hand side accounts for the self-desiccation.
The changed or additional model parameters required are given in Table 4.4. The
FE model is set-up in the same manner as for the previous analysis. However, now
the analyses start from the time of casting with an initial humidity ϕ0 = 1, instead
of at the start of drying.

The results of the analyses of both concrete types are shown in Figures 4.7. As for
28 day specimens, the agreement between simulations and measurements is good.
The enhanced model is also able to predict the self-desiccation of both concretes.
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Table 4.4: Changed or additional model parameter of the moisture model used for the
3 day specimens.

Specimen hϕ [mm/d] g1 [-] kvgcem [-] Ac1 [1/h] Ac2 [-] ηc [-]

L 2 1.5 0.255 0.5·107 1.0·10−6 6.5
H 0.5 1.2 0.135 0.75·107 1.0·10−6 6.5
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Figure 4.7: Variation in relative humidity at different depths from the exposed surface
for concrete types L (a) and H (b) moist-cured for 3 days. Solid lines corre-
spond to simulations and markers show the experimental measurements.

Some discrepancies can be seen for the high strength concrete (H) in Figure 4.7b
where the rate of drying close to the surface is slightly overestimated by the model.

4.3.3 Time-dependent deformations

Several verification examples using the version of the microprestress–solidification
(MPS) creep model that has been implemented are presented in Paper II that also
covers drying shrinkage. These include the experiments on:

- Long-term creep and shrinkage by Brooks [44],

- Creep and shrinkage under variable temperature conditions by Fahmi et al. [90],

- Creep and shrinkage under variable humidity conditions by Cagnon et al. [48].

Here, the creep and shrinkage tests performed by Bryant and Vadhanavikkit [46]
are presented as additional verification examples that are not included in the ap-
pended papers, using the same creep model as in Paper II. The model used essen-
tially corresponds to the creep model outlined in section 3.4.1, but also considers
the improvements to Eq. (3.42) suggested by Jirásek and Havlásek [124]. This im-
provement can be incorporated in Eq. (3.42) by setting p̂ = −1.5, given isothermal
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Table 4.5: Free model parameters of the mechanical and moisture models, both cali-
brated values and initial predictions.

Fit Pred. Fit Pred.

q1 4.5 23.5 [10−6/MPa] D1 40 20.5 [mm2/d]
q2 75 110 [10−6/MPa] aϕ 0.18 0.05 [-]
q3 30 5.7 [10−6/MPa] ϕn 0.75 0.8 [-]
q4 6.6 6.6 [10−6/MPa] nϕ 10 15 [-]
µs 2 - [10−10/(MPa·d)] hϕ 1 1 [mm/d]
ft 2 2 [MPa]
Gf 100 100 [J/m2]
ksh 0.001875 0.001875 [-]

conditions. The tests by Bryant and Vadhanavikkit [46] are frequently used in the
literature to verify different creep models, see for example [86, 98, 107].

The experimental program consisted of several prismatic concrete specimens of
different sizes and loaded at different ages with the aim to study the effect of
drying creep under different drying conditions. All prisms were cast with the same
concrete mixture, consisting of 390 kg/m3 of cement, a water to cement ratio of
0.47 and an aggregate to cement ratio of 5.09. The compressive strength of the
concrete mixture measured from normal cylindrical specimen was 50.1 MPa and
its elastic modulus was 28.1 GPa; both measured after 28 days. The dimension
of the prismatic specimens was given as 4LxLxL, with L = 100, 150, 200, 300,
400 mm. Two sets of drying conditions were investigated; either two or four sides
of the prims were exposed to the ambient air which had a relative humidity of
0.6. The two short ends of the prisms were sealed in all tests. As preparation, all
specimens were moist cured for 8 days before subjected to the drying environment.
The loading programme consisted of a constant axial pressure of 7 MPa applied to
the prisms at different ages from casting: 8, 14, 21, 28, 84 or 182 days. Furthermore,
two different reference cases were also set up. The first was intended to capture
the basic creep, where all six sides of the the prism with L = 150 mm were sealed
and the prisms loaded in the same manner as the drying creep specimens. The
second case was intended to capture measure the shrinkage of the used concrete
mix. For this prisms of all sizes were cast but kept unloaded while subjected to
both two and four sided drying. Only a limited number of the performed test are
analysed and evaluated in the following.

The first set of experimental data analysed is the sealed specimens to verify and
calibrate the basic creep part of the model. Here, only the specimens loaded at 8,
28 and 182 days have been analysed. Since a constant stress field is expected, the
FE model only consists of a single element with linear shape functions. As a first
estimate, the model parameters q1 to q4 that control the basic creep mechanism are
predicted using the formulas suggested in the B4 creep model [199]. The results
using this first estimate of parameters is shown in Figure 4.8a as dashed lines. It can
be seen that the measured strains are overestimated, especially for the specimen
loaded at 8 days. By modifying the set of model parameters a better fit can be
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Figure 4.8: Simulations compared to experimental results by Bryant and Vadhanavikkit
[46] of basic creep (a), drying shrinkage (b) and drying creep (c). Solid
lines show calibrated models while dashed lines are initial predictions.
Markers show experimental results.

obtained, shown as solid lines in Figure 4.8a. Both sets of model parameters are
given in Table 4.5.

The second set of experimental data analysed is the two-sided drying specimens to
verify the moisture and shrinkage parts of the model. Here, only the specimens with
dimensions L = 100, 150 and 300 mm are presented. To resolve the gradient close
to the drying surface, an approximate element size of 5 mm close to the surface is
used in the FE models. Linear shape functions are used for both displacements and
moisture. For these analyses tensile damage is considered to account for surface
cracking. As shown by Havlásek [107], the role of surface cracking is to reduce the
rate of the early drying shrinkage and for this purpose, the exact value of ft and
Gf is not important as long as these are within reasonable ranges. The shrinkage
coefficient ksh is estimated from the measurements, while the parameters that de-
fine the moisture model are set according to the recommendations in the fib Model
Code 2010 [93]. The results using this first prediction are shown in Figure 4.8b,
as dashed lines. It can be observed that this set of model parameters significantly
underestimates the rate of shrinkage. By manually modifying the parameters of

79



CHAPTER 4. IMPLEMENTATION OF MULTI-PHYSICAL CONSTITUTIVE MODELS FOR CONCRETE

the moisture model a much better prediction can be obtained from the model. This
is shown in Figure 4.8b, as solid lines. Both sets of model parameters are given in
Table 4.5.

The third and final set of experimental data analysed concerns the drying creep
specimens. As for the previous analysis only two-sided drying specimens are con-
sidered. Furthermore, the analysis is limited to specimens with a dimension of L
= 150 mm and as for the basic creep analysis it only considers specimens loaded
at 8, 28 and 182 days. The FE model is set up in the same manner as in the drying
shrinkage analysis. The fluidity µs is the single free model parameter that controls
the effect of drying creep and its value has been estimated using a trial and error
procedure. The results of the analysis are shown in Figure 4.8c. It can be seen
that the simulated strains are in good agreement with those measured ones for the
specimens loaded after 8 and 28 days. For the specimen loaded after 182 days the
measured strains are slightly underestimated, especially the instantaneous strains
at loading. Given the good prediction of aging for the basic creep test, this discrep-
ancy is probably related to the effect that drying has on aging. Hence, the current
model set-up seems to overestimate the stiffness growth for a drying specimen.

4.3.4 Tensile fracture

The final models implemented to be analysed are the isotropic damage models used
in Papers II and III. The framework of an isotropic damage model was outlined
in section 3.4.2 and its implementation in the FEM discussed in section 4.2.1.
If nothing else is mentioned, all analyses in the following only considers tensile
damage using the Rankine failure criterion given in Eq. (3.55b). The damage
evolution law by Oliver et al. [180] in Eq. (3.58) is used which gives an exponential
strain softening curve. All FE models furthermore assume plane stress conditions
and use linear interpolation of the displacements.

