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Abstract

We consider high frequency waves satisfying the scalar wave equation with
highly oscillatory initial data. The speed of propagation of the medium as
well as the phase and amplitude of the initial data is assumed to be uncertain,
described by a finite number of independent random variables with known
probability distributions. We introduce quantities of interest (QoIs) as local
averages of the squared modulus of the wave solution, or its derivatives. The
regularity of these QoIs in terms of the input random parameters and the wave
length is important for uncertainty quantification methods based on interpo-
lation in the stochastic space. In particular, the size of the derivatives should
be bounded and independent of the wavelength. In the contributed papers, we
show that the QoIs indeed have this property, despite the highly oscillatory
character of the waves.
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Sammanfattning

Vi studerar högfrekventa lösningar till den skalära vågekvationen med my-
cket oscillerande begynnelsedata. Utbredningshastigheten av mediet samt fasen
och amplituden av begynnelsedatan antas vara osäkra, och beskrivs av ett
ändligt antal oberoende slumpvariabler med kända sannolikhetsfördelningar.
Vi är intresserade av funktionaler definerade som lokala medelvärden av be-
loppskvadraten av lösningen, eller av dess derivator. Regulariteten hos dessa
funktionaler i termer av de givna slumpmässiga parametrarna och våglängden
är viktig för osäkerhetskvantifieringsmetoder baserade på interpolation i det
stokastiska rummet. Denna regularitet bör i en viss mening vara oberoende av
våglängden. I avhandlingens artiklar visar vi att funktionalerna verkligen har
denna egenskap, trots den mycket oscillerande karaktären hos vågorna.
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Preface
This thesis consists of an introduction and two papers. The titles of the included
papers are:

Paper I

G. Malenova, M. Motamed, O. Runborg, R. Tempone. A sparse stochastic col-
location technique for high-frequency wave propagation with uncertainty.

Paper II

G. Malenova, M. Motamed, O. Runborg. Regularity of stochastic observables in
Gaussian beam superposition of high-frequency waves.
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Chapter 1

Introduction

Many physical phenomena can be described by propagation of high-frequency waves
with stochastic parameters. One example, coming from geophysics, is an earthquake
where seismic waves with uncertain epicenter travel through the layers of the Earth
with uncertain soil characteristics. Similar problems arise e.g. in optics, acoustics
or oceanography. By high frequency we understand that the wavelength is very
short compared to the distance traveled by the wave.

Direct methods are a natural first choice for solving the wave propagation prob-
lems numerically. They include methods based on finite differences, elements or
volumes, such as the finite-difference time-domain scheme (Yee scheme) or discon-
tinuous Galerkin, see [9, 23, 1]. Spectral element methods such as Hermite are
also effective for propagating waves, see [7]. When simulating high frequency wave
propagation by direct methods, the accuracy of the solution is determined by the
number of grid points per wavelength. For a given accuracy, the wave resolution
cost grows rapidly when shrinking the wavelength and direct methods become very
expensive. To circumvent this, the Gaussian beam method is introduced in Section
2.2.

Another difficulty arising from physical problems is uncertainty. It enters the
computations through one or multiple sources: either the model parameters are
incomplete or the intrinsic nature of the problem is uncertain, e.g. initial data or
medium properties. Uncertainty quantification (UQ) is the science of quantitative
characterization of uncertainties. In this thesis, we are mainly interested in forward
propagation of uncertainty, i.e. how uncertainty of the data affects uncertainty of
the output including the probability distribution.

In the present work, we use the scalar wave equation as a simplified model of
uncertain high frequency wave propagation. More precisely, uε where ε� 1 denotes
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the short wavelength, is the solution to the Cauchy problem,

uεtt(t,x,y)− c(x,y)2 ∆uε(t,x,y) = 0, in [0, T ]× Rn × Γ, (1.1a)
uε(0,x,y) = B0(x,y) ei ϕ0(x,y)/ε, in Rn × Γ, (1.1b)

uεt (0,x,y) = 1
ε
B1(x,y) ei ϕ0(x,y)/ε, in Rn × Γ, (1.1c)

where x ∈ Rn is the spatial variable and y ∈ Γ ⊂ RN is the uncertain parameter.
We consider y = (y1, . . . yN ) to be a random variable with yj independent for all
j = 1, . . . N . Here, N denotes the number of random variables and is typically a
large number.

Two sources of uncertainty are considered: the local speed, c = c(x,y), and the
initial data, amplitude B0 = B0(x,y), B1 = B1(x,y), and phase ϕ0 = ϕ0(x,y).
The solution is therefore also a function of the random parameter, uε = uε(t,x,y).
Note that the speed c(x,y) is smooth and uniformly bounded in x and y.

