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Abstract

The applications of membranes are increasing rapidly in various fields of engi-
neering and science. The geometric, material, force and contact non-linearities
complicate their analysis, which increases the demand for computationally ef-
ficient methods and interpretation of counter-intuitive behaviours. To under-
stand the complex behaviour of membrane structures, it is necessary to perform
parametric studies of simple setups and understand their basic mechanical be-
haviour.

The first part of the present work studies the free and constrained infla-
tion of circular and cylindrical membranes. The membranes are assumed to
be in contact with a soft substrate, modelled as a linear spring distribution.
Adhesive and frictionless contact conditions are considered during inflation,
while only adhesive contact conditions are considered during deflation. For a
circular membrane, peeling of the membrane during deflation is studied, and a
numerical formulation of the energy release rate is proposed. The pre-stretch
produces a stiffening effect for the circular membranes, and a softening effect
for the cylindrical membranes, in the pre-limit zone.

The second part of the thesis discusses the instabilities observed for fluid
containing cylindrical membranes. Limit points and bifurcation points are
observed on primary equilibrium branches. The secondary branches emerge
from bifurcation points, with their directions determined by eigenvectors cor-
responding to zero eigenvalues at the bifurcation point. Symmetry has major
implications on stability analysis of the structures, and the relationship between
eigenvalue analysis and symmetry is highlighted in this part of the thesis. The
occurrence of critical points and the stability of equilibrium branches are de-
termined by perturbation techniques.

In the third part, wrinkling in the pressurized membranes is investigated,
and robustness of the modified membrane theory and tension field theory is
examined. The effect of boundary conditions, thickness variations, and inflat-
ing media on the wrinkling is investigated. It is observed that, with a relaxed
strain energy formulation, the obtained equilibrium solutions are unstable due
to the occurrence of pressure induced instabilities. These instabilities are not
visible when axisymmetry is assumed or coarse discretizations in the wrinkling
direction are used. A detailed analysis of pressure induced instabilities in the
wrinkled membranes is described in the thesis.

Descriptors: Membranes, Constrained inflation, Energy release rate, Adhe-
sive contact condition, Limit point, Bifurcation point, Wrinkling, Tension field
theory, Pressure induced instability.
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Sammanfattning

Användandet av membran ökar snabbt inom teknik och naturvetenskap. Icke-
linjäriteter p̊a grund av geometri, material, krafter och kontaktvillkor gör först̊a-
elsen av dessas beteenden sv̊arare. Detta ökar behoven av effektiva beräknings-
metoder för tolkning av membranens beteende under yttre p̊averkningar. Para-
metriska studier av enkla problem kan öka först̊aelsen för membranens mekanik.

Avhandlingens första del studerar fri och begränsad expansion av cirkulära
och cylindriska membran. Dessa antas komma i kontakt med ett flexibelt yt-
skikt, modellerat som en linjär fjäderbädd. Vidhäftande och friktionsfri kontakt
beaktas i expansionsfasen, medan endast vidhäftande villkor beaktas vid av-
lastning. Successiv avskalning av membranet fr̊an ytskiktet studeras för ett
cirkulärt membran, och en numerisk formulering ges för brottenergibalansen.
Försträckning visas ge ökande styvhet för det cirkulära membranet och mins-
kande för cylindriska membran, innan de n̊ar sina max-punkter för tryck.

Avhandlingens andra del diskuterar instabiliteter som inträffar för vätske-
fyllda cylindriska membran. Gräns- och förgreningspunkter kan existera p̊a de
fundamentala lösningsgrenarna. Sekundära lösningar utg̊ar fr̊an förgrenings-
punkterna, med riktningar bestämda av egenvektorerna svarande mot noll-
egenvärden i förgreningspunkten. Symmetri visas ha stor betydelse för stabili-
tetsanalyserna, och sambanden mellan symmetri och egenvärden p̊avisas i av-
handlingen. Metoderna för att analysera kritiska punkter och stabilitet bygger
p̊a systematiska serieutvecklingar.

I den tredje delen undersöks skrynkling i de trycksatta membranen. Tillför-
litligheten hos modifierad membranteori och dragfältsteori undersöks. Effek-
terna av randvillkor, tjockleksvariation och mediet för trycksättning studeras.
En observation är att de beräknade jämviktslösningarna kan vara instabila
p̊a grund av tryckberoende effekter, i en formulering baserad p̊a modifierad
töjningsenergi. Dessa instabiliteter kan förbli osynliga om ett problem analy-
seras med hjälp av en axisymmetrisk modell, eller med en modell inneh̊allande
en grov diskretisering i den skrynklande riktningen. Dessa tryckgenererade ins-
tabiliteter studeras noggrant i avhandlingen.

Nyckelord: Membran, Begränsad expansion, Brottenergibalans, Vidhäftande
kontakt, Gränspunkter, Förgreningspunkter, Skrynkling, Dragfältsteori, Tryck-
genererad instabilitet.
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Preface

This thesis discusses inflation and instabilities of hyperelastic membranes
with different material models, geometries, boundary conditions, inflating me-
dia and pre-stretches. Semi-analytical and numerical formulations are proposed
in this thesis. It thereby gives the basis for qualitative verifications of results
obtained by other methods and experiments. A brief introduction to the basic
concepts and methods is presented in the first part. The second part contains
five articles. The papers are adjusted to conform with the present thesis for-
mat for consistency, but their contents have not been changed as compared
with their original counterparts.

Paper 1. Amit Patil, Anirvan DasGupta & Anders Eriksson, 2015
Contact Mechanics of a Circular Membrane Inflated against a Deformable Sub-
strate. International Journal of Solids and Structures, 67–68, 250–262.

Paper 2. Amit Patil, Arne Nordmark & Anders Eriksson, 2014
Free and Constrained Inflation of a Pre-stretched Cylindrical Membrane. Pro-
ceedings of Royal Society A, 470, 20140282.

Paper 3. Amit Patil, Arne Nordmark & Anders Eriksson, 2015
Instability Investigation on Fluid-loaded Pre-stretched Cylindrical Membranes.
Proceedings of Royal Society A, 471, 20150016.

Paper 4. Amit Patil, Arne Nordmark & Anders Eriksson, 2015
Wrinkling of Cylindrical Membranes with Non-uniform Thickness. European
Journal of Mechanics - A/Solids, 54, 1–10.

Paper 5. Amit Patil, Arne Nordmark & Anders Eriksson, 2016
Instabilities of Wrinkled Membranes with Pressure Loadings. Accepted in Jour-
nal of Mechanics and Physics of Solids.

The following publications are not included in the thesis, but related to
the presented work.

Paper 1. Amit Patil, Arne Nordmark & Anders Eriksson, 2014
Finite Inflation of Fluid-filled Pre-stretched Cylindrical Membranes. 27th Nordic
Seminar on Computational Mechanics, Stockholm. 27, 224–227.
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Paper 2. Anders Eriksson, Arne Nordmark, Amit Patil & Yang
Zhou, 2015. Parametric Stability Investigations for Hydro-statically Loaded
Membranes. Computers and Structures, (Available Online).
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Now this is not the end. It is not even the beginning of the
end. But it is, perhaps, the end of the beginning.

Winston Churchill (1874–1965)
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Part I

Overview





CHAPTER 1

Introduction

1.1. Background

1.1.1. Definitions

The definition of a membrane varies from application field to field. A few of
these definitions will be included here.

From a mechanics point of view, a membrane is a two-dimensional elas-
tic continuum that does not resist or transmit bending moments (Hagedorn &
DasGupta 2007). In general, a membrane can be viewed as a two-dimensional
plane stress problem with in-plane and out-of-plane loadings.

From a micro-technology perspective, a membrane is a special type of thin
film with very small thickness compared to the other dimensions (Schomburg
2011). Their thickness is in the range of 0.5-500 µm, while the lateral dimen-
sions are typically in the range of 100 µm to 10 mm.

From a biology and chemical perspective, membranes are thin selective
barriers who permit certain components and retain other components of mix-
ture (Cheryan 1998).

A membrane can be further classified according to a) material: silicon, ce-
ramics, polymeric, soft biological (soft tissue) materials, and metals; b) struc-
ture: porous and non-porous; c) application: biological, micro-technological
and structural; d) mechanism of action: absorption, diffusion, filtration, ion
exchange and inert, et cetera.

For this research, a polymeric, non-porous, inert membrane for structural
application was considered, with applicability to bio-engineering field. The
polymeric materials of membranes are called elastomers, and can be described
by hyperelastic material models. The elastomers are having low Young’s modu-
lus and high failure strain. Well known materials for structural membranes are
natural rubber, Hevea rubber, Polyethylene, Polytetrafluoroethylene, Styrene-
butadiene rubber (Volokh 2011). From computational point of view, the hy-
perelastic membrane are modeled by neo-Hookean, Mooney-Rivlin, Ogden,
Arruda-Boyce models and many more (Selvadurai 2006).

1.2. Membrane applications

Due to numerous advantages, membranes are widely used in space engineering,
medical sciences, bio-engineering, civil and mechanical engineering with many

3
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(a) (b)

Figure 1.1: a) Thermal shields by James Webb Space Telescope NASA,USA (http://www. jwst.
nasa. gov/). b) Membrane Optical Imager for Real-Time Exploitation (MOIRE) Telescope, Ball
Aerospace, USA (http://www.ballaerospace.com).

applications to be found in literature (de Rooij 2013; Evans 2009; Fung 1990;
Jenkins 2001; Lu et al. 2001; Wan 2001). Only some of the applications are
discussed in this section.

1.2.1. Space engineering

Membrane structures have much lower weight, higher packaging efficiency and
lower cost than conventional space structures, so the membrane structures are
becoming preferable for space applications. The applications of inflatable or
stretched membranes in space engineering are numerous, including solar sails,
thermal shields, pressurized habitats in space, solar arrays, and telescope mir-
rors. The thermal shield developed by NASA and the optical membrane tele-
scope designed by Ball Aerospace are examples of growing applicability of mem-
brane structures in space.

1.2.2. Architecture and civil engineering

The membrane structures for civil applications can be classified into three main
types. The first type of structures, known as air supported structures pressur-
ized by air from below (open type) or from inside (closed type) are used with
several civil structure applications. The second kind of structures are mem-
brane skeleton structures, where a skeleton provides the basic framework to the
structure and a membrane is used to give cover and aesthetic purpose. The ten-
sioned membrane structures are the third type of membrane structures which
are supported by the cables. One of the reasons for using membrane structures
in architecture and civil engineering is the possibility to easily reshape them
under different load conditions to adapt to environmental changes. The air
supported membrane structures and skeleton supported membrane structures
are shown in Fig. 1.2(a) and 1.2(b), respectively.
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(a) (b)

Figure 1.2: a) Air supported membrane structures, military equipment storage facility, unknown
location (http://www.membranestructuresinc.com/industrial-structures/). b) Skeleton supported
membrane structure, Allianz Arena stadium, Munich, Germany (https://www.allianz-arena.de).

1.2.3. Mechanical engineering

The closed membrane structures inflated by some kind of loading medium are
used as load carrying or impact absorbing appliances. The fluid inflated rubber
tubes for tractors and air inflated rubber tubes of cars are common examples,
Fig. 1.3(a). The air inflated membrane structures can be used as airbags in
automobiles to absorb impact load during accidents, Fig. 1.3(b).

(a) (b)

Figure 1.3: a) Rubber tube tyres in automotive (https://www.google.com) b) Inflated membrane
as airbags (http://www.carsp.ca)

1.2.4. Aerospace engineering

Membranes find their applications in aerospace industry due to low cost, low
weight and high flexibility. Brake parachutes are used in fighter jets to increase
drag, aerodynamic and braking resistance during landing, Fig 1.4(a). The
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weather balloons are important in studying atmosphere, they are launched with
instruments and sensors to send back information on atmospheric pressure,
temperature, humidity and wind speed, Fig 1.4(b).

(a) (b)

Figure 1.4: a) Brake parachutes used in fighter jets (http://www.airborne-sys.com) b) Weather
balloon (http://www.wnct.com/blog/)

1.2.5. Medical engineering

(a) (b)

Figure 1.5: a) Stent expansion in balloon angioplasty by inflated membrane
(http://www.adam.com/) b) Elastic membrane embedded with sensors on heart, designed by
University of Illinois and Washington University, USA (http://www.medicaldesign.com/silicone).

The contact of membranes with a soft substrate, and the contact mechanics
of a balloon with stent and blood vessels can be better understood by studying
mechanics of membranes. The application of an inflated balloon for an expand-
ing stent in balloon angioplasty is explained in Fig. 1.5(a). The thin elastic
membrane made of silicon material and embedded with sensors is stretched
over a heart, like a glove to monitor cardiac function is shown in Fig. 1.5(b).
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(a) (b)

Figure 1.6: a) Connective tissue membrane at knee joint (https://www.studyblue.com/notes) b)
Wrinkling induced in skin on backside of palm.

1.2.6. Biological and biomechanical engineering

The cell membranes, connective tissue membranes, and skin are modelled by
membrane theory with reasonably accurate material models. The force trans-
mission through a synovial membrane in a knee joint can better be studied by
membrane theory, Fig 1.6(a). Skin wrinkling is a topic of intensive research
due to its complexity and biological importance. The wrinkling induced in the
skin on the backside of a palm is shown in Fig. (1.6)(b).
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CHAPTER 2

Aim and Outline

2.1. Aim of the thesis

The main objective of this thesis is to study contact mechanics and insta-
bility phenomena for hyperelastic membranes with different parameters like
geometries, pre-stretch, loading medium, constraining properties and contact
conditions. The numerical analysis of membranes encounters numerous non-
linearities like geometric non-linearity due to large displacements, and material
non-linearity due to large strains, force non-linearity due to displacement de-
pendent loading, and also contact non-linearity. These non-linearities make
computations complex, and pose many mathematical challenges. They will
also frequently give results which show counter-intuitive behaviours. This un-
derlines the necessity to investigate membrane structures with different param-
eters, geometries and material models. To reduce complexity, the membrane
material is here assumed to be a homogeneous, isotropic, incompressible, hyper-
elastic solid. The objective of the study can be summarized into the following
parts

1. To study contact mechanics of axisymmetric circular and cylindrical
membranes with frictionless and adhesive contact conditions.

2. To investigate instability phenomena associated with bifurcations, limit
points, and wrinkling for fluid-loaded pre-stretched cylindrical mem-
branes.

3. To analyse wrinkling in the membranes with tension field theory, and
investigate the robustness of modified membrane theory and tension
field theory for pressurized wrinkled membranes.

2.2. Outline of the thesis

2.2.1. Free and constrained inflation

For practical applications membranes can be seen as either in free inflation or in
constrained inflation. In a majority of applications, interactions of membranes
with surroundings are unavoidable. In constrained inflation, the contact con-
ditions influence the inflation behaviour of the membrane. The treatment of
such problems is complex. Contacts of cells with other cells or surroundings,
adhesive contact of thin films, contact of a balloon with a stent, or an artery in

9
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balloon angioplasty, contact of heated plastic in thermoforming, and contact of
a toroidal rubber tube on a steel rim are a few examples (Khayat & Derdouri
1994a,b; Tamadapu 2013; Wan 2001; Wan & Liu 2001). The contact mechanics
of bi-layer membranes can be useful in order to estimate mechanical properties
(Evans 2009).

In the past, free inflation of membranes was studied in detail with dif-
ferent geometries and inflating media (Eriksson & Nordmark 2012; Pamplona
et al. 2001, 2006a; Patil & DasGupta 2013; Tamadapu & DasGupta 2013,
2014). Also contact mechanics of membranes with rigid substrates have been
well studied (Feng & Yang 1973; Kumar & DasGupta 2013; Long et al. 2010).
The constrained inflation problem with a soft substrate, however, remains to
be explored. The flexibility of the surface brings further complexity into the
mechanics, as the substrate surface deforms with inflation and relaxes with
deflation, showing interesting behaviours.

The first part of this thesis focuses on the contact mechanics of circular
and cylindrical membranes with a soft substrate with adhesive and friction-
less contact conditions. The delamination of the circular membrane from soft
adhesive substrate during deflation is considered. The continuity of stretches
and stress resultants depends on the continuity of field variables which in turn
depend on contact conditions during the inflation and deflation phases. The
constraining surface can be modelled in different ways. In many applications,
the constraining surface possesses geometric as well as material non-linearities.
For the analyses presented here, a linear spring foundation, which is stiff in
the radial (axial) direction compared to the axial (radial) direction for circular
(cylindrical) membrane was considered (Patil et al. 2014a, 2015a). This as-
sumption restricts the generality of the model, but is useful for many common
applications where the membrane is compliant compared to the substrate.

The contact between a membrane and a substrate, or between two mem-
branes is of complex nature. Chernyak & Leonov (1986) have mentioned
that the Amontons-Coulomb law is not applicable to elastomeric friction on
a smooth solid surface, which is adhesive in nature. The elastomeric friction
can be best modelled by an adhesive friction theory, as advocated by Savkoor
(1987). The present work considered contact between membrane and substrate
at a macroscopic level, and two different contact conditions were considered,
denoted as frictionless and adhesion contact. For simplicity, adhesion was mod-
elled as no-slip contact (Patil et al. 2014a, 2015a). A popular technique to
measure the adhesion between a soft and a hard solid is the Johnson–Kendall–
Roberts (JKR) test (Johnson et al. 1971). In the JKR test, a soft hemisphere
is brought into contact with a flat surface by a compressive force. Since the
contact area increases with adhesion for the applied force, a measurement of
the contact area versus force can be used to quantify the work of adhesion of
the surfaces in contact.
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Important work on adhesion measurement and contact mechanics has been
reported by Shanahan (2000) and Wan (2001). Recently, Long et al. (2010)
have developed expressions for the energy release rate in terms of contact angle,
stretches and stresses at the contact boundary. They used a fracture mechan-
ics approach to deduce the energy release rate. Researchers like Srivastava &
Hui (2013a,b) have extended this approach and used it also for rectangular
membranes. To understand the lamination and delamination of a membrane
from the substrate, it is better to view the gap between the membrane and
the substrate as an external crack and apply a fracture mechanics approach.
During inflation, the crack recedes and adhesion energy is released to the sys-
tem. During deflation, the crack advances and elastic energy is released by the
system to create new surfaces. The energy release rate is defined as the energy
released by the elastic system per unit contact area created. The condition for
making or breaking contact is when the energy release rate equivalent to the
effective work of adhesion of the interfaces.

The study of constrained inflation of a circular membrane can be useful to
understand the stress distribution in the contact regions, as well as the overall
effect of the contact conditions on the deformation pattern. The two contact
conditions considered showed that contact conditions have significant effects
on stretch and stress distributions in the membrane. The adhesive deflation
analysis was useful to analyse the energy release rate.

To study constrained inflation of cylindrical membranes, the focus is on
the balloon angioplasty applications. Many possibilities exist for analysis in
order to optimize the stenting procedure based on patient-specific needs. The
balloon angioplasty is well studied in recent years with the help of finite el-
ement analysis and experimental methods with elaboration on the stenting
procedure (Martin & Boyle 2013; Morgan & Walser 2010). Gasser & Holzapfel
(2007) studied balloon angioplasty by considering an elastic-nonelastic behavior
for the artery in simulating balloon-artery interaction with a point-to-surface
strategy. However, Holzapfel et al. (2002) developed a model of angioplasty
which is based on the magnetic resonance imaging and mechanical testing. As
cylindrical membranes are used for widening narrowed or obstructed arteries in
angioplasty, an extensive study is a demanding task. With some assumptions
on the constraining surface, contact conditions and model scaling, the aim of
the present work was to develop a simple model for balloon angioplasty.

For adhesive inflation, the contact area depends on the history of contact
and has to be determined incrementally by imposing a kinematic constraint
on all material points in the contact zone. For adhesive deflation on the other
hand, the contact area attained at the end of the inflation phase is assumed
to remain constant with different deflation pressures. The constrained prob-
lem can be solved by numerical techniques like finite element analysis (Khayat
& Derdouri 1994a,b), semi-analytical techniques (Long et al. 2010; Long &
Hui 2012; Patil et al. 2015a), and Fictitious Time Integration Method (FTIM)
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(Patil et al. 2014a). To capture the kinematics in the contact region, semi-
analytical and FTIM methods were found to be well suited.

2.2.2. Instabilities of membrane structures

Inflated or loaded membrane structures are very sensitive to instability phenom-
ena, due to inherent material, geometric and force non-linearities. A pressurized
or loaded membrane can undergo four main types of instabilities. Limit points,
bifurcations and wrinkling instabilities are observed for pressurized membranes
(Alexander 1971a,b; Pamplona et al. 2001; Patil & DasGupta 2013; Patil et al.
2015c), whereas force or traction loaded membranes can show instabilities like
bifurcation, wrinkling and cavitation (Eriksson & Nordmark 2014; Haughton
1986; Pearce et al. 2011; Steigmann 1992; Volokh 2011). For conservative sys-
tems, limit and bifurcation points are termed as critical points. The critical
points are the equilibrium points on static equilibrium path, where at least
one eigenvalue is zero. The equilibrium path can be classified as primary or
secondary. On the primary equilibrium paths the equilibrium configuration of
membrane maintains symmetry, while the equilibrium solution breaks symme-
try on the secondary equilibrium path. The instabilities are defined in short
as

1. Limit point are symmetry preserving critical points on the equilibrium
paths at which one eigenvalue is zero. Most typically, a limit point
corresponds to a local maximum or minimum for the considered control
parameter.

2. Bifurcations are symmetry breaking phenomena, where the structure
switches from, e.g., the primary equilibrium path to a secondary equilib-
rium path. The bifurcation paths can lead to further symmetry breaking
until completely asymmetric equilibrium configurations are obtained.

3. Wrinkling can be seen as a localized buckling due to compressive stresses.
For shells and sheets, wrinkling happens at a critical compressive stress,
defined by the bending stiffness, but wrinkling instability for membranes
occurs immediately at the onset of compressive stresses.

4. Cavitation is a material failure instability, where membrane fractures
due to high stresses or forces. For example, for elastic circular mem-
branes cavitation is a sequence of axisymmetric radial plane deforma-
tions to a plane annular shape containing a traction-free hole occurs at
critical values of tensile loading (Nadler & Steigmann 2006; Steigmann
1992). With large biaxial stretching or hydrostatic tension the internal
void become unstable, leading to failure localization and crack propa-
gation. The cavitation does not exists for a membrane whose strain
energy is derived from three-dimensional elasticity, but it exists for a
membrane whose strain energy is derived from two-dimensional elastic-
ity (Haughton 1986; Steigmann 1992).
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In this thesis, the first three instabilities are investigated from several view-
points, but cavitation is not studied. In the current section, limit points and bi-
furcations are discussed with respect to the symmetry of the structure, whereas
wrinkling is discussed in the next section.

For gas or fluid inflated membranes, limit point and bifurcation instabili-
ties are commonly observed. The constitutive relationship plays an important
role in mechanical stability of membrane structures, which is frequently over-
looked (Eriksson & Nordmark 2014; Rodriguez-Martinez et al. 2015). For cer-
tain classes of constitutive relationships, limit points are observed (Patil et al.
2014a), and pre-stretch has considerable effect on the limit point pressure. The
equilibrium response on primary and secondary branches are highly dependent
on the chosen material model (Patil et al. 2015b). At a limit point, the tangent
to the equilibrium path is transversal to the loading axis. At bifurcation point
two or more equilibrium branches emerges and there is no unique tangent. De-
tailed investigations of limit point instabilities, with some experimental results,
are discussed by Alexander (1971a), Alexander (1971b), Eriksson & Nordmark
(2012), Patil & DasGupta (2013), Verron et al. (1999), and Tamadapu et al.
(2013). The results on stability and bifurcation of membranes are discussed
by Alexander (1971b), Haughton & Ogden (1979), Haughton & Ogden (1978),
Eriksson (2014), Eriksson et al. (2015), Chaudhuri & DasGupta (2014), and
Biscari & Napoli (2009), Zhou et al. (2015), Zhou et al. (2016), and Chen
(1997). At a bifurcation point, several methods have been proposed for calcu-
lation of the secondary branches (Kouhia & Mikkola 1989, 1998; Riks 1979;
Shi 1995; Shi & Moita 1996; Wagner & Wriggers 1988), but also in relation to
generalised path-following (Eriksson 1994; Kouhia & Mikkola 1999).

Even if the concept of stability is dynamic in nature, time can be taken
out and stability criteria strictly become static for conservative system. For
the inflated membranes, quasi-static analyses were carried out, where thermal
and dynamic effects were neglected. The tangent stiffness matrix, related to
the used structural model, was obtained from double differentiation of the po-
tential energy with respect to the displacement field, and this determined the
stability of the conservative system, according to the following criteria.

• If all eigenvalues are positive, then the potential energy is strictly mini-
mum and all variations demand added energy. In result, the equilibrium
solution is stable.

• If one or more eigenvalues are zero, then the equilibrium solution is
probably a critical point.

• If one or more eigenvalues are negative, then the potential energy has a
saddle point. In result, the equilibrium solution is unstable, and certain
incremental displacements can occur with release in energy.

The stability of a system is a local property, and the stability of an equilibrium
solution can be evaluated without consideration of the path needed to reach
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this state, for conservative systems. The stability of the system changes only
at critical points on the equilibrium path, so one solution between each pair
of critical points is sufficient to predict whether a path is stable or not. At
a bifurcation point, two or more secondary equilibrium branches emerge from
the primary path.

The stability phenomenon of system is better understood by analysing sym-
metry of the system. A system is said to be symmetric if it remains the same
under one or more symmetry operations like rotation about an axis, reflec-
tion about a plane and inversion about some center. For many fields of science,
group theory is a mathematical tool which uses symmetry of structure for anal-
ysis (Eriksson & Nordmark 2016; Ikeda et al. 1991; Zingoni 2014). Wohlever
& Healey (1995) used group theoretical approach to accurately compute pri-
mary and secondary branches of thin cylindrical shells, which are otherwise
difficult to compute, if not intractable. If a cylindrical shell, which possesses
the axisymmetry and reflection symmetry, is modelled by finite elements using
a finite degree of freedom model, the symmetry of the model is mesh depen-
dent which in turn may destroy original symmetry of the system and affect
stability conclusions (Wohlever & Healey 1995). Zhou et al. (2015) have shown
that the symmetry in finite element meshing affects the bifurcations in fluid
loaded circular membranes. The control parameters have significant effects
on the stability conclusions, specifically when there are more than one con-
trol variable available (Zhou et al. 2016). The stability conclusions not only
get affected by geometric symmetries but also by symmetries of loading and
boundary conditions. In simply supported structures, the dynamic response
and stability conclusions get affected by unsymmetries in the boundary con-
ditions. Recently, Eriksson & Nordmark (2016) have shown that the chosen
discretization significantly affects the stability response, with examples from
the analysis of a square membrane, and recommend that the full domain of
the problem must be discretized by a symmetric mesh, for instability prone
systems.

In the current thesis, the instability phenomenon in fluid loaded cylindrical
membranes is studied. The cylindrical membrane has C∞v symmetry, which
ensures that the system remains unchanged under rotations about the Z axis
and reflections about planes passing through the Z axis. So the primary equi-
librium solution possesses this symmetry. Because of the C∞v symmetry, one
eigenvalue is zero at limit points, and one or two eigenvalues are zero at bifur-
cation points depending on the type of bifurcation. On secondary equilibrium
branches, the solutions are no longer axisymmetric, but maintain symmetry
of type C∞ or Cnv. The Cnv symmetry ensures that the solution remains
unchanged under rotations by multiples of 2π/n, and certain reflections by
plane angles whose differences are multiples of 2π/n. The experimental in-
vestigations by Pamplona et al. (2006a) show a bifurcation of the cylindrical
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membrane where it maintains C1v symmetry. Hence, the same type of symme-
try breaking modes are numerically sought by specifically choosing boundary
conditions and perturbation fields (Patil et al. 2015b).

2.2.3. Wrinkling in membrane structures

Wrinkling of thin elastic materials can be studied numerically by three main
approaches, representing the thin materials as thin shells, as thin sheets or
as thin membranes. When modelling elastic materials as thin shells (Nayyar
et al. 2014), a bending stiffness defines the details of wrinkling, like ampli-
tude and wavelength. However, shell modelling is numerically demanding and
a very fine discretization is necessary to obtain equilibrium solutions. With
shell modelling, the existence of nearby multiple solution makes convergence
difficult. When modelling elastic materials as thin sheets (Hilgers & Pipkin
1992a,b; Steigmann 2013; Taylor et al. 2014), bending stiffness still comes into
picture, defining the wrinkling details. This theory is less complicated than
shell modelling and inspired from plate theory. Although simple, this method
also needs finer discretizations and has convergence issues.

Lastly, wrinkling can be analysed using membrane theory, where zero bend-
ing stiffness is assumed. Membrane theory within a tension field framework can
give correct descriptions of stress distributions and wrinkling regions. Mem-
brane theory is considerably more numerically efficient than the shell or sheet
theories. In many cases, where knowledge of the wrinkling region and stress
distribution is more interesting than the wrinkling details, the membrane the-
ory is useful and efficient, for example in cases like simulations of reconstructive
surgery (Massabo & Gambarotta 2007), or in studies of the stress and force dis-
tributions during indentation (Pearce et al. 2011). Due to several advantages
of membrane theory, it has attracted considerable attention from researchers
in studying wrinkling in thin elastic materials (Li & Steigmann 1994a,a; Lu
et al. 2001; Patil et al. 2015c) in the last two decades.

In ordinary membrane theory, the full strain energy formulation is used,
which allows compressive stresses in the wrinkled regions, in turn often leading
to the existence of unstable equilibrium solutions. Hence, the modified mem-
brane theory is developed in order to avoid the kind of instability that would
be produced by compressive stresses (Pipkin 1986; Roddeman et al. 1987a).
In modified membrane theory there are two approaches: one is modification of
the constitutive law (Pipkin 1986) and the second is the modification of the
deformation tensor (Roddeman et al. 1987a,b).

The modified membrane theory assumes a uniaxial stress state in the wrin-
kled regions and zero stress state in the slack regions. In a state of local uniaxial
stress, the transverse stretch attains a specific value called the natural width
in uni-axial tension, and which is based on zero transversal stress computed
from original strain energy. Reduction of the transverse stretch below this
value normally requires a compressive transverse stress when original strain
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energy used. This leaves to out-of-plane deformations, which in turn violate
the Legendre-Hadamard inequalities. However, using the modified membrane
theory, a reduction in transverse stretch requires no compressive stress; in-
stead, the zero transversal stress is maintained, and out-of-plane deformations
are disregarded and wrinkles are modelled as in-plane contraction.

As a first step, wrinkling in the pressurized membranes with relaxed strain
energy formulation is studied, and effect of boundary conditions, inflating me-
dia and thickness variations are investigated (Patil et al. 2015c). The relaxed
strain energy formulation is designed to model out-of-plane deformations com-
ing from compressive stress as in-plane contraction with zero stress, and to give
a mean solution where deformations are averaged out. However, it is observed
that for pressurized wrinkled membranes the concept of relaxed strain energy
is not sufficient to ensure the stability of equilibrium solutions due to the oc-
currence of pressure induced instabilities (Patil et al. 2016). These instabilities
make it very hard to achieve the mean solution. It is noted that the wrin-
kling solutions do not have any physical meaning as the ordinary and relaxed
membrane theories are simplifications of the physical membrane behaviour.



CHAPTER 3

Constitutive and Theoretical Framework

To study mechanics of materials, constitutive relationships, theoretical frame-
work, problem formulation, and numerical solutions techniques are four basic
building blocks. The theoretical frameworks describe kinematics of materials,
and establishes a relation between strains and deformations. The constitutive
laws describe material behaviours, and establishes relation between stresses
and strains. The problem is formulated by establishing governing equations
and boundary conditions. The numerical solution techniques are used to ob-
tain equilibrium solutions for considered numerical model in order to analyse
its behaviour. In the current chapter constitutive relationships and basic mem-
brane theory is presented.

3.1. Material models

As discussed in the introduction section, the membranes are made of differ-
ent materials. For the current work, we are more focused on the elastomers
or rubber-like materials, which are generally modelled as either viscoelastic
(Areias & Matous 2008) or hyperelastic (Marckmann & Verron 2006; Stein-
mann et al. 2012). Here, we are interested in the hyperelastic material models,
more specifically incompressible isotropic hyperelastic material models. Rub-
bers and certain biological tissues are modelled as hyperlastic materials (Boyce
& Arruda 2000; Holzapfel 2000).

The basic difference between two classes of elastomer models is, whether
stress-strain relationship is strain rate dependent, i.e. viscoelastic materials
or strain rate independent, i.e. hyperelastic materials. Hyperelastic materials
consist of chain linked macromolecules closely interconnected by cross chains.
As simplification, this random structure is described by three-dimensional or
two-dimensional material models. Different constitutive models capture ma-
terial behaviour in different loading ranges with more or less accurate elastic
behaviour and neglecting nonelastic behaviour (Steinmann et al. 2012).

The roots of hyperelastic material model development and nonlinear elas-
ticity can be traced to pioneering works by Mooney (1940), Treloar (1944) and
Rivlin (1948a). In the current section, different hyperelastic material models
are discussed and classified according to their types. A majority of researchers
have compared numerical results of different material models with a wide range
of experimental data provided by Treloar (1944) and Kawabata et al. (1981).

17
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Only a brief introduction to material models is given here, for more details read-
ers are referred to the recent reviews by Boyce & Arruda (2000); Marckmann
& Verron (2006); Steinmann et al. (2012).

3.1.1. Classification of material models

The main objective of any material model is the formulation of a scalar strain
energy function. Such strain energy functions depend on the right (or left)

Cauchy-Green deformation tensor C = FTF (B = FFT ), where F is the de-
formation tensor. The material model is defined in terms of either principal
invariants (I1, I2, I3) of C or square roots of eigenvalues (principal stretches
λ1, λ2, λ3) of C. Here we will explore some of the isotropic hyperelastic ma-
terial models with an incompressibility assumption. The strain energy density
function for such models must satisfy the following conditions (Bahreman et al.
2016; Holzapfel 2000; Ogden 1997; Treloar 1944)

1. The strain energy density function must be non-negative for all defor-
mations.

2. The strain energy density function must be invariant under coordinate
transformations.

3. The strain energy density must be expressed in terms of either principal
invariants of C or principal stretches λ1, λ2, λ3. For isotropic materials,
the strain energy density function is symmetrical with respect to the
principal stretches λ1, λ2, λ3.

4. The strain energy density function must be zero in the undeformed
configuration. Also, it should give zero stresses in the undeformed con-
figuration.

5. The strain energy density function must approach positive infinity at
the singularity case (λ1= 0 or λ2= 0 or λ3= 0) and for very large
deformations (λ1 =∞ or λ2 =∞ or λ3 =∞).

The incompressible isotropic hyperelastic material models for rubber-like ma-
terials are mainly divided into three types (Boyce & Arruda 2000; Marckmann
& Verron 2006; Steinmann et al. 2012).

• First kind of models are phenomenological models, which are basically
derived from Rivlin series (Rivlin 1948a) and Ogden real exponents
(Ogden 1972). Phenomenological models are based on the observation
of rubber-like materials under various conditions of homogeneous de-
formation, and are concerned with fitting mathematical equations to
experimental data. These material models can lead errors when used
for very large strains. Examples of this kind of models are Mooney
model, Mooney-Rivlin model, Ogden model, Biderman model, and Shar-
iff model.
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• Second kind of models are micro-mechanical models, which are based on
the physics of polymer chain networks and statistical methods. Micro-
mechanical models take care of microscopic response of polymer chains
of rubber-like materials. Classical examples for micro-mechanical mod-
els are the neo-Hookean and Isihara models, and the 3-chain, 4-chain,
or 8-chain models which are well suited for moderate to large elastic
deformations of rubber-like materials, (Arruda & Boyce 1993; Boyce &
Arruda 2000).

• Third category is hybrid models, which are combinations of phenomeno-
logical and micro-mechanical models. This type of models combines
benefits of phenomenological and micro-mechanical models (Beda &
Chevalier 2003; Yeoh & Feng 1997), and gives good fitting with ex-
perimental data at low and large deformations.

3.1.2. Phenomenological models

A few phenomenological models are,

1. The Mooney Model
The Mooney model was proposed by Mooney (1940) and is written in
terms of principal strain invariants (I1 and I2) of C, as follows

Û = c1(I1 − 3) + c2(I2 − 3) (3.1)

where c1 and c2 are material constant, this model is valid up to moderate
strains. In the literature (Eriksson & Nordmark 2012; Patil & DasGupta
2013; Tamadapu 2013), the Mooney model is often called a Mooney-
Rivlin model, although it is a simple case of the general Mooney-Rivlin
models.

2. The Mooney-Rivlin Model
Rivlin (1948a,b) developed a new model based on the Mooney model,
as a polynomial series of (I1 − 3) and (I2 − 3) as,

Û =

∞∑
i=0,j=0

cij(I1 − 3)i(I2 − 3)j (3.2)

where cij are material parameters and c00 = 0. This model can be
used up to second and third order of the factors, and is applicable to
moderate strains.

3. The Ogden Model
Ogden (1997) proposed a generalized model in terms of principal stretches
λi, which is written as

Û =

N∑
i=1

µi
αi

(λαi
1 + λαi

2 + λαi
3 − 3) (3.3)
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where µi and αi are material constants which should fulfil conditions
like, µiαi > 0 and

∑
µiαi = 2µ, where µ is shear modulus. This model

is extensively used for large strains and shows good agreement with
experimental data.