Uniaxial bar

The first verification test of the damage model is chosen as the uniaxial stretching
of a bar aimed at verifying the basic properties of the model, such as the tensile
failure with strain softening, element size dependence and the recovery of full
elastic stiffness in compression. The model set-up is shown in Figure 4.9, where
the middle element is given a reduced strength to force localization of strains to
one element. A material with a Young’s modulus E = 30 GPa, a tensile strength
ft = 3 MPa and a fracture energy Gf = 140 J/m2 is used and the bar is given a
length of 0.1 m. In the simulations, each end of the bar is subjected to a cyclic
displacement to simulate loading, unloading and reloading at different levels of
damage. Three different mesh sizes were analysed, 5, 11 and 21 elements along
the bar, in order to verify the mesh size dependence of the damage model. The
results are shown in Figure 4.10. In Figure 4.10a it can be observed that the
local stress–strain behaviour is highly mesh dependent, as expected, whereas the
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Figure 4.9: Geometry of the analysed bar, the red area represents the single element
with a reduced strength.
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Figure 4.10: Results for different element sizes, axial stress–strain curves in the mid
element (a) and force-displacement at the boundary (b).

global behaviour is the same for all three meshes, as seen in Figure 4.10b. It can
also be observed that the damage model behaves as expected during unloading
and reloading, where the full elastic stiffness is recovered when stresses become
compressive.

Notched unreinforced beam under 3-point bending

To study and verify the implementation of the damage model under a multi-axial
stress setting, a notched concrete beam under three-point bending is studied to
initially eliminate the issue of localization of a distributed strain field. The cho-
sen beam (Figure 4.11) has been experimentally studied by Petersson [189] and
several similar examples can be found in the literature. In the experiments by Pe-
tersson [189], the concrete material properties was determined to E = 30 GPa,
ν = 0.2, ft = 3.33 MPa and Gf = 124 J/m2. Three different element sizes have
been studied with 6, 8 or 10 elements from the notch tip to the top of the beam.
The obtained load–displacement curves are shown in Figure 4.12a and it can be
observed that all three mesh sizes are within the experimental bounds from [189].
Furthermore, the three mesh sizes give almost identical results which confirms that
the regularization of the local stress–strain response with respect to the element
size works as expected; although the load–displacement curve becomes smoother
the smaller the element size. To further verify the local stress–strain response, the
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Figure 4.11: Geometry of the notched beam under three-point bending (not to scale).
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Figure 4.12: Results for different element sizes, load–displacement curves (a) ad stress–
strain response at an element above the notch (b).

evolution of the major principal stress with respect to the equivalent strain measure
is shown in Figure 4.12b, for a point 10 mm above the notch tip. As expected the
local stress–strain response is less steep for smaller element sizes.

Notched unreinforced shear test under 4-point loading

So far only examples with simple crack trajectories have been analysed and pre-
sented, which is often not the case in actual applications. To verify the model during
a mixed-mode failure, the 4-point shear test of a plain concrete beam (Figure 4.13)
by Arrea and Ingraffea [7] is studied. In the experimental study a curved crack tra-
jectory was observed, as indicated by the dashed line in Figure 4.13. Apart from the
experimental study by Arrea and Ingraffea [7], this test set up has also been studied
extensively in the literature through numerical analyses (e.g. [52, 74, 127, 201]).
The material properties of the concrete is E = 24.8 GPa, ν = 0.18, ft = 2.8 MPa and
Gf = 55 J/m2. The two load plates are connected through a steel beam, with the
load applied to the steel beam directly above the notch. Assuming the steel beam
to be rigid leads to the load distribution indicated in Figure 4.13. As was shown
by for example de Borst [74], the post-peak behaviour measured at the load plates
is highly unstable why it is necessary to use an indirect displacement control to
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Figure 4.13: Geometry and boundary conditions of the 4-point shear test by Arrea and
Ingraffea [7](not to scale).
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Figure 4.14: Load–displacement curves for different element sizes with the displacement
measure taken as the CMSD (a) and the vertical displacement at the load
application point on the rigid beam (b).

find an accurate solution. The load level is in this loading scheme controlled by
the crack mouth sliding displacement (CMSD) measured as the change in vertical
distance between the two lower corners of the notch. This measurement is in the
analysis prescribed to be linearly increasing. Furthermore, four different element
sizes have been analysed, 10.0, 7.5, 5.0 and 2.5 mm. The element size is only kept
locally in the area of the expected crack trajectory, away from which a coarser grid
is used.

The obtained load–CMSD curves for all element sizes are shown in Figure 4.14a
in comparison with the experimental bounds. A good agreement between the
simulations and the experiments can be observed where the former stay within
the experimental bounds until the CMSD exceeds 0.1 mm. Also the agreement
between different element sizes is very good. To show the unstable nature of the
problem, the load–displacement curves with the displacement measured at the load
application point on the rigid beam are shown in Figure 4.14b, where a distinct
snap-back can be noticed.

The crack trajectories obtained for the different element sizes are compared in
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(a) (b) (c) (d)

Figure 4.15: Crack trajectory from simulations for different element sizes, (a) 10 mm,
(b) 7.5 mm, (c) 5 mm and (d) 2.5 mm.

Figure 4.15, plotted for a CMSD of 0.3 mm. For all element sizes, a curved crack
trajectory is obtained as in the experiments. The crack trajectories from the simula-
tions seem to initially propagate towards the middle of the load plate, whereas in
the experiment it propagated towards the right side of the load plate. Interesting to
notice is that in the final steps of the simulations, the direction of the crack again
starts to change and it propagates towards the right side of the load plate. This is
probably due to the spurious stress field around the load plate.

Unnotched unreinforced beam under 3-point bending

Compared to the 3-point notched beam studied above, removing the notch implies
a more difficult problem to analyse. Firstly, a specimen with the same dimensions
becomes significantly more brittle if the notch is removed and secondly one has to
deal with the localization of a diffuse strain field into a crack. The former issue is
also present in an experimental setting of such a beam, why results from this type
of examples are rather scarce in the literature. An extensive study of both notched
and unnotched plain concrete beams was presented by Grégoire et al. [104], with
the aim to study the size effect on fracture in concrete. To do this, different sizes
of beams were studied with a height ranging from 50 to 400 mm. The mean
material properties of the concrete used were E = 37 GPa, ν = 0.21, ft = 3.9 MPa
and Gf = 45 J/m2. Apart from the experimental study, also advanced numerical
modelling was performed using non-local damage models. To accurately capture
the local size effect in a numerical model a regularisation of the strain localization
is needed where the width of the FPZ is considered as a material property, e.g.
through a non-local constitutive model.

Here, the unnotched beam described in Figure 4.16 is studied to verify the imple-
mentation of the isotropic scalar damage model. The size of the beam is determined
by Eq. (4.20) where D0 = 400 mm and n = 1, 2 and 3. In all simulations an ele-
ment size of 7.5 mm in the fracture zone is used, regardless of the specimen size.
Since an unstable post-peak behaviour is expected, the applied load is controlled
by the crack mouth opening displacement (CMOD), which for the unnotched beam
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Figure 4.16: Schematic geometry and boundary conditions of the unnotched beams
presented by Grégoire et al. [104].
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Figure 4.17: Load–CMOD curves for different beams sizes compared with experimental
results (a) and contours of internal damage variable at the final solution
step (b).

is defined as the change in displacement between the two points shown in Figure
4.16.

Dn =
D0

2n−1
(4.20)

The obtained load–CMOD curves for the three analysed beams are shown in Figure
4.17a and compared with the experimental results from Grégoire et al. [104]. Over-
all, the simulations are in good agreement with the experimental results, especially
regarding the peak load. For the largest beam (n = 1) the post-peak behaviour of
the simulations overestimates the rate of softening, whereas this part of the curve
is in better agreement for the two smaller beams. A possible reason is that the large
beam is also the most unstable and exhibits a snap-back in the load–displacement
curve measured at the load application point. The crack patterns from the simula-
tions are visualised in Figure 4.17b for all three beams. The contours describe the
internal damage variable κ normalised against the failure strain where the max
contour level indicates areas where the tensile strength has been reached. In all
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Figure 4.18: Schematic geometry and boundary conditions of the lightly reinforced
beams presented by Ruiz et al. [203] (not to scale).

three beams the strains localize in two element rows, i.e. two cracks, while in real-
ity one would expect a single crack to form in an unreinforced concrete beam. This
means that the simulations are less brittle than what is indicated by the material
properties described above where the actual energy dissipated during the fracture
is twice the specified fracture energy, i.e. 90 J/m2. Due to the diffuse strain field it is
difficult to accurately capture the localization with this kind of constitutive model.
Depending on increment sizes, tolerances etc. the strains can localize in to one or
two element rows. To accurately describe the localization process a more advanced
constitutive model is required that incorporates some regularisation technique, e.g.
a non-local damage model as the one used by Grégoire et al. [104].

