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Abstract

Extreme events, heaviness of log return distribution tails and bivariate asymptotic dependence

are important aspects of cross-asset tail risk hedging and diversification. These are in this thesis

investigated with the help of threshold copulas, scalar tail dependence measures and bivariate

Value-at-Risk. The theory is applied to a global equity portfolio extended with various other

asset classes as proxied by different market indices. The asset class indices are shown to possess

so-called stylised facts of financial asset returns such as heavy-tailedness, clustered volatility and

aggregational Gaussianity. The results on tail dependence structure show on lack of strong joint

tail dependence, but suitable bivariate dependence models can nonetheless be found and fitted

to the data. These dependence structures are then used when concluding about tail hedging

opportunities as defined by highly tail correlated long vs short positions as well as diversification

benefits of lower estimated Value-at-Risk for cross-asset portfolios than univariate portfolios.

Keywords: Threshold Copulas, Value-at-Risk, Tail Dependence, Tail Risk Hedging, Diversifi-

cation Benefit
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1 Introduction

The statistical studies of financial market extreme events are important aspects of risk man-

agement, hedging, portfolio selection and instrument pricing. The mathematical framework of

Extreme Value Theory (EVT) undertakes the issue of modelling and forecasting extreme events

through the use of limit theorems and the theory also extends to the multivariate case, making it

possible to consider tail dependence in the joint tail of cross-asset portfolio returns. Asset depen-

dence quantified as an asymptotic dependence measure can be a good indicator of tail hedging

opportunities in case of highly tail dependent long and short positions whereas quantification

as quantile risk estimates can show on diversification benefits for portfolio risk management

purposes. These topics of tail risk characteristics of crossi-asset portfolios are in this thesis

investigated for global financial markets across asset classes.

Financial data features have been studied extensively over the years both with event

based methods pairing economic and political events to asset returns as well as statistically. The

statistically determined so called stylised facts, as listed in e.g. [3] are in this thesis analysed

for univariate time series as well as accounted for in extreme risk estimations. EVT methods

enable the risk estimation of rare out-of-sample events without assuming any parametric distri-

butions of the returns and these tail risk model free tools have thus been popular when modelling

portfolios on a univariate basis as in e.g. [22].Articles such as [27] have however shown on the

outperformance of multivariate dependence structure contingent models over univariate ones

when forecasting risk measures for portfolios.

A flexible tool to estimate and model bivariate dependence is the concept of copulas

as firstly defined in [29] in 1959. When delimiting the analysis to the joint extreme tail of

financial instrument returns does the conclusion of increasingly correlated instruments in extreme

downturns from reports like [1] and [17] imply the importance of tail specific estimation methods.

The concept of extreme value copulas, limiting the data samples and analysis to the joint tail of

distributions, is in [15] accordingly argumented for for the study of extreme losses.

Parameter estimation methods for these dependence structures are e.g. evaluated in

[21] where the level of detail of the estimates are posed against flexibility, robustness and com-

putational ease, arriving at the conclusion of a superior semi-parametric estimation method as

proposed in [13]. Similarly, the authors of [12] compare parametric, semiparametric and non-

parametric estimation methods for the tail dependence coefficient which can be used to quantify

tail risk hedging opportunities. The estimation methods are implemented through a simulation

study where the variance and bias of the estimated parameters as well as the estimation errors are

considered. The results emphasise the importance of correctly specified distributional assump-

tions in the case of parametric estimation methods and suggests to use goodness-of-fit methods

for these purposes. The primary goodness-of-fit test utilised in this thesis is the Cramér-von

Mises statistic based norm test as outlined in [14]. Additionally to the tail dependence structure

and asymptotic dependence coefficient estimations for the purpose of tail dependence pattern

identification and hedging opportunity evaluation, is also the diversification effect of multi asset

portfolios in tail scenarios estimated. The measure chosen for this is the VaR reduction of a

diversified portfolio as described in [10].

With the collection of the various tools of EVT, copulas, extreme value copulas, risk

and tail dependence measures as well as estimation methods does this thesis therefore set to

investigate extreme tail events of financial asset returns. The dependence of various instruments

far out in the extreme tails are considered as well as risk and diversification benefit evaluation of

including an extra asset class in a portfolio. Different data characteristics for varying sampling
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frequencies are also acknowledged for the purpose of differentiating the analysis for different

investor pools. These above mentioned mathematical and statistical aspects of financial data

series are considerations which strategic asset managers have when analysing whether to add

an extra asset class to an investment portfolio. For long-term investment objectives is sampling

frequency and whether the characteristics of high frequency data also hold under aggregation

important considerations investigated in e.g. [2] and [6]. The high frequency case can enlighten

about liquidity issues in extreme events, whereas the lower frequency case covers long-term

investment objective issues.

In order to investigate the above mentioned topics is this thesis thus structured to first

in Section 2 describe financially relevant mathematical topics and the Extreme Value Theory

(EVT) approach of looking at extreme events in the univariate case. Section 3 then follows with

extending the theory to the multivariate case with dependence structures and risk quantification

in the tail of joint extreme events. Resources used for these first two sections include [18], [24]

and [11] to mention a few. In Section 4 is then estimation methods for the variables defined in

the first two sections described and these methods then applied for the bivariate case in Section

5 before conclusions and final remarks wrap the thesis up in Section 6.
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2 Univariate Marginal Distributions

This section describes mathematical theory for the analysis of financial asset return character-

istics, tail behaviour and risk quantification. These topics are important contributions to the

goal of the thesis of investigating different aspects of joint tail behaviour. The relevant theory

included in this section is well explained and further developed on in e.g. [3], [18] and [24].

Estimation methods for the theory is found in Section 4.1 and the application of the methods to

financial data in Section 5.2.

2.1 Empirically Recognised Facts about Financial Data

In the characterisation and modelling of financial asset log returns a number of commonly en-

countered characteristics of the data, often called stylised facts, have been empirically detected,

as e.g. described in [3]. These have been shown to hold across different markets and instru-

ments and are important to account and adjust for in order to make sure that the data complies

with model assumptions of the chosen statistical methods with which the data is investigated.

They also contribute with additional information which can be used to implement more precise

associations and models for the data.

The stylised facts include statistical properties such as heavy tails, volatility clustering,

gain and loss asymmetry, leverage effect and aggregational Gaussianity. The actual properties

applicable to a data sample, and the level to which they hold, vary across data series, sampling

frequencies and possibly also over time. Varying stylised facts over time can e.g. be due to

regulatory or other structural changes as well as novel index reweighting methods which will

have an impact on market or specific index dynamics.

This section sets to further describe these common empirically recognised facts, with

focus on the properties of tail heaviness and volatility clustering. These properties are important

to acknowledge in tail risk and hedging opportunity assessment, as intended to in this thesis.

2.1.1 Heavy Tails

The stylised fact of heavy tails of financial log return distributions states that the tail of the

distribution of financial log returns decays slowly, often defined as slower than exponentially

decaying. Heaviness of tails for a distribution can be characterised by the regularly varying

property which states that the distribution has a heavy right tail if there exists an α ≥ 0 such

that

limt→∞
F̄ (tx)

F̄ (t)
= x−α for every x > 0 (1)

or similarly

limt→∞P (X > tx|X > t) = x−α for every x > 1 (2)

where F̄ (x) = 1 − F (x) = P (X > x) is the survival cumulative distribution function. For the

lower left tail one similarly has

limt→−∞
F (tx)

F (t)
= x−α for every x > 0 (3)

Examples of distributions with regularly varying tails are the Pareto distribution with a regularly

varying upper tail and the Student’s t distribution of ν degrees of freedom with regularly varying

lower and upper tails. The parameter α is called the tail index, where a higher α implies a
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quicker convergence and less heavy tails. For the study of negative financial events, the negative

log returns are in this thesis looked at in their upper right tail. The tail index is for financial

data often shown to be within the (2,5) range, e.g. in [3].Investigative methods for looking at

heavy tails and the tail index are explained in Section 4.1.1

Another stylised fact which is related to heavy tails is aggregational Gaussianity. This

property states that log returns of lower frequency samples are closer to normally distributed

than the log returns of the higher frequenced sample of the same data set. The shape of the

distribution of log returns is thus considered to be different depending on the sampling frequency.

How this relates to the tail distribution of interest in this thesis will be further investigated when

applying the theories to financial data in Section 5.2.2.4.

2.1.2 Volatility

Empirical studies of financial data have shown a number of common properties for the volatility

of financial asset log returns. Relevant properties to this project include clustered volatility,

volatility conditional heavy tails and leverage effect.

The clustered volatility stylised fact states that volatility is autocorrelated, thus imply-

ing that high-volatility events tend to cluster in time. Knowledge of the past volatility series

thus contribute with additional information about the likelihood of a subsequent extreme event.

This dynamic importance of clustered volatility is captured in e.g. the EVT-GARCH framework

of estimating dynamic risk measures. When as in this thesis focussing on static risk measure

estimates, the autocorrelation aspect of clustered volatility indicates that data is not indepen-

dent, a property which is assumed in extreme events modelling in the Extreme Value Theory

framework, described in Section 2.2. A remedy for the clustered volatility aspect is to filter the

data with a volatility accounting process such as the GARCH model. Empirical studies have

systematically recognised that the volatility conditioned filtered residuals of a GARCH process

still will have heavy tails. The leverage effect states that the volatility and log returns of assets

tend to be negatively correlated, i.e. volatility tends to spike when markets drop and be lower

with upwards grinding financial market asset levels.

2.2 Extreme Value Theory

Extreme Value Theory (EVT) is based on the limit theorems of sample maxima and exceedances

over a threshold in the two branches of EVT; Block Maxima Models (BMM) respectively Peaks

Over Threshold models (POT). The original branch of BMM states that normalised sample

maxima Mn = max(X1, . . . , Xn) of iid random variables Xk, k = 1, . . . , n, can be characterised

by limiting distributions which according to the Fisher-Tippett-Gnedenko Theorem are in the

family of Generelised Extreme Value (GEV) distributions. The GEV distribution is defined as:

Hµ,σ,γ(x) =

exp(−(1 + γ(x−µσ ))−1/γ) γ 6= 0

exp(−exp(−x−µσ )) γ = 0
(4)

The parameters of the distribution are location and scale parameters µ and σ as well as the shape

parameter γ which defines the type of distribution. γ < 0 defines a Weibull distribution, γ = 0

a Gumbel distribution and γ > 0 a Fréchet distribution. The family of Fréchet distributions

have an infinite endpoint and a slowly decaying tail, 1 −H(x) ∝ x−1/γ , in line with the theory

of heavy-tailedness of financial log returns. In order to apply the BMM, one has to divide the

sample into blocks for which the maxima are used in the tail distribution fit. This division is

most relevant when the data set is naturally structured as e.g. rainfall data which can be split
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into years or time periods which periodically could be assumed to have certain characteristics,

e.g. annually reoccuring monsoon periods. Another aspect of the BMM is that it in the block

split of data disregards of less extreme values than the chosen block maxima for each block.