4. The Biderman Model
The Biderman model (Biderman 1958) is a special class of Mooney-
Rivlin models with four material constants and is written as

(3.4)Û = c10(I1 − 3) + c01(I2 − 3) + c20(I1 − 3)2

+ c30(I1 − 3)3

where c10, c01, c20, and c30 are material constants.
5. The Rivlin and Saunders Model

Rivlin & Saunders (1951) proposed a material model whose constants
are determined from experiments. The strain energy density is seen as

Û = c(I1 − 3) + f(I2 − 3) (3.5)

where c is the usual material constant and f is function determined
from experimental data. This model shows good agreement with ex-
perimental data for carbon black-filled natural rubber. Researchers like
Marckmann & Verron (2006), classify the Rivlin and Saunders model
as an experimental model, due to its dependence of material parameter
on experiments.

3.1.3. Micro-mechanical models

A few micro-mechanical models are,

1. The Neo-Hookean Model
This is the simplest form of material model, and widely used in the lit-
erature (Pipkin 1986; Steigmann 1990; Treloar 1944, 1975). It can be
derived from the Mooney or Mooney-Rivlin models with only one mate-
rial constant c1 or c10. However, this is classified as a micro-mechanical
model because it is based on molecular chain statistics consideration.
The strain energy density based on Gaussian statistical distribution is
written as

Û = c1(I1 − 3) (3.6)

=
1

2
NKT (I1 − 3) (3.7)

where N is chain density per unit volume, K is the Boltzmann constant
and T is absolute temperature. This model is good for low and moderate
strains. Treloar (1944) gave value of 1

2NKT = 0.2 MPa, for carbon
black-filled natural rubber.

2. The 3-Chain Model
The 3-Chain model is based on non-Gaussian chain elasticity and it is
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developed by James & Guth (1943). The strain energy density function
is formulated as

Û =
NKT

3

√
n

(
λ1β1 +

√
n ln

β1

sinh (β1)
+λ2β2 +

√
n ln

β2

sinh (β2)

+ λ3β3 +
√
n ln

β3

sinh (β3)

)
,

where βi = L−1

(
λi√
n

)
(3.8)

where L−1 denotes the inverse Langevin function defined by L(x) =
coth(x) − 1/x. Here, n are number of links in the chain. The 3-Chain
model assumes that the true polymer network is made of 3-chains aligned
with three eigenvectors of the right Green-Cauchy deformation tensor.

3. The 8-Chain Model (Arruda-Boyce Model)
Arruda & Boyce (1993) proposed an 8-Chain model, nowadays called
an Arruda-Boyce Model. The chains are located along the diagonals of
the unit cell and deform with the cell. Due to symmetry of the chain
structure, the stretch in each chain is given by

λchain =

(
1

3
(λ2

1 + λ2
2 + λ2

3)

)1/2

(3.9)

The strain energy density is written as

(3.10)
Û = NKT

√
n

(
λchainβchain +

√
n ln

βchain

sinh (βchain)

)
,

where βchain = L−1

(
λchain√

n

)
3.1.4. Hybrid models

An example of hybrid model is,

1. The Beda and Chevalier model
Beda & Chevalier (2003) proposed a hybrid model which linked the Gent
and Thomas model with an Ogden model, and is appropriate at small
and large strains. The strain energy density function is written as

(3.11)Û = K1(I1− 3) +K2 ln
I2
3

+
µ

α
(λα1 + λα2 + λα3 − 3)

where K1 = 0.127 MPa and K2 = 0.30 MPa for Treloar rubber and
found from Treloar (1944) data, with α > 2.
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3.1.5. Other models

1. Saint Venant–Kirchhoff model
This is the simplest hyperelastic material model which is considered as
an extension of linear model into nonlinear regime. This is not classified
as either phenomenological model, micro-mechanical or hybrid model,
as it is derived from the linear elastic model replacing infinitesimal strain
tensor e by Green-Lagrange strain tensor E and written as

(3.12)Û =
λ

2

(
tr(E)2

)
+ µ

(
tr(E2)

)
where λ is modified Lame parameter for plane stress conditions (Gil &
Bonet 2006, 2007) and µ is usual Lame parameter.

For the current work, the Neo-Hookean and Mooney-Rivlin (Mooney) models
are used extensively due to their simplicity and applicability to moderate and
relatively large strains. For one instance, an Ogden material model (Patil et al.
2014b) is used. For more details regarding properties of the strain energy
density functions, readers are advised to look into Ogden (1997), Taber (2004)
and Holzapfel (2000).

3.2. Membrane theory

In the physical world, a membrane is a very thin sheet and thus has a small
bending stiffness, which is neglected in a theoretical world. This simplification
has numerous numerical advantages, and some disadvantages when the mem-
brane is subjected to compressive stresses. In this section, elastic theories of
isotropic hyperelastic membranes are presented.

There are two different theories for non-linear elastic membranes. First,
a three-dimensional theory is called ”membrane-like shell” theory (Haughton
2001) and second, a two-dimensional theory is called ”simple membrane” theory
(Nadler & Rubin 2009; Pearce et al. 2011). The three-dimensional theory
follows shell theory of three-dimensional elasticity and introduces membrane
assumption of zero stress in the thickness direction. The principal stretch in
the thickness direction appears in the governing equations, which allows the
membrane to get thinner while conserving mass, when an incompressibility
constraint is imposed.

In the two-dimensional theory, the mid-plane of the membrane is assumed
to be a two-dimensional elastic sheet in the three-dimensional space, completely
neglecting thickness effects (Haughton 2001; Nadler & Rubin 2009; Nadler &
Steigmann 2006). In the two-dimensional theory, stretch in the thickness direc-
tion will not appear in the governing equations. Two principal stretches and
principal strain invariant are considered for formulating strain energy function,
and the deformation tensor is also two-dimensional (Steigmann 1992). For
complete description and comparison of two theories, see the work of Haughton
(2001).
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The current work has followed the three-dimensional membrane theory,
as it is common procedure for treating membranes (Haughton 2001; Patil &
DasGupta 2013; Pearce et al. 2011). The two-dimensional membrane theory is
discussed in brief, and similarities and differences between the two theories are
pointed out.

3.2.1. Three-dimensional theory

Here, a short description of the three-dimensional theory is given; for more
details and error estimates of the theory, see Haughton & Ogden (1978) and
Haughton (2001). Capital letters are used for quantities in the undeformed con-
figuration and lower-case letters are used to define quantities in the deformed
configuration. Subscripts with comma show derivatives with respect to the
mentioned undeformed coordinate. The Greek indices vary over (1, 2) and the
summation convention for repeated indices is assumed unless otherwise stated.
Here, notations given by Haughton (2001) is followed for membrane-like-shell
theory.

Considering a thin shell of isotropic hyperelastic material, with no assump-
tion of incompressibility, the position vector in the undeformed configuration
is written as,

X = A(ξ1, ξ2) + ξ3A3(ξ1, ξ2) (3.13)

where (ξ1, ξ2) are the curvilinear coordinates describing the mid-surface, −H/2 ≤
ξ3 ≤ H/2 is the thickness coordinate in the direction of positive unit normal
vector A3 and H is the undeformed thickness. It is assumed that the in-plane
dimensions are much larger than the thickness. The position vector x of the
deformed shell is written as,

x = a(ξ1, ξ2) + λ3 ξ3a3(ξ1, ξ2) (3.14)

where a3 is a positive unit normal to the deformed surface, and λ3 is principal
stretch ratio in the thickness direction, i.e. the ratio of the deformed thick-
ness, h, to the undeformed thickness, H, hence λ3 = h/H. Here, A(ξ1, ξ2) and
a(ξ1, ξ2) are describing the mid-surfaces of the undeformed and deformed con-
figurations, respectively. The tangent vector to the undeformed and deformed
configurations are written as

Gα = A,α, gα = a,α (3.15)

The undeformed and deformed two-dimensional metric tensor are written
as

Gαβ = GαGβ , gαβ = gαgβ (3.16)

while the dual vectors are defined as

Gα = GαβGβ , gα = gαβgβ (3.17)
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where

GαβGαβ = δαβ , gαβgαβ = δαβ (3.18)

The three-dimensional deformation gradient is written as

F =
∂x

∂X
=

∂a

∂A
+ λ3 a3 ⊗A3 (3.19)

= gα ⊗Gα + λ3 a3 ⊗A3 (3.20)

where gα⊗Gα gives the two-dimensional deformation tensor. For convenience,
we define orthonormal basis vectors ei with help of deformed tangent vectors
as

ei =
gα
‖gα‖

, no sum (3.21)

Refered to this orthonormal basis, the general equilibrium equations divσ̄ = 0
for an isotropic hyperelastic materials, is written as

σ̄ik,i + σ̄ikej .ei,j + σ̄ijek.ei,j + h,iσ̄ik/h = 0, k = 1, 2. (3.22)

σ̄ije3.ei,j + P/h = 0 (3.23)

where σ̄ is the averaged Cauchy stress tensor, σ̄i3 = 0, (i = 1, 2), and (),i =
|∂x/∂ξi|−1∂()/∂ξi. The hydrostatic pressure P is applied to the inner surface.
For thin membranes ξ3 is very small, hence the third principal stress σ33 is very
small and assumed to be zero, and does not occur in Eqs. (3.22) and (3.23).
This is often called as membrane assumption, σ33 = 0, and membrane-like
shell theory is also called a plane stress theory of membranes. The governing
equations, Eqs. (3.22) and (3.23), can be straightforwardly implemented for an
incompressible membrane.

3.2.2. Two-dimensional theory

The full derivation of the two-dimensional theory will not be given here, but
only a brief introduction is presented, for details see Haughton (2001); Nadler

& Steigmann (2006). The two-dimensional deformation tensor F̃ is written as

F̃ =
∂a

∂A
(3.24)

where A and a are position vectors given by Eqs. (3.13) and (3.14), respectively.
The strain energy density in the two-dimensional theory is written as a function
of F̃. The thickness will not appear explicitly in the governing equation. The
equilibrium equations for a two-dimensional membrane can be extracted from
the three-dimensional theory by setting σi3 = 0 , (i = 1, 2, 3) and eliminating
λ3 from Eqs. (3.22) and (3.23). The two-dimensional theory can be viewed as
a plane stress theory from the three-dimensional point of view.
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3.2.3. Similarities between three-dimensional and two-dimensional theories

The similarities between two theories are noted bellow. In most cases, these
two theories yield the same results (Haughton 2001), with some exceptions.

• Nagadhi & Tang (1977) have shown that when the principal stretch in
the thickness direction is eliminated from the three-dimensional theory
through the membrane assumption σ33 = 0 and an incompressibility
constraint, the equilibrium equations from the two theories are identical,
subjected to certain replacements.

• An inhomogeneous two-dimensional sheet may be equivalent to an in-
homogeneous three- dimensional membrane or a homogeneous three-
dimensional membrane with varying thickness.

• Haughton (2001) has given examples of three-dimensional (Û3D) and

two-dimensional (Û2D) harmonic strain energy density functions as

Û3D = 2µ(f(λ1 + λ2 + λ3)− λ1λ2λ3) (3.25)

Û2D = 2µ(g(λ1 + λ2)− λ1λ2) (3.26)

where f and g are arbitrary functions satisfying the conditions, f(3) =
1, f ′(3) = 1, f ′′(3) > 2/3 and g(2) = 1, g′(2) = 1 to ensure that the
undeformed configuration is energy and stress free.

3.2.4. Differences between three-dimensional and two-dimensional theories

It is possible to find a two-dimensional strain energy which is equivalent to
the three-dimensional strain energy, but doing the opposite is not easy. Some
differences between the two theories are noted below

• The membrane wrinkling theory (Pipkin 1986; Roddeman et al. 1987a,b;
Steigmann 1990) is a two-dimensional theory and has no counterpart in
the three-dimensional theory.

• For cavitation problems, the two-dimensional theory of membranes is
used (Haughton 2001; Nadler & Steigmann 2006; Steigmann 1992), as
cavitation is not possible with a material model derived from the three-
dimensional theory. This establishes that not all solutions are equivalent
in the two-dimensional and three-dimensional membrane theories.

3.3. Modified (wrinkling) membrane theory

As discussed in the previous chapter, assuming zero bending stiffness in the
membrane theory simplifies the numerical treatment, compare to shell theory.
In some cases, this is disadvantageous, for instance when the membrane is
subjected to compressive stresses and wrinkles. Thin shells wrinkle at critical
compressive stresses defined by their bending stiffness. As bending stiffness
becomes zero (when the shell is treated as a membrane), wrinkling appears
at the onset of compressive stresses. Due to zero bending stiffness such states
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are characterized by continuously distributed infinitesimal wrinkles. Using or-
dinary membrane theory, the obtained solution admits compressive stresses
which in turn causes equilibrium instability. To achieve stable equilibrium
solutions, a modified membrane theory needs to be used, which disregards
out-of-plane deformations and models wrinkles as mean surface (Pipkin 1986;
Roddeman et al. 1987a,b; Steigmann 1990). However, even with a modified
membrane theory, unstable equilibrium solutions are obtained for pressurized
wrinkled membranes; for more details see Patil et al. (2016).

Tension field theory was proposed by Wagner (1929) to study post-buckling
behaviour of flexible shear panels. When shear load buckles the panel, the
load is mainly transferred along principal axes of stress and bending effects
are having little effect. This leads to the development of tension field theory,
where bending effects are neglected and a uniaxial tension field is considered in
thin materials. This theory is further developed by subsequent investigations
(Mansfield 1970; Reissner 1938; Steigmann 1990), but it was Pipkin (1986)
who embedded a tension field theory into the membrane theory framework,
replacing the ordinary strain energy with a relaxed strain energy. Roddeman
et al. (1987a) developed an alternative approach, where the deformation tensor
was modified to model wrinkles in membranes with a tension field approach.
The wrinkling theory is derived from two-dimensional elasticity and has no
counterpart in the three-dimensional elasticity.

In this section, a brief introduction to a modified deformation gradient ten-
sor approach and the relaxed strain energy approach is presented. First, the
modified deformation tensor approach proposed by Roddeman et al. (1987a)
is presented, and extended to get the relaxed strain energy density function.
Later, the relaxed strain energy formulation proposed by Pipkin (1986) is dis-
cussed in brief. It will be shown that both approaches are essentially equal
for an isotropic hyperelastic membrane (Patil et al. 2016), as neither allows
negative principal stresses. For simplicity, a Mooney-Rivlin material model is
considered, although the presented formulation can be extended to other ma-
terial models (Li & Steigmann 1994a,b; Patil et al. 2015c). Further, two strain
energy densities are used for incompressible isotropic hyperelastic membranes,
denoted the full and relaxed forms. The first one is expressed in terms of two
principal stretches and used for taut regions, while the second is used for the
wrinkled regions and expressed in terms of tensile principal stretch. In slack re-
gions, with both principal stretches less than unity, the membrane is considered
as stress-free.

3.3.1. Modified deformation tensor formulation

Consider a part of a membrane, which is small enough to be considered as plane.
The undeformed configuration of the membrane part is described by material
coordinates X, Y , and Z. The uni-axial stress occurs in the X direction, Y is
direction of the wrinkling and Z is normal to the membrane. The deformed
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Figure 3.1: Kinematics of wrinkling. Re-drawn from an idea by Schoop et al. (2002).

configuration of the membrane is represented by the x, y and z coordinates,
respectively. The basis vectors are aligned with the principal directions of
stretches. The membrane can be in one of three possible states when deformed:

• A taut state, where both in-plane principal stresses are positive and
ordinary membrane theory (full strain energy) can be used.

• A wrinkled state, where one of the in-plane principal stress would be
negative if evaluated with the full strain energy. A modified membrane
theory, based on either a modified constitutive law or a modified de-
formation tensor, must be used in order to maintain uni-axial tension
field.
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• A slack state, both in-plane principal stresses are negative if evaluated
with the full strain energy. In a modified membrane theory the stress
tensor is zero, so the strain energy will be zero.

In the approach by Roddeman et al. (1987a), the deformation tensor
is modified and used in the wrinkled regions. This theory is applicable to
anisotropic membranes, but for current work an isotropic material is consid-
ered. For an isotropic elastic material, the principal directions of stresses and
strains remain the same.

The concept of incorporating the tension field theory for a wrinkled mem-
brane by modifying the deformation tensor is explained by Fig. 3.1, re-drawn
from Schoop et al. (2002). The membrane is mapped by the deformation ten-
sor from its reference to its current configuration. There are three different
kinematic descriptions (Schoop et al. 2002),

• The deformation gradient F̃ maps the reference configuration into a true
wrinkled configuration. This is a complex mapping and is not suitable
to know the strain field of the wrinkled membrane.

• The deformation gradient F represents an average surface, the mean
surface. The length dy of this configuration is shorter than the length
of the actual wrinkled length dȳ, hence it is not useful for formulating
the strain energy function.

• The deformation gradient F̄ represents fictitious lengthened surface hav-
ing the same length as the true wrinkled surface. As wrinkling happens
at no expense of energy, the energy state of this configuration is the
same as the true wrinkled configuration. The strains from this mapping
are useful in formulations of the strain energy for the wrinkled regions.

Assuming that wrinkling occurs in the n2 direction and n1 is the direction
of uni-axial tension, F̄ is the modified two-dimensional deformation tensor,
corresponding to a lengthened surface (Roddeman et al. 1987a)

F̄ = [I + β(n2 ⊗ n2)]F (3.27)

where β is a stretching parameter, which measures the stretching required in
the n2 (wrinkling) direction, with β = 0 representing taut conditions. The
following formulation is derived based on work of Roddeman et al. (1987a).

The mean deformation tensor F is given by

F =

(
λ1 0
0 λ2

)
, (3.28)

where λ1 and λ2 are the principal stretches in the mean configuration. As
wrinkling happens in the n2 direction

n2 ⊗ n2 =

(
0 0
0 1

)
(3.29)
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The modified deformation tensor F̄ is given as

F̄ =

(
λ1 0
0 (1 + β)λ2

)
=

(
λ1 0
0 λ̄2

)
(3.30)

where λ̄2 is the modified principal stretch. Stresses based on the modified
deformation tensor must be used in the wrinkled regions.

A modified two-dimensional Cauchy-Green deformation tensor B̄ = F̄
T
F̄

is written as

B̄ =

(
λ2

1 0
0 λ̄2

2

)
, (3.31)

As the membrane wrinkles in the second principal direction, the solution
must satisfy

n2.σ.n2 = 0, n1.σ.n1 > 0, n2.σ.n1 = 0 (3.32)

where σ is the Cauchy stress tensor.
For simplicity, an incompressible isotropic hyperelastic Mooney-Rivlin ma-

terial model is considered. The Mooney-Rivlin full strain energy density in Eq.
(3.1) is written as

ÛF = c1(λ2
1 + λ̄2

2 +
1

λ2
1λ̄

2
2

− 3) + c2(
1

λ2
1

+
1

λ̄2
2

+ λ2
1λ̄

2
2 − 3) (3.33)

with c1 and c2 constitutive constants, and the principal Cauchy stresses given
by

σ1 = λ1
∂ÛF
∂λ1

, σ2 = λ̄2
∂ÛF
∂λ̄2

, σ3 = 0 (3.34)

Equations (3.32) and (3.34), imply that σ2 = σ3 = 0, which ensure a
uniaxial tension field in the membrane. Based on these conditions, one gets

(1 + β) =
1

λ2

√
λ1

, λ̄2 =
1√
λ1

(3.35)

Introducing Eqs. (3.33), and (3.35), the strain energy density for an in-
compressible isotropic hyperelastic Mooney-Rivlin model is re-written as

ÛF = c1(λ2
1 +

2

λ1
− 3) + c2(2λ1 +

1

λ2
1

− 3) (3.36)

3.3.2. Relaxed strain energy formulation

The relaxed strain energy formulation is presented by Pipkin (1986) for isotropic
elastic membranes. The formulation is a quasi-convex function of the full strain
energy and ensures stable equilibrium solution when membrane wrinkles. When
minimizing a function, it is necessary to find its convexity properties, as these
may guarantee existence and uniqueness of the solution.
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The convexity of a function offers numerous advantages in the optimization
problems, as it guarantees a unique minimum solution. The quasi-convex con-
dition is weaker than convexity, but ensures that a local minimum is a global
minimum. For further proofs and details, see the work of Pipkin (1986) and de
Rooij (2013).

With ÛF (E) and ÛR(E) the full and relaxed strain energy densities writ-

ten as function of Green-Lagrange strain E, the relaxed strain energy ÛR(E)

is a lower and non-decreasing envelope of ÛF (E), this ensures that the ÛR(E)

is a quasi-convexification of ÛF (E). de Rooij (2013) has shown that relaxed
strain energy gives a constrained optimization problem, with the constraint
that stress should be non-negative. Based on work presented by Pipkin (1986)

and Steigmann (1990), the full ÛF and relaxed ÛR forms of strain energy densi-
ties for an incompressible isotropic hyperelastic Mooney-Rivlin material model
are written as

ÛF = c1(λ2
1 + λ2

2 +
1

λ2
1λ

2
2

− 3) + c2(
1

λ2
1

+
1

λ2
2

+ λ2
1λ

2
2 − 3) (3.37)

ÛR = c1(λ2
1 +

2

λ1
− 3) + c2(2λ1 +

1

λ2
1

− 3) (3.38)

It is clear that Eq. (3.36) is the same as the relaxed strain energy formu-
lation for a Mooney-Rivlin material. Equations (3.36) and (3.38), establishes
that modifications to either the deformation tensor or to the constitutive law
are identical for an isotropic material.
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Problem Formulation and Numerical Procedures

The presented work has studied hyperelastic membranes of different geome-
tries like circular, cylindrical and hemispherical, but all are geometrically ax-
isymmetric in their physical shape. A general theoretical framework for ax-
isymmetric membranes is presented here, capable to be extended to the non-
axisymmetric configurations. The derivation follows the theory presented by
Ogden (1997), Steigmann (1990), and Pearce et al. (2011) for modelling mem-
brane kinematics. First, the equilibrium equations are derived with boundary
conditions, then the different solution procedures applied for different problems
are presented in brief and at last, the stability analysis is presented.

4.1. Membrane kinematics

The derivation assumes that the undeformed configuration of the membrane
is a surface of revolution and that the mid-surface of the undeformed mem-
brane shows symmetry around the axis. It is then described by cylindrical
coordinates (R(S),Θ, Z(S)), where S is the arclength along the meridian in
the reference configuration, and taken as an independent variable. A point on
the undeformed mid-surface is defined by

X = R(S)ER(Θ) + Z(S)EZ ; 0 ≤ S ≤ L, 0 ≤ Θ ≤ 2π (4.1)

The two-dimensional metric tensor for the undeformed membrane is

G =

(
(R′)2 + (Z ′)2 0

0 R2

)
(4.2)

where ()
′

= ∂()/∂S.
For the stability investigation, a general kinematic description of the de-

formed membrane is needed, without assuming axisymmetry. The material
point X is assumed to move to position

x = r(S,Θ)er(θ) + z(S,Θ)ez; 0 ≤ S ≤ L, 0 ≤ Θ ≤ 2π (4.3)

giving the two-dimensional deformed metric tensor

g =

(
(r′)2 + r2 (θ′)2 + (z′)2 r′ r,Θ + r2 θ′ θ,Θ + z′ z,Θ
r′ r,Θ + r2 θ′ θ,Θ + z′ z,Θ r2

,Θ + r2 θ2
,Θ + z2

,Θ

)
(4.4)
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where (),Θ = ∂()/∂Θ.
The two-dimensional right Cauchy-Green deformation tensor is given by

B = G−1g (4.5)

The eigenvalues of B are the squares of in-plane principal stretches are
written as,

λ2
1 =

1

2

(
B11 +B22 +

√
B2

11 − 2B11B22 +B2
22 + 4B12B21

)
(4.6)

λ2
2 =

1

2

(
B11 +B22 −

√
B2

11 − 2B11B22 +B2
22 + 4B12B21

)
(4.7)

The third principal stretch in the thickness direction can be found from an
incompressibility constraint as λ3 = 1/λ1λ2 = h/H, where h and H are the
deformed and undeformed thicknesses of the membrane.

4.2. Equilibrium equations

For the current study, neo-Hookean and Mooney-Rivlin material models were
considered. In this section, a Mooney-Rivlin material model is considered, but
the presented theory is applicable to any material model whose full form is
expressed in terms of the principal stretches.

The full form of two-term Mooney-Rivlin strain energy density is given by
Eq. (3.37) and the relaxed strain energy density assuming wrinkling in the
second principal direction is written as Eq. (3.38).

In studied problems (Patil et al. 2015c, 2016), the wrinkling in the second
principal direction is assumed, as the membrane is stretched in the first prin-
cipal direction. A relation in terms of stretches for the occurrence of wrinkling
(Li & Steigmann 1994b) is therefore obtained as

λ2λ
1/2
1 < 1 (4.8)

The complete strain energy density function valid for both tense and wrin-
kled regions of the membrane is given by

Û(λ1, λ2) = ÛF (λ1, λ2) H(λ2λ
1/2
1 − 1) + ÛR(λ1) H(1− λ2λ

1/2
1 ) (4.9)

where the Heaviside function H is introduced to separate the regions. The total
strain energy is integrated over the initial geometry as

U =

L∫
0

2π∫
0

ÛHR dΘ dS (4.10)

When the membrane is subjected to a fluid or gas pressure loading, the load
contributes to the total potential energy of the system. Although fluid pressure
is a displacement-dependent follower force, a potential for this force can in most
cases be written, so the system remains conservative. For a membrane loaded
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with a fluid of density ρ up to the level zw, the potential energy of the fluid
pressure can be written as, (Patil et al. 2015b)

WP = em

L∫
0

2π∫
0

ρg(zw − z)H(zw − z)
r2

2
(θ,Θ z′ − θ′ z,Θ) dΘ dS (4.11)

where the Heaviside step function limits the integral to only the fluid-filled
region with z ≤ zw, and g is the gravitational constant. The potential energy
of a gas pressure P can similarly be written as

WP = em

L∫
0

2π∫
0

P
r2

2
(θ,Θ z′ − θ′ z,Θ) dΘ dS (4.12)

The constant em = −1, when the co-ordinates (Θ, S,N) are selected to give
a right-handed coordinate system, with N normal to the membrane surface and
gas or fluid pressure is in the direction of N , and em = 1 otherwise.

In a constrained inflation, the constraining surface opposes the deformation
of the membrane and needs to be accounted for. The constraining substrate
in Patil et al. (2014a, 2015a) was assumed as a distributed linear stiffness K,
deforming perpendicularly to the undeformed surface. Two different contact
conditions were considered, adhesive (no-slip) and frictionless conditions. As
the membrane is inflated against the substrate, the region of contact grows
and the substrate deforms. On the other hand, when the membrane is slowly
deflated, the substrate relaxes while the region of contact does not change till
a critical level of deflation (decided by the strength of adhesion) is reached.
Below this critical level of deflation, the membrane-substrate contact begins to
peel. In the following, these two cases are discussed separately. The potential
energy stored in the deformed substrate during inflation may be expressed as

WK =

L∫
0

2π∫
0

1

2
K(X − L)2H(X − L) dA (4.13)

where (X −L) symbolically represent the penetration, and A is a contact area
with substrate. For adhesive deflation, the argument for the Heaviside function
changes in order to keep the contact area, see Patil et al. (2015a).

The total potential energy of the system can be written from Eqs. (4.10),
(4.11), (4.12) and (4.13) as

Π = U +WP +WK =

L∫
0

2π∫
0

L dΘ dS. (4.14)

where L is the Lagrangian. It is noted that depending on the problem studied,
different energy expressions are considered. For example, the relaxed strain
energy, Eq. (3.38), is not considered if membrane does not wrinkle. In free
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inflation, the potential energy of the substrate Eq. (4.13) is omitted from the
total potential energy expression. When the membrane is loaded with fluid then
Eq.(4.11) is used, if it is loaded with gas then Eq. (4.12) is used in Eq. (4.14).

Membranes that are studied in this work are axisymmetric in geometry,
so most of the problems are studied assuming axisymmetry at least for the
primary response. For analysing secondary branches after bifurcation, a non-
axisymmetric model needs to be considered. For a non-axisymmetric model,
the Lagrangian L is a function of three field variables r(S,Θ), θ(S,Θ) and
z(S,Θ), with variations giving the three Euler-Lagrange equations. For an
axisymmeric model, θ = Θ is considered and the Lagrangian L is a function of
two field variables r(S) and z(S), with variations giving the two Euler-Lagrange
equations. The governing equations along with boundary conditions are solved
by a set of numerical methods.

4.3. Numerical procedures

Different solution procedures were used for different problems, and only brief
introductions are given here, with further details in the respective manuscripts.
The solution procedures are

1. Change of variable approach with Runge-Kutta method
For the free and constrained inflation of a circular membrane against
a deformable substrate, a change of variable approach with the Runge-
Kutta method was used (Patil et al. 2015a). The Euler-Lagrange equa-
tions are second order differential equations, and using four suitable
variables, the two Euler-Lagrange equations were converted into four
first order differential equations. The system of first order differential
equations was then solved by a Runge-Kutta method. The assumed
initial conditions were corrected using a bisection method based on ful-
filment of known boundary conditions at the interval end. The advan-
tages of this solution procedure are that it is easy to implement, fast,
and beneficial to the contact studies where manual interventions are re-
quired. For adhesive inflation and deflation, no-slip contact needs to be
enforced, which is easy with this numerical procedure.

2. Fictitious time integration method with Runge-Kutta method
For the free and constrained inflation of a cylindrical membrane, a Fic-
titious Time Integration Method (FTIM) proposed by Chein-Shan &
Atluri (2008) was used with a Runge-Kutta method (Patil et al. 2014a).
This method offers several advantages when dealing with contact prob-
lems, and is easy to implement. The Euler-Lagrange equilibrium equa-
tions were discretized by a finite difference approach, with the resulting
set of algebraic equations solved by FTIM. Although Newton type meth-
ods are famous for solution of nonlinear algebraic equations due to their
quadratic convergence, they need proper initial guesses and inverses of
the Jacobian matrix. The FTIM doe not use the Jacobian matrix, and
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is insensitive to initial guess. The basic concept behind the FTIM is
a set of nonlinear algebraic equations F (x), re-written in terms of first
order differential equations as

ẋ = − v

1 + t
F (x) (4.15)

where x is set of variables, t is a fictitious time variable, and v is a nu-
merical stability coefficient. The resulting set of first order differential
equations is then solved by Runge-Kutta with pre-stated convergence.

Due to material and geometric nonlinearity, several material mod-
els experience limit point instabilities, where the equilibrium response
changes qualitatively. To pass limit points in an equilibrium response
curve, displacement control was used for the free inflation case.

3. Finite difference approach with Newton-Raphson method
A finite difference approach together with Newton-Raphson method
was an efficient method when free inflation was considered (Patil et al.
2015b,c, 2016). The set of Euler-Lagrange equilibrium equations was
discretized into a set of nonlinear algebraic equations using a central
finite difference approach, and solved by the Newton-Raphson method.
On primary and secondary branches with and without wrinkling, this
method gave good agreement with results obtained by finite element
models.

In order to pass limit points, a combination of an incremental arc-
length method with a cubic extrapolation technique (Cheung & Chen
1990) was used. To initiate secondary branches after bifurcation, an
asymmetric initial guess to the direction of the secondary branch is
needed. For this, an eigen-mode injection method proposed by Wagner
& Wriggers (1988) was used.

4. Finite element method
In lack of physical experiments, detailed finite element models are gen-
erally used for verification purposes. Some of the obtained results by
above mentioned methods were verified in the commercial software Com-
sol Multiphysics1. Weak forms of Euler-Lagrange equilibrium equations
were derived, and in-built meshing and numerical algorithms were used
to obtain the solutions. The verification increases the credibility of the
results obtained by the above mentioned numerical procedures. Differ-
ent meshing options were investigated for the finite element models in
order to check the reliability of discretizations in the above mentioned
numerical procedures.

1Comsol Multiphysics Version 5.2, Comsol AB, Stockholm, Sweden, 2015.
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4.4. Stability analysis

The stability of equilibrium solutions was checked by eigenvalue analyses, where
the eigenmodes were defined by assumed perturbation fields, chosen dependent
on the type of instability (Patil et al. 2015b, 2016). The perturbed kinetic en-
ergy was also considered and the eigenvalue analysis was carried out on the per-
turbed system. The differential equations were discretized by one-dimensional
finite difference expressions, giving a set of linear algebraic equations

(K− ΛM) dT = 0T (4.16)

where K, M and d are the structural stiffness matrix, mass matrix and dis-
placement vector for the perturbed system, and Λ represents eigenvalues of the
system, indicating the stability of equilibrium solutions. If at least one eigen-
value is negative, the equilibrium state was judged as unstable to additional
deflections within the assumed perturbation space.

The perturbed kinetic energy does not change the stability conclusions,
as it only scales the magnitude of the eigenvalues, but keeps their signs un-
changed. However, considering the perturbed kinetic energy gives eigenvalues
and eigenmodes which are independent on the discretization used.



CHAPTER 5

Summary of Papers

Paper 1

Contact Mechanics of a Circular Membrane Inflated against a Deformable Sub-
strate

In this paper, finite inflation of a hyperelastic flat circular membrane
against a deformable substrate, and peeling upon deflation is studied. The
membrane is modeled by either a homogeneous, isotropic and incompressible
Mooney-Rivlin or a neo-Hookean model. The soft substrate is assumed to be a
distributed linear stiffness in the direction normal to the undeformed surface.
It is assumed that the substrate is more stiff in the radial direction than in the
transverse direction. The adhesive contact is considered to be perfectly stick-
ing with no tangential slip between the dry surfaces of the membrane and the
substrate. During adhesive inflation and deflation, the area of contact depends
upon the history of contact.

The principle of stationary potential energy is used to obtain the govern-
ing equations and boundary conditions, which are transformed to a non-linear
boundary value problem by a careful choice of field variables for efficient com-
putation. A Runge-Kutta method is used to obtain solutions to the bound-
ary value problem by assuming some initial conditions for certain dependent
variables. These initial conditions are then corrected using a two-dimensional
bisection method.

Results show that, the continuity of stretches and stresses depends on the
contact conditions as well as on the inflation/deflation phase. Interestingly,
stretch locking in an adhesive contact results in a higher indentation on the
substrate than in a frictionless contact.

Peeling at the contact junction is studied from a fracture mechanics point
of view. The energy release rate is deduced as a change in potential energy per
unit new area delaminated. A numerical formulation for the energy release rate
calculation is proposed. It is observed that pre-stretch has a more significant
effect on the energy release rate than what is discussed in literature, when a
membrane is pulled from a rigid substrate.

37
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Paper 2

Free and Constrained Inflation of a Pre-stretched Cylindrical Membrane

The aim of this paper is to study free and constrained inflation of a pre-
stretched hyperelastic cylindrical membrane and a subsequent constrained de-
flation. The membrane material is assumed as a homogeneous, isotropic and
incompressible Mooney-Rivlin solid. The constraining soft cylindrical substrate
is assumed to be a distributed linear stiffness normal to the undeformed sur-
face. Frictionless and adhesive contact are modelled during the inflation as an
interaction between the dry surfaces of the membrane and the substrate. An
adhesive contact is modelled during deflation.

The principle of stationary potential energy is used to obtain governing
equations and boundary conditions, which are discretized by finite differences
into a set of algebraic equations. To make the solution process less dependent
on the initial guess, and to avoid computation of the inverse of the Jacobian,
a fictitious time integration method (FTIM) is used.

Continuity in the principal stretches and stresses at the contact boundary
is dependent on the contact conditions and the inflation/deflation phase. The
pre-stretch reduces circumferential stretch and stress, which gives a softening
effect on the free and constrained inflation. Results show that the limit point
pressures vary with pre-stretch. Interesting trends are observed in the stretch
and stress distributions after the interaction of the membrane with the soft
substrate, which underlines the significant effects on the response from mate-
rial parameters, as well as from pre-stretch and constraining properties.

Paper 3

Instability Investigation on Fluid-loaded Pre-stretched Cylindrical Membranes

This paper discusses the evaluation of instabilities on the quasi-static equi-
librium path of fluid-loaded pre-stretched vertical cylindrical membranes, and
the switching to a secondary branch at a bifurcation point. A simple one
parameter neo-Hookean material model is used to describe the hyperelastic be-
haviour of the membrane.

The free inflation problem yields governing equations and boundary con-
ditions, which are discretized by finite differences and solved by a Newton-
Raphson method for different fluid levels. Commonly, limit points are encoun-
tered on the equilibrium path, which makes solution difficult with a Newton-
Raphson method without proper initial guesses. An incremental arclength-
cubic extrapolation method is used to get proper initial guesses and to facilitate
an automatic tracing of the equilibrium path.
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Limit points and bifurcation points are observed on the equilibrium path
when fluid level is seen as the controlling parameter. With perturbation tech-
niques, it is established that the pre-limit primary branch is stable, while the
post-limit primary branch is unstable with respect to fluid level. At a bi-
furcation point, an eigen-mode injection method is employed to switch to a
secondary equilibrium branch. This secondary branch is unstable with respect
to fluid level, and the obtained bifurcation point classified as super-critical.

A limit point with respect to fluid level is observed for a partially-filled
membrane when the length to radius ratio is high. For smaller aspect ratios,
the limit point with respect to fluid level is observed when the cylinder is over-
filled. Pre-stretch is observed to have a stiffening effect in the pre-limit zone
and a softening effect in the post-limit zone.

Paper 4

Wrinkling of Cylindrical Membranes with Non-uniform Thickness

This paper studies the wrinkling regions and stress distributions in pressur-
ized vertical cylindrical membranes with non-uniform undeformed thickness. A
cylindrical membrane with open ends in its undeformed configuration is con-
sidered. The undeformed thickness is considered as linearly varying along the
axial direction. The membrane is stretched axially, then its ends are fixed with
rigid disks, and then pressurized from the inside with fluid or gas.