The focus of this work is on the statistics of quantities of interest (QoI), i.e.
functionals of the solution uε. The natural choices of QoI include the solution itself
in a fixed point x0,

uε(t,x0,y),

or, more generally, the weighted mean value of uε,∫
Ω
uε(t,x,y)ψ(x)dx,

for a smooth test function ψ with compact support such that
∫

Ω ψ = 1. In our case,
however, neither of these QoIs is interesting due to the high frequency nature of uε.
In the first case, the point-wise QoI is itself highly oscillatory in y and its derivatives
cannot be bounded by constants that are independent of ε. Numerically, this leads
to a rapid increase of the number of discretization points needed to maintain the
accuracy. As we will see in Section 3, this violates the condition under which our
UQ method performs well. In the second case, the mean value of uε tends to zero as
ε→ 0 for all ψ, due to the stationary phase lemma [12], and little new information
is given by the QoI.

The weighted average strength of the wave presents another choice of the QoI,

Qε(y) =
∫
|uε(t,x,y)|2ψ(x)dx, (1.2)

with ψ as above. For example, if the solution uε to (1.1) describes the acoustic pres-
sure, QoI (1.2) represents the acoustic potential energy. The QoI Qε is interesting
also from the high frequency perspective since, although the solution itself oscillates
with ε in t,x and y, Qε does not. In fact, as we will state more precisely below, Qε
and all its derivatives can be bounded independently of ε. In this work, we mainly
focus on Qε. Note, that since the solution depends on the random variable y, the
QoI outcome is stochastic itself.
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When quantifying the statistics of Qε computationally, we face two problems:
high frequencies and uncertainty. In Paper I, [14], we propose a method for comput-
ing statistics of Qε. It consists of two techniques: the Gaussian beam superposition
method for treating the high frequencies and the sparse stochastic collocation for
treating the uncertainty. The two methods separately are not new and are widely
in use, but their combination offers a new powerful tool.

The Gaussian beam method is based on geometrical optics. Geometrical optics
(GO) is an asymptotic technique which emerges as an approximation in the limit
ε→∞. It describes waves in terms of rays, path along which the waves propagate.
The solution is of the form

uε(t,x,y) = a(t,x,y, ε)eiφ(t,x,y)/ε,

where a is the amplitude and φ denotes the phase. Instead of finding the full
solution of (1.1), geometrical optics solves equations for a and φ locally on the
rays. The amplitude and phase typically vary on much coarser scale than ε and the
computational cost of GO is independent of ε, in contrast to direct methods.

One of the shortcomings of geometrical optics is that it breaks down at caustics,
i.e. in the points where the rays focus, see [20]. As a remedy, we use the Gaussian
beam method. It is based on the same ansatz as the geometrical optics, but instead
of confining a and φ to the rays, it assumes them to be Taylor expanded around
the rays. The Gaussian beam method has been extensively studied in [25, 16, 17,
20, 13, 19, 24].

Obtaining statistics of QoI (1.2) generally requires evaluating N -dimensional
integrals when y ∈ Γ ⊂ RN where N is typically large. For instance, the mean
reads

1
|Γ|

∫
Γ
Qε(y)dy.

For the representation of Qε defined over an N -dimensional domain, conventional
methods such as the trapezoidal rule need O(MN ) grid points for an accuracy
of O(M−2) where M denotes the number of grid points in one dimension. The
exponential dependence of the number of discretization points on N is referred to
as the curse of dimensionality.

To overcome the curse of dimensionality, stochastic methods of the Monte Carlo
(MC) type or sparse stochastic collocation techniques are of great advantage. Monte
Carlo methods present a wide range of computational algorithms relying on a re-
peated random point sampling. Convergence of the plain and quasi Monte Carlo
does not depend on the dimension N , but the rate is rather slow, O(η−1/2) and
O(η−1) respectively where η is the number of sample points. Variance reduction
techniques such as multilevel or multi-index Monte Carlo are being used to further
reduce the error for an increasingly wide range of applications, see [6, 10]. However,
these methods are not suitable for our purposes since their convergence is slow.
Instead, we implement the sparse collocation methods which take advantage of the
smooth structure of the integrand to achieve exponential convergence rate.
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The sparse grid collocation method has been utilized in forward propagation of
uncertainty in many PDE models [18]. The underlying idea can be traced back to
Smolyak [21], who developed sparse grids for numerical integration. It is a colloca-
tion method that reduces the cost of computation by introducing hierarchical bases.
IfM is the number of points in one direction and N the dimension of the space, the
total number of points on a full tensor grid is η = MN . Instead of approximating
the problems on full tensor grids, the collocation method uses sequences of sparse
grids. These can be nested, which further cuts down the computational cost. For
the representation of a function defined over N -dimensional space, the sparse grid
approach employs O(M (logM)N−1) collocation points to attain comparable accu-
racy as the direct methods with O(MN ) points, see [5, 2, 4]. Sparse grids methods
can be further improved by introducing adaptivity, see [8, 11].

