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Abstract

This thesis consists of an introduction and seven independent, but closely
related, papers which all deal with problems in structural optimization.
In particular, we consider models and methods for global optimization of
problems in topology design of discrete and continuum structures.

In the first four papers of the thesis the nonconvex problem of min-
imizing the weight of a truss structure subject to stress constraints is
considered. First it is shown that a certain subclass of these problems
can equivalently be cast as linear programs and thus efficiently solved
to global optimality. Thereafter, the behavior of a certain well-known
perturbation technique is studied. It is concluded that, in practice, this
technique can not guarantee that a global minimizer is found. Finally, a
convergent continuous branch-and-bound method for global optimization
of minimum weight problems with stress, displacement, and local buck-
ling constraints is developed. Using this method, several problems taken
from the literature are solved with a proof of global optimality for the
first time.

The last three papers of the thesis deal with topology optimization
of discretized continuum structures. These problems are usually mod-
eled as mixed or pure nonlinear 0–1 programs. First, the behavior of
certain often used penalization methods for minimum compliance prob-
lems is studied. It is concluded that these methods may fail to produce
a zero-one solution to the considered problem. To remedy this, a mate-
rial interpolation scheme based on a rational function such that compli-
ance becomes a concave function is proposed. Finally, it is shown that
a broad range of nonlinear 0–1 topology optimization problems, includ-
ing stress- and displacement-constrained minimum weight problems, can
equivalently be modeled as linear mixed 0–1 programs. This result im-
plies that any of the standard methods available for general linear integer
programming can now be used on topology optimization problems.

Keywords: topology optimization, global optimization, stress constraints,
linear programming, mixed integer programming, branch-and-bound.

Mathematics Subject Classification (2000): Primary 74P05, 90C26,
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Introduction

This thesis consists of seven separate papers within the field of topology
optimization of discrete and continuum structures. In particular, we con-
sider global optimization of such problems. The purpose of this chapter is
to give a background to the thesis by providing an introdution to some of
the models and methods used within the area of topology optimization.

1. Structural optimization

Structural optimization is a discipline dealing with optimal design of
load-carrying structures. Problems arising in structural optimization are
often modeled as nonlinear optimization problems where the objective
function and constraints reflect various properties of the structure and the
response of the structure under loading. Typically, the objective function
is the weight or manufacturing cost of the structure while the constraints
restrict responses such as deformations, stresses, and eigenfrequencies
of the structure under loading. The design variables often describe the
size of various parts of the structure or the shape of the structure. For
instance, the design variables may be cross-section areas of bars and
beams, thicknesses of membranes and plates, or describe the shape of the
boundaries of the structure.

Structural optimization may loosely be divided into four partially
overlapping areas, namely, material optimization, sizing optimization,
shape optimization, and topology optimization. Material optimization
concerns the design of materials, such as a composites, with specific
wanted properties. One example of material optimization is to construct
a material with a negative Poisson’s ratio, i.e. a material which expands
transversely subject to an applied tensile load, see e.g. Sigmund [50].

In shape optimization, the shape of the boundaries of the structure
are determined. An application of shape optimization is to remove stress-
concentrations which could cause the structure to fail under loading. An-
other application is to determine the shape of the fuselage or the wings
of an airplane to increase the lift or reduce the drag.

In sizing optimization the variables are transverse dimensions such as
thicknesses, areas, and volumes. An application of sizing optimization is
to determine the optimal thickness distribution of a linearly elastic plate
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or to determine the optimal volumes of the bars in a given truss structure.
In both sizing and shape optimization the problem formulation does

not allow the introduction or removal of holes or cavities in the structure.
Thus, in sizing and shape optimization it is not possible to change the
connectedness of the structure.

In topology optimization the shape and size as well as the connected-
ness of the structure are determined. Topology optimization is used in
the conceptual phase of the design process while sizing and shape opti-
mization are used for detailed design. For inherently discrete structures,
such as trusses, the topology design problem consists in determining the
number, size, position, and connectivity of the members. In topology
optimization of continuum structure, the problem consists in finding the
shape of the external and internal boundaries of the structure and the
number of holes or cavities.

Numerical topology optimization of truss structures appeared in the
early 1960s with the classical result that the single load stress-constrained
minimum weight problem, under certain circumstances, can be solved
as a linear program, see e.g. Dorn, Gomory, and Greenberg [25] and
Hemp [34].

Topology optimization of continuum structures started in the late
1980s by the work of Bendsøe and Kikuchi [10] and Bendsøe [8]. Topology
optimization of continuum structures has now successfully been applied
in a number of applications such as maximum stiffness optimization,
see e.g. Petersson and Sigmund [43] and Borrvall and Petersson [15],
mechanism design problems, see e.g. Sigmund [51], Pedersen, Buhl and
Sigmund [40], and Bruns and Tortorelli [19], material design problems,
see e.g. Sigmund [50, 52], Sigmund and Torquato [54], and Gibiansky
and Sigmund [30], and stress-constrained minimum weight problems, see
e.g. Duysinx and Bendsøe [26] and Duysinx and Sigmund [27].

For an introduction to topology optimization of discrete and contin-
uum structures we refer to Bendsøe [9] and Bendsøe and Sigmund [12].
For an overview of topology optimization of discrete structures we refer
the reader to the review article Rozvany, Bendsøe, and Kirsch [47]. An
overview of methods and applications in continuum topology optimiza-
tion are given in the recent review article Eschenauer and Olhoff [28].