On the event of wrinkling, common strain energy expressions can not be
used as they can result in unstable equilibrium solutions. A relaxed form of
full strain energy is used to ensure uni-axial tension field in the membranes
(Pipkin 1986). The relaxed strain energy is designed to give mean solutions
where deformations are averaged out. For current problem, a combination of
full and relaxed strain energies is considered for tense and wrinkled regions. The
Euler-Lagrange equations are formulated based on material strain and pressure
energies. The finite difference approach along with a Newton-Raphson method
was used to obtain equilibrium solutions.

With zero pressure, wrinkling was observed everywhere and the wrinkling
zone reduces as pressure increases. The effect from boundary conditions, thick-
ness variations, and inflating medium are studied. An interesting relationship
between stretch induced softening and stiffening effects, and the wrinkling phe-
nomenon is uncovered.
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Paper 5

Instabilities of Wrinkled Membranes with Pressure Loadings

This paper uses the concept of modified membrane theory to study wrin-
kling in pressurized membranes. Even with a modified membrane theory non-
intuitive pressure induced instabilities are observed. The cause of such insta-
bility and their occurrence in pressurized wrinkled membranes is investigated
and shown by numerical examples.

To show pressure induced instabilities, a linearized theory is proposed,
which is later extended to non-axisymmetric membranes. These pressure in-
duced instabilities are independent on curvature or axisymmetry. A discretized
model of the continuous membrane may or may not be able to show these
instabilities, depending on the level of discretization. With fine enough dis-
cretizations, instabilities will be captured by the model, but some unstable
eigenmodes may not be possible to resolve with a coarse discretization. The
conclusions on stability based on coarsely discretized models of pressurized
wrinkled membranes may thus not be correct.

Numerical solutions for pressurized cylindrical membranes with non-uniform
undeformed thickness and for pressurized hemispherical membranes are pre-
sented to support the theoretical predictions. The theoretical and numerical
results presented in this paper suggest that the axisymmetric equilibrium con-
figurations of pressurized wrinkled membranes are unstable while maintaining
positive semi-definite stresses. The positive semi-definite stress, although nec-
essary (Steigmann 1990), is thereby shown not to be a sufficient condition for
stability.

The pressure induced instabilities make it difficult to achieve equilibrium
solutions unless axisymmetry is assumed. The paper concludes that, the mem-
brane theory needs to be modified in order to model the wrinkling, and avoid
pressure induced instabilities.



CHAPTER 6

Concluding Remarks and Future Work

In this chapter the conclusions from the thesis work are presented. The strengths
and limitations of the current work are pointed out. The future roadmap based
on current work is presented.

6.1. Conclusions

Inflation mechanics and instability phenomena of hyperelastic membranes with
different geometries, loading media, constraining properties, and parameters
like pre-stretch are studied in this thesis. The conclusions from the current
work are listed below.

• The inflation behaviour of membranes is substantially affected by the
contact conditions and the stiffness of a constraining surface. The orders
of continuity of the principal stretches and stresses of an inflated or
deflated membrane are found to be dependent on the contact conditions.
The adhesive line force created at the contact boundary is responsible for
a jump in the principal stretches and stresses at the contact boundary.

• The in-plane principal stretches become anisotropic as pressure increases
during free inflation. The stretches in the contacting region readjust and
tend to remain isotropic for frictionless constrained inflation.

• The pre-stretch gives a stiffening effect before the limit point and a soft-
ening effect after the limit point for gas inflated circular membranes. For
gas inflated cylindrical membranes, the pre-stretch introduces softening
for both neo-Hookean and Mooney-Rivlin models in the pre-limit as well
as in the post-limit zones. For fluid loaded cylindrical membranes, pre-
stretch produces a stiffening effect in the pre-limit zone and a softening
effect in the post-limit zone.

• The energy release rate in the case of peeling during deflation has been
determined for circular membranes. For low enough deflation pressures,
a pull-off instability will occur, where a spontaneous and complete peel-
ing takes place. For higher deflation pressures, pull-off instability will
not occur, and the energy release rate becomes zero at a certain contact
radius.

• The stability of inflated membranes is dependent on the geometry, pre-
stretch, loading medium and the choice of control parameters. The

41



42 6. Concluding Remarks and Future Work

limit point pressure depends upon combinations of material parameters
and pre-stretch for unconstrained gas inflated circular and cylindrical
membranes.

• Limit and bifurcation points were discovered for fluid-containing ver-
tical cylindrical membranes. For pressurized membranes, the stability
conclusions are highly dependent on the chosen control parameters. Bi-
furcation points with respect to fluid level are detected for the fluid
inflated pre-stretched cylindrical membranes. The implications of sym-
metry of the structure on limit points and bifurcation instabilities are
shown.

• Wrinkling for non-uniformly thick cylindrical membranes at zero pres-
sure appears with certain boundary conditions. The thickness variation
and boundary conditions have significant effects on the wrinkling re-
gions. With increase in fluid level or gas pressure, the wrinkling region
can change significantly.

• Pressure induced instabilities can occur when using modified membrane
theory for pressurized wrinkled membranes. These instabilities are in-
dependent of axisymmetry or curvature, and are not detected when ax-
isymmetry is postulated and the wrinkling direction is not discretized.

• The modified membrane theory is not a robust approach for pressurized
wrinkled membranes, as pressure induced instabilities make equilibrium
solutions unstable.

6.2. Main features

After presenting the research work in detail, it is necessary to scrutinize the
work to point out its unique and new contributions, as well as its limitations.
The main features of the current work are

1. The current research work is not focused on specific geometries, but
instead studies different geometries like circular, cylindrical and hemi-
spherical. Due to material and geometric nonlinearities, different ge-
ometries are analysed in order to capture counter-intuitive effects (Patil
et al. 2014a, 2015a,b,c, 2016).

2. Different problem setups are selected for study, which diversifies the
current work. Free and constrained inflation, constrained inflation with
frictionless and adhesion contact, different inflation media, uniform as
well as non-uniform undeformed membrane thickness, and different ge-
ometries are considered.

3. The study is carried out with different material models, i.e., the neo-
Hookean, Mooney-Rivlin and Ogden models. The equilibrium response
of a structure is different for different material models, and instabilities
like limit points and bifurcations are dependent on the material models
(Patil et al. 2014a, 2015b).
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4. An important feature of the current work is the implementation of dif-
ferent special solution techniques, like the change of variable approach
and the fictitious time integration methods together with a Runge-Kutta
method, and the finite difference approach combined with the Newton-
Raphson method. (Patil et al. 2014a, 2015a,b,c, 2016).

5. Most results in each manuscript are verified by the authors by finite
element simulations, which show a good agreement, and validate results
obtained by the main numerical techniques of this work.

6. The Heaviside function is frequently used in the current work in order
to formulate one single analytical formulation, which can be handled
efficiently by computational software. The Heaviside function is used
for limiting deformable substrate potential energy, to limit the potential
energy from fluid-filled regions, and to delineate wrinkled regions.

7. The main computations are carried out in simulation software Math-
ematica1 and for verifications of the results, some computations are
carried out in Matlab2 and Comsol Multiphysics3.

6.3. Limitations

From centuries, various theories have been improved in their capacity to anal-
yse, synthesize and predict various phenomena and responses with certain as-
sumptions, simplifications and restrictions. This work is not different, when
assumptions and simplifications in the theory are considered.

1. In reality, a membrane has a small but still finite thickness, but the
thickness is disregarded in membrane theory and only the deformations
at mid-plane are considered. To study wrinkling, a modified membrane
theory disregards the out-of-plane deformations and models wrinkles
through in-plane contractions. These approximations are the reason for
discrepancies in the results of numerical simulations and experiments,
even if many researchers (Charrier et al. 1987; Pamplona et al. 2001;
Selvadurai 2006; Taylor et al. 2014) have shown that results from mem-
brane theory gives at least a qualitative agreement with experiments.

2. Modelling hyperelastic materials by a certain type of material model
and material constants may cause quantitative disagreement with ex-
periments, due to many assumptions used while formulating material
models.

3. Only the quasi-static equilibrium response is considered for all studies
in the present thesis, neglecting all dynamic and thermal effects.

4. Constrained inflation (Patil et al. 2014a, 2015a) is studied under a few
assumptions. The contact conditions are assumed to be frictionless or
adhesive, the latter with a no-slip constraint. The contact can be better

1Mathematica Version 10.2, Wolfram Research Inc., Champaign, United States 2015.
2MATLAB 2010b Version 7.11, The MathWorks, Inc., Natick, United States, 2010.
3Comsol Multiphysics Version 5.2, Comsol AB, Stockholm, Sweden, 2015.
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modelled by combinations of adhesion (stick-slip) and friction condi-
tions. More accurate contact models will significantly affect the present
methods through the transition to non-conservative models. The con-
straining surface is assumed to be a linear spring support. In reality, it
can be nonlinear in nature.

5. Certain boundary conditions were assumed for cylindrical membranes
(Patil et al. 2014a, 2015c), which are difficult (if not impossible) to
enforce in experiments.

6. A linearly varying undeformed thickness is considered to demonstrate
wrinkling (Patil et al. 2015c, 2016). Manufactured membranes can have
randomly varying non-uniform thicknesses, and their effects on the re-
sponse are very difficult to include in a simulation model.

7. Membranes are modelled with certain levels of discretization. It is well
known that with finer discretization, the response tends to match the
response of a continuous system. Considering the time and computa-
tional constraints, the finer levels of discretizations are not used, instead
reasonable levels of discretization, verified by FEM based simulations,
are used.

6.4. Future work

The semi-analytical and numerical formulations presented in this thesis are
intended for the analysis of hyperelastic membranes of different geometries
with different inflating media. The current work focuses on three classes of
instabilities, i.e., limit point, bifurcation and wrinkling instabilities. Further
exploration of wrinkling instability and modified membrane theory will be an
interesting aspect of future work. Also, the inflation mechanics of membranes
with different geometries, and different parametrizations needs to be investi-
gated in-depth, not least when concerned with discretized models.

The following studies could be interesting and achievable, based on the
current work:

• To investigate the inflation of rectangular and square membranes with dif-
ferent pre-stretches and loading media. In the present work, we observed
that eigenvalue analysis has a strong connection to the symmetry of the
system. Specifically, the response at bifurcations is better understood by
analysing the symmetry of the structural system and its model. The present
formulations can be extended to study stability analysis of rectangular and
square membranes, with more emphasis on the relation between symmetry
and eigen-solutions. There are indications that the corners of square mem-
brane wrinkle when fluid-loaded, so studying wrinkling along with other
instabilities could be interesting. As compared to cylindrical membranes,
where one-dimensional finite differences are sufficient to obtain the primary
equilibrium solutions, the discretization process for rectangular membranes
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requires two-dimensional approaches. Applying general finite element tech-
niques could be a good option for verification and prediction of results, but
care must be taken about element formulations and meshing.

The challenges in this research direction primarily lie in localized de-
formation and wrinkling with certain material models. When hyperelastic
membranes are inflated with fluid, specifically on a secondary branch, a lo-
calized deformation will occur which demands non-uniform and dense mesh.

• The current work shows that the pressure induced instabilities in pressur-
ized wrinkled membranes make it difficult to get a mean solution. Hence,
some modifications are necessary, in either the relaxed strain or the pressure
energy formulations. Investigation of the effects of the proposed modifi-
cations on equilibrium solutions is an interesting idea to pursue. Work is
already started in this direction, in order to develop a reasonable theoretical
framework, which can reduce numerical difficulties associated with pressure
induced instabilities.

• Work on relaxed strain energy function for an isotropic material is extensively
described in literature. However, the relaxed strain energy is not straight-
forward for anisotropic membranes. Even for non-axisymmetric isotropic
membranes, where principal stretch directions are priori unknown, the im-
plementation of a relaxed strain energy function requires an eigenvalue ex-
traction from the local strain tensor, albeit of a low order.

• Future work will aim to come closer to the membrane application in medical
engineering. In balloon angioplasty, the hyperelastic balloon inflates and ex-
pands stents which are made of biocompatible materials, and are positioned
inside blood vessels. Many finite element studies have been carried out in
this regard but the problem is complex. The knowledge gained from the cur-
rent work can be extended to yield a simple model for balloon angioplasty,
by considering a hyperelastic anisotropic model for the constraining surface
and an elastic-plastic model for the stents. As the real problem is dynamic
in nature, a dynamic model is most probably needed. For such complex
problems, finite elements or any other general modelling techniques would
be appropriate and necessary.

The challenges in this research direction primarily lie in the inclusion
of the irregular geometry and plasticity of the stents, the anisotropy of a
blood vessel and plaque, and the contact non-linearities. In a real situation,
the inflating membrane interacts with plaque, stent, and blood vessel, but
at the same time opposes blood pressure, which makes this problem highly
complex. Optimization of cylindrical balloons with stress and displacement
constraints in angioplasty is a future task.
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Finite inflation of a hyperelastic flat circular membrane against a deformable
adhesive substrate and peeling upon deflation are analyzed. The membrane ma-
terial is considered to be a homogeneous, isotropic and incompressible Mooney-
Rivlin solid. The deformable substrate is assumed to be a distributed linear
stiffness in the direction normal to the undeformed surface. The adhesive con-
tact is considered to be perfectly sticking with no tangential slip between the
dry surfaces of the membrane and the substrate. The inflation mechanics prob-
lem in the variational form yields the governing equations and boundary condi-
tions, which are transformed to a nonlinear two-point boundary value problem
by a careful choice of field variables for efficient computation. It is found
that during inflation (deflation) with adhesive contact, the meridional stretch
exhibits continuity up to C0 (C−1) at the contact junction, while the circumfer-
ential stretch remains continuous up to C1 (C0). Interestingly, stretch locking
in an adhesive contact is found to give a higher indentation on the substrate
than in a frictionless contact. Peeling at the contact junction has been studied,
and numerical formulations for the energy release rate are proposed.

1. Introduction

The problem of contact between an inflated membrane and an elastic surface
appears in different contexts in a number of scientific studies and technological
applications. The problem is relevant to, for example, contact of cells within
themselves or with a deformable substrate, estimation of mechanical properties
of bilayer membranes from contact interaction mechanics, contact of an inflated
balloon with walls of arteries in balloon angioplasty, and constrained inflation in
certain manufacturing processes (Charrier et al. 1987; Khayat & Derdouri 1994;
Pamp & Adams 2007; Tsang et al. 2006; Wan & Liu 2001; Evans 2009). The
contact in a large number of such cases is adhesive in nature. Understanding
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the stress distribution, deformation at the contacting surfaces, and stability
and peeling of a membrane are some of the important issues in such problems.
Here, we focus on the contact problem in an elastomeric membrane finitely
inflated against a deformable adhesive substrate.

The theory of large deformation during inflation of elastomeric membranes
was founded in the works of Mooney (1940) and Rivlin (1948). Subsequently,
a number of important advances in the theory of nonlinear elasticity, including
the development of hyperelastic material models, have been made (Adkins and
Rivlin 1952; Arruda & Boyce 1993; Campbell 1956; Gent 1996; Green & Adkins
1970; Hart-Smith & Crisp 1967; Ogden 1997; Treloar 1975). The effect of
certain constitutive models on the theoretical deformation of a membrane has
been studied by Pujara and Lardner (1978). Experimental investigations on
the range of validity for different constitutive models have been reported by
Selvadurai and Shi (2012).

Various problems related to the stretching and inflation of hyperelastic
membranes of different geometries have been addressed in the past (Chris-
tensen & Feng 1986; Feng & Huang 1974b; Foster 1967; Khayat et al. 1992;
Pamplona et al. 2006; Tielking and Feng 1974; Wong & Shield 1969; Yang &
Feng 1970). Presence of curvature in the undeformed state of the membrane
further complicates the inflation problem. For example, the inflation of toroidal
membranes, which has both positive and negative curvatures, has been studied
by Hill (1980); Jordan (1962); Kydoniefs & Spencer (1965); Kydoniefs& Spencer
(1967); Li & Steigmann (1995a); Liepins & Sanders (1963); Tamadapu & Das-
Gupta (2013a,b). Alongside the semi-analytical approaches for the membrane
inflation problems, many researchers have developed numerical techniques for
solution, mainly based on finite element analysis. The inflation problem for
prestressed membrane structures has been solved by Antonio & Bonet (2006),
for the blow moulding problem by Khayat & Derdouri (1994), and for the ther-
moforming problem by Charrier et al. (1987). Recently, Eriksson & Nordmark
(2012) studied the instability of hyperelastic membranes subjected to a one-
parameter pressure loading using the finite element method. A study on the
nonlinear optimization of membrane structures has been presented by Eriksson
(2013).

The interaction of the material and geometric nonlinearities in inflated
membranes can lead to some interesting and counter-intuitive effects. Recently,
Patil & DasGupta (2013) extended the approach of Yang & Feng (1970) and
demonstrated stretch-induced softening and stiffening phenomena during free
inflation of unstretched and pre-stretched hyperelastic membranes. Tamadapu
et al. (2013) uncovered a geometry-dependent scaling behaviour of the limit
point pressure. Some curious symmetry-breaking instabilities in inflated hy-
perelastic membranes have been observed by Alexander (1971), Chaudhuri
& DasGupta (2014), Biscari & Napoli (2009), Feodosev (1968), Needleman
(1976), and Patil et al. (2014). Over the last four decades, many researchers
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have studied membrane contact problems, largely with frictionless contact, in
various contexts and for different geometries (Feng & Huang 1974a; Feng &
Yang 1973; Kumar & DasGupta 2013; Lardner & Pujara 1980; Li & Steigmann
1995b; Nadler 2010; Patil & DasGupta 2015; Patil et al. 2014; Tamadapu &
DasGupta 2014). The hysteresis in dynamic contacts with adhesion between an
inflated membrane and a rigid plate has been studied in Kumar & DasGupta
(2014). However, the problem of adhesion and delamination from a deformable
substrate has not been addressed.

The association of adhesion with friction is well known, as noted by John-
son (1997). Specifically, the contact of elastomers is best modeled using dry
adhesive friction theory, as advocated by Savkoor (1987). This is due to their
highly elastic behavior, viscoelastic properties, and the extremely high wear
resistance which dissociates wear from friction. Through their plastic junction
theory of friction, Bowden & Tabor (1964) have put forward the basic idea that
adhesion is the main source of friction between two dry bodies, and that surface
roughness plays a secondary role. Chernyak & Leonov (1986) have mentioned
that the Amontons-Coulomb law is not applicable to elastomeric friction on a
smooth solid surface, which is essentially adhesive in nature. They explain the
adhesive friction of elastomers through the formation and breakage of adhesive
linking chains (considered as a stationary stochastic process) which bind the
polymeric body to a solid surface.

For adhesive contact problems, continuum theories considering elastic de-
formation of the bodies involved have been presented by Johnson, Kendall and
Roberts (‘JKR’) (Johnson 1997) and Derjaguin, Muller and Toporov (‘DMT’)
(Derjaguin et al. 1975). The JKR theory is the more commonly used for
modelling adhesion of thin films in contact. Johnson (1997) demonstrated
experimentally a jump-in instability phenomenon, when the distance between
membrane and rigid punch falls below a certain critical distance. In an ex-
periment of peeling of adhesive tape from a stainless steel plate, Rivlin (1997)
has shown that the effective work of adhesion depends on the speed of detach-
ment, temperature and elastic properties of the tape material. Gent & Patrich
(1969) have shown that the strength of a soft polymeric adhesive depends on
the peel rate and the temperature of the viscoelastic material. The transition
of the response of the polymeric sheet from liquid-like to rubber-like and from
rubber-like to glass-like state has been shown. To assess the adhesion between
a soft elastomer and a rigid substrate in a small contact zone, Shanahan (1997)
studied the adhesion of a slightly inflated spherical membrane pressed against
a rigid, flat solid using linear membrane theory, and compared it with the
JKR theory. The adhesion of a spherical punch to a thin pre-tensioned mem-
brane has been studied by Shanahan (2000). The adhesion energy has been
determined through a minimization of the excess free energies associated with
the punch, membrane and adhesion. Wei & Hutchinson (1998) have studied
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the peeling of an elastic-plastic film bonded to an elastic substrate through a
cohesive zone model by incorporating the plastic dissipation in the film.

The contact mechanics and adhesion of soft materials like elastomers and
biological tissues have been reviewed by Shull (2002). In the study of adhesion
mechanics of thin films, both membrane models with stretching (Wan & Dillard
2003; Wan 2001) and plate modes with bending (Plaut et al. 2003) for films
have been used. A combination of stretching and bending deformation modes
has been studied by Wan & Duan (2002). Adhesion can be modeled either
by using Griffith’s critical energy release rate criterion, or by imposing an
adhesive traction between the contacting surfaces. Experiments (Flory et al.
2007; Shull 2002) have shown that the adhesion energy associated with inflation
(increasing contact) is much less than that in deflation (decreasing contact). A
study on the energy release rate during peeling of flexible membranes in blister
tests has been presented by Williams (1970). Recently, Long et al. (2010)
applied an approach based on fracture mechanics to study adhesion between a
membrane and a flat rigid substrate. They derived an expression for the energy
release rate in terms of local variables and contact angle for delaminating the
membrane at various pressures. The same concept has been used by Srivastava
& Hui (2013a,b) to study peeling of a long rectangular membrane. Long &
Hui (2012) have studied the finite deformation of a pre-stretched axisymmetric
membrane in adhesive contact with a flat rigid punch, and subsequent peeling
of the membrane due to pull-back of the punch. They observed a pinching
instability which leads to a sudden increase of the contact angle. The debonding
of a hyperelastic membrane from a rigid punch has been studied by Nadler &
Tang (2008), where they have presented a numerical formulation for the energy
release rate. Recently, Xu & Liechti (2011) have studied an inflated circular
membrane in adhesive contact with rigid substrates in the regimes of JKR,
DMT, and Maugis-Dugdale theories.

In a number of research works in the past, membrane contact problems for
rigid surfaces with frictionless and no-slip or adhesive contact conditions have
been considered. On the other hand, contacts with adhesion on deformable sur-
faces have scarcely been discussed. Adhesion and peeling of contact of stretched
membranes in contact with deformable substrates is relevant to various funda-
mental problems. Adhesion on (peeling from) deformable surfaces is more
complex than the contact problems involving hard surfaces since the surface
conforms (relaxes) with inflation (deflation). In the case of an inflated mem-
brane interacting with a deformable substrate, changes in contact conditions
(adhesion or frictionless ) with inflation and deflation has a further level of
complexity due to material and geometric nonlinearities.

In the present work, we study the contact mechanics of a flat hyperelastic
circular membrane, without and with pre-stretch, inflated against a deformable
adhesive surface. The membrane is assumed to be a homogeneous and isotropic
Mooney-Rivlin solid (with the neo-Hookean solid as a special case). To keep
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the interaction between the membrane and the substrate simple, we model the
substrate as a linear stiffness distribution directed normal to the undeformed
surface. Further, the substrate is assumed to be stiff in the tangential direction.
These assumptions are reasonable when the inflated membrane is more compli-
ant than the substrate, which is usually the case. For a frictionless deformable
substrate, we consider only the inflation process since it is reversible under
deflation. On the other hand, for an adhesive surface, we study both inflation
and deflation (without and with peeling). The adhesive contact between the
membrane and the substrate is modeled only at a macroscopic level through
the kinematic condition of no tangential slip. We assume a pressure sensitive
adhesive contact as in Wan (2001) which does not possess any long range force
field, and therefore does not cause jump-in instability. The inflation and defla-
tion processes are assumed to be isothermal. The free and constrained inflation
(or deflation) problem is formulated as a variational problem which leads to a
system of four coupled nonlinear first-order ordinary differential equations after
a careful choice of variables. This forms a two-point boundary value problem
which is solved numerically. We investigated the effects of material parameters
and pre-stretch on the constrained inflation mechanics of the membrane. To
analyze the peeling of the membrane during deflation, we propose a numerical
formulation for calculating the energy release rate. An interesting delineating
feature of pre-stretch dependence of the energy release rate during peeling from
deformable and rigid substrates is revealed through our calculations.

2. Variational Formulation

2.1. Kinematics of Deformation

Consider a flat circular membrane of initial thickness h and radius R0, uni-
formly stretched to a radius Rf (Rf ≥ R0) and fixed along the edge, and
subsequently inflated, as shown in Fig. 1. As the membrane is inflated, it
comes in adhesive contact with a deformable, flat constraining surface placed
at a height L. The membrane successively expands into the substrate with
further inflation. If the membrane is subsequently deflated slowly, the portion
of the membrane in adhesive contact remains (see Fig. 1(c)) till the deflation
reaches a critical value where peeling at the contact is initiated. The radius Rf
is taken to be same for circular membranes with and without pre-stretching,
for better comparison.

Assuming axisymmetry, the radial and transverse co-ordinates of a material
point on the membrane may be represented by, respectively, ζ(r) and z(r),
where r ∈ [0, R0]. A material point P, initially at a position P1 with co-
ordinates (r, φ, 0), moves to the position P2 (ζ0, φ, 0) upon radial stretching of
the membrane, and then to P3 (ζ, φ, z) after inflation. Here, ζ0(r) = βr, where
β = Rf/R0 is the pre-stretch, ζ(r) = ζ0(r) + U(r) represents the net radial
displacement, and U(r) is the radial displacement due to inflation.
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Figure 1: Schematic representation of a flat circular membrane interacting with a soft adhesive
substrate.

The principal stretch ratios of the membrane (along meridional, circumfer-
ential and thickness directions) are obtained as, respectively,

λ1 =
√

(β + U,r)2 + z2
,r, λ2 = β +

U

r
and λ3 =

h̃

h
(1)

where (·),r = ∂(·)/∂r, and h̃ and h are, respectively, the deformed and unde-
formed thickness of the membrane.

2.2. Material Strain Energy

In the present work, we consider the incompressible, homogeneous and isotropic
two-parameter Mooney-Rivlin hyperelastic material model for the membrane.
The strain energy density function for such a material is given by ŴM = C1(I1−
3)+C2(I2−3), where C1 and C2 are the material parameters, I1 = λ2

1 +λ2
2 +λ2

3,
and I2 = λ−2

1 + λ−2
2 + λ−2

3 functions of the principal stretches λi. Using the
incompressibility constraint λ1λ2λ3 = 1, the total elastic potential energy can
be expressed as

WM = 2π
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r dr.(2)
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The principal stress resultants T1 (meridional) and T2 (circumferential) are
obtained from the strain energy density function as (Ogden 1997)

T1 = 2C1h

(
λ1

λ2
− 1

λ3
1λ

3
2

)
(1+αλ2

2) and T2 = 2C1h

(
λ2

λ1
− 1

λ3
1λ

3
2

)
(1+αλ2

1)

(3)
where α = C2/C1 is sometimes referred to as the strain hardening parameter.

2.3. Potential Energy of the Gas

The potential energy of the inflating gas with gauge pressure P may be written
as −P

∫
dV , where the integral is performed over the inflated volume. The

potential energy of the gas is written as

WP = −P
∫
Vd

dV = −1

3
P

∫
Vd

(∇ . ~R) dV = −1

3
P

∫
Ad

(n̂ . ~R) dÃ (4)

where dÃ = dA/λ3 is the deformed area element, Vd and Ad are, respectively,
the deformed volume enclosed and the deformed area of the membrane. The
vectors ~R and n̂ are the position and unit normal vectors, respectively, which
can be expressed as

~R = ζ cosφ î+ ζ sinφ ĵ + z k̂ and n̂ =

∂ ~R
∂r ×

∂ ~R
∂φ

|∂ ~R∂r ×
∂ ~R
∂φ |

. (5)

Using the expression (9) in (8), yields

WP = −2π
P

3

R0∫
0

(ζ ζ,r z − ζ2 z,r) dr. (6)

Integrating by parts, we have

WP = πP

R0∫
0

ζ2z,r dr. (7)

2.4. Potential Energy of the Deformable Substrate

The deformable substrate is modeled as a linear stiffness distribution of stiffness
density (per unit area) K. The stiffness is considered to be directed perpen-
dicularly to the undeformed surface (along y3 in Fig. 1). As the membrane is
inflated against the substrate, the (circular) region of contact grows and the
substrate deforms. On the other hand, when the membrane is slowly deflated,
the substrate relaxes while the region of contact does not change till a critical
level of deflation (decided by the strength of adhesion) is reached. Below this
critical level of deflation, the membrane-substrate contact begins to peel. In



68 A. Patil, A. DasGupta & A. Eriksson

the following, we consider these two cases separately. The potential energy
stored in the deformed substrate during inflation may be expressed as

WK = 2π

R0∫
0

1

2
K(z − L)2 H(z − L)ζζ,rdr (8)

where the Heaviside step function H is used to limit the energy integral to only
the contacting region with z ≥ L. During deflation, before peeling sets in, we
consider the potential energy of the elastic substrate in the form

WK = 2π

R0∫
0

1

2
K(z − L)2 H(ζ∗ − rλ2)ζζ,rdr (9)

where ζ∗ is the contact radius achieved at the end of the inflation phase. The
contact radius is kept fixed under subsequent deflation. The case of contact
peeling is discussed separately later.

2.5. Equations of Equilibrium

The total potential energy for the system is now given by

Π = WM +WP +WK =

R0∫
0

Π̂ dr. (10)

It may be noted that we have two field variables U(r) and z(r) in the potential
energy functional. In order to express the equations of equilibrium in a conve-
nient form, we choose the field variables λ2(r) and z(r) by making use of the
substitutions

ζ = rλ2, U = r(λ2 − β), and λ1 =
√

(λ2 + rλ2,r)2 + z2
,r. (11)

Thus, the potential energy functional is of the form Π = Π(λ2, λ2,r, z, z,r, r).
Using the principle of stationary potential energy, δΠ = 0, the equations of
equilibrium can be written down formally as

∂Π̂

∂λ2
− ∂

∂r

∂Π̂

∂λ2,r
= 0, and

∂Π̂

∂z
− ∂

∂r

∂Π̂

∂z,r
= 0 (12)

where Π̂ is the potential energy density function. These are two coupled second
order nonlinear ordinary differential equations. The corresponding boundary
conditions for the problem are obtained as

λ2(0) = λ0, λ2(R0) = β, z,r(0) = 0, and z(R0) = 0 (13)

where λ0 is the stretch at the pole (r = 0). It may be noted that, by virtue
of (11)3 and (16)3, λ1(0) = λ0. It is evident that (11)-(16) form a two-point
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boundary value problem (TPBVP). In the rest of the paper, all quantities are
non-dimensionalized using the definitions

{x, ρ, η, l} =
{r, ζ, z, L}

Rf
, p =

PRf
C1h

,

α =
C2

C1
, k =

KR2
f

C1h
, ti =

Ti
C1h

. (14)

Here, x ∈ [0, 1/β] is the non-dimensional radius of the unstretched membrane.
We also define a stretched radial co-ordinate denoted by X = βx, where X ∈
[0, 1].

2.6. Change of Variables

In order to convert the TPBVP to an amenable form for robust and efficient
computation, we define the four new variables

t = η, u = xλ2, v = xλ2,x, and w = η,x, (15)

and recast (11) in the form

t,x = w (16)

u,x = (λ2 + v) (17)

v,x = F1(t, v, w, λ2, x, p) (18)

w,x = F2(t, v, w, λ2, x, p) (19)

where F1 and F2 are known functions (see Appendix). It may be noted that
λ2 (= u/x) has been retained as an inhomogeneous term in order to avoid the
indeterminate 0/0 form at x = 0. The boundary conditions (16) are now given
by

tf := t(1/β) = 0, (20)

(u0, v0, w0) := (u(0), v(0), w(0)) = (0, 0, 0). (21)

Here, and in the following, the subscripts 0 and f denote, respectively, the
variable values at x = 0 and at x = 1/β. As discussed before, the principal
stretch λ2 at the pole (x = 0) is set as

λ2(0) = λ0 (22)

where λ0 (> β) is, as yet, an unknown constant. At the boundary of the
membrane (x = 1/β), we have

λ2(1/β) = β. (23)

Thus, we now have a modified TPBVP described by (16)–(23). The TPBVP,
along with the contact conditions, will complete the description of the contact
problem.
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3. Contact Conditions and Solution Procedures

In the following, we first consider the inflation problem with frictionless and
adhesive contact conditions against a deformable substrate. For the frictionless
case, we extend the algorithm proposed by Patil & DasGupta (2015) for the free
inflation problem of membranes. The deflation problem with adhesive contact
without peeling is also discussed.

3.1. Inflation with Frictionless Contact

Consider the TPBVP described by (16)–(23) under the assumption of friction-
less contact during inflation. We first fix a desired value of t0 and seek the
corresponding values for the initial stretch λ0 at the pole, and a value of the
pressure p. The system (16)–(21) is integrated using the Runge-Kutta method
until λ2 = β. However, the two conditions xf = 1/β and tf = 0 may not
be satisfied (due to incorrect values of λ0 and p). Two scalars are defined to
measure the deviation:

δ =
t0 − tf
t0

and γ =
1

β xf
. (24)

The desired values of these scalars, for the satisfaction of the conditions tf = 0
and xf = 1/β, are δ = 1 and γ = 1. For a fixed value of λ0, with two
values of the pressure (p1, p2) such that γ1 < 1 and γ2 > 1, the correct value
of the pressure may be obtained by continuously using the bisection method
p = (p1 + p2)/2 till γ ≈ 1 (within a pre-specified tolerance). At this point,
therefore, xf ≈ 1/β. The condition on δ is, however, not necessarily satisfied.
Next, consider two values (λ01, λ02) (with the pressure value corrected for both)
such that δ1 < 1 and δ2 > 1, the correct value of λ0 may be obtained by
continuously using the bisection method λ0 = (λ01 + λ02)/2 till δ ≈ 1 (within
a pre-specified tolerance). It may be noted that for each new value of λ0, the
pressure has to be iteratively corrected as described above. Finally, when the
conditions on both the scalars δ and γ are satisfied, the correct equilibrium
solution is obtained for the chosen t0.

3.2. Inflation with Adhesive Contact

We now consider the TPBVP described by (16)–(23) under the assumption
of adhesive contact during the inflation phase. In this case, the contact area
depends upon the history of contact and has to be determined incrementally
by imposing a kinematic constraint on all material points in the contact zone.
In the following, an asterisk in the superscript denotes the value of a quantity
at the contact boundary. The membrane profile in the contact zone is moved
outward transversely by ∆t in successive steps. The starting point is where
the first contact of the membrane occurs with the elastic substrate. Initially,
this first contact is assumed to occur at the pole (x∗)0 = 0. This is considered
as the zeroth step (j = 0). The solution in the successive steps is obtained



Contact Mechanics of a Circular Membrane 71

using the following procedure. The material co-ordinate x at which the
transverse displacement t becomes equal to l is a contact material co-ordinate
(x∗)j+1 for the (j + 1)th iteration. We first fix a value of (t0)j+1, and define
∆t = (t0)j+1 − (t0)j . The values for the circumferential principal stretch λ∗2
(at the contact material co-ordinate (x∗)j+1) and the pressure p are assumed.
The (j + 1)th iteration step is divided into the following three sub-steps.

Step 1: In the range x = 0 to x = (x∗)j , consider (λ2)j+1 = (λ2)j , (v)j+1 = (v)j ,
(w)j+1 = (w)j , and (t)j+1 = (t)j+∆t at each point so that the adhesive
contact is maintained.

Step 2: The contact boundary is considered to move from x = (x∗)j to x =
(x∗)j+1. The system of equations (16)–(21) is integrated using the
Runge-Kutta method. This part is the current contact area under de-
velopment.

Step 3: In the non-contacting region x = (x∗)j+1 to x = 1/β, at the contact
boundary x = (x∗)j+1, assume λ2 equal to λ∗2 and the system (16)–
(21) is integrated using the Runge-Kutta method until λ2 = β. The
two-dimensional bisection, similar to the above, is used to find λ∗2 and
p fulfilling δ ≈ 1 and γ ≈ 1.

3.3. Deflation with Adhesive Contact

The solution of the TPBVP described by (16)–(23) with deflation under the
assumption of adhesive contact without peeling between the membrane and
the deformable substrate is now considered. The values of the contact radius
(ρ∗)0 and the contact material co-ordinate (x∗)0 at the starting step j = 0,
obtained at the end of inflation with adhesive contact, are assumed to remain
fixed throughout. We first fix a value of (t0)j+1, and define ∆t = (t0)j−(t0)j+1.
The values for the circumferential principal stretch λ∗2 (at the contact material
co-ordinate (x∗)j+1) and of the pressure p are assumed. The deflation solution
at the (j + 1)th step is obtained from the following two-step procedure.

Step 1: In the interval x = 0 to x = (x∗)0, consider, (λ2)j+1 = (λ2)0, (v)j+1 =
(v)0, (w)j+1 = (w)0 and (t)j+1 = (t)j−∆t at each point so that adhesive
contact is maintained.

Step 2: At the contact boundary x = (x∗)0, assuming λ2 = λ∗2, the system (16)-
(21) is integrated until λ2 = β. The two-dimensional bisection method
is used to find λ∗2 and p fulfilling δ ≈ 1 and γ ≈ 1.

4. Deflation with Peeling: Energy Release Rate

In this section, we consider an infinitesimal axisymmetric peeling of membrane
at a certain (deflated) pressure from the deformable substrate, and formulate
the energy release rate calculation through numerical approaches. The numer-
ical formulation of energy release rate depends on the loading system since the
pressure energy is associated with the assigned pressure. Consider a section of
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Figure 2: Local change in geometry during infinitesimal peeling in contact. The initial configuration
of membrane is OABC, which changes to the O′A′B′C after peeling.

the membrane just before and after peeling, as shown in Fig. 2. The section
OABC of the membrane just before peeling is specified by x = x∗, ρ = ρ∗ and
η = η∗, where ρ∗ is the contact radius achieved during inflation with adhesive
contact. The configuration of the membrane just after peeling is represented by
the profile O′A′B′C, where AB is the peeled segment of length ∆S. The energy
release rate G in non-dimensional form may be estimated as G = −∆Π/∆A,
where ∆Π is the change in the total potential energy of the system, and ∆A is
the area of peeling. Let the potential energy just before and after peeling be
denoted by, respectively, Π1 and Π2, where the terms can be written as

Π = Π(λ2, λ2,x, η, η,x, x) = WM +WP +WK .