Since financial data as explained in Section 2.1 often possess properties such as limited length of

the time series and clustered volatility and extreme values, this suggests that the BMM might

not be optimal. The alternative of looking at tail distributions with the POT method more

efficiently and equally accurately models the distribution of extreme outcomes for financial data.

Accordingly, this thesis utilises the POT method which is defined in the subsequent section and

for which estimation methods are explained in Section 4.2.

2.2.1 Peaks Over Threshold Method

The POT utilises all exceedances over a chosen threshold to fit a Generalised Pareto distribution

(GPD) to the exceedances. The Pickands-Balkema-de Haan Theorem states that this is indeed

the only possible limiting family of distributions of the threshold exceedances if it holds that the

distribution of threshold exceedances when possibly normalised has a limiting distribution. That

is, the tail distribution Fu(x) above the threshold u satisfies for u→ sup{x|F (x) < 1},

F̄u(x) ≈ Ḡσ,γ(x) =
(

1 + γ
x

σ

)−1/γ

(5)

where G is the GPD with the same shape parameter as for the GEV.

The parametric representation of the tail distribution when above the threshold u can

thus be estimated with the following equation

F̄ (u+ x) = F̄ (u)F̄u(x) (6)

where F̄ (u) can be approximated with the empirical share of observations above the threshold,

F̄ (u) ≈ Nu
n , where Nu and n are the number of observations above the threshold respectively in

the entire sample. F̄u(x) can be approximated with the GPD formulation as defined in equation

(5), where the parameters γ and σ are replaced by estimates of the parameters. Estimating these

distribution parameters with maximum likelihood estimation is described in Section 4.2.2. This

leads to an estimated tail distribution above the threshold u of

ˆ̄F (u+ x) =
Nu
n

(
1 + γ̂

x

σ̂

)−1/γ̂

(7)

2.2.2 Value-at-Risk for Univariate Random Variables

In order to quantify the riskiness of a certain investment a commonly used risk measure is the

Value-at-Risk, VaR, of a random variable X. The VaR of X for a certain level p ∈ (0, 1) can be

defined as the (1-p):th quantile of the loss distribution, for L = −X, i.e. as

V aRp(X) = F−1
L (1− p) (8)

where X is the portfolio value, L the loss value and p the probability level. It is thus the loss value

for which the probability of larger losses is equal to the cut-off quantile, P (L > V aRp(X)) = q.

VaR is popular in finance because of its conceptual prowess over standard deviation in that it only

measures downside risk. This is measured in an easily understandable and implementable way.

VaR also provides a common risk measure spanning different asset classes, risk factors and thus

also portfolios on both a component and an aggregate level. Downfalls with the measure include

the fact that it is not a coherent risk measure, i.e. only possesses the properties of translation

invariance, monotonicity and postive homogeneity, but not subadditivity. This means that VaR
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as a risk measure will reduce risk with the amount of risk-free cash investment added, will at a

certain time deem a less valuable investment more risky than a higher valued investment and will

amplify the risk of a levered investment with this same multiplier, but will not definitely reward

diversification in that V aR(X1 + X2) ≤ V aR(X1) + V aR(X2) does not necessarily hold. This

means that diversification is not always beneficial to the value of the measure, a characteristic

that one could assume to be apparent for a risk measure. This multivariate property of VaR is

further discussed in Section 3.2. VaR is also a quantile measure which only quantifies risk as a

single number for a certain quantile, meaning that it fails to consider the risk beyond this level.

Distributions with different tail distribution characteristics beyond the measured quantile can

thus have the same VaR levels although having different risks in the far out tails.

Given the estimation of the representation of the tail distribution of a univariate random

variable as in the previous section, with the Generalised Pareto distribution in equation (7), one

can with the same definitions derive the explicit VaR as

VaRp(X) = min{x| ˆ̄F (x) ≤ 1− p} = u+
σ̂

γ̂

(( n

Nu
(1− p)

)−γ̂
− 1

)
(9)

where the parameters with hats are the corresponding estimated parameters.
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3 Multivariate EVT

An important extension to univariate EVT is because of the commonly multi-component case

of financial investing and risk management the theory of multivariate EVT. Multivariate EVT

characterises joint tail distributions and tail dependence structures for the multivariate case. The

theory includes the specification of copulas, for extreme events particularly the extreme value

copulas, as well as asymptotic dependence in the tail dependence coefficient measure, topics which

will all be covered in this section, together with the VaR quantification of risk of distributions

specified by copulas. Generalisation is here intended to be kept in that key theoretical concepts

are explained for dimensionality exceeding the two dimensions for which the final application of

the theory is later conducted. The reason for this is to emphasise the versatility of the mathematic

theory in variable dimensionality. When the theory in two dimensions is more intuitive or

descriptive for the purpose of the bivariate application, the results are instead described in this

manner to keep clarity and adhere to the focus of the thesis. The resulting bivariate application

of the theory to financial data is conducted in Section 5 and this is preceded by the theory of

multivariate EVT estimation methods in Section 4 with subsections.

3.1 Copulas

When the specification of the dependence of multivariate random variables is of interest, this

aspect can be looked at further with the theory of copulas. Copulas consider the dependence

structure between random variables independently of the respective marginal distribution func-

tions of the variables. A common characterization of this dependence structure is given through

transforming the univariate distributions to uniformly distributed variables on [0, 1] through tak-

ing the probability transform, FXi(Xi), of the variables Xi with marginal distribution functions

FXi(·). The joint distribution function of the resulting uniformly distributed random variables is

then called the copula function. Sklar’s theorem states that given a joint distribution function F

and individual marginal distribution functions F1, . . . , Fd, there exists a copula C : [0, 1]d → [0, 1]

such that for all xk ∈ R it holds that

F (x1, . . . , xd) = C(FX1(x1), . . . , FXd(xd)) (10)

If the marginal distribution functions are continuous, the resulting copula is unique. In the

same manner can the joint distribution function F be derived from knowing the copula and

univariate marginal distribution functions. Copula theory is thus a convenient framework for

studying dependence structures of joint distributions, or equally for looking at sensitivities to

different dependence structures on the joint distributions of random variables. The empirical

copula, which can be used for e.g. goodness-of-fit tests, is for a d-dimensional data set defined

as

Cn(u1, ..., ud) =
1

n

n∑
i=1

1(Ui1 ≤ u1, ..., Uid ≤ ud). (11)

A multivariate normally distributed vector X ∼ Nd(µ,Σ) has the so-called Gaussian copula

which is defined as

CGaΣ (u1, ..., ud) = P (FX1
(X1) ≤ u1, . . . , FXd(Xd) ≤ ud)

= P (Φ(X1) ≤ u1, ...,Φ(Xd) ≤ ud)

= P (X1 ≤ Φ−1(u1), ..., Xd ≤ Φ−1(ud))

= ΦdΣ(Φ−1(u1), ...,Φ−1(ud))
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where Φ is the univariate standard normal distribution function, ΦdΣ the joint distribution func-

tion of the d-dimensional vector X of random variables with correlation matrix Σ. The bivariate

case of the Gaussian copula, for which the linear correlation is ρ, can be written out as

CGaρ (u1, u2) =

Φ−1(u1)∫
−∞

Φ−1(u2)∫
−∞

1

2π(1− ρ2)1/2
exp
{−(s2

1 − 2ρs1s2 + s2
2)

2(1− ρ2)

}
ds1ds2 (12)

The multivariate Student’s t-distribution similarly has the copula tdν,Σ(t−1
ν (u1), ..., t−1

ν (ud)) where

tdν,Σ is the joint distribution function with a specified correlation matrix Σ and number of degrees

of freedom ν, and where tν are the univariate Student’s t distribution functions. In the bivariate

case, this t-copula with correlation parameter ρ can be written as

Ctρ,ν(u1, u2) =

t−1
ν (u1)∫
−∞

t−1
ν (u2)∫
−∞

1

πν
√

1− ρ2

Γ(ν2 + 1)

Γ(ν2 )

(
1 +

s2
1 − s2

2

(1− ρ2)ν

)−ν/2+1

ds1ds2 (13)

There are a number of other families of copulas, where an important one for joint tail

distributions is the Archimedean copula family.

3.1.1 Archimedean Copulas

An Archimedean d-dimensional copula can be denoted

C(u1, . . . , ud) = Ψ−1(Ψ(u1) + . . . + Ψ−1(ud)) (14)

where Ψ(t) is the generator, a decreasing function Ψ(t) : [0, 1] → [0,∞] for which it holds that

Ψ(0) =∞ and Ψ(1) = 0 and Ψ−1 is the inverse. Examples of Archimedean copulas include the

Clayton, Gumbel and Frank copulas.

The Clayton copula has the generator ΨCl
θ (t) = 1

θ (t−θ − 1) where θ ≤ −1 and is defined as

CClθ (u1, ..., ud) = (u−θ1 + ...+ u−θd + 1− d)−1/θ, 0 < θ <∞. (15)

The Gumbel copula, also called the logistic copula, has generator ΨGu
θ (t) = (−lnu)θ where θ > 1

and is defined as

CGuθ (u1, . . . , ud) = exp
{
−
[ d∑
i=1

−lnui)
θ
]1/θ}

(16)

The Frank copula has the generator function ΨFr
θ (t) = −ln

(
e−θt−1
e−θ−1

)
and is defined as

CFrθ (u1, ..., ud) =
1

θ
ln

{
1 +

d∏
i=1

(exp(−θui)− 1)

(exp(−θ)− 1)d−1

}
(17)

where θ > 0 if d ≥ 3 and θ 6= 0 if d = 2. In two dimensions and for a set θ = 2 these families

of copulas have appearances as in Figure 3.1. If the value of θ was further increased the level

of tail dependence would be intensified for the first two families of copulas. In the figure one

can see that the Clayton copula has greater tail dependence in the lower left tail whereas the

Gumbel copula has greater tail dependence in the upper tail of the distribution. The Clayton

copula exhibits tail independence as θ → 0, the Gumbel copula when θ = 1 and the Frank copula

invariably.
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Figure 3.1: The bivariate Clayton (left), Gumbel (middle) and Frank (right) copula level curves

3.1.2 Tail Distribution Copulas

Fitting the entire data set to a copula will result in optimal copula parameters for an on average

well-suited model, whereas the interest of this project lies in the tail of the joint distribution.

For componentwise maxima of a given sample of iid random variables with common distribution

function F, the copula of the component wise maxima Mn := (Mn1, . . . ,Mnd)
T is given by:

CMn
(u1, . . . , ud) = CF (u

1/n
1 , . . . , u

1/n
d )n (18)

The copula to which this copula converges to as n → ∞ is called the extreme value copula, as

per

limn→∞CF (u
1/n
1 , . . . , u

1/n
d )n = C(u1, . . . , ud) (19)

When instead looking at multivariate threshold exceedances (cf. POT compared with BMM in

the univariate case), the limiting dependence structures for the data set can be estimated with

the approach developed in [20].