Lightly reinforced beam under 3-point bending

Given that most concrete structures are reinforced, it is important to study how the
implemented model can replicate the behaviour of concrete when reinforcement
is added. One such experiment provided in the literature is the lightly reinforced
concrete beam subjected to 3-point bending presented by Ruiz et al. [203]. Several
different beam sizes with varying reinforcement content were tested with the basic
experimental set up illustrated in Figure 4.18. The experiments have previously
been analysed using numerical tools in the literature, e.g. [181, 233]. Here, two of
the tested beams are analysed. Following Eq. (4.20) with D0 = 300 mm, the size of
the beams is given by n = 1 and 2. Both beams have a geometrical reinforcement
content of 0.13 % and are thus considered as lightly reinforced and expected to
exhibit a pure bending failure. Due to the relatively small size of the beams a micro-
concrete recipe was used with material properties measured as Ec = 30.5 GPa,
ν = 0.2, ft,sp = 3.8 MPa and Gf = 62.5 J/m2. Steel wires with a diameter of 2.5
mm were used as reinforcement, with ribs added to facilitate a good bond to the
concrete. The material properties of the wires were measured to Es = 162 GPa and
fy = 587 MPa. In the numerical model, the steel wires are assumed to be perfectly
plastic and modelled using truss elements that are perfectly bonded to the concrete.
For both beams an approximate element size of 5 mm has been used.

The load–deflection curves from the simulations of both beams are shown Figure

86



4.3. VERIFICATION OF MODELS

0 0.2 0.4 0.6 0.8 1
0

2

4

6

8

10

12

14

Deflection [mm]

Lo
ad

 [k
N

]

 

 

n = 1
n = 2
Experiments

(a)

(b)

Figure 4.19: Load–deflection curves for different beams sizes compared with experimen-
tal results(a) and crack patterns and contours of reinforcement stresses
(MPa) at the final solution step (b).

4.19a, with the deflection measured as the average vertical displacement at the
load plate. Comparison with the experimental results shows fairly good agreement
for the initial fracture load which is slightly underestimated for both beams. For the
large beam (n = 1), initially also the post-peak behaviour is in good agreement but
eventually the snap-back shown in the experiment is lost when the crack reaches
the reinforcement. Furthermore, the post-peak plateau stabilizes at a lower load
level in the simulation compared with the experiment. As the deflection continues
each consecutive drop in the load–deflection curve corresponds to a new bending
type crack initiating in the concrete cover, as can be seen in the upper beam in
Figure 4.19b. It should also be mentioned that no yielding of the reinforcement
occurs. The small beam (n = 2) principally shows the same behaviour although
the load–deflection curve agrees better with the experimental results, which is
probably due to the less brittle behaviour of the smaller specimen.

Heavily reinforced beam under 4-point bending

For beams with high reinforcement content mixed-mode cracks appear where shear
type cracks in the concrete constitutes the final failure of the beams. Shear type
failure of reinforced concrete beams was extensively investigated in the so called
Stuttgart shear tests in the 1960s by Leonhardt [148]. These test have been widely
used to improve the understanding of shear failure in concrete beams. To verify
the ability of the implemented isotropic damage model to describe such shear type
failure, one of Leonhardts beams, named beam 5 in the experimental report [149],
is analysed. It has previously been analysed using non-linear finite element analysis,
see for example [156, 168, 181]. The chosen beam is subjected to 4-point bending
as indicated in Figure 4.20 which also shows the dimensions of the beam. The
longitudinal reinforcement consists of two bars with a diameter of 26 mm, giving
a geometrical reinforcement content of 1.7 %. The following concrete material
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Figure 4.20: Schematic geometry and boundary conditions of the heavily reinforced
beams presented by Leonhardt and Walter [149]. The figure also shows
the crack pattern observed during the experiment.

properties are used: Ec = 24 GPa, ν = 0.2, ft = 2.2 MPa and Gf = 100 J/m2 while
the reinforcement stiffness is given by Es = 208 GPa. It should be noticed that no
yielding is expected. Furthermore, in Figure 4.20 the cracks observed during the
experiment are shown for the left half of the beam, the right half showed similar
cracks due to the symmetric test set-up.

The FE model consists of triangular elements where three different element sizes
are tested; 15, 20 and 25 mm. The triangular grid was constructed using a Delaunay
triangulation algorithm to obtain an unstructured mesh to lower the mesh bias of
the solution. To minimize the bias was the main reason for using triangular instead
of quadrilateral elements where cracks tend to follow mesh lines. This proved
to be an issue, especially close to the reinforcement for the inclined cracks in
this example. As in the previous example, the reinforcement is modelled using
truss elements which are constrained to follow the displacements of the concrete.
Furthermore, since the test set-up is symmetric and the experimentally observed
cracks were symmetric, a symmetry plane has been utilised in the mid-section
of the beam so that only one half of the beam is analysed. To capture the shear
failure it proved insufficient to use a model of pure tensile damage. Thus, for this
case, the damage model is extended to resemble the damage model by Mazars
and Pijaudier-Cabot [163], see also Eq. (3.55a) and Figure 3.4b. This model is still
isotropic but also considers compressive damage. The compressive strength is set
to fc = 29 MPa. The load is applied using indirect displacement control with the
deflection in the symmetry plane as the control parameter.

The load–deflection curves for the three meshes are shown in Figure 4.21a and
compared with the experimental data. The first drop in the simulated curves ap-
pears at a load level of approximately 55 kN and a deflection around 2 mm, which
is slightly below the measured ultimate load. For the 20 mm mesh, a major shear
crack appears in conjunction with this first drop, see Figure 4.21c. For the two
other meshes, the first drop is less significant and the load level can increase to
approximately 60 kN and a deflection around 2.9 mm before the first major shear
crack appears. This can be seen for the 25 mm mesh in Figure 4.21b and for the
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Figure 4.21: Load–deflection curves for element sizes compared with the experimental
data (a). Obtained crack pattern at different deflections for an element
size of 25 mm (b), 20 mm (c) and 15 mm (d).
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15 mm mesh in Figure 4.21d. After these first shear cracks appear, it is for all three
models possible to increase the load level again before a larger shear crack appears.
This is especially evident for the 15 mm mesh where the load can increase up to
approximately 75 kN. For all three models, the ultimate failure is governed by a
combination of cracking and crushing of the concrete in the diagonal crack. Here,
note that the crack patterns in Figures 4.21b to 4.21d are visualized through the
scalar equivalent strain ε̃ and thus includes both elements that exhibit cracking
and crushing, according to Eq. (3.55a).

The reason why the models are able to increase the load level after the first shear
type crack appears could have to do with the FE discretization where stress locking
effects can occur in the damaged elements. In such cases, the stress is redistributed
and new cracks form that dissipate more energy. When these become unstable the
next drop in the load curve would appear. It should, however, be mentioned that
the failure in the experiment was unsymmetrical, where first the left side of the
beam failed at approximately 60.0 kN. After strengthening, the load level could be
increased up to approximately 76.5 kN before the right side failed in shear [156].
Hence, it is also a possibility that depending on the position and inclination of
the diagonal shear crack, different failure loads may be obtained. In a FE context,
this would be affected by the properties of the chosen discretization, e.g. element
size and shape and the interpolation order. In conclusion, it can be said that using
isotropic damage models in combination with the crack band method makes it
difficult to obtain a completely objective description of a shear type failure although
it is possible to make good predictions. This limitation is most likely related to the
lack of dilatancy in combination with the lateral contraction in tension during
strain softening for such models as mentioned in section 3.4.2, which leads to a
too brittle response of the beam.