Then, for the peeling of the segment ∆S, we can write

G =
Π1 −Π2

2πρ∗∆S
(25)

where ρ∗ is the radius of the contacting region from which the peeling initiates,
and we have expressed ∆A = 2πρ∗∆S. The equation (25) can be evaluated
numerically by discretizing the integrals using the idea of Riemann sum.

4.1. Remarks

We conclude the numerical formulation of the energy release rate calculation
with a few remarks.

1. We have considered a simple model for the deformable substrate which
is linearly elastic along the initial surface normal and stiff in the initial
tangential direction. Such a model suffices when the membrane is more
compliant than the substrate, which is usually the case (Patil et al.
2014). Otherwise the horizontal stiffness of the substrate also needs to
be taken into account.

2. In the fracture mechanics literature, the energy release rate is usually
defined as the potential energy released per unit area created in the
undeformed state (reference configuration). However, for membrane
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Figure 3: Frictionless inflation: profiles of initially unstretched and pre-stretched inflated Mooney-
Rivlin membrane against an elastic substrate. Movement of material points (.......... ). Undeformed
position of the elastic substrate (−−−−− ).
Note: The instruction to read this figure is, the farthest curve from the pressure nomenclature
is related to the first value of pressure.

peeling, the energy release rate is usually defined per unit deformed
area delaminated (Long et al. 2010; Long & Hui 2012). Here, we have
followed the latter convention.

3. Nadler & Tang (2008) have considered a numerical formulation of the
energy release rate, while Long et al. (2010), and Long & Hui (2012)
have devolved a more sophisticated analytical formulation for the energy
release rate for peeling from a rigid substrate. The flexibility of the
substrate makes the problem formidable for analytical treatment. Here,
we have opted for a numerical formulation.

5. Results and Discussion

The results (in non-dimensional form) presented here are for two material mod-
els, α = 0 (neo-Hookean (NH) model) and α = 0.1 (Mooney-Rivlin (MR)
model), with no pre-stretch (β = 1) and with pre-stretch (β = 2). The non-
dimensional value of the distributed stiffness for the substrate is taken as k = 50
and k = 100. The non-dimensional distance of the substrate is l = 0.5 in all
considered cases.

5.1. Membrane Profile: Displacement and Curvatures

Profiles of a MR membrane, without and with pre-stretch and inflated against a
frictionless elastic substrate, are presented in Fig. 3. Paths of certain material
points during the inflation are also shown, and exhibit a diverging behavior
away from the pole. In the contact zone, the movements of material points
are away from the pole for frictionless inflation against a deformable substrate.
This occurs even if the substrate is rigid. As the pressure increases, the outer
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Figure 4: Adhesive inflation: profiles of initially unstretched and pre-stretched inflated Mooney-
Rivlin membrane against an elastic substrate. Movement of material points (.......... ). Undeformed
position of the elastic substrate (−−−−− ).

non-contacting region moves upward and radially outward, which in turn forces
the contacting part of the membrane also to move outwards. Comparing the
profiles in Figs. 3(a) and 3(b), we observe that the membrane without pre-
stretch bulges sidewards at lower pressures. With pre-stretch, a higher pressure
is required for the membrane to bulge sidewards due to the stretch stiffening
phenomenon (Patil & DasGupta 2013).

In the case of inflation with adhesive contact, the inflated profiles of the
membrane are shown in Fig. 4. The movement of the material points in the
contacting region are observed to be vertically straight since the horizontal
movement is arrested due to adhesion. It may be noted in Fig. 4 that, unlike
in the case of frictionless contact, the paths of the material points in the non-
contacting zone also have a point of inflexion resulting from a change in the
direction of movement. During deflation without peeling, the profiles of the
membrane with decreasing values of pressure are shown in Fig. 5. The paths
of the material points during inflation and deflation, as marked in the figure,
exhibit different trends. The material point at the contact boundary is marked
in the figure. It may be noted in the figure that, as the pressure is reduced,
the curvature of the membrane profile in the non-contacting region undergoes
a change in sign due to the change in the meridional curvature from concave
to convex.

Figure 6 shows a comparison of the membrane profiles for different combi-
nations of material parameters, pre-stretch and contact condition at the same
pressure. It is observed that the membrane profiles for frictionless and adhe-
sive contacts are very similar in the non-contacting regions. Interestingly, in
the contacting region, the indentation of the membrane on the substrate with
adhesive contact is higher. In the case of frictionless contact, the increase in
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Figure 5: Adhesive deflation: profiles of initially unstretched and pre-stretched deflated Mooney-
Rivlin membrane against an elastic substrate. Movement of material points (.......... ). Undeformed
position of the elastic substrate (−−−−− ). Contact boundary (�).
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Figure 6: Comparison of profiles of initially unstretched and pre-stretched inflated membrane
against an elastic substrate with perfect adhesive and frictionless contact condition at the same
pressure

membrane stretches due to increased inflation can propagate into the contact-
ing region. This leads to stretch stiffening and flattening of the membrane,
which counteracts further indentation. On the other hand, stretch locking in
an adhesive contact prevents stiffening and flattening of the membrane, and
hence results in a higher indentation. Thus, the indentation with inflation
could be used as an indicator of the surface contact condition.

5.2. Principal Stretches

The variations of the meridional (λ1) and circumferential (λ2) stretches with the
radial coordinate X for an initially unstretched MR membrane inflated against
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Figure 7: Frictionless inflation: (a) principal stretch ratios of initially unstretched inflated Mooney-
Rivlin membranes against an elastic substrate. (b) region of isotropy. contact of membrane with
an elastic substrate starts (�).
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Figure 8: Adhesive inflation: principal stretch ratios of initially unstretched inflated Mooney-Rivlin
membrane against an elastic substrate

a frictionless elastic substrate are shown in Fig. 7(a). It may be observed that
the in-plane stretches remain almost isotropic near the pole. The boundary of
the region X ∈ [0, Xiso] where the stretches are isotropic, i.e. ‖λ1−λ2‖≤ 10−4,
is shown in Fig. 7(b). At zero pressure, the stretches are isotropic throughout
the membrane. Under free inflation, the region of stretch isotropy shrinks, and
is restricted to a region around the pole. As the membrane-substrate contact
forms and grows with inflation, the zone of isotropic stretching increases again.
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Figure 9: Adhesive deflation: principal stretch ratios of initially unstretched deflated Mooney-
Rivlin membrane against an elastic substrate

With adhesive contact, the distribution of principal stretches for an ini-
tially unstretched MR membrane is shown in Fig. 8. It is interesting to note
that the meridional stretch λ1 has up to C0 continuity. On the other hand, the
circumferential stretch λ2 has C1 continuity over the whole domain. Both the
stretches in the adhesive contacting region show an increasing trend starting
from the pole. The distribution of stretches along the radial co-ordinate X
for an initially unstretched MR membrane in adhesive contact with the elastic
surface during deflation is shown in Fig. 9. While a jump is observed in merid-
ional stretch, the circumferential stretch has up to C0 continuity. As expected,
the stretches in the contacting region for both inflation (Fig. 8) and deflation
(Fig. 9) remain locked.

5.3. Contact Stresses

The vertical contact stress σ on the deformable substrate (in non-dimensional
form) is given by

σ = −k(η − l)H(η − l) for frictionless and adhesive inflation

σ = −k(η − l)H(ρ∗ − xλ2) for adhesive deflation (26)

where k is the non-dimensional stiffness of the substrate (eq.(14)5). The stress
distributions on the substrate with inflation for the frictionless and adhesive
contact conditions are presented in, respectively, Figs. 10(a) and 10(b). The
differences between the stress profiles are worth noting, and in particular the
higher values of the peak stress (at the pole) and the gradient for the adhesive
contact case. For the case of deflation without peeling, the contact stress
distribution on the elastic substrate is shown in Fig. 10(c). It is observed
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Figure 10: Variation of contact normal stresses along the radial co-ordinate X with pressure p

that, with progressive deflation, the compressive contact stress on the elastic
substrate gradually gets converted to tensile contact stress starting from the
contact boundary.

5.4. Peeling and Energy Release Rate

For the NH and MR membranes, the variations of energy release rates G with
contact radius ρ∗ at different values of pressure are presented in Figs. 11 and
12. The energy release rate at higher values of pressure (lower deflation) is
monotonic, while it is not so at lower pressures (higher deflation). In these
figures, if a certain value of the strength of adhesion is marked by a horizontal
line (see Fig. 11), and there exists a pressure for which the energy release rate
curve is tangent to this line, then the point of tangency q = (Gq, ρ

∗
q) represents

a point of pull-off instability. The branch of the curve to the right of q is
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Figure 11: Energy release rate versus contact radius at certain values of pressure for an unstretched
membrane
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Figure 12: a) Energy release rate versus contact radius at certain values of pressure for unstretched
membrane with k = 100. b) Energy release rate versus contact radius at certain values of pressure
for a pre-stretched membrane.

stable, while the left branch is unstable (Long et al. 2010). It may be observed
from Fig. 11 that, below a certain pressure, there exists a minimum value of
G. If this minimum value equals the strength of adhesion (in terms of the work
of adhesion per unit area peeled) between the membrane and the substrate,
the corresponding pressure becomes critical, and a spontaneous and complete
peeling takes place at pull-off instability.
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The above results lead to some interesting consequences. Suppose in adhe-
sive inflation the contact starts at p = pcontact; then during adhesive deflation
at all values of pressure greater than pcontact the energy release rate should be-
come zero at a certain contact radius ρ∗ (see Figs. 11 and 12) and that contact
radius will be the same as that achieved during adhesive inflation. However, if
the deflation pressure is below pcontact, then the energy release rate does not
become zero and at a certain contact radius, the pull-off instability will occur.
If we choose any point (G, ρ∗) on the curve, it shows the adhesion strength G
necessary to hold an area of radius ρ∗ in contact for a given deflation pressure.

It is clear from Figs. 11(a) and 11(b) that the MR membrane has a higher
tendency to delaminate at high pressure (low deflation) than an NH membrane.
This means that at lower deflation the MR membrane holds less area into
contact at the same adhesion strength than the NH membrane. Figure 11(a)
shows that the energy release rates for an MR membrane increase with increase
in stiffness of the constraining surface (see Fig. 10(b)). As the stiffness of the
constraining surface increases, a higher value of adhesion strength is necessary
to avoid peeling of the membrane, as expected. With increase in pre-stretch (see
Fig. 11(b)), the energy release rate for the MR membrane also increases and
the pull-off instability point shifts towards higher values of ρ∗. This behaviour
contrasts with the reduction in the energy release rate with an increase in
pre-stretch for a non-pressurized NH membrane observed during peeling from
a rigid punch when the punch is pulled with some force (Long & Hui 2012).
These results suggest that it is of interest to study different constitutive models
for a membrane in contact with a flexible or a rigid substrate for a better
understanding of contact mechanics of membranes under finite deformation.

6. Summary

The effects of a deformable constraining substrate on the inflation and defla-
tion mechanics of initially unstretched and pre-stretched membranes have been
analyzed in this paper. Both frictionless and adhesive contact conditions have
been considered. The orders of continuity of the principal stretches are found
to be dependent on the contact conditions. In the case of a frictionless contact,
the stretches in the contacting region readjust and tend to remain isotropic.
This leads to a stretch-induced stiffening of the membrane and a flattening of
the contact. On the other hand, stretch locking in an adhesive contact prevents
the membrane from stiffening, which results in a higher indentation on the de-
formable substrate than for a frictionless inflation. The indentation on the
deformable substrate with pressure and the contact stress on the substrate is
found to clearly delineate the contact condition between the membrane and the
substrate. The energy release rate in the case of peeling during deflation has
been determined. It has been found that during adhesive deflation, a pull-off
instability can occur. The variation of the energy release rate of a pressurized
membrane with pre-stretch for peeling from a deformable substrate is found to
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be in complete contrast with that for peeling of a non-pressurized membrane
from a rigid substrate.

In this work, a simplified model for the deformable substate has been as-
sumed. An important future direction is to study the contact and peeling
problem with a more realistic substrate model. An analytical formulation of
the energy release rate is desirable for more accurate results. A study of the
mechanism of dissipation and its estimation in dynamic contacts with adhesion
will be an interesting problem to pursue.
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7. Appendix: Full expressions for equations F1 and F2

The full expressions of functions F1 and F2 for frictionless and adhesive inflation
are given below, the Dirac delta function appears in the equilibrium equations
is of form δ(t−l)(t−l)2 which is always zero, so it is omitted from the equations.

F1 = A/B (27)

F2 = C/B (28)

A = 2π(−4vαλ15
2 + (pwx+ k(l − t)wH(t− l)x+ 2(w2 − 17v2)α)λ14

2

− 4v(32αv2 − 2pwx+ 2k(t− l)wxH(t− l) + 1)λ13
2

− 4(70αv4 + (12αw2 − 7pxw + 8)v2 − w3(px+ 2wα)

− k(l− t)w(7v2 +w2)xH(t− l))λ12
2 − 8v(49αv4 + (22αw2 − 7pxw+ 14)v2

+ w2(−3αw2 − 3pxw + 2)− k(l − t)w(7v2 + 3w2)xH(t− l))λ11
2

+ 2(−182αv6 + (−150αw2 + 35pxw − 112)v4 + 6w2(αw2 + 5pxw − 8)v2

+ 3w5(px+ 2wα) + k(l − t)w(35v4 + 30w2v2 + 3w4)xH(t− l))λ10
2

− 8v(28αv6 + (36αw2 − 7pxw+ 35)v4 + 2w2(2αw2 − 5pxw+ 15)v2 + 3w4

− 3pw5x− 4w6α+ α− k(l − t)w(7v4 + 10w2v2 + 3w4)xH(t− l))λ9
2

+ (−88αv8 + 4(7pwx− 8(5αw2 + 7))v6 − 4w2(12αw2 − 15pxw + 80)v4

+ (32αw6 + 36pxw5 − 96w4 − 42α)v2 + w(p(4w6 + 3)x+ 2(4w7 + w)α)

+ k(l − t)w(28v6 + 60w2v4 + 36w4v2 + 4w6 + 3)xH(t− l))λ8
2

− 4v(5αv8 + (12αw2 − 2pxw + 28)v6 + 6w2(αw2 − pxw + 10)v4

+ (−4αw6 − 6pxw5 + 36w4 + 24α)v2 + 4w6 − 2pw7x− 3pwx− 3w8α

+ 4w2α− k(l − t)w(2v6 + 6w2v4 + 6w4v2 + 2w6 + 3)xH(t− l) + 2)λ7
2

+ (−2αv10 + (−6αw2 + pxw − 32)v8 − 4w2(αw2 − pxw + 24)v6

+ 2(2αw6 + 3pxw5 − 48w4 − 63α)v4 + 2(3αw8 + 2pxw7 − 16w6 − 38αw2

+9pxw−19)v2 +w2(pw(w6 +6)x+2(αw8 +αw2 +3))+k(l− t)w(v8 +4w2v6

+ 6w4v4 + 2(2w6 + 9)v2 + w2(w6 + 6))xH(t− l))λ6
2 − 4v(v8 + 4w2v6

+(6w4+26α)v4+(4w6+32αw2−3pxw+18)v2+w2(w6+6αw2−3pxw+2)

− 3k(l − t)w(v2 + w2)xH(t− l))λ5
2 − (54αv6 + (110αw2 − 3pxw + 68)v4

+ 2w2(29αw2 − 3pxw + 24)v2 + w4(2αw2 − 3pxw − 4)

− 3k(l − t)w(v2 + w2)2xH(t− l))λ4
2 − 4v(4αv6 + 4(3αw2 + 2)v4

+ 12(αw4 + w2)v2 + 4w4 + 4w6α− 3α)λ3
2 − 2(αv8 + (4αw2 + 3)v6

+ w2(6αw2 + 7)v4 + (4αw6 + 5w4 − 6α)v2 + w6 + w8α+ 2w2α)λ2
2

+ 4v(2αv2 − 2w2α+ 3)λ2 + 2v4α+ v2(6− 4w2α)− 6(αw4 + w2))

(29)
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B = 2λ2x(αλ2
2 + 1)(λ12

2 + 8λ9
2(7v3 + 3vw2) + 4λ10

2 (7v2 + w2) + 8λ3
2v(v2 + w2)

+ 2λ2
2(v2 + w2)2 + 8λ7

2(7v5 + 10v3w2 + 3vw4)

+ λ8
2(70v4 + 60v2w2 + 6w4) + λ6

2(28v6 + 60v4w2 + 36v2w4 + 4w6 + 2)

+ 8λ5
2v(v6 + 3v4w2 + 3v2w4 + w6 + 1)

+ λ4
2(v8 + 4v6w2 + 6v4w4 + 4v2(w6 + 3) + w2(w6 + 4)) + 8λ11

2 v − 3)

(30)

C = 2π(−(px+ k(l − t)H(t− l)x+ 2wα)λ15
2 − v(9px+ 9k(l − t)H(t− l)x

+20wα)λ14
2 − 2(4αw3 + 2pxw2 + 44v2αw + w + 18pv2x

+ 2k(l − t)(9v2 + w2)xH(t− l))λ13
2 − 4v(16αw3 + 7pxw2 + (56αv2 + 4)w

+ 21pv2x+ 7k(l − t)(3v2 + w2)xH(t− l))λ12
2 − 2(7(9px+ 26wα)v4

+ 2w(54αw2 + 21pxw + 14)v2 + w3(6αw2 + 3pxw + 4)

+ 3k(l − t)(21v4 + 14w2v2 + w4)xH(t− l))λ11
2 − 2v(7(9px+ 28wα)v4

+ 2w(100αw2 + 35pxw + 28)v2 + 3w3(12αw2 + 5pxw + 8)

+ k(l − t)(63v4 + 70w2v2 + 15w4)xH(t− l))λ10
2

− (8αw7 + 4pxw6 + 12w5 + 12v2(14αw2 + 5pxw + 10)w3 + 4αw

+ 20v4(22αw2 + 7pxw + 7)w + 3px+ 28v6(3px+ 10wα)

+ k(l − t)(84v6 + 140w2v4 + 60w4v2 + 4w6 + 3)xH(t− l))λ9
2

− v(32αw7 + 12pxw6 + 48w5 + 4v2(48αw2 + 15pxw + 40)w3 + 20αw

+ 4v4(72αw2 + 21pxw + 28)w + 15px+ 4v6(9px+ 32wα)

+ 3k(l − t)(12v6 + 28w2v4 + 20w4v2 + 4w6 + 5)xH(t− l))λ8
2

− (2αw9 + pxw8 + 8(5αv2 + 1)w7 + 12pv2xw6 + 36v2(3αv2 + 2)w5

+ 30pv4xw4 + 8(13αv6 + 15v4 + α)w3 + 2p(14v6 + 3)xw2

+ (34αv8 + 56v6 + 40αv2 + 4)w + 3pv2(3v6 + 10)x

+k(l−t)(9v8 +28w2v6 +30w4v4 +6(2w6 +5)v2 +w2(w6 +6))xH(t− l))λ7
2

− v(4αw9 + pxw8 + 16(αv2 + 1)w7 + 4pv2xw6 + 24v2(αv2 + 2)w5

+ 6pv4xw4 + 8(2αv6 + 6v4 + 3α)w3 + 2p(2v6 + 9)xw2

+ 4(αv8 + 4v6 + 10αv2 + 3)w + pv2(v6 + 30)x+ k(l − t)(v8 + 4w2v6

+ 6w4v4 + (4w6 + 30)v2 + w2(w6 + 18))xH(t− l))λ6
2 − (2wv8 + 8w3v6

+ (12w5 + 20αw + 15px)v4 + 2w(4w6 + 12αw2 + 9pxw + 8)v2 + w4(2w5

+ 4αw+ 3px) + 3k(l− t)(5v4 + 6w2v2 +w4)xH(t− l))λ5
2 − v((3px+ 4wα)v4

+2w(4αw2+3pxw+8)v2+w4(3px+4wα)+3k(l−t)(v2+w2)2xH(t−l))λ4
2

− 2w(6v4 + 4w2v2 − 2w4 − 3α)λ3
2 − 4vw(v4 + 2w2v2 + w4 − 6α)λ2

2

+ 2w(12αv2 + 4w2α+ 3)λ2 + 4vw(2αv2 + 2w2α+ 3))

(31)

The functions F1 and F2 for adhesive deflation are same as above, only argu-
ment inside Heaviside function is different (see eq. 9).
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This paper presents the free and constrained inflation of a pre-stretched hy-
perelastic cylindrical membrane and a subsequent constrained deflation. The
membrane material is assumed as a homogeneous and isotropic Mooney-Rivlin
solid. The constraining soft cylindrical substrate is assumed to be a distributed
linear stiffness normal to the undeformed surface. Both frictionless and adhe-
sive contact are modeled during the inflation as an interaction between the dry
surfaces of the membrane and the substrate. An adhesive contact is modeled
during deflation. The free and constrained inflation yields governing equations
and boundary conditions, which are solved by a finite difference method in com-
bination with a fictitious time integration method. Continuity in the principal
stretches and stresses at the contact boundary is dependent on the contact con-
ditions and inflation-deflation phase. The pre-stretch has a counter-intuitive
softening effect on free and constrained inflation. The variation of limit point
pressures with pre-stretch and the occurrence of a cusp point is shown. In-
teresting trends are observed in the stretch and stress distributions after the
interaction of the membrane with soft substrate, which underlines the effect of
material parameters, pre-stretch and constraining properties.

1. Introduction

Constrained inflation of membranes exhibits some interesting behavior due to
material and geometric non-linearities, constraining properties and contact con-
ditions. The application of inflated membranes is of fundamental importance in
a number of scientific studies ranging from plastic manufacturing processes to
medical engineering, like thermoforming, blow moulding, biological membranes,
cell to cell adhesion, balloon angioplasty, etc. Discussions on the mechanics and
applications of membranes in inflatable structures, plastic manufacturing and
biomechanics can be found in literature (Fung 1990; Jenkins 2001; Tsang et al.
2006; Wan & Liu 2001; Charrier et al. 1987; Evans & Skalak 1981; Khayat &
Derdouri 1994a,b).
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Various problems related to the stretching and inflation of hyperelastic
membranes of different geometries have been addressed in the past by analyti-
cal and numerical solution techniques (Bonet et al. 2000; Christensen & Feng
1986; Feng & Huang 1974b; Foster 1967; Kydoniefs 1967; Tamadapu & Das-
Gupta 2013b; Wong & Shield 1969; Yang & Feng 1970; Charrier et al. 1987;
Khayat et al. 1992; Pamplona et al. 2006; Tamadapu & DasGupta 2013; Eriks-
son & Nordmark 2012; Li & Steigmann 1994b). The functional optimization
of membranes has been presented by Eriksson (2013). The interaction of the
material and geometric nonlinearities in inflated membranes can lead to some
interesting and counter-intuitive effects. Recently, Patil & DasGupta (2013)
demonstrated a stretch induced softening /stiffening phenomenon during free
inflation of unstretched and pre-stretched hyperelastic circular flat membranes.
The geometry-dependent scaling behavior of the limit point pressure is uncov-
ered by Tamadapu et al. (2013). Over the last four decades, many researchers
have studied the membrane contact problems, largely with frictionless contact,
in various contexts and for different geometries (Feng & Huang 1974a; Feng &
Yang 1973; Kumar & DasGupta 2013; Lardner & Pujara 1980; Tamadapu &
DasGupta 2014). Recently, Patil & DasGupta (2015) studied nonlinear fric-
tionless constrained inflation of a pre-stressed flat circular membrane against
an elastic cone, and proposed a semi-analytic method to solve the resulting
constrained inflation problem.

The association of adhesion with friction is well known, as noted by John-
son (1997). Specifically, the contact of elastomers is best modeled using dry
adhesive friction theory, as advocated by Savkoor (1987), due to their highly
elastic behavior, visco-elastic properties, and the extremely high wear resis-
tance, which disassociates wear from friction. Through their plastic junction
theory of friction, Bowden & Tabor (1964) puts forward the basic ideas that
adhesion is the main source of friction between two dry bodies, and that surface
roughness plays only a secondary role. Chernyak & Leonov (1986) explicitly
mention that the Amontons-Coulomb law is not applicable to elastomeric fric-
tion on a smooth solid surface, which is essentially adhesive in nature. They
explain the adhesive friction of elastomers through the formation and breakage
of adhesive linking chains, which bind the polymeric body to a solid surface as
a stationary stochastic process.

For adhesive contact problems, continuum theories considering elastic de-
formation are presented by Johnson, Kendall and Roberts (JKR) (Johnson
et al. 1971) , and Derjaguin, Muller and Toporov (DMT) (Derjaguin et al.
1975). Out of these two, the JKR theory is the most popular theory for ad-
hesion measurement of thin films in contact. Adhesion can be modelled either
using Griffith’s critical energy release rate criterion, or by imposing an adhe-
sive traction between the contacting surfaces. To separate two adherends, an
external pulling force (’pull-off force’) or high debonding energy (measured in
terms of energy release rate) is required (Williams 1970). Recently, Long & Hui
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(2012) pointed out a jump discontinuity in meridional stretch and a continuous
circumferential stretch at the contact boundary, when studying the detachment
of a membrane from a rigid, adhesive substrate. Long et al. (2010) mentioned
that adhesion is a process of making and breaking contact, and applied a frac-
ture mechanics approach to study adhesion between membranes and flat rigid
substrates. They also derived an exact expression for the energy release rate
in terms of local variables and a contact angle for a de-laminating membrane
at various pressures. The expressions were used by Srivastava & Hui (2013a,b)
to study peeling of long rectangular membranes. Recently, Patil et al. (2015a)
studied the contact mechanics of an inflated circular flat membrane against a
soft adhesive substrate and a peeling of contact upon deflation. They proposed
a correction to previous energy release rate calculations, and showed that a
numerical approach to the energy release rate is more accurate than the ana-
lytical one. The ’pinch-off’ and ’pull-off’ effect during detachment of membrane
from a rigid substrate has been shown by Long & Hui (2012); Srivastava & Hui
(2013b); Wan & Liu (2001). Johnson et al. (1971) proved experimentally a
’jump-in-instability’ phenomenon, when the distance between membrane and
rigid punch falls below a certain critical distance. However, as similar to Wan
(2001), we assume a pressure sensitive adhesive contact, which does not possess
any long range force field and therefore does not cause ’jump-in instability’.

Understanding the inflation mechanics of a cylindrical membrane in balloon
angioplasty is of paramount importance. Many possibilities exist to analyze it
in order to optimize the stenting procedure based on patient specific needs.
The balloon angioplasty is well studied in recent years with help of finite el-
ement analysis and experimental methods with elaboration on the stenting
procedure (Morgan & Walser 2010; Rogers et al. 1999; Eftaxiopoulos & Atkin-
son 2005; Martin & Boyle 2013). Gasser & Holzapfel (2007) studied balloon
angioplasty by considering an elastic-nonelastic behavior for the artery by sim-
ulating balloon-artery interaction with a point-to-surface strategy. However,
Holzapfel & Stadler (2002) developed a model of angioplasty which is based on
the magnetic resonance imaging and mechanical testing. As cylindrical mem-
branes are used for widening narrowed or obstructed arteries in angioplasty,
an extensive study is a demanding task. The free inflation of a cylindrical
membrane has been studied by researchers like Khayat et al. (1992) and Pam-
plona et al. (2001,2006), while confined inflation of a cylindrical membrane in
relevance to blow moulding is studied by Khayat & Derdouri (1994a,b). In
a number of research works in the past, the membrane contact problem with
rigid frictionless surfaces has been considered. However, contacts with no-slip
and adhesion on soft surfaces have been scarcely discussed. Adhesion on soft
surfaces is more complex than contact problems involving hard surfaces, since
the surface conforms (relaxes) with inflation (deflation). In the case of an in-
flated membrane interacting with a soft adhesive substrate, changes in contact
conditions with inflation and deflation has a further level of complexity due to
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material and geometric nonlinearities. The comparative study of unstretched
and pre-stretched cylindrical membranes during free and constrained inflation
is not available in the literature. This motivates us to present a study on free
and constrained inflation of cylindrical membranes with emphasis on contact
conditions and constraining properties. The present work can thereby serve as
a simple model for balloon angioplasty.

In the present work, we study the contact mechanics of a cylindrical hy-
perelastic membrane, without and with pre-stretch, inflated against a soft ad-
hesive cylindrical surface along with free inflation. The soft cylindrical surface
is modelled as a linear stiffness distribution directed normal to the undeformed
surface, while it is assumed that the substrate is stiffer in the axial direction
than in the radial direction. The membrane is modelled as a homogeneous and
isotropic Mooney-Rivlin solid (with the neo-Hookean solid as a special case).
The adhesive contact is modelled as a perfectly sticking contact without slip.
We consider the adhesive and frictionless contact during inflation and adhesive
contact during deflation. The inflation and deflation processes are assumed to
be isothermal. The equilibrium equations are obtained by a variational for-
mulation for free and constrained inflation (or deflation) problems. The set of
algebraic equations are obtained from differential equations by a finite differ-
ence method (FDM). These algebraic equations are solved by a fictitious time
integration method (FTIM) proposed by Chein-Shan & Atluri (2008). The fic-
titious time integration method eliminates computation of a Jacobian matrix.
Also, it is insensitive to initial guess, thereby simplifying the complexity of the
highly nonlinear algebraic equations. We have studied the effects of material
parameters and pre-stretch on the free and constrained inflation of cylindrical
membranes, which underlines some interesting behavior of inflated membranes.

2. Problem Formulation

2.1. Study setup

Consider a homogeneous, isotropic, hyperelastic cylindrical membrane of initial
radius Ro, length Lo and constant initial thickness ho with open ends. Both
ends of the membrane are then subjected to uniform axial traction to pre-
stretch it. The end sections of the cylindrical membrane are free to contract
during pre-stretching but are then fixed through a rigid flat circular disk of the
same radius as the pre-stretched membrane. The deformed radius, length and
thickness of the pre-stretched membrane are Rf , Lf and hf , respectively, as
shown in Fig. 1. In general, subscript o denotes parameters of the unstretched
membrane and subscript f those of the pre-stretched membrane. For an ini-
tially unstretched membrane, Rf = Ro and Lf = Lo. The radius Rf and
length Lf is taken to be same for cylindrical membranes with and without
pre-stretching, for better comparison.

As the membrane is inflated to a specified pressure, it successively comes
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Figure 1: Schematic representation of a pre-stretched cylindrical membrane interacting with a soft
cylindrical adhesive substrate.

into contact with a soft, cylindrical constraining surface placed at a radial dis-
tance of S. As the membrane is then subsequently deflated, the portion of
membrane in adhesive contact remains, (Fig. 1(c)). The soft cylindrical sur-
face is modeled as a radial linear stiffness distribution K directed normal to
the undeformed surface. The axial stiffness of the substrate is modeled by a
constraint.

2.2. Kinematics of deformation

For a cylindrical membrane upon pre-stretching under an action of uniform ax-
ial traction, the principal stretches in meridional, circumferential and thickness
directions are

δ1 =
Lf
Lo
, δ2 =

Rf
Ro

and δ3 =
hf
ho

(1)

Assuming axisymmetry, the radial and axial co-ordinates of a material point
on the membrane may be represented by, respectively, ζ(ω) and ν(ω), where
ω is an independent axial material co-ordinate, and ω ∈ [0, Lo]. A mate-
rial point P, initially at a position P1 with co-ordinates (Ro, φ, ω), moves to
the position P2 (Rf , φ, ωp) upon axial stretching, and then to P3 (ζ, φ, ν)
after inflation (and then to P4 (ζ, φ, ν) upon subsequent deflation). Here,
ζ(ω) = Rf + U(ω) = δ2Ro + U(ω), and ν(ω) = ωp(ω) + W (ω) = δ1ω + W (ω)
represent the total radial and axial co-ordinates, respectively. With meridional
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and circumferential pre-stretches δ1 and δ2, the incremental radial and axial
displacements due to inflation are U(ω) and W (ω). The principal stretch ratios
of the membrane along meridional, circumferential and thickness directions are
obtained as, respectively,

λ1 =
√
U2
,ω + (δ1 +W,ω)2, λ2 = δ2 +

U

Ro
and λ3 =

h̃

ho
(2)

where (·),ω = ∂(·)/∂ω, and h̃ and ho are, respectively, the deformed and unde-
formed thicknesses of the membrane.

2.3. Material strain energy

In the present work, we consider the incompressible, homogeneous and isotropic
two parameter Mooney-Rivlin hyperelastic material model for the membrane.
The strain energy density function over undeformed geometry for such a ma-
terial is given by ŴM = C1(I1 − 3) + C2(I2 − 3), where C1 and C2 are the
material parameters, and I1 = λ2

1 + λ2
2 + λ2

3, and I2 = λ−2
1 + λ−2

2 + λ−2
3 . Using

the incompressibility constraint λ1λ2λ3 = 1, and the axisymmetry assumption,
the total elastic potential energy can be expressed as

WM = 2πho

Lo∫
0

{C1(λ2
1 + λ2

2 +
1

λ2
1λ

2
2

− 3) + C2(
1

λ2
1

+
1

λ2
2

+ λ2
1λ

2
2 − 3)}Rodω(3)

For the axisymmetric conditions, the Cauchy principal stress resultants T1

(meridional) and T2 (circumferential) in the original configuration are obtained
from the strain energy density function, as (Ogden 1997)

T1 = 2C1ho(
λ1

λ2
− 1

λ3
1λ

3
2

)(1+αλ2
2) and T2 = 2C1ho(

λ2

λ1
− 1

λ3
1λ

3
2

)(1+αλ2
1)

(4)
where α = C2/C1 is sometimes referred to as the strain hardening parameter.
As the pre-stretched membrane before inflation is subjected to axial traction
only, the circumferential Cauchy stress resultant T2f reduces to zero (see eq.33)

T2f = 2C1ho(
δ2
δ1
− 1

δ3
1δ

3
2

)(1 + αδ2
1) = 0 (5)

giving the condition

δ2 =
1√
δ1

(6)

Considering incompressibility of the hyperelastic materials (δ1δ2δ3 = 1), it is
clear that δ3 = 1/

√
δ1. This result is verified by a finite element analysis of a

free cylindrical membrane under action of uniform axial tension.
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2.4. Potential energy of the gas

The potential energy of the inflating gas with over-pressure P may be written
as −

∫
PdV , where the integral is performed over the inflated volume. This vol-

ume integral may be converted to a surface integral over undeformed geometry,
and written as (Patil & DasGupta 2015).

WP = −π
Lo∫
0

Pζ2ν,ωdω (7)

2.5. Potential energy of the soft substrate

The cylindrical soft substrate is modeled as a linear stiffness distribution K.
The stiffness is considered to be directed perpendicularly to the undeformed
surface i.e., in the radial direction in Fig. 1. As the membrane is inflated against
the substrate, the region of contact grows and the substrate deforms. On the
other hand, when the membrane is deflated, the substrate relaxes while the
region of contact does not change (as no peeling is considered during deflation).
In the following, we consider these two cases separately. The potential energy
stored in the deformed substrate during the inflation phase may be expressed
as

WK = 2π

Lo∫
0

1

2
K(ζ − S)2 H(ζ − S)ζν,ωdω (8)

where the Heaviside step function H is used to limit the energy integral to
only the contacting region with ζ ≥ S. During deflation, with no peeling, we
consider the potential energy of the elastic cylindrical substrate in the form

WK = 2π

Lo∫
0

1

2
K(ζ − S)2 (H(ω − ωs)−H(ω − ωe))ζν,ωdω (9)

where ωs and ωe represent the axial material co-ordinates at start and end of
the contact in the range [0,Lo], achieved at the end of inflation phase.

2.6. Equations of equilibrium

The total potential energy for the system is now given by

Π = WM +WP +WK =

L0∫
0

Π̂dω. (10)

where Π̂ is the potential energy density function and is given in terms of two
field variables U(ω) and W (ω). Thus, the potential energy functional is of
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the form Π̂ = Π̂(U,U,ω,W,W,ω, ω). Using the principle of stationary potential
energy, δΠ = 0, the equations of equilibrium can be written formally as

∂Π̂

∂U
− ∂

∂ω

∂Π̂

∂U,ω
= 0, and

∂Π̂

∂W
− ∂

∂ω

∂Π̂

∂W,ω
= 0 (11)

These are two coupled second order nonlinear ordinary differential equations.
The corresponding boundary conditions for the problem are obtained as

U(0) = 0, U(Lo) = 0, W (0) = 0, and W (Lo) = 0 (12)

It is evident that eqs. (11)–(16) form a two-point boundary value problem
(TPBVP). In the rest of the paper, all quantities are non-dimensionalized using
the definitions

{z, Z, u, w, ρ, η, s, lo, lf} =
{ω, ωp, U,W, ζ, ν, S, Lo, Lf}

Rf
, p =

PRf
C1ho

,

α =
C2

C1
, k =

KR2
f

C1ho
, ti =

Ti
C1ho

.

Here, z ∈ [0, lf/δ1] is the non-dimensional axial (length-wise) co-ordinate of the
unstretched membrane. We also define a stretched axial co-ordinate denoted
by Z = δ1z, where Z ∈ [0, lf ].

3. Contact Conditions and Solution Procedures

In the following, we first consider the inflation problem with frictionless and
adhesive contact conditions against a soft cylindrical substrate. The deflation
problem with adhesive contact without peeling is also discussed. Adhesion is
modeled as a perfectly sticky contact between the dry surfaces of membrane
and substrate, giving no-slip contact conditions in the contact zone. In the
final section, a solution procedure for free inflation is elaborated.