A crucial assumption for the sparse grid collocation to converge fast is the
stochastic regularity of the QoI, i.e. the regularity of Qε with respect to y. The
derivatives ∂σ

yQε(y) should be small in order to have fast convergence. In particu-
lar, Qε should not oscillate with period ε. It was conjectured in Paper I, [14] and
proved in Paper II, that the QoI and its derivatives with respect to y computed by
the Gaussian beam method can be bounded by a constant independent of ε and y,
namely

sup
y∈Γ

∣∣∣∂σ
yQε(y)

∣∣∣ ≤ Cσ, ∀σ ∈ NN0 , (1.3)

for any ψ ∈ C∞c (Rn) in (1.2). Independence of Cσ on ε is essential as it controls
the bound from diverging when ε→ 0. The result (1.3) may seem counterintuitive
as the solution itself oscillates with ε. Numerical examples presented in Paper
I, [14] showed exponential convergence for the proposed method contrasting the
rather slow Monte Carlo simulations. It also pinned down the importance of the
smoothness of the weight function ψ in the QoI.



Chapter 2

High frequency approximations

For high frequencies ε� 1, the computational cost of direct methods for (1.1) grows
rapidly with 1/ε. More precisely, to reach a given accuracy, direct methods require
a certain number of points per wavelength, i.e. O(ε−1) points are needed in each of
the n dimensions. The time evaluation requires O(ε−1) steps, hence direct methods
have a total computational cost of O(ε−(n+1)). To circumvent this difficulty, high
frequency approximations emerging in the limit when ε → 0 come useful. In this
section, we introduce two methods, the geometrical optics and the Gaussian beam
method.

2.1 Geometrical optics
Geometrical optics (GO) is an asymptotic method obtained when ε → 0. Let us
solve the acoustic wave equation

uεtt(t,x)− c(x)2 ∆uε(t,x) = 0, in [0, T ]× Rn, (2.1a)
uε(0,x) = B0(x) ei ϕ0(x)/ε, in Rn, (2.1b)

uεt (0,x) = 1
ε
B1(x) ei ϕ0(x)/ε, in Rn, (2.1c)

where ε� 1 denotes the short wavelength and B0, B1, ϕ0 are smooth real functions.
We assume the solution to be of the form

uε(t,x) = a(t,x, ε)eiφ(t,x)/ε, (2.2)

where the amplitude a and phase φ are smooth functions. We consider the following
Taylor expansion of amplitude a with respect to ε,

a(t,x, ε) =
∞∑
j=0

εjaj(t,x). (2.3)

All aj and φ vary on a much coarser scale than does the solution uε and they can
be resolved with a computational cost independent of ε.
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Plugging the ansatz (2.2) with (2.3) into (2.1) and collecting the leading powers
of ε, we obtain the coefficients,

ε−2 : a0φ
2
t − a0c(x)2|∇φ|2 (2.4a)

ε−1 : 2i(a0)tφt − a1φ
2
t + a0iφtt − c(x)2(2i∇a0 · ∇φ− a1|∇φ|2 + a0i∆φ) (2.4b)

ε` : (a`)tt + 2i(a`+1)tφt − a`+2φ
2
t + a`+1iφtt−

− c(x)2(∆a` + 2i∇a`+1 · ∇φ− a`+2|∇φ|2 + a`+1i∆φ), (2.4c)

for ` = 0, 1, . . .. In the limit ε → 0, these coefficients must be zero and we get the
following relations for the phase and amplitudes from (2.4a) and (2.4b):

φ2
t − c(x)2|∇φ|2 = 0, (2.5)

which is referred to as the eikonal equation and

(a0)t −
c(x)2∆φ− φtt

2φt
a0 −

c(x)2∇a0 · ∇φ
φt

= 0, (2.6)

which is often called the transport equation. The additional transport equations
following from (2.4c) for the remaining amplitude terms ` ≥ 0 read

(a`+1)t −
c(x)2∆φ− φtt

2φt
a`+1 −

c(x)2∇a`+1 · ∇φ
φt

− c(x)2∆a` − (a`)tt
2iφt

= 0. (2.7)

The eikonal equation (2.5) admits two families of solutions corresponding to waves
moving in opposite directions. They are two modes being governed by Hamiltonians
with opposite signs. More precisely, the eikonal equation (2.5) belongs to the class
of Hamilton-Jacobi equations

φt +H(x,∇φ) = 0,

with the Hamiltonian
H(q,p) := ±c(q)|p|. (2.8)