Chapter 5

Summary of appended papers

In this chapter, the work and conclusions from the three appended papers are
summarized.

5.1 Paper I: Non-linear analyses of cracks in aging
concrete hydro power structures

Tobias Gasch, Richard Malm, Erik Nordström and Manouchehr Hassanzadeh

Accepted for publication in Dam Engineering, February 2016

(a) (b)

Figure 5.1: Examples of a thermal analysis (a) and an obtained crack pattern (b) from
the case study in Paper I.

The paper presents and discusses some general considerations and loads that are of
importance for the concrete structures that house the power generating machinery
at a hydro power facility. Furthermore, a few typical crack types that have been
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observed at Swedish hydro power facilities are highlighted (Figures 1.2 and 1.3),
which may affect the operation of such machinery. In a case study, the most prob-
able causes of in-situ observed cracks are investigated through non-linear finite
element analyses. Mechanical loads in combination with physical loads such as
drying shrinkage and temperature variations are considered. Examples of results
from the analyses are shown in Figure 5.1. It is concluded that the long-term phys-
ical loading is a probable cause of the observed cracking and the analyses were
able to reproduce the observed cracks. The analyses did not consider important
properties such as creep and aging, which are not straightforward to include in
the used analysis framework. Hence, it is found necessary to develop more refined
analysis methods to be able to make quantifiable predictions and obtain a better
understanding of this type of structures. It is also concluded that the operation of
the power unit may cause further propagation of such cracks. This is amplified by
the changing role of hydro power in the energy system today.

5.2 Paper II: A coupled hygro-thermo-mechanicalmodel
for concrete subjected to variable environmen-
tal conditions

Tobias Gasch, Richard Malm and Anders Ansell

Accepted for publication in the International Journal of Solids and Structures,
March 2016. DOI: 10.1016/j.ijsolstr.2016.03.004
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Figure 5.2: Simulated creep deformations during drying and cyclic temperatures (a)
compared with the experiment by Fahmi et al. [90]. Distribution of relative
humidity after 7 years of load cycling (b) in the concrete gravity dam
analysed in Paper II.
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5.3. PAPER III: A COUPLED MULTI-PHYSICS MODEL FOR CREEP, SHRINKAGE AND FRACTURE
OF EARLY-AGE CONCRETE

Based on the conclusions from Paper I, this paper presents a more advanced math-
ematical model to predict the long-term deformations in concrete structures. The
developed and implemented model accounts for important features of concrete
such as aging, creep, shrinkage, thermal expansion and cracking; all of these under
variable temperatures and moisture conditions. Given the focus on long-term de-
formations, emphasis in the development was on creep for which a state-of-the-art
model using the microprestress–solidification (MPS) theory [11, 16] was imple-
mented. The capabilities regarding different aspects of the model are shown and
verified through the analysis of three experimental data sets from the literature
[44, 48, 90] with focus on creep and shrinkage. Overall good agreement between
the model and the experimental data is obtained, see Figure 5.2a. Through these
analyses, it was also found that, and suggested how, the model formulation could
be improved, especially concerning drying creep. Lastly, a numerical example of
a concrete gravity dam with dimensions and seasonal loads typical to northern
Sweden is analysed to show the capabilities of the model on a structural scale
(Figure 5.2b).

5.3 Paper III: A coupledmulti-physicsmodel for creep,
shrinkage and fracture of early-age concrete

Tobias Gasch, Andreas Sjölander, Richard Malm and Anders Ansell

Accepted for publication in: Proceedings of the 9th International Conference on
Fracture Mechanics of Concrete and Concrete Structures. Berkeley, USA, 29 May to
1 June 2016.

(a)

Time after casting [days]
1 10 100

T
em

pe
ra

tu
re

 [° C
]

0

2

4

6

8

10

12

14

16

18

Air temp.
Cooling temp.

(b)

Figure 5.3: Dome plug after casting (a), photo from Grahm et al. [100]. Temperature
development at three cast-in sensors (b), bold lines represent simulations
from Paper III and thin lines correspond to measurements.

An important aspect on large concrete structures not covered in Papers I and II is
concrete at early-ages. This papers consequently extends the model developed in
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Paper II to also include a chemical model from the literature [60, 85, 217] that
describes hydration. This model is based on the reaction degree concept and is also
used to define internal actions such as heat generation and self-desiccation. It also
accounts for aging of mechanical properties through the aging degree concept [60].
The model is verified through a case study of a project carried out by the Swedish
Nuclear Fuel and Waste Management Co (SKB), in which the first and third authors
participated [100]. The tested dome plug (Figure 5.3a) was cast using a specially
developed low-pH self-compacting concrete [158, 223]. Its high silica content
made it necessary to also consider the reaction of the silica in the chemical model,
apart from cement hydration. By calibrating the model using laboratory material
tests, a good prediction of the temperature development could be obtained, see
Figure 5.3b. The prediction of the mechanical strains proved more difficult due
to the complexity of the test set-up. However, the results of the analyses verifies
previous hypothesis of partial de-bonding between the dome and its surrounding
rock and the overall measured behaviour can be replicated.
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Chapter 6

Discussion

In this chapter, a more general discussion is made on the work and results of the
appended papers. Regarding the development, implementation and verification of
coupled analysis models in particular, details of the background and properties of
the used models are discussed in the appended papers and the introductory part
of the thesis. The discussion on this topic presented in the following will be of a
general nature, for example related to the practical use and applicability of such
advanced models for large concrete structures.

6.1 Cracks in aging hydro power structures

The presented case study in Paper I indicates that there is a significant risk that
large cracks may appear in concrete structures that support power units, which
may influence their operation. From the performed analyses it could be determined
that many crack types probably appear due to environmental actions such as tem-
perature variations and long-term drying of the relatively thick cross-sections. The
transient thermal analysis of operational variations and seasonal temperature vari-
ations indicated that such loads mainly cause radial cracks through the outer walls
of the generator chamber (Figure 1.3), concentrated to openings such as doors and
equipment penetrations. Although not found at the studied object, such crack types
are found at several hydro power facilities in Sweden. The cracks observed around
interconnections to power units (Figure 1.2) were found to be caused by long-term
effects such as drying shrinkage, and amplified by mechanical loads and seasonal
thermal variations. The cracks were initiated in the simulation by the internal gra-
dient of relative humidity causing an uneven drying shrinkage and thus internal
restraints. This load case is usually not covered in normal design where shrinkage
is usually considered by a cross-sectional approach, in which internal gradients are
not accounted for. Such design methods for drying shrinkage can be found in many
design codes, e.g. [55, 93]. An additional factor that may cause and contribute to
these crack types is the design and state of the interconnection between the me-
chanical components and the concrete. For the power facility in the case studied,
bolted connections are used and stiffness of these have most likely contributed to
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the observed cracks. Nowadays more flexible connections are normally used, e.g.
frictional connections or pillars, which reduce the stress on the concrete around
the interconnection due to loads from the mechanical components.

The methods and load cases studied in Paper I give a clear indication on which
phenomena that are the cause for the in-situ observed cracks. However, to obtain
better and quantifiable results of the behaviour of these types of structures that
can be used as input for repairs and strengthening, more detailed and complex
models are necessary. In the case study from Paper I, time-dependent properties
such as creep and aging were not considered. To accurately describe the service life
of concrete such properties are important, especially creep which to a large degree
interacts with the effects of drying shrinkage and thermal expansion. Furthermore,
these phenomena are affected by for example temperature and moisture variations
and it is thus necessary to consider concrete as a multi-physical material using a
coupled analysis approach. These findings laid out the direction for the continua-
tion of this project, where it was decided to investigate and develop more refined
analysis methods for aging concrete structures.