This introduction is organized as follows. In Section 2, we review
different formulations of truss topology design problems. First we con-
sider convex formulations of maximum stiffness problems and present a
numerical example. Thereafter we present two equivalent nonconvex for-
mulations of stress-constrained minimum weight problems. In Section 3,
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we introduce topology optimization of continuum structures. In particu-
lar, we introduce the use of material interpolation models and present a
numerical example. In Section 4, we briefly review some attempts to use
global optimization techniques to solve topology optimization problems.
Section 5, finally, contains summarys of the seven appended papers which
constitute the main part of this thesis.

2. Truss topology optimization

A truss structure consists of a finite number of elastic bars, connected to
each other at nodes (joints). The structure is subject to a set of external
loads which are applied at the nodes. There are also nodes where some,
or all, degrees of freedom have been fixed (supports), such as the ground
or a rigid wall, at which the structure can be supported.

In the ground structure approach a large number of nodes and an even
larger number n of possible elements between pairs of nodes are given.
The design variables in the optimization problem are the volumes of these
elements. By allowing the bar volumes to become zero, it is possible to
change the connectivity of the truss and therefore, topology optimization
is embedded in the formulation.

Let p1, . . . , pm ∈ IRd denote the given static external load vectors,
where d is the number of degrees of freedom of the structure and let
u1, . . . , um ∈ IRd denote the corresponding nodal displacement vectors.
The symmetric positive semi-definite stiffness matrix K(x) ∈ IRd×d of
the structure is given by

K(x) =
n∑

j=1

xjKj =
n∑

j=1

xjEjrjr
T
j ∈ IRd×d, (2.1)

where xj is the volume of the j-th bar, x = (x1, . . . , xn)T ∈ IRn , Ej > 0
is the Young’s modulus, and rj ∈ IRd is the vector of direction cosines
divided by the length lj of the j-th bar. The elastic equilibrium equations
of a given truss structure subject to external loads are given by

K(x)u� = p�, � = 1, . . . ,m. (2.2)

Let R denote the d × n matrix whose j-th column is rj . It is assumed
that the rows of R are linearly independent. This is equivalent to the
assumption that the stiffness matrix is positive definite if x > 0.

If A and B are real symmetric matrices, the notation A � B means
that A − B is positive semidefinite.
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2.1. Maximum stiffness problems

The compliance 1
2pT u is a measure of the global stiffness of the structure

for a given load p and corresponding displacement vector u. We first
consider the problem of minimizing the compliance (maximizing stiffness)
with respect to a single given load for a given upper bound V > 0 on the
volume of the truss.

minimize
x,u

1
2pT u

subject to K(x)u = p,
n∑

j=1

xj ≤ V,

xmin ≤ x ≤ xmax.

(2.3)

We throughout assume that p �= 0 and 0 ≤ xmin ≤ xmax. Because of
the equilibrium equations, (2.3) is a nonconvex problem in the variables
(x, u). There are, however, several equivalent formulations of problem
(2.3) which are convex programming problems. It is possible to elimi-
nate the displacement variables and obtain a formulation in the volume
variables only. Let c(x) denote the compliance of the structure subject
to a load p as a function of the design variables x only. c(x) is given by

c(x) = sup
w∈IRd

{pT w − 1
2wT K(x)w}.

The following proposition is proved in Ben-Tal and Nemirovski [7].

Proposition 2.1. The inequality supw∈IRd{pT w − 1
2wT K(x)w} ≤ τ is

satisfied if and only if the matrix(
2τ pT

p K(x)

)

is positive semidefinite.

Using proposition 2.1, problem (2.3) can equivalently be cast as the fol-
lowing linear semidefinite program in the variables (x, τ) ∈ IRn × IR

minimize
x,τ

τ

subject to
(

2τ pT

p K(x)

)
� 0,

n∑
j=1

xj ≤ V,

xmin ≤ x ≤ xmax.

(2.4)
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By considering the dual of (2.4) it is possible to obtain an equivalent
formulation of (2.3) in the displacement variables. The dual of (2.4) can
be written as the following non-smooth concave program in the variables
(v, λ) ∈ IRd × IR

maximize
v,λ

pT v − λV + s(v, λ)

subject to λ ≥ 0,
(2.5)

where s(v, λ) =
∑n

j=1 min
{
(λ − 1

2vT Kjv)xmin
j , (λ − 1

2vT Kjv)xmax
j

}
. This

formulation first appeared in Ben-Tal and Bendsøe [4] together with a
non-smooth steepest-descent type method. By introducing additional
variables s ∈ IRn, the dual problem (2.5) can be cast as the following
smooth problem with quadratic inequality constraints

maximize
v,λ,s

pT v − λV +
n∑

j=1

sj

subject to (λ − 1
2vT Kjv)xmin

j ≥ sj , j = 1, . . . , n,

(λ − 1
2vT Kjv)xmax

j ≥ sj , j = 1, . . . , n,
λ ≥ 0.

(2.6)

Problem (2.3) can be generalized to the multiple load case by finding
the structure which minimizes the worst-case compliance. A semidefinite
formulation of this problem is given by

minimize
x,τ

τ

subject to
(

2τ pT
�

p� K(x)

)
� 0, � = 1, . . . ,m,

n∑
j=1

xj ≤ V,

xmin ≤ x ≤ xmax.

(2.7)

Closely related to formulation (2.7) is the robust truss topology design
approach presented in Ben-Tal and Nemirovski [6], where the structure
is subject to a given set of load scenarios as well as small uncertain loads.

A potential reduction method for problem (2.7) cast as a second order
cone program is given in Ben-Tal and Nemirovski [5].