Rays are bicharacteristics of the eikonal equation. That is, they are curves q(t)
(and values p(t) on those curves) parameterized by t ≥ 0 satisfying

dq
dt

= ±∇pH(q,p), dp
dt

= ∓∇qH(q,p), (2.9)

with initial values q(0) = q0, p(0) = ∇φ(0,q0). By this choice of p(0), we have
that

p(t) ≡ ∇φ(t,q(t)), (2.10)

as long as φ is smooth, see [20]. Moreover, choosing |p(0)| 6= 0, |p(t)| remains
strictly positive for all t > 0, see [13]. From (2.9) it follows that

dH(q,p)
dt

= ∇qH · q̇ +∇pH · ṗ = ∇qH · ∇pH −∇pH · ∇qH = 0,
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Figure 2.1: Rays. Projection of a cusp caustic to the physical space and its phase
space plot.

hence the Hamiltonian remains constant along the bicharacteristics andH(q(t),p(t)) =
H(q(0),p(0)), for all t ≥ 0.

Recalling the explicit Hamiltonian expression (2.8), the bicharacteristics (2.9)
of the wave equation read

dq
dt

= ±c(q) p
|p| ,

dp
dt

= ∓∇c(q) |p| . (2.11)

Moreover, the phase φ remains constant along the ray. Indeed,

d

dt
φ(t,q(t)) = φt(t,q(t)) +∇φ(t,q(t)) · q̇(t) = ∓c(q)|∇φ(t,q(t))| ± p(t) · c(q) p(t)

|p(t)|
= ∓c(q)|p(t)| ± c(q)|p(t)| = 0,

where we used the eikonal equation (2.5), the exact form of q̇ (2.11) and (2.10).
Thus the phase φ is given by the expression

φ(t,q(t)) = φ(0,q(0)). (2.12)

Figure 2.1 shows an example of ray propagation in the case of a lens placed into the
domain. This is modeled by letting the speed c(x,y) > 1 in the red-circled region
and c(x,y) = 1 elsewhere. This causes the rays to focus. We call such crossing
points caustic points. Note that caustics are projections in the physical space, rays
do not cross in the phase space.

The eikonal equation always admits a smooth solution defined by (2.12) for
small enough times t. However, a global smooth solution is in general not feasible
as caustics develop when the rays cross. Instead, weak solutions must be considered.
As is the case for Hamilton-Jacobi equations, extra conditions are needed to have
a unique solution. These conditions are given in [3] and the solution is called the
viscosity solution.
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Figure 2.2: Single Gaussian beam moving to the right along the characteristics while
altering its shape.

For nonlinear equations, the superposition principle is not valid and solutions
with multiple phases are not accepted. The viscosity solution to the eikonal equation
develops kinks, discontinuities in the gradient, in the caustic points. Then the GO
predicts unbounded amplitude and the solution breaks down, see [20].

The Gaussian beam method is another type of high frequency approximation
closely related to geometrical optics evaluated along the rays. However, unlike
geometrical optics, Gaussian beams are locally defined for every t and their super-
position performs well even at caustics.

2.2 Gaussian beams

Gaussian beams are another type of high-frequency approximation closely related
to geometrical optics and ray tracing. Individual Gaussian beams are not solely
confined to the ray, but they are full solutions on a small neighborhood around the
path of a standard ray.

Henceforth, we will use z as a parameter to emphasize the dependence on the
starting point, e.g. q(t; z) is the position of the ray at time t starting in point
z ∈ Rn. We denote the k-th order Gaussian beam starting at z ∈ Rn by vε(t,x; z).
The beam has a similar form to (2.2) used in GO:

vε(t,x; z) = A(t,x, ε; z)eiΦ(t,x;z)/ε. (2.13)

The amplitude and phase A and Φ are centered around q(t; z),

A(t,x, ε; z) = a(t,x− q(t; z), ε; z), Φ(t,x; z) = φ(t,x− q(t; z); z). (2.14)

The two methods also differ in the assumption on the phase φ. GO assumes it to
be real whereas for Gaussian beams, the phase is complex away from the ray. The
imaginary part is chosen such that the solution decreases exponentially fast away
from the central ray. To compute the beams, we first find the amplitude and phase
propagating along the specific ray by solving a system of ODEs. Each beam is then
constructed from their Taylor expansions.
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First order beams

The simplest (first order) Gaussian beam approximation is of the form (2.13) with

a(t,x, ε; z) = a0(t; z), (2.15a)

φ(t,x; z) = φ0(t; z) + x · p(t; z) + 1
2x ·M(t; z) x. (2.15b)

Note that these expressions can be interpreted as a zeroth and and a second order
Taylor expansion in x of the amplitude and phase respectively. Requiring that the
phase Φ satisfies the eikonal equation (2.5) up to O(|x−q(t; z)|3) and the amplitude
A satisfies the transport equation (2.6) up to O(|x−q(t; z)|), we arrive at a system
of ODEs for q,p, φ0,M and a0,

φ̇0 = 0,

q̇ = ∓c(q) p
|p| ,

ṗ = ±∇c(q)|p|,
Ṁ = ±(D +BTM +MB +MCM),

ȧ0 = ± 1
2|p|

(
c(q)Tr(M)−∇c(q) · p− c(q)p ·Mp

|p|2
)
a0,

(2.16a)

(2.16b)

(2.16c)
(2.16d)

(2.16e)

where

B = p(∇c(q))T

|p| , C = c(q)
|p| −

c(q)
|p|3 ppT , D = |p|∇2c(q).