6.2 Coupled analysis of concrete

The main research goal of this thesis has been to obtain a better understanding
of aging concrete structures by developing and using numerical modelling. As
concluded in Paper I, this requires advanced modelling tools that necessarily needs
to consider concrete as a multi-physical material. Such models are developed and
presented in Papers II and III that use a coupled analysis approach where different
physical fields are combined and solved as either a single system of equations
or in a predefined sequence, depending on how they interact. The physical fields
accounted for in this thesis are temperature, moisture and deformations. In Paper II,
the focus was on the long-term behaviour of concrete, where aspects such as aging,
creep, drying shrinkage, thermal dilation and tensile cracking were considered.
To enhance the model, a chemical model to describe the early-age behaviour of
concrete was added in Paper III. This is motivated by the well-known fact that for
large concrete structures, as those found at hydro power facilities, the early-age
behaviour of concrete plays an important role with for example significant risks of
thermal cracking.

The background and properties of the models used in the appended papers are
extensively discussed in Chapters 2 and 3, both regarding their mathematical struc-
tures and also their merits and limitations. Various aspects of their implementation
in a numerical framework are discussed in sections 4.1 and 4.2. In the following
some more general aspects related to the practical use of coupled analysis methods
are discussed.
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6.2.1 Calibration of coupled models

An important topic that needs to be discussed in relation to using advanced and
coupled numerical models is calibration, especially in relation to model parameters
versus material properties. In the description of mathematical models in Chapter
3 and the appended papers, a distinction between these is aimed at. A material
property is considered as directly measurable, for example the cement content c or
the compressive strength fc. On the contrary, a model parameter is considered as
a parameter that appears as a consequence of the mathematical model and is not
measurable. Some of these may be of a more physical nature such as for example
the various activation energies to account for temperature dependence of models,
while others are essentially empirical. Examples of such are the shape parameters
of βϕ or the shrinkage coefficient ksh that in some sense can be considered as pure
interpolation parameters. Depending on the background of the model parameter,
it may be more or less difficult to set bounds on the possible values it may attain.
It is of course easier if there is a physical justification for the parameter, for which
often a constant value can be used.

Other examples of model parameters are q1 to q4 in the creep model used in Papers
II and III. For these particular parameters, formulas for estimating their value have
been deduced through statistical analysis of large databases of experimental data
on creep and shrinkage [23, 198, 199]. Even though correlated to the composition
of the concrete through this analysis, these cannot be considered as material prop-
erties. Inevitably, it is still necessary to calibrate them using experimental data for
the concrete of interest; as is done in the analyses presented in section 4.3.3 and
Papers II and III. This highlights the importance of doing thorough material testing
when constructing large and often expensive concrete structures. With access to
good experimental data, better insight into the behaviour of the structure can be
gained from advanced modelling tools. A good example of this is the project by the
Swedish Nuclear Fuel and Waste Management Co (SKB) used as a case study in
Paper III.

It must be pointed out that using coupled multi-physical models comes with the
apparent drawback that many model parameters and material properties need to
be determined. In Paper II, the complete model for the long-term behaviour of
concrete requires around 23 free parameters to be determined or calibrated, while
in Paper II a total of 35 are required with addition of the chemical model. However,
some parameters that are normally considered as constants in the literature are
not included in these numbers. Given the many phenomena that coupled models
aim at describing, this number of parameters is inevitable and this drawback must
be weighed against the possible insights gained. With that, it should also be said
that using more physically justified models may reduce the amount of empirical pa-
rameters that require extensive calibration, even though they might seem complex
from a mathematical point of view. Lastly, it should be pointed out that these large
numbers include both material properties and model parameters, where many can
be obtained directly from measurements while others require calibration. How to
calibrate a free parameter varies and depends on the available data, where ideally
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data is available that isolate the mechanisms of interest, e.g. basic creep, drying
shrinkage and drying creep. In this thesis, mostly a trial and error procedure has
been used to find appropriate values of model parameters although optimization
techniques (e.g. the method of least squares) have also been attempted but not
pursued in depth. In general, it can be said that if a mechanism is isolated in a
laboratory test, small and fast numerical models can be used in the calibration
procedure, making both methods feasible and fairly simple to use.

6.2.2 Implementation of coupled models

When using coupled analysis methods, the system of equations to be solved quickly
becomes very large and thus also the computational expense. Hence it is important
to evaluate in advance which couplings to consider in order to save computational
time. As already mentioned in sections 4.1.3 and 4.2.2, depending on the how
strong the couplings between different physical fields are, different solution algo-
rithms may be appropriate. When modelling concrete on a structural scale, it is
most often accurate enough to consider a one-way interaction between the physical
model (e.g. moisture, temperature) and the mechanical model. Variants of such
solution strategies were used in Papers I and III.

In Paper I, the thermal and moisture models where solved separately for their
entire time history in advance of the mechanical model. Hence, the thermal and
moisture fields were applied as predefined fields/loads in the mechanical analysis.
A slightly different approach was necessary in Paper III, where strong couplings
were considered between the physical fields (temperature and moisture) that also
interacted with the chemical model. Consequently, the hygro-thermo-chemical part
of the model was solved as a single and fully coupled system. No couplings from
the mechanical model to the he hygro-thermo-chemical model were considered
and the mechanical part was solved as a separate system. The solver algorithms
available in the used code [66] allowed for a solution similar to that presented in
Figure 4.2b, in which both systems are simultaneously advanced in time, but for
each increment solved in series. This can be compared to the alternative algorithm
used in Paper I where, as mentioned, all increments of each field are solved before
the next field. In practice, these two approaches should be equivalent, given no
two-way couplings, and the choice of algorithm is more of a practical nature.

As a contrast, the model in Paper II considered a two-way coupling from the me-
chanical part to the hygro-thermal part of model, where the moisture transport
coefficient increased once cracks appeared. Thus, it was necessary to solve the
complete model as a single system. Alternatively, a segregated algorithm (Figure
4.2a) could have been used although these may show slower convergence if the
considered two-way couplings are strong. In principle, also the models in Papers I
and III could have been solved using a fully coupled approach, but at a significant
increase in computational effort for large models.
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6.2.3 Applicability of coupled models on large (hydro power)
structures

A last topic that needs to be discussed is when and how to use advanced models for
large concrete structures in general and for hydro power structures in particular.
In for example Sweden, most hydro power facilities were built during the early to
mid-20th century. To apply advanced modelling tools to structures of that age can
pose a problem since there most likely is a lack of data available on the composition
of the concrete and the type of material testing performed. As previously discussed,
such information is vital in calibrating models and thus largely dictates the quality
of the simulation results. Furthermore, information on the current state of the
concrete including aging trough ongoing hydration or the presence of various
degradation mechanisms may be difficult to assess and quantify. Of course, models
can in principle account for aging, but it is likely difficult to describe the entire
history of a structure and all models are still limited compared to reality. In such
situations a model should be viewed from a slightly different perspective, where
it must be accepted that it has limitations and cannot quantify the behaviour of
the structure. However, it can still be realized that even though the model is not
an exact description of the real structure, it can still provide valuable insights
on how the real structure behaves. Such insights can for example increase the
understanding of the cause of some observed structural damage, where results
from the model can aid in formulating hypotheses that can be further investigated
by field experiments or observations on the actual structure.

From a modelling perspective, the sheer size of some structures also pose a diffi-
culty in itself when using coupled models and some physical fields may be difficult
to resolve. For example, to accurately model drying requires a fine resolution close
to the exposed surfaces to capture the initial gradient, often with an element size
on the scale of centimeters or below. In contrast, a concrete dam can be several
hundreds meters high. A coarser grid will still provide a solution, but less accurate
and sometimes without important characteristics of the moisture field. From a
perspective of structural integrity, this particular example is perhaps not a major
issue since the initial gradients mainly cause surface cracking which likely does
not endanger the integrity of the structure, although it may be important for its
durability. The same type of issue appears when modelling localized deformations
such as cracking. As shown already by Hillerborg [111, 113], there is an upper
limit in element size above which the stress-strain curve becomes unstable during
strain softening. This sets an upper limit to the size of the computational grid from
a mathematical point of view, but it can also be argued that this upper limit should
be closer to the width of the fracture process zone (FPZ) to be accurate from a
physical perspective. In principle there is no theoretical problem in using fine grids
to resolve all physical fields even for large structures, but inevitably the issue is
practical and connected to the computational effort deemed reasonable. Given that
the computational effort is to a large degree dictated by the size of the system
matrices, this becomes more pronounced for coupled models than when dealing
with single and isolated physical fields.
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Chapter 7

Conclusions and suggestions for
future work

In this chapter the conclusions of the work presented in the appended papers and
the introductory part of the thesis are summarized. More specific conclusions from
the studies performed can be found in each paper. Lastly, suggestions for future
work with respect to the overall aim of this research project and for further model
development are given.