3.1. Constrained inflation with frictionless contact conditions

The TPBVP described by eqs. (11)–(16) is discretized by a finite difference
method, under the assumption of frictionless contact during the inflation phase.
The independent co-ordinate z is discretized with n intervals along the axial
direction, which gives n−1 internal nodal points in addition to the end points.
The first and second derivatives of u and w are discretized as

u,ω =
ui+1 − ui−1

2(lo/n)
, w,ω =

wi+1 − wi−1

2(lo/n)
(13)

(u,ω),ω =
ui+1 − 2ui + ui−1

(lo/n)2
, (w,ω),ω =

wi+1 − 2wi + wi−1

(lo/n)2
(14)

As we have two governing equations and (n−1) nodal points, we thereby obtain
2(n− 1) algebraic equations after discretization. These algebraic equations are
non-linearly coupled, and solved numerically by the Fictitious Time Integration
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Method (FTIM), (Chein-Shan & Atluri 2008). The method eliminates the need
for the Jacobian matrix, and is insensitive to initial guesses, as it simplifies the
complexity of highly nonlinear algebraic equations. After discretization, eqs.
(11) become a set of algebraic equations in non-dimensional variables in the
radial and axial directions, respectively,

F1i(ui−1, ui, ui+1, wi−1, wi, wi+1, p, k) = 0 for all i ∈ [1, n− 1]

F2i(ui−1, ui, ui+1, wi−1, wi, wi+1, p, k) = 0 for all i ∈ [1, n− 1] (15)

with boundary conditions,

u0 = 0, un = 0, w0 = 0, wn = 0 (16)

where subscript i of u and w represents a nodal number starting from i = 0 at
z = 0. The set of algebraic equations are converted into a fictitious initial value
problem with fictitious time t and numerical stability coefficient v as follows

dui
dt

=
−v

1 + t
F1i(ui−1, ui, ui+1, wi−1, wi, wi+1, p, k)

dwi
dt

=
−v

1 + t
F2i(ui−1, ui, ui+1, wi−1, wi, wi+1, p, k) (17)

The roots of F1i = 0 and F2i = 0 are the fixed points of the above equation,
which are the displacement values at the nodal points. We may employ a
fourth order Runge-Kutta method on eqs. (17) by starting from a chosen initial
condition for assumed pressure and fixed value of k and s. For the next pressure
step, the previous solution is taken as initial guess. The Runge-Kutta method
starts from t = 0 and is repeated till convergence is reached. The convergence
of the solution at the steps k and k + 1 of the Runge-Kutta method, is found
by the Euclidean norm of increments going towards zero,

n∑
i=1

((uk+1
i − uki )2 + (wk+1

i − wki )2) ≤ ε2 (18)

where ε is a given convergence criterion. After convergence, the solution for
assumed pressure is obtained. For our numerical treatment with FTIM, we
choose numerical stability coefficient v = 0.02 and fictitious time step h̄ =
0.001.

3.2. Constrained inflation with adhesive contact condition

The TPBVP described by eqs. (11)–(16) is discretized by the finite difference
method, under the assumption of an adhesive contact condition during the in-
flation phase. In this case, the contact area depends upon the history of contact
and has to be determined incrementally by imposing a kinematic constraint on
all material points in the contact zone. The first contact is assumed to occur
at the center of the deformed membrane z = lf/(2δ1) due to axial symmetry.
This is considered as the zeroth step (j = 0).
The solution of (j + 1)th step with pressure value pj+1 is obtained using the
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following procedure.
For ith nodal point if (ρi)j > s, then (wi)j+1 = (wi)j , which maintains sticky
contact between dry surfaces of membrane and soft substrate.
The discretization of equations and a solution procedure, similar to the one in
section 3.1, is used to obtain the displacement field variables at nodal points.

3.3. Constrained deflation with adhesive contact condition

The TPBVP described by eqs. (11)–(16) is discretized by the finite differ-
ence method, under the assumption of adhesive contact during the deflation
phase, without peeling between the membrane and the soft substrate. The
axial co-ordinates (ηs)0, (ηe)0 of contact starting and ending, with correspond-
ing material co-ordinates (zs)0 and (ze)0 at the starting step j = 0, obtained
at the end of the inflation process with adhesive contact, are assumed to be
remain fixed throughout. In this case, kinematic constraints are imposed on
all material points in the contact zone. The deflation solution (j + 1)th step,
is obtained from the following procedure
In the interval z = (zs)0 to (ze)0; for all nodal point (wi)j+1 = (wi)0, which
maintains sticky contact between the dry surfaces of membrane and soft sub-
strate as well as fixed contact area.
The discretization of equations and a solution procedure, similar to the above
section 3.1, is used to obtain the displacement field variables at nodal points.

3.4. Free inflation

For free inflation, k = 0 and the TPBVP described by eqs. (11)–(16) is dis-
cretized by the finite difference method. As a neo-Hookean membrane encoun-
ters a limit point in free inflation, the pressure does not increase monotonically.
Therefore the solution procedure described in the above sections, which is based
on pressure as controlling variable, is not able to pass the limit point. To over-
come this limitation, we add one global equation into the system and make
pressure a depending variable of the applied radial displacement (uc), which is
applied at the axial center z = lf/2δ1. This gives the equation

Fg(uc, u(n+1)/2) = (u(n+1)/2 − uc) = 0 (19)

where subscript (n + 1)/2 of u represents the nodal number of the mid node
at z = lf/(2δ1). The solution for free inflation is straight-forward and simple
compared to the constrained inflation, as there is no need to model the contact
condition. So, for free inflation, eqs. (12) and eq. (29) can be directly solved
by a much faster Newton’s method instead of FTIM.

4. Results and Discussion

The results (in non-dimensional form) presented here are for two material mod-
els α = 0 (neo-Hookean (NH) model) and α = 0.1 (Mooney-Rivlin (MR)
model), with pre-stretch values of (δ1, δ2) = (1,1), (δ1, δ2) = (1.5, 0.8164) and
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(b) α = 0.1

Figure 2: Free inflation: variation of maximum radial displacement umax (at center point ) with
pressure p.

(δ1, δ2) = (2, 0.7071). The value of the distributed stiffness for the substrate
is taken as k = 20, final length of membrane lf = 6, and the radial distance of
the substrate from axial axis of membrane as s = 1.3 in all considered cases.
The parameters chosen for the study do not necessarily refer to any practical
problem, but are merely chosen as representative values.

4.1. Free inflation analysis

4.1a. Stretch induced softening. The effect of pre-stretch on the maximum ra-
dial displacement (measured at the axial co-ordinate z = lf/(2δ1)) of the cylin-
drical membrane is observed in Fig. 2. It is interesting to note that, at a
given pressure, umax increases rapidly as the pre-stretch is increased in the
pre-critical (before limit-point) and post-critical (past the limit-point) zones.
This stretch-induced softening is counter-intuitive since, normally, we expect a
membrane to become stiffer with pre-stretch. For a flat circular membrane, we
observe that pre-stretch induces stiffening in the pre-critical zone and softening
in the post-critical zone (or stiffening effect for models without limit points)
as observed by Patil & DasGupta (2013), while for a cylindrical membrane
pre-stretch induces softening in the pre-critical and post-critical zones. This
can also be easily understood by the practical experience from inflation of a
toy balloon, which when stretched axially deforms easily in the radial direc-
tion with pressure. The reason behind this is, that meridional, circumferential
stretches and stress resultants increase with pre-stretching for a flat circular
membrane, which gives a stiffening effect. For a cylindrical membrane, the ax-
ial pre-stretching increases the meridional stretch and reduces circumferential
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Figure 3: Free inflation: a) limit points for Mooney-Rivlin membrane with different values of
pre-stretch. b) variation of limit point pressures with pre-stretch for Mooney-Rivlin membrane.

stretch, which eventually makes the circumferential stress resultant zero and
softens the cylindrical membrane in the radial direction. Thus, the softening
behavior of a membrane upon pre-stretching is valid for NH and MR material
models in both pre-critical and post-critical zones.

4.1b. Limit points and cusp point. For both material models, there may exist
limit points with respect to pressure, as observed in Fig. 2. Figure 3(a) clearly
shows the occurrence of two pressure limit points for the MR membrane. The
first limit point is a local maximum and the second is a local minimum of
pressure, with a snap-through zone in between. Variation of both limit points
with pre-stretch δ1 is shown as a fold line (Eriksson 2014) in Fig. 3(b), which
establishes a non-linear relationship between pressure limit points and pre-
stretch. At certain value of pre-stretch, both pressure limit points converge
to a cusp point (δ1 ≈ 1.163). Above this pre-stretch value, there will not be
pressure limit points for the MR membrane. Occurrence of limit points thereby
depends upon combination of material model and pre-stretch in free inflation.

4.1c. Principal stretches. The variation of the principal stretches for an initially
unstretched MR membrane with the axial coordinate Z for different pressures is
plotted in Fig. 4. It is immediately observed that, meridional stretch is greater
than one at the fixed boundary, as a contrast to the circumferential stretch,
which is one at the fixed boundary because of the nature of the boundary
condition for this study. Furthermore, Fig. 4 shows that, at a lower pressure,
the cylindrical membrane is flatter at center, while with an increase in pressure,
it starts deforming more at the center in the radial direction.
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Figure 4: Free inflation: principal stretch ratios of initially unstretched inflated Mooney-Rivlin
membrane (α = 0.1, δ1 = 1).
Note: The instruction to read this figure is, the farthest curve from the pressure nomenclature
is related to the first value of pressure.
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Figure 5: Free inflation: profiles of initially unstretched and pre-stretched inflated Mooney-Rivlin
membranes (α = 0.1) at two specified pressures.

4.1d. Membrane profile. The comparison of profiles for an initially unstretched
and a pre-stretched MR membranes at the same pressure in the pre-critical
and post-critical zones is shown in Fig. 5. The figure underlines the softening
behaviour of the membrane with pre-stretch in the pre-critical and post-critical
zones.

4.2. Constrained inflation and deflation analysis

4.2a. Membrane deformation with pressure. The variation of maximum radial
displacement umax of the membrane with pressure for different combinations
of material models, pre-stretch and contact conditions is shown in Fig. 6. It
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(b) Adhesive inflation and deflation

Figure 6: Constrained inflation: variation of maximum radial displacement umax (at center point
) with pressure p

is evident that pre-stretch gives a softening effect even after the contact of the
membrane with the soft cylindrical substrate for MR and NH material models.
Figure 6 shows that, irrespective of the contact condition, an NH membrane is
softer than an MR membrane at the same pressure, before and after interacting
with the substrate. Figure 6(b) shows the constrained inflation of the mem-
brane from p = 0 to p = 3 and a subsequent deflation from pressure p = 3 to
p = 0 with adhesive contact. During adhesive inflation up to a certain pressure,
the membrane is in free inflation and the deformation stagnates after interac-
tion with the substrate. As soon as deflation starts from pressure p = 3, the
deformation of membrane reduces to p = 0. The deformation during adhesive
constrained inflation and deflation match each other closely for a cylindrical
membrane.

4.2b. Principal stretches and principal stress resultants. The variation of the
meridional (λ1) and circumferential (λ2) stretches with the axial coordinate
Z for an initially unstretched MR membrane inflated against a frictionless
soft cylindrical substrate is shown in Fig. 7(a). It may be observed that the
meridional and circumferential stretches exhibit continuity up to C1 and C2,
respectively, in the whole domain. With adhesive contact, the distribution
of principal stretches for an initially unstretched MR membrane is shown in
Fig. 7(b). It is interesting to note that the meridional stretch λ1 has C0 conti-
nuity at the contact boundary. On the other hand, the circumferential stretch
λ2 has C1 continuity. The meridional stretch becomes maximum at the ends
while lowers uniformly at central zone. The circumferential stretch remains
uniformly high in the central zone and lower at the ends with frictionless and
adhesive contact conditions. The distributions of the stretches along the axial
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(a) Frictionless inflation (b) Adhesive inflation

(c) Adhesive deflation

Figure 7: Constrained inflation: principal stretch ratios of initially unstretched inflated Mooney-
Rivlin membranes (α = 0.1, δ1 = 1) against an elastic cylindrical substrate.

co-ordinate Z for an initially unstretched MR membrane in adhesive contact
with the elastic cylindrical substrate during deflation is shown in Fig. 7(c).
While a jump is observed in meridional stretch at the contact boundary, the
circumferential stretch has C0 continuity at the contact boundary. With defla-
tion, the meridional stretch in the non-contact zone reduces (with an increase
in the jump at the contact boundary) with reduced pressure, due to relaxation
of the membrane due to de-pressurization. As expected, the meridional stretch
remains nearly locked in the contacting region for both inflation (Fig. 7(b))
and deflation (Fig. 7(c)).

The Cauchy principal stresses in the MR membrane for an inflation phase
with adhesive contact are presented in Figs. 8(a) and 8(b). During inflation,
meridional stress shows C0 continuity and the circumferential stress is C0 con-
tinuous at the contact boundary. For an initially unstretched MR membrane
the meridional stress increases with pressure ( Fig. 8(a)), while with pre-stretch
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(a) Adhesive inflation (b) Adhesive inflation

(c) Adhesive deflation

Figure 8: Constrained inflation: Cauchy principal stress resultants for an initially unstretched
deflated Mooney-Rivlin membrane against an elastic cylindrical substrate

meridional stretch reduces with increase in pressure ( Fig. 8(b)) for an inflation
phase, which is counter-intuitive. For adhesive deflation, the meridional stress
resultant increases near the contact boundary, while it gets lower in the non-
contact zone due to relaxation. Both stress resultants t1 and t2 reduce with
the reduction in pressure ( Fig. 8(c)). The meridional stress is C−1 continuous
and the circumferential stress has a continuity of C−1 at the contact boundary.

4.2c. Membrane profile. Figure 9 shows a comparison of the membrane pro-
files for different combinations of material parameters, pre-stretch and contact
conditions at the same pressure. The membrane profiles for frictionless and ad-
hesive contacts are very similar. Comparing the profiles in Figs. 9(a) and 9(b),
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(b) Adhesive inflation

Figure 9: Constrained inflation: comparison of profiles of initially unstretched and pre-stretched
inflated membrane against an elastic cylindrical substrate with frictionless and perfect adhesive
contact conditions at the same pressure
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(b) α = 0.1, δ1 = 2

Figure 10: Adhesive constrained deflation: profiles of initially unstretched and pre-stretched
deflated Mooney-Rivlin membrane against an elastic substrate. Movement of material points
(.......... ). Undeformed position of the elastic cylindrical substrate (−−−−− ).

we observe that the membrane without pre-stretch has a tendency to bulge side-
wards with flattening in the central zone, while the membrane with pre-stretch
propagates in the radial direction. The indentation of the membrane into the
soft cylindrical substrate is nearly similar for frictionless and adhesive contact
conditions, when considering the same combination of material and pre-stretch.
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(b) Adhesive inflation

Figure 11: Constrained inflation: variation of contact segment length η∗ with pressure p

During deflation without peeling, the profiles of the membrane with de-
creasing pressure are shown in Fig. 10. The paths of the material points during
inflation and deflation, as marked in the figure, exhibit different trends if pres-
sure reduces drastically. The contact area achieved at the end of the inflation
phase remains during deflation. It may be noted that the movement of the ma-
terial points in the contacting region are horizontally straight, since the axial
movement is arrested due to adhesion. As the inflation pressure is reduced, the
curvature of the membrane in the non-contacting region undergoes a change in
sign due to the change in the meridional curvature from concave to convex.

4.2d. Contact geometry. The contact patch formed between the membrane and
the soft substrate is of an inflated cylindrical nature and characterized by its
axial length η∗. The variation of contact patch length η∗ with the inflation
pressure is presented in Fig. 11. This clearly shows the rapid initial propagation
of the contact patch with pressure, and then stagnation for initially unstretched
NH and MR membranes with frictionless and adhesive contact. The growth
of the contact patch with inflation is an important indicator of the surface
condition. For a cylindrical membrane inflated against an elastic cylindrical
substrate, the contact patch and the indentation of the membrane into the
substrate closely match for frictionless and adhesive contacts, when considering
the same combination of material and pre-stretch.

4.2e. Axial traction and adhesive line forces. As we assumed that vertical
movements of material points are arrested during adhesive inflation and de-
flation, it is necessary to show the resulting traction necessary to do so. The
axial traction ftη in the contact zone during adhesive inflation and deflation is
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(a) Adhesive inflation (b) Adhesive deflation

Figure 12: Constrained inflation: variation of axial adhesive traction and spring forces with axial
co-ordinate Z at different pressures in the contact zone. (•) represents the maximum traction at
the contact boundary corresponds to the mentioned pressure

given by

2πρ
√

(ρ,z)2 + (η,z)2 ftη =
∂π̂

∂η
− ∂

∂z
(
∂π̂

∂η,z
) (20)

where π̂ is the non-dimensional potential energy density or Lagrangian. The
radial spring force density fkρ in the contact zone during adhesive inflation and
deflation is given by

2πρ
√

(ρ,z)2 + (η,z)2 fkρ =
∂

∂z
(
∂Ŵk

∂ρ,z
)− ∂Ŵk

∂ρ
(21)

where Ŵk = πρη,zk(ρ − s)2 is the non-dimensional spring potential density
in the contact zone. The axial traction necessary to arrest the vertical move-
ments of material points is then compared to the radial spring force density
at the same pressure in the contact zone in Fig. 12. It is clearly visible that
adhesive traction is nearly zero in the central zone due to horizontal motion
of material points. It increases rapidly near the contact boundary and reaches
a maximum at the contact boundary. The adhesive traction is dependent on
the pressure. As pressure increases adhesive traction increases at the contact
boundary for adhesive inflation (Fig. 12(a)). For adhesive deflation adhesive
traction decreases with decrease in pressure (Fig. 12(b)). The maximum ad-
hesive traction is similar in magnitude to the radial spring force density fkρ,
which means that if the constraining surface is (ftη)max/(fkρ)max times stiffer
in the axial than in the horizontal direction, the vertical movement of points is
arrested.
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Figure 13: Constrained deflation: adhesive line forces at the contact boundary during adhesive
deflation for different combination of material parameter and pre-stretch.

However, during adhesive deflation, the membrane experiences an adhesive
line force at the contact boundary, which is responsible for a jump in the merid-
ional stretch and stress. The adhesive line forces fl at the contact boundary
during deflation are given by

2πρfl = ∆(− ∂π̂

∂η,z
) (22)

where ∆ is the jump at the contact boundary. The adhesive line forces are
plotted in Fig. 13 for different combinations of material parameters and pre-
stretch for decreasing pressure. As pressure reduces, line forces increase which
in turn increases jump discontinuities in the stretches and stresses, Figs. 7(c)
and 8(c). At lower pressure, the adhesive line force starts reducing for an
unstretched membrane, while this trend is not observed for a pre-stretched
membrane.

5. Conclusion

The effects of a soft constraining substrate on the inflation and deflation me-
chanics of initially unstretched and pre-stretched cylindrical membranes have
been analyzed in this paper. Both frictionless and adhesive contact conditions
have been considered.

Table 1: The order of continuity of the principal stretches (λ1 and λ2) and stresses (t1 and t2)

Variable Order of continuity

u, w, λ2 Ci
λ1, t1, t2 Ci−1



Inflation of a Cylindrical Membrane 111

The order of continuity of the principal stretches (λ1 and λ2) and stresses
(t1 and t2) are dependent on the continuity of field variables (u and w), summa-
rized in Table 1. The superscript i is infinite for free inflation, for constrained
frictionless inflation i = 2, for constrained adhesive inflation i = 1 and for
constrained adhesive deflation the superscript i = 0. The variations of the
contact patch with pressure have been shown here. Pre-stretch introduces soft-
ening for NH, as well as for MR membranes in the pre-critical and post-critical
zones. The limit point pressure depends upon combinations of material pa-
rameters and pre-stretch for free inflation, while it depends upon combinations
of material parameters, pre-stretch and constraining properties for constrained
inflation (Patil & DasGupta 2015). At a certain value of pre-stretch, a cusp
point is observed for an MR membrane. Above this, a pre-stretched MR mem-
brane does not exhibit a limit point behaviour.
The axial traction necessary for arresting vertical movements of material points
has been shown. The relationship between adhesive line forces and pressure
during deflation for different combinations of material model and pre-stretch is
shown clearly.
These results are expected to be useful in balloon angioplasty where a cylin-
drical membrane produces stresses on the artery, and the contact conditions
between membrane-artery or membrane-plaque affect the inflation process.
These results are also important when studying the contact mechanics of bio-
membranes and cell membranes. The quasi-static and dynamic aspects of cylin-
drical membranes in adhesive contact with material and geometric non-linear
constraining surfaces will be an interesting future direction to pursue.
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This paper discusses the evaluation of instabilities on the quasi-static equilib-
rium path of fluid-loaded pre-stretched cylindrical membranes and the switch-
ing to a secondary branch at a bifurcation point. The membrane is repre-
sented by only the in-plane stress components, for which an incompressible,
isotropic hyperelastic material model is assumed. The free inflation problem
yields governing equations and boundary conditions, which are discretized by
finite differences and solved by a Newton-Raphson method. An incremental
arclength-cubic extrapolation method is used to find generalized equilibrium
paths, with different parametrizations. Limit points and bifurcation points are
observed on the equilibrium path when fluid level is seen as the controlling
parameter. An eigen-mode injection method is employed to switch to a sec-
ondary equilibrium branch at the bifurcation point. A limit point with respect
to fluid level is observed for a partially-filled membrane when the aspect ratio
(length/radius) is high, whereas for smaller aspect ratios, the limit point with
respect to fluid level is observed at over-filling. Pre-stretch is observed to have
a stiffening effect in the pre-limit zone and a softening effect in the post-limit
zone.

1. Introduction

Fluid-containing closed membranes find wide applications in several engineer-
ing and medical fields, such as liquid storage tanks and liquid filled tube tyres
of tractors (liquid ballasting). Fluid-loaded membranes as barriers for wave at-
tenuation (Zhao 1995) and to control the flow of fluid in streams by inflatable
dams (Anwar 1967) are advanced applications. In the field of medical technol-
ogy, the study of fluid-filled membranes is of paramount importance for proper
understanding of thin walled capsules, tissues, cells, and liposomes (Evans &
Skalak 1981; Lefebvre et al. 2008; Pamplona & Calladine 1993).

Alongside with free inflation (Alexander 1971b; Patil & DasGupta 2013;
Tamadapu & DasGupta 2013; Eriksson & Nordmark 2012), constrained in-
flation of membranes exhibits several aspects of interesting behaviour due to
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material and geometric non-linearities, constraining properties and contact con-
ditions. The study of constrained inflated membranes is of practical impor-
tance in contexts such as thermoforming, blow moulding and balloon angio-
plasty. These phenomena are studied for different geometries of air inflated
membranes (Charrier et al. 1987; Eftaxiopoulos & Atkinson 2005; Khayat &
Derdouri 1994a,b; Martin & Boyle 2013; Patil et al. 2014b; Sohail & Nadler
2011; Patil & DasGupta 2015; Patil et al. 2015a).

The analysis of large deformations of fluid-filled membranes is reported
in Boyer & Gutkowski (1970); Selvadurai & Shi (2012); Yu & Valanis (1970);
Haughton (1996). More recently, Pamplona et al. (2006) have presented the
static and dynamic analysis of an initially stressed fluid-filled cylindrical mem-
brane. They performed an experimental investigation, which was compared
with numerical simulations to show the behaviour of cylindrical membranes
under the action of internal hydrostatic pressure. Fluid-filled inextensible cylin-
drical membranes under internal fluid pressure and external weight are studied
by Namias (1985). Hsieh et al. (1989) studied theoretical and experimental vi-
brations of an inextensible cylindrical membrane inflated by a liquid. Recently,
a static analysis of a cylindrical membrane under the influence of internal and
external fluid pressures in the context of inflatable cylindrical rubber dams is
proposed by Ghavanloo & Daneshmand (2009).

Although fluid-filled cylindrical membranes have been frequently consid-
ered in past research, the effects from pre-stretches, aspect ratios and fluid
density on fluid-filled cylindrical membranes have not been fully described. The
softening/stiffening phenomena observed in pre-stretched air-inflated mem-
branes (Patil et al. 2014b; Patil & DasGupta 2013) need to be investigated
for finite inflation of cylindrical membranes under the action of hydrostatic
pressure. A previous investigation (Pamplona et al. 2006) does not consider
static over-pressure created after the membrane is completely filled. Even if
bifurcation of membranes have been shown experimentally (Pamplona et al.
2006), theoretical analysis failed to show limit point and bifurcation instabili-
ties. The geometric, material and force non-linearities complicate the problems
further and response becomes sensitive to parameters like material constants,
pre-stretch, aspect ratio and fluid density. These issues motivate us to present
a study on instability phenomena associated with fluid-loaded cylindrical mem-
branes.

The stability investigation of inflated membranes is concentrated on three
main topics: limit point instability, bifurcation instability and wrinkling. The
latter, corresponding to more or less localized regions of compressive stresses,
often occur for inflated membrane structures, and can be seen as related to
geometric effects. Important contributions on this topic are given in Evans
(2009); Pipkin (1986); Steigmann (1990); Li & Steigmann (1994a,b). Limit
points and bifurcation points are the two major types of critical points in equi-
librium paths. Detailed investigations of limit point instabilities, with some
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experimental results, are found in Alexander (1971b); Tamadapu et al. (2013);
Verron et al. (1999); Alexander (1971); Patil & DasGupta (2013); Eriksson &
Nordmark (2012). Alexander (1971b) show an occurrence of a non-spherical
mode after limit point pressure experimentally, which is essentially a secondary
equilibrium solution. Recently, Eriksson & Nordmark (2014) have shown a non-
unique response in terms of instabilities of Money-Rivlin membranes for specific
boundary conditions. At a bifurcation point, several methods have been pro-
posed for calculation of the secondary branches (Riks 1979; Shi 1995; Shi &
Moita 1996; Wagner & Wriggers 1988). An eigen-mode injection method for
calculation of secondary branches proposed by Wagner & Wriggers (1988) is
used in this paper, but the evaluation of a general equilibrium path (Eriksson
1994), is also discussed. The injection method has been used for inflation of
two connected rubber balloons (Verron & Marckmann 2003). Further results on
stability and bifurcation of membranes can be found in Biscari & Napoli (2009);
Chaudhuri & DasGupta (2014); Chen (1997); Haughton & Ogden (1979a,b);
Khayat et al. (1992). Recently, an important study on bifurcation of shells is
presented in deBotton et al. (2013), cf. also the references therein.

In the present work, finite inflation of pre-stretched cylindrical membranes
under the action of internal hydrostatic pressure is studied. The thin homo-
geneous, isotropic, hyperelastic membrane is modelled as a neo-Hookean solid
affected by only in-plane stresses. Only quasi-static equilibrium solutions are
considered, where dynamic and thermal effects are neglected. There are two
ways to control fluid-loaded cylindrical membranes: by the fluid level or by
the fluid volume. We have chosen fluid level as controlling parameter for our
study as this is well-defined in the numerical computations, but correspond-
ing volumes are easily calculated from obtained equilibrium solutions, allowing
comparison to experiments with fluid volume as controlling parameters (Pam-
plona et al. 2006).

The equilibrium equations are obtained by a variational formulation for
the free inflation problem and discretized by finite differences. Axisymmetric
solutions are obtained by a one-dimensional finite difference approach, whereas
asymmetric solutions are obtained by a two-dimensional finite difference ap-
proach. The resulting non-linear algebraic equations are solved by a Newton-
Raphson method. An incremental arclength-cubic extrapolation method is
used to find generalized equilibrium paths. The simulations based on the effi-
cient model proposed here are for a few instances verified by more demanding
three dimensional finite element based solutions, the model described by Eriks-
son & Nordmark (2012).

2. Problem Formulation

2.1. Kinematics of Deformation

Consider an initial stress-free homogeneous and isotropic cylindrical membrane
defined by a radius A, length L/δ and constant initial thickness H with rigid
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Figure 1: Schematic representation of a fluid-loaded cylindrical membrane during inflation.

disks of radius A attached to the ends as shown in Fig. 1. The membrane
is then subjected to uniform axial traction to pre-stretch it to a new length
L, where δ is an axial pre-stretch parameter. The radius A and length L are
seen as fixed for all cylindrical membranes considered here, but pre-stretch is
variable.

The undeformed configuration of the membrane is represented by the coor-
dinates R, Θ and Z in radial, circumferential and axial direction, respectively.
The membrane is then inflated with a fluid of density ρ up to fluid level zw.
Assuming general asymmetric configuration, the radial, circumferential and
axial co-ordinates of a material point on the membrane after inflation may be
represented by, respectively, r(Z,Θ), θ(Z,Θ) and z(Z,Θ). As for a general
configuration of an inflated membrane, the principal stretch directions are no
longer constant and not aligned with the co-ordinate axes, it is convenient to
represent the strain energy for the membrane in terms of the invariants of the
Cauchy-Green deformation tensor B.
The three-dimensional metric tensor for the undeformed cylindrical membrane
is

G =

 1 0 0
0 A2 0
0 0 1

 , (1)

while the three-dimensional metric tensor for the deformed cylindrical mem-
brane is

g =

 r2
,Z + r2 θ2

,Z + z2
,Z r,Z r,Θ + r2 θ,Z θ,Θ + z,Z z,Θ 0

r,Z r,Θ + r2 θ,Z θ,Θ + z,Z z,Θ r2
,Θ + r2 θ2

,Θ + z2
,Θ 0

0 0 λ2
3

 ,

(2)

where an index following a comma denotes differentiation. The stretch λ3 =
h/H is the principal stretch in the thickness direction with h and H the de-
formed and undeformed thicknesses of the membrane.



Instability Investigation on Cylindrical Membranes 123

The Cauchy-Green deformation tensor for inflated membrane is given by

B = G−1g (3)

with strain invariants given by

I1 = Bii = Giigii

I2 =
BiiB

j
j −BijB

j
i

2
=
I2
1 −GijGpqgipgjq

2

I3 = |B| = |g|
|G|

(4)

with the summation convention adopted. The principal stretches, are then
obtained as the square roots of the eigenvalues of B.

3. The Variational Formulation

3.1. Material Strain Energy

The strain energy density function (per unit undeformed volume) of an isotropic,

homogeneous, hyperelastic material may be expressed as Ê = Ê (I1, I2, I3). In
the present work, we consider the neo-Hookean constitutive model for which
the strain energy density function is given by Ê = µ

2 (I1 − 3), where µ is the
initial shear modulus. The total elastic potential can then be written as

WM =

L/δ∫
0

2π∫
0

H
µ

2
(I1 − 3)AdΘdZ.

referring to initial material volume and where the incompressibility assumption
is related to the metric tensor by the relations,

I3 = 1 , |G| = |g| , λ2
3 =

G11G22G33

(g11g22 − g21g12)
(5)

3.2. Potential energy of the fluid

The membrane is loaded with a fluid of density ρ up to the level zw. The
potential energy of the fluid may then be written as −

∫
PdV , where P is

a hydrostatic pressure. The volume element dV in the spatial co-ordinate
system is dV = r2/2 dθ dz, and can be written in material co-ordinates as
dV = r2/2 (θ,Θ z,Z − θ,Z z,Θ) dΘ dZ.
The potential energy of the fluid for a general configuration can be written as

WP = −
L/δ∫
0

2π∫
0

ρg(zw − z)H(zw − z)
r2

2
(θ,Θ z,Z − θ,Z z,Θ) dΘ dZ (6)

where the Heaviside step functionH is used to limit the potential energy of fluid
to only the fluid-filled region with z ≤ zw and g is the gravitational constant,
here chosen as g = 9.81m/s2.
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3.3. Equations of Equilibrium

The total potential energy of the system is given by:

Π = WM +WP =

L/δ∫
0

2π∫
0

L dΘdZ. (7)

where L is the Lagrangian which is given in terms of three field variables
r(Z,Θ), θ(Z,Θ) and z(Z,Θ), but also the fluid level zw. Thus, the Euler-
Lagrange equations of equilibrium can be written formally as

∂L
∂r
− ∂

∂Z

∂L
∂r,Z

− ∂

∂Θ

∂L
∂r,Θ

= 0,

∂L
∂θ
− ∂

∂Z

∂L
∂θ,Z

− ∂

∂Θ

∂L
∂θ,Θ

= 0, (8)

∂L
∂z
− ∂

∂Z

∂L
∂z,Z

− ∂

∂Θ

∂L
∂z,Θ

= 0

These are three coupled second order nonlinear partial differential equations.
The corresponding boundary conditions for the problem are obtained as

r(0,Θ) = A, θ(0,Θ) = Θ, z(0,Θ) = 0,

r(L/δ,Θ) = A, θ(L/δ,Θ) = Θ, z(L/δ,Θ) = L, (9)

4. Numerical formulation for axisymmetric solution

On the primary equilibrium path, the membrane deforms axisymmetrically,
and the circumferential field variable becomes θ = Θ. The potential energy
Π in Eq.(7) is thereby stated in terms of field variables r and z, which are
functions of the independent axial co-ordinate Z.

The boundary value problem described by Eqs.(8–9) is discretized by one-
dimensional finite differences. The independent co-ordinate Z is discretized
with m intervals in [0,L/δ] along the axial direction, which gives m−1 internal
nodal points. The first and second derivatives of r and z are approximated
from the discrete values as

r,Z =
ri+1 − ri−1

2∆Z
, z,Z =

zi+1 − zi−1

2∆Z
(10)

(r,Z),Z =
ri+1 − 2ri + ri−1

∆Z2
, (z,Z),Z =

zi+1 − 2zi + zi−1

∆Z2
(11)

where ∆Z=L/δ
m The governing equations give 2(m−1) algebraic equations after

discretization. Equations (8) become a set of algebraic equations in the radial
and axial directions, respectively,

F1i(ri−1, ri, ri+1, zi−1, zi, zi+1) = 0 for all i ∈ [2,m]

F2i(ri−1, ri, ri+1, zi−1, zi, zi+1) = 0 for all i ∈ [2,m] (12)
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with boundary conditions,

r1 = A, rm+1 = A, z1 = 0, zm+1 = L (13)

The nonlinear set of algebraic equations (12) is directly solved by the Newton-
Raphson method.
For inflation of hyperelastic membranes, limit points are encountered when the
fluid level zw is the controlling parameter. This makes convergence difficult
at limit points with respect to zw, where the loading characteristics change.
A suitably close initial guess is required for the Newton-Raphson method to
converge. In order to find this and an automatic tracking of loading character-
istics, we have used a combination of an incremental arc-length method with
a cubic extrapolation technique, (Cheung & Chen 1990). Let X0, X1, X2

and X3 be known solution vectors fulfilling equilibrium, where Xk ={(zw)k,
(r2)k,.....(rm)k,(z2)k,.........(zm)k} and k is the index of the equilibrium state.
An initial guess vector X4 for the next solution can be found from a cubic
parametric fitting,

X4 =

3∑
k=0

 3∏
j=0,j 6=k

y4 − yj
yk − yj

Xk (14)

where y is a defined arc length measuring function, for which the four previous
arc length are y0 = 0, y1 = A1, y2 = y1 + A2, y3 = y2 + A3, and the desired
new arc measure is y4 = y3 + ∆A. We choose ∆A = A3 ,and Ai given by the
Euclidean norm of differences as

Ak = |Xk −Xk−1| (15)

representing a secant arc-length in the parametric space. With this initial guess
vector X4, the solution for fixed fluid level (zw)4 is obtained by the Newton-
Raphson method even if the fluid level derivative changes sign in the new step.
The above algorithm is repeated for each new equilibrium state and is found
to be sufficiently robust to cross the limit points automatically, even if more
elaborate parametrization of the path can be used, (Cheung & Chen 1990). It
is noted that the above method will be able to pass limit points by a finite step,
but are not able to isolate and identify any critical solutions on the path. The
accurate treatment of these is described below.

5. Eigenvalue problems and symmetry

5.1. Primary branch

The cylindrical membrane has C∞v symmetry, and also the primary equilibrium
solution has this symmetry. The symmetry ensures that the system remains un-
changed under rotations about the Z axis and reflections about planes passing
through Z axis. We can show that it is possible to decompose the eigenspaces
around primary solutions into one- and two-dimensional subspaces, thus we
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can see that some eigenvalues, that corresponds to a one-dimensional subspaces
are single, whereas eigenvalues corresponding to two-dimensional subspaces are
double. The basis for the eigenspaces consists of

• Single eigenvector with C∞v symmetry. A zero eigenvalue typically
corresponds to a limit point and the solution still remains on the same
branch.

• Single eigenvector with C∞ symmetry. The C∞ symmetry ensures that
the solution remains unchanged under rotations but not under reflec-
tions. A zero eigenvalue typically corresponds to a pitchfork bifurcation,
and indicates some kind of twisting instability which is not observed for
our system.

• Double eigenvectors with C∞v symmetry. The C∞v symmetry ensures
that the solution remains unchanged under rotations by a multiples
of 2π/n, and certain reflections by plane angles whose differences are
multiples of 2π/n. A (double) zero eigenvalue will typically produce a
bifurcation point, with secondary branches being a family of solutions
differing by rotations.