An interior point method for the single load problem cast as a quadrat-
ically constrained convex problem is presented in Jarre, Kočvara, and
Zowe [37]. In that article, large-scale problems with more than 350 000
potential bars were successfully solved to optimality.
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2.1.1. Numerical example

To illustrate the possibility to model and solve truss topology design
problems as convex programs we consider the following minimum weight
problem with compliance constraints.

minimize
x,u

n∑
j=1

ρjxj

subject to K(x)u� = p�, � = 1, . . . , m,

pT
� u� ≤ cmax

� , � = 1, . . . , m,
x ≥ 0,

(2.8)

where ρj is the density of the material in the j-th bar. The test problem
is taken from Svanberg and Brännlund [18], in which problems with more
than 50 000 potential bars and several load conditions were successfully
solved using an interior point method applied directly on problem (2.8).
Here, we instead choose to model problem (2.8) as a linear semidefinite
program and solve it using the MATLAB toolbox SeDuMi, see Sturm [56].

The size of the ground structure is determined by a positive integer
k. For a given value on k, the problem is defined as follows. The two-
dimensional ground structure consists of (k + 1) × (4k + 1) nodes with
integer coordinates (ξ, η), where ξ ∈ {0, . . . , 4k} and η ∈ {0, . . . , k}. Two
nodes with coordinates (ξ1, η1) and (ξ2, η2) are connected by a bar if one
of the following three conditions is satisfied:

(i) |ξ2 − ξ1| = 0, |η2 − η1| = 1, (vertical bar).

(ii) |ξ2 − ξ1| = 1, |η2 − η1| = 0, (horizontal bar).

(iii) 1 ≤ |ξ2−ξ1| ≤ k, 1 ≤ |η2−η1| ≤ k, |ξ2−ξ1| and |η2−η1| relatively
prime.

Because of (iii), there are no overlapping bars in the ground structure.
The size of the problem under study is given by k = 4, d = 166, and
n = 1 028.

The nodes with coordinates (0, 0) and (4k, 0) are vertically supported
and the node with coordinates (2k, 0) is both vertically and horizontally
supported. The number of degrees of freedom of the structure becomes
d = 2(k + 1)(4k + 1) − 4.

There are three given load conditions with corresponding load vec-
tors p1, p2, and p3. The non-zero part of p1 consists of 4k − 2 vertical
forces with magnitude 1/

√
4k − 2 applied in the nodes with coordinates
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(1, 0), . . . , (2k − 1, 0), (2k + 1, 0), . . . , (4k − 1, 0), the non-zero part of p2

consists of 2k − 1 vertical forces with magnitude 1/
√

2k − 1, applied in
the nodes with coordinates (1, 0), . . . , (2k−1, 0), and finally the non-zero
part of p3 consists of 2k − 1 vertical forces with magnitude 1/

√
2k − 1,

applied in the nodes with coordinates (2k + 1, 0), . . . , (4k − 1, 0). The
compliance bounds are given by cmax

� = 1 for � = 1, 2, 3. The density and
the modulus of elasticity of the material in each bar are, for simplicity,
equal to one.

The ground structure together with load condition 1 are shown in Fig-
ure 1 while the optimal solution is depicted in Figure 2. The thicknesses
of the lines in Figure 2 are proportional to the optimal cross-section areas
of the bars.

Figure 1: The ground structure and load condition 1 for k = 3.

� ���� �

Figure 2: Optimal solution for k = 4.

� ���� �
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2.2. Stress-constrained problems

Given an optimal solution (x, u) to problem (2.8), the compliance for load
condition � may be written

1
2pT

� u� = 1
2u�K(x)u� = 1

2

∑
j:xj>0

xjEj(rT
j u�)2 = 1

2

∑
j:xj>0

xj

Ej
σ2

j�, (2.9)

where σj� is the stress in the j-th element. It follows from (2.9) that the
constraint 1

2pT
� u� ≤ cmax

� may allow for large stresses to appear in some
of the bars, in particular those where the volume is small. Since large
stresses may cause the structure to fail, it is natural to consider problems
where the local stresses are bounded.

We therefore now consider the problem of minimizing the weight of
a truss structure subject to stress constraints under multiple load con-
ditions. Stress constraints must only be included if the corresponding
member is present in the structure, otherwise the constraints may be too
restrictive. The set of constraints which should be included in the formu-
lation is therefore dependent on the current value of the design variables,
so-called design-dependent constraints. In this formulation we assume
that the lower bounds on the design variables are zero. The problem is
assumed to be given by

minimize
x,u,σ

n∑
j=1

ρjxj

subject to K(x)u� = p�, ∀ �,

σj� = Ejr
T
j u�, ∀ �, j ∈ J (x),

σmin
j ≤ σj� ≤ σmax

j , ∀ �, j ∈ J (x),
x ≥ 0,

(2.10)

where J (x) ⊆ {1, . . . , n} denotes the set of indices j for which xj is
strictly positive, i.e. J (x) = {j ∈ {1, . . . , n} : xj > 0}, σj� is the stress
in the j-th bar if the bar is not removed, and σmax

j > 0 and σmin
j < 0

are given finite stress limits in tension and compression respectively. It
is proved in Petersson [42] that there exists at least one global optimal
solution to (2.10).

The problem can be cast as a problem with a fixed set of constraints
if the design-dependent stress constraints are replaced by the equivalent
formulation

xj(σmin
j − σj�) ≤ 0, ∀ (j, �),

xj(σj� − σmax
j ) ≤ 0, ∀ (j, �). (2.11)
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Problem (2.10) is equivalent to the following problem, where the condi-
tions j ∈ J (x) have been removed.

minimize
x,u,σ

n∑
j=1

ρjxj

subject to K(x)u� = p�, ∀ �,

σj� = Ejr
T
j u�, ∀ (j, �),

xj(σmin
j − σj�) ≤ 0, ∀ (j, �),

xj(σj� − σmax
j ) ≤ 0, ∀ (j, �),

x ≥ 0.