The sign ambiguity corresponds to waves moving in opposite directions. The ODEs
for p, q coincide with those introduced by GO in (2.11).

The name ”Gaussian beam“ stems from its Gaussian shape. Indeed, since the
imaginary part of φ in (2.15) is determined by x · Im(M) x, we have

|vε(t,x; z)| = a0 exp
(
− 1

2ε(x− q(t; z)) · Im(M)(x− q(t; z))
)
.

It has been proved (in a more general setting) in [19] that M(t; z) is symmetric and
has positive imaginary part at time t > 0 for all y and z if the same holds for the
initial data, i.e. ifM(0) is chosen such that it is symmetric and its imaginary part is
positive definite. This implies that the shape of vε remains Gaussian with a width
|x− q(t; z)| ∼

√
ε in all times t > 0.

Higher order beams

In this section, we describe higher order Gaussian beam methods. As a rule of
thumb, to construct higher order Gaussian beams, higher order Taylor expansion of
amplitude and phase must be employed and also more terms in (2.3) must be kept.
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More precisely, the k-th order Gaussian beam is defined as in (2.13) with (2.15)
where

φ(t,x; z) = φ0(t; z) + x · p(t; z) + 1
2x ·M(t; z)x +

k+1∑
|β|=3

1
β!φβ(t; z)xβ, (2.17)

is the k-th order phase function φ is a Taylor polynomial of order k + 1, and

a(t,x; z) =
dk/2e−1∑
j=0

εjaj(t,x; z),

is the k-th order amplitude function with

aj(t,x; z) =
k−2j−1∑
β=0

1
β!aj,β(t) xβ. (2.18)

Analogously to the first order beam case, Φ(t,x) is required to solve the eikonal
equation (2.5) to order O(|x − q(t)|k+2) and aj(t,x − q(t)) to solve the transport
equations (2.6) and (2.7) to order O(|x− q(t)|k−2j) respectively. This translates to
a system of ODEs for the coefficients q,p, φβ,M, aj,β.

Due to the construction of higher order beams, the equations for q,p, a0, φ0,M
coincide with their first order counterpart (2.16). For the ODEs for the remaining
coefficients φβ, aj,β, see [19, 24].

Superpositions of Gaussian beams

In the preceding sections, we defined a single Gaussian beam. In the general case,
we consider the initial data of the wave equation to be of the form in (2.1) and
supp(B0), supp(B1) ⊂ K0 ⊂ Rn, where K0 is compact. Then K0 has to be covered
with Gaussian beams for us to be able to describe the propagation. We need to
define the solution in terms of superpositions of Gaussian beams. By linearity of
the wave equation, a superposition of the Gaussian beams is also an approximate
solution. Single beams are summed together to form the k-th order Gaussian beam
superposition solution

uεGB(t,x) =
( 1

2πε

)n
2
∫
K0
vε(t,x; z)%η(x− q(t; z))dz, (2.19)

where the integration in z is over the support of the initial data K0 ⊂ Rn. The
function %η ∈ C∞(Rn) is a real-valued cutoff function with radius 0 < η ≤ ∞
satisfying,

%η(x) ≥ 0 and %η(x) =


1 for |x| ≤ η,
0 for |x| ≥ 2η, for 0 < η <∞,

1, for η =∞.
(2.20)
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Figure 2.3: Gaussian beam superposition. The red circle denotes support of A and
the yellow circles/ovals several GB domains. Single GBs propagate along the rays
(black lines) while altering their shape. At a final time, single GBs are superposed
to build the solution.

It has been shown in [13] that if η > 0 is sufficiently small, it is ensured that Imφ > 0
on the support of %η and the Gaussian beam superposition is well-behaved. For first
order beams, the cutoff function is not needed and we can take η =∞.

Each Gaussian beam requires initial data for all ray parameters and phase and
amplitude Taylor terms. An appropriate choice of these will make uGB(0,x) con-
verge asymptotically to the initial conditions in (2.1). Referring to [24], we define
such initial data to the system of ODEs (2.16) as

q(0; z) = z,
φ0(0; z) = ϕ0(z),
p(0; z) = ∇ϕ0(z),
M(0; z) = ∇2ϕ0(z) + i Idn×n,
φβ(0; z) = ∂βxϕ0(z), |β| = 3, . . . k + 1.