Conditional on that the univariate random variables are both below a certain quantile,

one gets the probability and respective conditional copula representation as

P (X1 ≤ F−1
1 (x1), X2 ≤ F−1

2 (x2)|X1 ≤ F−1
1 (v), X2 ≤ F−1

2 (v)) =
C(x1, x2)

C(v, v)
x1, x2 ∈ [0, v] (20)

Sklar’s theorem, as defined in equation (10), states that this bivariate distribution of the variables

x1 and x2 can be written as the decomposition of continuous marginal distribution functions and

a unique copula, called the lower threshold copula. In the limit when the quantile on which

the dependence structure is conditioned goes to 0, v → 0, one has the limiting lower threshold

copula. The upper threshold copulas can be defined in a similar manner.

Examples of threshold copulas include the Clayton copula which is the threshold copula

for a wide range of Archimedean copulas. The bivariate Clayton copula is defined in section

3.1.1 and the survival Clayton copula of limiting lower threshold copulas is a limiting upper

threshold copula. The Clayton or survival Clayton copulas can also be used as a substitute

or approximation to the lower respectively upper threshold copula of the t-copula. This is

since although the extreme value t-copula can be specified explicitly, the complexity of the

representation and the similarities with the Clayton copulas practically, make the threshold t-

copula contribute with limited added value compared with the simpler Clayton copula. Other

EV copulas include the Gumbel copula from section 3.1.1 as well as the Galambos, or negative

logistic, copula. The Galambos copula is in two dimensions defined by

CGalθ (u1, u2) = u1u2exp{((ln u1)−θ + (ln u2)−θ)−1/θ} (21)

In the case of unknown distributional characteristics of the random variables, as is the

case for explorative studies on data sets, limiting threshold copulas can be assumed for the

10



joint dependence structure and the best fit to the data can be selected. Methodology for this is

explained in Section 4.3.1.

3.2 Value-at-Risk for Multivariate Portfolios

Value-at-Risk, V aRp(L) for a loss variable L, is as in Section 2.2.2 defined as the (1-p):th quantile

of the variable L, i.e. as F−1
L (1 − p) where F−1

L (u) thus is the inverse cumulative distribution

function of the loss variable.

In its simplest form, when the individual variables are assumed to be normally dis-

tributed with means µi and covariance matrix Σ, the portfolio aggregate expected return and

return variance can be explicitly stated as wµ respectively wΣwT where w is the vector of

component weights. The VaR is then defined by

VaRp(L) = (−wµ–
√
xΣwT Φ−1(1− p))P0 (22)

where P0 is the current level of the portfolio and Φ−1(1 − p) the inverse cumulative standard

normal distribution function evaluated at the (1-p):th percentile. Under the multivariate t-

distribution can the VaR similarly be given as

VaRp(L) = (−wµ−
√
ν − 2

ν
wΣw t−1

ν (1− p)) (23)

where ν is the degrees of freedom and t−1
ν (1− p) the Student’s t inverse cumulative distribution

function evaluated at the (1-p):th percentile.

When broad generalisations such as multivariate normal or Student’s t distributed vari-

ables cannot be assumed, estimation methods which e.g. take copula specifications into consid-

eration can be used. Various estimation methods for multivariate VaR are covered in Section

4.3.3.

3.2.1 Diversification Benefit

Through extending the risk quantification of an investment portfolio to the number of dimensions

of the underlying asset classes or assets does one also account for the intra-portfolio dependence as

well as possible diversification effects. The quantification of diversification can be an important

complementary tool when looking at tail risk. An example of this is suggested in [10] as the

possible underestimation of finite tail risk when assets might be asymptotically independent

as defined in Section 3.3.1 but still exhibit dependence for smaller quantile values than the

asymptotic case. The author thus advocates to examine the diversification benefit of a bivariate

portfolio of assets i and j at the qth percentile, DBij,q as defined by the reduction in VaR relative

to the VaR of an undiversified portfolio,

DBij,q = 1−
minwi∈[0,1]V aRq(L(wi))

minwi∈{0,1}V aRq(L(wi))
. (24)

For this it holds that

L(wi) = wiLi + (1− wi)Lj (25)

where L, Li are the losses of the bivariate portfolio and asset i given a wi ∈ [0, 1] weight in asset

i. This can then be iteratively calculated for each portfolio when incrementing wi in between 0

and 1.

11



3.3 Scalar Dependence Measures

As complementing alternatives to looking at a fully tail describing joint distribution function

or the quantification of loss through the VaR measure, one can also examine tail dependence

with scalar dependence measures. These include linear measures such as Pearson’s correlation

which account for both marginal distributions and dependence structures. There are also rank

based dependence measures such as Kendall’s τ and Spearman’s ρ which only incorporate the

dependence structure in their scalar dependence measure estimates. A third type of dependence

measure is the tail dependence coefficient which accounts for the asymptotic tail behaviour of

multivariate distributions. These types of scalar dependence measures will be described in this

section.

The Pearson’s ρ correlation estimator averages deviations from the mean and does thus

not distinguish between extreme or moderate outcomes or the sign of the returns. The Pearson’s

ρ measure is defined by

ρ(X1, X2) =
Cov(X1, X2)√

V ar(X1)
√
V ar(X2)

(26)

Where Cov(X1, X2) and V ar(Xi) are the covariances and variances as commonly defined.

Rank based measures of dependence are determined solely by the rank of the variable data and are

thus a useful tool and starting point for when calibrating copulas to multivariate data. However,

as is the case for linear correlation measures, the rank based measures together with marginal

distribution functions of the univariate variables do not suffice to fully describe joint distributions.

One property of rank based dependence measures is the invariance under strictly increasing

transformations of the univariate random variables, i.e. f(X1, X2) = f(T1(X1), T2(X2)) for the

measure f and transformation functions T1 respectively T2. Rank based dependence measures,

including Kendall’s τ and Spearman’s ρ, thus measure the concordance of the data, i.e. if

(xi − x′i)(xj − x′j) > 0 for data points (xi, x
′
i) and (xj , x

′
j). Kendall’s τ is defined as

τ(X1, X2) = P ((X1 −X ′1)(X2 −X ′2) > 0)− P ((X1 −X ′1)(X2 −X ′2) < 0) (27)

where (X ′1, X
′
2) is an independent copy of (X1, X2). The resulting values are in the interval [−1, 1]

and for given univariate marginal distributions it is possible to attain a joint distribution with

any rank based correlation value within this range, e.g. through specifying the joint distribution

as a linear combination of the comonotonic and countermonotonic copulas.

Spearman’s ρ is defined as the linear correlation of the dependence structure of the variables.

This can be calculated as the linear correlation of the probability transformed respective variables

as, in the bivariate case,

ρS(X1, X2) = ρ(FX1(X1), FX2(X2)) (28)

3.3.1 Tail dependence coefficient

The tail dependence coefficient quantifies the probability of joint extreme events. Positive coef-

ficient values imply asymptotic or tail dependence and coefficient values of 0 tail independence.

In the bivariate case and for the upper right tail of the variables (X,Y ) is the tail dependence

coefficient defined as

λU = limu→1−P (X > F−1
X (u)|Y > F−1

Y (u)) (29)

The variables are said to be tail of asymptotically independent if this measure is zero, and

asymptotically dependent for non-zero values. This asymptotic property of dependence between
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the variables can also be stated with the use of copulas, as

λU = limu→1−
C̄(u, u)

1− u
(30)

Where C̄(u, u) = 1 − 2u + C(u, u) is the survivor function of the copula. Tail dependence is

thus completely defined by and easily calculated with the copula if it has a simple closed form.

Some examples of tail dependence coefficients for different copulas are given in e.g [16] and [7],

such as e.g. λ = 2 − 2
θ for the Gumbel copula. The Gumbel copula thus has asymptotic tail

dependence when 1
θ ≤ 1.

If the tail dependence coefficient instead is calculated for the Gaussian copula through

defining the joint distribution as the multivariate normally distributed one with correlation ρ

one arrives at the tail dependence value of λ = 2 limx→∞Φ̄(x
√

1−ρ√
1+ρ

) where Φ̄ is the standard

normal tail distribution function. The Gaussian copula is thus asymptotically independent for

any ρ < 1. Similarly one for the bivariate t-distribution gets asymptotic dependence, as per

λ = 2 t̄ν+1(
√
ν + 1

√
1−ρ√
1+ρ

) in cases of ρ > −1, and this tail dependence can furthermore be shown

to increase with decreasing degrees of freedom, i.e. heavier tails of the marginal distributions.
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4 Parameter Estimation Methods

4.1 Estimation Methods for Univariate Distributions

Since this project sets to study extreme outcomes of data samples specifically, these are also

the properties wished to be characterised on a univariate level. E.g. autocorrelations is for

this reason not a relevant diagnostic tool since it is a moment estimator which accounts for the

entire distribution where the contribution of the tail probabilities will be evened out. Instead,

tail focussed estimates of important properties for solving the goal of the thesis are investigated.

These include the shape parameter of heavy tails and the level at which clustered volatility is

present in the data sample, and are further outlined in this section.

4.1.1 Tail Heaviness Estimation

The family of heavy-tailed distributions considered in this project are the regularly varying

tail distributions for which the tails follow a power-law distribution such that p(x) ≈ L(x)x−α

where α is the tail index and L(x) is a slowly varying function, i.e. on (0,∞) it holds that

limt→∞
L(tx)
L(x) = 1, t > 0. The heaviness of the tail is characterised by the tail index α,

for which a common estimation technique is the maximum likelihood estimator called the Hill’s

estimator, given by

α̂ =
[1

k

k∑
j=1

log
xj,N
xk,N

]−1

(31)

The observations x1,N ≥ x2,N ≥ . . . ≥ xN,N are here the ordered observations, the parameter k

is the chosen number of observations above the threshold. Tail heaviness can also be quantified

by fitting a limiting GPD to the exceedances over a threshold. This is explained further in

Section 4.2.

The heaviness of the tails can also be studied graphically with qq-plots of the full sample

distribution against differently heavy-tail distributions or with qq-plots of exceedances over a

threshold against the power-law conformant Pareto distribution. Qq-plots, or quantile-quantile

plots, plot the quantiles of the empirical distribution, as given by the ordered observations x1,n ≤
. . . ≤ xn,n for a sample of size n, against the quantiles of a reference distribution, F−1(n−k+1

n+1 ),

for k = 1, .., n. A linear qq-plot indicates that the empirical and reference distributions are in

the same location-scale family, and that they thus e.g. have equally heavy tails.

4.1.2 Volatility Estimation

Volatility clustering can be examined with various methods such as through plotting the ex-

ceedances over a threshold over time, estimating the expected cluster size with the extremal

index or through estimating volatility-based models such as ARCH and GARCH processes to

the data. The autocorrelation aspect in the stylised fact of clustered volatility can also be studied

with the proxy of calculating the sample autocorrelation function (ACF) of squared log returns.

For variables characterised by clustered volatility the sample ACF would be slowly decreasing,

indicating a dependence over time of the log return sizes.

4.1.3 Sampling Frequency

As briefly claimed when discussing empirically recognised facts about financial logarithmic re-

turns do these facts also include the commonly accepted fact of aggregational Gaussianity. This
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states that financial log returns are closer to normally distributed in case of lower frequency data

as compared with the heavy-tailedness of higher frequency data of the same time series. This

characteristic is an important concept for asset managers who evaluate investment risks over

longer time horizons, since intraday, daily or even weekly extremely negative returns might be

irrelevant under a long term strategy where asset returns are more likely to be less heavy-tailed.