(2.12)

The feasible sets of problems (2.10) and (2.12) are in general non-
convex and may contain degenerate parts with zero measure. Typically
the global optimal solution is located in one of these degenerate parts,
so-called singular topologies, see e.g. Kirsch [38], Cheng and Jiang [23],
Rozvany and Birker [48], and Cheng [21]. The feasible sets of these prob-
lems may also be disconnected if the problems are extended to include
local buckling constraints or if upper bounds on the area variables are
present, see e.g. Cheng [21] and Guo, Cheng, and Yamazaki [32]. For
a historical perspective on the research regarding singular topologies we
refer to the review article Rozvany [46].

The difficulty of solving stress-constrained truss topology design prob-
lems under multiple load conditions was first indicated by Sved and Gi-
nos [59].

To our knowledge, there does not in general exist an equivalent convex
formulation of the stress-constrained problem (2.10). Furthermore, stan-
dard optimization techniques may fail to locate a global minimizer since
there normally exist several local minima which are not global. Hence,
to find a global minimizer to problem (2.10) we need to resort to global
optimization techniques.

2.2.1. The epsilon-relaxed approach

To overcome the potential difficulty with degenerate parts in the feasible
set, it has been suggested that the stress constraints should be approx-
imated or perturbed so that the degenerate parts are expanded. The
resulting program is then solved using standard optimization techniques.
Rozvany and Sobieszczanski-Sobieski [49] and Rozvany [45, 46] propose
that the stress functions should be replaced with functions approximating
the stresses, so-called smooth envelope functions, such that the permis-
sible stress is increased when the cross-section areas become small.
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A special case of smooth envelope functions is the epsilon-relaxed
approach, see Cheng and Guo [22] and Rozvany [46], in which the stress
constraints (2.11) are replaced by the following relaxed stress constraints

xj(σmin
j − σj�) ≤ ε, ∀ (j, �),

xj(σj� − σmax
j ) ≤ ε, ∀ (j, �),

together with positive lower bounds on the volumes, xj ≥ ε2, where ε > 0
is a given parameter. The epsilon-relaxed problem is now given as

minimize
x,u,σ

n∑
j=1

ρjxj

subject to K(x)u� = p�, ∀ �,

σj� = Ejr
T
j u�, ∀ (j, �),

xj(σmin
j − σj�) ≤ ε, ∀ (j, �),

xj(σj� − σmax
j ) ≤ ε, ∀ (j, �),

xj ≥ ε2, ∀ j.

(2.13)

For ε = 0, problem (2.13) is equivalent to problem (2.12). Unfortu-
nately, the name epsilon-relaxed approach is misleading since the per-
turbed problem (2.13) is not a relaxation of problem (2.12) for any ε > 0
(because of the additional constraints xj ≥ ε2).

Since it is assumed that the stiffness matrix is positive definite for all
x > 0, problem (2.13) can equivalently be cast in the design variables x
only. The nested formulation of problem (2.13) is given by

minimize
x

n∑
j=1

ρjxj

subject to xj(σj�(x) − σmax
j ) ≤ ε, ∀ (j, �),

xj(σmin
j − σj�(x)) ≤ ε, ∀ (j, �),

xj ≥ ε2, ∀ j,

(2.14)

where σj�(x) and u�(x) are uniquely given by σj�(x) = Ejr
T
j u�(x) and

u�(x) = K−1(x)p�.
For sufficiently large values on ε, the perturbed stress constraints in

problem (2.14) become redundant and the problem becomes essentially
a convex problem with the unique optimal solution x = (ε2, . . . , ε2)T .
Therefore, it has been suggested that (2.14) should be solved for a de-
creasing sequence {εk} of perturbations. The optimal solution obtained
when solving (2.14) with perturbation εk can then be used as a starting
point when solving the problem for εk+1.
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If the stiffness matrix is positive definite an explicit expressions on the
components in the displacement vectors u�(x), and hence the stresses,
can (in principle) be obtained by inverting the stiffness matrix analyt-
ically. The components of the displacement vector are then given as
rational functions, and therefore problem (2.14) may equivalently be cast
as problem with a fixed set of rational inequality constraints. This can
be compared to problems (2.12) and (2.13) which have bilinear equality
and inequality constraints.

It is proved in Petersson [42] that there exists at least one global
optimal solution to (2.14). Furthermore, it is proved that any sequence
xε of global optimal solutions to (2.14) converges to the set of global
optimal solutions to (2.10), i.e

inf
x∈sol(2.10)

‖xε − x‖ → 0, as ε → 0+,

where sol(2.10) denotes the x-part of the set of global optimal solutions
to (2.10).

2.2.2. A small example

To illustrate the various properties of the feasible set of (2.10) and the
effects of the epsilon-relaxed approach, we study a small single load ex-
ample. Consider the two bar truss shown in Figure 3, with lengths l1 = α,
where 0 < α < 1 is a given parameter and l2 = 1. In this example d = 1.

21

p

Figure 3: Two bar truss.