(2.21a)
(2.21b)
(2.21c)
(2.21d)
(2.21e)

It has been shown in [13] that if the initial data for k-th order beams is chosen
like this, the error satisfies the estimate

sup
t∈[0,T ]

‖uεGB(t, ·)− uε(t, ·)‖E ≤ C(T )ε
k
2 , (2.22)

for some constant C(T ) independent of ε. Here, ‖ · ‖E is an ε-scaled energy norm
defined as

‖uε(t, ·)‖E :=
(
ε2

2

∫
Rn

|uεt |2

c(x)2 + |∇uε|2dx
)1/2

.
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Note that (2.22) holds regardless of the presence of caustics in the solution. Nu-
merically, the integral (2.19) is approximated by the trapezoidal rule:

uεGB(t,x) ≈ 1
(2πε)n/2

∑
{j: zj∈K0}

vε(t,x; zj) ∆zn, (2.23)

where ∆z ∼
√
ε, and the ODEs (2.16) are solved with a numerical ODE method.

Each Gaussian beam can be evaluated with the computational cost O(1), hence
the total computational cost of the Gaussian beam method in n dimensions is then
O(ε−n/2). Note that this is smaller than that of a direct solver, O(ε−(n+1)).



Chapter 3

Sparse grid collocation method

In this chapter, we will introduce a method for approximating the N -dimensional
integral of a real function f ,

I[f ] =
∫

Γ
f(y)dy, (3.1)

where Γ ∈ RN and N is large. To approximate (3.1) we first interpolate f in
a suitable set of points and then integrate the interpolant exactly. A standard
choice of node sets includes equidistant, Legendre or Chebyshev points, resulting in
Newton–Cotes, Gauss or Clenshaw-Curtis quadrature respectively. With increasing
dimension N , the total number of points η grows rapidly and the computations
become expensive. If we e.g. considered uniform grids with piece-wise linear basis,
η = O(MN ) grid points are needed to get accuracy O(M−2), where M is the
number of points in one direction. The exponential dependence of the number of
grid points of conventional approaches on dimension N is referred to as the curse
of dimensionality.

One way to cope with the curse of dimensionality is to employ the sparse grid
collocation technique (SG). The SG methods introduce a framework where certain
large group of points can be neglected while only slightly reducing the convergence
rate. Approximation with piece-wise linear basis functions then requires signif-
icantly fewer grid points, η = O(M(logM)N−1) while essentially preserving the
asymptotic error decay of full grid interpolation if the solution has bounded mixed
derivatives. The interpolation error in case of sparse grids is O(M−2(logM)N−1),
which is only slightly worse than the error in full grids.

The discretization on sparse grids is not limited solely to piecewise linear bases,
but can be directly generalized to other multiscale bases or point sets. For smooth
functions, interpolation by higher order polynomials on non-equidistant sparse grids
presents a powerful tool.

After sampling f in a sparse set of points {y` ∈ Γ}, we use the quadrature
formula obtained by exact integration of the interpolant S[f ] of f in these points,

I[f ] ≈
∫

Γ
S[f ](y)dy =

∑
`

α` f(y`), (3.2)

15
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where α` are the corresponding quadrature weights. In this thesis, we implement a
sparse version of the Clenshaw-Curtis quadrature, which is a sparse grid integration
rule based on interpolation in Chebyshev nodes.

3.1 Clenshaw-Curtis quadrature
Let us introduce abscissas based on the Chebyshev points,

y`,k = cos
((`− 1)π

k − 1

)
, (3.3)

extrema of the k-th order Chebyshev polynomials,

Tk(y) = cos(k arccos(y)).

We define a sequence of grids indexed by the level i on the Chebyshev abscissas.
The full tensor grids have m(i) points in each direction. An important property of
the Chebyshev points is that doubling the number of points naturally leads to a
nested sequence of points. Henceforth, we define

m(i) =
{

1, for i = 1,
2i−1 + 1, for i > 1.