5.2. Secondary branch

On secondary equilibrium branches, the solutions are no longer axisymmet-
ric. They, however maintain symmetry of type C∞ or C∞v. The previous
experimental investigations (Pamplona et al. 2006) shows a bifurcation of the
membrane where it maintains C1v symmetry, so we are also looking for the
same by taking a symmetry plane passing through Θ = 0. We can decompose
the eigenspace of secondary solution into one-dimensional subspaces, thus we
can see that eigenvalues corresponding to one-dimensional subspaces are single.
The basis for the eigenspace consists of

• Single eigenvector with C1v symmetry, where perturbation field vari-
ables u, v and w are even, odd and even functions of Θ, respectively. It
gives a single zero eigenvalue characteristic for a limit point. We have
restricted ourseves for this kind of eigenvectors, which maintains C1v

symmetry, by imposing special boundary conditions.
• Single eigenvector which breaks C1v symmetry, where perturbation field

variables u, v and w are odd, even and odd functions of Θ, respectively.
It always gives a zero eigenvalue corresponding to the infinitesimal ro-
tated solution, and a different zero eigenvalue corresponding to pitchfork
bifurcation. We have not considered this type of eigenvectors for our
analysis.

6. Stability of primary branch and critical points

As mentioned in the introduction, the equilibrium paths of fluid-filled mem-
brane shows critical points, where the behaviour of the membrane changes. The
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two types of critical points identified on an equilibrium path are limit points,
where the slope of the loading curve will change, and bifurcation points, where
new equilibrium paths emerge. The axisymmetric equilibrium path is computed
by using a numerical formulation described in section 4. The primary axisym-
metric equilibrium path is then complemented by a secondary path emerging
from a bifurcation point. To find these critical points on the primary equilib-
rium path, we statically perturbed the equilibrium solutions.

6.1. Detection of limit point and stability of primary branch

In order to find a limit point on the primary path, we have to perturb the
inflated shape, but only axisymmetrically. The solution on the primary path is
perturbed with field variables u(Z), w(Z). Let the inflated shape of a spatially
perturbed configuration about equilibrium be given by

r(Z) = r0(Z) + ε u(Z) +O(ε2), z(Z) = z0(Z) + ε w(Z) +O(ε2) (16)

where ε is perturbation magnitude, while r0(Z) and z0(Z) are deformed field
variables taken from an equilibrium solution. The chosen perturbation field is
of C∞v symmetry.
The Lagrangian L in Eq.(7) is expanded in terms of field variables up to qua-

dratic order. The perturbed Lagrangian L̂ is the term with coefficient of ε2

from the expanded Lagrangian L. The linearized Euler–Lagrangian equations
are then obtained in terms of field variables u and w and written as

∂L̂
∂u
− ∂

∂Z

∂L̂
∂u,Z

= 0, and
∂L̂
∂w
− ∂

∂Z

∂L̂
∂w,Z

= 0 (17)

The differential equations in u and w are then discretized by one-dimensional
finite differences and with introduced boundary conditions u(0) = u(L/δ) =
w(0) = w(L/δ) = 0. The set of linear algebraic equations for this perturbation
is, with a similar discretization as above, written as

[K] {u2, u3, u4......w2, w3, w4....}T = {0}T (18)

where the subscripts represent nodal numbers and [K] is the perturbed struc-
tural stiffness matrix. The eigenvalues of this matrix will decide a limit point
and the stability of the primary branch with respect to axisymmetric pertur-
bations.
The conclusions are:

• if all eigenvalues are positive: the equilibrium state is stable for assumed
perturbations;

• if one eigenvalue is zero: the equilibrium state is most probably a limit
point with respect to fluid level;

• if at least one eigenvalue is negative: the equilibrium state is unstable
for assumed perturbations.
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6.2. Detection of bifurcation point and branch switching

The perturbation field for the detection of limit point and subsequent deter-
mination of stability of the primary branch is shown in sections 6.1. Here, we
perturb the equilibrium shape with new field variables u(Z), v(Z) and w(Z),
with help of sinusoidal functions (sinnθ, cosnθ) along the circumferential di-
rection, which can give the bifurcation points on the primary branch. As the
primary branch consists of axisymmetric solutions, we have to perturb the
inflated shape asymmetrically in order to find bifurcation point.

r(Z,Θ) = r0(Z) + ε1u(Z) cosnΘ + ε2u(Z) sinnΘ +O(ε21) +O(ε22),

θ(Z,Θ) = Θ + ε1v(Z) sinnΘ− ε2v(Z) cosnΘ +O(ε21) +O(ε22), (19)

z(Z,Θ) = z0(Z) + ε1w(Z) cosnΘ + ε2w(Z) sinnΘ +O(ε21) +O(ε22)

where ε is a perturbation magnitude, while r0(Z) and z0(Z) are again deformed
field variables taken from the primary equilibrium solution. The chosen pertur-
bation field is a two-dimensional subspace of the primary equilibrium solutions
and produces double eigenvalues with eigenvectors that have Cnv symmetry.
The pair of eigenspace basis vectors {u(Z) cosnΘ, v(Z) sinnΘ, w(Z) cosnΘ}
and {u(Z) sinnΘ,−v(Z) cosnΘ, w(Z) sinnΘ} give the same eigenvalue, which
has reflection symmetry about a vertical plane passing through Θ = 0 and
Θ = π/2n. The linear combination of these eigenvectors can give another
eigenvector which is also a solution and having a different reflection symmetry
plane, but all are equivalent solutions. It is thus sufficient to study one eigen-
vector by selecting a reflection symmetry plane passing through Θ = 0 to π.
Here, we are only looking for bifurcation which maintains C1v symmetry. So
we modify the above perturbation field, and the inflated shape of an asymmet-
rically perturbed configuration about equilibrium with n = 1 can be written
as

r(Z,Θ) = r0(Z) + εu(Z) cos Θ +O(ε2), θ(Z,Θ) = Θ + εv(Z) sin Θ +O(ε2),
(20)

z(Z,Θ) = z0(Z) + εw(Z) cos Θ +O(ε2)

The chosen perturbation field has the lowest possible angle dependency. The
modified perturbation field gives only one eigenvalue zero at a bifurcation point.
From the experimental observations (Pamplona et al. 2006), the chosen per-
turbation field is sufficient to predict a bifurcation point accurately.
The Lagrangian L in Eq. (7) is expanded in terms of field variables up to

quadratic order. The perturbed Lagrangian L̂ is the term with coefficient of
ε2 from the expanded Lagrangian L and integrated over Θ. The linearized
Euler–Lagrangian equations are obtained in terms of the field variables u, v
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and w and written as

∂L̂
∂u
− ∂

∂Z

∂L̂
∂u,Z

= 0,
∂L̂
∂v
− ∂

∂Z

∂L̂
∂v,Z

= 0, and
∂L̂
∂w
− ∂

∂Z

∂L̂
∂w,Z

= 0

(21)
The differential equations are again discretized by one-dimensional finite dif-
ference expressions, introducing boundary conditions u(0) = u(L/δ) = v(0) =
v(L/δ) = w(0) = w(L/δ) = 0. The set of linear algebraic equations is written
as

[K] {u2, u3......v2, v3, ........w2, w3....}T = {0}T (22)

where [K] is the perturbed structural stiffness matrix. The eigenvalues of this
matrix will indicate a bifurcation point if at least one eigenvalue is zero. If at
least one eigenvalue is negative, the equilibrium state is unstable to additional
deflections within the assumed perturbation space.
In case of a bifurcation point, a secondary branch will emerge from the primary
branch at this point, on which the inflated shape is no longer axisymmetric.
In order to obtain equilibrium solutions on this secondary branch, a general
asymmetric kinematic description is needed together with a numerical solution
procedure described below. To initiate the secondary branch, one needs an
asymmetric initial guess to the direction of the secondary branch. For this,
we employ an eigen-mode injection method proposed by Wagner & Wriggers
(1988) and used by researchers (Shi & Moita 1996; Verron et al. 2001). The
eigenvector corresponding to a single zero eigenvalue at the bifurcation point
indicates the direction of a secondary branch. The new perturbed field variables

V̄ = {ū, v̄, w̄}T are given by

V̄ = β
ψ

‖ ψ ‖
(23)

where ψ is the eigenvector of the perturbed structural stiffness matrix [K]
corresponding to the zero eigenvalue and β a scaling parameter, chosen to give
a robust asymmetric initial guess. The asymmetric initial guess in the direction
of the secondary branch for three field variables r, θ and z are,

r(Z,Θ) = r0(z) + ū(Z) cos Θ, θ(Z,Θ) = Θ + v̄(Z) sin Θ,

z(Z,Θ) = z0(Z) + w̄(Z) cos Θ (24)

7. Numerical formulation for asymmetric solution

On the secondary branch, the membrane deforms asymmetrically. The field
variables are r, θ and z which are functions of the independent axial and cir-
cumferential material co-ordinates Z and Θ. Two-dimensional finite differences
are used to discretize the governing equations in the axial and circumferential
directions. The resulting set of highly nonlinear and coupled algebraic equa-
tions are solved by a Newton-Raphson method. An incremental arclength-cubic
extrapolation method is employed to find the generalized equilibrium paths, as
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described above.
The imposed boundary conditions ensure that r, θ and z remain even, odd and
even functions of Θ, respectively, which maintains C1v symmetry of secondary
equilibrium solutions. There are an infinite number of bifurcated solutions pos-
sible along the circumferential direction. Here, we fixed our secondary branch
by considering a symmetry plane passing through Θ = 0 to π. The boundary
value problem described by Eqs. (8–9) was discretized by finite differences.
The axial independent co-ordinate Z was discretized with m intervals along
the axial direction and the circumferential independent co-ordinate Θ with n
intervals along the circumferential direction ranging from Θ = 0 to Θ = π.
The number of internal node points thereby were (m− 1)(n+ 1) in addition to
2(n+1) boundary node points. The derivatives of r, θ and z were approximated
from the discrete values as for example,

r,Z =
ri+1,j − ri−1,j

2∆Z
, (r,Θ),Θ =

ri,j+1 − 2ri,j + ri,j−1

∆Θ2
,

(r,Z),Θ =
ri+1,j+1 + ri−1,j−1 − ri−1,j+1 − ri+1,j−1

4∆Z∆Θ
(25)

where ∆Z=L/δ
m and ∆Θ=π

n . and subscripts i and j represent nodal numbers
from i = 1 at Z = 0 in the axial direction and j = 1 at Θ = 0 in the circum-
ferential direction. Equations (8) become a set of nonlinear coupled algebraic
equations in the radial, circumferential and axial directions, respectively,

F1i(ri−1,j−1, .., θi−1,j−1, ..zi−1,j−1, .., zw) = 0 for all i ∈ [2,m], j ∈ [1, n+ 1]

F2i(ri−1,j−1, .., θi−1,j−1..zi−1,j−1...., zw) = 0 for all i ∈ [2,m], j ∈ [1, n+ 1]

F3i(ri−1,j−1, .., θi−1,j−1..zi−1,j−1...., zw) = 0 for all i ∈ [2,m], j ∈ [1, n+ 1]
(26)

with boundary conditions

r1,j = A, rm+1,j = A, θ1,j = (j − 1)∆Θ,

θm+1,j = (j − 1)∆Θ, z1,j = 0, zm+1,j = L (27)

Continuity and periodicity conditions also need to be assigned for field vari-
ables, according to

ri,0 = ri,2, ri,n+2 = ri,n, Θi,0 = −Θi,2,

Θi,n+2 = 2π −Θi,n, zi,0 = zi,2, zi,n+2 = zi,n (28)

After modification of Eq.(26) through the introduction of Eqs. (22-28), the
set of nonlinear algebraic equations was directly solved by a Newton-Raphson
method, as above.
Whereas fluid level is used as controlling parameter for the primary path, this
can not be used as algorithmic controlling parameter here, as initial bifurcating
solutions on secondary path have almost the same fluid level. Therefore, the
radial displacement at (Z = L/(2δ),Θ = 0) was used as controlling parameter.
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One global equation was added, making the fluid level a depending variable of
the applied radial displacement rc. The augmenting equation was written

Fg(rc, r(m+2)/2,1) = (r(m+2)/2,1 − rc) = 0 (29)

where subscript (m + 2)/2 of r represents the considered component. An in-
cremental arc-cubic extrapolation method was used to extrapolate new initial
guesses and values of the controlling parameter rc as described above. For
this case Xk ={(r(m+2)/2,1)k, (r)k,.....(θ)k,......(z)k,....., (zw)k}. The prediction
for the first step on the secondary path was given by an eigen-mode injection
method as described by Eq. (24) with the increment in the controlling param-
eter. This choice of a radial displacement at the midsection as the controlling
step parameter has been found fully reliable, even if it is not the fastest growing
displacement component during buckling which would be found further down
in the cylindrical membrane.

8. Stability of secondary branch

The primary branch was obtained from the method presented in section 4
and its stability was checked with help of the perturbation technique described
in section 6. The asymmetric configuration of the membrane on a secondary
branch was obtained from the method presented in section 7. This section
describes a perturbation method to ascertain stability of the secondary branch.
Here, we perturb the asymmetric equilibrium shape with new field variables
u(Z,Θ), v(Z,Θ) and w(Z,Θ), where they are even, odd and even functions
of Θ respectively. The inflated shape of a perturbed configuration about an
asymmetric equilibrium is thereby given by:

r(Z,Θ) = r0(Z,Θ)+ε u(Z,Θ)+O(ε2), θ(Z,Θ) = θ0(Z,Θ)+ε v(Z,Θ)+O(ε2),
(30)

z(Z,Θ) = z0(Z,Θ) + ε w(Z,Θ) +O(ε2)

where ε is a perturbation magnitude, while r0(Z,Θ), θ0(Z,Θ) and z0(Z,Θ) are
deformed field variables taken from the secondary equilibrium solution. They
are even, odd and even functions of Θ, respectively. The chosen perturbation
field is a one-dimensional subspace of secondary equilibrium solutions. Without
loss of generality, we will assume the reflection plane passing through Θ = 0
to π. The Lagrangian L in Eq.(7) is expanded in terms of field variables up to

quadratic order. The perturbed Lagrangian L̂ is the term with coefficient of ε2

from the expanded Lagrangian L. The linearized Euler–Lagrangian equations
are obtained in terms of the field variables u, v and w and written as

∂L̂
∂u
− ∂

∂Z

∂L̂
∂u,Z

− ∂

∂Θ

∂L̂
∂u,Θ

= 0,

∂L̂
∂v
− ∂

∂Z

∂L̂
∂v,Z

− ∂

∂Θ

∂L̂
∂v,Θ

= 0,
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∂L̂
∂w
− ∂

∂Z

∂L̂
∂w,Z

− ∂

∂Θ

∂L̂
∂w,Θ

= 0 (31)

The differential equations were again discretized by two-dimensional finite dif-
ferences, as in section 7. The boundary conditions were u1,j = um+1,j = v1,j =
vm+1,j = w1,j = wm+1,j = 0 and continuity-periodicity conditions are ui,0 =
ui,2, ui,n+2 = ui,n, vi,0 = −vi,2, vi,n+2 = −vi,n, wi,0 = wi,2, wi,n+2 = wi,n.
The set of linear algebraic equations were written as

[K] {u2, u3......v2, v3, ........w2, w3....}T = {0}T (32)

where [K] is the perturbed structural stiffness matrix. The eigenvalues of this
matrix decide the C1v stability of the secondary branch.
The conclusions are:

• if all eigenvalues are positive: the asymmetric equilibrium state is stable;
• if one eigenvalue is zero: the asymmetric equilibrium state is most prob-

ably a limit point with respect to fluid level;
• if at least one eigenvalue is negative: the asymmetric equilibrium state

is unstable.

9. Detection of wrinkling

For an isotropic material, the principal stress directions are the same as the
principal stretch directions, so the principal stress resultants T1 and T2 for
neo-Hookean material can be written as (Patil & DasGupta 2013),

T1 = µH

(
λ1

λ2
− 1

λ3
1λ

3
2

)
and T2 = µH

(
λ2

λ1
− 1

λ3
1λ

3
2

)
(33)

where subscripts 1,2,3 of principal stretches and stresses represents first, second
and third principal directions. For a general configuration of inflated mem-
brane, the first and second principal directions are not aligned to meridional
and circumferential directions, but the third principal direction is aligned to
the thickness direction. A membrane is in an impending wrinkling state when
either T1 = 0 or T2 = 0. These conditions in kinematic constraints are written
as λ1 = 1/

√
λ2 or λ2 = 1/

√
λ1. The results obtained in the present study were

monitered for the wrinkling but no wrinkling occured for studied geometries.

10. Results and Discussion

The general parameters chosen for this study are A=0.02 m, H=0.08 mm,
shear modulus µ=0.4225 MPa. For better comparison and understanding of
characteristics, all the results are presented in non-dimensional form, with non-
dimensional parameters directly written on axis labels. The values of pre-
stretch are taken as δ = 1.5, δ = 2 and δ = 3. The final length of the
membrane (aspect ratio) is taken as L/A = 8 or L/A = 24. The densities of
fluid are taken as ρ=500 kg/m3, ρ=1000 kg/m3 (water) and ρ=2000 kg/m3.
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10.1. Stability of equilibrium branches and critical points

In structural mechanics, a response curve (load-deflection curve) is a graphi-
cal representation of an equilibrium path, representing the overall quasi-static
behaviour of a structure. For this problem, the fluid level zw is taken as repre-
sentative load parameter and the radial displacement rmid at node ((m+2)/2, 1)
is taken as representative displacement quantity. The inherently non-linear re-
sponse to pressurization can give instabilities in the form of critical points with
respect to the loading parameter. Response curves for fluid loaded neo-Hookean
membranes with different aspect ratios are shown in Fig. 2. It is clear that the
tangent to the equilibrium path becomes parallel to the deflection axis at the
limit points. At a bifurcation point, the tangent to the equilibrium path is not
unique. In the present problem, a bifurcation allows transition from symmetric
to asymmetric configuration. The zero eigenvalue of perturbed stiffness matrix
[K] obtained from section 6.1 indicates a limit point, while one of [K] obtained
from section 6.2 indicates a bifurcation point.

The primary and secondary equilibrium paths are shown in Fig. 2, along
with critical points with respect to the fluid level. The continuous dark line
shows the primary branch, while the dashed line shows the secondary branch
emerging from a bifurcation point. The secondary branches shown in Figs. 2
and 3 are only for positive increments in rmid, but the secondary branch con-
tinues in the opposite direction with negative increments in rmid (not shown
in the figures), in symmetric solutions but the values for Θ = 0 and Θ = π
swapped. For the pre-stretch ratios included in Fig. 2, the structure always
shows a limit point before the first bifurcation point on the path, but this is
not true for higher or even very low pre-stretch values as observed from sim-
ulations done in 3D finite element model described by Eriksson & Nordmark
(2012).

Figure 2(a) shows that the structure gets a limit point with respect to
fluid level when the cylindrical membrane is over-filled for the lower aspect
ratio. The membrane bulges downward with more fluid, after the limit point.
On the secondary branch, the membrane starts tilting outwards and bulges
downwards asymmetrically, which causes the sudden downward turning of the
secondary branch shown in Fig. 2(a), which is a distinctly different behaviour
than for a higher aspect ratio Fig. 2(b). A limit point occurs for a partially
filled membrane of higher aspect ratio, as shown in Fig. 2(b). The secondary
branch is shown up to the fluid height where it has good agreement with results
obtained from commercial software COMSOL Multiphysics© (Comsol 2014).
After certain point on the secondary branch, localized deformation becomes
very predominant when using a neo-Hookean material model, demanding very
dense and non-uniform meshing to achieve further results.

It is clear from the perturbation analysis, that the primary branch before
the limit point is stable when fluid level is seen as the controlling parameter.
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At the limit point, one eigenvalue passes through zero indicating neutral sta-
bility of system, going into the unstable post-limit behaviour. The instability
of the secondary branch is ascertained according to section 8, as one eigenvalue
of the perturbed stiffness matrix remains negative. which indicates that the
secondary branch is unstable. The bifurcation point is thereby super-critical
with respect to fluid level.

The inflation of fluid-loaded cylindrical membranes can be performed by
controlling for example either fluid level or fluid volume, with level most conve-
nient for simulations and volume for experiments. The stability conclusions are
highly dependent on the controlling parameter (Eriksson & Nordmark 2012).
To check stability of equilibrium paths and to draw the relevance of present
results with experimentally observed results (Pamplona et al. 2006), the varia-
tion of fluid volume (V/A3) with fluid level zw/A is shown in Fig. 3. No limit
point is observed on the primary branch for neo-Hookean membrane when
fluid volume is seen as controlling parameter. A bifurcation point is observed
on the primary branch from which a secondary branch emerges. The primary
branch is stable with respect to fluid volume up to the bifurcation point, as
observed experimentally (Pamplona et al. 2006). Our results thereby empha-
size the observation noted in the previous experimental literature, (Pamplona
et al. 2006). It also provides a method for investigation of critical points and
tracking of secondary branches from bifurcation points. It is noted that the
individual eigenvalue must be traced along the equilibrium path, not just the
stiffness matrix determinant, to allow the stability conclusions.

10.2. Stretch induced softening and stiffening

Figure 3 shows that, at a given fluid level, the volume of fluid decreases as
the pre-stretch is increased in the pre-limit zone (stiffening before limit-point)
and volume increases with pre-stretch in the post-limit zone (softening past
the limit-point). This stretch-induced softening in a post-limit zone is counter-
intuitive, since we normally expect a membrane to become stiffer with pre-
stretch. However, Patil et al. (2014b) has shown that the pre-stretch induces
a softening effect for an air-inflated cylindrical membrane in the pre-limit and
post-limit zones due to a decrease in circumferential stress from pre-stretching.
From the above results, it is evident that pre-stretch induces a stiffening effect
in the pre-limit zone with hydrostatic pressure. The reason is that, as the
axial pre-stretch softens the cylindrical membrane in the radial direction, gas
has a tendency to inflate the membrane more in the radial direction aiming
at a spherical shape, giving a softening effect. With hydrostatic pressure, the
membrane deforms more axially (which is stiffer direction) than in the radial
direction, which causes a stiffening effect in the pre-limit zone with pre-stretch.
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(a) (b)

Figure 2: Response diagram showing the equilibrium paths and critical points for fluid-filled
(ρgA2/µH = 0.1160) pre-stretched cylindrical membrane. Primary Branch ( ); Secondary
Branch (−−−−− ); Limit Point (�); Bifurcation point (+).

(a) (b)

Figure 3: Fluid volume (V/A3)-fluid level (zw/A) characteristic showing the equilibrium paths and

critical points for fluid-filled (ρgA2/µH = 0.1160) pre-stretched cylindrical membrane. Primary
Branch ( ); Secondary Branch (−−−−− ); Limit Point (�); Bifurcation point (+).

10.3. Effect of fluid densities

The response curves of the pre-stretched cylindrical membrane with differ-
ent fluid densities, as representative of the parameter variations, are shown in
Fig. 4. As fluid density is halved, the fluid levels at the limit and bifurcation
points increase. With increasing fluid density, the limit and bifurcation points
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Figure 4: Response diagram showing the equilibrium paths and critical points for different fluid
densities for pre-stretched cylindrical membrane. Primary Branch ( ); Secondary Branch
(−−−−− ); Limit Point (�); Bifurcation point (+).

(a) (b)

Figure 5: Variation of principal stress resultants Ti/µH with axial co-ordinate Z/A for fluid filled

pre-stretched cylindrical membrane. a)L/A = 8, ρgA2/µH = 0.1160. b)L/A = 24, ρgA2/µH =
0.1160.
Note: The instruction to read this figure is, the farthest curve from the fluid level nomenclature
is related to the first value of fluid level.

occur earlier. From Figs. 2 and 4, it is clear that the response is highly depen-
dent on pre-stretch, aspect ratio and fluid density. Figure 4 shows the shifting
of the limit point fluid level with decrease in fluid density. With the same
pre-stretch δ = 2, the fluid levels at the limit and bifurcation points increase
for a cylindrical membrane with the lighter fluid.
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(a) (b)

Figure 6: a) Variation of principal stress resultant T1/µH (after bifurcation point on secondary
path) with axial co-ordinate Z/A at fluid level zw/A = 7.779 b) Variation of principal stress
resultant T2/µH (after bifurcation point on secondary path) with axial co-ordinate Z/A at fluid
level zw/A = 7.779.

a)ρgA2/µH = 0.1160. b)ρgA2/µH = 0.1160

10.4. Principal stress resultants

The pre-stretched cylindrical membrane is very sensitive to hydrostatic pres-
sure, which may give instability in the form of wrinkling, dependent on pre-
stretch, boundary conditions and loading parameters. It is necessary to evalu-
ate the principal stress resultants of the deformed membranes.

The variations of principal stress resultants T1/µH and T2/µH along the
axial co-ordinate for axisymmetric and asymmetric configurations are shown
in Figs. 5 and 6, respectively. Figure 5 shows that the circumferential stress
resultant increases as fluid level increases, while the meridional principal stress
resultant decreases. The reason behind this is that the circumferential stretch
increases faster than the meridional stretch with increase in fluid level, and that
this causes reduction in the meridional stress resultant Eq.( 33). The meridional
stress resultant T1/µH is always greater than zero for the deformed membrane.
The circumferential stress resultant T2/µH is always greater than zero for a
cylindrical membrane for aspect ratio L/A = 8. However, from Fig. 5(b), the
circumferential stress resultants near the center and the upper end remain con-
stant and low for axisymmetric deformation, but they never become negative,
indicating that no wrinkling occurs for the studied geometries. The variations
of principal stress resultants for the asymmetric configuration are different, as
stresses are no longer constant along the circumferential direction (Fig. 6). The
circumferential stress resultant is constant and low at the center and the upper
end. It is observed that with addition of fluid, meridional stretch λ1, circum-
ferential stretch λ2, and circumferential stress resultant T2/µH increase, while
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Figure 7: a) 3-D axisymmetric profile of pre-stretched cylindrical membrane (before limit point)
loaded with fluid of level zw/A = 7.1019. b) 3-D axisymmetric profile of pre-stretched cylindrical
membrane (after limit point)loaded with fluid of level zw/A = 8.356.

a)L/A = 24, ρgA2/µH = 0.1160. b)L/A = 24, ρgA2/µH = 0.1160

the meridional stress resultant T1/µH decreases in the pre-stretched cylindrical
membrane. The possibility of wrinkling thereby diminishes for the computed
pressure range and chosen study parameters.

10.5. Membrane profiles

On the primary branch, the membrane deforms axisymmetrically, while it
breaks the symmetry on the secondary branch. Three dimensional profiles
of membranes on the primary and secondary branches are shown in Figs. 7 and
8. The profile of the membrane on the primary branch before and after limit
point are shown in Fig. 7 at a specific fluid level. Before the limit point, the
membrane tends to deform uniformly, Fig. 7(a). After the limit point as fluid
level recedes, the deformation of the membrane near the upper end reduces and
the membrane deformation is more focussed to the bottom, Fig. 7(b). After the
limit point, localization effects are predominant. The post-bifurcation shape of
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Figure 8: a) 3-D asymmetric profile of pre-stretched membrane (after bifurcation point on sec-
ondary path)loaded with fluid of level zw/A = 7.336. b) 3-D asymmetric profile of pre-stretched
cylindrical membrane (after bifurcation point on secondary path) loaded with fluid of level
zw/A = 7.779.

a)L/A = 8, ρgA2/µH = 0.1160. b)L/A = 24, ρgA2/µH = 0.1160

the membrane at zw/A = 7.336 for a cylindrical membrane with aspect ratio
L/A = 8 and pre-stretch δ = 2 is shown in Fig. 8(a). This clearly shows that
the membrane bulges downwards after bifurcation and, as no contact condition
is introduced at Z = 0, even goes below the lower rigid ring. The increased
radial displacement, as discussed above, occurs primarily at Θ = 0. The post-
bifurcation shape of the membrane at fluid level zw/A = 7.779 with aspect
ratio L/A = 24 is shown in Fig. 8(b), with the same observations as above.
This asymmetric equilibrium configuration is unstable with fluid level seen as
controlling parameter.

11. Concluding remarks

An instability investigation on fluid containing cylindrical membranes has been
presented. The effects of aspect ratio, pre-stretch, and fluid density on the
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deformation field of the membrane are shown. The important conclusions re-
ported in this paper are:

• Thin hyperelastic membranes can show several forms of instabilities
when subjected to an internal hydrostatic pressure of variable intensity.

• It is necessary to qualify the occurrence of critical points with respect to
the chosen controlling parameter, as the stability conclusions are highly
dependent on the precise control. The numerical investigation in this
paper is carried out by considering fluid level as primary controlling
parameter. Limit points and bifurcation points with respect to fluid
level are detected.

• The perturbation technique with fluid level as controlling parameter
shows that a pre-limit primary branch is stable and post-limit primary
branch is unstable. The secondary branch starting from a bifurcation
point is non-axisymmetric and unstable. Singularity of the perturbed
stiffness matrix indicates the occurrence of a critical point on the equi-
librium branch.

• Occurrences of limit and bifurcation points depend on pre-stretch and
fluid density in free inflation. Variations of fluid density shift the limit
and bifurcation points.

• Pre-stretch produces a stiffening effect in pre-limit zone and a softening
effect in post-limit zone for a neo-Hookean material model.

• As principal stress resultants do not become negative, wrinkling does
not occur for fluid loaded pre-stretched cylindrical membrane in the
considered parameters and pressure range.

• With shorter final length L/A (smaller aspect ratio), the cylindrical
membrane shows limit points with respect to fluid level when the mem-
brane is filled above its height, while for larger aspect ratios the limit
point occurs for partial filling at small to moderate pre-stretch ratios.

• On the secondary equilibrium branch for a neo-Hookean membrane, the
localized deformation is predominant, which requires dense and non-
uniform meshing for accurate results.

• Although not shown here, additional simulations have shown that a
hardening parameter in constitutive material model, e.g., a non-zero C2

coefficient in a Mooney-Rivlin model, will quantitatively and qualita-
tively change the response to loading.

It is believed that the mentioned conclusions are at least qualitatively relevant
for studying engineering applications of fluid-loaded cylindrical membranes as
well as for studying various geometries found in living organisms. The instabil-
ity investigation on cylindrical membrane with different boundary conditions
and control parameters will be a future direction of studies.
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Thin membranes are prone to wrinkling under various loading, geometric and
boundary conditions, affecting their functionality. We consider a hyperelastic
cylindrical membrane with non-uniform thickness pressurized by internal gas or
fluid. When pre-stretched and inflated, the wrinkles are generated in a certain
portion of the membrane depending on the loading medium and boundary con-
ditions. The wrinkling is determined through a criterion based on kinematic
conditions obtained from non-negativity of Cauchy principal stresses. The
equilibrium solution of a wrinkled membrane is obtained by a specified combi-
nation of standard and relaxed strain energy function. The governing equations
are discretized by a finite difference approach and a Newton-Raphson method
is used to obtain the solution. An interesting relationship between stretch in-
duced softening/stiffening with the wrinkling phenomenon has been discovered.
The effects of pre-stretch, inflating medium, thickness variations and boundary
conditions on the wrinkling patterns are clearly delineated.

1. Introduction

Thin elastic membranes show geometric, material and force non-linearities,
which make them vulnerable to instabilities when subjected to pressure, force or
traction. The stability investigation of inflated membranes is concentrated on
three main topics: limit point instability, bifurcation instability and wrinkling.
Limit points and bifurcation points are the two major types of critical points
in the equilibrium paths. Detailed investigations of limit and bifurcation point
instabilities, with some experimental results, are available in the literature
(Alexander 1971; Haughton & Ogden 1979a,b; Pamplona et al. 2001; Eriksson
& Nordmark 2012; Patil & DasGupta 2015; Patil et al. 2015b) and references
therein.

Wrinkling, resulting from compressive stresses, often occurs for inflated
membrane structures, and can be seen as related to geometric effects. The
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wrinkles develop in the membrane in the direction orthogonal to the nega-
tive principal stress. This breaks the convexity condition of the strain energy
density function of the membrane (Pipkin 1986; Steigmann 1990), so stan-
dard strain energy function can not be used in the wrinkled regions. Several
theories regarding the wrinkling phenomenon are available in the literature
(Pipkin 1993, 1994; Wu & Canfield 1981; Mansfield 1970; Pipkin 1986; Reiss-
ner 1938; Steigmann 1990; Wagner 1929), and detailed investigations on wrin-
kling phenomena can be found in Haseganu & Steigmann (1994); Massabo &
Gambarotta (2007); Roxburgh (1994); Bonin & Seffen (2014); Li & Steigmann
(1994a,b).

In a work on wrinkling, Pipkin (1986) proposes the use of a relaxed strain
energy function to study wrinkling of an isotropic membrane, with wrinkling
idealized as continuously distributed over membrane surface to maintain the
strain compatibility. This work shows that when a relaxed energy function is
replacing the standard strain energy functions, tension field theory appears as
an integral part of the membrane theory, and automatically satisfies several
conditions including convexity and Legendre-Hadamard conditions. In subse-
quent papers, Pipkin (1993, 1994) has proved minimum energy and minimum
complementary energy theorems with a relaxed strain energy density function
for small and large deformation of membranes.

The wrinkling of thin elastic sheets or films are studied by either assuming
thin sheets as membranes (zero bending stiffness) or as thin shells (non-zero
bending stiffness). When sheets are modeled as membranes, the tension field
theory is used to ascertain stress distribution and wrinkling regions (Mans-
field 1970; Pipkin 1986; Steigmann 1990). But, due to absence of bending
stiffness, the fine structure of wrinkles is unknown in the membranes. When
sheets are modeled as thin shells, the bending stiffness defines the fine struc-
ture of wrinkles (Cerda et al. 2002; Cerda & Mahadevan 2003; Healey et al.
2013; Nayyar et al. 2011, 2014; Taylor et al. 2014), but it is well known that
shell modeling of thin sheets is numerically demanding and the obtained re-
sults highly dependent on a used discretization. Cerda et al. (2002) presented
experimental data and scaling analysis, which shows that the wrinkling wave-
length decreases and wrinkling amplitude increases monotonically with increase
in nominal strain for stretched elastic sheets with small finite strains. Cerda &
Mahadevan (2003) extended the scaling analysis for generalized wrinkling phe-
nomenon. However, Nayyar et al. (2011) and Nayyar et al. (2014) show that
for hyperelastic stretched sheets with large finite strains, wrinkling wavelength
decreases with increase in nominal strain, but wrinkling amplitude increases
first and then decreases with increase in nominal strain and eventually flattens
out completely. Recently, Taylor et al. (2014) applied Koiter’s nonlinear plate
theory to stretched thin elastic sheets to obtain the wrinkling patterns.

The wrinkling of the membranes can be studied by two approaches. First,
out of plane geometric non-linearities are treated as constitutive non-linearities
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through modification of the strain energy function, which enables to model
wrinkles as continuously distributed over the membrane surface (Pipkin 1986;
Reissner 1938; Steigmann 1990; Wagner 1929). A second approach is based on
a modification of the deformation tensor without modifying the constitutive
relationship (Wu & Canfield 1981; Lu et al. 2001; Roddeman et al. 1987a,b).
In this paper, we are following the first approach.

Steigmann (1990) proposes a general finite deformation theory of a tension
field in isotropic elastic membranes. The state of membrane, whether it is tense,
wrinkled or slack, is described by kinematic conditions in terms of stretches,
elaborated by Roxburgh (1994); Li & Steigmann (1994a,b); Pipkin (1986). As
mentioned by Massabo & Gambarotta (2007), the membrane or a part of the
membrane can be in three states of stress: tense state, where the material is in
a bi-axial state of stress; wrinkled state, where only one tensile principal stress
is present in the direction of wrinkles; slack state, where both in-plane principal
stresses are absent and the membrane is inactive. The relaxed strain energy
functions for an isotropic membrane have been derived or used by Pipkin (1986)
for a neo-Hookean model, by Roxburgh (1994) for a Mooney-Rivlin model, by
Li & Steigmann (1994a,b) for an Ogden model, by Steigmann (2006) for a
Varga model and by Massabo & Gambarotta (2007) for a Fung type model.

Even if much work has been done on wrinkling of isotropic membranes,
wrinkling of anisotropic membranes remains to be explored. It was Rodde-
man et al. (1987a,b), who derived a general theory for wrinkled anisotropic
membranes by modifying the deformation tensor. Pipkin (1994) has presented
anisotropic relaxed energy functions, where the concept is based on the mini-
mization of the energy density over all possible additions of a wrinkling strain,
which is eventually found explicitly. Later, Epstein (1999) and Epstein &
Forcinito (2001), show existence and uniqueness of a relaxed strain energy
function for anisotropic membranes. Recently Atai & Steigmann (2014) has
studied wrinkling of anisotropic sheets by dynamic relaxation method in con-
text of modeling bio-tissues and structural membranes. The anisotropy and
non-homogeneity can be used to remove a tendency of impending wrinkling
(Tamadapu & DasGupta 2013, 2014).

As the applications of membranes vary from space technologies through
diverse engineering applications to biological sciences, the wrinkling instability
is an unwelcome phenomenon which can be detrimental to the overall per-
formance of membranes (Haughton & Mckay 1997; Massabo & Gambarotta
2007; Bonin & Seffen 2014; Lu et al. 2001). The computational prediction of
wrinkling does not always match accurately with experiments, due to many
reasons like the idealization of the membrane with a specific material model,
the idealization of loading and boundary conditions, a non-uniform thickness
and others. Khayat et al. (1992) studied the effect of non-uniform undeformed
thickness variations on the stability and deformation of cylindrical membranes.
Recently, Chen (2007) presented a study on a pressurized circular membrane
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with linearly varying thickness, and shows that the deformation varies consid-
erably with the thickness variation. The author notes that the micro-machining
process like spin coating often leads to a thicker edge and wet etching in ei-
ther the thinner or the thicker edge for circular membranes. In general, for
polymeric membranes non-uniform thickness of membrane occurs due to the
tolerances in manufacturing process. In this paper we have studied a simple
case by considering a linearly varying undeformed thickness (Chen 2007).

To avoid further ambiguity, we define directions of wrinkles and wrinkling:
the direction of wrinkles are orthogonal to the negative principal Cauchy stress
and the direction of wrinkling is in the direction of negative principal Cauchy
stress.