The material properties are ρj = 1 and Ej = 1 for j = 1, 2. The
stress limits are given by σmin

j = −1 and σmax
j = 1 for j = 1, 2. The load

condition is given by p = 1. The matrix R is given by R =
(
1/α 1

)
and the stiffness matrix is given by K(x) = x1/α2 + x2. The stresses are
given by

σ1 =
1/α

x1/α2 + x2
, σ2 = − 1

x1/α2 + x2
.
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The equilibrium equation (x1/α2 + x2)u = 1 requires that at least one
of x1 and x2 is strictly positive. Since bar 1 is in tension and bar 2 is in
compression, the stress-constrained minimum weight problem stated in
the design variables (x1, x2) is given by

minimize
x

x1 + x2

subject to
1/α

x1/α2 + x2
≤ 1, if x1 > 0,

1
x1/α2 + x2

≤ 1, if x2 > 0,

x1 ≥ 0, x2 ≥ 0,
x1 > 0 and/or x2 > 0.

(2.15)

Since the structure is subject to a single load condition, the same stress
limits are used in tension and compression, and the bars are made of the
same material it is possible to equivalently cast problem (2.15) as a linear
program, see e.g. Dorn, Gomory, and Greenberg [25]. In fact, for this
example the linear program has a unique solution.

The feasible set of (2.15) is depicted for α = 3/4 in Figure 4. The
dashed lines are level curves of the objective function. The unique global
optimal solution to (2.15) is given by (x1, x2) = (α, 0). If x1 = 0 then x2

must be strictly positive and the stress constraint σ2 ≥ −1 requires that
x2 ≥ 1. Similarly, if x2 = 0 then the stress constraint σ1 ≤ 1 requires
that x1 ≥ α. The feasible set F of (2.15) is given by F = F1 ∪F2 where
F1 is the convex set F1 = {(x1, x2) : x1 ≥ 0, x2 ≥ 0, x1/α + αx2 ≥ 1}
and F2 is the convex set F2 = {(x1, x2) : x1 = 0, 1 ≤ x2 ≤ 1/α}.

It should be noted that the global minimizer for this example is not
located in the degenerate part of the feasible set. However, this can be
achieved by changing the density in either of the bars. For example, if
ρ1 = 1 and ρ2 < α, then the unique global optimal solution is given by
(x1, x2) = (0, 1).

The nested form of the epsilon-relaxed problem for this example is
given by

minimize
x

x1 + x2

subject to
1/α

x1/α2 + x2
≤ 1 +

ε

x1
,

1
x1/α2 + x2

≤ 1 +
ε

x2
,

x1 ≥ ε2, x2 ≥ ε2.

(2.16)

The feasible set of (2.16) is depicted in Figure 5 for various values on ε.
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Figure 4: Feasible set for problem (2.15).

For ε > 0 there exists two local minima to (2.16), at least for the values
of ε for which the feasible sets are depicted. In fact, for ε = 0.2 the global
optimum to (2.16) is located where both the perturbed stress constraints
are active, a point which does not converge to the global minimizer of
(2.15) as ε → 0. This example illustrates one of the deficiencies of the
epsilon-relaxed approach. The approach may introduce additional local
and even global minima which are undesired and in practice may lead to
non-optimal solutions to the original problem.

2.2.3. Another formulation of the stress-constrained problem

Alternatively, the stress-constrained minimum weight problem (2.10) may
be formulated in the bar volumes, member forces, member stresses, and
nodal displacements, see e.g. Achtziger [1, 2]. The formulation obtained
when the equilibrium equations are disaggregated into mn bilinear com-
patibility equations and md linear force equilibrium equations is given
by

minimize
x,f,u,σ

n∑
j=1

ρjxj

subject to Rf� = p�, ∀ �,

σj� = Ejr
T
j u�, ∀ (j, �),

fj� = xjσj�, ∀ (j, �),
xjσ

min
j ≤ fj� ≤ xjσ

max
j , ∀ (j, �),

x ≥ 0,

(2.17)
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(a) ε = 0.2

0 0.2 0.4 0.6 0.8 1 1.2 1.4
0

0.2

0.4

0.6

0.8

1

1.2

1.4

x
1

x 2

(b) ε = 0.1
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(c) ε = 0.05
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(d) ε = 0.01

Figure 5: Feasible set for the epsilon-relaxed problem (2.16).

where fj� ∈ IR is the normal force in the j-th bar multiplied by the
length of the j-th bar and f� = (f1�, . . . , fn�)T ∈ IRn. The constraints
Rf� = p� correspond to equilibrium of forces and fj� = xjσj� = xjEjr

T
j u�

correspond to geometric compatibility and Hooke’s law. Together they
imply that K(x)u� = p� for all �, where K(x) is given by (2.1). The
constraints xjσ

min
j ≤ fj� ≤ xjσ

max
j imply that the stress σj� in the j-th

bar satisfies σmin
j ≤ σj� ≤ σmax

j when xj > 0 and fj� = 0 when xj = 0.
Hence, the stress constraints are effectively removed when the bar is not
present.
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3. Continuum topology optimization

In continuum topology optimization a fixed design domain Ω in IR2 or
IR3 is given. The infinite dimensional topology design problem consists in
finding a subdomain Ω1 ⊆ Ω filled with material such that the objective
function, for example compliance, is minimized over all admissible designs
and displacements satisfying the equilibrium equations given in the weak,
variational form. The design variable Θ is a function defined on the design
domain such that Θ = 1 on Ω1 and Θ = 0 on Ω \ Ω1.

In practice, the topology design problem is treated by discretizing
the design domain into n finite elements and requiring Θ to be constant
over each element. The resulting problem is then a mixed nonlinear 0–1
program.

Unfortunately, if the objective function is compliance and the design
restriction only limits the amount of available material using the con-
straint

∫
Ω1 1dΩ ≤ V , the infinite dimensional problem is not well-posed

since it in general lacks a solution, see e.g. Kohn and Strang [39]. To
obtain a well-posed problem, constraints restricting the geometric com-
plexity of the domain Ω1 may be added to the problem formulation.