7.1 General conclusions

This thesis contributes to a better understanding of the aging behaviour of concrete
subjected to a combination of mechanical and environmental actions. Previous
research and existing knowledge regarding mathematical methods to describe
aging concrete are reviewed and summarized. Coupled models suitable for the
analysis of large concrete structures are then suggested, described and evaluated
with an application to hydro power facilities in mind.

The case study and discussion presented in Paper I on the internal concrete struc-
tures of hydro power plants showed that many of the cracks observed in for ex-
ample Sweden are probably caused by non-mechanical loadings such as drying
shrinkage and thermal expansion. Their initiation and propagation are to a large
degree found to be attributed to long-term effects. However, cracks are likely em-
phasized and further propagated by operational patterns of the power unit causing
short-term variations in the temperature field when considering structures close to
the unit. This study provides initial indications on the answers to research question
1–3 put forth in section 1.1. However, these findings should not be considered as
conclusive, but rather as providing an outline for the direction of the continuing
research project.

To further investigate the causes of these cracks it is necessary to employ more so-
phisticated analysis methods, using coupled multi-physical models including mois-
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ture and temperature variations. In addition it will also be necessary to consider
effects such as aging and creep that were not included in Paper I. Given the large
variations and thickness of the cross-sections in these types of structures it is more-
over plausible that many of the cracks have appeared in direct relation to heat
generation during casting. Considering such early-age aspects is therefore also
vital in future modelling work. Therefore, a literature review and discussion on
the background, properties and implementation of such mathematical methods for
concrete is presented in Chapters 2 – 4 of the introductory part of the thesis. A
selection of these have been implemented and verified in Papers II and III with
several verification examples provided to demonstrate the models in comparison
with experimental results.

In Paper II, it is shown that the implemented models give good predictions of
creep and shrinkage of hardened concrete compared to experimental data on a
laboratory scale. Based on the performed analyses it was found that the model
based on previous work from the literature could be improved by introducing a
non-linearity in the evolution equation of microprestress viscosity ηf , see Eq. (3.42).
It is suggested that the fluidity parameter µs should depend on the current moisture
state. However, the exact relationship, physical explanation and importance of this
non-linearity need to be investigated further. It was furthermore shown that the
developed model can be applied and provide valuable insights on a structural scale
through a numerical example of a concrete gravity dam.

The properties of the expanded model for early-age behaviour are demonstrated in
Paper III with a case study of casting of a concrete plug in a rock tunnel performed
by the Swedish Nuclear Fuel and Waste Management Co (SKB). By calibrating the
model using results from laboratory testing of the low-pH self-compacting concrete
used, it was shown that the model can describe the overall structural behaviour
of the complex test set-up. The analyses also provided insights on the behaviour
of the plug, which through comparison with measured strains suggest that partial
de-bonding of the concrete from the rock surface occurred.

The behaviour of the implemented models is further verified in section 4.3 with
a few additional examples of concrete in a laboratory setting. These examples
cover some aspects that were not presented in detail in the appended papers. In
summary, the performed simulations show that the implemented coupled multi-
physical models can predict the behaviour of aging concrete accurately as verified
on a laboratory scale. This include aspects such as:

- Early-age chemical behaviour,

- Aging with evolution of material properties,

- Temperature variations including heat generation during casting,

- Drying due to external and internal (self-desiccation) moisture losses,

- Deformations due to physical actions, i.e. moisture shrinkage and thermal expan-
sion,
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- Short-term and long-term delayed deformations due to creep,

- Localized deformations due to concrete fractures, i.e. cracking.

Lastly, the performed numerical examples and case studies exemplify that such
models can successfully be applied and used on a structural scale to provide valu-
able information and improve the understanding of the behaviour of aging concrete
structures. Hence, the developed models can be applied to aging concrete struc-
tures at hydro power facilities in a future phase of the research project to answer
the research questions put forth in section 1.1

7.2 Future work

The final goal of this research project is to investigate and determine the causes of
observed cracking in the internal concrete structures of hydro power plants, while
the focus in this first phase has been on the development of more sophisticated
analysis tools to study aging concrete. An important next step in answering the
research questions put forth in section 1.1 is to apply these tools on real cases,
for example revisiting the case study in Paper I. However, the design of this type
of structures can vary significantly and it is therefore important to study several
objects. To get a complete picture and better use of the analysis tools it will be
important to make in-situ investigations, e.g. mapping of cracks and other struc-
tural damages as well as conducting measurements. With respect to using and
calibrating the developed analysis tools, the following items can be of interest to
study:

- Ambient temperature and humidity conditions,

- Moisture condition in the concrete,

- In-situ properties of the concrete,

- Deformation variations,

- Crack width variations,

- Presence of degradation mechanisms.

The last point is of importance since such effects are currently out-of-scope of the
developed analysis tools and it is thus limiting for their applicability. In assessment
of this kind of structures, fatigue of both concrete, reinforcement and other com-
ponents due to mechanical vibrations from the power unit is also an important
topic not treated within this thesis. How and whether to include components of
the power unit to some extent in such a future analysis is a difficult question. Most
likely it will be necessary to compromise between the complexity and robustness
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of the model. Some initial studies on this were done by Gasch et al. [94], where
the rotating components of the power unit were coupled to a structural model.

It is also interesting to look at possible model developments, where three areas of
particular interest can be identified:

- Moisture transport,

- Moisture shrinkage,

- Localized inelastic deformations.

It was shown in Paper II that the current moisture transport model loses some
accuracy under variable humidity conditions. To improve this it was suggested to
include the sorption isotherm as was then done in Paper III. However, it might also
be necessary to consider the difference between the desorption and adsorption
isotherm, see Figure 2.6. Furthermore, the single-phase models used herein is a
significant simplification compared to the multi-phase moisture transport models
discussed in section 3.3. On the same topic, the currently used relationship be-
tween moisture and shrinkage is phenomenological and better predictions might
be obtained by considering a more physically justified description as for example
in poromechanics.

Using isotropic damage models to describe localized inelastic deformations has
its advantages, mainly with regard to computational efficiency. However, much
more advanced models are available that better characterize fracture in concrete,
as for example the model used in Paper I. As a complement to the efficient dam-
age models, it will be interesting to couple the multi-physical model with more
advanced and accurate models, including for example plasticity or non-local model
formulations.

Lastly, the creep model using the microprestress–solidification (MPS) theory can be
considered as state-of-the-art, but as discussed by Bažant et al. [29] a reformulation
might be necessary to accurately account for an observed size effect on drying
creep. The current formulation to account for this, proposed in [29] and used in
Papers II and III, causes the equations to lose their physical meaning. To alleviate
this, a different formulation was suggested but not completed [29]. An updated
formulation will be of interest to include in the future.
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[184] Ožbolt, J., Balabanić, G., Periškić, G., and Kušter, M. Modelling the effect
of damage on transport processes in concrete. Construction and Build-
ing Materials, 24(9):1638–1648, 2010. ISSN 0950-0618. DOI:10.1016/
j.conbuildmat.2010.02.028. *In Papers I and II.

119

http://dx.doi.org/0.1007/BF02480357
http://dx.doi.org/10.1002/nme.1620280214
http://dx.doi.org/10.1002/(SICI)1097-0207(19961115)39:21<3575::AID-NME65>3.0.CO;2-E
http://dx.doi.org/10.1002/(SICI)1097-0207(19961115)39:21<3575::AID-NME65>3.0.CO;2-E
http://dx.doi.org/10.1016/j.cma.2007.05.017
http://dx.doi.org/10.1016/0167-6636(85)90007-9
http://dx.doi.org/10.1016/j.conbuildmat.2010.02.028
http://dx.doi.org/10.1016/j.conbuildmat.2010.02.028


REFERENCES

[185] Papa, E. and Taliercio, A. Anisotropic damage model for the multiaxial static
and fatigue behaviour of plain concrete. Engineering Fracture Mechanics, 55
(2):163–179, 1996. DOI:10.1016/0013-7944(96)00004-5.