The problem gets even more relevant to these cross-asset managers when expanding the univari-

ate case of tail heaviness to how the tail dependence structures might differ when returns are

looked at over different frequencies. A critical problem when investigating tail dependence and

measures of financial data under these long-term conditions is however data scarcity. Financial

data series can only go back as far as financial markets have been active and when examining

this limited history on a lower frequency basis and in the tail specifically this greatly reduces the

sample size from which to draw conclusions. If collecting insight and results from the few and

varyingly approaching sources in academia which have approached the subject one can however

attain helpful standalone and overlapping tools to use for tail dependence analysis for different

frequencies.

In [2] the authors investigate bivariate samples of currency pairs. The time series are

firstly deseasonalised and the dependence structure of the filtered series then compared over

differently sampled frequencies. The chosen frequencies are 1, 2, 4, 8 and 12h data, as well as

1 day data which leaves from 77,758 to 3,259 observations. The bivariate dependence over the

entire sample is then investigated with a two-stage semi-parametric procedure explained in [13]

through firstly transforming the returns to pseudo-observations with the respective empirical

distributions. In a second step different copula families are fitted to the pseudo-observations and

the conformance to the data compared with the Akaike Information Criterion. Although the

results show the best fit for the same dependence structure, the t-copula, the estimated degrees

of freedom change over the frequencies, from 4.3 for hourly data to 5.7 for daily data. Lower

frequency data is in the study thus shown to have less heavy joint tails than higher frequency

data. The authors also examine the dependence structures for the tail of the joint distributions

specifically. This is performed through fitting extreme tail dependence copulas to the data which

is limited to 1h frequency in order to keep a large sample size when reducing the problem to the

tail of the distribution.

Partly the same authors in [6] also study the bivariate dependences for FX data of

diverse frequencies. This time the goal is to arrive at dynamic correlation models and the

variant frequency time series are used to reduce high-frequency effects of too frequent data as

well as to help validate the concluded method.

An alternative approach to aggregating returns over longer time periods and modelling

the characteristics of lower frequency time series is to use higher frequency data, estimate the

desired measures and then scale these to the desired time frame. This approach circumvents

the sample size problem of fewer low frequency observations in even more data scarce tail risk

estimates but is instead subject to modelling relevance issues in that characteristics of high and

low frequency data might differ.

Various approaches to scaling dynamic and static VaR and ES estimates are discussed

in [9] with the aim of mapping the trade-off of sample size and varying data characteristics

for variant data frequencies. The starting point is in the commonly applied scaling rule which

states that i.i.d. log returns with a possibly differenced mean of 0 and variance σ2 < ∞ have

an aggregated k-period log return mean of 0 and a standard deviation of
√
kσ. Value-at-Risk

estimates for these same k-period returns can thus be stated as

ˆV aRp = −(eµ̂k+σ̂kΦ−1(1−p) − 1) (32)
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where the k-period mean, µ̂k, can be estimated as the sample 1-period mean, possibly 0, times

the time period, kµ̂, and σ̂k as the sample standard deviation times
√
k. Φ−1(1 − p) is the

(1 − p):th quantile of the standard normal distribution. The i.i.d. assumption is assumed to

be more likely to hold for longer-horizon data which is why starting off with lower frequenced

log returns could sustain a higher degree of relevance to long-term risk estimates. This scaling

rule of VaR, which is also the one recommended by the European financial regulatory body

Basel Committee on Banking Supervision has however been argumented against heavily. In [5]

it is firstly pointed out that the 99 % regulatory VaR for 10 day periods corresponds to a 25

times in a decade event. This does according to the author not accord with the regulatory goal

of capturing liquidity crisis fears which approximately happen (author’s remark) about once in

that time period. Secondly the violated assumption of i.i.d. normally distributed returns with

constant volatility makes the author consider the resulting scaled VaR confidence intervals too

broad. The authors in [9] nevertheless investigate scaling rules based on EVT, heaviness of tails

and the Hill estimator of the tail index α further. From assuming a regularly varying tail as

defined in equation (1) and estimating the tail index with the Hill’s estimator, the p-quantile

x̂pl,n can be estimated as

x̂pl,n = r(l)

( l

np

)
1/α̂l,n. (33)

Adding the following result of k-period log returns

P [rkt < −x] = kx−αL(x)(1 + o(1)), as x→∞ (34)

the authors in [4] arrive at the p-quantile for k-period returns as

xk,p ≈ k1/αxp, as p→ 0. (35)

The quantiles, and thus Value-at-Risk estimates, of heavy-tailed return series are thus shown to

increase with k1/α as the time horizon is increased by a factor k. With tail indices of financial

log returns usually in the range (2, 5) one can thus see that the scaling rule of k-period quantiles

of
√
kσ usually overestimates longer-horizon VaR scaled from higher-frequency results.

A third approach to increasing the accuracy of long-term risk estimates is to use re-

sampling techniques to increase the number of data points. Lagged and overlapping versions of

the low frequency data series are created and estimates adjusted to account for the dependence

present in these new overlapping samples. Resampling techniques have in e.g. [25] been shown

to improve the significance of estimates, with error variance reductions of up to 33%.

4.2 Univariate EVT Estimation

The procedure of estimating the limiting distribution of a GPD for exceedances over a threshold,

as explained in Section 2.2.1, is in this section further explained. The fit of the GPD is dependent

on both attaining a sufficiently large sample size which will cap the variance of the estimate,

as well as to only include the data in the tail for which the limiting distribution will be valid

asymptotically. Threshold selection is thus an important aspect before continuing to fit the

data to the distribution with e.g. Maximum Likelihood Estimation (MLE), for which confidence

intervals can be created for the GPD parameter estimates. The explicit VaR estimates can then

be calculated and, equally importantly, their confidence intervals which give credibility to the

estimates. These steps of the GPD fit are all explained in this section.
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4.2.1 Threshold Selection

There are a number of different diagnostics for how to select the threshold to both include enough

data points and be consistent with EVT. The heaviness of the tails, as made concrete by the

regularly varying property in Section 2.1.1, implies that the tail distribution should have a power

law convergence, whereby a graphical inspection of the quantiles of the empirical distribution

against the quantiles of a Pareto distribution can be implemented in qq-plots for differently chosen

thresholds. Other threshold selection diagnostics include the sample mean excess function and

looking at the stability in Hill estimations depending on thresholds. The sample mean excess

function (me(u)) across thresholds u is defined by

me(u) =

n∑
i=1

(Xi − u)

n∑
i=1

I{Xi>u}

(36)

and thus takes the average of the exceedances over a threshold for an increasing threshold u.

A positive slope of the function indicates a GPD parameter γ > 0 whereas a constant function

indicates that γ = 0 and that the tail might be exponentially distributed. Estimating the power

law convergence γ with the Hill’s estimator as in section 4.2 for different thresholds, one can plot

the resulting γ̂ and the threshold can be chosen as a value that gives a stable appearance of the

parameter.

4.2.2 Estimation of GPD for Tail Exceedances

The estimation of the GPD to exceedances over the chosen threshold can be carried out with e.g.

least squares estimation (LSE) or maximum likelihood estimation (MLE) which will result in the

parameter estimates γ̂ and β̂. MLE is used in this thesis, maximizing the likelihood function

L(γ, σ, x1, . . . , xn) =

n∏
k=1

gγ,σ(x) (37)

where there are n observations above the chosen threshold and gγ,σ(x) is the density function of

the GPD as defined in equation (5)

gγ,σ(x) =
γ

σ

(
1 + γ

x

σ

)−1/γ−1

(38)

This results in the log-likelihood function

log L(γ, σ, x1, . . . , xn) = −n log σ–
( 1

γ
+ 1
) n∑
k=1

log
(

1 +
γ

σ
xk

)
. (39)

4.3 Multivariate EVT Estimation

Since the goal of the thesis is to investigate both tail dependence as well as diversification benefit

as defined as a function of multivariate portfolio VaR, these asymptotical respectively differently

far out quantiles of the joint disitribution are needed to be examined. Appropriate theory for

multivariate EVT estimation for this study is to fit parametric models to the tail of the joint

data distribution. From the underlying theory on multivariate EVT as described in Section 3,

it should be noted that this exploration is not limited to a certain dimensionality. However,

because of the application of the theory to bivariate sets of data specifically, this is also the focus

of this theoretical section on multivariate EVT estimation. This distinction in the estimation

method theory is decided upon based on suitability and relevance of the results which follow in

the implementation of the theory in Section 5.
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4.3.1 Estimation of EV Copula Parameters

EV copulas, like copulas in general, can be estimated non-parametrically, parametrically and

also in a semiparametric way. Because of the limited amount of data in the tail of the joint

distribution, this choice of estimation method is of great importance for getting relevant results.

Parametric estimation methods can either parametrise the marginal distribution func-

tions or keep the marginal distribution functions empirical, after which the joint tail is fitted

to a parametric family of copulas. Parameterising both univariate and dependence aspects the

estimation can either be performed with a joint ML estimation of the parameters, or with the

two-step Inference for Marginal (IFM) method. The IFM firstly estimates univariate distribu-

tions and in the second step of estimating copula parameters uses these estimated parameters

of the univariate random variables. The IFM thus has a less complex methodology than the

ML estimation which jointly decides on parametric models for marginal distribution functions

and their dependence. When the univariate data series are instead treated empirically, the

random variables of data series 1, Xi, i = 1, . . . , n, are transformed into pseudo-observations

Ui = 1
n+1

n∑
i=1

1{Xi < x} where 1 is the indicator function. Pseudo-observation transformations

are similarly executed for the other univariate time series. The estimation of the EV copula

parameters can then be made through maximizing the pseudo likelihood function which for the

bivariate case is defined by

Ln(θ) =

n∏
i=1

c(Ui1, Ui2, θ) (40)

where c(Ui1, Ui2, θ) is the copula density function. This estimation method is called the Pseudo

Maximum Likelihood (PML) or Canonical Maximum Likelihood (CML) estimation method.

Simulation studies in [12] showed that there was little difference in the mean squared

errors of tail dependence coefficient estimations for the MLE, IFM and CML methods. An im-

portant aspect of the different estimation approaches is the possible misspecification of marginal

distribution when applying a fully parametric method and the effects on the estimator because

of this. In [21] the robustness of estimators and marginal distribution function misspecifications

were studied and it was concluded that unknown marginal distributions provided strong support

for the semiparametric PML method instead of the ML and IFM methods. An important aspect

in the choice of method is in this thesis taken to be the accuracy of the GPD fits to the univariate

random variable threshold exceedances.