In the present work, finite inflation of a non-uniformly thin cylindrical
membrane after pre-stretching is studied when subjected to fluid and gas pres-
sures. The homogeneous, isotropic, hyperelastic membrane is modeled as a
Mooney-Rivlin solid with the standard strain energy function for tense re-
gions and a relaxed strain energy function for the wrinkled regions. Wrinkling
patterns in the membrane are obtained for gas and fluid pressure loadings.
Only quasi-static equilibrium solutions are considered, with dynamic and ther-
mal effects neglected. The equilibrium equations are obtained by a variational
formulation and discretized by finite differences to obtain a set of non-linear
algebraic equations. The navigation between the two forms of strain energy
is done with the help of a Heaviside function. The resulting non-linear al-
gebraic equations are solved by a Newton-Raphson method. An incremental
arclength-cubic extrapolation method is used to find generalized equilibrium
paths.

2. Problem Formulation

2.1. Kinematics of Deformation

Consider an initially stress-free, homogeneous and isotropic cylindrical mem-
brane defined by a radius Ao, and length Lo, Fig. 1. The membrane has linearly
varying undeformed thickness H. The membrane is then subjected to a uni-
form axial edge load pre-stretching it to a new length Lf , where δ = Lf/Lo
is an axial pre-stretch parameter. After reaching the targeted length Lf , the
ends of the cylindrical membrane are fixed with rigid disks of radius Af (Af
obtained from boundary conditions after pre-stretching). In general, subscript
o denotes parameters of the unstretched membrane and subscript f those of
the pre-stretched membrane. The initial radius Ao and initial length Lo are
kept same for all studied cylindrical membranes.

The undeformed configuration of the membrane is represented by the co-
ordinates R, Θ and Z in the radial, circumferential and axial directions, re-
spectively. The membrane is then inflated with a fluid of density ρ up to fluid
level zw, Fig.1 (c), or with a uniform gas pressure, Fig.1(d). Assuming an
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Figure 1: Schematic representation of a pre-stretched cylindrical membrane during inflation.

axisymmetric configuration, the radial, circumferential and axial co-ordinates
of a material point on the membrane after inflation may be represented by,
respectively, r(Z), Θ and z(Z). The deformed radial and axial co-ordinates
can be represented as r(Z) = Ao+u(Z) and z(Z) = Z+w(Z), where u(Z) and
w(Z) are displacement field variables. The three-dimensional metric tensor for
the undeformed cylindrical membrane is

G =

 1 0 0
0 A2

o 0
0 0 1

 , (1)

while the three-dimensional metric tensor for the deformed cylindrical mem-
brane is

g =

 u2
,Z + (1 + w,Z)2 0 0

0 (Ao + u)2 0
0 0 λ2

3

 , (2)

where an index following a comma denotes differentiation. The stretch λ3 is
the principal stretch in the thickness direction, and varying with Z.
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The Cauchy-Green deformation tensor for inflated membrane is given by

B = G−1g (3)

with strain invariants given by

I1 = Bii = Giigii

I2 =
BiiB

j
j −BijB

j
i

2
=
I2
1 −GijGpqgipgjq

2

I3 = |B| = |g|
|G|

(4)

with the summation convention adopted. The principal stretches λi; i ∈ {1,2,3}
={Meridional, Circumferential, Thickness}, are then obtained as the square
roots of the eigenvalues of B. It is noted that within the axisymmetric as-
sumptions the principal axes are always well-defined.

3. The Variational Formulation

3.1. Material Strain Energy

The standard form for the strain energy density function (per unit undeformed
volume) of an isotropic, homogeneous, hyperelastic Mooney-Rivlin model may
be expressed as

Ûs = C1(I1 − 3) + C2(I2 − 3) (5)

where C1 and C2 are material constants and I1 = λ2
1 + λ2

2 + λ2
3, I2 = 1/λ2

1 +
1/λ2

2 + 1/λ2
3. The elastic potential is referring to the initial material volume.

An incompressibility assumption is introduced, and related to the metric tensor
by the relations,

I3 = 1 , |G| = |g| , λ2
3 =

G11G22G33

(g11g22 − g21g12)
(6)

The principal Cauchy stresses σi (defined per unit deformed cross-sectional

area), are related to the stretches through Ûs according to the equations

σi = λi
∂Ûs
∂λi
− q (7)

where q plays the role of a Lagrangian multiplier associated with the incom-
pressibility constraint (λ1λ2λ3 = 1) and found by taking σ3 = 0. During
pre-stretching and inflation, negative Cauchy stresses are obtained with the
standard material model as described by Eqs. (5, 7). These solutions are
incorrect according to tension field theory (Roxburgh 1994; Li & Steigmann
1994a,b; Pipkin 1986), as the wrinkled membranes can not be studied by the
standard form of material model. Instead, the relaxed strain energy function
needs to be used, ensuring that unstable compressive stresses will never ap-
pear in the equilibrium solution. The membrane thus may become wrinkled in
certain regions, corresponding to points where at least one stress is negative.
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Essentially, this describes the behavior of an mid-surface of the membrane, dis-
regarding the out-of-plane movements of unknown amplitude and wavelength.

Table 1: Wrinkling criteria

Region Relaxed energy Criteria for selecting strain
energy

Tense region (Bi-axial stress) Û(λ1, λ2) = Ûs(λ1, λ2) λ1 > λ
−1/2
2 , λ2 > λ

−1/2
1

Wrinkled region (Uni-axial stress) Û(λ1, λ2) = Ûr(λ1) λ1 > 1, 0 ≤ λ2 ≤ λ−1/2
1

Wrinkled region (Uni-axial stress) Û(λ1, λ2) = Ûr(λ2) λ2 > 1, 0 ≤ λ1 ≤ λ−1/2
2

Slack region (No stress) Û(λ1, λ2) = 0 0 ≤ λ1 ≤ 1, 0 ≤ λ2 ≤ 1

The relaxed strain energy density used in the tension field theory (Rox-
burgh 1994; Li & Steigmann 1994a; Pipkin 1986) is given by the expressions
in Table 1, where

Ûr(x) = Ûs(x, x
−1/2) = C1(x2 + 2x−1 − 3) + C2(2x+ x−2 − 3) (8)

In the present case, only σ2 can ever become negative and λ1 > 1 due to axial
pre-stretching. When this condition is transferred into kinematic conditions,
a relation in terms of stretches for occurrence of wrinkling (Li & Steigmann
1994b) is obtained as,

λ2λ
1/2
1 < 1 (9)

From Table 1 and equations (5,8,9), the complete form of strain energy density
function over tense and wrinkled region of the membrane is given by

Û(λ1, λ2) = Ûs(λ1, λ2) H(λ2λ
1/2
1 − 1) + Ûr(λ1) H(1− λ2λ

1/2
1 ) (10)

where H is the Heaviside function implemented to use a standard form of
material model in the tense part, and a relaxed form of material model in
the wrinkled parts of the deformed membrane. It is noted that the strain
energy vanishes if the wrinkling appears in both directions. For an isotropic
cylindrical membrane, this arrangement becomes reasonably simple to handle
as the principal stretch directions are known a priori.
The total elastic potential energy can be expressed as an integral over the initial
volume

U = 2πAo

Lo∫
0

H Û dZ (11)

where the linearly varying undeformed thickness written asH=h(2(1−M)Z/Lo+
M); with average thickness h and a constant M (with 0 < M < 2).
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3.2. Potential energy of an inflating medium

We investigated the inflation of a cylindrical membrane with internal gas or
fluid pressure loadings. When the cylindrical membrane is inflated by fluid
pressure, the fluid level zw is taken as the control parameter (Patil et al. 2015b)
and when inflated by gas, the gas pressure P is taken as control parameter.
The potential energy of an inflating medium may then be written as −

∫
PdV ,

where P is the pressure from the medium on the membrane and V is the in-
serted volume of an inflating medium. The total potential energy of an inflating
medium for an axisymmetric configuration can be written as

for a gas loading : W = −2π

Lo∫
0

P
(Ao + u)2

2
(1 + w,Z) dZ (12)

for a fluid loading : W = −2π

Lo∫
0

ρg(zw−Z−w) H(zw − Z − w)
(Ao + u)2

2
(1+w,Z) dZ

(13)
In eq.(13), the Heaviside step function H is used to limit the potential en-
ergy expression to only the fluid-filled region with Z + w ≤ zw, and g is the
gravitational constant.

3.3. Equations of Equilibrium

The total potential energy of the system is given by:

Π = U +W = 2π

Lo∫
0

L dZ. (14)

where L is the Lagrangian which is given in terms of two field variables u(Z)
and w(Z). Thus, the Euler-Lagrange equations of equilibrium can be obtained
from variations of the potential energy δΠ and written formally as

∂L
∂u
− ∂

∂Z

∂L
∂u,Z

= 0,

∂L
∂w
− ∂

∂Z

∂L
∂w,Z

= 0 (15)

which are two coupled second order nonlinear differential equations.

3.4. Boundary conditions

We consider two scenarios to study for this geometry, with focus on the end
conditions during pre-stretching. In the first scenario, an axial edge load is
applied at zero pressure to pre-stretch the membrane, while the end sections
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are allowed to contract (Patil et al. 2014), which ensures the end points to
fulfill,

∂L
∂u,Z

= 0 (16)

Assuming wrinkling (λ2

√
λ1 ≤ 1) everywhere at zero pressure, condition (16)

and equilibrium equations (15) ensure that the configuration of the membrane
is cylindrical with a constant radius Af after pre-stretching. Further, the mem-
brane will have a unique lengthwise configuration independent of Af (due to
positive T1), but many radial configurations such that 0 < Af ≤ (Af )c (due to
zero or negative T2), as no energy is required in order to wrinkle the membrane
(Pipkin 1986; Reissner 1938). (Af )c is defined as maximum pre-stretched radius
for which wrinkles to be present everywhere. Below this value, any constant
radius will corresponds to pre-stressed but otherwise unloaded wrinkled solu-
tions, while larger Af will generate sufficient circumferential stresses to keep
membrane partially taught. The deformed radius Af can thereby be chosen to
enforce boundary conditions on u as

u(0) = Af −Ao, w(0) = 0, u(Lf ) = Af −Ao, w(Lf ) = Lf − Lo, (17)

We are looking for Af such that the condition λ2

√
λ1 ≤ 1 holds everywhere.

So (Af )c can be determined by assuming equality at one end.

λ2 =
1√
λ1

⇒

1 +
u

Ao
=

1√√
u2
,Z + (1 + w,Z)2

⇒

1 +
u

Ao
=

1√
1 + w,Z

⇒

(Af )c =
Ao√

1 + (w,Z)max

(18)

The u,Z is zero at both ends. The w,Z is maximum at thinner end and is
independent of Af , but only function of δ andM for fixed geometric dimensions.
The w,Z at end points can be obtained with any sufficiently small value of Af .
Apart from the above analytical consideration, one can run several simulations
for zero pressure with different values of Af , to determine the critical value of
Af .

In the second scenario, the ends of unstretched membranes are fixed before
pre-stretching with rigid disks (Pamplona et al. 2001, 2006; Patil et al. 2015b),
which ensures that Af = Ao.
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4. Numerical formulation for axisymmetric solution

The boundary value problem described by Eqs. (15) is discretized by one-
dimensional finite differences. The independent co-ordinate Z is discretized
with m intervals in [0,Lo] along the axial direction, which gives m− 1 internal
nodal points. The first and second derivatives of u and w are approximated by
central finite difference expressions at mesh point i,

u,Z =
ui+1 − ui−1

2∆Z
, w,Z =

wi+1 − wi−1

2∆Z
(19)

(u,Z),Z =
ui+1 − 2ui + ui−1

∆Z2
, (w,Z),Z =

wi+1 − 2wi + wi−1

∆Z2
(20)

where ∆Z=Lo

m and the index on u and w denotes the nodal point number
(Zi = (i− 1)∆Z, 1 ≤ i ≤ m+ 1). The governing equations give 2(m− 1) alge-
braic equations after discretization. Equations (15) become a set of algebraic
equations in the radial and axial directions, respectively,

F1i(ui−1, ui, ui+1, wi−1, wi, wi+1) = 0 for all i ∈ [2,m]

F2i(ui−1, ui, ui+1, wi−1, wi, wi+1) = 0 for all i ∈ [2,m] (21)

The boundary conditions are

u1 = Af −Ao, um+1 = Af −Ao, w1 = 0, wm+1 = Lf − Lo (22)

The nonlinear set of algebraic equations (21) along with boundary condi-
tions ( 22) is directly solved by the Newton-Raphson method.

For inflation of a hyperelastic membrane with non-uniform thickness, the
deformation becomes non-uniform. A proper initial guess is thereby required
for the Newton-Raphson method to converge. In order to find an initial guess,
we have used a combination of an incremental arc-length method with a cubic
extrapolation technique, (Cheung & Chen 1990), after the first solution points,
which are found from zero initial guesses. This method, further described
in Patil et al. (2015b), has been shown to be successful in giving sufficiently
good predictions to the sequence of equilibrium solutions. The solution for
each fixed fluid level or fixed gas pressure is obtained by the Newton-Raphson
method even if the control variable derivative changes sign in the new step.
The above algorithm is repeated for each new equilibrium state.

5. Results and Discussion

For better comparison and understanding of characteristics, all the results be-
low are presented in non-dimensional form, with non-dimensional parameters
directly written on axis labels. The results presented here are for Mooney-
Rivlin material models (C1 = 0.2111 MPa and C2/C1 = 0.01), with pre-stretch
parameters of δ = 2 and δ = 3. The initial radius and length of the membrane
is taken as Ao = 10 mm and Lo = 80 mm. The constant in thickness expres-
sion, M = 0.5 represents thinner lower end and M = 1.5 represents thicker



Wrinkling of Cylindrical Membranes 157

lower end, with average thickness h = 0.1 mm. The densities of fluid is taken
as ρ=1000 kg/m3 (water). The gravitational constant chosen as g = 9.81 m/s2.
The parameters chosen for the study do not necessarily refer to any practical
problem, but are merely chosen as representative values.

5.1. Case 1:Boundary conditions with Af ≤ (Af )c

For sections 5.1.1 and 5.1.2, the radius of the rigid end disks Af is taken from
table 2, which ensures no horizontal forcing at end points and complete wrin-
kling of the membrane at zero pressure. For section 5.1.3, we have chosen other
values of Af along with (Af )c to check the effects from boundary conditions
on the wrinkling. For section 5.1.4, the radius of the rigid disks is taken from
Table 2, but for this case it does not ensure zero horizontal forcing.

Table 2: Boundary conditions

Slope coefficient M Pre-stretch parameter δ (Af )c

0.5 or 1.5 2 Af = 0.5568Ao

0.5 or 1.5 3 Af = 0.4362Ao

0.99 2 Af = 0.7046Ao

1 2 Af = 0.7071Ao

5.1a. Effect of inflating medium. For fluid loading, fluid level is taken as the
control variable in the simulation, while for gas loading, gas pressure is used
as control variable. When the cylindrical membrane is inflated by a fluid, the
thickness variations affect the deformation of the membrane considerably, as
fluid pressure is not constant all over the membrane length. The wrinkling
function λ2

√
λ1 in relation to the axial material co-ordinate Z/Ao is plotted in

Figs. 2 and 3. The membrane is tense wherever this function exceeds unity,
and wrinkled elsewhere, in accordance with the definition of the relaxed strain
energy. From Figure 2(a), it is clear that the wrinkling function λ2

√
λ1 has

continuity of order C0 between the tense and wrinkled regions of the membrane.
When the deformation field variables are plotted against material co-ordinate
(not shown here), it is observed that the radial displacement u has continuity of
order C2 and that the axial displacement w has C1 continuity. This is expected,
because of the discontinuous variations of the strain energy functions across
the boundaries of the sub-domain (Li & Steigmann 1994a,b). The change in
the circumferential stretch with pressure is much faster than change in the
meridional stretch.

The profiles of the membranes at different fluid levels are shown in Fig.
4, where a solid line shows a tense part and a dashed line a wrinkled part



158 A. Patil, A. Nordmark & A. Eriksson

(a) (b)

Figure 2: Variation of the function λ2

√
λ1 with axial co-ordinate Z/Ao. The membrane is tense

wherever this exceeds unity (−−−−− ), and wrinkled elsewhere.

(a) (b)

Figure 3: Variation of the function λ2

√
λ1 with axial co-ordinate Z/Ao. The membrane is tense

wherever this exceeds unity (−−−−− ), and wrinkled elsewhere.

of the membrane. When M = 1.5, two tense and two wrinkled regions are
observed at fluid level zw/Ao=7.44. For M = 0.5, wrinkling at the bottom end
is removed at a certain fluid level, while wrinkling at the upper end is removed
for M = 1.5, Fig. 4. In both cases, wrinkling at the thinner end is thus removed
with fluid loading. When a cylindrical membrane is inflated by a gas pressure,
the thickness variations M = 0.5 and M = 1.5 produce equivalent deformation
patterns, as gas pressure is constant. The wrinkling function λ2

√
λ1 is plotted

in Fig. 5 for M = 0.5.
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(a) (b)

Figure 4: Profile of a fluid inflated membrane. Tense part of membrane ( ); wrinkled part
of membrane (−−−−− )

Profiles of membranes with different gas pressures are shown in Fig. 6(a).
With constant gas pressure, the shape of the inflated membrane is highly non-
uniform due to the non-uniform thickness. It seems that two crests are observed
around one-quarter and three-quarter of membrane height and one trough ob-
served close to middle height. This behavior is completely in contrast with
results obtained for a uniform thickness (not shown here), where the maximum
displacement occurs exactly at mid-height. As pre-stretch increases, the ra-
dial expansion also increases, which supports the previously observed softening
phenomenon. Figure 6(a) shows a scaled profile of the membrane, but in order
to get an idea of actual membrane deformation, the same figure is shown in
the real dimensions for pressure value of PAo/C1h = 0, 0.55, in Fig. 6(b).

Based on the formulation presented in this paper, a non-uniformly thin
initially flat circular membrane fixed at the periphery was also studied (results
not presented). For this case, no wrinkling is observed, as both meridional and
circumferential stretches and stress resultants increase as pre-stretch increases
in the circular membrane. This reduces the possibility of wrinkling at moder-
ate pressures (with fluid pressure even a membrane with uniform thickness can
wrinkle after bifurcation (Eriksson et al. 2015)). For cylindrical membranes, an
increase in pre-stretch increases the meridional stress resultant, and reduces the
circumferential stress resultant, which in turn causes the wrinkling of a cylin-
drical membrane with non-uniform thickness. This phenomenon can be related
to a stiffening/softening effect due to pre-stretch observed previously (Patil &
DasGupta 2013; Patil et al. 2014), and underlines an interesting relationship
between a stretch-induced softening/stiffening effect and the wrinkling phe-
nomenon. We also suspect that wrinkling can occur for a torus membrane with
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(a) (b)

Figure 5: Variation of the function λ2

√
λ1 with axial co-ordinate Z/Ao. The membrane is tense

wherever this exceeds unity (−−−−− ), and wrinkled elsewhere.

non-uniform thickness, where the outer circumference increases with pressure,
while the inner circumference shrinks, causing circumferential stress resultant
to be reduced at the inner equator for certain material models (Tamadapu &
DasGupta 2013), which may lead towards wrinkling.

5.1b. Effect of thickness variation. In order to study the effect of the thickness
variation parameter M on the wrinkling pattern, different values of M were
tested. The boundary condition was enforced by (Af )c. Figure 7 shows profiles
of the fluid inflated membrane with M = 0.99 and 1 at the specific fluid level
zw/Ao = 4.5. With a uniform initial thickness, M = 1, no wrinkling was
observed, but the membrane was on the verge of wrinkling for zero fluid or gas
pressure due to zero circumferential stress (Patil et al. 2014). With M = 0.99,
the lower portion of the membrane was tense. As the fluid level increases,
more and more membrane area becomes tense. It is observed that wrinkling
is unavoidable with moderate fluid or gas pressures for 0 < M < 1 and 1 <
M < 2, and that the membrane is on the verge of wrinkling for M = 1 at zero
pressure. However, it may be noted that wrinkling can occur even with M = 1
for Af < (Af )c.

5.1c. Effect of boundary condition. It is already stated in the paper that any
Af can be chosen for the pre-stretched membrane such that Af ≤ (Af )c. Here
Af = 0.4Ao, Af = 0.5Ao and Af = (Af )c = 0.5568Ao were chosen, at δ = 2
to enforce the essential boundary conditions on the membrane. The profiles
of membranes at specific fluid levels are shown in Fig. 8. It is observed that
with Af = 0.4Ao and Af = 0.5Ao, the whole membrane wrinkles, and that
wrinkling at both end sections can not be removed by moderate fluid and
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(a) (b)

Figure 6: Profile of a gas inflated membrane. Tense part of membrane ( ); wrinkled part
of membrane (−−−−− ). Left profile is scaled and right profile is actual shape.

pressure loadings. With Af = (Af )c, however, the lower part of membrane
is tense and wrinkling at upper end section can not be removed. This shows
that the wrinkling pattern is affected by the choice of boundary conditions.
Although the whole membrane wrinkles with Af = 0.4Ao and Af = 0.5Ao, the
deformation patterns are different due to the different radii of circumferential
curvature.

5.1d. Effect of inclusion of relaxed strain energy on solution. For comparison,
we disregarded the relaxed strain energy expression and consider the standard
strain energy everywhere, without consideration of whether wrinkling is indi-
cated, essentially allowing also compressive stresses. Figure 9 shows an inflated
membrane at different gas pressures with consideration of only standard strain
energy function for the complete profile. When this figure is compared with
Fig. 6(a), where relaxed strain energy was considered, a remarkable difference
is observed. Without inclusion of wrinkling theory, at zero pressure the mem-
brane can not maintain a cylindrical shape, although the wrinkling criteria is
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Figure 7: Profile of a fluid inflated membrane. Tense part of membrane ( ); wrinkled part
of membrane (−−−−− )

Figure 8: Profile of a fluid inflated membrane. Tense part of membrane ( ); wrinkled part
of membrane (−−−−− )

fulfilled for the whole membrane, and the horizontal forcing at the end points
is non-zero.

The conclusion is that use of standard strain energy also for portions where
the wrinkling criterion is fulfilled, significantly affects the deformation pattern
and thereby wrongly predicts the wrinkling zone.

5.2. Case 2:Boundary conditions with Af = Ao

For this case, the boundary conditions for u were u1 = um+1 = 0 (i.e.Af = Ao)
irrespective of the fluid or gas loading.
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Figure 9: Profile of a gas inflated membrane with standard strain energy for complete profile.
Part of membrane where wrinkling criteria is not satisfied ( ); part of membrane where
wrinkling criteria is satisfied (−−−−− ).

(a) (b)

Figure 10: Variation of the function λ2

√
λ1 with axial co-ordinate Z/Ao. a) Gas pressure, b) Fluid

pressure. The membrane is tense wherever this exceeds unity (−−−−− ), and wrinkled elsewhere.

5.2a. Effect of inflating medium. Figure 10(a) shows the variation of the con-
sidered wrinkling function λ2

√
λ1 with the axial co-ordinate Z/Ao for a gas-

inflated membrane. Wrinkling is confined to the central zone at zero gas pres-
sure, and even disappears as pressure increases slightly. With fluid loading,
the variation of the wrinkling functions with axial co-ordinate is shown in Fig.
10(b). The inset shows that wrinkling is present in the central portion of the
membrane, up to a certain fluid level.

5.2b. Effect of thickness variation. Figure 11 shows the variation of the func-
tion λ2

√
λ1 with axial co-ordinate Z/Ao for M = 0.9. No wrinkling is observed
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Figure 11: Variation of the function λ2

√
λ1 with axial co-ordinate Z/Ao. The membrane is tense

wherever this exceeds unity (−−−−− ), and wrinkled elsewhere.

even with zero pressure. When rigid disks were fixed to the end sections be-
fore pre-stretching, wrinkling occurs with 0 < M / 0.75 and 1.25 /M < 2 for
δ = 2. For pre-stretch parameter δ = 3, the wrinkling occurs with 0 < M / 0.4
and 1.6 /M < 2.

6. Summary

A study on wrinkling of fluid and gas inflated cylindrical membranes with non-
uniform thickness is presented. The effects of inflating medium, pre-stretch
parameter, thickness variations and boundary conditions on the wrinkling pat-
tern have been investigated. The results have been verified with the finite
element software COMSOL Multiphysics (COMSOL 2014). No limit point
or snap-through behavior was detected for the studied membranes with non-
uniform thickness in the considered ranges of pressures. The exact shape of
the membrane after wrinkling is not known by our simulation, as the detailed
structure of wrinkles in an actual membrane is controlled by its bending stiff-
ness (Li & Steigmann 1994b). As this is neglected in the membrane theory,
the wrinkled surface is represented by essentially plane surfaces through the
definition of relaxed strain energy function.

For any pre-stretching parameter δ > 1, two scenarios were considered.
When rigid disks are not fixed on the unstretched membrane (Patil et al. 2014),
non-uniformity of thickness causes the hyperelastic membranes to wrinkle after
pre-stretching, with uniform thickness the membrane is on the verge of wrin-
kling. When rigid disks are fixed before pre-stretching (Pamplona et al. 2001,
2006; Patil et al. 2015b), wrinkling is observed for specific thickness variations
and below certain pressures. No wrinkling is observed for a membrane with
uniform thickness.
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An interesting relationship between stretch induced softening/stiffening ef-
fects and the wrinkling phenomenon is uncovered. The deformation of the
membrane becomes non-uniform with hydrostatic and gas pressures, due to
non-uniform thickness. For wrinkled membranes, the deformation field vari-
ables u and w assume C2 and C1 continuity, respectively. The boundary con-
ditions significantly affect the deformation field and the wrinkling pattern.

During manufacturing of the membranes, thickness variations are unavoid-
able. As this can lead to instabilities like wrinkling for thin membranes, non-
uniform geometric parameters like thickness have to be considered when simu-
lating the behavior of loaded membranes. With the simple numerical methods
presented in this paper, a variety of different constitutive models, and different
membrane geometries with different loading and boundary conditions can be
studied in the future. It is, however, observed that for a more general usage,
advanced simulations e.g., finite element simulations must be developed to con-
sider a priori unknown principal stretch orientations, for instance through the
eigensolutions to the local strain tensor.

It is well known that for axisymmetric problems (where the wrinkling di-
rection is not the axial direction), the relaxed strain energy formulations works
fine. But the authors have observed that with finite element simulations, where
the wrinkling direction is also discretized, the pressure loads with relaxed strain
energy gives instabilities if the discretization is fine enough. Understanding the
causes of instabilities and their relation with relaxed strain energy formulations
and pressure loading will be the future direction to pursue.
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Wrinkling can affect the functionality of thin membranes subjected to vari-
ous loadings or boundary conditions. The concept of relaxed strain energy
was studied for isotropic, hyperelastic, axisymmetric membranes pressurized
by gas or fluid. Non-intuitive instabilities were observed when axisymmetric
wrinkled membranes were perturbed with angle dependent displacement fields.
A linearized theory showed that static equilibrium states of pressurized mem-
branes, modelled by a relaxed strain energy formulation, are unstable, when
the wrinkled surface is subjected to pressure loadings. The theory is extended
to the non-axisymmetric membranes and it is shown that these instabilities
are local phenomena. Simulations for the pressurized cylindrical membranes
with non-uniform thickness and hemispherical membranes support the claims
in both theoretical and numerical contexts including finite element simulations.

1. Introduction

Membrane structures are common in living organisms (Adams 1972; Agrawal
& Steigmann 2010) and various man-made applications (Bonin & Seffen 2014;
Lu et al. 2001). Thin hyperelastic membranes are vulnerable to instabilities
when pressure, force or traction lead to geometric, material and force non-
linearities. In this paper, we study wrinkling, known as localized buckling of
membranes from compressive stresses. Detailed investigations of wrinkling,
with some experimental results, are available in the literature (Haughton 1996;
Li & Steigmann 1994a,b; Nayyar et al. 2011, 2014; Puntel et al. 2011; Schoop
et al. 2002; Szyszkowski & Glockner 1987a,b) and references therein.

The wrinkling of thin elastic sheets or films is studied by either assuming
thin sheets as membranes (zero bending stiffness) or as thin shells (non-zero
bending stiffness). When sheets are modeled as membranes, the tension field
theory is commonly used to describe stress distributions and kinematics in
wrinkling regions (Mansfield 1970; Pipkin 1986; Steigmann 1990). Due to ab-
sence of bending stiffness, the fine structure of wrinkles is, however, unknown
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in the membranes. When sheets are modeled as thin shells, the bending stiff-
ness defines the fine structure of wrinkles (Nayyar et al. 2011, 2014), but shell
modeling of thin sheets is numerically demanding and often infeasible.

Wagner (1929) showed that when a shear loaded thin panel buckles, the
load is transmitted primarily along one of the principal axes of stress, with
bending effects negligible. This paved the way for the tension field theory.
Subsequent investigations (Mansfield 1970; Reissner 1938) have contributed to
the understanding of the tension field theory and the load transmission in wrin-
kled membranes. Pipkin (1986) incorporated tension field theory for isotropic
elastic membranes by proposing the concept of a relaxed strain energy, which
is a modified constitutive law. Roddeman et al. (1987a,b) instead modified the
deformation gradient to maintain a tension field in the wrinkled membranes. It
was Steigmann (1990), who proposed a general framework for a finite deforma-
tion theory of a tension field in isotropic membranes. In the tension field theory,
negative stresses will never occur, and wrinkles are idealized as continuously
distributed over the membrane surface to maintain the strain compatibility.

In a work on wrinkling, Pipkin (1986) proposed the use of a relaxed strain
energy function, which is a quasi-convexification of a corresponding full strain
energy function. When minimizing a function, its convexity properties may
guarantee uniqueness and existence of the solution. The quasi-convexification
guarantees a stable minimization of the relaxed strain energy (Pipkin 1986;
Steigmann 1990). With pressure loading, however, this may not guarantee a
stable minimization of the total potential energy. The relaxed strain energy
function is itself an optimization problem where stresses are forced to be non-
negative. Steigmann (1990) shows that although the detailed deformation of
a wrinkled membrane is not predictable by the tension field theory, stresses
can be accurately predicted, and that the positive semi-definite stress at every
point gives a necessary condition for stability.

In the membrane theory, with full strain energy formulation, compressive
stresses are calculated in the wrinkled regions which in turn gives unstable
equilibrium solutions. Hence, the concept of relaxed strain energy is proposed
in order to avoid the kind of instability that would be produced by compressive
stresses (Pipkin 1986). The relaxed strain energy formulation is designed to
model out-of-plane deformations coming from compressive stress as in-plane
contraction with zero stress, and to give a mean solution where deformations
are averaged out. In this paper, it is shown that for pressurized wrinkled
membranes the concept of relaxed strain energy is not sufficient to ensure the
stability of equilibrium solutions due to the occurrence of pressure induced
instabilities. These instabilities make it very hard to achieve the mean solution.
It is noted that the wrinkling solutions do not have any physical meaning as
the ordinary and relaxed membrane theories are simplifications of the physical
membrane behaviour.
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In this paper, we use two strain energy functions for incompressible hy-
perelastic isotropic membranes. The ’full form’ is expressed in terms of two
principal stretches and is used for tense regions, while a ’relaxed form’ is used
for the wrinkled regions and expressed in terms of the tensile principal stretch.

This paper presents a linearized theory to axisymmetric membranes which
shows that the equilibrium solution obtained by membrane models based on
the relaxed strain energy formulation is unstable when the wrinkled surface is
subjected to pressure loadings. For the continuous system, there is at least
one unstable eigenmode for each wave number n, such that n > n∗ (where
n∗ is defined later in the linearized theory). Thus the pressurized continuous
model is always unstable within a relaxed strain energy formulation. This
instability may not be visible if a used discretization can not resolve these
unstable eigenmodes, which may happen with a coarse discretization. The
theoretical calculations are verified by numerical examples. Wrinkling in a
pressurized cylindrical membrane with non-uniform undeformed thickness and
in a fluid loaded hemispherical membrane are studied.

The wrinkling and stability analysis is based on the concept of a relaxed
strain energy, which is a modified constitutive law. We show that modifying
the deformation tensor to incorporate a tension field theory is essentially the
same as modifying the constitutive law for isotropic wrinkled membranes, cf.
Appendix. To avoid further ambiguity, we define the notion of wrinkles and
wrinkling: the direction of wrinkles are orthogonal to the negative principal
Cauchy stress, while the direction of wrinkling is in the direction of negative
principal Cauchy stress.

2. Theoretical Framework

2.1. Mathematical modelling

This section will derive a linearized theory to prove that instabilities can oc-
cur in equilibrium solutions obtained by the relaxed strain energy formulation.
We will show that, the obtained equilibrium solution is unstable when an ax-
isymmetric wrinkled membrane is subjected to pressure loadings by seeking a
displacement field which lowers the total potential energy.

The derivation assumes that the undeformed configuration of the mem-
brane is a surface of revolution, which implies symmetry around the axis. The
undeformed shape of the membrane middle surface is then described by cylin-
drical coordinates (R(S),Θ, Z(S)), where S is the arc–length along the merid-
ian in the reference configuration, and taken as an independent variable. The
undeformed mid-surface is defined by

X = R(S)ER(Θ) + Z(S)EZ ; 0 ≤ S ≤ L, 0 ≤ Θ ≤ 2π (1)
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The two-dimensional metric tensor for the undeformed membrane is

G =

(
(R′)2 + (Z ′)2 0

0 R2

)
(2)

where ()
′

= ∂()/∂S.
For the stability investigation, a general kinematic description of the deformed
membrane is needed, without assuming axisymmetry. The material point X is
assumed to move to position x on deformed mid-surface

x = r(S,Θ)er(θ) + z(S,Θ)ez; 0 ≤ S ≤ L, 0 ≤ Θ ≤ 2π (3)

giving the two-dimensional metric tensor

g =

(
(r′)2 + r2 (θ′)2 + (z′)2 r′ r,Θ + r2 θ′ θ,Θ + z′ z,Θ
r′ r,Θ + r2 θ′ θ,Θ + z′ z,Θ r2

,Θ + r2 θ2
,Θ + z2

,Θ

)
(4)

where (),Θ = ∂()/∂Θ.

The two-dimensional Cauchy-Green deformation tensor for the non-axisymmetric
inflated membrane is given by

B = G−1g (5)

From here onwards we restrict ourselves to incompressible isotropic hyper-
elastic materials. The principal stretches λ1 and λ2 are the square roots of the
eigenvalues of B. The third principal stretch λ3 in the thickness direction can
be found from the incompressibility constraint as, λ3 = 1/λ1λ2 = h̃/H, where

h̃ and H the deformed and undeformed thicknesses of the membrane. It is
noted that the principal directions of stretches and stresses must be the same
for an isotropic elastic material.

The full and relaxed forms of strain energy functions, ÛF and ÛR, are
given in Table 1, with their applicability based on stretches shown in Fig. 1.
For simplicity, we are assuming a Mooney-Rivlin material model, even if our
theory is applicable to any material model whose full form is expressed as
ÛF (λ1, λ2) and has a corresponding relaxed form, ÛR(λ1) = ÛF (λ1, 1/

√
λ1) or

ÛR(λ2) = ÛF (1/
√
λ2, λ2).
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Table 1: Criteria for selecting strain energy for regions in Fig. (1), for incompressible isotropic
hyperelastic materials (Li & Steigmann 1994a; Pipkin 1986)

Regions in
stretch graph

State of membrane Strain energy Criteria for selecting
strain energy

A
Tense (Bi-axial stress)

Û(λ1, λ2) = ÛF (λ1, λ2) λ1 > λ
−1/2
2 , λ2 > λ

−1/2
1

B
Wrinkled (Uni-axial stress)

Û(λ1, λ2) = ÛR(λ1) λ1 > 1, 0 ≤ λ2 ≤ λ−1/2
1

C
Wrinkled (Uni-axial stress)

Û(λ1, λ2) = ÛR(λ2) λ2 > 1, 0 ≤ λ1 ≤ λ−1/2
2

D
Slack (No stress)

Û(λ1, λ2) = 0 0 ≤ λ1 ≤ 1, 0 ≤ λ2 ≤ 1

B

Λ1 =
1

Λ2

C

D

Λ2 =
1

Λ1

A

0 1 2 3 4 5
0

1

2

3

4

5

Λ1

Λ
2

Figure 1: Tense(A), wrinkled(B and C) and slack(D) regions in stretch (λ2 vs λ1) graph

The full form of an incompressible two-term Mooney-Rivlin strain energy
density is given by

ÛF = C1(λ2
1 + λ2

2 +
1

λ2
1λ

2
2

− 3) + C2(
1

λ2
1

+
1

λ2
2

+ λ2
1λ

2
2 − 3) (6)

with C1 and C2 material constants. The relaxed strain energy density for an
incompressible Mooney-Rivlin material model used in the tension field theory
is given by the expressions in Table 1, where

ÛR(x) = ÛF (x, x−1/2) = C1(x2 + 2x−1 − 3) + C2(2x+ x−2 − 3) (7)

In the present case, circumferential wrinkling is assumed. A relation in terms
of stretches for the occurrence of circumferential wrinkling is therefore obtained
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from Table 1, as

λ2λ
1/2
1 < 1 (8)

From Table 1 and Eqs. (6), (7), (8), the complete strain energy density function
valid for both tense and wrinkled regions of the membrane is given by

Û(λ1, λ2) = ÛF (λ1, λ2) H(λ2λ
1/2
1 − 1) + ÛR(λ1) H(1− λ2λ

1/2
1 ) (9)

where the Heaviside function is introduced to separate the regions. The total
strain energy is integrated over the initial geometry as

U =

L∫
0

2π∫
0

ÛHR dΘ dS (10)

When the membrane is subjected to a fluid or gas pressure loading, the
load contributes to the total potential energy of the system, and determines its
stability. To derive the potential energy expression for pressure, the coordinates
(Θ, S,N) are selected to give a right-handed coordinate system, with N normal
to the membrane surface and defining the direction of net positive pressure. For
a membrane loaded with a fluid of density ρ up to the level zw, the potential
energy of the fluid pressure can be written as, (Patil et al. 2015b)

W = −
L∫

0

2π∫
0

ρg(zw − z)H(zw − z)
r2

2
(θ,Θ z′ − θ′ z,Θ) dΘ dS (11)

where the Heaviside step function H is used to limit the integral to only the
fluid-filled region with z ≤ zw, and g is the gravitational constant.