Several possibilities to restrict the feasible set exist. One alternative
is to use filter methods see e.g. Sigmund [50, 51], Bourdin [17], and
Bruns and Tortorelli [19]. Another approach is to add constraints on the
pointwise bounds on the design variable slopes, see e.g. Petersson and
Sigmund [43] and references therein. A third approach is to enforce an
upper bound on the perimeter of the structure, see e.g. Haber, Jog, and
Bendsøe [33] and Petersson [41]. The perimeter is essentially the length
of the boundary of Ω1, i.e. the sum of the lengths of the outer boundaries
and circumferences of the internal holes. Several other methods exist, see
e.g. Borrvall and Petersson [16] and Poulsen [44]. A computational study
of restriction methods in topology optimization is given in Borrvall [14].

The ill-posedness of the infinite dimensional problem leads to difficul-
ties when solving the discretized problem. The numerical solution is sensi-
tive to the finite element discretization in the sense that qualitatively dif-
ferent solutions may be obtained with different discretizations and mesh-
sizes. This phenomenon is normally called mesh-dependence. Another
numerical issue in continuum topology optimization is the checkerboard
problem, where the solution contains regions which contain solid and void
elements ordered in a checkerboard-like fashion. It is shown in Diaz and
Sigmund [24] that this phenomenon is caused by poor numerical mod-
elling of the stiffness of the areas with checkerboard patterns. Numerical
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instabilities such as checkerboards and mesh-dependence are covered in
the review article Sigmund and Petersson [53].

3.1. Notation and basic relations

As before, we let p1, . . . , pm ∈ IRd denote the given external load vec-
tors and u1, . . . , um ∈ IRd denote the corresponding nodal displacement
vectors, where d is the number of degrees of freedom of the discretized
structure. The elastic equilibrium equations of the considered structure,
discretized by the finite element method, are assumed to be given by

K(x)u� = p�, � = 1, . . . ,m.

The symmetric positive semi-definite stiffness matrix K(x) ∈ IRd×d of
the structure is assumed to be given by

K(x) =
n∑

j=1

xjKj =
n∑

j=1

xjBjEjB
T
j ,

where xj ∈ {0, 1} indicates absence (xj = 0) or presence (xj = 1) of ma-
terial in the j-th element, Ej ∈ IRr×r is the matrix of material stiffnesses,
and BT

j ∈ IRr×d is the strain-displacement matrix.
In practice, xjEj is often replaced by Ej(xj) = E0

j + xj(E1
j − E0

j ),
where E0

j is a matrix of material stiffnesses for a very weak material rep-
resenting void and E1

j contains the material stiffnesses for the considered
material. This approach guarantees that K(x) is positive definite for all
x ∈ [0, 1]n. Hence, the displacement variables may be eliminated from
the problem formulation.

3.2. Maximum stiffness problems

We consider the problem of minimizing the compliance, i.e. maximizing
the stiffness, of a discretized continuum structure with respect to a given
load for a given upper bound V > 0 on the volume of the structure. The
problem is defined as the following mixed nonlinear 0–1 program

minimize
x,u

1
2pT u

subject to K(x)u = p,
n∑

j=1

xj ≤ V,

x ∈ {0, 1}n,

(3.1)
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where {0, 1}n denotes the set of n-dimensional binary vectors and V > 0
is an integer. The term mixed is used to indicate that the model includes
both continuous as well as integer variables. If the binary constraints
x ∈ {0, 1}n are replaced by the constraints x ∈ [0, 1]n, the following
problem which is a relaxation of (3.1) is obtained.

minimize
x,u

1
2pT u

subject to K(x)u = p,
n∑

j=1

xj ≤ V,

x ∈ [0, 1]n.

(3.2)

Because of the equilibrium equations K(x)u = p, both (3.1) and (3.2) are
nonconvex problems in the variables (x, u). However, using proposition
2.1, problem (3.1) can equivalently be cast as a mixed semidefinite 0–1
program.

3.3. Interpolation models

Since the number of elements n in the discretization needs to be large, say
in the order of 1 000 – 10 000, solving the mixed nonlinear 0–1 program
(3.1) becomes a major challenge. A common approach to find a feasible
or almost feasible solution is to use interpolation models. When using
interpolation models, the binary constraints are relaxed to x ∈ [0, 1]n and
xj is replaced by g(xj) in the equilibrium equation where g : [0, 1] −→
[0, 1] is a function satisfying g(0) = 0, g(1) = 1, and g(xj) ≤ xj for
xj ∈ (0, 1). The resulting nonlinear program is then solved using standard
optimization techniques. The basic idea with this approach is that an
element with 0 < xj < 1 will have little influence on the stiffness of the
structure compared to the volume which it occupies, thus steering the
variables to become either zero or one.

In the SIMP (Solid Isotropic Microstructure with Penalization) ap-
proach, see e.g. Bendsøe [8] and Bendsøe and Sigmund [11], intermediate
values are penalized by replacing xj by xq

j in the equilibrium equations,
where q ≥ 1. For a given penalization parameter q ≥ 1, the penalized
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problem is given by

minimize
x,u

1
2pT u

subject to K(xq)u = p,
n∑

j=1

xj ≤ V,

x ∈ [0, 1]n,

(3.3)

where xq = (xq
1, . . . , x

q
n)T . To illustrate the effect of incorporating the

SIMP model, xq
j is depicted in Figure 6 for various values on q.
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Figure 6: The SIMP model for q = 1, 2, 3, 4, 5.