Another approach to estimating tail dependence structures is given in [26] where the

tools of estimating tail dependence and independence coefficients and calculating the explicit

tail dependence or independence coefficients for certain families of copulas are combined. The

one-dimensional tail dependence or independence parameters are firstly estimated from the data

set in a non-parametrical manner. These variable values were then assumed to hold for the data

set, and appropriate copulas chosen to assume these tail coefficients for. The explicit formulas

for tail dependence and independence parameters are for many copulas derived in e.g. [16]. For

the Clayton, Gumbel and Frank copulas in two dimensions the following relationships between

the copula parameters θ and Kendall’s τ hold; for the Clayton copula

θCl =
2τ

1− τ
(41)

for the Gumbel copula

θGu =
1

1− τ
(42)
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and for the Frank copula

1
θFr

θFr∫
0

t
et−1dt

θFr
=

1− τ
4

. (43)

In [26], the copulas and derived tail coefficients were limited to one copula showcasing

tail dependence, the Gumbel copula, and one representing tail independence, the Gaussian cop-

ula, and the study focussed on the bivariate case. The authors however point out that the theory

naturally extends to the multivariate case. The rationale for this confinement of implementation

can be reasoned being because of the added layers of complexity of increasing the dimensionality,

and the likely deprival of significance of the results that follow. The view of this thesis is similarly

to focus on application of the theory for which the results are relevant rather than overly fitted

in order to aspire to achieve significant and implementable conclusions.

4.3.2 Copula Goodness-of-Fit

An important aspect of estimating copula parameters for data sets is to check whether the chosen

copula is relevant for the data set in question. An approach to this is outlined in [14], and is

based on a hypothesis test with a test statistic, the Cramér-von Mises test statistic, measuring

the distance between a parametrically estimated copula and the empirical copula, as per

Sn =

n∑
i=1

(Cn(ui)− Cθn(ui))
2 (44)

where Cθn is the parametrically estimated copula, Cn the empirical copula as defined in equation

(11) and n thus the sample size of the data set. The p-value of the test statistic is calculated as

the share of parametrically bootstrapped values S∗n,k which are higher than the initially computed

Sn, as

1

N

N∑
k=1

1(S∗n,k > Sn). (45)

The S∗n,k are computed for k = 1, ..., N times with the parametric bootstrap method. The

method begins with generating a random sample from the initially estimated copula and copula

parameter pair. These are then transformed to pseudo-observations U∗i,k in order for the empirical

copula C∗n,k(u1, ..., ud)to be calculated. From the empirical copula can then an estimated θ̂∗k be

derived, for which the parametric copula is decided. The Cramér-von Mises statistic for each

time k of the parametric bootstrap method, S∗n,k, can then be calculated as

S∗n,k =

n∑
i=1

(C∗n,k(U∗i,k)− Cθ∗k(U∗i,k))2. (46)

Strengths of this copula fit validation method lie in the facts that there are no considerations

needed for chosing smoothing parameters, windows or weight functions, and no classifications

beyond the choice of tested copula need to be done.

4.3.3 Estimation of Multivariate VaR

To quantify tail risk for portfolios can multivariate Value-at-Risk, the value of the loss distribution

at a certain quantile, be an appropriate measure. This measure can however not be explicitly

stated in cases outside of broadly assumed multivariate distributions such as the normal or t
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distributions. To estimate V aR with these narrowly constraining assumptions one can simply

insert estimates of the sample mean µ̂ and sample covariance matrix Σ̂ into the defining equations

(22) and (23), as per

µ̂k =
1

n− 1

n−1∑
i=1

(xk,i+1

xk,i
− 1
)

(47)

where n is the number of observations per asset k and xk,i the i:th asset level for the k:th asset.

The entries of the sample covariance matrix are similarly

Σ̂k,j =
1

n− 1

n−1∑
i=1

(xk,i+1

xk,i
− 1− µ̂k

)(xj,i+1

xj,i
− 1− µ̂j

)
. (48)

When an allocation is already chosen is there another easily implementable empirical

solution to VaR estimation, to plainly take the past returns of the aggregated portfolio into

consideration. From this empirical distribution of returns can then the future portfolio VaR be

estimated as a certain quantile of past returns. For this method no other e.g. distributional

assumptions need to be made, as long as there is a sufficient history of returns and one believes

that this history reflects the future distribution of returns. This approach is instead limited for

optimisation problems where the weights of different assets are aimed to be estimated. For these

one would also be required to know the multivariate distribution of the portfolio components,

e.g. utilising the concepts of extreme value copulas.

Another approach to estimating multivariate VaR is accordingly to base the VaR distri-

bution quantile off simulated stochastic processes. Distributional assumptions on the individual

variables and their codependencies then firstly need to be established, after which the stochastic

processes are iteratively simulated and the VaR quantiles of the portfolio levels can be calculated

from the simulations. This Monte Carlo method thus depends heavily on the joint distribution

assumptions and copula theory can play a useful role in the modelling. The process firstly entails

fitting suitable copulas to the data set and estimating the corresponding copula parameters as

well as fitting univariate marginal distribution functions. Subsequently can random variables be

drawn from the copula specification, and these then inserted to the specified univariate marginal

distributions. For each simulated set of data a portfolio loss can then be estimated, leading to

the final overall estimated quantile as the VaR value.
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5 Application to Financial Data

The mathematical theory and approach to the subject as well as estimation methods chosen are

due to the aim of investigating cross-asset portfolio tail dependence and extreme event diversi-

fication effects. A wide range of broad asset class characteristic indices were therefore extracted

from the Thomson Reuters Datastream database. These included stock indices from different

geographies, foreign exchange rates, sovereign bond indices, credit indices of various character-

istics, commodities indices, CDS indices and interest rate series. The data ranged back as far

as to 1962 in the case of the FTSE All Shares Price Index, with a mean and median start year

of 1987 and 1990 for the overall initial sample. From this initial set of data, indices of higher

relevance and preferably also of longer time series were selected. The amount of data points in

the respective index series is an important aspect since more data points enable more robust

estimations of the desired extreme value tail characteristics of the indices.

The selection of financial market indices was then followed by cleaning up of the data

with VBA in Excel, and the further analysis conducted in Matlab as well as in R, where the

copula package was utilised.

This section continues with a further description of the selected market indices in Section

5.1, the results from univariate analysis in Section 5.2 and further bivariate considerations in

Section 5.3. Throughout the analysis of the indices in the following sections, the results will

be selectively presented in order to maintain clarity towards the goals of tail risk hedging and

diversification evaluation.

5.1 Selected Market Indices

From the initial data extracted from Thomson Reuters Datastream of about 150 financial market

indices, a selected 19 indices were chosen to be investigated further based on the length of the

time series and the subjective appropriateness of the indices to the analysis. The indices are

listed in Table 5.1 where summary statistics are also provided.

The equity indices include some common geographical indices as well as the MSCI World

Price Index.

With respect to foreign exchange rates, the USD against GBP, EUR and SEK were

chosen, as was the dollar index, DXY. The DXY is a weighted basket of the USD against

currencies of important US trade partners. The weights were decided at index inception in 1973

as well as at the 1999 reweighting because of the inception of the Eurozone monetary union.

When examining bivariate extreme events of these different currency pairs, this is equivalent to

studying the base currencies GBP and EUR or quote currency SEK against each other, with the

USD cut out of the equation.

The gold index included reflects the gold price as set at the London Bullion Market daily

at 15.00 and is quoted in USD per troy ounce.

The Barclays Investment Grade Financial Institutions Index is a debt index consisting

of US Investment Grade debt within the sector of Financial Institutions. The Barclays Emerg-

ing Markets USD Aggregate Bond Index is an emerging market debt index, comprising USD

denominated debt issued from sovereign to corporate issuers in Emerging Market classified coun-

tries, where the ratings of the index constituents are restricted to investment grade quality. The

Barclays Euro Aggregate index condenses the bond market of euro-denominated debt, where

inclusion is based on the currency of the issuer rather than the domicile. Government bonds,

supranational bonds, covered bonds and corporate bonds are included in the index.
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The sovereign bond indices included in the analysis are the US, UK and German 10 year

bond indices including liquid bonds. These reflect the bond market performance of interest to

international investors, since these might not possess the illiquid versions of bonds within the

sector. The index reweighting is rules-based with daily reviewing of new bonds and monthly

complete reweighting. The indices exclude the effect of accrued interest, thus calculating the

clean price of the underlying bonds.

5.2 Univariate Characteristics

Univariate characteristics of the respective indices are firstly investigated closer. This is done in

order to see whether the log return series suit the EVT model assumptions as well as to model the

tail distribution enabling VaR estimations which are to be compared with portfolio VaR in the

study of the diversification effect. Investigation of the other empirically acknowledged stylised

facts of financial markets log returns also help clarify the features of the respective indices.

5.2.1 Descriptive statistics

An overview of the log returns of the selected 19 indices is given in Table 5.1. These tabulated

characteristics of the full data set provide with useful initial information for the in subsequent

sections discussed tail distributions.
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Years Data Points Mean Stdev Skewness Kurtosis Min Max

S&P500 50 13045 0.0002 0.0102 -1.03 30.74 -0.2290 0.1096

FTSE All Share 53 13828 0.0003 0.0102 -0.20 13.35 -0.1212 0.0895

DAX30 50 13045 0.0002 0.0122 -0.25 10.73 -0.1371 0.1080

OMXSPI 35 9131 0.0005 0.0131 1.23 23.53 -0.0961 0.2249

MSCI World 43 11331 0.0002 0.0085 -0.50 14.77 -0.1036 0.0910

MSCI EAFE 43 11331 0.0003 0.0097 -0.57 15.62 -0.1524 0.0822

Nikkei 225 50 13045 0.0002 0.0122 -0.49 14.11 -0.1614 0.1323

Hang Seng 46 11879 0.0004 0.0180 -1.21 34.86 -0.4054 0.1725

DXY 44 11480 -0.0000 0.0051 -0.08 6.87 -0.0494 0.0425

GBPUSD 44 11425 -0.0000 0.0058 -0.06 7.35 -0.0392 0.0467

USDEUR 44 11425 0.0000 0.0059 -0.07 6.78 -0.0462 0.0421

USDSEK 21 5480 0.0000 0.0072 -0.19 6.55 -0.0555 0.0354

Gold 43 11219 0.0003 0.0131 0.08 28.52 -0.1849 0.1852

US 10Y 35 9130 0.0000 0.0050 0.07 6.93 -0.0288 0.0406

UK 10Y 30 7820 0.0001 0.0042 0.07 6.88 -0.0236 0.0360

Germany 10Y 35 9131 0.0001 0.0028 -0.37 8.52 -0.0253 0.0225

EM Credit (USD) 14 3647 0.0000 0.0033 -0.69 39.38 -0.0465 0.0438

IG Fin Credit 21 5550 -0.0000 0.0031 -0.95 15.01 -0.0370 0.0205

Credit (EUR) 15 3914 0.0000 0.0020 -0.26 5.30 -0.0116 0.0106

Table 5.1: Descriptive statistics of the returns of the chosen financial asset indices for daily

frequency

Table 5.1 shows on the generally long time series of data with an average 261 number

of data points per year. The stock indices all display positive mean log returns as generally

stated for stock markets over long time periods. The average standard deviations are seen to be

higher for the stock indices with fewer stocks, such as the 30 stock DAX index, and lowest for

the 1631 constituent MSCI World index. The skewness of the stock indices are except for the

OMXSPI index negative, in line with the empirically acknowledged fact of gain/loss asymmetry

for financial log return series. This can also be seen in the differences of the absolute values

of minimum and maximum log returns, where minimum absolute log returns are larger across

the indices, again, except for OMXSPI. The Hang Seng index shows on the most negative daily

return, equal to a 33.3% percentage return drop. The heaviness of the tail quantified by the

kurtosis is far above the kurtosis of 3 for normally distributed random variables, reaffirming the

stylised fact of heavy-tailed log return distributions.