For every n = 1, . . . N , we denote by Um(i)
n the univariate polynomial interpolant

operator on m(i) abscissas,

Um(i)
n [f ](x) =

m(i)∑
`=1

f(x1, . . . , xn−1, y`,m(i), xn+1, . . . , xN )L`,m(i)(xn),

where L`,m(i) is the Lagrange polynomial of order m(i). More precisely, for a set
of points {yj,m(i)}

m(i)
j=1 as in (3.3), L`,m(i) is a unique polynomial such that it is 1 at

y`,m(i) and zero at all other points of the set. For a full grid of a fixed level w, the
interpolant S[f ] reads

S[f ](x) =
N⊗
n=1

Um(w)
n [f ](x). (3.4)

We can now introduce the sparse grid method reformulating expression (3.4). Defin-
ing the detail operator ∆m(i)

n as

∆m(i)
n = Um(i)

n − Um(i−1)
n , Um(0)

n = 0,

we can write using the telescopic sum,

Um(w)
n =

w∑
i=1

(
Um(i)
n − Um(i−1)

n

)
=

w∑
i=1

∆m(i)
n .
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Then, we can form the approximation (3.4) in terms of the detail operator as

S[f ](x) =
N⊗
n=1

w∑
i=1

∆m(i)
n [f ](x) =

w∑
i1=1

. . .
w∑

iN=1

N⊗
n=1

∆m(in)
n [f ](x)

=
∑

‖i‖∞≤w

N⊗
n=1

∆m(in)
n [f ](x), (3.5)

where i = (i1, . . . iN ). As the level in increases, ∆m(in)
n [f ] goes quickly to zero.

Consequently, if we have a product of many factors as in (3.5), it will be smaller
the more levels in are large. This is the basic idea behind the sparse grids. Instead
of including all possible combinations of indices i1, . . . iN ≤ w we only pick those
summing up to a certain constant. In other words, instead of controlling each index
separately, we put a condition on their sum. Such a set is called a total degree set.
More precisely, let Λ(w) be a set of indices given by a total degree rule

Λ(w) =
{

i ∈ NN+ :
N∑
n=1

(in − 1) ≤ w
}

where w is a given number denoting the maximal level. Then the sparse grid
approximation alternative to (3.5) reads

SΛ(w)[f ] =
∑

i∈Λ(w)

N⊗
n=1

∆m(in)
n [f ], (3.6)

or equivalently in terms of the detail operator,

SΛ(w)[f ] =
∑

i∈Λ(w)
c(i)

N⊗
n=1

Um(in)
n [f ] ≈ S[f ],

with
c(i) =

∑
j∈{0,1}N
i+j∈Λ(w)

(−1)|j|1 .

Neglecting a certain class of levels results in omitting a large portion of points from
the full tensor grid. We define m(i) := (m(i1), . . .m(iN )) and let Hm(i) denote the
set of all Chebyshev points (3.3) on the N -dimensional grid corresponding to levels
i in the respective directions. The set Hm(i) is a tensor grid with relatively low
number of points compared to the full tensor grid i = (w, . . . , w) with η = m(w)N
nodes. The collection of all grids Hm(i), with i ∈ Λ(w) forms the sparse grid HΛ(w),

HΛ(w) =
⋃

i∈Λ(w)
Hm(i).

An example of a Smolyak sparse grid with level w = 4, 8, 12 in dimension N = 2 is
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Sparse grid for N = 4 Sparse grid for N = 8 Sparse grid for N = 12

Figure 3.1: Sparse grid based on Clenshaw-Curtis abscissas and Smolyak index set
for w = 4, 8, 12 in dimension N = 2.

shown on Figure 3.1.
With the sparse grid approximation SΛ(w)f in (3.6) in hand one can build the

corresponding sparse grid quadrature formula (3.2),

I[f ] ≈
∫

Γ
SΛ(w)[f ](x)dx =

∑
y`∈HΛ(w)

f(y`)α`. (3.7)

where α` are the corresponding quadrature weights. The precise form and construc-
tion of α` may be found e.g. in [22].

3.2 Convergence result

The error of interpolation on the sparse grids is defined as

e(x) = f(x)− SΛ(w)[f ](x), x ∈ Γ.

The rate of convergence depends on the regularity of f . Fast convergence with
respect to the total number of collocation points η is attained when f has many
derivatives and the size of them is small. We present the precise result for another
type of SG, namely the sparse Smolyak grid based on Gauss-Legendre abscissas.
The Clenshaw-Curtis quadrature can be expected to show a similar behavior.

If f has s ≥ 1 bounded mixed derivatives, ∂sx1 ∂
s
x2 . . . ∂

s
xN
f ∈ L∞(Γ), the L2 error

in the interpolation on the sparse Smolyak grid based on Gauss-Legendre abscissas
satisfies (see Theorem 5 in [15])

‖e‖L2(Γ) ≤ C
(
1 + log2

η

N

)2N
η
−s loge 2

ξ+loge N , ξ = 1 + (loge 2)(1 + log2 1.5) ≈ 2.1,

where
C = Cs,N max

n=1,...,N
max

0≤k1,...,kn≤s
||∂k1

x1 . . . ∂
kn
xnf ||L2(Γ)
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Figure 3.2: Quadrature error of g in (3.8) with N = 3 and w = 3 to 13. We
implement Smolyak index set and the Clenshaw-Curtis quadrature method.