3.4. Numerical example

In this section we apply the SIMP model on a two-dimensional example
in plane stress. The design domain is rectangular and partitioned into
n = nxny bilinear four-node elements of equal size, nx elements in the
horizontal direction and ny elements in the vertical direction. The con-
sidered example is the cantilever beam shown in Figure 7 with a fixed left
hand side and a vertical load applied in the lower right hand corner. The
matrial stiffness matrix is modeled as Ej(xj) = E0 +xq

j(E
1 −E0), where

E0 = 10−5E1. The Young’s modulus and the Poisson’s ratio of the given
material are 1 and 1/3 respectively. The applied load p is a unit load.
To illustrate the problem of checkerboard patterns, no design restriction
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constraints are included in the formulation to begin with. In this example
we consider problem (3.3) modeled as a problem in the design variables
x only, i.e.

minimize
x

1
2pT u(x)

subject to
n∑

j=1

xj ≤ V,

x ∈ [0, 1]n,

(3.4)

where u(x) is given as the unique solution to K(xq)u = p.

8

5

Figure 7: Geometry and load condition for the cantilever beam.

The obtained designs are depicted in gray-scale in Figure 8 for various
values of q. In this figure, black represents xj = 1 while white represents
xj = 0. In this example V = 2n/5, nx = 80, and ny = 50. The
nonlinear program (3.4) is solved using the globally convergent version of
the method of moving asymptotes, see Svanberg [57, 58]. It is clear from
Figure 8 that the obtained designs contain large areas with checkerboard
patterns. In fact, for this example the appearence of checkerboards occurs
even for relatively low values on q, see Figure 8 (b). The appearence of
checkerboards may be eliminated if a constraint on the perimeter of the
structure is introduced.

The perimeter function in this discretized setting may be defined as

P (x) = h

nx−1∑
i=1

ny∑
j=1

|xi,j − xi+1,j | + h

nx∑
i=1

ny−1∑
j=1

|xi,j − xi,j+1|,
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(a) q = 1 (b) q = 1.5

(c) q = 2 (d) q = 2.5

(e) q = 3 (f) q = 3.5

Figure 8: Obtained designs without design restriction (n = 4 000).
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where h is the width and height of the elements and xi,j denotes the
design variable in the i-th element in the horizontal direction and j-th
element in the vertical direction. The nondifferentiable perimeter con-
straint P (x) ≤ Pmax may be treated by introducing additional variables
zi,j and yi,j with the interpretation zi,j = |xi,j − xi+1,j | and yi,j =
|xi,j − xi,j+1|. This can be accomplished by adding linear inequalities
of the type −zi,j ≤ xi,j − xi+1,j ≤ zi,j and −yi,j ≤ xi,j − xi,j+1 ≤
yi,j . The perimeter constraint is then given by the linear constraint∑nx−1

i=1

∑ny

j=1 hzi,j +
∑nx

i=1

∑ny−1
j=1 hyi,j ≤ Pmax. Here, we instead choose

to approximate the perimeter function by the differentiable function

P c(x) = h

nx−1∑
i=1

ny∑
j=1

(√
(xi,j − xi+1,j)2 + ε2 − ε

)
+

h

nx∑
i=1

ny−1∑
j=1

(√
(xi,j − xi,j+1)2 + ε2 − ε

)
,

where ε > 0 is a small constant. In the computations we choose ε = 0.001.
The designs obtained when problem (3.4) is solved with the approximate
perimeter constraint P c(x) ≤ Pmax added to the formulation are depicted
in gray-scale in Figure 9 for various values of q with Pmax = 10.

4. Global optimization

The standard global optimization problem can be defined as follows.
Given a nonempty, closed set F ⊂ IRn and a continuous function f :
A → IR, where A ⊂ IRn is a suitable set containing F , find at least one
point x∗ ∈ F satisfying f(x∗) ≤ f(x) for all x ∈ F or show that such a
point does not exist.

A widely used deterministic method to solve difficult optimization
problems is branch and bound. In branch and bound algorithms the
feasible set of the original problem is partitioned into subsets (branch-
ing). These subsets are then subsequently also split into subsets to refine
the partition of the feasible set. For each subset a lower and option-
ally also an upper bound on the objective function value are determined
(bounding). Typically, the lower bounding problems are constructed to
be convex problems that can be efficiently solved to global optimality.
Upper bounds are given by the objective function value of solutions fea-
sible to the original problem. One of the features of branch and bound is
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(a) q = 1 (b) q = 2

(c) q = 3 (d) q = 10

Figure 9: Obtained designs with design restriction (n = 4 000).

the ability to delete the subsets (fathoming) for which it can be proved
that the global optimum can not be attained. This can be achieved by
proving that the lower bounding problem over the subset is infeasible or
by showing that the lower bound over the subset is larger than a known
upper bound.

For an introduction to branch and bound and other deterministic
methods in global optimization, see e.g. Horst and Tuy [36] and Horst
and Pardalos [35].
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4.1. Global optimization in topology optimization

To our knowledge, very little computational as well as theoretical results
regarding global optimization using deterministic methods in topology
optimization are available. In fact, for topology optimization of contin-
uum structures we have not been able to find any relevant references.

For topology optimization of truss structures there are a few refer-
ences. A linear mixed integer formulation for the minimum weight truss
sizing problem (2.10) with additional displacement bounds and the addi-
tional condition that the cross-section areas must be chosen from a given
set of available areas was presented in Grossman, Voudouris, and Ghat-
tas [31] and later also in Bollapragada, Ghattas, and Hooker [13]. In the
latter, a method based on branch and cut using linear quasi-relaxations
was also presented. Using this branch and cut method, problems with
as many as 108 potential bars, 2 load conditions, and 11 available areas
were successfully solved to global optimality. However, the formulations
presented in [13] and [31] have the character of sizing problems rather
than topology optimization problems, since the stress constraints are not
treated as design-dependent constraints.