[186] Peerlings, R. H. J., De Borst, R., Brekelmans, W. A. M., and De Vree, J. H. P.
Gradient enhanced damage for quasi-brittle materials. International Journal
for Numerical Methods in Engineering, 39(19):3391–3403, 1996. DOI:10.
1002/(SICI)1097-0207(19961015)39:19<3391::AID-NME7>3.0.CO;2-D.

[187] Peerlings, R. H. J., Geers, M. G. D., de Borst, R., and Brekelmans, W. A. M. A
critical comparison of nonlocal and gradient-enhanced softening continua.
International Journal of Solids and Structures, 38(44–45):7723–7746, 2001.
DOI:10.1016/S0020-7683(01)00087-7.

[188] Pesavento, F., Gawin, D., Wyrzykowski, M., Schrefler, B. A., and Simoni, L.
Modeling alkali–silica reaction in non-isothermal, partially saturated cement
based materials. Computer Methods in Applied Mechanics and Engineering,
225–228:95–115, 2012. DOI:10.1016/j.cma.2012.02.019. *In Paper II.

[189] Petersson, P.-E. Crack growth and development of fracture zones in plain
concrete and similar materials. PhD thesis, Lund University, Lund, Sweden,
1981.

[190] Pickett, G. The effect of change in moisture-content on the crepe of concrete
under a sustained load. Journal of the American Concrete Institute, 38:333–
356, 1942.

[191] Pietruszczak, S. and Mróz, Z. Finite element analysis of deformation of
strain-softening materials. International Journal for Numerical Methods in
Engineering, 17(3):327–334, 1981. DOI:10.1002/nme.1620170303.

[192] Pijaudier-Cabot, G. and Bažant, Z. Nonlocal damage theory. Journal of
Engineering Mechanics, 113(10):1512–1533, 1987. DOI:10.1061/(ASCE)
0733-9399(1987)113:10(1512).

[193] Pijaudier-Cabot, G., Dufour, F., and Choinska, M. Multiscale Modeling of Het-
erogenous Materials, chapter 15 Damage and Permeability in Quasi-brittle
Materials: from Diffuse to Localized Properties, pages 277–292. ISTE, Lon-
don, UK, 2010. ISBN 978-0470611364. *In Paper II.

[194] Powers, T. A discussion of cement hydration in relation to the curing of
concrete. Proceedings of the Highway Research Board, 27:178–188, 1947.

[195] Rashid, Y. R. Ultimate strength analysis of prestressed concrete pressure
vessels. Nuclear Engineering and Design, 7(4):334–344, 1968. DOI:10.1016/
0029-5493(68)90066-6.

[196] Rhen, M. Förslag till dimensionernade lastfall för generator- och bär-
lagerarmkorsupplag – rotor- och temperturdynamiska laster (In Swedish).
Elforsk Report 07:54, Elforsk, Stockholm, Sweden, 2007.

120

http://dx.doi.org/10.1016/0013-7944(96)00004-5
http://dx.doi.org/10.1002/(SICI)1097-0207(19961015)39:19<3391::AID-NME7>3.0.CO;2-D
http://dx.doi.org/10.1002/(SICI)1097-0207(19961015)39:19<3391::AID-NME7>3.0.CO;2-D
http://dx.doi.org/10.1016/S0020-7683(01)00087-7
http://dx.doi.org/10.1016/j.cma.2012.02.019
http://dx.doi.org/10.1002/nme.1620170303
http://dx.doi.org/10.1061/(ASCE)0733-9399(1987)113:10(1512)
http://dx.doi.org/10.1061/(ASCE)0733-9399(1987)113:10(1512)
http://dx.doi.org/10.1016/0029-5493(68)90066-6
http://dx.doi.org/10.1016/0029-5493(68)90066-6


REFERENCES

[197] Richards, L. A. Capillary conduction of liquids through porous mediums.
Journal of Applied Physics, 1(5):318–333, 1931. DOI:10.1063/1.1745010.

[198] RILEM. Creep and shrinkage prediction model for analysis and design of
concrete structures— model b3. Materials and Structures, 28(6):357–365,
1995. DOI:10.1007/BF02473152.

[199] RILEM. Rilem draft recommendation: Tc-242-mdc multi-decade creep and
shrinkage of concrete: material model and structural analysis. Materials and
Structures, 48(4):753–770, 2015. DOI:10.1617/s11527-014-0485-2.

[200] Rosenqvist, M. Moisture Conditions and Frost Resistance of Concrete in Hy-
draulic Structures. Lic. thesis, Lund University, Lund, Sweden, 2013.

[201] Rots, J. G. Computational modeling of concrete fracture. PhD Thesis, TU
Delft, Delft, The Netherlands, 1988.

[202] Rådman, J. Development of concrete compressive strength: a study of Swedish
bridges constructed during the 20th century. MSc. Thesis, Luleå University of
Technology, Luleå, weden, 1998. *In Paper I.

[203] Ruiz, G., Elices, M., and Planas, J. Experimental study of fracture of lightly
reinforced concrete beams. Materials and Structures, 31(10):683–691, 1998.
DOI:10.1007/BF02480445.

[204] Sadarangani, C. Electrical Machines – Design and Analysis of Introduction
and permanent Magnet Motors. 2nd edition. Stockholm, Sweden, 2006. *In
Paper I.

[205] Saetta, A., Scotta, R., and Vitaliani, R. Stress analysis of concrete struc-
tures subjected to variable thermal loads. Journal of Structural Engineering,
121(3):446–457, 1995. DOI:10.1061/(ASCE)0733-9445(1995)121:3(446).
*In Paper I.

[206] Sakata, K. A study on moisture diffusion in drying and drying shrinkage
of concrete. Cement and Concrete Research, 13(2):216–224, 1983. DOI:
10.1016/0008-8846(83)90104-7.

[207] Samson, E., Marchand, J., Snyder, K. A., and Beaudoin, J. J. Model-
ing ion and fluid transport in unsaturated cement systems in isothermal
conditions. Cement and Concrete Research, 35(1):141–153, 2005. DOI:
10.1016/j.cemconres.2004.07.016.

[208] Saouridis, C. and Mazars, J. Prediction of the failure and size effect in
concrete via a bi-scale damage approach. Engineering Computations, 9(3):
329–344, 1992. DOI:10.1108/eb023870.

[209] Saul, A. G. A. Principles underlying the steam curing of concrete at atmo-
spheric pressure. Magazine of Concrete Research, 2:127–140, 1951. DOI:
10.1680/macr.1951.2.6.127.

121

http://dx.doi.org/10.1063/1.1745010
http://dx.doi.org/10.1007/BF02473152
http://dx.doi.org/10.1617/s11527-014-0485-2
http://dx.doi.org/10.1007/BF02480445
http://dx.doi.org/10.1061/(ASCE)0733-9445(1995)121:3(446)
http://dx.doi.org/10.1016/0008-8846(83)90104-7
http://dx.doi.org/10.1016/0008-8846(83)90104-7
http://dx.doi.org/10.1016/j.cemconres.2004.07.016
http://dx.doi.org/10.1016/j.cemconres.2004.07.016
http://dx.doi.org/10.1108/eb023870
http://dx.doi.org/10.1680/macr.1951.2.6.127
http://dx.doi.org/10.1680/macr.1951.2.6.127


REFERENCES

[210] Schenk, O., Bollhöfer, M., and Römer, R. A. The Pardiso project, 2016 (Ac-
cessed: 2016-04-11). URL http://www.pardiso-project.org/.

[211] Sercombe, J., Hellmich, C., Ulm, F., and Mang, H. Modeling of early-age
creep of shotcrete. I: Model and model parameters. Journal of Engineering
Mechanics, 126(3):284–291, 2000. DOI:10.1061/(ASCE)0733-9399(2000)
126:3(284).