Here, the constant C depends on s,N , and the function f but not on η. Therefore,
the larger s, or equivalently the higher the regularity of f , the faster the convergence
rate in η. In particular, when the function has infinitely many bounded mixed
derivatives, the convergence rate is close to spectral.

To complement the theoretical derivation, we present a numerical example im-
plementing the Clenshaw-Curtis quadrature. Let us compute the following integral

g =
∫

[0,1]N
f(x)dx, (3.8)

where f is a Gaussian, discontinuous, continuous non-smooth and oscillatory func-
tion. More precisely,

1. Gaussian

f(x) = exp
(
−

N∑
n=1

c2
n(xn − wn)2

)
,

g =
N∏
n=1

√
π

2cn
(erf(cn(1− wn)) + erf(cnwn)),

with cn = 7.03/N and wn = 1/2.

2. Discontinuous

f(x) =
{

0 if x1 > w1 or x2 > w2,

exp
(∑N

n=1 cnxn
)

otherwise

g = 1∏N
n=1 cn

(ec1w1 − 1)(ec2w2 − 1)
N∏
n=3

(ecn − 1),

with cn = 4.3/N , w1 = π/4 and w2 = π/5.
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3. Continuous function

f(x) = exp
(
−

N∑
n=1

cn|xn − wn|
)
,

g =
N∏
n=1

1
cn

(
2− e−cnwn − e−cn(1−wn)

)
,

where cn = 2.04/N and wn = 1/2.

4. Oscillatory with parameter ε,

f(x) = cos
(

1
ε

N∑
n=1

xn

)
, g = Re

[(
−iε

(
ei/ε − 1

))N]
.

In Figure 3.2, the error |g − gη| is plotted where gη denotes the SG approximation
with η collocation points. Here, the dimension is N = 3 and we sweep over w ∈
(3, 13) levels. The first subplot shows the dependence of the convergence on the
smoothness of the integrand. For a smooth Gaussian function, the convergence is
indeed spectral. The continuous but non-smooth function converges linearly while
the discontinuous function performs mediocrely featuring jagged behavior. The
other subplot shows the dependence of the convergence of the oscillatory function
on ε. For ε = 1/10, the method needs substantially less points than for ε = 1/40 to
attain the spectral convergence.



Chapter 4

Contributions

Paper I

We combine the two methods introduced in Chapters 2 and 3. First, the Gaussian
beam superposition technique is used to solve the high-frequency Cauchy problem
(1.1). The solution uεGB depends on the random variable y ∈ Γ. We recall the QoI
defined in (1.2),

QεGB(y) =
∫
Rn
|uεGB(·,x,y)|2ψ(x)dx, (4.1)

representing the local wave strength of uεGB. Here, ψ ∈ C∞c (Rn).
We are interested in statistics of the QoI, in particular in the mean value repre-

senting the expected outcome,

E[QεGB(y)] = 1
V (Γ)

∫
Γ
QεGB(y)dy. (4.2)

Second, the N -dimensional integral in (4.2) is computed by the Clenshaw-Curtis
quadrature rule,

1
V (Γ)

∫
Γ
QεGB(y)dy ≈

η∑
k=1

αkQεGB(yk).

Note, that one full solve of high-frequency problem is needed for each y value of
QεGB(y).

We conjecture and non-rigorously motivate stochastic regularity of the quan-
tity of interest QεGB. Numerical examples presented in Paper I, [14] showed a fast
convergence of the proposed method contrasting to rather slow Monte Carlo simula-
tions. It also pinned down the importance of the smoothness of the weight function
ψ in the QoI.

Paper II

The main objective of this work is to prove estimate (1.3). We make the following
precise assumptions on variables in (1.1):

21
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1. The speed of propagation c is strictly positive, smooth and bounded.

2. The initial amplitudes B0 and B1 are smooth and (uniformly) compactly
supported.

3. Initial phase ϕ0 is smooth with non-zero gradient.

4. The stochastic set Γ is bounded.

5. The frequency is high, i.e. 0 < ε ≤ 1.

6. The test function is smooth and compactly supported, ψ ∈ C∞c (Rn).

Subsequently, we rigorously prove that the QoI indeed yields stochastic regular-
ity independent of the wavelength.

Theorem 4.0.1. Under assumptions stated above, for the Gaussian beam quantity
of interest (4.1) where the cutoff parameter η is admissible, the following holds

sup
y∈Γ

∣∣∣∣∂σQεGB(y)
∂yσ

∣∣∣∣ ≤ Cσ, ∀σ ∈ NN0 ,

uniformly in ε.

The result advocates the suitability of the sparse grid collocation method for
computation of the statistics of the QoI. The proof is largely based on techniques
presented in [13]. We use the smoothness of the Gaussian beam variables and carry
out estimates of oscillatory integrals via the stationary phase lemma.
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