Simões [55], proposes to solve truss topology optimization problems
with stress and displacement constraints and continuous design variables
using a branch and bound method. By exploring the bilinearity in the
constraints, convex lower bounding problems can be constructed and
solved at every node in the search tree. Unfortunately, only very lim-
ited computational results are reported.

Several stochastic methods have been proposed for continuum topol-
ogy optimization. Among these are genetic algorithms, see e.g. Chap-
man and Jakiela [20], and simulated annealing, see e.g. Anagnostou,
Rønquist, and Patera [3], and Ghaddar, Maday, and Patera [29]. For an
introduction to stochastic methods in global optimization see e.g. Törn
and Zilinskas [60].
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5. Summary of the papers

In this section, we give a brief summary of each of the seven papers
constituting the thesis.

A: Stress-constrained truss topology optimization problems
which can be solved by linear programming
coauthored with Krister Svanberg.

It was shown in the early 1960s that certain single load stress-
constrained truss topology optimization problems can be solved by
linear programming. We here extend that result by considering the
problem of simultaneously selecting the material as well as deter-
mining the area of each bar in a truss structure in such a way that
the cost of the structure is minimized subject to stress constraints
under a single load condition. We show that such problems can be
solved by linear programming, and that two different materials are
always sufficient in an optimal structure.

B: On the trajectories of the epsilon-relaxation approach for
stress-constrained truss topology optimization
coauthored with Krister Svanberg.
Structural and Multidisciplinary Optimization, 21(2): 140–151, 2001.

In this paper, we consider the stress-constrained minimum weight
problem (2.10). In particular, we study the global optimal solu-
tions to the epsilon-relaxed problem (2.13). The trajectories asso-
ciated with optimal solutions to problem (2.13), for continuously
decreasing values of ε, are studied in detail on some carefully cho-
sen examples. The global trajectory is defined as the path followed
by the global optimal solution to (2.13), and we present two exam-
ples for which the global trajectory is discontinuous for arbitrarily
small values of ε > 0. From these observations we conclude that,
in practice, a sequence of solutions to the ε-relaxed problem for
decreasing values on ε may not converge to the global optimal so-
lution of the original problem, even if the starting point is on the
global trajectory.

C: A note on stress-constrained truss topology optimization
coauthored with Krister Svanberg.
To appear in Structural and Multidisciplinary Optimization.

In this brief note it is demonstrated that general-purpose optimiza-
tion methods such as sequential quadratic progamming should not
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be discarded when dealing with stress-constrained truss topology
optimization. By using the disaggregated formulation (2.17) of the
considered minimum weight problem (2.10), such methods may find
also ”singular optima”, without using perturbation techniques like
the epsilon-relaxed approach.

D: Global optimization of minimum weight truss topology
problems with stress, displacement, and local buckling con-
straints using branch-and-bound
Submitted to International Journal for Numerical Methods in En-
gineering.

We present a convergent continuous branch-and-bound algorithm
for global optimization of the minimum weight stress-constrained
truss topology problem (2.10) extended with displacement bounds
and local buckling constraints. To accelerate the convergence of the
algorithm, valid inequalities which strengthen the problem formu-
lation are derived. The valid inequalities are generated by solving
the convex minimum compliance problems (2.4) and (2.6), and also,
convex reformulations of the minimum weight problem (2.8). Com-
putational results are reported on a large set of problems taken
from the literature. Most of these problems are, for the first time,
solved with a proof of global optimality.

E: On the trajectories of penalization methods for topology
optimization
coauthored with Krister Svanberg.
Structural and Multidisciplinary Optimization, 21(2): 128–139, 2001.

We consider the minimum compliance problem (3.1). In particular,
we study the global optimal solutions to the nonlinear penalized
problem (3.3). Inspired by paper B, we study the trajectories asso-
ciated with optimal solutions to (3.3), for continuously increasing
penalization, on some carefully chosen examples. The global trajec-
tory is defined as the path followed by the global optimal solutions
to the penalized problem (3.3), and we present examples for which
the global trajectory is discontinuous even though the original zero-
one problem has a unique solution. Furthermore, we present exam-
ples where the penalization method combined with a continuation
approach in practice fails to produce a zero-one design, no matter
how large the penalization becomes.
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F: An alternative interpolation scheme for minimum compli-
ance topology optimization
coauthored with Krister Svanberg.
Structural and Multidisciplinary Optimization, 22(2): 116–124, 2001.

Inspired by paper E, we again study the discretized minimum com-
pliance problem (3.1) in conjunction with interpolation models. We
propose an interpolation model based on a rational function, pa-
rameterized by a positive scalar q such that the compliance is a
convex function when q is zero and a concave function for a finite
and a priori known value on q. This increases the probability to
obtain a zero-one solution to the relaxed problem.

G: Modeling topology optimization problems as linear mixed
0–1 programs
coauthored with Krister Svanberg.
To appear in International Journal for Numerical Methods in En-
gineering.

This paper deals with topology optimization problems of contin-
uum structures which are more general than the problem studied
in paper E and paper F. The minimum compliance problem (3.1)
is extended to include displacement bounds, design restriction con-
straints, and design-dependent constraints such as local stress con-
straints. It is shown that these nonlinear mixed 0–1 problems can
equivalently be modeled as linear mixed 0–1 programs. The refor-
mulation assumes that the displacement variables are required to
be bounded, a situation which is often preferable in practice. The
modeling approach is applied on two problems which are solved to
global optimality using a commercial branch and bound code.
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