The potential energy of a gas pressure P can similarly be written as

W = −
L∫

0

2π∫
0

P
r2

2
(θ,Θ z′ − θ′ z,Θ) dΘ dS (12)

2.2. Linearized theory

The linear stability analysis is used to investigate the instability phenomenon
in the pressurized wrinkled membranes. In linear stability analysis, we are lin-
earizing around an equilibrium solution, hence the first order variation of the
total energy is zero and second order variation of the total energy defines the
stability of the system. Considering second order terms in the displacement
will not appear in linear stability analysis as they are multiplied by the first
order variation of the energy which is ultimately zero. Hence, to demonstrate
instability of the equilibrium solution, we are seeking a first order perturbation
field which lowers the total energy.

Recently, Patil et al. (2015b) studied instabilities in fluid-filled cylindri-
cal membranes with emphasis on the symmetry of the membranes, which has
major implications on the stability conclusions for the equilibrium. The work
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shows that the axisymmetric membranes have reflection and rotation symme-
try, i.e., C∞v symmetry, so the primary branch also possesses this symmetry,
and this prompts us to consider a perturbation field inspired from the eigen-
functions. The perturbation field has Θ dependence like an eigenfunction, but
the S dependence is not necessarily like an eigenfunction, and is chosen as

r(S,Θ) = r0(S) + εu(S) cos(nΘ), θ(S,Θ) = Θ + εv(S) sin(nΘ), (13)

z(S,Θ) = z0(S) + εw(S) cos(nΘ)

where u(S), v(S) and w(S) are perturbed field variables vanishing at the bound-
ary. The wave number n > 0 is measured along the circumferential direction,
and subscript 0 indicates an equilibrium solution on the primary path, obtained
by considering axisymmetry, while its stability is checked with help of an asym-
metric perturbation field.

The stability conclusions of the full strain energy will depend on λ2
1 and

λ2
2, Eq. (6), whereas the relaxed strain energy density depends on λ1 and λ2

1.
The λ2

1 and λ2
2 are the squared principal stretches, and are eigenvalues of the

Cauchy-Green deformation tensor in Eq. (5), which can be written as

B =

(
B11 B12

B21 B22

)
, (14)

It is noted that λ2 < λ1, as wrinkling happens in the circumferential di-
rection. The eigenvalues of B are thereby

λ2
1 =

1

2

(
B11 +B22 +

√
B2

11 − 2B11B22 +B2
22 + 4B12B21

)
λ2

2 =
1

2

(
B11 +B22 −

√
B2

11 − 2B11B22 +B2
22 + 4B12B21

)
(15)

where the component of B by inserting the perturbation field, Eq. (13) are,

B11 =
(r′)2 + r2 (θ′)2 + (z′)2

(R′)2 + (Z ′)2
=

(r′o)
2 + (z′o)

2

(R′) 2 + (Z ′) 2
+O[ε],

B22 =
r2
,Θ + r2 θ2

,Θ + z2
,Θ

R2
=

r2
o

R2
+O[ε]

B12 =
r′ r,Θ + r2 θ′ θ,Θ + z′ z,Θ

(R′)2 + (Z ′)2
= O[ε]

B21 =
r′ r,Θ + r2 θ′ θ,Θ + z′ z,Θ

R2
= O[ε] (16)

Expanding Eq. (15) up to second order of ε by inserting Eq. (16) and the
perturbation field, Eq. (13), the first of these expressions can be approximated
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as

λ2
1 = B11 +

B12B21

(B11 −B22)
+O[ε]3

=

(
(r′o)

2 + (z′o)
2

(R′) 2 + (Z ′) 2

)
+ ε

(
2 cos(nΘ) (u′r′o + w′z′o)

(R′) 2 + (Z ′) 2

)
+ ε2(

cos(nΘ)2 (u′)
2

+ sin(nΘ)2r2
o (v′)

2
+ cos(nΘ)2 (w′)

2

(R′) 2 + (Z ′) 2

−
sin(nΘ)2

(
r2
ov
′ − n (ur′o + wz′o)

)
2

r2
o ((R′) 2 + (Z ′) 2)−R2 ((r′o)

2 + (z′o)
2)

) +O[ε]3 (17)

which can be seen as

λ2
1 = (l0) + ε(l1) + ε2(l2) +O[ε]3 (18)

where (l0), (l1) and (l2) are the coefficients of ε0, ε1 and ε2, respectively. Ex-
panding up to second order of ε, the first principal stretch can be written as

λ1 =
√
l0 + ε

l1

2
√
l0

+ ε2
√
l0

2

(
− l21

4l20
+
l2
l0

)
+O[ε]3 (19)

Similarly, λ2
2 can be written as

λ2
2 = B22 −

B12B21

(B11 −B22)
+O[ε]3

=
r2
o

R2
+ ε

2(u cos(nΘ)ro + nv cos(nΘ)r2
o)

R2

+ ε2(
(n2u2 + n2w2) sin(nΘ)2 + (u2 + 4nuvro + n2v2r2

o) cos(nΘ)2

R2

− (sin(nΘ)r2
ov
′ − nu sin(nΘ)r′o − nw sin(nΘ)z′o)

2

R2((r′o)
2 + (z′o)

2)− r2
o((R

′)2 + (Z ′)2)
) +O[ε]3 (20)

When expressions for λ2
1 and λ1 are inserted into the relaxed strain energy

density expression, Eq. (7), and integrated over Θ, the wave number n enters
from the term n(ur′0 + wz′0), Eqs. (17) and (19). With a displacement field
such that (ur′0 +wz′0) = 0, the relaxed strain energy density, Eq. (7), becomes
independent of wave number n. One such perturbation field is

u(S) = f(S) z′0 , w(S) = −f(S) r′0 (21)

where f(S) is a function, which is non-zero over some part of the pressurized
wrinkled surface and zero elsewhere including the boundaries. With the per-
turbation field in Eq. (21), the perturbation field vector {u v w}T becomes
orthogonal to the meridional tangent {r′0 0 z′0}T at equilibrium point, and only
normal and circumferential perturbations are used. The term (ur′0 + wz′0) is
here the un-normalized first order displacement in the meridional direction,
which is zero for a perturbation field of the type in Eq. (21).
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Although not useful in subsequent arguments, it must be noted that with
the choice of perturbation fields according to Eqs. (13) and (21), the full strain
energy formulation, Eq. (6), still depends on the square of the wave number,
as the λ2

2 retains n2 terms even when (ur′0 + wz′0) = 0, Eq. (20).

When expanding the potential energy from the fluid pressure in Eq. (11) up
to second order of ε, and inserting the perturbation field, Eq. (13), the energy
will be seen as

W =

L∫
0

2π∫
0

(−1

2
gρH(zw − z0)r2

0(−z0 + zw)z′0 + ε
1

2
gρH(zw − z0) cos(nΘ)

r0((wr0 + 2uz0 − 2uzw)z′0 − r0(−z0 + zw)(w′ + nvz′0)) + ε2
1

2
gρH(zw − z0)(−nr2

0

(−z0 + zw)(w sin(nΘ)2v′ + v cos(nΘ)2w′)− u cos(nΘ)2(−2wr0 − uz0 + uzw)z′0

+ cos(nΘ)2r0(wr0 + 2uz0 − 2uzw)(w′ + nvz′0)) +O[ε]3)dΘ dS (22)

Collecting terms of different orders of perturbation parameter ε, this can
be written as

W =

L∫
0

2π∫
0

(Ŵ0 + εŴ1 + ε2Ŵ2 +O[ε]3) dΘ dS (23)

The stability of equilibrium solutions is dependent on the perturbed pres-
sure energy Ŵ2. Integrated over Θ this can be written

L∫
0

2π∫
0

Ŵ2 dΘ dS =

L∫
0

1

2
gπρH(zw − z0)((z0 − zw)(u2z′0 + 2ur0w

′) + r2
0ww

′ + 2ur0wz
′
0

+ n((z0 − zw)(r2
0(wv′ + vw′) + 2uvr0z

′
0) + r2

0vwz
′
0)) dS (24)

Integration by parts of terms with coefficient n gives

L∫
0

2π∫
0

Ŵ2 dΘ dS =

L∫
0

1

2
gπρH(zw − z0)((z0 − zw)(u2z′0 + 2ur0w

′) + r2
0ww

′ + 2ur0wz
′
0

+ 2nr0v(z0 − zw)(−r′0w + uz′0)) dS (25)

whereas the perturbed energy from gas pressure is obtained as

L∫
0

2π∫
0

Ŵ2 dΘ dS =

L∫
0

1

2
Pπ(−(u2z′0 + 2ur0w

′)− 2nr0v(−r′0w + uz′0)) dS (26)

The term dependent on n in the perturbed pressure energy is then 2nr0v(z0−
zw)(−r′0w+uz′0) for fluid pressure, Eq. (25). It is noted that, the term (−r′0w+
uz′0) is the un-normalized first order displacement in the normal direction,
which is non-zero for a perturbation field of the type in Eq. (21). As (z0 − zw)



180 A. Patil, A. Nordmark & A. Eriksson

is negative for the fluid-loaded region, the remaining factor 2nr0v(−r′0w+uz′0)
should be positive in order to form a negative n-dependent pressure energy,
which can dominate the n-independent relaxed strain energy and introduce
instability. By inserting Eq. (21), the term will be written as

2nr0v(−r′0w + uz′0) = 2nr0vf(S)(r
′2
0 + z

′2
0 ) (27)

so v = f(S) is one choice to yield the above equation positive,

2nr0v(−r′0w + uz′0) = 2nr0f(S)2(r
′2
0 + z

′2
0 ) (28)

This expression gives a set of perturbations

u = f(S)z′0 , v = f(S) , w = −f(S)r′0 (29)

which can introduce instability for fluid pressure. This set of perturbations
also gives negative n-dependent pressure energy for gas pressure, Eq. (26).

The class of perturbations shown by Eq. (13) and (29) will ensure that the
perturbed pressure energy will depend linearly on n, while the relaxed strain
energy formulation is independent of n. The total perturbed potential energy
Π will thereby be of the form, Π = A + nB, where the constant A is a wave
number independent part stemming from the perturbed relaxed strain energy,
and the perturbed pressure energy. The constant B is a negative wave number
dependent part, and the total perturbed energy will be negative when n > n∗

where n∗ = A/(−B).

The linearized theory can be summarized with a few important points

1. Equations (17) and (19) show that the perturbed relaxed strain energy
depends on λ2

1 and λ1 for perturbations described by Eqs. (13) and (29),
which in turn are independent of wave number n. The perturbed pres-
sure energy explicitly depends on n and contributes negatively, Eq. (25).
With the relaxed strain energy formulation, the perturbed pressure en-
ergy therefore eventually dominates the perturbed relaxed strain energy.
When this happens is dependent on the values of wave number, pressure,
and material model.

2. The theory shows that a perturbation field of the type in Eq. (13) and
(29), described by a function f(S) and a wave number n, can lower the
energy of the system, when a wrinkled surface is subjected to pressure
loading. The perturbation field can be constructed from (an infinite)
linear combination of eigenmodes of wave number n. There must there-
fore exist at least one eigenmode of wave number n which can lower the
energy of the system. The continuous system is thereby always unstable,
when the wrinkled surface is subjected to pressure loadings.

3. The instability of a wrinkled membrane when using the relaxed strain
energy formulations can not be detected when only axisymmetry is con-
sidered, and the wrinkling direction is not discretized. In investigations
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of wrinkling in pressurized membranes with an assumption of axisym-
metry, the details of deformation in the wrinkling directions are not
included in the model, thereby not identifying these instabilities.

4. A discretized model of the continuous membrane may or may not be
able to show these instabilities, depending on the level of discretization.
With fine enough discretizations, instabilities will be captured by the
model, but the unstable eigenmodes may not be possible to resolve with
a coarse discretization. The conclusions on stability based on coarsely
discretized models of pressurized wrinkled membranes may thus not be
correct.

5. The theoretical and numerical results presented in this paper suggest
that, the axisymmetric equilibrium configurations of pressurized wrin-
kled membranes are unstable while maintaining positive semi-definite
stresses. The positive semi-definite stress although necessary (Steigmann
1990), may not be a sufficient condition for stability.

2.3. Extension of linearized theory to non-axisymmetric membranes

Figure 2: Displacement field z vs x. Perturbed solution ( ), Equilibrium solution
( ). Arrows indicates movement of membrane points from equilibrium solution to per-
turbed solution.

In this section, the reason for the pressure induced instabilities in the wrin-
kled membranes is investigated, by extending the linearized theory to non-
axisymmetric membranes. Considering a part of membrane, which is small
enough to be considered as plane, the undeformed configuration is described
by material coordinates X, Y , and Z. The wrinkling is assumed to occur in
the X direction under a uni-axial stress in the Y direction, while Z is normal
to the membrane. An equilibrium solution is of type

x0 = a X, y0 = b Y, z0 = c (30)
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A perturbation field similar to Eq. (13) with circular wave number n, is
written as

x = a X + ε sin(nX), y = b Y, z = c+ ε cos(nX) (31)

As wrinkling occurs in the X direction, the relaxed strain energy will be a
function of stretch in the Y direction only. As there are no curvature dependent
terms, the perturbation field in Eq. (31) will not change the relaxed strain
energy, but the pressure energy will be changed. The pressure energy due to a
constant pressure P is written as

W = −
Lx∫
0

Ly∫
0

P z (x,Xy,Y − x,Y y,X) dX dY 0 ≤ X ≤ Lx, 0 ≤ Y ≤ Ly

(32)

When expanding up to second order of ε, and inserting Eq. (31), the pres-
sure energy is

W = −PbLy(aLxc+ ε(
a sin(Lxn)

n
+ c sin(Lxn)) + ε2(

1

2
Lxn+

1

4
sin(2Lxn))) +O[ε]3

(33)

For large enough n, the dominating term is −PbLyLxn/2, which linearly
depends on the wave number n, and contributes negatively to the total energy,
leading towards instability. This computation shows that this kind of instability
is purely local and not dependent on membrane curvature or axisymmetry.

The linearized theory presented above and numerical examples below show
that the perturbation displacements in normal and wrinkling directions do not
affect the relaxed strain energy, but substantially affect the pressure energy.
Based on this analogy, the field variable z is plotted against x for equilibrium
and perturbed solution in Fig. (2), with a certain choice of non-dimensionalized
parameters a = 1, ε = 0.08, c = 0.1 and n = 10. The deformations x and z
are out of phase, which causes the positive area to expand and the negative
area to shrink. This area in-balance causes net negative pressure energy and
instability in the system.

3. Numerical treatment

This section will present numerical simulations concerned with pressurized
cylindrical and spherical membranes, verifying results from theoretical pre-
dictions. The static equilibrium is studied assuming axisymmetry, but non-
axisymmetric perturbations are used to investigate the stability of the equilib-
rium.
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3.1. Equilibrium solution and stability

The total potential energy of the system written from Eq. (10), (11), and (12)
as

Π = U +W =

L∫
0

2π∫
0

L dΘ dS. (34)

where L is the Lagrangian. Assuming axisymmetry with θ = Θ, the Lagrangian
L is a function of two field variables r(S) and z(S), with variations giving
the Euler-Lagrange equations. The governing equations along with boundary
conditions are solved by numerical methods (described in subsequent sections)
to obtain equilibrium solutions.

The stability of an axisymmetric equilibrium solution was checked by an
eigenvalue analysis. A general perturbation field, Eq. (13), described by a wave
number n was assumed. The perturbed kinetic energy was also considered and
written as

T =

L∫
0

2π∫
0

τ/2(u,t
2 + ro

2v,t
2 + w,t

2)RH dΘ dS (35)

where (),t = ∂/∂t and τ is a fictitious membrane density in the material frame.
The Lagrangian L in Eq. (34) was expanded in terms of field variables up
to quadratic order, with L2 the term with coefficient ε2. The perturbed La-
grangian L2 along with the kinetic energy, Eq. (35), was integrated over Θ.
The linearized Euler–Lagrange equations were obtained in terms of the field
variables u, v and w with appropriate boundary conditions. The differential
equations were discretized by one-dimensional finite difference expressions, giv-
ing a set of linear algebraic equations

([K]− Λ [M ]) {d}T = {0}T (36)

where [K], [M ] and {d} are the structural stiffness and mass matrices and
the displacement vector for the perturbed system, and Λ the eigenvalues of
the system, indicating the stability of equilibrium solution. If at least one
eigenvalue is negative, the equilibrium state is unstable to additional deflections
within the assumed perturbation space.

The perturbed kinetic energy does not changes the stability conclusions,
it only scales the eigenvalues. However, introducing perturbed kinetic energy
gives eigenvalues and eigenmodes which are independent on the discretization
used, as a difference to the common formulation of static stability, which is
based only on the properties of the stiffness matrix.

3.2. Wrinkling of cylindrical membrane with non-uniform thickness

The wrinkling of cylindrical membranes with non-uniform undeformed thick-
ness was studied using basic results from Patil et al. (2015c).
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Figure 3: Schematic representation of a pre-stretched cylindrical membrane during inflation.

3.2a. Kinematics and variational formulation. An initially stress-free, homo-
geneous and isotropic cylindrical membrane is defined by a radius Ao, and
length Lo, Fig. 3. The membrane has linearly varying undeformed thickness
H = h(2(1−M)Z/Lo +M), with average thickness h and a constant M (with
0 < M < 2) giving the variation of thickness along the membrane length. The
kinematics of a point on the mid-surface of the membrane in the undeformed
configuration were represented by Eq. (1), with R(S) = Ao, Z(S) = S, L = Lo.

The membrane was subjected to a uniform axial edge load, pre-stretching
it to a new length Lf , where δ = Lf/Lo is an axial pre-stretch parameter. Both
ends of the cylindrical membrane were then fixed with rigid disks of radius Af ,
defined as the boundary conditions after pre-stretching. The membrane was
then inflated with a fluid of density ρ up to fluid level zw, Fig. 3(c), or with
a uniform gas pressure, Fig. 3(d). The spatial coordinates of a point on the
mid-surface of the membrane after inflation is represented by Eq. (3).

The boundary conditions for this problem were taken as

r(0) = Af , r(Lo) = Af , z(0) = 0, z(Lo) = Lf (37)
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(a) (b)

Figure 4: Variation of the function λ2

√
λ1 with axial coordinate Z/Ao. The membrane is wrinkled

wherever this function less than unity (−−−−− ), and tense elsewhere.

A finite difference approach was used to discretize the differential equations
obtained from variation of total potential energy, Eq. (34), into a set of alge-
braic equations, which were solved by a Newton-Raphson method along with
boundary conditions, Eq. (37). The details of the numerical procedure and the
choice of boundary conditions are given by Patil et al. (2015c). The stability
of equilibrium solutions were found by the procedure shown in section 3.1.

3.2b. Results and discussion. The results presented were obtained for Mooney-
Rivlin material models with C1 = 0.2111 MPa, C2/C1 = 0.01, and δ = 3. The
initial radius and length of the membrane were Ao = 10 mm and Lo = 80 mm,
with thickness falling from H = 0.15 mm at Z = 0 to H = 0.05 mm at Z = Lo.
The density of fluid was taken as ρ=1000 kg/m3, and g = 9.81 m/s2. The
membrane density was taken as τ = C1/Aog, which makes the non-dimensional
density 1. The boundary conditions were taken as Af = 0.4362Ao, which
ensured no horizontal forcing at end points and the whole membrane wrinkled
at zero pressure (Patil et al. 2015c). For better comparison and understanding
of characteristics, all the results below are presented in non-dimensional form.

Figure 4(a) shows the variation of the wrinkling function λ2

√
λ1 in relation

to the material coordinate Z/Ao for five different fluid levels, with wrinkling
occurring when this function is less than unity. For low and moderate fluid
loadings, the whole membrane is wrinkled, but the upper portion of the mem-
brane becomes tense as fluid level increases. Figure 4(b) shows the variation
of the wrinkling function for gas loading. It is clear that the thicker lower
portion of the membrane is wrinkled while the thinner upper portion becomes
tense as pressure increases. The results in Fig. 4 were obtained by considering
axisymmetry of the membrane and relaxed strain energy for wrinkled regions.
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The eigenvalue problem was discretized in the meridional direction with
help of a perturbed displacement field and represented by sinusoidal functions
in the circumferential direction, Eq. (13), with a given value of the wave number
n, as described in section 3.1. For each wave number n, the corresponding low-
est eigenvalues were computed. The stability was studied with fluid levels up to
zw/Ao = 5.73 at which level the whole membrane was wrinkled. Figure 5 show
the variations of the three lowest eigenvalues of the perturbed system with fluid
level for given wave number. In the studied pressure range, the lowest three
eigenvalues are positive for n = 1, while for n = 20 the first eigenvalue crosses
zero at zw/Ao ≈ 3.6 indicating instability for higher zw. For n = 50, Fig. 5(c),
the first eigenvalue becomes negative at a much lower fluid level zw/Ao ≈ 2.6.
As the wave number n increases, instability occurs at fluid levels decreasing
towards zero. This illustrates that the continuous system (which can resolve
eigenmodes with wave number n→∞) is always unstable.

The eigenmode in the circumferential direction is represented by sinusoidal
functions, hence its variation in the Θ direction is known. Therefore, in order to
visualize the eigenmode, its variation along the meridional direction needs to be
shown. Figure 6 visualizes the unstable eigenmode corresponding to the lowest
eigenvalue at wave number n = 100 and fluid height zw/Ao = 3. The normal-

ized unstable eigenmode V is written as, V =

{
ur′o+wz′o√
(r′o)2+(z′o)2

, v,
−wr′o+uz′o√
(r′o)2+(z′o)2

}
.

At fluid height zw/Ao = 3, the whole membrane is wrinkled, and the normal-

ized meridional component ((ur′o + wz′o)/
√

(r′o)
2 + (z′o)

2) is close to zero. The

normalized circumferential (v) and normal ((−wr′o+uz′o)/
√

(r′o)
2 + (z′o)

2) com-
ponents are non-zero over some part of the membrane and have the same sign;
thus, their product is positive in order to contribute negative energy in the
system, Eqs. (27) and (28). Figure 6 verifies that the perturbations shown by
Eqs. (13) and (29) are similar to actual unstable eigenmode for the pressurized
wrinkled membranes.

The simulations based on the semi-analytical model where only the merid-
ional direction is discretized, are verified by more demanding finite-element-
based solutions (Eriksson & Nordmark 2012) capable of dealing with wrinkling
in arbitrary direction through a tension field approach. For a fluid-filled cylin-
drical membrane with the parameters above, and a 120 × 48 (meridional ×
circumferential) discretization with triangular elements, the equilibrium solu-
tions are unstable for 5.14 ≤ zw/Ao ≤ 6.81. For an 80 × 96 discretization,
the unstable range is 4.03 ≤ zw/Ao ≤ 9.81. Further tests verify that this re-
gion for unstable fluid levels is largely independent of the axial discretization
but strongly dependent on the circumferential discretization. This verifies the
results obtained by our method as well as the theoretical predictions.

The stability of the equilibrium solutions for a gas loaded cylindrical mem-
brane is shown in Fig. 7. The pressure range considered is 0 ≤ PAo/C1h ≤ 0.38,
where the membrane is partially wrinkled, except at PAo/C1h = 0 when it is
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completely wrinkled. For wave numbers n = 1 and 5 there are no negative
eigenvalues, whereas the first eigenvalue remains negative for n = 15 and 20
for a range of pressures, Fig. 7. The first eigenvalue becomes positive as pressure
increases, i.e., the structure will gain stability with respect to corresponding
eigenmodes, as an expanding area will become tense with increasing pressure.
The equilibrium solution is always stable at zero pressure when the membrane
is fixed at the boundary, as the pressure energy is zero.

(a) (b)

(c)

Figure 5: Fluid loading: Variation of the lowest three eigenvalues of perturbed system. First
eigenvalue ( ), second eigenvalue (−−−−− ), third eigenvalue (− .− .− ). Different n in
(a)–(c).
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Figure 6: Components of unstable eigenmode corresponding to the lowest eigenvalue for wave
number n = 100 and fluid height zw/Ao = 3. Normalized meridional component ( ),
circumferential component ( ) and normal component ( ).

3.3. Wrinkling of hemispherical membrane subjected to fluid loading

Wrinkling of a hemispherical membrane subjected to fluid loading was studied,
with a neo-Hookean material model as a special case of Eq. (6) with C2 = 0.
This problem is discussed by Haughton (1996) using a Varga material model.

3.3a. Kinematics and variational formulations. A hemispherical membrane of
initial radius Ao and uniform initial thickness H was loaded with a fluid of
density ρ up to fluid level zw, Fig. 8. The membrane was fixed at the equator.

The kinematics of a point on the mid-surface of the membrane in the un-
deformed configuration were represented by Eq. (1), with R(S) = Ao sin(t),
Z(S) = −Ao cos(t) and L = πAo/2, where t = S/Ao is the polar angle mea-
sured from the negative Z axis, Fig. 8(a). The kinematics of a point on the
mid-surface of the membrane after loading were represented by Eq. (3).

The boundary conditions for this problem were taken as

r(0) = 0, r(πAo/2) = Ao, z′(0) = 0, z(πAo/2) = 0 (38)

To obtain equilibrium solution, the Lagrangian L in Eq. (34) and boundary
conditions in Eq. (38) were re-written as functions of two field variables λ2(S)
and z(S), and change of variables, along with a shooting method starting from
S = 0 was used (Patil & DasGupta 2015; Patil et al. 2015a). The stability of
equilibrium solutions were found by the procedure shown in section 3.1.

3.3b. Result and discussion. The parameters were chosen as Ao = 0.1 m, H =
0.1 mm, ρ=1000 kg/m3, g = 9.81 m/s2 and C1 = 0.2111 MPa. The membrane
density was taken as τ = C1/Aog, which makes the non-dimensional density 1.
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(a) (b)

(c) (d)

Figure 7: Gas loading: Variation of the lowest three eigenvalues of perturbed system. First eigen-
value ( ), second eigenvalue (−−−−− ), third eigenvalue (− .− .− ). Different n in (a)–(d)

With fluid load in a hemispherical membrane, tension lines tend to produce
a cone-like shape. Parts of the membrane above and below the fluid level will
wrinkle at low fluid level, but wrinkling will disappear for high enough fluid
levels. Figure 9 shows the variation of the wrinkling function λ2

√
λ1 in relation

to the material polar angle t. The (•) in the figure represents the current fluid
level zw/Ao.

The variations of the three lowest eigenvalues with fluid level for wave
numbers n = 10 and 50 are shown in Fig. 10. No negative eigenvalues were
observed for n = 10, but lowest eigenmode described by n = 50 became unsta-
ble at lower fluid levels. The unstable eigenvalue became positive as fluid level
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a) Undeformed membrane b) Fluid inflated membrane

Figure 8: Fluid-loaded hemispherical membrane before and after loading.

Figure 9: Variation of the function λ2

√
λ1 with polar angle t. The membrane is wrinkled wherever

this function less than unity (−−−−− ), and tensed elsewhere. The (•) shows the material angle t
at fluid level.

increased. This result resembles what was obtained for a gas-loaded cylindrical
membrane, Fig. 7.

4. Summary

A linearized theory describing pressure induced instabilities existing when us-
ing relaxed strain energy formulations for a wrinkled membrane is presented.
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(a) (b)

Figure 10: Fluid loading: Variation of the lowest three eigenvalues of perturbed system. First
eigenvalue ( ), second eigenvalue (−−−−− ), third eigenvalue (− .− .− ). Different n in
(a)–(b)

We show that there exist perturbations to an obtained axisymmetric equilib-
rium solution which will lower the total potential energy of the system when
relaxed strain energy is used and the wrinkled membrane surface is subjected
to pressure loadings. The perturbations show that the equilibrium solutions of
the continuous system obtained by the relaxed strain energy formulation are
unstable.

With the type of perturbations shown by Eq. (13) and Eq. (29), the relaxed
strain energy is independent of wave number, while the perturbed pressure
energy is linearly dependent on the wave number. With wave numbers n > n∗

(where n∗ is defined in the section 2.2), the perturbed pressure energy will
dominate the relaxed strain energy and lead to instability. The theoretical
predictions suggest that the pressure induced instabilities observed with relaxed
strain energy formulations are purely local and not dependent on the membrane
curvature or axisymmetry in the model. From the analysis presented in this
paper, it is clear that the pressure induced instabilities are observed even with
positive semi-definite stress, which is a necessary (Steigmann 1990), but not a
sufficient, condition for stability. For zero pressure, no instabilities are observed
for the relaxed strain energy formulations, when the membrane is fixed at
boundary (Pipkin 1986).

The stability of equilibrium solutions for axisymmetrically wrinkled mem-
branes (where the wrinkling direction is not the axial direction), needs to be
judged with respect to an asymmetric perturbation field, or by solving the prob-
lem with discretized models allowing a breaking of axisymmetry in solutions.
A discretized model of the continuous system is also able to show instabilities
with fine enough discretization to resolve the unstable eigenmodes. With coarse
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discretizations, instability may not be visible, and thereby missed or wrongly
interpreted. With finite element simulations, where the wrinkling direction can
be arbitrary, the unstable pressure range is strongly dependent on the level of
discretization.

It must be noted that this instability may be an artifact of using membrane
theory, which is a simplification of reality. In reality, a membrane wrinkles with
some ranges of wavelength characterized by a bending stiffness. The mem-
brane theory is a simplification of physical membranes, and the relaxed strain
energy is a further simplification of membrane theory to accommodate wrin-
kling without negative stresses, which leads towards the unrealistic instabilities
demonstrated by this paper.

The theory presented in the paper is applicable to any material model
whose full form is expressed in terms of two principal stretches and a corre-
sponding relaxed form expressed as function of uni-axial principal stretch. The
conclusions from results obtained for the relaxed strain energy approach are
also valid for results obtained by modifying the deformation tensor, as it can
be proved that both approaches yield the same results for isotropic wrinkled
membranes (see Appendix).

The wrinkling and stability results have been verified with the finite el-
ement software COMSOL Multiphysics as well as with general finite element
simulations, using a formulation described in Eriksson & Nordmark (2012).

These pressure induced instabilities can make it very hard to get equi-
librium solutions for wrinkled membrane modelled by relaxed strain energy
unless axisymmetry is assumed, and solving with finer discretization in the
wrinkling direction worsens the problem. These instabilities tend to make nu-
merical methods based on a formulation of the tangential stiffness matrix for
the discretized problem less reliable (Haseganu & Steigmann 1994). This can
be seen as an effect of the rapidly varying differential expressions, related to
many nearly coinciding solution branches, and lead to a necessity for very small
steps in a path-following algorithm, based on Newton iterations. The dynamic
relaxation method used in Haseganu & Steigmann (1994), but also change of
variable approach with Runge-Kutta method (Patil & DasGupta 2015; Patil
et al. 2015a), to some extent avoid these problems by converging to one of the
solutions valid at a specified level of loading, given that a sufficiently low toler-
ance is demanded. The solutions obtained, possibly at a large computational
cost, must also be interpreted with care, as they do not necessarily represent
the mean solution surface with detailed local wrinkling effects disregarded.

To overcome this problem, some modifications are necessary in the mem-
brane theory. Modelling of wrinkled thin elastic sheets by membrane theory,
which is computationally efficient, makes it necessary to modify the total en-
ergy in order to nullify the pressure induced instabilities. This may be possible



Instabilities of Wrinkled Membranes 193

by either modifying the relaxed strain energy or by modifying the pressure en-
ergy to stabilize the continuous model. Our future course of action is to find
such modifications.

It must be noted that the discussed pressure induced instabilities are im-
plicitly related to the used membrane formulation with relaxed strain energy
expressions. It is suspected, but not verified, that these are not present in
a model based on a common shell theory, introducing thereby an amount of
bending stiffness, and typically the full membrane strain energy, in the prob-
lem setting. A shell approach is, however, believed to introduce other aspects
of numerical problems, in particular for the thin membranes, where extremely
fine discretizations are needed in order to represent the exact wrinkling pat-
tern. When, from the application viewpoint, it is more interesting to find the
overall stress field and the extents of the wrinkled regions than to find these
details, a mean solution is sufficient, and a membrane based theory is believed
to be always more computationally efficient. This makes the search for sound
modifications to the membrane theory, which can avoid or reduce the pressure
induced instabilities, a worthwhile effort, but also a significant challenge.

5. Appendix

In order to study wrinkling in isotropic elastic membranes by a tension field
theory, there are two approaches. The constitutive law can be modified by using
relaxed strain energy (Pipkin 1986). Alternatively, the deformation tensor can
be modified without modifying the constitutive law (Roddeman et al. 1987a,b).
In this section, we will show that both approaches are essentially the same for
an isotropic wrinkled membrane, as neither allows negative principal stresses.
This is a fundamental observation, as the theoretical and numerical calculations
in this paper are based on the relaxed strain energy approach. The results are
thereby also applicable to wrinkled membranes studied by the second approach.

5.1. Tension field theory with relaxed strain energy

For wrinkled membranes, we define the basis vectors along the principal direc-
tion of stretches. From Eq. (5), the two-dimensional Cauchy-Green deformation
tensor is written as

B =

(
λ2

1 0
0 λ2

2

)
, (39)

We also assume that wrinkling happens in the second principal direction,
so the principal stretches λi; i ∈ {1, 2, 3} are along tense, wrinkled and thick-
ness direction respectively. For simplicity, an incompressible Mooney-Rivlin
material model is considered. The relaxed strain energy density for an incom-
pressible Mooney-Rivlin material is thereby given by Eq. (7),

ÛR = C1

(
λ2

1 +
2

λ1
− 3

)
+ C2

(
2λ1 +

1

λ2
1

− 3

)
(40)
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This is expressed in terms of the principal stretch in the tension direction
only, which gives zero stress in the wrinkling direction, ensuring tension field
in wrinkled membranes.

5.2. Tension field theory with a modified deformation tensor

L

n1

n1

n2

n2

L
′

L
′

B

B
Wrinkled surface

Fictitious non-wrinkled surface
Lengthened surface

(a) (b)

Figure 11: (a) Wrinkled membrane with length L
′

and width B. (a) fictitious non-wrinkled
membrane (dotted line) with length L and width B. (b) lengthened part of wrinkled membrane

with length L
′

and width B. Re-drawn from the idea by Roddeman et al. (1987a).

The concept of incorporating the tension field theory for a wrinkled mem-
brane by modifying the deformation tensor is explained by Fig. 11, re-drawn
from Roddeman et al. (1987a). Let F be the deformation gradient tensor corre-
sponding to the fictitious non-wrinkled surface, which allows negative stresses,
Fig. 11(a). It is possible to modify the deformation tensor F with the help of
some stretching parameters, which will give strictly non-negative stresses. As
wrinkling happens at no expense of energy, the wrinkled surface in Fig. 11(a)
can be lengthened and represented by the surface shown in Fig. 11(b). Then, F̄
is the modified two-dimensional deformation tensor, corresponding to a length-
ened surface, given by Roddeman et al. (1987a)

F̄ = [I + β(n2 ⊗ n2)]F (41)

In this expression, β is a stretching parameter, which measures the stretch-
ing required in the n2 (wrinkling) direction. The modified deformation tensor
will give a modified two-dimensional Cauchy-Green deformation tensor B̄ as

B̄ =

(
λ2

1 0
0 λ̄2

2

)
, (42)
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where λ̄2 is a modified principal stretch, cf. Eq. (39). As the membrane wrinkles
in the second principal direction, the solution must satisfy

n2.σ.n2 = 0, n1.σ.n1 > 0, n2.σ.n1 = 0 (43)

where σ is the Cauchy stress tensor.
The Mooney-Rivlin full strain energy density for an incompressible material
can be written as a function of the first and second principal stretches as

ÛF = C1(λ2
1 + λ̄2

2 +
1

λ2
1λ̄

2
2

− 3) + C2(
1

λ2
1

+
1

λ̄2
2

+ λ2
1λ̄

2
2 − 3) (44)

with the Cauchy stresses given by

σ1 = λ1
∂ÛF
∂λ1

, σ2 = λ̄2
∂ÛF
∂λ̄2

, σ3 = 0 (45)

Equations (43) and (45), imply that σ2 = σ3 = 0, which ensure a uniaxial
tension field in the membrane. From isotropy conditions and uniaxial tension
field, one obtains

λ̄2 = λ̄3 (46)

With the incompressibility constraint λ1λ̄2λ̄3 = 1, one gets

λ̄2 = λ̄3 =
1√
λ1

(47)

Introducing Eqs. (44) and (47), the full form of the Mooney-Rivlin strain
energy can be written

ÛF = C1

(
λ2

1 +
2

λ1
− 3

)
+ C2

(
2λ1 +

1

λ2
1

− 3

)
(48)

It is clear that Eqs. (40) and (48) are the same, which establishes that mod-
ifying either the constitutive law or the deformation tensor are identical in the
present context. The instability results and conclusions based on the relaxed
strain energy formulation presented in this paper are thereby also applicable
to wrinkled membranes studied through the modified deformation tensor.
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