The characteristics of the foreign exchange rates include smaller means and standard

deviations than for the stock index log returns. The skewness of the currency pairs are also

shown to be small in an absolute sense, with similarly extreme log returns in both the negative

and positive direction. The heaviness of the tails as measured with the kurtosis measure is more

modest than for the stock indices.

The sovereign bond indices have slightly lower standard deviations and values for kurtosis

than the currency-related data series. The Gold price shows on comparable features as the stock

indices, but without the negative skewness. This is expected since financial crises, during which

the stock indices plunge, often have seen a flight to safety through e.g. gold investing. The

remaining credit indices have low standard deviations, negative skewness and varyingly heavy

tails.
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5.2.2 Stylised Facts of the Univariate Distributions

Since EVT assumes independent and identically distributed random variables, this is firstly

looked at in order to be able to account or filter for this before proceeding with additional anal-

ysis of the univariate stylised facts. The means for doing this with interest in the tail of the

distribution is the volatility clustering aspect, which is investigated below. Subsequently, tail

heaviness and other stylised facts of the univariate time series are investigated.

5.2.2.1 Volatility

Testing the data for independence over time is here for the tail of the distribution proxied by the

estimation of volatility clustering, which would mean that the sizes of log returns would not be

independent of previous log returns. Volatility clustering is firstly looked at graphically, through

plotting the exceedances over a threshold over time as well as the sample autocorrelation func-

tion (sample ACF) for squared log returns. This was done for all indices with in general similar

results. In the threshold exceedances plot one can easily see that the extreme events seem to
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Figure 5.1: Graphs of threshold exceedances, aggregated threshold exceedances and sample ACF

of squared returns, all implying volatility clustering of the underlying index

cluster at certain time periods. This reaffirms that the extreme events should be modeled with

the POT rather than the BMM method within the EVT framework. On the bottom right in

Figure 5.1, the sample ACF plot shows the first 1000 lags. The slowly decreasing sample ACF

thus displays the dependence over time of the squared log returns, and thus the stylised fact of

clustered volatility. Quantifying this with the portmanteau test statistic, all indices have test

statistic values far larger than the χ2
50 variable of 67.5. The other aspect of clustered volatility,

its dependence over time destroying the iid assumptions necessary for EVT, is in this thesis

discarded in further investigations of the multivariate aspects of the time series.
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5.2.2.2 Tail Heaviness

Qq-plots against the Normal and Student’s t distributions were firstly plotted in order to graph-

ically explore heaviness of tails. It was reasoned in [2] that a Student’s t distribution with 4

degrees of freedom often would suit the heavy-tailed financial log return distributions well, so

4 degrees of freedom were initially used. The qq-plots of the indices unanimously showed on

heavier tails than the Normal distribution, but fairly accurately modeled log returns in the case

of the Student’s t distribution with 4 degrees of freedom, resulting in a linear qq-plot. In case

of the most extreme events of the Hang Seng and OMXSPI indices the most extreme negative

respectively positive log returns were taken as outliers in order for linearity against the Student’s

t distribution to be seen. The qq-plots for the Hang Seng index against the standard normal

quantiles as well as the original and outlier filtered index against Student’s t with four degrees of

freedom quantiles are shown in Figure 5.2. In the first plot one sees that the normal distribution

does not capture the heaviness of the tails, whereas the second plot shows on outlier disturbance

when compared with Student’s t quantiles. The final plot in Figure 5.2 shows on slightly less

heavy tails than the Student’s t distribution with four degrees of freedom when the extreme

outliers are removed.
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Figure 5.2: Qq-plots of the Hang Seng index against standard normal quantiles (left), t4 quantiles

(middle) and t4 quantiles with outliers removed (right)

In order to quantify the heaviness of the tails a threshold for which the data exceedances

are approximately GPD distributed was firstly needed to be established. The sample mean excess

plots were thus drawn for each index’ upper log return respectively negative lower log return tail.

With an initial threshold of the upper or lower 10% of the distribution, the plots for the stock

indices showed on α > 0 behaviour for the absolute exceedances of both tails. The gold price

log return distribution had similar clear results whereas the currency rates of GBPUSD and

USDSEK had GPD deviating results for high thresholds. Other indices which showed GPD

digressing results in the lower tail were the UK sovereign 10 year benchmark as well as the Euro

credit index. The sample mean excess plot for the USDSEK rate is displayed in Figure 5.3. The

conclusion that can be drawn from the mean excess plots is that a 10% threshold generally works

well for fitting GPD to the exceedances of either upper or negative lower outcomes from the log

return distributions.

A second diagnostic which was used for threshold selection was Hill’s plots, Hill’s esti-

mates with associated confidence intervals. The Hill’s plot for the USDSEK rate, as also depicted

in the mean excess plot in Figure 5.3, is shown in Figure 5.4. Both the left and right tail showed

on similar estimated α for the number of included threshold exceedances. These gave diminishing

α with increasing thresholds. The number of exceedances included in the Hill’s estimate is thus

of great importance to the estimate of the tail heaviness. The sample size of the index time series
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Figure 5.3: Mean excess plot for the USDSEK currency rate
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Figure 5.4: Hill’s plot for the USDSEK log returns

was 5480 data points, so a selected threshold of 10% would give an α of 2.57 with confidence

interval [2.35,2.78] and an acceptably stable appearance.

5.2.2.3 Tail Distribution and VaR Estimation

With the chosen thresholds of 10%, a GPD could then be fitted to the exceedances beyond the

threshold with the ML estimation method. Since a long position in a currency pair could equally

well be for the inverted rate, thus long USD instead of EUR for e.g. the EUR/USD pair, both

tails are of interest. The tail characteristics quantified by the GPD fit are thus also estimated

for the positive upper tail of exceedances. In the case of the other indices, the aim of the thesis
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Shape Scale Historical Historical GPD GPD

parameter parameter 95% VaR 99% VaR 95% VaR 99% VaR

OMXSPI 0.3335 0.0076 0.0183 0.0369 0.0959 0.1523

MSCI World 0.2202 0.0051 0.0125 0.0228 0.0535 0.0782

Hang Seng 0.2491 0.0101 0.0250 0.0491 0.1127 0.1680

DXY 0.0395 0.0033 0.0084 0.0136 0.0255 0.0322

GBPUSD 0.0916 0.0037 0.0091 0.0160 0.0312 0.0411

USDEUR 0.0272 0.0042 0.0091 0.0158 0.0299 0.0378

USDSEK 0.1214 0.0041 0.0112 0.0185 0.0377 0.0505

Gold 0.2557 0.0084 0.0177 0.0376 0.0916 0.1388

US 10Y 0.1533 0.0028 0.0076 0.0131 0.0270 0.0371

UK 10Y 0.1450 0.0023 0.0066 0.0109 0.0223 0.0304

EM Credit (USD) 0.3869 0.0014 0.0040 0.0078 0.0202 0.0330

IG Fin Credit 0.1207 0.0017 0.0046 0.0080 0.0155 0.0208

Table 5.2: Negative tail estimates of the GPD parameters as estimated with MLE. Historical

and GPD derived VaR values are also displayed for the 95th and 99th quantiles

of looking at the tail dependence as an extremal event hedging possibility also naturally extends

to investigating the negative tail which is similarly as for the currency pairs, also transformed to

the upper tail in order for estimations to be executed. The long positioning in the lower tail can

be done through shorting or through contracts giving this kind of exposure.

The resulting shape and scale parameters and confidence intervals as well as VaR esti-

mates of the GPD fit to the extreme 10% of the negative lower tail of the distributions were then

calculated, with selected results presented in Table 5.2. The table also includes the corresponding

historical quantiles of log returns, i.e. the historically estimated VaR values.

The GPD estimates had resulting shape parameters in the range of 0 to 0.39 and scale

parameters in the range 0.001 to 0.011. The largest estimate difference from the negative to the

positive tail was for the Swedish stock index, for which the negative tail had a moderate value

of 0.08 whereas the positive tail showed on significantly more heavy-tailed behaviour with an

estimated shape parameter of 0.33.

The currency indices had shape parameters closer to zero, indicating closer to expo-

nentially distributed and generally much less heavy tails than the other indices. The USDSEK

negative tail, a strenghtening Swedish krona, however had a significantly higher shape parameter

of 0.12 than the other tested currency pairs. The credit index of emerging markets in USD had

the highest estimated shape parameter of 0.39, whereas the other credit indices had below aver-

age estimates of 0.12 for IG Fin Credit and 0.06 for EUR Credit, showing heterogeneity across

the asset class indices.

The scale parameters σ were generally higher for both tails of the Hang Seng and Gold

indices, giving substantially larger GPD derived VaR values for these indices. These values, as

defined in equation (9) were repeatedly larger than their corresponding historically derived VaR

values.

The 95% confidence intervals of the shape and scale parameters are excluded from the

table but showed on divergences of about ±0.06 from the estimations of the shape parameters

γ, and ±0.0005 from the scale parameters σ, with slightly more deviating values for the Hang

Seng and Gold indices.
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5.2.2.4 Frequency Dependence

In order to see whether differently frequenced samples of the time series could have coinciding

characteristics were the series also transformed to weekly and monthly data. The empirically

recognised fact of aggregational Gaussianity was firstly investigated. The data series were thus

after having been transformed to weekly and monthly log returns also scaled with 1√
k

where k is

the period of the new returns, 5 for weekly and 21 for monthly data. The empirical probability

distribution functions (pdfs) could then be compared for differently frequenced time series of

the same data. From the exercise it could be seen that the lower frequency log return series

indeed were less heavy-tailed than the original daily log return series. A clear example of this

can be seen in Figure 5.5 for the Hang Seng index. The tails are in the plot shown to decrease

in heaviness as the frequency of the data is lowered. The tails are in the graph cut off, so the

entire actual range of daily log returns of [-0.405,0.173] is not displayed.

−0.08 −0.06 −0.04 −0.02 0 0.02 0.04 0.06 0.08 0.1
0

5

10

15

20

25

30

35

40

45

Figure 5.5: Pdf plots of the Hang Seng index for different frequencies. The solid line represents

the daily log returns, the dashed the weekly and the dotted line the monthly log returns

The GPD parameters of the MLE fitted weekly and monthly data were also estimated

so that comparisons to Table 5.2 with the GPD estimates of daily tail log returns could be

made. For the USDSEK log returns depicted in Figure 5.5 did the shape parameters as well

as both the historically and GPD estimated VaR values also decrease in size at both the 95th

and 99th percentiles as the frequency of the log returns decreased. The new estimates of the

GPD parameters generally showed on lower shape parameters α for lower sample frequencies,

indicating more quickly converging and less heavy tails. The parameter estimates e.g. changed

from 0.25 to 0.14 to 0.13 for the Hang Seng index for daily to weekly to monthly data and similar

trends could also be seen for both the sovereign bond and corporate credit benchmarks.