[212] SIS. SS-ISO 1940-1: Mechanical vibration – Balance quality requirements
for rotors in a constant (rigid) state – Part 1: Specification and verification of
balance tolerances. SIS Förlag, Stockholm, Sweden, 2003.

[213] SMHI. The Pardiso project, 2015 (Accessed: 2015-09-25). URL http://
opendata-catalog.smhi.se/explore. *In Paper II.

[214] Tamtsia, B. T. and Beaudoin, J. J. Basic creep of hardened cement paste a
re-examination of the role of water. Cement and Concrete Research, 30(9):
1465–1475, 2000. DOI:10.1016/S0008-8846(00)00279-9.

[215] Taylor, H. F. W. Cement chemistry. 2nd edition. Thomas Telford, London,
UK, 1997. ISBN 0-727725920.

[216] Truman, K., Petruska, D., and Norman, C. Creep, shrinkage, and thermal
effects on mass concrete structure. Journal of Engineering Mechanics, 117
(6):1274–1288, 1991. DOI:10.1061/(ASCE)0733-9399(1991)117:6(1274).
*In Paper I.

[217] Ulm, F.-J. and Coussy, O. Modeling of thermochemomechanical couplings of
concrete at early ages. Journal of Engineering Mechanics, 121(7):785–794,
1995. DOI:10.1061/(ASCE)0733-9399(1995)121:7(785).

[218] Ulm, F.-J. and Coussy, O. Strength Growth as Chemo-Plastic Hardening in
Early Age Concrete. Journal of Engineering Mechanics, 122(12):1123–1132,
1996.

[219] Ulm, F. J., Le Maou, F., and Boulay, C. Creep and shrinkage coupling: New
review of some evidence. Revue francaise de génie civil, 3(3-4):21–37, 1999.

[220] van Breugel, K. Numerical simulation of hydration and microstructural
development in hardening cement-based materials (I) theory. Cement
and Concrete Research, 25(2):319–331, 1995. DOI:10.1016/0008-8846(95)
00017-8.

[221] van Zijl, G. P. Computational Modelling of Masonry Creep and Shrinkage.
PhD thesis, TU Delft, Delft, The Netherlands.

[222] Vance, J. M. Rotordynamics of Turbomachinery. John Wiley & Sons, Chich-
ester, UK, 1988. ISBN 978-0471802587. *In Paper I.

[223] Vogt, C., Lagerblad, B., Baldy, F., and Jonasson, J.-E. Low pH self compacting
concrete for deposition tunnel plugs. SKB R-09-07, Swedish Nuclear Fuel
and Waste Management Co (SKB), Stockholm, Sweden, 2009.

122

http://www.pardiso-project.org/
http://dx.doi.org/10.1061/(ASCE)0733-9399(2000)126:3(284)
http://dx.doi.org/10.1061/(ASCE)0733-9399(2000)126:3(284)
http://opendata-catalog.smhi.se/explore
http://opendata-catalog.smhi.se/explore
http://dx.doi.org/10.1016/S0008-8846(00)00279-9
http://dx.doi.org/10.1061/(ASCE)0733-9399(1991)117:6(1274)
http://dx.doi.org/10.1061/(ASCE)0733-9399(1995)121:7(785)
http://dx.doi.org/10.1016/0008-8846(95)00017-8
http://dx.doi.org/10.1016/0008-8846(95)00017-8


REFERENCES

[224] Voyiadjis, G. Z., Taqieddin, Z. N., and Kattan, P. I. Theoretical formulation
of a coupled elastic—plastic anisotropic damage model for concrete using
the strain energy equivalence concept. International Journal of Damage
Mechanics, 18(7):603–638, 2009. DOI:10.1177/1056789508092399.

[225] Weibull, W. The phenomenon of rupture in solids. Proceedings of the Royal
Swedish Institute of Engineering Research, 153:1–55, 1939.

[226] William, K. J. and Warnke, E. P. Constitutive model for the triaxial behaviour
of concrete. In IABSE Seminar on Concrete Structures Subjected to Triaxial
Stresses, Bergamo, Italy, 1974.

[227] Witasse, R. Contribution à la compréhension du comportement d’une coque
d’aéroréfrigérant vieilli: définition d’un état initial, influence des effets différés
sous chargements hydro-mécaniques (In French). PhD Thesis, INSA Lyon,
Lyon, France, 2000.

[228] Wittman, F. Useful fundamentals of shrinkage and creep of concrete. In
Proceendings of the 10th international conference on mechanics and physics
of creep, shrinkage, and durability of concrete and concrete structures, Vienna,
Austria, 2015.

[229] Wittmann, F. H. Heresies on shrinkage and creep mechanisms. In Pro-
ceendings of the 8th international conference on mechanics and physics of
creep, shrinkage, and durability of concrete and concrete structures, Ise-Shima,
Japan, 2008.

[230] Wittmann, F. H. and Roelfstra, P. E. Total deformation of loaded drying
concrete. Cement and Concrete Research, 10(5):601–610, 1980. DOI:10.
1016/0008-8846(80)90023-X.

[231] Xi, Y., Bažant, Z. P., and Jennings, H. M. Moisture diffusion in cementitious
materials - adsorption isotherms. Advanced Cement Based Materials, 1(6):
248–257, 1994. DOI:10.1016/1065-7355(94)90033-7.

[232] Xi, Y., Bažant, Z. P., Molina, L., and Jennings, H. M. Moisture diffusion
in cementitious materials - moisture capacity and diffusivity. Advanced
Cement Based Materials, 1(6):258–266, 1994. DOI:10.1016/1065-7355(94)
90034-5.

[233] Yu, R. and Ruiz, G. Explicit finite element modeling of static crack propa-
gation in reinforced concrete. International Journal of Fracture, 141(3-4):
357–372, 2006. DOI:10.1007/s10704-006-9002-0.

[234] Zienkiewicz, O. C., Taylor, R. L., and Zhu, J. Z. The Finite Element Method:
Its Basis and Fundamentals. 7th edition. Butterworth-Heinemann, Oxford,
UK, 2013. ISBN 978-1856176330.

123

http://dx.doi.org/10.1177/1056789508092399
http://dx.doi.org/10.1016/0008-8846(80)90023-X
http://dx.doi.org/10.1016/0008-8846(80)90023-X
http://dx.doi.org/10.1016/1065-7355(94)90033-7
http://dx.doi.org/10.1016/1065-7355(94)90034-5
http://dx.doi.org/10.1016/1065-7355(94)90034-5
http://dx.doi.org/10.1007/s10704-006-9002-0




List of Notations

Upper case letters

A . . . . . . . . . . . .Area

Ac . . . . . . . . . . . .Normalized affinity of the hydration

Ac1 . . . . . . . . . . .Parameter of the hydration model

Ac2 . . . . . . . . . . .Parameter of the hydration model

Af . . . . . . . . . . . .Parameter of the aging model

Am . . . . . . . . . . . .Affinity of the hydration

Bf . . . . . . . . . . . .Variable of the aging model

C1 . . . . . . . . . . . .Parameter related to evolution of microprestress

Cs . . . . . . . . . . . .Parameter related to evolution of microprestress

Ct . . . . . . . . . . . .Specific heat

D1 . . . . . . . . . . . .Diffusitivity at saturation

D . . . . . . . . . . . .Diffusion coefficient

E . . . . . . . . . . . .Young’s modulus

Ec . . . . . . . . . . . .Cement activation energy

Er . . . . . . . . . . . .Activation energy of viscous processes

Es . . . . . . . . . . . .Activation energy of microprestress relaxtion

Fmag . . . . . . . . . . .Radial magnetic pulling force of a generator

Funba . . . . . . . . . .The unbalancing force of a rotating system

G1 . . . . . . . . . . . .Moisture in gel pores at saturation

K1 . . . . . . . . . . . .Moisture in capillary pores at saturation

Gf . . . . . . . . . . . . Fracture energy

125



List of Notations

Lrot . . . . . . . . . . . Length of the rotor

I1 . . . . . . . . . . . . First stress invariant

I1ε . . . . . . . . . . . . First strain invariant
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