As often remarked in articles focussing on differently frequenced financial data series

such as [2], [6], [9] and [25] is there however a trade-off to be made between modelling the

characteristics of the low frequency data of interest and the accuracy achieved of these estimates.
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When fitting GPDs to the tails of the daily, weekly and monthly log returns of the data series

one can in line with this see a substantial deterioration in precision of the estimates. The earlier

parameter confidence intervals of about ±0.06 for the shape parameters of the tail of daily log

returns increases to on average ±0.15 for the tails of the weekly log returns and as much as ±0.40

for the monthly data.

From this section on the univariate characteristics of the respective data series a number

of commonly stated financial asset return features could be either confirmed or challenged. These

included the tail attribute of a negatively skewed return distribution which could be ratified for

all but the OMXSPI index as well as the kurtosis measure showing on varyingly heavy tails across

the considered indices. The clustered extreme events present in the respective data series could

assert the choice of POT as the extreme value theory framework for extreme value distribution

modelling and estimation. The resulting POT estimates of the Generalised Pareto Distributions

for the tail returns demonstrated a wide range of values for financial asset returns as a whole,

but with more clear distinctions in between asset classes. A secondary result of the GPD fit to

the univariate data was the fact of fair and efficient threshold levels of 10%, a conclusion and as-

sumption to continuously impose when considering bivariate extreme events. The VaR levels for

the parameterised tail distributions strongly overestimated the tail risk compared with historical

figures, evidence of possible inconsistencies between the data sample and parameterisation. A

possible reason for this which was also flagged for in the appearance of inconsistent clustered

volatility could have been difference in data series characteristics over time. When exploring tail

characteristics of lower frequency returns of the data series could the fact of less heavy tails be

established, however at the expense of precision of the estimates. These are important consid-

erations when limiting the sample size in more dimensions in the case of bivariate dependence

modelling. The features of the univariate data series as outlined in this section are important

when progressing the analysis to bivariate applications where tail dependence structures, tail risk

hedging and diversification benefit will ultimately be investigated.

5.3 Bivariate Characteristics

The dependence for extreme outcomes of bivariate pairs of log returns is in this section further

investigated following the process of graphical exploration, descriptive statistics, tail dependence

estimations, copula fit, goodness-of-fit tests and tail risk hedging and diversification consider-

ations. Because of the four quadrants of possible positive and negative extreme event tails of

each of the 171 possible bivariate pairs, a set of pairs for selected negative and positive extreme

outcomes were instead chosen to be studied. Since the financial goal of the thesis is to look at

diversification benefits of including more asset classes in a traditional diversified stock portfolio,

the MSCI World index was chosen as the basic stock index because of its broad allocation to

developed market equities. The diversification effect of including the emerging market Chinese

Hang Seng stock index, as well as long positions in credit and sovereign bond indices as well

as gold were also aimed at being investigated. Only the negative tail of long positions of these

indices were considered because of implementation relevance. With respect to currencies, was

both the positive and negative tail of the in Table 5.1 listed currency pairs included. The MSCI

World and currency pairs comprise a proxy for currency risks of a currency unhedged MSCI

allocation in USD, which can be relevant to diversified portfolios based in non-USD countries

instead having the other currency of the pair as home currency.
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5.3.1 Descriptive Statistics

Scatter plots of the bivariate data of MSCI World negative daily log returns against the negative

log returns and negative respectively positive tails of the chosen indices can be seen in Figure 5.6.

The first row of graphs of all negative log returns of the indices reaffirm the differences in ranges

of log returns, with a substantially wider range and more negative tail for e.g. the Hang Seng

Index log returns compared to e.g. the USDSEK rate log returns. The second and third rows

show on varying appearance of the scatter plots of log returns and these are further quantified

in Table 5.3. In the table one can see that the cut-off returns are similar from the negative to

positive tail, but that the number of data points through to the joint tail are more when there is

a stronger dependence amongst the tail observations. Only for few correlation measures of the

pairs could a zero correlation not be rejected, although the actual estimates of tail correlation

often show on weak dependencies. The strongest correlations are up to 0.5 as computed by linear

correlation measures with corresponding values of rank correlations of up to 0.42.

Figure 5.6: Scatter plots of MSCI World negative log returns (top) and negative extreme log returns

(middle and bottom) against negative (top), negative extreme (middle) and positive extreme log returns

(bottom) of the selected indices
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Cut-off Data Pearson Kendall Spear- Cut-off Data Pearson Kendall Spear-

Return Points man Return Points man

Hang Seng 0.0095 848 0.3524 0.1416 0.2122 0.0109 265 x x x

GBPUSD 0.0039 742 0.2703 0.0613 0.0906 0.0037 315 0.1263 0.1308 0.1932

USDSEK 0.0052 134 x x x 0.0051 409 0.5178 0.2905 0.4196

Gold 0.0057 616 0.1365 0.0961 0.1435 0.0065 440 x 0.0821 0.1258

US 10Y 0.0034 418 0.1398 x x 0.0035 479 0.5270 0.2281 0.3342

UK 10Y 0.0027 314 0.1999 0.0881 0.1290 0.0031 427 0.4737 0.1650 0.2476

EM USD Credit 0.0015 200 0.4431 0.1268 0.1943 0.0017 141 x x x

IG Fin Credit 0.0020 232 0.3334 0.1367 0.2077 0.0021 301 0.2603 0.1365 0.2023

Table 5.3: Descriptive statistics of the joint tail distributions of negative (left) and positive (right) daily log

returns against negative MSCI World log returns. The cut-off return refers to the lowest included log return

of the secondary index, for which the corresponding MSCI values are 0.0049. The data points column gives

the number of observations kept in the joint tail. The following three columns give the named correlation

measures for the respective joint tails. The correlation values are excluded from the table in cases for which

hypothesis tests of the existence of correlation cannot reject a zero correlation.

From the correlation results of the tail data, some tails are shown to be more interesting

from a dependence perspective, whereas others would be better modelled as tail independent

pairs. Going forward, the negative tails of the Hang Seng, GBPUSD and Gold indices are

decided to be modelled against the negative MSCI World indices, and the positive tails of the

USDSEK and the US 10Y Treasury benchmark index.

5.3.2 Copula Fit to Tail Data

The observations of the chosen joint tails were then transformed into pseudo-observations on

[0, 1]2. Extreme value copulas could then be fitted to the data with maximum likelihood estima-

tion, according to the methodology of the Canonical Maximum Likelihood method as described

in Section 4.3.1. The extreme value copulas mentioned in Section 3.1.1 are in two dimensions

defined as, for the Clayton copula

CClθ (u1, u2) = (u−θ1 + u−θ2 − 1)−1/θ, 0 < θ <∞ (49)

for the Gumbel copula

CGuθ (u1, u2) = exp{−((lnu1)θ + (lnu2)θ)1/θ} (50)

(51)

and for the Frank copula

CFrθ (u1, u2) = −1

θ
ln
(

1 +
(exp(−θu1)− 1)(exp(−θu2)− 1)

exp(−θ)− 1

)
(52)

Since the Clayton copula shows lower tail dependence the pseudo-observations on [0, 1]2 were

mirrored in the line [1, 0] to [0, 1] before the Clayton copula was then fitted to the data. This

resulted in repeatedly higher estimates of θ for the fits to most of the indices, a good indicator of

the increased relevance of the copula fit. The mirrored pseudo-observation estimated θ were e.g.

0.18 instead of 0.05 for GBPUSD and 0.49 instead of 0.15 for the UK 10Y benchmark. The only

indices for which higher θs were not reduced were the Gold and IG Financials Credit indices,
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Clayton Gumbel Frank t Gaussian

Tail θ 95 % tol θ 95 % tol θ 95 % tol ρ dof ρ

Hang Seng neg 0.312 ±0.096 1.159 ±0.057 1.293 ±0.413 0.225 28 0.230

GBPUSD neg 0.184 ±0.083 1.091 ± 0.049 0.558 ±0.424 0.113 16 0.128

USDSEK pos 0.621 ±0.122 1.369 ±0.097 2.824 ±0.613 0.435 20 0.437

Gold neg 0.147 ±0.093 1.081 ±0.055 0.879 ±0.473 0.152 17 0.153

US 10Y pos 0.546 ±0.121 1.299 ±0.085 2.193 ±0.541 0.356 11 0.366

UK 10Y pos 0.494 ±0.153 1.238 ±0.089 1.597 ±0.560 0.267 6 0.294

EM USD Credit neg 0.303 ±0.169 1.164 ±0.115 1.249 ±0.809 0.236 20 0.263

IG Fin Credit pos 0.211 ±0.118 1.129 ±0.079 1.255 ±0.683 0.224 31 0.227

Table 5.4: Estimated copula parameters when fitted to the joint tail pseudo-observations of the tails of the

respective indices with the MSCI World negative tail. The difference to either side of the 95% confidence

interval is also quantified in the 95% tol column.

suggesting a suboptimal Clayton copula fit to the data. The resulting copula parameters and

statistics for the fitting of copulas to the pseudo-observations are outlined in Table 5.4. The

parameter estimates for fitting a Clayton copula to the data in the tail resulted in θ ranging

between 0.15 and 0.62, low parameter estimates indicating a lack of strong dependence. The

tolerance levels for the estimated parameters within a 95% confidence interval are furthermore

relatively much wider than the corresponding tolerance levels for the Gumbel and Frank fitted

copulas. The Gumbel copula has far narrower ranges of estimated copula parameters, with

point estimates around 1.1 to 1.3 with 95% confidence intervals of ±0.05 − 0.10. Since a θ of 1

indicates tail independence in the case of Gumbel copulas, this strengthens the proof against tail

dependence, but further tests of goodness of fit of the copulas are needed.

The goodness-of-fit test of a parametrically bootstrapped comparison of the empirical

copula and a parametrically decided one was then executed following the theory in Section 4.3.2.

The goodness-of-fit tests resulted in well fitted Frank copulas for the MSCI ACWI together with

the Hang Seng, GBPUSD, USDSEK, US 10Y, UK 10Y respectively EM USD Credit indices.

The test statistic of bootstrapped difference between the parametric and empirical copulas for all

these pairs except the MSCI and GBPUSD resulted in p-values far below a 5% cutoff limit, with

the MSCI-GBPUSD pair still giving the goodness-of-fit acceptable p-value of 0.04046. For the

Clayton copula parameter estimates of the mirrored pseudo-observations did the goodness-of-fit

tests not result in significant p-values for any of the parameter estimations. The goodness-of-

fit test was also conducted for the Clayton copula fits of the original pseudo-observations not

yet mirrored in the line [1, 0] to [0, 1]. These parameter estimates together with the historical

extreme value data resulted in 95% confidence interval fits to the Clayton copula for the MSCI

ACWI index together with the same indices as for the Frank copula. The estimated Clayton

copula parameters indicating increased tail dependence with a higher θ̂ were however much

lower than for the mirrored pseudo-observations. These coinciding goodness-of-fit satisfactory

p-values of the Frank copula fit and Clayton copula fit with low parameter estimates show on

the lack of strong tail dependence of the bivariate data pairs. The Gumbel copula fits and

corresponding estimated parameters from Table 5.4 did also not result in well-fitted copulas for

any other pairs than the MSCI ACWI and GBPUSD pair which had the 95% confidence level

satisifying p-value of 0.01748. To test whether the mirrored observations would result in a better

fit were the mirrored pseudo-observations also compared with the MLE fitted Gumbel copula

in a goodness-of-fit test. The inferred copula parameter estimates were similar to the Table 5.4
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Gumbel estimates with equivalently poor goodness-of-fit results.

5.3.3 Risk Quantification and Diversification Benefits

The bivariate dependence structures as estimated in the previous section can now be used to

quantify the risks and possible diversification effects of the pairwise joint tails. The two-asset

portfolio VaR values are thus estimated with repeated random draws from the fitted copulas

which are then transformed back to the fitted Generalised Pareto distributions (GPD) of the

univariate variables. These Monte Carlo simulations are then ranked to provide the 95th and

99th percentile values of the aggregate portfolio levels, estimated Value-at-Risk levels. These

portfolio VaR levels could then be compared with historically derived VaR values calculated for

different weights to each of the assets in the bivariate portfolios. These weights were chosen

with 0.1 sized steps between 0 and 1 to the respective assets. This was done at both the 95th

and 99th percentile levels with results for the 95th percentile VaR historical estimates as in the

plot in Figure 5.7. The graph shows on similar VaR levels when the portfolio is fully invested

in the MSCI ACWI, a=1, where the difference is due to different joint tail cutoff values with

the secondary index of the bivariate pair. For a=0, when the portfolio is instead fully invested

in the secondary index do the historical VaR levels differ markedly more, ranging from a 0.42%

95% VaR for the EM USD Credit index to a 2.6% 95% VaR for the Hang Seng index. A

similar graph was also created for the 99th percentile historical values across different portfolio

weightings and the results were similar but amplified for this higher percentile value. The range

of both secondary index VaR values and MSCI ACWI 99% VaR values were however wider,

reinforcing the univariate GPD results of differently heavy tails of the indices. Since the Frank

copula fits resulted in passed goodness-of-fit tests for the estimated parameters were these used

to simulate pseudo-observations to use with the univariate GPD estimates to come up with

portfolio VaR levels for weights between 0 and 1 of the MSCI ACWI and a secondary index.

The appearance of these VaR levels were similar to for the historically derived values, but also

substantially higher than the historical results. In Figure 5.7 can one see that there was not

much diversification benefit as displayed by the convexity of the interpolated VaR levels. This

diversification benefits as defined in equation (24) was calculated for all bivariate pairs with the

fitted copulas. The precision of the weights a and 1− a was chosen as 0.01 or 0.1 to enable time

efficient and sufficiently detailed computations. Selected copula fit simulated VaR diversification

benefits are for the Frank copula and historical estimates displayed in Table 5.5. The table

shows on significantly higher diversification benefits when measuring the historical VaR levels.

Furthermore, diversification benefit in most cases increases as one goes further out in the tail of

the joint distribution.

Frank copula div benefit (%) Historical div benefit (%)

95% VaR 99% VaR 95% VaR 99% VaR

Hang Seng 0.48 4.68 0.54 2.12

GBPUSD 0.51 2.99 11.08 14.00

USDSEK 0.11 0.05 34.15 34.35

US 10Y 0.00 0.08 16.89 16.27

UK 10Y 0.00 0.87 15.56 11.73

EM USD Credit 0.00 5.77 0.00 0.00

Table 5.5: Diversification benefit as defined in equation (24) for the Frank copula fits and his-

torically calculated values of the 95th respectively 99th percentiles
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Figure 5.7: Portfolio VaR at the 95th percentile of bivariate allocations with the value on the

x-axis invested in the MSCI All Countries World Index and one minus this invested in the

secondary index as specified in the legend

This section, after having sorted out the most interesting pairs for bivariate tail risk

examination, firstly showed on the appearance and descriptive statistics of the joint tails. Signif-

icant differences could be seen between the upper and lower tails of indices, or equivalently for

long respectively short positions in the asset classes. This reinstates the importance of flexible

models in case of parameterisation of the tail distributions, as well as the difficulties inherited by

insufficiently large data samples in the joint tails of less dependent asset return pairs. Although

rarely showing complete independence, the tail correlation estimates of the pairs were modest,

implying possible problems when fitting the joint tail data to dependence structures implying

asymptotic correlation. When fitting threshold copulas of different tail characteristics to the

bivariate joint tails of asset returns with the CML method was firstly the importance of model

specification reminded of through improved fits when mirroring the pseudo-observations in [0, 1]2

space before fitting the copulas. Secondly, the confidence intervals of the estimated copula pa-

rameters could reveal what threshold copulas were of relevance and these estimates to a large

part showed on the for this study less interesting aspects of lacklustre tail dependence. This

also meant diffuse results with respect to tail risk hedging opportunities, in that the instruments

considered were not significantly able to offset tail risk with long/long or long/short investment

strategies. The copula estimates held up well in goodness-of-fit tests for the tail independent

Frank copula as well as the modest parameter estimates of the Clayton copula. Incorporating

these threshold copula tail dependence structure estimated models in the estimation of portfolio

VaR with varying weights of the different portfolio assets subsequently enabled the comparison

of VaR with historical values. The VaR estimates and comparisons showed on the limited di-

versification benefits and risk impact of the most heavy tail, increasingly so for risk evaluations

further out in the joint tails.

Investment portfolios most often include far more than two different assets as inves-
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tigated bivariately above. This is in part because of the concept of diversification and risk

reducing capabilities of pooling together imperfectly correlated assets. Multidimensional tail

dependence structure estimation is for these cross-asset portfolios an intriguing tool, given the

information available in these separated assets and asset interaction characteristics beyond the

bivariate or even univariate estimation approaches. Allowing for increased dimensionality in the

tail risk problem however also enhances the complexity of the estimations and could possibly lead

to compromised predicitive abilities as well as relevance and implementability problems. Many

articles and previous studies therefore limit the investigation of tail dependence to the bivariate

case, and instead state the possibilities of extending the analysis to the multivariate case. This

is e.g. argumented for in [28], where references are made to papers by Aas, Czado, Frigessi and

Bakken (Pair-copula constructions of multiple dependence, 2009 ) as well as Dissman, Brech-

mann, Czado and Kurowicka (Selecting and estimating regular vine copulae and application to

financial returns, 2013 ) which state that bivariate copulas are relevant cornerstones for suc-

cessive multi-dimensional financial analysis. Within the field of finance is stand-alone bivariate

analysis furthermore often favoured to multi-dimensional models, if the significance of the fitted

models are skewed towards the bivariate methods.
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6 Summary and Conclusions

The aim of this thesis was to with a multifaceted toolbox of financially relevant mathematical

and statistical theory and estimation methods approach the concept of tail risk for cross-asset

portfolios. Dependence structures as well as scalar tail dependence and diversification benefits

were to be investigated with limit theorems within the concept of Extreme Value Theory (EVT).

Financially these themes cover highly relevant investment management considerations of tail risk

hedging opportunities and downside risk diversification in adding on more asset classes to the

in this thesis assumed base case of a global equity portfolio. This adaptation of dependence

modelling into concrete investment concerns is a main contribution of the thesis.

The conclusions also include tail heaviness and risk appraisals for different asset classes

on a univariate basis, as well as the display of deceitful data sample contaminations for the

estimations such as sample size and time dependence characteristics. The results further highlight

the necessity of flexible models in financial extreme value estimation, e.g. through pointing out

the differences in dependence structures of joint upper and lower tails and showing on the model

fits to data of various copula specifications. Finally, the computations of the actual scalar

dependence measures far out in joint tails as well as the diversification benefits of introducing

more asset classes to the global equity portfolio showed on maintained levels of risk in line with

the most risky investment. This confirms earlier studies of financial market extreme events which

accentuate contagion of extreme events and the impact of the asset of most heavy tails for high

loss quantiles.

There is still a vast range of possible opportunities for extensions and additional in-

depth analyses of the complex themes of tail risk considerations for investment portfolios. These

include, but are not limited to, data scrutiny with respect to more of the so-called stylised facts

leading to e.g. conditional and time dependent models such as those associated with the EVT-

GARCH framework. One could also employ different quantification metrics, e.g. the subadditive

expected shortfall which highlights the distributional aspects of the joint tail further. Risk

attribution of the tail risk with copula regressions enabling non-normal parameterisation of the

univariate asset return distributions could also help in underscoring systematic factors of tail

risk. There are also ways in which the issue of limited sample size of extreme events could

be treated, e.g. through using overlapping samples for which adjusted parameter estimations

could be executed, narrowing the confidence intervals of the estimates. Another extension of

the analysis could have been in extending the dimensionality of the problem, including multiple

new asset classes to the primary instrument. Approaches to this include the flexible but severely

computational pair-copula construction of conditional models based on bivariate copula building

blocks, or non-parameterisation simplifications of dependence structures in order to estimate risk

measures in less computationally heavy manners.

In conclusion the significant results achieved in this thesis in the area of tail risk hedging

and diversification of cross-asset portfolios can help contribute to risk management considerations

in investment analysis, and the topic also allows for various useful extensions of the analysis.

36



References

[1] Ang, A. and Chen, J., Asymmetric correlations of equity portfolios, Journal of Financial

Economics, 63, 443–94, 2002.

[2] Breymann, W., Dias, A. and Embrechts, P., Dependence structures for multivariate high-

frequency data in finance, Quantitative Finance, Vol.3(1), p.1-14, 2003.

[3] Cont, R., Empirical properties of asset returns: stylized facts and statistical issues, Quanti-

tative Finance, 1:2, 223-236, 2001.

[4] Dacorogna, M., Müller, U., Nagler, R., Olsen, R. and Pictet, O., A geographical model for the

daily and weekly seasonal volatility in the foreign exchange market, Journal of International

Money and Finance, Vol.12(4), pp.413-438, 1993.

[5] Danielsson, J., The emperor has no clothes: Limits to risk modelling, Journal of Banking and

Finance, Vol.26(7), pp.1273-1296, 2002.

[6] Dias, A. and Embrechts, P., Modeling exchange rate dependence dynamics at different time

horizons, Journal of International Money and Finance, Vol.29(8), pp.1687-1705, 2010.

[7] Embrechts, P., Mcneil, A. and Straumann, D., Correlation and Dependence in Risk Manage-

ment: Properties and Pitfalls, In: Dempster, M.A.H. (Ed.), Risk Management: Value at Risk

and beyond, Cambridge University Press, 2002.

[8] Dias, A., Semiparametric estimation of multi-asset portfolio tail risk, Journal of Banking &

Finance , 49, pp.398-408, 2014.

[9] Embrechts, P., Kaufmann, R. and Patie, P., Strategic Long-Term Financial Risks: Single

Risk Factors, Computational Optimization and Applications, Vol.32(1), pp.61-90, 2005.

[10] Ergen, I., Tail dependence and diversification benefits in emerging market stocks: an extreme

value theory approach, Applied Economics, Vol.46(19), p.2215-2227, 2014.
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